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ABSTRACT

a compactly fixed map f~ U M , where U is an open subset of a

manif old M , it is a classical result that one can assign an integer-valued

- --- — —~~-~~

index I (f ,U) to this situation with the property that I(f ,U)  ,~~,O implies

f (a nd any compactly fixed perturbation of f) has fixed points in U, i . e .  
~~~~ M~
‘

solutions to the equations f(x) = x. However , it can still happen that

I(f ,U) = 0 and f has essential fixed points in U. The objective of th is

paper is to provide a finer invariant o(f,U ) ,  called the local obstruction

— index , which has the property that o(f,U)~~ 0 if, and only if, every compactly

fixed perturbation of f has fixed points in U. o(f ,U) is not in teger-valut ’~i
- 4

in 
- 

~.J (.) 

~~~but takes its value initially in the cohoinology group H
~~

(U
~
9(f)) where

m dim M , and 8 ( f )  is an appropriate local coefficient system on U with

local group Z i n ] , ~r = n
1

(M) . In order to compute o(f,U) one employs a Kronecker

product

( , j i )  : H
in
(U;~~(f)) -+ zRfiu

,
~
o
u
]

R t i u ,
~

o
u 1 is the set of Reiderneister classes obtained from the group ~ us ing  the’

Reideineister action
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~~(c~~ ) i (a) , ~ i~(U) 

a i~1
(U) , ~~

where ~~ : Tr ( U )  -
~~ n is induced by inclusion , a : 5( U ) ~~ 1 , and i.~

is the twisted fundamental class on U. Then, we have the followinq basic result:

Theorem. (o(f,U),U) — ~~ I(f ,p)p
pER

where R — RIi
~~

cu
), and I(f,p) is the classical integer—valued index of f on

the Nielsen class corresponding to the Reidemeister class P.

AIlS CMOS) Subject Classifications: 54H25, 55C20, 55G30

Key Words: Local index theory, local Nielsen theory, local obstruction index,

local Reidemeister classes.
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An lm i -o :  t , t n t  ~- t o b1t ’m in  m~t t  i u ’m , t t  ics to l  ~t I i I i~ ’ 1  ~~ t~~n; is t o  f i :~l s o l u t  ions

t o  . t u  - o s i t  i on  o~ t i s -  t o r n  1 ( x )  = x on ~t q i v o o  i o ~~io:i  of m a n i f o l d  M .  ~ u - l t

~;o1ut ~~oio O I t  ~~~t o : i ~~d t o  ~o; fj x o d  p o in t s ” . I l t - t e  f i s  ~t g iven fo rmula

( c c i t t  1105>05 r n t ~~~ i n q )  on the  m a n i f o l d ,  i t  is also c on v e n i nt to ~1e t t ~rmine whether

so lu t ions  t o  t i i o  same t q u ~~t.ion t ’x i s t  in a qiven  subregion U of the man i fo ld .

One c l as sic a l  approach to th i s  problem is through “ Fixed Point Index Theory ” .

~4 o c i f i c a l l v  one a s oi q ns  to the data ( f , U )  an in teger  I ( f ,U ) w ith  the pro—

p e r tv  tha t when I ( f , U ) ~ 0 , then solutions to the equation f(x) x exis t

in U and fu r the rmore , solutions survive under perturbations of the data

(essent ia l  solut ions) . One can th ink  of this index I ( f ,x )  as a “local degree ”

s imi la r  to the concept of “windinq number ” in comp lex variable theory .  However ,

on complicated manifolds it is possible that I ( f , U )  
~~~~~~~~ 

essential solutions

s t i l l  exis t .  This i~ a-..Q~ *~~idezab~€—4 ee~~~o thi~~ ~~ The main objective e~—

is to assign to this  data a new index , o ( f ,U) , which is not neces-

sar i ly  an integer , which removes this fundamental  defect so that now the equation

has essential solutions in U , ~4.,.--and only ~~~~~~e+€- *—~-.-4~., A general formula

for computing the value of o(f,U) is also given.

The respons ib i l i ty  for  the wording and views expressed in this descr ipt ive  summary
l ies wi th  MRC , and not wi th  the authors of this  report .



- -

I,o~’Al.  FIX~ h t i  NT I Nhl -x - 1’ti } tc~
l-\>s N ON h i M l i l  ‘ N N I t’ t I ’  A N U - ~

S I w i t  1 i- ad. ’ll and h u t  1 t ~t > >  1 1 > 1 - S c  l i i i

1. I n t t o 1 i , . t  io n

rh i s  paper is a ucqu l t o  ( 1 ) .  The> ’ w> ~,1;s, ’, - o tt ~ ’1 1 ’  a o l o S t i l y  i c. -~ ~ut~ - I N • N

~n a ~‘> r n ~o~-t m a n i f o l d  i i> 1 st  1 (f l  11~ i ( f )  , ii> d~m N , wh t ’> - !i ( f )  i s  an

~~~i t -o tu  iat  ‘ bundle  1 q i ups on N , w i t  1> i i  I i t  out  isomorphic t o  7 1 ’  , it
1 

i N >  . 5.’ also

identified 0(1) w i t h  an element L Ct ZRI , ~‘1 , s - t i ’ > , ’ R I ” , •-~ j~ the - - ‘i i i  Reiderne > si

classes 01 it i n i u ~’cd by the homomorphism ~
‘ — i~ ‘> • it . T had t

L ( f )  • ~ I(> ’)~
‘n

where R — N t  it , ~1 and I (h’) is ho i ndox of t 5> ’ N i l  u , > >  ci iii; of f  con ‘iq ousi I I >  t - -

This  gave us i spa s’ ( t i c  r elat  i oush i~ bet wc , ’n t lit ’ ou s t  t tu’ t i s  fl o t~ and - N i > ’ 1 son

n ( f )  of f , or , more prec ise ly ,  between o ( f )  and a s t o s o t  I ~:~‘~1 L ” ! u c h ct  ci t - i  I t )

which pl ayed the role of a global index and which , in turn , was ex t ’t t ’ss t t ’l t ’  i i i  terms 15’  N i e l s e n

classes of f. As a consequence , for example , L ( f )  a 0 forces o(f) — ii an , )  s n >  , ‘l’ t .jns

the appropriate converse of the 1efschet .’ Fixed Point Theorem for n o n — 4 i 5 ( ’ l V  s’onnt ’ , t > ” t  i~u i i i f ’ I ~ i.~ .

Our objective here is to carry out this program locally and thereby s iv e  a ‘s ’n , ’i , .1i.~ed

local index theory .

Section 2 is devoted to the local obstruction index. Starting with a smooth  ci I i  m a n > -

fold M , dim M ‘ 3, the inclusion map M s 5 — A’. N ~ N is ret ’l,t ’e,t by a f i l e r  mat’

E -. M \ M and the bundle ~ of coefficients is the local system ¶m_ i (Ft on N ‘ N ,

where F is the fiber of p. The group it (F) is idont i f i ,d in 11 as Z L i l .rn -i
(M) and the action of it x IT on 7 ( h )  i s  ,> j v , n> liv 1 ho r i s ih t  act  t on

- tDepartrnent of Mathematics, University of Wisconsin-M,-i,iiso n

Sponsored by the United States Army under Contract No. DAAC29- ”’-C-C’ s 5 .’4 . This material is a i i s ~
based upon work supported by the National Science Foundation under ct t n t  No .  N5 ’o ’~i- ’14” l .
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a ~ (o , i t  — ( sgn “)  ii I

Now , we suppose that we are given a map 1’ i II • N ,  whis’h is coe~pactly fixed ott  U ( i . .’ l i x  1

is compact ) , U an op.t set in  N. tat  8( f )  d.not. the bundle of group’. on N indu s ed

trots .>~ by i f U N N. Th. local obstruction index

0 ( f )  — o(f ,U) H t U , N ( f ) )

is d.fin.d by f i r s t  taking a compact is—manifold K with boundaty 3K such that K t ’ anti

S
(Fix f) C m t  K .  Then, if E l f )  is the  induced fiber space I i  ~ f )  ( 7 ) .  there is a natu ral

p ar t i a l  section s0 ( t )  t 3K * 1 (f) and , consequent ly , a prlmai y obstruction

o(f ,K) ~.

w i t h  the prop.rty that f is deforinable (rd 3K) to a fixed point free map ( I n t o  N) i f ,

and only if, o (f,K) 0. By letting C denote a slightly smaller cop’>’ of K . o (t ,K) dete r-

mi nes an element of Hts (U,  U-C ) and consequently the e lement

o ( f )  Hts (u~B ( f ) )

called th. local obstruction index of f on U.  Mtong others, it has the property that f can

be deformed by a compactly fixed homotopy to a fixed point fre, map q i f ,  and only if ,

0 ( f )  • 0.

