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Two forth—order methods , based on cubic—splines approximations , are
proposed to solve parabolic differential equations. The cubi c—splines
approximation has a second—order accuracy , which is improved ~n both
methods to fourth—order in different ways. In the first method , the
second—order truncation term is estimated by different iating twice the
hac :c equatrns. In the other method a local Richardson extrapolat ion is
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stable. Both methods are applied to a simple boundary—layer problem.
The method with local Richardson extrapolation is employed to solve
simultaneously the coi~t~ nui t y and ener~~r equation describing the
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A FAST PARABOLIC MOD ULE FOR PETE SOLUTION OF MEW CHANNE L FLOW EQUATION S
BETWE~~ ELEC TRODE WALL S

by J.P.F. Lindhout

H. Snel

W.F.H. Merck

1. INTRODUCTION

The present study is part of the NLR research program aimed at generating

numerical solutions of Magnetic Hydrodynamic (MHD) duct flow. This research

program is incorporated in the investigations into plasma—flow phenomena,

which are performed in the Group Direct Energy Conversion of the EUT.

MIlD energy conversion is a process in which the motion and the thermal

energy of an electrically conducting fluid through an applied magnetic

field perpendicular to the motion is converted int o electrical energy .

This process yields higher conversion efficiences than conventional

• processes. A schematic view of an MIlD generator channel is given in fig. 1.

The channel is horizontally bounded by insulator walls and in the vertical

direction by electrode walls in which segmented electrodes are placed.

The magnetic field B is applied perpendicular to the insulator walls. The

induced electrical field E equals the vector product uxB. It produces a

current in the conducting medium which flows through the electrodes.

The complete system of equations describing the phenomena can be divi ded

into thrce groups :

i) the gasdynamical — or global equations

ii.) the electron—~-is equations

iii) the electromagnetic field equations.

The first two ~r ii ~ c of equations are of parabolic type. Parabolic ~~: u:I —

tioris in fluid d .yno~n ic s  frequently characterize situations in which the

dependent v.-iri: J:i n~ have lar-~c gradients normal to th e  main flow d i r e c i i c i , .

~ 
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For this type of equations, two fourth—order accurate solution methods

are presented. Both methods are based on cubic—spline representation of

the dependent variables normal to the marching direction. A stability

analysis will be given and, to show the accuracy, both methods are applied

to a simple flow problem , of which the exact solution is known.

One of the fourth—order—spline methods is used to solve the electron—gas

equations which have substantially more complex boundary conditions than

the global—gas equations. Spline methods are preferable in situations like

this where derivatives enter the boundary conditions.

A second—order difference scheme was already applied by the present authors

to solve the global—gas equations between insulator walls (ref. i).

2. CUBIC—SPLINE SOLUTION OF PARABOLIC DIFFERENTIAL EQUATIONS

Rubin and. Graves (ref. 2) introduced the application of collocational cubic

splines to the solution of parabolic partial differential equations. For

two—dimensional problems, conventional finite differencing took place in

the marching direction. The resulting two—point—boundary—value problem , nor—

mal to the marching direction , was solved by cubic splines. The spline is

required. to satisfy the second—order differential equation at each grid

point. Applying the spline continuity relations one can obtain a block t n —

diagonal system of equations for the function values , say u , its first

(m) and second. derivatives (M) in the normal direction. This method is of

second—order accuracy in u and m , because errors in M itself are, according

to the cubic—spline approximation , proportional to the square of the inter-

val width.

Daniel and Swartz (ref. 3) suggested a method of obtaining fourth—order

accuracy for two—point—boundary—value problems , basically by eliminating

the second—order truncation error in M , which is h
2
(~
4
u/~y

4)/L+O (h’). For

the inner points , the leading term of the truncation error was approxima~ed

by means of second—order central differences of M. At the boundary points

non central differences had to be used. The collo~-atiort equations conLJned

information of other points and the resulting equations could only be re-

duced to a five—diagonal system .

