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PREFACE

This thesis serves primarily as an introduction to the analysis
and design of linear shift-invariant discrete-time systems possessing a
two-time-scale property. As done for continuous singularly perturbed
(two-time-scale) systems, we hope to exploit the relative ''spread" between
eigenvalues to obtain reduced-order simulation and design. Then, we can
propose computationally efficient algorithms to generate the control law
to be implemented on the high order model.

In Section 1.2 of the next chapter we give basic definitions and
requirements for discrete-time systems to possess the two-time scale pro-
perty.

In Chapter 2, we propose a gemeral class of discrete-time systems
that will satisfy the two-time-scale requirement if a parameter W is
sufficiently small., Then, we outline how a general discrete system may be
"fitted" to our model. By slightly modifying the derivations in [6], we
derive sufficiency conditions om our p parameter such that our two limiting
cases, denoted '"H'" and "V'" satisfy the two-time-scale property. This will
enable a "slow-fast' block diagonalization to be possible. Finally, we
conclude this chapter with sufficiency conditions for '"'slow-fast' block
diagonalization of our general form and with some comments on the dual
nature of our transformations.

Chapter 3 uses the recursive property of discrete time systems to
show how truncated versions of the N-delayed sequence of xl(k+l) may be used
to approximate the systems fast modes as delays. Also, by assuming that

Aii exists both forward and reverse recursions are possible. This enables
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us to '"reflect ahead" terms in the series to determine the homogeneous
structure at some desired future iteration. This idea is applied to both
homogeneous and nonhomogeneous systems.

In Chapter 4, O(w) and O(pz) approximations of control laws are
designed for the slow modes of near limiting cases. Then, high-accuracy
reduced-order models for eigenvalue placement are proposed for each limit-
ing case. This is then extended to our general model and an efficient

algorithm is proposed for use in a multiprocessing control enviromment.
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1. INTRODUCTION - BASIC CONCEPTS

1.1. Problem Statement

Methods for approximate control of large scale systems have

received a great deal of attention in recent works. Of these methods,

. aggregation, disaggregation, and singular perturbations seem to be the
most well known [1 ]. The analysis and design of continuous linear

singularly perturbed (two-time-scale) systems has been well documented

[2,3,4]. The multiple-time-scale property of these systems has been used
in arriving at reduced order models and control laws for these higher order
"stiff" models.

Until recently, just about all the work done on systems possessing
a multiple-time-scale property has been done on continuous systems. The
area of discrete two-time-scale systems has received little attention, and
with the increase in computer-based adaptive control schemes in a time-
sharing environment, the need for a thorough discrete analysis and a
simplified design procedure for systems possessing this property becomes
essential.

The basic model assumed for the system dynamics is a set of N

linear shift-invariant difference equations of the form
x(k+l) = Ax(k) + Bu(k) (1.1)

where x is the vector state of the system belonging to an N-dimensional
vector space, u is the vector input belonging to an M-dimensional vector
space, and the matrices are assumed to have constant coefficients and be of

compatible size with the above vectors. The variable k is integer valued.

7NN




There are three important sources of discrete-time models [9l.
One is for the approximation, usually for the purpose of digital simulation,

of the system of continuous differential equations

x(t) = Ax(t) + Bu(t) (toStSt (1.2)

£
by corresponding difference equations. For example, if a first

difference is used to approximated a derivative then the following approxi-

mation results.
x(t, +8) = [T+AA]x(t;) + Bdu(e,) k<3

where 8 is the time-discretation interval. For a discrete model obtained
in this way, (I +AA) is generally nonsingular since A must be small for a
good approximation to a continuous time system.

The application of Euler's approximation to continuous singularly
perturbed systems has been investigated in [10] and has produced
interesting results.

Another source of the discrete-time model is sampled-data systems.
In sampled-data systems, a continuous system, such as represented by (1.2),
is driven by an input specified at discrete-time points and has eutput and
state variable analytically available only at discrete-time points.

The standard example of a sampled-data system follows when u(t)

is a piecewise constant function of time, i.e.

= <
u(t) u(ti) tiS.t ti+1

and the state and output are sampled at discrete time points ti. The

sampled~data discrete-time model can then be computed from the continuous

o
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differential equations by using u(t) = u(ti), then

£
x(t) = ﬁ(t,ti)xi +f @ (t,T)BdT u(ti) (tiSt <t

: f). (1.4)
2 &
By letting E=tiq ve obtain our discrete-time model with
5 jfﬂ
A= §(ti+1,:i), B = % @(ti+1,T)BdT.

i

Since the transition matrix 2(t,T) is nonsingular, the matrix A is non-

singular. This class of discrete models is ideal for computer control
analysis of continuous systems.

The final class of discrete-time systems results when the physical
system is inherently discrete. Such models are common in economic,
biological, and sociological systems. The system matrix A for this type
of system may well be singular. So, tlie problems associated with large

scale systems are for the most part, preserved for these discrete-time

models.
’ 1.2. Basic Definitions
In this section we define what is meant by a two-time-~scale
i linear shift-invariant discrete systems. These defining properties were

originally proposed in [8].

—1

Consider the linear shift-invariant discrete-time system

x, (k+1) A A x, (k) B
1 ) 12| (%1 5§ PO e
x, (k+1) 41 Ao| X () 8,

|




whisre i. [:;g:;}c Y uek) €™
. &y, B,

of suitable size

y B 1,j=1,2 are real constant coefficient matrices
iii. The eigenvalues are concentrated in two distinct groups

of Ns and N_. such that

£
a. N = Ns+ Nf
b. Denote \ & m?x|>\i|i€Nf
A4 mjinllejENs
then
\f<<xs<<0(1/xf)
or, the maximum possible magnitude of any eigenvalue
of our system must be within some neighborhood of 1.
Note: By defining an upper bound on the magnitude of our eigenvalues of
O(VXE),ourfastmodeswillalwaysbe stable and only the slow modes can be
unstable. This property will be assumed throughout the text.

Now, given (1.6) with conditions i, ii, and iii, then there will

exist a basis in RN such that (1.6) takes the form

x_ (k+1) A+ 0] [x (k) B
..... N AR R AR Y T SR a.7)
x (k+) 0 1 Agf |x¢00 B,
NS
where i. x_ (k) €R
’ N

2 iy 0 xf&)eaf.
This transformation is not necessarily modal. However, multiple and complex

conjugate eigenvalues are naturally grouped together in either As or AE.

s
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Under this transformation (1.6) is said to possess the two-time-scale

property if
A & m?xl)\j(Af)l
x emin{)\ @) .
S i i S

Then

A << Xs << 0(1/2

£ g
In other words, if there is sufficient '"gap'" between the eigenvalues of
AS and Af, then (1.6) possesses the two-time-scale property.

We can express this desired property in the form of matrix

norms, since for any nonsingular matrix S,

nax|\; )] < sl

fminfy, (s)]17% < [ls ™1
j b

where we will define our norm as

A
llall = [lmax[A*A]]AE * = conjugate
transpose.