In section 3 we study local Nielsen numbers in a more general situation . 4cr. f U • X

is a coispactl y fixed map and X is a Euclidean neighborhood retract (INR 12)). Given two

points x
1 and x2 in F i x f w~ say that x1 

and x , are Nielsen equivalent if there is

a path C in U from x
1 to x2 

such that C and Cf are hoisotopic in K . modulo end-

points. The resulting classes (finite in number) are called Nielsen classes of 1 in LI .

Such a Nielsen class N(f .U ) is essential if the local (numerical) index 121 is not aero on

N(f, U). Th. local Nielsen number n (f,4J) on U is just the number of such essential classes.

We also express the local Nielsen classes in terms of the universal covers i U • Li .

— n t X -
~ X . One takes lifts i i U -

~ i i ,  I * -, of the Inclusion i and the map 4 and

identifies it and s (U) with th. covering groups of n and ~~~ respectively. Then, a

typical Nielsen class has th. form

- 

,

~

- - 
—~~~~~~ -- • ~~- - - - - - - ----- -i ~~~~~~~~~~ , - -
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- h 1> (Ci ’ i n j t - t , i)t , a -

whi t .’ , ‘s ’i * > I . , .) > . , f l u .  ,‘s t i t t s ’i, 1, ’~~, e - ., ’t  01 I w, ’ >na ~ - -  - N . ’ xI  , we emt ’ls ’v I I i i’  ~ ‘t j o t >

-i, ’ t , i, -m, - - t , >  c i t - - i s  in  I t > - ‘ i t  u s>  t on  of tw o homomorphism s

5 - 4 5 ~~~> II ‘ 1 *

~~~ w j > i - t i  t n , t s>,  ‘s  t h e  i~~ht  ‘ — a c t i s ’ > >  on it 1~’> ‘ • C C ’ 1) i~ t , ’t  • T I > . - > o r - u t  > > > - t  - . 1  of , > 1 > t

(Re ot, ’m, ’ i - - i , ’ .  l a ’;uo  i s )  is ,t , ’n ~’t e ,t  Isv Rk  , ~~) . The t s’ lt t ionshit’ I~,’tw , ’e n local  N > > - 1~ v>i c l t , s.- s

ans i Reidetne > t , >  c l5 tss . ’ s  i s ;  as t o)  low~s L o t  i
~ > 

it (U ) * , II ( 1 > 1  . it ,I , ’noI .- I I > ,

m~’ r (‘)sisms t n ~lu ’ - ,”t by I ho inclus i s ’>> , i>> sl i t s, ’ map I . The con to iqs s >st. ’n~’ > ’ r ) t )  ‘> ~~ ( Cc i i i  I Li , i i )

takes R I  i ,.‘ I f - i  ies’t i vr’i’> - to I );, ’ ~o t  of N i . ’ I , s , ’ i >  c l as s es  shi I on U , if we i ’i n s ’i 0

those Rejde mej ster  classes for w h i c h  ‘
~~~ 

(Co in I f - ’ , i i )  — . using the coniesl’onsle ’ns ’t’ r

the index I (ci ol a Re idameister class N) t11 ,.~~
j ii; s l ot  I n.’,t I s ’ l’t’ the  > > u l e x  s t  t he

correspo nd i ng Nie lsen  c l> i s s  1’(s ’) -

I n order t o  ca lcu late  the local o b s t ru c t  ion i ndex c ( f )  when U is s ’onn, ’,’t .-d , -~ ~-l St

we make use of a b i l inea r  pai r in s i  of local systems

1’ . ,c ( f )  e ~(U ) • ~ ( f )

whe re r (U )  is the or ienta t ion sheaf on U and R ( f )  is  the Is ’s-m i  i y i - t . -m on 1> w i t h  1s ’s a i

s i t c u p  7 ) h )  and action

- ~~~(c
1) i  i11 (c )

The n ,  if i i (U )  Hc (U,  ~( U ) )  is the twisted fundamental class on 13 we hm’s’.’ a ~- .i~’ ~‘ios tuc t

based on the above pairing and a Kronecker product

c ,ti ( U) ) Hrn (U,.R ( f ) )  • H ( U , R ( f ) )

We are now in a pos i t ion  to state the main theorem which expresses the local ol’st m d  ion

index o ( f )  in term s of Reidemeister (Nielsen)  class of 4 on I > .

Theorem. Let R — 
~~~~~~~~~ 

The n

( o ( f )  .is (U) — 1 1 1 m I(c)c (

— 1—

4 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -
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(‘orollar.~~ I U • N i s  deformablu via a compactly t i x i - si Io ’*> >s ’I ’ > - ’ , ’ to -* t i x ed  p s i  15t h ! , ,

map ~ U • N if , and s~l > I ‘>‘ i f , the I ,‘ca 1 N i e l  s,-ti  number n ( I  .13) • 0.
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2.  ‘rh> Local ct -I ru ,  t 10> >

l i t  N ~1. > ,5 t a s ’onno s ’ t td  i sot necessar i ly  compact ) menu i t  ‘ h  1 i t ~> s ’ ~ -ion ii> -‘ - 5 5 0

— c N • M the st t .tqs n~i l .  The n,  i f  we rep lace t h e  i n c l u s i on  map i N x N - f C -h ‘ N by

a f ibe r map t’ • N ‘ N , we recall (1) that

F — ( ( s t . f ~ ) t N’ - N
1 

: — t b ) # 8 ( 0 ) )

wh ’ - t , ’ I is t h e  i nterval (0 , 1) and l’(~i,~~ ) ( s ( l )  ,~~( l ) )  . Fui tber ii ’ons- , i t  h ~x , y ) b-b ~ N .

the fibe r

Fb — i 1(b ) • {( ‘i .~~) E - i l l )  • x , i ( l )  • y

i s ;  l ,s stsn, ’cted , so that is k—simple for every k and ‘ l (F
b

) is a bundle (local s y s t > -lh

of ~ rou~-s on N N~ We denote th i s  bundle by P — B i N  ‘ M). In (1), s-5 5 ’ l - t 5 1 1 5 , - J a descr s~~i ’

of I t s - s t ruc tu re  of P as follows: We fix a base point b — (x ,y) , N ‘ N - ,‘s and l e t  b

,le n o t , ’ the constant path at b. Then we identify “ with ‘i
1
(M,x) and w i t h

‘i 1 (M ,x) s w 1(M ,y) , with x near , but d i s t inc t  from , y .  The n,  t h ere  is an isomorohisut of

local systems (on N * N - ti)

s N .M S N - ~, b) 
~> m_ l U’b~~

gi ven by the exponential  map and ‘, was employed to establish the fc l lowinq  t hes ’s ‘- is .

2.1 Theorem. There is an equivariant isomorphism

E. : 7 ( s )  -• w l (F
b i b)

whe re the action of ~i i> on ‘
~m-1~~

’b ’~~ 
is given by P and the a c ti on  ~ f ~ “ c i >  Z )~~~)

is given by the right action

a (a , ’t) — (sgn )~~~1 ~

a and T belong to it and sgn ii is ± 1 according as a preserves or i , - v , ’rs ,’s a local

orientat ion at x N.

— 5 —

_ •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - S -
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i .,i Remark: I f  it is identified with  covering transformations of fl : M • N , t h e  •

universa l  cover of N , then is to be read as composition of functions  from l e f t  to

r I g h t .  In f a c t ,  we w i l l , in general ,  write compositions of functions from le f t  to r i gh t .

However , we wi l l  s ti l l  write e (x) for the value of the func t ion  a at x and thus we will

al so writ . ,  for example,

( a$y) (x ) — y(8(e(x))

In general group actions w i l l  be from the r ight  and if it acts on K,  xc may be used for the

action of a it on x K as well as 5 (x). In (1), we used the corresponding left  action

(o , t )  a — (sgn alt a

read ing composition of functions from right to left.

We review br ie f ly this isomorph ism ~ in Theorem 2.1. ~ is obtained by establishing an

isomorph ism

‘U : z i t )  
~ ~ N, N ‘( N — t> , b) ‘

and setting f — v4t . The structure of v is a bit involved and takes the following form .

