
U AD—A Ol? 137 WISCONSIN MI V—MADISON MATHEMATICS RESEARCH CENTER FIG 12/1
NOItINEAR SCHROEDINGER EVOLUTION EQUATIONS. (U)
SEP 79 H BREZIS • T GALLOUET DAAS29—75—C—0021

UNCLASSIFIED MRC T5R 1992 ML

w~

-

END
DATE

FIL•ED

2-79

Law a



‘
~~~~
‘
~~~~~~~ ~~~~~~~~~

MRC Technical Sun~mary Report #1992

NONLINEAR SCHRODINGER EVOLUTION
EQUATIONS

• H. Brezis and P. Gallouet

Mathe matics Researc h Center

Madison , Wisconsin 53706

teniber 1979

eceived July 30, 1979)

V
Approved for public release

• Distribution unlimited

sponsored by

U. S. Army Research Office
p. 0. Box 12211
Research Triangle Park

North Carolina 27709

_________ — .•

______________ L



________________ —
~~

—
~
.- 

~
I,,

~~
___ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~ 
-

U~~I VE P SI T Y  OF WISCO ~~5~~~_~l ADI~~
(;’

MATHE M ATICS P E SE ARCH CE~\’TEP

NONLP”~~Afl SCHRODINGER EVOLUT ION EQUATIONS

H. Brezis 1 and T. C,allouet

Technical Summary Report ~tl992
Septembe r 1979

AR S TR ACT

We consider the nonlinear  Schrodinger equation

2
1 -

~~~~ — Au + k i u l  u = 0 in ~ X [0 ,00)

u ( x ,t )  = 0 in 3~2 x

u (x , 0 )  = u 0 ( x )  in

where ~) is a bounded domain or an exterior domain of R2 Such an equation

has been extensively studied when S~ = R2 , but the method s do not apply if

~ � R~. We prove that there exists a unique global smooth solution if

k > 0 or if k ( 0 and ~k( f ~u (
2 

< 4. The proof relies on a new

interpolation—embedding inequality :

lUll < C[1 + /i~~ii + lu ll
2
)) for every u C H

2 
with lu ll

1 
< 1

AilS (MOS) Subject classifications: 47H15 , 46E35, 35K55 , 35L60, 45E30

Key Words : Nonlinear Schrodinger equation , Global solutions , Sobolev
embedding , Interpolation inequality

Work Unit Number 1 (Applied Analysis)

1 Dept. de Mathematiques , Universit~ Paris VI , 4, p1. Jussieu , 7~230 Paris
Cedex 05, France.

Sponsored by the United States Army under contract 
~~~~. DAN 29—75—C—0024 .

T~ET~



SIGNIFICANCE AND EXPL ANATION

The nonlinear Schrodinger equation occurs in the study of some problems

in  non l inear  optics (propagation of laser beam s through the atmosphere or in a

plasma). ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ The main novelty of the

presen t result is tha t it appl ies to the propaga tion of beam s in channel s

( instead of the whole space).  The proo f relies on a new Sobolev—Orlic z

embedding inequality which could be useful  in other situations. -1
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O N t ~ t N! - AR SCHJ ) 1 I ~~~t I~ l v  l I V ~~! N  U t ’ A ~~l~

IL ~~~~? i n 1 md T. ;d l l o •t

Let l e  ~i d o m a i n  in  R2 w i t h  (
~o m I a c t  ~~1o~~t ~ h e u n da ry  r ~ could he

t~~ i exam r ’~t’ a bounded domain ~~i an ext er ior d o m a i n ) .  consuier  the equ~~t ion

f i -
~~~~ 

— Au * k I u I
2

u a () in i~ [0 ,00)

1 (1) u(x ,t) = 0 i n  I’ x [ 0 , 00)

u ( x , O )  = u 0
( x )  ,

where u(x ,t) is i o~ pl~~ 
valued f u n c t i o n  and k R is a cons tant

Problem (1) which occurs in nonlinear optics  when i~ R
2 

has h~~-~n

extensively stud ied in this case (See [U ,[2~ , ( 3) , [~~ ,[~~, , hut we are not

aware of any known result w~ien i~ �

Our main  resu l t  is the f o l l o w i n ~i :

Theo rem 1. Let u 0 ~ H2 ( S ~) ~ H 1
( l ~) .  ~~sume that  one of the fo llowinq

n o n d it  ions holds

( a )  e i t h e r  k > 0 ,

(h) or k < 0 and I k i  lu 0
( x ) ~~~d~ < 4.

Then there ex i sts a unique solution of ( 1 )  nuch  t h a t

Ct [0 ,00); 11
2 1 s~~ t o ,~ > ; ~

2
t ~))

Fh~ proof of Theorem 1 relies on several Lemmas. The first Lemma is ~t

interest for its own sake ; it is a new interpolation—emheddinii inequa lity .

1Dept . 10 Mathemati quos , tJniversit e P u i n  VI , 4 , p 1. Ju s s i o u , 7~ 230 P a r i s
Ce lex 0~~, France.
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I

In , h t t  t o U wn ~~ t~~~ o t o  by C vai  u l u s  -
~~~~~ t an t  4 t - i ~~’ n i f l i ~~!i~~ V i i . .

