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routing problem. Casting the problem of estimating these delay gradients
in a queueing theory framework , and making no statistical assumptions
other than stationarity, we propose three algorithms that process the
record of arrivals and departures of a single-server queue to derive an
estimate for the derivative, with respect to arrival rate , of the total
delay accumulated per unit time. Through simulation and analysis we
show that a.U three algorithms are asymptotically unbiased and efficient
for M/D/i queues. By simulation of other queues we investigate the rela-
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i. INTRODUCTION

In several recent works [1]— (61 it has been shown that routing in a

data—ct mimin{cation network, where the goal is to improve and Mi n im ize net-

work average delay , should be based on knowledge of the derivative of

delay on the network links with respect to the link flows . To be precise ,

if we let A~~ be the average message flow (in messages/sec.) on a link

(i ,k) of a communication network and assume that the average delay f aced

by all messages going through this link is a function only of X~~ , then

we can write Dth (Au
) for the total delay/unit time on the link , namely

the product of the average delay per message and the average flow of

messages/unit time. With these notations , several of the centralized

and distributed routing algorithms introduced in the above mentioned

references employ the derivative D ’ (A ) a dl) . /dA . as a basic quantity.
~.k jk Lk Lk

One way to obtain this quantity is to make some statistical assumptions

on the message interarrivals and lengths and use one of the queueing

formulae to obtain an explicit relationships between D~~ and A~~. For

~~~9?].e, for an Mm /i queue one obtains D~~ (Au ) — A ~~/ (~i~~C~~ - A~~ )

and now by measuring the flow A
ik

? the bit capacity C~~ , and l/U
~k~ 

the

average message length in bits , one can find Dj~ (Ai .k ) .  Of course ,

ferent statistical assumptions will. give different answers for Dik (A~~ ) ,

and in fact these explicit formulae can be obtained only for the situation

where independence and identical distribution of the variables involved

is assumed. To circumvent some of these problems a different approach

can be taken . Rather than estimate the flow and substitute into sorie

ii 26 O~~6
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explicit formula for Dik 0 jk~~’ 
we can instead find algorithms to directly

estimate Djk (X k)
~ 

the latter being independent of any statistical assump-

tions. The purpose of this paper is to introduce and analyze three proce-

dures for estimating the derivative D’ (A) of the total delay D(X) on a

link as a function of the message flow rate A on this link. The algorithms

are based on measurements of arrival—departure records of the messages and

on processing these quantities recursively to obtain the required estimates.

We use the nomenclature of queueing theory by referring to the link as a

queue and to the messages as customers.

In Section 2 we introduce and motivate the three procedures and pre-

sent their realization in recursive form. Section 3 sketches the analysis

of the statistical properties of each algorithm as applied to M/D/i and

M/G/l queues. In Section 4 we compare and contrast the computational and

storage requirements of each procedure. ~(ni~1~1y, Section 5 presents the

results of simulating the algorithms for M/D/I , M/M/l, U/al/I, and D/M/l

queues, and identifies a single most promising procedure .

2. T~~EZ ESTIMATION ALGORITHMS

We now proceed to propose and evaluate three algorithms which process

the record of a single server queueing system to estimate the derivative

of the total delay/unit time with respect to arrival rate A . The available

record consists of exact knowlecge of arrival times of customers to the

queue and of their departure times after service is completed. Time is

segmented into alternative (random ) intervals , busy periods , during which
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the server is occupied , and idle periods , when the server is free. The

observation interval which is used to form our estimate consists of a

number of busy periods and the intervening idle periods.

A simple thought-experiment motivates all. three estimation algorithms .

Consider our single—server queneing system with its average arrival rate

of A customers per unit time. ?or a given observation period T ,  if we

can compute the total. system time S i.e., the sum of a].]. cus ome ’ s service

and waiting times, then the average delay/unit time is given by D - SIT5.

Suppose we could actually alter the input flow by some iSA . Then , on the

basis of an earlier 3, by computing 3* for the next observation period,

we can estimate the derivative of the total delay/unit time by calculating

D*_D
a (2.1)

However, in any actual queueing system tt ~ot~lc~ be undesirable to change

flows just for measurement purposes. Even if we could ~mplement (2.1) ,

the independent statistics]. fluctuations in 3 and 3* would probably make

it a very poor estimator. Hence , what we need is some mathematical for-

maliam for an imaginary increment in flow iSA , which will allow us to com-

pute the corresponding change in delay without actually perturbing the

arrival rate.

According to intuition, an increase in arrival rate should result in

additional customers entering the system. An extra customer arriving in

a time interval TE with probability C will increase the effective rate

by iSA — C/TE . If extra arrivals are mutually independent events , the

_ _ _ _ _  
VS
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probability of two or more customer, will be of second—order in C and

hence of second—order in iSA . Therefore , only the effect of a single

extra arrival has to be considered explicitly. We also assume that the

arrival time of the extra customer is uniformly distributed over the ob-

servation period T~ . In addition , in order to explicitly compute the

change in total system time over the observation interval due to an extra

arrival , we wili assume that the additional customer has some b’own deter-.

ministic service requirement. These assumptions allow us to compute an

expected increase in system time conditioned on the arrival of a new cus-

t~~~r, and the resulting estimation procedure will be called the customer- 
S

addition algorithm.

In a second algorithm, first proposed in (11 , an incremental decrease

in the effective rate A is simulated. This is done by assuming that each

customer arriving to the system is allowed to indeed enter the queue with

probability 1 - C , and is eradicated with probabili ty C , independently

from customer to customer . In this way we simulate an arrival process S

with rate A ( l  — C ) ,  when C — — ISAA . If we let M ’ be the total number of

cus tomers in a period T5, then C is given by 
S

-T
(2.2 )

Again , the probability of removal of two or more customers from the same S

period TE is second—order in iSA and hence the reduction of total system

time that has to be considered explicitly is due to removal of

~~ 

% ,‘~~~

__________ 
_ _ _  VA
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three algorithms will, occur at the end of busy periods , and assumes the

form

~~ ‘ (k) — (k—i) + ~~~~. (2.4)

Here , ~3’ (k) denotes the delay derivative estimate based on k busy periods

of observation. The factor renorzna].izes 3’
~k-l to corresp ond to a term

in the expression for the k-busy period estimate. Finally, denotes the

contribution to the k-busy period estimate derived from the current busy

interval.

In the customer—addition algorithm we simulate an increase of iSA in

the arrival, rate . The following assumptions will be made :

1) The probability of an extra arrival in the interval TE is S

5 X T 5.

2) Each extra arrival, is independent of all other arrivals.

3) The extra arrival is uniformly distributed over the interval T5.

4) The service requirement of the extra customer is known ; we denote

it by x.

We must note at the start that the form of the customer-addition algorithm 
V

derived here is only meaningful for queues where all. customers have identical

service requirements. However, the procedure can be practically extended

to the case where the service time distribution allows a finite set of

discrete service requirements . For simplicity , we treat here the case of

a single allowable servige requirement .
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Let Tk and I.~ denote the busy and idle periods, respectively.

Let dS1N) denote - the increase in system time over N busy periods

associated with the arrival of an extra customer. We let ~~ (N) denote the

expected increase in system time associated with an increase in arrival

rate iSA and conditioned on the record of arrivals and departures . By con—

ditionining on the random arrival time t being in each Tk and we can

compute iS~ (~ ) to first order in iSA by

N T
-~ . kiSs (N) 

{ 
~ 

E(lSs
(N) It  € T~ , queuei.ng record) ~~—’

k—i. B 
S

S + J~ 
E(iSs~~~ j t  

~ ‘k ’ queneing record) j~ ’ } T5• tSA (2 .5)

the factor (TE • 6A) outside the brackets is the probability of an extra ar-

rival. The factors Tk/TE and I.jT5 represent the probabilities of t being

in the k—th busy and idle periods , respectively . This is a consequence

of the assumption that t is uniformly distributed over TE . Since we are

interested in the derivative of the total delay/unit time with respect to

flow rate , our estimator is given by

— j r iSA (2 . 6 )

we focus next on the calculation of E (iSs (N) € T~ , queueing record) S

and E(6s(N)lt e i~ , queueing record) . These expected increments in system

time are composed of the average effect of the extra arrival on existing

customers plus the average system time of the additional customer. In

considering additional arrivals in a busy period , we can distinguish

LA ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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between the effects on customers in that busy period and interactions with

succeeding busy periods . First we examine the part of B (6s (N) It e Tk ,

queueing record) , call it Ask s that come! from considering the k-th busy

period in isolation . To facillitate discussion , the following notation is

defined:

arrival time of i-th customer in busy period relative to

start of busy interval .

service requirement of the i—th customer

system time of the i-th customer

N number of customers in the busy period

P duration of busy period.

The system time of a given customer is equal to his service plus waiting

time. The waiting time is equal to the sum of the service requirements S

of those who enter the busy period before him minus his arrival time.

Hence , for an arbitrary queue , the system time of the i-th customer is

given by

S
i 

xi + ( !  X
L 
- 

~~
. )  (2 .7)

2—i

Now we note that an additional. arrival at time t in the interval V

i
will have to wait ( 

~ x2 — t) until being served and will cause
2.—i

the (N - i) following customerz~ t~ wait an additional time x. Assuming

that all the service requirements are the same (x 2 
— x ) ,  an arrival at

time t results in an add.itioriai. total waiting time of (M - i)x  + ix - t or

h 
_____ _________________

