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This report consists of four parts:

1. Possible instabilities in the liquid structure leading

towards the formation of a solid (work with Y. M. Wong).

2. Calculation of a water model with the clustervariation

method . Phase diagram and undercooling features.

3. Influence of orientation on the undercooling process (work •

with E. Bodegom).

4. Transition points in antiferromagnetic systems (work with •

S. Eckmecki). 
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I. Instabilities in the distribution
function for a dense system.

1. Introduction .

We are addressing ourselves to the question of whether and

~~w the distribut ion function of a dense system becomes unstable

upon l owering the temperature. As is evident from the

observation: a solid is formed . Just lowering the temperature

does not create a solid however, it creates a metastable

situation. ~~es this metastable situation finally become

unstable at a still lower temperature?

Originally Kirkwood1 pointed out that this is the case,

but in several subsequent papers It was pointed out first by

Kunkin and Frisch ,2 later by Nagai and Naitoh 3 and also by

Mul ler— Kr umbhaar and Haus 4 that the Ins tab i l i ty  predicted by the

linearized theory disappeared when one goes to higher

approximations.

This note is to point out that this conclusion is not

necessarily true for the general case in which no successive

approximations are introduced. Since it is impossible to

calculate the general case completely we will have to rely on

another , but far more sensible , approximation. This

approximation was proposed by Kozak, Weeks and Rice5 and uses the

observed fact that the density of the liquid and the density of

the solid differ very little. We re—analyzed the situation and

and found that there is no contradiction between the general

• liquid theory and the occurrence of an instability in this

_ _ _ _ _ _  

.
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medium ; whether such instability leads to a period structure is

an open question.

2. The BB GKY-formal ism .

The starting equation is the lowest member of the BBGKY

hierarchy. It is given by

~~~~~~~~~~~~~~ ~~~R $~’)c~R3 ( 1)

(See for instance Ralescu6) where 9(R1) is the singlet density,

u(R12) the pair potential and g(R12) the pair correlation

function. The integral is over the volume and 
~ 

represents the

temperature. Following lliroike7 we find from eq.(l)

L c 
9 

.~~~ = rJoLRt ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ (2)

where c — c(~~) is a constant in space depending on the average

density . This expression can he written in the Rarinerstein8

form if one puts:

(1) in c ~(1) (3a)

and

K(12) !! [dr u’(r)g~
2
~(r) (3b)

ci)
giving

(1) +SK(i2)exp(
~~

(2))ct2 — 0 (4)

Next we follow the non—linear equation approach of Week,Rice and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~-•~~~~ •~~~ •~~~~~~~~ -—• ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
• • — • • • .
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Kozak 5 in which we search for two solutions and differing

little in density. We define
‘

y ~~~ ~~~~(1) —~~~~( l )  (5)
I D

where refers to the liquid and to the new solution . The

solution~~~ satisfies equation (4) with

K(12) — K(~ l — 2 1 ) ,

but for no such assumption will be made. This is important

since this type of equality definitely does not hold for a solid.

In fact , any such assumption made on the second solution prevents

the solution of corresponding to a solid .

Substituting (5) into (4) gives

7 

(1) +fL(12)(E$ — 1) (6*)

with

• L~(12) ~ K(12)exp~~(2) (6b)

~~king use of the fact that the density of the new phase differs

very little from that of the fluid phase, we can expand the

exponent in the Kernel , whereupon we obtain the linear integral

• equation :

°“
~~(1) +JL(12)~~.(2)d2 

. (7)

• which can he solved by a Fourier transform in space 
4

‘
~~
. (k)f 1 + L(k)1 — 0 (8)

For the existence of a non—trivial 
7 

(k), one requires therefore

1 +l~(k) — (9)

i.e. in three dimensions one requires

1 + ~! (‘L R)R sin (kR) dR (10)

2Following Kunkin and Fritech we will apply this to the hard core

system. This is not a very good system since it does not give

~~~~~~~~~~~~~~~~~~~~~ i.. . . .  • .•—~—~~~ �~~~~~~~~ _~~~~ _ — • • _~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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rise to a solid in the ordinary sense of the word . We write out

this example to show that one obtains the same result in this

case, but without the more stringent assumptions that they used.

t
3. Hard sphere system .

For hard spheres, one has

(11)

where d0 is the diameter of the hard sphere. Inserting this in

(10) gives

(12)

which does not depend on the temperature , as it should not. This

can be rewritten as

I 4- ~~~~~~~~~~~~~ 

~~~~~ 
- ~~o~~~-]_ o  (13)

with z — kd0. We used the following expression for the Kernel

L(R) — g(2)(d0)~~ (d0 
— R )

4. Discussion

The expression (13) is exactly the expression that was

used by Kirkwood , except that no inconsistent (and unjustified) -•

linearisation Is is used on the 9(R1) and the g(R12), contrary

to Kunkin and Frisch2 and Naitoh and Nagai.3 The only assumption

is the step from (6) to (7), which is plausible in the sense that

it is in step with the observation.

