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A B S T R A C T

Molecular-field coefficients of the heavy rare-earth iron garnets (Th. Dy. Ho,

Er, Tm. and YbIG) have been determined by fitting calculated and experimental
magnetic -moment -vs —temperature curves - For these compositions, spin cant -

ing appears to cause a significant reduction in the net moment of the c sublattice.
The results are compared with values of coefficients derived from paramagnetic
susceptibility measurements and with other values determined without taking into
account c-gublattice canting. The capability of the computer program has been
expanded to permit magnetization-temperature calculations of compositions that

contain as many as three different rare earth ions in the c sublattlce
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MAGNETIC MOMENT VERSUS TEMPERATURE CURVES
OF RARE-EARTH IRON GARNETS

I. INTRODUCTION

The magnetic-moment-versus-temperature (n B_vs
~ T) characteristics of rare-earth iron

garnets have been important in microwave ferrite development and more recently in the emer-
gence of ferrimagnetic thin-film technology for bubble memory devices. By determining
molecular-field coefficients, the curves of these materials may be computed from the Néel
theory,1 and a basis may be established for predicting the curves of compositions with nonmag-
netic ions substituted for Fe3+ or rare-earth irons.

In addi tion , it is also possible to compute curves for compositions containing more than one
type of rare-earth ion. The purpose of this report is to present the results ~T investigations
with a computer program that was used to determine the molecular-field coefficients and ef-
fective angular momentum quantum numbers of heavy rare-earth iron garnets.

II. THEORETICAL METHODS

In work reported previously, the molecular-field coefficients N. - of Y3Fe5O12 were deter-2—4mined by a trial-and-error procedure. To arrive at a set of coefficients, N~3 
were adjusted

until the computed n B~vs~ T curves produced exact fits with the experimental curves for the same
materials. For the above two materials, it was found that the octahedral (a) and tetrahedral (d)
intrasublattice and intersublattice coefficients, Naa~ Ndd. and Nad~ originally determined for
Y3Fe5O12, were equally suitable for Gd3Fe5O12. However , the effec ts of magnetic Gd 3

~ ions
in the dodecahedral (c) sublattice were accounted for with values of N

~~. and Ned listed in
Table I. For the purpose of establishing a good fit to experimental results, it was convenient
to assume that the smail values of Ncc were negligible (see Fig. I).

Since quenching of the orbital angular momentum is insignificant in the rare-earth family,
the value of the spectroscopic splitting factor is equal to the pure spin value of 2.0 only in
the case of Gd 3+ (an S-state ion). With every other ion, it is derived from the relation =

(L
~ + 2S~ )/ [L~ + Sc) where L~ and S~ are the orbital and spin quantum numbers of the ground

term, and should be combined with the total angular momentum 
~c and the Bohr magneton 

