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COMMUTE -A Computer
Code for Noncommutat ive Algebra

1. INT RODUCTION

In the course of investigations of infrared absorbing frequencies and line
strengths of triatomic molecules of atmospheric interest 0 the main theoretical
approach has invariably involved the necessity of calculating complex commuta-
tors of quantum operators. In particular , when dealing with the vibration-
rotation Hamiltonian, one encounters commutators and anticommutators of angu-
lar momentum operators and related direction cosine operators between molecular-
fixed axes and space-fixed axes. This report present s a computerized method of
generating simplified series of operators , a so-called reduced set , from given
initial commutators, anticommutators, or gene ral operator pol ynomials. This
computer program , which implements noncommutative algebra, is called
COMMUTE.

2. THEORY

2.1 General Formul a tion

The general problem is one in which there is a commutator consisting of
products of some fundamental operators , whose basic commutation relation is

(Received for publication 3 July 1979)
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given. Through successive application of this fundamental commutation relation,
the original commutator can be simplified int o a series of ant icommutators. This
can be exprei~sed symbolica lly as

C0 (Qb, o~1 C 1 {Q’1.Q’~} + C2 {Q~~Q~} + ... + 
~~ 

(
~1’ Q’~

} + , (1)

where the 01 and 0~ are, in general , products of operat ors, t he C 1 are ei t her
pure real or pure imaginary numbers , and the brackets and braces are the stand-
ard notation for commutators and anticornmutators , that is,

~~~ =
~~~~~~~~~~

-
~~~~~~~

and

{I~~~’~~~~~
} ~~~~~~~~~~~ 

. (2)

The series in Eq. (1) in practice terminates rapidly; the number of terms is pro-
portional to the degree of the original operators 

~b and Q~. The de gree, that is ,
the sum of the powers of fundamental operators in the operator polynomial on
the right side of Eq. (1) , is at least one less than the original operator polynomial
10b

~ 
Os] . In fact , if the original commutator is of degree n, then the series will

contain terms of degree n-l , n-3, n-5, etc. (Of course, t erms may be missi ng
altogether if their coefficient s, C1, are identically zero. ) Furthermore, it follows
from the preservation of hermiticity (or antihermiticity) that if C0 is an ima ginary
number, then the coefficient s of the anticommutators are all pu re real . Con-
versely, if C0 is real , the coefficient s on the right side of Eq. ( 1) a re pure
imaginary.

These remarks will be demonstrated in the examples that follow.

2.2 Diagonalizang the Hamiltonian

The problem discussed in this section has been presented by Rothm an and
Clough 1 and typifies the use of program COMMUTE . A contact transformation

e’~ H e
_t

~
I

is applied to the Hamiltonian to yield a transformed Hamiltonian expanded in a
Taylor ’s series

1. Rothman , L.S. and Clough, S.A . ( 19 71) J. Chem. Phys. 55:504 .
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‘ (X) = 1 1 + ~~ .i_i~__ [SI , . .. Es’ , [S’ , HJ 1. ‘ . 1 , (4 )
nd (n)

where X is an expansion parameter and 5’ is an Hermitian operator (i ~~~~~
Uti l iz ing  the order of magnitude arguments given in Reference 1, one arrives at
exp ressions for the “ rotatio nal Hamiltonian ” , Eqs. (31) of Reference 1. 5’ is
chosen to remove certain off-diagonal terms in the Ham iltonian and , as such , is
itself formed of angular momentum operators. Thus , expressions for the rota-
tional Hamiltonian contain numerous commutators of angular momentum operators.
In Appendix B. 1, two representative commutators arising from t~~ . contact trans-
fo rmation are given.

An al ternative scheme for calculating the rotational commutators has been
presented in the work of Amat et al . 2 In their  approach , the contribution of a
chosen operator term is given as a function of commutators of various directions .
A s such , thei r  proced ure is the inverse of the one discussed here.

2.3 Reducing Operations

The rotational Hamiltonian through fourth order of a plana r molec ule in the
XZ pl ane is of the form

= h
~ 

+ AP~ + BP~ + CP~ + D {P , P }  + > p ’~~~6 P P ~ P P 6

+ V z” P P , P P P P  (5)
L.. 03- I 6( (1

where  h~ represents the vibrational contribution to the Ilamiltonian; A , B, C, and
D are coefficients of the quadratic terms in the angu lar momentum; the p ’ 

~~are coefficients of the quar t ic  te rms in angular momentum;  and the ~~~
‘ area~3y 6 c  n

coeff icients  of the sextic t e rms  in angular momentum.  For the case of ortho-
rhombic synimet rv , t he re  are  l5 n on v a n i s h i n g p ’ and 105 ~~ . A great
amoun t of the s i m p l i f i c a t i o n  can be obtained in the Ham iltonian by app lication of

the c o m m u t a t i o n  re la t ions  of angular  momentum to these coe f f i c i en t s .  The

2 . Amat , C. , Goldsmith , \ I . , and Nielsen , H. H. (1957) J. Chem. Phys. 27 :838.
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resul t ing reduced form of H t~ for a symmet r i c  rotors of or thorhombic symmet ry

thu s contains only 19 coeff icients  (Kneizys et al3) :

H tt = h  + A P 2 + B P 2 + C P 2
— v —z —x —y

+ T P4 
+ T P4 

+ T P4
l — x  2 —y  3— Z

+ T {P2 P2 } + T {P2 P2 } + T {P2 P2
}4 — y ’ —z 5 —x —z 6 —x —y

+ czI
i?~~ 

+ 
~ 2~~ y 

+ 
~ 3~~ z + 111

4