~~~~ : ii~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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The occurence of a second solution , also called branching

or bifurcation , does not impl y crystallization , i.e. a periodic
/

solution . This Is certainly not the case for hard spheres , where

van Hove proved 6 , In one dimension , that no periodic solution

exists. For the non—hardsphere case the question is left open.

There exists some work by Ventevogel and Nyboer9 on the

spontaneous occurence of periodic structures at zero

temperatures.

Othe r approaches10 using the exact solution for C(1,2),

the direct correlation function or g(1,2), the indirect

correlation functions from the Percus Yevich equation support the

absence of instabilities in three dimension.. This could be due

to the Percus YevicM~ equation , which despite its appeal is

nevertheless an approximate equation.

Finally we remark that the decoupling schemem used by

Muller—lCrumbhaar and Haus4 is not well understood , that is, we do 
t

not know whether it will ! priori prevent instabilities to show

up.
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II. Lattice model of water .  •

For this section of the report: see the at tached• [P repr int .  

- 
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III. Orientational models

One of the most interesting cases in which orlentational

in terac t ion p~~ ys a role is the phase d i ag rams  of b ina ry  l iqu ids

that show both upper and lower critical temperatures. This phase

diagram was for the f i r s t  t ime s u c c e s s f u l l y  e x pla i n~ d by Barker

and Fock1 and it was subsequently described in more detail in a

series of papers by Wheeler e.a.2 In this fIeld we obtained the

following results. It is possible to map the Barker and Fock

model on a cluster variation type of description in a one—to—one

correspondence. The advantage of this mapping is that one can

easily generalize to larger clusters. Barker and Fock use only

palrclusters. Second , we found that it is not necessary to tie

in the number of orientations with the coordination number of the

lattice and one can generalize the model accordingly.

The most important question Is, however , why and when this

model does give the lower critical point. This we succeeded In

explaining as follows . One can make a reduction , somewhat

similar to the reductions used in the Niemeljer and van Leeuwen

tr ansformations or in the theories of decorated ~lattices. These

transformatIons lead to a model without orientational degree of

freedom but with one or more temperature dependent coupling

constants. By studying the temperature dependent coupling

constants, mainly graphically, one can observe under what

circumstances new critical temperatures will occur. 

~~~~~~~~~~ -- • °
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III. Orientational models

One of the most interest ing cases in which or ientational

interaction plays a role is the phase diagrams of binary liquids

that show both upper and lower critical temperatures. This phase

diagram was for the f i r s t  t ime success fu l ly  expla ined by Barker

and Fock~ and it was subsequently described in more detail in a

series of papers by Wheeler e.a.2 In this field we obtained the

following results. It is possible to map the Barker and Fock

model on a cluster  var ia t ion  type of descript ion in a one—to—one

correspondence. The advantage of this mapping is that one can

easily generalize to larger clusters .  Barker and Fock use on ly

pairclusters. Second , we found that it is not necessary to tie

in the number of orientations with the coordination number of the r
lattice and one can generalize the model accordingly.

The most important  question is , however , why and when this

model does give the lower critical point. This we succeeded In

explaining as follows . One can make a reduct ion , somewhat

similar to the reductions used in the Niemeijer and van Leeuwen

t ransformat ions  or in the theories of decorated .lattices . These

transformations lead to a model without orientational degree of

freedom hut with one or more temperature dependent coupling

constants. By studying the temperature dependent coupling

• constants, mainly graphically, one can observe under what

• circumstances new critical temperatures will occur .

a
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Usually undercooling can be obtained very easily in

substances with “sticky” molecules. Hence we tried a simple

model of such a system . The model uses a lattice gas of two

types of molecules A and B on each lat t ice site and each molecule

has contact points. Of these contact points are

“sticky” and are not . We assume that between the A and the B

molecules we have the following energy expression : if either one

or both contact points of a pair of molecules are sticky they

attract  each other and i f  both are of the non—sticky kind they
S I

repel . We choose this  example since Barker and Fock have shown

that this case l ead s to a l owe r critical point.  However , it is

easy to show that this is one examp le out of a class of systems.

The entropy for  such a system in the notation of Kikuchi

is given by (we start  out wi th the pair aporoximation):
_ _ _

- A1 ã ( X L L)
~

~~ L~ L .! i”’
where L is the number of lattice points, XA and XB the site

variables and y~~ 
the sixteen pair variables of the problem. The

coordination number is z and the weight factors gjj are given by:

~~~~~ 
L~~~~~l / * a t Tt

’
)

~~~~~~~

~ ~
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the resulting free energy per site is given by

= ~i Z 
~~~. )I~~ -kT -~~ZYA ( &~~4 .~J

~~~~~~~~~~~~~ 
~~~~~~~~~~~ 

(~~4i 
y~~~~~~~

. _ s ’~ — ~~~~~~~~~

t
• where z is the number of nearest neighbors.