Rubiri and Khosla (re ? . 4) e x p t n ~’eI t h i s  method extensively for parabolic

equations .
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To demonstrate the details of both proposed methods , the boundary layer

equations of an incompressible fluid near a stagnation point are solved.

The governing flow o~uations can be wri t ten as fol lows;
2 2conservation of uoueLtuin : u~Du/~x)+v(~ u/&y)=ue(du e/dx)+V(a u/dy ) ,  ( i )

conservation of mass : ~Ou/~x)+(~ v~~y) =0, (2)

in which x and y form a Cartesian coordinate system , u and v are velocities

in x— and y—direction ,~
) is the known viscosity, Ue 

is the given velocity at

the edge of the boundary layer. When equation (i) is used, equation (2) can

be replaced by:

~ (v/u)~~ y= - ~u (duJdx)4’(O
2
u~~y

2
)~/u

2
, (

~
)

in which only y—derivatives of the unknowns occur. The boundary conditions

are

y = 0 : u = 0 , v = (4a)

y = c .o : U = U e

When stagnation conditions are ac~; llrI€ d , i.e. (dUe/d~
) is constant, a similar-

ity solution of (1) and (2) exists, which permits the determination of the

accuracy of the proposed methc ic (ref .  5). A grid is assumed at which a

grid functior , u~ exists: i~=u (x=i.e, y=(j—1).h). Equation (i) is centered at

the grid point (i+1 , j). The derivative in the marching direction is approx-

imated by the second— order difference formula:

- 4u~ + u~~ 1 )/( 2k) , (5)

which is . 4 r L t  tuted in (i). The n~u;—kinear termc at the level i+1 , ii the

result iro~ equat ion ui l inear ised : (u
~+1 )

2 by he New~ r — hn~ hc -r me~ ho~i :tnd

f o r  v~ in v~ u/~y)~ the value of the l~~vi i~ ~~~ i r  is ahen.i+1 i+1 i.+1

I’~ u r~ ion (i) can be wri to ~Jt h the nd p of’ e1uit inn  (5) an~ the linearizing

~ e~ r.ni iic~~i , as an i ir~ ry ii f i t o t i a l  ~u it inn

a . h~~(~ )
~ 

+ b ~~~~~~~~~~ + c u~ = d ., ( 0 )i+l ,j i t- i j  i+l  ,j

( i= l ,:, . . . ,  j = 1( 1) N , N odd)

n which , , r , a r e  f i r  t i ns I f  h , Ue 
(du /clx) ani ~he lust i~ rrate cf

L the unknowns ‘r on v.

A - - . 
~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~~~~~~~~~
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At each collocation point the following approximat i ons are made:

(au/ 8y)~ ÷1-S’m 3
÷1 , (e2u/ay

2 )~~ 1~’-’ M 3
÷1, (7a ,b)

where m and M are the first and second derivative, resp. of the oubic spline.

According to Ahlberg, Nilson and Walsh ( ref. 6 ) ,  the first approximat i on is

fourth—order accurate and the last one second—order accurate.

From the equidistant cubic—spline approximation of u, it is possible to de-

duce the following four indepent equations for u, m and. M at three adjacent

grid. point s ( ref. 6):

= 6 (u~—u~~~ )/h
2
—2(m~ +2m~~~ )/h, (8a)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (8b )

M~~’ = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (8c)

u j~~ _u j~~ = ~~~~~~~~~~~~~~~~~~~ (8d )

for convenience the subscript i+l is omitted.

