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COMMUTE - A Computer
Code for Noncommutative Algebra

1. INTRODUCTION { 3

In the course of investigations of infrared absorbing frequencies and line
strengths of triatomic molecules of atmospheric interest, the main theoretical
approach has invariably involved the necessity of calculating complex commuta-
tors of quantum operators. In particular, when dealing with the vibration-
rotation Hamiltonian, one encounters commutators and anticommutators of angu-
lar momentum operators and related direction cosine operators between molecular-
fixed axes and space-fixed axes. This report presents a computerized method of
generating simplified series of operators, a so-called reduced set, from given
initial commutators, anticommutators, or general operator polynomials. This
computer program, which implements noncommutative algebra, is called
COMMUTE.

2. THEORY

2.1 General Formulation

The general problem is one in which there is a commutator consisting of
products of some fundamental operators, whose basic commutation relation is

(Received for publication 3 July 1979)




given. Through successive application of this fundamental commutation relation,

the original commutator can be simplified into a series of anticommutators. This
can be expressed symbolically as

Colgb,g'él = Cl {Q',Q‘i} o C2 {Q',Q’z'} tors + G {Q{,Q’i'} ARG (1)
where the Of and Q'i' are, in general, products of operators, the C, are either
pure real or pure imaginary numbers, and the brackets and braces are the stand-
ard notation for commutators and anticommutators, that is,

{A.B} = AB+BA . )

The series in Eq. (1) in practice terminates rapidly; the number of terms is pro-
portional to the degree of the original operators (O] and Q'(') The degree, that is,
the sum of the powers of fundamental operators in the operator polynomial on

the right side of Eq. (1), is at least one less than the original operator polynomial
[(_)' ,_C_)'(')] . In fact, if the original commutator is of degree n, then the series will
contain terms of degree n-1, n-3, n-5, etc. (Of course, terms may be missing
altogether if their coefficients, Ci’ are identically zero.) Furthermore, it follows
from the preservation of hermiticity (or antihermiticity) that if C0 is an imaginary
number, then the coefficients of the anticommutators are all pure real. Con-
versely, if C0 is real, the coefficients on the right side of Eq. (1) are pure
imaginary.

These remarks will be demonstrated in the examples that follow.

2.2 Diagonalizing the Hamiltonian
The problem discussed in this section has been presented by Rothman and
Clough1 and typifies the use of program COMMUTE. A contact transformation

is'

e= H e 18

(3)

is applied to the Hamiltonian to yield a transformed Hamiltonian expanded in a
Taylor's series s

1. Rothman, L.S. and Clough, S.A. (1971) J. Chem. Phys. 55:504.
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where A is an expansion parameter and S' is an Hermitian operator (i =v/~1).
Utilizing the order of magnitude arguments given in Reference 1, one arrives at
expressions for the '"rotational Hamiltonian'', Eqs. (31) of Reference 1. S'is
chosen to remove certain off-diagonal terms in the Hamiltonian and, as such, is
itself formed of angular momentum operators. Thus, expressions for the rota-
tional Hamiltonian contain numerous commutators of angular momentum operators.
In Appendix B. 1, two representative commutators arising from the contact trans-
formation are given,

An alternative scheme for calculating the rotational commutators has been
presented in the work of Amat et al. 2 In their approach, the contribution of a
chosen operator term is given as a function of commutators of various directions.
As such, their procedure is the inverse of the one discussed here.

2.3 Reducing Operations

The rotational Hamiltonian through fourth order of a planar molecule in the

XZ plane is of the form

T 2 2 2
B - b, + AP, + BE, +CP_+D{P,, L z phous E PP,
af3yé
i Z ‘I’:)quécn Eangygé-chn . (5)

ofyéen

where hV represents the vibrational contribution to the Hamiltonian; A, B, C, and
D are coefficients of the quadratic terms in the angular momentum; the p;z;}-yé

are coefficients of the quartic terms in angular momentum; and the d::’ are

Byéen
coefficients of the sextic terms in angular momentum. For the case of ortho-

i , . 5 i 1 ' 1
rhombic symmetry, there are 15 nonvanishing P oByé and 105 QGB‘Yt‘Kn' A great
amount of the simplification can be obtained in the Hamiltonian by application of

the commutation relations of angular momentum to these coefficients. The

2. Amat, G., Goldsmith, M., and Nielsen, H.H. (1957) J. Chem. Phys. 27:838.
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resulting reduced form of Hﬁ for asymmetric rotors of orthorhombic symmetry
thus contains only 19 coefficients (Kneizys et al ):

it -h +ap +BP2+CP§,
4 4 4
0y 8 e 0y 88 wpy ph

2 2 2 2 =2
+ Ty 5 Bl e B DOy TRt )

6 6 6 2 4
155 2Ey T8 B, 0y {Ex'gy}

2 _4 2 -4 20 —4
+ @, (B B0} 41 B Boh v 0 4B, B

222 2
+¢8{P P}+<I> {P P}+<I>10(PXPyPZ+PZ ) > (6)
2.4 Minimal Set of Operators
It has been shown by Watson4 that the coefficients of the Hamiltonian of Eq.
(6) are not all linearly independent for an asymmetric-top molecule. This gives ,
rise to highly correlated coefficients when an attempt is made to estimate the ‘
coefficients in conjunction with a least squares approach with the experimental

data (Flaud and Camy-Peyret, - Rothman and Cloughe). The indeterminancy can
be further removed by successive unitary transformations on ﬁﬁ of the form

B o= eiéﬁTT e-iig : (0]

Successive transformations of this type again lead to a series of commutators

analogous to Eq. (4). The choice of elements qur' where
= PquP + P’ pdpP
R PN ol @)
par