+ 
~~~~~~~~~~~~~~~~ 

+ 
~~~~~~~~~~~ 

+

+ 

~‘8 {P , P }  + I11~~ + ~ 10
(P 2 P2 P~ + P ~~P~~P~) . (6)

2A \linit,iaI Set of Operators

It has been shown by Watson 4 that the coefficient s of the Hamiltonian of Eq.
(6) are not all l inearly independent for an asymmetr ic- top molecule. This gives
rise to highl y correlated coeff ic ients  when an attempt is made to estimate the

coeff icients  in conjunction wi th  a least squares approach with the experimental
data (Flaud and Carny-Peyret , Rothman and d ough6). The indeterminancy can
be fur ther  removed by successive un itary t ransformat ions  on H tt of the form

= e’~~H tt e~~’~ . (7)

Successive t rans format ions  of this type again lead to a series of commutators
analogous to Eq. (4).  The choice of elements 5pqr ’ where

~ (p P ~ q ~ r 
+ ~r 

~ q pP) ( 8)— L. pqr — x — y — z  — z — y — x
pqr

3. Kneizys , F .X . , Freedman , J. N. , and d ough, S.A. ( l9 66) J. Chem. Phys.
44 :2 5 52.

4. Wats on , J . K . G. ( 1 9 6 7 ) J .  Chem. Phys. 46:1935; ( 1968) J. Chem . Phys.
48:45 17. —

5. Flaud , J. -M. and Camy-Peyret , C. (1973) Mol. Phys. 26:811.
Rothman , L. S. and d ough , S. A . (197 5) Determination of Valence Force

Constants for Water  from Vibrational Data, Paper Presented at the
Thir t ie th  Symposium on Molecular Structure and Spectroscopy, Ohio State
Univers i ty ,  Columbus, OH.
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is arbitrary and can be made to reduce the Ham iltonian to contain only (n + 1)
independen t terms of total degree n in the components of total angular momentum
for each even value of n. The standard choice is to remove the coefficients of
operators such that the matr ix elements in the symmetric-top basi s satisfy the
selection rule AK = 0, ±2 , that is , the reduced Hamiltoniart matrix in a given
vibrational state is at worst tridiagonal (Yal labandi and Parker , Benedict et al 8).
This leads to the Watson reduced Hamiltoniari

h 000 + h 100 P2 
+ h010 P~ + h001 

(.?~ 
-

+ h 200~~
4 

+ h 110~~
2 P~ + h020 P~ + h 101 (P~(P 2 

-

+ h011 {P~, (P~ - P~ ) } + ii300P + h210 P4 P~

+ h 120 
~ 2 P4 

+ h030 P~ + h201 {~~
t (

~~~ 
-

+ h 111 {P2 P2 (P~ - P~,) } + h021 {P~, (P~ - P~) } . (9)

Eq. (9) is given through fou rt h order , although many terms of high order in angu-
lar momentum can be preserved in the transformation Eq. (7) so that the equality
is preserved. Notice that the choice of the parameters a has been made to
eliminate any powers of the operator 1

~~x - P~ ) greater than unity.

2.5 Direction Cosine Operators

Another example of the use of the commutator reduction is seen in the calcu-
lation of the dipole moment expansion (d ough et al , Flaud et al 10). This prob-
lem requires the calculation of commutators of the type

~~~~~~~~~~~~~~~~~~ ~~ j , ( 10)

where the indices p, q, r are powers of angular momentum, and ‘I’ is the direction
cosine between the a-molecular-fixed axis and the space-fixed axis. The com-

puter code COMMUTE generates series of reduced operators for the general

7. Yallabandi , K. Y. and Parker , F .M. ( 1968) J. Chem. Phys. 49:410.
8. Benedict, W.S., d ough, S.A., Frenkel, L., and Sullivan, T.E. (1970)

J. Chem. Phys. 53:2565.

9. d ough, S.A . , Beers . Y. , Klein , G. P. , and R othman , L.S. ( 1973) J. Chem.
Phys. 59:2254.

10. Flaud , J. -M. , Camy-Peyret , C. , Mandin , J. -Y. , and Guelachvili, C. (1977)
Mol. Phys. 34:4 13.

11
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term (10) in a fashion similar to the results from the previous examples. The
most general form of commutation operations involving the direction cosine
operators occurs whe n performing a Watson-type t ransformat ion on the di pole
moment expansion. The form of the commutator is then

( 11)

Examp les of the app lica tion of COMMUTE to terms (10) and (11) are given in
Appendix B. 4 and B. 5.

12
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A ppen dix A

The Code COMMUTE

Provided in this Appendix is a complete listing of the program COMM U TE .
Fundamental commutation relations are built in for the angular momentum opera-

tors and direction cosine operators. To distingu ish the two types of operators , a
general 6-vector was chosen with the correspondence: U —. V — •~, W —

X-..P , Y-.P , 
~~~~~~~~~~

