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Preface

This report represents the third year of research performed under the
auspices of the Joint Services Electronics Program at Texas Tech University.
The program is concentrated in the "information electronics” area and includes
researchers from both the departments of Electrical Engineering and Mathematics.
Specific work units deal with Quadratic Optimization Problems, Nonlinear Con-
trol, Nonlinear Fault Analysis, the Qualitative Analysis of Large-Scale Systems,
Multidimensional System Theory, Optical Noise, and Pattern Recognition.

Each work unit is represented in the report by a summary of the work per-
formed during the past year, a 1ist of pub}ications and activities in the area,
reprints of all papers.which have been published during the past year, and
abstracts of pending papers. In addition the report includes a list of all
grants and contracts administered by JSEP personnel and/or the department cf

Electrical Engineering and a list of all publications prepared by JSEP personnel.
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Significant Accomplishments Report

A. Feedback System Design

The feedback system design problem may naturally be subdivided into
two tasks:
i. satisfaction of design constraints and
ii. optimization of system performance. ‘
The first and foremost desian constraint is stability, though system specifi-
cations may also call for an asymptotic tracking and/or disturbance rejection
constraint. During the past year; working with a team of investigators from -
the University of Notre Dame, the University of California, and Texas Tech;
we have formulated a new algebraic fractional representation approach to the
feedback system design problem. Unlike classical design theories wherein a
single - solution to the given design problem is formulated, the key to our
approach is a parameterization of the set of compensators which achieve the

desian censtraints. As such, the design constraints of task i. are satisfied

and the stage is simultaneously set for the optimization problem of task ii.

The design theory is formulated in a very general algebraic setting and
is therefore applicable to any class of linear systems; distributed, multi-
variable, time-varying, multidimensional, etc. Moreover, we believe that the
techniques developed can potentially form the basis of an entire family of
design techniques for adaptive and robust control system. The initial part of
this research is described in a paper which will appear in a forthcoming issue
of the IEEE Transactions on Automatic Control while a second paper is in prep-

aration. Furthermore, we have initiated work on the robust and adaptive control

problems for which an M.S. thesis is presently in preparation.




B. Pointing and Tracking

During the summer of 1979 Professor T.G. Newman, while working on his
JSEP project at the White Sands Missile Range, developed an entirely new
approach to the problem of identifying multiple moving targets in a scene.
The target motion is assumed to be modeled by the elements of a Lie group
(of translations, rotations, magnifications, etc.) and the key to the theory
is the formulation of an equation of motion in the coordinate system of the
Lie group rather than in Euclidian coordinates. In this coordinate system
every point of a rigid body is moving at exactly the same speed. As such,
if one numerically computes a velocity profile from photographic data, the
resultant profile will be piecewise constant with distinct levels correspond-
ing to distinct objects.

Although formulated in a Lie group the required equation of motion can
be represented by a nonlinear partial differential equation in Euclidian space,
thereby, permitting the theory to be implemented via standard numerical tech-
niques. Indeed, Newman has experimentally implemented the theory using actual
photographic tracking data taken at White Sands. In particular, he success-
fully applied the algorithm to an extremely noisy sequence of photographs of
an aircraft moving in front of a mountain which had been the subject of several
previous unsuccessful attempts at analysis.

C. Eigenvalue Computation

In large-scale system theory, one often encounters the problem of computing

the eigenvalues for a continuously parameterized family of large sparse matrices.

As an alternative to the classical approach of discretizing the parameter and
using a standard eigenvalue code at each parameter value we have developed a

new continuations algorithm for eigenvalue computation. Basically, one
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formulates a nonlinear ordinary differential equation whose trajectories
represent the eigenvalue loci of the given family of matrices. One then
computes the eigenvalues for an initial matrix, using a standard algorithm,
and uses these eigenvalues as initial conditions for the differential equation
in a numerical integration scheme to compute the eigenvalues of the remaining
matrices in the family.

The key to our continuations algorithm is the formulation of the required
differential equation, so as to minimize the computational effort required to

implement the numerical integration scheme. To achieve this goal one must ex-

_ploit the sparseness of the given family of matrices and simultaneously mini-

mize the number of matrix inversions employed. With these points in mind we
have formulated and tested three alternative continuations algorithms for the
solution of the eigenvalue problem; one based on the LU algorithm, one based

on the QR algorithm, and one which employs a Hessénberg form.
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1. Title of Investigation: Quadratic Optimization Problems
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Other Funds:
Total Number of Professionals: PI's_1 (1 mo.) RA's 1 (1/2 time)

()] w +> w "N
. . . . .

Summary:

The goal of the work unit is the development of techniques for the design.
of modern robust, adaptive, and decentralized control systems. To this end
a powerful quadratic optimization theory previously developed by the author
will be employed along with a new feedback system design theory developed by
the senior investigator and several colleagues under the present work unit.
By combining these techniques we have developed a new quadratic optimal control
theory for feedback systems with unstable plants. Moreover, a modified version
of this theory has been developed in which one includes an additional term in
the performance measure to reduce the sensitivity of the system to plant per-
turbations. As such, by controlling the weight of this term, one may obtain a
tradeoff between system performance and robustness. In another direction we
have developed a new approach to suboptimal control theory which is capable of
handling systems with non-quadratic performance measures, decentralized systems,
and noniinear systems.

The major result obtained during the past year has been the formulation of
a new feedback system design theory in which we give an explicit parameterization
of the class of alil possible compensatcrs which stabilize a given feedback

system. Moreover, the resultant feedback system gains are linear in the design




R - parameter. As such, by working with this parameterization, we characterize
§ all compensators which achieve the stability constraint while simultaneously
simplifying the process of choosing a compensator within this class. A paper

describing this work has been accepted for publication in the IEEE Transactions

= T—

on Automatic Control. At the present time we are in the process of extending
4 this theory to obtain a similar characterization of the compensators which

stabilize a given plant and simultaneously cause it to track and/or reject

T' prescribed inputs.
éi In parallel with the above described work we have developed a new approach
4 to sub-optimal control theory which is applicable to non-quadratic, nonlinear,

and decentralized control problems. Basically, we approximate the given

problem by a linear quadratic problem and compute the classical linear regula-
tor for this problem, relative to a specified set of weighting matrices. This
regulator is then used in the actual system with its performance measure being
: minimized over the choice of weighting matrices used to construct the linear

quadratic regulator. A reprint of a conference paper in this area is included

in the oresent report. This describes the general technique and its appiication

to tne design of an aircraft landing system.

A final aspect of the work is in the decentralized control area and is
represented by a reprint of a paper recently published in the IEEE Transactions
on Automatic Control. This paper proves a surprising theorem to the effect that
k" decentralized control is just as powerful as decentralized control from the
point of view of pole placement (but not optimization) in an interconnected
dynamical system.

7. Publications and Activities:

A. Refereed Journal Articles
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8. Reprint of "On the Decentralized Control of Interconnected Dynamic Systems",
by R. Saeks from the IEEE Transactions on Automatic Control,
Vol. AC-24, pp. 269-271, (1979).

On the Decentralized Coatrol of Interconnected
Dynamical Systems

R. SAEKS, FELLOW, [EEE

Abstract—It Is shown that the fixed modes of an Interconnected dy-
namical system under decentralized coatrol are precisely the uncoatrolls-
ble and unobservable states of the individual system compooents. As such,
the system can be stabilized by decentralized controlless if and ouly if Its
individual system compooents can be stabilized. Moreover, these coodi-
tioas are shown to be equivalent to the conditions for stabilizing the system
using a global controller.

INTRODUCTION

Given a linear system with partitioned inputs and outputs

% L]
X=FX+ 3 By

y=CX imlL2: -, M
it is desired to design a family of dynamic decentralized controllers

Z,=S,Z;+ Ry,

- chl S Kiy‘
which place the poles (eigenvalues) of the resuitant feedback system in
prescribed locations. In its most general form the solution to this
problem was given by Wang and Davison [1}. Their solution is for-
mulated in terms of the (diagonally) fixed modes of the system

0F,B,C)= NN(F+BK,C). 3)

i=],2.n )

Here, B and C are the matrices S=row(8’') and Cw=col(C’), respec-
tively, A(M) denotes the set of eigenvalues of the matrix M, and the
intersection is take over the set of block diagonal (complex') matrices X,

received February 23, 1978; revised October 16, 1978. Paper recommenced
by D. Siljak, Chairman of the Large Scale Sy DAt ial Games C This
work was supported i part by the Joint Services Elec'omics Program at Texas Tech
Univervity under ONR Contract 76-C-1136.

the Dep of Blectrical E. Texas Tech Unsversity,

The suthor is with
Lubbock, TX 79409.

'Precisely the same theory cas be [ d for sy h i by real
matncss. Although in that case the arguments are complicated by the fact that ome must
work with pairs of compiex conjugate eigenvalues to preserve reality.
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whose partition is comformable with the partitions of B and C. Using
this concept of fixed modes, Wang and Davison (1] and Corfmat and
Morse (2] showed that the eigenvalues of the system can be placed in a
prespecified open region of the complex plane using the dynamic de-
centralized controllers of (2) if and only if &, lies in that region. More
precisely, they showed that 8, represents the set of cigenvalues of F
which cannot be moved by any family of decentralized dynamic con-
trollers, while all remaining eigenvalues of F can be arbitrarily placed by
an appropniate choice of decentralized dynamic controllers [2].

If one observes that F+ BK,C is just the state matrix for the given
system with the static decentralized feedback matrix X, the above result
can be interpreted as a characterization of the eigenvalue placement
properties of the system under dynamic decentralized control in terms of
its eigenvalue placement properties under static decentralized control.
Indeed. the theory states that those eigenvalues which can be moved at
all by static controllers can be arbitrarily placed by dynamic controllers,
whereas those eigenvalues which are fixed under all static controilers are
also fixed by dynamic controilers (1], [2].

Since the partitioning in (1) is arbitrary, the above-described theorem
can be applied to the classical case wherein the given system has only a
single input aad output, in which case the fixed modes of the system are
given by

8(F.B.C)= NX(F+BKC) 4)

where the intersection is now taken over arbitrary matrices X which are
conformable with 3 and C. Of course. in this special case & F,5.C)
reduces to the usual set of eigenvalues which are either uncontroilabie or
unobservable {4]. Moreover,

8(F,B,C)CH,F.B,C) (%)

since the intersection used to define 4 is taken over a larger set of
matrices than that used to define §,. Equation (5) formalizes the intui-
tively obvious fact that a system which is “stabilizable™ by a family of
decentralized controllers is also “stabiiizable™ by a global (centralized)
controiler.

The purpose of the present paper is (0 show that (5) holds with
equality in the case where £, B. and C represent the dynamics of an
interconnected dynamuical system (4] in which y, and y, denote the local
inputs and outputs associated with a given system component. As such,
1a that special case the eigenvaiues of the system can be placed in
prespecified locauons by decentralized dynamic controllers whenever
they can be piaced in the same locations by a zgiobal dvnamic controiler.
Although the class of interconnected dynamical systems is considerably
smaller than the class of decentraiized systems studied by Wang and
Dawvison er al.. the design of the local controllers for the components of
an interconnected dynamical system 1s the “physical problem™ which
usually motivates the study of the general decentralized control problem.
As such, we believe that the above result is significant.

The class of interconnected dynamical systems which we consider is
characterized schematically in Fig. | and mathematicaily by the set of
equauons

X =AX +8a,
yi=CX,
A
a= 2 LY+
/=l

im],2, 0 (6)

Here the first two equations represent the dynamics of the ith compo-
aent, whereas the third equation defines the interconnection structure in
which the uaput to the /th component is taken to be a linear combination
of the outputs of the various components (including the ith) and an
external control. The fact that the control inputs 4, are not multiplied by
compensator matrices implies that the local controllers, given by (2),
have full access to the inputs of the individual system componeants, and
similarly, that the output of the individual system components is fully
accessibie to the controllers.
For notauonal brevity (6) may be restated in block matrix form as

IBEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-24, NO. 2, APRIL 1979

Fig. 1. Inwrconnected dynamical system wich local controllers.

X=AX+Ba 2
y=CX @]
amsLy+u

where X =col(X;), a=col(a;), y=col(y,). u=col(v,), A =diag(4,), B=
diag(B,), C=diag(C,), and L=mat(L¥). Combining these into a single
equation for the overall composite sysiem. we obtain the composite state
model

X=FX+Bu

y=CxX (8)
where

F=A+BLC. 9

Moreover. upon observing that

e S (10)

im]
and

y=CX = 2.---.n (11)

where B8' = ¢col(0,0,---,0,8,,0,---,0) -and C' =
row(0,0,---,0.C,,0,- - - ,0), we see that (8) naturally decomposes into the
form of the decentralized control problem of (1). In (8), however. the B8'
and C, matrices take on a special form, whereas they are arbitrary in (1).
Indeed, it is this special form which vields the desired equality in (%).
Intuitively, this implies that the ith local controller may drive only the
state of the ith system component, although that state may, in turn, drive
the remainder of the system through the connection equations. Similarly,
the ith local controller may observe only the state of the ith component,
with the remaining components being observed only indirectly through
the state of the :th component.

MamN THEOREM
Using the above notation, our main theorem may be stated as foilows.
Theorem: For the system of (8)
0,F.B.C)=&(F,B,C)=@(A.8,C)= (_ &A,.8,C). (12)

Proof: To show that & F,B,C)=¢(A.B,C) we simply observe that
MNF+BKO)=mA(A+B(L+K)O)=A(A+BK'C) (13)

where XK'= L + K. As such, the same set of matrices are spanned if one
takes the intersection of the A(F+ BKC) over X or the intersection of the
AA + BK'C) over X', and hence & F, B.C)=&(A, B, C). Moreover, since
A, B, and C are block diagonal, &(A.B.C) is just the union of the fixed

10
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modes associated with each block. Given (5) to prove the validity of the
first equality of (12), it suffices to show that §(F, B,C)C&(F,B.C). For
this purpose, we desire to show that if A is not in §(F, B, C) then it is not
in 0 F, B,C). Initially, we assume that 4, B, and C are partitioned as 2
by 2 matrices, the general case following therefrom by induction. If A is
not in &(F, B,C), then there exists a X (dependent on A) such that det
(A1 =(F+BKC))»0 and we desire to construct a block diagonal X,
also dependent on A, such that det (Al =(F+ BK,C))»0. To this end we
writs out the matrix F+ BXC in partitioned form and expand its
determinant via the formula for the determinant of a 2 by 2 partitioned
matrix (3], obtaining

Owdet(Al = (F+ BKC)) =det(Al = (A4 + B(L + K)C))
Al=4,-B,L"C,-B\X"'C,! -B,LYC,-B,K"(,
E M-A;—B,LaC,-l,KnC;
-M(AI‘A| ‘3|L“C| - B,K"Cl)
et [Al =y = ByLEC, = ByKBCy(ByLYC, + B,KPC))
‘(Al=4,-8,L""C, - a,x"c.)"(a.z.'zc,u.x“c,)]
=det (A= 4= B,L!'C, - B,K"'C\)det[A1 - 4, - B,L7C,
-8, K7C;- B,LYC, (A1 - 4, - B,L"'C, - B,K"'C,) ' B,LUCG;

(14)
where

KZ = KB4 KUC (A -4, - B,L''C,- B,K''C,)”'B,L"
+L¥C(A1-4,-B,L"C,- B,K"'C,) "' 8,k"?
+KUC,(\1—4,- B,L"C,~B,K"C)'B K (19)

Here
Al Ln
oo fir ] A
and
KU xa
e Hi ] o

K, via

K.-[*n (18

and computc detAl -(F + BK,C)), we obtain
det(Al =(F+ BK,C))=det(A\1 = (4 + 8(L+ K)0)),

- ByLYC, M-A,— B,L7C,- B, K G,
-‘l!(xl“A|"|L"C|"'\K"C|)
detA1- 4y~ B,L7C, - 8, K P C,
= BLIC\(M =4, = B,L''C, - B,K"'C,)”'B,L1"C, ]
wdet(Al = (F+ BKC))=0. (19)
Thus, there is at least one block diagonal K, matrix such that ) is not an
eigenvalue of F+ BK,C showng that A is not in 4 F, B,C). Note that,
in general, X, is complex even for a real K if A is complex. To obtain a
real K, one would have to work with complex conjugate pairs of

cigenvalues rather than single eigenvalues. Since this would further
complicate an aiready complex derivation, we will not attempt to con-

struct a real K, here. Also note that we have assumed that the upper
left-hand comer of the matrix of (14) is nonsingular.

To extend the above argument from 2 by 2 partitioned matrices to n
by n partitioned matrices, we repeat the above construction n— | times
as follows. Given an n by n matrix

Fxn b g2t gl I g
---L--J--* :':::;::
Klllxnlxu! <
B G e Sl 4

K= K% N x| g | | K3
efd N R, o B
R e T tecaen 4
X ;s X" 3 K" E 5 : K-_J

such that det(\l = F+ BKC)»0 it is partitioned into a 2 by 2 matrix as
shown by the double line whence the above argument is employed to
formulate a matrix

B, <L T T O B S
E==%===J-I==+ +ltl$l

o k%, x7, K"
PR eaT e 7";‘1

K= Y e B e 15' @

R
S U e T Vs —peceed

o ST IES L Lg®

such that det(Al - (F+ BKC))»0. This matrix is then repartitioned into
lmZbymexushmbythedoublehnemm)mdtheptom
is repeated. Since the 1-1 entry in the partitioned matrix is not affected
by the process, this results in a new matrix of the form

K\ | 0 1] 0 I | 0-
e e e o T
1 20 | |
0 15 L} 0 | I 0
===q==a==n== :F:!;::
K= 0 I 0 KT 1 K 22
i er R RS o e RN sl
3 n 1 1
fredecdaas o SR
o (o cg™: . 1"

such that Al =(F+ B_ISC)-O. Repeating the process »— | times eventu-
ally results in a block diagonal matrix X, such that det(Al = (F+ BK,C)
0, showing that if A is not in &(F,B,C), then it is also not in
8/F,B,C), thereby verifying that §(F, B,C) is contained in 8(F,B,C)
and completing the proof of the theorem.

Given the theorem, for the class of interconnected dynamical systems,
local control is just as good a global control from the point of view of
pole placement. From the point of view of optimal control, howeve:,
global control will, in general, still be superior since it gives one a greater
range of options (4].
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9. Reprint of "Optimal Selection of Weighting Matrices in Kalman Regulators”,
by C. Karmokolias and R. Saeks from the Proceedings of the
21st Midwest Symposium on Circuits and Systems, Iowa State
Univ., August 1979, pp. 72-76.

Abstract

This paper suggests an approach to optimally selecting the weighting matrices in
a Kalman regulator, by minimizing an arbitrarily defined performance index.

1. INTRODUCTION AND PROBLEM STATEMENT

The solution of a common class of control problems
involves minimizing a functional J, termed the
“performance index" over a class of functions
which are the allowable inputs to the system. In
general, J represents a compromise between the
system's performance and the energy content of the
system's inputs. More precisely, the problem may
be formulated as follows

t
w2 e e xe) v urte) Ruo) at
% (1.1)
subject to
%(t) = F(t) x(t) + 6(t) u(t) (1.2)
x(ty) = (1.3)

The Q and R matrices in Equation {1.1) are called
the "state weighting matrix" and the "input
weighting matrix", respectively. Both terms in
the integrand of Equation (1.1) can be thought of
as cost functions. The x°(t) Qx(t) term repre-
sents the energy expenses needed to achieve such
a trajectory. Very often the off-diagonal entries
in the Q and R matrices are assumed to be zero.
Then, the two matrices also represent measures of
relative importance among the states and the
various inputs of the system.(l)

Thu;, the designer must select the two weighting
matrices Q and R. Frequently, the selection is
made ‘by trial and error.(]) An approximate pro-
cedure is suggested in (2). In this technique,
an entry in Q is arbitrarily selected and the re-
maining entries in Q are R are obtained by assum-
ing: '

(1) The maximum contributions to J by the
x-(t) Qx(t) must occur simultaneously in time.

(2) The total contribution of the x°(t)
Qx(t) term must equal the total contribution of
the u“(t) Ru(t) term.

Obviously, the first assumption is not always
valid, whersas, the second is indeed quite arbi-
trary. In some rases, the Q and R matrices are
obtained by solving the Inverse Control Probiem
where a linear control law is assumed for the
feedback and then the weighting matrices are ob-

tained from Equation (1.1) subject to this con-
dition.(3'4)

In any case, the selection of weighting matrices,
although a matter of experience and ingenuity, is
generally suggested by factors external to the
system. In most cases, the plan S, which is to
be controlled,is a subsystem of a general system
and so it is factors in ¥ which dictate the per-
formance specifications of S. Thus, Q and R




could be selected by examining the effect that the
performance of S has upon I. i

Hence, consider a linear dynamic system S which is
a subsystem of a system I, as shown in Figure 1-1.
Assume that S is controlled by a Kalman regulator

)

Figure 1-1. A General System I

where the Q and R matrices are to be specified.
Assume that a functional on I can be defined as

J = rf n(x(t), u(t), t) dt (1.4)

%

where h(.,.,.) is some given function, possibly
nonlinear. Then the problem may in general be
formulated as follows:

Min J, = ftf h(x*(t), u*(t), t) dt (1.5)
Q.R

to
subject to
Min  Jg = [Bf (x°(t) Gx(t) + u”(t) R u(t)} dt
u(t) t, 0.8
subject to :
X(t) * F(8) x(t) + 6(t) u(t) el
x(to) . %, (1.8)

where u*(t) is the optimal solution of Equation
(1.6) and x*(t) is obtained from Equation (1.7)
and Equatfon (1.8) by setting u(t) = u*(t). To
ensure a unique salutfon of Equation (1.5), it is
assumed that h(-,-,+) 1s convex in Q and R and
that one of the entries of R is arbirarily set to
1.

The solution of Equation (1.6) is given by(3)
ur(t) = R-VG-(t)P(t)x(t) (1.9)

where P(t) is the solution of the matrix Riccati
Equation

14

L) o Fe(e)p(t) - P(EF(E) +
+ P(E)S(EIR"! 6-(t)P(t) - Q (1.10)
P(tg) = 0 (1.1

Then substituting Equation (1.9) into Equation
(1.7) x*(t) is given by 3

x*(t) = 'x(t'to)"o (1.12)
where ox(t.to) is the iolution of

4 (tt)) = [F(8)- a(e)rTer(e)p(2) 0 (t,ty) (1.13)

4 (t.t) = I. (1.24)

Since, in general, h(x*(t), u*(t),t) is not given,
it appears on first sight as if one has traded the
arbitrariness in selecting Q and R for the arbi-
trariness in selecting the performance index "t‘
Although this is in fact true, the non-linearity of
h(x*(t), u*(t), t) makes the selection of Jp much
easier than the selection of Q and R. In fact,
concepts from utility theory and decision theory,
are readily applicable thus facilitating the se-
lection of J:.

On the other hand, the problem of Equation (1.5) is
to be solved only once over extended periods of
time. Thus, though h(x*(t), u*(t), t) is in gen-
eral a complicated functional, the computational
costs are not prohibitive.

2. SCALAR EXAMPLES

It is assumed that the system dynamics are given as

e » bl <aty (2.1)
x(to) % (2.2)

and the S performance index is given as
I * fotadie) o uPen e, (2.3)
The Riccati equation is

4 Plat) = ae) + p2(q,t)-9 (2.4)

P(q,1) = 0 (2.5)




Following a method described in (3), an analygic
solution for Equation (2.4) is obtained by solving
the augmented differential equation

4 gene | | etem (2.6)

ai » = 1 » .

o(t.t) =1 (2.7)
The eigenvalues of Equation (2.6) are

N2t RS (2.8)

The eigenvectors associated with the eigenvalues
of Equation (2.8) are °

1 1
-+ /rrn] %2 s /q_TT]

p1 -
(2.9)
Then
1 1

. -(1+ g +1 (<1+ /A4Q+T) | (2.10)
and

1 1 (“ & m -1

R 2o

Thus, a fundamental matrix for Equation (2.6) is
-1

a(t) = pep (2.12)
where
oY 8 | ot CER 0
0 et AT (513

Thus, a transition matrix for Equation (2.6) is

o(t, T) = o(t) o(t)"! (2.18)
But since

ool (1) = (p1) e Tp ! peTYp! (2.15)
Equation (2.14) becomes :

v(t,7) = pelt-TVp"1 (2.16)

Hence, since o(T,T) = I, the solution of Equa-
tion (2.6) is o(t,T) = ¥(t,T). (2.17)
Then, the solution of Equation (2.4) and Equation
(2.5) is

P(q.t) = 0, (t,T)- on(t.T)" (2.18)

Substituting and performing the indicated calcula-
tions, :

q[_,(t-l)/izT o e‘("‘)‘ﬂ*'}
P(q,t) (41 + JqeTYel 107G T |

(1 + @Tye-(t-17aT  (2.19)
Hence, by (3), the optimal input is
u*(t) = -P(q,t)x(t) (2.20)

Then, substitqting Equation (2.20) into Equatfon
(2.1), ;

& xx(t) = -(1 + Pla,t)xx(t) (2.21)

Integrating Equation (2.21) and using Equation
(2.2), :

x*(t) = x, - exp [-t- [‘ P(q.0) do] (2.22)
0

It is now assumed that the I performance index is
of the form

Case 1 J, = Il (0 - x*(t)32 + [ur(t)1%1dt )

o .
Thus, substituting Equation (2.20) and Equation
(2.22) into Equation (2.23)

1 t 2
g = Io([l.-xoe'(t & Io P(Q.a)dc)lz .

t
+ [-Pla,tixge(t L P(a,0)doh2)4e  (2.24)

where P(q,t) is given by Equation (2.19). The q
minimizing Equation (2.24) is calculated for sever-
al values of Xq using numerical integration tech-
niques.

At this point a brief discussion of the problem may
be useful. Refer to Figure 2-1. As indicated the
performance required from the system is indeed
quite unrealistic. But this should be expected
since J: does not necessarily consider the phy-
sical limitations of the system. Furthermore,
given any initial condition Xqo the optimal se-
lection of q is not obvious.

In Figure 2-2, the q minimizing Equation (2.24) is
plotted versus the initial condition x_. As seen

0
85 Ry = 2% Qoge * 1. This is reasonable since
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Figure 2-1. Required Versus Actual Performance.
Solid Lines are the Required Performance Whereas
Cotted Lines are the Actual.

.
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Figure 2-2. Optimal q Versus Initial Condition X
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for |"°| befng very large,
(x(t)-1)? » x(t)? (2.25)

and hence, equal importance is placed upon the

_ state and the input terms of J:. Equation (2.23).
As X, goes to zero from the positive side, the

state approximates its requirement better and
better and hence the regulator is "instructed" to
emphasize the input cost by decreasing q. For X,
between 0 and 1, qwt {s equal to zero. This also
was to be expected since for positive initial
value the response of the first order system is al-
ways bounded above by its natural response.

Hence, the regulator is "instructed® to totally
"{gnore" the state in an attempt to force the
system to achieve the state upper bound. When

X, * 0, by Equation (2.20) and Equation (2.22),
x*(t) = u*(t) = 0. Thus, by Equation (2.3), %t
{s indeterminate. Once X, becomes slightly nega-
tive, the regulator 1s “instructed” to drive

x(t) to zero as soon as possible since x(t) is now
adding to the error. As x, becomes more and more
negative, the error in the input becomes signifi-
cant also, and thus, as stated earlier, q”t
approaches 1. Thus, it was seen that even in this
case where one normally would not use a Kalman
regulator, the results agree with intuition.

fase 2 az-fcn-c-x«nf+(mun%a

" (2.26)
A Kalman regulator is 2 more "natural” controller
for this case. Yet the ccments made for the pre-
vious case are also applicable here. Figure 2-3
shows required versus actual performance and
Figure 2-4 shows the q minimizing Equation (2.26)
versus the fnitial condition x_.

°
x(t) u(t)]|

"op\ .
: k ——
F 1 0} /’ 1

1§

Figure 2-3. Required VYersus Actual Performance.
Solid Lines are the Required Performance Whereas
Dotted Lines are the Actual. -

%opt,
‘ﬁl/ X

o
Figure 2-4. Optimal q Versus Initial Condition x
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3. APPLICATIONS

The proposed approach could be applied in several
real world situations. One such case is the land-
ing of an afrcraft, where a Kalman regulator could
be used to drive the afrcraft from some initial
state X, to a zero state. Generally speaking, one
{s interested in a safe, comfortable and economical
landing. Towards achieving these goals, certain
restrictions have been or could be imposed on the
states and the inputs of the system, either by law
or regulation or as a matter of policy or merely
due to the physical limitations of the aircraft.
These restrictions are then used to determine the
overall system performance of "z'

Another case is the control of a large system con-
sisting of a number of interconnected subsystems.
Several schemes have been proposod(s's’n where a
Kalman regulator is used to contral each subsystem
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independently from the others. The main differ-
ences in these schemes arise in how should the
couplings be handled. More often than not, the
assumption of weak couplings is made. In the
numerical approach suggested here, no assumption
is made about the nature of the couplings and thus
the method s equally applicable to systems with
either strong or weak couplings. The J: index
could even be assumed to be quadratic in this
case. So, assuming that the Q and R matrices for
the overall system are given, one seeks the
weighting matrices for each of the subsystaas

To officiently porfom the desired minimization,
an efficient algorithm for the calculation of the
solution of the Riccati equation is desired for
the various entries in the.Q and R mtrices.(a)
Though not presented here, an algorithm has been
derived where the solution P is calculated by
first obtaining the value of P for the initial
point (qo.ro.to) and then solving two linear, time
invariant differential equations to obtain the
value of P at some other point (q,r,t).

In fact, it was the efficiency of this calculation
that dictated the choice of the present approach
over the alternative offered by the Inverse
Control Problem, since in the latter case, the
optimization had to be carried over a time vary-
ing matrix K(t), rather than a time independent
matrix (Q + R), a task considerably more diffi-
cult.
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10. Abstract of "Feedback Systems Design: The Factional Representation Approach
to Analysis and Synthesis" by Desoer, C.A., Liu, R.-W.,
Murray,J.J. and R.Saeks, to appear in the IEEE Transactions
on Automatic Control.

The problem of designing a feedback system with prescribed properties

. is attacked via a fractional representation approach to feedback system

analysis, and synthesis. To this end we let H denote a ring of operators with
the prescribed propertiés and model a giveﬁ plant as the ratio of two operators
in H. This, in turn, Teads to a simplified test to determine whether or not a
veedback system in which that plant is embedded has the prescribed properties
and a complete characterization of those compensators which will "place" the
feedback system in H. The theory is formulated axiomatically to permit its
application in a wide variety of system design problems and is extremely
elementary in nature, requiring no more than addition, multiplication, sub-

traction, and inversion for its derivation even in the most general settings. ’
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11. Abstract of "Suboptimal Control with Optimal Quadratic Regulators" by
C. Karmokolias and R. Saeks.

The purpose of the present paper is to describe an approach to fhe con-
trol system design problem, wherein, one designs a quadratic regulator for
an approximation of the given system but chooses the weighting matrices
for the regulator to optimize its performance as a controller of the actual
system, relative to a prescribed (not necessarily quadratic) performance
measure. The advantage of such an approach is that the resultant regulator
has the same "ease of implementation" and most of the "stability characteristics"

associated with the classical LQG problem. The advantage is that the system

performance is suboptimal.
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12. Abstract of "Suboptimal Design of an Aircraft Landing Systems" by
C. Karmokolias and R. Saeks.

The design of an aircraft landing system is carried out via a sub-
optimal algorithm. In particular, a specific optimal controller is obtained

by restricting the design to the class of quadratic regulators for an un-

‘constrained linear approximation to the given system. A suboptimal controller

is then chosen from within that class by optimizing over the choice of weight-
ing matrices. The resultant control system compares well with previous designs

and was obtained without undue computational effort.
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Summary :
The goal of the work unit is the development of a control theory for

4 a large class of nonlinear system via differential geometric techniques. To

; this end we have formulated a global controllability theory for the differential

|
i equation
E
1

k
x = f(x) + 1.Zluigi(x) {i

in which the reachable sets from any initial state are characterized and we are

g presently investigating the possible extension of this theory to the observ-

ability and stabilizability problems.

Qur main activity during the past year has been the formulation of the

aforementioned controllability theory. This is based on the additive nature

of equation 1. and exploits the fact that a state trajectory must move with the

. =

| flow of the homogeneous equation |

x = f(x) e

or along the integral curves of the gi(x). A natural candidate for the boundary
of a reachable set is therefore an integral curve since the controls cause the
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i; trajectory to move along the integral curve rather than across it. As such,
i the only way a state trajectory can cross an integral curve is with the flow
%r of the homogeneous equation. Although scme rather powerful differential
g geometry is required to formalize these ideas they can be put together into a
f} rigorous characterization of the reachable set in state space from a given
P initial condition. In particular, equation 1. is globally controllable if,
' and only if, no integral curve on which the flow of the homogeneous equation
‘l is unidirectional separates the state space.
These ideas have been described in six publications, three of which have

appeared and are reprinted in this report, while we are presently pursuing the
%l extension of the approach to the observability and stabilizability prcblems.
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Abstract. Consider the noniinear system
x(8) = flx(1)) + 2. u(1)g(x(2)), x(0)=x €M

where M is a C*® real n-dimensional manifold, f, g,.....8, are C* vector
fields on M, and u,...,u,, are real-valued controls. If m=n—1 and f,
g\»---:8n are linearly independent. then the system is called a hypersurface
system. and necessary and sufficient conditions for controllability are
known. For a general m, | <m<n—1. and arbitrary C* vector fields. f,
)+--+18m assume that the Lie algebra generated by f, g,,...,8. and by taking
successive Lie brackets of these vector fields is a vector bundle with
constant fiber (vector space) dimension p on M. By Chow’s Theorem there
exists a maximal C® real p-dimensional submanifold S of M containing x,
with the generated bundle as its tangent bundle. It is known that the
reachable set from x, must contain an open set in S. The largest open subset
U of S which is reachable from x, is called the region of reachability from
xo- If O is an open subset of S which is reachable from x,, we find necessary
conditions and sufficient conditions on the boundary of O in § so that
O=U. Best results are obtained when it is assumed that the Lie algebra
generated by g,.....8, and their Lie brackets is a vector bundle on M.
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1. Introduction

Let f, g,.....8= be C™ vector Tields on 'a connected C* real n-dimensional
manifold M. If u,,....u, are real-valued controls, then we examine the controlla-
bility of the system

x(1) = fix(1))+ i u()g,(x(2)), x(0) = x,EM.