3. Kneizys, F.X., Freedman, J.N., and Clough, S.A. (1966) J. Chem. Phys.
44'2552

4. Watson, J.K.G. (1967) J. Chem. Phys. 46:1935; (1968) J. Chem. Phys.
48 4517

O Flaud, J.-M. and Camy-Peyret, C. (1973) Mol. Phys. 26:811.
6. Rothman, L.S. and Clough, S.A. (1975) Determination of Valence Force

Constants for Water from Vibrational Data, Paper Presented at the

Thirtieth Symposium on Molecular Structure and Spectroscopy, Ohio State
University, Columbus, OH.




is arbitrary and can be made to reduce the Hamiltonian _Ijﬁ to contain only (n + 1)

independent terms of total degree n in the components of total angular momentum
for each even value of n. The standard choice is to remove the coefficients of
operators such that the matrix elements in the symmetric-top basis satisfy the
selection rule AK = 0, +2, that is, the reduced Hamiltonian matrix in a given
vibrational state is at worst tridiagonal (Yallabandi and Parker, 4 Benedict et a18).
This leads to the Watson reduced Hamiltonian

2 2
B 001 (By - —Py)

H, =hyth

2 2
100E" * hgyo B, *h

4 2 2 4 2.2 2
*hygoP" +hy o PUP, + hoyo B, + hygy (BB, - BD}

PR SO T 4.2
+hopy (B (By ~BY)} + hggg B+ hy g B P,

2 4 6 P
+hy30R B, + hozo B, + bygy (B(By - B}

2.2 o2 2 4 .3 3
+hyyy (222, (B2 - B} + by, (BE (B2 - FD)) ©

Eq. (9) is given through fourth order, although many terms of high order in angu-
lar momentum can be preserved in the transformation Eq. (7) so that the equality
is preserved. Notice that the choice of the parameters s has been made to

pqr
eliminate any powers of the operator (2,2‘ = 25) greater than unity.

2.5 Direction Cosine Operators

Another example of the use of the commutator reduction is seen in the calcu-
lation of the dipole moment expansion (Clough et al, & Flaud et allo). This prob-

lem requires the calculation of commutators of the type
dpr dpP
(ESESE: + B EgRD), &) (10

where the indices p, q, r are powers of angular momentum, and ga is the direction
cosine between the a-molecular-fixed axis and the space-fixed axis. The com-
puter code COMMUTE generates series of reduced operators for the general

7. Yallabandi, K.Y. and Parker, P.M. (1968) J. Chem. Phys. 49:410.
8. Benedict, W.S., Clough, S.A., Frenkel, L., and Sullivan, T.E. (1970)

J. Chem. Phys. 53:2565,
9. Clough, S.A., Beers, Y., Klein, G.P., and Rothman, L.S. (1973) J. Chem.
Phys. 59:2254.

10. Flaud, J.-M., Camy=-Peyret, C., Mandin, J.-Y., and Guelachvili, G. (1977)
Mol, Phys. 34:413.
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term (10) in a fashion similar to the results from the previous examples. The
most general form of commutation operations involving the direction cosine

operators occurs when performing a Watson-type transformation on the dipole
moment expansion. The form of the commutator is then

(s P g St Ut o8
ERECE - P RoEl |\ B & <8 B b Pl (11)

Examples of the application of COMMUTE to terms (10) and (11) are given in
Appendix B. 4 and B. 5.
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Appendix A

The Code COMMUTE

Provided in this Appendix is a complete listing of the program COMMUTE.

Fundamental commutation relations are built in for the angular momentum opera-

tors and direction cosine operators. To distinguish the two types of operators, a

general 6-vector was chosen with the correspondence: U — Qx’ vV - Qy, W - L
X-Px, Y—-Py, andZ—-Pz.

The first input card indicates the number of terms in the initial polynomial
that is to be reduced. However, the program automatically takes each initial
term and forms an anticyclic pair to it. Thus, for the commutator
[Px, Py] = PxP -P Px, it is only necessary to consider one term Pxpy‘ The
operator polynomial [{Px, P.L Py] should be considered as two terms for the
program, PxPzPy and PszPy; anticommutators should be expanded. This fea-
ture of doubling terms was undertaken since the primary use of the program re-
quires commutator or anticommutator reduction. Single terms can nevertheless
be handled as can be seen from the example in Appendix B, There is also the
option on the first input card to allow the program to drive the reduction in a
cyclic, that is, UVWXYZ, or anticyclic direction (ZYXWVU), thereby facilitating
tests for axis invariance,

The second group of input cards (equal to the number of initial terms) indi-
cates the number of operators, the coefficients, and the directions and exponents
of the operators. The sample data deck accompanying the examples in Appendix B
should suffice to explain the method of reading in the terms.

15
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i

The program works on two ''levels' at any time, a level being all terms of a
given degree in exponent sum. The operators are scanned for their directions,
If the directions are different, then the commutation relation is applied, if they
are the same, then they are multiplied (exponents added). The action of the com-
mutation relation creates a term at the next level. Terms at the second level
are scanned for identical terms and cancelled when the coefficients are zero.
When a level has been completely scanned and condensed, it is written as anti-
commutators if the original term or terms was either hermitian or antihermitian,
The process thus is one in which commutators are always "driven'.