Again, let ri : 14 - M denote the universal cover of 14. Choose a base point x
1 

r 14

over x. We identify it with the covering group of n and if we set - a it , then

- - n
1 (x) 

~~a
’ a a i t ).  The diagram -~

proj - -
- 14.— 1

— (Mx l4, t 4 x M -~~~~
1
(A))

U) 
I proj1 I ~M t  — (Mx M , M x  M — ~~)

where ~ — x n and the horizontal maps of (1) are fibered pair projections on the

first coordinate, gives rise to isomorohisms for each a,  T .

wm
(t
~L 

l~I — y 1(x) , ~~~~~~~~~~~~~ it
m O

~ 
x ~~ , ~ x f4 — c~~ (~ ) 

~~~~~~~ ~~) )

(2) c j

N — x , y) ‘ ‘C M~ N X 14 - ~~, (x ,  y))

-6- 
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‘

— - C (N . N — x l  ai;-l s~ I , M - , x > ) a > , ’ t b ,  i t s > j  :-a u s  ot th~ i,~ z i. ’ - n t s t i  t ; a> )S in ( 1)

Zn (~ ) ,  V ty
1 . 

s.~~ s : -  
~

‘ 1 
l ies  c’ - , -> y an~f y 1 is -h  i s  i > , ’ , >  x

1 . A l - s o , t he  t o p  ho: i —

isomurphism in ( )  u s  t i ; , t~; - , si by t h0 r l i t - i  m c i  U- ’ > ’ > ;

(N , M — n
1 (x)) c ;M ~ h-I . N 1-f —

t v.- - i” -  ; u > • lx , u)  . A~~-~ ’ l v >  !tsj tb ’ His> -s. I sss>,s’i t’hisin i i;, , ’> em - s.- ,

- 
~~~

1
>~~

> 
~~~~~~~

-- - 

:-
~

-- --
~~

L
~~ ~ 

~ 

A - ~~l (~ ) (X , ,x ) )

H (N , N — C X ’- )  — - - —  -
~~

-—. H (N -s N , N — 
— 1 (~l)  Cm in

Now , c)iccss- 3 :e ll  neighbo r hood V i t  x and corresponding neighborhood s 
~a ~~~ 

~~a ’

evenly covering V so that \‘~ — \-‘ . Choose a local or is -n t  at  lo t  at x • t h e >  olw de te rm > >s in c

S

€ H ( V , V - x )
1 m l  ~ 1

en d s i t ic e

H ;M , N — ~
“1’ (xt ) ~ 

S’ tt (V • V — x )
in - i n s  a a

th e correspondences a—. y~ a~~~~ ~~~ (y
1
at give rise to the isomorphism v as the I o i 1 c w t t t ~

composition

C - - C - -  -lZ V ) — — .  S’ H (V , V - x )—
~ H (N. N — s ( X C Im a  a in

s i t  

•1~i~ - - -l
- m

1 M ’ C M M t M _
~~~~~~~~~~~~~ rn (M ’C h-

~~~
M
~~~

M
~~~~ 

(~l)

This  completes the  sketch of the structure of ~~ . While ~ does not depend on the choice for

- 
x 1 over x

1
, ~ does depend on the orientation chosen at x and the choice s ’f the base point

b - (x.y) •

There is also an alternative description of E~. Define a correspondence

2)” s)—+ H(: M N x N —

- -
~~ ~~ : ~~~~~ — ~ ~_J~ ~~~~~~~~~~~~~~~~~~~~~~~~~~



— 
-“,-, •-. - -~~~~~ it - -.-- —

by s> ’ r t  in- i 
•

r C - a ,8) — t
1~~~~ 1

( a  ‘C

We t a c t~ ’> out  the subqroup 0 of 1(n n it ) generated by elements c’t t h .  form

agn o(ao ,Bo) — ts,8) , ~‘, a.  8 it

Si nce ( I I - for every a ~ a

‘ a) — (agn

u induces

Now, let ~ 1)’> ‘C ii ------ 2 ( w )  be defined by

— (sqa a)a 18

Then, -.- (D )  — 0. and we have an induced iscsnorphism

: ZN ‘ w)/0—_~.~. 21w) .

Thus , F~ is also given by the following composition

I2 ( i )  •
~~

— ZN ~ wy0 ~~~ H (~ ~ gf, ~ ~4 —

and and are eguivalen’i with respect to the right actions of it it given respec- -‘

-
- tively . when (o . i)  it ‘C a , by 

-

a (a ,t) — sqtt a i t ,  a a it

( ( a , 8 ) J ( o , r) — ((aa.8r)J. ~~~~~~~~~ it x it

u ( a, ’v) • (a • -t),(u), u a H ( M xM. ~ — ~~l (~ ) )

We now consider the following data which we designate by (M ,f ,tJ) :
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2 .3  The data (M , f ,U) :

(i) N is a smooth or PL manifold of dimension in > 3.

( i i )  Ti is an open subset of M.

-
~ (ii i) f U -~ M is a map with compact fixed point set Fix f c U; i.e .  f is

- compactly fixed .

This data is accompanied by the following ingredients with notation as follows:

(iv) i : U -~ 14, inclusion map

(v) 8(f )  the bundle of coefficients (local system) on U induced by

*j  X f : U -a- M X 14 from B = B I N  X M ) , i.e. 8 ( f )  = Ci X f )  (B (M x N ) )

(vi) PU 
: E(f) -. U, the fiber space over U induced from p : E -* M X M by

i x f, i.e., Elf) = (i )C f) (s).

Our objective is to define a local obstruction index 0 ( f )  a Hm (U,B(f)). To this end

let K denote a triangulable compact rn—manifold in U with boundary 3K such that

(Fix f) n 3K = $. Define a partial section s ( f )  : 3K -a- E(f) by

s (f) (x) = (~~~ , 
f (x) )

where u denotes the constant path at u. Furthermore, let B (f,K) denote the restriction

of B ( f )  to K.

2.4 Lennua. Let K be as above. Then, f I K is deformable, relative to 3K , to a map

g : K -a- M which is fixed point free on K, iff, s0(f) admits an extension to a section

over K.

Proof: The “only i f”  part is obvious. The “if part” requires a simple covering homotopy

argument to adjust the section to have a constant path in the first coordinate (1).

2.5 Definition. Let o(f,K) a Hin(K ,3RIB(f,K)) denote the primary obstruction to ex-

tending s0(f) to a section s(f) over K. o(f,K) will be called the local obstruction
-

‘ 
index of f on K c U .

General obstruction theory ([3)) implies the following proposition.

2.6 Proposition. f Ix is deforinable to be fixed point free, relative to 3K, if f the

local obstruction index of f on K o(f ,K) — 0.
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- 2.10 Proposition (Additivity) Given f : U ‘M  (compactly fixed as in 2.3) . SupC-’ s;e

- - V l ..... Vk are finitely many mutually disjoint open sets such that Fix f ‘i UV~~. I.et

-
- 

- f i V i : V~ —a- N. Then under the homomorphism

a : ~ H
m
(Vl B (ft) )  -, Hrn (U I  B ( f ) )

we have

ci(~ o(f ~ ,V~ ) )  o( f ,U)

—12—
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- 3 . Local Nielsen Numbers

- 
li a this iss -etion we consider maps compactly fixed maps f a U • X, where U is an open

- - stI in a a-:uclidean neighborhood retract (ENR [2)). rn particular, then. X may be a manifc’ld

- (possibly with boundary) or a locally finite polyhedron. Notice that we do not require X to

-: be compact , nor do we requires the map f to be compact. The fact that Fix f is comuect

- 
is what is essential. We recall also that for ENR’s we have a local index theory with the

usual properties [2) for maps f a U -+ X with compact fixed point set. I(f,U) will denote

- 
the index nt  I on U.

Our objective here is to take a compactly fixed f a U -a- X and classify the points of

Fix f into local Nielsen classes and develop the necessary elementary properties. Since

there is a distinct parallel between the local theory and the well—known global theory 14)

we w il l often omit detajls

- 3.1 Definitions: Let x and x 1 denote fixed points of f a U -a- X .  x0 and x 1

are Nielsen equivalent in U proved there is a path C in U trots x0 to x1 such that

— - C and Cf are honaotopic with endpoints fixed in X. (Recall that composition of functions

is read from left to right.) The resulting equivalence classes are called the local Nielsen

classes of f in U. N(f,U) will denote the set of such classes.

3.2 Proposition. The local Nielsen classes of f a U * X are finite in number.

Proof: Since IC is an ANR , it is ULC ([5)) and this forces each Nielsen class to be

open in Fix (f) . Since Fix f is compact the result follows

— 3.3 Notations. We designate the local Nielsen classes of f a U • IC by N(f,U) —

- {N
1
(f ,u), N2(f,U),...}. Furthermore, if f a X -

~ CC is globally defined , we set

- 
N(f,U) — N ( f I U ,  U ) ;  i.e. a local Nielsen class of f a X -a- X on U is taken to be a local

Nielsen class of f l u  a U -a- IC.

-
‘ 

3.4 Definition the index I(N~~(f ~U ) )  of a Nielsen class N~ (f.U) is defined to be

— I(f.V~) where V~ is an open set in U such that n (Fix f) — N~ (f~U). If the index

I(N~ (f~U)) 0 0, we call N~ (f1tJ) an essential class. Finally, the Nielsen number n (f ,U)

- of f a U -a- IC is defined to be the number (finite) of essential Nielsen classes.

—13—
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3.5 (Homotopy Invariance) Theorem. Suppose H a U x I -* IC is a compactly fixed hart,-

topy , i.e. there is a compact set K C U such that

K~~~~U Fix H , 0 < t < l  .
t t — —

Then, n ( H .U)  — n(H
1

,U ).

Proof: The proof proceeds in a manner parallel to the proof for compact ANR ’s in 14).

First , set f — H0 and g — and if C is a path in U set

(H ,C)(t) — H(C(t),t) — H
t
(C(t)). 0 < t  < 1

Thus. (H.C) is a path in CC. Now , if x E Fix f and x
1 

c Fix g, we say that x0Hx1

(x0 is H—related to x
1) provided there exists a C in tl from x to x

1 
with

C — (H ,C) (endpoint homotopic) in X. This relation H induces a one-one correspondence

H from a subset of N(f,U) to a subset of N(g,U) via the relation between Nielsen classes

[N(f,U))H(N(g,U)3 x0Hx1, x,~ a N(f ,U ), x1 t N (g,U)

(see (4 3 , page 92). Up to this point the fact that the hoanotopy is compactly fixed is not

used . It is used , however , at this point to show that H is bijective from the essential

Nielsen classes of f to the essential Nielsen classes of g. Because X is locally coin—

-
• pact one can assume that the compact set K above contains Fix H~ in its interior for all

t, 0 < t C 1. Now, open sets in the interior of K may be used to compute indices of

and furthermore H a K it I + X may be considered a path in where th. compact open

topology on coincid.s with th. uniform topology . Now, th. proof in (4, pages 93—943

app liss to show

a) (N ( f ,U)3H(N(q ,U )J • X(N(f ,U)) — I(N(g,U))

b) N (f,U) is not H—related to scans N (g,U) • I(f,U) — 0

this colupist.. the sk.tch of th. proof.

We will also find in useful to expres . local Nielsen classes in terms of universal covers

after th. manner of Jiang (6). Given f U • C C ,  when IC is an ENR, the components of U

—14—
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C 5  -

> a and 5 1 > 1 5 ’s’ 15- tx I is assua’ned compact , Fi x f lies in a t j n 1 t ~~ number ot t I , - - ; , -  von >—

- .i> a~1 ,‘s, - l a of t l a i ’ s s - (-omj aonent s produces dis t inct  local N ie l son  v1a~ st-s .  Thea. ’ is ,

t l a a ’ t , t s ’ a , ’ , no c’sse n t i a l  loss of ge n e r a l i t y  if we assume U and X are s ’oian. eted .

I_ s t n a CC I C .  : U * U denote the universal 5-ove rs of CC and U, a , - s, 1a . ’ s - t i V a ’ I ’ ,’ and

a U” CC the inclusion map. Choose u0 a U, U
0 

a rI
~
1
(u
0

) ,  
~~ 

‘ n 1( i ( u ) )  y0 a

‘I’h, ’~;,.’ choices uniquely determine fixed lifts i and f  such that 1(u ) — x
0
. f(u ) — y0 a

>
~u !~~~~~~~~~

Furthermore , i f  we let n(U) and a denote , respectively , the covering groups of a1
~ 

and

n, i and f induce homomorphisms

iu : >T (U)
~~

.
~~

u , ~~~: lt(U )~~~ ia

with characterizing equations

ci — , of — ftø ~J (O ) , a a ( U )

We should also note that all the lifts of f have the form fo, a a a and fa — f$  1ff

a - B .  

- - - -- 
Now, let Coin [fa , ii denote the coincidence set of to and ii i.e.

Coin [fa, ~~ i — { a U a (fa)(u) — i (u) ) .

3.6 Proposition. Each set n
~
(Coiratfa , i f l,  a e a , is a Nielsen class or empty.

- - Furthermore,

- rI~~
(Coin f fa , U )  — >Cu~~

0th1 , U)

iff there is a a € r (U) such that

o~~~ca i
~~

(c)  — fB

or , equivalently, for some a a

~U 1°
~~~° i~

