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NOTATION*
a Basic velocity profile parameter
*
! b Basic velocity profile parameter
g
Cf The skin friction coefficient, Cf = Twl(i on )
Cp The surface pressure coefficient
1 8/8
7 2
3f af
g (&) -] G5
f n % an AR
0 0
§8/6
af \ 2
* LA
D (e/a)f (57) o
0
0
2
E (1-£f7)fdn
0
£(n) The velocity profile, u/U
fl(n) The Blasius flat plate velocity profile
1
G J (1-£) fdn
0
H The shape factor = 61/8 = J/G
1
J J’ (1-£f)dn
0
i Exponent in the dimensionless laminar boundary layer equations
(i = 0 for two-dimensional flow; j = 1 for axisymmetric flow)
L Querall length scale of an airfoil or body of revolution
0 (8/8) (3€/3m),,

*Additional symbols are defined as they appear in the text.
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(0/5)3(32f/an3)0

Dimensionless fluid pressure
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w

Rl P the Reynolds number

Function describing body's profile as a function of surface
arc-length s

Dimensionless surface arc-length starting at the front
stagnation

3 *n
€ kL

Dimensionless inviscid slip velocity at the body's surface
(usually the potential flow velocity)

du/ds

Free-stream velocity

Dimensionless tangential component of boundary laver
velocities

Dimensionless normal component of boundary laver velocities
Dimensionless axial coordinate

Dimensionless coordinate normal to the body's surface
Dimensionless boundary layver thickness

1
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1
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ABSTRACT

The two-parameter momentum-integral method of
M.R. Head for the calculation of two-dimensional
or axisymmetric, incompressible, laminar boundary
layers is reworked into an analytical form, thereby
eliminating the graphical data of Head's original
method. The revised method is coded for digital
computer solution and a number of test cases are
computed. The numerical results for these test
cases are compared with very accurate boundary lay-
er solutions obtained by a finite-difference method
and also results obtained using the Pohlhausen
momentum-integral method. It was found that the
Head method is vastly superior to the Pohlhausen
method yet requires only about the same computation-
al expense. Head's method yields very accurate re-
sults even for highly nonsimilar boundary layers.

ADMINISTRATIVE INFORMATION
The work described in this report was carried out by the David W.
Taylor Naval Ship Research and Development Center (DTNSRDC), Ship Perform-
ance Department, in support of the Ship Acoustic Department's Laminar Flow
Program. This program is sponsored by the Naval Sea Systems Command (SEA-
037) under Program Element 25634N, Project S0218011, Task Area 20052, and

was performed under Work Unit 1942-087.

INTRODUCTION

The accurate numerical solution of the two-dimensional and axisymmetric
incompressible laminar boundary-layer equations is now a routine matter.
Finite difference methods are normally used for such calculations. These
methods require fairly substantial computing equipment for efficient imple-
mentation. Representative examples of finite difference laminar boundary-

)

layer calculation methods are given by Blottnerl* and Cebeci and Bradshaw.’

Simpler laminar boundary laver calculation methods that are of com-
parable accuracy to the finite difference methods are desirable for several
reasons. For instance, it would be useful to have an accurate laminar

boundary layer calculation method that can be implemented on a programmable

*A complete listing of references is given on page 45.
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desk or hand-held calculator. When used on a large computer, such a method
would be considerably less expensive to execute than the finite difference
methods.

The simplest methods of calculating laminar boundary layers are the
one-parameter momentum integral methods; typically Pohlhausen's method as
described by Rosenhead.3 These momentum integral methods yield acceptable
accuracy only over a limited range of variations of the external pressure
distribution and are not always capable of accurately predicting the lami-
nar boundary layer separation point. Furthermore, although one-parameter
momentum integral methods can be extended easily to include extraneous ef-
fects such as surface suction or free-stream unsteadiness, the results com-
puted by these extensions are not always very accurate.

Two-parameter momentum integral methods for calculating laminar
boundary layers, although somewhat more complicated than the one-parameter
methods, are, however, considerably simpler than the finite difference
methods. Many two-parameter methods have been considered in the past (see
Rosenhead3 and Waltza for extensive discussions of momentum integral meth-
ods). However, only the method of Head5 seems to have fulfilled the expec-
tation of considerably higher accuracy in predicting the boundary layer -
properties than the simpler one-parameter momentum integral methods. Head's
two-parameter momentum integral method (henceforth referred to as simply the
Head method) seems to have received little attention because it was intended
for manual calculation and thus it required the use of much graphical data.
The graphical data of the Head method is based on a seemingly complicated
set of graphical velocity profile shapes that discouraged analytical de-
scription. Gadd, Jones and Watson (see Rosenhead3) and Waltz4 give only
superficial coverage to the Head method in their notable reviews of momen-
tum integral methods even though Head had shown by some sample calculations
that his method was very accurate.

A reexamination of the Head two-parameter momentum integral calculation
method for two-dimensional and axisymmetric laminar boundary layers shows

that his graphical construction of the velocity profiles is fairly easily
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transformed into an analytical form. From this analytical form of the

velocity profiles, all the necessary relationships between the parameters

——

of the Head method were easily computed, thereby replacing all the graphi-

cal data by polynomial expressions. The method can then be easily program-
med for machine calculations. This report briefly outlines and recasts the
Head two-parameter method into an analytical form. The report contains a ;
comparison of some sample numerical results which were obtained using the

Head method, the Pohlhausen method, and a finite difference method de-

= TR

scribed by Blo(tner.1 These results show the remarkable accuracy of the
Head method. Although the modification of the Head two-parameter method
that is given in this report has not been reduced to a compact form so that
it can be programmed for a hand-held calculator, it seems that this could

be done. Furthermore, the accuracy of the Head method encourages a belief

e —

that it can be extended for the accurate calculation of certain unsteady
laminar boundary layers. The calculation of unsteady boundary layers by

the two-parameter momentum integral method would be considerably less ex-

R Y

pensive than the calculation of such boundary layers using finite difference
methods. A brief discussion of this point is given in the last section of

this report. This report concludes with an Appendix in which the computer

oy ——

program for the Head two-parameter method is given.

"v
|
DESCRIPTION OF HEAD'S METHOD 9
In this section a brief outline of the Head method is given. For the i
complete details of the method, the reader is referred to Head's original f
5
rvpnr(.
. : - : 2 E
Consider the two-dimensional or axisymmetric laminar boundary layer on
the surface of an airfoil or body of revolution in axial flow. The problem
is scaled as follows: Distances are referred to the overall length scale L
of the body. Velocities are referred to the uniform flow velocity U _ at ‘
hl
infinity and stresses are referred to the total head 1/2pU_~ where p is the
o .
constant density of the fluid. Suppose the configuration in Figure 1 de- !
picts a meridian cut through a body of revolution where x is the dimension- {
less axial coordinate, s is the dimensionless surface arc-length starting !




Figure 1 - Coordinates and Geometry of
a Body of Revolution

at the front stagnation point, z is the dimensionless coordinate normal to
the body's surface, and rn(s) describes the body's profile as a function of
the surface arc-length s. If an airfoil is being considered instead of a
body of revolution, s and z can be interpreted in a manner similar to that
shown in Figure 1. The value of s is zero at the front stagnation point
and increases downstream. The thickness distribution ro(s) of an airfoil
measures the distance between the airfoil offsets and the camber line.

The appropriate laminar boundary layer equations can be found in any
one of many standard works (Rosenhead,3 for example). The dimensionless

laminar boundary layer equations for planar and axisymmetric external flows

are

i e 4 g
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where U is the dimensionless inviscid slip velocity at the body's surface
(usually the potential-flow velocity) and | {8 efther O or 1 for two-
dimens{onal or axisymmetric tlow, respectively. Standard boundary laver
notation is used in which (u, w) denotes the dimensionless tangential and
normal components of boundary layer velocities, respectively, p denotes the
dimensionless fluid pressure, V is kinematfc viscosity and R = UNL/v is the

Revnolds number. The boundary conditions are

u=w=0 at 2z =0 (3a)

u=1Uy at z = 4§ (3

where § s the dimensionless boundary laver thickness.

