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ABSTRACT

We consider the nonlinear Schradinger equation

i?—az- fa+ klul®a=0 in 0 x [0,®) |

u(x,t) =0 in 30 x [0, )

u(x,0) = u,(x) in ) :
2

where { is a bounded domain or an exterior domain of R°. Such an equation

has been extensively studied when QO = R2, but the methods do not apply if

E Q # R2. We prove that there exists a unique global smooth solution if
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k>0 or if k < 0 and [|k| f luol < 4. The proof relies on a new

interpolation-embedding inequality:

all < C[1 + Ylog(1 + lull 2)] for every u € H2 with Jull 1 <1. é |
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\> SIGNIFICANCE AND EXPLANATIONM

The nonlinear SchrSdinger equation occurs in the study of some problems
4 in nonlinear optics (propagation of laser beams through the atmosphere or in a
f’ plasma). Ie—haS‘5E3ﬁ‘EUHstﬂered—hy_manx_anzhnﬁgb The main novelty of the
: present result is that it applies to the propagation of beams in channels
(instead of the whole space). The proof relies on a new Sobolev-Orlicz

embedding inequality which could be useful in other situations. _i
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NONLINE AR SCHRBDINGER EVOLUTION EQUATIONS

1

H. Brezis and T. Gallouet

2

let ¢ be a domain in R“ with compact smooth boundary I (f could be

for example a bounded domain or an exterior domain). Consider the equation

A %f - M+ klul2u = 0 in N x [0,=)

(1) u(x,t) =0 in ['x [0,%)

u(x,0) = uo(x) ’

where u(x,t) is a complex valued function and k &€ R 1s a constant.
Problem (1) which occurs in nonlinear optics when I = R2 has been
extensively studied in this case (see [11,(2],(3],(5],(8]), but we are not
aware of any known result when Q # R2.

Our main result is the following:
Theorem 1. let u, € Hz(ﬂ)(W H;(Q). Assume that one of the following
conditions holds
(a) either Kk > Q5
(b) or k<0 and |kl [ |u0(x)|2dx < 4.
Then there exists a unique solution of (1) such that

& e,y wmY et Wy 1Ay

The proof of Theorem 1 relies on several ILemmas. The first Lemma is of

interest for its own sake; it is a new interpolation-embedding inequality.

1Dept. de Mathématiques, Uhiversité paris VI, 4, pl. Jussieu, 75230 Paris
Cedex 05, France.

Sponsored by the United States Army under Contract No. DAAG29=75-C=0024.
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Lemma 2. We have

In what follows we denote by C various constants depending only on

YA

ot
L

(2)

for every u ¢ Hz(ﬂ) with

'u' < 1.
1...
H
Proof. It is well known that an
3
f H2 function on R2.

P such that:

Pu'g = u for every u & H‘(R).
Iat u € BA(Q)

with < 1. lLet

fal
H’
transform of v. We clearly have

et + |£]) ;I

i c[f 1 dET/?

1EI<R (1 + 1ED?

by Cauchy=Schwarz, (3) and (4).

o i s e T Bt
ORPS YN .,.L.m....ii’ﬂi st i =

- SCtY viog(1 + lull

H2 function on

P is a bounded operator from Hz(ﬁ)

))
H2

8 can be extended by an

More precisely one can construct an extension operator

P 1is a bounded operator from H’(Q) into H‘(Rz)

into HZ(R2)

v = Pu  and denote by v the Fourier

(3) € C
L2 (&%)
2 -~
(4) 1+ eI v, < Chul
L°(R") HE(Q)
(5) lal - < del . 5 < Cliv iy
L () L (R°) L (R)
For R > 0 we write
A~ -~ ~ -~ ‘ 3
i o= Ivig)lag + [ lv(g)ylag = [ (O + 1ED VO] 37y 46
L fEI<R [EI>R [E1<R
v ] as e —— at
|[EI>R 1+ &l

!
ER (14 1812

1/2
dz]

+ Clul
ol

A straightforward computation leads to
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172 -
v < Cllog(t + R)) + Chad (1 R)
L’ - H2

1

by every R > 0. We obtain (2) by choosing R = lul 9
H

Lemma 3. We have

(6) Ilulzul S Clulzu hat for every u € H2(ﬂ) .

.