16

e e *

R S




| FIOGRAM FNrMITE (INPUT, ALTFUITY co* it :
t- c coM 11 ;
| c FEORRAM AY LAURENCE Se POTHMAN com 12 !
| c (FTYICAL PHYSICS PIVISION com 13
€ LTP FORCE GEOPHYSICS LABCRATNRY com 14
c FePFOorC, MA (1721 COoM 15
c Co™ 16
C THIS FROGPAM NFIWFS TERMS CONTAINING ANG'ILAR POMENTUM AND/OR COoM 20
C OIRFCITON CISTHFE PFERATORS INTO ZTITHER CYCLIC OF ANTICYCLIC YERMS com 21
| C (ANTICOMMUTATNES) THRQURH THE USE OF COMMUTATION RFL ATIONS, nov 22
C com 25
| C FO THF BARRAYS TN PLANY COMMON? com 30
| C FYOFY TNDEX OCTIGY ATES LEVFL, S.CONDITERM, THIRCIPOSITICN CF CFERATCR.COVM 40
: C IFNSMAY(LEV,TTEFY) = NUMRER QF OPZPATORS IN ITERM, com 111]
B C TTEFKFLCLFVY = TOTIL NUMPER OF TFRM4S IN LIV, com 60
€ PEOCRAM WILL TFEAIMATE TF IT FNCCUNTERSt (1) TWFLVF OR MCRE CFERATORS COM 70
B C TR 8 TEEM, OR (2) 200 NF “ORE T=24S AT A PARTICULAR LZVEL. Com 80
s c coM  9¢C
COMMON T TC(2,199,11),1EXP (2,199,11),CO0FFt (2,139), IFCSMAX(2,199) COM 100
CIMENSION YTERML(2), DIR(K), X(11), X2(11), EPS(6H,6), ICTEL(F,6), CCM+ 110
IHEX P11, PTIC(©), HEXF2(11), EFSVEC(26), ICVEC (36) coM 120
CATA (CIP(TI)yT=1,R)/1HUy 1MV, 1MW IHX,1HY,1HZ/ coM 120
CAYD (HDTIGU]) 31=1,3)/71H1,1H2,1H Ty 1HUy 1HS J1HE JIHT J1HE ,1HS/ CCM 140
FATE HP HLF  MFF HPLyHMT , HA/ 1HF, 1H(, 1H) , 1H 4+, 1H=y 1H / cov 1%0
c COM 160
C COMMUTATION FTLATIOMSE co 170
r Cor 1b.
NAY 2 FFSV-CL/
r u v W X v : §
L3 0. ’ n. ’ l‘l. ’ "a ’ '1. 1] 1 1)
v Gs o Qe o Oe » 1 » 0. 1. »
L] fooy Fe [} Ay ’ =1¢ ¢ 1. k3 U [
v (LY =1 1. [ S 1. 1. » |
¥ 1. » L 1] *1e o 1¢ o Ce L] -1. .
7 =1 ’ 1. ’ - 9 -1, ’ 1. '] B, # {
c
FATA TCVWEr/
(= u v L] X Y F 4
3 " C 2. L n b 2
v 0 [ ¥ 3 g ¥ 8 3
3 W & iy € & ¢ 8 1 {
X [ ¥ e » [ | S 3
% 3, N 4y 5 0 b
7 2 % 1 [ S % 3 L) 9 2
c
AN AN [=9.¢
FN 19 J=1,¢
IND=J46" (I-1)
FES(Ty ) =FFSVLC (IND)
TOYEL (4N =TICVEC(INE)
10 CCNTINIS ccr 310
(o cor 32
C (1) FZAC IN N''“ESE OF TAPUT TZIRMS (I2) ANC WHETHEFR TFRMS ARE TC BE coM 330
C DRTUFN CYCLICALLY OF ANTICYOLICOLLY (FB,1)? cor  3ue
C (2) RIBC NUMPTFE IF CPERPATOPS (IZ)y COFFICIENTS (2FF,1), ANC CIFECTICNCOM 350
C ANR EXPANENT NF SFCH OPFOATOR == FOPMAT (12,2F6e1,11(1X,21,12,2X))1? Cov 360
(o con 3n

17




Liv=1 cor
Livese com

20 €CAC aQrD, JYCrML (1) ,CYCLE cor
CYCz1OHY LI com

TF (CYCLT L LT, =]e1) CYCELNHANTICYCLIM CoM

3 JYCRMLIN) =20 [TFRMLIY) com
TIL=1VE ML (1) ccr

CALL SFRIMr (YIME) com

PRIMT 903, TV E,CW com

TE (ITL.F"C) STOP com

CN FO IT=e,77L,2 coM

FEAD 900, SAY CREFFLL,1T) ,COFFF (1,IT¢1), (X (IP),IFXP(1,IT ,IF),IP=1,CC™

1MAY) cor
TEOSMAY (1, TT) = TPOSMAX(1,IT+1)=MBX com

ry TQ Tz MpY coM

rA TN J=q,f cem

TE (PTRCI)LENX(T)) TIDIR(L,TT,I)=J co~

0 FANTINYT COoM
4 CoM
r ANTCMATICAILY SYMPETATZE INPUT TTRvSt cov
£ coM
TeMz co~

FO 6N T=1,vPX cow

TSUMz TENMeTEXE (1, IT,T) romM

JEMPEYX ) =T cow~
INTFREL, 1T, T)=T712(1,1I7, 1) com
TEXP(1,IT41,T)=TFYP (1,T7,J) CoM
MN=TEXE0Y 3T, COM
NIZTEXP( 1 ,1T+1, 1) cow

KEXE (I)=4PICINT) CoM
HEXYP2 (1) zHl TAINY) cor

0 X201 )=X(J) com
4 ¢ com
C TFSY FOR MIBMTYTIATTY, =1 FOF AQH-HEPMITIAN INFUT CPERATCK, COM
C N FAR HMTRMITTIAY OFFRATAR, 41 FOK ANTI-HFRMITIAN OPERATOF? CoM
e ComM
TOAT=FOTEF (1,7 T1)/CO0EFF (1,1T)+1,1 COoM

TEAP= I M8 (TS1IMN/?) cor
THEEM= | Ccom

IF ((TPA2 ,FO.1) JAND ((IRAT,FN,N)) IHERM=N COM

IF ((IFBP . FOLP) (AMN L (TPAT.FQ,2)) IHEAM=0 cow

TE O (IRAT, " ,1) IHMFPMzaq Cov

o CoM
€ CRILT INSUT Trowss cow
4 cow
TF ((PAY, I N.1) o NRLLINi RPN, =1)) GO TC S0 Com