By integrating Equation (la) with respect to z across the boundary
laver from the surtace z = 0 of the body to the edge of the boundary laver
§(s), and similarly integrating Equatfon (la) after first multiplviang it by
u, one obtaing, after some alpebraic manipulations (see Hvadﬁ or Rvsonhvud‘\

the momentum and energy integral equations, respectively,

\h‘u“
e 4 Lo ds
s e S0+ m(24H) - — (4a)
ds U _xel
L
dh [
— AL T Y BN - ab)
Pl i {20 -h| CtmH-1) 1} (=l
where t* = O“Rl (5a)
: (3] at ‘
\ - S (3,'.{) \\l\\
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- - (1) (%)

an 0
‘ 1
0 = 3§ { (1-f) fdn (5d)
0
8
‘ B o= (5e)
1
sl = § [ (1-f)dn (5f)
.
h =0 (58)
1
= § [ (1-£)fdn (5h)
0
.\\1/0 g
0 of \ ©
D* = (ST) J (.a_a) dn (51)

0

and where n = z/§ and f(n) = u/U. 1In deriving Equations (4) it is assumed
that the velocity profile u/U is a function f(n) of the similarity variable
n = z/8(s) only, so that the partial differential Equations (1) reduce to
the pair of ordinary differential Equations (4). Furthermore, the compati-
bility condition

du

tr
ds

= - m (6)

is a consequence of the requirement that Equation (la) be satisfied on the

boundary z = 0. Thus, the three Equations (4a), (4b), and (6) are used to




obtain the values of the two parameters that determine the velocity protile
f(n) and the boundary layer scale d(s).

The form of the velocity profile f(n), that was given by Head, is

: = f(n) = tl(n) + af.(nja) + hfj(n;n\ (7)
where a and b are parameters, fl(n) 1 + gl(n) fs the Blasius flat plate

velocity profile (Rosenhoad;)

L 0.493 + a
t‘,(n.-ﬂ x-.zm) = lg:(n)-g}(v1)l “1.493 (8a)
and
L 0.493 + a
T . - Ig -~ Alu 2L S 8
fy(nia) = g, (M) = Ly, (M=-ggM] —57703 (8b)

Ihe shape functions 8y through Rg were given in graphical form by Head.
These graphs are not reproduced here. Instead, only the set of analytical
interpolation functions of these graphs is given here. 1t was tound that

the tunctions

)

=4n"
I i(Y‘] = p ‘(rx)«v N (M

where pi(!\\. { = 1y..., 5 are polynomials in n, well represent the tunc-
tions gi(H\ and their first two derivatives. Table 1 lists the coefficients

(.‘(k) of the polvnomials

7
v :
\ % U‘)nk (o
e

that are used in Equation (9).




TABLE 1 - COEFFICIENTS OF THE VELOCITY PROFILE SHAPE FUNCTIONS

K Cl(k) Cz(k) C3(k) Ca(k) CS(k)

0 -1.0 0.0 0.0 0.0 0.0

1 1.747 P 3.5 0.0 0.0

2 -4.0 0.0 0.0 -15,0 -15.0

3 6.4820091 11.525525 -61.488444 49.494362 112.00692
4 -6.053572 -34.55105 223.78189 | -167.59281 -354.96093
5 3.5642032 20.025525 | -353.94145 340.86788 561.74806
6 -1.1218303 0.0 261.49099 | -305.15578 | -434.862

7 0.0 0.0 -73.342991 97.331351 131.01295

With the aid of the profile family, Equation (7), and the functions of

Equations (8)

(5i) can be evaluated in terms of the parameters a and b as follows.

, (9), and (10), all the parameters of Equations (5a) through

G, J, E, and D be defined by

1d)

1

G I (1-f)fdn

o< [ (&)

where the upper limit 61/0 in Equation (5i) can be taken as 1 in the
definition (1

f (1-f2)fdn

0

2

dn

Let

(1la)

(11b)

(11c)

(11d)




because for 51/0 > 1, (3f/3n)°=. 0. Then, by substituting Equations (lla)
through (11d) in Equations (5a) through (5i), the following formulas are

obtained:

2 191 :

m= G < *‘,) (12a)

an”

0

. 3:)
L = C (= (12b)

() 0
T 12¢)
5 (12c
b 12d)
el (12c
D* = GD (12e)

Equation (6) vields the following formula for the variable t¥*;

3" )‘w*)
( Erm),

RNl e S 4 2
5 5 (dU/ds) (12£)

All of the quantities m to D* given by Equations (l2a) through (12e) are
functions (either ordinary polynomials or rational polynomials) only of a

\

and b, and t* is a function of a and b and the known function (dU/ds).

Equations (12) are easily evaluated by using the polynomials G, J, E. D,

(af /3 \“ and (‘:! /dr :\“ which are listed in Table 2. Thus, Equations (&)
and (b) can be reduced to equations determining the parameters a and b as
function of s for given distributions of the inviscid surface velocity U(s)
and body radius (or thickness) distribution ro(s).

At the front stagnation point of blunt bodies, a and b have the values

a = 0.445, b= 0.200 at s = 0 (13a)

and

&= 0.3225, b 0.1605 at s = 0 (13b)

a




for two-dimensional and axisymmetric flows, respectively. These values for
a and b are obtained by finding the roots of the algebraic equations re-
sulting from Equations (4) upon assuming that both dt*/ds and dh/ds are
bounded in the limit s =+ 0.

3’
§ . AND(»~;) IN TERMS
0 an” 0
OF THE PARAMETERS a AND b

3f

TABLE 2 - FUNCTIONS J, G, D, E, (qn

(—4) = 1.747 + 3.5a

(‘li,> = -30b
an",

]
J = 0.32832 - 0.31897a + 0.14931a™ - 0.1876b - 0.14947ab

» R
G = 0.12733 - 0.05005a - 0.10089a" + 0.139lSa3 - 0.035073a"
%
+ (0.049054 + 0.13403a -~ 0.23383a" + 0.0726&333)b
B o
+ (~0.059455 + 0.093916a -~ 0.03770232)b"

Ly
D = 1.3713 + 1.2124a + 1.8754a° - 1.8268a> + 0.60524a"

)
+ (-0.83784 - 1.9728a + 3.3493a° - 1.2919a°)b
+ (0.94797 - 1.5608a + 0.6957a")b"
$ .
¥ = 0.20069 - 0.054971a - 0.18242a° + 0.1758a°

+ 0.043227a% - 0.055451a” + 0.0095503a®
+ (0.060072 + 0.26478a - 0.29465a°

- 0.11611a° + 0.152a* - 0.029892a°) b

+ (~0.11365 + 0.089165a + 0.12215a°

e
- 0.13673a° + 0.031219a*)b° + (0.020669

)
- 0.049679a + 0.040141a" - 0.010879;13)b3




NUMERICAL METHOD FOR SOLVING THE MOMENTUM AND
ENERGY INTEGRAL EQUATIONS

In this section, the numerical method for computing the boundary layer
characteristics for given distributions of U and Y is described. This
numerical method is implemented in the computer program HEAD given in the
Appendix and is intended for use on a digital computer.

The numerical solution of Equations (4) can be approached in two ways.
The first way is by the direct calculation of t* and h using Equations (4).
This would require the solution of a system of algebraic equations for the
parameters a and b in terms of the known values of t* and h at each step
of the calculations. The second way to numerically solve Equations (4) is
to rewrite them in terms of the parameters a and b. This eliminates the
necessity of golving algebraic equations at each step and is the basis of
the numerical procedure described below.