These equations are employed to approximate m and. M. To demonstrate -this

we write equation (6) for  j—l , j  and j+l together with equation (8) as a
vector equat ion:

+ B . U3 + C . U ~~
1 

= D . ,  j  = 2 ( i )  N—i (9)

in which: U~ = (h
2
M~~, hm~ u J ) T

D .  = (d . 1 , d . ,  d . 1, 0 , o, 0 ,

and

A~ =/ a~~ 1 b
~ _i °j -l B~ 0 0 0 C~ =/ 

0 0 0

I c  a o a. b~~~c. 0 0 0

O 0 0 0 0 0 a . b c .j+l j +l j+ i

—l —4 —6 0 — 2 6 0 0 0

0 1 3 —1 0 —6 0 — l 3

0 0 0 2 6 ~~ —l ~ —6

0 1 3 0 4 0 \ o  1 — 3

‘--~-—~~~— - -  —~~~~ -- .-- -—-~-‘- - ----- - ---,- — - I ~-i---
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By premuitiplication of (9) by a suitable row vector r = (r1,..r7) it is
possible to obtai u a scalar equation with only three unknowns. In order

to extract from (9) an equat i on in whi ch only the function values u 3 l ,
j j+1

u and u occur and no derivatives, r has to satisfy:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (10)
3 3 3 3 3 3

in which the superscript the involved column indicates.

Now r is fully determined by (io), except for a multiplicative constant , S

and. after multiplication of (9) by the chosen r we obtain:

u~~~ + u 3 + ~~~~ = p~ j = 2 ( l )N  ( i la)

Mixed boundary conditions of the type:

ah 2 M + b h m  + c u  = d  (12)o 1 o 1 o l  o

can be handled by the same technique. System (9) is extended with the bouri—
dary condition by extending the mat rices A , B , C and vector D by appropriate

elements. By premultiplication of a new row vector r, now with eight elements ,

one can obt ain:

+ ylu
2 

= p 1 ( l ib )

r has to satisfy (10) and moreover:

rC 3 = O .
3

Mixed boundary conditions at the upper boundary can be treated equivalently

and. lead to:

N—l
+ = ( l l c )

The tn —diagonal system (ii ) can be solved with standard al gorithm ’s for U 3 .

The m 3 can be solved from ~‘;i;at i on (6)  and (8c). An initial condition for
m at the lower boundary is obtained in the sane fashion as (llb).M in its
turn follows from the ori~ i nal thffereritai equation. All quantities are

derived second O r - 1 r accurate in Ii .

To obtain fourth—order accurate i-c~i uit s  equat i on (cL ) is solved once agai n
with stepsa ze 2h in the y—dare .tion , whi le only the odd po~ntc of the grid

are used.

The first solut i on i~; indicat~ d by * and by~~ the solution in whi ch only

L the odd points  are used. The leading term of the truncation error of the
results of odd points is f u r  t.m ~ c as 1ar~c as the results of the  fi rst

S_i - - -- -_ ~~~~- -—.-~~~~~~~- --— ,
~~~~~~

. -
~~~~~~~~~~ -- — --~~~~~~

. — —
~~ 
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—
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solution for all points. Richardson—extrapolation consists in finding a

more accurate result at the odd points by elimination of the leading trun-
cation term: 

S

= (4r~ - ~~)/3, (13)

in whioh~~ stands for ~~~~ (Du/~y)~~ 1 , and (a
2
u/ay

2
)~~ 1 ,

In the further computations , it is necessary to obtain results at the even S

points as accurate as those at the odd points along a normal. This is accom-

plished in the following way:

The function values and the first and second derivatives at the odd points

hold exactly enough information to define a quirrtic hermite polynomial over

the intervals between each pair of successive odd points.