PATHT LN, (MEYE(TO) MO  TO=4 4AYX) JHB, KB, KN  (HFXP2(TIF) yHB,IF=1,MAX)COM
XCTCNzUAT cov

IF (IRAT,TQ.?) YSIfp=HPL com

COLL FRACT (COFFF(14IT) TS NN Com

TE (NCLEN. () FRINT ©4n, IC,WA,HLP,HA, (HP,HA,IP=1 ,MAX) HB yXSTGN, com

1 URA GHE, Tr=q Juh Y ) JHA JHR P com

TE COMPL ST, 1) EMDL (KD LFoRL)) PFRINT 320, IC yNOJHByHLF yHB 4 (FP 4KBy, COM

1TP= 1 MAY) (4P YETGN, (HBy P, TE=1 ,MAX) yHF,KRE com

TE (NP ATLFLY FRTMNT G2, CNEFF(1,TT) ,HEB,HLP HP, (HP,FE,IF=1,MAX) ,HBCOM
CHYSTOH, 140,10, TE=4,MAX) yHA,HOD cowm

PRINT Ul (VITE) HF,IP=1,MAX) JHRMF HA, (Y2 (IF) W, TF=1,MAX) com

380
390
400
410
wzo
“%0
L4
L5n
460
Lr0
L8
490
S00
S1¢
520
$3C
S
550
560
570
580
590
6JL
(-5 80
620
630
AN
650
6ED
670
680
69(
7oy
710
720
730
740
750
TEL
770
8¢
79¢
snn
&10
820
[ .11
E4l
X 11
(-
€70
ksl
€499
gn0
c10
Q2o
930
G4l




a6C YO 60 Com 950

50 PRINT 940, (HFXP(IP),HB,19=1,MAX) CoM 9€0
C=COEFF (1,TT) 4COEFF (1, IT+1) CoM 970

CALL FRAZT (£,IC,ND) cox 980

IF (ND.EN.) FRINT 910, IC,HR,HB,HB, (HF,HB,IP=1,MAX) cox 990

IF ((ND.5T.C).AND.(ND.LE.€EL)) PRINT 920, IC,ND,HB,HB,+B, (HP,HE, COM 1000
11P=1,MAX) cor 1010

IF (ND3T.54) PRINT 930, C,HR,HB,HB,(HP ,HR,IP=1,M8X) CoM 1020

PRINT 94N, (X(IP),HR,IP=1,MAX) COM 1430

60 CONTINIE COM 1040
PRINT 95° COM 1050

¢ COM 1060
C INDFX LEVELS, TFRMS, AND TEST POSITION OF OFERATORS (SHIFT LEVELS TO COF 1070
€ SAVE STORAGF) 1 COM 1.80
¢ CoM 1090
L=0 COM 1100

70 L=L+1 COM 1110
IF (L.FY.1) GC TO an COM 1120
ITL=TITEIML (LEV2) COM 1130

IF (ITL.EN,P) GC TO 20 COM 1140
ITERMLILEV)=TTL COM 1150

0N ARG IT=1,T7L COM 1160
COEFFALEV,TTY=COFFF (LEV2,IT) coM 1170

MAY= TROSHA Y (LF V2, IT) CoM 1180
IPOSMAX (LEV, TT) =MAY CoM 1190

NN 60 TP=1,MAY CoM 1200
IDIR(LEV, TT,TF)=TDIR(LEV2,IT,IP) cor 1210

L] TEXPCLEV y TT,IF) =TEXF(LEV2,IT,IP) coM 1220
90 ITERMLILEV?) =T TERM=ITERM2=0 CoM 1230
400 ITEPM=1T=Oray COM 1240
IF (ITEPMLILIV)LEQ.C) GO TO 71 COM 1250

IF (ITERM.CTL.ITERMLALEV)) 60 TO 340 COM 1260

110  TFOS=0 cow 1270
120  IPOS=IPIS+9 CoM 1280
IF (IF0S.5F.IFOSMAX(LEV,ITERY)) GO T 390 COM 1290
N=TPOS+1 COM 1300

16 (IDIR(LFV,ITERM,N) EQ.INTR(LEV,ITERM,IPDS)) GO TC 130 COM 1310

IF (CYCLF (LT, =0,1) 6O T0O 121 COM 1320

IF (ICTR(LFV,ITERM, IPOS) +GT. IDIRC(LEV, ITERM,N)) GO TC 160 cor 1330

0 YO 121 COM 1340

121 JF (ICTR(LTV,ITERM,IPOS)4LT. INTR(LEV, ITERM,N)) GO TO 160 COM 1350
60 YO 120 coM 136C

c COM 1370
C CONTRACT ACJACENT OPERATORS HAVING IOENTICAL OIRECTIONS, IN LFVS COM 1380
¢ COM 139C
130 IEXP(LEV, TTFRF, TPOS) =IEXP(LEY,TITERY ,I1POS) +TEXP(LEV , TTERM ,N) COM 1400
MAY =TPCSMAY (LFV, ITE FM) =1 COM 1410

