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SIGNIFICANCE AND EXPLAN A T ION

t ott— di I fus ion :;y I ems a r e cy:; t cm:; of nonl inear  par t  ial  di I f . ’ t o t t  I a I

~~~~~~~~ lo l l ; ;  w h i c h  a t  i c e  in va r ious  aspects of sc i e n c e  and o i t ~i i r i o e t  ing , i t s  tud i nq

m a t h e m a t i ca l  ‘ d . s~y .  Such equat ions  can be uced to describe  the ovolut  i o u  of

l i l t  t ’ u act  t t i q  and d i f f u s i n g  :;pu ’cies in a bounded domain , together w i t h  the usual

~i:;:;umpt ion tha t  there is no movement across the boundary ; howevet , when t Itt’io

is migration across the boundary, other boundary conditions are more appro Irl -

ate. It is there fore of interest to study the behavior of solutions of such

c~p i at  b u s  with a variety of different boundary conditions; that is, we suppose

that the de t ;c tt y  of each species at the boundary is zero.

The purpose of this paper is to give a condition which implies that each

;;pocivs in the system moves to extinction. Such conditions are easily obtained

f rom standard “ energy ” estimates and have been observed by a number of authors.

We shall give a condition which , for a reasonable class of equations, provides

significantly sharper results. In praticular , under certain conditions we

obtain the global stability of extinction for any domain and for arbi trary

diffusion rates. Applications are given to equations which describe the

ecological interactions of predation and competition. —
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I.

The put pt.: .’ ot thi :; ja[ u’r is to g i vu’ a condition which implies that the

v i a l  n o l ut  t o u t  U 0 01 the rt’action—di ( f u s i o n  sy:;t out

~ DAU 4 F ( U ) ,  U ( 0 , x) U0 ( x )  , (1)

u t a ~ c~~~ 0 , ( 2 )

is a global attiuctor for all non—negative solutions of (1), (2). Our condition

re la tes  the d i f f u s i o n  matrix , D, and 11 to a th i rd  parameter which depend: on

the non l inea r  te rm.  In certain cases , this provides a considerable improvement

ove r the conditions and resul ts  obtained from energy estimates by Conway, Hoff

and Smol ].er [ 3) .  These results  have applications to systems a r i s ing  i n  math .’ —

mat ica l  ecology.

We assume that  D diag (d
1,. .., d ) ,  where each d . is  a pos i t ive  con-

stant , F ( U )  = ( f
1

( U ) , . . . , f ( U ) ) ,  A is the rn—dimensional  L.aplacian , anti t h a t

~l is a bounded domain in ]Rm lying on one side of its boundary , which we ac : o m e

to be smooth . The interact ive term F is assumed to be smooth and to pos:;e:c~

bounded invariant sets 1 of the form Z 11~~ 1
I0,a I ,  for suff iciently lautu’

> 0; that is, if U
0
(x) is continuous and has values in ~ then U(x,t)c Y

for x e 11 and all t > 0 for which the solution U of (1), (2) exists. This

will be the case if we impose the condition

F(U) v(U) < 0 , ( 3 . m )

for all U € ~lZ and x E ç); here, ~ (U) is an outward normal to ~i at U.

It follows that there then exists a unique, smooth solution of U), (2) defined
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for all t ‘ 0 and with va l ues in 1; see 1)1 for details. I t  w i l l  also be

assumed that f - ha’: the forum

f. Cu) u .M . (U) (3b)
1 1

In the context  of mathematical ecology, M
1 

is the local growth rate of the 1
th

spec I C S.

We first give a condition which implies that the plane (u
1 

0) is a

global attractor for solut ions of (1), (2) with data U°(x) e E. Let

g (w) = sup(f U~1,...,~ 1
,w ,~ 1 9...,F )  : 0 < < a~ .i ~ j )  , (4 )

and define G.(w) 1 g (s)ds. Now let

sup{G . (w)/w : 0 < w < a )

(Note that A , is bounded by an expression which depends on a~ and the

Lipschitz constant of g
~
, which is finite; see (4, Lenina).) If R is the

radius of the smallest ball containing (
~, our condition is that

• 
A~R

2
d~~

’Y < 1 ~ (5)

where y > 0 depends only on in i~ in > 1; (if in — 1 y also depends on g.

and R
2
d~
’). The proof employs a comparison technique introduced by Conway and

Smoller, (41, to estimate u~ from above by the solution w of the scalar

equation

d A w  + g.(w), w(x,0) u0(x) , w~~~~~~~— 0 . (6)

Next, it is shown that condition (5) implies that zero is the unique solution of

the steady state equation

(7)

associated with (6), and hence, that w (x t) must decay to zero as t approaches

infinity . Thus if (5) holds for 1 < i < n, the origin must be a global

attractor. It should be noted that if < 0, (which occurs in a number of

-2- 
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example:;) , our c~~ u t ~ i i t  ion it ;  1 u~ 1eic-n IeTi t of I~ and ~~~. In Sect j on I I , we

apply the above r e s u l t  to equations which descu  ibe the ecological interact i~’n~;

of p reda t ion  and c ot r . I o t i t i on .

Acknow1e~t~ernent .  The author would l i ke  to thank M. Crandal l  for sugges t ing  that

D and ~ be related to A . ;  (the theorem was o r i g ina l l y  proved w i t h  the

hypothesis A . < 0 instead of (5)).

II.

We shall begin with a discussion of the case rn 1 and \ . 0. The proof,

though trivial , provides a simple geometric interpretation of condition (5) which

may help to extend our results to a more general setting . The crucial step is

to show that zero is the unique non-negative solution of (7). If w is a smooth

non—negative solution on (‘2 — (—t ,&) we multiply (7) by w and integrate from

zero to x to obtain

C d .w~/2 + G , (w)

where C = d .w
2
(0)/2 + G .(w(0)). Hence the solutions of our boundary value prob-

1cm coincide with the level curves of the expression d .z
2
/2 + G

1
(w), where

z w .  When G~~(w) < 0, the level curves of this expression are as in Figure 1;

2

0 
w

Figure 1.

-3- 
•

- “‘•~~~ 
~-- -- ‘~ - br ’~~~~~.

—~~..A —‘——-—‘.‘——.‘ .- -— —— - — - ~—-- -- —~=.-——— -



— -~~,__~!_,- -~ — -

- -•
~~~~~~~~~~~~~