At the even points, the quintic polynomial is used to interpolate the un-

knowns:

~~~~~~~~~~~~ )/2÷5h((~u/&y) ~~~—(~Du/~y) ~~~~~~~~~~~~~~~~~~ 
3+1k

(~
2
u/ay

2
)3_l}/16, j=2(2)N—1, (14)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j=2(2)N—1 , (15)

(a
2
u/ey

2
) 3=_3~(~u/~y) ~~

1
(~u/~y) ~~1j/4i-i—~(b

2
u/&y

2
) 
j—1

+ (‘~
2
u/~y2 ) 3~~J/4, j=2(2)N—1. (it)

The idea of applying Richardson—extrapolation to improve the results of

numerical techniques is not new. Richardson—extrapolation is employed fni-

several years, e.g., in the box method of Keller (ref. 7), for the co -I : —

tation of 2D and 3D boundary layer flows.

The new feature here is that , in the case of the cubic—spline solution , it

is permitted to apply Richardson—extrapolation for each marching step before

the computation is proceeded to the next ::—stution .

The second method presented here eliminates the truncation term h2(~
4u/~y° )/i~

of equation (7b ) .  By d i f fe ren tia t ing  t he original equation ( 1) twice ,
we can express 04u/.y0 in second and lower derivatives , and we can appro—

ximate the second derivative in (1) at each collocation point by: 



—~~~~~~~~~~ r~ ~~~~~~~
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(17)

The x—d.erivatives in (17) are approximated in the sane way as described al-

ready for~~uMx .  The non—linear terms are linearized in the Newtor —Raphcon

fashion , except for the terms in which v appears , which are taken from the

most recent iteration. The resulting linear equation in u, m , and M can

further be treated in exactly the sane way as in the cubic—spline case. It

is necessary to store also m and N at three successive ::—stations. Unlike the

method of ref. (3) the use of unsymmetrical differences at the wall is avoided;
this can be an important advantage in the case of steep gradients. The fact

that a fri—diagonal system of equations results from this method is also a

clear advantage. However, the differentiation can be a tedious task. For com-

plicated equations the use of computerized formula manipulation can be of

great help.

At this point , it is clear that either of’ the two methods have yielded values

for u and its derivatives. The RES of equation (3) can be computed and

equation (3) can be written as a first—brder differential  equation in the

unknown (v/u). The solution procedure can be the sane as that used for the

cubic—spline solution of (6) if an additional boundary condition is given.

It is consistent with the asymptotic behaviour of (i) and (2) to apply:

y = (1~—1).h : ~
2
(v/u)/~y

2 
= 0 (i8)

Because in (3) the second derivative is missing, the solution of (3) is

~o.1rth—or(jer accurate.

For several stepsizes h in y—di rection , computations are performed starting

at x=0.l unti l l  x=r l .O , k=O.O 1. The error exhibited at the last x—st ation in
the f ri ction coeffici ent O

~ 
is depict ed in fig. 2 for  the two methods present--

ed. For comparison results obtained by aplication of the cubic—spline method

and a simple difference scheme are included. From the slope of the curves,

it can be inferred that the cubic—sp line method and the difference method
are second—order accurate indeed. Both methods proposed are fourth—order

accurate , except for the first one in the case of a very small number of

netpoints.

3. STABILITY ANALYSIS

We examine the stability propert i n of the presented four th—order  methods

using the simple parabolic equat ion:

U~ =G• U
yy 

(19).

— -— —--~~ —-—~~ --- - - - - -  - ---~~
--S ----—~ --.- _ 5__ _ .

~.~ _~~. 5 ~~~~~~~~~~ — -—-—- -—-- .
~~~ ---— -- ‘---

~~~
-—--

~~~~~ 
- —-— .—

~
--—‘-- .5— . —— ---5,- .-•.--—--•-——— —.5 . -.
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loes not imply a severe restriction of the analysis , because the highest

ivatives are ‘ tO].flCd.

ix is ui zJc ctized according to (6), the following equation at each collo—

ion noint Li obtained:

3u~~ 1~~~~~(~~ /~y )~~~1=4u~—u~~ 1 . (20)

: equation can be solved by:

i) the c ~:i— cpiine method , for short: CS—method

ii) the el hod in which two cubic—spline solutions are used to re-

duce the truncation error by Richardson—extrapolation , ~ollowed.

uy niintin herrr~ite interpolation for the even points, for short :

RH—method

iii) tr~ .~ thod in which the truncation error is reduced by estimation

o f the truncat i on error by differentiation , for short : D—method.