Equations (4) can be written in the form

g& = F(a,b) (1l4a)
4 « 8(a,b) (14b)
ds

where

Fla,b) & ~tmFogg—stS (15a)
o \‘m \)h
o ;\}i>
G(a,b) = “—p— (15b)
3yt
W g mU(r.")
A 'Sl, - ['f' U' {G4+m2+) } + --J: - (15¢)
Yo
' {2Dk~ d
8 U { 2D -.%‘.*P’.(_‘*.*_l),l } (15d)

" da 3ab  3b da




and where

| dr 3 i
| du J ' N 0
§ — T ——
¢ ol - and, (r0 ¥ 15 P (151)
i Equations (l4) can be integrated numerically using the predictor-
corrector method that is based on the generalized midpoint and trapezoidal
| Y
| quadrature formulas. The values of a(s) and b(s) at the points sy of a {
general grid {si} i1=0, 1, 2, ... are denoted by a; and bi’ respectively. ;
Then, given the values a, and b1 of a and b, respectively, at S the k
B
values an and bi+1 at s ., are obtained using the formulas ?
I
- 2 2 i ¢
a“_l = ¢ di-l + (l-c¢ )ai + Asi(1+c) (ai’bi) (16a) ’
= 2 2 B i
bi+1 = ¢ bi—l + (l-c )bi + Asi(1+g)b(ai,bi) (16b) ‘
£
As ’
. i+l :
a1 "8y %+ 3 (F(di,b )y F(a1+1 1)) (17a) ;
i i ek (G(a ,b,) + 6@ ) (17b) i
i+l i 2 i+1° P41 )
|
3 = g = ~ = 3 3 i = 2 o o
4 where Asi+l Sis1 s, and ¢ Abi+l/A>. for i 2 3, +»»+ For the f£lrst %
station s, past the stagnation point Sy = 0, a special procedure is used. {
In order to avoid the front stagnation point where ry = U0 = 0 and da/ds :
and db/ds are indeterminate, the numerical integration is started by §
iterating the backward Euler formulas as follows:
;
{ (k) _ ‘ (k=1) . (k=1)
a a, + As F(‘ " bl 5 Sl) (18a) ‘
¢
(k) _ y (k=1) \ (k=1)
b1 bO + Ab ((a 1 " sl) (18b) :
!
where k= 1, 2, 3, ..., ago) = ags b§0) = b0 and the third or fourth §
(k = 3 or 4) iterates usually are sufficiently accurate approximations of 5
a and bl’ {

12

.
I




The numerical integration method, Equations (16) and (17) changes

the step size Asi+l as the integration proceeds downstream from the point

s = s, thus automatically generating the grid {Si} in such a way as to

|

&

keep a certain measure e of the numerical integration error below a preset {8
|
of the numerical integration pro- l

1

value F. Each new step Si41 = 5 + Asi+l

cedure is obtained from the previous step s + Asi by setting Asi+

1=
A is either set

f " P4l
AAS{' In the first attempt at moving from step s; to Si41’
equal to 1 or is the value given by the procedure, described below, for

increasing the step size if higher accuracy than desired is being obtained. I

Suppose the values of A bi+1' are b1+1 have been computed at

- +e AAsi. Let e be the measure of the absolute error, defined by

S,
i+l

PP ®an] PP

2
3 \ 3 (19) :

; a, a, b, :
1 o RS 1 o [ U S (R € | b
and bi+1 are discarded and a new value of A is estimated by using the
formula

where d = 3 + Z/C}. If e > E the current values of s

13
A= (&25) (20)

e

: 'w values of s = s, + AAs,, ¢ , a ooend b
ind new values of Sl Sy AAsi, e ii+l’ h1+1 and i+1

The procedure is repeated until the inequality e < E is satisfied. 1In all

are computed.

the numerical experiments using this procedure to satisfy the accuracy re-

quirement that e < £ it has never been necessary to repeat the procedure
more than once at each step.

If too much accuracy, say, for example, e < £/10, is being obtained i
at step Si+1 then the current value of A5i+1 is accepted but the next

location s is obtained by using the value As, = Als where

i+2 i+2 i+1 I

A= (T%é) (21) i

i




This method of changing the integration step size has proven to be very
effective in many numerical experiments. The value of £ that has been used
in all the computations presented in this report is £ = 10_5.

Special care must be exercised when U' vanishes. Formula (12f) shows
that when U' = 0, m must also be zero in order for t* to be finite. When-
ever U' is close to zero (say * 10-3) at location Si+1°
is used to evaluate t* = -m/U' in order to maintain accuracy. Instead of

a special procedure

simply evaluating the ratio m/U' in order to obtain t* at the point Sis1’

t is obtained by numerically integrating Equation (4a) using a special

*
i+l

explicit procedure based on the known values L*i t*i (and the rest of

...L’

the data needed in Equation (20)) at the points Si 1 and S respectively.

The value t*l of dt*/ds at the point $, can be computed using Equation (4a).
lhen, the value of t*H_1 at the point i1
point explicit Hermite extrapolation formula

can be computed using the two-

el o 79
* = t* + —— - t*' | (As +As
e 5 sa Bs, 1 | (Bsgthey )
ek’ En. =EN :
] et -——————( 117541 (As +bs, . )° (22)
As - e Sl 2 o =i
! \s
i

I[f the values of L*i T t*i and the values of the rest of the data needed
in Equation (4a) are known to second-order accuracy in the step sizes Asi.
then the value of L*i+l computed using Equation (22) is of second-order
accuracy in the step sizes As, and As Thus, even when U' and m become

i i+1°
very small, their ratio t* can still be calculated accurately using Equation

(22).
The characteristics of the boundary layer are determined once the dis-
tributions along the body's profile of the values of a and b are known.

The boundary layer parameters that are usually of main interest are the dis-

placement thickness Sl = §J, the momentum thickness 8 = §G, the shape fac-
‘ . Lo o
tor H = 01/0, and the skin friction coefficient g = lw/ [E(plo ﬂ where lw

is the dimensional wall shear stress nv()u/Sz)O. These parameters, scaled




only by the overall body length L, overall velocity U

0 and the fluid density

p are given in terms of the calculated values of t* and H by

(a+]

(]

xln
-

e
ro
w

[+
g

o
o, o AR ¢ T Wi

once the distributions of a and b are known. Thus, the boundary layer
velocity profiles f(n) = u/U can be obtained using Equations (8) through B
(10). The velocity profiles f(n) can be plotted in terms of any other body
normal coordinate 1, that is scaled by some other length scale L, by simply

multiplying n by L§/L to obtain A.

NUMERICAL RESULTS AND DISCUSSION
The laminar boundary layer characteristics were calculated for three
sample bodies of revolution by three methods; the Pohlhausen and Head mo-
mentum integral methods and the finite-difference method designated DB,

: 1
that is described and referred to as the Davis-B scheme by Blottner. The

DB finite-difference method provides second-order accuracy in the step F
sizes As and An along and normal to the body, respectively. The values of

the step sizes As and An that were used in the DB method were small enough t
for each body considered in this report that further reductions in the step |

sizes made less than a one-percent difference in any of the computed values ‘
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of the boundary layer characteristics. Accordingly, the results obtained
using the DB method are presumed to be exact for comparison purposes. As

a further check of these computational results, the boundary layer char-
acteristics were also calculated for several bodies using a computer pro-
gram based on the Keller-Cebeci box methud.z The numerical results obtained
with the box method in all cases agreed to within two percent of the results
obtained with the DB method.