- —,-
~~~

= ,-

~~~~~~~~~~

- -
~~~~~~~~ 

-

~~~~~~

— - -

• -~~ 

~~~~~~~~~

• ‘• ‘

~ I
the solut ions  of ( 7 )  must cross the z -axis  when x = +L. Clear ly,  there is no

such smooth non-negative solution. We shall prove a similar result in several

space var iables  by reducing the problem to one dimension.

Theorem. Suppose that conditions (3) and (5) hold. Then 1im
t~~

u.(x,t) 0,

uniform ly for x € (2 , where u . is the ~
th 

component of the solution of (1),

( 2 ) .

Proof. We begin by noting that (3) together with the defini t ion (4)  of g.

imply that g (0) = 0 and that g.(a.) < 0, so that 0 and a. are respec-

tively lower and upper solutions of (7). Moreover, it is shown in [4) that g.

is uniformly Lipschitz (and hence Raider) continuous on (0,a~ 3, so that there

exists a unique classical solution w of (6) with values in (0,a .1 defined

for all t~~~ 0.

The desired comparison u . < w is obtained by arguing as in [4). In par-~

ticular, we let z = u. — w and h(x ,t ,z) ~ f 1~
(U) — g,(’w), so that z satis-

fies the equation

= d .tiz + h (x , t ,z ) ,  
~~~~~~~~~ z 1~~~ 

0 . (8)

From (4 ) ,  we see that h (x ,t ,0) < 0, so that {z < 0) is an invariant set for