~~i—fII ~hod: Apcl ication of equations (7b)_ (8c)permits the elimination of

n’s and M’s , which gives rise to the folio-wing equation in u:

=

4(
l~~~ J J+l )(J:l 4 J 3+ I

) (21)

~he stahiiity of this scheme can be investigated by the von Neumann

ethod. Becaure (21) is a three—level scheme , the analysis leads to a

ecun :—oI (ler amplification matrix (ref. 8). The Fourier—decomposition of

t °an be written as:

u~ = ~~1 e:p (~~jnh) (22)

n which ~
‘ is the iuaginary unit and n the wave number. Cubstitution of

22) into (21) giver a scalar equation in ~~~~~~ Si . and ~~~~~ which

an he t ran sfo rmed in to  a vector equation by the introduction of

~ 
2~~~ = (23)

‘he resulting -:~-~ tor equation is given by:

= , (24)

(/ r _1/r\ £ 
~ T-in p1i ica~ irr m~~rix A = and ~ =( S , .~~~2)

0 /

,. ,. 2~....,. .. ~~~~~~ .
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The eigenvalues of A satisfy the following quadratic equation :

rA2 — 4)~ + 1 = 0 (25)

If 34r(4, the roots of (25) are positive and smaller than or equal to

one. If ~~~~ the roots are the complex conjugate of each other, and it

follows at once that :

J~~!
2 =I

~2I = A 1 1  ‘‘
~‘1’~

’2 = 1
/ (

1
/4 (26)

Consequently it can be concluded that the CS—method is unconditionally

stable.

ii) The RH—method: The results of the CS—method at all points, with step—

size h, are indicated by ~€ and the solution at odd points , stepsize 2h is

indicated by~~. The amplification matrix for the fourth—order accurate

results at the odd points is constructed according to equation (13) :

4(
4/r* - 

1/ )  1
/3(4/~~ - 

1/ )
A dd = (27)

1 0

Its eigenvalues satisfy also the quadratic equation (25); the leading

term can then be expressed as:

r 3÷ 12 [(k/h
2
)
~~~

L1-cos
~~
)/(2+cosr)J 

2 (28)
odd 

1+5(k/h
2)e(1—cos y’)/(2+cos~’) 

S

With the same reasoning as above we can proof that the moduli of the

eigenvalues are equal to or less than one.

To examine the stability of the even points , a Fourier decomposition of’

in and M of the cubic—spline solution i~i assumed :

m~ = ?1
~ 

exp (ij~’)/h,

- (29)
j

M. = i~ exp (i37’~/h

From equations (8), the following relations can be derived het.-:ecr~
the Fourier—coefficients of in and N and those of u:

‘71 = ~I : i r~~’/ (2+cos~~ ) ~~1 ,
(30)

= —6(1—cos ~ )/(2+cos~b ) ~,i

L ~~~ ~~~~~~~~~~~ -- -—- ~~~~~~ ~~~~~~~~~~~ 
- ~~
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It can be shown that these relations also hold for the fourth—order ac-

curate results at the odd points. Substitution of the three Fourier—de-
compositions and equation (30) into equation (14) gives the connection

between the eigenvalues of the odd and the even amplification matrix:

~kvn l = L5_(5_cos~~
)
2 
/ 81/(2+cost) JA Odd I (31) H

Hence the moduli of the even eigenvalues are equal to or less than the

odd ones.

In fig. 3, the eigenvalues are depicted for the three cases treated in

this chapter. The conclusion can be drawn that the RH-method is uncon-

ditionally stable.

iii) D—o~~thod: The introduction of a better approximation for ~
2
u/~y

2 with
respect to the CS—method does not change the stability analysis because

only higher—rc-der terms are added, which have no influence upon the

stabilit~r.

4. THE ELECTRON GAS EQUATIONS

The RH—method is used to solve the electron gas equations along the electrode

wall of an NHD channel. This exercise seems to be of sufficient difficulty

to test the method in practical circumstances.

The electron gas equations are derived from the physical model of and MID—[ duct , as used for electric power generation, with argon as a working medium

seeded with a small fraction of cesium vapour to increase the electrical

conductivity. The current—carrying electrons are created by ionization of the Cs ,
consequently the plasma consists of electrons , CS—ions,Cs—atoms and Ar—atoms. Be—
caLire there is little interaction between the electrons and the abundant Ar—
atorrr;,the elect :- o,n behave as a separate gas, with specific electron gas

temperature T
e 
(ref. 9, 10 , 11 , 12).

The interaction of’ the Ar—Cs plasma with the applied magnetic field introduces

a Lorentz force in the global momentum equation, and enthalpy extraction and

ohrrl l.’: ‘lirsipation ex :: r in the global ener~ r equation. These equations are

ro t dealt with in this paper; the gasdynanic quantities p, u, v, T are sup—

po::ed to he known .

Here the solution of the electron gas equations is emphasised , because they

offer the heaviest J’l- ’)blems in numerical computations . These problems are

g~roi -oted by the steep gradients at the wall and by the exponential relations

L ~~ between the coefficients o~ the differential equations and the electron 
- -
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Moreover the electron gas tends to be unstable , which is caused by a positive

feedback process called ionization instability. This can be dealt with by the

use of effective , time—a veraged , values for electrical conductivity 
~~~~~~