The boundary layer characteristics were computed by all three methods
for a number of bodies (both cylindrical and axisymmetric bodies). It is
sufficient tor comparison of the accuracy and computational cost of the
Pohlhausen, Head, and DB methods to illustrate the numerical results on
only three sample bodies since, in all the cases considered, Head's method
gave equally accurate results. The three illustrative bodies that were
chosen are fairly extreme cases for which the prediction of the laminar
boundary layer can be classified as either fairly easy or hard. The easiest
possible case is probably the flat plate boundary layer but this was not
deemed a fair test because Head's method has an accurate interpolation of
the flat plate laminar boundary layer velocity profile built into it.

The two easy cases considered for this report are the flow past a
sphere and the axial flow past a spheroid with a length-to-diameter ratio
of 4 to 1. These are common test cases for which many approximate boundary
laver solutions have been published. Any viable calculation method must be
able to predict the laminar boundary layer on these bodies with reasonable
accuracy.

The hard test case considered for this report is a rather contrived
mathematically defined body of revolution with a flat nose. Such extremely
blunt bodies have very rapid and large variations of the surface pressure
distribution. These variations can cause approximate laminar boundary laver
calculation methods to predict catastrophically inaccurate boundary layer
characteristics such as separation where it does not occur or no separation
where it does occur. The hard test case chosen for illustration is desig-

nated body B. On body B, the boundary layer nearly separates at a point
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near the nose of the body but recovers and eventually culminates in actual

boundary layer separation near the tail of the body. It seems that body B
is a sufficiently extreme case for laminar boundary layer calculation meth-
ods so that if a method is successful for body B, then one can expect it to
be successful on most other bodies (two-dimensional or axisymmetric ones).
The first test case to be considered is the boundary layer flow on a
sphere. It is sufficient to compare only the surface distribution of the

values of the shape factor H and skin friction coefficient CfVEL' Figures

2 and 3 show the distributions of the surface values of Cffﬁz and of H,
respectively, plotted as a function of the axial coordinate x. The front
stagnation point is located at the point x = -1. The values of Cf/ﬁz’and

H that are obtained by the Pohlhausen, Head, and DB methods are denoted by
the triangular, circular, and diamond shaped symbols, respectively. This
notation is used in all the comparisons shown in éhis report. On the front
of the sphere, from the stagnation point at x = -1.0 to the location x =
-0.3, the numerical results that were obtained by the Pohlhausen, Head,

and DB methods are plotted at the different station values x for clarity.
From the station x = -0.3 to the point of separation near x * 0.26 the
numerical results for Cfvﬁz and H obtained by each of the three methods are
plotted at the same station values X.

[t can be seen in Figures 2 and 3 that the laminar boundary layer cal-
culation method of Head is considerably more accurate than the Pohlhausen
method although the latter seems to be adequate for rough estimates. The
separation point is predicted by the DB method to occur at the location
x = +0.255. Head's method predicts the separation point at x = 0.265 and
Pohlhausen's method predicts it at x = 0.305. The price that one has to
pay for Head's method, over the price of the Pohlhausen method, for the
more accurate boundary layer predictions is very low. The calculations for
the sphere, given by the computer program of the Head method in the Appen-
dix, required 3.5 seconds to execute on the CDC 6700 computer. The
Pohlhausen method required 4.7 seconds using a less efficient integration

routine. A comparable numerical integration method to the one used for
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Figure 2 - Computed Skin Friction Coefficient on a Sphere
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Head's method could probably reduce by half the execution time of
Pohlhausen's method. Thus, there is little to gain on a computer by using
Pohlhausen's method in favor of Head's method. Furthermore, there is little
difference in computer storage requirements between Pohlhausen's and Head's
method, but this will be discussed later. The DB method required 25 seconds
to execute tor the sphere. (The Cebeci-Keller box method required slightly
more execution time than the DB method for all the bodies considered.)

The comparison of the surface distributions of values of (71.»'RT‘ and H
on the spheroid as calculated by the Pohlhausen, Head, and DB methods are
shown in Figures 4 and 5. Essentially the same comments can be made con-
cerning these comparisons as the ones for the sphere. The Pohlhausen pre-
dictions for the spheroid are better than for the sphere, although still
not as good as Head's predictions, One must not be misled by the seemingly
better predictions of the values of H near separation on the spheroid by
Pohlhausen's method than by Head's method. 1t should be noted that the
graph of H predicted by Pohlhausen's method crosses the exact DB graph of
H very close to separation and, thus, the good agreement between values of
H there is somewhat tortuitous. In contrast, separation (near point x =
0.665 in Figure 4) is predicted slightly more accurately by Head's method
than by Pohlhausen's method. The computer execution times for calculating
the boundary layver characteristics on the spheroid were 3, 7, and 35 seconds
for the Head, Pohlhausen, and DB methods, respectively.

The final test case for comparing the laminar boundary laver calcula-
tion methods is body B which is described by the tollowing set of equations.
The flat nose is given by

x = 0, for L (0.0, 0:023] (25a)

the spheroidal blending region is given by

Y

s Lf2
A ye >1 39 2x o 151 )
10 0.025 + 0.02137 “‘.lll (U.ll*) } (25b

for x€[0.0, 0.113]




pIoiayds 7 032 % B UO 3IUITITIIS0) UVOTIDIIF UIMNS p2induo) - ¢ 2an81z
X IONVLISIO TVIXY
¥0 90 y0 zo 0o zo- v o g0 Z20- o1
ﬁl\AY T T * T T e g | -~y J 0o
Q 0 |
— o |l_ 20
o0 “
7 09
S
O
Y o
r— q o —_
%
O
_ o —_—yZ
v
O ,:_lx\ﬁ *U
Q
- - ZT
1
v
Sz o
oL oL- o B
_— x J oy
sz 0 0 |
A
v
- SOOHL3W 11V HO4 X 40 3NTVA IWVS 1v NIAIDSI 8" %D 20 x 804 ® o
NISNVHIHOE )
83 Q)
avau O ‘
| | | 8 i | | | cal




p1oa3audg

01 & B U0 12323WwelIeg 1032y 2adrug

X 3DNVLISIO VIXY

g0 90 vo zo 0o zo- v o 90~ g0~ 0L-
T o = : i T T T T T e
— OJ vz
ov
V.4 OGo
% Y 0o
I 95 Y% Voo’ 00
x o M QOOOOOO 0 000 — 92z
O
= — gz
¥ 3
o 20~
5 - P}op|r e T
Sz
A
— i 4
8 SODH1IW 11V ¥03 X 30 3NTVA 3WVS 3HL 1V NIAID SI H 20 < X HO3 3
N3SNYHIHO4 ) =1 Ve
sa ()
avIL O
1. i 1 1 i 1 { ok

9t




the parallel middle body ts given by

o ™ 0. 040637 (25¢)
for x€{0.113, 0.592]
and the tail piece is given by
“ /,
r, " 0.09274 (2 + 1.1371532° - 10.77688513 + 19,784280z2 "
) € »
~16.792534z> + 5.6459772%)1/2 (25d)

for xe(0.592,

It should be noted that this protil
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tiow. Thus, one would expect most low order momentum integral methods to
have difficulties in accurately predicting the boundary layer character- P

istics for body B.