The constain-t s on the pair var iab les  are

x~ =. ~~~~~~~ 
t. a~~~3~~~

~~ ~ ~~

with the appropriate Lagrange m u l t i p l i er s  behind the semicolons.

With these terms inserted , we minimize the extended free
energy

÷ Z 
~~~~~~~~~~~~~~~~~~~~ 

Z
~~~ J7L~~~ Y~~) ~~°

leads to

Ye~’ e

since we assumed no interac t ion between l ike molecules.

- 

- - 
- 
-
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The chemical potential 
~~A 

is found from 
~~~~~~ / ~~

X A
which gives

P A =  -LT~~~~~~~~~X~ ~
~ £~ -i~ ~~ 1- ~

. ~~X 1 ~

and similar for 
~~~ 

If the solution has two roots 
~FA~1 

and

we deal with coexisting phases.

To solve the system we s i m p l i f y  the n o t a t i o n .  Def ine

— 
~~~~~~~~~~~~ 

~~~~~~~~~~~~ ~~~~
We f ind  the fo l lowing  system of equat ions for the variables

• x 1, • . . . x 4 -

where x1 — — X
A and x3 x4 x8.

-• L L -  .J ~~~~~~~~~~~~~~~ ~L- - _________________
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IV . Ant i fe r romagnet ic  t r ans i t ion  points .

We address ourselves to the question of the transition

points of a mixed a n t ife r r o  and ferromagnetic system ; a

so—called metamagnet. The globa l phase diagram of a metamagnet

consists of a Neel temperature (a transition to the

antiferromagnetic state at zero field) and a line of second order

transitions , a possible tn —critical point , a line of first order

transitions for zero staggered field and lines of first order

transitions In non—zero staggered fields. These options were

described by Kincaid and Cohen’ who showed how the various phases

can be obtained from a Landau—Ginsburg expression in the various

order parameters . If we ignore the non—analytic behavior near

the critical points , this free energy is an analytic expression

and they computed the various coefficients using the mean field ;
theory. Under this assumption they find that there are two

regions for the coupling constant ratio J/J ~ . One region
F Ai

~~
) ~~~* leads to a tn —critical point , the other to a so—called

bi—critical end (BC) point.  We found 2) that the next higher

approximation , the Bethe approximation , leads to a set of phase

• diagrams with BC points only. Despite the fact that this

-• approxima tion gives generally much better results for the 
t

(absolute) critical temperature , there are reasons to believe

that the Bethe approximation does not take enough detail into

account. (By absolute critical temperature we mean to refer to

those experiments where both the temperature and the coupling

constants are known and not , as is unfortunately always almost

the case , where the cri t ical  temperature is measured without any
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fu r the r  i n f o r m a t i o n  abou t the coupling constants.) Returning to

the fac t that  the Bethe approxima tion ma y not al ways give the

details of thephase diagram ; a most striking example is the work

3on t he AB a l l o ys where onl y the te t rahedron approx imat ion

• started to give a complete phase diagram . Consequently we want

to study the metamagnet using the cluster variation method .

The cluster variation method requires more information

about the lattice than the Bethe approximation. In the latter it

suffices to specify the number of nearest and next—nearest

neighbors . For larger clusters we have to give the detailed

informat ion not only of the lattice , hut also of the

substructures we expect to obtain in the antiferromagnetic

ordering. After some discussion we decided to study the

following cases: 1) the bcc subdivided in two sc , 2) the sc

subdivided in two fcc , and 3) the fcc in subdivided two

substructures as mentioned in Li.4 Finally we evaluated the 2 t
dim . square into two 2 dim . square lattices in order to have an

test case.

At this moment we have determined the free energy

expressions for these four cases. In order to calculate the free

energy in the clustervariation method one needs the

clusterrelat ions between the various order parameters and their

weight factors in order to construc t the corresponding entropy

expressions. This work is being done by Mr. Servet Eckmecki . 

-

- -~- • •
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ABS TRA CT

In order to calculate the phase diagram of water we •

introduce a lattice model that has the following features. A

nearest ne ighbor at trac t ion , which Is strongly dependent on the

relative orientation of wa ter molecules , due to hydrogen bonding

and a nex t nearest neighbor or three body repulsion . The

hyd rogen bonding Is introd uced with the help of a set of weight

factors in accordan ce wit h Paul ing ’s ice rules. The entropy is

calculated accord ing to the cluster  var iat ion method for

tetrahedrons. The isotherms show a maximum in the density and a

phase separation between the vapor , the open ice state and a

state which is dense packed . -

- Keywords: wa ter , equat ion of state , cluster var iation method ,

entropy , ice , max imum density in water , hydrogen bond .

L _______
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I NTRODUCT I ON

In two of h is recen t pa pers , Bel l  ‘~ developed a lattice

model in calculating the phase diagram of water. He used a bcc

lattice and placed oxygen atoms and vacancies on the lattice

points ; hydrogen atoms in water molecules lie on body—diagonal

bonds connecting nearest—neighbor lattice points.