Therefore,

;1H'1 (lower bound)

miat, )] 2 [la

m§=<|xj ap| < llagl (upper bound)

and our requirement for a two-time-scale property in terms of these bounds
becomes

laH1 > lal-
Next, we will investigate a general system structure for which

there exists a basis such that decomposition into our block diagonal form

is assured providing a certain parameter is sufficiently small.

et



2. A CLASS OF TWO-TIME-SCALE DISCRETE SYSTEMS

2.1. Introduction

In this chapter, we introduce a model for a class of two-time-
scale discrete systems. We then give a simple algorithm that will attempt
to fit any discrete-time system to our general model.

In the remaining sections of this chapter we attempt to isolate
the slow and fast subsystems through similarity transformations. The
original proof of existence of these transformations was used in the study
of continuous singularly perturbed system. However, we will show that by
modifying the derivation, we can adapt these ideas to a class of discrete
systems. Also, we can define two unique transformations, one giving
computational simplicity to the slow and one to the fast subsystems. These
transformations will become very important in our design chapter.

We conclude this chapter with a brief discussion on degenerate

systems and some comments on the dual nature of the transformations.

2.2. System Forms

A general class of linear shift-invariant discrete-time systems

possessing a two-time-scale property may be expressed as

' (i=10s
x, (k+1) £ A x, (k) B
_1____ = -51} cpe == 12 i + S u(k) (2.1}

s 1 a
X&) | ek 1 ey x, (k) B,

where

By —-PPP T ) W, W%
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Note: Throughout the text, the following notation will be consistent

Ng Ne o |
i, xl(k)ER s xz(k)ER , u(k)€ER .

it Rz s im’ 4L,m=1,2 are real constant coefficient matrices

m

of appropriate order.
i1i., 0< 1€ 1.

iv. W4 is a small positive parameter such that 0 < u < 1.

Aj; =w'Ajg, By =u'B x=1,1-j,j. :

For j=1 and j =0 we define two limiting cases which we will show to have

dual characteristics to one another. These limiting structures are

A
Structure "H" = (j=1)
| I
x, (k+1) A, b AL [x, ) B
B oilad s hedt g SRR R AL Ry 2.2)
]
Xp(kH1)]  [BAy; 1 BAy, | X ®)] | B

Structure "V" & (j=0) {

]

%, (k+1) A Y\ x, (k) B

R et (0 e\ DOF SRRy § SE b (S B X SO (2.3)
]

b B o SRR R o o O

For 0 < j < 1 we will prove that the general form satisfies the

two-time-scale property under similar sufficiency conditions as either of

the limiting cases. In this analysis, however, when O() and 00&2) reduced
order models are considered, only limiting or near limiting cases will be of
practical importance.

In the next section, the problem of putting a general two-time-

scale discrete system into our general form is considered.
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2.3. Permutation of States and Establishing of . Parameter

In this section, we outline a straightforward procedure for
transforming an Nth order discrete-time system into our proposed general

form. This procedure could be easily programmed for easy analysis of any

discrete system.

Given the linear shift invariant discrete-time system

x (k+l) = Ax(k) + Bu(k) (2.4)
where i. x(k) €rY, u(k) er™
ii. A,B are real constant coefficient matrices.
iii. There exist two distinct groups of open loop eigenvalues

numbering Ns and Nf such that

a. Ns+Nf.N
b. If )\fém?xl)\jIENf
X 8 m%nl)\ilieNs
then >\f<<)\s<< 0(1/xf).

Permute the states finding the ratio of the norm of the homogeneous part

of N. of the states to the norm of the homogeneous part of the remaining Ns

f

states. Continue this until all state combinaticns have been tried. Retain

the permuted order such that

(I

b= T é nimum
T

and the permuted system looks like

v (k+1) Ay B | [ym
wusn] hles ajmaulless 2.5)
z (k+1) c ; D z (k)




Ns Nf
where y(k)€ER , z(k) ER .

Once this minimum has been found, we have identified our p parameter

W IIoll
[l
By evaluating HB H and HC H, we can then establish whether or not
our general model can fit the system. We now discuss some different cases
when evaluating these norms.
S - HB“, HCH are both on the order of HA” or greater, then the
system cannot be put into our general form.
ii. For the remaining cases, a closer examination must be made. First,

define the constants

_ lie _ sl
o -ﬂxﬂ- ’ Y A“ .

Then find -y 4o = i—gg% >0

log (o)
jAa-108£)>0'

We now can give a general system form which has our class of

systems as a special case

y (k+1) A

U
!
o an B | --d
i
'
!

2Gty|  |uler

- - - -

wD* | |z(k)

F *

where Wwe* =38 wc*=¢c, ud*=0p.

Now, by observing the sum 849, we can cover all possible cases
Case a: 1-e € B4 < 14 0<el

or, for 846 within some small neighborhood of 1.

S

A

T

-
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If 849 satisfies these >ounds, the system is referred to as

"normal,” and has the following properties:
1) The system fits our model with § 2 (1-j) and 8 & £31).
2) The new subsystem matrices B*, C*, D* have all been normalized

with respect to A and therefore,

lall ~ l8*]| ~ llc*| ~ llo*

.

Case b: 0£8+ < 1-¢

With these bounds, we are approaching condition i. Therefore, the system
usually cannot fit the model.

Case ¢c: 1+ < 8¥8 < =

—

In this case, the system is referred to as 'degenerate,' and has the
following properties:
1) The system can be made to fit our model by appropriately scaling

down x and/or y such that

g* =g - 68
8% =9 - 48

until 8*+8* satisfies case a, then, the norm of B* will be scalad

68

down by uée and C* will be scaled down by u ~ resulting in

llall ~ los > {[s*l, el

2) The system has 'weaker' coupling between subsystems than a
"normal" system with as similar value of u.
As shown in a later section, a degenerate system will have some

advantages over its corresponding normal form.




-

Thus, if 848 satisfy the following bounds

1-€E < g < =

0< € < 1.

the corresponding system can be fit to our model. Note that for 2&1,

8~0 or §~0, B~1 we can identify one of our limiting cases. Approximating

near-limiting cases by limiting cases becomes important when reduced-order

models are considered. We now give a simple example.

Example: Given the system

yl(k+1) 1.3 ke 0 yl(k)
yz(k+1) T M SR | 0 yz(k)
y3(k+1) .6 .8 1.0 4 y3(k)
y4(k+1) 5 .1 0 .05 ya(k)
eigenvalues are 1.16 +.37j, .1, .02.

