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NOTATION*

a Basic velocity profile parameter

b Basic velocity profile parameter

C
f The skin friction coeffic ient, Cf ~~i(-~ ~u

0
2)

C The surface pres sure coefficient

0 f (
~

) d~ 

2 
dfl

(O / )  J ~ dn

E J ( l — f 2 ) fdr i

f(n) The velocity profile , u / I ’

f 1(r i ) Th e Blasius flat plate velocity profile I

C (l-f)fd~

H The shape factor = ~~~~ = JI G

1
* 

( 1 — f) d r ~

0

j Exponent in the dimensionless laminar boundary layer equations
(j = 0 for two—dimensional flow; j 1 for axisynimetric flow)

L Overall length scale of an airfoil or body of revolution

(e f cS )

*Acj d i t lona l symbols are defined as they appear in the text.
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AB STRACT

l ite ’ t ’.~o— p ar a m e t e r  m o m e n t u m — I n t e g r a l  method ( I f
M.R. h e a d  b r  the  calculation 01 t w o — d i m e n s i o n a l
or axisymmetric , Incompressible , laminar boundary
1 a ver s  is  reworked  In t o  an .40.1 1 V t ~‘.L I fo rm , t h e reb y
e l i m i n a t i n g  t h e  gr a p h i c a l  d a t a  ‘1 H ead ’ s o r i g inal
method . ‘l’he r ev i s e d  m eth o d  is  coded fo r  di g i t a l
c ~‘mou 1 .‘r so lu t  on and a number .0 t e s t  c,l sos .sr i.

c ompu t e d .  The num er  c.1 I resu I t  a f u r  t hese ’ t c’s I
c as ,’s .sre cs ’rup . t r e 1 w i t h  v e ry  a ccu r a t e  bounda r y  L i v —
e r  so lut  ions  ob ta ined  h .  a I’ i n i t e ’— d i l  t er e n c i .’ method
and ,i lso r e s u l t s  o b t a i n e d  us ing  t ilt ’ Poh lhaus ’n
~, 1mt ’j ) t  u r n — i n t e g r a l m e t h o d .  I t  vas  t ound t h at  t h e ’
Hi.’.Lt met hod t s vas t  l v  super i u i  to t h e  Pots 1 hau sen
method  v e t  r e q u i r e s  u n I v  about  t h e  same ~-o m pu t  ,it ion—
al  expense .  Head ’ s method y i e l d s  v er y  a c c u r a t e ’ r e ’—
s u I t  s cv t ’is for iii ~ lt l v  u , na  ins I l  au  i ’, ’ufl ~1.4 r v  l ay e r s .

~\ 0 M t N 1 S T I ~\ ’l’I V l1 INFOKM.\ U I O N

Fl i t ~ work  d e s c r i b e d  in t h i s  r ep o r t  was c,irr ii.’d out by the David W .

Ta~’ l1,’u N a v a l  S h i p  Et ’a i .’, i r e h  and D e v e l o p m en t  Ce ’n t i .’u ’ t b i ’I ’NS RD C) , Shi p P e r t  orns —

d uct ’ 1) 1’ l’~’ r t mt ’nt , in support o t the ’ Sh il l  A1,’ous t I c  l)epar tm en  t ‘ s Lam i tsar I’ I ow

h’ r 1,’..~ra m .  T h i s  p r o g r a m  is  s p o u i s a u ’ e’d b y the  N a v a l  Sea Sy s tem s  Command (S EA —

0 3 7 )  und er  I’ r ac, ram E l e m e n t  2 10  1..~~, P r o j e c t  50.1801 1. , ‘l ’ . isk A r e , i  2005 2 , and

was  p e r f o r m e d  tinder ~~ou  k Unit LY.+ ,’—087.

IN 1’RODEC l I O N

The ac cor d  I i .’ numer i c al  so m t  i o n  ~‘t t hi ’ t w o— d  irne ’ns t ona l and ax i svmm e t r I c

incompre’ss ibl i’ laminar boundary— l iv er  e1~u . lt  i on s  i s  floW .i r o u t  i nc  m a t t e t .

F’ irs iii ’ ~h lt f ere ’n c e ’ methods  ~ir  e ’ I t o  rm .il l v  used I or such c’d 1 (‘U t a t  t o ns  . ‘I’h ese ’

m et h o d s  r t ’qu i r e ’  I ,~ Ir lv  50)10 t I n  I 1, 11 , ‘ o m p u  t ing eq u i p m e n t  I or .‘t f t c  i c u lt  imp I c —

It t ’ll t at Ion. Re ’l~I’ e ’ s c u l l  ,tt lye examples  of f i n  itt ’ d i  f t  eI’ e’n1,’ e’ l a m i n a r  b o u n d , i i ’ v —
1*

I av .‘r c a icu la t  ion me thods  ,i re’ g i v  cii b y B 11 ,’ t t nor  and Ce ’b~ c i and Br a dsh&sw

S Imp icr  lam i us . i  r hound .i i v  iav e r  c- al e -u I at Ion met ii~~eis t hat . . L V e ’ 0 I

p a r ab l e  .1(1, ut’ac V to  the  I in ite ’ d i f  I e’r i .’nc e ’ methods  a r t ’ L i t ’S i r.O ’ 1 e for se’ve ia I

reasons. For i n s t a n c e , i t  wou ld  be’ us,,’t u l  to lu.t ~ ’ e’ an accurate’ l a m i nar

b oundar y  l ay er  c ,u l c u l . i t  ion method t h a t  e’an be imp l emented oil ~. i p r o g r a m m a b l e

*A comp l e te  l i s t i n g  of r i ’t e r en c e s  i s  g iven O I L  l1 .’~~’ .es .
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d e sk  or hand—held calculator. When used on a large’ compute r , such a method

vL ’0~ d be considerably less expensive to execute than the finite difference

methods.

The simp lest methods of calculating laminar boundary l a yer s  are the

o n e - p a r am e ter  momentum integral methods ; typically Pohihausen ’s me thod as

d e sc r i b e d  b~’ Rosenhead.
3 

These momentum integral methods yield acceptable

i c u r a c v  u n I v  over a l imi t ed  r a n g e ’ of variations of t he  externa l pressure

d i s t r i P u ~ ion and a r e  not always capable of  a c c u r a t e l y  p r e d i c t i n g  the lami-

nar  b o u n d a r y  l iv e r  s epara t ion  p o i n t .  F u r t h e r m o r e , a l t h o u g h o n e — p a r a m e t e r

m o m e n t u m  integral methods can be extended easily t o  include extraneous ef—

te c ’,s such ,ts surtace suction or free—stream unsteadiness , the results corn—

puted by these extensions are not always very accurate.

~v o — p . I r I m c r cr  m o me n t u m  integral methods for calculating l a m m a r

~1 ,,’,~~darv layers , al t hough sL ’mt’what more complicated than the one—parameter

methods , a re ,  however , c o n s i d e r a b ly  s i m p l e r  tha n the f i n i t e  d i f f e r e n c e

mt ’thods. Many t w o - p a r a m e t e r  methods  have been considered in the  past  (see

Rosenhead 3 and  waltz ’ for extensive discussions of momentum integral nieth—

ods). H o w t ’v er , only the method of Head 5 seems to  have fulfilled the  expec —

t,ition of considerably hi gher accuracy in predicting the boundary layer

properties than the simpler one—parameter momentum integral methods. Head ’s

two-p.lrameter momentum integral method (henceforth referred to as simply the

Head method) seems to have received little attention because it w a s  intended

for manual c.ulcu ta t ion and thus i t  r e q u i r e d  the  use of much graphical data.

The graphical data of the Head method is based on a seemingly complicated

se t  of graphical velocit y pro file shapes that d i s co u r a g e d  a n a ly t i c a l  de—

s c r i p t  ion . Gadd , Jones and Watson (see Rosenhead
3) and l~altz

4 
give only

superficial coverage to the Head method in their notable rev iews  of momen-

tum integral methods even though Head had shoicn by some sample c a l c u l a t i o n s

that his method was very accu ra t e .

A reexamination of the Head two—parameter momentum integral calculation

method for two—dimensional and axisynunetric laminar boundary layers  shows

tha t his graphical construction of the velocity profiles is fairly easily

2

-
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t r . t u i s t o r u t ’ ’ t i n t o  au , I I i a l \  t ic .tI I t u , . F r o m  t h i s  , i u u , i l v t  t e a l  f o r m  ot  t h t -

v. b c  i t  v ; r  e f i i ~’ a , a 1 1 bet u le c  . a  ‘. . i t  v r e  l i t  I - ‘it sh I pa  h o t  we - c i t  t h e  pa ram e t era

0! the  Head m e t  hod .~~~
- e ’ c a  s i lv c o u u p u  t ee) . t li e re  by rei’ l ac ing  a I I  t he gr a p h )  —

, i i  d a t a  by p o l y n o m i a l  e -x ~~i , -~~a i o n s .  I L . - m e t  hod can t a - u t  b ’  e a si ly  p r e c~r im—

m~-~I t o i  m i c h i t i e  e’ , l c u l l t  j o l t s .  11115 ! r~ t i  j e t  lv o u t l i n e s  and r - a s t s  t h e

Ue ’ ,id t w e — p a r , I m e t  .‘r m, - t h o d  i n t o  an a n . i l v t  i c , i l  r u t . The r e p -u t o u t  a i u u a  a

i i  i soil ot  some o iui p Ic  t t t i t ’ te-  r I c a l  r c~~- t t  i t  5 w I ch  Wer e ’ u b t  a I u i e ’d us i ui ~- t h e ’

}Ie ’ , ie l m e t  h - ed  , t he P o lu  1 it iu s en  m e t  hod , and ,i I ill 1.1 e C l i i  c - r e l i c  e m e t  hod d.’—

s c r ibe,)  by B l o t  tner. T h e - s e ’  re’sul ts show the ’ remarkable , l c i ’u r a c v  o f  t h ~

hj e ’,tJ m e t h o d .  A l t  t i ’eic . h t h e - mod i t  t e a !  ‘n c ’t the li - i l  w o — p a r a r u e - t e r  utti ’ t hc ’d

h a t  is g t V e u l  i i i  t ii Is r e p - r i  h ,is ’tot he -ci t  r e’du~ e d  t o  a ce ’mp .ic  t urns so t t a t

I t  - 111 1-c u o c r . m m m . -~l f u r  .t h a n d — h e l d  c ,i  I cu h it or , it seems t h a t  t h is L o u  Id
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he ’ t~~~’— p . i r . I u t ’ ’ t t ’ i m i - a - n t  t u t u  l i t r e - c t  I i  t el  1 0(1 w o u l d  l e e  ( ‘( ‘u s  u d L - r , u h i v  l ess  ox—

O i l S  l y e ’ t l i on  t h e  c , i l c u i i , i t i on  e e l  su c t l  h o t t t d i t v  I i\’ e ’rS us t u g  f i n t i  c d i i  t er L ’nce
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c -np 1 , ‘t c J e t  .iiis ot  t It. - m e t  lied , l ie  r et t s re f e r r  .-u t 0 IL l,) ‘ 5 or i

r c~ - - r t .

t . 1’ns i d , r  t h 1,’ t w o — d . t m e n s i o i i , i  I or  l \ i s v m m et r i c  i , I m i n , u I ’  b 0 t i t t ~l i r\’ I , i v e r  on

the s u r  I - - c 01 on a i i  0 1 1 or  hod~’ - b  r e vo lo t  ion  l i i  .u x i  .i 1 f l o w .  ‘ l ie ’ p ro  H I e r !

is —. i l ed IS t .~ l Ie ’ ws 1 ) 1 — . t  a l i ce ’s a t . - r.- u e’ rre ’ d t o  t h e ’ o v , r i  I i  l e ng t h  s ca l e  I

ot  t h e  b o d v .  V1 ,~ 1 oc i t  I e’; a r r e  c r i e d  t a t hue ’ ou t  i t  or r t  t I OW Vt  I O t ’ i t  v U i t

l o t  i t s  it v iad st r e ’sse ’s or . ’ r e t  or t e c h t e ’ t b 1 ,  t o t a l he ’ .td 1 / 2 , d l ~~,
# ;.‘h~~t e is he

c’ c e f l s t , l I l t  d e n s i t y  ~t t  r h  f l u i d .  S u pp o se  t h ~’ ~‘oii t i g u l t ’ . lt  loll iii F i e m u t O  1 de ’

r idiait ~‘ut  th i ’ou~~h a bod~ ’ ‘ t  r e ’v e ’ l t i t  i o u  where x i - i  t h e ’ c! i m e - u l s  i o n —

less ,ux i ,ui cu t e r , )  m u t e , s i s  t h e ’ LI ime ’u l s i o u i l e ’s s ’ ’ u u l  l i c e ’ . s r c — I , -n ~~t h s l i t  t i l ls
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F i g u r e  1 — C o o r d i n a t e s  and G e o m e t r y  of
a Body of R ey o l u t i on

a t  the  f r o n t  s t agna t i on  p o i n t , z is the  d imensionless  coord ina te  norma l to

t i i c  body ’s s u r f ace, and r0(s) describes  the bod y ’ s profile as a function of

the s u r f a c e  a r c — l e n g t h  s. If  an a i r f o i l  is being considered i n s t e a d  of a

body of revolution , s and z can be i n t e r p r e t e d  in a m a n n e r  s i m i l a r  to t h a t

shown in Fi gure 1. The v a l u e  of s is zero a t  the  f r o n t  s t a g n a t i o n  point

and i ncr e a se s  d o w n s t r e a m. The th i ckness  d i s t r i b u t i o n  r 0
(s )  of an a i r f o i l

measures  the  d i s t a n c e  between the  airfoil offsets and the camber l i n e .