- ~~~~~~~~~~ S - V 
- - - --- - - - 5
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Mx — t. Now letting t be a uniformly distributed random variable on 0 to

P or equivalently on 0 to Mx , we note that t T/2 or t = Mx/2 . Hence ,

the expected increment in system time is given as

(2.8)

where

Mx/ 2 (2.9)

We complete the calculation of E (iSs (N) ~ 
T~ , queueing record) by

considering the additional system time that m ay  result from one busy period

overlapping onto another. No matter where an additional customer arrives

in the k-th busy period , that period will be extended by the service time

x. The value of x relative to the following idle period durations will

determine the number of succeeding busy periods , that will be affected by

an arrival in Tk . If x 
~ ‘k no following busy periods suffer additional

delay. If < x 
~ 

‘k 
+ ~~~~ only the (k+l)-st busy period is affected.

The exact effect on a given busy period j in the future , depends on how

much an arrival in Tk causes the (j—l)-st busy period to overlap into the

j— th busy period. For example , if x > I,~ , then each customer in T
k+l 

will

suffer an additional delay (x - Letting denote the number of cus-

tomers served in the k-th busy period , the preceding reasoning leads to

the following rule for computing E( iS s
(N) It e Tk t queneing record) :

ii - - , - -  — ~‘~~~~~S S ~~~~~~~~~ V — L - _  ., . S~~~~~V ~~~~~~~~~~~~~~ 
5 5á-~ _~ VVVVV~ —- •V ~~~~~~~~ V S~~~~~ V .

~~~~ V S M
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X<I
k

~~k~~k+l 
(x-I,~) I

~~,X<I.~
+Ik+l

2+1 i-’l 2. 2,-i-i
(iSs (N) I t€Tk~ queueing rec~rd) = 

~~~~ 
Z M k÷j ~~~~~~~~~~~ ~~

Ik÷j <x<
~~~~

Ik+j

N-k j-1 N-k-i
Ask+

~~~
M

~÷j 
( X _ : I k+m

) 

~ o ~~~~~~

(2.10)

To complete our description of the customer—addition algorithm, we 
S

iust now evaluate the average increase in system time E( Ss (N ) I t €

(ueueing record ) associated with arrivals in idle periods . The effect of

in arrival in I.~ on the (j+k ) -th busy period again depends on how much the

j +k—l) -st busy period slides onto the (j+k ) -th busy interval , and thus

zust be averaged over all times of arrival t of the additional customer in

the k—th idle period . Let t ’ denote the negative of the time between the

irrival of the additional customer and the start of the (k +l) -St busy inter- S

ral . • Then , assuming an additional customer arrives in 1k ’ t ’ is a random

,ariable uniformly distributed on the interval 
~~‘k ’°1’ Let us define

the quantity ‘
~k ,j  by:

( 0  i—i

~~ ‘- (2.11)k ,j  
~~~~~~~~~~~