Permute the states by

0o o0 1
x(k) = I 99
o 0 o
¢ I ©
Then

xl(k-!-l) 1.0 .6
xz(k+1) - =2 1.3
x3(k+1) 0 ol
34(k+1) -.1 o

Identify

y (k).

o ~ O O

7 xz(k)
.05 1 x3 (k)
¢ & _xa(k)

(1.0 .6 % .8
A% 1.2 13 2% le .7
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lall = 1.46, Bl = 1.11, Jlcll = .173, ol = .1414
-‘P‘L 8. = .09685
HA”

= ,11849 Y g%\r’ .7603

s el
* Tl

j AS = loglol _ .91362
loglu]

-1 2 ¢ = Lloglvl _ ;738
loglu]

g+ = 1.031 ~ 1 (normal).

Therefore the system fits our model and in this form looks like

- T - | L~ - -1
x (k+1) 1.0 .6 Iu(.11738) (5261 1.052) x, (k)
x, (k+1) =2 1.3 : 0 .921 x, (k)
W R in i . A N e R T _____________ -
X4 (k+1) (-91362) 0 .844>| . (.5162 1.0325) x4 (k)
|
x, (etD)| [ -.844  .844) 0 1.0325/] |x, (k)|

But notice, u('u738)(B*) is close to B. Therefore, to approximate this
as a limiting case, ideal for perturbations analysis, let

“..11738 P L&'91362 -

1, "

which identifies limiting case H and looks like

'xl(k+1ﬂ 1 .6 & 8 ] xl(kﬂ
xz(k+1) -3 1.3 0 ol xz(k)
x4 (k+1) 0 1.032 .5162, 1.0352> x4 ()
] 2]
x, (k41) -1.032 1.032 0, 1.0352/ | |x, ()
W = .09685.
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In the next few sections the value of u becomes critical in
determining whether or not a system can be exactly decomposed into slow-
fast subsystems. If conditions are not met, a scaling of states as well

as a permutation may be necessary.

2.4. Slow-Fast Block Diagonalization Using Riccati Type Equations

For continuous systems possessing a two-time-scale property, [6]
has developed sufficient conditions to block diagonalize the system so that
one subsystem contains all Ns slow modes and the other subsystem contains
all N, fast modes. The sufficient condition is based on the norms of the
original subsystem matrices. By slightly modifying the derivation, we can
apply Lemma 1 of [6] to achieve sufficiency conditions needed to block

diagonalize both structure "H" and '"V'" such that they take the form

xs(k+1) As 0 xs(k) Bs
. + u(k) (2.6)
% (k+1) 0 Al |x ) B,

and the submatrices As and A, satisfy the two-time-scale property.

Our purpose for handling only these two limiting structures is
so that we can first understand the origin of our dual transformations.
These two system structures motivate straightforward methods of solving dual
algebraic Riccati equations needed to define our slow-fast transformations.
These solutions are found using a successive approximations scheme where it
is critical what we select as an initial iterate. These ideas will carry

over to the next section where these transformations become special cases of

our general class (0g€j<g1l).
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Part 1: Block diagonalization of form "H"
Given . :
bl Lo bl
~ -' = -A- Tl vy
o hakiedd B L S LT B L
let
yi k) = x; (k) +1Ix, (k) (2.8)
yy (k+1) = x| (kHl) +1x, (k+1)
= Ap¥q (K) $Aq %, () +R1A, %) (k) +RlAyox, (k)
= (A LAy Dy (k) + (-A  LHA LA, -uIA,  L)x, (k).
We want to find L such that
-y L + A, +uIk, -uId (L = 0. (2.9)

In [11] a unique solution to this equation is found through partitioned
submatrices of the modal matrix. If only an approximation of L, namely Lo’
is available, an efficient method of improving this initial guess can be
obtained using a successive approximation scheme on the algebraic Riccati
equation (2.9) with L, as the first iterate.

In our case, the calculation of a modal matrix is something we
computationally want to avoid. In general, there still remains the
problem of picking a good first guess Lo. For this limiting structure,

however, the choice is obvious. For W small,

“AjL + At O@) =0
S AE%AIZ'
1f A;i exists, which we will show to be a necessary condition for (2.1) to
possess a two-time-scale property, we can define the following successive

approximation scheme.

-

bt

T ——

SR> 3




-
|

—_— e

Letting 1‘-Lb+D and substituting into (2.9) we get

A1 (Ly#D) + App R (L DA, - (L #D)4,, (L #D) = O
-A;;D + LA, +uDA, ~uL R, D -uDA) D = 0 (2.10)

where

Ao " A22 -A21Lo
and, since A{i exist, we naturally define the successive approximation

scheme
= uAn[L A 1P +DkA21 = OAO-DkAO]. (2.11)
If we define

a=ullafl, v=la, 0, c=la}

we can apply the contraction mapping argument of (6].

Lemma 1: If 1 -1
c <3 (atb)

or if
lagil < 3 wllall +ulla, I llz > (2.12)

There exists a unique real root of (2.10) bounded by

0 < llafl <26t

LY
o< ol < e e -

Moreover, this root is an asymptotically stable equilibrium of (2.11).
Proof: Appendix A.

Due to the explicit presence of w, we state an obvious sufficient

bound on u for convergence of (2.11).
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Corollary 2: To put structure H in lower block triangular form, it is .
sufficient that p satisfy the following bounds k
b < m— 11 —. (2.13) ;

3llagpl dlall +1a, 0 iz ]

The proof follows directly from equation (2.12) of the previous lemma. ;i

To complete the block diagonalization, let
¥, (k) = x, (k) - My, (k) (2.14)

Yy (ktl) = x, (k1) - My, (k+1)

RAy Yy (k) + Ry, By L)x, (k) - M(Ay) +uldy ) )y, (K)
= 0 By0-A) L)Yy () + @ Rpy-Ry | IIM-M(A) HIA) 1) +ud, )y, ().
We seek M such that

u.(Azz-AZIL)M - M4, +p.L3.21) + }.1.3.21 =0, (2.15)
By identifying

>
I}

s = w@yy-hy L)

g Sy T RARg,

>
(]

(2.15) becomes
AgM - MA, +uA21 = 0. (2.16)

From [14] we know that this Lyapunov equation will have a unique solution

since As and A_ have no eigenvalues in common. i

f
Again, through successive approximation, we can show that M is

an asymptotically stable equilibrium of the difference equation #

A: -1 - - -l
Moy = BlA M R, L M 1A, +A,,04 - @.17)
Lemma 2 of [6] again use a contraction mapping argument to provide a ‘ i

sufficient condition for convergence of (2.17). %
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1 -1
Lemma 3: If c<'2~ (atb)
or

lagill < g dlagh+11A,, 0l eyl

then (2.16) has a unique real root such that HW‘ - O(w). Moreover, this
root is an asymptotically stable equilibrium of (2.17)

Proof: Appendix A.