~B
in the N~el theory. In these cases, J~ replaces S~ and the magnetic moment per ion becomes

~~~
In Appendix A, the format for the modified N~el theory is presented for the general case

with as many as three different c-sublattice rare-earth ions. Because the intrasublattice coef-
ficients Nec are negligible, it may be assumed that any rare-earth ion is coupled only to the
iron in the a and d sublattices and does not interact any other rare-earth ion. In this way, it
is possible to treat these cases as if separate c-sublattices existed for each type of rare-earth
ion, with variables x, y, and z designating the respective fractions of the different rare — earth
ions in the dodecahedral sites. A complete listing of the Fortran program (compatible with the
IBM/370 computer) is given in Appendix B.

UI. RESULTS OF CALCULATIONS

With a trial-and-error procedure identical to that used in the previous work, molecular-
field coefficients Nac and Ned were determined for Tb, Dy, Ho, Er, Tm, and Yb iron garnets 5 8
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Fig. I. Comparison between theory and experiment for nB-va-T curves
of YZGd3_ZFe5OIZ, using data of Vassiliev et al. (Ref. 13), Harrison and
Hodges (Ref.9), and Anderson~~ ~~ 

(Ref. 14T

Examples of the precision of the fits between calculated curves and experimental data points are
given in Figs. 2 through 7. For these compositions, it was necessary to introduce an effective
angular momentum < J ~ to produce an exact fit at T = 0 K. The values of J~ required for this
purpose are given in Table I. and suggest that a canting effect or departure from collinearity
within the c sublattice likely accounts for the reduced c-sublattice moments. The extent of
canting has been estimated by computing a canting angle 4 ,  defined by the relation = cos ~
(see Table I).

Because of the generally weak magnetic exchange coupling associated with C sublattices,
this effect may be attributed to magnetocrystalline anisotropy. This argument is consistent
with the fact that the correction of for canting was not necessary with Gd3 ~~

, the only ion of
the group without an orbital contribution to J~ and the spin -orbit coupling energy required for a
first-order anisotropy effect.

To demonstrate the program’s capability with different rare -earth ions in the same compo-

sition, complete curves are presented In Fig. 8 for the system Y2.i_xGdxDyo.3Fe5O12 together
with available experimental data~ and a comparison between theoretical and experimental compen-
sation temperatures1

~ for Er~Gd3...~Fe5Oj 2 is given in Fig. 9.

N. DISCUSSION

In work reported by Aleonard,11 molecular-field coefficients were determined for these

compositions from paramagnetic susceptibility measurements above the Curie temperatures.
Although these values (see Table I) could not be expected to produce accurate nB~

vs
~

T curves,
it is interesting that their relative magnitudes agree at least qualitatively with those determined
in this work.

More recent values of these coefficients have been reported by Brandle and Blank12 and are
also Included in Table I for comparison. These values were determined In a manner similar to

3
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Fig. 2 . Comparison between theory and experiment
for the nB-vs-T curve of Tb3Fe5OjZ. using data of
Pauthenet (Ref. 5).
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Fig. 3. Comparison between theory and experiment
for the nB-vs-T curve of Dy3Fe5Of 2. using data of
Pauthenet (Ref. 5) and Vassiliev et al. (Ref. 7).
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the procedure used here, but the work did not, in general, include a fit to the low -temperature
points at T 0 K. Consequently, the effect of canting was not taken into account and reduced
values of were not used in the determination of Nac and Ned. With these higher values of

the molecular-field coefficients required to produced accurate n B-vs-’r curves over the
higher temperature range would necessarily have to be smaller than those reported in this work.
The differences in magnitude of the coefficients are discernible in Table I by inspection of the
respective values and are consistent with this observation. However, it should also be pointed
out that practical purposes either set of coefficients will produce accurate fits over the
higher temperature ranges where most applications are likely to be found, provided that the
appropriate values of are employed with each set.
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APPENDIX A

For the three aublattice case with as many as three different magnetic ions in the c subl.attice,
the N~el theory must be augmented as follows:

M = I M~ Ma — 