~‘ 

~~~k 1-mn j~~].
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Len , an additional arrival, in I~ will cause the (~+k-i.) -th busy interval

to overlap onto the (j+k ) -th busy period by an amount equal to

uiax{x + ~~~
‘ - o}. Hence, each customer in the (j+k)-th busy period

suffers an additional waiting time of max{x + t t  - 0}. On the basis

of this reasoning , we may compute ECiSS (N) It € ‘k ’ queueing record } by

2+1 0
E{ds

(N) I t€Ik ? queueing record} = x + 
~~~~~~~~~~~~~~~~~~~ ~

C
kj

(2.12 )

for
2, 2+1

.~~~ 
‘k+j ~ 

x 
~~ •~~~ ~~~~ 

(2.13)
j=l

The integrals appearing in relation (2.12 ) are computed as

~~
+j/0

~~ 
max{x+t ’_c

k,~~
l o~~~~~

= 
~~~~~(X~~~ 

- > 
~~~~~~~

( x—cy • ) (c • — x > — I )
k ,j  k ,j  k

(2.14)

Employing relations (2.8), (2.10), and (2.12 ) in (2 .5 )  and (2.6) we

can conceive of a processo r which update s an estimate for the delay gradi-

ent at the end of each busy period. Let denote the time from the start

of the observation period to the end of the k-th busy interval . Let &

denote the incremental expected waiting time suffered by the M,~ customers

in the most recent busy period due to an additional arrival during the

entire current queueing record plus the expected waiting time of an extra
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customer arriving in Tk . Then , the estimate updating at the end of the

k-th busy interval assumes the form

= 
2’k—i ($~~ , 1 ) ~~X)  + . (2.15)

A A

the (D ’ . —x) terms appear since we can identify (ID ’ . -x) as an estimate
(2,1 (i,

of the incremental increase in waiting time per unit time.

Now, can be expressed as

V 

(2.16)

where denotes the expected additional waiting time suffered by members

of the current busy period due to an additional. arrival in Tk plus the

newcomers expected waiting time , while ~ and denote the expected

waiting time suffered by customers in the most recent, k-th , busy inter-

val due to an arrival in eithe r past idle periods or busy periods respec-

tively . Since x is finite, we need only look back a finite number of busy

and idle periods to compute and Let n,~ denote the index of the

first idle period at which a new arrival with service requirement x can

affect the customers of the current , k-th , busy interval . We determine

n
k 

by requiring that

k-i k-i
12, < X < 

~ ~2. (2. 17)
z=nlc+i

Then , we may employ relations (2.10) and (2.12) to compute and by

_  ~~~~~~~~~~~
- V .~~~~~~~~~ V~~~~~~~_S~~~~~~~~~~~~~~~~~ SJ
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k—i k-i P
1LSk = ~~ Mk (.x — 

~ 
14 ) 

~~ 
(2.18)

j —t -I

and

~Ik~~~~~~ 
~~~~~~ maz{x+t

~~~ z ,k_~ ,o}ç_~~~~ 
. (2.19)

We note that at the end of each busy interval, 
~k must be updated so that

relation (2.17) is satisfied.

In the customer—removal algorithm we simulate a decrement in arrival

rate dA by removing customers from the queue with probability ~ (given by

relation ( 2 . 2 ) )  and computing the resultin g decrement in total system time.

Here , the situation is somewhat simpler than in the customer-arrival algo-

rithm, since removal of a customer affects only the customers belonging to

the same busy period. Letti ng 5s~ , denote the change in the system time

of the i—th busy period due to the removal of the j-th customer , the ex-

pected change in system time 
~
5
~~(N) 

in a N busy period observation interval

P due to a decrement in flow dA and conditioned on the queueing record

is formulated as

N M .

E(65
(N) ~queueing record) ~ — 5s .( , ) . (2.20)

j— I. i—i 3’

Hence , the desired delay gradient estimator is given by

A , ~, 
E(6s (~ ) I~~ueueing record) 1 

N 
M

1, 
. (2 .21)

D (N) — T = M’ - cSs V

E i—I. :1—1 ~~~~~~

We compute 6s by working with more microscopic quantitites. Let C~
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denote the amount of system time saved for the m-th customer in the i-th

busy period by the removal of the n-th customer in that busy period . Since

the removal of the n—th customer can have no effect on customers that pre-

ceded him , Cu — 0 for m — ].,...,n—l. Hence , ~s . can be computed asm,2. J , i

— 
~~ ~~~~ . (2.22)

We now develop a systematic procedure for calculating the C~ 
~, 
‘ S.

To simplify notation , we drop the i denoting the index of the , busy period.

Let V W ,  5 , and X denote the waiting time , system time and service require-

ment, respectively of the n-th customer in the busy period. Let d~ and

a~ denote the corresponding departure and arrival time of the n-th customer.

Since the system time the n—th customer saves by its own removal is ~~~

we have Cu — s . In considering the effect of removing the n—th customern n
on the (n+l ) -st customer, either a new busy period begins with the (n+l) -st

or the (n+l ) —et custome r remain s part of the busy period formed by customers

1 to n—I. . The condition for customer ri+1 beginning a new busy period is

that the arrival, time a +1. of the (n+1) -st customer is greater than the

departure time d of the (n-li -st customer. In this case , customer n+l

will save its waiting time w . If d > a , removal of customer n doesn+l. n-I. n+l
not cause customer n+1 to start a new busy period , and hence customer (n+l)