The first input card indicates the number of terms in the initial polynomial
that is to be reduced. However, the program automatically takes each initial
term and forms an anticyclic pair to it. Thus, for the commutator
[P P = P P - P P it is only necessary to consider one term P P . Thex y x y  y x  x y
operator polynomial t

~~~x’ ~‘~ }‘ I’~~ should be considered as two terms for the
program, 

~~X~~~Z~
’

Y 
and anticommutators should be expanded. This fea-

ture of doubling terms was undertaken since the primary use of the program re-
quires commutator or anticommutator reduction. Single terms can nevertheless
be handled as can be seen from the example in Appendix B. There is also the
option on the first input card to allow the program to drive the reduction in a
cyclic , that is , UVWXYZ , or anticyclic direction (ZYXWVU) , thereby facilitating
tests for axis invariance.

The second group of input cards (equal to the number of initial terms) indi-
cates the number of operators , the coefficients, and the directions and exponent s
of the operators . The sample data deck accompanying the examples in Appendix B
should suffice to explain the method of reading in the terms.

15 
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The program works on two “levels” at any time, a level being all terms of a
given degree in exponent sum . The operators are scanned for their directions .
If the directions are different , then the commutation relation is applied , if they
are the same, then they are multiplied (exponents added). The action of the com-
mut ation relation creates a term at the next level. Terms at the second level
are scanned for identical terms and cancelled when the coefficients are zero.
When a level has been completely scanned and condensed , it is written as ant i-
commutators if the original term or terms was either hermitian or antihermitian .
The process thus is one in which commutators are always “drive n” .

16 
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CON 7t~
IC ( ( I P i ~~. P~~, 4 ) . A N f l . ( I Q A T . C1, f l )  I P 4 V M I  CON 7 7 0
IC ( ( ! r~~~. P c . c ) , a .~~ . I IP a T . r O , 2 ) )  INT ’ V ~~0 COP ’ 75 !
‘~~ ( ! P A ’ , ’. I1  ~~~~~~~~ COP’ 79:

0 C(~N p1) 11
C ° R T ’  I 1P,~~~1 ~~~~~~~~ CC P ’  t~t 0
C COP ’ 820

‘r ~~~~~~~~~~ I ti , 1) • r~~. ( ) w ~ ~~~~~~~ — 1 ) )  Cr1 I C  C Q  COP ’ P
“ ‘ 1’ ’  I” ” . (~~1 V~ ( t 0 1 ,P1 2 , 1 0 1 , 4 6 Y ) ,  ~~~~~ , ( I 4 F X t 2 ( t F ) ,H8, 1F 1,~~A S ) C O M  1 40

CO W P5 C
IF ( 1~ A T . Q . 11 ~~~~~~~~~~~~~~ C0 P t
ra i l F Q 1 ’ ~~ (Ct  r r ~~ (‘ , I I )  • t ..~ , ti CON r i o
T~~ r~~’f . f ’~t (a r & . p1’ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ C ( P ’  “ iO

i ~~~~~~~~~ ~~‘~~~ i , .‘ =
~~ , wrt , .i~~r COP ’ P~~~

T~ ( ( ‘ t ’ .  ~~~~, 1 ~~. I ~~~~~~~~~ I ~~~~~~ 21 ’ , iC ,N r ,~I8, ,lL F ,PiB ,(P..P , P ’ O, COP
C C I ~ C j f l

P ~~~~~~~~~~~~~~ t~~T ’J’ 9 3 f , ~rtt c r ( 1 ,TT ) ,,4e ,HL P ,Hp ,(,4p ,I.r ,Ir~~I ,p 4*x) ,Wr3 C cV
COP  93 ( t

r~~ r ’ 9’. ” . I V l T r ) , 4 F , I f ~r l , .. P 1) , PP ,4P , I4 f l , ( S ’ ( I C )  , H~~~, I r r 1 , ~~1 ’ X )  Cc~ 9’,r

_ _ _ _ _ _ _



__________ ~~~~~~

CC TO 6” CO N 950
60  PRINT 940 , (WrXP(X o) ,H8 ,1D ~ i ,NAX) CON 980

CsCOEFF (1,11) SCOE FF (I, IT+t) CON 970
CAL l. FAA!’ (r ,IC ,Nfl ) COP’ 980
IF (NO.CO .r) TR INT 91 0, IC,Hq ,H8,HB, HP ,MP,I P*1,PIAX) COP 990
IF ((N0.cl ,().Awo .(No.LE.€4) ) PRINT 920, IC ,NO,H8 ,H8,VP ,(HP,HP , CON 1500

1 IP ~~i , N A X )  COW 1010