The bce lattice is made of two interpenetratinr!

diamond—type sublattices , and thus we can define the ordered and

disordered phases based on these two sublattices. In this way of

trea tment , liquid wa ter is in a disordered state that lies

between two ordered states. One ordered state is the dense bcc

state , associated with ice VI , and the other state has only half

of the available sites occupied (i.e. one suhiattice is almost

fully occupied and the other sublattice almost empty). This open

structure we associate with ice I. Which of the states is formed

depend s of course on the pressure and the temperature. Although

for the f u l l  trea tmen t of these two phase transitions one needs a

two sublattice model , in th is int roduc tor y Part I we wi l l  ex p la in

the key poin ts of the trea tment without us ing the sublattices in

order not to -omplicate mathematics. The sublattice treatment is

presented in the accompanying Part II.~

In order to make the lattice model as water—like as

• possible , we build in two features , as was done by Bell.1 The

• f irst feature is the presence of the hydrogen bond between two

water molecules. The hydrogen bond has the result that two

neighboring molecules have an interaction potential that depends

on the relative orientation: if mutually aligned in the proper

--
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way , tN-re is a very strong binding force; if not mutually

aligned , the force between the two wa ter molecules is weak. If

the water molecule , which has a V—shape , is placed in the

body—center of a cube , the two hydrogen “arm s” can be laid In 12

different ways along the eight bod y diagonal—halves that radiate

from the body—center. It is tacitly assumed that the water

molecule always prefers solely these orientations , even in the

absence of neighbors. If we pick a pair of water molecules , the

number of orientations will he 144, and it is easy to show that

18 of these lead to hydrogen bonding. The combinatorial

calculation is in fact identical with the one made by Pauling4 to 
- 

- 

-

obtain the entropy of ice at zero degrees.

The second feature of the Bell model is the use of a

repulsive three—body force. Bell reasons that this force

discourages too close a packing and may be the main reason why a

negative expansion coefficient in water is found . Whether an

actual three—bod y force really exists is an open question ,

despite the fact that such forces are often proclaimed in the

l itera ture ,5 because there Is really no direc t evidence for its

presence in nature. All conclusions were based on the necessity

to fit the data. The lattice models work - ~ the same kind of

handicap: except for the hydrogen bond energy, we do not have an

independent an d consisten t estimate of the other cou pl ing

parameters in our model ; hence we have to work backwards from

the known isotherms. In this paper we restrict ourselves to work

with one set of parameters , taken from a melange of information

available.

-- • ~~~
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Figure 1 shows the lattice structure we use In our

formulation. The positions A forri a diamond lattice and the

positions B, which form by themselves also a diamond lattice ,

will complete this to a hcc lattice. In the treatment in this

paper we choose a tetrahedron as indicated in Fig. 1 as the

basic cluster. In this tetrahedron two of its corners are on the

A sublattice and two of its remaining corners are on the B

sublattice. Of the six edges , four are nearest neighbors and two

are next—nearest neighbors.

The method used to obtain the expression for the free

energy was clevelope (i by one of ~~~~~~~ and was successfully

applied to a large variety of models. In Section 2 we will give

a description , but the main Idea is the following. If one writes

down the entropy associated wi th a cluster of , say four ,

particles using the Boltzmann expression one has made an

overcount. This overcount has to be corrected by subtracting

partial entropy contribution due to clusters of smaller size.

The entropy of these subclusters again contains an overcount ,

which has to be corrected by considering still smaller clusters ,

and so on.9 The resul t di f f e r s  substan tial ly fr om the ex pressions

used by Bell and his co—workers . In his one—sublattice case1 he

introd uces the entropy of the tetrahedrons and of the point

variables , but omits all intermediate clusters. On the other

hand In the two—sublattice paper Bell and Salt2 use the

point—variable entropy only, which reduces the model to the

simplest mean field calculation.

_

~

• _, •

~

•

~ 
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In order to facilitate the computations we introduce a

cluster relation CR—matrix , given in Appendix 1. Using this

CR—matrix we can write down the expression for the entropy and

hence the grand—potential function . Minimiza tion cf the -
•

latter lead s then to the most probable , i.e. equilibrium ,

distributio n of the largest clusters. This variation of the

with respect to the order parameters , ten In our case , leads

to a set of self—consistent equations. Kikuchi has pointed

out i0~
U that this set of equations can be solved in a natural

way. Natural meaning that the corresponding free energy is

always decreasing during the iterative process. This method is

used here , too , and the solutions , where obtianed , are

practically at the limit of the accuracy of the computer.