The a p p r o p r i a t e  laminar  boundary l a y e r  equa t ions  can be ’ found  Iii any

one of many s t andard  works (Rosenhead , 3 f o r  examp l e ) .  The d imens ion l e s s

l a m i n a r  bounda ry  layer  equat  ions fo r  p lanar  and tsxis~~~m e t r i c  e x t e r n a l  f l o w s

a r e
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•i nel where ri — /5 and I t n )  — u / ti . In d e r i v i n g  E q u a t i o n s  (4)  i t is  assumed

h at  hi. ’ v t ’I , a ’  l i v  l e r o t  t i e  u / U is  a fu n c t  Ion f ( r l ) of th e  similarity vari abl e

— :/ S~ s) u n i v . so that the p a r t  L i i  d i l t e ’r en t i , i l  E q u a t i o n s  ( I )  reduce t o

the pa I r i d e’rd t i u i i v  c h i t  t e’t~ ’flt h a l  Eeluat Ion s  ,~ ) • F u r t h e r m o r e , the  compat i —

b l i  i t v e’e)IldItle)fl

0- d li
— in (t e )

(Is

I s .1 c e ) i i s , a h i U ’ I i e ’ 0 o h  t h e  r equ  I rcme’ust tha t Equ at  ion  ( I a )  be ’ sat  i s  I led on t he

0- bound.u i v  z 0. Thus , t i l e ’ t hr Ot’ Equat ions ( -40 )  , (4b ‘I and (6)  .sre ’ used t o  

~ - - - -
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TABLE 1 — OEF ’Fli  t ENTS OF I’HE VE LO CIT Y PROFILE SHAPE FUNCTIONS

k , (k) , ( k )  - ( k )  , (k )  (k)
1 ~ (,~ C : C 5

0 - 1 . 0  0 .0  0 .0  0 .0  0 . 0

1- . .~~:O091 ii. 25525 —61 .‘4 8M’,’~~ 49.494 3h-~ 11 2.00b92

- , -te .Oe 3 ~2 — 3 - . . S’,105 221.78189 -11e 7. 592 81 -

5 3. ,te42032 20.025525 - 353. ~ 3l ’i 5 140. 8~ 788 561. 7 . S O I e

b -1. 12 1 5  103 0.0 2h1 .49099 -305. 15578 - -. 3~~.8b2

7 0 . 0  0.0 —73. 342991 t 1 7 331  h - I  1 3 1 . 0 1  ~~~~~-

W I  the thee a i d  e l  the pr o l  l i e  f a m i l y ,  Equat  I o n  ( 7 )  , and the I un e t  i c i n s  t e l

1 - ~l l i , l t  i o i es  (8) , ( 9 )  , and (10) • t i l l  thee ’ pa r am et  e ’iS of Equa t [ems ( ‘a )  t h rough

( 5 1) c ’ ,u n  b e e ’val ’ia tet d In t e’rms tel the pa r ame ter s  ~i and b as f o l l e w s .  l e t

+,:, .1 , E, and D he defined b y

C - J ( I - f  ) t d q  ( h a )

0

j  J ( i - f ) d n  ( h i b )

E E J ( l - t ’ ) f d f l  ( l i e ’)

D - 

2 
( l I d )

where t h e  upper l imi t  S
~~

/ i 1 in Equat b i t  ( S I )  c an  be t a k en  as I in t Il e ’

def in i t ion  ( l i d )

8

- 
-- -~~~~ ~~~~~~ -- -- 0- - - - .



b,’c,iiia. ’ f o r  
1
/ 0  1~ (t t  / l n ~ ) . . 0. Th en, by subst itut ing Equa t ions (1 Ia )

t tI r , -l u g !l ( l i d  1 i n  F:t 1o.i t Ions  ( Sa )  t h i r o og h ( S i )  , t he f o l l o w i n g  f o r m u l a s  arc

a i u i , ’~I :

nu - ~ 2 (~ 
~ ( l , ’ , + )

0

~) t  \
— C ( - i - ) ( 1 2 1 ’)

h i t l e )

11 - ( 1 2 d )

— CO ( I  2e1

p t I t  i ‘ I l  ~ 1 v ~~. ‘ id ;  I he I o l  10 ,  1 1l~~ I O t t u t u  I i  I at  t I l e ’ V , i i ’ i , i h i  l e  t *

• i / \ ‘  ‘

1 * ~
. - 

- 
0- i 1 ’  t )

- h l  d s l

A l l  o f  t he. ’ - p i o u t  I t  t e a  m ~~ .‘, u t - . - u i  by p u t t  I , ’fl t t  I, 1 2 a)  th si’ t ’u ig l i  I .‘e )  l i e

oil, ’ t  t o i l , , 1, 0 11  a l  ‘ i O  i : t , l i v ‘o h  t h o r n  i~t I t ;  c ’i  l i t  l t ’ i l , I  1 p o h  Vi t e Ct i l t . l  I s~ ole I v  ;~l , i

,ind h . 01, 1 1 * i t ~ .1 1 un . - t  i on  - I ,i , If lcl  b and the’ kut , ’wit I i, ii ’ic ’ t  i o n  I L I  /ds)

F.~ci,i t L , ’uus (1, ’ b  l i e ’ • ‘ , i t ;  Iv  c ’v , i  b a t e d  by  us i i i g  t h e  a’ h ui ’ ntuu , i is C . 1 , 1 . 0 .

- i i i ,) I ~~‘ w h u  i c l i are’ 1 1 s t  ed iii habit ’ 2. Thus , h ’ 1 ut ~~t bo os  ~ .l

i u ~ ,1 ( i - )  t i n  I ’ .’ t .‘du e’ t’ iJ ic e  c - p i t t  l u l l S  de ’ t e ’ r m i n i n ~ t h e  ii , uttit ’te ’t’s .1 In ch  he , hu ;  ,l

I l i n e  1 t O i l  c i t  5 I t ’ I ’  I V e ’ l i  J 1 s t  i i h o t  i o u t ;  - i  t Ii. ’ l I l t  I oc  I c !  sor t i c , - v t - I  , ‘c u t  v

, i i ed l’ .’d t 1 ,111 I I I ’ ( C ’ i t h i k i t , ’’ ;t ;  I d t ;  i i but u - u  r ) ( a )

A t  I he I i , in t - ;l l g u i , u t  u . ’u i ‘0 j o t  ‘‘I b l u n t  l ’ ’ ci los , .1 111th 1, h i t . ’ t he , ’ t - , i l ui , ’s

- i  — 0. , , e , P — 0. ,‘-.O , i t  a — 0 U I , i  I

- i t i , I

a — 0. 1 2 2 - ’ , h - 0. I i s )  ‘ , t t  ~ = 0 ~ l II ’  I
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or twee—d linens lon,,u l and axisytnmctr b - ’ f l o w s , r es i l e c ’ t ly e ’ 1 y .  1’hie ’sen t’a I tics for

.t ahSd b . I I ’ e’ obt ,i t ried by t bu d Ing the roots  of the algebraic equat tons re-

sult i i s~ f ron ! qk i ~l t  t ons (~~) upon ; l s sUm i leg  t h a t  bo ils  d t */ds and d h i f d s  a re

be’iti ridt’d in  tht ’ l i m I t  a 0.

t U lLE 2 — l’ I , ’Nt ’ l [ O N S  .1 . C , I) , F: , (
~

-
~

- 
~ 
, AN I) (

~
— -

~ 
IN TERM S

- f l  0 \311 /
o

OF TIlE PARAM E TER S a ANt ) h

- 1. ~- .7 3. ‘0

(

i_f

~ 

- - bO b
:lt i

.1 - 0. L’S 12 - 0. 1189 2,i 0. i+ ~ hl,i - 0. 1876b - 0. 1494 7 z ih

C - 0. 1 13 — 0. 0~~00~ , u — 0. 10089,t * 0. 139l5a - 0.03507 1,;”

+ (0. o4~ O’~4 4 0 . 1J ~~t ) ) ~ - 0. 2 1  153ti
2 

+ 0. 022 i 4 ia

÷ (-0.L t~ O~.’’ + 0. ~N j ’) l t,a — 0 .0b7 702~
2 )b ’

1) t.371 3 + [. . ‘ l . ’4 ,t + l . 8 7j ’~,i~ — 1 . S 2 t S t i 1 +

+ ( — 0 . 53 84 — i . ° 28 ,i + I . b~,9 ha 2 
— i.2919a

1 1h

+ (0 .  ~~~7 t ) ’ - 1 . 5608a + 0. b 9 5 7 t i ’ )h ’

F’ - 0.20069 - 0. t~ - . ‘l~~ i . i  - 0. 182’.2a + 0 . 1 7 C 5 , u h

f O . 0 4 3 2 2 ~ ,i ’ - 0. 0 , s - , 5 I , i  + 0 . 0 0 9 i i O h t i t’

I’ (t )~ OtiQO2.’ + l~ . 2t ’-. 7 8, i  — 0. ,~~~
) 4 ( C i , j

- 0 . ii hi la ~ 0. 1 2, i ’ - 0. 029592.i ’) h)
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+ 0 . 1 2 2 1  5,t ~
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÷ 0.03 121 9 ;i ” ) h
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Ni ’~1F R l C A l .  MET H OD FOR 5+ 1 1 \‘ I NC I R E  MOMENTU M AN t )
1 Nl ’i- :CR111 , F ;QPA ’J ’I ON S

In  t h i t s  S e t ’ I i on , the’ uumer I ca I met  laid I or e’omput  ing  t he’ h , ’u iec l , i r V I ,uve ’r

cli.l rli c’teris t ics ta r g i \ ’e i i  d i s t r i b u t  i o u i s  c i t  I’ and r
0 

is des c ribed . ‘l id s

numerical metheed is implemented in the c o m p u ter  progr am RE /ut )  g i v e n  in f it ,-

Appendix and is Intend ed f o r  use ’ on a d ig it. i I cei mpute ’r.

The numer [cli i so lut ion o f  E q u t i t  I o n s  ( - i )  c o i n  h a ’  ap p r c e a c l e e ’d t n  two a - t v

The’ I b rat wow is by the’ d irec t ,‘, ilc ’u Iat i u u i  c i t  t *  and h using Ftjti ~i tbona (41 .

lb  is  w o ui  Id requ I i’&’ t he’ St ’ l o t  ion of - l sy at  i ’m c i t  u I  + 101) 1 ,1 i c  t ’ t p l , l I I cell S l i i i  C he’

I e a r a r n t ’ t e rs  a and h i n  t e r m s  ci t  t h e  ki sowie t’,t lu e ’s c i t  t~~ and h , t t  , ‘ , i e l i  a t  ,‘p

of the e  e’ a lcu  hit b o u t s .  The sc ’ec ’nd a’, iv  to u iu m e ’t ’ i c ’ ,t 1 Ii’ s.’It’a }- c j l t , l t  i ‘ui ,;  ( . 1  i s

t e d  i-ewr  i t  e them in t am es 0 t t he ‘a r am et  e ’i s and b. ‘I’ll I a e’ 1 in i is . t  t i’S I lie’

t i e ’ ee ’ S S t t  y c i t  ~ci[viteg ~i 1 ge ’br ~i i c ’ a qu . I t  i c ~ilS . l t  e t c h  S t 0 ~i Ou ch Is t h ee h.uals ut

t he’ nume ’r I d ’ ;l 1 p r c ’ e e ’d ur e  de’ser ib ’e~I he ’ l o w .

Equ,it j u l i a  ~ .)  c’J n be wr i t  t e n  i n  th e’ I t ’ ru n

= ~ ~.i , b )  ~ I - . , )
ds

= ( 1 , . i . h) mt I S

a h i c  i c ’
, 11i - h un

— 0- )
I (a • b) - - 

~~~

‘ - 
h b  

i i  i ,i 1

( Lu -\ ~hi

‘1 
~~~0- - - - - ( i s b )

- 
m l t ( r  -

~ 
) ‘

-\ ni l  .

~~ , ~~
1 l : 4 ) 1 I ( 2 + h l ) 3  + 

r~~ 

( l i e )

-‘  -i’ ’ { 2 i *~ h s I i ~ uu ~~h I 4  i ) j  
Io — 4, , ‘, i )

ml’

I1 ,1ni b I t  
— 

,~~!ll b i t  
(1 ‘ -

,t ,i 11, lb b .i

Ii

T 0- 
0-



,unci where

- 

dr
0~L and , (r ) — (15f)0 ds

Equ at b its ( 1 4 )  e a u u  be inte grated numerically using the predictor—

c s r r e’ c t c e r  me t hod t h a t  i s  based on the generalized midpoint and trapezoidal

qu~idr ~i t n r . ~ I cermul,ts . ‘I’he v , u l u t ’s ol a ( s )  and b ( s )  It  the  p o i n t s  s 1 of a

g.’n.’r ,il g rid {s . } i 0, 1 , 2 , . . . a r  a denoted 1w a . and b . ,  respectively . - 0-

~ iven t h i e ’ values a and b
1 

of a and b , respect ively, at s~~, the

t ihia’s l
i i  

.ind b
1 

, i t  s~~~~ ~tre ,iht,ijned using the formulas

— c’ .L
1 

+ ( l c ’4)a . + As .(l+c)F( a .,b
1
) (lb ,i)

+ ( l - c )b . 4 ~s . ( l+c) (~(a , , b
1

) ( 1 6b )

— —
— a . ÷ - -~ - (F(,i ., b )  + F(a .÷1,b .÷1 )) (17 a)

,i+s .
b 

+ 
= h . + (C~ ,, , b~ ) 

~~
, b

i~~1
) )  ( 1  7b)

whi ~’r c ’ 
‘
5 — a , , t u i d  c — ,‘,s , /~‘ts - or I — 2 , 3, . . . For t h e’ firsti t - i i~~1 I i+ l  1

0-
- st .it tor i  s

~ 
p ,i s t t h 1’ St ig t i a t  t ee n  poifl t 5~~ — 0, ,u sl ’ e ’ c ial  pr o c ’ e ’ cb u l r e  i s  t u s t ’cI .