(8) ; hence u . < w in ~ x R

We now assert that zero is the unique smooth solution of

= g.(w), 
~~~~ 0 , (9)

with values in (O ,a.). Suppose that this is not the case, and let w
0
(x) 7 0

be such a solution. Let D — {x i Rin
: lx i < RI ,  where R > 0 is chosen such

that (~ C D, and define

f w  Cx) , X E

w~ (x) =~~~ 0

0 , x E D \~~.

Clear ly, w E R~ (D) . We claim that w~, is a weak lower solution of

_d~ Aw = g~~(w ) ,  W ( ~~ D 
= 0



that is , w~ s at i : ; t i e : .  the inequalit y

f d . Vw~ .V ~’dx ‘- f q(w ~1)~’dx
D D

f~~u a l l  ~ ‘ c fI~~t b) with ~‘ ‘ 0. I t  c l ea r ly  s u f f ic e s  to prove t h i s  i n e q u al i t y

t s r  all ~ ‘ t C
0W). Let n denote the outward unit normal to h~. Then

< 0, since w
0 0 in l~ and w0 0 on ~(‘2 . Let K = supp~ , and

let II 3~ 
fl K. If we give H the orientation induced by n, we have that

f d ,’dw
0
/dndi~ f d .’Pdw /dndo < 0

~ (; nK) ~ 
1 0

s in c e  ~
‘ = 0 on ~K . Thus

f d .~~’.Vw ,dx f d .V~~
Vw

~
dx + f d . VP .Vw~

dx
D KImO K\(2

— 5 d .mpdw
0
/dnda - 5 d~PAw 0dx

1

< f d.pg. (w
0

)dx 5 d .pg . (w
~

)dx
1 1 1 1

since q (0) — 0. Thus w
* 

is an H~ (D) lower solution of 
~
9
~D

• Clearly

= a. is an upper solution, so that we may apply an existence theorem of

Dueul and Hess, [7), to obtain an exact H~ (D) solution w
1 

of 
~
9
~D 

which

satisfies w~ < w
1 

< w*. Since w
1 

is bounded and g
~ 

is Lipschitz continuous,

the usual bootstrapping arguments imply that w
1 

E C
2
~~ (D), so that by an exis-

tence theorem of Aiuann, [1), there exists a maximal C2”~~(D) solution w satis-

fying w
1 

< w < w*. Since any rotation of a solution of 
~
9
~D 

is again a solution

of it follows that w is rotationally invariant, so that w satisfies the

0.D.E.

-d.(w + 
~~~~~~~~~~ 

w
r
) = ~~ (%v). w(R) — 0, w (0) 0

(the boundary condition at r 0 follows from the smoothness of w). We rescale

this equation to obtain

_P(W
rr 

+ ~~~~~w )  * g (w), w(l) — 0 , W
r
(O) = 0 , (10)

_  -~~
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. Now multiply (10) by w and i n t e g ra t e  from r — 0 to r

t o  obtain
1

p (w2(1)/2 + ( in — 1) 5 s ’w~ (s)ds) = G . (w(0)) . (11)
0

(We have Used the f act  that (;.(w (l)) — G , (O) 0). First, we shall suppose that

in > 1. Since w(l) = 0, by Poinca r~ ’s i nequality there exists a constant

C
1 

> 0 such that C
1 

f w2(s)ds < f w2(s)ds , so that

1 1 1
C (1 + C ) l 5 (w

2 
~ w

2)ds < f w
2(s)ds < 5 s

1
~w
2
(s)ds

1 1 r — r —
~~~~ 

r

By the Sobolev embedding theorem, there exists a constant C2 
> 0 such that 3

c2 11w 11 < 1 The last two inequalities together with Cli) imply that

py 1
w(0)2 < G.(w(0)), where = c

1
C~ Cm - 1)/CC

1 
+ 1); note that y depends

only on in. Suppose that w(0) = 0. Then there exists r
~ 

with 0 < r
~ 

< 1

and such that iIwlL= w (r ). Multiply (10) by w and integrate from r 0 to

r r to obtain
in

r

—p(m — 1) 5 s 
1
w
2(s)ds G . (w(r ) )  < 0

0 
r 1. in

and from r — r to r — 1 to obtain
in

pCw
2(l)/s + Cm — 1) f s~~w~ Cs)ds) G~ (w(r~)) > 0 ,

contradiction. Thus we have that w(0) > 0 and that

1 < p 1yG . (w(0))wCO) 
2 

< R
2yA ./d .

This inequality violates condition (5), yielding the desired contradiction.

If in — 1, we must use a different argument. Let F(w,z) — (z,—p
1
g~ (w)), 

- -

so that the solution of (10) also satisfies

(w,z) = F(w,z), (w(1 ,~~),z(l,8)) = (0,8) • ( 12)

—6—
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when ~ — tsr some 0 Since solutions to (12) are unique, solutions

of ( 12 )  are unifoimly hounded by the particular solution of (12) when B 80 -~~ 
-

for any t~ with 0 > 

~ ~~~
. Viewing 8 as parameter , we apply Gronwall’s

inequality to of-tam tor any 8
1.8.) between zero and

(w (0,8
1
) - w(0,82

))2 + (z(0,8
1
) - z(0,8

2
))2 

~~~~~~~~~~~~~~ 
-

where y depends only the Lipschitz constant of p~~g. and on a~ . Taking

82 — 0 and = 8
~
, we have that

y ’1w (0)
2 

<w C ] .)2

Since in — 1, we clearly have that w(0) ~‘ 0. The proof now proceeds as above.

We shall now show that lim
~~~

w Cx ,t) = 0, pointwise, where w (x,t) is the

solution of (6). If this is not the case, there exists x
0 

C (2 such that

Urn sup
~ 

wCx
0
,t) ~ 0. By [8, Lemma 3.8), there exists a constant K > 0 such

that 1V
~
w (x,t)1 < K for (x ,t) c (‘2 x (l ,~~). We may therefore choose a sequence