(a) — $

-

~~~~~~~~~~~~~ 

_ _  
_ _ _  
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proof . a) Suppose u and v belong to C o m n l f o , i T .  Theta a - ,~t I; in U I :

u to v induces a path C from u — nu
(u )  to v — n

0
(v ) in P which daa &- s t l ~c- ~, s t  l e a

showing that u and v are Nielsen equivalent f ixed 1.’c i > at s  in 11 Thus ,

~U~~
0
~~~

(b0 . i ) )  C some Nielsen class N(f ,U)

b) Each fixed point u a U determ ines an a a a as follows.  ; l a ’ o i ~-, ’ U t

- 
- a is determined by the condition

I fs) lu) — 1(u)

so that 

- - -
U t Coin ( f a , i3 - - -~~~

and hence —

u € n0
(Coinlfai , 1)) 

-
for some cc a a It is a simple matter to show that where u and v are Niel II > aai’ s >1  I i >

in U , we may choose u and v above to yield exactly the same a ~ a . Thus, each los -al

Nielsen class is contained in some rI
~
(Coin(fa, ifl . This verifies the first part of

Proposition 3.6.

- 
C) Now , suppose -

rI
~
(Coin (fa , ii) — n~~(Coin L f B ,  ~~

Then , we have u , u 1 in U such that 

I 
-

~~

(fa)(u) — 1(u) , (~ 8) (u 1) — i(ui 1) ,  c( ü )  — u1, a , >v( U )  .

1 Then

(fa ) (~~~) - I(s) (a ’~ 1a) ~~~~ - i~~(a~~~) )  (U
1

)

• (~~~~fci i
~~

( c ) ) ( u
1

) — 1 ( 1 l
)

• a
1(fa ) i

~~
(c7 ) — f$  , ci a a (U )

Since this last equality is equivalent to

~~~~~~~~~~ 
iu

(o) — B

-16-
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, c >a ~I also imp l i e s  (as a simple exercise)

i ) )  — >
~u
Wo B. i l ’)

the proof is complete.

L i  Def in i t i on .  Given homomorphisms (of groups)

- * a  a ’ - a - a  • : l> ’ -+ l>

We introduce the right action of a’ on a by

ci * a — ~(o
1)ci >,I,(c) • a a a ’ , a a a .

The result ing set of orbits R1>( ’ ,~~) is called the set of Reidemeister classes , i.e. each

orbit is a Reideaneister class.

3.8 Definition: Given a compactly fixed f a U -a- X and corresponding homomorphisms

i~ : a ( U )  -a- a , a n ( U )  -a- a (as above) , we call R ( i u .~u J the set of local Reideaneister

classes on U generated by f.

- 3.9 Pr~position: The correspondence

- ~.- r a ( a)  “a- nlT
(Coin (

~
a . 11)

takes Reidemeister classes to Nielsen classes bijectively provided we ignore those

Reidemejster classes (a) for which Cojn(fa ii — $

Proof .  Immediate from PrOposition 3.6.

ç Suppose we let U denote the component of n~~ (U) which contains x0 € n~~ ( i ( u0) ) .
- The n,  n I u  a U -+ U is a covering map. It is easy to see that ,T

1
(U,x ) corresponds to the

- 
kernel of i~ a a ( U )  -a- a and hence the covering map t h u  is regular and furthermore

f : U -a- X has a unique lift f : (U.x )  (~ ,y0) and hence a diagram

- 
-

- 
u

~~ 
idj ~

The following lemma is easy to prove , because if — f .

- - 

—17—
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3.10 Lemma. For ,t ‘- >

i (CointEa , i ))  — Fix(fa)

and hence

i) — fl IU (Fix fa)

We also have the following result. Let ;(U) — a(U) and j : a(U) ~ the natural pro-
ken

jection. We also have diagrams U

i
U w ( U )  U

a ( U )  w (U ) . ‘5

3.11 Leusna. Since

- 
sP
~

(a ’)a i.>~
(a) — 

~~~~~~~~~~~~~~~ 
i~~(j(a)) 

—

the identity step id a S -a- S induces a bijection

-
~ 

R t i u . ~~~~) 
—__ +R(i

u, ~&

Thus, Proposition 3.9 may be reformulated as follows :

3.12 Proposition. The correspondence

— R( i.~, ~~~~) 
-a- N(f , U )

which takes 
a

(a) a-a- nIU(Fix (ia))

takes Reidemeister classes to Nielsen classes bijectively provided we ignore Reidemeister

classes La) for which Fix (fa) — $.