In o rder  t c ’ av e t i d  t h e ’ I root ‘-‘ C  a4~u u a t  i o u  pe ) i f l t  a b u i ’rc r
0 

— l’
~ 

— 0 and da/d s

and d b - d s  ure indeterminat e ’ , thee n u m e r u c , i l b n t e e ~r,i t i o n  is  s t a r t e d  let

i t e r a t i n g  the  h ,i~- kward  Euler formul at- ,is I c e l l o w s

1 ( k )  
— + ‘~~i 

f 1 , 1
( k_ l )  

~~~~~~~ s1) ( I S a )

- b
0 

+ 
~~~ 

~~~~~~~~~~~ 
~~~~~~~~ ~~~ 

( l S b )

where k 1, 2 , 1 ~~~~~~~~~~~~ — i~~ , b~
°
~ — h 0 and thw t h i r d  01 f o u r t h

( k — 3 or 4) i t e r a t e s  u s u a l l y  ,ure ’ s u i t  I icient I v  a c c u r a t e  , u h i j e u o x  i n i , i t  b u s  c i l

a , and b .

0- 

12 — 

_________ —- - -
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The n u m er i c a l  i n teg r a t ion method , Equa t i ons  (16) and (17) changes

th e ’ ste ’p s i z e  ‘ s~~~ as the ’  i n t egr a t  ion proceeds  downstream f r o m  the  po in t

thus automatically generating t he  g r id  in such a way as to

keep .i certain measure e’ of the  numer i ca l  i n t e g r a t i o n  e r ror  below a preset

v alue 1. Each new step 
~~~~ 

= s . + 
~s.+l 

of the numerica l integration pro-

cedure’ is obtained from the previous step s~ — s~~~ + ~s1 
by setting 

~
s
i+l 

=

A,’s . . In the first a t t e mp t  at moving from step s~ to s
1,4,1 , 

A is either set

e’qu ~u l  to 1 or is t h e  va lue  g iven by the procedure , descr ibed below , f o r

i n c r e a s i n g  the  s t ep  s ize  if  h i gher acc u r a cy  than  desired is being ob ta ined .

Su p p o s e - t he ’ v a l u e -a o tT 
~~~~ ~ j + l ’  ~~~~~~~ 

b .4, 1 have been computed a t

+ A ’ s . . L e t  a be t he  measure  of  t h e  abso lu te  e r ro r , d e f i n e d  by

a = nua x ~~~~~~~ j
~~~~ ÷ 1

_b .+1 j } (19)

w lee’re d 3 ~~~~~ I I  e I the ’ c u r ran t  v a l u e s  of 
~~~~~~~~~~ 

a . + l .  a . + I ,  b +1
and arc - d i s c ar d e d  and a new v,i lue of  \ is c’s tj m at ed  Pt’ u s i n g  t h e

fo rmula  1 / 3

= (
~ 

~~~~~ ( 21) ‘4

and n ’ w  va lues  01  — s. + A ’ s . ,  
~~~~~ 

‘t j + I ’  h .+ 1 and b .+1 
are compu ted .

The pr oc ed u re  Is rep eated u n t  11 t h e  i neq ua l  i t t ’  e’ U is sat isf l e d .  In a l l

t h e  n u l i n e r  ic ,ul ex l’ e ’t iments  us ing  t h i s  p rocedure  t o  sat isfv the accuracY re—

qu i remen t t ha t  a I i t  has ui. ’ver been rie’ee ’ t-;0 , i  rv  tee repe,i t the  p r o c e d u r e

m o r e  t h e a n  utica at ea ch Step.

If t o t ’  m u c h  ttc c t ir ,1 e v , say , I or ex a m p l e ’ , e ~ 1 / 10 . is be ing  ob t a i n e d

a t  s t e p s +1 t h e n  t h e  c u r r e nt  v a l u e  c i t  ‘
~~~ + 

is  , l cc e ’ l e t e’d but  t h e  nex t

loc ,i t  i~in s , is - b - i t , t in e d  by u s ing  t h e ’ va lue  = AAS
I+ 1 

w h i er e

1 / b  0-
— (i~~

) (21 )
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l hi t s  me thod c i t  e’h iang t r i g  the int at ~r ,u t ion at  c l i S I ~‘e’ h as pr~ive ut to be’ t’ e ’r \ ’

a l t  e’c t I we i L l  in ,uny numer i cal experiments. t hee value of [ t h a t  bu ~is bean  used

in .111 t h e  c’c)rnl’Ut , i t  Loli S presen ted  in t h i s  report is I = 10~~ .

SIi e’~’ 1~11 c , u r c ’ mus t  he ,‘xe ’r e ’ ised when 11’ vanishes .  Fot u n u l a  ( 121 ) shows

ha t  when U ‘ 0, in must also  be ze ro in order  f o r  t * t o  be f i n i t e ’ . W lu ~’ui —

e’Vt ’r 1’’ i s  a l OS e ’ to  zero (s~l\’ — 10~~ ) , i t  l~’~’at I t ’ll a j~~~~~~~ i a spec i~u 1 p r o cedure

u s  used t o  e’v~u l u a t e  t~ = — r n / U ’ I t t  o rde r  tc ’ m a i n t a i n  , i e cu r a , -v  . l n s tc a d  of

s imp ly  •‘v a l u a t t n g  t h ~’ r a t i o  m/ t i ’ in or d e r  t o  t i b t . u i n  t *  ,it th e~ p o i n t

* 

1 
is o h t ,u  i L i e ’J b y  nuun er t e e  l i t ’  in t e gr l ut  ing ilqu.it Ion ( - ~,i ) u s i n g  .i sp e ’c ia  1

0~~1) It c i t  p r c - c e d u r e ’ h a s e ’d on the  known Va lues ~ 
* 

i—I ’ ~ * ( , i u t c l  t h e ’ re ’st of

the ’  dat . i  n e e d ed  in E q u at i o n  ( 2 0 ) )  ,u t  t he  p o i n t s  s .~~ and s ., resp ect ly e ’ I t ’ .

The’ v a l u e  t~ 
‘ u t  dt */d s ,i t  the pci tn t  a , c an  he ceemp u ted  us ing E c lu a t  ion (‘~,u )  .

I’h en , t he v.1 1 cue of t * - + 
a t  t he p o i n t  s - + 

e’Ofl  be c’t)mpU t e’d us i ng t ht ’ two—
I 1 — -

‘
-

pee ju t e ’xp i i  c i t  h i t - r m ic , e ext  r ap e ’ l . u t  Lou f o m m u l a

~ 
2(t~~~ t~~ _~ ) , 1

+ - — t *
1 ] (\ s~~+ ’a 1~~1

)

r ~, * ‘  ( t * —~~~
u
~ )

[ i  - 
i-1 i — l  

] 
( \ + ‘ ) ~ ( 2 2 )

I

It the vat i l aS  t ’t  t * 
~~

— 1’ ~ * and t h e  v ,i h ues of th e  r e s t  01 the dat a  needed

in Equation ~- . ,u )  . ire ’ known to se ’c o n d — c i r d t ’r , le ’c c i r , l e v  in the at c’~ - S iz es

lien t ide ’ t’,L lue ’ 01 ~~ ~~ 
c o i n p u t t ’J us in g  E q u at  iou  (22) 15 cc l se’c’ o nd— o r d e u ’

,uec ’ur,uc ’v in t h e  step size’s \s - and ,
‘\5 - . Thus • C VCfl  wlteti 1’’ and m become

v e rt -  suna 11 . t h~’ I r rat i ’  t * can  a t  i l l  he’ c’,i Icul ,i ted ,ic’c u r at  a lv u s i ng  Equ~i t ion

( 2 2 ) .

The character ist j c  5 ccl the boundary l , l v e ’r ,lre’ detc ’m niiue’d on c e ’ th e e  d i s —

t r I but ions a lung the body ‘ s pro f i l e  of  the t’ ,i lue s of a and b ,t r e ’ kno;~’i’t

The boundary lover paramete’rs t h a t  a r e  u s u a l  l v  ot  m a i n  i n t e r e s t  a re  t i le-’ d i s —

pI.i ce’ment thickness ,S T  the momentum thickness 0 ~C , th e shape fat - —

tor H = ~~1
/ t ~ , and the skin fric t t~rn c’~~e’ft

’ ic tent C
f 

1 -
- [~

(
~eL’~’~1 w h e r e

is the d imensiona l wall sh te ,u r stress ~v(~ u / L ~)
0 . ‘I he es e  p a r a m e t e r s, ~c~~L,’d

k 
_ _ _  

I- ’ 

__  

______
- - -- - ~~~T~- -~~ ~~~~~~~~~~~~ 

- -‘ -



onlv liv the overall bod y length L, overall ve locit y U
0 

and the fluid densit y

~ .i i c  e~ i y i n  in  t erms c -I thee c a l  cu l , i  ted values of t * and H by

~ (2 3a)

— ill (23b)

C
1 

- ‘~~
-
~~
-
~
--- (23c)

h ’h~ ’ i n t r i n s i c ’ bounda ry  l ay e r  s c a l e ’ 6 ( s )  can ha computed u s i n g  the  re ’l a t i o n

p

/ - , 1/..

1 —‘

an
u5 ( s i  = — 

R I ’ 
(2~~)

L

ouce thee d i  St  r ibut ions of a and b a r c ’ known. Thus , tb1 boundary lover - -

v e l o c i ty  of I les t (~~
‘)  = u / U  can be o b t a i ne d  u s i n g  E q u a t i o n s  (8) t h r o u g h

(10) . The vah ’ c’ i t v  p r c ’f l i t ’s f (‘ ‘) c , u n  be p l o t t e d  in t e rms  of any o the r  body

nor:n.i 1 e’uc ir d  m a t  a • tha t I sea la th by sonic c i t  h eer l e n g t h  sea i c ’ L . Nv s inup i  v

m u l t i p ly i n g  n by I, ’ / L  t e l  c ’ i ’t , i Ifl f l .

~‘ h E K h ~~A I.  R ES L ~I r S  I N h I  D I S C U S S I O N

The’ lamina r hoeind.et’ t 1,uvet  ~~:i, i l ~~~e ’ t e ’t ’ ist ics were’ c a l c u l a t e d  f o r  three

s u n u p It ’ bud ic’s cit rc ’vei I U t  ion by t h r e e ’ met heeds; t lie ’ P~~hi lh aus en  and Ilc’,tcI mu—

men turn h it  eg ra I met heds and t hue  f i i i  i t  e’— d i t  1 c’re ’nc e’ me’ t hu d  di’s ign at ed  i t hi

t ke.i t is descr ui- ,’ d ,iui ~h refe rred to as the ftiv I s~ b scheme by Blot t n c r .  
I 

The

DB I in I te—d if I crime ’ a method prov i d e ’s sec ’c’nch—order ,uc ’c’ur,ie’v in the step

a izes ‘ a and ,\fl al ong and norma l to t h e  bo d y , r e ’ spe ’ c- t  ita l y . The values of

thee’ step sizes .\s and \fl tha t were’ used in the lb me thod were sutea 11 e ’n oughe

cir e a c h  body eons ld~’rec1 in this report tha t further I- e ’ciuc ’t  i ons in the at c ’p

s i zes made Ic ’ ss than .u u n a — p e’rc a n t  d 1f f  cr a n e ’ e ’ in  tnt’  o 1 the computed t a  1 tie ii

15
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t i t t h e ’ b teun d .ur v  i av~’ r c l c , i r a c  l e u  1st ic s  . Accc ’rd ing IV , the’ r asu  it s  c i b t a  iiied

u s i n g  t i d e ’ DB n e t  hod ,e re ’ pr c’sume’d t o  be e’xac t I or compar i son pur lid la c ’s .

.1 t a r t ht -r ’ ~‘h~-ek these c~i u i u p u t  . i t  i o u i , u l  re -suits , t h e ’ boundary lover ~‘h ar—

l e t  •-r cat i c ’s we’re j  i Sc ’ c a l  ~‘U l,u ted fc c t Sc ’t’ e ’ a 1 hod b e ’S us I u ig ,i cc ’mpu t e’r pr  - - —

gr . e i ’u  :e ,is~ -d ci f l  he! Ke ’ 1 l e t - —
~ c - bee  i box met he’d 

2 
l’he nume’r I c - a I r e - suu l t a o b t a i n e d

wi th the h-ox me ’ t hu d  in  a l l  case’s agreed t c ’ w i t h i n  t w t ’ Pe ’rc e’ll t cit th1’ r e s u l t s

c)t~t .t m c i  w ith the’ 1)11 m e t  t o t ]

l’he 1’,’t uuu , h , i r -~ 1 .et’ e ’r u J r , u c ’t  e u 1st L’s wer e ’ ~ o i i u p u t  ad l ’v i l l  t h t r ’ ’e nu e ’t h od s

to t ,u number 01 bod j~’s ( l ’o t h c y l i n d r i c a l  and , l x j s v u u u m e t r i c  b o d i e s ) .  I t  i s

su! Ic le n t  I c r  t ’ o m p a r i s c ’ u u  - - 1  t h e  , u c e -ura cv and ccimputat t ona l c - O S t  o t t h i ’

P o h h i i i u a , -n , }jc’.id . ,uflcl DB me ’ t L c ’~is  to  i l l u s t u , u t a  the n u m e r i c a l  r e ’su l t s  on
p

on It  t h r e ’ t - samp Ic  hod lea  s j u i c e  • in ,t I i  t lie’ c’ .l Si ’S cO I lS  [dc - red , b ea ch a’ ii - t hod

iv - - c-qua  l i v  ic c i i  u , u  t a e’su I t  a .  ‘I’he t h r e e ’ i i  lu s t  r~u t j  ye bud ii’S t h e a t  We ’r a

choa ~- :u i r e ’ t a i r l v  e x t  t ’ e ’me ’ c , t s e’s I o r  w h i c h  t h e  p r e d i c t  ic en ~if  th ~’ l a m i n a r

b o u n d a ry  layer can b~- c l a s s i f  ied ,u s eith e r I , u u r i y  e ’a S \  or i u u t d .  f t c  e ’ , is  j e s t

po ss ib le ’ c ,u s e is pr oh- ,diiv the t t a t  p l a t e  i’~- u i u t d , u r y  h o v e r  bu t  t h i s  u,’ , i s  n o t

de ’e’ ntc ’ cl , u .i i r  t c ’ a t  be’c O u St ’ Ht ’, id ‘s metlicid has ~un , u c e i i r a t e  i U R ’ r po  h it  101) 0!

t i c ’ t i , u t  
~ 
lot e 1 , i u u  j u t , u t  bc ’und~i r v l a v ~ -r  y e  I oc i t  v p rc e f i l e  h ’u i i  t j U t e ’ i t

liii ’ I We) e’ . t S \  C .1 Se ’ S c’Of lS  ide ’r i’d I or tie is r epc ’l t a r e  t h ee t 1 ~eu , p i ta  t .1

s u - ’ h u~-r e  , uie ~h t he , u x i a l  I ~- -w l ’aa t  ,u a - u u e - t ’ o id  w i t h  ,i i~’n ~~t h u — t o - - ~1i a m et e t -  r a t  he

-. to I .  I lu St ,tre e cemmolt t e s t  c , i s~’s t , ‘t - w h i c h  many a p p r o x i m a t e ’ hound ar ’.’

- i v  ~~ ? Sc ’ 1 Ut 1 OflS h , u v  a been puhl  i shed . lit ’ . -  v i a b l e  c,i icci 1,i t ion met hod must  hi-

ib  I c  It’ p red i c t  the’ Lemln,ir heeunda r v 1 , i v e ’r c’U I i l i ac hod I as with t ’ c’,t sii~~iib  ic

l i t ~~lt ’~~’ .

Ilk ’ l i ’ d  t e S t  Case’ coui~-u id1 ’r~’d t o r  t h i s  re’pc ”t ’ t u s  .u r a t h e r  ~c~it t t i ’ . c~cl

i , ’ -’ u , i t  h i l l y  cle ’t  h ie d body of r e v~’i i i t io I t  w i t h  .i f l i t  f lOSe . Siu ~’h e’\t rc~ ’~el \ ’

h l o ut  both  I t ’S h i v e  v e r y  r . u p  id and l a r ge  v ,u r  j o t  j c t i s  of  t h ee s u i t ’ ! , i c ’ e-’ pr e ’ u-usu l r e -’

~h i ’4 t r  i b t u t  h ’ :u .  These ’ v a r i a t i o n s  can cau se ’ ~upp r ’x j m ,ite l a m i n a r  h o u n d , e r v  l , i v e r

c O  ~- u u  I .it ion met hud s to pred ~e’ t c at  i a t  u’ c ’ph t  j c a  1 1  ‘.- in ac~’ t u r , u t  c beiu n c h a r v l , i v c ’r

c hea r,ic tar 151 i c a such ,u !-~ se’para t ion where i t  dccc ’s t I c ’ t c c c’cur or no sc’p ,i r , u  t i on

w h e r e  it dc ias e ’c’ c’ ur .  The hard  test cisc c h o s e n  l e er i l lu s t  t ’, I t  t e en i s  de~s u g —

tu ,~t ed hc ’dy B. On both’ B . t h e  b o u n d a ry  I , l v i ’r n e a r l y sep~u r l t  c ’S u t  a point



—— ‘—-— -—-~~~~~~~~~~~~~~ “~~
‘
~~
‘ ~‘~~‘ n’un-~’~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ e’e ’,’ -~~~ ‘ -~~ ‘ “ ~‘ 