~~~ 
— Mcy — 

~~~ 
(A-I)

where the subscripts d, a, and c refer to the tetrahedral, octahedral, and dodecahedral sub-
lattices, and x. y. and z represent different c-sublattice magnetic ions. For each sublattice ,
M.(T) = M1(0) B (x1), with

1 8j

S~g~IL~xd = kT (NddMd + N dM + NCdaM + N d M + NCdZM
CZ

)

S g ~~i~~Xa = kT (N dMd + NanMa + NacxMcx + NacyMcy + Nacz Mcz )

J~~~g~~p~= kT (N CdaMd + NacxMa + NccxMcx)

Xcy = ~~~~~~~~~~~~~~~ + NacyMa + Nccy Mcy)

Xcz = ~~~~~~~~~~~~~~~~ + NaczMd + NcczMcz ) • (A-Z)

where B5 is the Bnillouin function, k is Boltzman&s constant, and is the Bohr Magneton.
For practical purposes, it may be assumed that ~~~~~ Nccr and Nccz

At T = 0 K, the magnetic moments per formula unit are given by

Md(O) = 3g~S~~~ N(i — kd) (1 — 0.1 ka )

Ma(O) = Zg~S~~~ N(f _ ka) ~ — k ~~
4)

Mcx (O) = ~~~~~~~~~~~~~~ _ k
~

)

M~~
( O) = 3Y~cy~~cy~B~~~ 

_ k
~

)

M~5(O) = ~~~~~~~~~~~~ _ k
~

) ,

where N is Avogadro ’s number, and kd, ka~ and k~ 
are the fractions of nonmagnetic ions in the

respective sublattices , and x, y, and z represent the respective fractions of magnetic ions in
the c sublattice (I.e., x + y + z 1).
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?14.E : DI 3PU B 2 FORTRAN A 1/08/79 15:07 M .I .T.  LI NCOLN LABORATOR Y

Ifl h ll P R O G R A M  FOR 3 MOMENTS —— USING SUBROUTINE M 0 fl3 FOR CO N—
C VE R G EN CE.  G. D I O N N E

I MPL I CIT R E AL *8 (A— H , k , M , N 0—Z )
BE A L *8 JCP I ,JCP Y , JCPZ
BEA L SI 4 TT , 1T
COMMON /CM 1/ SD, SA ,JCP I 9 J CI ’Y, JC PZ , M UB , K ,BN 5 GD ,GA ,GCZ ,GC!,GC2 , I .!, Z
CO M MON /CN2/ N DD , NA A , N A D , NA C X ,NAC T ,NA CZ ,NCD I .NCDY ,NCDZ ,NCC I , NCC Y ,

I NCC Z
COMMON /CR 3/ KD , KA ,KC
CO MM ON 1*115/ a ,M D I ,$k1 , MCX 1 , MC !i , II CZ 1 1 N B A N S
DIMENSION TENP(200),NB(200),KAA(21),KDD(21),WBB (21 ,200),NSIVE (21),

1ICCC (5)
C THE FOLLOWING A R R A Y S  A R E  USED IN PLOTTING ONL Y

DIMENSION TI TL E (9) . ! Y( 1 7 0 0 ) ,TT(1 700) , LC (2 1)
C Ti AND 12 ARE LABELS FOR THE X AND Y AXE S

DAT A T 1/ ’T EM P ’/ , 12/’NB ‘/
DATA KCC/. 8DO , .7D0 , .6D 0 , .5D0 ,. ’&D O/

C THE FOLLOWING TWO LINES REFER TO R O U T I N E S  ACCESSIBLE TO USE RS 0?
C LINCOLN ’S 360/67 AND PERTAIN ONLY TO THE PLOTTING

CALL T E KZZ (2)
C CALL ST O IDV( ’  C. D I ON N E ’ , 9,0)

CALL E N T E R G ( ’ G .  DIONII E ’ 5 9)
NGR APH = 2
SD 2. 5
SA = 2 . 5
N U B ’ 9 . 2 7 E — 2 1
K 1 . 3 8 E — 1 6
BN=6 . .023E+ 23
G0 2. O
GA~~2.0
W R I T E ( 6 ,208)

208 F O R M A T ( ’  IN PU T K A , KC , K D ’ )
RE *D (5, *) K h , KC , KD
W W I T E ( 6 , 209)