IF c scI.;’.’4.) PPINT 930, C ,Hfl ,$8,Ii5~~(HP ,P4F,tPgj ,NiX) CON 1020
PRTPJ T 945 , (X(IF),~fP ,!Pa1, NAX ) CON 1.30

60 CaNT T PIIC CON 1040
PAI NT 9~~’ CON 105 0

C CON 1060
C INOrK L F V E L ~~, 7r9P ’$ , A ND TEST POSIT ION OF OPE RATORS (SHIFT LEVELS TO COP 1070
r SA Y F STORACC ) , CON 1.80
C’ CON 1090

LrO CON 1100
70 (:1,1 CON 1110

IF (i.I1.’) r.C TO 4~~ CON 1120
tTL :I TE~~UL (i€ V 2i COP’ *130
IF u’i,oo .r O C TO 70 COP’ 1140
ITC eP L ( L ~~V , = T T i  CON 1150
0’) P~ !r,( , y T t  COP’ 1160
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ COP’ 1170
M A Y ~~ 1PC I S ’ 4 A , ( L r V ? , I I )  CO P 1180
IP O S N A X ( L C V , T T ) M A S  CON 1190
0’) 60  V P r ! , PP A V  CON 1200
!D IP(L E V , T T , tr  ) IVIP (L 0V2 ,IT ,IP) COW 1210

80 1Expq uY ,’T ,Ir)~~IExm( LFv2 ,IT ,Ip) COP ’ 1220
90 IT~ AP4i (LEU ?)~~1IFP M z1TEPM 2~~0 CON 1230
10 0 ITEPH=T’~~0P +i COP’ 1240

Tm (ITEONLIL! v ).FO.r ) GO TO 7fl CON 1250
IF (ITEQM .CT.ITFRN L ’ (L EV )) CO TO 140 CON 1260

110 r~ o~~~o COW 1270
120 I2OSZIF’)C81 CON 1280

IC (Imo5.cr.Xro ~ wAx( L cv ,ITrR’l) , GO I’) ~90 CON 1290
CON 1300

P IIOIR ( v,1IERM ,N0 .EO. 1”I~~~LEV ,tIc~RN ,IPOS) GO IC 130 COP’ 1310
P (C’VC L~ .11 . —0 .1) f.O TO 121 CON 1320
IF (!Cr~~(lFV ,ITERM ,IPOS).GT .IOtR (LE V ,ITEPM ,N)) GO IC 160 COP 133 0
CO TO 121’ CON 1340

121 IF UCT9(a.rV ,JTFRM, IP0S .LT .ZOIR(LE v,ITEPH ,N)) GO TO 160 CON 1350
GO ~O 1211 CO N 1360

C CON 1370r to’116sCT aV J a~Cw ’ OP~ RA TOQ~ HAVt ~4G IOENTIC*L . O!ROCTIONS , IN L FV * COP’ 13 80
C CON 139C
j341 IC XPILO V ,TTrA P ,IPOS)ZIE XP(L 01 ,!TERM ,IPOS) ,XEXP (LEV ,T T E R N ,N ) CON 14.00

H*V~~IPC SM11 Y (LF V ,IIf FN )—i CON 1410
IF IN*A .~.b .P’) GO Tn iso CON 14.20
CO 11.0 T V N , PP’) Y COP 14.10
1CIO (LE v ,T TFe P’,flr IrIR(LEV,I T0RP ~,I,I) COP’ 1440

140 TT SP (LrV ,ITCRP’ ,I)=X FXP (LEV ,IiORN ,I,j) CO P 14.50
ISV ’ 1FO SMAY(t ~~V ,tTrDW ~~~HAX COP 1460

CC V 0 II’ CON 14.70
C CON 1480
C CON”UTt 1w) OPIP ATOR ’S IPI LEVI COW 1490
C COP’ 1500
160 II— IDIP (L ~~V , ITO R”, I P0’S) CON 1510

19 
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1’i~~I O T ? ( I C ~, , I b ( R N ,~1) CON 1520
IIY PIU I ,I1E~~P ,TPOS)zIE~~P (L FV , ITE RM ,IFOS )— 1 COP’ 1530
IDO RWAXII. EV ,ITE PM )I1PO SPAX (t’ !V, ITERM ) .? CON 1640
Wax% Ip oc1 ax( L ,v ,ITcPPO CO N 1550

~ F (P~*X. Ls .I 1) CC T(’ 170 CON 1560
PRINT 9’C , N A P  ,L ,IT ERN CON 1570
CO 10 20 CON 156 0

170 LT N .MAX— ” COP ’ 1590
CO 150 TsI , t P’ CON 1600

CON 1610
COP 1620

t ea  T c x p u E P s , T T r RM ,.n u I m x P L E V , 1 T ~~A N ,j _ 7o CO P’ 1630
PX~~(LtV , XTFQ P’,N ,2) ~IOXP (L!V .1 TEPN ,N) 1 CO PP 1640
IEXP (L (V,TTm R t ~,N ,i)nIcXP(L eV ,ITORM ,N) ~1 COP’ 1650

C CON 1f~60
C ELI P I4ATE ‘t° ’—EXPON!NT~ IN L C P.I S COP 1670
C CON 1600

CON 1690
P.CA N ZW COP 1700
IF (IEX”(Lrv , IT P Q M ,Pe) . CT .”) CO T O 220 COP 1710
p,aX~~xPOe N l y (L rV , ITrPw)_ l  COW 1120
IF ( N A X . L t . N’) GO IV’ 200  CON 1730

190 T”2,’4PX COP 17’. C
IflIk (L1 V ,T IFRV ,I)ZXT’IP (LEV ,ITCRN ,I ,i)  CON 1750

190 T.~XP (I.1V ,ITCRP ’,I)zIEXR( LEV, ITERN ,T+I) CON 1160
200 TDOSP4 AX CL !V , I’ERIl)~~NLX CO N 1770
211’ IF (IEV P (t1V ,ITFPII,IPOS).GT .0) GO TO 2’0 COP 1780

t.GA M~~PG aM _I  CON 1790
WiS IPO’SP~~V ( L rV ,IT EPPi)—I CON 1800
00 2 217 t~~~rO’S, H5X CON 1810
T C I P ( L I V , T I F R P ’ , I )  . T r I P ( L E V ,I1 ’ ! R N , I + I )  CO N 1 82 0

220 PXC (L1 Y ,TTERP ,I)=I(XP(LEV ,ITERN ,I+t) CON 1830
CO Il 184. 0