- 
~~~ -‘~~~~~~ ---- ~~~~~~~~~~~~~

Ii

u , - o r  t he Iic .i sei  o l  the body h u t  r e ’covers and e v e n t u a l l y  cu lmina t e s  in a c t u a l

be)u :tct ,ury l a y e r  s e p a r a t i o n  n e a r  t i i ~- t a i l  of the ’ b o dv .  It  seems t h a t  body B

1 5  a su t  t i t ’ i e ’n t ly  e X t  r e ’uz e’ c i s c ’ b r  l a m i n a r  b o u n d a r y  l ,uve ’ r c a l c u l a t i o n  m e t h —

ods Sc) t h a t. I I  a m e t h o d  Is  s u c c e s s f u l  f o r  bo dy B , t hen one can ex p e c t  i t  to

b ’  s u c c e ’s s t u l  on most other bodies (two—d imensional or axisymmetr ic ones).

‘ Fhe’ t c r s t  t e a t  case ’ to he ’ t - o t i s l d c ? r d ’ d l  i s  the  boundary  l i v e r  f l o w  on a

sp he r e .  i t  i s  S i i t  f i c  j e f l t  t d )  compare ’ on ly  t h e  s u r f a c e  d i s t r i b u t i o n  ot t h e

v a l u e s  ci t  the ’  s i u , i p e  f a c t o r  H and skin I r i c t i o n  c o e f f i c i e n t  ~~~~~~ F i g u r e s

2 and 3 sh ow ie ’ d i s t r ib u t ions -1 t he  su r f , i c c  v a l u e s  of C - R , and of H ,
t 1~

r e sp~ -c t I y e ’ l v , p l o t  ie,i ~us  a f u n c t ion of hue ’ ax i a l  coc e rd m ate x . The f r ou t

s t a gn a t i o n  p o i n t  is l o c a t e d  ,ut  t h e  p o i n t  x = — 1.  The v a l u e ’s of C
f

i~~~ and 
p

H t h u t  a re  o b t a i n e d  Nv t he  P o h l h t u s e n , Head , , t t d  DB :u i a t f i o d s  are de’not ed Nv

t he t r  i - u u u g u u l a r , c I r c u l a r , and d iamond sh , iped  symbols , r e s p e c t i v e l y .  This

fle’ t I t  ion is used in al l  t h e  e’cimpd r k s e ’tt s shu own in ~h i s  r e p or t  . On the  t rout

of the  sp here , rum t h e  s r .ugn a t 1e ’fl p o i n t  at x = — 1 . 0  t o  the locat  [on x =

— 0 . 3 . t h e ’ n u m e r i ca l  r e s u l t s  tha t a- i - r e  ob t a i n e d  by the  P oh i ha u s e ’u i , H ead ,

and DB me t hod s ,t r e ’ p l - ’t ted at the  d i f  f e r e n t  s t a t  ion values  x f o r  c l a r i t v .

F r - ’n~ th~’ s t , i t  i o n  x = —0. 3 t o  the  p o i n t  oI  separation ne,ir x 0. 2h thee

nume •r i c a l  r e s u l t s  t or c~~ ’k7 and H obt ,i m e d  by each c i f  t h e thrc’e’ me thods o r e ’

p l o t t  ad u t  t he  s, lme ’ stat ion v,ulues x.

i t  can be sc an  in F i gu re ’s 2 anci 3 tha t the  lam i n a r  b o u n d a ry  l , u v ~’r c ,u 1 —

c u l , i t  ion m e t h o d  of H~- , i i  i s  c on s i de ’r a h l ~’ n-or a a c c u r a t e  than th~ Pohlh ausen

method  .t I t  h i o u ~~h the lot t ‘ u  seem -i  Ic e be adequ~i t  c f or  rough est  imat c’s. F l u e

sep a r u t i~’n p o i n t  is pr e -d i c t a d  Nv the  DB method  to  occur ut the’ Ioc ,et  ion

x -‘ +0.2 55. Head ’ s method  p r e d  Ic ’t ~ t i t  si’par ~i t  ion p o i n t  at  x = 0. 2 6h and

P o h l h e a u s en ’ s -‘ ‘- t hud p r e d i c t s  it a t  x = 0. ,l0~’ . l’he ;er i cc  t h a t  cu t e  has to

pay 1 or IIeacl ‘s m a t  hod • over the ’ pr le t ’ id t lie ’ l’ ’lu I hi,iusen n, t hod . ! d i r  I he’

more ,eccurate boundary layer predict ions i s  v e ry  low. The c’a l c u l ,u t  lou is I or

the ap h - ’r ~ - . given by the comput e’ r p r c iC r a m t if the Head method in the ’ Appen-

d i x .  r e q u i r e d  3 . 5  second s to e x e c u t e ’ c c l i  the  CDC 6700 c o m p u t e r .  The

P oh lh au sen  m e t h i e d r e q u i r e d  ~..7  seconds us ing  a l a s s  ~- I f i c i e n t  i n t eg r a t i o n

r o u t i n e . -I c e i m p i r a b l e  n u m e r i c ,u l i n t e -~~r ,u t i o n  method I t ’ the one used f o r

17
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I’u h u l  hi at i se ’ie ‘ a met h uod  . i ’hus , th ere ’ is 1 i t t  h e ’ t o  g . i  i i i  on i e - e ’u uipui t e l  hi ’ .  i t s  i i u g
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ci ict l c u ! t  I e i  I h u e ’ a p h ar c i ii! i r e ’ bet  e r  t h i i i i i  I - i  t l ie ’ s h ih i e ’r e , - u t  boug h t a t  i l l

—
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l o l ~’ . l’hus , out ’ wou l d  e ’ X h e t ’ct  most low order  icecerne ntum u t i t e g r • t l m e t h o d s  t e l

hov e ’ d l i i  I e ’ e i l t  ic ’s I l l  at ’ c ’u r , l t e ’ I y  p r ed i~- t  i u i g  t h e  leeeut td .urv I,iv ’r e’heac ’ . ue ’ t e t ’ —

I -St i c ’S I c i t  h~’~l ’~
’ B

Fi gure’s , - and ~ al uow t ite ’ re’niarLab 1’.’ , i e ’ c’ l l r u u t  e’ d c c l  I c  t (dill ot t h e e  \‘ ,u I t i e ’ ::

c i t  C e K and H Icy l i e _ u t ]  ‘ a r a t  hod - F l t ~’ V , l  lu C s  c l i  I_
f 

e
i
h~~ and I i uee ’,Il t lie i l c ’S’, ’

(0 . 0  it ‘~ 0.1 le er  C , uued  0_ i )  a ‘- 0 . 2  t e i r  h i )  w e t ’ , ’ p l e - t t e ’ el st ’h ’ , u r , I t e ’l t’

(teem t he  re ’st c ’t  t i l t ’ l ’~idt’  u r e  F i g u r e’s ,l I n c h  cS, L  , r e s p e c t i v e - i ’ . ’, le e ’ e - ,uus c  e~ t

I hit’ L i ’  t’ e ’l’ v I,ii ’ce - m a g n i t u d e ’s nit ] r _ i p i c h  t n ’  i o t  ions t h t ’i~ ’ . ‘flea , i , ’ c - i u l , i c V ol

t h e  ~‘la d  i~~t i ons  ot  t h e’ v a l u e ’s t ’t  t ’~~i R
1 

and hi h e y  U a i u e i  ‘ a ieie ’L hi od , i u  e ’ e’Ven meel’ c’

i i -r ie . u t ’k ab l e ’ in t i le ’ I t  g ilt c ’l t h e e ’ ce etti p l a t e ’ I _ t i  I t i l t ’ t i l l  hod’.’ B ~- l  h ’~’ hu  I l i . i u i se n  ‘ -c -

‘

me et  h e ed ‘[he ’ p r  i ’d i - ~- t  c c l v _ u  I tu e ’s c e t  I hue  i’e h  1 haus e’n p , u r ome t u ’i a- c ’ I t ’ c ’i l  t s i d  e’

t ile’ reg i t ’ll in  w i u i c h i  t hee ’ h ’ c e t i l  hiat ~se’te y e  l e l t  i t  V ~~~~ i l e ’~ ,l i ’e ’ nea~lIl I ng l eu l  ;upp l ’ t ’x --

I ill_ ut l c ’l lS 01  t i’e’ ex ,uc t V ~‘I~
e c’ it v p r e i  I i I c’s. ‘[lie ’ re’ f t i l e ’ • I he ’ P o le I i i : iu san me’ I h e ’ d 