saves an amount of time x since it need no longer wait for customer n to

be served. This rule f:r C’1
~ 1 is summariZed by 

d
fl n+l n+l n+1 — n-l

C
n — )  (2.23)n+l (d - d  — x  for d  > a

n n—i n n-l n+l

- -= ~~~~~~~~~~~~~~~~~~~~~~~ - ~~-~~S~~~~~ -- V S ~~~~~ V~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



~~~w4 nation of th. definition (2.23) for c’~41 reveals that it may be more

succinctly stated as

— a*in{x ,w
1

} . (2.24 )

Similar reasoning to that employed in calculating c~~ 1 applies to the

ccs~ utation of c~ . The removal, of customer n either causes customers m and

rn—i to be in the same busy period , or breaks the busy period after customer

(rn—i) . The removal of customer n causes customer rn—i to save system time

C~ . Hence , customer rn— i departs at an earlier time d - c~ . Ifrn-i n—I. rn—i

this new departure time for customer rn— i is greater than the arrival time

a of customer m , customers m and rn—i remain in the same busy interval

and. customer rn saves a system time c’1 
. However , if a > d -

rn rn-i rn-i

customer m begins a new busy period and saves its waiting time These

relationships are 

::~~
ised in the f:liowing rule ~: computing c~~.

n 
— ~~~ rn—i rn— I. — Ut (2 .25 )

~ ( d  - a  — w  for a > d  _ 0 n
m m m rn— i rn—i

This rule may be expressed more compactly as

min{c~~11w }  . (2 .26)

Hence , the algorithm for computing the c~ ’s may be summari zed as

~ 

V S S~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



n
C — s
a a

— min{x
~~

V
~+i

} (2.27)

-a n
C a mifl{C ,w }  m n+2 , . . . 14rn— i rn

where M is the rn~ b.r of customer s served in the given busy period. The

custc r—r~~~val. algorithm is now completely specified by relations (2.21) ,

(2.22) , and (2 .27 ) . The N busy interval delay gradient estimator may be

s~~ressed a.s

N 
M~ M~

A 
_ _  

ft
— 

14 
C . , (2.28)

(N) i—l n—l~~~n

where - 
V

N
14(N) 

— 
~~ 

~~~ 

. (2.29)
i—i

We may write relation (2 .28 )  recursively as

D
(k) 

— 

TM (k I.) D (k ,i) + 2 .30 )

where
M
k

M
k

~ 
C j~ . (2.31.)

n 1  r n n

In our third algorithm , we simulate an increase in rate 6X by a iinear

hi ~~~~- - -_ -~~~~~~~-~~~~~~~~~~~~~~~~~~~~~~~ - £4
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contzwtion in time scale. Assume that t~ . denotes the arrival time of

the j -th customer in the i-th busy period relative to the beginning of the

observation interval. We define a new set of shifted arrival times by

— (1 — ‘~~‘)t~~~ . (2.32)

Since iSA represents an infinitesimal change in rate , we can choose it suf-

ficiently small, so none of the busy periods are shifted onto other busy

periods by the time contraction.

We now consider the increment in system time that comes from each cus-

totn~r arriving a little earlier and hence , waiting a little longer . The

waiting time of the j—th customer in the i-th busy period is defined by

i—i
w . — x — (t . — t . ) , (2 .33 )

Z~i ~ ,i j , l

where x denotes the service requirement of the £-th customer in the

i-th busy period. If we substitute the shifted arrival times given by

(2.32 )  into (2 . 33) , we can relate the new wai ting times w ir 
- to w - by

j , i

— ~~~~ + ~~~~~~~ — t1~~ ] ( 2.34)

We define r - 
~, 

as the arrival time of the j-th customer in the i-th busy
I’

period relative to the start of that busy period . Hence , the additional

system tim. over N busy periods that follows from (2 . 34) can be expressed

as



f~
, I~ 

z~, 
, (2.35)

i—i

where
0 Z4~, l

Z~, — (2.36)

~ TMj > l

A second contribution to the increment in system time follows from

the fact that our time contraction procedure shifts the right edge of the

observation interva l , leaving a gap of duration ~~
1rE in which additional

customers could arr ive. Let 0 (A) denote the average system time per cus-

tomer. Then , AD0 (A) represents the average total delay accumulated per

(mit time. Hence , the average increment in system time associated with

an interva l of length would be given as

— CSATED (A) . (2 .37 )

Since both A and D~ 
( A ) are unknowns , we use the fact that asymptotically ,

N
~

‘ i—I.
T (2 .38 )
E

and N i.

~ ~~S4 j
i—I, j—i -‘ ‘

D
~

(A ) N

-~ 
M~

i—i

— ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
V _ ~~~~~~~~~ Z_ V V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V _ V ~~~~ V~~ VV
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where S~ 
~, 
denotes th. system time of the j-th customer in the i-th busy

period. Combining the contributions to the incremental system time given

by (2.35) and (2 .37 )  with relations ( 2 . 3 8 ) — ( 2 . 3 9 )  we obta in the following

N—busy period delay gradient estimator:
N

~~. JU1 ~~~ ~ ,~
) + 

V 

2 40
(N)

where Z~, is defined by relation (2 .36 ) and TM
(N)  

by (2.29) . Relation (2 .40)

may be wri tten in recursive form as

0 (k) — D (k i) 4 , (2.41)

where

Ak ~ ~~ 

5L ,k ~
‘ (2.42 )

Alternatively , by empioying the definition of S
L k  

and we may express

as

Ak — 
~~ (M~ — 9. + l) x

9. k • ( 2 . 4 3 )
9.—I.

3. STATISTICAL ANALYSIS 0? THE ALGORITHMS FOR M/0/1 AND M/G/1 QUEUES

Having ~~tivated and defined all three algorithms for estimating the

delay gradient , we now proceed to analyze their asymptotic behavior as

th . observation Lnterv al and hence the number of busy periods N included

_ _ _ _ _ _ _ _  ~~~~- - -~~~~~~~~~~--
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~~~~~

become large , for the special cases of some simple queues . We sketch the

analysis of the asymptotic bias for all three algorithms in the case of

an M/D/1 queue. In addition , for an M/D/i queue we derive Cramer-MO

lower bounds for the r.m. s. error- of any unbiased estimator using the same

information as each of the three algorithms. Finally, we will, discuss

briefly the analysis of the asymptotic bias of the customer-removal and

time-~contractiofl algorithms in the case of H/G/l queues.