2. Description of the model.

L 

In Figure 2 we give the set of ten clusters introduced by

Bell as well as all the resulting suhclusters. The open circles

refer to the absence of a particle , the cl osed circles to the

presence of an oxygen atom. Hydrogen atoms attached to the

ixygen atom are not shown except for the 11—bond cases. One

connecting line represents a nearest neighbor bond , two

connecting lines represent a next—nearest neighbor bond . The

nearest neighbor bond is either “blank” or has an “H” (actual l y

two crosslines) to indicate whether that particular pair of

occupied sites is or is not hydrogen—bonded . Note that there are

two types of pair bonds: y and z. The z—bonds are next—nearest

neighbor bonds and do not depend on the relative orientation of

the two water molecules at the pair , while y—pair bond refers to

- 

- ~~~
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neares t neighbors and )~as I We øpt Ions : wi th and wit bout an

H —bond , t ’ P S t I  It I fl~~ lfl the  P~i ii ii fl(~~~ t’~1 t to of weight fact ors : one to

seven • In the tab e we ~l1 st I ng iii sh hot ween the orient a I tonal

weight fact ers on the right , and the topo l o~ I (‘:11 WO 1gb t

factors on the left • The is the number of (I I I’ fcrent

configurn t tons when the mel ecul es and h—bonds are moved around  In

the tet rahed ron . The ~ I s t h e  number  of wa vs the hvd r~~ en atoms0

can he placed nex t to the ox vgen  me I e ’  ul es. The two We i ~Y,tI

factors , the topo l ogica l a nd the orient at tonal , en ter  the 
- •

cal eul at ton in a dl f ferent wa v - In wha t follows , a n v t h  I ng that. 4
is simply called the weight factor Is the produc t of the

two : g1 
= (r~~~)1 for the 1th configuration.

In order to derive the ci uster rel a t Ions we obse rv e that

each cluster can be augmented by one more stt~ t o  form the next

larger (‘luster. Take for Instance to cluster (‘1110d up If this

cluster is completed Into a tetrahedron , t h e  added s i t e  c an  ho

either occupied or not occupied . This leads to:

+ 12w7 (2.1)

since occupation can take place In 12 dIfferent orh’ntatlonal

ways of the hydrogen atoms.Tho parameters x can be completed into

• a l i near combina t ion  of z’s and also into a linear combination of

• y ’ a • In such cases both relations should hold • Thi s procedure

is not unambiguous .  There is a b i f u r c a t i o n  in y .~ which can he

writ ten as two diff erent linear combinatio ns of ii ’s:

21 3
— it

2 
+ 12u 4 — u 3 + ru~ 

+ ~~~ (2 .2 )

These suhclnsters are defined In Figure ~~. It is clear that

during the construc t ion of these relations , one should use the

orientational weight factors. The normaliza t ion reintions of the 

.~~~~~ •
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w ‘a , the u ‘ a , the z ’ s , the y ‘s, and the x ‘ s , nse the total weight

factors. The resul I of the cal e t i l  at ion is given In Appendix I ,

in the form of a ma trix where all tripl e , pair and single cluster

parameters are wr itten as lin ea r c o m b i n a t i o n s  of the  t e t r a h e d r a l

cluster parameters , w~ (1 1 ,.•.,10). In Table I the y2

expression , for  ( - ‘~amp le , satisfies both the reght—hand u sums

( 2 .  2) . We now I ntroduc e the our model

3. DetermInation of the entropy .

The entropy for the tetrahedral model on a hodycentered

(I
cubic lattice can he written symbolically as

S — k ~~ 
~~ 

~~~~~~~~~~~~~~~~ — (3.1)

~V”~~~~
’ 

~Sr
~~~pj i N

where N is the total number of lattice points in the system .

This entropy expression is known to be the most efficient : one

when the tetrahedron is used as the v ar i ah l e 7 ’~~’ 10 ’ 11 for bce.

The powers in (3.1) are derived from the procedure of correcting

over—counting as mentioned in section 1. The curly bracket

notation is the standard one used in the CVM7’8’ 10’ 11 and is, for

example , - -

~~~ N~~ lV
(Nxi)!i (3.2)

• Using Stirlings appr oximation , we can w r i t e  ( 3 . 1)  exp l i c i t l y  as

• F_fl_ - _
- - - -- .- - --~---—-~-•— - _--.—.-— ——--.--• •~—• ~~~~~~~ ——-~~-—“‘~ ~~~~~~~~~~~~~~~
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(3.3)
L

~~~ — z.j ~ 4.

where L (x) is short for J (x) xlnx — x , and where the

variables u , z, y, and x are to be expressed in the variahit w.

We would like to point out that in Dell’ s calcu lation 1 the term

in w and the term in x were included hut that the ternis in u , z,

and y were omitted . Our expression (3.3) is known 12’13 to give

more r e l i ab le  r e su l t s  than the one used by B e l l .  We f i r s t  ma ke

the formula tion symmetric ; for instance we write :

3~~ (z~~) 3/2(~~~(z~~) + 
~~~~kl~~ 

(3.4)

and then compute the derivative which can be written in general

as: 

/ = - +3 -

~~~ kN’ fr’ J

-
I 

~~~~~~~~~~~J —3 (3;.5)

+ ~ ~~~~ 
‘~t4j _ t ~ ~

~~~~~~~~~~~~~~~~ 

vhere fl11 are the elements of the decomposition matrix (fl—matrix)

which is to be explained in (3.~~) below .