• We h

(2) lu ft < C( I + ~ 1o~~l 1 + lii 1 )

I.

L i  eve r y  u ~ H ( ~~) w i t h  ~u~~~1 ~ 1.

Pi of • it  is ~~ 11 known that an lU t unction on can be ext ended by an

II f ii n~~t ion on R2 Mor e i- es.’ i sel y one can const r u ct  an e x t  ens  t o r i  o l s ’ t a t

P suc h t h a t :

1 i n  a bounded operator from H 1 ( i ~) in to  H 1 ( R 2 )

P is  a bounded opera tor from H~~(~~) into H~~( R )

Pu 1 ,  
a u for every u C

Let u ~ H
2(ll) with 1. Let V Po and denote by v t h e  R u r i e r

transform of v. We clearly have

( 3 )  Ui + I~ I ) ~~ 2 2 ~
L (R )

( 4 )  U i  + v~ I ~, , ( C~ u~
L ( R ~~)

• ( 5 )  n u l l  < ~vI < C~v~ .
— °~‘ 2 —  1

L ( i ~ ) r (R ) L (R

F r  R ) (1 we wri te

= I lv ( ~) Id~ + f lv( ~) f d ~ a f (1 + I ~I )  l v (  ~ I 1
L I~~I < ~ KI ~~R l~~t < R

~ 5 ( 1 + • 1~~~vt~~) 1 1 
-) 

(j~

RI~~R 1 +

— ~~~~c~J —~~~~ 1 d~~ + C~ u f t
(1 t~

) ) J ir ~~~ 
(1 + It r )

• j

l v  ‘ i uc~’y— Schwarz  , ( 3) a r i d  ( 4 )  . A st ra i qh t fo rward  c’omput at  tOO (‘~i~i5 t 0
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~ L~~ 1 • )~ 1 C 
~ ( 1  +

• 
• 

by ev e r  y H ~ 0. t a in  (.1 ) 1-v ch~ or; t i R a ~u I

uii.a . W~~ ‘ i , ivv

I I I U J  u I ‘ C Iu  r In I fo i  ev er  y U H 
- ( ~l

Pr oof of t , in ’ra l. ~~~t :‘ 1 e n ’ t . ’ a r i - r i r ~ -.t r io t  l i t  f o r i - n t  r a t  opt ’r at  - i  • I - i

U L H 
— 

we av~’

I U (  lu I u~ C~ lu  I ‘ 1  l i i i I Pu I
and no

( t I I u I u I C ki 4 C lu I tu 1
-~ 

—- 00 00
H 1 H I-

‘in the ‘t l ’ e t  h a n t iii i n e n i a t i t  v of ~~ r i ~ t a r t — N i  oi l in g ( se t ’ !r ~1 I imp i i o n

( t ~~l t u l  ‘ (‘I U I
1 ,4

W I H

• Ct’nrl’ i n  i rn ~ ( 1 ar id ( H ~~ o t t  a i i i

F’ i n + ]  I ~~~‘ r e c a l l  t h~’ t o t  l o w t r i , r  ~ ‘1 1 ~ I1OWfl i e ’S I i l  t ~~ n n e n t  i r l  l y  t n t ’  to

Seoa l  [ )

Lemma 4 .  P~ sum. ’ H is a Hi I l e t  t space a n t  A : P(  A )  C H • H in  i i i  m—

a c - r o t  lv .  I i n ear  opt ’r  it or • Ansi ’me 1-’ i n  a mai ’p t o o  r~~ir P( Al  i n t o  i t  n e t  f

wh r oh i s  1 i  I’sc t i l t  ‘n ev~ r v tx ’un ,led sot ot~ p( M • ‘Th~’n i oi ev.~~
- u Pt A )

• t h e r e  exists a t i n  n o i r e  S o l n i t  r on  u ot t h e  t u r i t  j o i n

~iu Pu

• t r (  (I ) — u
• do f i n o l  I or I +: 10 , P 1 such t h i tma x

u t ( [ i i  ,T 1; H) +~~ ~~~ ( 0 , t Pt A ) Imax max
w i t h  t h e  i l h i  t i o n r l  i i  o I ’ e r t v  t h a t

-

~~ ~~~~~~
•
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Q~~ t h t ~ t 1’
• .1\

or ~u and I im 
~~ t ) 1 # ~~~ t )  I —

t 
‘ -i ’ 

I I
,

~~~ appl y Lemma 4 in  H — V ( ~~~ ) to  ~~~ t

P ( ~ - H2 ) ~~) ~ 
(
~~

) , K I u l  u. ~~ sh,~ ~ 1 nP ~~ P — ~ t~ p r ‘v i ‘ n i
t - it Iu( t 1 I rema in s  b5 ’00 ,j0 1 ~~~fl ever t f i~ itø t im. • l i n t . ’  i va lH

F i r  st i~~~~ mut I pt v ( 1 )  b’, u ar id  con~t j l~~r In . ’ :ma~r h I M  V 
~~~~~~~~ • ~~~