Our transformed system now becomes

y G| | agwid, ) | 0 y, (&)

TS R T W S | ey
To verify the two-time-scale nature of this system, we know
lal = llagy +uzd, I
lagl = ulla, -4,

In Chapter 1 we showed that for a linear shift-invariant discrete-time

system to possess a two-time-scale property it was sufficient that

1azH™ >> Jlagl.
In our case we need

-lw-l
|

A N A 1l
H (All +U‘LA21) >> uHAZZ-AZ 1L‘l
which will be true for every p satisfying Corollary 2. Putting this trans-

formation into matrix form we have

v. (k) S TRy x, (k)
-L--=-1_:,____ o (2.18)
yz (k) “M ' Iz-m -xz (k>

N N

where y, (k) €R o y, (k) €R £ and T, snd I, are N, and N

i 2 £

matrices respectively. This nonsingular transformation has the attractive

order identity

B e s




feature that its inverse is simply given as

xl(k) I,-1M =L, yl(k)

xz(k) M | 12 y2(k)

Applying this transformation to our nonhomogeneous system 'H'"

v a+y| (A, Ik, ) 0 ¥, () B,+LB

doven T s L SRR L S WY Rl hage TN SO

¥y (ktl) 0 VB Byo-A, | |y, () -MB, +(I-ML)B,
with

y,(0) = x,(0) + Lx, (0)

y,(0) = -¥Mx, (0) + (I-ML)x, (0).

Note that the y, (k+l) subsystem is totally independent of the M trans-
1

formation matrix.

Part 2: Block diagonalization of form "V"

Given e
i g £ e O s B e
X, (k+l) Agp 1 By, X (K)
let
y, () = x, (k) + L, (k)

y, (k1) = x, (kHl) + Lxy (k+l)

Bypx (R) +ukyox, () + Ly yx) (&) +wIy ) (k)
= Gy tidy )y, () + (A uhy)L +1A) -uidy)L)x ().
We want L such that
Ayp ~whyyL + LAy -uth)pL = 0.
For W small a good first approximation would be

A21 + LA11 + 0(u) =0

- o]
Ly = "A21411
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(2.19

(2.20)

2.21)

Sl




We can again apply the contraction mapping argument of [6]. Letting

L=L +D
[o}
Agy kA (LAD) + (L +D)A; ;) -1 (L +D)A, (L #D) = O

-u-AoLo - p.AoD + DAu -u.DAlzLo - p.DAlzD =0

where - .
Ao i A22 * LoAlz'

scheme
X . -1
Dty = B (AL, +A Dy +DiA oL, +DiA50 )4
If we define
emulad bmulagl el e -
Sk (o, |
ko ul[Ag]l [Tl
We can again apply Lemma 1 of [6].
Lemma 4: 1If
c < % (a.+’o)-1
or ks _ o -1
IH < 2 dagl+TAgl gy,
Then there exists a unique real root of (2.22) bounded by

2l |l Iz |

< |ipll
0= bol < ) T

such that D is an asymptotically stable equilibrium of (2.23).
Proof: Appendix A.

We now give the obvious bounds on .

19

(2.23}

Since AI} exists, we again naturally apply the successive approximation

(2.24)

———
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Corollary 5: To transform form '"V'" into upper block diagonal form, it is

sufficient that p be within the bounds defined by

1
3laggil dlall +12

{2.25)

Ll ey

The proof follows directly from (2.24) of Lemma 5. To complete the block

diagonalization let

yp (k+1) = x; (k1) - My, (k+1)

(a0  Llyy ) + 0y wdo) IIMMGR) tuLd ) +udy v, ().

We can identify =
B, 7 Byp gk
Ag = Ay, +14y,).

Therefore, we want M such that

A M- MA + MAIZ 0. (2.26)

Again from [14] we know that this Lyapunov equation will have a unique
solution since AS and Af have no eigenvalues in common. Through successive

approximation, we can show that M is an asymptotically stable equilibrium of

= =1 oo & A A A
My = A (Al +M A, FHMLA 45D (2.27)
Lemma 6: 1If
1 -1
e € > (a+b)
or
1 -
llAll[: < HA [[ +”A121' !IL ‘[) 1

Then the root to (2.26) is an asymptotically stable equilibrium of (2.27).
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Proof: Appendix A.
Our transformed system now looks like
- )
+ - ]
L i WS L R RO, § 5
[} ~ -~ e e
yz(k+1) 0 X¢ 22+LA12) yz(k)
and again it is obvious that our two time scale property is satisfied
since
~ -111-1 >t
>>
Il cay ud 07t >> wlld,, +1a .
This transformation in matrix form becomes
!
y, (k) I.-ML | -M| |x, (k)
e I R P B (2.28)
¥, (k) L o072 ix,(k)

N N

where y, (k) €R s’ v, (k) €ER - and I., I, are N and N_. order identity
1 2 34 z s

f

matrices respectively. This also has a simple inverse given by

Applying this transformation to our original nonhomogeneous system we get

~ |
vy, (k+1) (A, ,-uA, L) 0 v, (k) (1I-ML)B, -MB
L bl 08 g e - i 8 R e I M R B Y SR L)
) (k+1) 0 ™ (A22+LA12) Y, k) LB, +B,

where

y (0) = (I-ML)x, (0) - Mx, (0)
y,(0) = Ix  (0) + x,(0).
Note, in this case the yz(k+1) subsystem is independent of the M trans-

formation matrix. This is dual to the results obtained in part one, and

will become very important later on.
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2.5. General Case - Block Transformation

Up to now, we have dealt exclusively with our limiting case
models "H" and "V." This was done to introduce the reader to the two
types of transformations and to easily see the formulation of the matrix
Riccati recursion equations as an application of [6] and an analog to what
was done in [5]. what we do now is to apply both transformations to the
general model and not to isolate limiting cases. This will enable us to
develop sufficiency conditions for either transformation to be applicable
to the general model. This idea will become extremely impor‘:ant when
reduced order coatrol laws are considered.

Since many of the derivations are similar to section (2.4), some of
the repititious steps will be eliminated. Given

x, (kH) A u(l'j)An x, (k)

- U (2.30)

ja\
Fo L)} Uigy . Phgy X, (k)

where

i. All matricies have constant coefficients

it xl&)GR ,xz&)GR

i, 0L s L

iv. W is some small positive parameter <1.

let us consider the general transformation

Representing Wi, . by Ay

ij "

yz(k) = xz(k) + le(k) where P => L as j =>1.
Our notation has been changed due to our convention in the limiting cases
A A
that L = 0(1) and M = 0(u).
Even in this general case, P assumes the role of the: independent

transformation matrix. And, as a result, the homogeneous submatrix and

= e =

e = T

e
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control submatrix of the yz(k) (fast) state variables will be dependent
only on the P transformation matrix. We will denote this as the "F"

transformation. Continuing the derivation
yz(k+1) = xz(k+1) + le(k+1) {2.31)

= [Ay) +PA -4y, P-PA , Plx) (k) +(4,, +PA),]y, (k)

and obviously we want
A21 + PAll-AzzP-PA12P =0 (2.32)

which is equivalent to (2.21) except for P=L. Again, we would like to
apply the contraction mapping argument of [6] and obtain a convergent
successive approximatfon scheme so as to be able to iterate a solution to
(2.32). However, an initial guess to such an iteration is not as obvious
as before.