IF IMAY.LT.N) GO TN 150 COM 1420

£0 140 T=N,MAY COM 1430
JCIP(LEV, TTERF, I)=TOIR(LEV, ITERM, I41) COM 1440

140  TEXP(LFVy TTFRM o I) =IEXP(LEV,ITERM, T4 1) coM 1450
150 JEOSMAY (LEV,ITERN)=MAX COM 1460
e 10 110 COM 1470

c COM 1480
C COMMUTE TW) OPERATORS IM LEVH COM 1490
¢ cor 1500
160  IA=IDIR(LEV, ITERM,TFOS) COM 1510

i 19




————————— e v R R _H

I3=10T (L V, ITERMyN) com 1520
IZYFILEV, TTYEIM, TPOS)ISTEXP(LEV, ITERM, TFOS) -1 cor 1530
JOOSMAY (LEV,ITERM)= JPOSMAX (LTV,y ITERM) ¢2 COM 1540
MAX=IPOSHAY (LFV,ITEPM) com 1550
IF (MAXJLE,11) GC TP 170 COM 1560
PRINT Q7(, MAY ,L,ITERM Com 1570
€0 70 70 Com 1580
170 LIMEMpX =N ComM 1590
€O 180 T=1,(1I¥ Co™ 1600
JEMBAX4| =T COM 1610
ICIC(LEV, TTERPH ,U)=ICIR(LFV,ITERMyJ=2) cor 1620
180 TEXP(LEV, TTERM, J) =T EXP(LEV,ITIRM, J=?) COM 1630
1‘.!‘(([\'9I’FQ"’NQZ)SIEXP(LL'V yITERMyN) =1 COM 1640
TEYP (LEV, TTFRMyN#1) =IE XP(LFV, ITERM, N) =1 COM 1650
c COM 1660
C ELIFINATE 7Z0N<EXPONENTS IN LFVS Cor 167¢
c COM 1680
N2aN+2 COM 1690
AGAMZN cor 1700
TF (IEXPCLIV,ITERM,N2),ET, ") RO TC 210 cov 1710
MAX= IPOSMAY (LFV,ITEPH) =14 cov 1720
IF (MBY.LT,N2) GO TC 200 COM 1730
FR 190 T=M2,40Y) CO» 174(
INIR(LEVy ITERM,I) =IPIP(LEV,ITERM,I¢1) coM 1750
190 TEXP(LEV, ITERKM, I)=TEXP (LEV,ITERM, T+1) CoM 1760
200 TPOSMAX (LEVy ITERM) = MAX CoM 177¢
210 IF (IEYP(LEV,ITFRM,IP0S).GT.0) GO TO 270 Ccor 1780
NGAM=NGAM-q coM 1790
wAX=IPOSMAY(LFV,ITERM) -1 COo™ 1800
N0 220 T=YFOS,MEX CoM 1810
ICIPLLEV, TTFRM I =ICIR(LEV,ITERM,I+1) COoM 1820
220 IEXECLEY g TTERM 3 T)=TEXP(LEV,ITERM,I+1) com 1830
r IPOSMAX(L" Vy ITE PM) = MAX COM 1840
2338 IF (EFS(IA8,T19),EN.0,) €GO TO 110 COM 1850
c COM 1860
C CREATE TERM2 TN LFV2 (= LEVe1)? COor 187(
c Cor 1880
1TERM2: ITEPM24y COM 1890
! IF (ITEOM?2,LF,399) RO TO 24" COM 1900
PRINT 980, ITFRM2,L,ITERM COM 1910
GC T0 22 CoM 1920
! 240 ITERMLILTV2)=TTERMZ COM 1930
IPOSMAY (LEV2,TTERM2)=IPCSMAX (LEV, ITERM) =1 COM 1940
TE=NGAN -1 CoM 1950
IF (1F,LT.1) €D TO 260 cor 196U
ne 260 T=1,1P CoM 1970
ITIRP(LEV2,ITEFM2,I)=I0IR(LEV,ITERN,I) cor 1980
250 1EXPILEV? ,TTEFM2, IV =TEXP LSV, ITERM, I} CoM 199¢
260 FCERFFILEV?2,ITFPM2)=EPS(IA,IB)*COEFF (LEV,ITERN) Cor 2000
JOTP(LEV?, ITEF M2, NGAM)=ICTBL(IA,I9) COM 2010
i IFXP(LEV2, TTEFM2 ,NGAM) =1 CoM 2020
i MAX=TPOS4AY (LEV2,ITERM2) CoM 2030
1 M=NGAM+Y Cor 2040
TF (MAY,.LT.N1) GO TO 28" CoM 2050
FO 27C T=M3,MBX COM 2060
TOIRCLEY?,ITFFM2,T) =IDIP (LEV,ITERM, I+1) ComM 2070
270 ISXPULFV2 yITEFM2yT)=IFXFILEV,ITERM, I41) cor 2080
|
i 20