Suppose U c V c X ,  where U and V are both open, connected subsets of x,

a V -, CC is a given map , and U, V , X are the corresponding covering spaces. Then, as

before we have fixed l i f ts
a 

- 
i - - ______ 

- -. iv - - _____ 

-
U )X, U )X, V — PX, V )X

—18—
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w a - I , -  i ,*~asI t vO’.’a-r  1> 15 1 u a ;  l ena;  (which are > ; , a t  desi~ nat , ’d) jaid , f vov,-a f
~ 

and

- t
1 

- ,~U , t s - ;p ~’v t  is ’. ’ly. Choose the l i f t  a U - V of the inclusion map U V with t l ~.’

1 -a ’ope :tv I ; ,lt  i ”~ i i .  Then, i~ : n (U) -
~ CV )  is uniquely determined by the condi tion

:V ~V , V
5- ‘U — ‘U ‘u~~ 

a a ( U )

Now a :;imt  C -  arqument a ; l ; s a w - a ;  t hat

- _ v _ , V
‘U ’U ’V ‘ 

~U
’U~~V

Purthex-anor e , the xden tLt \’ map a is equivalent with respect to the map i~ a ‘>(U)

thus inducing

a R I i ~~ -. Rti
v. ~~~~ 

.

3.13 Convention: If K c X is an set and U — m t  K, it is convenient to set

R ( i K . ~~~~) — R l i u a 
~U~~’ 

‘~‘ ( f ,K) — ~ ( f , U )

Given a compactly fixed f a U -a- X , it may be impossible to find a compact set K in

P such that  the fund amental group ar ( K )  “captures ” all of a(U). Thus, the natural step

h~ a R ( i
K. ~~ 

R ( i
u. ~~~)

need not be injective . However, the following result indicates that such a K captures the

- -
~: essential information on Fix f in U.

- 
~

- 3 .14 Proposition. Let f :U -# X denote a compact fixed map, where X is an ENR.

Then, there exists a compact set K C U such that Fix f c m t  K and , V ( f ,U) — N(f,K).
- 

- Proof. First , using the fact that X is locally compact , choose a compact set L such

- - that Fix f c m t  z.. Each Nielsen class N (f,L) of f I L  lies itt a unique Nielsen class
-

- N(f,U), thus defining a surjective function >Ja -. N (f,L) -a- N ( f ,U). If N
~ 

and N
3 

are

Nielsen classes in ~(f.L) such that 
~
(Ni
) — P(N~). there is a path aij in U from N .

- - 
. to N~ such that f (a,). Only finitely many such pairs Nia N~ occur so that there

is a compact set K C U such that Fix f c ia-it K and the oaths 
~~ 

are all in m t  K. Now ,

- - it is clear that the corresponding map >p a 5V(f,K) -a- &(f,U) is the identity .

- 
- -19-
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1” ~‘, -a  ol ‘t , i >  s - l~~t t a I ’ — N dens’> , ’ a ‘eaSh _t - t l v  a- i x e - h  meL’, 5- ;, - La 15 e os .-~~; Set

in the macti fold N. ‘I’h. - >> , he a a- .‘x i st S a macu told (with hs ’anada ~- a 
~- U such that -

r N t a ’ 1 5,-a -a classes in ~ (f ,U) and \ I I , K) ~-oa r v s p o aa d  t ;h’n t i v a il  ~ . Pu a I ~;,- > ~ ;- - i  - ‘ i t > ii- -

w, ’ may choose K t s ’ be connected .

3 . lo s~~ ’i el  Lii , If  f a U • CC and K are as in Pi-~-q’~-’s it  i c i a  3.14 , t he , s ’l a , ’ ; ; t , ’u , l s

a RLi
~~
. 

~~ 
‘ R(t 1> . ~~,,

C

is bi ~e5’t iv,- ~-i ov i,iest (using Prop - - s  i t  ion 3.9) we aest t i s~ t outse I v,-s to R et  ‘lellus- i s - > , ’>  cIaa- - ’c ’s

wha i, -h ,‘o a a  1 -SI -Ol a d  t o  Nielsen classes.

I

a
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4. Preliminaries to Calculating o (f,U) .

Let p a E • N X M denote the fiber map (~2) replacing the inclusion map

N K - f C K 14. F will denote the fiber over (u,v). G iven a tubular neighborhood
(u,v)

T of the diagonal ~ c 14 a- 14, let T - 3’ - tc. Then,giVefl u a: N and a local orientation

of N at we can assign an element

g ~ a (F ) , (u,v) a: T
u rn— i (u,v) o

as follows: Let ~ denote the diagonal in M a- M , with corresponding tubular ne ighborhood

3’. If P denotes the complement of the 0—section in 3’, we have

- C
H (T. T )—4H (M a - M , M a - M -~~)m o~~~~~~~m~~ 

~~~ - -1
H U I X M, M X M — C  (a))rn -~~

1> (
~~ 

x ~j, J~ a- — ~~l (~ ) (u ,v))
IS

I C
4

a (N, N — U , v)—4?r (N a- N, N a- N — ~~, (u ,v))m In I
C

a (F , (u,v))m—l (u,v)

where (u,v) a T , (u ,~a) ,-. (u, v), and u , are constant paths at u and v , respectively .

The isomorphisin ir
~
(M . N — u, v) ~ 

~m~
M 5 14 a- 14 - I t ,  (u,v)) is induced by the section

N * N a- N given by y ‘-a- (u,y) . If we choose a Euclidean neighborhood W of u and an

orientation of W, an imbedding

- at at-).
a (D , S , a )  -a- (W , W - u , v)

(which take o to u) determines an element of a ( M , M - u, v) and hence (see the diagram

above) an element g € it 
- 

(P’ , , (u,v)). g may be represented inu m l  u,v) a_i 
-

Hm
(M a- TI, M x  M - 

~~~~

1( A ) )  as follows: Given ~ over u , the imbedding i_i lif ts to an

- imbedding 
~ >_i a (D

m
, ~~~~ a0

) -a- (W , W - ~~, v) , where W covers W. Define

a (DIS, S
m_ i

) (T, 
~~~~) by y (y) — ( ,  (y)). (y ) generates 14

~~
T’ 

~~ 
and determines

and element g- € H (~ a- TI, M a -  N — 
~~~~

1
(A)). If ij ~~ — u

1
, then it is easy to see that

— (egn e)g~j .  The following lemma is easy to prove .

—21—
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4.1 Lemma : Let U denote a connected open set in N.  If  U is non— orientable , any

choice of 1o~ a1 orie n ta t ions  leads to a funct ion g a U • F with  the property that fm  (x ,y)

and (u,v) e n (U • U ) ,  there exists a path (a.8) in T~ a (U a- U ) f rom (x ,y) to

(u,v) such that

(ci ,B) a it (P ) -a- a (F
U m-l (x,y) m—l (u,v)

takes g to q .  In the orientable case the result holds provided local orientations are

chosen compatibily.

Now, let (x,y) . (u ,v). (u’,v’) belong to 3’ a (mt  L ‘ m t  Li and consider (x,y)

as our base point with n( F ( )
) identified with Zr>>) , with g corresponding to 1 - a .