Figures 7 and 8 show the remarkably accurate prediction of the values ,
of Cfviz and H by Head's method. The values of CfJ§: and H near the nose ’

(0.0 < s < 0.1 for Cf'ﬁr and 0.0 < s < 0.2 for H) were plotted separately
trom the rest of the body in Figures 7a and 8a, respectively, because of
their very large magnitudes and rapid variations there. The accuracy of
g i #
remarkable in the light of the complete failure on body B of Pohlhausen's

the predictions of the values of ( and H by Head's method are even more
method. The predicted values of the Pohlhausen parameter A were outside
the region in which the Pohlhausen velocity profiles are meaningful approx-
imations of the exact velocity profiles. Therefore, the Pohlhausen method
broke down and could not be continued past the point s ¥ 0,026. The same
type of breakdown of the Pohlhausen method occurred at the same point,

s ~ 0.026, using two different types of numerical integration methods on a
number of different fixed and variable integration nets {si}. Accordingly,
it was concluded that the Pohlhausen method is incapable of reasonably
approximating the boundary layer on the flat face of the body B. It is
interesting to note how accurately Head's method predicts the laminar
separation point in Figure 7b, especially in view of the severe pressure
variations that the boundary layer had to negotiate before arrviving at the
actual laminar separation point. In particular, it is to be noted that the
laminar boundary laver nearly separates at the point s ¥ 0.145 on body B
but then rapidly recovers downstream of this point. Head’'s method faith-
fully reproduces this behavior of the boundary layer on body B. The rela-

tive errors of the values of C(»i? obtained by Head's method, i.e.,

b ¥ - (C. 3 VR, are fairly small, less than 5 percent
(CRDypap = (Ce R pg)/CprR) py are T b e
except near some isolated points where the slope of the Cf'Rl versus s
curve is nearly vertical at the point where the boundary layver nearly sepa-
rates. Although the relative errors at the latter poiuts are large, it is

not deemed serious because the absolute value of CfvﬁT_ ig small there.
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It is interesting to note that for the case of body B, Head's method

required 19 seconds of execution time and the DB method required 217 sec-

onds. By requiring less accuracy of the DB method, for example, accuracy
comparable to the results of Head's method, the step sizes required by the

DB method can be increased to large values that require only about half the

execution time of the accurate step-size DB method. Thus, for equivalent
accuracy levels, Head's method would still be about five times as fast as
the DB method. It is also interesting to note that the automatic step size
selection mechanism of the numerical method that was used to implement
Head's method reduced the step sizes Asi to values on the order of 10_5 in

order to accurately integrate the boundary layer Equations (14) near the

nose of body B. On the parallel middle body portion of body B, the step
sizes Asi automatically increased to values on the order of 10_2

There are several reasons why it may also be necessary to compute the
boundary layer velocity profile f(n) = u/U and its first two derivatives,
e.g., for boundary-layer instability analysis. Thus, a comparison of the
computed values of the velocity profile f and its first two derivatives f'
and f" that were obtained from Head's method and the DB method is made in
Figures 9 through 11. These velocity profiles are plotted versus the co-

ordinate that is normal to the body surface and that is made dimension-

Ny
less by the local value ot the displacement thickness 81(5), Figures 9
through 11 show the body B velocity profiles and their derivatives df/dn,
and dlf/dn*: at locations: s = 0.026, where Cp is a minimum and is rapidly
varying; at s ¥ 0.146, where boundary layer nearly separates; and at s *®
0.862, where the boundary layer is just beginning to separate. The values
of the velocity profiles f(n) are very accurately predicted by Head's meth-
od at all of the above three points § on the body. The values of the first
derivatives df/dn* are less accurate but still fairly good. Substantial

N )
inaccuracy is found only in the values of the second derivative d7f/dn,~.
The major discrepancies between the values of dzf/dn*g predicted by Head's

method and the DB method are mainly confined to a region very close to the

body surface.
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It is really remarkable how accurately Head's method predicts the
velocity profiles f(n). 1t is probably impossible to obtain much better
predictions of a general velocity profile shape f(n) and its derivatives
by any other two-parameter method. This can be surmized by noting in
Figures 10b and 11b that the second derivative dzf/dn*2 has several local
minimums and maximume across the boundary layer. Such variable functions
would seem, in general, to require more than two parameters to accurately

interpolate.

CONCLUDING REMARKS

The numerical results of the laminar boundary layer calculations using
the Pohlhausen, Head, and DB methods shown in Figures 2 through 11 show
that Head's method is very accurate and vastly superior to Pohlhausen's
method. Since Head's method requires no more computer execution time and
very little more computer core storage than Pohlhausen's method, there
seems little reason for using the latter method when the former is avail-
able. However, with the availability of accurate finite-difference meth-
ods, such as the DB method, what advantages are there in using Head's
method? 1f, for example, extremely high accuracy, essentially exact, lami-
nar boundary layer computations are required, then one must use the finite
difference methods. However, if only moderately accurate results, as ob-
tained from Head's method shown here, are required, then Head's method has
several advantages.

The first advantage is, of course, that Head's method requires only
about one-fifth the computer execution time of the DB and similar finite-
difference methods for the same level of accuracy. Although computer exe-=
cution times are not large even for the finite-difference methods, the
savings gained by using Head's method can be substantial for design where a
parametric study of the boundary layer behavior on a large number of bodies
must be made.

Secondly, there is a substant ial difference in computer-core storage

requirements between Head's method and finite-difference methods. In fact,

3l
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the small computer-core storage requirements of Head's method raise the

possibility that with further refinements the method can probably be exe- ; |4
cuted on a programmable hand calculator. However, for large computers,
there is also an advantage of the small computer-core storage requirements {j
of Head's method when one needs complete information of the boundary layer

characteristics over the whole body, including boundary layer veiocity pro-
files at each of many locations on the body. For finite-difference methods
such a requirement would necessitate the storage of many vector arrays that
describe the velocity profiles by points. But Head's method requires only

the storage of the two arrays {ai} and {bi} of the values of the parameters

a and b at the locations {si} i=0,1, 2, 3,...I on the body. Furthermore,

if the boundary layer characteristics for a certain body must be stored
permanently for some future purpose it is very easy to simply punch the
arrays {ai} and {bi} on a thin card-deck.

Since it has been found that Head's method is very accurate, it seems

that the method can be extended to accurately predict unsteady boundary
layers of low and moderate values of frequency (or low and moderate values

of inverse time scale). Such an investigation is worthwhile and should be

b ot RS

fairly easy to carry out. The unsteady versions of Equations (14) can be

shown to have the form

o M o At

da da ab 9b

o

A e " Mot TP e T Pade T G (26a) i
14

da %a 9b 3 _ |

G e T TR TR T T B R (26b) |

where the coefficients Aij’ B.. and Ci are functions of a, b, rO(s) and

U(s,t). Equations (26) are i;Ja natural form to which one can apply the i
method of characteristics. The method of characteristics is probably the i
most effective available numerical method for solving a pair of first order i
hyperbolic equations in two independent variables. In contrast to this, a
finite difference time dependent calculation of the momentum Equation (la) |
involves three independent variables and thus would require much larger %

storage arrays and much more computer time.
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APPENDIX
THE COMPUTER PROGRAM

The FORTRAN IV computer program that implements Head's5 two-parameter,
two-dimensional and axisymmetric, incompressible laminar boundary laver
calculation method is listed in this appendix. The program, called HEAD,
requires, as input for an axisymmetric body, a discrete set of offsets
{xi.r0 } where {xi} is the axial coordinate and {ro } is the radius, and

i i
the inviscid slip velocity {Ui}. The arc-length {sj} is computed by the
program. For a two~dimonsionﬁl body, the sets of a}c-longth values {s‘}
and inviscid slip velocities {U,} are the required input. Also for two-
dimensional cases, the nrc—longih location 8 of the front stagnation
point must be provided.