For a general queue , the asymptotic bias b associated with each algo-

rithm is formulated as

b — ].im E{O’ ) } — ~~~~~~ (3.1)
___ (N

where D (A ) is the average total delay accumulated per unit time. If D0 (A )

denotes the average delay per customer, then D (A ) is expressed as AD0 ( A ) ,

and hence ~~~~ ‘ may be written as

~D (A)
~~~~‘ —  D0 (A) + . 

( 3 . 2 )

Now the avera ge system time per customer D0 (A) is express ible as

D0 (A) ~~x + w ( X ) , (3 .3 )

where x denotes the average service time and w (A )  denotes the average

waiting time. Hence , can be reformulated as a function of the average

serv ice requirement and waiting time as

-~~~__ _ _ _ _ _ _ _ _ _
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~~‘ x + w (A) ~~~~~~~ . (3 .4 )

We can evaluate the above expression for all. queues for which a~ explicit

form of the waiting time distribution is available . For an H/G/l queue ,

w (A) is- given in (7] as

— - 
p ( l + c 2)

w (A) — X 2( 1 — p) ‘

where p — Ax , (3 . 6 )

is the utilization factor and

2 (3 . 7)
x

where denotes the variance of the service time distribution .

We now briefly describe the steps employed to show the asymptotic un-

biasedness of the customer -addition algorithm in the case of an M/D/l

queue . For the full. details we refer the reader to [8]. From relation (3.1)

we must evaluate

Urn E D’ him E{~— (N ) } (3.8)
~~~~~~~ (N) N-~~ E

where tSS (N) is defined by relation ( 2 . 5 ) ,  in order to compute the asymptotic

bias . Letting M denote the average number of customers per busy period , by

the law of large numbers we have



r~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~ ~~~~~~~~~~~~~~~~

— 2].—

him TE = lim{~~~} , (.3 . 9 )

and interchanging the li mit and expectation operati ons in ( 3 . 8 )  we need

to compute

A ],jm {.
~~— E {  

(N)} } (3.10)

Now define the two aggregate vectors 
V

M
(N) 

= CM11... I N
N

) 
‘ (3.11)

and

1(N) 
— (I

i i .  “N—l~ 
(3.12)

where the L ’ s are the number of customers served in the i-th busy interval

and the I
~
’
~ 

are the i-th idle period durations . Then for an M/D/l

queue , the queueing record is completely specified by 14 and ~ . We
(N) (N)

break up the calculation of } by first conditioning on

averaging over r (N ) . and performing a final, averaging over 
~ (N) • Writing

~~(N )
out E{ } from relation (2.5) as

N N(N) 
~ 

k i  ~~~~~~~ 
t€T](~ ~ (~ ) ?r

(N)~~ 
+ 

k=1 
E {E ( 6S (N) It~I~M (~) “(NI

(3 .13 )

We note that there are two types of terms that must be analyzed , corresponding

to the busy and idle period contributions to the incremental delay . To
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~~ (N) -perform the initial averaging of over ‘(N) 
we use our expressions for

E (
~
SS (N) IteTk, M (N) 1 ‘(N)~ 

and 
~~~~~~ 

tGI
k I M

(N) 1 ‘(N)~ 
given by relations

(2.10), (2.12) and the fact that the I . ‘s are independent exponentially

distributed random variables with probability densities

p1 (t) — ~~~~ U 1(t) . (3. 14)

After considerable manipulations , which are detailed in [8], we obtain the
Nmean of conditioned on M

(N ) 
as

N N—i N-j
~~~~ jz .i~~~ } = 

~~
(r
~
1
k
x
2 

+ ~~t~x
2
) + 

~~~~~~. k=]. 
M . M . ka

N—ir X 1 1 —Ax+ L (~~‘1’ 
X~~+i

(x + ~~(e - 1) ) )
k—i

N-2 N-k
+ I ~ 

M~~, .b .
k=l j—2 ~~

N—2 N-k
÷ 1  I

- M c . ( 3 . 15)k—I ~=2 k+) j

where

x (x — 
(Ax) 9. 

+ 
2—Ax ~~~~~~ (3. 16)

2*2 9.43(Ax) 
— 

(Ax) 
(3 17)j X 9.,,~~ 1 2)~ x lz=~_i (9.+3H ‘

and

(Ax) ~ —Ax xc
3

= (~~ 1) 1 e ~~‘ . (3. 18) 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~V V~~~~
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We now note that the M .’s are independent , identically distributed random

variables and that for an M/D/i queue the first and second moments M and

axe given by

and

~ z 2p — 

~ + , (3.20)
(1— p) ~

where

p — A x  . (3.21)

B~ using (3. l~) and (3.20) we can compute the unconditional expectation of 
V

SS (N)
Then by employing (3 . 15)—( 3 .l8) we are able to evaluate the limit

A

l im — E {  ~ + 2 (1— ) + 
px 

2 (3 .22 )
N~~~~NN 2 ( i— p )

The above result (3 . 2 2 )  is exactly the quantity obtained by specializing

the expression (3.5) for w ( A )  to the case of an M/D/i queue and substituting

into our general. expression (3.4)  for the delay gradient - . Hence , the

customer-addition algorithm is asymptotically unbiased for an M/D/l queue.

Since the calculation of the exact variance associated with the customer-

addition algori thm is too cumbersome , we derive a Cramer-Rao bound . If we