(t } with u r n  t - , and such that if w C x) = w(x,t ) , then lirn w (x) =

w0 (x) in CU (~ ), 0 < a < 1, and w0 Cx0
) > 0. We claim that w

0
tx) Is a

-
• 

solution of (9). If m~ E C
0W

), then

i f  (d
i
tlPw

o 
+ ‘P~~~Cw

0
fldx i — u r n  ~f [d .tiPw + ‘Pg.(w )]dx~

(1 n (1

— urn If d.’Pw~~(x,t )dx I
n ~2

< u r n  djliw t
(.,t) II 2 11 ‘P~ 2~n L L

Now multiply (6) by w~, integrate over (~ x [l,°’), and apply Green’s theorem

to obtain

t-T
f  f  w~dxdt — lim / Cd . IVw i

2
/2 + G . Cw))dx

i n  1 1

so that 1iln
~~~,lIwt

(..t)!I 2 10. Hence w
0 

is a weak (and therefore strong)

—7—
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~.olut ioii of (~~) ;  :.ince 9 15 l.i~ -s ch iti~ continuous and w
0 

i s  H~ ldex ~-s i r t  m u —

ous , ~~e ‘- - ; - .t t f ’  t - tor e Lave tha t w
0 

i s  a i ro n - - t r iv i al , n o n — n e g a t i v e  ci a:;:;

5~’~~U t A L ’fl , y m e l ~i i r . -r the desired cont radic t ion .

We obtain u n i f or m  decay of w as follows. If p(t) IIw( . ,t )l1 2
2 ‘ v’-.

obtain the d i t ~t e r t ’n t r a l  i n e q u a l i t y  ~i ’ + Cp 5 wg.(w)dx by m u 1 t i p l y m i r ~; (e) by

w, inteqratinq over r~, inteqrating by parts , and by finally applying

Poincart ’s inequality. Since wg
i

(w ) is a bounded function which converges

}-o intwise to :ero, the Lebes~:ue dominated convergence theorem implies that

lim~~_ f wg.(w)dx — 0, and thus the above differential inequality irnpiie~ that

1irn~ ~i(t)  - 0. Since w is bounded, we obtain L~ decay for any p > 2,

and w obtain un i form decay from (9 , L.ermna 3.1). 0

Our result can be extended in several ways. The functions f. (U) may be

allowed to depend on x and t; we need only alter the definition (4 ) of

• 
- by taking the suprernt.un of f (U ,x,t) over all appropriate values of x and t

in addition to the variables i ~‘ i.

We may also replace -d~~ by an elliptic operator L~ of the form

L
i 

— - 

~ 
&~ k~~~~~i~~~,k ~~‘

where the a
~~k

’s are constants which satisfy the condition

~~~~~~~~~~~ 
> d .i ~~

2
. We modify the proof by first performing a linear change

• of variables x - x’ which transforms Lj into

We can also consider other boundary value problems when in — 1; (2) is

replaced by the mixed condition

u~ + 8i
Cx)duj/dn — 0, x —

where ~2 - (-t ,t) and > 0. For simplicity, we consider the case < 0.

- 
• Suppose that the condition

i(a~II_ < rnax(~g1(w) (-G~(w))~~
’2l 0 ~ V ~ 4j} (13)

=8-

- - - - ~~~~ -•••~~~~• •~~~~~~~~ -~~~~~~ -
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• hol~~: - . ~ c~~~irn tho t t~.. i c  a r t  i i ’  r ; ’ i ; — t s - ~:. r t i v ~ - , :-  ; - - t ~ ivial S t a t  ; r ; a !  .‘ so lu t i ~

a so lu  i o n  - - • c O i u i t - t the lay w -
~ ~

‘ C — f ) ; .  wh~ ii x —
~~ t o  the ray

~ — — t ~ (t ).
. i~~~~ t ; ;  x ~~~, wh -r - w .~~. Condition ( i t )  t m - t i r es tha t  t~~-~ t O : ;

1 x

i a ’  lie :; ~l-sve tf. :-o tra~ - t s t  res w~~rsh co inc ide  with t h e  curve CAi~ mm; Figure 1

a:a t h a t  the lattsm iay 1 t : ;  H iow t h ’ s o  t r a J e c t o r m e ~ .t i i ch  coin c ide  ~~i tj i the

:_; ~ \•( ~~t ’t) 1:: Fig u r e  1 , i n ce the  I eSt of t~AF~ and OCD is ~ (w) (--- c (w)  ) 1/.