The program HEAD is presently set up to run on the Burroughs B7000
computer directly in the interactive mode from a terminal. Thus all one
has to do to run the program is to give the command to EXECUTE HEAD. The
input must be typed in at the terminal, in free format, in the order in
which the program calls for it. In each case, the program prompts the
user as to the input that must be provided. For example: the first input
card required by the program is the set of parameters NP, IPOTF, SCALE,
IAN. The program first types a message requesting that these parameters
be defined. NP is the number of input offsets defining the body
(L < NP < 200); IPOTF equals zero (0) for axisymmetric flow and one )
for two-dimensional flow; SCALE is an arbitrary scale factor to rescale
the input offsets at the discretion of the user (normally SCALE = 1.0);
IAN equals zero (0) if the body and potential flow is provided by the
user, equals one (1) if the user wishes to use a built-in potential flow
for the sphere, and equals two (2) if the user wishes to use the built-in
potential flow for a circular cylinder with no circulation (the front

stagnation point is at 0.0). In the latter two cases one can set NP=]

and input for body offsets and potential flow velocities are not required.

e - e




The input variable "initial step size" for which the program will ask l
serves a dual role. The first role is precisely that of setting the
first integration step at the front stagnation point. However, this is
not important and the program is not sensitive to the value of initial
step size since it will automatically be adjusted to maintain a certain
integration accuracy. The second, more important, role of initial step
size is that it determines the approximate interval along the body surface
at which output is provided. Near separation, more output may be provided
than far in front of separation. Thus, the density of the output of
boundary layer characteristics along the surface of the body is controlled
by the number put in under the heading "initial step size."

The HEAD program yields the following output. First, a summary of
the geometric (ro(s)) and inviscid flow (U(s)) data is printed under the
columns of R, S, UB, A, RI which are the input values of body radius o
the axial locations of the input values of body radius, the input values
of U, the arc-length values of s at which the input values of U are speci-

fied, and the body radius r, at the positions of the input values of U,

0
respectively. In the version of the HEAD program given in this report,
the input values of U correspond to locations along the body which are
midway between consecutive locations at which the input values of r, are
given. Following the above output, the boundary layer characteristics are
printed. The numerical values of the quantities arc-length location si,

step size As,, body radius r,,, first derivative with respect to s of U at
l

) 0j e
si. second derivative with respect to s of U at si. Hi, (C(»kl)i, (Nl‘Rl\i,
and “'ki)i are printed under the column hcu&ings~x, ﬂl. ROB, UB; C; D,

DUBDS, DUBDS2, H, CT, DELST, and J, respectively. The program terminates
either at the end of the body or just in front of separation with the
message that the step size of the numerical integration procedure is too
small (0(1(\_7)) .

In this program no provisions for computing the boundary layer
velocity profiles have been made. Given values of a and b (i.e., C and D

in the program) one can easily write programs using formulas (7)=(10) to

construct velocity profiles.
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290 Co22x8228PROGRAN HEADS* ks v bbbt ssshns

300 COMNON /BODY/ R(200),5(200),UB(200),A(200) ,R1(200),NP

320 CONMON/IPOT/IPOTF

400 DIMENSION Y(10),DY(10),PRMT(10)

600 EPS1=1.0E-4

700 EPS2=1.0E-5

800 WRITE(4,1)

900 1 FORMAT (1H1)

1100 TEND=100.0

1600 2 FORMAT(215,F10.5)

1720 WRITE(6,15)

1725 READ(S,/) NP,IPOTF,SCALE,IAN

1727 NP1=NP-1

1730 15 FORMAT(26H INPUT NP,IPOTF,SCALE,IAN)

1740 IF(IAN.GT.0) GO TO 19

1750 WRITE(4,14)

1760 14 FORMAT(27H INPUT THE BODY STATIONS §)

2000 READ(S,/) (S(I),I=1,NP)

2025 WRITE(6,17)

2050 17 FORNAT(27H INPUT THE BODY OFFSETTS R)

2100 READ(S,/) (R(I),I=1,NP)

2200 S FORNAT(4F10.5)

2300 IF(SCALE.EQ.0.0) SCALE=1.0

2400 00 10 I=1,NP

2500 §(1)=5(1)/SCALE

2600 R(I)=R(I)/SCALE

2700 10 CONTINUE

2950 13 CONTINUE

2960 WRITE(6,18)

2970 18 FORNAT(30H INPUT THE SURFACE VELOCITIES)

3000 READ(S,/) (ACI),I=1,NP1)

3100 3 FORNAT(4F13.5)

3200 UR(1)=0.0

3300 D0 9 I=1,NP1

3400 J=1+1

3500 UB(J)=ACT)

3600 AC1)=0.0

3700 9 CONTINUE

3800 CALL ARC

3810 6070 100

3900 WRITE(4,6)

4000 6 FORMAT(/S3H R § UR A
\  RD

4200 DO 7 I=1,NP

4300 WRITE(4,8) R(I),5(I),UB(I),ACD) ,RI(I)

S~

4400 CONTINUE




4500
4600
4700
4750
4800
4850
4900
4910
4920
4925
4930
4940
4950
5000
5050
5100
5150
5200
5300
5400
5500
5600
5650
5700
5800
5900
4000
6100
6200
5300
5400
6500
6600
4700
46800
46900
7100
7200
7300
7400
7500
7600
7650
7800
7850
7900
8000
8500
8600
8710
8720

100

12

18

FORNAT(SE12.4)
CALL SPLINE(A,UB,5,NP)
CALL SPLINE(A,RI,R,NP)
CONTINUE
N=2
ISTEP=1
PRNT(1)20.0
IF(IPOTF.EQ.0) GO TO 14
WRITE(4,20)
FORMAT(38H PUT IN LOCATION OF FRONT STAG. POINT)
READ(S,/) SSTP
PRMT(1)=5STP
CONT INUE
PRNT(2)=TEND
WRITE(4,21)
FORNAT(27H READ IN INITIAL STEP SIZE)
READ(S,/) PRNT(3)
PRNT(4)=EPST
PRNT(5)=EPS2
PRNT(46)=0.97
PRMT(7)22.0
PRHT(8)=0.1
PRNT(10)=1.0
IF (IPOTF.EQ.1) GO TO 11
=0.3225
D=0.1605
GO TO 12
CONTINUE
C=0.445
0=0.240
CONTINUE
Y(1)=C
Y(2)=D
WRITE(S,1)
WRITE(6,4)
FORNAT(43H X,HI,ROB,UB,C,0, DUBDS,DUBDS2,H,CF,DELST,T/)
CALL MTPC(Y,DY,PRNT,N,ISTEP, IAN)
END
SUBROUTINE MTPC(Y,DY,PRNT,N,ISTEP,IAN)
DIMENSION Y(10),DY(10),2(10,5),PRNT(10)
NOUT=0
TEND=1
NZ=1
HI=PRMT (3)
X=PRMT (1) +HI
HO=HI
ISTEP=1
NOUT=NOUT#1
CONT INUE
DO 1 I=1,N
201, =YD
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873%
8740
8750
8760
8765
8770
8780
8790
8800
8810
8812
8815
8820
88295
8830
8840
8850
8860
8880
3890
8900
8910
8912
8914
8916
8920
8930
8940
8950
8960
8970
8980
3990
7000
9019
2050
11100
11300
11400
11500
11600
11700
11800
11900
12000
12100
12300
12400
12500
12600
12700

2

20

o

21, 1)=Y(1)
CONTINUE
K=1
CONTINUE

CALL CALC(Y,DY,X,HI N, IAN)
E=0.
DO 2 I=1,N
YCD)=Z(T,3)+HI+DY(])
E=ABS(Z(I,1)-Y({I))+E
CONTINUE

IF(K.EQ.1) GO TO 17
IF(E.LT.1.0E-4) GO TO3
IF(K.GT.1Q) GO TO 4
CONTINUE
K=K+1
DO 13 I=1,N

201, 1)=Y{1)
CONTINUE
GO 10 14
CONTINUE
HI=HI/2.
HO=HI

DO 21 I=1,N

Y(I)=2(I,3)