have an observation vector R , a parameter a we want to estimate and a

density for R parameterized by a - p (R: a ) , the Cramer-Mo lower bound for
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~~~~~~~~~~~~~~ 
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the variance of any unbiased estimator &(R) of a is stated as follows :

Var(a(R) — 2 2 . (3.23)
• 

- 1a~~~~ p ( R :&  H
2

3cz

• In our case we identify R as (14 , I ) .  As a pro duct of the “memoryless”
(N) (N)

property associated with the exponential interarrival time distribution we

can show that the H.’ s and I~ ‘s are all mutually independent so that

is given as

N N-i XI .
= II Pr{M. m .} 11 Xe ~ , (3.24)

1=] . j — l

where for an M/D/i queue Pr-CM . = m . } is given in (7] as
-l

(m .p )  3 ’

Pr{N . = m . } ~ ‘ — ~~ 3 ’ 
. (3.25)3. 3. m, L

3.

Hence , pretending that p is the parameter of interest , we can express

P (M (N ) l 1(~ ) .p ) as 
N N N—],

(i~ i 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j~ i 
‘
~

(3 .26 )

But now letting y denote for an M/D/l queue , where is defined in rela-

tion < 3 .4 ) , we can express p as a function of y as follows :

p - i -  ~~~~~~~~~~~ , (3 .27

— V —~ ~~ ~~~~~~~~~ ~~~~ -— — V
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Hence , we can form P (M
(N) ‘t (N) 

: y) and can evaluate the bound in relation

(3.23) as

2 2
Var(y - ?) > 5 (3.28)

(N—i+p) (l—p )

Next we investigate the asymptotic properties of the customer removal

algorithm in the case of an M/G/i queue by first interpreting the terms

in the estimator. For a given busy period , the inner two suumations in

relation (2.28 ) may be grouped into two terms representing the sum of all

the service times of customers in that busy period and the cumulative

service time saved by by all other customers due to the removal of each customer

separately . Hence , the N busy period delay gradient estimator may be ex-

pressed as N H. N

I I s . .
A i h  -i—i ~~‘

3’ i—i
~~‘N) M 

+ 
M 

(3.29)
(N) (N)

where

( o  M. = l
= ) 3, (3.30 )

M . -i M .
1 3 ’  3.

I I I 1 4 > 1
n—i m n+i m, i. 3’

We examine the asymptotic behavior of the mean of the estimator speci-

fied in (3.29 ) by interchanging the expectation and limit operation. By

appealing to the law of large numbers the limiting form of the estimator

as N becomes unbounded is

h~- -- V - ~~~~~~~~~~ 
•~V~VV ~V~ _~~~~~ _~~_ a a L ~~- , .  - €~~~Va2. 

V V~~~V_ ~~~~~~~~~~~~~~~~~  V _  -
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u r n  E 6’ E u r n  D ’ D (A) + , (3.31)
N4~ 

(N) N-~~ 
(N) c

where D (A) is the average system time per customer , p is the expectation

of the quantity defined in (3.30) , and M is the expected number of customers

served per busy period . Employing the general. relation (3.4 )  which expresses

the delay gradient as equal to D (A) plus , we can formulate the

asymptotic bias of the customer—removal algorithm as

b — him E - - . (3 . 3 2 )
M -

We can break up the calculation of p by conditioning on H = i for i — 2 ,. .. ,~~

and hence we find

p ~ Q(i ) f .  , (3.33)
i=2

where f~ is the probability that i customers are served in a busy period

-
• and Q(i) is defined as

i—i i -

Q( i) = I I E (c ’1
1 M— i) . (3.34)

n ] .  zn n+l

Now for an H/Gil queue the average number of customers served per busy

period is given in (7] by

The z-transform for the probability density of the number of customers

served per busy period is described in (7] by the following functional equation :

4 ~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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F (z) — zB*(A — AP (z ) ) ,  (3.36)

where B* (s) is the one—sided Laplace transform of the service time density

and F(z) is defined by

F(z) ~ f~z~ . 
V 

(3.37)
n—h

-- . 

V 

~w(X ) V

We may now employ the expression for w (X)- in (3.5) to write A as

= (l—p ) 
~~
‘ (1 + c~ ) ~ ‘~‘2~~~~ ’1.) ~k÷1 , (3.38)

k—0

where p = Xx is the utilization factor. 
- 

Hence , for an M/G/l queue the

asymptotic bias may be expressed as

~ (i+c2 )
b — (l—p ) ( 

~ 
— 

b I (k+2) (k+i)p k’~.] . (3.39)
n 2  v.0

When p may be expressed as a power series in p ,  relation (3.39) expresses

b as an expansion in powers of p.

We now co’mn~nt briefly on the calculation of the Q (i) ‘s in relation

(3.34) . A complete discussion of this problem is contained in (8] . To

calculate Q (i) , we need to evaluate conditional expectations of the form :

ECc
~+k l M1i} , (3.40)

for n — 2 . . . M , k —h . .M— n . From relations (2 .27) , we can express 0 +k as

min{x ,w ,w . . .w } (3.41)
ri+k n n+l n+2 n+k