c COM 2090
C CONTRACT ADJACENT OPERATORS HAVING IDENTICAL DIRECTIONS IN LEV2: CoM 2100
c COM 2110
280 IF (MAY,LT.2) O YN 310 Com 2120
L*AX=MAY COoM 2130
LI=1 COM 2140
0O 300 T=2,MAX COM 2150
LI=LI+1 Ccor 2160
IF (LMAY,LT,.LY) GO TO 310 CoM 2170
IF (IDIR(LEV2,TTERM2,LI) NE.IDIFILEV2, ITERM2,LI-1)) GC TC 300 CoM 2180
IFXPILEV?, YTEF M2, LT =1) =TEXP(LEV2,ITERM2,LI-1)¢TEXP (LEV2, ITERM2,LI)COM 2190
LMAX=LMAY -9 COM 2200
TPOSMAXILF V2, ITERM2) =L MAX CoM 2210
IF (LMAY.LT.LT) GO TO 310 cCor 2220
0 290 I=LY,LMAX COoM 2230
IDIRCLEV? , TTERM2 , N =IDIR(LEV2,ITERM2,J4+1) COM 2240
290 JEXP(LEV2 yJTEF V2, N=TEXP(LEVZ, ITERM2Z, J+1) CoOM 2250
LI=LT~I CoM 2260
3ot TONTINE COM 2270
c CoM 2280
C BND INENTICAL TERMS IN LEV2? CoM 2290
¢ COM 2300
310 TF (1VIP“2,L5,1) GO YO 110 corx 2310
MAX= IPOSMAY (LFV2,ITERM?) CoM 2320
¥z ITEPW2 -1 COM 2330
no 239 I=1,K COM 2340
IF C(IPOSMAY(LEV2,I) .NF.™aX) GO YO 330 CoM 2350
NN 220 J=1,vAY COM 2360
IF CIDTPILEV?,T9J) e NELIDPIRILEV2,ITERM2,J)) GO TO 330 COM 2370
IF (TFYDPULEV?,1,))e NE, IFXC(L-V2,ITERM2,J)) GO TO 33¢( COM 2380
320 CONTINUF COM 2390
CCFFF(LEV2,T)=COEFF (LFV2,T)+COEFF (LEV2,ITFRM2) COM 2400
1TFFM2: TYERM2-) CoM 2410
ITEPMLILEVZ)=TTERNZ COM 2420
ToLL CANTEL (1 5V2,TITERM2,I,ITERMLILEV2)) COM 2630 1
rfC Y0 110 COVM 2440 :
3% CONTINDE COM 2450
G0 TO 110 COM 2460
¢ COM 2470
C TESY FOF ANTT-COMMUTATORS OR FOMMUTATORS! COM 2480
c COM 2490
wn TF (IHERM.FC.=1) GO TN 460 ComM 2500 .
ISUmM=n COM 251C |
MAX = TPOSUAY (LEV,1) com 2520 |
N0 XKD =% ,MAYy COM 2530 |
350 JSUM=TISIM+ TEXF (LEV,1,1) COM 2540 |
IPBR=ISIM=2%(TT1IN/2) COM 2550 |
IF (INEPM,FDL,IPAR) GO TO uAkN COM 2560 |
ITL=TTERML (LZV) ComM 2570 |
IF (ITL.LT.170) GO TO 360 CoM 2580
OSRIFT 397, ITL,L,ITIRM COM 2590
rn 10 29 COM 2600
360 00 80 I7=1,1I7L CoM 2610
MAX=TIPOSMAY (LT V,IT CoM 2620
ISOSMAX (1 SV IV 4ITL) =MAX COM 2630
CCEFFILEV,IT)=(«S*CEFF(LEV,IT) COM 2640
CREFFILEV 1T TLY==COZFFILEY,IT) COM 2650
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370
a0

c
C ADOD
c

90

%00

410
L2¢

430

00 370 T=q,M8Y

JEMAX+l -1

TEXF(LEV, TT4ITL,UI=TEXPILEV, IT, I)
IDIP(LEV, TT+ITL,N=I0IR(LEV,IT,I)
CCNTINVE

TTEPM=IT| 41

ITEPMLILIV)=2*ITL

f3 10 110

INENTICAL YERMS IN LEV?

IF (ITERM,.EN.1) GO TO G40
FAX=TPOSMA X (LEV, ITERM)

K=ITERM=1

00 430 TI=1,K

IF (IPOSMAX(LFV,I)eNE.MAX) GO TO 430

00 400 J=1,MAY

IF CIDTR(LFV,]14J) NE.IDIR(LEV,ITERM,J)) GO TO 430
IF (IFXPCLFV,T3J) o NFeIEXF(LFV,ITERM,J)) GG TO 430
CONTINVE
CCEFF(LEV,T)=TOEFF(LEV ,I)¢COEFF (LEV,ITFRM)
ITERMLILEVY=ITFRMLILEV) =1

ITL=ITERML(LEV)

IF (ITLJLTLITERM) GO TO &2n

CO 410 IT=ITERM,ITL

LIM=TPOSMAY (LEV,IT+1)

COF FF(LEV,IT) =COEFF (LEV,IT+1)
JIONSMAX(LEY,IT)=LIM

0C 41C IP=1,LIM
INIPCLEV,TT,TF)=INIRP(LEV,IT+1,IP)

TEXF (LEV, TY, IF)=TEXFILEV,IT+1,IP)
JTERPM=ITEPM=-1

CC TO 435"

FCNTINUS

GC Tn 10N

€
£ CANCEL 7ERO~CNFFFTCIENT TEFPMS IN LEV?

C
Lun
450

c

T=1
CALL CANFPTL (LFV,TTERM,T,TTERMLILEV))
GC TO 10N

C WRITF ANSKHE®S:
~

Le0

470

ITL=TTEOML (LEV)

I€ (ITL.=N.C) CO TO 70
IF (LeEVet) 62 TH 470
LL=t-1

ESINT 980, LL

00 600 TT=4,17L

IF (ABS(CNEFF(LEY,IT)) L Te1.5=21) GO TO €00
MaX=TPOSMAY (LF Vy IT)

fO WLARP T=1,vAY
JMAXH] =T
NI=ICIR(LEV,TT,1)
X(I)=CIR(NT)
NIT=TFXO(LEV,TT,1)

22

ComM
COM
cow
CoM
cov
cov
COoM
CoM
cow
COoM
CoM
CoM
coM
COoM
CoM
COoM
CoM
COM
COM
COM
com
CoM
CoM
COoM
COM
com
COM
CoM
cow
COoM
cov
CoM
COoM
cow
cov
CoM
CoM
com
coM
com
cowm
cov
COM
cov
COM
CoM
CoM
cov
cov
CoM
cowv
CowM
COM
caoM
cow
cov
com

2660
2670
2€80
2690
2700
2710
2720
2730
2740
2750
2760
2770
2780
2790
2800
2810
282¢
2830
2840
2850
2860
2870
2880
2890
2900
2910
2920
2920
2940
2950
2960
2970
2980
2590
3000
2010
3020
3030
3040
3cso
360
3070
3080
3090
3100
3110
2120
3130
3140
315C
3160
3170
2180
3190
3200
3210
220




Lan

Lor

ser

900
9ns

a1cC
9ar
g3r
9ul
950
96
9qrr
98¢0
9sr

HIXF (T =4NTE(MIT)