The system is called a hypersurface system if m=n—1 and if f, g,,....g,_, are
linearly independent on M, and necessary and sufficient conditions for control-
lability are given in [S]. For a general m, 1<m<n—-1. we know that the
reachable set of this system contains an open subset of the real p-dimensional
submanifold S of M given to us by Chow's Theorem. Here we assume that the
Lie algebra generated by f, g,.....84 and by taking successive Lie brackets of f,
815---+8m IS 2 vector bundle with constant fiber (vector space) dimension p on M
and that f. g,,...,8,, are complete vector fields on M (which may not be linearly
independent on M).

Let U be the largest open subset of S which is reachable from x,. We call
such a set the region of reachability from x, If U=S. we find necessary
conditions on the boundary of U(3U) in S so that U is the region of reachability
from x,. If O is an open subset of S containing x, which is reachable from x,,
we give sufficienc conditions on d0 in S so that O = U for certain systems.

The hypersurface case is the nice case in which complete answers can be
derived. In section 2 of this paper we discuss the results from (5] for hyper-
surface systems. Section 3 contains necessary conditions that an open subset of
S be the region of reachability from x, for a general system. In section 4 we
discuss sufficient conditions on the boundary of an open set in S so that this
open set is the region of reachability.

II. Hypersurface Systems

Even though the results of this section are restricted to hypersurface systems
(with linearly independent vector fields f. g,..... 8n-1)

=1

(1) = flx(1)) + 2 u(t)g(x(0)). x(0)=x,€M 2.1

our definitions (with the exception of Definitions 2.3 and 2.4) apply to general
systems

m

(1) = fix())+ 2 u(ng(x(r)).  x(0) = xoE M. (2.2)

Let T(M) denote the tangent bundle of A with fiber T, (M) for xeM. If X
is a vector field on M (i.e. X is a global section of 7(M)) then a is an integral
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curve of X if a is a C* mapping from a closed interval / CR into M such that

%‘—'l-;\'(a(:)) il © €L

Definition 2.1 [8). If D is a subset of T(M), then an integral curve of D is a
mapping a from a real interval {#,7'] into M such that there exist 1=1/,<1,
<...<t, =t and vector fields X,,...,X, in D with the restriction of & to [¢,_,4]
being an integral curve of X, for each i=1,2,... k.

Definition 2.2. Let D be a subset of T(M) and let x,EM. A point xEM is
D-reachable from x, if there is an integral curve a of D and some T >0 in the
interval for a such that a(0)= x; and a(T)=x. A subset A of M is D-reachable
from x, if every point x €A is reachable from x,.

Since the D we consider is the subset of T(AM) given by the vector fields in
(2.1) or (2.2) we drop the D from D-reachable. For hypersurface systems as (2.1)
we know that there is an open set in M which is reachable from x, and which
contains x, in its closure.

Definition 2.3. The largest open subset U of -M which is reachable from x, for
system (2.1) is called the region of reachability from x,. If U= M, we say that the
system is controllable from x,,.

Definition 2.4. Let O be an open subset of M and let x€30. Then f points in
the direction of O (or towards O) at x if there exists an open neighborhood W of
x in M such that the vector assigned by f at x, projected into M (by the
exponential map). and intersected with W —(x} is contained in O. If this is true
for every x €90. then f points in the direction of O on 30.

If f points in the direction of O at x€90 and if 30 is C' near x. then there
is some open neighborhood W of x in M so that the integral curve of f (moving
in positive time) starting at x and intersected with W—{x} is contained in O.

The following result from [5] gives necessary and sufficient conditions on
the boundary of an open set of M for this set to be the region of reachability of
a hypersurface system. Recall that a C* submanifold B of M is an integral
manifold of the linearly independent vector fields Y,..... Y, on M if T(B) is the
space spanned by Y,,....Y, at y for each point y € B.

Theorem 2.5 [5). Suppose xo€ M and O is an open subset of M which contains xq

in its closure and which is reachable from x,. Then O is the region of reachability .

U from xo of the system (2.1) if ard only if 30 is an integral manifold of
81.-++8n- and [ assigns vectors on 3C) which point in the direction of Q. In fact,
the smallest open subset U of M witk xo € U (the closure of U) satisfying 9U is an
integral manifold of g,.....8,_, and f points in the direction of U on U is the
region of reachability from x,.

As a corollary we proved in (5] that if there is no integral manifold of
8.----8x - Which disconnects M in some sense. then the system (2.1) is control-
lable from any x, & M. Also if such integral manifold exists. but the vector field f
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assigns vectors on each which always point in both directions relative to the
manifold (i.e. if an integral manifold N divides M into two components, then f
assigns vectors in the direction of one component at some points of N and
toward the second component at other points of N), then the system (2.1) is
controllable from any x, € M.

The hypersurface case is ideal in the sense that we obtain clear cut solutions
to problems concerning reachability and controllability. For this reason we use
it as a model for our system (2.2), even though we don’t get as satisfying results
in general du¢ to the inherent nature of the system. The difference seems to be
that U is an integral manifold of g,,...,8,-, in the hypersurface case, which
implies that OU is a C™ manifold. This is not true in general for nonhyper-
surface systems.

III. Necessary Conditions

We need to state several definitions and results before considering the general
problem. Again, let M be a connected C* real n-dimensional manifold. If
Sfis--oof, are C® vector fields on M, we define the Lie bracker of f, and So 1 <i,
J <r,izj, by :

o
[£o] = 52t = 525

The set of vector fields { f,,....f} is called involutive if there exist C* functions
¥;x(x) on M such that

(fuf)(x) = 21 V()i (x).
k-
We state the following version of the Frobenius Theorem from [1].

Theorem 3.1. Ler fi(x),....f.(x) be an involutive collection of C* linearly inde-
pendent vector fields on M. Given any point x,€ M there exists a unique maximal
C® submanifold S of M containing x, such that T (S) is the space spanned by
Si(x)y... f(x) for ecery xES: ie. S is the unique integral manifold of
Si(x),....f(x) through x, and contained in M.

It is well known that under the conditions of the Frobenius Theorem. M is a
C* (n-r)-parameter family of C* r-dimensional manifolds.

Next we consider the possibility that the set of vector fields f,(x), ...,f(x) is
not involutive. Suppose f,(x),...,f,(x) are complete (i.e. the integral curves of
each f ar defined for all — o << ). Given f, for each ¢ (exp(f) defines a map
of M intu stself which is produced by the flow on M defined by the differential
equation x=f(x(s)), and (expf)x, denotes the solution starting at x, and
moving in the positive time sense. Repeated exponentials like (exp¢fy) (exp ¢f,)x,
mean that we start at x,, move along the integral curve of f, for positive ¢ units
of time, and then along the integral curve of f, for positive ¢ units of time. We
denote the smallest subgroup of the diffeomorphisms of M with itself which

contains exp¢f for all fin {f,....[,} by (exp(/f}}s
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Let L, be the Lie algebra of vector fields generated by f,,....f, and by
taking successive Lie brackets of these vector fields. We assume that this is a
vector bundle with vector space dimension p on M. Defining {(exp{f}.,}q»
{exp( £} )Xo and {exp{f}.,}xo in the obvious manner. we state the following
version of Chow's Theorem (see (1]).

Theorem 3.2 [2]. Given any point x, € M, there exists a unique maximal C*™ real
p-dimensional submanifold S C M containing x, such that (exp{f)}s}xo=
(exp(f)L,)gXo=S. This S is the unique submanifold of M through xq having L,
as its tangent bundle.

Thus, under the hypotheses of Chow's Theorem, M is a C® (n—p)-
parameter family of C* p-dimensional manifolds.

We now return to our system (2.2) and let L, be the Lie algebra of vector
fields on M generated by /, g,,....8. and by taking successive Lie brackets. If we
could control the drift term f from (2.2), then the reachable set from x, €M is
equal to S. assuming that the hypotheses of Chow’s Theorem are satisfied for
the vector fields f, g,,...,2,. We generalize Definition 2.3 as follows.

Definition 33. Let f, g,,....8,, satisfy the hypotheses of Chow's Theorem with
the dimension of L, being p. If S is the C*® p-dimensional submanifold of M
through x, of Chow’s Theorem and if f is treated as a drift term without control,
then the largest open subset U of S which is reachable from x, for system (2.2) is
called the region of reachability from x,. If U=S, we say that the system is
S-controllable from x,.

An obvious question is that given a system

x(¢) = f(x(1)) + ﬁ u()g,(x()). x(0) = x, €M,

satisfying Chow's Theorem, is there a nonempty open subset of S which is
reachable from x, when f is the drift term? This question is answered affirma-
tively by the proof of Theorem 3.1 in [8]. Thus Definition 3.3 is not vacuous. We
remark that the work in [8] is for real analytic vector fields and real analytic
manifolds. However. the advantage of real analytic over C* is that the Jacobian
matrix of a real analytic map that has maximal rank at some point must have
maximal rank at almost all points in the appropriate sense (see (8]). In (7] Krener
gives an interesting proof of the existence of a reachable open set in S.

Unlike the hypersurface case. we do not require that f, g,,....g,, be linearly
independent on M. Unless otherwise specified. for the remainder of this article

‘we assume L, is a vector bundle with vector space dimension p, that f, g,,....8,.

are complete vector fields. and that § is the manifold through x, given by
Chow's Theorem. Also. since we can use unbounded (both positive and nega-
tive) controls. we may as well assume it is possible to move along the integral
curves of g.....8,,.

In the following definition 4 and B are C' submanifolds of M of dimen-
sions k and n— k respectively.

33

e N P R T RPN Tt

T




v — e

L. R. Humt

Definition 3.4. The manifolds 4 and B intersect transversally at a point xEAN
B if and only if T,(A)® T, (B)= T (M), where © denotes the direct sum.
We need a sequel for Definition 2.4.

Definition 3.5. Let O be an open set in S and let x €90 (taken relative to S).
Then f points in the direction of O (or towards O) at x if there exists an open
neighborhood W of x in M such that the vector assigned by f at x, projected
into S (by the exponential map), and intersected with W —{x} is contained in
Q. If this is true for every x€00. then f points in the direction of O on 30.

- If f points in the direction of O at x&€90 and if 30 is C' near x, then there
is some open neighborhood W of x in M so that the integral curve of f (moving
in positive time) starting at x and intersected with W —{x} is contained in O.

Definition 3.5. Let O be an open set in S and let xE€00. Then f points in the
direction of O (the closure of O in S) at x if and only if there exists an open
neighborhood W of x in M such that the integral curve of f starting at x and
intersected with W is contained in O. If this is true for every x€4d0, then f
points in the direction of O on 30. !

Our first result concerning necessary conditions parallels Theorem 3.2 found
in [5]. Let L) be the Lie algebra generated by g,.....g, and their Lie brackets.
and let { L)}, be the restriction of L} to the point x.

Theorem 3.6. Let O be an open set in S which is reachable from x, for system
(2.2), and let x be an arbitrary point in 30. Suppose there is an open neighborhood
W of x in M such that W N30 is a C' real (p-1)-dimensional submanifold of S. If
any one of the following conditions holds. then O is not the region of reachability
Jrom xg:

1) the dimension of (L} . as a vector space is p.

ii) the integral curve of some g, | <i<m, is transcersal to 30 at x,

iif) f assigns at x a vector which does not point in the direction of O.

Proof. The neighborhood W of x in M will be made smaller whenever
necessary.

If 1) holds at x then it holds for all points in W N3J0 since p is maximal by
the assumption on L, and L, C L,. Suppose that each g, 1 <i <m, assigns oniy
tangent vectors to WN30: i.e. none of the g's is transversal at any point of
W N 30. Then the Lie algebra generated by g,,...,g,, and successive Lie brackets
is contained in the tangent bundle to W NdO, a contradiction since this bundle
is (p-1)-dimensional. Thus there is a point y € W N 9O arbitrarily close to x with
the integral curve of some g, | <i<m, transversal to 90 at y, and i) reduces to
i), :
Suppose that condition ii) holds at x. If the integral curve of g, chosen
arbitrarily from g,.....g, and renumbered if necessary. is transversal to 30 at x.
then it is transversal to 30 in W Nd0. Following the integral curves of g, in §
that begin at points in O which are sufficiently close to x, and continuing past
W N30, we have that O CS is not the region of reachability from x,. This is
true since O is reachable from x,. :

If iii) is true at x, then the arguments given in ii) with f replacing g, implies
that O is not the largest reachable region from x,. O

34




m——.

TR

Controllability of General Nonlinear Systems

We state a result similar to the necessary part of Theorem 2.5 under the
local assumption of a C' boundary.

Theorem 3.7. Let U be the region of reachability from x, of the system (2.2).
Suppose dU is a C' manifold for an open neighborhood W of x€3U in M. Then
W N AU contains the integral curves of g,,...,8» in W which intersect 3U, and f
assigns vectors to W N U which point in the direction of U. Moreover, there is an
open dense set in W NU for which the vectors from f point in the direction of U.

Proof. It is obvious from Theorem 3.6 that we need only prove the last
statement of Theorem 3.7. Suppose there is an open set V' in W N oU for which
the vector field f is contained in the tangent bundle to V. Then the bundle
generated by f, g,,....8. and their Lie brackets on V is contained in the tangent
bundle to the (p — 1)-dimensional manifold V. This contradicts our assumption
that the vector space dimension of L, isp. . g

In addition to our hypothesis that the dimension of L, is p, suppose that we
also let the dimension of L/, be constant on M. Given any point x € M, Chow’s
Theorem gives us a C* maximal integral manifold through x with L} as its
tangent bundle. [n Theorem 3.7 we would have that 3U must contain these
integral manifolds if x€aU.

The following theorem from [6] will allow us to reduce somewhat the C'
assumption of Theorem 3.7. The statement concerning a C % boundary can be
relaxed to C'. or we can simply replace C' in our preceding resuits by C2.

Theorem 3.8 [6]. Letr M be a C™ manifold of dimension n, and let H be a
subbundle of the tangent bundle to M with vector space dimension n— 1. Suppose
U C M is an open set with the property that if O C U is an open set having a C*
boundary then for each x €30 N AU we hate T (00)= H, (the vector space of H
at x). Then for each point x E3U, there is a neighborhood V of x. a real valued-
function h&€ C>(V) with nonzero differential for all points in V, and a closed
nowhere dense set E CR such that

1) dUNV={(xEV|hx)EE),

2) for each | EE. S;={x & V|h(x)=1} is an integral manifold of H. i.e. the
boundary of U is foliated by integral manifolds of H.

Under the restriction that L) is a bundle we need no differentiability
restrictions as in Theorem 3.7.

Theorem 3.9. Ler U be the region of reachability from x4 of the system (2.2). If
the vector space dimension of L', is the constant p’ <p on M, then 3U contains the
C= p'-dimensional integral manifolds (or more generally. the foliation of such
manifolds) of the bundle L, that intersect dU. Also the vector field f always points
in the direction of U on 3U.

Proof. Let x be any point in 3U. There is an open neighborhood W of x in M
which consists of a C™ (n~p’)-parameter family of p’-dimensional integral
manifolds of L. Since L,CL,, WNS consists of a C® (p—p’)-parameter
family of p’-dimensional integral manifolds of L,. Take an arbitrary C™
1-parameter family of the p’-dimensional integral manifolds the union of which
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contains x in its interior. This l-parameter family forms a C*® (p'+1)-
dimensional manifold L containing x, and L] is a p’-dimensional subbundle of
its tangent bundle. If L (or an open neighborhood of x in L) is contained in 3U,
there is nothing to prove. If 3U N L contains an open set in L and x is a
boundary point of this open set, then we simply choose another L so that this
does not occur. Otherwise, we apply Theorem 3.8 with U replaced by UN L, U
by 0UNL. M by L, and H by L/, and Theorem 3.7 (see the remarks after the
proof of Theorem 3.7) to complete the proof of the first conclusion.
Suppose x €9V and f does not point towards U at x. Moving along the integral
curve of f starting at x we reach a point in U, the complement of U in S.
Starting at all points in dU for an open neighborhood ¥V of x in 3U, by
continuous dependence on initial data and uniqueness of integral curves, we
find that we can reach an gpen set in U from V. It remains to be shown that we
can reach an open set in U from U, a reachable set. Now all integral curves of f
which pass through ¥ fill up an open set in S containing x in its closure. Since
the intersection of this open set with U contains an open set with V in its
boundary, we can reach an open subset of ¥ along integral curves of f from U.
Hence U is not the region of reachability from x,, a contradiction. [

Suppose there exist no sets in S like 3U of Theorem 3.9 which disconnect §
in the appropriate sense (see Corollary 4.3 in {S]). Then our system is S-control-
lable from an arbitrary x, € S. :

If L,=L, (i.e. p=p’), then by part i) of Theorem 3.6 the system (2.2) is
S-controllable from any x,€S. If p’=p— . then the system has many proper-
ties of the hypersurface system (2.1).

Theorem 3.10. Let U be the region of reachability of the system (2.2) from x, and
assume that p'=p—1. Then 3U is an integral manifold of the bundle L, and f
assigns vectors on dU which point in the direction of U on QU and in the direction
of U for an open dense subset of 3U.

Proof. Since p’=p—1, we have by Theorem 3.9 that dU is a C* integral
manifold of L. The statement concerning f follows from Theorem 3.7 O

This concludes our discussion of necessary conditions for C* manifolds M.
If M is real analytic and if our vector fields on M are real analytic, then
statements of the Frobenius Theorem and Chow's Theorem exist (see [1]) which
will improve some of our results. We shall not go into this matter in this paper.

1V. Sufficient Conditions

Given x, € M and S containing .x,, sufficienii conditions for an open set O C S to
be the region of reachability from x, for a general system like (2.2) are of
interest to us. One such result in the literature applies to the system

£(1) = () + w(D((D),  x(0) = %, € M. @)

Theorem 4.1 [4). Let L’ be the Lie algebra generated by f and g in (4.1), and let
Ly be the smallest subalgebra of L’ which contains g and is closed under Lie
bracketing with f. Suppose that for all h in L, we have [h,g]=a,g for some
constant a,. Then the reachable set from x, is equal to

36




T A Ve

. . i
W

bttt Suts RATRMAESHEES:

PRTE oo

Controllability of General Nonlinear Systems

{expLo}(exptf)xo-

For a system that behaves like a hypersurface system as in Theorem 3.10, we
have the following theorem.

Theorem 4.2. Let xoE M and let O be an open subset of S C M which contains x,
in its closure and which is reachable from x, for (2.2). Suppose that L, is a vector
bundle with dimension p’=p—1 on M. If 30 is an integral manifold of the bundle
L), and if f points in the direction of O on 30. then O is the region of reachability
U from xq.

Proof. Since f points toward O, f and the bundle L/, must be linearly indepen-
dent on 30. If O is not the region of reachability, then there is a point x €40
and a neighborhood W of x in S which can be reached from x,. Let X ,,....X,,
be a basis for L, in W. Since 30 is a C* integral manifold of L/, Lie brackets
of the form [X],X)], 1 <i.j < p’,i#j, yield no “new” directions in which to move
from WNAO (i.e. the set {X,,...,X, } is involutive). Because f, X,...,X,. span
T(S) on W, brackets like [f,X,], i=1,...,p’ give us vector fields on W which are
linear combinations of f, X 1reees Xy The same is also true for successive Lie
brackets. Not being able to control the drift term f, the only linear combinations
which arise from these brackets and which indicate directions that we can move
are those with a nonnegative coefficient for the f term (see the proof of Theorem
4.3 in which a more general case is considered). Since f points toward O, and 00
is an integral manifold of L), we are unable to move outside of O, and in
particular, reach W.

The above proof follows that of the sufficient conditions for the hyper-
surface case given in [5]. These proofs depend on the fact that [f,X], where
X € L), near some boundary point of O, must be a linear combination of f and
basis elements in L. There are no “new” directions, given to us by some Lie
bracket, that we can move.

The following interpretation of the Lie bracket is taken from [3]. Let fand g
be vector fields on a manifold M and let x, € M. Then [f,g] is the tangent vector
at x, to the curve segment

:-»exp(—\/t'f)exp(—\/Tg)exp(\/;}')exp(\/?g)xo (¢>0).

We return to our system (2.2) and let x4,.M,S,L,, and L) be as before. Our
next theorem is the converse statement of Theorem 3.9.

Theorem 43. Let O be an open subset of S CM containing x, in its closure and
which is reachable from x,. Suppose that L', is a vector bundle with vector space
dimension p’ on M and 30 contains the C™ p’-dimensional integral manifolds of
L), that intersect it. If f points in the direction of O on 30, then O is the region of
reachability from xq for the system (2.2).

Proof. If we are to reach an open set in the complement of O. 5 then we must
pass through 0 at some point x €30. It is obvious that an open subset of O
cannot be reached by using the integral curves of f (in positive time) or_the
integral curves of any section in the bundle L. Moreover, we cannot reach O by
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using a linear combination of these with a nonnegative coefficient for the f(x(1))
term. Hence we must consider Lie brackets of the form [f,g],1<i<m, and
higher order brackets of this type.

If we travel along an integral curve of f in positive time, then we assume that
we can return along this curve until the starting point is reached. We consider
{f.8] at x, our point in 30, for some i, | <i <m. First we move from x in the g,
direction for V¢ units of time, and we remain in 30 since 3O contains the
integral manifolds of L}. Next, moving along f for V¢ units of time, we stay in
O because f points in the direction of O on 0. If f left us in 30, then using — g
for V't units of time keeps us in 30. If fleft us in O, then we stay there. Finally,
moving along - f for V1 units of time either leaves us in O which is fine, or in
O, which is impossible since we cannot control f. Hence we can start an integral
curve at x in the direction of [f,g] if and only if [ f,8] points towards O. This is
true for all i=1,...,m and also for [ g, /] at x. By repeating the above argument
for successive Lie brackets, we find that we can start an integral curve at x in the
direction of a particular bracket if and only if that bracket points in the
direction of O at x. -

Thus the Lie brackets at x will not let us reach an open set in O, and O is
the region of reachability.

Suppose that we knew an open subset of S could be reached from x, which
contains x, in its closure. Let U be the smallest open subset of S with xo & U and
satifying the hypotheses of Theorem 4.3. By Theorem 3.9 we can reach U, and
we would have the following result.

Conjecture 44. Let xo€ M and let U be the smallest open subset of S containing
Xg in its closure and satisfving the hypotheses of Theorem 4.3. Then U is the region
of reachability from x, for system (2.2).

In the conclusion of Theorem 3.9 and in_the hypotheses of Theorem 4.3 we
have that f must point towards O on 30 (or U on 9U). Suppose there is an open
neighborhood W of x €90 so that all integral curves of f that intersect W N30
actually are contained in ' N 30. Since 3O contains the integral manifolds of
L, following integral curves of f and g, I<i<m, in WNJdO leaves us in
W N90. But this contradicts the fact that the vector space dimension of L, is p
and Chow's Theorem.
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Abstract

Suppose M is a connected paracompact C™ n-dimensional manifold and f, B)reeerB
are complete C™ vector fields on M, We examine the system o
n
R(t) = £(x(c)) + ] u (e)g, (x(2)), x(0)=x €M,
i=1
where ujy,...,u, are real-valued controls. Under the assumptions that the Lie
algebra generated by f, 81ve-+18m and the Lie algebra generated by gy....,8n are
vector bundles of dimensions p and p' respectively, with p'<p, we characterize
the largest open subset of the submanifold § of M (given by Chow's Theorem)
which is reachable from xg for our system. If M is a real-analytic manifold and
f, B1s+++8y are complete real-analytic vector fields, then the assumption that
the Lie algebra generated by f, 8),...,8x is a vector bundle of constant dimen-

sion can be removed. In addition the requirement that the Lie algebra generated
by 21+..¢:8m I8 a vector bundle of constant dimension, can be weakened.

1. IMTROOISTION

Let M be a connected paracompact C~ n-dimensional
=anifold, and let f, ByeeeeoBy be complete C™ vec-
tor fields defined on M. If Upeeeesu are real-
valued controls, we are interested in character-

izing the reachable set of the system
n
x(e) = f(x(r))+ § u (e)g (x(8)), x(0) =x €N
i=1
(1.1)

We assume that the Lie algebra LA generated by f,
gl.....gﬂ and their Lie brackets is a vector bun-
dle of dimension p. By Chow's Theorem we know
that the reachable set is contained in a C* p-di-
mensional submunitfold S of ! which is the integral
9" (1),(2) For the real
analytic case and the C® case we know that an open

manifold of LA through x

subset of S is reachable.(8),(7) Krener's proof
is quite nice in that he shows that we can go up

one dimension at a time until an open subset of §

g reached Thisg rnarallels :he nne dim:n:isn at a
time proof of Greenfield which is concerned with
holomorphic extension theory in several complex
variables under the assumption of constant dimen-
sion of the Levi algebra.(4) Working through
Krener's proof we find that it is possible to reach
an open subset of S which is arbitrarily close to
Xg
The largest open subset U of S which is reachable
fronm X, for cthe system (1.1) is called the region
of reachability. If we assume that the Lie algebra
L; generated by gl.....gm and their Lie brackets {s
a vector bundle with vector space dimension p'<p,
then ‘the region of reachability of (1.1) from X,

is a connected open subset of S, which we now call

*Research supported in part by the National Science
Foundation under NSF Crant MCS76-05267-A01 and by
the Joint Services Electronics Program under ONR
Contract 76-C-1136.
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the domain of reachability. Using published re-
sults we show that the domain of reachability U is
the smallest open subset of S containing X in its
closure and satisfying the following conditions.
(5) The boundary of U contains C™ p'-dimensional
integral manifclds of LR, and the vector field f
assigns vectors on oU which point in the direction
of U. 1f ' = p we know that we reach all points
ir S. For the rnal-nnily:ic case we can remove
some of our assumptions on the dimensions of LA
and LA. (6)

Seccién 2 of this paper_ contains defiritions, and

we prove our result concerning'Fhe domain of reach-
ability of the system (l.1) in section 3. In sec-
tion 4 we assume that M and F. gl'f"'sn arg.real-
analytic and improve our main result, Theorem 3.1,

for this case.

2. DEFINITIONS

Nenote by T(M) the tangent bundle to our a-dimen-
sional manifold M. If x€M, then Tx(H) is the
tangent space in T(M) at x. For X a vector field
on M, a curve * !s an integral curve of X ‘i a is
8 mapping from a closed interval ICR into M so
that

42(8) = x(a(r)) for all r€l.

44

i 0 is a sulse. o” T, then an integral curve
2f D is a mapping 1 from - real intecval (c,t']
into 1 such that there exist t = :°< :1< e S tk

= ¢' and sections xl.....xk of T(M) in D with the
restriction of * co [:L-l'til being an integral
curve of xi, for each L & 1,2,...,k. For xoirl,

a point x€M is D-reachable from % if there is an
fategral curve 1 of D and some T > 0 in the inter-

val for 2 such tha: a(0) = *q and (T) = x. A

subset A of M is D-reachable from X if every point

x €A is D-reuchable from g

In the remainder of this article the set D of in-
terest to us is cthe subset of T(M) given by the
svstem (1.1). Hence we drop the D in the above

definitions.

Let S be a p-dimensicnal submanifold of M, let O
be an open subset of S, and le:t x€30. A vector

field f on M points in the directfon of O (the

closure of O in S) at x if their exists an open
neighborhood W of x in M so that the integral curve
of f starting at x and intersected with W {s con-
tained in 0. If this occurs for every point x € 30,

then f points in the directicn of O on 30.

Given C” vector fields f and g on M, the Lie
bracket of f and g is given by

. 38 ¢ 3
[fosl ox g % 8,
where g&

uX

we can take successive Lie brackets like {f,{f,g]],

{(g.(E,8]], etc.

denotes the Jaccbian matrix. Of course

' As before LA is the Lle algebra generated by f,

Byree B from (1.1) and all successive Lie
brackets. If LA is a vector bundle with vector
space dimension p, Chow's Theorem together with
results of Krener show that we can reach an open
subset of the C® p-dimensional submanifold SCM
through xo.(7) The largest.open subset U of S
which is reachable for (1.1) from X is the regiom

of reachability from 50. 1f U = S, we say that
the system is S-controllable from Xqe

In the next section we give a characterization of

the region of reachanility of our syscem.
3. THE DOMAIN OF REACHABILITY

Our objective is to prove the loliowing resuit for
system (1.1). This theorem can be found elsewhere
for the case m = n-1 and f, Byvereado g linecarly
independent on M.(5)

Theorem 3.1. Ilet O be the smullest open subset of
S containing X in {ts closure andAsatlsfyLng the
following propertics. Suppose that the Lie algebra
LA' generated by LIREERRT A and successive Lie
brackets is a vector bundle ol vector space dimen=
sion p'<p on M and 30 cencains the ¢ p-dimen-
sional integral manifolds of L; that intersect it.
If f points in the direction of 0 on 30, then O is
the region of reachability from 5 tor our system.
The following two results give necessarv conditions
and sufficient conditions for an upen set to be the

region of reachability from x, for (1.1).(6) In

0

both theorems we assume that Ll has constuant vector

ki
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space dimenslion p' <p on M.

Theorem 3.2. Let U be the region of reachability
from N of our system. Then 3U contains the C*
p'-dimensional integral manifolds of LR which in-
tersect it and f points in the direction of U om
au.

Theorem 3.3. Let O be an open subset of SCM con-
taining Xy in its closure and which is recachable
from x,. Suppose 30 contains the C® p'-dimensional

integral manifolds of L, which intersect it and £

A
points in the direction of O on 30. Then O is the
region of reachability -from Xy for the system

(1.1). - L ..

Proof of Theorem 3.1.

As mentioned earlier Krener's proof shows that
arbitrarily close to any reachable point is a
reachable open set in £.(7) Thus we can reach an
open subset V of S which contains x, in its clo~
sure. From the definition of reachable, it is
obvious that we can choose V so that V is con-
nected. By the proof of Theorem 3.2 we can assume
that oV contains the integral manifolds of LA

which intersect it and { points towards V on 3V.(6)

We rirst show that V is connected. Suppose there
exist two disconne:ted components V  and V, of V
with a poinc xeéilln BVZ. Then the unique tace-
gral nanifold N of LA through x i3 contained in
WVIﬂ nvz and { puints in the direction of Gl and
YZ on this manifold. 1f every point on N is an
equilibrium point for x = f(x(t)), then we contra-
dict the fact that the vector space dimension p'
of L; is less rhan the vector space dimension p of
LA on l. Thus we may as well assuia that the dif-
ferential equaticn x = £(x(t)) has no equilibrium
poiats on M. Xach solution of % = f(x(t)) which
stires at a poiat in N nust remain la both 3V, and

1
3V, since f points towards V. und V, on 3?1 and

SV:. respectively. Thurough iarh pofnz of 3Vlﬂ JVZ
we have an integral manltold of L;. Hence we have
a subset ot avln 3V2 which contains hoth integral
curves of f and integral manifolds of LA. It is
impossible that the vector space !imension of LA

{5 p on this subset, a cortradiction. Since V is

41

connected, it follows that V {s counected.

Ry Theorem 3.3 we have that V is the region of
reachability U from Xy for our system. It remains
to show thac in fact V = 0. Since x € 3VN30 and
90 satisfies the conditions concerning LR and f,
the argument given above shows it is impossible to
have VNO = @. 1If V # 0, then there is a point
x€30N3V, and a repeat of the same argument with
obvious changes implies a contradiction. Hence O
is the connected region of reachability U of (1.1)

from X, Q.E.D.

Theorem 3.1 completely characterizes the region of
reachability U (or more correctly, the domain of
reachability) of our system by determining condi-
tions that must be saéisf&ed by 3U. Of course, it
would be nice to develop a computational method for
finding integral manifolds of subbundles oi the
tangent bundle. Research in this direction is cur-
rently being done by Michael Freeman in the case
chat M {s a real-anaiytic manifold aad £, Byoeces
8, are real-analytic vector rields on M. For this
reason we prove an impioved version of Theorem 3.1

in the real-analycic case.
4. REAL-ANALYTIC CONTROLLABILITY

In this section we assume that M and f, RyveeesB
are real-unalytic. Thus we can apply the real-
analytic version of Chow's Theorem which allows us
to remove the assumption that the Lie algebra LA
generatud by f, CIERRRRT and thetir Lie brackets
is a vector bundle of dimension » on M.(1l),(3) If
this Lie algebra has dimension p at KO' then there
is a real-analytic p-dimensional submanifold § of
M through Xy which contains the reachable set.
With this in mind we state and prove the next re-

sule.

Lf O is the smallest open subset ot S contrining X,
in its closure such that f polats in the direction
of 0 on %0, chen 0 is the region of reachability
from %5 for our system providcd one of the following
conditions is satisfied.

i) The Lie algebra LA generated by CPRERERY.

n
and succes-ive Lie brackets is a vector
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bundle of dimension p' <p on M and 30 con-

tains the real-analytic p'-dimensional in-

tegral manifolds of LA that intersec: {t.
i1) The Lie algebra LA generated bv By o8y
and successive Lie brackets has dimension
P at x, and 30 contains the real-analytic

integral manifolds of L;‘ that intersect it.

Proof. The statement regarding 1) follows directly

from Theorem 3.1.

Suppose that LA has vector space dimension p at

x Since our vector fields ure real analytic,

tge set of points in S where this dimension is
less than p are nowhere ‘dense in 5. Let S' be the
largest connected open component of $ which con-
tains x, and on which the dimension of LR is p.

By known results we have that we can reach an ogen
neighborhood of any point at which the dimension
of L} is p.(6) Thus ' is a reachable set which
is contained in the region of reachability of our
syscem. [f S' = S we have ncthing to prove, and
we assume that 33'CS is nonempty. Let x be an
arbitrary peint in 3S'. Since the dimension of

L; at x i{s less than p, bv the real-analytic ver-
sion of Chow's theorem there is a real analycic
manifold N (which {s the unique integral manifold
of L;) through < of dimension less than p. 3e-
cause the dimension of L; is constant along this
maniiold, % cannot move lnco any open subset of S
where the dimension of LA is p. Taus N must re-
main in 3S8', und 3S' consists of the integral man-

ifolds of LK that intersect it.