and Hall parameter (
,,
,~~ ff ) (ref. ii).

In our model , turbulent terms are omitted and the electrode wall is infinitely

segmented, which results in an axial current component J~=O. Non—equilibriw:.

ionization and ambipolar diffusion are taken into account in the electron gas

equations, which are merely stated here (ref. 13 , 14):

continuity

U(~~
C

e/aX) + v ~~ C
0~~~y) = ~~~~ ~ ~~/S)(~

2
/~~y

2
)~~0e(

l+T /T)1 (32)

energy

/) 0v,e 
C
e ( u(aTe/

’ax)+v(aTe/~Y)J 
= 
~
cv,e

C
e
Tefu(~,

o/ax)+v(
~p/~Y)J 

+

~~eff
_H

b(Te
_T
~~~~~~~ [

3(k/e)
2T~~~ff(~T /~y)+2.5kTp/(mS). ( )

C (1+Te/T)J /&y] 
_1.5kT~( y){/~/(meS)~[Ce(

1+Te/T))4yJ+

— ~~(E +c m T )e I v,e e e

The symbols used in these equations are :

C = n m / ,~ , 
electron gas—concentratione e e~

n = number density of electrons

= fl e s
_fl

e)6~
22i~

8 
~~ exp(—~.~~ 6 e/kT )+

—n~2.58~~
9 exp(1.337e/kTe), electric source term

m = mass of an electrone
= number density of seed particles

= number density of argon

= viscosity

= ionization energy of Cs

e =- charge of an electron

k = constant of Boltzmann

~~‘~eff 
= ohmic dissipation

J current density

~
‘
eff = ~ if , ot,herwise 

~
3’
~eff 

= 6/~ CP~t//~ ;/3= eB/rn~~)0,

Li ..~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -- -- --
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~~ ,4 ~~-LC (1÷T /T)I = ambi—polar ion flux

= ~~c k f  ~
e,i~~e,as + ~ e~:a] , collision term

= mas r  ot an ar~ ur~ atom

a reed particle

S = Schm i . it number

~) 
~~~~~~~~~~~~~~~C ~~, i e,as e ,aa

= 1 .~~~~n T ~~~ 14 8.7610
6
(T 3

/n )2~ , collision frequency electron—

Cs—ion

~e,aa °10 n (ckT /~r r n )2, collision frequency electron—Ar—atom

Ve,as= ~~~
_17 
(n_ n )(8kT /~~m )~~, collision frequency electron-Cs—atom

The energy transport term perpendicular to the wall contains electron heat

conduction, heat transport by electric current arid ambi—polar diffusion.