209 F O B O I A T ( ’  I N P U T  X , T ,Z ’)
R E A D ( 5 , *) X ,Y , Z
WRITE( 6 , 2 i0)

210 F O R M A T ( ’  I N P U T  GCX ,GCY,GCZ’)
READ(S ,$) GCX ,GCY,GCZ
WRITE(6,212)

212 FORMAT (’ INPUT JCPX ,3CPY.JCPZ’)
BEAD(5 ,*) JCPX ,JCPY,JCPZ
I? ( Y . E Q . O . )  JCPY = 2..
IF ( Z .E Q . 0 . )  JCPZ = 2.
I F ( T . E Q . 0 . )  CC! = 2.
I F ( Z . !Q . O . )  GCZ = 2.
W R I T E ( 6 , 2 11)

211 F O R M A T ( ’  INPUT WA CX ,N A C Y , NACZ , NCDX , NCD Y , N C D Z ’ )
R E A D ( 5 , *) NA C I , N& C Y ,NA CZ , N CD X , N CD Y , NCDZ
NCC Y~~~~O.
NCCZ O.
NCC X~~~~0.

C I N I T I A L  K A VALUE
K A A ( 1 ) .O 0

C I N ITIAL lCD V A L U E

15
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FILE: DI3PUB2 FORTRAN A 1/08/79 15:07 M.I.T. LINCOLN LABORATORY

KDD(1) .OO
C INCREMENT FOR KA AND KO

DK .O1
C IN C R E M E N T  FOR T E ’i P E R A T U R E

DT IO.
C Nu MBER OF CURVES PER PAGE (NUMBER OF lCD’S USED)

ICURVE 1
00 59 L 1 ,I CU R VE
K A A ( L ) = K A A ( 1 )  ~ ( L—1 ) *Dr

59 1( 00 (L)  = 1(00 (1) + (L— 1) *DK
C DO 218 L R R 1,5
C KC= K CC ( L R R )
C C H A N G E D  1, 6 TO 1, 1

DO 100 LKA 1 ,1
C K& KA& (LKA)
C THE FOLLOWING 3 LINES AR E REL E V A NT ONLY TO THE PLOTTING

I X z = 0
N M A X —2 5 . E#25
NM I N = 2 5 . E + 2 5
DO 200 L KD= 1 , I C U R V E

C KD= K D D ( L K D )
NDD= — 3 0 . 4 * ( 1 . — . 8 7 *K A )
N A A = — 65. *( 1. — 1 . 2 6 5 K D )
N A D 97. *(1. — .25 *KA — .38 *KD)
T E M P ( 1) O.0
T E M P  (2)  =20.
IF ( K D . L T . .  10 .OR .KA .L T. . 10 .OR. K C.LT. . 1O )  T E M P ( 2 ) 40.
IF ( T E M P ( 2 ) .EQ. 4 O. )  GO TO 21
T FM P (29) =293.
T E M P  ( 35) = 34 3.
DC 31 L 2 ,28

31 T E t i P ( L ) = T E M P ( 2 ) 4 (L—2) *D T
DO 32 L 3 0 , 34

32 T E M P ( L )  = T E M P ( 2 8 )  + (L-29) *01
00 33 L 3 6 ,72

33 TEMP(L)=TEMP (34)+ (L—35) *DT
GO TO 22

21 TEMP(28)=293.
M P ( 34) =34 3.

DO 34 L 2 ,27
314 T E M P ( L ) = T E M P ( 2 ) + ( L — 2 ) * D T

DO 35 L 2 9 ,33
35 T E M P ( L )  = T E M P ( 2 7 ) + ( L — 2 8 )  SOT

DO 36 L=35 , 72
36 TEMP(L) TEMP(33)G (L—34) SOT
22 C A L L  M O M 3

N 1 1.
M2=—9999.
DO 70 L 1 ,72
T TEMP CL)
CALL CONTIN (T.ITEI),IER)
IF(IER.EQ.1) GO TO 150
IF(TEMP(2).EQ.20..At40.L.EQ.29) N 1 M
I? (TE1IP(2) .EQ.2O..&ND.L.EQ.35) M2=M
IF(I’EMP(2) .EQ.40..A$D.L.EQ. 28) Ni=M

16
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PILE: D L 3PUB2 F ORTR AN A 1/08/79 15:07 M .I .T .  LI NCOLN LABORATORY

I? (TEM P(2 )  . EQ. 110. • AND. L.. EQ. 3*) M 2= M
1188 (LK D,L) =N BAN S

70 CONTINUE
150 I F ( I Z R . . E Q . 1 )  LC (L A D)~~L— 1

IF( IE R .  EQ. 0) LC (LED) L
MS AVE (LE D) = (H 1—M2)/ M1