17 the f{ategral curve of f starting at some point
% in 3S' moves into the complement of 3', the same
is true for al! points in 3S' near x. From this
we conclude that an cpen subset of the complement
of §' can be reached by starting at points in S'
nrear 38, Thus ve assume that [ points in the di-
rection of §' on 3S', implying S' = 0, Since the
integral manifolds of LA which intersect 3S' = 30
are contained in 5O and since f points towards O
on 30, a repeat cf the arguments given elsewhere
shows that U is the region of reachability from x

0

Jor our system.(6) In this case X5 is actually an

interior point of O because the dimension of L\'

at xo {s p. G.E.D

For an example we co&sider the system in Rz,

X(6) = 1(x(£)) + u(O)g(x(8)), x(0) » x) €R?, (1.2)
where f and g are real-analytic on Rz. Suppose
that we want to reach a polht X inARZ frem Xy
First we compute the Lie algebra LA generated by
f and g at Xg* If the vector space dimension at
xo is 1, there {s an l-dimensional integral mani-
fold N or LA through xo.
tegral manifold, there is no hope to reach it. If

If x is not in this in-

x is an element of N, then we must check for equi-
librium points of g in N. If %9 is an equilibrium

point, then le divides N into two components Nl

and 4,. [f € points in the direction of ﬁl at x4

and x €54, or {f f points in the direction of ﬁz

at x5 and xeﬂl. then x is not in the reachable

set from Xo* So we assume that f points in the
direction of N, at x

1 0
check all equilibrium points of g in N, between x

and xENl. Thus we must

)
and x, including x itself. Lf at any such point,
the vector [ points in such a direction that the
integrul curve of f moves in N towards x., then we

0
cannot reach X,

Suppose that the dimension ‘of LA at 9 is 2. Then
there is a unique {ntegral manifold, which we alse
call N, of L through L that contains the reachablie

set of our svstem from Xq* We assume that X, and

x are nct equilibrium points of 3, that x €N, and
that the equilibrium puvints of g do not separate N
{nto 2 or more components (remember that this set
of vquilibrium points {s nowvhere dense in Y). Thus
we can delcete the set of equilibrium points of g,
and we denote by N' the remaining subset of N. This
sct N' is & connected real-analytic mauifold. Ve
have that the dimension of LR‘ the Lie algehra con-
sisting of just g itself, is 1 on N', By Theorem
3.1 the problem of determining {f x {is reacuuable
from X reduces to the problem of deciding if x is
in the region of reachability from xo or not. This
theorem completely characterizes the region by
giving necessary and sufficient conditions on its
boundary. Hence we ask if there is an integral
curve of g which separates N' into two components,
one containing x and the other cuntaining e such

that f peints in the direction of the closure ot
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the component containing X 1f such an integral
curve exists, we cannot rcach x from X0* Con-
versely, if such an integral curve does not exist,
then x is reachable from L
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10. Reprint of "Control]ability of Nonlinear Systems" by L.R. Hunt from the
Proceeding of the 12th Asilomar Conference on Circuits,

Systems, and Computers, Pacific Grove, Ca., November 1978,

pp. 466-467.

Let M be a connected ~ real n-dimensional
manifold. Civen a nonlinear system where the
controls enter linearly, we find the largest
open subset of M (or the largest open subset of
a ~ubmanifold of M) .which is reachable from
some initial poiat io t M. eAssumptions that

certain Lie algebras, which are generated by
the vector fields of ‘the system, form vector
subbundles of M are made in some cases.

Suppose we have the nonlincar system

m
x(t) = £(x(e)) + I uiit)g‘(x(t)). x(0) =xy €M,
i=]
where M is a connected 2% real n-~dimensiomal

manitold. f,8,,.... 8, are complete 2® vector

fields on M, and u,,..., U= are real-valued con-
trols. We are interested in characterizing the
reachahle set in M of this system. R. W.
Brockett's paper contains a nice discussion of

this :upic.l
First we consider the hypersurface case in
which m = n-1 and f.gl..... 8,-; are linearly

independent on M. It is known that the reachable
set of a hypersurface system contains an open set
in M. The largest open subset of M which {s
reachable from x, is called the region of recach-
ability U from Xg and if ' = M, the svstem is
controllable from Xq If U # M we prove that the
boundary of U is a 2 real (n-1)-dimensional
svbmanifold of M which is an integral manifold

of the vector fields Byeeeer 8oy and that the

vecter “ield f points in the direction of U on
L. This leads to a result which gives us the

CH1569-8/79/0000-0466800.75 - 1979 IEEE

region of reachability of the hypersurface system
n-]

x(t) = f(x(e))+ L "1(‘)31(”(:))' x(0) =% € M,
iel’ :

Theorem 1.3. Suppose U is the smallest open sub~
set of M with xg ¢ U satisfying 3U is an integral

. .

manifold of gl..... “n- and f assigns vectors on

1
3U which point in the direction of U. Then U is
the region of reachabiiity from Xq for our hyper~

surface system.
If no integral manifolds of g]..... gn-l as

given in the theorem exist, then the hypersurface
system {s controllable from any X € M.

The ideas used in proving the above result
follow those found in the solution of the problem
of uniqueness of analvtic continuation for the CR-
functions on a "™ real hypersurface in C?, n > L.

For a general m, 1 < m < n-1l, ana arbitrary
7 vector fields f.gl,.T.. EA in our nonlinear

systerm, we assume that the Lie algebra generated
BY. £y ool fm and bv taking successive Lie

brackets of these vector fields is a vector bundle
with constant fiber dimension p on M. By Chow's
Theorem there exists a maximal 2* real p-dimen-
sional submanifold S of M containing xo with the

A

generated bundle as itcs tangent bundle.l" it is
known that the renchable set from X must contain

an open set in 5.6'7 The largest open subset U of

S which {s rcachable from Xy is called the region

of reachability from x If 0 {s an open subset

0
of S which {8 reachable from Xge W find necessary
conditiors andsufficient conditions on the boundary
of * in S so that © = U, Best results are nbtained
when it is assumed that the l.ie algebra LA gener-

ated by g]..... “m and their lLie brickets is a
vector bundle on M.

Theorem 2.“ Let U be the region of reachavilicy
from x, of the svstem

0
m
x(t) = f(x(e))+ 7 u (t)p (x(t)), x(0) = X € M.
) Pl

If the fiber dimension of LA is the conmstant
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p' < p on M, then 3U contains the Z* p'-dimension-

al integral manifolds of the bundle LA that inter-

sect 3U. Also the vector fields f always point in
the direction of U on 3JU.

Theorem 3.‘ Let 0 be an open subset of SC M con-
taining X in its closure and which is reachable

from Xg. Suppose that LA is a fiber bundle with

fiber dimension p' on M and 30 contains the
p'-dimensional integral manifolds of L} that inter-
sect it. If f points in the direction of O on

30, then O is the region of reachability from X

for the system

1 m

x(t) = £(x(e))+ L ui(:)gi(x(:)). x(())-xO € M.
i=]1

Although the above described concepts would
appear to be abstract, in some cases, especially
for a hypersurface system on a low dimensional
mani’old, they are readily tested via standard
analytic techniques. Here, one generates the
integral manifolds of the vector fields 8¢+ if any

such manifolds exist, by numerically integrating
the equation .

a-1

x(c) = T ui(z)gi(x(t)).

i=1
Then one determines the direction of flow by
evaluating f along these manifolds. If no separ-
ating integral manifold admits a unidireccional
flow the system is globally controllable, whereas
if such a =:anifold exists it becomes a candidate
for the boundary of the reachable set for points
on one side of the separating manifold. In the
case of a general nonlinear system with linear
inputs one must first generate the Lie algebra
of the gy as an intermediary step to the computa-

tion of the integral manifolds. As such, the
above described controllability conditiorns are not
as readily tesced though there are 2 number of
special cases wherein a practical controllability
test can be obtained. Indeed, we have investi-
gated a number of examples which have appeared in
the literature and found that in each case our
controllability criterion has yielded a defini-
tive characterization of the reachable sets in
state-space.

Given a bundle of vector fields on an n-di-
mensional manifold M, current research involving
computational methods of finding integral mani-
folds of the bundle is of obvious interest with
regard to our controllability results.
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i1. Abstract of "Global Controllability of Nonlinear Systems in Two Dimensions”,
by L.R. Hunt.

Let M be a connected real-analytic 2-dimensional manifold. Consider

the system

x(t) = F(x(t)) + u(t)g(x(t)), x(0) = x; ¢ M,

where f and g are real-analytic vector fields on M which are linearly independent
at some point of Rz, and us is a real-valued control. Sufficient conditions on
the vector fields f and g are given so that the system is controllable from Xg-
Suppose that every integral curve of g which disconnects M has a point where f
and g are linearly dependent, g(p) is nonzero, and that the Lie bracket [f,g]

and g are linearly independent at p. Then the system is controllable (with the
possible exception of a closed, nowhere dense set which is not réachab1e) from
any point Xg such that the vector space dimension of the Lie algebra LA generated
by f, g and successive Lie brackets is 2 at Xg- This is a generalization of the

linear theory for the system

x(t) = Ax(t) + u(t)B, x(0) = xg ¢ R?

in that the Lie bracket of Ax and B is the constant vector field AB. Hence if
AB and B are linearly independent (j.e. the controllability matrix {B,AB} has

rank 2), then the linear system is controllable.
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12. Abstract of "Contrcllability of Nonlinear Hypersurface Systems" by
L.R. Hunt.

Consider the nonlinear system
. n-1
x(t) = f(x(t)) +1Z] us(t)g;(x(t)),x(0) = x eM

where M is a connected real-analytic n-dimensional manifold, f,g],...,g"..l

are real-analytic vector fields on M, and u,,...u, ; are real-valued controls.

We are interested in characterizing the largest open subset U of M, if any,
which is reachable from Xo and which we call the region of reachability of

our system from Xg If the Lie algebra LA generated by 1",91,...,gn_1 and
successive Lie brackets has vector space dimension n at Xg» and if f,g1,...,
9,.7 are linearly independent at some point in M, we find the region of
reachability from Xo Suppose U is the smallest open subset of M with Xq el
so that 3U contains the integral manifolds of the Lie algebra L'A generated
by 91s-++99,.1 that intersect it and f assigns vectors on 3U which point in
the direction of U. Then U is the region of reachability from Xo for our
system. Much of the work is involved in proving a similar result in the more
general C” case under the stronger assumption that f,g1,..,gn_] are linearly

independent on the connected C~ n-dimensional manifold M.
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13. Abstract of "Controllability and Stability" by L.R. Hunt.

Consider the system
x(t) = £(x(t)) + u(t)g(x(t)), x(0) - x; < RS,

where f and g are real-analytic vector fields on Rz. If this is a controllable
linear system, then it is well known the system is stablizable by linear feed-
back. We want to consider a similar problem for nonlinear systems, with em-
phasis on bilinear systems. Sufficient conditions for the above system to be
controllable have been found, and implementation for bilinear systems has been
discussed. If a bilinear system is controllable under these conditions, we

show that we can move from any point Xq € Rz - {(0,0)} to the origin.
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1. Title of Investigation: Monlinear Fault Analysis
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Senior Investigator: R. Saeks Telephone: (806) 742-3528
JSEP Funds: $23,500

Other Funds: $15,000*

Total Number of Professionals: PI's 1 (1 mo.) RA's 1 (1/2 time)
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Summary:

The goal of the proposed work unit is to develop computationally efficient

fault analysis algorithms which are compatible with the dual mode ATPG/FDS

e T e TG el

software structure typically employed in a fault diagnosis system. We have
previously developed several such algorithms applicable to linear systems, one
of which is presently being implemented at the Naval Ocean System Center.. This
work is represented in this report by several reprints and also serves as the
foundation for the on-going research on nonlinear fault analysis.

We have investigated three alternative approaches to the nonlinear fault
analysis problem. These include a nonlinear state space approach, an approach
which employs nonlinear integral performances measures in lieu of frequency
domain information, and an approach in which an affine approximation of a linear
system is employed. Ouring the past year our major activity has been in the
state space area in which we have two on-going activities. Both of these assume

an augmented state model :

x = f(x,r) ¥s

r=0

* ONR funding for a joint program to implement a linear fault analysis algorithm
at NOSC.
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where x is the state vector for the system and r is the vector of component
parameters which we must identify to diagnose a failure. One then measures
a subvector for x or an output process y =-g(x,r) and applies some type of
system identification process to estimate r. To this end we have investigated
the possibility of employing nonlinear observers and several possible quasi-
linearization algorithms. The former approach was reported in a conference
paper which is reprinted in this report while the latter approach is the
subject of a Ph.D. dissertation which is in preparation. v

In addition to the nonlinear state space approach to the fault analysis
problem, we have recently reopened an earlier investigation into the feasi-
bility of'employing atfine approximations to nonlinear circuits in the fault
diagnosis problem. Although the viability of such an approach is still open
to question, fault analysis by affinization appears to be the only viable
approach to the nonlinear problem which can effectively exploit the dual mode
software structure employed in Tinear analog and digital fault analysis. At

the present time a master's thesis in which the viability of the approach

'will be investigated is in proparation, though we do not yet have definitive

results.
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Fault Diagnosis for

Multifrequency Measurements
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Abstract—The {ault diagnosis problem (or s linear system whose truns-

. fer lunctioa matrix is meusured at a discrete set of frequendcies is for-

malized A messure of solvability for the resuitant equatioas sod &
measiure of testability for the unit under test is developed. These, in turn,
sre used s the basis of algorithms for choosing test points and test
frequencies.

I. INTRODUCTION

ONCEPTUALLY, the fault analysis problem for an
analog circuit or system amouats to the measure-
ment of a set of externally accessible parameters of the
system from which one desires to determine the internal
system parameters or equivalently locate the failed com-
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Linear Systems Via

Fig. 1. Conceptual model of fault diagnosis problem.

ponents as illustrated in Fig. 1. Here, the measurements m,
may represent data taken at distinct test points or alterna-
tively, data taken at a fixed test point under different
stimuli. Similarly, the 7, represeat parameters characteriz-
ing the various internal system componeats. Here, a single
parameter may characterize an entire component, say a
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resistance, capacitance or inductance. Alternatively, a
component may be represented by several parameters: the
h parameters of a transistor, the poles and gain of an
op-amp, etc. In general, one models a system component
by the minimum number of parameters which will allaw
the failure to be isolated up to a shop replaceable
assembly (SRA) with all “allowed”™ system failures mani-
festing themselves in the form of some parameter change.
To solve the fault diagnosis problem, one then measures
m=col (m;) and solves a nonlinear algebraic equation

m=F(r) )

for r=col () to diagnose the fault. The parameters in the
resultant 7 vector which are out of tolerance then indicate
the faulty component [6).

The purpose of the present paper is to give an explicit
formulation of the fault diagnosis equations which arise in
the maintenance of linear systems. Here, one measures the
system frequency response as observed from a specified
set of externally accessible test points at a discrete set of
frequencies and it is desired to solve for a vector of
internal system parameters r which completely char-
acterize the frequency response matrices of the individual
system componeants; Z,(s,r), i=1,2,---,q.

In the following section the explicit form for the fault
diagnosis equations is derived for a given set of test
frequencies. A measure of solvability [15] of these equa-
tions is then developed in Section IIl and employed in
Section IV in an algorithm for optimally selecting test
frequencies. The measure of solvability for the fault analy-
sis equations, given an optimal choice of test frequencies,
is then taken as a measure of testability (1], [2), [S] for the
unit under test (UUT) and is used as the basis of an
algorithm for the optical choice of test points [3]-[5].
Finally, a number of examples are presented in Section V.

I1. Expucrt ForM OF THE FAULT DiaGNOSIS
EQUATIONS

In the case of a linear time-invariant circuit or system,
the fault diagnosis equations may be expressed in analyti-
cal form [6]. Since the fault diagnosis equations deal with
the relationship between the externally measurable system
parameters m and the internal component parameters 7
we adopt a component connection model as the starting
point for the derivation of the fault diagnosis equations
[7}, [8). This is one of several commonly employed large
scale system models in which the components and con-
pections in a circuit or system are modeled by distinct
equations, thereby permitting one to explicitally deal with
the relauonship between the individual component
parameters and the composite system parameters.

Since the present study is restricted to linear time-in-
variant systems, we assume that each component is char-
acterized by a transfer function matrix which is dependent
on the potentially variable component parameters, Z(s, 7).
For the classical RLC components Z,(s,r) may take the
form R, Ls, or 1/5C for the case of a resistor, inductor, or
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capacitor, respectively. More gencrally, one may mode! an
op-amp by the transfer function k /(s —p,)s—ps) where
the parameter vector r now represents the three poten-
tially variable component parameters; k, p;, p,: or a delay
by ke, etc. Although the symbol Z is used, the compo-
nents are not assumed to be represented by impedance
matrices. Indeed, hybrid models are used in most of our
examples. For the purpose of analysis, it is assumed that
all faults manifest themselves in the form of changes,
possibly catastrophic, in the parameter vector r with the
frequency characteristics of the components unchanged.
Although not universal, this fauli hypothesis covers the
most commonly encountered situations and subsumes the
common industrial practice of assuming that all failures in
analog circuits and systems take the form of open and
short circuited componeats [9).

Our system components are thus characterized by a set
of simultaneous equations

b‘.-Z,.(:,r)a,., i=12---,q (2)

where g, and b, denote the component input and output
vectors, respectively. For notational brevity, these compo-
nent equations may be combined into a single block
diagonal matrix equation

b=2(s,r)a (3)
where b=col (4,), a=col (g;), and Z(s,r)=diag (Z,(s,7)).

Although there are many ways 10 represent the connec-
tion in a circuit or system; say, a block diagram, linear
graph or sigoal flow graph, any such representation is
simply a graphical means for displaying a set of connec-
tion equations: Kirchhoff laws, adder equations, etc. As
such, for our component connection model we adopt a
purely algebraic connection model in which the connec-
tion equations are displayed explicitally without the inter-
mediary of some kind of graphical connection diagram.
This takes the form

a= L"b -+ szu

y=Lyb+ Lu @)
where u and y represent the vectors of accessible inputs
and outputs which are available to the test system. In
simple systems, the connection matrices L;; are usually
obtainable by inspection, whereas, in more complex sys-
tems, computer codes have been developed for their de-
rivation (7). Moreover, they are assured to exist in all but
the most pathological systems [8].

It is the pair of simultaneous matrix equations (3) and
(%) which are termed the component connection model.
By combining (3) and (4) to eliminate the component
input and output variables @ and b one may derive (6], (7]
an expression for the transfer function matrix otservable
by the test sysiem between the test input and output
vectors u and y obtaining

S(s,r)= Lyy+ Ly (1= Z(s,r)Ly,) "' Z(s,r)Lyy  (5)
where
y=8(s,r)u. (6)
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For a linear timz-invariant system the transfer function
S(s,r) is a compiete description of the measuruble data
about the unit under test available to the test system.
Moreover, being rational it is compietely determined by
its value at a finite number of frequencies. As such,
without loss of generality, we may take our measured data
to be of the form

col [S("l")'s(‘b’)o' e ,S(Sk.f)]. (7)

The fault diagnosis eguations then take the form
S(sy,7) | Lp+ L(1- Z(:,,r)L,,)"Z(:,,r)L,z
Stspr) | Lua+ L1 = Z(spr)Lyy) ™ Z(sp7) Loz

-

. (8)

.

S(s007) | L+ Ly(1 = Z(s0,r)ns) ™' Z(s00 ) Lz |

Since S(s,7) is, in general, 2 matrix, the fauit diagnosis
equations as derived above take the form of 2 matrix (col
[S(s;,)D valued function of a vector valued variable r.
Computationally, bowever, we prefer to work with a vec-
tor valued function of a vector valued variable and hence,
we transform S(s,r) into a columa vector via

vec [ S(s,r)]=col [ $'(s,7)] 9)
where S(s,7) denotes the ith column of the matrix, S(s,r).
With the aid of the identity vec|XYZ]=[Z'® X]vec (Y]
(8) then transforms into (7], [12]

tal questions remain (o be ans=»ered: “What test freguen-
cies should be employed w optimize the soivability of the
equations?” and “How solvable a:c Gie equations given an
optimal choice of test frequencies?” Both of these ques-
tions, in turm, hinge on the development of some ype of
measure of soluability [15] for the fault diagnosis equa-
tions.
For a set of linear equations
m= Fr (1)

where r is an 2 vector, m is a p vector, and Fisap by m
matrix one may characterize the solvability of the equa-
tions in terms of the number of arbitrary parameters in its
solution (if a solution exists). As such, §=n —raak(F)is a
patural measure of the solvability for (11). Here, §=0
implies that the equation has a unique solution, 8=1
implies that the solution is determined up to one arbitrary
parameter and so on, with increasing values of & repre-
senting decreasing degrees of solvability.

The fault diagnosis equations are, however, noniinear
even for linear systems—hence we must resort to the
implicit function theorem to obtain a measure of solvability
[15], {16] analogous to the above [13]. Indeed, frisa
solution to the fault diagnosis equations, then r, is de-
termined up (o 2

(1)) = n - rank [[%(r,)” (12

e —————

vee [ S(s,,7)] | = vee [ L]+ [ L@ Loyl = Z(su)Ly) ™" Jvee [ 2(5,1)] 7

vec [ S(s5r)] | = vec [Ln]+[L{z® L,(1 -Z(:,,r)L“)"]vec [Z(s57)]

M= = F(r) (10)

vec [ S(sp)] | = vee [ L)+ [ Li2® Ly(1 = Z(sir)Lu) ™' Jvee [Z(ser)]

which is the form of the fault diagnosis equations with dimensional manifold (of arbitrary parameters) in a
which we desire to work. neighborhood of 7. Here dF/dr is the Jacobian matrix of
i partial derivatives of F with respect to r. With the aid of
I ! 111. SOLVABILITY OF THE FAULT Duagnosis the matrix identity (M~ ')/dr- =T '(d;W/dr]M - l'
EquaTions dF/dr can be computed explicitly from (8) and (10)

E | For the fault diagnosis equatibns derived above to be a  yielding
‘ viable tool of circuit and system diagnosis two fundamen-

-

—-—_--—_-——-—————---_-————-——---_---—-—-—-—

o, (([1+ L1~ 26 L)™' Zl02) | L) ka1~ Z(sp 1)) | [( e 2wV | )
&= ;

_---_-——-—-—-———-_----——-—--——-—_—_——————.
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where ¢ denotes matrix transposition and & denotes the
matrix Kronecker (or tensor) product.

The difficulty with the implicit function theorem is that
it only vields local information valid in a neighborhood of
a solution. Fortunately, however, given the special nature
of the Jacobian matrix of (13) coupled with an assumption
that the component transfer function matrices Z(s,r) are
rational in », it is possible to show that the rank of the
Jacobian matrix is “almost constant.” This, in turn, allows
us to transform the local measure of solvability of (12)
into a global measure of solvability. For this purpose we
adopt the algebraic geomerric definition for the term “al-
most constant;™ i.e., we say that a function of 7, is almost
constant if it is constant except possibly for those values of
r,; lying in an algebraic variety (the solution space of a
finite set of nonzero simultaneous polynomial equatiors in
n variables). More generally, we say that a property kolds
“almost everywhere™ or for almost all r; in n space if it is
true for all values of r, except possibly those lying in an
algebraic variety. Since the Lebesque measure of an alge-
braic variety is zero, this definition for the concept “al-
most everywhere” is consistent with the more common
measure theoretic definition and is more natural in the
coutext of our application [14].

Theorem |
Let Z(s,r); i=1,2,---,q; be rational in r. Then &(r) is
almost constant.

Note, the assumption that Z(s,s) is rationa! in 7 is quite
minor being satisfied by all of the examples given in
Section II except for the delay (which can be approxi-
mated by a function which is rational in ). In practice,
the componeat transfer function matrices will also be
raticnal in s though this is not required for the present
theorem since F and dF/dr are formulated in terms of
specific test frequencies, s,,55,* - *,5;. Given our assump-
tion on the Z(s,r), together with (13), it then follows that
(dF)/(dr)(ry) is also rational in 7,.

Proof of Theorem I1: We begin by showing that an
arbitrary polynomial matrix in », P(r), has aimost con-
stant rank. Since rank P(r) is restricted to the finite set of
integers (0,1,2.---,j; where j is the minimum of the
anumber of rows and columns in P(r), there exists an 7,
which maximizes the rank of P(r)

rank  P(r,)] > rank [ 2(r)]. (14)

Now, the rank of a matrix is the dimension of its largest
nonsingular square submatrix. As such, P(r) admits a
square submatrix M(r), whose dimension is equal to the
rank P(r.) and for which

det M(r,,) 0. (15)

Now, det [M(r)] is a polynomial in » which is not identi-
cally zero (from (15)) and bence, it is noazero, almost
evervwhere. As such,

rank [ P(r,)] > rank [P(r)] > rank [ M(r)]
=rank [ P(r,)] ae. (16)
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showing that rank [P(r)]=rank [P(r,)] 2lmost every-
where. As such, rank [P(r)] is almost constant.

Now, to verify that rank [(dF)/(dr)(r))] is constant we
decompose this matrix as

dF P(ry)
5 a7’

where P(r)) is a polynomial matrix and d(r)) is 2 nonzero
common denominator. P(r) bas almost constant rank
while d(r,) is nonzero almost everywhere and hence can
effect the rank of P(r) only on an algebraic variety (since
the division of a matrix by 2 nonzero scalar does not
effect its rank.) As such, our Jacobian matrix has almost
constant rank implying that

8(r,)-n—rank[%§(r/)] (18).

is also almost constant. The proof of the theorem is
therefore complete.

Given the theorem, we may now define a global measure
of solvability for the fault diagnosis equation § as the
generic value of §(ry); i.e., the value §(ry) takes on for
almost all . This proves to be a natural measure of
solvability since it indicates the ambiguity which will
result from an attempt to solve the fault diagnosis equa-
tions in a neighborhood of almost any failures. Of course,
one requires some sort of equation solving aigorithm [10],
[11] to locate a neighborhood of an actual failure. The &
parameter, however, represents a bound on the perior-
mance of any such algorith. Finally, we note that since §
is independent of 7, the solution of the fault diagnosis
equations, it can be computed at the time the system and
its test algorithm are developed by evaluating 6(r) at a
randomly chosen generic point, say r, In turn, this
parameter may then be employved as an aid in the choice
of test frequencies and test points.

IV. TEesT FREQUENCY SELECTION

Adopticg the measure of solvability § formulated in the
preceeding section, it remains to develop an algorithm for
choosing a set of test frequencies; s,,5,,++-,5; Which
maximize the solvability of the fault diagnosis equations
(i.e., minimize §). To this end, !et §_,, denote the mini-
mum value achieved by § for any set of test {requencies;
S8, 8 k=1,2,---,. Since the possible values for §
are restricted to the finite set; §=0,1,---,n; such a
minimum is assured 10 exist

The following theorem gives an expiicit formula for
computing 8., while its proof yields an algorithm for
choosing a set of test points which achieve 6 .. Since the
purpose of this theorem is to formulate an algorithm for
choosing test irequencies, the theorem is expressed in
terms of

vec [ S(s,7)]=vee [ Ly ] +[L{:]
® Ly,(1- Z(s,r)Ly) " Jvec [ Z(s.)] (19)

. : VU P S— - - —
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ard
dvec [ S(s.r)]

- ={([r+La0 - 2(s.7) L) "' 2(5,) | Lya)’

(L,,(1- Z(‘-’)Lu)-l)}
(dvec [ Z(s.7)]/ dr) (20)

viewed as rational fuactions in s rather than in terms of
the function F(r) which is formulated in terms of an q
priori choice of test frequencies.

Theoremn 2
Let Z(s,7); i=1,2,---,¢; be rational in s and r. Then

8 gig = 1 — col-rank [ ﬁfc_lg(_f’_r_)_]_]

where n is the dimension of the parameter vector » and
“col-rank™ denotes the generic number of linearly inde-
pendent columns of the rational matrix [dvec {S{s,7)]/dr]
over-the field of complex numbers. Moreover, &, is
achieved by almost any choice of n~ 8, distinct complex
frequencies.

Proof: For the sake of brevity, we will prove the theo-
rem only for the special case where S(s,r) is a scalar
transfer function (allowing us to drop the “vec” transfor-
mation) though essentially the same proof goes through in
the general case modulo some notational complexities [5].

“Also. since the rank of the Jacobian matnix is aimost

constant it suffices to fix the parameter vector r at any
generic point, say ro. This then reduces [dvec [S(s,7)]/dr]
to a row vector of rational functions

R()=[ Ri(s) Ry R(] @V

where
R (s)=[dvec [ S(s.ro)]/dr] (@)

and our problem reduces to the verifications of the fact
that the number of linearly independent columns of R(s)
over the field of complex scalars is equal to the maximum
possible rank of the complex matrix

(RG] [ R ! B | ) Rls) |

Ry | | R RGY T R s

"""" o LR R P T S e
. & | . | | &

| R(s) L'Rf(i)':-kl(?k)' e g :'R;(:',,’)'_

=col (R(s})) (23)

over all possible choices of the complex frequencies;
$1,83, -+ 5 k=1,2,--- . Now, clearly if some columa of
R(s), say the nth, is dependent on the remaining columns,
then
a=1
R(5)= T GR(s) (24)
1

J=
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fer all s. Then by apelying (24) individueily for each g,

A=
col (R,(s))= 2 ¢ col (R(s)) (25)
=l
for any possible number or choice of the 5. The rank of
the matrix of (23), therefore, is less than or equal to the
number of linsarly independent columas of R(s) over the
field of complex numbers.

To prove that equality can be achieved with an ap-
propriate choice of n— 4§, complex test frequencies s5; we
invoke our assumption that S(s,r) is a scalar transfer
function. Without loss of geasrality, we may assume that
R,(s) through R (s) are the linearly independeat entries in
R(s) over the field of complex numbers in which case we
must show that there exists complex frequcncies
$,85° .5 (k=g in this case) which make the first ¢
columns of the matrix of (23) linearly independent.

If ¢g=1, R\(s) is not identically zero (since otherwise it
would be linearly dependent) and bence for almost all s,,
R,(s;)#0. As such, the columns in this trivial one by one
matrix are linearly independent. With this as a starting
point, we will use an inductive argumeant to show that the
theorem holds for ail values of g. We, thercfore, assume
that it has been shown that for g=p there exist complex
frequencies; 51,55, -+ ,5,; such that the matrix

Ri(s5)) Ry(s) R,(-’l)
Ri(sy)) Rfs) -~ Rp(-"z)

1

R= (26)

Rx(-’p) RZ(") R,(-’,)

o

has linearly independent columns and we desire to show
that there exists an s, ., such that the matnx

R(s) Roui(s)]
R’(SJ R;vl(’:‘.)

[ R(sy) .RZ(SI)
Ri(s) Ryls)
R-pd-l(")- ;

Rl(-’p) Ry(s,) R,(-’,) R, 1(-",)
R((s)  Ry(s) R(s) Rpu(-") 3
(7

has linearly independent columas for s=35,,,. By virture
of our assumption that S(s,r) is a scalar both R, and
R, . \(s) are square and we_may test for linear indepen-
dence of the columas of R,,,(s) by computing its de-
terminant. Expanding (27) in cofactors along its bottom
row, we obtain

P+l

det (B, ()= 2 (<1P7"'8,,R()- (8)

Since E, has linearly independent columns 4,,,.,#0,
hence, the coefficients in the summation of (28) are not all
zero and thus by the linear independence of the R(s) the
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summation is not identically zero. As such, one can
choose almost any s,,, which will make _the determinant
of R, (s,.,) nonzero thus assuring the R, has linearly
independent columns when its rows are cvaluated at the
complex frequencies s,,55,° * *,5, 4. The proof of the theo-
rem is thus complete. . '

Note that the proof of the theorem yields a natural
sequential algorithm for choosing test frequencies. More-
over, for the scalar case we have shown that the number
of required test {requencies is exactly n— 6, (equal to the
column rank of the Jacobian matrix). In the general case
where S(s,r) is not a scalar, the number of required test
frequencies is less than or equal to n—§_,, [5].

Although the theorem implies that one can randomly
choose almost any n—§,,, test frequencies 10 maximize
the solvability of the fault diagnosis equations, the result
does not take cognizence of numerical considerations.
Although no theory yet exists for choosing test points with
numerical considerations in mind, it has been our experi-
ence that the “well posedness” of the fault diagnosis
equations is quite sensitive to the choice of test frequen-
cies [S]. In most of our experiments, we have worked with
real test frequencies to eliminate the necessity of working
in the complex plane. On the other hand, m is most easily
measured when values of s; on the jw axis are employed
whereas it has been suggested that test frequencies sym-
etrically spaced around a circle in the complex piane
mught yield numericaliy “well posed™ equations.

Although the measure of solvability § for the fault
diagnosis equations is dependent on the choice of test
frequencies, as well as the properties of the unit under
test. §_;, is determined entirely by the UUT; its compo-
nents. connections and accessible test points; and is com-
pletely independent of the test algorithm employed. As
such, 6, may be taken as a natural measure of testability
[1] for the UUT which characterizes the degree to which
the fault analysis equations can be solved given an opti-
mal choice of test {requencies and solution algorithm.
Moreover, §_,, may be used as an aid for the optimal
selection of test points [3]-[5]. To this end we may choose
a set of test points, from several options, so as to minimize
8. Alternatively, we may attribute a cost to each input
and ouiput test point and then choose the least cost
combination of test points which yield a specified §_,,.

- This latter process reduces to a rather straightforward

integer programming problem and is thus rcadily auto-
mated [4], [5]. The technique is illustrated in the examples
of the following section.