Let us make a short remark about the new labels: the

subscript s “ i jk l ”  repr esent 2~ — 1~ options. In a non—hydrogen

bonded model they can be replaced by five options with

appropriate weight factors In Fig.  2 they have to he

_____
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replaced by ten options to distinguish between the possible

presences and absences of the hydrogen bonds. We think the -

f igu re  spe aks for i t s e l f .

The el ements of the decom posit ion matr ix can be wr it ten

down immediately by considering the number of ways a tetrahedral

cluster can he broken up into its constituent elements; that is,

ieto triangles , double bonded pairs , single bonded pairs , and

sites. We found a simple relation between the elements of the

CR—matrix and the elements of the D—matrix:

= 
It ’c~t 

c - - 
(3.6)

L~) 
- 

-

where f1 equals four , except for the parameters z , wher e f 1 = 2.

This relation also has the practical value that it simplifies the

data input in the computation.

The breakdown of the tetrahed rons into subclusters is not

entirely unambiguous. The point variables x2 represent an

occupied site. The molecule on such an occupied site can be

oriented in two different sets of 6 directions and this will

determine how the diagram has to be completed into a y—pair.

Each completion can lead to a d i f f e r e n t  linear combination of

pair— clus ters  using y 3 or y 4 and there is no a priori guarantee

that these two equations give the same result for the variable

x2• The correct way to assur e this is to introduc e a separate

Lagrange mu l t i p l i e r , which lead s to a minor iteration in the

natural iteration method .~~ An a l ternate  way is simply to take

‘ .~i::~llhIF r .Til1 ~~~~~~~ TI
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the average , in this case one to seven. We computed both cases

and found not much difference in the final result for the order

parameters of the 10 tetrahedrons , at least not in the region of

temperatures and chemical potential used . The issue was not

fu r the r  persued because in the extended model 3 the two

or ientat ions of the mo lecule on a given site were ex plicit ly

Introd uced in the model and consequently this bifurcation does

not occur .

To construct GI N , the grand poten tial per lat tice site , we

have to add two more terms to the expression for TS. One

represents the energy of the various occupations of the cluster

and one term contains the chemical potential ; in total :

~ (~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

F (3.7)

Where ai is the number of occupied sites in the cluster w~ , i.e.

the number of b lack circles in w1 of Fig. 2. The expression for

the energies are written as linear combinations of the

three basic parameters : ‘~ b the pair energy in the absence of a
• /,- I

hydrogen bond , 
~~ ç,

tbe additional pair energy in the presence of

• a hydrogen bond and the next nearest neighbor repulsion .

The numerical factors stem from the fact that there are 6

• tetrahedrons per lattice site , containing a total of 24 sites.

F ina l ly  we add a Lagrange multiplier term , of the form :

(3.8 )

~~~~~~~~~~~~~~~~
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in order to maintain the normaliza tion condition.

Combin ing these rel ations , the grand potent ial G is

w r i t t en as~~~~ 

(c~~ — J~ . 
~~~~~~ 

.j (, ~~t

+~ , + Lt Z- ~- c C C~) (3.9)
I ~ I

— ~7~L° (x ~ •;‘~ ~~~~ ~
.-

When this is minimized with respect to w1, we obta in , for

example ,

b~U !7
~~~~~

(€ ~~~
q
~) ~~ ~~~~ _ 3P~~(~~~L~~ C~ 6 Lt6)

.
~., (3.10)

• 
= 0

This expression has an easily understandable physical meaning.

When we l ook at w 4 in Fig.  2 , we see that it contains 2u2’s,

2u6 a , 2z 2 ’s , y 1, 2y 2
1s , y 4, 2x 1

t s and 2x 2 ’s. These subclusters

appear in the equation. The coefficients on logarithm terms

originate in Eq.(3.9). Al l of the derivatives

~~ _________ -~~~~~—- _-~~_- .-• . ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~
•- • - . • •- • -
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~~~~ 

~~~~ (i — 1, ... , lfl) , which are  derived from Eq.(3.9), can

be interpreted in the same way.

When these derivatives vanish , we can see the meaning of

by forming

_ _  
(3.11)

Hence the Lagrange mult iplier )~
.._ is equa l to GI N  when the

iteration has converged .

From the grand potential we find immediately the pressure

p, since it is given by

(3.12)

• where a is the length of the edge of the bce cube. In order to

determine the equation of state we need to know the density .