LE LC (L E D)

C TUE FOLLO WI NG DO LOOP FO RM S THE ARRAY OF ABSCISSAS FOR THE POINTS
C TO BE PLOTTED

DO 77 L&= 1,LE
IX Z= IX Z + 1
I?(TZMP (LA ) .EQ.150. ) 1150 = lIZ

77 TT (112) =T E M P(LA )
200 CONTINUE

WRITE(6,A4) EC
4 ?ORNIT (//’ KC= ’,P5.2)

WRITE( 6 , 888)
DO 98 L11 1,ICURVE

98 NR I TE( 6 . 999) Ek .,ED D (LW) ,N B B ( L t i , 1 ), T E B P ( L C ( L N ) ) , M S A V E ( L N )
868 F O RMA T (/ 1O X , ’K A’ , 7I , ’K D ’ ,71, ’NB AT T EN P O ’ , 71, ’TEM P LIMIT ’ ,

17!, ’ ( N 1 — M 2 ) / M 1 ’ )
999 FO RMAT (81,F5. 3 , )41 ,F5.. 3 ,BX, P8. 3 , i0X ,P8.. 3,7X ,E12 .5)

C THE FOLLOWING DO LOOP FORMS THE A R R A Y  0? ORDINATES FOR THE POINTS
C TO BE PLOTTED

114=0
DO 61 L K D= 1 , I C U E V E
LP LC(L K D)
DO 61 L Z 1 ,LP
111=111+1
IT (LC (LED) ..E Q. 1) GO TO 61
IF (NBB (L IC D ,LZ) . CT. NMA X) N M A X = N B B ( L E D , LZ)
I F ( N S B (L KD ,L Z ) . L T . N M I N )  N M I N = N B B ( L K D ,L Z )

61 TT (I N) =NBB (LE D , LZ)
C WRITE OUT VALUE OP NB AT 150 DEGREES

W R I T E ( 6 , 1001)  !Y(1150)
100 1 ? O R M A T ( ’  NB AT 150 DEGREE S = ‘,E13 .6)

CALL T E K E R S ( 1)
CALL P L O T L N ( L E ,TT ,O. 0 , O . O , YY , O. O , O.O , O , ’T( D E G .  K ELV I N ) ’ , 111,

1 ’ N B ’ ,2 , ’NA G NE T I C PIOMEN T ’ , lS , NG R A P R)
CALL V I L P R G ( 1 )

100 CONTINUE
218 CONTINUE

C THIS CALL SIGNALS THE END OF PLOTTING
99 CALL EXIT

STOP
END

C CALCULATION OF N VS TEMP FOR GAR N E TS WITH CD (+ 03)
SUBROUTINE 1)011 3
IMPLICIT R EA L *8 ( A — H , K ,M . N ,O— Z)
R E AL *8 J CPX ,JCP!,JCPZ
COMMON /CM 1/ SD , SA ,JCP X , JCP Y ,JC PZ , MO B , K , BN , GD , G A , GCX ,GCY ,GCZ , X , I , Z
CO MM ON /CM2/ M D D ,N A& , N A D , N& C X ,NAC Y , N A C Z , N CD I .NCD Y ,NC DZ ,II CCI ,NCC Y .

1NCCZ
COMMON /C113/ 1(D , K A , K C

— CO M MON /AN S/ M , H D 1 , MA1 , M CX I , MC I I , 1ICZ1 , NB

17
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PILE: DI3PUB2 FORTRAN A 1/08/79 15:07 M.I.T. LINCOLN LABORATOMY

PZMUB *BN
NDO~3. *GD*SDSP* (1.—ED) * (1.—. 1*1*)
Mk O~2. SGA* Sk*P* (1 .—EA ) * (1.—ICDS* (5. *))
MCXO 3.0*I*GC!*JCPI*P*(1.-KC)
MCYO 3.O*Y*GCT*JCPY*P*(1.—KC)
MCZO 3.0*Z*GCZ*JCPZ*P*(1.—XC)
Cia 1./(2.*SD)
C 2 ( 2. SSD+1.)*Ci
C3a1./(2.*S*)
C14 (2. SSA+i . )  *C3
CS! 1./(2.*JCPX)
C5Y 1./(2.*JCP!)
CS! i./(2.*JCPZ)
C61 (2.*J CPX+1.)*C5I
C6Y (2.*JCPY.1.)*C5Y
C6Z (2.*JCPZ+i.)*C5Z
NDaMDO
MA = MAO
M CX MC 10
M C Y II CYO
H CZ M CZO
ND 1 MDO
MA1 MA O
NCI1 N CXO
NC ! 1 MCYO
NCZ 1 M CZO
RETURN

ENTRY CON TIN (T,ITER ,IEB)
I TER O
I E R O
IF (T. EQ. 0.0) M = D A B S (M D —M A — M C X—M CY —M CZ)