Y. ExaMPLES

An initia] illustration of the theory consider the RC
coupled amplifier with inductive load shown in Fig. 2.
Here we will take E, to be the only test input but we will
initially allow E,, i, ic. and V, to all be taken as test
outputs with the measure of testability 6, being used to
extract a reduced set of test outputs from these options. A

0

Fig. 2. RC coupled amplifier with inductive load.

component connection model for this circuit is given by

Vo] rg(s) 0 0 o |V
i 0 JY/ES P o |V,
V, 0 o AACE T 0 (29)
C C
i 0 0 0 1/R|¥,
0 e 0 1]v, ]
v, 1 8 9 6 9L
ic 00 . 0 1t 0}V
1
v 0 0 -1 0 1]i
e bR e o o e L 5. 0% 1 (30)
E, 1.6 0 0 1[F |
io g1 050
b2 e 9 0. 10
v, 0 0 -1 9 1
4 } 4

Taking our vector of potentially variable component
parameters to be r =col (g, L.C,R) each with unity nomi-
pal value, we obtain a nominal transfer function matrix

[ s(g(s)+1)+1
s+1

&)
S(s,r)= s+1 (31)

L=

s+1

w +

s+1

o -
whereas our Jacobian matrix evaluated at the nominal
parameter values is given by

| sg(s) 0 sg(s) sg(s) ]
s+1 (s+1)7  (s+1)
g(s) —g(s) g(s) g(s)
dvec[S(:,r)] s+1 s+1 (s+1)? (s+l)2
dr o s 2 -yt ;
(s+1) (s+1)°
0 0 s s :
(s+1)  (s+1)° |
(32)
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Now. 2n inspection of this matrix will revesd that it has
four independent columins over the ficid of complex num-
bers and hence if 2ll four possible outputs are used. we
will have §_,, =0 impiying that the fault diagnosis equa-
ticas bave locally unique solutions. On the other band, if
only two outputs E, and i are measured, our modified
Jacobian matrix will reduce to the first and third rows of
the matrix shown in (32) which has column rank 3. As
such, if we only use these two test outputs, we obtain
8a.=1 and hence the solution to the fault diagnosis
equations will be characterized by a single arbitrary
parameter.

In this latter case, with only E, and i, taken as test
outputs, Theorem 2 implies that dF/dr will have rank 3
for almost any choice of 3=n—§_, test frequencies.
Choosing s, =1, s, =2, and sy =3, we obuin

[ g(1)/2 0 g(1)/4  g(1)/4 ]
LG S NS -
aF, . | 2g()/3° 0 22(2)/9  28(2)/9
2 (") o o 2/9 Z29 |©?
3g(3)/4 0 3(3)/16 35(3)/16
|0 0. 3/16 -3/16 |

which has three linearly independent columns as long as
g(1)#0. g(2)#0, and g(3)#0. Indeed, in this example,
any two of the three frequencies would have sufficed to
yield three linearly independent columns. Note, for scalar
transfer functions, .-Theorem 2 implies that a— 8,
frequencies are actually required but for matrix transfer
functions fewer frequencies may suffice.

Of course, for the circuit of Fig. 2, we have a choice of
some 15 combinations of the four outputs with which we
may choose to work for the diagnosis of the circuit. The
resultant §_,,’s for the various combinations of outputs
are given in Table I [5].

Finally, with the aid of Table I, one may readily de-
velop a test point selection algorithm for our circuit [4],
[5]. For instance, if we desire to find the smallest set of
outputs which yield a §_,,, <1 an inspection of the table
will reveal that E, and iy, iy and i¢, or E, and ic are the
optimal choices. Of course, if one attributes a cost to the
various outputs (determined by the convenience of
making the required measurements), then we may further
distinguish between these three possibilities. For instance.
if voltage measurements are deemed to be easier than
current measurements, the combination of iy and i may
be excluded with the decision between the remaining two
options being dependent on whether it is easier to
measure the circuit’s input current (i) or its load current
(ip).

As a second example, consider the one stage transistor
amplifier shown in Fig. 3 with the ac equivalent circuit of
Fig. 4. Since it is clearly impossible to distinguish betweea
failures in the two parallel bias resistors, R, and R,, these
two resistors have been combined into the single resistor,
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Fig. 4. Amplifier equivalent circuit.

R, in the component connection model of (34) and (35).
Taking all of the component parameters as potentially
faulty, » becomes a 12 vector composed of Cy,7,,- . R,
and as before, we take all parameters to have the nominal
value of unity.
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Once again we let the input voltage be the only test input for the system and we take Vo Ic, Vg, and I, to be i
possible output test points. The resultant §_ for each of the 15 possible combinations of these output terminals is |

tabulated in Table II [5].
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From the table it is apparent that no single test output
suffices to vield a §_,=0 (perfect testability) though
8.n0 =0 can be achieved using iwo test outputs; ¥, and /¢
or ¥V, and J,.

V1. CoONCLUSIONS

Our purpose in the preceeding has been to formulate as
analytic theory in support of ihe intuitive art usuaily
associated wath the design of a iest algorithm. With the
aid of the techniques developed above, we believe that it
will be possible to develop an automated test program

it
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generation (ATPG) algorithm for linear systems [4]), [5]
Indeed. such an algorithm could be readily combined with
the same computer-aided design (CAD) algorithm used in
the system design process [9). Given the component con
nection equations such an algorithm could be employed to
automatically (or interactively) choose test points and test
frcquencies and generate the required set of fault diagno-
sis equations. These could then be stored on taps and
supplied to the automatic test equipment (ATE) in which
2 faulty system would be tested and the fault diagnosis
equations solved.
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Although we do not propose to discuss the actual
solution of the fault diagnosis equations here, it should be
pointed out that by assuming that relatively few compo-
neats have failed, say p<kn, it is possible to develop
specialized algorithms for the solution of the fault diagno-
sis equations which are far more efficient than standard
equation solvers in this application [7], [11], [12]. These are
typically derived from the fault simulation algorithms used
in the diagnosis of digital systems and may naturally be
classified into “simulation before test” and “simulation
after test” algorithms. Some of the aigorithms are dis-
cussed in [7] and [9]-[11].

Finally, we note that as formulated above, the measure
of testability §_,, assumes that any combination compo-
nent failure is possibie. If, however, we assume that at
most p<Kn components fail simultaneously, the ambiguity
in the solution of the fault diagnosis equations may actu-
ally be less than §_,,. For instance, in the example of Fig.
3, with only ¥, taken as an output §_,=3, yet the fault
diagnosis equations can be solved exactly if we assume
that only ome parameter is out of tolerance [10). The
point, here, is that even though the solution of the fault
diagnosis equations in n space has three arbitrary parame-
ters when the solution is restnicted to the one dimensional
manifold of parameter vectors in which all but one coor-
dinant are gominal it is unique.
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Reprint of "A Search Algorithm for the Solution of the Multifrequency
Fault Diagnosis Equations" by H.S.M. Chen and R. Saeks from the
IEEE Transactions on Circuits and Systems, Vol. CAS-26, pp.

589-594, (1979).

A Search Algorithm for the Solution of the
Multifrequency Fault Diagnosis Equations

H.S. M. CHEN AnD RICHARD SAEKS
Abstract—A search aigurithm for the solution of the fault diagnosis

equations srising in linear time invariant aaalog circuits and systems is
presented. By exploitation of Householder’s formula an efficient algorithm

- whose computational complexity is a function of the sumber of system

fallures rather than the number of system compooeats Is obtained.

I. INTRODUCTION

Coaceptually, the fault analysis problem for an analog circuit
or system amounts to the measurement of a set of externally
accessible parameters of the system from which one desires to
determine the internal system parameters. To solve the fault
diagnosis problem, one then measures a vector of external
parameters, m=col (m,), and solves a nonlinear algebraic equa-
tion

m= F(r) (O]
for a vector of internal system parameters, r=col (r,), to di-
agnose the fault. For linear time-invariant systems the function
F can be expressed analytically (14]. More generally, in the
nonlinear case, one can evaluate F(r) for any given parameter
vector r with a simulator, and thus solve (1) numerically, even
though F has no analytic expression.

Although one does not usually formulate the fault diagnosis
problem in terms of the above described equation solving nota-
tion, this formulation is equivalent to the classical fault simula-
tion coancept [9]. Indeed, fault simulation is simply a search
algorithm for solving (1). Here, one precomputes m=f(7) for
each allowable' faulty parameter vector 7 and then compares the
measured m with the simulated rt’s, stored in a fault dictionary,
to solve (1).

Manusenpt received June 1, 1978; revised April 20, 197%. This work was
supported in part by the Joint Services Eiectronics Program at Texas Tech
Unuversity under ONR Contract 76-C-1136.
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'By allowable faults we mean all possible parameter vectors 7 which sausfy
4 specified set of fauit hypotheses. These typically restrict the maximum
number of component parameters which are simultaneous'y out of tolerance
and the type of failure (open circuit, short circuit, small change, etw.).
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Although the above described approach to fault simulation
has been successful’> when applied to digital system. there is
considerable question surrounding its app}i'cabilily to analog
circuits and systems [1]. The problem here is two fold. First,
rather than simply failing as a one or zero, an analog parameter
has a continuum of possible failures. Second, unlike a digital
system wherein a component is ‘cither good or bad, in an analog
system, a component parameter is either in tolerance or out of
tolerance. As such, for each hypothesized failure, it may prove
necessary to do an entire family of Monte Carlo simulations in
which the values of the good components are randomly chosen
within their tolerance limits. Although, at the present time we
have insufficient practical experience to determine the precise
number of fault simulations required for analog fault diagnosis,
it is estimated that the number of simulations required for an
analog system will exceed the number of simulations required
for a digital system of similar complexity by a factor ranging
between two and six order of magnitude [1]. As such, the fault
simulation concept which has proven to be so successful for a
digital system may not be applicable in the analog case.

As an alternative to fault simulation, one may adopt one of
the more classical equation solving algorithms for the solution of
(1) [2}, [3)- Here, one first measures m and on the basis of this
measurement, makes an initial guess r° (usually taken to be
nominal parameter vector) at the solution of the equations. One
then evaluates m®= F(r° and compares it with m. If m®=m, r°
is the solution to the fault diagnosis equation. If not, one makes
a new “educated™ guess at the solution ' (usually based on the
deviation between m and m®) and repeats the process by evaluat-
ing m'= F(r') and comparing it with m. Hopefully, sequence of
component parameter vectors r' and simulated data vectors,
m'= F(r'"), is oblained which “quickly” converges to » and m,
respectively. Since the evaluation of F(r’) is essentially equiv-
alent to the simulation of the system with the faulty parameter
values ' this technique is really another form of fault simula-
tion. In this case, however, one simulates the system after the
data vector has been measured and uses this data to make an
educated guess at a (hopefully) small oumber of parameter
vectors at which the system should be simulated. As such, the
approach has been termed simulation after test [1] to distinguish
it from the classical approach wherein all simwlation is done
bejore rest [1].

At the time of this writing, both approaches are under study
(1}, neither of which have been showm to be superior. Fault
“simulation after test” requires that one include an efficient
simulator in the ATE itself, which can be used for on-line
computation of m’= F(r,) after the. UUT has beer measured. On
the other hand. simulation after test eliminates the requirexeat
of ssarching a large fault dictionary for the (approximate) data
matches required by “simulation before test.” In additon, the
complex ATPG requirement for “simulation before test” is
eliminated.

To make “simulation after test” feasible, bowever, an efficient
equation solving algorithm is required to obtain convergence of
the r' sequence in a reasonable amount of time. Moreover, since
“real world™ failures in analog circuits and sysiems often take
the form of open and short circuited components or large
parameter deviaticas from pominal the classical perturbational
algorithms a la Newton-Razphson are inapplicable. Fortunately,

Most industrial users of ATE obuir sausfactory fault detecuon in digiwl
arcuits via fault simulaton techniques but require guided probe techniques in
addiuon to the fawit dicuonary data for fsult diagnosis (isolation).
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in the context of the fault diagnosis problem. one can reasonably
assume that relatively few component parameters have falled As
such, even though it is not valid to assume that r—/° (the
deviation of r from nominal) is small in norm, it is reasonable to
assume that it is small in “rank.” The purpose of the presenl
paper is to formulate a search algorithm for the solution of the™
fault diagnosis equations which exploits such an assumption.

In the remainder of the introduction, the explicit form for the
fault diagnosis equations arising in linear time-iavariant circuits
and systems derived in [3] and [14] is reviewed. Houscholder's
formula [4] is then used to exploit the special form of these

equations in combination with an assumption that r differs from.

70 in relatively few coordinants to formulate a search algorithm
for the solution of the fault diagnosis equations in which the
computational complexity of the simulation process is a function
of the number of the failures rather than the number of compo-
nents. This algorithm is based on a similar algorithm suggested
by Temes (5] for “simulation before test” and a large-change
sensitivity algorithm first given by Leung and Spence [6]. Fi-
nally, examples of the application of the algorithm are presented
and a study of the robustness of the algorithm to deviations of
the “good”™ components from their nominal values is presented

(7.

In the case of a linear time-invariant circuit or system, the

fault diagnosis equations may be expressed explicitly in analyti- &

cal form [3]. [14). Indeed, it is the explicit nature of this form
which makes our simplified solution algorithm possible. Using a
“component connection model” as the starting point for the
derivation of the fault diagnosis equations [8). The system com-
ponents are characterized by a set of simultaneous equations

bi b zl(s")aﬂ

where ag; and b, denote the component input and output vectors,
respectively, 7 is our vector of internal system parameters which
characterizes the “fault state™ of the various components, and s
is the complex frequency variable. For notational brevity, these
component equations are combined into a single biock diagonal
matrix equation

b=2Z(s,r)a 3)

where b= col (b)), a=col (a,). and Z(s,r)=diag (Z,(s.r)).
The connection equations for the model take the form
a= L"b *= Lull
y=Lyb+ Lyu (4)
where u and y represent the vectors of accessible test inputs and
outputs which are available 10 the test sysiem. By combining (3)
and (4) to eiiminate the component input and output variables a
and b, one may derive [3), [8], [14] an expression for the transfer

function matrix observable by the test sysiem between the test
input and output vectors u and y obtaining

S(s,7)= Loy + Lyy(1= Z(s,r)Lyy) ' Z(s5,7) Loz (5)
where

y=S(s, . ©

For a linear time-invariant system the transfer function S(s,r)
is a complete description of the measurable data about the UUT
available to the test system. Moreover, being rational it is
completely determined by its value at a finite pumber of
frequencies. As such. without Joss of generality we may take our
vector of measured data to be of the form

m = col [S(J..r).s(lz-")-"'-s(-!h')]- (7)

i=1,2,---,n § @

[
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[n the preseat context we will assume that s,,5;,* * -, 5, represent
sufficiently many frequencies to permit the [ault diagnosis equa-
tions to be solved. Indeed, algorithms for determining such a set
of frequencies when they exist are given in [10]-[12], and [14].
The problem at hand is the developmeat of an efficieat algo-
rithm for the solution of these fault diagnosis equations.

1I. HOUSEHOLDER'S FORMULA AND THE SEARCH
ALGORITHM

Given the explicit form of fault diagnosis equations of (8), it is
apparent that the vast majority of the computation required for
the simulatdion of F(r), either before or after test, is the inversion
of the family of matrices; (1-2Z(s;,7)Ly), i=1,2,---,k. For-
tunately, given the assumption that relatively few compornents
bave failed, i.e., that ~ differs from its nominal value ° in only 2
small aumber of coordineats, Householder’s formula (4] may be
invoked to compute (1- Z(s,r)L,)~" in terms of (1-—
Z(s;,r%)L,;)"" together with the inversion of a small dimensional
matrix. More precisely, if 4, 8, C, and D are given matrices of
dimension nXn, nXn, nXp, and p X n, respectively, where

A=B+CD I
thea
A"-[l—B"C(l+DB"C)"D]8". (10)

As such, once B ~! is known, one may compute the inverse of
the 7 X n matrix A in terms of B ~' and the inverse of the p Xp
matrix (1+ DB ~'C). This technique has been used effectively
for large change sensitivity analysis (6] and has recently been
suggested by Temes for application to fault simulation [5]. This
is achieved by exploiting the block diagonal character of Z(s,r).
Thus if ~ differs from #° in ¢ coordineats Z(s,7) will differ from
Z(s,7% only in the p X p block composed of componeats which
are effected by the faulty parameters. 3 If the rows and columans
of Z(s,r) are reordered so that this block appears in the upper
left corner of Z(s,7) thea,

(1)

Z(s;r)= Z(:,.r’) + [.:. ‘-%.]
where A is pXp and Z(s,7) is n X n. We then have
a ‘Z(J.-’)Ln)"(l--Z(:..r°)L,,)+[...A.(.’."..). Lt (2)

where L{;, denotes the upper (after reordering) p rows of L,,.

’Hcrl.pumnmd&cdﬁmmo’mmbb‘h“z“’)'mﬁm
dent on the ¢ coor in which » differs from r°. Typically, gmep
ma the exact relauonsmup depending the block sizes.
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Finaily, an apolicstion of Hoasdbaoider"s form: b 1e’d

(1=2Z(s,r)Ly) "= { 1=-{1=-2(s,)L,;)” l:-t:;:- .l

-(1 +Lu(1- Z(-\',-.r°)L|.) ‘[...“::.)‘:'.’.’.]) -lLf.}

(1= 2(s0 %) Lyy) " (13)
Although quite complex, the-only major matrix computation -
required for the inversioa of (1 = Z(s;,7)L,,) via 13 is the inver-
sion of the p Xp matrix in parentheses. As such, as long as the
aumber of faulty parameter values remains small, (13) represents
an extremely efficient meaas of carryiag out a larg= gumber of
fault simuiations with relatively little computational capacity.
Although Temes originally suggested the technique in the con-
text of a “simulation before test” algorithm, the above applica-
tion of Householder’s formula is ideally suited for “simulation
after test,” wherein, it reduces the computational requirements
for the simulation process to well within the capabilities of the
minicomputers usually found in modern ATE.

Although Householder’s formula yields an efficient means for
solving the fault diagnusis equations once the faulty parameters
have been determined, it remains to locate the set of faulty
parameters. Fortunately, the efficiency of the solution algorithm
based on Householder’s formula is such that one can justify a
search through “all” allowable sets of faulty parameters to locate
the actual failures. Indeed, if we denote the “reduced fault
diagnosis equations™ in which all component values are as-
sumed to be nominal except for ¢ specified parameters;
Ty fiar”* * fiay BY Funnian-- g then the equation

m= F i@, --.ia)(Tapfar’ ** Faw) (19)

will have a solution if and oaly if the faulty parameter values are
among the 7,7y " * 1 7iq AS such. if one attempts to solve
(14) for each allowable family of faulty parameters, the actual
fault will be indicated by the existence of a solution to the
equation.

Although such a search algorithm might at first seem to be
highly inefficicat, when one observes that with the aide of
Househoider's formula, the evaluation of Fg ,q).....iq feQuires
only the inversion of p X p (p==q) matrix it is seen that this is not
the case. Moreover, if one searches for the most likely failures
first, relatively few equations need be solved in practice. In
actual implementatioa in a “simulation after test™ algorithm. one
can readily search through all possible combinations of one, two,
or three simultaneous failures, and comunonly encountered com-
binations of larger numbers of failures, thus locating the far
majority of failures in a reasonable amouat of ATE time.

An alterpative formulation of the search algorithm which
alleviates the numerical difficulties associated with the attempt
to solve a set of equations which may not have a solution (as is
the case whenever one attempts to solve (14) with the wrong
choice of faulty parameters) is to employ an optimization algo-
rithm, rather than an equations solver, to minimize

Jiicd.- - ua(Fianrian * * v fue)

=lm= Fania.-.ica(awraan - g’ (15)
Since (15) bas a zero minimum if and only if (14) bas a solution
a search through the minimization of (15) for all allowable sets

of faulty parameters will also locate the faulty parameters (indi-
cated by a zero minimum).
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Examples : >

As a first example, consider the LC filter shown in Fig. 1 for
which the component connection model takes the form

Val [1/Sa 0 0 0 Jia
| ] 0 1/Su 0 0 .Vu (16)
V‘z 0 0 I/S‘z 0 l‘z
in | | 0 0 0 1/Snaiv.,
and ;
ihw 1 [-1 =1 o o 1]y,
Vu PR W
VOJ B, 5 00 b A

Since we assume that the source and load resistors are external
to the filter and do not fail they have been imbedded into the
connection equatioas and thus do not appear explicitly as com-
ponents. The filter components are assumed to have the nominal
values

C,=10 L,=20 C,=30 and L,=40 (18)

and it is assumed that no more than one component fails at a
time (though the failure may be catastrophic). Our “simulation
after test” fault diagnosis algorithm thea requires that we mini-
mize J(Cy), Ji(L,), J5(Cy, and J(L,). The performance
measure with zero minimum then represents the failed compo-
nent with the minimizing value for that performance measure
representing the value of the failed component. All other compo-
nent values must then be nominal (since it is assumed that only
one component fails). Note that the mirimizing value for the
nonzero J;'s does not correspond with the correct component
values for those components.

This filter was simulated with each of its four components out
of tolerance (by 2s much as 100 percent) with the search algo-
rithm being applied to the simulated data. Since only ome
parameter is assumed to fail at a time and Z(s,7) is diagonal
each of the four required minimizations was carried out by
purely scalar operations using a Golden Section search. In all
four cases the fault was correctly located with the faulty parame-
ter value being determined “exactly.” The resultant dawa is
summarized in Table I. Note: in each case the minimum value
for J, for the faulty component is at least three orders of
magnitude lower than the minimum value J, for any nonfaulty
component As such. the failure is easily located and one can
expect the aigorithm to remain viable in the face of numerical
and or approximation error.

As a more sophisticated example, consider the one stage
transistor amplifier of Fig. 2 and its wide band eguivalent circuit
shown in Fig. 3. Note that the parallel resistors R, and R,
appearing in this model bave been lumped together into a single
resistance R, since it is clearly impossible to distinguish between
failures i these two components [rom external measurements.
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The component and connection equations for this circuit are
given by (19) and (20) and the nominal values for the componeant
parameters are takea to be :

Ci=20 r,=10 7, =40 C,=25 C =20 R,=75
R,=30 C,=15 C,=10 g.=10 R =10 R,=20.

2n
As before, it was assumed that no more than one component
failed and /() was minimized for each of the 12 component
parameters. Once again the failure was clearly located by the
smallest minima with accurate determinativa of the faulty
parameter value. Indeed, in each case, the minimum value of
J(r) for the faulty parameter value is at least five orders of
magnitude less than the minima for the remaining J(r,). As such,
there is 0o ambiguity whatsoever in the determination of the
faulty component and its value even though the component
parameters have been allowed to deviate from their nominal

values by as much as 500 percent s

Robustness

Unlike the case of fault diagnosis in a digital system wherein a
component is unambiguously good or bad, in aa analog circuit
or system, a component parameter is either in tolerance or out of
tolerance. As such, any fault diagnosis algorithm which makes
use of the nominal component parameters must be tested for
robustness, ie., how effective is ol::l ﬂoll::o‘:l:‘;' .‘:‘:;l ;::
faulty component(s) when the ©
ml'; equalpoco méir) nominal alues. As such. our search algo-
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rithm for fault diagnosis was applied to the transistor amplifier
using simulated measurements in which one component was out
of tolerance (taken to be 10 percent) and the remaining compo-
nent parameters were in tolerance but not equal to their nominal
values [7]. Of course, the nominal values are used to define the F;
since the actual value of the good componeats is unknown. Not
surprisingly, this results in some ambiguity in the diagnosis
process since J,(7) can never be reduced exactly to zero. As
such, our simulation yielded good though not perfect results. In
particular, the algorithm correctly located the fault in 71 percent
of the trials with an ambiguity group of one in 50 percent of
these cases and ambiguity groups of two, three, and four in the
remaining cases. Since all of the good componeats in this simu-
lation were taken to be at the limits of their tolerance interval,
these results actually represent a worst case situation. As such,
we believe that the search algorithm will yield significantly better
results in a “real world™ situation, wherein most of the compo-
- nents will have near nominal values with relatively few of the
8ood component parameters lying near their tolerance limits.

Hybrid Algorithms

Although the terminology has only recently been formulated
(1), most of the algorithms which have been proposed over the
years for the solution of the fault analysis probiem in analog
Circuits and systems can npaturally be categorized as ecither

simulation before test” or “simulation after test™ algorithms [9].
Although the preceding development has been presented in the
context of a “simulation after test” algorithm. many of the

SO,
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techniques. such as the application of Householder's formula (5]
are also applicable to “simulation before test™ algorithms. In-
deed, the techniques are ideally suited to a hybrd algorithm.
Here, one would employ a two-pass diagnostic algorithm
wherein the measured data vector m is first compared with

. presimulated data stored in a fault dictionary. If the fault is so

located, the diagnosis process is terminated. If the fault is not
located among those which have ‘beea presimulated and stored
in the fault dicfionary, the hybrid algorithm will then revert to a
“simulation after test” mode until a sequence of parameter
vectors 7, and simulated data vectors m, have been computed
which converge to the solution of the fault diagnosis equations.
At the same time the results of each of these “after test”
simulations are stored in the fault dictionary for use in future
applications of the test algorithm. As such, a fault dictionary is
slowly built up which includes simulations of those failures
which are most commonly encountered in actual practice. Such
a hybrid algorithm would seem to achieve the best of both
worlds. Commos faults would be found quickly on the first pass,
yet the system would still have the “simulation after test” algo-
rithm upon which to fall back when encountering a new failure
mode. Moreover, ATPG requirements would be greatly reduced
with only the most common faults (say open and short circuits,
single failures, etc.), being presimulated and the remainder of the
fault dictionary being adaptively generated by the “simulation
after test™ algorithm as new fault modes are encountered. Such a
hybrid scheme alleviates the necessity of determining the fault
modes of a system in advance, as required for “simulation before
test” while simultaneously eliminating the duplicate simulations
of common faults required for “simulation after i.st.."

III. ConcLusIONS

Our purpose in the preceding bas been the formulation of a
class of techniques which we believe can serve as the basis of an
effective algorithm for fault diagnosis in linear azalog circuits

and systems. These techniques have proven 10 be effective in the
situation where all good component parameters are “near”
nominal and give promise of suflicient robustness to cope with
the “real worid™ situation, in which the good component param-
eters are in tolerance though not nominal.

Although the presentation has been formulated in the context
of a “simulation after test™ algorithm, the techaiques presented
are also applicable to su'nulauon before test™ and hybrid algo-
rithms. .
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Failure Prediction for an On-Line Maintenance
System in a Poisson Shock Environment

K. S. LU aAnD R. SAEKS, reLLOw, iEEE

'
i ‘ Abstract—A failure prediction algorithm for application in a

periodic on-line maintenance system operating in a Poisson shock
i environment is described. The system under test is measured at

. periodic maintenance intervals with the data derived therefrom being
k| used to estimate system lifetime and determine an optimal replace-
} ment time. The resultant algorithm is simulated and compared with
! various fixed replacement schedules.
‘.? 1. INTRODUCTION

Although considerable effort has been expended during the past
decade to develop techniques for fault detection and diagnosis in
both analog and digital electronic circuits [10], little attention has
been given to the possibility of formulating algorithms for fault
prediction. To accurately predict a fault, a device must be tested at
periodic maintenance intervals. If the device fails or does not
operate correctly, it is replaced immediately. The device may be
assumed good if its characteristics are in toierance. However, if
the characteristics are slightly off nominal but the device still
operates correctly, one can attempt to predict if the device will fail
before the next scheduled maintenance interval. If device failure is
predicted. it can be replaced before failure occurs as part of
planned preventative maintenance.
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With the advent of the low-cost microprocessor, on-line fault
prediction is possible and practical [9). For this purpose, a curve
fitting algorithm for on-line fauit prediction was first introduced
by Saeks, Liberty, and Tung [11]-[13] in 1975. The disadvantage
of this algorithm, however, is that the second-order polynomial
model employed is too simple to describe the aging curve of a
real-world component. Employing the Poisson-shock model for
the wear process introduced by Esary, Marshall, and Proschan
(1], 2], (6], another curve fitting fault prediction algorithm which
overcomes these disadvantages is discussed in the present paper
%)

In the following section a model for the failure dynamics of a
system component parameter is formulated. Here it is assumed
that the failure is due to the component being subjected to a
sequence of Poisson distributed shocks (3], [7], with the measur-
able parameter being controlled by an unknown difference equa-
tion whose underlying discrete “component time™ process is
defined by the number of shocks to which the component has
been subjected. Since both the failure dynamics (i.e., the difference
equation) and the relationship between “component time”™ and
real time are unknown, our failure model is doubly stochastic. The
third section of the paper is devoted to the formulation of an
algorithm for estimating the component failure dynamics, and its
“lifetime™ is defined to be the number of shocks required to cause
component failure. This is followed by the formulation of an
“optimal”™ replacement theory wherein the optimal real time at
which to replace a component is computed in terms of its
estimated “lifetime.” Finally, the results of a simulation of the
algorithm in both an ideal and noisy environment are presented
and compared with the simulated performance for several fixed
replacement schedules.

[I. FAlLURE DyNaMICS

Let C(N) represent values of a particular component
parameter, where the “component time” N denotes the number of
shocks the component has received. It is assumed that the drifting
parameters can be described by a first-order! difference equation
of the form:

C(.V - l)’c(‘V)"ﬂo --a,N—a;. = *-“'—G.N‘
C0)=1. 1

-Here the coefficients and order of the “forcing polynomial™ are

assumed to be unknown and must be estimated as part of the fault
prediction procsss. A little algebra together with the standard
recursive formula for solving a differénce equation will reveal that

N- »

¥ aij. (2)

1
/=0 =0

C(N)=1-~

Now, if the tolerance limit for the component parameter is
normalized to C = 0, we may define the lifetime of the component
to be the smallest integer N for which C(N) £ 0. This integer,
which we denote by L, then represents the number of shocks
necessary to cause the component to fail.

Since the failure model of (1) is dependent on “component
time,” i.e, the number of shocks the component has received,
rather than real time. it remains to define the refationship between
“component time” and real time. Following common practice in

. ' The concepts descrined herein carty over without modification 10 the case where
the falure model s craracterized By Nigher order difference equations The first.
order mode!. however suifices to rilustrace the theory and s hence used throughout
the present paper.
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reliability theory (1], we assume that this relationship is deter-
mined by a Poisson process. Indeed, this is the unique point
process which has the scaling nroperties required for such an
application [3]. Here the probab ty of N shocks occurring in the
time interval ¢ is

Pu(t) = 74 “‘—;f—'

where k is a given constant representing the average number of
shocks per unit time. Therefore, (kz) is the average number of
shocks in the time interval .

N=01,2 (3)

11I. EsTiMATION OF FAILURE DYNAMICS
+AND LiFeTIME

In a periodic maintenance system, the performance of a com-
ponent is measured at each maintenance interval nT. That is to
say, (Cy, C;, -, C,) is the performance data taken at mainten-
ance times (T, 2T, --+, gT). The estimation problem can be stated
as, “Given performance data (C,, C3. -, C,), T and k, estimate
the unknown constants (ao, a,, ***, a4) of the failure dynamics.”
Since it is assumed that the system is subjected to Poisson shock
with constant k, the expected number of shocks in each mainten-
ance interval is kT.? As such, if we assume that C,, is the value of
the component parameter at N = mkT, then upon substituting
Cn = C(mkT) in (2), we obtain

mieT - | kT~ 1 : mkT =1
z a0/ + Z ay it + 4 Z ay Llmil G
i=0 i=0 =0

wherem =1, 2, 3,---, g, or in the matrix form:

- kT=1 kT-1 kT-1

’ 3
- SR R T ao] b=
i=0 i=0 5 %0
2T -1 kT -1 2kT -\
Z /34 Z g Z 2| a 1-C,
Jaa)p = o o = az
wT-1 T~ T =1
IO Z jl }i a, fes C,
. i S S |

4)

Since the number of data points g is typically much greater than

the order of the polynomial assumed in the failure model A, it is

not expected that (4) admits an exact solution. Rather. we attempt

to solve for a coefficient vector 4 which minimizes the error be-

tween J 4 and Z. [n particular, if one adopts a least squares error
criterion, the optimal A is given by

A= %7 (%)

where J = ¢ denotes the generalized inverse of J [8]. Indeed, if as is
typically the case, J has full column rank, then J =% = (JVU)~'J'
where ¢ denotes matrix transposition. As such, we take A% =
col (a3, a3, **-, a?) as our estimate of the coefficients of the
difference equation characterizing the failure dynamics of our
drifting parameter C as per (1).

To estimate the failure dynamics of a drifting parameter, the
proper choice of the order h is, in general, quite difficult and
depends upon physical, considerations and engineering exper-
ience. Once h is preselected. however, coefficients to best approxi-
mate the failure dynamics can be readily computed via (5). The

! Although not theoretically necessary. we assume that kT is an integer.
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accuracy of the resultant estimate. however, is highly dependent
on the choice of the order h and on the number of measurements
which are taken g. To find a new set of coefficients for a different
combination of % and g. the entire calculation procedure is
typically repeated from the very beginning, a process which is
impractical in the on-line maintenance system. Fortunately, se-
quential refinement schemes for obtaining new sets of coefficients
without repeating the entire calculation can be developed [5], [8].
As such, it is possible to scquentially update one’s estimates of the
parameters do, a,, **°, @) as additional measurements are taken
and, or to increase the order of the model for the failure dynamics
without repetitious matrix inversion. Our algorithm for estima-
tion of the failure dynamics underlying the measured data may
thus be readily implemented on-line with the computational
power presently available in today's microprocessors. The matrix
algebraic details of the required sequential refinement schemes are
straightforward [5], (8] and readily available in the literature. As
such, they will not be repeated here.

In practice, given g measurements C,, C;, -+, C, taken at main-
tenance intervals T, 2T, 3T, ---, gT, one sequentially estimates the
coefficients of the failure dynamics a,, a,, ***, gy, increasing h until
no further error reduction is achieved. The resultant set of
coefficients is then used in (2) to determine the component lifetime
L Upon solving the equation, the resultant estimated lifetime is
found to be the smallest integer L, such that

L-1 &

Yy Yajizl . . (6)

ji=0 1=0

Of course. if the measured data is not decaying towards zero, i.c.,
the component is not failing, this inequality will have no solution,
in which case we take L to be infinite [4].