~~~~~~ t• - - ~~~~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~ ;~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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Our approach is to derive the density for (x
~~
wn+i. ~‘n+k~ 

conditioned on

H — i and then compute F 
n 

(t) , the distribution function for C
~+k g~~en

Ca+k I~4=iH — i, as

F 
n 

(t) 1 — Pr{x > t~ W ,~,,1 > 1, W
fl+k 

> 
~

} (3.42)
C

+k I~~’
Now we calculate P (t) as

Cn+k lM_ i

P ( r )  — d F (t) , (3.43)

~~~~~~~ dt Cn+kIM i

and derive the conditional mean (3.40) as

E (c
~ +k I M ~

11i) ftp  
~ 

Ct) dT . (3.44)
C +k 14— i

The calculations become simpler in the case - of an M/D/u queue where

min {x, z } , (3 .45)n+k n ,k

with

z min{w , .  . . ,w } . (3.46)n+l n+k

Here we calculate the joint density of (w
+1

. .w
+k

) condi tional on M — i

and then compute F
~ 

(t)  , the distribution function for Z 
k 

given M i as
n ,kI M— i ‘

F (1) 1 — Pr{w > r , . .w  > r} . (3.47)z - n+l n+k
n ,k M 1

~liii - 

• 
T V ~~~~~~~~~~~ V _~ V J V ---~~~-—~ --~ ::c ~~~~~~~~~~~~~~~~~~~~~~~ -- V ..~~~~~~~ -
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Given the distribution function for Zn k  conditioned on M - i we compute

the density for Zu,k conditioned on M — i by

d
P C - ri — — F  (~ ) , (3.48)• Z utn ,k IM—i n ,k IMI1.1

and can write down the conditional density for c
~+k explicitly as

P n CT) — (1 — F (x) ) ~( -r  — x) + P~ (t )  U-. 1,
(x — t) (3.49) -

c . 
Zn ,k IM,_ j  n ,k~M in+k M~~.

By employing the representation for the asymptotic bias (3.39), the

technique for computing the Q (i) ‘ s sketched in the preceding paragraphs ,

and known formulae for the f . ’ s we were able to show that for an M/D/i,

queue , the asymptotic bias b may only contain terms of fourth order or

higher in p. We suspect strongly however that the coefficients of all

• powers of p in the expansion of b obtained from (3 .39) vanish for an

M/D/i queue, although we were not able to prove this explicitly. Analysis

of relation (3.39) for the case of an H/M/h queue reveals that b contains

nonzero terms of order p and higher.

Having analyzed the asymptotic bias associated with the customer—

removal procedure , we now proceed to derive a Cramer-Rao bound for the

variance of any unbiased estimator of the delay gradient that works with

the same observations as the customer—removal algorithm in the case of an

H/O/l queue . Since for an M/D/l queue the service requirement is a deter-

ministic quantity — x , the observations which the customer removal algo-

rithm employs are the M~ ’s~ the number of customers served in the i-th

busy period , and the ~~~~~~~ the waiting times of the j = 2 , . . . ,M . customers

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-



in the i-th busy period. Hence , we define the N busy period observation

vector as

: ~ N ‘ 
(3.50 )

where ~ (M i,
, w

2~~
.. .w

M~~~
) . (3.51)

Since waiting times and the number of customers served per busy period

are statistically independent from one busy period to the next , the joint

density P (Y (N)~ 
may be expressed as

N
P(Y — It P (Y~~) (3.52)

C ’

where we can decompose P (Y .)  as

— P(M
~
)P(w

2 i ~~M. 
M .) . (3.53)

Employing the expression for p (M~ ) given by (3.25) and the expression for

p(w
2 3 .

..w
14 IM~) derived in £8] , we can form P(Y (N) :P) as

N N
( L M . N)
i—h ~, ( — I  M .)p

— N e (3 54)

( I M  — N )
i—h

x

where 0 < w
2~~~ < x , 

(3.55)

and 0 5, W
k+l , i 5. x + Wk i  k — 2. .M~ _ l (3.56)

hb~ •~•~~ V - . — —— _~_~___•~~_~V VV V •_ ~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~V•~~~~~~ V ~~~~~~~ V~~V ~~~~ ~~~~~~~ •~~~_~~•



Now , using the relatio n between the utilizatio n factor p and the delay

gradient -y, for an M/D/i queue , given by relation (3 .27) , we may form

(N) 
: y) and compute the Cramer-Rao band from (3. 23) as

~‘2 x
2

QVar (y — y) > . (3.57)
N (1- p)

- Finally , we now determine the asymptoti c behavior of the time -

contraction procedure . From relation (2.40) , we find by exchanging limit

and expectation operations and appealing to the law of large numbers that

him ED’ — 0 (A) + , (3 . 58)
(N, C M

where ~ denotes the expected value of z~, define d by relation (2.36).

Hence , by the same reasoning as for the customer-removal algorithm , the

asymptoti c bias b is given as

b — — X~~’~~~ . 
(3.59)

H

Similarly , we may compute z by conditioning on H = i, i — 2 . .  as

= ~~ 
Q(i) f ~ , 

(3 . 60)
i—2

where f .  denotes the probability of i customers being served in the i-th

busy period and (~(i) is defined as

~7( i) - E ( ~ t~ I M  - i) (3.61)
i=2

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~• V V - - - ~~~~~~~~~~~~~~~ ~~~~~~~~
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If we let

2p2 
r3.
, (3.62) 

-

we show in [8] that it is possible to derive the joint density of the

~f ‘a for j  — 2 . .M conditioned on H — i and hence express the desired

conditional expectation (3.61 )  as a single integral . Thus , in the same

manner as for the customer-remova l algorithm , relation (3 .  59)  becomes a

representation in powers of p for the asymptotic bias in the case of M/ ( /1

queues . By employin g relation ( 3 . 3 8 )  for we obtain

~(l+c
2)

b — (1 — p) ( ~ ~ (i) f .  — 
b I (k+2 ) (k+l)p

k4l
) (3.63)

i—2 4 k—0

By employing relation ( 3 . 6 3 )  we showed that for an H/H/i queue he asymptotic

bias for the time—contraction algorithm contains nonzero terms of first

order in p and higher . By analyzing the form of the time-contraction

estimator obtained by using relation (2 . 4 3 )  to define A,,~, we are able to

show asymptotic unbiasedness of the algorithm for an M/D/1 queue . From

relation (2.43), we may alternatively express the N busy period estimator

as N
I a ~

0 (N) — 

~
‘1(N ) 

( 3 . 6 4 )

where

~ 

-



I

— CM . — ~~ + i.) x , ,~ 
. C3.65)

F.’)

Bence for an M/D/i queue , DiN) would be given by

N 2
~ + M ) x

D’ —
J (3 66)

(N) M
(N)

Now, by exchanging limit and expectation operations and appealing to the

law of large numbers we can show that

A 1 N 2
him — ~x {— + i} . (3.67 )

~ ~ H

Employing earlier (3.19 ) - (3.20) expressions for H 2 and M , we can verify

that the limit in (3 .67 )  is exactly for an M/D/l queue .

We now conclude our analysis of the time-contraction algori thm by

deriving a Cr amer-Rao band on the variance of any unbiased estimator

of the delay gradient that employ s the same observations, in the case of

an M/D/ i queue . Relation (3 .66 )  indicates that for an M/D/ i queue the

observation vector consists of (H
1
,... ,MN

) - the numbers of customers

served in each busy period respectively . Since the number of customers

served is ind.p.ndent f rom one busy period to anoth er and f~ r an M /D/i

queue the probability of M customers in a busy period is given by (3.25) ,

p (M . .M ~ :P ) is given as follows :L

N (M,P)~~’ M~~~
p(M1,. .M~ :O) 

~ 
. (3.68)

~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _



!~
- --- --

~~~ ~~~~~~ 

_

--

-34—

Now , by employing relation (3.27) , which expresses p as a function of

the delay gradient y~ we may form p C$
~
. . M~~: y) and hence obtain the

following lower band on the variance of any unbiased estimate 1:

— > . (3.69)
N (h p)

4. COMPUTATIONAL COMPLEXITY AND STORAGE REQUIREMENT ANALYSIS FOR THE

THREE ALGORITHMS

Having completed our examination of the statistical properties of

aU. three estimation algorithms , we proceed to compare and contrast the

computational complexity and storage requirements of each procedure .

Since the estimate updating at the end of the k-th busy period assumes

the form in relation (2.4  ) for each algorithm , we consider the storage

and computational requirement of forming ~~~~~~ .

For the customer addition algorithm, A.~ is defined by relation (2.16)

To compute and we need to have stored ( I . . I~~~~) and T .  .

Letting

— k — , (4 .~~.

we need 2n
b k  

storage locations for the busy and idle period durations

during which an additional arrival :an cause customers of the most recent

c-th busy period to suffer extra delay . Since n is a random Var3.able,

in designing a system to implement ~he customer-adc~ition procedure we would

___________ - - ______________
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need a rational for choosing a buffer size. N (s) , such that

> N~~(~~i } < ~ 
(4.2)

for some specified tolerable buffer overflow probability ~~~. For M/G/l

queues , a manner for choosing N.0 (& is discussed in (8] . The remaining

component of is 
~
wk which is defined by relation (2.9). Thus , the

storage requirement for forming ~~ consists of 2
~ b k  

+ 0( 1) storage

locations , where 0(1) denotes some constant. If we consider the compu-

tations involved in forming L~Ik , and ~3k we count a total of

7% k 
+ 0(1) additions ,

6% k 
+ 0 (1) multiplications,

(4.3)

2% k + 0(1) divisions ,

and comparisons .