230 IF ( F P S ( I A , T 5 ) . E f ) . 0 . )  C O TO 110 CON 1550
I’ (‘ON 1860
C’ C R ~~I T E  TF RWt ’  T P  L ’  V2 (~ L~ V +i) t COP 1870
C COP’ 1880

IIEQ N2: t TC F ’ N~ 4i CO N 169!
IF (ITJOM ?.LC ,299) CO TO ~4.~7 CON iga o
PR INT g ao, 11TRP2 ,L, !TEPM CON 1910
C C TO 2)  CON 1920

24.0 ITCPML(L V ? ) z I T O Q P Q  CON 1930
I0OS NLY (L ?,7 1FQN?) t 1PCSMA X( L ~~V ,ITER N1—t CON 1940
T2z~lGAN-l CO N 1950
P (IF ,LT .I) CO 10 260 COP’ 1960
(P C 260 T :4 ,T P CON 1910
InIP(LEV2 ,1TcFM2,I)  z !O IF( LCV , IT E RP ,I) COP 1980

260 It ’X P (LFV ’,TTEFM2 ,I)stEXP (L~ V ,ITERM ,!l COP’ *991
260 C C P F F  (t, EV ’,ITFPN7) zIP’S (IA,IB) c0EFc IL EV , ITE PN ) CO W 2000

IOIP (LfV ’ ,IT !FP~2,NGAM)*I CTBt.(IA ,I5) CON 2010
ICX P (01V2 ,TTE rN2 , PA PN)s1 CON 2020
.4*X=I P OSI ’V ( LE V 2 , I T ORM2 ) CON 2030
P.IZNC$P,I COP 2040
IF ( N A X . l ~~.PJ1 ) GO TO 25’ CON 2050
ro 27 0 7aP11,Max CON 206 0
TOt~~( U V 7 , I T c F M 2 , I)~~I D I P ( L rV , I T E P M , I4 1)  CON 20 70

278 I€wF’dLFv 7 ,OT€ pp P2 ,f lz Irxm ( Lrv , ITE Q N,IP’I) COP 2080

20 
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C CON 2090
C CON’AACI A O JA C FNT OPERATORS HAVING IOCN T ICAL DI~ ECTIONS It. LEV2 I CON 2100
C CON 2110
200 I’ (MJV .LT.?) CO TO 310 CON 2120

L A X SNA’( CON 2130
L T~~1 CON 2140
(‘0 300 T’’,M AX  CON 2150
L I zLI +1 COP 2160

~F (I.NAS.LT ,L7) GO TO 310 CON 2170
I’ (IOr~~(Ltv ’ ,IlFRN 2,LI) .NE.ID IP (LE V2 ,ITEFN2 ,LI—t)) CC TC 300 CON 2180
IFXP ILFV ’ , TIEF p42 ,LT —j) CIE IP(L0V 2 ,ITERN2 ,LI—1),IEX P(LEV Z,ITERN 2 ,LI)CON 2190

CON 2 2 0 0
TPosPCAz (Lrv?,IIERN2 ).Lp ’ax CON 2210
IF (LNAX .L I .LT) GO TO 3 10 CON 2220
“0 291 J~ t J , L P A X  CON 2230
IO IP (LC ’17 , T’~ FM2,JI ~~I0IR(L(V2 ,I1ERN ?,J’1) CON 2240 4

290 1CY Fl L 1~~~,VT d 1Y2 ,J)~~IEXP (LcV?,I 1EQ,C2 ,J+1) CON 2250
LI TL! 1 CON 2260

301 1’ON1’IPAJt CON 2270
C CO N 22 50
C ~~~ TOE PT ItA l. T 5RP ~ IN 18V2 1 CON 2290
C CON 2300
310 IF lIT! Dd t ’ .IC .t) GO TO 110 COP 2310

W * Xr IPC~S M A y f L ( ’ y 2 , IT FpM 2) CON 2320
CON 2330

flfl ~3q T : $ ,iC CON 234. 0
P (1P0 ’P’V(L(v2,I),NF ,”IX ) GO ~O 3 30 CON 2350
flfl ‘20 i” t ,~~~Y CON 2360
IF II r 7n, tF v l ,T,J) .p~E.IrI9 (Lcv2.ITERM?,J)) GO TO 330  CON 2370
I” (T~ T ’ ( 1 L” , I , J ) , P E . IFX ° (1 V 2 , ITERM2 ,J ))  GO TO 13 0 CON 23 80

32 0 C I’7N11P4)C COIl 2390
C C F F F ( L !~~2 , T ) ~~C O EFF ( L F V 2 ,T ) , C f l E F F (L FV 2 , I T O R P 2 )  CON 2 4 0 0

COP 24 10
T ’ E P N L( L(V 2 ) r I T O P ’ l ? CON 21,20
(‘lit. C&’lfI( (7’V2 , ITE R N2 ,I,IIERNL (LFV2) ) CON 24.30
CC TO l I D COP 2440

3~ 0 CCWYINUE CON 2450
(‘.0 T O 1 1 1 7  CON 2460

C CON 2470
C 185’ FOF A NT T_ C O M P u I A  1016 OR CO,l ’ IUTAT OQ S CON 2480
C CON 2490

~.~ IC ( I H8~~ W . rC . — i )  (‘.0 T’) 460 CON 2900
CON 2510

M A X r I P ~~~” ’ Y ( L P V , I )  COW 252 0
fin ‘60 T. ’ ,NA)’ CON 2530

3 517  7SIIP ’~~!SI I M 4 I r 1 F (LEV ,1,I) CON 2540
CON 25 51

I F ( I I F ” ' . I f l . I P I R )  GO TO 4P”  CON 256 0
1Tt.~~ITVR” 1 (1 ’) CON 2 57 0
IF ( IT L.I ’.llf’ GO TO 350 CON 2560
°QI P T  9’~’, T T L ,L ,ITIRN CON 2590
(‘P3 TO “1 CON 2600

360 00 ‘59 T T ~~1, t ’L COP’ 2610
W *X r IPO5 M’ y( 1~~V, IT) SOP’ 2620
ICOt NA X t I  ~1,T7 • ITt, ) =NAX CON 2630
f r ( ’ F F ( 1r V , y T ) r ( , 5 . f ( O r F ( L I v ,I~~) CON 2640

C ON 2650
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(‘P3 370 TrI,NAV CON 2660
J = N A X + 1— I CON 2670
I C X P ( L I V , T ’ , I ’ l, JI = I E X P U , € V , IT ,I)  COP 2650