IV. REPLACEMENT THEORY

Although the algorithm outlined in the preceeding section
yields an “optimal”™ estimate of the number of shocks required to
cause failure. the time at which the Lth shock takes place is statist-
ical in nature. and hence. it still remains to determine the optimal
(in an appropriate sense) time at which to replace the component.
One such criterion is formulated in the following. For this

tion and we desire to choose 2 time 7, at which to replace the
component as a function of L. Given L and T, we denote the
resuitant probability of on-line failure (i.e.. failure before T;) by
P;. P, = | — P, then denotes the probability that the component
is replaced at time T, before it fails. Similarly, we let 7,denote the
expected time to failure for those components which fail on-line,
we let T denote the expected time to failure for all components,
and we let T* denote the expected time to failure for the compon-
ents if_they were operated to failure without replacement (i.c.,
"= T|,-,_.) Finally, we let f;(¢) denote the probability density
function that the component receives the Lth shock at time ¢,
given that the component fails on-line, whereas p;(t) represents the
density function of the Poisson distribution with parameter (k).
and E () represents the corresponding distribution function; i.e.,

(k)

plt) = =7, im0 1,2 (7

L-1
Et)= Z:, pilt). (8)

With the aid of some elementary calculus [9], P,. P, T and T,
as well as their derivatives with respect to T,, can be computed
analyticaily. As such, upon defining an appropriate cost measure,

an explicit formula for determining an “optimal™ T, (given L) can
be derived. We begin with the derivation of the explicit formula
for the various quantities involved in our replacement theory
Since a component will be replaced by our algorithm if and
only if it is still operating at time T,, i.c., if it has not yet received L
shocks at time T;, the probability of replacement is just the prob-
ability of recciving less than L shocks by time T,. We thus have the

foliowing.
Property 1:
P, = Ey(T)
Proof:
L-1 i L-t
P,=Y w e ' = T P(T)= E(T). ®)
i=0 [ 4 i=0
Property 2:
P, = l - EI.(T:)'
Property 3:
T,
'fo p‘(t) dt = (l/k){l - 5101(1:)}'
Proof:
T, T, i
[“ptyae=[ QL pw gy
o it
T
K[ e a (10)
il

Using the identity

m! x"=*

e M

[xme= dx=e= § (-
. x,

L

this becomes

i it ‘l-' T,
[} o= Fe £ 1r it

S
cthore g
SR
'é {l . ;-io m(T,),

= By (T 12)

Property 4.

PL-.(t)
O = Tt = e
Prcof: To derive this conditional density function we parti-
tion the interval (0, 7;) into N segments of length A = T, /N, and
we compute the probability that the Lth shock takes place in the
ith time interval ((i = 1)A. iA). Since this can be caused by having
L - 1 shocks before (i — 1)A and at least one shock in the interval
((i = 1)A, iA), or by having L = 2 shocks before (i —= 1)A and at
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‘least two shocks in the interval ((i = 1)d, iA]. cic., the probability

of failure in the ith interval is given by

S pe-ili = DAY! - E(8)]

=1

- £ oei-nm § GF e

o [

- £ 2 [£ e v agrers
Taking the probability density function at a point ¢ in the interval
((i = 1)4, i4] to be linfiting value of this quantity divided by 4 as
A goes to zero [7], it is observed that the terms of (13) containing
powers of (Ak) greater than 1 go to zero in the limit. As such, the
probability density function for the Lth shock to take place at
time ¢ is given by

limi 2ol = DAKAK T o (G- DAY (14)

a~o a

Finaily, since we are interested only in the conditional probability
density function that the Lth shock will take place at time ¢, given
that the component fails on-line, the quantity of (14) must be
normalized, yielding

fult) = "PL-n(g- 1a) _ 1 pr-1(¢) (15)
4 i (1 = E(T)

4s was to be shown.
Property 5:

,r -El-sl_ol(t)
Tk 1=E(T)

Proof: Since T is the expected lifetime of the components
which fail before replacement,

%
T, = L tfu(¢) de

- I'r' ‘PL-IU)

N de
C - E(T)

.T 179 il e
-Jo t—-—((’-‘fmc de

1
i (1= E(T))

{1 = E(T)}

Py
=L Jo pule) de

= - EdT (16)

From Property 3, (6) thus reduces to the desired equality.
Property 6.

falil- £ T - TET)

Proof:
f.- P,f,'f P,?:
L1-E.\(T)

=l - BT Ty * TEUT)
- L,: 1= Em(T.)} + LE(T) (17
Property 7:
b
Property 8:
N

Proof: This result follows simply by differentiatirs the ex-
pressions for P, and P, of properties 1 and 2 analytically:

P,= E(T))
=e ' 4 l:i: gfg'ﬁ il (18)
Thus
a(P, -k LY kD)™ (kT)
I(k_‘r')s' - To+i-zl L(_K'L _,(_FZG &7,
T L
S A
=E..,-E
= —p.-\(T5). (19)

Moreover, since
Pf = 1 e P,, (20)
d(P,) d(1-P,)

Property 9:
k) _ (L= EqDpu(T) = {1 = Evon(Thipe-o(T))
d(kT,) [1-E(T)P g

Proof: From Property 3,
i= E,_.l(T;)

kT, =L TR (22)
Thus by direct differentiation
dTy) _ (1= E(T)pu(T) = {1 ~ Ev.o(T)pe-o(T)
d(kT,) {1-E(T) '
(23)
Property 10:
i@ = E(T)
d(kT,)
Proof: From Property 6,
fa il = (T + TEUT) (24)
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Hence
kT = L{1 = E,oo(T)} + kTEL(T,). (25)
Thus by direct differentiation

:((kTi:))' Lipu(T)} + (kT(=pr-1(T)) + Ei(T)

= Lpy(T,) = kT,pr-+(T}) + E(T,). (26)

Since
tumy=t B -

{32 '
c-n¢
=kT.p.-(T}),

= (kT}) ——

(27)
this reduces to

d(k T)

(28)
as required.

Given the above statistics for replacement, on-line failure, and
expected time to failure of a component with estimated lifetime L
and assumed replacement time T,, we desire to choose T (given L)
which minimizes some appropriate cost function. Intuitively, this
cost function should represent both the cost of on-line failure and
the cost of wasted component lifetime due to replacing compon-
ents before failure {12], {13]. We therefore adopt the cost
functional

cost = C,P; + Cw(kT* = kT). 29)

Here C, and Cw are appropriate weight factors representing the
cost of on-line failure and the cost of component lifetime wastage,
respectively. Thus the first term in the cost functional represents
“t.ie expected cost of a failure (i.e., the probability of an on-line
failure times the cost of such a failure), whereas the second term in
the cost functional represents the expected cost of wasted com-
ponent lifetime (i.e., the expected lifetime reduction times the cost
per unit time for such a lifetime reduction. with k serving as a
normalizing factor).

To minimize the cost functional of (29), one simply substitutes
the values for P/(T,), T* and T(T,) computed in the preceding
pages. differentiating the cost with respect to kT, and setting it
equal to zero. This then results in the equality [4]

0=Crp-s(T) - CwELT) (30)

where d(P,)/d(kT,) is given by property 9 and d(k T)/d(k T;) is given
by property 10. Thus the choice of an optimal T, (given L) is
reduced to the solution of a single nonlinear equation in one
unknown. The solutions of this equation are plotted in Fig. 1 for a
number of values of Land C,/Cw. 'ndeed. it can be readily shown
that (30) has exactly one solution for T, > 0. Moreover, the
function

Rult)= Cyrpp-y(t) = cwEL(2) (31)

takes on negative values for C <t < T, and positive values for
T, < t: hence in an on-line maintenance system one need not even
solve (30). Rather, one simply evaluates R(t) at the time of the
next scheduled maintenance. If this results in a negative number.
the next scheduled maintenance precedes the optirnal replacement
time, and hence we should wait at least until the next scheduled
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Fig. 1. Replacement time (kT;) versus Lifetime L with different weight constant.

maintenance (when we will have more data) to replace the
component. On the other hand. if the evaluation of R(t) at
the next scheduled maintenance time results in a positive value,
the optimal replacement time will have passed by the next
scheduled maintenance, and hence the component should be
replaced at the present maintenance interval.

V. THE ALGORITHM

Summarizing the on-line maintenance algorithm resulting from
the above theory takes the following form. At the gth scheduled
maintenance interval (at time gT) one measures the component
parameter C,. If C, is already out of tolerance. the component is
simply replaced. and no further analysis is required. If. however,
C, is in tolerance (C, > 0 in our notation), it is used together with
the values of the component parameter measured at the previous
maintenance intervals to estimate the dynamics of the failure
model for the component. Here sequential refinement schemes
may be used both to include the effect of C, on the estimates made
at the (g — 1)st maintenance interval and to increase the order of
the polynomial used to represent the component failure dynamics.
Once the component failure dynamics have been satisfactorily
estimated. one evaluates (31) to estimate whether or not to replace
the component. If Ry ((g + 1)T) = 0. the component is replaced,
whereas if R ((g + 1)T) < 0. the component is not replaced. and
the system is returned to service until the next scheduled
maintenance.

V1. SIMULATIONS

A computer simulation of an on-line periodic maintenance
system based on the above described algorithm was performed for
600 maintenance intervals with a new component replacing the
old component after cach replacement decision and/or on-line
failure [4). The system was subjccted to computer-generated Pois-
son shocks with constant k = 0.1 shocks per hour and a mainten-
ance interval of T =) h. The simulation was first run using
identical components with L = 28 (expected lifetime of 14 main-
tenance intervals) and then repeated using random components
and noisy data measurements.
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TABLE I
ToTAL REPLACEMENTS AND FAILURES WITHIN 600 MAINTENANCE
INTERVALS FOR DiFFerenT C,/Cy

Ci/Cw No. of repiacement No. of taure
0 L] 4
b4 ] L] 1
100 52 2
3 1% e 2
i, 200 w“ 2

| TABLE I
TOTAL REPLACEMENTS AND FAILURES WITHIN 600 MAINTENANCE
INTERVALS FOR VARIOUS FIXED REPLACEMENT STRATEGIES

Constant
i replacement me No. of replacement No. of taure
3 I every 6§ intervais 100 0
b every 7 intervais 8s 0
i every 3 intervais 78 (]
every 9 intervais 85 1
every 10 intervals (1) 1
every 11 \ntervals 48 L]
every 12 intervais 39 ¥ 1"

TABLE III
OVERALL CosT WITH DIFFERENT METHODS AND DIFFERENT C, /Cy

: l e CiCe
& Metncas 50 s 100 150 200
N every 6 intervaly 1600 1600 1600 1600 1600
every 7 intervaly 1096 1096 1098 1096 1096
3 every 8 intervas %00 200 %00 900 90
every 3 intervals 658 3 748 798 848
every 10 intervals £30 555 580 830 680
every 11 intervals 812 762 912 1212 1512
evary 12 intervals b 1028 1300 1850 2400
tre aigonthm g 530 471 512 3 363 788

6. JUNE 1979

TABLE 1V
ToTAL REPLACEMENTS AND FAILURES WITHIN 600 MAINTENANCE
INTERVALS FOR VARIOUS FIXED REPLACEMENT STRATEGIES
AND THE ALGORITHM AT DIFFERENT NoOISE LeveLs

b 20 0% on ©n
No.of No.of No.of No.of Noof Nool Noof Noof

fad ] replace fan reoiace sl
e ) o 100 o 10 0 % s
v A s 0 s ) “ 1 ) .
ol Lok ) 0 n 3 n . o 2
oo - 2 a 3 © 7 2 "
m ) « o 9 18 . 18
m.": s 10 «“ 10 “ 10 ) 20
m“: Y 18 s i " 17 N )
hesigontnm 58 3 ss s ss s %0 "

TABLE V

OVERALL CosT FOR DIFFERENT METHODS AT DIFFEReNT NOISE LEVELS

—F

method o 20% 2% 40% 60%
svery 6 ntervails 1600 1600 1600 1600 2200
every 7 intervais 1096 1098 1098 1280 20C8
every 8 intervals 900 1200 1300 2”2
every 9 intervals Tes 848 348 1376 2432
every 10 intervais $80 880 1380 1980 2364
every 11 intervals 912 1340 1340 1340 2452
every 12 intervals 130C 1728 1328 1984 2812
the aigonthm $12 rs2 980 782 1608

For the case where identical components were employed, Table
[ gives the total number of replacements and failures resulting
from the application of the algorithm over the 600 simulated
maintenance intervals with different values of C,/Cw. For
E comparison, Table [I shows the total number of replacements and
‘ failures which would have resuited from a fixed replacement
strategy ranging {rom six to twelve maintenance intervals. Since
p the cost function is

cost = C,P, + Cw(kT* = kT) (32)

the overall cost can be expressed as
€. it -
cost = C—L (number of failurcs)
w

+ 0.1 (280* (number of components used) = 12000).
(33)

The overall costs resulting from the application of our algorithm
and the various fixed replacement schedules may be computed
from the data in Tables [ and I1. The resultant costs for different
values of C; Cw are given in Table I11.

Note that since L = 28 for cach component in this simulation.
an optimal replacement strategy of approximately ten mainten-

IR B

ance intervals can be computed from (30) without estimating L
As such, it is not surprising that this fixed replacement strategy
resulted in lower costs than the algorithm. [t should, however, be
noted that the algorithm did not have the advantage of an a priori
knowledge of L, and yet it still outperformed all of the fixed re-
placement strategies except the optimal strategy (that is, optimal
once L is known).

In our second simulation, random noise was added to the data
to simulate both the effects of imperfect measurement and the
effect of components with random failure characteristics. Various
simulations were run as before for 600 maintenance intervals each.
with k = 0.1 and T = 20 and with noise levels ranging between 20
and 60 percent of the tolerance interval. The results of these simu-
lations are given in Tables IV and V. Except for a single case.
which we believe to be anomolous, the algorithm outperformed
any fixed replacement strategy.

VII. ConcLusion

[n the preceeding pages. we have described a curve fitting algor-
ithm for the prediction of failures in analog devices. The algorithm
was tested in a variety of situations and found to be surprisingly
effective in predicting failures with relatively little wastage of com-
ponent lifetime and on-line failure cost.
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An Approach to Built-In Testing

R. SAEKS. Fellow, IFEFR
Texas Tech University

Abstract

The architecture and justilication for an approach to built-in test-
g (BIT) in electronic circuits and systems is presented. The pro-
pused system is capable of on-line fault detection and prediction
up to the shop replaceable assembly (SRA) level and is designed
to interface with external automatic test equipment (ATE) for
off-line fault diagnosis within the SRA. The constituent parts of
the BIT system have been extensively simulated and the approach
appears to be suitable for hardware implementation both with
respect to computational and cconomic considerations.

I. Introduction

An approaci to built-in testing (BIT) for electronic cir-
cuits and systems is outlined. The approach assumes a two-
level lnerurchical architecture in which a central micro-
processor controls and coordinates the testing of a number
of subsystems each of which has built-in test equipment
(BITE) such as sensurs and a nanoprocessor for preprocess-
ing the test data prior to transmission tv the central micro-
processor. The approach ailows l'or on-linc fault detection
and prediction up to the level ot a shop replaceable assembly
(SRA) and off-line fault diagnosis within the various SRA's

Manuscript received ebruary 10, 1977: revised Apnil 18, 1978

Author’s address: Department of Llectrical Engincering, Texas
Tech Umwersity . Lubbock. TX 79409

0918-9251/78/0900-0813 $00.75 ¢ 1978 (111

Section |l is devoted to a description ot the BI'l system
architecture. This two-level structure has been formulated
to be applicable either at the printed circuit board level in
which the SRA's represent individual devices (IC chips,
elementary components, etc.) or at the level of an entire
electronics system in which the SRA’s represent printed
circuit boards.

Section 111 is devoted to a study of the fault diagnosis
problem. In cither the case of a linear or nonlinear circuit
it is shown that this problem can be reduced to the solution
of a set of simultaneous nonlinear algebraic equations. In
the proposed BIT architecture a linearization of these equa-
tions is used on-line for fault detection and prediction
whereas the full set of nonlinear equations are used off-line
for fault diagnosis within the SRA.

Two algorithms for fault prediction are described in
Section IV. Both are essentially curve fitting algorithms
implemented on the central test microprocessor in a time
multiplexed mode. Here the microprocessor periodically
receives test data from the various SRA's and extrapolates
this data to determine whether or not the SRA is likely to
fail in the near future. The final section of the paper is
devoted to a discussion of the concept of self-testing, in
particular, the possibility of self-testing in a predictive
mode.

At the time of this writing the approach to BIT described
has yet to be fully implemented. It is, however, predicated
on several vears of research in the area and each of its con-
stituent subsy stems huave been extensively simulated [17,
18, 19]. At the present time the hardware implementation
of the various algorithms is under investigation [15, 16]
and it is hoped that an entire BIT system wiil be in operation
in the near future.

Il. BIT Architecture

The basic BIT architecture is a two-level hierarchical
structure illustrated in Fig. 1. Intuitively, the overall system
may represent a printed circuit board while the subsystems
represent various SRA's such as integrated circuits, power
supplies, vaccuum tubes, etc. Alternatively. the overall
svstem may represent an entire electronics system with the
SRA's being its constituent printed circuit boards. In
either case the SRA's may be throw-away units or units
intended for off-line repair with BITE designed to detect
andsor predict fauits in the SRA. For those units intended
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Fig. 1. Twodevel BIT architecture.

for off-line repair the BITE may also be used as an inter-
face with an external test stand but will not be capable of
isolating the failure within the SRA.

This structure is motivated by several'years of basic re-
search into the relative computational complexity of the
three fundamental problems of fault analysis: fault detec-
tion, fault diagnosis, and fault prediction [9]. The latter
problem requires considerable computational power [18,
19] but need only be carried out at widely spaced test
intervals, say one test per hour (minute, second, ?). As

such, a single central microprocessor can be time-multiplexed

through the testing of a large number of subsystem para-
meters thereby achieving the required computational power
for the fault prediction algorithm while still holding the
amount of dedicated test equipment within reasonable
bounds [10].

While fault diagnosis can be carried out with consider-
able success the process requires significant computational
power (at least a mini by today’s standards) and lengthy
computer runs (7, 11, 17]. Assuch, fault diagnosis within
an SRA is done off-line on an external test stand contain-
ing the required mini (or maxi) computer. Each SRA, how-
ever, will include sufficient BITE, say a nanoprocessor,
to collect and condition test data on the SRA to be period-
ically communicated 16 the central microprocessor for
purposes of fault prediction and detection.

Fortunately, both of these endeavors may be achieved
using a model of the SRA linearized about its nominal
values and hence can be implemented with relatively
little computational power built into the SRA [12]. For
fault prediction in particular, one is interested in track-
ing various internal parameters of the SRA as they drift
from nominal to their tolerance limit. Since the toier-
ance interval is typically only a few percent this can be
achieved with a linearized model. For catastrophic errors
a linearized model may be used to detect failures even
though it is not sufficiently accurate for fault diagnosis.
As such, the BITE within an SRA may be kept within
reasonable bounds while still delivering sufficient data to
the central microprocessor for its fault prediction and
fault detection tasks. If needed, fault diagnosis within an
SRA can, however, be done oif-line with the BITE simply
serving as an interface between the SRA and an external
test stand.
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A final aspect of the BIT architecture is the communi-
cation link between the SRA's und the central micropro-
cessor. Here one desires to keep the wiring between the
SRA's and the central microprocessor at a minimum and
simultaneously have all data transmitted to the central
microprocessor in a uniform format to permit interchange-
ability of component parts within the system. Although
the details of this communications link have yet to be
formalized. the existence of an active computing capa-
bility in each SRA gives one considerable flexibility. As
such, we believe that it will be possible to work with a
single test bus [16]. Here the central microprocessor
requests data from the individual SRA’s by transmitting
a signal on the bus. This signal is received by the built-
in nanoprocessor in the SRA which, in turn, transmits
appropriately conditioned test data back to the central
microprocessor on the same bus.

The BIT architecture just described would scem to
achieve most of the requirements for a BIT system:

1) ¢ontinuous on-line fault prediction and detection to

an SRA is achieved:;

2) the system includes an interface for off-line fault

diagnosis within an SRA;

3) dedicated test equipment represents a small percen-

tage of the total system;

4) busing is minimized and test data is transmitted to

the central microprocessor in a uniform format
thereby facilitating component interchangeability.

111, Fault Diagnosis
For the purposes of doing fault diagnosis we work with

a component connection model for the circuit or system
under test which takes the form

b,=Z,(sra, i=1.2 .0 (1)

u=Lyb+Lou

vy=ELyb+lau ()

in the frequency domain (6. 11, 12]. Here Z;(s.r) is the
transfer function of the ith circuit or system component
where R = col(r;) is the vector of unknown component
parameters and s is the complex frequency variable. Typi-
cally. the unknown component parameters take the form
of amplifier gains and cutoff frequencies, pole and zero
positions, resistances, inductances, etc. In particular, it

is assumed that enough parameters are employed to com-
pletely characterize the pertormance of the device. The
Lj are known connection matrices. a=col(a;) and
b=col(b,) are composite vectors of component inputs and
outputs, respectively. and u and y are the test input and
output signals, respectively. In the nonlinear case the com-
ponent cquations are replaced by the state models

X, e ]', (.\’i,a,.,r)

b, =g, (Xpapr). i=1,2,...n 3)

Lo
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with the connection equations remamuing asin (2). Al
though these component connection models tor a circuit
or system are nonglassical they are widely used in large-
scale system simulation and computer-aided circuit desizn
and are readily amenuble to the “computer speed-up tech-
niques’ developed for these applications [12]. Assuch.
they are ideally suited for the fault diagnosis problem.

Combining (1) and (2) yields the fault diagnosis equa-
tion [7]

Sm’Lu +Ly [I- Z(s.r)L.;]'IZ(S.r)I-n @)

where Z(s,r) = diag[Z(s.,7)] and $™ is the measured trans-
fer function relating the input test signal u to the output
test signal v. The solution of the fault diagnosis problem
therefore amounts to the solution of (4) for the parameters
vector r, given S™ and the connection matrices. Although
it is possible to give an analytic description of all possible
solutions to this equation {12. 13] given any fixed value
for the complex frequency variable s in a *real world™
situation the number of unknowns greatly exceeds the num-
ber of equations and. as such, the analytic representation of
the solution manifold proves to be of little value. This
difficulty is alleviated via a multifrequency diagnosis
algorithm wherein one writes the set of simultaneous
equations:

Sy )= Laz + Ly [1 = 2(s0.0)01 ]~ 205y ) 12

S(s,.r)= Ln * L'g\ “ - Z(Sz.f)‘.n i_ lZ(SzJ)Lu

.
. .
. .

S(spr)=Lag * Ly 1= 23] = ' ZUspr) iz ()

where & different complex frequencies are used in (4)
simultaneously. The interesting and somewhat surprising
result is that the additional equations in (5) may be inde-
pendent thus increasing the number of fault diagnosis
equations without increasing the number of its unknowns
(7]. While the set of simultaneous equations (5) often has
a unique solution. no analytic solution technique is known
and we must resort to time-consuming numerical solution
procedures carried out off-line.

Although the multifrequency fault diagnosis equations
of (5) do not admit an analytic solGtion their numerical
solution can be significantly speeded up by careful anal-
ysis of the equations. In particular, a little algebra [6, 12]
will reveal that

dS"'/drj =Ly (1= Zs, )Ly ) |dZ(spr)idr,)
s{i+La -Z(S,-.’V-n)—l}l-lz (6)
showing that one can compute the partial derivatives required
for the numerical solution to (5) analytically. Moreover, if
one observes that the inverse matrix required to compute

the partial derivatives in (6) 1s precisely the same inverse
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matrix required to ¢valuate the multifrequency fault diag-
nosis equations (5) 1t 1s scen that the partal derivative
information s obtamed at virtually no computationsl cost
above that required for the evaluation of the equations.

In a similar vain one can reduce the computation required
to compute the inverses at diffcrent complex frequencies
by integrating the differential cquation

d[1=Z(sLy) ds= (1 = 2(s)yy ]!

* [dZ(s.r)ds) Ly, [1 = Z(sr)Lyy ] ! M

using the inverse computed at one particular frequency as a
starting point [2, 14]. Although of extremely high dimen-
sion this equation is easily intcgrated without the require-
ment for matrix inversions. With the aid of these observa-
tions it is possibe to carry out an entire iteration of a
Newton-Raphson algorithm for the solution of the multi-
frequency fault diagnosis equations with the aid of only

a single matrix inversion.

Although one does not have a *“‘neat™ set of equations
such as those described above for the solution of the fault
diagnosis problem in a nonlinear circuit or system, surpris-
ingly similar computational techniques can be invoked in
the nonlinear case. The key to these techniques is the
replacement of the multifrequency information of the
linear case by a family of intcgral performance measures
on the test signals u and y. These play exactly the same
role in nonlinear fault diagnosis as played by the frequency
information in the linear case, allowing one to formulate
multiple independent fault diagnosis equations from the
same test signals.

In the nonlinear case. the sparse tableau algorithm |3,
12] is used to evaluate the fault diagnosis equations at each
iteration of a Newton—Raphson algorithm. As in the
linear case this algorithmn allows one to compute the deriva-
tive required for the Newton—Raphson algorithm with
essentially no additional computational cost above that
required for the evaluation of the equations (3, 4. 12].

It is possible to obtain significant computational gains in
the solution of the fault diagnosis equations in the non.
linear case as well as in the linear case, by optimally exploit-
ing the computational efficiencies inherent in the sparse
tableau formulation for an clectronic circuit or system.

Even using computational efficiencies which are possible
for solving the fault diagnosis equations, this method is
still long and tedious and not well suited to on-line imple-
mentation in a BIT system. 1t is thus recommended that
linearization of the fault diagnosis equations be used in-
stead. Although far less accurate than the solution of the
full set of fault diagnosis equations {12}, we believe that in
the context of the previously described BIT architecture,
linearization of the fault diagnosis equations will prove to
be viable. From the puint of view of fault prediction one
is interested only in tracking the unknown parameter vec-
tor 7 from its nominal value to its tolerence limit (a few per-
cent deviation from nominai). This is a region in which
the solution of the linearized fault diagnosis equations
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should be quite accurate. On the other hand, if a cata-
strophic fault occurs, solution of the linearized equations
will detect the fault though it may fail to accurately diag-
nosis it. In this case, however, the linearized test data and
its associated BITE may be employed as an interface be-
tween the SRA and an external test stand. As such, the
use of linearized fault diagnosis equations will suffice in
the context of our BIT architecture.

From the paint of view of on-line analysis in a BIT
system the solution of the linearized fault diagnosis equa-
tions is computationally reasonable. Since the linearization
is done about the nominal value, it may be precomputed
[via (6) in the linear case and the corresponding equation
in the nonlinear case] and its inverse may be precomputed.
Thus, the implementation of an algorithm for the solution
of the linearized fault diagnosis equations requires only a
single matrix multiplication, the matrix having been pre-
computed off-line and stored in a read-only memory.

1V. Fault Prediction

In the context of the previously described BIT archi.
tecture the primary role of the central microprocessor is
to periodially collect data from the individual SRA’s char-
acterizing their internal parameter vectors 7. This data is
then used to detect and predict failures of the SRA. When
a failure is detected, the central microprocessor signals
this fact and the SRA is replaced and/or taken to an exter-
nal test stand for repair. If no failure is detected, the role
of the central microprocessor is to compare the present
data with previously measured values in an endeavor to
predict whether or not failure is imminent. In this in-
stance predicted failure of the SRA would be signaled in
an effort to replace the device before its actual on-line
failure {20].

For any particular device one can collect statisticul
data on which to base a fault prediction algorithm. How-
ever, in a practical BIT setting where the same fault pre-
diction algorithm is multiplexed through the testing of
many different SRA’s, it is necessary to use an aigorithm
which is independent of the specific properties of the
parameter under test. As such, for our BIT system, we
exnect to empioy a curve fitting algorithm [20]. Although
less accurate than a statistically based algorithm, we have
shown by simulation (18, 19] that such an algorithin can
be employed as a satisfactory fault predictor. Such
algorithims are computationally siinple thus permitting a
single central microprocessor to be multiplexed through
the testing of a large number of SRA's [15]. Moreover,
if one assumes that the data delivered by the SRA to the
central microprocessor has been unifonnly normalized,
the fault prediction algorithm will be completely indepen-
dent of the parameter under test. As such, oneisina
position to completely standardize the central micro-
processor in a BIT system so that changes in an SRA do
not demand corresponding changes in the fault predic-
tion algorithm.

Over the past several years we have investigated sev-

eral approaches to the fault prediction problem [5, 15, 16,
18,19, 20]. The first is extremely naive but has yielded
surprisingly effective results in simulation (18, 19, 20].
Basically. one collects data at periodic intervals, fits the
data with a second-order polynomial, and solves the qua-
dradic equation to estimate the time at which the parameter
will go out of tolerance. The success of this algorithm is
due to the fact that one is not really interested in the
accuracy of the failure time estimate but only the accuracy
of the binary decision (based on this estimate) whether

or not to replace the SRA. Moreover, this binary decision
is only made when failurc is expected in the near future,

a region of time in which a polynomial extrapolation is
reasonably accurate: i.e.. if failure is estimated to take
place in 3 years even if the estimate is off by 90 percent,
the decision not to replace the SRA at this time will still

be correct.
A fault prediction algorithm based on the above men-

tioned second-order polynominal extrapolation has been
extensively studied by Tung and Saeks on some 10 000
complete simulated operations of the algorithm (18, 19].
Most of these simulations were carried out on artificial
data generated by a library of special functions to which
a noise term was added. These special functions included
some highly complex nonmonotonic curves. Additionally,
curves based on the empirical drift formula for thin film
resistors were studied [R(r) = Ara where a lies between
0.3 and 0.5] (18, 19]. In both cases, random noise with
amplitudes of up to 25 percent of the tolerance interval
was added to the data. The result of these simulations,
which we believe to represent an environment which is
more extreme than the real world, was that 99.5 percent
of all SRA's were replaced before on-line failure at a cost
of about 10 percent of their lifetime.

At the present time a somewhat more sophisticated
fault prediction algorithm is under development [S].
This is still essentially a curve fitting algorithm though
one in which a failure model (founded in modern reliability
theory [1]) is employed. The basic idea for this algorithm
is as follows. The drifting SRA parameter 7 is assumed to
satisfy a difference equation

rk+1)=r (k)+f(k) ®

where the “component time" & represents the number of
shocks the SRA has received (e.g., switching processes,
electrons boiling off a cathode, etc.). The relation between
component time, i.e., the number of shocks received, and
real time is assumed to be a Poissondistributed random
variable in which the probability of the SRA receiving n
shocks in a time interval of length ¢ is

P, (1)=(e0)" e/ | ®)

1t is assumed that the value of the parameter r is known
for a fixed set of points in real time; 7(r, ), Atz ),....(¢tm)-
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Using this data we desire to estimate the unknown failure
dynamics f{k) for the SRA parameter. This is then used
in (8) to compute the number of shocks required to cause
failure, i.e., the smallest value of k for which (k) is out
of tolerance. Finally, this estimate is used to compute
the optimal real time at which to replace the SRA to
minimize the cost functional

JucPrc W. : (10)

Here Py is the probability of on-line failure, W is the average
percentage of SRA lifetime which is wasted by replacing
the SRA before its actual failure, and ¢, and c,, are weight-
ing factors.

Note that the implementation of the Poisson-shock-
based fault prediction algorithm just described requires
that we deal simultaneously with two unknown phenomena:
the failure dynamics f{k), and the random relationship be-
tween “real time™ and “‘component time” given by the
Poisson distribution. Although the required analysis is
complex, a surprisingly tractable (and optimal in an appro-
priate sense) fault prediction algorithin can be formulated.
The properties of the Poisson distribution are used to esti-
mate the number of shocks which the SRA has received in
the time intervals [¢;, ;] ,i=l,2....,m, in combination
with a generalized inverse algorithm to estimate f{k). f(k)
is approximated by a jth-order polynomial and one must
compute the generalized inverse of an m by j matrix. For-
tunately, the algorithm is ideally suited to a sequential
least squares technique [8] and no matrix inversions need
be carried out on-line. Once f{k) has been estimated to a
satisfactory level ot accuracy (by increasing the order of
the approximating polynomial until the estimation error
is reduced to a prescribed level), it is used with (8) to com-
pute the number of shocks required for the parameter to
0 out of tolerance. Finally, this value is used in conjunc-
tion with the Poisson distribution to determine the opti-
mal real time at which to replace the SRA. Although
apparently complex, this latter optimization can be reduced
by analytic techniques to the solution of a single nonlinear
equation in one variable |5]. As such, the entire fault
prediction algorithm may be easily implemented, on-line,
in a BIT system. Unlike the second-order curve fitting
algorithm, the Poisson shock algorithm for fault predic-
tion is still under development and its simulation on real
world data is just beginning.

From the point of view of our BIT architecture where
the central microprocessor is dedicated exclusively to the
fault prediction job (plus bookkeeping and control of the
test communications link). we anticipate little difficulty in
implementing either of our fault prediction algorithms,
The key 1o the viability of the concept, however, is to make
the algorithm fast enough so that a single central micro-
processor can be time-multiplexed to test a large number
of parameters. In an effort to verify the feasibility of such

SACKS: AN APPROACH TO BUILT-IN TESTING

an approach, we are presently in the process of implement-
ing the second-order curve fitting algorithm on an F& micro-
processor [15]. Although the implementation has yet to
be completed, most of the subprograms have been written
and tested and it appears that the program will require
about 500 bytes of memory and execute in about 30 ms.
As such, the central microprocessor would be able to cycle
through the testing of about 2000 parameters at |-min
intervals.

V. Seif-Testing

An interesting side effect of running a BIT system in a
predictive mode is that it opens the possibility of reliable
self-testing. The key observation is that to do fault pre-
diction in a digital device one must test analog parameters
such as rise time, power supply voltage, clock rate, pulse-
widths, etc., since digital parameters are either right or
wrong and have no gray region from which to extrapolate
trends. One may therefore use a microprocessor to pre-
dict its own failure by extrapolating the values of its
analog parameters. As long as the prediction is made
before these parameters go out of tolerance, the digital
performance of the microprocessor is still exact. The
point is that in a predictive mode the microprocessor is
still working at the time it predicts its own failure and
hence may be used reliably in a self-testing mode. Of
course, once the analog parameters of the microprocessor
have exceeded their tolerance limits, it may no longer be
trusted as a digital signal processor and hence the device
cannot be used to diagnose its own faults after failure.

Although the self-testing concept just described is
purely conceptual and has yet to be implemented or even
simulated, it is indicative of the potential of fault predic-
tion in a BIT system. Indeed, if one can reliably predict
fallure before it actually takes place, such concepts as
self-repair move into the realm of feasibility, since at the

" time a replacement decision is made the device under test

is still working.

V1. Conclusions

Our purpose in the preceding has been to outline an
approach for designing a BIT system applicable to elec-
tronic circuits and systems. Although not yet implemented
in hardware, each of the constituent parts of the BIT sys-
tem has been extensively simulated and we believe that a
hardware implementation is feasible both computationally
and economically. At the present time, we are implement-
ing the polynomial curve fitting algorithm for fault predic-
tion in hardware and are in the preliminary stages of
impiementing the entire system in a high-voltage power

supply.
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on Circuits and Systems, University of Pennsylvania, Philadelphia,
June 1979, pp. 535-536.