- is  - t h ~
t o

( i )  I u ( t ) I 
2 — Iu ,1 9

~~~ ‘ mul t i p i v I i)  b y and consider  the real r~tr t  • Tb iS O l t ~~~ 1 5 ’

( 1 0 ’  -

~ 
f V u (x , t l J ~~~~ ~ ~ f I u x , t 1 1

4
j x  E

~ I’.’ ~

a -1 j I~
\r n (x )I

2 ix + J’ In 1 x ’I
4
d.’~ ,

We lain t h at  
~~~~~ remaj~~ bounded for  ‘ 0. rn~iee~l , this  is  c l e a rU

~~‘ t~r n ~ ‘. 0, While  i f  K ~ ~a’ brave
-

• ( 1 1 )  I V u ( x , t~ V s ~1 I u ( x , t 1~~
4 1x +

t’~~ of hpt- har~j an r in~~~~~~ j j f  y of ~ao 1 i ar~io anti N i  renbe~’~i ( t’ ’ 1 s tno ~~s t h at  ( 1

1 ri ‘i t~ r t s  obt u n  t h. ~-o r in  t s t I l t  1 ~ -‘ O i l . ’ ~‘t s ’~ ’t ’ ,’5j ’n  as t o  I ‘w - •

~~~~~~ 
we hav~’ ~‘ x

1 
. x )  I t  

~~~ J d t

~~~~~~~~~~~~~~ 
‘ 

~ 
f 

~~~~~~~~~~~ ( X , 5 l~~~~~ l 
t h U S 

~~ •n~~ ~
‘ dx 

~ 
dx .

- • Ch~~~s i n ~ . ‘ In I 1 i ’. i l n i  t~~

• I i ;
’
~~t x  f u l ~~~ x t f  ~~1) I

’si .x~~ ! u~ 51x 1 I 

~ ~ 
lu tx

- 

• _____

• - -
- - s. .M.-è~~~~
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5 - •  - - - • . •.w,~~ ~ 4

‘5’ - 4 1~~~~~
. 7

( 1  ~ 1 , u I Ix < — u I lx •
n 

~~~ I ix

— 4 1 1u 0 l 2
hx ~ \\r~ ’ lx •

C tmh n n i n q  ( 1 1 ) ,  ( 1 2 )  t n t  a s n ;u n r ’t  n o n  ( 1 )  in  ~ r e or , ’n 1 we see that

( 1 3 )  u (  t )  
1 ~‘ C

II
i t ’ C i ;  i ti lt’ pent ient  of t

We n ow den o t e  by S ( t )  the L 2 r sometry  or-oup generated by —A. ~n ‘ “  
-

•

( 1 )  we have

t
u( t )  a S ( t ) u

0 
+ ik  j  S(t  — s)Iu(s)ru (s)ds

and s~

Au ( t )  S ( t ) k i
0 + 1k S( t  — s)A [Iu (s)V u(s)lds

0

Thus

(14) PAu (t )lI < lAu
0

H 7 + I k I I lu (s) I
2
u(s)J 

L
2

Lemma I imp lies that

• I I A (  lu(s) I 
2

u ( s ) )  ll~~ < C U u (  s)  IL l u ( s )

1’rom Lemma 7 and est im.~t.e (1 ~) we deduce t h a t

(lu (s) ~ 00 
< C( 1 + /loq ( 1 + f l u ( s )  II 

~ )

Hence ( 1 4 )  leads to

( 1  ~ ) Iu( t) N c C + C f Iu ( s) II , [ 1  4 l n ’q (  1 + I t u (  s) II ~ ) I ds
(1 II •’ II
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’
~~ •1en~~t t  b y G ( t )  the RUS in (15); thus

~;‘ ( t )  — C m l  t) 1 1 11 1 (101 1 + lu ( t )  1
2

) )  < CG( t ) ( 1  + l o p (  1 G( t ) ) )  -

Consequently

log ( 1 + log (1 + G ( t ) ) I  ( C

an d we find an estimate for Nu(t ) 
2 

of the form
H

Iu( t) I 
2 

< e 
e

H

for  some constants a and i~. Therefore lu (t) II 
2 

remains bounded on every
H

fi nite t ime interval and so we must have P a 00,max

Remarks. I) The proof of Theorem ‘I leads to an estimate of the form

• Iu (t) 
00 

< a e~~ . We do not know whether Iu ( t )  N 
00 

remains ac tua l l y
L L

bounded as t + 00,

• 2) When k < 0 and I k I  f 1u 0 1
2 

> 4 , it is known (see (4),(2)) if

• = R2 that the solution of (1) corresponding to some initial conditions may ‘5

• blow up in finite time . A similar rknenonienon presumably occurs when C $ R
2
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