370 T0I P (LFV ,rt +I 1L ,J)~~IOIR (L ~ V ,tT ,I) CON 2690
T50 CCP1~~INUC COP 2 7 0 0

TIEP N ZO T I +1 COP 2710
ITEP UL CL !V) =2~~ITL CON 2720
C’) 10 Itt CON 2730

C COP 2740
C AD O IP3ENTI!6L T(PP’ IN LEVI CON 2750

CON 2760
‘90 IF (ITE~~~.Ffl .1) GO TO 44.0 CON 2710

PAXzIP(’SN.i)’ILFV ,ITERP4 ) CON 2780
K:ITEPII—1 CON 27917
(‘0 4.30 I~~l ,I( CON 2800
IF (IPO~ N AX (LFV,I ) .N 6.NAX) GO TO 4.30 CON 2810
CO 4.00 J r j~~~M A Y  CON 2820
IF C II)T~~(LFV , ],J) .NE.IDXR(iEV ,ITERN ,J)) GO TO 4~~0 CON 2830
IF (IFx~~,Lrv,I,J).NF.x pxc(Lc V ,ITERN ,J)) GO 10 4.30 CON 2840

400 CONTI NUE COOl 2850
CCE F F (LEV ,T )= CO E F F (LEV ,I),COE F F (L EV ,ITFRN) CON 2860
ITERNULF’l 1 = I T F R M U L E V ) — 1  CON 2870
ITL 1T8~ W i (L E V )  CON 2850
IF (ITL .L 1’.ITEPPI ) CO TO 4’211 CON 2890
CD 4.10 TT J T C R M ,ITL CON 2900
LIM:IPO6MI) (LFV ,II+1) COP 2910
C C F F F (LFV, IT )CC OE F F (LEV ,IT +1 ) CON 2920
IOO~ NAX( LEV ,IT):LIPl CON 2930
CC SIC ID 1, L T N  COP 29 40
IP3I P(LE~P ,t T ,TC) ~IV ’I P (L EV ,IT+I,I P) COP 2950

410 PYF (iE~t,T1 ,Ir) IEXr(L rV ,IT+I,IP) COP 2960
1.20 TT (’PN= !I’EPM— I COIl 2970

CC TO 4~ ” CON 2950
430 C CNTTNU~ COP’ 2990

CC TO 1 0” COP 3000
C CON 3010
C C A N C E L  7 E R O . C ’ ) C F F T C I E N T  TE PPI S IN L E V I  CON 3 0 2 0
C COP 30 3 0
4 4 . 0  T 1  COP’ 304 0
4.50 CA L L  COI ’IC~~1 (V FV ,TT ERN ,T , T T , . c M L ( t,EV ) )  CON 3 (5 0

CC Tfl 1110 COP’ 3.60
C COP’ 3070
C W P ! T F  APJ SWC ” l  C ON 3080
C C O P ’  3090
460 ITL,ITF ’~M L (tC1l ) CO N 3100

P (IlL. r “ .0 )  t O  TO 7! CON 3110
P (L.E 1,t) C’ 1) 410 CON 3120
Li 1— I COP’ 3130
P~~INT 95” , Ii COP 3140

4.70 (“1 “00 1r~~~,T t L  COP’ 3150
IF (An5(CP3 I F F (I E V , IT)).LT .1.E—2 ’7 ) GO TO ITO COP 3150
W~ Xr Ip0SMA ~ (iT I’, IT) CON 3170
(‘0 SA C !~~t , P ” A Y  CON 3 180
J~ M A X + l - t  CON 3190
P,t=ICIR (LE ” ,TI ,I) COP ’ 3200
X (I) 0’TP(NT) COP’ 32 10

COP T 22 0
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P1~~~ F ( I ’ ’ ’ I t ’T C .(~~ Ij )  COP’ 3230
COOl 32 40

4.5 0 44~~~ ( ’7 I J )r -P Y D ( 7 )  CON 3250
IF ((IlA(. .I).OR.(IHLPN .0. — 1)) 00 TO 4.90 CON 326 .
PQ IP’T 9~.

5 , F x C ( T 7 ,MP ,IP~~’) ,M A y ) ,H P ,I l O ,H f ,( H T x P2 ( I P ) ,H0, IP~ j ,M A x ) COP 3270
C~ Cr”F L~~V ,T’)/2. COP 3280
CAL L FA Ir’ ( C , T C ’ ,t’P ) CON 3290
IF (NC.( I. r)  (P INT ~1O , IC, N’i ,HIP,NP ,(HP ,HP ,IP=I, MA I) ,HR ,P.FL , COP 3100

I($P ,N P , T ( ’~~1, l 5 X ) ,H~~,MPr COP 33f t
3F ( ( hD.r,l .o ) , t p o . ( r o . L E . s 4 ) ,  PRI NT ~ 20, lC,NC ,H0,H1F ,N9~~~P-P ,’40, CON 3320

1T~~~1,MAX ( ,I” ,P P L , (W P ,HP ,IP4 1 ,M A X ) ,’19,HPP CON 3330
IF (NO. G T , ~~’.P PP<INT 9’O ,  C ,~1),MLp ,Ne,(( ’P ,’48 ,I°=t, M A % ) ,NB,P’Fi, CON 334. 0

1 (H8 ,H P ,I°rl,M A Y ) ,IlP,HRP COP 3.350
FCIP~T .4’. (Y (IP) ,I4( ,TF’~~l,MAX ), I40 ,V4P ,W0 ,(Y2(!P),H9,IF=1, Pl0X) COP 3360
( ‘P3 1’) S’l ” CON 3370

400 P’IO~T 91.r , (~~fX P( I P ) ,H0 ,IP~ j ,M bX )  CON 3380
C~I1.1 IPI!’ IC~~r F F ( L f v , I T ) , T r ,ND) CON 3390
IF (NC.E” .I’) F~~TN T Cli), IC,HC ,HB ,~l8,(NP,HP,IP:1,NAX) COP’ 34.00
IF (U ~~.r T . N , 6 N C . ( p P3, L t .4 t . ) PPII~T ~42 0, IC ,ND ,H8,He ,P8 ,(NP,HB, CON 3410

1I~ =1,PlA X I COIl 3420
IF (Nr ,cT.F.,) ( ‘PINT 930 ,  C P 3 r F F ( L C V ,IT) ,NP, P ’ O ,NB, (HP ,HE ,ZP~ 1,NAX )  COP 34 30
FQ T ’~T 94 .0 ,  (Y I P)  ,HP~~I(’4j , ’ 4AY )  COP’ 31.40

50 1’ ( ‘P3P4Jfl .5(~ CON 3450
(“I Tn  7’) COOl 34 60

C’ CON 34.70
900 CCR ’AT f Y ~~,2 C F , j ,t t ( jX ,4 t ,j 2 ,2 Y 9 )  COP’ 34 .82
9 175 F P3RP ’ AT  (‘“(‘ 1 •