For the customer removal algorithm ~~ is defined by relation (2.31)

By changing the order of the sunmiation in (2.31) , we can conceptualize

as being evaluated while the k-th busy interval progresses and requiring

+ 0( 1) storage locations. The number of operations required are

— 1)

2 comparisons ,

and (4 . 4 )
M U 4 k

_ l )
k 

2 + 414k 
+ 0(1) additions .
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In the time—cont raction algorithm ~~ is defined by relation (2 .4 2 ) .

Since can be evaluated as the busy period progresses by simply adding

service requirements, waiting times , and arrival times relative to the

start of the busy interval, we only need 0(1) storage locations and

3M~ + 0( 1) additions for its computation .

From the above discussion we see that of all three algorithms , the

time—contraction procedure requires no buffer with randomly varying size .

In addition , the c atputationa). load of the time—contraction algorithm is

the least of the three. Hence , the time-contraction procedure is the least

costly to implement.

5. SIMULATION RESULTS AND CONCLUSIONS

Earlier we analyzed the asymptotic bias of the three estimation

algorithms. Since we are unable to calculate the variance of the esti-

mators as a function of N, the question of consistency , whether the

estimates converge asymptotically to the delay gradient , remains unan-

swered. In addition , for an M/D/i queue we would like to know if our

algorithms are asymptotically efficient , whether they achieve the Cramer-

Rao bounds derived in (3.28), (3.57), and (3.69) . We would also like

to investigate the robustness of the customer-removal and time—contraction

estimation procedures by seeing how they perform for a variety of queueing

systems . We attempt to answer these questions by presenting the results

of simulating all three algorithms for an M/D/ 1 queue and simulating the

customer-removal and time—contraction algorithms for H/N/i , D/M/l , and

U/H/ i queues.

— 
- — - -   _— S .- .- -- - ~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~S-~~~~~~~~~~~S—~~~—--’ 
S--S—~
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We simulate a single—server queue by the following recursion for

successive waiting times:

rnax~w + X - @~~°} with w1 
= 0 , (5.1)

where x~ and are random variables corresponding to the n-th service

requirement and the inter-arrival time between the n-th and (ni-i) -st

customer respectively . When w~, goes to zero , this signals the start

of a new busy period .

We now describe the calculations necessary to evaluate the statistics

of a given estimator. To derive estimates for the mean and variance ~f the

delay derivative estimate based on k busy periods , D
~k) I we generate a

certain sample size N of k-busy period records , processing each to form

a delay gradient estimate . We compute estimates of the bias
A
b (k) and variance 

~ (k) associated with 6’(k) as f c l ows :

~ 1!~~ ~~~ D ’ —
~~~~~~~~ (5 2)

(k) N
9 I

L., (k) ,i ~~~~ ‘

and

N NN s s
— 

~~~~ i~ l 
D (k) i 

— 

~ j~~• 
° (k) i~~~ 

(5.3)

The measure of p rformance we are most interested in is the fractional

r.m.s. error:

~~~~
D
~~~~ I )2

(k) 
C5 4)



We approximate f (k) by ~ (k) defined as

f(k)  v/’
~

2 (k~~ .+ (yQc fl
2

The value for N3 employed was arrived at by experimentation as N 400.

For each type of queue of interest we computed ~ (k) for k = 10, 100 , and

1000 with the utilization factor -P = XX - varying between .1 and .7.

Having defined the measure f (k) which we will use to compare the

algorithms , we first discuss the simulation results for an M/D/i queue .

Curves of ~ (k) for k = 100 and 1000 are presented in graphs (5.1) and

(5.2) . The consistency of the three procedures is suggested by the in—

proved performance with increasing N. Tcgether with f ( k ) , we display

the fractional r.m.s. errors that follow from our Cramer-Rao bounds

•for the variance of each algorithm. The closeness of the simulation

curves to their respective lower bounds suggest that all three algorithm s

are asymptotically efficient for an M/D/i queue.

The bounds displayed in graphs (5.1) and (5.2) are reflections of the

amount of information about the delay gradient contained in the observa-

tioas which each algorithm employs . In actual practice , the rate of

message arrivals to the que ues associated with each 1.in.k in a Computer-

Network would be perturbed periodically by some global routing procedure .

Assuming that the adjustments in arrival rates are small and that we

have available an old estimate for the delay gradient , the number of busy

periods of observations required to achieve a given r.rn.s. estimation

error may be significantly less than that predicted by graphs ( 5 . i ) — ( 5 . 2 ) .

-.S-

~

—

~

. 
- -  
j
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Now we exami.ne the robustness properties of the customer removal

and time-contraction algorithms by comparing their performance for M/M/1,

M / ,  and D/M/i queues . The simulation results for the fractional r . m. S.

error of the two algorithms for M/M/1, D/M/i, and DIM/i queues are presented

in graphs (5.3)- (5.8) , respecti vely . The time contraction algorithm

performs slightly better than the customer-removal algorithm for M/M/l

and both perform nearly the same for a DIM/i queue . The only dramatic

differences occur for the D/M/l queue , where the time-contraction pro-

cedure performs better than the customer—removal algorithm. This result

is reasonable since for a D/M/i queue the time—contraction algorithm

simulates a change in arrival rate in the exact way dictated by the

structure of the queue.

Hence , we have three estimation algorithms that appear from simulation

and analytical results to be asymptoc ia.Uy unbiased , consistent , and effi-

cient in the case of an MID/i queue . In evaluating the most promising

algorithm as far as robustness , computational complexity, and storage

requirements , we can only choose betwe en the customer-removal and time—

contraction algorithms , since the customer— addition procedure as formulated

is only applicable to queues where all customers have identical service

requirements. The simulation results suggest the time—contraction algo-

rithm as the best candidate since it appears to be at least as robust

as the customer-removal procedure , while having considerably less computa—

tional and storage requirements. 

— — - ----5 --. - - -~~~~~~
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