The boundary conditions are at the center line of the duct :

OC~/ay = ~ T~~~y = 0 (34)

At the wall , a two—layer model is used. It is assumed that adjacent to the

wall a collision—less electrostatic sheath exists which is directly bounded

by the continuum plasma (ref. 13, 14, 15, 16). This model leads to the wall

boundary conditions :

(T+T )(~ C / ~y)+ ((~ T / ~y) - -~~~~T/~~~)-,~~~ 
~~~~ 

Tj C e = 0

f ~,/ . f
,~
oi

~~/rn )(~
_.) J 1 

~~ 

+ 
~~ 

6•
~ ff ~~~ 

= 0 (36)

for y=O , where the sheath voltage drop

kT J J 2li m ~~ ii
— ~~~ lfl [.

Y em 
(

e).. 
+ (37)

In order t o  solve (32 ) and (33) with the appropriate boundary conditions ,

the x_rlpr-ivitives are approximated according to equation (5) .

A
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E~uations (32) and (35) are lineari zed with respect to C
e 
and its derivatives

in Newton—Raphson fashion . For Te 
and its derivatives the last iterates are

taken. This results in a linear two—point —boundary—value problem in C ,

which is solved by the RH- i :iethod . Subsequently, the same quasi Newton—

Raphson process is applied to equation (33) and (36) to solve Te 
and its

derivatives. To deal with the steep gradients near the wall , a suitable

transformation was introduced to stretch the wall region:

i/n(a÷y/y ) , a = .001, n = 40 (37)

If only rough guesses for 0e and Te 
are available at the start of the compu-

tation , the iterat ion process of both coupled boundary—value problems suffers

from an instability which could be cured by relaxing the newest value of T
e
:

T =~~~T + (l-o)
~~ 

, (38 )e e es-s-i s s-s-i

in which s is the number of iterations and T is the result of the q-uan~ —

Newton—Raphson process.

For the other quantities , the results could be accepted for each iteration

step without relaxation. It appeared that , at the starting station only the

relaxation parameter ~ had to satisfy: .95 ~ oi< 1.

The set of equations (32) through (36) is solved with the tuned program for

the cathode wall under the following conditions: current crossing th~ chan-

nel Jy = —].04A/m
2
, the emission current J = —1.03 104A/m

2
, magnetic field

strengt h B=l Tesla . It is assumed that the gasdynamic quantities satisfy the
equation of state and at the oen-terline satisfy also the simplified continuity
and momentum equation: p = pET,

du 
(flcuc) = 0, (39 )

Pc U
c ~~~ 

+ J
y~B•

T, ,.o/,o , u/us are given Fur. tion~ of y only (fig. 4), while no pressure

variation in y—direction is ~r rent . At the duct ent rance , x=0, the followir.~
values are given : velocity at the centerline u =  400 rn/a, temperature at the

centerline T = 1°10 K, ter pr~o-dure at the wall T =1600 K and pressureCo wo
p = 1.5 har.

Fig. 5 shows the chosen v .t riatiori of u~ and along the duct . At the initial

position x= .1 the rt ui-ting profiles for T
e 
and C

e 
were found from a rimp li—

lied form of the co’rtinuity and energy equation (32) arid (33), in which -cm—

S vective terms or ~- neglect ’ i. 

- - - -~~~~~~~
- - — - - -. 