wL~’s G - ( t ~~ ) � 0, a m i d  t ht  1 : - l i c m - r  rate r iqht or- left hand limit of this c x:  l e s s
1 • - -

wh e n ~~ t w ’ 0. Ii m~h s u I d  be not ed  that  condi t  ion ( 1 3 )  is i ndependent of r

arid

The above remark,; i n d ic a t e  that our theorem should be true in somewhat

greater generality. For example , it is reasonable to consider uniformly elli ptic

vam iable coefficient operators of the form L. = —
~~~~ . a1 (x ,t)3

2
/3x 3x ., or

1 j,k j,k 1 )

mixed boundary conditions of the form (13) in several space variables. However ,~

the proo f g iv e n  abov e dot -sn ’ t seem to be adaptable to such situations. It seems

l i k e l y  tha t  a proof might  be found which  avoids using the extension procedure and

the rota t ional  symmetry of the Laplacian .

I I I .

In th i s  section , we shall consider a few examples arising in mathematical

ecology . Most attention has been given to the Cauchy problem and to the initial-

boundary value problem with homogeneous Neumann, (or “no f lux”)  conditions, [4 1.

(5), (6). However, Dirichlet or mixed boundary conditions may be more appropr i-

ate if there is migration across the boundary . It is worth noting that our

result is not valid for the pure Neumann or Cauchy problem, since in these

cases, there may exist non-trivial constant rest states.

~~CAMPLE 1. PREDATION.

Let v be the population density of a predator species, and let u he the

density of its prey. Let M and N be the growth rates of u and v respec-

tively; then u and v satisfy the system

- — 
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~~~~~~~~~~ 
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u d~~~u + u M ( u , v)
t 1 (14)

V
t 

= d
2~

v + vN(u,v)

The interaction is characterized by making certain assumptions about the algebraic

• signs of M and N and their partial derivatives; for a complete discussion, see

(41, (5 1, (61 . We shall assume that C i ) ,  M < 0 and N < 0 if u and v are

both near zero , ( ii ) , M < 0 if u is large and N < 0 if v is large, and

(iii), M < 0 and N > 0. Condition Ci )  requires that there be a criticalv—  U —

population density below which each species goes extinct and (ii) is a resource

limitation condition. The predator prey relationship is characterized by (iii). 
-•

One such example is the Rosensweig-MacArthur equations, where we take

M = u(-v + tS(u - a)(b - u))
N = v ( — v + c u — d )  ;

a,b,c,d, and 6 are positive constants. The phase diagram of the vector field

• (uM ,vN) is given in Figure 2.

V -1÷
LII

7 \A/ \

Figure 2.
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We have t ira t 
~ 

(w ) ‘ ~“ is is’ - - a ( f ’  w ) . A r ir~ - l e  c~ ‘rs~ ‘ut at tori ~fr ‘~ . hat

¼ a b)  2 — 50 t h,~ t \ (I  f a - In t hr s ~ a ~ i ’ , ~~

i’tid to .~ ‘ ‘ t o  t nde~ t’tident I y of 1), ~~~, and ~ . i t ree  N t ’ i t  U i t -  i i i  f t . ’ i t  u t  t y

sina I 1, we nw: t )ra\’i t fia t v t t ’~~d’ t o  :t’r o also, ~r v r - r r  tlrc ’u.ih \

pos t  t I Vi ’ hi ’ t e

2 . coMpr -r 1 Ti 1N

We now I et ~ and v be t ire poi’rtl at ion de i r - ;  r t i r s  ~~ f two .~~m~’t - t  i r e t  spt ’e i i ’- . .

These var i af’ I es will asIa ii sat  i s fy  a system oF t’quat i outs o t t hi ’  f o r m  (14 I 14t’w -

ever, we now rep I ace hypot hen it ;  ( i i i )  w i t h  i i i )  ‘ , M t~ , a r t . I N •

stIll .1 nm ; t rn re  t ira t ( i ) and (ii) hold) . The ptn~st-  diaq rain of an i -\.1m~’ I - o t t n -h

a system Is indicated in F i q u r t ’ I .

v
i’N -0

~~~~~ ~ u
Fiqure 3.

Fox- deu int t enes s , let

N — u (—v + 6
1
(u — a

1
)(h

1 
—

N v(—u 4 sS2 (v — a
2
)(b~ —

~~s in ~xanr~ le 1, w~ have that the oriqin is a global . i t t r ,~e t o t , i’tov r sii d t h at

~ b~~/ 2 . a — 1.:.

-I’-L ~~~

‘ - - -- - -- —-
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