Make the substitutions

Sl - i . -8
Ajp mHTAgys  Ajy T A, Ay TH &y, (2.33)
in (2.32), and we obtain

wi.. + B

il SR 5
21 11 “HAy P - R A% = 0.

For u small and (0€j<1l), a good O() initial guess is not so obvious.
Let us try a general form of Lo used in (2.21)

- -1
Py = WA A

Substituting this into (2.32) we get

] =L (1-])

j. g jA -1 ~ j. -1- A ~ ~ -1 -
BTA T (RTAy 1A DA FRAYMTAY (A BT Ay Ay g Ajphgpiiayy =0

™) = 1_.(+)s: .-z *1 =
" A AZIAH

AgphgiArg - w 21811412 0 (2.34)

nilinaaddeiig of

R e e

-
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or p=p_ +0*),

-1 14, |

wla Al v o@

21711

+i

Thus, P-Po 8 00&1 J) and Po will always be an order of u greater than any
error between P and P .

~1

Now, since All

approximation scheme to improve our solution to P as

exists, we can naturally define the successive

= (A, P ¥R AP - 21)A11 (2.35)

=1
21411
D"P-Po is an asymptotically stable equilibrium or

where Po is specified to be -A Thus, if we can show the

~1
D (A°P°+A P +D A P°+DkA12Dk)A11 (2.36)

k+1 o'k k12

where

Ay = Ay + P A,

We can guarantee the P is an asymptotically stable equilibrium of (2.35).

If we define
|
lip, |

[0l 1%l

We can again apply the contraction mapping argument of [6]. Therefore, the

a=lall,  valle) lall, c=lagl, « -

iteration converges when

<3 (atn)!
lagil < 3 dlag, +eoap,ll+le Il lla,l7. (2.37)
Making substitutions (2.33)
HA{IIH (”quz-ﬂ AyA 11 133 A, + A21A11H u (2303 121\)

However, for every matrix H, and constant u




ol =l sl
Il < L GllR, -4, o738 +ullk, a2l IRl

or, » is bounded by

1

0SH < _1“

a1 1R, , Ay 7 2l +1R, a7 2 112,01

Also, D will be bounded by
26 Dlla |l e
[4oll * oIl fI412ll

and our upper triangular system looks like

0 <ol <

xy (k) [cAu-Aum: " ] x, (k)
Ren] |0 Gy [r,00]

To complete the block diagonalization

y, () = x; (k) - Q7 (K)

25

(2.38)

(2.39)

(2.40)

(2.41)

v, (&H1) = (A;;-A1,P)y, (k) + [(A);-A;,P)Q-Q(A,, +PA ) +A ]y, (k).

We seek Q such that

i el B T LR B
We can identify
L e
Af o A22 + PAIZ'
Thus, we seek Q such that

AQ-QAg + Ay =0

Again, this Lyapunov equation will have a unique solution since As and A

have no eigenvalues in common. However, we can show that Q will be an

(2.42)

(2.43)

£
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asymptotically stable equilibrium of the matrix difference equation

|

Qs = Ay (AP +Q (Ao +PAI )45 (2.44)
Using Lemma 2 of [6] we know that this equation will converge to a stable
equilibrium if

c <z (ath)

which implies

-1 1 _na [ o | TG

lagqll < 55 dlay, +2 8,0 +lla,ll Tzl

which is automatically satisfied by (2.38). Making the substitution

Aij'uxﬁij in (2.44)
o (1=3), 71 o wan o
Qe = * Ay (4,0 +Q (W7Ay, +PA  )-A) )
Therefore
& ol-3y 8
Q® 06" Bul,

; (2.45)
p 2ol t Llj_o.

If we had used the independent block transformation on the xl(k) subsystem

first, (call this the "S" transformation)

y (&) = x) (k) + B, (k)

y, () = x, (k) - Qyy ().

(2.46)

A similar set of results will follow. We will outline these results to
avoid too many repetitious derivations. The two matrix recursion equations

are given as

= -1
Lo By = A (A, +RA R AR (2.47)
= -1
Py = Al
-1
Mo Quap 7 GgpQmag) PO QPAy) +42104 (2.48)

2 =1
QW = 44
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Both of these nonlinear matrix difference equations converge to stable

equilibrium values if

lasl < 3 dlagymay 2 +lz ]l llayq > :

Showing u parameters explicitly,

e g o

MY < & by, sk, ol DR +luda, | ek 95l
Azl < 3 dlRgp-ayiartApl +1E,, 1l Hlag3a 7"
which gives us the following bound on u
O < 1 o 1 ‘ _1. (2.49)
laz 3l dla, , &, a7t +1a, Il a4 Ll
Also, it is easily seen that
p2o@ldy  qfoedy. (2.50)

This similarity in bounds for transformations "F'" and 'S'" is very important.
Both of these transformations have been derived using our general two-time-
scale form. Therefore, if u satisfies both bounds, then either transformation
can be used. To avoid confusion, in future sections the superscript sor £
will be used in conjunction with the P and Q transformation matrices to

distinguish which transformation was used.

2.6. Degenerate Cases

We defined a ''degenerate' case as one where
14 <8+p < ® 0< €& < 1. (Z.31)

Let us take the degenerate model




y (1) " ues') y (k)
e L L (2.52)
z(k+1) pC p.DJ z(k)

where 9 and § are bounded by (2.51).
Let us implicitly carry ue, ue, and 4 with B, C, and D respectively.
Then, the sufficient condition for block diagonalization (transformation F)
becomes
-1 1 -1 -1 -1
a7 < 5 dip-ca™ sll +llea™ Il l[8l)™".

With explicit p parameters we have

a7 < & dlupwPea™ ¥ +[luPea™] I8l (2.53)

la7Hl < 5 dio~s ©*B Pea™ gl +u2*8Ylea™| (2l

Therefore
1

S a1 lowe O Doa Tyl w2 B YT (8l

0<u (2.54)

However, if the system where '"mormal,' the bound on {4 would be

< L .
3l dio-ca™sl] +[lca™] =l

0gu

We now state a lemma enabling us to show that the upper bound on u for a
degenerate case will always be greater than for a '"normal' case. This will
enable us to concentrate on 'mormal cases,' realizing that by modeling the
degenerate system as 'mormal' we will always achieve results in approximation,
convergence, etc., that are equal to or better than the 'mormal” case.