- -

h ’ r c ck t ’ c low U  .lflcI co uld not  be c - l It iu i u e ’d o u s t t i l e ’ jio m t  a 0 , 021 ’ . [Iii ’ same ’

c i t  l , t e ,u k d own  c i t  I _ l e e ’ h ’ e e l t  I h,u u s e ’n us e’ I heed ci e ’ e’ur r ed a t  t I l e ~ s.lnee 1e ,e jflt ,

s 0 .0 ‘a , u s i n g  t Wo d i  I t ’l e’ul t t i -p t ’ :; c - I  h u m id ’ I e ’ .u I in t e ’gl ’ ,l t i ten m e t  he eds  ou i  ,u - c

I e I l m h e t ’I ’ c i t  e l I t  I e r eut  I I xacl ,unel v a r  i i  i’It’ I ut e’g t’,i t lore u l e ’ t a :c . Ac’ c d 1 r d  I i lc ~ Iv

it wa :; ,- c ’U e  I tule ’d t lea t the ’ Pe’h1hiuu~ en lie I it ’ d I S  i tie ’O p ’ib h e ’ , i l  l e ’ , l  a, en , i l ’  I

.i ppr eex m a t  I rug the belunel,u c v  I , u  v e r  on t h~’ I I at I ac c’ e~ I t lee b~’d v Ii . it I a

t n t  er~ ’ at i ng t ci n o t e’ h o w  .1 c c l i  r~i I e’ lv hta.ud it met h O d  p r’ e’ch Ie’t a t i l e ” l a m i no i’

ac ’F ’ ,ir lt le’zi pte~~i t t  i n  1’ i gui  a ~‘h , e ’s pe’e I I  I l v  in  v i e w  ci f  I l i e ’ t c ’ ’ . t ’ F e ’ P l ~~’ 5 0 1 i 1 e ’

‘,, ti i l l  loi~s t l u , i t  t he ’ le c iund . u r ’c I , t y e ’u h ad ( c i  n egc ’t_ l u t e ’ b e t  t i l e ’ . i i r  i t - nec - 11  t h e e ’

, t e ’ t u l , u f  l . i l l h i t l , I i ’  se ’ p i r a t  I c i h i  pO t ilt  . l i i  p l i t  i e ’t t t _ l r , It I :; t o  lie ’ uot e -~b I h a t  i I i , ’

I ~cm 111 ,1  t ’ bc ’ l l u h d l , l I ’ V I I ’ .’ , ‘l ’ l l e ’,l  r i ’ .  :‘C~~.u I ’ l l  c O t  .11 t lle ’ li e ’ i ut s 0. I c ’’ c ut  h e , ’~l v  Ii
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i t  [a i i i t e ’ r e - s t  ing t e e nu t  a that I or the ease c - I  hod’.’ B , H ead ’ s t i t e th eo d

re ’qei i re ’d i~) sac - te nds  of e ex C e ; l t  i t i ti t 1 111, ’ and I _ h u e ’  DB met  h eed t’e’(l tti red 2 1 7  S e t —

c in ci s . By l’eelu i r j u g las s ,le ’c’ura c’v ~-I the [)B nee’tleod , fo r  e’x ltlup l i e , O c ’ t ’ l l I ’ , L c V

- - , ‘ri ~~i , t  t ab  Ic t e’ t hee r e ’su It s 1 e j  Head ‘ s method , the step a i ia a re ’qu i t ’ ccl by t h e e

DB met tic ’e I c ’ J L C  b~ I n c  re ’,ise ’d t e e 1 , i  r ge  i i  lu , :; t h a  t r e q u i r e ’ o nl y  about  lea I f  thee

e ’ Xe ’ c U t  iOU t USe’ cit the ’ a c c u rat e  st e ’p — a  l ie ’  BB me ’th od.  T itet s , f or  e’q u i v a l e ’nt

, L c c  eu r , u e ’~ ’ It”. , I s , hk ’ .id ‘ s i~ie’t h e o d  wo ut  ld i t t  ill I c t ’ ~uh ec e ct t five ’ t ime’s .us I out as

the’ DB method . It is a 15cc i rut e’re’st ing t c’ il tet e’ tha t the ou t  (I-ma t i c St e’~
) 5 l / d ’

sa l cc ’ t i eCu me’e’ han j am of the flume’ r it ’ u I met h e d  thea t was  used t o  imp I e’rnan t

I I e ’ , I ch  ‘ a m e t h o d  r edue” e ’d t hee ’ at  c ’~~ s i :le’a \s to value ’s On t h e  or d er  eef 10

c -r ~l e r  tee I c c  i t r , u  t a lv I_ nt ~~~~~ t e’ t h e  bc e i~iecl , i  r ’.’ I ,u v c ’r Equ at  i t en s  (1 ~ ) fl e a r I _ b u t ’

f l O Se ’ e)I bce cl v B. On the’ pa r ,ille h m i d d l e  b~edi’ po r t  ion c i t  bee h ’ . l~, t h ee St  e ’~~

5 j ’ ea ‘, ,u eL t cele ia t I c : u l l v  i u c l ’ c ’ , u u u a c l  te e t’, u l u e ’s c-n t h u t ’ c e r d er  c i i ’ 1 0 .

I ’h ie ’ r e ’ .1 r a  se ’var , l  1 r easons W h ’e ’ i t  n i e i v  ol ace he’ 11cc ’ e ’s sZ l  rv te l c’ c i u l l h e c L t a t h e e

be ceu unch ,i rv l i v e r  v a l u c ’ i t v  prc e t ’ i l e ’ I (“i ) = u / C  uund i t s  f i r s t  twc i den t - i t  f tc ’s .

e . g . ,  I , - r h e ’u n d , i r v — l a ’,’ e’t ’ i t u s t a h i l  i t ’ v I i e , i l v s i s .  ThUS , a cc d h h h l e . u r  iscefi  t ’ l  t h e e ’

c’ee mp e t t c ’ el ‘.‘,i l ues  of t ile v e l o c i t y  le r, e l ’ I _ I c I’ and i ts  f ir st tw o  c l e r i t ’ ,itlve ’s I

and I ‘‘ t h a t were ’ ,-bt ,t I ned t ru m Ihc ’~ cl ‘ 5 me ’t hod ,uuel the’ l)B met h eed is made ’ i ll

Ftc _ u t - c -a 9 t h i r c ’t i 5h i  11.  I b t c ’a t -’ t ’ e l c i c ’ I t  v p N e t  I _ h e ’ s  , u r e ’ h ’ l t i t t e ’ c h t’ e -io-: us I _ l i e’ ‘ c ’ —

c e r e t  i h l , u t e  ‘1~~ 
t h a t  i : ;  norma l t e e I_ li e’ b c ’dy su r t ’ ac - e’ .u ui d t h a t i a i ,ri,t~he ’ d i i n c ’rus I t ’ l l —

lesS i-v thee’ l c e c , u I  V . i l t L c ’ c c l  t h e ’ d is p l . u c ’a cnct l t  t h i i c ’k t i c ’as c’~~ (s)  . h - i c _ t i r e - s  9

t h r o u g h 1 1 s h ot,’ t i le  lee - e ly  B ye I~ e c i t ’ .  h i r c i t  i ic ’S and t h e  it de’r i t - u t  t i c ’S df ,

and d I /d’~ i t  I o c t  i c i l i a :  S 0 . 02s , ~ h~~Te ’ C is .1 m i n i m u m  and Ie ;  r i p  te l l v

i- _ I t - ’ .  i u l c _ ;  a t  a 0. I- ct ’ , wlle’ l- c h o t i i i d ;u r v  l , u v e -r  i i e ’ . u i ’ I v u - u a p u r n c ’s’; i n ch a t  5

0. Sa .’ , a’h , ’r e ’ the’ h, ’u t e c l , u r v  l a y e r  is l us t  be’g in n i n g  to sc ’ h c , u r , I t c ’ . ‘flee v. u h u e ’s

e ’t  the’ v e - I c ec ’ it ’, 
~~~~~ 

lie ’S I ( ii) aI ’e’ \‘ e ’t V  ,ic,’ c ’tLr ,tt el \ pt’ec1 [a t  ccl Nv ba u d  ‘it file t i i —

od at  a ll c i f  t b ~t’ a bti’,’ e ’ t l e r e e ’ pee i ru t s  it den  thee ’ l’c ’ d i ‘.‘ . The to I tie’s c ’t t lie’ I l i s t

de ’r i i i  t lv i ’s ~h I / dn~ 
,i re I e’ss a(’c ’ur ,u t e’ hu t at i i i  I .u I r Iv c_ c e -d . Su h a I 11C t j e l l

i leo e’e ’uul ’ u c ’\’ ia I ound only in  t h ee values tel ’ the ’ ae ’c ’ , en d da t ’  ii’ ,u ( L Y e ’ d ’

l ice u l a  l e e r  d I sc repatlc ies  he’t w e ’e’ii t h e  v u !  t i e ’s e ’ f d I / dr 1~ pi’ e’cl j e t  c c l N v Be uch ‘ a

11Cc ’ 1 hei~h and the NI m et hod a r e ’ ma 1111’. c ’Ofl I i ned t t ’ ,u r c c , I 011 i c ’ h’V e ’ h O S e ’ I c e I_ l e t’

lee ’ch v surt , uc e’ .
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I t  i s  r - i ’ ,u l i v  r e m a r k a b l e ’ i,c~ , t c c u r , l t e ’ l v  1Ic ’ ,~~l ’ a me l  h o d  h i r e d  i d  a th~’

i- , - I c i c i t v  i c r ee f i l c ’a I ~~~~~~ i t -r cu b ab lv i ute 1e~issibl~’ t c e o b t u t u e  much b e t t e r

p r c ’d l c ~ l e i U S  01 , t  , - , - ; u ~- r a I  val oc it’.’ p t o f l i c ’ shape I ( e ~) and i t s  d e r i v , e t ; v e - s

Nv lIe’.’ - ‘ t i l e , r t a’- - p u r a m e t a r  rn - -t h u d . Thu i s  ‘ -~u ii he surm i zed by ie,et I ng in

F i gu i  c u. I Oh t Oe! l ib  tha t the’ se e c’c,lld clan i v , i t  ly e ’ cr1 /d’~~ 
has  s e ve r a l  h e e c , u l

mi t e imums and ru ,ux imumc , I cr o ss  the’ boundary l o v er . Si t c h  v a r i a b le ’ fu n e ’ I ions

~~c ’ 1 ~cl Se ’ e ’15 , j U  c_ c Ot ’ l’ .u 1 , te l  requ irk’ fort ’ t h a n  tW ce par ish ’ I c l  it t u e  ;uc it r a t  a 1 V

j u i t  erpo l~u t t ’ .

~1N ~ 1,[ D l  RI ’ ~tAKKS

‘l I c e ’ nunee’r ic ’ol r e s u l t s  ‘1  til e ’ l am i n a r  b e e u n d c u r v  la ve ’r c a l e ’u l a t  i o ns  us i i l g

bit ’ P~i h 1  b e , i u t s e ’rt . - 1 , 3 , and NB met t iods  :;tlc)Wn in F c_ u r i s  2 t h r o u p h 11 show • )
I h a t  lI e ’,id ’ a me - I  hee d I S  v c ’ F V  0 c u r d a ~ nd v i a L l v  suij ee t ’ t or t e e  l’ohihau scn ’ a

ft ’1 l u c i d . S i u e ’ c ’ i , ’ .o i ‘ a sr - I  I l t e il r e ’ h : i  I r e ’s li c e f i l c i r e ’ c mi l t l t  e’r t’~~e’~~it t it’ll t cma and

v e r y  I i t  t a is - - a ce i f p u l t  c t ’  c ore ’ at  c i r . l c _ e i h u n  P o h e l  l t a u a r ’n ’ a r n e - t heed , t tare ’

ac - c -ms I it t h e ’  r~~,ua,’n I c i i ’ oaiuCc ~ t hee ’ l a t te r  met  i i t ’ cl when L i e ’ t c e l ’ 11i c l ’  I S  L i i i  1—

,ihl e . i l t ’wa ve ’r . w ith t he’ , u v , I i  I ,u h i  1 L t v  t e l  ,uci’ur ;ute’ finite— dill , r c n c e e u~~e’ t b —  P

~‘ch s . such  i s  t h e DR methced, whi t  , l d l V i l l t  , i c _ e 5 t I c  t b i c ’t’ e ’ in  us I u l c _  hhc ’ u d ‘ a

sic - I  h~ed I t , l e e r e’x,um p t e , e x t  r amc - I i ’  h i gh ,lcc ’ul t v  , assen t t i E  Iv e’x,uc ’t , 2 , i m i  —

ii ,ur  Iic ecttid i ri 1 iv  e r  c c iu1i~et l  l i t  i t aCI t  . 1 1  e’ u t ’ ;  i i i  re ’ ch , I_ l ie n ‘iii ’ SU S t Use’ tilt ’ I i f l  I t e’

c h i t  e’ r e n a  a ine’ t h o d  u . 11, -w e ’v e ’ r , i i  - e~~ i v  u c ’ct e ’ F i l e ’ I v  uc  c ’ t t  r u  I _ c ’ re  set It a , a c c l i —

.1 t t 1c~d1 I r~ eun hI~’,ud ‘ s m e t  hod Shl e ’Wti “ l v  , t u e  r , - ; u  I r e d , t h e ’ll fle ’~~ cl ‘ s :  t h o d  I i , is

Se ”,’ e’ 1’ ~~1 k e I V  i i i  I , u g~’ 5

f lea  I i r a~~~, i c I ~ oi l  ,i c_ a i s , cit - - e ’ t i  I’ Sc ’ , t 1 ,11 bead ‘ a tue t l u o c l  1- c~ t i l l  t F e ’s t ’ll ‘L V

,lle t e ul t d e u c e-— f 11 t h tha ec em p uttc ’r c~~~e ’ c t i t  i c ’t ~ t I~ ic ’ e e l t h~’ Nb ,ltec l s i ’~i h u t  t mu te—

c h i t  I t r ance ’ fe - I  blc ’cI~~ er the S ,u ul c ’ h a v e ’1 ee l ,u. ’ c u i ,I c ’v , \ l t h i t e u c _ l l  , ‘ c ’s O l ; t  e’ t  c x c ’ —

a c i t  loct  t m i ’s , i  r~ - n Ot  l i t  c _ c  e’V e’il or I _ l i e  I t u t  I t e ’—tl  i t  I e’refl ce’ sat  i t c ’~ t I t  , I he

a,uv [nc_s c_ a m e d  hi’ U S  fle  ba ud ‘ s i~ e’t heed can  I a sub s  I_ a n t  ia l  for des i t e  w l u e r c ’ - ‘

~e ,,l r a m c ’t r ic tetch y - ‘ t t h e ’ b ound ,u r v  la var b’c’bitj’.’ I_ or oui ,u I ,ur c_ c ’ f l u u f h ’ e ’ t t el  be e ch t e l ’

must bt’ mOd e’.

S~~ceend l y , t c a r t -  is  a a u t H  t a nt  I _ a l  cl I _ f  t e r e ’uc ’ c ’ ill c o m l eu t c ’t — c1 cit,’ S t  e ’l i t ’

r c ’e l cu i r ement S h c t w c e ’il Uc,u~h ‘s e  t hi od ~ nd f m u  t a — c h i t  t a r e n a  c’ suet heeds , li e I it t ,

41
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the small -osi pu t a r—core storage requirements of Head ’s method raise the

possibility that w i t h  further refinements the method can probably be axe—

c ut e d  on a programmable hand calculator, However , for large computers ,

the re is also an advantage of the’ small computer—core storage requirements

, i f  Ii~-ad ’s method when one needs comp lete information of the  boundary  l aye r

Hu a r a ct e r i s t i c s  over the  whole  b o d y ,  i nc lud ing b o u n d a r y  layer velocity pro —

f i l e s  a t  each  of many locations on the body. For finite—difference methods

such a requirement would necessita te the storage of many vector arrays that

d e s c r i b e  the  v e l o c i t y  p r o f i l e s  by points. But Head ’s method requires only

the storage of the two arrays {a.} and {b .} of the values of the parameters

a and b at the locations {s.} i = 0, 1, 2, 3,.. .1 on the  body.  Furthermore ,

if the boundary layer characteristics for a certain body must be stored

permanently for some future purpose it is very ea sy  to simply punch the - ‘

arrays {a.} and t b . }  on a thin card—deck.
1 1

Since it has been found that Head ’s method is very accurate , it seems

that the method can be extended to accurately predict unsteady boundary

layers of low and moderate values of frequency (or low and moderate values

of inverse time scale). Such an investtgation is worthwhile and should be -
‘

fairly easy to carry out. The unsteady versions of Equations (14) can be

shown to have the form

A11 ‘~‘~‘ + A12 ‘~~

— + B11 ~
‘j
~ 

+ B12 ‘
~~~~~ 