4.2 Lemma: Suppose (a ,8) is any path from (u,v) to (u ’,v’). Suppose further that

(a ,B), (a
1 ,8 1

) are paths in 3’ from (x,y) to (u,v) and from (x,y) to (u ’.v’).

respectively, as in Lemma 4.1 (see diagram below) . Then, under the isomorphism of local groups

(a.8)~ a a
~ 1

(F
( ~~ 

‘4 >> l~~ (’~~~’)~

we have

(a.B )
~ g - (sgn a) (a

1.81
)~~(To

’)

where (a .8 )~~ — g
~ 

.(a1.Bi)0g~ 
— g ,  and a — u s a 1

1, ‘a-

a

x 

B
~~~~~~~~~~ ._ .__

~
— 

• a_i ’

Fi~~~:e 1
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Proof .  (ci .6)~~ =

=

= (u
1,B1

)~~1ga- °

= (sgn

4.3  Convention. If ci is a path from u to u ’ and B is a path frost v to v ’

where u is “close to” v and u ’ is “close to” v’ in the sense that (u,v) u (u’,v’) c T ,

the statement a ‘ B (mod endpoints) will mean that there is a homotopy from ci to

B : H : I a- I -
~ 14 such that H(O,t) and H (l ,t) trace paths, with (u, H ( 0 , t)), (u ’, H(l,t))

in T .  Alternatively ,  one may replace B by a path B’ from u to u ’ with 8’ close to

B and then ci B (mod endpoints) mean ci B’ with endpoints fixed, as usual.

4.4 Corollary. If in Lemma 4.2, a ~ (mod endpoints) , then

= (sgn

where a — s o l

Let f a U -a- 14 denote a compactly fixed map with U connected end choose a base point

x0 ~ Fix f. The local group of B(f) at x is >> l~~b~ ’ 
where b = (x0, f(x)).

is identified with Zia] and the right action of ¶(U) — iT
1

(U ,  x0) on Z ( i t ] is

given by

o€iT (U) ,

Define a new right action -

( *)  a * a = 
~~~

(a ’)u 
~~~~ ‘ 

a ir (U) , a € it .

Now, denote the twisting action of ua - ( U ) on Z by

n . a — ( s gn a)n  a € i r ( U )  , n a Z

arid consider the bilinear pairing

- Z N)  ~ Z -a- ZN]

-a —23—
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de f i ned by

cca n ’- nca 1

4.5 Lemma. Let 0 a it (U) , then the pairing (4) satisfies the condition

a ~ n • c i ) )  — p0
(5 n) * 0

i.e. P is equivariant .
0

Proof.

P(a • ~ ~~ n 0 0) P (sgn a i
~
(a
~~

)a 
~U
(a) a (sgn a ) n )

—l —l
— n ) s  1

~~°’

- 
= (n5’

~~) * ~

— P ( a o n ) * a  .

Let T(U) denote the orientation sheaf of twisted integers over U.  Then for x U , ‘ 

- ‘a

the Hurewicz homomorphism

h a 1T
~
(M , K - x) -a- H (M , M - xi

induces a coefficient homomorphism h a 8(U) -. 2’(U) where 8(U) — B ( i )  and i a U K is

inclusion. In particular , using as base point X0 a: U, we may identify

>>m— 1
~~

b
~ 
~ 2( n ] with 1

H ( M , N - x) a z with h(~~~) 
a-a- 1 .

4.6 Corollary . Let R ( f )  denote the local system on U induced by the action ( A ) .

Then, P induces a bilinear pairing 
-
‘

P a B ( f )  • r(U) -a- R ( f )

so that over every x a U

a h(g
~

) )  — 1 .

—24—
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:1 - 4.7 Remark. Corollary 4.6 is valid for L a compact connected submanifo ld with boundary

IL, L c U. In par t icular  we have a corresponding pai r ing

a B (f ,L) a ~(L ) -• R(f,L)

whe re the local systems !~(f , L ) ,  i (L ) , R ( f ,L) are restrictions from U to L.

Now , let L denote a compact , connected tr iangulated manifold with boundary ~L such

that L c U. Assume also that L is triangulated so that adjacent In—simplexes are contained

in the same Euclidean neighborhood in U. L determines fundamental  classes as follows :

If s is an oriented simplex of L and u is a point on Is, then using Lemma 4.1,

;
~

-, the orientation of s determines an orientation around u
5 

and thereby an element

€ _i
~~k~ 

b = (u v i  arid v
5 is near u Set g5 

—

4 4 Definxt~on The rn—chain ~ g s  where the sum runs over a basis of oriented

~~~ 
- 

, m—sirnplexes of (L,IL) , determines the homology class

— 
i i ( L ; it)  a H

~
(L .IL ;  5(L))

where 5(L) — 8(1) is induced from B by j  x I a L -a- M a- TI, which we call the twisted

a — fundamental homology class of (L,I L )  in TI.

Let ~(L) a H (L,IL; t(L)) denote the classical twisted integral homology class on

(L,IL) (7]. Since at the chain level 11(L) has the form ~ h(g)s, one sees that under

the induced coefficient homomorphism h,, a H (L ,IL; 5(L)) -‘a- H
~
(L,aL: T(L))

a p (L; a) a-a- ~(L)

The corresponding dual fundamental cohomology is defined as follows:

4.5 Definition. Let s denote an oriented st-simplex of (L,aL) . The m-cochain

~~~ ~~ ‘ — ~

c (s’) —

‘ Lo if a ’ p~ s

leads to a cohomology class ~i ( L ;  it) € HIS (L , IL :  8( L) ) called the twisted a — fundamental

cohomology class of (L,IL) in K.
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4.6 Remark. Using Lemma 4 . 2  one shows easi ly that ;( L j  a) is independent of s , i .e .

for $ ~ s’, c and c , are cohomologous. Also , if we let p ( L )  a Hm (L, ILI a ( L ) ) denote

the classical twisted (:ver Z) coha-snology class ~7] ~(L,a) maps to (L), via

h a H (L, ILz B(L) ) * H (L,IL~ T(L))

4.7  Proposition. <~~(L, w ) ,  ~ (L) ) — (1) a R[i u .iU
)

Proo f. Lix a simplex a and a base point u a Is. Then,

c5
(~~ h ( g 5 , ) s ’) — r0(c (s) a h ( g ) )

— r0 (9 5 a h (g5)) .

Therefore ,

a> ~ ( L)  — (1 . u5] € H0
(L; 8(i))

where the cap product is induced by the pairing

8 (L) 0 -r (L) + 8 ( L )

where 8(L) — 8(1). But, under the isomorph ism H0
(L, 8(L) ) I Z R ( i u . iu )

~ 
(1 . u l  corresponds

to (1) , the Reidemeister class in R(i
~

ti u
) containing 1 a a. Therefore,

( I ,a(L, a ) ,  ~ ( L ) )  ~ (L, a) fl ~i( L )  — (1)

These fundamental classes pass to U is the usual fashion as follows . First, if L denotes

L minus a small “ collar ” around the boundary , then the image of i~(L, it) under

Hm (L,aL, B ( L ) ) _ _ ~ .4H In ( U ,  U - L ,  5(L) ) -a- H (U; 8(U)) - 
-

~

determines ;-~~(U; it) a H~ (U,B (U)) the twisted a - fundamental cohomology class of U. Further-

more , If A is the family of compact, connected manifolds L with boundary ~L such that

I. c U, once can choose a compatible A family 81

a) — {~~(L; a) a H ( L , IL, 8(L)) 1 H~ (U, U — L~~ 9(U))}

and call ~ (UI a ) ,  the twisted at — fundamental homology class of U. In a similar fashion ,

a coinpatibi. A family

—26—
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-
- t i ( U )  — {~~ L H ( L , )L ; 7~L))}

- - JL ’ta:’ami>a ’ s the twisted fundamental class (up to sign) of U.

Finally, for any compactly fixed f a U -a- N , the pairing

P a 8 ( f )  0 T (u)  * R(f)

induces a Kronecker product

m ( . , 11 ( U ) )
H (Ut B ( f) ) —  

~
ZR(iU,PU

)

- induced by
U

- 
(~~~, ~ (L) ) hLH (L,IL; 8 (f,L))

where B(f , L)  is 5(1) restricted to L.

4.8 Remark. A simple direct argument (without invoking duality) shows that

( ‘ , ~~(L) ) a H
m (L,IL~ B ( f ,L) ) -a- ZR[i

L,~ L
)

- is an isomorphism.

—27—

- — —‘-- .—.~~ -~~~- - ‘a-- ~~~~~~~~~~~~~~~~~~~~~~ -~—‘.~—J L _~~~~~~~~ -~
_,--~~-—‘



- 
- -- ‘. 