Lemma 7: If a discrete-time system can fit our model only in a degenerate

form, such that

<< 548 < ®
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then the upper bound on u needed for block diagonalization is greater than

the corresponding normal case. In other words,

i 5
3lla”Y) dlpw G+ Va5l +u €D el |18l :

> 1 ] .
3lla 1) lo-casl +llca | 18l ke :

Te48>1
Proof: (2.55) implies
Io-casll + [lca™ )l I8l > llpw®*®Tca™ln] +u2*81ca™Y| |3

lIp-ca™ 8] - Ip+s @*# Dealg| > @¥®-Lpyllca™| |lal. (2.56)

Let
F = ||p-ca™ 5 -Hn-u(e+ﬁ'1)CA'laH (2.57)

and let us examine the bounds of F as g4+p ''swings" through the degenerate

range. Then our inequalities become
as 98 -=1 F-0> P pycal g 2.58)
as ¢4 ~= F~[lca”tyl > @8 Lnyllea] (8] (2.59)
Thus F is bounded such that
0<F<llcats

as long as 1 < 948 < @, which defines a degenerate system. Therefore, if
(2.55) is to be satisfied, then both upper and lower bounds on F must

satisfy (2.56). Looking at (2.58)

0> @@ Dogyjlca™ gl
0> @8

1>, 618D (2.60)
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which will be true for every degenerate value of 448 since — O<u<<1.

Just for completeness (2.59) gives

lea™sll < ¥ t-nyflca™ | I3
lca™ts 5+8-1
sk J =
llea™| Il
which is always true if (2.60) is true. Therefore (2.55) holds.

The impcrtance of this is that we may consider our general model
as an 'upper bound" for many degenerate systems which also satisfy a two-
time-scale property. Also, since many of the models and algorithms
proposed in this thesis are W dependent in terms of accuracy and convergence
properties, higher values of W can be used with degenerate systems and still
obtain good results. However, even more important, by modeling a degenerate
system in our general form (i.e. B and C are no longer normalized to A), we
can expect better results (convergence of algorithms, reduced order
approximations, etc.) than for a similar system (same W parameters) with
"normal" submatrices B and C.

We can conclude this section by stating that by performing our
analysis and design procedures on our 'mormal' general form, we can expect

any degenerate form of this normal form to have more accurate results.

2.7. Duality of Transformations '"S'" and "F"

In two preceding sections sufficiency conditions for the block
diagonalization of our general two-time-scale model and for the two limiting

cases were carried out separately.
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The purpose of this was to point out the dual nature of the
trans formations that were derived. 1In particular, transformation S may be
considered the '"slow'" transformation since it will allow slow mode modifi-
cation independent of the Qk iteration (as shown in a later chapter).
Likewise, F may be considered the '"fast'" transformation for the similar
reason. This property will become very important when we consider eigen-
value placement.

When attempting to block diagonalize the general model, for either
transformation we found very similar bounds on u for every j including our
limiting cases. What this means is that for pu small enough, either trans-
formation may be used. Thus, we can choose whether we want our slow or
fast state vector to be independent of Qk.

OQur two transformations in general form look like

ENG) [y, ()] [1-Q°° | -QF
_ R R (2.64)
| %, ()] 7, () LB, T
[, ()] [y, )] e | 2
= F F = - _.f _: - ..f_f (2.65)
%5 (k)J v, &) [-Q* 1 I-Q7P
where 5

and the transformations are related by

§=(F )"

In block diagonalizing our limiting cases, Pié LQO(I), i=g,f and

Qigb4A0(p). This was done to preserve the order of L and M. However, for
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0<j<1l, the order of the matrices as well as the off diagonal system
matrices will vary. When these transformations are independently applied
to our general two-time-scale model, the resulting nonhomogeneous slow-fast

systems are:

using "F"
X ol
o AT e R L
I ~ ~
Eglathll he “(Azz+LA12)J *e ()]
k- £
(1-o")5, - o3,
* -3 - Fla
3 P Bl +B2
using "S"
= £ ;
i ey £ el S UGS
| - s S
Xf(k'*'].)- i 0 N H‘(AZZ-AZIP ) .Xf(k)
A ) -
Bl +P BZ
tras '-s-s_'u(k)
-Q B1+(I-Q B )32

where xf(k) is independent of Qf and Xg (k) is independent of Qs.

BT R e S e
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3. RECURSIVE PROPERTY AND DELAY APPROXIMATION

3.1. Introdution

This chapter serves primarily as an introduction to reduced order
modeling of discrete two-time-scale systems fitting our géneral model. By
taking advantage of the recursive property of discrete-time systems, we
will be able to show how the xl(k+l) and x2(k+l) subsystems may be expressed

as Nth order matrix difference equations in increasing powers of K.
. N
xl(k+l)-Mlxi4-uM2xi(k-l)-+p Min(k-N)
- N -
xz(k+l)-lei-+pK2xi(k 1) +p Kin(k N)

By truncating this "expansion' after, for example, two delays
(O(pz)), we will establish our first attempt at a reduced order "slow"
model.

Then, since it is assumed that Al exists, we can take advantage

1

of the backward recursion for the xl(k+1) subsystem,

Lol _o-l (-idg
xl(k) Allxl(k+l) Allp A12x2(k) 3.1)

to "reflect' ahead the model of our system at some future iteration. This
will result in an intuitively satisfying derivation of our slow subsystem
found through transformation in Chapter 2. By continued application of the
backwards recursion of xl(k) to our Nth order difference equations, the
existence of our "P" transformation matrix will become apparent as we con-
verge to a '"'steady state'" or "slow'" model.

We conclude this chapter with a look at the nonhomogeneous case

to see how the control variables fit into this derivation.
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Before going on to the next section, let us define a term that
will be used throughout this chapter.
Definition

A matrix difference equation such that the next state, xi(k+l) is

dependent on the previous N time instances such that
xi(k+l) =f(xj(k), xj(k-l),..., xj(k-N)) (3.2)
where j is not necessarily equal to i, will be refered to as an N-delay

sequence of xi(k+l) in xj(k-j), §%20.8,2:- N,

3.2. Expansion of xl(k+l) Subsystem into an N-Delay Sequence

A linear shift-invariant discrete-time system is by nature a set
of N l-delay sequences. Thus, using the recursive property of discrete
time systems, it can be expressed as a function of the last N events, a N-
delay sequence. In this straightforward set of substitutions, we hope to
show how, as more delay terms are added, there contribution to the next
state xl(k+l) decreases as a power series in M.

In the following, we will assume that the system is in our
general linear shift-invariant discrete two-time-scale form. Also, for
ease of notation, we will use the Aij submatrices until the substitution
Aij -px&ij is needed.