= C
1 

(26ii~

A
211, 

-
~

-
~

- + A22 
-
~~‘~~ + B 21 

-
~~‘~~ + B22 ‘~‘~ 

= C
2 (26b)

where  the  c o e f f i c i e n t s  A , , ,  B , .  and C , a re  functions of a, b , r (s) and
1J 1~J 1 0

U(s,t). Equations (26) are in a natural form to which one can app ly the

method of characteristics. The method of characteristics is probably the

most effective available numerical method for solving a pair t1  first order

hyperbolic equations in two independent variables. In contrast to this , a

finite difference time dependent calculation of the momentum Equation (lii )

involves three independent variables and thus would require - much larpa r

stora~ v arrays and much more computer time.
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p i  c c l i:: , F, e L -  , u  twee—d u s u t ’flS j c e i l , u  1 ie c e c h v , t h e’ sets te l  ui - c - I ans I hi ‘.,u luu c ’~ -
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i upui t must hc I Vj e e ’el in ,u t I _ l i e ’ t erm u - ta 1 , [~ I i -ac  I o i i u , u I  , in l i e  - u  l e a  i i i

a l u i c h i  t h u e ’ h e r e c _ r , u m  c u  h i s  I c l ’  i t .  l i e  e tch c , t u ’ e , I lie ’ t~ 
c i  i i i  ir , eu :uj t S I l e e

tI ie ’I’ ,u  a I _ t i  t hee ’ I i e j e u i t  I tu , i t moa t l i e ’ 1e rc ey iehe ’ eh . h- ’e’r ex ,ui u i l e 1 c’ : I he’ I i r u -i t  I ll~’ i u t

c’ard  r c ’ c l l I  i’ c~ l hi - t h u e  e i ’ ~~,, i ’ , u u u i s  I_ li e ’ i c’I t e l  p a u u r u t ’t cm ’s NI’, I l’ tfl F . t ’\ i ,11 .

I A N . I_ l i e ’ pi o c _ l u si I i i s t  I _ V i c e’s 1 tll e’uis,is e u e ’~~t i ’ c t  in c_ I _ h o t  I i c - c e ’ p u  . t c c i ’ t e ’ i h ;

lee ’ th e l  i t ee ’ el . NP I t h u e iu u m hee ’r  c i t  i u i 1 — c u t  c i t  I S et l~’ t j u l  n c_  t hee ’ l’~’,h ‘.

( 1 ‘— NI’ ‘— .7(1 O ~ l h ’ u l lh -  e’cj ui~l l ‘- ; c ’r o , t~~
\ ‘c :u xic:vmuuc ’I l i e ’ Ilos’ ,iii eh c e n t ’

for ta- c e-- el t r u e - i c c i t e u c , u l i l - s  S \ I , i-1 i c c  a u i  , i r h i t u  , i u v  c c i i  c ’ I , u d t  , i u  t ,~ i ’ c ’ c : e , l  h e ’

t h e ’ i t i p e u t  t e l l  ~e’t S u t  t h e  d h : c i e ’l t o t e , c l  I lie ’ t i~c c ’r ~u u , ’t ’ i c u , u 1 1 v  ~ i ’ , \ l l - ’ 1

AN e ’ iital a ~‘ ‘ i ’ - ’ ( ) ~ I I  t h e ’ h’ c ’tiv c u t l e t  pa i l_ a n t  i c i  I I eei~’ 1 . 1  , e~~~ h , ’d i c y  I _ h u e

ti ter , aqua i t  cue t ’ (1 1 ii lee ci - t ’ r it’ I . l u i ’ - t  t ci u c c e ’ ~u i’i u u I t  — i t t  h i ~ ’I  e i ll  , u l  1 1 t i ’,’

I e c t -  l ie a l ehlc ’rc ’ inc h e t lu l a  ii ; 50 ,‘ i t  I h i t ’ b e t  it’ I ‘ l i e ’ - ( ,e u u a e  l i c e  i’iu h 1 t — i n

h e c i t e ’ I i t  i .il I l, iw I ‘it ’ .1 C Ii ~- t i l , u r  c v i  u u u , h , - t  s i t Ic l I e ’ c i i  t u l u t  t el l  1. 1 l ie ’ t i S ’i i t

-c t  i c _ t e a t  i c e l l  lit ) I _ n t  i c  ut i) . I l l  , I l l  t lce ’ ‘, , i t t  c ’l  I w, ’ c u  cc ’ ;  c u l t ’ - - nc - c e ’ t  NV - I

liCe ! I ie~e u ~ t I , i~~~ lec i ,hv c i t  I - ‘c _ I  5 .11 Cc1 l’ e~I ei ’t t  i i i  I I ,c’,~ v c ’ I c i - - 1 1  I t ’S I I  e ’ I t , ’ I I e .’e i c i  I I

I ;
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Thee Input  variable “init ial step size ” l e e r  w h i c h  the program will tia k

c ;c ’r v a a  a dual role. [Ice’ first role is prect se’Iv tha t of sat  t ing the

I [r at I n t c ’ p r t u t  le e i i  S t ep  i t  t h e ’ I r on t  stagn;l t Ion  po i n t .  However , t l u h u - t  I s

l i c e t  import ant and the program is not a t ’n s i t  i v c ’ to the value of m i t  h a l

-; t e’p s i z e ’ s inc e’ it w i l l  au toma t le’a it  v lie ;lci~ o at  e’tl t o  ma in ta  in a e’ e’r t o  in

j i l t e’er a t ion , ue ’ cu t  r : l c ’ v . The second , more ’ important , cc c I e’ e e f  In It itt I St C~

a t  .‘e’ is t h a t it de termines I_ lee approximate Interval t ilt i ng the  l e t e e i y  s u r f a c e ’

u t  whe I_c he o u t  1eut is 1e roy ided . Nati r sap ,i  r u t  I c i i i . more ’ output nov ha pro ’.  feted

than  I i t  i t i  I r oi lt  of s e h e t i r t u t  ion. Theis . I _ h u e  t h e t i s  i t  v of th e o u t p u t  of

he’uiulcltl ry I a v e r  a h i t u r : i c  t e’r ist ics tul ceng t hee lIar I a ce  cit  t h e  leo ei\’ i s  c o n t r o l  led

liv the  num le er  pelt In und e’r the head iuc g ‘‘ i i i  i t  i , i  I at e ’p ct i t~e’ •

Th ee HEAD p i c ec _ I’ , u u l u  u - ’ l el d s  t h e  fe e l lt e~’Iiip o u t p u t .  F i r s t , , u su m m a ry  c e f

t h e c_ e’ometr Ic (r
0
(s) ) and I_ nv ! ac j et 1,1 cew (U ( a )  ‘I c h ; u t  a is pr i nt a c t  u n d e ’r I lee

c’ e el umns c c f R , S. I’h) • A • RI wle I e li are t I l e  i tl pu t  va I _ t i e ’ :  of Iccid y rod in s  r0,

I_ li e’ .ux it i l ic ed ’ , u t t Oi l S  01 t hue input i’, u h  lie’ s ol ’ body r a d i u s , t h e  inpu t i t t !  lit ’ s

c c l U • t he t u i -  c ’ — 1  ar u g t h i v tu l U e c u  of a a t  wle ic le t h e ’ i n p u t  va l i t  c’s 0 1 U a F e ’ ct l ec ’e I —

I i e ’dl , t ied  t h e  h e c i t h v  rad ius r
11 

u t  t h e e ’ heee5itjelflS t el t lte ’ input values ee l U ,

r e’ap e ’c t i ye ’ ly . In t lie v c’r s ion o I tI l e ’ HEAD program g ivan in I h is  r c - l e o  r t

t h e  i n p u t  va l u t e ’ a of U c e c i l ’  c a  pond t~~e 1 tee ’ tu t ions a ,e ne tile’ let eh i whi It ’ le t i r e ’

m i chw ,iv ‘ c t  W a c O  c On S e ’cut  ive’  le i c,i t ion s  at wh ich t h e ’ inpu t isi l i l t ’S ‘‘1 1 ) i t t ’

c_ i van .  Follow ite c_ t h e  ~u Iit i ’~’e’ c e lt l ‘ci I , thee bouiiec l ,it ’v I tu v e ’ r c ci i i,’ I c c i  at  i c ~~; ci’ , ’

p t illtat h . l i c e ’ numer  i~’,il values of tile ’ qt i : e l i t  i t  i e ’c: c c c ’ — lc ’ilgtll loe ’,l t l i l t S .

s t e j i  a i , ~e’ \s - , b c e t h y  rod i u i u ;  r I h a l  dc i’ i v o t  I _ y e ’ wfl  Ii l c ’51e e’c’t Ic e a cef 1’ i t
J 0 , - -

a , , Se’e’dlilt h th ci’ lv .u t lye w i t  Ic r e ’I t l e e ’ e’ I Ne a , i f  I_I .11 , , it  , , ( 1 ’ N ) , , u. cS ji
j  _i I F ,i 1 F

t i l e 1  ( (~ e N
1 

) . t  r e  p r i l e t  ad ullel cm’ I _ lie ’ c ’ c ” l umi e leetici I u g  a x , i l l  , Et ch , PB , C , I)

DI T BDS , l ) Uh l I ) S , , II , CT , h )h - lST , , n e t l  1 , r a c :I e e c ’t i’.- c ’ h  ~ . 11w’ h c r c ~I’j’ tum t e ’ i ’ l u u ! i ) ; u t e ’c ;

ei thiai - u t  t h e  end ee l thee ’ bteelv or j u s t  in ft ’ouu t eel :;a 1 e tui’ ,u t ion w i t  ii I _ t e e

ucl e ’c;a,u e e ’ I le ,u t .  the  s t i l e  s i  ze ’ o f  t 1w’ numer je ’,u I i n t  c c _ F i t  I t il l  ~~~~ c ’t h c u l c ’ is  I_ cite

s ma l l  ( 0 ( lo ~~~~) .