~~~~~~~
-. S , -

~~
- - S—-- .--.

~~~~~
- -  

5-. - - — -



In figures ~ and 7~ r esults are depicted of C —  and Te
_profiles . In figure 8

a h - t a l l e I  picture in shown (f the effective electrical conductivitY~~~ff
.

The electr- n con’-entration shows sharp peaks close to the wall. This effuct

iS caused by the emnissi~ n of electrons by the cathode ~~~~~ 
It should be

empn:t..rised that the model does not permit the existence of space charge,

i .e .  the nunt-or density cf ions equals the number density of electrons. The

electron tear r-ature T increases with x , due to the decrease of~~ (fig. 5)

t i~~rt  - .tu~r e n  less energy transfer from the electrons to the heavy particles

by means of collisions . This effect a1.so gives rise to an increase in

e l ect r o n  density. The behaviour of Te near the wall is less obvious. The

model of the boundary conditions at the wall yields for the energy of

elertxcrn passing the boundary between sheath and continuum plasma:

(Ee) = 2kT +e
~~r 

, whereas the mean thermal energy of electrons in the

coLti nuuxn is given by (Ee) t = ~/2 kT. The influx of electrons from the

cathode into the plasma is coupled with a net influx of energy to the elec-

tron gas, whichisthe rr:alized by electron—heavy particles collisions , thus

in.reasing the local electron temperature. More refined models for the plas-

ma— - t—ctrode interface are developed (ref. 16, 17) but should be accompanied

by the introduction of as refined and more complicated models for the sepe—

rate cn r np ’ r e n t n  of the plasma. The computation from x=O.1 until x=2.0,require5i

1 1  sec. compu~er tir~o at a CDC CYBER 72.

5. CONCLUSIONS

Two simple methods have been presented for the solution of parabolic diffe-

rential equations. Both methods are fourth—order accurate in the space—like

dim io. .0 on and se- -ui’I—order accurate in the t ime—like dimension. In what is
called the  c—rneth-:)~~, we increased the accuracy of a cubic—spline method by

e -rt imat in g  the second—order t runcat i on error by differentiating the basic
equation twice. In the RH—method , a local Ri chardson—extrapolation is em-
ployed , before proceeding to the next x—station , to obtain fourth—order

accurate va~ues at every two points; subsequent quintic Hermite interpola-

tion is then used to increase the accuracy of the remaining points. The

h- rc Iar;~’—iayer flow near a sta~~ation point has been computed with bot h

L methods , and , f r -  comparison , also with a cubic—spline method and with a

pure difference method . From a von Neumann stability analysis applied to
the internal points , i t  is inferred that the RH—method is unconditionally

stable. The D—method has the same stability characteristics as the second—

order cubi c— :;p linc ’ method , whi ch is also unconditionally stable.

— a
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The electron gas equat ionc  in ir’ Mllfl— harin-I ui-c . rn- idered  to be of suf-

f icient comp lexity to ahow tOt unofulinens of the ~ i—r n~ t hu d  for  pract ica l

parabolic problems. The ~ind i nc i1~c highl y in -n—i inc-i r , unit the Lounria ry

cond i t ions  at tOt- c a th o de  wall are tun t io n s of the el - t ten ~-u~r - i n - r n —

t rat ion and t e m p e r a t u r e as we l l  as of t h e i r  de- r-iva tives .  The co x -r - t n p o r l i r g

computer program r€ qu i rc J some t u n i n g ,  wh ich  i nc l u d e d  a i~~.n n t  r t : ’ t  ion t

s t retch the y— . e r i i r - L ~ near the  wail , and the  in i i o d r u ~~ion of a rel- ii- —

t ion process to cope w i t h  tee high r it e—l inear i ty  of the eri S i-gy ~~~ 0. ftc 
5

results suggest t hat ~ouw ~ bly a more r -~~1ined  model for  i.e ~t - is r : rt— -~ 0 r o d e

interface is to be c c r c i d e r e i i  in t h e  f u t- n e .  The O— ~- , • hod -an be regarded

as a suitable tool to solve Lour dary—layer duct  H own a~: well :~u other

complicated parabolic r , U 1 r r 1 . s .
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fig. 1 Schematic view of an MED generator channel
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fig. 2 Accuracy for boundary layer flow ;A , difference method ;O , cubic—
splines ; 0, rpd:i -tion of truncation error by locally applied
Rirhardncr—extt-apc .latiori ; +,reduction of t runcat i on error by dif—
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fig. 3 Eigenvalues of amplification matrix for (k/h
2
)6 =.1
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fig. 4 Given velocity and temperature profile.
x=0: u =400 m/s; T =1890 K; T =1600 K
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fig. 5 Variation of velocity and density along the centerline of the
duct under influence of the Lorentz—force
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