~~~“ ~~~~“ ~~‘ TN~ TINE IS MCI. ,0 9.3 ,19H 5 FCO Nt ’S ~~~~~~~~~~~ 34 90
1’•’ c X ,A l f l ’ )  CON 3500

910 FCR I”A T ( 1 4Y ,Tf , 0 0 A 1)  COP’ 3510
92 1’ FERP IAT ( l ’ V ,10 ,”/ ” , T2 , F 0 4 l )  COP 3520
931’ F C R N A T  f1”’,r12.F ,OLA1 )  CON 3530
941. F C ° W A T  ( 7 F Y , 8 , A 1 )  CON 3540
950 C~ R~’AT Ct w r ,~~4 Y”EOfl At c~~, CON 3950
qsr FC PMAT f ’ 4 t / 1 I ( ,2 4 X ,12/2 3Y ,c’I+ IP •/ COPI 3550
ql t FOR M AT ( ‘  PP P3 I lCD * IFOSNA X ( i~~V, ITERPI) ~“,3I5) CON 357 0
980 F’ )P ”AT (~ IP IFTF’) , IT EPP’2=”,3I6) CON 3580
99” FEPPY AT (“ SPOF T 001I TEQNL (L EV):”,316) COP 3590

TN T) CON 3600
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I
5UP~~OUTTN (‘A,r FL (L ,IT F~ ’4,I 1E,ITL) CAN 10

C TIIT~~ ‘U DPOU T ?4 ~ CAN 14
C •~~N TP ’T1ATT~ I 1(’R~ WHOS O COEFFIC IF NI IS LESS THAN 1.0—12. CAN 15

CCHP~CN t~~!1(2,1~~9,f’)),IEx~~(?,t9°,It),COEFF(2 ,199),IFOSN5x(2 ,199) CAN 20
?C (AP5 (r~~rF F (L,TT’)).CT.1,.—j2) ~ETUPN C A N  30
ITEt.N :ITr~~, _ I  CA N 4 0
ITL TTL— 1 CAN 50
IF (ITL.LT .IT1’) RCT IJRN CAP . 60
r~ 10 TTrT’E , T T L  CAN 70

CA P. 80
COFFF(1,IT):”CFFF (L,IT+l( CAN 90
T C O E P 5 e ( L , 3 I ) : p ~Ax CAP , 100
“j ) 10 !P~~1 ,”~~Y CAN 1ii~1-~ I T~(t., I~ , IP)rICIQ (L,I~~i~j,TP) CAN t~~i~

10 T!XV(L, TT ,!P9~~IF XP (t.,TT+t ,I P) CAN 130
~~TI’PN CAN 140

C A N  15~ —

cLPPOUI TN F ?TCT (C ,I(’.,P.O) F R A  1 0

C T~.1IS St~°R CI 3 T I N r  I1T1’~~PT~ TO w~~II COEFFICIFNYS AS INTEGERS , OF’ CPA 15

C FPACTIfl~~S T(’ ‘ p FV  A C E  A T  LEAST MULTI PLES CF 1/64. FRI 10

~~r 1’
‘- — y r— FRA 50CIFrO~ A~~~fYr_ FtC’6T (TC ))

IF (DIF’~ ’.(T.1.E 05) R E TU ~ P~
Cl j f l  ~3, 7 

Ff..A 70
CR0 80

CIFr F LC’i1(~~C)’CIF CP3 FRI °O
F t.. 100

IF roTr .~~LrsT(IrxF).LT.1.~~—~~~
) GO TO 2~ 

FRI  11~
117 C’)NlTNU F R A  1~P’~T P F’t ”
?0 1c = O t ~~’f l . T S T~~P 1 ( T D I F , I C)  FRA 14.0

P ’Ct ~~~N 
FPA 160—
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A ppen dix B

EXAMPLES

B! COMMUTATORS ARISING FROM DIA GONAL I ZATION OF HAM ILTON IAN

I(PX, ~~Z }
~~’ 
P~)

Input cards:
2
3 0.5 — 0 .5 X 1 7 1 V 2
3 0 . 5  — 0 . 5  7 1 X I Y 2

Result :
1 1 2  . 1 1

1/ 2 1 P P ~ - 0 F 0 )
X Z Y  V 7 Y
1 1 2  ‘ 1 1

1/ 2 1 P P P - p 
~ 

0 )

z x Y  v x z

F O U A L S

I
4!t’ ~

2 1  1 ’
I (P D  + p  p~~x v  y x

1 2  2 t
—1 (P P  •p p  )

Y Z  “ V

25
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wn’r .‘~w”~~ - ~~~~~~~~~~~~~

((P~,P~} . I P X, PZ }1

Input cards:

4
4 0.25 —P3 .’5 X 7 V 7 X 1 7 1

~. 0.25 —0.25 X 2 V 2 7 1 Y I
0 . 2 5  — 0 . 2 5  V 2 X 2 V 1 7 1

14 rj.7’5 —0 .25 V 7 X 7 i I Y I

Result :

~~~~~~~~~~~~~~~ ‘T I.4 E TIME IS NOW 5.~~F9 SECC)P4 1’S ~~~~~~~~~~~ CYCL IC

7 ~ 1 1 1 1 2 2
1/ 44 ( C P p p — r 0 P P )

X V X T 7 X Y X
2 2 1 1  1 1 2 2

1/ 44 ( c p p ~ P ~) p

X V Z X  Y 7 Y X
2 2  I t  1 1 2 2

1/ 4 ( ( ’ C P P  - r p p p )
V X V 7  7~~~~ X V
‘ 2 1 1  1 1 2 7

j f  4 ( P 0 p p — o P p p )
V X 7 X  X ’ X ’ (

I
+10’ ~

7 3
1 ( p 0  + p p  )

x v  v~~~
4 1  1 4

— 1 ( ~ P + ( D )

X V  V V
2 1 2  ‘ 1 ’

j ( P 0 ~~~ • p F O )
X Y Z  ‘ y x

~11

2 1  1 ’
j ( F P  +~~~~~P )

X V  Y V
1

1/ 2 ~
V
1 2  2 1

— 1 ( ~ P + 0 3
V 2  “ V
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ft2 REDUCTION OF SINGLE TERM

PX PyPX PyP z Pz

Input cards:

1
6 1.0 O . 0 X 1  V i  X l  f I  2 1  7 1

Result:

~~~~~~~~~~~~~~ T H E  TIM E IS NCW 44.1.01 SECONOS 
~~~~~~~~~~~~~~ CYC LI C I

1 1 1 1 1 1
I P P P P P P

X V  X V  7 7

FO U A LS

2 7
1 F P P

X V  7

I
+1 p4 ‘

1 1 3
I P P P

x v z

2
+IM

2 2
1 P P

X 7

27
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B.3 COMMUTATOR ARISING FROM TRANSFORMATION TO MINIMAL SET

~~~~~~~~~~~~~~~~~~~~~~~ 
~. {P ~, P~ }1

Input Cards:

4
5 0 .25  — 0 . 2 5  X 1 V 1 7 1 X 2 V
5 0 .25  — 0 . 2 5  X 1. V 1 7 1 V 7 X 2
5 0 .25  — 0 . 2 5  Z 1 V 1 X I ~ 7 V 2
S 0.2 5 — O . 2 5 Z 1  V I  X I  V ?  X 2

Result :

1 1 1 2 2  2 2 1 1 1
1/ 0. ( P P P P D  ~~~ o p  D p p

X Y Z ~~~~Y V X 7 V X
1 1 1 2 2  2 2 1 1 1

1 / 4  ( P P P P ’  ~~~D p p P p )
X Y Z Y X  Y Y 7 Y X
1 1 1 2 2  2 2 1 1 1

1/4  ( P P P p P  - P P F p p )
7 V X V V  V X X V Z
1 1 1 2 ?  2 2 1 1 1

1 / 4  ( F O P  P 0  - 0  P P  P P
7 V X Y X  Y V X V Z

1
+101

2 4  4 4 ’
— 1 1  P p  + P P )

X V  Y V

‘. 2  ‘I .

1 ( P P  +
~~~ 

p
X V  V V

3
+101

4
2 P

X
2 2  2 ’

— 5 (p P  + p  P
X Z  7 X
I.

—2 p
V
2 2  ? 2

5 (~~~~~ 0 +~~~ p )
V 7  Z Y

28 
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___________________________________________________________ 
~1

C

+t’4  •

,

—8 C

X
2

a
V

8.4 DIPOLE MOMENT COMMUTATOR

~~~~~

Input cards :

I
2 1.0 —I.O Y 2 U I

Result :

2 1  1~~~
1 0  C~~~

V U  J Y

FOIJA L 5

‘ I
4- TN 4-

11  1 1
I ( P P  +~~~~~0 )

W V  Y W

8.5 TRANSFORMING INTENSITIES

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

Input cards:

S.
S P3.25 —0 .25 X 1 V 1 7 1 )( 2 w I
5 3.25 — 0 .25 X I V 1 7 1 ‘1 1 X 2
5 ‘1.25 — 0.25 7 1 V 1 X I V 2 W 1
5 3.25 —3 .25 7 1 V I x j w ~ X 2

29
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- ___________________________

•4-4-4-~~4-’4-4-’ TM F TIME IS NCW = 4.,7~~I SECONDS 4- 4 - 4- 4- 4 - 4- 4- 4 - 4- 4- CYCLIC ,

1 1 1 ? t  1 2 1 1 1
1 / 4 ( P P P P D  - 0 p p P p )

X V Z V W  W X 7 Y X
1 1 1 1 2  7 1 1 1 1

j / 4 ( F 0 ( ’ P P  - O P P P P )
V Y Z t . J X Y W Z V X

• 1 1 1 2 1  1 2 1 1 1
I / 4 ( F F F P t ’  . . P p p p p )

7 V X X , 4  W X X V 7
1 1 1 1 2  7 1 1 1 1

1 / S  ( p P  r p o  —~~~~ P~~~~ 0 P )
7 V X W x  X W X Y 7

FOUAL’

1
+ 1 0 1 4-

1 2 2  ‘ 2 1
—1 (0 0 P  G O F D )[ W X V

1 2 2  ‘2 1
j ( ~~~~~ 0 P  I~~~0 ( ’ 0 )

W Y Z  ~~x W
1 3 1  1

—1/ 2 0 P 0 ~ o

L X ’  “ x i ’
1 2 1 1  1 1 2 1

~f 7 ( 
0 P P P 4 1’ D p p )

V X V 7  ‘ V X v

+101 4-

1 1 1  1 1 1
— 3 ( P P F  4 C ~~~~~ P )

u x 7  z X L ’
1 1 1  1 1 1

2 ( F 0 ~~~ I . P F ° )
V Y !  ‘ Y V
1 2  ‘ 1

— 3/ 2  ( P0  + p  0 )
W V  V WF 1 2  2 1

3 / ? ( P 0  + p P )
W 7  7 W

4-

— 1/ 2 F
W

30
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