We now hope to show that for any system that can be put into our
general two-time scale form, the xl(k) states can be approximated to O(pN)
by an autonomous (function of only delayed versions of itself) delay-N

sequence.
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Given

........... (3.3)

share L% (k) ER° , x, (k) €R £

ii. A.., j=1,2 are real constant coefficient matrices

i]

satisfying our general two-time-scale structure
1'(k+1) =A xl(k) +A12x2 (k)
=411%) (k) +A) 54,1 %) (k=1) +41,4,,%, (k-1)
continued substitution of
X, (k=-j) =A21x1 (k- (j+1)) +A22x2 (k=1(j+1)) (3.4)
results in

xl(k+1) =A11 1(k) +A12 21 l(k-l) +A12A22A21x1(k-2)+....+

Nl

N
Apphop Aoy X, (k=N)

1'(k N) +A12A22

: _ Xa
Now, making the substitutions Aij =L A‘ij’

x, (k1) =A%, (k) +u.( j)ﬁzlxl(k-l)

(i 1)» iz
A12H-A221~l A)1x, (k-2)

L.ig N
i 12‘““‘22 TRy pxg ()

pu-j)xlz(u&zz) x, (k=N) (3.5

S —
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sk oz 0ok Lo 13 0 Lk 2y
1% 12%21%1 1282249151
Na 2 N-1p N+l-§& = N . _
oo WELE N 0 ey ¥R L N (eew) (3.6)

The significance of (3.6) is that for small perturbations in Xy (0), the
entire dynamics of the xl(k) subsystem may be represented accurately to
O(P-N) by an N-delay sequence in xl(k).

Thus, by using the process of state augmentation, we can simulate
the xl(k) states to a desired accuracy.

For example, if we want O(p,z) accuracy, our model would look like
xl(k+1) =A,1% (k) +p.A12A21x1 (k-1)

Let z(k) = xl (k-1)

(3.7)

where xl(O) =X > z(0) =0.

For No<<Np this model is good for p sufficiently small. However,
for NSQ’NF or for p too laige, the order of the model can surpass the actual
system model to achieve reasonable accuracy. As a first attempt, this model

proved to be very important as will be seen in future sections.

3.3. Use of Backward Recursion to Establish Steady State Models

In the previous section, the backward recursion (3.1) of xl(k)
was never used in obtaining our Nth order difference equation for xl(k+l)

(3.6). In this section, however, the general form of (3.1),
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e T W |

Xl(k'j) Allxl(k j+1) Allﬂ 12 z(k i)

s O O e s (3.8)
is applied once, and then N times at each iteration to obtain '"steady
state" models of the system at the next or Nth iteration.

Again, given system (3.3),
xl(k+l) -Au l(k) +4,, 2(k) (3:9)
X, (k) =A21x1(k-l) +4,, 2(k 1) (3.10)

(3.10) into (3.9) gives

xl(k+l) =A11x1(k) +A12A21x1(k-1) +A12 22 2(k 2) (3.11)

using (3.8) for j=1, into (3.1l1l)
-1
xl(k+l) =-Allxl(k) +A12A21Auxl(k)

12 Boo74y1 11“‘12)"2 ol

o
= Ay HA12818 D% (K)
+Ap,(Byyhy 1A 11 Ap)%, (k-1) (3.12)

now, into (3.12)

xz(k-l) =A,,%x, (k-2) +A,,%, (k-2)

21%1 222

=[4,," 21"‘11 121%, (k=2) +4,,4 11 %y (k=1

xl(k+l) = (A11+A12A21911)xl(k)
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!
3
:
$
.
|
Al
¥
|
H
§

=1 23

+ (A5 Ay -8y 801850814 )% (k-1)

+ (Ao lBon-A ah )2) (k-2) 3.13
(A15(Ag5-A01411415) )%y (3.13)

Continue these substitutions in the same manner using the general equation
P N ) )%, (k-j-1) +A P (k-3)
Xy (k=3) = (Ayp Ay 1A1181)%, (k-] 7% i & b
0L e (3.14)
We generate the following delay-N sequence,
. (EL) = (ks « B albn i Ty, (K
g (etl) = Ay g +44 58,184 00%
+ (Ayn(Agq-A P YA A'l) (k-1)+
(A Agp=Ag Ay 1A10)80041 D%
-1 N-1 -1
t Ay Byr-AyB 1815) AyA X% (k(N-1))
PR 7 S Y T T ) (3.15)
12%22™ 11112 2 ;
Again, making the substitutions Aij '“xaij

. (=12 3p -1
x) (ktl) = (A +4 Ap,rTA, AT )X (K)

(1=-3)2 SN - W ¢ Tk Ty j& -1
(T A (WA AN A T A DAY A )Xy (k1)

+.oiee+
(Tef)® . & g8 =i (lef3* Wl §r oL
+ VR @y, R, AT VR Y IE AT hxae- -1y
N e e, B
+ @t J)‘*12(*"Azz’“‘j“zl“ll"( DR Nx, ey (SeAss

since u, “J, pl-j are positive scalers, they can be combined to give

S S e

e

el e i
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PN ~ -1
xy (ktl) = (A HoA Ay 14, )% (K)
+ur A A A At 38 aThx k-1)
12 9274914, 1415)451441)%)
P udale
IR S TR DR T
OBy (Byrman180180) BggAy )X, (k-(-1))
N+1-j o a uls B
+h J(AIZ(AZZ-AZIAHA]_Z) )%, (k=) (3.17)

In arriving at (3.17) it is important to understand that we have
applied the backward recursion (3.8) once for each delayed term in (3.6).
This substitution has '"'reflected ahead" the influence of the xl(k-M)th
term on the 1~:l(k-(M-1))th term. Conceptually, you may look at (3.17) as
our N-delay sequence model of our two-time-scale system for k>1.

In comparing N-delay sequence models (3.6) and (3.17), we notice

that every term on the right hand side of (3.6) is of the form
e (e ) M21

where, the equivalent delayed term of (3.17) is given as

g w21

The homogeneous part of (3.17) (M=0) has 0(l) and O(t) term whereas for
(3.6), the homogeneous part possesses only an 0(l) term.
In Chapter 2, through transformation we arrived at a slow sub-

system macrix A. For the "F" transformation this matrix was composed of

Ag=As1 =A%




Pr——

.l ol
Pe1 = BoaP ¥R AR A A, P =-AA,

For k=0
A ok heh A
s T811 ThahaA

and using A, . = x&

REMRE Ry "R Mgy

PORCTRIRUE - 3.18
s " tEAA A (3.18)

Notice that (3.18) is just the homogeneous part of (3.17). So,
by substituting the backwards recursion into (3.6) at each delayed term
(M>1), we have generated the model of the system at the next iteration.
Since xl(k+l) does represent our slow state variable, the equivalence of
the homogeneous part of (3.17) and equation (3.18) seem logical.

It is of interest now to examine truncated models of (3.6) and
(3.17) so as to determine which would be more a accurate model of the xl(k)

states. Three criteria must be examined in making a judgement.

1) Number of matrix multiplications required to generate
the model
2) Order of model

3) Magnitude of Kk
For an equal number of multiplications, (3.6) looks like
xl(k+l) -Allxl(k) + #&Alezlxl(k-l) (3.19) ‘

and (3.17) like
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A A -1
xl(k+1) =[A11-+HA12A21All]xl(k) (3.20)

However, (3.19) is twice the order of (3.20). For small ¥,
(3.19) and (3.20) will give approximately the same accuracy. Therefore,
since lower order is usually preferred (3.20) would be the logical choice.