In I h i s  ~~i e i c _ F~ Ii t i lee )  p i c i v i s I c i l e l i  tell ’ COmh)uI_ i l i c _  I_ lie h a i e l i l d o r v  I e v e ’i

y e I d c  i t ’ .  l u r e d  h i t ’ s leave been nute de . C iven Wi I t i c’ ’;  o l  , u aced h ( I .  a .  , C , l i l c h  I)

in I _ h u e ’ j i i ogr;ine) 01cc ’ c’tuIl et u s  L i v  w r i t e ’ p r t e p r u l l l c ;  l i t  iue c _ I t ir m u l l u-c ( , ‘ —~~1 l 1) t e e

c’tiles t I cit I ve l o c i t y  jiree t l i e ’s .

4 , -u

‘~~ 4iU~~~~~~



-

•90 C*$* s$$uS *PROGRAtI HEAD~ s ~,ss is ..*l 0*4* .

300 CO~$NON /BODY/ R(200),S(200),UB (200),4(200),RI (200),NP
320 COPI I4ON /IPOT/ IPOT F
400 DIM ENSION Y(1 O ),DY (10) ,PRPIT (l0)
600 EPS1~ 1.0E-4
?00 EPS2= 1 .OE-5
800 URITE( 6,1)
900 I FO RNA T( IH I )
1100 FEND~ 100,O
1600 2 FORMAT (215 ,Fl0.5)
1 7 2 0  U RI TE ( 6 , I 5 )

1725 REAII(5 ,/ l  NF’ ,IP O T F ,SC A L E ,IAN
172? NPI~~NP- t
1730 IS FORMAT (2 6H INPUT NP ,I P O T F ,SC ALE ,IAN )
174 0 IF (IAN. GT. 0 ) GO TO 19
1750 URITE (6,16)
1760 1 6 FORPIAI (2?H INPUI THE BODY STATIONS S)
2000 R [AIu( 5 ,/) (S (1) ,I~~I ,NP)
2025 URITE (6 ,l?)
2050 17 FORMAT (27H INPUT THE BODY OFFSETTS R)
2100 RE AD c 5 ,/) (R (I) ,I=t ,NF’)
.200 5 FORMA T~ 6F1O.5)
2300 IF (SCALE.E0.O .O) SCALE~ 1.0
2400 DO 10 I:1 ,N P
2500 S(I)~ S (I)/SCALE
.‘600 R (I)~ R (I1/SCA LE
2~ 00 t O  C O N T I N U E
.2950 13 CONTINUE
2960 URIIE (6 ,18)
29’O 18 FORMAT (30H INPUT THE SURFACE VELOCITIES )
.3000 READ (5 ,/) (A(I ),Ir1 ,NPI )
3 100 3 Fc 1RMAT (6 F l3. 5 )
3200 UB(1)=0.O
3300 DO 9 I:1 ,N P I
~400 J~ I+ I
1500 UB (J)~ A (I)
3600 AiI )~ 0.0
4700 9 CONTINUE
1800 CALL ARC
3810 6010 100
3900 URITE (6 ,6)
4000 6 FORNAT (/53H R S I_lB A

\ R I )
4200  00 7 Ir I , N P
4300 URITE(6 ,8) R (I),S (I),UB (I),A (I) ,RI (I)
44 ~ 0 7 CON TINUE

‘
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4500 8 F O R MA T ( 5 E 1 2 . 4 )
4600 100 CALL SPI I NE (A ,UB ,S ,NP )
4700 CALL SPL IN E (A ,R I ,R ,NP)
4750 1 9 CONTINUE
4800 N :2
4850 ISTEP :1
4900 PRM T( I )20 .O
4910 IF (IPOT F.EQ .0) GO 10 14
4920 URITE(6 ,20)
4925 20 FORM A T( 38H PUT IN LOCATION OF FRONT STAG. POINT )
4930 READ( 5 ,/) SSTP
4940 PR$ TCi )= SSTP
4~~~O 14 C O N T I N U E
5000 PRM T (2)r TE N D
5050 URITE (6,21)
5100 2 1 F O RMA T(2 ?H READ IN INITI A L STEP SIZE)
5150 REA D (5 ,/) PRM T (3 )
5200 PRMI( 4i~ EPS l
5 3 0 0  P R M T ( ~~~) :EPS2

i~4OO PR $T( 6)~ 0.92
5500 PRMI (?)=2.O
5600 PRMTIB )2O .I
5650 PRN T( 10) = 1. O
5700 IFUP OTF .E Q .1) GO TO II
5800 C:0.3225
5900 D=O. 1605
6000 GO TO 12

~l00 1 1 CONTINUE
6200 C~ O . 445
6300 11=0.240
6400 12 CONTINUE

~‘5 O0 Y (1 )~ C
6600
6700 IJRI TE (6 ,t )
6800 URITE(6 ,4)
6900 4 FOR IIAT (43H X ,HI ,RO 8 ,UB, ( ,ll ,DU B DS ,DUB D S2 ,H ,CF ,DELST ,T/ )
21 00 CALL MT F ’C (Y ,D Y ,P RN T ,N , 1STE P , IAN )
2200 E N D
‘300 SUBROUTINE MTPC (Y,OY ,PRMT ,N , I STEP ,IAN )
2400 DIMENSION Y ( 10) ,DY (10),Z (10 ,5),F’RMT(lO )

-~‘5 0 0  N OU T= 0

‘6 0 0  I E N EI : l

2650 N2~ I
7800 H I= PRN T ( 3 )
2850 X = P R M T ( 1 ) + H I
‘90 0  H0 H1

8000 ISTEF’= t
13500 NO U T=NO UT .I
8600 18 CONTINUE
8710 DO I I~~1 ,N
13720 Z (1 ,3 )=Y(I )

~b Ic



t3735 Z (1 ,l):Y (I)
8~ 4c) I C O N T I N U E
8750 I~~1
87 60 14 C O N T I N U E
8765 CALL CALC( Y ,DY ,X ,H1 ,N ,IAN )
8770 [=0.
13780 DC 2 I~~1 ,N
t3790 Y~ I)rZ (I ,3)+HI$DY (I)
13800 E~ ABS~ ZU ,1 ) - Yu ,I ))+E
13810 2 CON T INUE
88 12 I F tK. E O.I) GO TO 17
88 15 I F t E . L T . 1 . O E — 4 )  GO T03
882 0 I I I K . G T . 1 0 )  GO 10 4
8825 1 7  CONTINUE
8830 K = K * l
(3840 IiQ 13 I~~1 , N
13850 2 ( 1 , 1 )  c ( 1 )
8860 13 CONTINUE
8880 G O TO 14
8890 4 C ON T I NUE
8900 HI=H I 2 .
(3 9 10 80=81
9 9 1 2  DO 21 I:1,N
13914 Y ( I ) : c I ,3 )
~lc 1~ 21 C ONII N UE
8920  IF I H I . L t . 1 . O E - 5 )  U R I T E c ã , 19 )
8930 I?  F O R M A T ( 3 0 H  NO CONVERGENCE AT F I R S T  STEF’ ’t
994Q K :1
13950 GO TO 14
8960 3 CONTI Nu E

LALL L A L C c ’) ,Il’I ,X ,HI• N ,IAN)
8980 DO 20 I = 1 , N

R I ,1 I - ‘c ( I l
‘1000 2 u,I ,2’Ir l t t’(I)

9 0 10  20 CONTINUE
‘1050 CALL OUTPUI , ’u , , ’ , F ’RNT , J [ ND , HO , HI , NOUT , j ’ lZ )
11100 10 CONTINU E
1 1300 C HI/HO
11400 Cl~~C*C
1 1 5 0 0  C2~~1 . - C 1
1 16 0 0  C 3 c H I S I , 1 . + C )
l t ’ O O  C4~~3. + 2 . / ( C o C 1 ‘c
1 1800 H i 2~ H I - ’2.
1 1900 DO S
12000 Y c I l : C I  s Z (  I ,3) +C2 u J .~ ) .r3~:( 1 ,2)
12100 5 C O N T I N U E
1 2300 ~~X + H I
1 , 400 C AL L t ’AI _ C (Y ,DY ,’X ,H I ,N ,1AN )
1 2 5 0 0  E~~0 . 0
1 2 6 0 0  00 6 I’ l , N
1 2 ’ 00

17
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12800 Y (I )= Z( I ,t ) +141 2 * (DY (I )+Z (I,2,t )
12900 AE~ A B S ( Z ( I , 5 ) — Y ( I ) ) / C 4
13000 I F ( A E . G T . E )  EEAE
13 10 0 6 CONT INUE
13300 IF (E .GT .PRM T (4 )) GO TO 7
13400 CALL CA LC (Y ,DY ,X ,HI ,N ,IAN )
13500 DO 9 I=l ,N
13600 Z (1 ,3)=Z (I ,1 )
13700 Z (I ,4)=2 (I ,2)
13800 Z(1 ,1)~ Y (I )
13900 Z ( I , 2 ) = D Y ( I )
14000 9 CONTINUE
14100 ISTEP :2
14200 N OUT =N O UT +1
14300 CALL OU TP U T (X ,Z ,PRPI T ,IEND ,HO ,HI ,NOUT ,NZ )
14400 IF (IEND .E 0. -l) GO TO 15
1 4500 IF(E.L T .PRN T (5 )) GO TO 8
1 4600 H0 14 I
14700 60 TO 10
14800 7 CONTINUE
15000 IF (ISTEP.EO .I) GO TO Ii
15100 A :(PRM T (6) .PRM T (4)/EH* (l. /3. )
152 0 0 X X -H1
15300 HI=A*HI
15400 IF (HI.LT .I•OE- ?) GO TO 12
1 5500 60 TO 1 0
15600 11 C O N T I N U E
15800 X=X- 2 .*HI
15900 HI= H1/ 2 .
16000 1F ( H I . L T . l . O E — I 0 )  GO TO 12
16 100 I F ( E . L T . 1 . O E - 1 0 )  E=P R M T ( 5 )
16200 8 CONTINUE
16400 A : ( F ’ R M T ( 5 ) * P R M T L7 ) ! E) .~~( l . / 3 . )
16500 140 =81
16 600 HI~ A 0H 1
16700 IF (HI.G T .PRM T (8)) H I=PR M T (8 )
16800 60 TO 10
16900 1 2 C O N T I NU E
16 920 PR M T (10)=—1. 0
U940 PRNT (1)0. 0
16960 CALL OUTPUT(X ,Z,PRMT , IEND, HO ,HI ,NOUT ,Nfl
17000 ~R 1TE 4 6,16) X .HI
1 7100 16 FORM A T (/2 ?H STEP SIZE TOO SMALL X r ,E 12 .4 ,4H H I= .E 2 . 4 - ’ )
1 7200 R E T U R N
1 7300 IS CONTINUE
1 7400 RETURN
17500 END
17600 SUBROUTINE ARC
17700 COMMON /BODY / R (200 ) ,S (200) ,UB 200),A 120 0> ,R 11 2 00’ ,Nr
17800 R I ( I H O . 0
11900 

~~~~~~~~ - -- --



18000 IFLAT :2
18100 IF LAT I=1
18200 DO I I=2 ,NP
18300 IF (S’.I)-S (I- 1).EQ .0.0) GO TO I
18400 IFL A T z I
18500 GO TO 2
18600 1 CON T INUE
18700 2 CONTINUE
18800 IF (IFLAI. LT.3) GO TO 3
18900 I F L A T 1 I F L A T - 1
19000 DO 4 I=2 , I F L A T 1
19 1 0 0  A t  I )~~0 .5 -0 ( R c  I ) + R  I—I ))
19200 R I (I l~ #~c I )
19300 4 CONTINUE
19400 3 CONTINUE
19500 * I1 ~ R (JFLA T l )
19600 DO 5 I-IF LAT ,NP
1 ~‘00 f r  ( S c  1 - St I—I ) )-*SORT (1 . ~( (R( I )—R 1 I—I ) )/ (S( I )—S ( I—I ))). 02)
19800 RI (I )~ 0.5s(R (I + R u ,I— l ))
1 9 9 0 0  \ I :~~I t + F  I-I
20000 A (I )~ 0 .5*L (I+X I1 I
20 1 00 ~Il~~X I
20200 5 CONTINUE -

‘

20300 REIURP4
20 400 END ‘4
20500 SUBROUTINE SPLINE (X ,Y .C ,N)
20600 DIMENSION X (200),Y (200),A c200 ) ,B (200),D(200),C (200)
20’00 N1 :N-i
20800 N~~~N - 2
20900 luG 1 I=1 ,N 2

J I ~~1
1 1 1 0 0  H I - ~X ( J ) — X u J — 1 )
I I  HI 1 - i ~I ,H -X U)
2 1 3 0 0  [ l (I) 3. * ( N ’t ( J + l )  iu J )) ” H Il )—( Y (J) )(J—I ))/HI) / (HIFH Ili
21400 B (I~~ H Il / (H I+ H II )
215 0 0  A (I )~~l . -BW
21600 A ( [ ) 0 . 5 0 A (I )

B c I ) ~~0 .5s B U)
2 1 8 0 0  1 CONTINUE
21900 C cl)=1 .0
2 1000 B( 1)  ‘B( 1 ) - C i t
22 1 00 00 2 1c 2 . N 2
22 20 0  C i I ) ~~l . O - - A ( I ) ~~B( I- l
223 00 B (I )rBcI )JC (I )
22 400 2 CONTINUE
22500 A (1 )= D (1 ) /C i1 )
22600 110 3 1:2,N2
:2 7 0 0  A ( I ) = ( D ( I  c A ( I ) s A c I — I  ) )  C (I
22800 3 CONTINUE
22900 N3=N 2- l
73000 00 4 I=1 ,N3

3 e)
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23100 J=~ 2 I
23200 C cJ)~ A (J t ~c J ) ~~~u , I . 1 )

~‘33 00 4 L t ~~ I L ~~PE
C u N I  ) c O . 0

2 3600 00 ~ 1 I ,N3

2380 0
23900 C (K )iC (J)

5 CONTI NU E
24100
24 ,00 ~ H u I ~ . N
24 ,100

SUBROUT iNE ~‘ 0 T F  (~~,U ,BUJ-~ 2 ,RO ,DRO ,IAN )
.4~ 0O COM ~ GN t 4 0 I ~t/ k (. ),S c2O 0 ),UB I200 ) ,Ac2 O 0 ) ,RI (200),~4f
24550 IF u I A N .GT .Q) 60 TO 3

24 ‘00 [l Lu I 1:1 ,NI
24800 I~~t I.G E .AcI )) GO TO I
24~ 00
25000 60 10 1

1 ac ~~ II~~~E
.1~e 2 0 0  2 CONTINUE
15300 Hj ~~A e N ) - - A~~ I)
2~~~~4 0 0  ~3~~~HI .~~2 )  ‘

~~~~.