• This quantity can he either expressed in terms of the a~~’s t h a t

• are used in the chemical potential term as

Z 
~~~~~~~~ 

14J~ ~~~~~~~~~~~~~~ &> (3.13a)

or directly by using :

12. Xz . (3.l;3b)

the relation between these two expressions can h~ obtained by

_____ 
j~ ~~~~~~~~~~~~~ •~~~~~ .. ~~~~~~ —— - -— -- ‘ - -- .-

~~~~~~~~~~~~~~~‘. • --•-~
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writi ng x2 in terms of the order parameters w1 as give n by the

column of the (‘fl—matrix. We find

C ( L ~~~~ 7~~ (3 . 14 )

Nex t we t’an com pute  the  two a d d i t i o n a l  observable  qtrnnl itles:

the number of nearest neighbor pairs , 18 (7y 3 + 
~4) and the

numbe r of next nearest neighbor pairs , 144 z3. These quantities

have been reported in X — r a y  e x p e r i m e n t s  and have the f a s c i n a t i ng

property t h a t  they remain  r a the r  “ i c e — l i k e ” in the low

temperature region of the liquid)4

Finally we report a similar , hut not directly observable ,

• quantity : the relative number of hydrogen bonded nearest

neighbor pairs:

— (3.15)

7 ’13 
~

Although this model cannot give the angular correlation between

two neighboring molecules , RH Is in a certain way a measure of

this angular correlation. The latter can be experimentally

extracted from the resu l t s  of polarized l igh t  sca t ter ing

experiments.

4. Choice of Energy Parameters.

- —~~~~
-
~~~~~~~~~

• -
• - -  k ~~~ —~----~~
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The model we used contains four adjustable parameters.

One more , the l a t t i c e  c o n s t a n t , i s  needed in case the g rand

partition function is converted into a pressure. These four

param eters a re :

1. the nearest neighbor attractive interaction in the

absence of the hydrogen bond ,

2. the additional attractive energy introduced when the

relative orientation between a pair of molecules l eads

to a hydrogen bond ,

3. a repulsive energy that discourages the simul taneous

occupation of next nearest neighbor sites. This can

‘
I

be introduc ed in the form of a repulsive three body

force or through two bod y ~next -neares t  neighbor)

repulsive force. The latter seems to us more

real istic .

It has been suggested that there may be a three body force

detectable in the vapor phase of water and other gases. Direct

evidence for such a force is hard to come by. Very often the

three body force was inserted in the calculations of the virial

coefficients to make up for discrepancies between the computation

and the experiment. The presence of open ice suggests that in a

certain range of temperatures and pressures, the occupat ion of

next—nearest neighbors is discouraged . (We can justify this in a

schematic way by proving that the number of relative orienta tons

with repulsive energy exceed s the number of pair orientations

~ ~~~~~~ —— • —- —- -~~• --~--~- -- -
~

-—
~~~

--—--—--—-----—-- — ——- -- •



Page 1(3

with attractive energy for next—nearest neighbor sites; see

Appe ndix II.) This can be accomplished in the model by

introducing either a next—nearest neighbor repulsive force or by

a repulsive three bod y force . 
-

As to the most realistic values for the interaction

constants , even if the interaction between wa ter molecules were

prec i sely known ,~~
’
~’
16’17 it Is hard to assess how potential

energy functions would have to he translated into the

parameters of such a schematic model. Roughly speaking the

interaction energy E i s  about 1.5 kcal/mo l (corresponds to

1k = 700K). To estimate the H—bond potential we use the

probability of broken 11—bonds as introduced by Luck and Ditter 16.

Their r e s u l t  for this probability P(T) can he represented by

P T)  -~-~4’ (2.~~vo/ y)

which leads to c/k = —500 for the Il—bond potential . Although

these values should not he taken too seriously, it is interesting

to notice that they lead to a critical temperature (and critical

pressure) that lies in the neighborhood of the observed values.

The nex t—nearest neighbor repulsion is very difficult to

assess. Hence we are only guided by the need that its value must

lie above (2/3)~ in order to obtain open ice at low pressure

values.