~~~~~~~~~~~— - ----~~~~~~~,-~~~ ~~~~~~~~~~~ 

a -- --- -— --- - —-- - -- -=-— - - - -  ——— ~~~~~~
‘-- - - ---—• 

—~~~~~~
-a’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4,

5. Calculating the Local Obstruction Index o(f)

We assume again the data (K , f, U) of 2.3, with the added assumption the 1 is ce:-

nected . We also assume that K is a compact manifold with boundary and Fix f a: ia-it K. (ur

immediate objective is to compute the local obstruction index o(f,K) a Hm (K , IK; 8(f,K)) c -f

f on 1( (Definition 2.5). We focus our attention first on one of the components L 0± Y

and then o(f ,K) will be computed in terms of its components o(f,L) Hm (L, IL> 4(f ,L)).

Thus our immediate objective is to prove, using the notation in §4, the following result,

5.1 Theorem. Suppose f a U -a -N is a compactly fixed map and L a connected compact 
i

submanifold with boundary II, such that L c U and (Fix f) a IL — $. If o(f,L) is the J -  a~
’

local obstruction index of I on L in U, then using the pairing (S4) 5(1,1.) 0 :(L)

R(f,L) we have that under the isomorphism

(, p(L)) a ffst(1.~11.1 5(f,L)) 
~
a- ZRlIL,~

a
L)

(o ( f ,L ) , p U.) > — ~~ 
I (p ) p 

- - -

paR -
‘ -

~~~~

where R = R[i
1..~’1.

1 is the set of Reidemeister classes and 1(p) is the index of the Nielsen . - -

class corresponding to P under the map r : R(iL~
a
~L

l -a- ! J ( f ,L) of Proposition 3.9. -

Before, giving the proof of Theorem 5.1, we prove a succession of lemmas. Some of these

closely parallel corresponding ones In the global case (1) so we may omit some details.

We assume now (without loss of generality), in addition to the previous data that

Lix (f) a L is finite and each fixed point lies in the interior of a maximal simplex of a

triangulation of L. Furthermore, each such simplex s is contained in a Euclidean neighbor-

hood V and if Fix(f) a a p~ ~~, then f(s) c V5. 
- 

~
- 

-

5- Consider the section u — UL a L — Fix f ~a- E~ given by I
u(y)— (~ ,~~~~~ x a L - P i x f

Thus , the cochain e(f,L) a CC(L,~ La B (f ,Lfl , representing the obstruction o(f,L) is 
I

given by the following a

-28- 
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If  $ ~ S an oriented n a—cell , then

0 if s n F i x f *
c ( f , L ) ( s )

€ a~~~ (q
1 (u )) otherwise

where u a Is and when (0”, S”1 , a )  and Cs, Is, u )  are identified , preserving

orientations,

—,
~~(u) — (u u ,  (f(u) f(v)))

where is the directed line segment fr om u to v (see Figure 2)

Figure 2.

Then, as noted in (11 , a simple hoinotopy argument shows that if we let

6 a (x ,Is) -a- (N, K — x) be given by

65
(u) — f(u) — u

where V5 I and x 1 0, x € Fix I a ( m t  s), then if we let ‘r — 6 + u (translation

by U5), we have

0 If s f l F l x f — $

c(f,L)(s) -~~~

(,,,,ty 5 , otherwise

-29-
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where 1~~ ) ~ 
ta CK , K — u5. f(u5

)) I 1a
~ (M a - K , K a- N — !f~ Cu 8, flu 8

))) taIn...i (F( U f (U,)
).

Thus , since u - 1(u) determines the (numerical) local index I(f ,x) at x, we have

0 if s fl Fix f — $

c(f,L)(a) —~~~

L _ l m 
Ind(f,x)g , otherwise

Thus , we have the following proposition.

5.2 Lemma. The local obstruction index o(f,L) has the cochain representation

c(f 1.) — ~_11m ~(I(f ,s)q )s

where I(f ,s) is the local index of I on s.

— 
5.3 Remark . The unhappy sign (—1 ) ’~ is the result of using 1 a- 1 a U * N a- N ,  rather

than f -a la thus encountering 1 - Id, rather than id - f.

Let N (f , L ) , denote the local Nielsen classes of f~L, designated individually by

For each j pick a simplex s~ containing a fixed point repre-

senting N~ (f.L). If $ j* another simplex containing a fixed point of N~ (f.L). then there

is a path a from a to s~ such that a-a ‘- 1(5). Thus, since g s  to cohomoloqus to t
[sgn Cs, s, s

j
)(cs. f(o))

0
(g)]s~ and since (a, f(a))

0
(g) — agn (ci, s, sj) g .  we have

- - 5.4 Proposition. The local obstruction index o(f,L) has the cochain representation

c ’( f ,L) - (_ j ) st 
~(I(N (f,L))g I s
j 

j s
j j

where the sum is over the local Nielsen classes N(f,L) and I(N~ (f~L)) is the (numerical)

index of N~ (f~L).

5.5 Corollary. (Local Wecken Theorem) . A necessary and sufficient condition that I 1.

be deformable in TI (relative to ~L) to a fixed point free map is that the local N ielsen

- a -. number n ( f ,L) — 0, i.e. n(f,L) — 0 0(1,1.) — 0.

Now , choose a simplex s
~ 

in L and assume that our base point is U
1 

a as 1 and we

identify itm_ l (F(u ,f(u ) ) ) wIth ZN), g corresponding to 1. See Figure 3.
1 1 1

-30- 
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Figure 3. . 

-

Choose for each j ,  a path aa . in 1. such that

(w~ ,w 
* 

( g )  - g .

Then, g 8 is cohoanologus to tsgn Cu ,s ,s)(w ,f(ua.))~~(g 
~~~ 

where, by Lessna 4.2, -j j  j j  j  2

( a.a~~, f(aa ~~) ) ~~( g )  = sgn

where — I w~’w~ ) .  t~ — (w ’f(W~)). Since 0 *  1 and sgn (w j ,s j ,s) — 1, we have g s .

cohomologous to t
j

S
1 

where T~ Iu~
1f( au ~fl .  See Figure 3.

5.6 Lemma. The local obstruction index o(f,L) has the following cochaira representation

concentrated at s~ where the local group at s
~ 

is Identified with Z (ta) :

c”(f,L) - (_1)
In (~~I(N~ (f~L))a~)s1

where a ii is given by ‘r
~ 

— Ua 1f ( w ~) )  for an appropriate path from the Nielsen

class N~ (f.L) to the Nielsen class N1
(f,L).

5.7 Lemma. If *5 
and x~ are fixed points of f IL in simplexes a and t, respec—

tively and if w8
, and w~ are paths from s to s

~ 
and t to such that

(w
5

,w
5
)
0
g 

~l 
~~~~~~~ 

— •15
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- then x and x are Ni.alsen ec~uivalent in L ~f, and only if , r = ff(u~~)L- and

- — 1f(~:
’>~~~1 are Reidemeister equivalent on L, i .e.

~L
1
~~~~~~

’t 
i

L
( o )  , c a a(L)

- Proof. By the argument precodir— ~~~~~~~~ 5.6 , we have ( a - , f ( a .  ) ) ~~(g s) = t [u 1
f(~a ) ) .

— Suppose y is a path in L from s to t with y f(y). Then ,

— [ f (u 1) w ]  — [f(w
~~

)f(y)f(w
~
)f(w

~~
)u
~ 

u~~y~~u ]  — 
~L b 0~~~~

T
t ‘L 1°

~ ‘

where a — (w 1y 1w ]  a a (L) .

a 
- 5.8 Lemma. Let r denote the correspondence of Proposition 3.9 from the Reidemeister 

-
~ 

-

classes R [ i
L
, a

~ ) to the Nielsen classes N(f,L). Then, if T . tu~
1f ( w ~ ) I .  as in

Proposition 5.6, ~~ have

- N.(f,L)

Proo f. Let x. denote the fixed point in Sy and x1 the fixed point in x1. Use

-~~ x1 as base point and then apply part b) of the proof of Proposition 3.6.

If r a R (i
L~~L

] -a- N ( f , L) is the correspondence of Proposition 3.9, between Reidemeister

classes and Nielsen classes , then we set N = r(p). Also, we set 1 (p )  = 1(N
0
), the index

of the corresponding Nielsen class. Of course , if r ( p )  — 4., we set 1(p )  = 0 .