Abstract

A fault analysis algorithm appropriate for time varying and nonlinear systems,
is developed. The algorithm essentially constructs an observer for a nonlinear
system that is intimately related to the system under test.

INTRODUCTION

Given enough time and computing capability brute
force searches will identify possible fault sets.
The real problem in fault analysis is to con-
struct algorithms that, in some sense, locate the
fault sets "efficiently". "Efficiently”, in this
context, means that the fault isolation must be
done relatively quickly and with-limited-on site
computing. Such techniques have been developed
€8 Nandls linsse Sima fnverisat spd dist®a)
systms.z'z" These, however, nake heavy use of
the defiming pronerties for these systems, and
don't generalize. The purnose of this paper is
to show that an observer for an appronriate non-
linear differantial eauation can be utilized, on
line, to determire the values of the system para-
meters. A technique, based on optimal control
theory, for constructino such observers is also

presented.
O0BSERVERS AND FAULT ANALYSIS

Consider testing a system that is described by
the nonlinear state equations

X ® f(x'.a.u.t)

y *alx))

where 0 is the dynamical state vector, a is the

vector of parameters to be estimated (they are
assumed constant over the test time), and u is the
input used in the test procedure. If we want to
estimate a we need to include it in’ the state vec-
tor, i.e., we want to build an observer for the
augmented differential equation

s [ .a.u.t)"

a 9 J
y= 9(x).

If it is possible to build an observer that
will observe the subvector a we have solved‘ the
fault analysis problem. [t would then be neces- .
sary to justify our solution in terms of time and
computation requirements.

AN _OBSERVER DESIGN

We chose to design an observer with the followina
structure

;1 f(x,a,u,t) + H(y - y) (H time invariant)

y = alx,).

we term such an observer as a Model reference
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linear time invariant observer. The term'”linenr
time invariant" is used because the residuals
enter in a linear time invariant fashion. The
problem is now that of choosing H. To avoid in-
volved stability considerations (at least initial-
ly) we choose H so that it minimizes the follow-
ing function 2

M 2 2

J(H) = {[(xrx) +(a-2)%) dt
(] E

and hope that the stability takes care of itself.
The construction of H can now be done by solving
the following optimal control problem
t] i
min J(H) [9(H) = [ xTqxdt, Q= [1 -I|\ -
2 to
H R =1 L

subject to the Differential equations constraints

x; -f(x~| ,a,u,t)- (0]

ke 31al °‘ o I )
x4 fxy.2,u,t) H
2 0

: » T
Ktg) = Ox (e Tate ) ox (e )T ace )T

Yote. 1) H will be dependent on the X(to) used in
its construction, so when it is used to estimate

a (when a differs from a(to)) it has little chance
of being the cptimal H. So even though we use
optimization techniques to construct H, it will
rot, in general, be optimal. 2) Several observers
may reed to be constructed, each one convergent
for a in a different region.

Experience indicates that only a few compon-
ents fail at a time. Because of this a reasonable
approach is to construct an cbserver for each com-
oonent, (thereby minimizing the dimension of the
augmented state vector) and estimate the para-
meters for each comoonent in parallel. Observers
can also be built for the cormon twc and three
element faults.
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Postract

This paper gomnims the classical House-
holder’'s formula to certain nonlinear operators.
This class of nonlinear operators is shown to
be comman in circuit theory. Several examples
are provided that show where. these operators

occur and the result is applied.

1. Introduction

The purpose of this paper is to present
a technique for anmalyzing lumped analog systems
with some linear and some nonlinear elements.
[t is shown that such a system is described
Yy an operator of the form

(1.1) B+YoD
where 8 and D are linear and Y-is nonlinear.
Since no assumptions are made about the nature
of the nonlinearities, it is fm;:ssible to view
the operator YoD as small in any sense, hence,
YoD has to be viewed as 3 large nonlinear pertur-
bation of the linear operator 8.

The technique to be presented is based on

CH1369-8/79/0000-0473300.75 ©® 1979 IEEE

a theorem that allows Us to invert (1.1) in

two steps. First, invert the linear dperator

8. If there are NL linear elements and Ny
nonlinear elements, B will be an (NLmN)x(NL*NN) :
matrix. Second, invert a nonlinear operator

of rank Ny- That such a result exists, is not
surprising. Those experienced in solving

equations involving such operators apply

Gaussian elimination until there are N“ nonl fnear

equations in "N unknowns. Another way to see

that this segregation can be accomplished is to

. view the nonlinear elements as a “load" on an

89

appropriate linear circuit, in much the same
way as a circuit with one nonlinear element is
analyzed Ey viewing that element as the load
and finding the Thevenin's Equivalent circuit
that it sees.

The main result of this paper is obtained
by generalizing to operators of the form 8+Ya0,
a classical theorem concerning linear operators
known as Householder's Formuia. This classical
result and its generalization are stated and
proven in section 2. [n section 3, we show
such operators do, indeed, occur in circuit
theory and then two examples are presented. The

results are summarized in section 4.
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. Section 2
The classical Householder's formula [1] pro-
vides a means of calculating the inverse of the
matrix B4CD in terms of 87 and (1+087'C)™'  1f
8”7 is known and if the dimensions of C and 0 are
appropriate, then a great savings in time and
effort can be realized using this technique.
Theorem 1: (Classical Householder's Formula)
If B is an NxM matrix, C is an NxP
matrix, and D is a PxN matrix, thep
(8+¢0)~"=81-8"Tc(1+087'c) 08",
In the nonlinear extension, the iinear
operator C is replaced by the nonlinear operator Y.
The proof of this extension looks, at first
glance, lfke the proof of a linear rather than
a nonlinear theorem. To see that this is indeed
a nonlinear resulty, the differences between the.
ncnlinear and linear operator algebra will be
reviewed by giving two Sasic defini;ions.
Definition 1: (Operator Aadition) Let f and g be
two coeratcrs (linear or nonlinear)
with the same domain, then the
operator f+g is defined by the
following
(2.1} (Frg)(x}3F(x)+g(x)
Cefinition 2: (Linearity) an operatcr f is linear
if for all x and y in its dcmain
and all scalars a and 3
(2.2) flax+gy)=f(ax)+f(3y)
=qf(x)+af(y).
The argument distributes to the left for all
operators, but the coerator distributes to the
right only for linear operators. With this

distinction in mind, we are ready toc state and

and prove our main result which is a closed form
expression for (B+YD)™! in terms of 8™) and
(I*DB"Y)'I (of course, operator multiplication
is to be interpreted as composition i.e. YD&YoD.
theorem 2: If i)B and D are linear operators,
11)8™) exists, 11i)y is an arbitrary
operator and iv)B+YD is defined, then
(2.3) (8+YD)"=B']-B'IY(I+08Y)'103'1_ ?
Proof: Consider the operator X+XYX where X is
1inear and Y is possibly nonlinear.
X+XYX=X(I+YX)=(I+XY)X.

If (I+YX) and (I+XY) are both invertibie

(it can be shown [2] that one is ix-wer-t‘ibl.fE

if and only if the other is) we have
(2.4) (1+xy) "M x=x{1evx)].
Now consider the identity
T=(1+¥X) (1+¥X) " =1 (12¥x) T orx(14vx) !
(1+vx) "Ny 1exy) " Tx
where we have used (4). Solving for
(1+¥x)"1 yields i
(5) (1+¥x)Tar-v(1e2y) X,

Finally, consider the operatcr 8+YD.
-1
)

(8+v2) = (1+v03 13771287 {14vng ™),

1

Letting X=08"' in (5) yields

(8+v0)~'=8"Tr1-v(1+08" v "T0g" 3

13t rrre08”'y) Vol

=8
To see how this result is usaful, consider
the case where 8+YD is an Nth orger nonlinear
operator, 0 a linear operator that maps
{R“-IRP.P<N and Y a noniinear operator that maps
[RP<1RY.  This result allows the solution of ¥
nonlinear equation in N unknowns to te replaced

by the soluticn of N linear equations in N

unknowns and also the solution of P {recall P<N)




nonlinear equations in P unknowns. Thus,
via a closed form expression, ordered our equa-
tions and unknowns properly to make maximum use
of linear techniques and minimum use of nonlinear
techniques.

It should be noted that the proof of Theorem
2 relied on the fact that 8 and D were linear
operators and allowed Y to be arbitrary. B
and D were not assumed to be matrices and Y was
not assumed to map IRPOIR".' Any- or all of the
operators could be differential operators and the
result would still be valid. Regardliess of
whether the operators are differential or func-
:ﬂml. we have succeeded in breaking 1tA ug-:
into a linar portion and a nonlinear portion.
If there are few nonlinear cowonents in compar-
ison with the number of lTinear components, the
noniinearities can be viewed as a perturbation on
the linear system.

Section 3

The purpose of this section is vto show that
operators of the form 84YD occur in circuit
mal}sis problems and to apply Theorem 2 to two
examples.

This type of operator arises naturally in
noni inear network anmalysis. Consider the Node
analysis of a network with reduced incidence
matrix A, [3].

(xcL) Aj=0,

(xv) yATg.

Kirchoff's Laws are

The branch equations might be
I=Gyri -Gy +f(y)
where

j‘thc branch current vector;

we have,

v‘thc branch voltage vector;
j,‘tho current source vector;
_sﬁthe voltage source vector;

g‘thc mode-to-datum voltage vector;

G is assumed to be an “invert-ble" matrix of
differential operators, f is a nonlinear differ-
ential operator, and all branches are voltage
controlled. If

1%a6v_-ag,

then Kirchoff's Laws and the branch equations
can be combined to yield

(3.1) (AGAT)eraf(ATe)=1.
Letting AGAT=8, and Af(-)sY, we see that this
operator is of the desired form.
situation is for f tc; be a function of only a few
(p<n} linear combinations of the components of v
then (3.1) can be rewritten in the form

(3.2) 8+Y(CAT) emi
which is precisely the type of operator that is
ammenable to the results of Theorem 2.

We now apply Theorem 2 to theprobiem of

solving two nonlinear simultaneous equations in
two unknowns. Consider the foilowing nonlinear

equations

oot ]3]

In order to apply Theorem 2, f(x) must be put into !
the form 4
(8+Y0) (X)

where B is an invertible mtrix. One way to do

this is

1 11X
'f(X)‘(SﬂD)xth[l 1:] Xﬂ +Y([1,01X)

The typical £
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Y Y R T Y R T

where

[(.)3-(.)]
Y(.)' 0

Theorem 2 says that

s B e B
xeg12-871v(1+087 1Y) 10T 2eK -y

where
R zi]
he Mg 1l 31 *“La) o
and
Xy =87 1r(1+08™2v) 108712

=8"ly(1+08"1v) "ox,
=8-ly(re0e~lv)"l27. |

Now
(1+08~1y)"127%y

is equivalent to
(1408 Ly)u=27.

3
(1+08" ¥ )usu(1,0] [? f] Ei ) :]
' Ol 1]l o

03-0 3 3
=y+{1 1] o |TutuT-usuTa27

wnich implies

u=3

1 17 [13)3-(3) [2s
-1
5 ® 3- s
i L 1][ 0 j [-24]

% 7-247 ., [ 3]
=X Rt [-21+424 [3_]

The reason for choosing a functional example

Now

So

is that for large circuits or systems, the differ-
ential equations are solved numerically so at each
iteration, an operator of the form B+YD must he

inverted. To see that this is indeed the case,

consider discretizing the differential equations

obtained from the component connection model [2]

of a system. The component equations are assumed
(here) to be given in state form

i-f(x.a)
b=g(X,a).

where a is ths vector of component inputs,
b is the vector of component outputs, and x is the
state vector of the components. The connection

equations (KVL and KCL equations) are given by

j,_[f11 Ll%] f]
where u is the vector of system inputs and y is
the vector of system outputs. If we order the

entries in all of the vectors correctly, we can

partition the vectors in the following manner

N ; N
a b X
a-aLJ ? b.bq . a“d x-xL]

where the superscript N(L) denotes entries
associated with the nonlinear (1inear) components.
The descretized equations (%t the computer is to
solve have the form
L Gl ety
120 2 .
r
z Ll stinzle
j=0  di%k-iAXc*8ay,
3 N
bk“'g (ka !ak") ’
L Ciale
bk -ka +Dak.
N_, NN N, NL L. N
R L LM R A PE
b b LU L L
e LM ELIARPUNS
Nl ol
Yt 210 22bic gty |

The last equation is just the output equation and
is not used during the iterations. These equations

can be put in the following form

AT e o
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Wk*Y(Wk) . References
i A.S. Householder, "A Survey of Some Closed

1.
£ R R Sl ' x’f
S B S 0 faf
0 0 Adol B8 0 0 x‘,;
% 2.
Qo
B B R b‘:
TSI -L""" -L'i']' b';
i ——— b 30
o e
k*3k R
9" (X:.a',:) b]
+ o| Faxt
0 i=] 1 rei
0 0
0 0

where 0=(1,0], and [ is conformable with

N

Xy
N

% .

4. Conclusion
The classical Householder’'s Formula has been
generalized to certain nonlinear operators. It
was shown that these nonlinear operators occur
in circuit theory, both in the differential
equations that describe the circuit and in the
discretized equations that are used in the

‘computer aided analysis of these circuits. [t

is hoped that this result will be as useful a
tool in the fault analysis of ronlinear circuits
as the classical result turned out to be in the

fault analysis of linear circuits.
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14. Reprint of "CAD Oriented Measures of Testability" by R. Saeks from the
Proceedings of the Industry/Joint Services Test Conference
and Workshop, NSIA, San Diego, April 1978, pp. 71-72.

ABSTRACT .

Measures of testability for both anaiog and digital systems which can be incorpor-
ated into a computer-aided design package are surveyed. The application of these
measures for evaluating and improving system diagnosability is discussed.

Although maintenance related ques-
tions have historically been given low
priority in system design with the advent
of integrated circuit technology during
the past decade the cost of maintenance
has become a dominating factor in deter-
mining the system life-cycle costs. As
such, considerable interest in the de-
sign of systems which are readily testa-
ble has developed along with a concomitt-
ment interest in the development oflaz
quanitative measure of testability.™’
The latter may be used to aid in the de-
sign of readily testable systems. More-
over, such a measure of testability can
be employed as a means of specifying
system testability for acquisition pur-
poses. 3

Two classes of testability measures
have been proposed both of which have
applicability. The first is a coarse
measure of testability which can be com-
puted by hand from an inspection of the
system. This might include numbers of
input and output test points, number
and complexity of system components,
memory complexity, etc. Alternatively,
one might choose to adopt a more sophis-
ticated measure of testability using
Computer aid for. its evaluation. Indeed,
with the growing prevalence of CAD pack-
ages in the design houses of subrouting
for computing a measure of testability
during the design process could be in-
Corporated into an existing CAD package
with little difficulty.

Although at the time of this writing
No clear criterion for defining a measure
of testability has yet to emerge several
approaches are presently under investi-
gation.l,2 oOne such approach is based
on the concepts of controllability and

observability intuitively deeming a sys-
tem to be "more testable” if it is “"more
controlable and observable”. Since con-
trollability and observability are
measures of one's ability to exercise the
internal system elements via external in-
puts and observations such a viewpoint

is quite reasonable. Unfortunately, as
classically defined, controllability and
observability only measure one's ability
to exercise the system memory elements
and hence some type of extension of the
concept is required if the resultant
measure of testability is to include com-
binational information as well.

An alternative approach primarily
intended as a measure of testability for
analog circuits has rccent%y been proposed
by Sen and the author.3:4:35 Here, one
uses the implicit function theorem to
estimate the dimension of the manifold
of arbitrary parameters resulting from
the solution of a set of "fault diagnosis
equations® with a lower dimensional am-
biguity set indicating a "more testable”
systems. Unfortunately, this approach to
the formulation of a measure of testa-
bility is heavily predicted on the
differentiable properties of analog sys-
tems with considerable work still re-
quired for its extension to the digital
case.
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Summary :

In the analysis of large scale systems it is often necessary to solve a
continuously parameterized family of numerical problems; inversion of a family
of sparse matrices, computation of the roots of a family of polynomials or
nonlinear equations, solution of the eigenvalue problem for a family of sparse
matrices, etc. The goal of the present work unit is to develop a class bf
continuation algorithms for the solution of such problems in which one formu-
lates a nonlinear differential equation whose trajectories represent the solu-
tions to the given family of problems as a function of the underlying parameter.
One then computes the §o1ution to the given problem at one parameter value by
classical techniques and numerically integrates the differential equation using
this value as an initial condition to obtain solutions to the entire family of
problems. We believe that these techniques are far more efficient than the
classical technique of discretizing the parameter value and applying standard
numerical techniques at each point. Indeed, this has been born out by our pre-
lTiminary experience in applying continuation algorithms to large scale systems
problems.

* NSF grant for related work applied to the computer-aided design problem.
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The research may naturally be subdivided into two areas; the formulation
of analysis and design techniques for large scale systems and the development
of numerical methods for their solution. The former area includes system
simulation algorithms, large change sensitivity analysis algorithms, a multi-
variate Nyquist theory and several root locus algorithms. In the numerical
area we have developed continuation algorithms for inverting sparse matrices
and for the solution of the eigenvalue problem in a family of sparse matrices.
Addifiona]]y, we have formulated several root locus algorithms and a method for
tracking the solutions of a parameterized family of nonlinear equations.

- The major resu]; obtained during the year has been the formulation of
several continuation algorithms for the solution of the eigenvalue problem
in a family of sparse matrices. Although a continuation algorithm for the
solution of the eigenvalue problem has been known for a number of years the
existing algorithm uses the eigenvectors as auxiliary variables. As such,
since the matrix of eigenvectors for a sparse matrix is non-sparse this al-
gorithm fails to preserve the sparseness of the given matrix. We have there-
fore developed three alternative continuation algorithms in which the auxiliary
variables take the form of appropriate similarity transformations for the given
family of matrices which are assured to be sparse if the given family of
matrices is sparse.

In other areas we have developed a continuation algorithm which is
employed to find multiple roots of a polynomial with applications to
root locus probiems. The latter applicatidn is also represented by re-

prints of two papers in which various root locus algorithms are formu-
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lated. Additionally, we have included a reprint of a paper from the IEEE
Proceedings in which a continuation algorithm for sparse matrix inversion is
developed and reprints of two conference papers on the solution of parﬁmeterized
families of nonlinear equations.

7. Publications and Activities:

A. Refereed Journal Articles

1. Pan, C.T., and K.S. Chao, "A Computer-Aided Root-Locus Method",
IEEE Trans. on Automatic Control, Vol. AC-23, pp. 856-860. (1978).

2. DeCarlo, R.A., and R. Saeks, "A Root Locus Technique for Inter-
coennected Systems", IEEE Trans. on Systems, Man, and Cybernetics,
Vol. SMC-9, pp. 53-55, (1979).

3. Saeks, R., "A Continuation Algorithm for Sparse Matrix Inversion",
IEEE Proc., Vol. 67, pp. 682-683, (1979).

4, Pan, C.T., and R. Saeks, "Multiple Solutions of Nonlinear Equations:
Roots of Polynomials", IEEE Trans. on Circuits and Systems (to
appear).

B. Conference Papers

1. Pan, C.T., and K.S. Chao, "Multiple Solutions of a Class of Nonlinear
Equat1ons", Proc. of the 1979 IEEE Inter. Symp. on Circuits and
Systems, Tokyo, July 1979, pp. 577-580.

2. Pan, C.T., and K.S. Chao, "A Continuation Method for Finding the
Roots of a Polynomial", Proc. of the 22nd Midwest Symp. on Circuits
and Systems, Univ. of Pennsylvania, Philadelphia, June 1979, pp.
428-431.

C. Preprints

1. Green, B., "Continuation Algorithms for the Solution of the Eigenvalue
Problem", (preliminary draft).

D. Theses

1. Green, B., "Continuation Algorithms for the Solution of the Eigenvalue
Problem", M.S. Thesis, Texas Tech Univ., 1979.

E. Conferences and Symposia

1. Chao, K.S., 21st Midwest Symposium on Circuits and Systems, Iowa
State Univ., Aug. 1978.
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8. Reprint of "A Computer-Aided Root-Locus Method", by C.T. Pan tand K.S. Chao

from the IEEE Transactions on Automatic Control , Vol.

Pp. 856-860. (1979).

A Computer-Aided Root-Locus Method
C.T. PAN avp K. S. CHAO, M®MBER, ER

Abstract—Aa eflicient computer-sided root-locus method is described.
The approach is based oa the coocept of coatinuation methods in which the
solutioa of s parameterized family of algebruic problems is coaverted into
the solatioa of a differential equation. The root-locus plot is obtaioed in a
systematic manner by sumerical integration. Singularities are analyzed
and classified according to the properties of higher order derivatives.
Depending oa their dassification, singular points oa the root lodi are tsken
care of accordingly.

' 1. INTRODUCTION

The root-locus method is one of the important design techniques for
linear time-invariant feedback systems. In addition to yielding frequency
response information of the system, it also provides a powerful tool for
solving problems in the time domain. The basic idea of the root-locus
method is to determine the closed-loop pole configuration as a function
of the gain from the configuration of the open-loop poles and zeros. A
great deal of information is available in texts and literature on the
method for the constn ction of root loci. The graphical method using
certain elementary geor. etric properties of the locus is probably the most
commonly used appro.ch (see e.g. [1]}-[{3])). Other approaches [4]-(7]
employ either analytic or semi-analytic representations that involve the
use of equations of the ioci. Although analytic approaches enable one to
obuin accurate plots along with certain qualitative features of the root
paths, the point-to-point plotuing is just a formidable task Besides,
investigations for higher order systems are virtually impractical.

It is the purpose of this paper to develop a computer-aided method for
plotting root lodi in 2 systematic manner. The approach to be presented
in Section II is based on the concept of continuation methods [8]-{10}.
The basic idea is to convert the solution of a parameterized family of
algebraic problems into the solution of a set of associated differential
equations. Section 1II is concerned with the existence and classification
of singular points on the root loci. In Section IV the results obtained are
illustrated by means of exampies.

II. Tue Roort-Locus MetHOD

Consider the closed-loop system shown in Fig. 1. Let the open-loop
transfer function be expressed by

A 8 plrm )=t (= 5)
Glo)H(s)=K == ti=py W

B(s)

where X is the open-loop gain and m<n. The closed-loop transfer
function is

G(s) G(s)B(s)
TO)= TG AG) ~ )+ KAG) @

The root-locus plot of the closed-loop transfer function 7s) is defined as
the locus of the poles of T(s) when K varies from zero to infinity. This
plot consists of 2 set, denoted by /, of points in the s-plane suca that

N " received Dx ber 13, 1977; revised April 28. 1978. Paper recommended
Poiak, Ch of the Comp sonal Methods and Di Sy C
work was supporied in part by e NSF wader Graat ENG-7509074/
T7-22991 and the ONR uader Grant 76-C-1136.
C T. Pas was with the Deparument of Electrical Eapocering, Tezas Tech University,
. of Electncal and Power Eapneer-

us Unsveruty. Hunchu, Taiwaa
s with e Deparument of Elecuncal Enpacenng, Tezas Tech Unrveruty,

AC-23,

8(s.X) = B(s)+ KA(s) =0, e
i.e,
I={s|g(s,K)=0}. “@
Instead of soiving the roots of (3) directly for each X, a system of two
simultaneous differential equations :
;;:(-f(t). K(1))= = g(s(1), X(1)).2(s(0), X(0)) =0

LK)=21,  KO)=K )

is considered where 5(0)= s, is a root of [3] corresponding to an initial
gain X, and ¢ is a dummy variable. Application of the chain-rule to (5)
results in

G=-(s= )2 @=x
dK
= ==zl O]
or equivalendy,
ds (B(s)+ KA(s))=A(s) -
E TR > O=s
Lasl, KO-k ™

Equation (7) can now be solved by any numerical integration technique.
For example, using Euler’s method, (6) reduces to

ooy oy Bl KA+ AGs)
PR TR YRAG)

(3)
Keo1=Kp2h
It is seen from the solution of (5)

8(s,K)=g((0),X(0))e™"=0e "' =0
K==t

that for any admissible pair K, and s, satisfying (3), the corresponding
trajectory resulted from (S) will remain on the solution curve g(s,X)=0
as X changes. The + or - sign is chosen depending on whether one
would like to increase or decrease X. Since the computed trajectory may
oot satisfy (3) exactly, the minus sign in front of g in (5) is used to ensure
that the computed trajectory does not diverge away from the locus.

It is a well-known facr that the rootdocus plot for 7(s) conuins »
branches starting from the open-loop poles at X'=0. Therefore, in the
case where the open-loop poles are distinct, the a initial conditions for
(7) are selected at X(0) =0 and 5(0)=p,, i=1,2,---,n. In the case where
the open-loop transfer function contains repeated poles, the term (dg/3s)
becomes zero when evaluated at the repeated poles. As 2 result, the
selection of staning points cannot be made at X=0 for the repeated
poles. Approximate starting points, however, can easily be obtained by
analyzing the properties of the root lod in the neighborbood of the
repeated pole. Suppose the open-loop gain has a repeated pole p, with
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multiplicity » and the correspoading g(s, X) has the form

8(s.K )= B(s)+ KA(s)
=(s=pNs=p) - (3=p) " * (s=pa.,) + KA(3)=0. (9)

wepy +45m=p, + e (10

where ¢ is an arbitrarily small real aumber and # is a phase angle yet to
be determined. Thus at s=w

g(w.K)=g(pp+ee” . K)m0. an
Soiving As from (11), gives
Asw ce” x (Kpe*)'/” (12)
where
A(s)(s=ps)"
-—— 3 13
pe/® 70 B (13)

Therefore » approximate starting points in the neighborhood of the
m)mhmmw;mpmmumu
as

":'h*-u"(g?z!), iRm0 L2 - r=1
and
K=le. (14)

With the proper choice of n starting points, the n branches of the
root-locus plot can be traced in a continuous manner by numerical
integration. In computing the root locus, care must be exercised when
approaching a singular point on the locus.

IIL. SNGULAR POINTS
A point s* satisfying

aK _i(_ Bs.r!)
& e "B\ " A® )|,
- A(?)B(s%) = B(s%)A'(s®) _
yETD) 0 (15)

in the complex plane is called a singular point. Since the numerator of
(15) is a (n+m—I)th order polynomial of real coefficients, there are
(r+m=1) singular points in the s-plane. Only those singular points that
are located on the root loci will be considered. In view of the fact that
A(s®) cannot be zero for a finite X, it follows that on the root locus, the
condition

A(s%)B’(s%) = B(s*)A'(s*) = A(s*)(B(s*) + KA'(s*))=0" (16)
implies

2 =8+ KA(s?) =0, an
Heace, (7) is not valid at s=s* and modifications must be made to
handle these sing..ar points. Coandition (15) does include the conven-
tional break-in and break-away points at which K is either a local
maxima or a local minimum on the real axis, respectively. In general,
(dK/ds) is a complex quantity if s is not located on the real axis and it
does not make sense to talk about local extremal values without proper
modification. Now, since X is a real-valued function of s for all s on the
root locus /, the directional derivative (dK/dl) together with its higher
order derivatives along the tangential direction of the locus are well
defined. It is thus possible to consider local extremal values of X along /
using the notion of directional derivatives. Let

K(5)=- Aﬁ(% 2 Uls.y)+ ¥ (xy) (3)

where U and ¥ are real-valued functions of x and y, and
smx+jy. (19)
W&MWMdKﬂIM:EIEMMM
o=¢” =g, +/g, tangential 10 the root locus is
%-vv(x.y)-o-%%o,d-%’go, (20)

The above equation can also be written in the form

ix -Re[ (%g -j%’)(o, +jr,)]. s€l. @
Making use of the Cauchy-Riemann condition, (21) reduces to
=« -Rn[( %¥+j%)w]-m[x'(:)d] @)
" where K’ =dK/ds.

Simﬂady.hi;h«ord«direcﬁonﬂdeﬁvnﬁvsofxﬁthrqnamlm
related to the higher order derivatives by

"X
a= "

Thus, it is seen from (23) that along /, X and its directional derivatives
are all real-valued functions. The following theorem which plays an
important role in singularity classification will be proved.

Theorem: Suppose p(s) is an analytic function such that

Re[K™)(s)e/]. ()

p(s*)=a, forareslaw0,
PUNs*)=0, k=12 ,q~1,
and
PN (s*)0, 2<g<n
at some point s° located on Imp(s)=0. Let
R, ={s|lmp(s) =0}.

Then.intheneigbborhoodol:‘.l!,eonsimofqbnndaak,..&,-“.
Ry and R, NR,N -+ AR,y =s°. Furthermore, for each i, 1<i<gq,
Rep(:)l,‘_iseilhaaloalmnimumornloalminimumn:‘ilqis
evm:itneitberminuu.ﬁngfuncﬁonoradeauﬁngfuneﬁmifqis
odd.

Proof: Without loss of generality s* can be assumed to be zero.
Before considering the general case, the theorem is proved for

h(s)=a+se.
Identifying the set R, from
Ry = {s|Imh(s)=0)
yields
Ry=(re”|r'singd=0) = (re*|0mir/q, i=0,1,2---,q~1)

where @ is restricted in the upper half of the s-plane and » assumes
Degative values in the lower-balf plane. Thus, R, consists of q intersect-
ing branches Ry, i=0,1,2,---,¢~ |. The intersection occurs at 7=0. For
each i,

Reh(s)|p, =a+r?cos(qd,) =a+rfcos(ir).
Therefore if ¢ is even, 7* is always nonnegative, and

ron 2o SRS,

L., A(s)|p, is either a local maximum or a local minimum. Now if ¢ is
odd, then for each i,

Reh(s)|p, =a+r?cos(iv).

Hence, (k(s)|x_ —a) will change sign either from plus to minus as -
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increases from egative value (0 positive value or vice versa, e, A(s)l e,
is a monotoaic function.

Rmmngtothncda&p(s)mbcupuddmwnhyl«
series around s°

p(s)=p(s®) +-‘$'q(:~:')‘-a+(:-:‘)’ ‘go Ceorls=2s)".
Since the summation in the above equation is an analytic function and

has no 2ero in & small disc around s°, from a theorem in the theory of
complex variables (see e.g. (11]), there exists an analytic function u(s)
such that

2, roet=2) = exp(u(s)).
Let o(s)=exp(u(s)/g). Then

P()=a+[(s=s)o(s)]* = a+{f(s)]*
where f{s*)=0, f"(s*)20. Thus, (s) is a local homeomorphism. Now
R, =(sllm(a+(f(5))") =0} = (s{ f(s) ER,).

Ru=(sfis)ER),  im0L20-e =1,

If ¢ is even, then s€ R, implies f{s) € Ry,. It follows that
. jr= |
Reh(f(s)) T Reh(O)=ReA(f[s*)), ool

Rep(s)la, 3 Rep(s*), Wpeacosin=l

Therefore Rep(:)l,_ is either a local maximum or a local minimum at s°.-

Similarly, nlquodd.theauanbesbovnthatkep(:)l,_uatherm
increasing function or a decreasing function.
As a direct consequence of the above theorem, the following corollary
is deduced.
Corollary: Suppose s* is a singular point on / such that
K(s*)»0
&K
.é‘ g g*
4K
ds? g g®

where K(s)= — B(s)/A(s), then there are ¢ branches intersecting at
s=¢°, Furthermore, if ¢ is even, then along each branch of the intersect-
ing root loci at s=3s® K(s°) is ecither a local maximum or a local
minimum; otherwise X{(s*) is a monotonic function of £ on that branch
in the neighborhood of s*.

Proof: Let fis)= — B(s)/ A(s). Then f(s) is an analytic function. It
follows that

0, k=12 ,q=1

0, 2<gq<n

B(s)+f(s)A(s)=0.
Comparing the above equation to (3), it is obvious that
K=Ref(s)
O=Im/f(s), foralls€ /.

Application of the above theorem to f{s) completes the proof.
According to the above corollary, singular points are characterized by
the properties of higher order derivatives. It is noted that

Since g(s) is an ath-order polynomial with real coefficients, 3%g/ds* can
103

easily be generated. Furthermore, ¢ can at most be equal to a, since

LE e Lo a0 = L2 /4. 4.

d"K n!
R (0 hae i

With the above corollary, the conventiomal break-in and break-away
points defined on the real axis can now be geaeralized as follows.

Definition: In the theorem, the singular point is called an even singu-
lar point if ¢ is even; otherwise, it is said o be an odd singular point.

It is clear from the corollary that on the root locus an even singular
point is either a local maximum or a local minimum along the branch as
defined in the theorem. The conventiosal break-in and break-away
points are just special cases of even singular points of order 2 (i.c, g=2)
which are located on the real axis. In general, if a sizgular point is
located off the real axis, the concept of directional denvauves can be
used to characterize the singular point. From (23) and the corcilary it is
obvious that at an qth-order singular point, d“X/d*I=Q for k=1,2,
++,q—1 and d9K/dl"%0. There are ¢ branches of the root loc
intersecting at the singular points.

In generating the root-locus plot, each branch is piotted separately as
X increases. In the neighborhood of an odd singular point, since X is a
monotonic function of s on the locus, the first-order directional deriva-
tive is a continuous function. Thus, when approaching an odd singular i
point, it is necessary to jump over the singular point by adding a small ]
variation |As| along the tangential direction of the locus. For even i
singular points, such procedure is invalid. Smce on the root-locus piot an ;
even singular point is either a local maximmm or a local minimum, such :

|
:
1

e ik s st e aRE ol G gl i et L e e S st

construction does not give rise to an increasing X. Thus, in order to
continue the plotting of the root locus as a function of increasing X, it is

|
!
I
f
o
i3
itz

point, Az, the change in direction, is chosen as
Az=Ase =/

where As is a sufficiently small vector in the tangential direction of
locus when approaching the singular poist The factor e~*/¢ can
viewed as a rotational operator, which rotates the direction clockwise
#/q. On a branch so constructed, the evea singular point no longer
the characteristics of a local extremum.

It is apparent from the foregoing rootdocus construction that
branches will directly intersect each other at an odd singular point
that the modified ¢ root loci will touch each other at an even sin,
point.l’orobvwmmmmoddn.lnpmmnhownu
intersecting point while an even singular point is called a touching
The graphical illustrations for these two types of singularities are
in Fig. 2 and Fig. 3 for g=2 and ¢=3, respectively. The branches are
numbered and the arrows are pointed in the direction of increasing X.