25500 X 4 u.~c~~)~~c) HJ ‘4

-25~ 00 \ ‘ u - t X - ,4 1 N - 1 Ii - H J
2 - ’00

Y2- (( X-. ~uN— 1 ))0i 2 )/( 2 .~ HJ)

~ l~~~ A ( N ) — ~~). Y l  3.
.c o000
28 100 U~ S cu ’4 I ~\1+ S ( N l ~\ 2 + (U BcN-1 ) - SIN — 1 )~~X3 ) e\ 4~~tUB (N )—StN )*X3 )\

\ S
2 te200  k I l e R c N  - l ) s X l + R ( N ) s X . ’~~( R I ( N  I )  R~~~- 1 )s~~3)~~X 4 + ( ~~I( N) - R c H )~~ \ 3 ) \

[ft :- SuN ’ - I I l l + S (N t *~ 2 + i U BcN )- ’UB (N- l ))/HJ”(S u~fl StN’l )SHJ, ~.2~,t 0 0

DU2 rS u N - 1 1 $ X 4 4 S (N 1 $ X 5
.~~~l0 3 C 0NUNUE
2~~520 I1 , I A N . G T . 1 )  GO TO 4
2651. ~O :S INu X )
26524 DRO~ CO SuX )
285 16 U:I ~5’RO

DU 1 .S ’DRO
2o530 DU 2 :-U
6531 RETURN

4 CONTINUE
265~~4 kLl .t l .
2653o I’~ U - 0 .
26538 U - 1. 0~~I N t ’1~

41 1
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.~~540 DU: .S C O S ( X )
2o5 4 1  D U 2 ~ - U
2o600 RETURN
26 ’ OO END
26801 SUB ROUTINE O U T P U Tuc ,~’,PRMT ,IEND ,HO ,Hl ,NOUT ,NZ)
26900 DIMENSI ON (l0 ,5),PRMT ( 10)
27000 COM M ON ,-b L l / J ,SL ,SM .H , 1I~ TAR ,HE ,HT ,UB ,DUBDS ,ROB ,DR0BDS\

\ .  I J BDS
2 - ’ l O O  COMMON / 8 L 2 -  1 c 4 ) ,R A T IO ,d j ,DFI IS
2 7 2 0 0  RE A L J
27 1 25 I F ( N O U T . E U . I )  ‘c t 1 ) ~~l.
.~~250 N : l : S o o
.2 - ’3 0 0 Y , 4 ) r DT [ u S
2 74 01  )( ) 1t  I )
2’ 500
2 7o00  ~c I  1: -RA ITI

~ce,~T IO ~ — kA1IO
2’830 IF (XR A TI O.L T.O )GOTO 10 4.

‘840 T :SQ RT IXRATIO )
28000 CF =2 . OUB .SL I
2810 0 DELST HO T
28 150 IF F k M T u l O ) . L T . 0 . 0 )  60 TO Il
28 100 I F ( C F . G T . 0 . 1  I GO 10 Il
2 8 1 ’S  P R M T ( 3 ) = P ~~ 1 c 3 ) / 1 2 .
28 e0 f R M T ( 1 0 ) = ~~

1 .0
28~~ 0 12 CONTINUE
2 8 300  A = X -~ R N T t 1 )
1400 I F ( A . L T . P R M T c 3 ) )  GO TO 1 1
28500 PRM T (1 )=X
28900  2 CONTINUE
.8950 LIUB2:DUB [uS2
29000 URITE (a ,l) X ,HI ,RO~~.UB ,Zl~l , 1 ) ,l (2 ,1 ) ,DUBDS ,0UB2 ,H ,CF \-

.11 EL ST • T
29100 1 F O k M A T I 1 I E I O . 3 )

~I 50 II CONI INU[
.9200 8 IF CF .LT.0 .) IEND=-l
29300 IF(c .6T .F’~ MT~~ )l IEN i’~ — 1
1 0 4 0 0  R ETURN
29450 1 0 URI TE c 6,2 0 X
2°4-’0 20 FORM AT u 1  u, ,// ,3X ,.IOHCF NEGA TIV ,3X ,3Hlc r ,F’l0.4)

STOP
29 500 [ND
.~~600 SU BR OU TIN [  C A L C - Y ,Dt .X ,DX ,N , IAN )

DIMENSION Y ( N I ,D Y I N 1
29~00 COMMON E l I _ I /  ,I .SL ,,7 r~,H,D S T A R ,HE .H1 .UB ,DUBDS ,ROB .DROI4 DS\

\ • [‘U BDS2
29750 COMMON /BL2/ Z (4),RATI O , G,DTDS
29900 REAL J .L,M ,MPD ,r~I’C
2~ 950 C : Y ( 1 )
299 6 0 D~ Y ( 1 )
- 10000 CALL P I3 T F ( X .UB ,[uUBIu S ,DUB DS2 ,RO B, IIROBDS ,IAN’

- - - 
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30 1’ ciQ Jr .32832+(- .3 189?+ .t4 93 1 sC )iC e 0~ c .18760- .14947~ C)
Lr l .74~~ 3.5.C

30300 ESC= .-00~ 9+ (_ .054971~~
_ .182 42~~~.I75B04L0 43221+(_ .05545t4\

\ .0095503.
30400 IC ).CHC )*C )sC )sC

\ $ L  b C).

30”0 0 £S 02:’.. 1 136 5~
( .089 16 5+ (  . 1 22 1 5t ( ” .1 35 ” 3 4 . 0 3 1 2 1 9 S C ) - O C )  ~C )  00

i0800 ES D3r .02066 9s (~~.049679+(.04014l .Dt087 9~ C , C 1 t C
30900 E~ [SC+ E SD + E S t ’ 1 + E S t u 3 , L i ) * D *l
310 00 E F [ = E ~ t + I 2 . o ES 1t 2~ 3. -~E S D 3 * D ) ~~i
311 00 EF CC ~~- .0549,’1+ (~~.36484~ (.5 ’40+ (.1?29lr (- .27’2ci~~.0573O2sC)\

\IC , sC )sC
31200 $ t . C
31300 1~1’ .2~ 4~ Bf(- .58930~~( - .34833H .6O80O— .1494 6sC>oC )*C )sC
31 4 00 E F l2 : .O8 91~~~r ( .2443 .(_ .4 lO ~ ’~~.12 4 88 oC ) ~C ) sC
31500 £ F C D 3 = - .04~ o7~~+ (.08O2B2- .03263 7e C )~ L
21600 E1 CrE FCCe (E FCD+( EPCD2 +EPC D 3~ 1l)~ D)itu
3I~ 00 GSC= .127 33u ’ c~~.05O05O~ (~~.10089+t .13915~ .0350?3oC)*C)*C )IC

~l8O0 GS [= .049054+ (.13403+ - .23383+ .072643,C)*C 4C
31900 GSD2~ - .0594554(.093916— .037?02sC~ eC

G :GSC+(GS [I+GSD2~ D)- oD
3 2 10 0  G F D = G S t ! t 2 . ,O~ GSD2

IPCC :— .0500 5 0+ ( - .211 ,’ 8 + ( . 4 1 7 4 5_ . 140 2 9 0 C ) e C ) P C
32300 GP C -~~. 1 3 4 0 3 + ( - .4 6?6 6 + .2 1 7 9 3 ~ C ) l C
32400 GfJ[I2 : .093Q l6- .0”5 404~ C
125 00 1PC GF ’CC~ - GPC1 if6F’C Ii 2~ [i )- o0

r1~ - 3 0 .~~D
32700 M F L O
32800 ~i :=-3u.
1 900 HE=E , ’G

33000 G 2 r G ~ i,
1 3 1 0 - J  ~~

33500 10 SL:1 1L
S l ô O O  H - J  U
3 37 00 A I : 1 . 3 7 1 3 . ( 1 . 2 l 2 4 + ( 1 . 8 2 5 4 + ( _ 1 . 8 2 6 8 t .~ Q 5 4 * C ) * l ) * C ) $ C
33800 A I :A I+I j~ (— .83784.(-1.9728i~(3.3 493-1.2919sC )sC),C)
33 9 00 A I :A I + D s D s ( . 94 7 9 7 + ( _ 1 . 5 6 0 8 s .69S ~ 0i C ) s C )
34000 [ l S T , Z ~~ r G a A I

3410 0 6~ 6~~:4 200 ~EP t ! ’ ( E N e - ~ GF [ I u L ) — G 2
~43 00 HEPC: E(- 0~~G - G PC~~E) ! G2
144 00 SN ~ D :2 . OGM .GP D + G2*NF ’ [i

S Mt C:2 . Gtl OGP C

~4 55 0  A O 7 D : 0 .
IF (ABS ([iUB[IS) .LE.1 .-I _  - 2 )  60 10 5

- 4 660 IF (IP O TF .EQ .0)A1321 i= SN .UB s I IROBI J S / (L1U BI IS *RO B )

~4
’00 DT [tS:2. s (SL+~ M u( 1. tH) e i~t U2O)/UB

14 800 R A T I O : S M  r U B O S
34900 GO TO 6

L -~~~~~~~~~~~ - -~~~~~~~~~~~~~~~



35000 5 CONTINUE
35050 C PRIVIOUS VALUE IN Z(4)
35060 TSIM:Z ( 1)
35070 TSI:Z (2)
35080 DTBSI=Z(4 )
35100 TS~~rSIM4( 2 .~~(TSI-T5IM )/2 (3)—DTDSI )- ~(Z (3)+DX)
35200 TS:TS + (DTDSI/Z (3)_ (TSI_ F9IM)/(Z (3 )~ Z(3))).p(1lX +Z (3))4~ 2
35300 RAT I O =- TS
35350 IF ( Ip O TF.E Q .O)AO2t u:- TS 4UB ~ 1tROB [I9/ROB
35400 DTDS=2. *(SL ÷SM* (2. +H)+A020)/UB
35500 6 CONTINUE
35600 R1 :_2 . u0UBDS~~(SL +SM0(2 .+H))iUB
35650 IF (IPOTF .EO .0)AO2D=SM *UROB 1I S~ ROB
35700 Ri :RI -2 . * A O 2 D ~ RATI O - ~BUBDS2
35895 2 1 0  R 2= HE *( SL+S M4( H -1 ) )
36000 IIS:S N PC ~ HE PD - SM F’ 11* HE PC
36050 R2=-( 2 .*DSTAR R2)/ (R4TIO-~UB)
36100 I IY ( I ) : ( R 1 -,HEPL I-R2 iSMF’ EJ ) / D S
36200 Ii i(2) (R2~ SMPC”R1*HEF ’C )/DS
46300 RETURN
36400  END
It
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DTNSRDC ISSUES THREE TYPES OF REPORTS

1. DTNSRDC REPORTS~ A FORMAL SERIES . CONTAIN INFORMATION OF PERMANENT TECH-
NICAl. VALU E. THEY CARRY A CONSECUTIVE NUMERICAL IDENTIFICATION REGARDLESS OF
THEIR CLASSIFICATION OR THE ORIGINATING DEPARTMENT ,

2. D EPARTMEN TA L REPOR TS, A SEMIFO RMAL SERIES , CONTAIN INFORMATION OF A PRELIM-
I N A R Y , TEMPORARY , OR PROPRIETARY NATU RE OR OF L I MIT ED IN TE R E ST OR SIGNIF I CANC E .
THEY CARRY A DEPARTMENTAL ALPHANUMER ICA L IDENTIFICATION ,

3. T ECHNICA L MEMOR..iNDA , AN INFORMA L SERIES . CONTAIN TECHNICA L DOCUMENTATION
OF LIMI TED USE AND INTEREST. THEY ARE PRIMARILY WORK ING PAPERS INTENDED FOR IN.
TER NAL USE, THEY CARRY AN IDENTIFYING NUMBER WHICH INDICATES THEIR TYPE AND THE
NUMERICA L CODE OF THE ORIGINATING DEPARTMENT. ANY DISTRIBUTION OUTSIDE DTNSRDC
MUST BE APPROVED BY THE HEAD OF THE ORIGINATING DEPARTMENT ON A CASE-BY .CASE

‘
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