5. Results

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~~~~~~ 

--•--— -
~~~~~

— - - - - — —



r~ 
——

~~~~ --~~--.- --~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
—‘

~~~~~~~~~
——- -

Page 17

The computations were executed for a numbe r of potentials.

We report here only one or two eases, since it became clear that

this simpl e model always lacks details at high densities since

the average over two orientations were taken. The main search

was to see whether we could reprod uce the density maximum that

was found in the molecular field model. The potential that

showed the desired features most clearly is given by = 1000,

= 2500, and ~~. = 500 K. See Figure 3. The Isotherms areH

given for five different temperatures : T = 300, 325,350, 375 and

400 K. The points were obtained by l owering the absolute value

of , the chemical potential . J.) is negative. In each new

point the values of w ’s of the preceding point are used as

initial conditions for the iteration. Each isotherm starts at a

high density—high pressure point and then comes down In pressure.

At a certain value of the chemical potential , and corresponding

pressure , the number of iterations increases and the calculation

becomes susceptible to a transition to a different value of the

density. In this particular calculation this happens twice ,

except for the high temperature Isotherm which is smoothly going

from high density to low density. I~ can he seen from the

chemical potential versus 9 at low temperatures , that for the

given potential there are two different slopes , one between 0 and

1/2 and a di fferent one between 1/2 and 1 , consequently there are

two transitions : one from the low density or gas phase to the

one—half density or open ice phase and one from that phase to the

high dens i ty  or l iqu id  phase .
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The center part of the plot shows that the isotherms are

crossing each other. This implies that there is a density

maximum , s ince the densi t y  is the same at two different

temperatures . This is plotted separately in Figure 4. The

dotted line indicates the phase transition.

- I — 
—- -
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Appe ndix I

Cluster relation ((‘II) matrix. •

This matrix represents the value of each s ih c lu st e r  as

expressed in a l i nea r  c o m b i n a t i o n  of the prin cipa l clusters. The

10 p r I n c ip a l ( ‘lus te r s  a re  the possible occupa t ions  of the  four

sites of the  t e t r a h e d r o n  wIth and without hydrogen bonds.

Al though  t h i s  i n f o rn a t i o n  can he deduced from the t e x t , we repeat

i t  here so t h a t  we can  use it in future extensions of the model .

The matrix C is r el a t ed  to the decomposition m a t r i x  P in a simple

manner , see (3.6). We used this relation to check the matrix

elements of C. The results are given in Table I.

-
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Appendix II

Next nearest neighbor repulsion.

Since the nex t—nearest neighbor repulsion seems to be an

essential part of the model , we give the following suggestion

Suppose we deal with 3molecules , as shown in Fig. Al; each

molecule has a dipole moment , and takes 12 orientations dictated
-~

by the model . Then the dipole moment will be oriented

(twice) in the + x , +y, and +z directions , and the dipo lar

coupling energy between 1 and 2 and between 2 and 3 Is given by:

x :~

~~~~~~~~~~~~~~~~ 
(~u, p~~ P1 P~ 4F

~

- E - p~ ‘) ,
using the dipolar tensor. If we consider the six possible

directions of ~.) , we find that the lowest energy is obtained for

24 different arrangements. If we now consider the relative

orientations of dipole I with respect to dipole 3 we find that 16

have zero energy, 4 have energies that mutuall y cancel out and 4

are repulsive . These 4 are antiparallel along the z axis.

We may repeat this combinatorial excercise assuring the

presence of an 11—bond between either 1 and 2 or 2 and 3 and we

find again that the relative orientations between 2 and 3 in

which the dipolar interaction is repulsive are favored . Since

this reasoning depended on the presence of an intermediary

• - -—-~~~~~
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m o l e c u le  , this model seems to favor the concept of an effectIve

three bod~’ force. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ --_- ‘ - ______
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List of Figures

1. Insertion of the tetrahedron In the bcc lattice and its

subdivision in two diamond lattices.

2. Tetrahedrons with and without hydrogen bonding , and the

resulting suhclusters required to obtain the Kikuchi entrop y

expression.

3. Isotherms for T = 300, 325, 350, 375 and 400 K using the

potential given by ~ = —1300, 2500 and ~ 300 K. The

crossing of the isotherms means a density maximum .

4. Direc t computation of the density maximum for the same

potent ial .

5. (Al). Positioning of three molecules : 1—2 and 2—3 are

nearest neighbors and 1—3 are next—nearest neighbors.

T~~~~~
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C1u~ ter  R e l a t i o n s  with H-bond
I Weight 

- S
- factors 1 2 3 4 5 ‘6 7 8 9 10

-
~ 

~~~~~~~~~~~~~~~~~ 4
U1 1 1 1 ~‘ H

(12 2 12 : : 3/2 21/2

‘ U3 ! l ’ 12 1 - 1 2  ! . 
- 

-;

(14 1~ ( 12) 2 
. 1 3 9 -

7.18 1 ( i~/ 7 (~ ’!i~
)

U 6 : 2 ~ 18 1 12 - 
I

I I •
U7 1~ i2.6.1B . 1 7/2 17/2

~ 
•

U8j 2~ 18.12.1 1. ! 3/2 ‘ 23/2
— — — —  ‘— —•

~~~~~~
—

;z1 .1; 1 1 ‘ 2 4  144 0 0 ~~~~~~~ 0 O f  0 0

Z2 2 12 0 1 0 3 21 : 36 108 0 0 0

J Z3 1 (12) 2 0 0 1 
- 

0 0 6 ~
. 18 9/2 63 153/2

- r  - -  — - - - —  - : —  — 

~~~
•

— .t - — -
i - — - - -

~~~~
— - - -

Y 1 ’ l  1 1 2 4 ~~~~~~~ O 18 I126 0 0 0 0 • 0
I 

I

y2 2 12 0 1 12 3/2 21/2 ‘ 36 108 0 0 0 -:
~~Y3 1 7 . 1 8 o O ! O 1 o 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~Y 4 1  18 0 0 0 1~~~~~~0 24~~ 0 18 126 f 0

Xl 1 1 1 36 144 36 252 432 
1

1296 0 0 ‘ 0

X2 i 12 0 3. 3.2 3 21 3.08 324 54 756 918 -

- . — — - - - - 5 -- — - -~ — - — — — —  — — -
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