CONTINUE

IFCHILLT.1.0E-S) WRITE(&,19)
FORMAT(3I0H NO CONVERGENCE AT FIRST STEF)
K=1
GO 10 14
CONTINUE
LALL CALCCY,DY,X,HI,N,IAN)
00 20 I=1,N
2¢1,1)%¥(})
2(1,2)=pY(I)
CONTINUE

CALL QUTPUT(X,Z,PRNT,1END,HO,HI,NOUT,NZ)
CONTINUE
C=HI/HO
C1=C*C
Cc2=1.-C1
CI=HI«(1.+C)
C4=3.42./(C+L1)
HI2=H1/2.
D0 S5 I=1,N
Y(I)=C1+2(1,3)+C2+2(I,1)¢C3#2(1,2)
CONTINUE
X=X+HI

CALL CALCCY,DY, X, HI, N, 1AN)
£=0.0
DO & I=1,N
2(1,5)=Y(1)

—————TA




12800 YCI)=Z(I,1)+HI2#(DY(I)+Z(I,2))

12900 AE=ABS(2(1,%)-Y(I))/CA

13000 IF(AE.GT.E) E=AE
13100 & CONTINUE
13300 IF(E.GT.PRNT(4)) GO TO 7

; 13400 CALL CALC(Y,DY,X,HI,N,IAN)

g 13500 D0 9 I=1,N

| 13600 2(1,3)=2(1,1)
13700 2(1,4)=2(1,2)
13800 Z(1,1)=Y(1)
13900 2(1,2)=DY(I)
14000 9 CONTINUE

] 14100 ISTEP=2

: 14200 NOUT=NOUT+1
14300 CALL OUTPUT(X,Z,PRNT,IEND,HO,HI,NOUT, NZ)
14400 IF(IEND.EQ.-1) GO TO 15
14500 IF(E.LT.PRNT(5)) GO TO 8
14600 HO=HI
14700 60 TO 10
14800 7 CONTINUE
15000 IF(ISTEP.EQ.1) GO TO 11
15100 A=(PRMT (&) *PRNT(4)/E)e%(1./3.)
15200 X=X-HI
15300 H1=A%HI
5400 IF(HI.LT.1.0E-7) GO TO 12
15500 60 TO 10
15600 11 CONTINUE
15800 X=X-2.%HI
15900 HI=H1/2.
16000 IF(HI.LT.1.0E-10) GO TO 12
16100 IF(E.LT.1.0E-10) E=PRNT(5)
16200 8 CONTINUE
16400 A= (FRNT (5)XPRNT(7) ZE) *%(1./3.)
16500 HO=HI
16600 HI=A¥HI
16700 IF(HI.GT.PRNT(8)) HI=PRMT(8)
16800 60 T0 10
16900 12 CONTINUE i
16920 PRT(10)=-1.0 i
16940 PRNT(1)=0.0 y
16960 CALL OUTPUT(X,Z,PRNT,I1END,HO,HI,NOUT,N2)
17000 NRITE(6,16) X,HI '
17100 16 FORMAT (/27K STEP SIZE TOD SMALL X=,E12.4,4H Hl=,E12.4/) ,
17200 RETURN i
17300 15 CONTINUE ;
17400 RETURN .
17500 END
17600 SUBROUTINE ARC
17700 COMMON /BODY/ R(200),5¢(200),UB(200),A(200),RI1(200) NP
17800 RI(1)=0.0
17900 AC1)=0.0




18000
18100
18200
18300
18400
18500
18600
18700
18800
18900
19000
19100
19200
19300
19400
19500
19600
19700
19800
19900
20000
20100
20200
20300
20400
20500
20600
20700
20800
20900
21000
21100
21200
21300
21400
21500
21600
21700
21800
21900
22000
22100
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IFLAT=2

IFLAT1=1

DO 1 I=2,NP
IF(S(I)-5(I-1).EQ.0.0) GO TO 1
IFLAT=I

G0 TO 2

CONTINUE

CONTINUE

IF(IFLAT.LT.3) GO TO 3
IFLATI=IFLAT-1

DO 4 I=2,IFLATI
ACI=0.54(R(D+R(I-1))
RICI)=A(I)

CONTINUE

CONTINUE

XI1=R(IFLAT1)

DO S I=IFLAT,NP
F=(S(1)-8(I-1))#8ART (1 . +{ (RCI)-R(I=1))/(S(1)-§(I-1)))#42)
RICI)=0.5#(R(I)+R(I-1))
XI=XI1+F

AT =0.5% (XT+XI1)

XI1=XI

CONTINUE

RETURN

END

SUBROUTINE SPLINE(X,Y,C,N)
DINENSION X(200),Y(200),A(200),8(200),D(200),C(200)
Ni=N-1

N2=N-2

DO 1 I=1,N2

J=1+1

HI=X(J)-X(J=1)
HI1=X(J41)-X(J)

DCD =3, 4 CCOY (I 1) =Y (I ZHTN) = (Y (D) =Y (J=1) ) /HT) /(HI#HI1)
BOI)=HI1/(HI+HIT)

Al =1, -B(D)

ACL)=0.5+A(T)
BCI)=0.5¢B(I)

CONTINUE

Ei1)=1.0

EC1)=B(1)/C(1)

DO 2 1=2,N2
C(I=1.0-A(T)*B(I-1)
B(I)=B(1)/C(I)

CONTINUE

ACTY=D(1)/C(1)

10 3 1=2,N2

ACD =D -ACD*ACT-1))/C(D)
CONTINUE

NI=N2-1

D0 4 I=1,N3




I
%
23100 J=N2-1 '
23200 C(DI=A(I) -B(J)CiJ+1)
23300 4 CONTINUE
23400 CIN1)=0.0 ;
23500 C(N)=0.0 '
23600 DO S I=1,N3 ‘4
23700 J=N2-1 L
23800 K=J+1
23900 C(K)=C(D) [
2400¢ 5 CONTINUE
24100 Y(1)=0,0 !
24200 RETURN i
24300 END 1
24400 SUBROUTINE POTF(X,U,DU,DU2,R0,DRO, IAN) ?
24500 CONMON /BODY/ R(200),5(200),UB(200),A(200) ,RI(200),NP f
24550 IF(IAN.GT.O0) 6O TO 3 t
24400 N=NF j
24700 DO 1 I=1,NP 2
24800 IF (X.GE.ACI)) GO TO 1
24900 N=1 {
25000 60 10 2 ?
25100 ! CONTINUE
25200 2 CONTINUE g
25300 HJ=A (M) -A(N-1) E
25400 X3=(HJ*#2) /6. ‘
25500 X4=(AN)-X) /HJ /
25600 X5= (X-A(N-1))/HJ ¥
25700 Y1=((AIN)-X)*42)/(2.%H)) :
25800 Y2=((X-A(N=1))#%2) /(2. %HJ) g
25900 X1=(A(N)-X)*Y1/3. ‘I
26000 X2=(X-A(N-1))sY2/3, |
; 26100 U=SIN-1)*XT+S (NI #X24 (URCN=1)-S(N-1)*X3) X4+ (UB(N)-S(N)*X3)\ i
| \*XS i
! 26200 RO=R(N=1) X1 +R(N)*X24 (RI(N-1)-R(N-1)&X3) *X 4+ (RI(N)-R(N)*X3)\ ;:
| \eXS |
1 26300 DU=-S(N=1)8Y1+S(N)#Y24 (UBIN)-UB(N=1))/HJ=(S(N)-S(N-1))*HJ/ 6. '3
’ 26400 DRO=-RIN-1) Y1 4R (NI #Y 2+ (RT{N) -RI(N-1))/7HJ= (R(N)-R(N=1))*HJ\ |
N8 |
26500 DU2=5(N-1)#X4+5(N) +XS
26510 3 CONTINUE ;
, 2652 IF(IAN.GT.1) GO TO 4 |
} 26522 RO=SIN(X) :
26524 DRO=COS(X) ;
26526 U=1.5+R0 P4
: 26528 DU=1.5+DR0O |3
‘ 26530 pU2=-U i
26531 RETURN
26532 4 CONTINUE |
26534 RO=1. ~
26536 DRO=0.
26538 U=2.4SIN(X) |
40 T:
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26540 DU=2.%C0S (X)
26542 DU2=-U
26600 RETURN
26700 END
26800 SUBROUTINE QUTPUT(X,2,PKNT,END,HO,HI,NOUT,NZ)
26900 DIMENSION 2(10,5),PRNT(10)
27000 COMMON /BL1/ J,SL,SM,H,DSTAR,HE,HT,UB,DURDS,ROB,DROBDS\