After the change of direction at a touchisg point or the jump over an
intersecting point, it may be necessary to make corrections if the point
selected is not close enough to0 the locus. This can usuaily be achieved
within a few steps by using the Newton iteration

B(s,)+ KA(s,) 4
‘lol-’l--,-—(;.—)':?‘-(_:.)' @ 1
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The gain X which corresponds to the corrected point can be evaluated
either from .

K=—ReB(s)/ReA(s) (28)

K=-ImB(s)/ImA(s). 29)

Eguations (28) and (29) are derived by taking the real and the imaginary
parts of g(s)=0, respectively.

IV. ExamrLES

In this section a aumber of examples are presented to illustrate the
proposed algorithm for obtaining the root-locus plot. Although any
integration technique can be used to soive (7), only the Euler’s method
with variable step size is used for illustration.

Example I: Consider a linear feedback system whose open-loop
transfer function is givea by

s+1.5)(s+5.5
GG = KGN 6+5)
There are three simple poles at 0, —1, and —~$, and two finite zeros at
~1.5 and - 5.5. Application of (7) with starting points 0, — 1, and -5 at
K =0 leads to three root loci shown in Fig. 4. It turns out that all four
singular points are located on the root-locus piot and they are all
classified as even singular points with ¢=2. It is thus necessary to
change the direction of the root locus when each singular point is
approached. For branch 1, when Q, is approached, the tangential
direction As= —¢ and Az, is chosen as (—¢)e /*/2m +¢. Similarly,
when branch | approaches Q;, O, and Q,, the changes in direction are
chosen as Az, =(=je)e "7/, Azym(=)e™7/2, and Azy=(=~jO)e 7",
respectively. Other branches, denoted by 2 and 3, are obtained in a
Example 2: As an example of the case with multiple poles, consider

K

A T

where s= — | is a repeated pole with multiplicity 7 =2. From (14)
w.-|+u"”

wym |+ ee/(**19)/2

K-lc’
P

§.
8
~ T g 3 =t e, 5 T
'-6.00 -5.00 -4.00 -3.00 -2.00 -1.00 0.00
REAL AXIS
K
s. - ——
e e (s+3)s+1)
where
1 )
u"---——,“ ’-_‘-O.Se"

and ¢ is chosen as 0.2 for illustration. Thus, the two approximate starting
points are

K=0.08

K=0.08.

wo= —1+,;02,
wy=—=1-;02,

The root loci are obtained by using (8) with 5(0)=wgw, —3 and
K(0)=0.08,0.08,0, respectively. The results are shown in Fig. 5 where the 4
root loci are plotted up to K'=S$. ‘

Example 3: In this example, the open-loop transfer function is 1
assumed to have one real pole, and two complex conjugate poles: .

r :
s(s+34)V3 )(s+3-V3)

There is only one odd singular point with g=3 located on the root loci. 1
It is thus necessary to jump over the singular point when it is approached
and Az is chosen in the tangential direction of the locus. The complete
root-locus plot is shown in Fig. 6. |

Example 4: The final example demonstrates the case where the singu- 3
lar points are located off the real axis. Consider |

4G) K :
B(s) (s+ I)z(.H» 1 +j\/l_8- )(:+ | —j\/ﬁ)

G(s)H(s)=

G(s)H(s)= K

It is seen that
8(s) = B(s)+ KA(s)=s*+45° +2452 +40s+ 19+ X.

Setting the derivative of g with respect 0 s to zero, yields three singular
points, namely, sy = =1, s, = =1+,3,and s;= — 1 =;3. Since s, = ~ | isa
repeated open-loop pole, it can be taken care of as a starting point. At s,
and s,, it is easily verified that

Img(sy) =Img(sy)=0
and
% 0
a-'z l‘h'hﬁ i
This indicates that both s, and s; are located on the root loc and,

furthermore, they are classified

a6 even saguler paine Wb 22 00
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plication of the proposed root-locus plotting procedure with four starting
points

o= =1 +je, K=0.18, ¢=0.]

Sp=—1-je, K=0.18, ¢=0.1

:,.--H'j‘/l—l- , K=0

te=~1-jVIE, K=0

leads o the compiete root-locus plot shown in Fig. 7. It is clear from this
example that a necessary condition for the existence of complex singular
points is that the order of the open-loop transfer function be greater than
or equal to four.

Y. CowncLusion

An algorithm for generating the root-locus plot has been presented.
Qlassification of singular pownts has also been discussed in detail. It is
shown that the conventional break-m and break-sway points are just
special cases of cven singular poists. The computer-aided method
Mﬂymmmo«m:uqumwam
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locus at singular points and cnables one w0 plot the root loci without
missing or repeating any branch. ~-
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9. Reprint of “A Root Locus Technique for Interconnected Systems" by R.A.
DeCarlo and R. Saeks from the IEEE Transactions on Systems,
Man, and Cybernetics, Vol. SMC-9, pp. 53-55, (3979).

A Root Locus Technique for Interconnected Systems

RAYMOND A DeCARLO, MEMBER, IEEE, AND
R. SAEKS. reLiow, EEE

Abstract—This note presents a numerically feasible technique
for computing composite system eigenvalues from component/
subsystem eigenvalues in the component connection model con-
text. The technique is a natural extension of previous artificial
methods of computing system eigenvalues in a state model having
s perturbed 4 matrix. The present technique sllows one to trace
the movement of component eigenvalues as coupling is introduced.
Furthermore, the technique permits investigation of eigenvalue
movement as a function of interconnectiva gains. This is useful
in analyzing short/open circuit phenomens as well as other system
characteristics. Finally, the technique is useful for determining and
understanding composite system stability in terms of component
and connection information. :

L INTRODUCTION

This note describes a root locus technique in which the “root
locus™ begins at the eigenvalues of the individual component state
equations and traces out trajectories as coupling between com-
ponents is continuously and uniformly introduced. The compon-
ent connection model (5], [14], [16], [12], [13], (4]. [18] is the
natural vehicle for executing the approach as opposed to distantly
related perturbation schemes [6], [7], [11]).

Numerical implementation is discussed through a continua-
tions approach [2], [3], [19], [10], [1] which in this case is a set of
coupled differential equations characterizing the interplay be-
tween the eigenvalues/eigenvectors of the appropriate composite
system matrix as a function of an underlying parameter r. The
coupled differential equations are given in the Appendix. The idea
is to initialize these equations at the eigenvalues/eigenvectc:s of
the. components and integrate to obtain those of the composite
system.

The technique is applicable to the study of short/open circuit
phenomena as well as the investigation of the effect on composite
system eigenvalues of increasing/decreasing coupling gains be-
tween components.

It is assumed that each component has a completely control-
lable and observable state model:

i,’ = A.‘.‘.‘ o B.—a;
b= C.x; + Dia; (1)

where a,. b,, and x, are vectors of component inputs, outputs, and
states, respectively. Combining the component descriptions
defines a composite component state model as

x = Ax + Ba
b= Cx + Da (2)

where a=[a,,"", af, b=[by, ", bJ. x =[x, -, xJ,
A = diag [A4,, ---, A,], etc. All vectors are assumed conformable,
and for cach time instant they possess values in the appropriately

Manuscript received May 11, 1978: revised August 28, 1978
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dimensioned Euclidean space. The system dmﬁ‘pﬁm is
completed with the connection equations, which are

a Lyy | Lig][b

[.V] " L rLzz} [“] -
whera L;; are real matrices- accounting for KVL, KCL, and/or
other conservation laws; y and u are vectors.of system outputs and
inputs, respectively. Equations (2) and (3) constitute the compon-
ent connection model Except for theoretical analysis and/or
describing relationships between classical models and the com-
ponent connection model, one never combines (2) and (3) into a
single set of equations. All relevant simulation and analysis is
possible without combining the eguations [16]-[18], [5], [2], [4],
[12]-{14]. (3].

Under general considerations [16], [5], (18] the composite com-
ponent state vector x and the system state vector may be chosen to
coincide, so that a valid composite system state model exists as
follows:

x=Fx + Gu
y=Hx + Ju 4)

where F, G, H, and J can be expressed in terms of the matrices of
(2) and (3) In particular,

F=A+ 8(1 o LliD)-lLllc. (5)

Since G, H, and J are unrelated to the discussion of this note, their
specific form is omitted. The component interconnection matrix
L,, is explicit in (5). This explicitness motivates and permits the
root locus technique.

II. THE RooT Locus TECHNIQUE

Clearly the composite system eigenvalues are the roots of the
polynomial det [A] = F] where F is defined in (5). To consider the
effect of coupling/interaction among components, replace L,, by
rL,, for a scalar r to obtain .

F(r) = A + B{I = (rL,)D)"(rL0,)C. (6)

Clearly, F(0) = A, as in (2), and F(1) = F. the relevant composite
system matrix.

A continuations approach to computing the root locus of the
eigenvalues of F(r), 0 < r < 1, uses (21)-(23) from the Appendix.
which require knowledge of F(r). Unfortunately, the eigenvaiues
of F(r) must be distinct, since the coupled differential equations
become singular otherwise. Using the well-known matnx

identities,
M= -M-'MM~! 7
X(I-YX)'=(1-XY)'X, (8)
whenever either inverse exists, and
(I=XY)"'=(+X({I-YX)'Y) 9)
results in

E(r) = B(I - rLyy D)~*L,,C

where the superscript — 2 indicates the inverse squared.

By inituabzing (21)-(23) at the component (subsystem)
eigenvalues/eigenvectors, one integrates the coupled differential
equations to obtain the root locus—i.c.. the trajectories of the
eigenvalues of ihe system as coupling is introduced. If any of the

(10)
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eigenvalue trajectories cross. it is necessary to perturb r around
the point of intersection and reinitialize the algorithm.

When the composite state modei D-matrix is zero, F(r)=
BL,; C. a constant. When D = 0, it is necessary to compute
(I =rLy; D)™ at each step of the integration. Typically,
rank (D) < dim (7). Viewing —rL,, D as a low-rank perturbation
on i, Householder's formula (9], (5] provides a convenient and
quick means-for computing (I — rL,, D).

Note that (6) is not an arrificial linear perturbation of the
composite system F matrix to account for stray capac-
itances/inductances on eigenvalue movement or ease com-
puting the eigenvalues of F [6], [7], [11]. Indeed the QR-algorithm
is much more efficient and accurate. However, this formulation is
natural in the component connection model context; it is numer-
ically implementable through a continuations approach as above
or through an iterative calling of a QR-algorithm: it identifies
components giving rise to particular composite system
eigenvalues by tracing the eigenvalue locus of F(r); and finally, by
replacing L,; by L,, + rP (P is of low rank), it offers a means of
investigating coupling gains on composite system eigenvalue loca-
tions as follows.

Assume the composite system eigenvalues/eigenvectors are
known and distinct. To investigate the effects of gain changes,
replace L,, in (5) by (Lyy + rP), where P is a low-rank matrix
tharacterizing the gain vanation and r varies over'some relevant
finite interval containing zero. This produces

F(r)= A + B(I = L;;D — rPD)~\(Lyy + rP)C.  (11)

Computing a root locus via a continuations approach requires
F(r), which can be derived as

E(r)
= [l o L][D o ’PD]"P[I
+ D(l - LnD - fPD)-l(Lll = fPD)] (12)

Of course if D = 0. F(r) = DPC, which is constant, sparse, and
of low rank. Although (12) seems formidible. it is possibie to view
rPD as a low-rank perturbation on (i — L,,D) and use House-
holder’s formula to compute the necessary inverses during each
step of the integration of (21)-(23) Of course. stability or in-
stability is known simply by noting the position of the terminal
points of the root locus.

In accounting for effects of stray capacitances/inductances, the
component connection model is superior to some other
approaches [6]. [7], [11). Consider that the A matrix in (2)is block
diagonal (predominately diagonal for circuits) describing only
component information. Suppose a typical entry is 1,C, character-
izing a capacitance. Clearly ¢4/6C is zero. except for the particu-
lar C-dependent diagonal entry. If Co is the nominal C, using
(¢4,¢C)c, 1n (21) gives the approximation (G4, /éC)|c,. Consider-
ing AC(c4;,8C)|c, for each i gives a good first-order approxima-
tion to direction and magnitude of eigenvalue movement relative
te small perturbauons in C.

1. Concrusions

We have described a technique for determining eigenvalue
movement of a system in terms of connection information. Severai
applications were described. It is especially useful for determining
what components give nise t0 particular interconnected system
eigenvalues. This in turm provides a means of reduced order
modeling without changing the system structure. Suppose a com-
ponent (as identified by the root locus technique) gives rise to a
composite system eigenvaiue corresponding to slow mode of the
system. This componen: can then be replaced by a constant gain

Fig 1. Block diagram of interconnected system.

amplifier. This reduces the number of state variables in the system
model without changing the interconnected structure of the
system which is represented by the connection matrices.

IV. AN ExaMPLE
Consider the system configuration of Fig. 1. There are two
components (subsystems) as indicated by the roman numerals 1
and II. The triangular block indicates an amplifier whose gain is
two. For convenience. the action of this amplifier is reflected in the
connection equations.
Suppose component I has the following state model:

Xy = =x, +a,
by = x,. (13)
Let the state model for component II be given by
-1 =2][x} 1 0|/[a}
+
2 -1 X3 01 a§

X
x

NN N

-

Defining x =[x, x}, xj]', a = [a,. a}, @3], and b = [b,, bi. b3].
the composite component state model is

=il 082 O 100
x=] 0 -1 =2|x+|0 1 0la
B S O | 0 0 1

-
]x. (15)

By inspection of Fig. 1. the connection equations are

b=

o O -
(= =]
-0 O

0 -1 =1'1 0
$oreic s 0 ol 390

a 0 0 00 il]sf

¥l PO g Ty oli s
0 dsb® 0

where v = [y, y;]\ and v = [u,. u,)'. Equations (15) and (16)
constitute the complete system model—i.e., the component con-
nections model for the system of Fig. 1.

Define F(r) as per (6). in which case

-1 0 0 0 =r =r
r(.-)-[ 0 -1 =2]+l2r 0 o0} (17)
0 2 -1 0 0 0

The denvatuve of F(r) clearly 1s

0 -1 =1
F(r)-[! 0 0] (18)
O 0 o0

bz 1 0 Xi
(bz '[o x”x% i
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Fig. 2 Plot of “root locus.”

Implementing the root locus via the continuation equations
(21)-(23) resuits in the root locus plotted in Fig. 2.

APPENDIX
EIGENVALUE DYNaMICS

Let F(r) be an n x n matrix with possibly complex entries
depending on the parameter r. Let F(r)* be its adjoint matrix.
Note F(r)* is the unique matrix satisfying

(F(r)x. y) = {x. F(r)*y)

for all complex n-vectors, x and y. where (-,
inner product defined as

(19)
- ) is the Euclidean

(x,y) = i Xiis

(20)
is]

where y; is the complex conjugate of the ith entry of the column

vector. The essential theorem here is the following.

Theorem |: Let F(r) and its adjoint F(r)*, have eigenvector
trajectories ¢,(r) and e,(r), and eigenvalue trajectories Ai(r) and
i(r). respectively, for i = 1. 2, ---, n. Then for any value of r where
the eigenvalues of F(r) are all distinct,

da; _ /‘ddf b >
s e im1, 2.0 21)
de, & /%‘ - "\>
ar ~ /;, & = iKep e e
jmi
(s
B o g (23)

e ¥ e
dr =y (A= 4,)20,. e,; s

i

” ..1-.;;':\,m-w.‘...w.;:m~umum ke

The cigenvalues of F(r) and F(r)* are complex conjugates of each
other, whereas the cigenvectors e¢(r) and e,(r) are not. This
theorem is motivated by (8], where (21) is implicitly expressed and
the necessary tools for proving the theorem are made clear.

The proof of the theorem can be found in (5], [4]. A derivation
of (21) can be found in [7] as well as [8).

REFERENCES

(1] K. S. Chao, D. K. Liu, and C. T. Pan, “A systemic search method for obtaining
multiple solutions of simultaneous nonlinear equations.” /EEE Trans. Circuits
and Syst., vol. CAS-22, pp. 748-753, 1975.

[2] K. S. Chao and R. Saeks, “Continuations approach to large-change sensitivity

is,” Electron. Circuits Syst., vol. 1, no. 1, Sept. 1976.

3] = “Continuations methods in circuit analysis,” Proc. [EEE, to appear.

4) R. Decarlo and R. Sacks, “A ‘root locus’ technique for large interconnected
dynamical systems.” Proc. /978 Int. Symp. Circuits and Systems, New York,
ms

S d D

ical Systems. New York: Marcel Dekker, 1978.

(6 C A Daon. “Network design by first order predistortion,” IRE Trans. PGCT,
vol. 3, pp. 167-170, Sept. 1957.

[7] ——. “Perturbations of cigenvalues and cigenvectors of a network.” Sth Allers-
ton Conf., 1967.

[8] D. K. Faddeev and V. N. Fadeva, Computational Methods of Linear Algebra.
San Francisco: Freeman, 1963.

[9) A. S. Householder. “A survey of some closed methods for inverting matrices.”
SIAM J. Appl. Math., vol. S, pp. 155-169, 1957.

10] C. T. Pan, Ph.D. dissertation, Texas Tech Univ., Lubbock, 1977.

11] A. Papoulis, “Perturbations of the natural frequencies and of the eigenvectors of
a network,” /EEE Trans. Circuit Theory, vol. CT-13, pp. 188-195, June 1966.

(12] M. N. Ransom and R. Sacks. “The connection function-theory and applica-
tion,” Incer. J. Circuit Theory and Its Applications, vol. 3, 1975.

{13] ——. “Fault isolation with insufficient measurements.” [EEE Trans. Circuit
Theory, vol. CT-20, pp. 416-417, 1973.

[14) R. Saeks. G. Wise. and K.:S. Chao. “Analysis and design of interconnected
dynamical systems.” in Large Scale Systems, R. Saeks, Ed. Los Angeles: Point
Lobos. 1976.

[15] R. Saeks, Large Scale Dynamical Systems. R. Saeks, Ed. Los Angeles: Point
Lobos, 1976.

[16] S. P. Singh and R. W. Liu, “Existence of state equati of
large-scale dynamical systems.” [EEE Trans. Circuit Theory. “vol. CT-20. PP
399-346. 1973.

(17] H. Trauboth and W. McCallum, “MARSYAS users manual.” tech. rep.
A1-34812, Computation Lab. NASA/MSFC, 1973.

(18] H. Trauboth and S. P. Singh, “"MARSYAS I and I1,” [EEE Circuits and Systems
Soc. Newsletter. vol. 6. no. 3, 1973.

(19] E. Wasserman. “Numerical solutions by the continuations methods.” SIAM
Rev., vol. 1S, pp. 89-119, 1973.




|
k|

10. Reprint of "A Continuation Algorithm for Sparse Matrix Inversion" by
R. Saeks from the IEEE Proceedings, Vol. 67, pp. 682-683,

(1970).

A Continuations Algorithm for Sparse Ma(rix Inversion
RICHARD SAEKS

In the various algorithms used for the analysis and design of lasrge-
scale circuits and systems, the problem of inverting a continuously
parameterized family of sparse matrices M(r) is often encountered
[1]-[5]. In frequency domain analysis, this might represent a transfer
function matrix which one must invert over a specified frequency range
(3] while in time-domain analysis, such an M(r) arises in the form of
the Jacobian matrix for the system equations [1] which is dependent
on some potentially variable parameter 7. Typically, one inverts M(r) at
a discrete set of points7;, i =1, 2, - - -, n; using a sparse matrix algo-
rithm. Indeed, the more efficient algorithms exploit the fact that the
matrices M(r;) have a common sparsity structure allowing much of the
computational overhead to be shared by the n inversions (1].

An alternative to repeated inversion is the continuations aigorithm

[5] wherein one integrates the differential equation
2r)= ~Z()@M/dr) Z(r) Z(0)=M(O)™' . )}

to obtain M(r)~! = Z(r). ‘While the integration of (1) is far more effi-
cient than repeated matrix inversion for small matrices, it fails to take
advantage of the sparseness of M(r), thereby rendering the technique
inapplicable in a largescale systems context. The purpose of the pres-
ent note is to present an alternative continuation algorithm which
combines the LU factorization technique of sparse matrix inversion
with.(1).

Recall the standard spare» matrix inversion technique [6] wherein
one factors a2 matrix intc the form M = LU where L is lower triangular
and U is upper triangular with ones along the diagonal. We then repre-
sent the inverse matrix in the form M~! = U~1L=1 The key to the
technique is that both L and U and their inverses will be sparse if M is
sparse (though, in general, M =1 is not sparse). As such, one may store
and manipulate the inverse of a sparse matrix via its sparse upper and
lower triangular factors U~" and L~!, even though the inverse matrix
itself is nonsparse. These ideas are combined with the continuation
algorithm concept in the followang theorem (7]. Here, the notation
“[M] is used to denote the strictly upper triangular matrix obtained
from M by setting all of the entries of M on or below the diagonal to
zero. Similarly, ![M] denotes the lower triangular matrix obtained
from M by setting all of the entries above the diagonal to zero.

Theorem: Let X(r) and Y(r) be solutions of the matrix differential
equation

X = -XY[Y(@M)dr) X], X(0)=U(0)"".
Y= -{YamidnX)Y, Y(0)=L(©O)".

Then, X(r} = U(r)"" and Y(r) = L(r)" where M(»)™' = U(r)"'L(r)™"
is the LU factored form of M(r)~ . Note, if M(r) and dM/d>r are sparse
then every matrix involved in the integration of (2) will be sparse.
Moreover. the ir<egration may be carried out with the aid only of a
matrix muluplication aigorithm plus a simple procedure tor exwacung
the upper and lower triangular submatrices of Y(dM/dr)X.

Proof: First, we observe that if Y(0) is lower triangular, then ¥ will
be lower triangular and so will Y(r) for all 7. Similarly, if X(0) is upper
triangular with ones on the diagonal, then X, being the product of an
upper triangular and strictly upper triangular matrix, will be ‘strictly
upper triangular. As such, X(7) will be upper triangular with ones on
the diagonal for all . Thus X(r) and Y(r) have the correct form and it
remains to verify the squality M(7)"' = X(r) Y(r). Here

2

Manuscript received July 27, 1978.
The author is with the Department of Electrical Engineering, Texss
Tech University, Lubbock, TX 79409.

r

X() Y(r) = X(0) Y(0) + f [X(q) Y(@)l dq
0

r
= X(0) Y(0) + f (X@) Y@+ X(@) Y(@)] dg
o

r

= X(0) Y(0) + j {-X@)"1Y(q)(dM/dq) X(@)] Y (@)

(]
L)
- X@'[Y(@)(dM/dq) X(@)) Y(@)}dq

r

= X(0) Y(0) + J. {-X@(Y(@)dM/dq) X(q)} Y(q)} dq
(]

r
= X(0) Y(0) *J‘ (X(q) Y(@))(aM/dq)[X(q) Y(q)]1dq. (3)
°

Differentiation of both sides of (3) with respect to 7 then results in
[X() Y()] = [X() Y(n)) @M/dr)(X(r) Y (r)). @

Finally, a comparison of (4) and (1) reveals that X(r) Y(r) = M(r)~"
since both X(r) Y(r) and M(r)~" satisfy the same differential equation.
Consider the family of matrices

) B
M) = [_1 1]- jO)]
Here, M(0) is lower triangular and, hence, has the trivial L U-factorization
M) = [ 3 0]-[ ! 0] [l 0]-L(O) U(0) (6)
-1 1 -1 1j{0 1
while
' - 193
M(r)'[o o]- )
As such, we have
LO)'= [l o] (®)
3 11
and
v -[l 0]. )
01

Now, upon using an Euler integration formula {Z(h) = Z(0) + h2(0)},
we may estimate U(0.1)~! and L(0.1)"! via the equalities

U(0.1)" = U(0)~" + (0.1) U(G)™*
= U0)~! - (0.1) U0)"" Y[L(0)"'M(0) U(0)"})

d R

1 =110
- {0 1 ] 10)

m
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S

and
| LOD™ =L@+ @.D LD
} = L(0)"! - '[L(0)"M(0) U(0)"*)L(0)™*

- o] fo o
01 [01 0.1
‘1'.

= [ b8 ] an
{ 9/10 9/10
A Multiplying these estimates then yieids

M©O.1)™ = U©.1)"'LO.1)!

% 91/100 -9/100 a2
9/10 9/10
which comparses favorably with the exact inverse
10/11 -1/11
-] -
M(©.1) [lO/ll IOIU]' a3

The error here is due to the approximation inherent in the numerical
integration process and can be reduced by use of a more accurate inte-
gration procedure. Of course, the result of the theorem is exact and
| the computed vaiue for M(r)~! will be as accurate as the integration
! process employed. ‘
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11. Reprint of "Multiple Solutions of a Class of Nonlinear Equations" by
C.T. Pan and K.S. Chao from the Proceedings of the 1979 IEEE
International Symposium on Circuits and Systems, Tokyo, July

1979, pp. 577-580.

ABSTRACT

A search nethod is presented for obtaining
multiple solutions of a system of n nonlinear
equaticns whose first (n-l) equations do not nec-
essarily define a unique space curve. In particu-
lar, the approach is used to find all the roots of
a complex polynomial. Singularities on the space
curve are analyzed and properly classified accord-
ing to their high'order derivatives. Depending on
che nature of singularities, the rules for a sign
change in the algorithm are determined so that the
root~finding procedure can be continued.

I. INTRODUCTION

An important problez in the analysis and de-
sign of non-linear circuits and systems is the de-
termination of mawultiple solutions of a nonlinear
equaZtion

£(x) =0 (1)

wnere f is a continuously differentiable function

from 2" into itslef. Several methods (1] - (5]

have been proposed for finding multiple solutions.-
In (4], Chao, Liu and Pan developed a systematic
search method for solving multiple solutions by
numerical integration of a set of differential equa-
tions ¢f the fora

iitx(z)] = £, (xt0)], £(x@]=0,

; : 8
£ (x(e)] = +f [x(0)], fncx(qll o (2)

i=1,2,...,0=1

or in the x-space

- -1 T
x = (3£/3x) (-t1 -22 sse :ﬁn) ’ xotl (3)
along the space curve, i, defined by the inter-

section of the solution =manifolds for

This work was
Joint Service
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‘itx(t’] =0, i=1,2,...,n-1. (4)

The transition in sign of tn should be made at the

solution points and points where the Jacobian de-

terminant changes sign. The method is capable of

finding all solutions provided that the intersec-

tion is a simple curve, i.e., a continuous, differ-

entiable curve which does not intersect itself.

The purpose of this paper is to generalize

the above method toc cases where the intersection is

multi-branched and may indeed intersect itself.

In Section II, properties of nonlinear equation

with nulti-branched and intersecting solution
~curves are discussed. The method is then apolied

to the computation of all the roots of a polynomial

in Sect¥en III. In Section IV, the results ob-

tained are illustrzated by means of an example.

II. THEORECTICAL BASIS

In section I, a systematic search method has
been ocutlined. Success in finding all solutions
depends heavily on whether or not i defines a uni-
que simple curve. If it does, then a complete
traversal of it enables one to find all solutions.
On the octher hand if ¢ is multi-branched, the
application of the method may lead only to those
solutions that lie on the branch containing the
starting point. As will be seen later, multiple
branches do exist for some classes of functions.
Therefore in order to find all solutions a starting
point on each branch of i must be initiated.

On a continuous, differentiable scluticn curve,
L, the sign change of the method is indicated by
the fact that the directional derivative of En(x)

inthe taagential direction of L changes sign if and
only if the corresponding Jacobian of f on 2 changes
sign [4]. However, difficulty arises when L does
intersect itself. Since the directional derivative
is not defined at the point of intersection, the
Jacobian can no longer be used for judging the mono-
tonicity of £ along Lt at that point. The situa-
ticn, however, can be described by the following
theorem.

supported in part by the National Science Foundation under grant ENG-77-22291 and the
Zlectronic Program under CNR Contract 76-C-11136.

~AvlblT‘ tlﬁfff::fg?&ﬂl

Iq.ﬂwwg g

g 15 8%
8 L

18 PAC
:o-w




Theorem 1:

Let £(x): R ~R", n> 2, beac function. 1If

R T % 7
I = i Hipibon . 550 (s)

where

Ani is zhe (ni)th cofactor of 3f/2x, then

lal = [ivl]? > o. (6)

=
Purthermore, if £cC°, then fn also satisfies the
Laplace's eguation

. 3¢ azfn a’e
Ve - —Srle eRap )
exl 3x2 axn

Proof: Expansion of the Jacobian determinant along
the nth row results in

£
_n
e

g 2
det J = a_. = |lv]|® > o.
i= ni

The proof of the second part although complicated
is quite straightforward and is therefore omitted.
On a continuous, differentiable solution

curve, the directional derivative is given by [4]
dfn ;

.. j3izt ]!, ¥ (8)

g

Thus., under the conditions of Theorem 1, if { does’

not intersect itself, then on a given branch of ,

the directional derivative would never chance sign

and this also implies that there exists at most cne

solution on that branch. from this anéd Theorem 1,

the following thecrem can be deduced.

Theorem 2:

> n n el b 4
Let f(x): R" -2, n > 2, be aC’ func:zion and
£ = 0 has more than one solution. 1If i, defined
15%

Eal &0, 4= 33,0,

is a unigue. simple curve, zhen 75 ¥ v,
fTor n = 2, coendition (S) reduces to

4= ]

2 3
.
X, Ix

b 2

()
A ¥ 3
ot 3L,

. -
o p— 3
*X. IxX

A 1

Iz :L and £, represent both the real cart and the

imaginary par: of an analytic function, respective=-
2¥, ther the czndizion v:n = v in the twc-Zirens-

ional case is essentially eguivalent to the Cauchy-
Fiemann conditions. For polynomials ¢of a complex
variakble, the ralaticnshiy between the Cauchy-Fie-
sann sonditicns and the determinant of zhe Jacokbian

C bt s e

o—— o e A v o

matrix has previously been discussed by Sranin [6],
(7). Branin also described a procedure, called

the method of signatures, for computing all the
roots of a polynomial. However, the algorithm |
fails in cases where singular points do exist on
the search trajectory. In the following section,

a systematic method for obtaining all the solutions
of a complex polynomial with complex coefficiencs
is presented.

III. ROOTS OF A POLYNOMIAL
The Basic Algorithm
In view of the foregoing comments, the method
for obtaining all solutions can now be formulated

for the nth order polynomial ecuation

gl(z) = fl(xl,xz) + jfz(xlxz) = Q. (10)

Application cf the method described in Section I to
f = 0 leads to

as
e s S W
& ®fye L (myge %) =0
o - (11)
—— '3
de T iy fy%gr X5 T faor

where the initial conditions are such that the

tarting point x_ lies on or clcose to each
branch i_ of 1 d8fined oy £ = 0. By using the
chain-rule of differentiation and assuming det
J # 0, (10) can be rewritten as .

3 & ;
‘ x-" -f .e—lg £ "t:
e 1 3x, — 2 2x

1 1

® et o T R
3, o,
. % 8t 508 e J
3 [l 1 1 1
b 8

= g'(z) = hl(xlx:, - jh:(xlxz). (13)

An expressicr in che comrlex domain is obtained as

-

-

*'h)
<

s Sl B . 5 e R 2 53
<= W (¢ Llnl o f:hz) :(-12\:_!2-1 ?

ih

[ B

& S 1w s v e (1¢)
c
Further simplificatior by using the nction of com-
rlex conjucate(*) leads to the fcllowing compact
fom:

& = -g(2)/g' (2}, if the mirus sign is chosen
(15)
£ = -g*(2)/g'(z), if the £lus sign is chosen

:;:Li, i ® 1,80sneslle




The =~ sign in (14) or the comslex Ionjugace sign in
(15) must be switched ac the solution points and at
the aeven singular points to be defined later.

Zven though the algoritha is derived from £ it
is seen from (15) that analytic expressicns for !1.
£5, hy and hy are not zequired explicitly. The
algorichm is thus zost suited for finding all the
rocts of a complex polynomial.

Sasis for the Sign Change

Jue to the nature of isolated singularities,
the existence of (n~l) such points in the denomi-
nator of (15) does not pose any problem to the root-
finding. The sign change at the solution points
has bean discussed in [4] and it will not be re-
Seated hers. The sign change at certain singular
points whera the Jacobian vanishes can be judged
from the following theorem.

Thecrem 3: "Suppose g(z) is an analytic function
such that

glw) = ja, - where a is real and a # 0

¢V =0, S B, coorna

3™ #o, a> 2

at some poinc w located on Re g(z) = 0. Let R_ =
{ziRe g (z) = 0}. Then in the neighborhood of%w,

2 consists of m branches R ., R _,...,R__ and
g9 i gl g2 qm
ﬁqflnqzn---nagn = {w}. Furthermore from each i,

Lsicm Img (zllagi is either a local maximum

or a local minimum at #w if m is even; it is either
an increasing or a decreasing function if m is odd.
for convenience, a singular point in Thercem
3 is called an aven singular point if a is even;
otherwise it is said to be an odd singular point.
The criterion for the sign change at singularities
follows directly from the Above theorem and is for-
mally staced in the following theorem.

Theoren 4: 1If g(z) is an nth-order complex poly-
fomial and w is not a solution point of g(z) = 0O,
then the directional derivative of Im g(z) in the
tangential direction cf . defined by Re g(z) = 0
changes sign when passing through a point w if and
anly if 4 is an even singular point.

In view of the previous theorem, it is clear
that che sign must be changed when passing through
an even sinqular point even though the Jacobian
does not change its sign. For an odd singular
Poinc the sign must be kept unchanged when passing
through it since £_(x) does not change its mono-
tonicity. Due to ihc very nature of an odd singu-
lar point, it is clear that a sign change at such
4 sinqular point will cause the algorithm to oscil-
late. Since there are only two possibilities,
higher crder derivative tests can be avoided in the
actual implementation. One can always initiate a
siqn change whenever a singular point is passed.
If oscillacion results, one should proceed without
any sizn change.

In the formulation of the present problem, it
is assumed that £ (x) = Re g(z) and £ _(x) = Im g(z).
Thus the root-uu}chj.ng is along the En-jccr.ory i
defined by £, = 0. As such, the previous two
theorems are stated in a manner compatible to this
particular formulation. The same conclusion can
also be drawn when the trajectory of £. = 0 (Im
g(2) = 0) is used for searching all Chz solutions
of a complex polynomial. A theorem similar to that

" of Theorem 3 has been proved in [8] for plotting

the root locus of a feedback contraol system.