As P becomes larger, the O(M) terms in (3.19) and (3.20) become
more significant. Then, the way (3.20) is derived from (3.19) becomes

important. In other words, y

Given
x) (kt1) =A%, (k) +;.;.X12£21x1(k-1)
use
S U=kl ’Aiixl(k) SRR M WERURD
This gives,
x, (eb1) =A% (k) + 4y A0 [A7 7%, () - FTVATIE w1y

= -1 2 —FA A
[4)) + M)y a7 1% G =2 TIR 4 JATTA) ox, (k-1
(3.21)
Equation (3.20) neglects the O(pZ-J) term which could be signi- ‘

ficant for larger p. When this is the case, (3.19) will give a more

accurate model. This method of modeling will be refered to as '"delay

compensation'', since we are using delays to compensate for nonneglible
fast modes (larger ). More will be said about this.

Now, using this same line of thought, let us apply (3.8) N times
at each delay term in (3.6) for M>1.

1f the backward recursion (3.8) is repeatedly applied to (3.6)
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N

until fo has O(u ) accuracy where,
E
%
xl(k+1) = foxl(k) + flxl (k=1) +.. .+ fol (k-M) + By¥o (k- (N+1) |
Th £ =a_+0Y) ]
- o s E
and £ AE A e bg =OG v
n 185, 8. 8 88y B) |

To properly show this using induction is straightforward but
very tedious.
Here, we offer a simple heuristic explanation mere'y expanding

the series to N=4, Given our original system equations,
xl(k+l) 'Allxl (k) +A12x2 (k)
X, (k+1) = A21x1(k) +A22x2 (k)

using the following substitutions,

i . <1 .
Xy (k=3) = (Ay5-Ap 8, 141 )%y (k=(-1)) +4 4 1) (k=])

ol . -1 .
xl(k-j) SAllxl(k-(J+l)) -A11A12x2 (k-J)VJ,
for N=1,
3 1
Xy (kbl) = [A) 445800817 1% () +4,,[A55-8918,181,1%, (k-1)

= (A +0(w) 1xy (k) + 0(w)x, (k=1)

for N=4,
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=1 <1 -2
x) (ktl) = [A)) +4) 58004, ) +A), (Ay) = AyA A1 ))A) 1A
R TP ik A A% 4 a2 .4 . T
12Bgg = 891811819)85181181 9891811 HA15 By -Aj1A 1A )
A A'3]x (k)
212919%;
L e "
s Aplay, Ay A A1 Ay A T4 04 14 X (k-D)
i Bl B T TR R e A ety
{3 L G o 5l s s i s ) |
ok B e ol B e T B R ARk AE T
B ¥ LT Ml e B 1S b s 0 e S s 3 b
| x., (k-3)
L+ A [A.. ~A P ]3A R 34
121822 ~ 8218117127 4181
4
+0(H (3.22)

Which is of the form

% (k1) = £ %, () + £ % (k-1) + £,%; (k=2) + £,%, (k-3)

4
where fo -All -Alsz=As+0(p. )
-1
and Pl = (AP +A,,P -4  DAL] k=0,1,2
-1
£a = Maifa g

and from (3.22) it is obvious that £, £, £, and g8 T B

Continuing in this manner results in the Pk transformation matrix recursion

of Chapter 2. Conditions for its convergence have already been studied.
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Remark

The recursive substitutions were made in an attempt to converge
to the F transformation matrices. By performing the dual substitutions,
the S transformation matrices could have been easily obtained.

Thus, we have shown that by applying the backward recursion
equation (3.8) repeatedly to the N-delay sequence of xl(k+l) (3.6), we
approach a ''steady-state" or slow model of the system at some future itera-
tion N. We identified this with our slow subsystem developed through
transformation in Chapter 2. For p small, this ''steady-state' or slow
model will prove to be very accurate in approximating the xl(k) states.

For p larger, the initial deviation of xl(k) due to fast modes may be
significant. ''Delay compensation' may then be used to more closely model
these initial deviations., We refer this initial period of deviation as the
"boundary layer'[2] . The existence of this '"layer'" will become apparent

when we next discuss the xz(k+l) subsystem,

3.4. x2(k+l) Expansion and the Boundary Layer

Up to now, there has been no attempt to simulate the x2(k+l)

subsystem. If the same autonomous expansion is attempted such that
xz(k+1) = f(xz(k), xz(k-l),... xz(k-N))
we get,

xz(k+1) -Azzxz(k) +A (k-1)

21412%;

+A21A11A12x2 (R=Z) = vaiv s
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N-1,
+4,51811 A%y (k- N)+A21A11x1(k'N)

: - . o Ry
making the substitution Aij o Aij

(1-

o K e
%y (kL) = pho ) () + A, Ay, %, (e-1)

(1 -J)
+p Ay Ag e Alz 5 (k=2) + .

aN-1,A-5)28

2
HETAY A, B A19%, (k-N)

-
+u'4 A 11 x, (k=N) (3.23)

%, (k1) =, %, (k) + b, &) )%, (k=1)

+,;.A21 1 12 %y (k=2) + ...

2 N l

b Ve P Ll

g
+ ', A 11 x, (k=) (3.24)

Examining (3.24), we see the exists no truncated delay sequence
which could accurately model the x2(k) states. If fact, the xl(k-N) term
will always be dominant. Thus, the lowest order simulation model for the

xz(k) states is just the original state equation
jA A
Xy (k+1) = Alel(k) + pA22X2 (k)

which is obviously nonautonomous and therefore does us no good.

Now, if we try to derive the N-delay sequence for xz(k+1) such

that
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xo (et l) = EQx) (K), % (k=) oevny % (k=N))
we get
X, (k+1) -Aﬂlxl(k)-+Aﬂ2A,1x1(k-L)

2 : N ;
-+A22A21x1(k-2)+...+ A22A21x1(k-N) '4

N+1
+A22 xz(k-N)

jA A (L_j)A
Substituting A21 = AZI’ A22 -“AZZ‘ A12 - A12

I+j

x, Gk l) =i g 0 4 IR LA x (e

ghat%y

b s =i A
+ JA,,,,A,,lxl(k-3)+...+p-N jA,),,A

951 %y (k-N)

N2
B A%, (K=N) (3.25)

Again, we have a case similar to the xl(k+L) subsystem. We
can totally simulute the xz(k+1) subsystem to 0(pN+j) accuracy using a
truncated N-delay sequence. For N2 1, using (3.25) would result in "delay
compensation'" terms implimented using state augmentation which has been
already discussed.

One very noticible difference between the xz(k+l\ sequence and
the xl(k+l) sequence 1s the preservation of initifal conditions. When we
truncate (3.25) we eliminate any <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>