IY (r,. EQ.O. O) GO TO 55
FR NUB/ (K S?)
111

9 I TER ITER + 1
IF(ITER .GE.300) GO TO 999
XD GD*SD*FRS (NDD *MD+NAD SNA +NCDX*M CI.NCDY *MCY+NCDZ*M CZ) 3

IA GA *SA*FR* (IAA *1 )A+ NA D~ MD +N&CX*M CX+NACY *MCY+NACZ *NCZ)
ICI=GCX*JCPX *FR * (NCCX*MCI+NCD! *MD.

1 N A C X * M A )
I CY= GC Y *J C PY * FR~ ( N CC !* NC T + NCD VS MD S

1NACY * M A)
C W R I T E (6 , *) GCZ ,JCPZ , FR , NCC Z , MCZ , NCD Z , M D , NA CZ , 1)A

I CZ =G CZ *JCPZ *F R * (N CCZ * M CZ +
1N C D Z * L I D + N A C Z * M A )

C W RI T E (6 , *) XCZ 3
C VR T T E (6 , *) XCZ

BSD C 2 * D C O S H ( X D * C 2 ) / D SI N H ( X D * C 2 ) — C 1 * D C O S H ( X D * C 1 ) / D S I N U ( X D * C 1 )
BSA=C 14 *DCOSH (XA *C 4 ) / DS I I IH ( 1& *C 4) — C 3 *D C O S H ( X A * C 3 ) / D S I N B (XA *C3 )
IF (X. NE.  0 .0)  D SCX C6X *DCOSH (XC X *C6 1) (DS I NH (ICX *C6 1) —C5 I *DC OSH (XC I *

1C5 1) / DSI NH (X C X *C SX)
I F ( Y . N E . 0 . 0 )  BSC DC6 Y*DCO SH( !CY *C 6Y) / D S I N H (XCY *C6Y) — C5 Y *DCOSH (I CY *

1C5Y) / DS IN H (XCY *C5 !)
IF(Z.N E.O.O) BSCZ C6Z*DCOS1I(XCZ*C6Z)/DSINH (XCZ*C6Z) —CSZ*DCOSH(XCZ*

18
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1CSZ)/DSINH (XCZ*C52)
I F ( X . E Q . O . 0 )  BSCI = 0.0
I F ( ! . E Q . O . O )  BSCY = 0.0
IF (Z . E Q . 0 . 0 )  BSCZ = 0.0
PI D2 NDO *BSD
41 A2= MA O *BS A
M CI2 M CI O *BSCI
M C !2 NCY O *BSC !
$CZ 2~ NCZO * BSCZ
GO TO (13 , 1 l4) ,II

13 11=2
MO 1 II D
(1*1=11*2
MCI 1 MC12
(ICY 1 MCY2
NCZ l NCZ2
GO TO 15

14 I I 1
M D 1=M D2
MA 1 aMA
MCI 1 MCI2
MCT 1aIICY2
MC! 1 M C Z 2

15 L? ((D&BS (lIA1—tI&).LT..0001.&MD .DABS (MD1=MD) .LT..0001)
1.AND.(D*BS (MCZ1—MCI) .LT..0001.AND. (DAB S (MCY1—MCY).LT. .0001.AND.
1DA BS (MCZ 1—H CZ).LT..0001)))GOTO 8
!IDaMD 1
MA = MA 1
(ICI NCI1
MCY= 1I CY 1
(ICZ ACZ 1
IF (MD. LT .0 .O . .OR.M A . L T. 0.O .O R.M C L. LT .O .0.OR.M CY.LT .0.O .O R .II CZ .LT. O .
1)GOTO 999

GO TO 9
B M DABS (t)D-Mk—MC I-(IC !—MCZ)

55 NB=N/(NUB*BI)
GO TO 888

999 IER=1
888 RETURN

END
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p. ERRATA SHEET

c
~z TECHNICAL REPORT 534

The author of Technical Report 534 (G. F. Dionne, “ Magnetic Moment
versus Temperature Curves of Ferthnagnetic Garnet Materials, ” 11 July 1979)

has discovered that incorrect values of the parameter Nac were presented in
Table I (page 2). The revised Table I contains the correct values, and should
replace the original Table I.

On line 6 of page 11, a more precise definition of the Brillouin function

* B5~ x1) is Bj .~~
X
i
)
~ 

where 
~
‘a = 8a and d = Sd.
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