We can now give a short proof of Theorem 5.1. - -

Proof of Theorem 5.1. Using Lenmaa 5.6 -:

(c”(f,L), ~ h(g )s) — (_1)
In 

~ I(N (f~L))t;
1 a itt> ) .

- -

- 

Passing to Reiderneister classes on the right, we obtain

(o (f ,L ), ~(L)) — (_ 1)
In 

~ I(p)p a ZR(IL~ *L
I .

5.9 Corollary . Let f a U -a- N be compactly fixed and let X — 111.., a f ini te disjoint

union of connected subananifolds with boundary. Then under the isoanorphism -:

L.. ~~~ a.s. ~~~~~~~~ 
- a- 

- 

- -— a- — a-



- - ~~~~~~ - .— ~~!-W~~ ~~~ —a---- . ‘a5-, a~~~~,r w-.-a.~~~~~~ -—— -‘a-- ~~~~~ _~
__

~ ~.a- “a -a-- - n r---- —--—-— — —

• (. , p( L i ) a H
m
~K ,IKI ~(f,K)) I ~ H

m (L~.IL~ ; ~ (f.L~ ) )

3 
3 j  I

aLa
ZRt i K~~K

) I

we have

(o(f ,K), ~ p ( L ) )  — ~ I (p ) p
j P€ R ~

where R — R h , a~ ) .
L

3
L~

5.10 CorollAry (globa l case) . Let I a N - a - K  denote a self map of a compact , connecte d

manifold with boundary 3M such that Fix f is compact and (Fix f) a 3M — -aD Then the

globa l obstruction index

o ( f )  Hm (M; 5 ( f ) )

is given by 
a

(o(f), u (M)) — ~ I (p)o
OaR

where R — R ( i d,~ ’I and ~~~ f 8 a t a - a - n — n
1
(M) .

5.11 Corollary. Let f a U -a- N be compactly fixed. Suppose K is a compact sub— 
5-

manifold with boundary such that K c U, Fix I c m t  K and the Nielsen classes NCf,U) and

N(f .K) are identical . (The existence of such a K is guaranteed by proposition 3.14). Then —

o(f) — 0 If , and only if, o (f ,K) — 0.

Proof. The “if part” is obvious. On the other hand suppose o(f) 0. Then for some

K’ , K c K’ c U we have o(f ,K’) — 0 and hence

0 — (o(f,K’), ~(K’)) — ~ I ( p ) p
p eR ’

thus , 1(p) — 0 for all Reidemeister classes in A’ — R tiX ,,*K, ). Cons.qu.nt~y, all the

Nielsen classes in K’ have index 0. This forces all the Nielsen classCs of f relative to

- ‘ K to be inessential and thus
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1
4

(oCf ,K), i~(K) > — ~ I ( .’)~~ — 0
a5-
~ P

therefore, o (f ,K) - 0,

5.12 Theorem. Suppose f a U ~ N is comnactly f ixed wi th U connected . Then, under

the isomorph ism

5- (• , ~i (U) ) a H”(U; !~(f) ) -. ZRtiU **L~

we have

(o(f) , u(U)) — ~
paR

where R - R ( i
u 1~uI

Proof. Choose a cocinected K satisfying the condition of Corollary 5.11. Let

a 
h~ a A’ — R( i K~*K ) * R(iu.

.
~u

1 — R

denote the correspondence in S3. Then,

(o(f), u(U)) — h~ (o(f,K), ~(K))— h~ ( ~ 
I(o)p) — ~~ 

i (p ) p  •

- - 
p aR’ PaR

5.13 Corollary . Suppose I a U -. N is compactly fixed . Then f is deformable, via

a compactly f ixed honotopy , to a fixed point free anap g a 13 -. K if, and only if . the local

Nielsen number n (f ,U ) — 0.

Suppose now that f a U -a- N as usual, 1. — ~i K C U such that Fix I C ~ lint I. ).
j J 

- - 

j
and ~~ K are connected submanifolds with boundary. We want to describe now how o(f,L)

— in )lm (L ,aL, 5(f ,L)) “coalLesces” to o(f,K) In H
m (K ,BK, B (f ,K)) thus yielding the àorno-

priat. “additivity property” for our generalised local index. We make use of the correspon-

d.nces (p3 )

- 

h~ a R ti1. ~~~~~~ -~ R(i
~
..A
~
I .

5.14 Lexsna. If p a R ( i
~ .*~

J and 1 (p) is its (numerical index, than

— 34--
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1 ( 0 )  — V 1(8)
j 

~
_ p j

- K -
-: - where P — a h

L ~~~ — - 
-

Proof. Let N ,(L., f) denote the Nielsen class in N(L~ .f) corresponding to 8 € P ,

and NIp ) the Nielsen class ira V(K ,f) corresponding to p. It suffices to prove that

U L N
8

( L . , f )  N ( y )  .

j B~P~ ~ -:

Recall (~ 3) that given a fixed point x a N(p) , the Reidemeister class p is determined by

the element ~ a >> subject to the condition

-, -
Cx ) — i

~
(x) 5-

a- —1
— where x a (xl . Such an x belongs to some L~ and hence to some Nielsen class N

8
(L~~f)

where 8 is the L~-Reidemeister class belonging to N
8
(L.,f). We need to show that

h~ (8) — o. Or, equivalently that a also represents 8. Choose x i~~ (y) and then
j 3

— (i
~~

f
~
ax)Y — 

~~~~~~

and thus a does represent B, and hence

N(y) c 11 U N
8
(L~.f)

j kP~

The reverse inclusion has a sim ilar argument and is omitted.

The following theorem is a consequence of Lemma 5.14.

5.15 Theorem (Additivity). Let f a U -a- K be compactly fixed and su~~ose V II V.
- - - j  3

is a disjoint union of open sets in U covering Fix f. We identify

o(f,U) I ~ I(p)p , o(f~V~) I ~ 1(8)8
pe R -8cR~

-
~ - where R — R [i

~~
, a

~13
], R — R1L.~ ,~~~~ 1. Then, under the correspondencej 

i i
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-

R L i ~ .:~I ‘ Rt i~ ,;I 
‘

o ( f ,v) a ~ ‘( B I B ‘ ~ 
(
~ ~ I ( ~~ ) ) p  I o(f,U)

j ~aR . p . R  j ~.~~a (p)

where P.(p) a h~ ( B )  — 0) .

5.16 Remark. When M is 1-connected , Theorem 5.15 redu es to

IC f ,K) — ~~ I ( f , L . )
j  2

the “addivity property” of the classical (numerical) local index.

The next result is another application of Theorem 5.1.

5.17 Theorem. Suppose f a N * N is a compactly fixed map on a connected manifold

with boundary such that (Fix f) a 3M = 4.. Suppose K is a connected submanifold with

boundary and Fix f c m t  K.  If : w ( K )  -a- ta is sur)ective then

a) h~ a R(
~K~

PKl * RtiM .~M
l is bijective

b) N(f ,K) I N (f,M) — N ( f )
- c) n ( f ,K) n ( f ,M )  — n(f)

dl o(f,K) — 0  if, and only if , o(f,M) = 0 .

Proof, a) is a simple exercise which establishes a one—one correspondence between

Nielsen classes relative to K and Nielsen classes relative to K. Then dl is an immediate

consequence of Theorem 5.1.
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ABSTRACT (continued)

of f has fixed points in U. o ( f ,U) is not integer—valued but takes it~ value

initially in the cohomology group Hm
(U ,8 ( f ) ) where m = dim M, and B ( f )  is an

appropriate local coefficient system on U with local group zr 1T~, ir = i~1(M ) . In

order to compute o(f,U) one employs a Kronecker product

( • , ~) : Hm ( U ; B ( f ) ) -+ ZR[i
~~.~~u

)

a R [ l
~~~,

a
~~~] is the set of Reidemeister classes obtained from the group r using the

Reidemeister action - 
-

ace = 
~~
(0 ’)a i

~
(e) , ~ lr ( U )  = -n

1
(U), a c Y

where ir( U ) -+ r is induced by inclusion , = f~ 71(U) -~ n , and ii

is the twisted fundamental class on U. Then, we have the following basic result:

Theorem. (o(f ,U) , i )  = ~~ I(f,p)p
p~R

where R = 
~~~~~~~~~ 

and I ( f ,~~) is the classical integer-valued index of f on

the Nielsen class corresponding to the Reidemeister class p .

I