H L H2

Proof of lemma 3. Let D denote any first order differential operator. For

s
u €H we have

2 2 2.2 2
(D Clul"w | < e lul“Ip%al + lul Ioul™) ,
and so

2 P 2
(7) tul "at 2 & Chat™ ki 5 ¥ Chul bt e
H L H L w

On the other hand an inequality of Gagliardo-Nirenberg (see [6)) implies that

(8) tal < Clulv2 Iul‘/2
- w 2

L H

Combining (7) and (8) we obtain (6).
Finally we recall the following well known result essentially due to

Segal (7]):

lemma 4. Assume H is a Hilbert space and A : D(A)C H + H is an m-

accretive linear operator. Assume F is a mapping from D(A) into itself

which is Lipschitz on every bounded set of D(A). Then for every u, € D(A),

there exists a unigue solution u of the equation

%««m-m
l\l(O)-uo

defined for t € [0,T )  such that
max
1
4 e ((O'Tmax)' H) 0 C([O'Thax)' D(a))

with the additional property that




f either T - »
max
‘ or T < ® and lim (et + Iait)t = w,
{ max
{ te T
max

Proof of Theorem 1. we apply lemma 4 in H = thﬁ) to A o= i,

D(A) = Hz(ﬂ) n H;(Q). Fu = 1klu|2u. We shall show that Tﬁax = ® by proving

that fu(t)t
H
First we multiply (1) by

remains bounded on every finite time interval.

I and consider the imaginary part. This leads

to

(9) tu(t) & w Ju il .
L2 0 L2

Next we multiply (1) by %E and consider the real part.
(10)

This leads to
3 IVu(x.t)l2dx A lu(x.t)l‘dx 8 3
2 4

Q
where

1 2 X 4
B, = 5‘); W () [ “ax +-;£ hag () ] Tax o

We claim that du(t)d 1 remains bounded for 1t » 0. Indeed, this is clear
H

when k 2 0. Wwhile if k < 0 we have

(mn [ 1vaex, e (2 < -'%'- J utx,t) 1 Yax + 2E, .
On the other hand an inequality of Gagliardo and Nirenberg ([6!) shows that(‘)
TEE P

In order to obtain the constant 1/2‘wone Proceeds as follows.

1
51y (t,x,) |at,

N

For
w 2
v € Co(R)  we have ,w(x].xy)l <

‘o

¢ 4 PR e Y Mg :
iw(xl.xz)l £3 {w ,wxg(x].s)lds. Thus f: le | “ax s f“ lexlidx | \lcx‘,dx.
< R R‘ Rs- -
Choosing v = |ul® leads to

4 2 2 1 = A
[ lu]%ax < [ |u] ax(f {uxli ax) 3/ ha [Pax) 12 o % J lu)Rax | [Pu| ax.

-
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1 2 ’
£12) / lu] ax 23 [ lul“ax | | %l %ax

g 1 - IR 2

E 3 f |u0| ax [ |W|%ax .

f Combining (11), (12) and assumption (b) in Theorem 1 we see that
o
o (13) h(t)! < c

: H

where C 1is independent of t.

We now denote by S(t) the L2 isometry group generated by =-A. From

(1) we have
t 2
- u(t) = s(thuy + ik [ s(t - s)u(s)|“u(s)as
3 0
;; and so
? 2
Ma(t) = S(t)a  + ik [ s(t - s)A[lu(s) | u(s))ds .
0
Thus
» 2
(14) MAaCe)l o < Bau b o+ (k] [ BACuCs) | Fues)) 0 Hds .
L L 0 L

Lemma 3 implies that

“\[lu(s)lzu(s)]ﬂ 5 Cﬂu(s)lzm ha(s) i 5 *
L L H -

From Lemma 2 and estimate (13) we deduce that

fa(s) I < C(1 + Vlioa(1 + Hu(s) i ) .

9
L It
Hence (14) leads to
t
(15) h(t)h , < c+c [ wms) L[1 + loa(1 + ()l )lds .
H 0 " w’

-




We denote by G(t) the RHS in (15); thus

e e ancd

G'(t) = Chu(t)¥ 11 + log(1 + Nu(t)! ,)] < CG(t)[1 + log(1 + G(t))] .
H H

ST

i Consequently
E 4
; === log(1l *+ log(1l + G(%))] < C
i dt -
B
E
3 and we find an estimate for du(t)! , Of the form
H
Bt

3 la(t) 2 < eu »
3 H
i for some constants a and B. Therefore lu(t)l 2 remains bounded on every

H

finite time interval and so we must have Thax = w,

Remarks. 1) The proof of Theorem 1 leads to an estimate of the form
ha(t)l < a eBt + We do not know whether Iu(t)l _ remains actually
L L
bounded as t + ®,

2) when k <0 and Ikl [ lul®> 4, it is known (see [4],[2]) if

Q= R2 that the solution of (1) corresponding to some initial conditions may

blow up in finite time. A similar phenomenon presumably occurs when Q # Rz.
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