\,DUBDS2
27100 COMMON /BL2/ Y(4),RATIO,G,DTDS
27200 REAL J
2222 IF(NOUT.EQ.1) Y(1)=1. -
27250 NZ1=500 f
27300 Y(4)=DTDS 13
27400 Y(2)=Y(1) {
27500 Y(3)=HI i
27600 Y(1)=-RATIO h
27820 XRATI0=-RATIO {3
27830 IF (XRATIO.LT.0)GOTO 10 :
27840 T=SORT(XRATIO) &
28000 CF=2,+UB#SL/T &
28100 DELST=HeT i
28150 IF(FRMT(10).LT.0.0) GO TO 12 3
28200 IF(CF.GT.0.1) GO TO 12
28275 PRMT(3)=PRAT(3)/10.
28280 PRAT(10)=-1.0 ,}
28290 12 CONTINUE 4
28300 A=X-FRNT(1) "
28400 IF(A.LT.PRNT(3)) GO TO 11 i
28500 PRNT(1)=X
28900 2 CONT INUE ‘
28950 BUB2=DUBDS2 I
29000 WRITE(&,1) X,HI,ROE,UB,2(1,1),2(2,1),DUBDS,DUB2  ,H,CF\

\,DELST,T I3

29100 1 FORMAT(12E10.3)
29150 1" CONTINUE

29200 8 IF(CF.LT.0.) IEND=-1 |
29300 IF(X.GT.PRNT(2)) IEND=-1
29400 RETURN
29450 10 WRITE(6,20)X
29470 20 FORMATC1X,//,3X, 1OHCF NEGATIV ,3X,3HX= ,F10.4)
29480 STOP
29500 END
29600 SUBKOUTINE CALC(Y,DY,X,DX,N,IAN)
294650 DIMENSION Y(N),DY(N)
29700 COMMON /BLt/ J,S5L,5M4,H,DSTAR,HE,HT,UR,DURDS,ROB, DROERDS\
\,IUEDS2
29750 COMMON /BL2/ Z(4),RATIO,G,DTDS
29900 REAL J,L,M,MPD,MPC
29950 C=y(1) ‘
29960 D=Y(2)

30000 CALL POTF(X,UB,DUBDS,DUBDNS2,ROB,DROBDS, IAN)




30100 J=  J28324(-.31897+.14931sC)sC+D4(,18760-.149474C) '

30200 L=1.747+3.5%C
30300 ESC=.200489+(-.0549714(-,18242+(,17580+¢(.043227+(~-,055451+\
\.0095503
30400 $C)«C)*C)eC)=C)sC
30500 ESD=.0600724(.26478+4(-.29465+(-.11611+(.15200-.0298924C)+()\
\#C) ()¢ ‘
30600 $C >
30700 ESD2=-.1134654(.0B9185+( . 12215+4(~.134673+.031219+C)*C)*C)*( !
30800 ESD3=.0206489+¢(-.049679+(.040141-,010879«C)*C)=*C }
30900 E=ESC+(ESD+(ESD24ESN3I*D)+D)+D !
31000 EPD=ESD+(2.%«ESD2+3.«ESD3*DN) *D
311100 EPCC=-.0549714(-.36484+(.52740+(.17291+(-,27726+.057302%C)\
\#(C)*C)*C
31200 $)+C
J1300 EPCD=.26478+(-.58930+(-.34833+(.40800~.149446%C)+C)*C)*C
31400 EPCD2=.089165+¢(.2443+(-.41019+,124884C)*C)*C
31500 EPCD3=-.049679+(.080282-.032437«C)*C
315600 EPC=EPCC+(EPCD+(EPCD2+4EPCD3*D) D) D
31700 G6SC=.127334(-.050050+(-.10089+(.13915-.035073+C)*C)*C)+(
31800 GSD=.049054+(.13403+¢(-.23383+.072643+C)*C)+C
31900 GSD2=-,059455+4(.093916-.037702%C)=*(
32000 G=GSC+(GSD+GSD2:«D)*D
32100 GPO=GSU+2.+0«GSN2
32200 GPCC=-.050050+(-.20178+(.41745-,14029+C)*C)+*C
32300 GPCO=.13403+(-.4474646+.21793«C )«
32400 GPCO2=.0939146-.075404+C
32500 GPC=GPCC+(GPCD+GFPCD2«D)*D
32600 H=-30.%D
32700 MPC=0.
32800 NPD=-30.
32900 RE=E/G
33000 62=G+6
313100 SN=02%HM
33500 10 SL=0G+L
33600 H=J/6
33700 AT=1.3713+4(1.2124+(1.8754+(-1,82488+.80524%C)*C)*C)=(
33800 AI=AT+D*(~,83784+(-1,9728+(3.3493-1.2919+C)#C)+C)
33900 AT=AT+D*D*(,94797+(-1.5608+,49570«C)*C)
34000 DSTAR=G*Al
34100 GM=G*N
34200 HEPD=(EFPD*G-GPD*E) /G2
34300 HEPC=(EFCAG-GPCHE) /G2
34400 SHPD=2,%GN*GPD+G2*NFD
34500 SHPC=2.+GN*GPC ,
3455 AD2D=0.
34600 [F (ABS(DUBDS) .LE.1.0E-2) GO 10 5 |
54660 IFCIPOTFLEQ.0)AN2D=SM+UB*DROBDS/ (DUBRDS+*ROR) f
i 34700 DTDS=2.#(SL+SH*(2.+¢H) +A02D) /UB
i 34800 KATIO=SM/DUBDS
i 34900 GO 10 & |
* 42 !




35000

S

35050 C

35060
35070
35080
35100
35200
35300
35350
35400
35500
35600
35650
35700

35895 I

36000
36050
36100
36200
36300
36400
#

CONTINUE

PRIVIOUS VALUE IN Z(4)

TSIN=Z(1)

1S51=2(2)

DTDSI=Z(4)
TS=TSIN+(2,%(TSI-TSIN)/Z(3)-DTDSI)*(Z(3)+DX)
TS=TS+(DTDSI/Z(3)-(TSI-TSIN)/(Z(3)*Z(3)))#(DX+Z(3))#:2
RATIO=-TS

IFCIPOTF.EQ.0)AD20=-TS*UB*IROBDS/ROR
DTDS=2.+(SL+SH*(2.+H)+A020) /UB
CONTINUE
R1=-2.«DUBDS* (SL+58:k(2,+H) ) /UR

IF(IPOTF.EQ.0)AD2D=5N*DROBDS/ROB
R1=R1-2.*A02D+RATIO*DUBDS2
R2=HE#(SL+SH#(H-1))
[S=SHPC*HEPD-SMFD*HEPC
2=-(2.#DSTAR-R2)/(RATIQ+UR)
DY(1)=(R1*HEPD-R2:4SHFD) /DS
Y (2)=(R2+«SHPC-R1*HEFC) /DS
RETURN
END
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