X2¢J)=xtT)

HEXP21J) =4TXP(T)

TF ((MAX,77.1)40Rs(THERM,Z0. =1)) GO TO 490
PIIMNT 94N, (HFEXF(IP),HP ,IP=1 ,MAX) ,HR,HP HE, (HEXP2(IF),HE ,IP=1,MAX)COPV

C=COEFF(LTV,TT) /2,
CALL FRAFT (CyTC,N")

IF (NPWEOLF) FPINT €10, IC,H7,HLP ,HB, (HP4HB,IP=1,MAX) ,HB,FFL,

1 (HP yHPy TE=1,4AX) 4 HR ,HRP

IF ((ND.GTW0) 4 ANDW(FDLLEWHL)) PRINT 920, TC,ND,HR,HLF,HB, (KP,HR,
11021, MAX) 4 kO, b PL, (HE,HP, IP=1,MAX) JHR, HRP

TF (NO,GT,F4) PRINT 920, C,H3,HLP HE, (FP ,HB,10=1 yMAX) HB JHFL,
1 (HB ,HP, IP=1,MA ¥) ,HR ,HRP

ESINT O4™, (X(IP) JHF,TP=1,MAX) ,HB,HE,HB, (Y2 (IP) ,H3,IF=1,MAX)

£9 To s0n

POIINT 960, (HEXP(IP) HB,IP=1 ,MAX)

CALL FRATT (COFFFALEV,IT),IC,ND)

IF (NCJEN.0) FRINT €10, IC,HO,HB,4B, (HP,HP,IP=1,MAX)

TF (CND.FT.C) . ANC, (DL LELBLY) PRINT 320, IC ,NO,HB,HE,+B, (HP,HB,
179=1 ,MAX)

IF (NCoST.€E4) FRINT Q30, COSFF (LEVyIT) JHE,HE4HB, (HP,HE; IP=1,MAX)
FRINT 940, (X(IF) HP,T1F=1,MAX)

CONT INU

£ 10 79

FCRMAT (T72,2FF 1,11 (1X,81,12,2¥))

Com
COoM
CoM
COoM

cow~
CoM
cov
cov
CoM
COM
Ccom™
co~
cov
CoM
CoM
CoM
cowm
coM
COM
com
cov
CoM
CoM
CoM
CoM

FORPAT (INk4 ®®ssssvesrs THi TIME IS NCh =,F9,3,19H SECONDS ®*ssss¥CoM

jesREY A1IN7/)

FCRMAT (16YX,Tf ,€081)

FORMAT (11Y,T€,"/",12,8041)

FCRMAT (1°Y,F12,F,8CA1)

FCOMBAT (2RY,8(A1)

FARMAT ({HP,24 X"EQUALS™/)

FCRMAT (AMI/1F( 924X 3I2/23XSH+IV */)
FORMAT (™ EPOFTEDSIFOSMAX(LEV, ITERM) =*4 3 TE)
FOPMAT (= FBNFTFNIITEPM2=",316)
FCRMAT (™ PMPOFTECITTERML (LEV)=",316)
END

23

COoM
cov
com
cov
coM
CoM
CoM
caM
CoM
co¥
CcCoM

3230
3240
3250
3264
3270
2280
329¢
3300
3310
3320
2330
3340
3350
22e0
3370
3380
3390
3400
3410
220
3430
3440
3450
2460
3470
3u82
3490
3500
351C
2520
3530
3540
3550
35€0
3570
3s8c
3590
3600




- PO

"‘
:
I
!
SURFOUTTNT FAMCFL (LyTTERM,ITE,ITL) CAN 10 :
C THIS SURRQUT TH: CON 14 !
C ANNTHILATES 8 TFR™ WHOSE COEFFICIENT IS LESS THAN 1.E-12. CAN 15 i
CCMMON TPTF(2,193,14),TEXP(2,199,11) , COEFF (2,199) , TFOSMAX (2,199) CAN 20 ;
TE (ARS(CATFFIL,TT2)),6Ta1,2-12) RETUPN CAN 30 ;
ITEFM=[TFON =1 CAN 40 i
1TL=TTL-1 CAN 50 :
TE (ITL.LT.ITF) RETUON CAN 60 §
PO 10 FT=T7E,TITL CAN 70
MAX ZIFASMAY (L, TT41) CAN 80
COFFF (L, TTY=CCFFF(L,TT+1) CAN 90 ;
TEOSMAC (L, IT)= MAX CAN 100 7
n) 10 [P=1,MAY CAN 11§ {
10T (L, IT, TP =ICIR(L,IT+1,TP) CAN 127 i
10 TEXE (L, TT, TPY=IF XP(L, TT+1, IP) CAN 130 1
RITURN CAN 140 !
eNp CAN 15¢- i
i
i
i
SURPOUTTNE FRACT (C,I6,ND) FR: 150
C THIS SUPROUTINF ATTEMPTS TO WRIT- COEFFICIFNTS AS INTEGERS, OF :2‘ ie
C FRACTIONS IF THEY AFE AT LEAST MULTIPLES CF 1/64s ERE L6
NI=f FRA 30
YC=C+SIGN(1.E=-0N8,0) ERA 40
1r=XC FRE S0
CTFCO=ARS(YC=FLOAT(IC)) T o
IF (DIFF0.1T.1.E=0R) RETURN FRA 60
f N 129,7 : SEs . ab
e FRA Qg
FIF=FLOAT (DY *TIFCO FRA 100
TRTF=NIF+1 JE=T R .
IF (DIF-FLCATCIDIF) (LT.14%-06) GO TO 20 i:‘ :;;
10 FONTINUS FEs 130
EEIUEN FRA 140
20 TC=pD*IC+ TSISNCIODIF,IC) FRA 150
i FRO 160-
eNn

24




Appendix B

EXAMPLES

B. COMMUTATORS ARISING FROM DIAGONALIZATION OF HAMILTONIAN
[(p., P}, P
x* Szlis Sy

Input cards:

2
3 0.5 =0.,5 X 1 7 O | Y 2
3 0.5 =0,512 1 X 1 j (A
Result:
11 2 2
1/ 2 (P PP =P F P)
X2Y ¥ zZ Yy
58 2 2 %1
1/ 2 (PPP =-PF D)
2 XY Yo% Z
FOUALS )
1
+IM *
21 5 2
4 1 ¢ PP PPy
| e 8 | B ¢
q 12 2 1
‘ =1 (PP +PP)
] vz ZY

25




2 p2
(P, Py}, (P, P}

Input cards:

L

& 0425 ~0.25 X 2 ¥
N De25 =0:29% X 2 Y
& 025 =0.2% ¥ 2 X
& 0425 =025 ¥ 2 X
Result:

sssuyssses TYE TIME TS NOW

NN N
N X N X
—— e

= L.CF3 SECONDS **sxsx3xxxx»

x N X N
-

221y S [
17 & € E BEBP < F OPEY
X ¥ X Z Z XY %
e | 1 1 2 2
14 6 ¢ B PP Suplps PPy
XY ZY¥ Y 7 Y X
22 1y 1 4 2 2
1/ 4 { P F PP - F PP P)
¢ X K7 ZEY XY
208 1Ny p 8. I
I/ & ¢ P B R «if BPP)
YX Zx ¥ 7 X ¥
couALS
1
+IM *
23 2 >
1 (PP +pp))
XY ¥ X
L
-1 (FP +F Do)
XY ¥ X
e3 2 - N
1 (PO P +pF D)
%y 2 7 v x
2
+IM =
e s
2 CPP PP}
Xy A ¢
v
1/ 2 P
)
1 2=

26

CYCLICt



B.2 REDUCTION OF SINGLE TERM

PxPnyPsz .

Input cards:

-
(] 1.0 0.0 X 1 Y1 X 1 i r | zZ 4

Result:

Sersvxraws THE TIME IS NCW = 4. 403 SECONDS *#¥¥svsvrxy CYCLICS
144441
1 PPPPPP
XY XY 7 7

FAUALS

2% 3
1 FePP
Xy 2

+IM *

113

Xy z

-
+IM »

22

X 7




-y GRS T el S S U 6 O N e S e A S

B.3 COMMUTATOR ARISING FROM TRANSFORMATION TO MINIMAL SET
1 1
[} (P,P,P, + PP P), (P2 P2}l
Input Cards:

[

5 0425 -0.25 X 1
S 025 =025 X 1
S 0425 =0s25 Z 1
S 0425 =0.25 Z 1

< €< =<
R
» X NN
o e
< < <%
NN A
x €< x <
nN NN N

Result:

-

1 2 z
1/ 4 ( FPPPP -DPPPP)

-
N e
NoxX Ny
N <
N < ]
N X n
-
g .
o

v
1
1/ 4 (FPPP2® -DPPPPP)

-
N <
N X
N %
N <
NN

Y
1
1/ 4 CPEP
v
1

PP -PPEPP)

-~
X N
- X
< o<
HN X

1/ 6 C FPP PP =B p
Z Y XY X

FPP)

n x
N <
n <
- n X

<
>
<
~N

FQUALS

3 1
: +IM *

~nN

N< &
N <

+ PP

mox
s x

1 (PP PP

+IM * Vi

&*

~n X

B
bl AR
Z %

-5 (PP

Lo S

N< & x

SR

~ ~n
N
N

+P P :

<

4 28




D L R e N ) R N 0 0 S A S S 65— e 3 e A S A i i A e AR 20 4

s
+IM *
2
=B c
X
2
8 e
¥

B.4 DIPOLE MOMENT COMMUTATOR

2
le, o]

Input cards:

1 |
e 1.0 =-1.0Y 2 U 1 ]

]
Result: |
|
(g ! 12 |
1 € PR =k 89
Yu uy
ENUALS
i
+Iv »
11 : 1
1 (PP 4+ F 0
WY Y W

B.5 TRANSFORMING INTENSITIES

1 1 2
[5(P,P.P, + PP P), = (P, 0,

Input cards:

4

5 025 =025 X 1 Y 1 7 1 S W1
S 0625 =0,25 X 1 ¥ 1 2l A1 X 2
5 Ue25 =065 2 L h o X 1 X 2 W1
S 025 =0s25 2 1 Y 1 X 1 Wy X 2

29




JEBRREERES THE TIME IS NCW =

1/ 4

1/ &

17 &

1/ &

=17 2

17 2

=3/ 2

/e

i

1
(PPF

-

1
b4
1

- x
<

(PPFPP -DpPEP

-
- =<
N
~N
- x

G731 SECONDS ¥eessssias CYCLICs

1 a2t s

2
PP ~PPPPP)

—
N X
~N B
-
-~
- X

P

-
nN
- N
S S
-

(FFEPP -PPPPP)

-» N
- <
-
-

N x
N T
-
- X
- <
-~

(PPPPD -.DPPDOEP)

2 X
FQUALS
b
+IM *

122
(epp

- X
n X
nN <

(poo

4
o X
- N

(eoF

-
N x
]

L X WX 7

202
¢ D F D)

N <
n >
- x

¢ 0P DY
W
1

Ll |
N X

+ 5 F D)
TR
1 Eainend

(PPPP «FOPP)

<
>

Y

-
6 B e

134
(PPF

- C
X
[N |

(Fop

-
n <
N

(PP

- X

(Po +

b
N o<

sTM @

[

? 7YXV

11 1
+ FF O

N
o
o

+ P FO)
v

-y
<

>
P2

n <
L~

PP

~N
£

30
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