Starting Points

In order to prevent unnecessary search in find-
ing multiple solutions, it is important to estimate
the upper bound inside which all the roots of a
polynomial will lie. Once the absolute bound is
obtained, the search can then be confined to the
circle of radius M. Several methods for computing
such bounds are available [9]. One of such root
bounds derived from the Gershgorin circle is given
in the following theorem.

Theorem S: if x* is a solution of £(x) = 0 where
f= (tl, fz) » tl = Re g(z) and tz = Im g(z), then

[xeli <4 = max(la |, 1+{a [, k=l.2,....,0-1} (1)

where a.'s are the coefficients of the correspond-
ing monic polynomial

R n=-1 2
g(z) =z + az ‘+ e i a g ztra. an
As pointed out previocusly, the algorichm re-
Quires n gtarting points located on or close to
each brancﬁ‘o{ i defined by £ = 0. This can be
accomplished with the aid of +heorem S and the
properties of a polynomial for large z. It is
easily shown that for large z, or Tzl >> M, the
trajectories of £ = O approach straight lines with
constant phases
Kk

8, =3 . k=1,3,5 ..., dn-l (18)
and the asymptotes for the nth-order monic poly-
nomial (17) intersect at the centroid

-~

z =2 (19)
< n
The starting point can now be obtained from (18)
and (19) as
zk =2z + R.Jek. k=1,3,5,...,4n-1 (20)
o c
for an arbitrary R >> M.

Although there are 2n points in (20), only
half of them are used. The other half are just
the end points of each trajectory and they can
easily be identified by checking their phases. The
choice of R depends on the accuracy required for
the starting point. Since the root bound M is
kncwn, R need not be much larger than M. A point on
2 can.usually be obtained quite accurately within
a few steps from a rough estimate of (20) by using
the Newton iteration
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T

e " z, - Re g(2)/9'(2) (21)

IV. NUMERICAL EXAMFLE

In this ‘section an example is presented to
illustrate the proposed algorithm. For simplicity
only the Euler's method is used for illustration.
In practice, more efficient integration technigues
may be used to integrate the proposed equations.

Example:

A third order polynomial equation

g(z) = 23 0y zz +282z2+26=0

is considered where ail the singular points are
located on one branch of Re g(z) = 0. The trajec-
tories of both Re g(2z) = 0 and Im g(z) = Q are
shown in the Figure. Trajectories of £, = Re g(2)
= 0 are used to search for the :clution% with the
bound, M = 29 the centeroid, 2.5 -1 and R = S0.
Tracing along 2 results in three solutions 2, =
-1 4+35 z,==]land z, = -1 + 3 S while the Scher
two branches, %,, and L_, contain no solution at
s 11 12° 3

V. CONCLUSION

A systematic search method has been developed
for computing multiple solutions of a nonlinear
equation with multi-branched solution curves. 1In
particular, the apgroach has been applied to a
class of functions derived from both the real part
ané cthe imaginary part of a compiex polynomial.

It turns cut that the algocrithm, excressed in its
complex form, is most suited for finding all the
foots of a polynomial. Analytic expressions for
both the real and the imaginary parts of a poly-
nomial are not required explicitly. The key to the
continuation of the root-finding procedure at the
sincularities on the solution curve is the sign
change associated with the numerical algorithm. It
is shown that the sign must be changed whenever an
even singular pcint is encountered along the search
<rajectory and no such change is allowed when pass-
inc through an odd sincular soint. Although the
method is formulated in such a way as to find all
solutions for a class of functions from R™ into
itself, it is conceivable that the approach may be

generalized to higher-dimensional Zfunctions satisfy-

ing the conditions as described in Thecrem 1 pro-
vided that a starting point for each tranch of the
soiution curve car te determined.
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Reprint of "A Continuation Method for Finding the Roots of a Polynomial®

I & by C. T. Pan and K. S. Chao from the Proceedings of the 22nd
f Midwest Symposium on Circuits and Systems, University of

polynomial.
i gration.
points are discussed.
reduce the computational effort
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- 1. INTRODUCTION

B | The solution for the roots of real or com-

é plex polynomials is a fundamental require-

EL ment in many areas of applied mathematics

% = as well as in engineering. This is par-

4 ticularly so for the application of Lap-

lace transform theory to linear autonomous

systems. Although it is well-known that

an nth-order polynomial has exactly n roots

with maltiplicity counted, the evaluation

of all the roots is not at all a s:mple

task. The difficulty

its nonlinear nature.

Ef The objective of this
' a systematic approach for finding all the

s roots of a polynomial. The algorithm is

' based on continuation methods [l] - (4].

The original polynomial is first embeded

into a new equation by introducing a para-

meter r. This will result in n-branch root

loci as r varies continuously. The root

finding procedure then becomes a matter of

tracing along these loci up to the desired

1 ; roots. . :

‘ 2. THE COMNTINUATION METHOD

! Consider the problem of finding all the

is primarilv due to

paper is to propose

.
T ——

; Pennsylvania, Philadelphia, June 1979, pp. 428-431.

Abstract

A continuation method is presented for finding all the roots of a
Each root is obtained systematically by numerical inte-
Selection of starting points and the existence of singular
Moreover, transformations may be applied to

roots of the polynomial equation
n=-1 n=-2
1S + a,s

+a, is+a = 0 (1)

P(s) = s" + a oo

where s is a complex variable and ais are
complex coefficients. It is well known [1],
(2] that such a problem can be solved by
using continuation methods. For example,
the roots of (1) can be obtained by solv~-
ing the continuation eguation [1]

F(s,r) = (1l-r)Q(s) + rP(s) = 0 (2)

where r is a positive real number and Q(s)
is any nth-order polynomial whose n roots
are known. It is seen that when r = 1, (2)
reduces to (1), while for r = C (2) becomes

F(s,0) = Q(s) = 0 (3)

whose n roots are already known. Thus as r
varies from zero to one continuously the
trajectories of these roots comprise n
branches of root loci. Each locus starts
from a known root of Q(s) and terminates on

a desired root of P(s). Therefore by trac-

ing along these trajectories all roots of
(1) can be located.

The advantage of this type of formulation
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lies in the fact that one can easily obtain
the appzoxlmato roots provided there exists
no singular point on the root trajectory.
It can therefore be used as a means for ob-
taining sufficiently close initial guesses
for other methods which have rapid rate of

convergence such as Newton's method. How-
ever, for any arbitrary polynomial equation
P(s) = 0 and a given polynomial Q(s), there
is no guarantee that the root loci will not
intersect each other. Unless singular
points can be handled properly, one would
have to try a different Q(s). In what
follows, an algorithm given in (4] for com-
puting root~locus plot, ahd hence the solu-
tion of (2) is described. The problem of
singularities on the trajectory will also
be discussed. :

Consider the set of differential equations

$eF(s(0),r(8)) = ~F(s(e),z(e)),
F(s(0),x(0)) =0

Ser(e) = 1, £(Q) = 0 (4)
where t is a dummy variable. Application
of the chain rule to (4) yields

g% b F(s,g%;;:?/ar)’ s(0) = sy

=1, £(0) = 0 (s)
where s, is a root of Q(s). Egquivalently,
(S5) can be rewritten as
g - SR o -

-1 £(0) =0 (6)

or

g - SRR o -,
te(0,1] (%))

where Q' and P' denote the derivatives of

Q(s) and P(s) with respect to s, respec-
tively.
by using any numerical technique until t=1
is reached. This will result a root-locus

-~
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Equation (7) can now be integrated

plot for 0<t<l which contains n branches.
on the root locus, it is possible that the
denominator of (7) may become zero. A
point s* such that

D(s) & (1-r)Q'(s*)+rP’'(s*) = 0, (8)

is called a singular point. From (8) it is
obvious that there can be at most (n-l)
isclated singular points located on the tra-
jectories. This corresponds to the situa-
tion that more than one root loci intersect
at s*. Singular points can be classified
according to their higher order derivatives.
An gth-order singular point is defined as

a singular point such that

k
Q-ﬁ =0, k=1,2,...q-1

ds gugh

q (9)
dasr

0 2<g<n.
e #0, 22g4
s=g*

Depending on whether q is odd or even, sin-
gular points can further be classified as
odd or even singular points. It is shown
in (4] that whenever an odd singular point
is encountered on the trajectory, it is
necessary to jump over it by adding a small
variation |As| along the tangential direc-
tion of the locus; for an even singular
point, the direction of the locus at s*
must be changed by a vector

8z = as &~ 37/4 (10)

where 4s is a sufficiently small variation
in the tangential direction of the lccus
when approaching s*.

3. STARTING ROOTS
The proposed method requires n starting
roots of Q(s) = 0. Theoretically Q(s)
be any nth-order polynomial so long as its

can

roots are known. For practical purpose,

Q(s) should be as simple as possible. The
choice of
oMt (11)

Q(s) = s - M

is made where M is assumed to be positive

J
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and real. The n corresponding roots are.

= M exp(j2rk/n), k =0,1,2,...,n-1.
{(12)
In order to reduce unnecessary computational
effort M should be chosen properly. Hence
it is important to estimate the bound in-
side which all the roots may lie. One such
bound is given in the following theorem [5].

Theorem. Let

Sok

n-1

h(s) = s" + as +...+an_ls + a

n

be a monic polynomial. If s* is a root of
h(s) = 0, then |s*| < N where

N = max{lanl, 1+ Iajl o3 =1,2,...0=1}.

From the above theorem, it is perhaps logi-
cal that M should not be chosen to be
greater than N. In view of the fact that
N is usually much larger than the least
upper bound for the roots, two transforma-
tions given in [6] may be used to modify
(2) . Using the transformation

s

yosse - (13)

equation ¢2) reduces to

n=-2

y" + by" 4 e b =0 (14)

A second transformation

y = “/TS;T z (15)

is then used to convert (1l4) into a poly-
nomial equation in z. The roots in the
transformed z-plane are more uniformly dis-
tributed, and as a result, the computa-
tional effort may be reduced considerably.
4. EXAMPLE
As an illustration of the approach pre-
sented, consider the polynomial equation

P(s) = s7+(1-33) 82+ (23+4332) s+ (=37-§185)

which has three known roots at 31-3¢j2, s, =
-5+37 and 33‘- 1-j6. The root bound N=188.7
Application of (7) and (12) using M=5 along

with a fourth order Range Kutta method with
a step size of 0.005 results in three roots

sy = 2.997 + j2.001
35 = -5,001 + §6.998
s§ = 1.005 - j6.000.

From this example it is obvious that N is
much larger than the least upper bound for
the roots. After using transformations
(13) and (15), the normalized equation be-
comes

23+(0.780729+§1.03421) z
-(0.4169435+30.908944) = 0.

It is seen that the new root bound N'=2.296.
Application of the proposed method yields
three roots in the z-plane

z, = 0.58136 + j0.17441
z, = -0.8139 + j1.04643

zy = 0.23255 - j1.22085
where the same integration technique with
a step size of 0.02 is used. Transforming

back to the s-plane gives

sy = 2.99999 + j2.00000
s, = =5 + 36.99994
sy = 1.00004 - 35.99996.

The root loci in both the s-plane and the z-
plane are shown in Figs. 1 and 2, respec-
tively.

5. CONCLUSION
A continuation method is presented for find-
ing all the roots of a polynomial. Singu-
lar points along the trajectory can be prop-
erly handled so that the root-finding pro-
cedure can be continued for any given im-
bedding polynomial.
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14. Abstract of "Continuation Algorithms for the Solution of the Eigenvalue
Problem", by B. Green.

A continuations algorithm for tracking the eigenvalues of a large sparse
system of equations is presented. This is achieved by constructing a family
of similarity transformations which triangularize the given system as a function
of the under]y‘ing parameter. Since both the resultant triangular matrix and the
similarity transformations themselves retain the sparseness of the given system

of equations, the resultant algorithm proves to be quite efficient when applied

to our large scale system problems.
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Summary :

The goal of the work unit is the application of the techniques of the
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theory of functions in several complex variables to several problems in
circuit and system theory which are modeled by rational functions in two or
more complex variables. Péssib]y the most important of these is the
analysis and design problem for multidimensional digital filters in which a

multidimensional z-transform is employed. The investigation, however, also

includes a study of the stability problem for mixed Tumped/transmission line

systems and a study of the multivariable passive synthesis problem.

Our major activity during the past year has been an investigation of the
design problem for two-dimensional digital image processing filters. Since
the filter design problem has historically been inextricably intermingled with
the spectral factorization problem, this study began with an investigation of
the fundamental lTimitations on the existence of spectral factors for two-
dimensional transfer functions. Since the resulting conditions for the exist-
ence of a quarter-plane stable spectral factorization proved to be extremely
stringent, we turned our attention to the design of half-plane stable digital

filters. These filters have far less siringent existence conditions and we
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are presently developing a general purpose design procedure for such filters.

In an effort to alleviate the need for artificially imposing any
"causality" structure on the image processing problem, we have also initiated
a study of the class of periodically varying discrete-time systems which
naturally model the actual scanning process used in a "real world" image
processing system. Although these systems are time-varying, they represent
the only known class of time-varying systems which admit a "viable" frequency
domain theory. As such, we believe that it will be possible to formulate a
viable frequency domain theory for two-dimensional image processing filters
in terms of the physical scanning process actually employed, thareby alleviat-
ing many of the difficulties hitherto encountered in two-dimensional filtering
theory, which are actually due to the artificiality of the model rather than
the physical problem.

The above work is represented by two reprints; a paper which appeared in
the [EEE Transactions on Circuits and Systems, which summarizes our study of
the existence criteria for two-dimensional spectral fac;ors and a reprint of
a conference paper describing the frequency domain theory for periodically
varying discrete time-systems and some of its generalizations.

7. Publications and Activities:

A. Refereed Journal Articles

1. Murray, J., "Spectral Factorization and Quarter-Plane Digital
Filters", IEEE Trans. on Circuits and Systems, Vol. CAS-25,
pp. 586-592, (1978).

B. Conference Papers and Abstracts
1. Murray, J., "Semidirect Products and the Stability of Time-
Varying Systems", Proc. of the Inter. Symp. on the Mathematics

of Networks and Systems, Vol. 3, T.H. Delft, Delft, July 1979,
pp. 121-125.
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C. Conferences and Symposia

1. Murray, J., 12th Asilomar Conf. on Circuits, Systems, and
3 Computers, Pacific Grove, Ca., Nov. 1978.

2. Murray, J., 1979 Inter. Symp. on the Mathematics of Networks
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8. Reprint of "Spectral Factorization and Quarter-Plane Digital Fﬂters" by
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Vol. CAS-25, pp. 586-592, (1978).

Spectral Factorization and Quarter-Plane
Digital Filters
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Abstract—Two sets of necessary conditions are derived for the ex-
istence of a ratiocal spectral factorizatioo of a gives rational functioo of
two complex rariables: partial converses of these results are given. and the
implicatioas of these conditions for the design of minimum-phase FIR
filters and stable [IR filiers arc discussed. la pasticilar, it is shown that
these cooditions are closely related 10 the difficulties encouniered in the
stabilizatioo problem for two-dimensional IR filiers.

INTRODUCTION

HE SUBJECT of iwo-dimensional digital filters has
received considerable attention of late: in particular,
two-dimensional spectral faciorization has been treated in
a number of papers—it is considered in great detail in [1].
The major problem which arises is that. in general, the
spectral factors of a rational transfer function are not
rational: some further processing. such as truncation and
smoothing. is usualiy emploved 1o vield approximate ra-
tonal factors. It 1s. therefore. spmewhat surprising that
the class of rationa! funcuons for which a rational spectral
factonzaiion exisis does not seem 1o have been invesu-
cated. In this paper. we give two sets of conditions which
must be satisfied by such functions (Theorems 1 and 3); a
converse is given which may be applied o the numerator
and denominator poiynomials separately. Now. the poly-
nomial spectral factors (when they exist) of a given poly-
nomial are minimum- and maximum-phase polynomials;
conversely. every such polynomial gives rise to trivial
spectral facrors. Motivated by this. we apply the results of
Theorems 1 and 3 to the parucular case of minimum-
phase poiynomials (i.e.. poiynomials without zeros in the
unit polydisc).
In this coniext. the main consequences of the results of
this paper may be broadly outlined as foliows:
1 A given polynomial has cxacrly the same zmplitude
respense as a2 minimum-phase polvnomial if and onhv if
the classical one-variable method (of factoring the original
polyncmial into a product of two polynomials devoid of
2¢ros 1n certain regions) can be applied. (This result is in
fact implicit in [1]. but does not appear tc have heen
expiicitiy siated in the literature.) The corresponding
tatement for minimum-phase siabie rational functions is
faise. however.

Manuscnpt received May 17, 1977 Thue work was supported by the
Aur Force Office o* Sc: ::u. Research under Gran: “22631.

The 2uther 55 with the Depesiment of Elecincai Enginesnng Tewas
Teck Uanvermity. Lubiweh. TX “2409.

ii) If the conditions given in Theorems 1 and/or 3 are

not satisfied, then not only is there no minimum-phase.

stable rational function having exactly the same amplitude
response.as the criginal, but the original amplitude re-
sponse can not even be approximated arbitrarily well by
minimum-phase stable rational functions. This follows
from the fact that the conditions in Theorems ! and 3 are
conditions on the amplitude response which are preserved
under any reasonable kind of convergence. "

i) The conditions in Theorem 3 are easily visualized
and surprisingly stringent: they require essentially that the
gain of the filier, averaged over certain directions in the
frequency plane, have no variation in a perpendicular
direction. (See the discussion following Theorem 3.) This
gives exiremely severe resirictions on the amplitude re-
sponse of minimum-phase FIR filters. minimum-phase
stable 1IR filiers. and the denominator polynomial of
arbitrary stabie IIR filters.

iv) It has been pointed out by Bose [9] and Woods [10].
and again is imphcit in [1]. that there exist purely recur-
sive filters whose ampliiude responses are not realizable as
the amplitude response of any siable purely recursive
filter. and thai consequently any stabiiization method
which atiempts to match the amplitude response of the
original filier is docmed to failure. The resinictions re-
ferred to in iii) reinforce this conclusion and idenufy the
precise properties of the examples in [9] and [10] which
make stabilizauon impossible.

Definitions and Notation

Our notation will foliow that used in [2): we repeat 1
nere for con:enience. For simplicity we restrict ourselves
throughout to iwo dimensions. aithough there does not
appear o be anmy difficuity in extending the results ¢
higher dimensions. Thus all functions are assumed
throughout 10 b2 rationa! funcnions of two complex van-
ables unless otherwise stated: we further exclude the zero
funclion. Two-dimensional compiex space will be dencied
by € e, CP=012,.2.):Z, end Z. are complex um-
bers;. Thc open unn pol_\dxsc will be denoted by L7 e

*={(2,.Z€C7jZj<1and |2,i< 1}

and its closure will be denoted by [=:

(F=012,208C*!1Z,/< 1 3nd |Z.i< ).
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The distinguished boundary of the unit polydisc will be
denoted by 7%

T'= {(z,Z2)ed?|Z,)=1and 1Z;] =1}

The .frequency response of the filter whose transfer
function is f(Z,.Z,) is simply the restriction of f to T>. We
will find it convenient 10 denote this restriction by f*.

The one-dimensional sets corresponding to the above
are

U={Ze(]|Z|<1)
U=(ze(¢]|Z|<1)
T=(Ze¢||Z|=1).

We need one further subset of ¢
Vi={(Z,,Z,)€¢?|Z,|>12nd |Z,|>1}.

By the Fourier coefficients of a function 4 (6,.6,) de-
fined on T? we mean the numbers

1 2z p27 y
s —j(m8, + nb,)
O™ [o fo H(8,,85)e 4+ ), iy,

Finally, let us state precisely what we mean by the term
spectral factorization. Several different forms of spectral
factorization are treated in {1]; here we will be concerned
only with the simplest form: if f is a rational function. it
will be said to have a (rational, quarter-plane) spectral
factorization if f=f, f.. where f, and f, are rational func-
tions. f, has no poles or zeros in U2, and f, has no poles or
zeros in V2. Several comments are in order concerning
this definition:

i) By “rational” we mean only “finite-order;” i.e., the
functions are assumed to be expressibie as the quotient of
two (finite-order) poivnomials.

1) The quarter-plane property enters only in connec-
tion with the regions in which the factors are assumed to
be zero- and pole-free: in particular, if f has no poles or
indeterminacies on T2, and has a quarter-plane spectral
factorization. then there is a quarter-plane causal, stable
filter whose amplitude response is equal to | f*!.

iii) It would possibly be more natural to work with U~
and ©° rather than L'° and ¥* (especially when consider-
ing stability). However. to do so would complicate the
statements of the theorems considerably, and it is usually
clear whether or not the results will hold with T2 and V2
in place of U? and V>, (One needs only to check for zeros
and poles on T2). In general. if the “closed” version is not
obvious, it is not true: | = Z, Z, will serve as a counterex-
ample in all such cases.

iv) To simplify the statements of the theorems, the
definition has been given in terms of the rational function
f itself, rather than the spectral function |f*}?; however,
the conditions given in the theorems actually involve only
Wit

v) We note that V* is defined to be 2 subset of ¢ *: thus
the behavior of functions at infinity is irrelevant o our

purposes.

Spectral Factorization

Our first criterion for the existence of rational spectral
factors is very much in the spirit in which spectral factori-
zation is treated in [1]; it is a trivial consequence of
Theorem 5.4.7 in [2].

Theorem 1

If a rational function f on ¢ has a rational spectral
factorization, then the Fourier coefficients a,, of log | /*|
are zero for all pairs of integers (m,n) such that m#0,
n#0, and m and n have different signs—that is, for all
integer points in the second and fourth quadrants. The
converse is true for polynomial f.

As mentioned above. this criterion involves only the
absolute value of f; it follows that the existence of spectral
factors imposes restrictions on the amplitude response of
a two-dimensional filter—in contrast with the situation in
one dimension. The above criterion, however, does not
present these restrictions in an easily visualized form. For
instance, it is difficult to gauge exactly how severe the
restrictions are. For this reason. we mnext present condi-
tions which are stated in terms of the log-amplitude re-
sponse itself, rather than its Fourier coefficients. This
result takes an approach which seems to differ substan-
tially from those previously known: it gives easily visua-
lized necessary conditions on those rational functions
which admit a rational spectral factorization. Before we
state this theorem, however, we first present a simple
result which will be used in the proof. and is also of
separate interest: one of its consequences is that when
rational spectral factors exist. the usual one-dimensional
stabilization method (for unstable denomunator polynomi-
als) can be used.

Theorem 2

If the rational function f admits a rational spectral
factorization. then there is a rational function f (with deg
f< deg f) such that

/=11
and f has no poles or zeros in U2

Again. the converse holds for polynomial f.

Thus if the denominator polyncmial of an unstable
filter has polynomial spectral factors. there is a stabie
filter of at most the same order with the same amplitude
response (provided the polynomial has no zeros on T3).

Again, most of the proof is contained in [2]; we fill in
the details here: suppose f has rational spectral faciors.
then f=f,P/Q. where f, has no poles or zeros in U*. and
P and Q are polynomials without zeros in V2. Let

P=ZrZ:P(1/2Z,.1/Z,). Z,%0. Z,%0

where m is the degree of P in Z;. n is the degree of P in
Z,. and P is the polynomial whose coefficients are the
compiex conjugates of the coefficients of P. Clearly Pis a
polynomiai of degree less than or equal to the degree of P.
and so is also defined for Z,=0 and Z,=0. Now if
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P(Z,.Z,)=0, for Z,=0 and Z.=0: then P(1/Z,.1/2Z;)=
0: this implies that either

[1/Z,|<10r|1/Z,| <1 (since P has no zeros in V%)
and so either ‘
1Z,|>1or|Z,)>1

i.e.
(Z,.Z,)€ U

Thus the only possible zeros of 2 in U? are for Z y=0or
Z,=(. But by standard results in the theory of several
complex variables [8]. if the zero-set were nonempty, this
would imply that either Z; or Z, was a factor of P which
is xmpossxble by our choice of m and n. Thus 2 has no
zeros in U'°. Finally. on T? .

$P(1/2,,1/Zy)|
=|P(Z,.Z,)|=|P(Z,.Z))l.
é is defined similarly and has similar properties. Then
2 R
S=1 6
clearly has the required properties.
Comercclv suppose f is any polynomial for which there

is a rational function f without poles or zeros in U? such
that

L=

then f/f is rational and analytic in U, and -

(f/F )=,
Thus by Theorems 5.2.5 and 5.2.6 in [2]. //f-P/Q.
where P and Q are pol\nomlals P has no zeros in V2,
and Q has no zeros in U2, Then

/=Pf/Q
gives a rational (in fact. polynomial) spectral factorization
of 1.

The Second Criterion

* Our second set of conditions for the existence of a
rational spectral factorization is given in the following.

Theorem 3

If a rational funcuion f on ¢* admits a rational spectral
factorization. then

35 )i tog (e, x| ap
is 2 constant independent of v, (0< ¢ <2=), for all in-
tegers m>0 and n>0.

Again. these conditions depend only on the amplitude
response of f. The simplest condition is that for m=1 and
n=1: it can be easily visualized by drawing two adjacent
squares in the 6,9: piane on which the amplitude response
is defined (the frequency re<pon<e extends to the entire
8,8, piane by penodicity). and drawing lines L, with siope
1 and length 22\ 2 on these squares (see Fig. 1).

i
3 % // /
i & /‘\ (5
i 1 L '
I ,/ v i
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Then the condition for m=1, n=1 can be restated as:
the “average™ amplitude of the function f along the line
L,. is a constant—that is. it is independent of the particu-
lar line L, chosen. (“Average™ here is 10 be understood as
the geometric mean of the amplitude, or the arithmetic
mean of the log-amplitude). Alternatively. we may say
that the average level of the amplitude over any line of
slope 1 and of length 2z V2 is independent of the posi-
tion of the line in the 8,8, plane. (For example. we could

vary the L, over the dotted square in the direction ':\n.) The
conditions for higher m and n have a similar interpreta-
tion. with a slope of n/m instead of 1. and length
2=V m*+n’ instead of 22\2 ; clearly. if m and n are
not relatively prime. the corresponding condition is super-
fluous.

This theorem then gives a striking limitation on the
amplitude response of a rational function which admits a
rational spectral factorization: even the simplest of the
conditions (that for n=m=1) implies that such a function
cannot accurately approximate an amplitude which has
large variations in overall level in the direction a shown
in Fig. 1.

Proof: In view of Theorem 2. it suffices to prove this
under the assumption that f has no poles or zeros in L'~
This assumpuon implies that f has a holomorphic loga-
rithm in U*. Then. for any integers m>0. n>0. and amy
real number v

log f(Z™,Z"e™)

is a holomorphic function of one complex variable for
Ze€U. Thus

Re(log f(Z™.Z"e*))

is a harmonic function in U, and so by the mean-\aiue
property of harmonic functions

Tl' [ Reflog /(™. Z%*)) df = Re(log /(0. 0%e ))
=Jr

22 ‘
.—I_; { Re(log f(e/™.e/™~*))) df = Re(log f(0.0))
- -o
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but

Re log w=log |w|, for w0

and so
5= [ log Lf(e™. e =) df =log |/(0.0)
sw /o

and the right-hand side is independent of ¢ (and, inciden-
tally, of m and n also).

An obvious question which arises is the extent to which
the converses of these results hold. In fact. the converse of
Theorem 3 holds for polynomials. and modified converses
of both Theorems 1 and 3 hold even for rational func-
tions. The modification takes the following form: if the
Fourier coefficients of log |f*| (where f is a rational
functi_on) vanish for mn <0, then there is a rational func-
tion f with rational spectral factors (equivalently, a ra-
tional function without poles or zeros in U %), such that
|f*=|/*]. (A similar statement holds for Theorem 3.)
However, the proofs of these converses involve some
technical analytic details, and so are given in the Appen-
dix.

The modification in the above converses lies, of course,
in the fact that we cannot conclude that f itself has
rational spectral factors: thus there are some rational
functions which can be stabilized without changing the
amplitude response but to which the classical 1-variable
factorization technique cannot be applied. A simple exam-
ple of this is the function

Z|+Zz-l
Z, 42205 .

Here. |/* is identically I. and so has trivial spectral
factors: but f itself clearly does not.

Although the converses of Theorems | and-3 are proved
in the Appendix. there is another result related to the
converse of Theorem 3: by strengthening the condition for
m=n=] alone. we can get a stronger converse for poly-
nom:als. Before we state this converse. however. we first
give a stability criterion (used in the proof of the con-
verse) which. although previously known [3], has not ap-
peared in the engineering literature. Although not as sharp
(in terms of dimension) as some other known criteria [4].
1t has two advantages which make it useful for theoretical
purposes: first. it 1s given in terms of a one-parameter
family of discs without the lower dimensional test in [5];
and second, unlike r -t other stability tests. which con-
clude the nonvanish.. . of a polynomial on U? from its
nonvanishing on some subset of U'* which contains T2,
this test aliows the polynomial to vanish at some points in
T*. but concludes only that the polynomial does not
vanish on ('*. The criterion is the following.

MZ,.2))=

Thevrem 4

Suppose a poiznomial f has no zeros in the set
{tZ2,.2)el?2,=12)

then f has no zeros in L'°.

This is proved in 2 much more advanced conlext in [3]):
however, it can also be easily proved by applying one of
the criteria in [4] to the polydiscs

L-',:-{(Z|.22)E€:”le<f.IZ:l<f). for0<r<1.
The hypotheses imply that f has no zeros on the dis-
tinguished boundary U7*.for 0<r< 1. and none on the set

{(Z.,Z;)ECIIZ,-Z,}n i

Thus by Theorem 5 in [4], f has no zeros in U2 for any
r<1, and so f has no zeros in U2

We can now state and prove the partial converse to
Theorem 3.

Theorem 5
If fis a polynomial with the property that

32 log et g =log | 0.0,

for0K ¢y <2=

then f has no zeros in U>.

Thus we strengthen the condition for m=1 and n=1 in
Theorem 3 by specifying that the constant in question is
to be log | f(0.0)l: it then follows not only that j has
ra;ional spectral factors, but that it 1s actually zero-free in
ve.

Proof: By Theorem 4. it suffices to prove that f has no
zeros in the set

{(2..2,)e L':iizn;"!zzl}
but this set is the union of the open discs

for0< ¢ < 2.

{(Z,Z))|1Z.=e7Z,.|1Z/|< 1}.

We therefore wish to prove that f has no zeros in any of
these discs: or equivalently that the function f of one
variable defined by f(Z)=f(Z.Ze"™) has no zeros in the
open unit disc. Applying Jensen's formula {6. p. 299] for
the unit disc to f,. we get

! = i d ' s )
’3':_]; log [ f,(e)| d8=log | f,(0)| =X log|Z,;

where the summation is over all the zeros (counted with
multiplicity) of f; in the unit disc. Expressing this in terms
of f:

2z > o '
= [Tlog | fe e/ ) d=log 1£(0.0) - S log 'Z,
pars 0
and so I log |Z,/=0.
Since for any Z, in the open unit disc log !Z,|<0. the
conclusion follows. (It is clear from the proof that we

always have

5= [Tlog {fte®.en* 1) db > log 110.0)
<7 Jp
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It follows from this that in fact the apparently weaker
condition

1 2e p2= 2 --
s fo fo log |/(ece*?)] 40, df =log | (0.0)

is sufficient to guarantee that f is zero-free in U2 See [2,
p. 731)

Stable 1IR Filters and Minimum-Phase FIR Filiers

The very close relationship of spectral factorization to
the nonvanishing of polynomials in U2, and thereby to
stable [IR filters (via the denominator polynomial) and
minimum-phase filters (via the numerator polynomial) is
already clear from the previous sections. The force of
Theorem 2 is that purely from the point of view of
amplitude response. transfer functions having rational
spectral factors are equivalent (o those whithout poles or
zeros in U2 Thus the restrictions on amplitude response
in Theorems | and 3 apply to the denominator poly-
nomial of any stable IIR filter; the contribution of the
denominator polynomial to the overall amplitude re-
sponse of the filter (in the case of an all-pole filter, the
entire amplitude response) must satisfy the restrictions
imposed by Theorems 1 and 3. We have, therefore,
identified the properties of the amplitude response which
make it impossible to stabilize a filter; if the original
amplitude response has large overall variation in the
“wrong™ directions. attempting to find a stable filter
which closely matches this response is futile. Close match-
ing of the amplitude forces instability. This has already
been shown by example by Bose [9] and Woods [10]: we
now see that it is the variations in the amplitude response
in the “wrong” directions in their examples which
account for their behavior.

It is also of interest to note that, in the Shanks proce-
dure of minimizing

[ [isg=17 a8, a8,

over all polynomials f of given degree (where g is the
original polynomial). if the allowable f°s were restricted to
those which have polynomial spectral factorizations, the
procedure would vield a polynomial devoid of zeros in
L= It does not appear that this observation can be used
as the basis for a workable stabilization method, however,
since the condition that f have polynomiai spectral factors
is intractably nonlinear in the coefficients of f: and fur-
ther. in many cases this procedure would yield an f which
was only marginally stable. For the same reasons. restrict-
ing oneself throughout the design procedure to polynomi-
als which satisfy the condition in Theorem 5 does not
appear to be a feasible method of ensuring stability.

Examples and Comments

An exampie of the behavior of those polynomials not
possessing polvnomial spectral factors has already ap-
peared in the iiterature. although in a different context;

131
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we repeat this example here:
A(Z,,Z,)=1-0.75Z,+092Z}+152,-1.22,2Z,
+1.323Z,+122}3+092,2}+0.52{Z}.

This polynomial was studied in {7); the associated Shanks
polynomial was found to be stable but to have a substan-
tially different amplitude response from that of 4 (for
more details, see [7]). The fact that 4 does not have
polynomial spectral factors was established by checking
the condition in Theorem 3, for m=n=1 and ¢ =0, ¢ ==,
with the following results (correct to nine decimals):

2z L b
5'; fo log |4 (e®,e®)| df = 0.696570700

2= 2 y
2 f log |4 (e”.e/*+™)| df = 1.134686936.
27 0 :

As an example of a polynomial with rational spectral
factors, we have

B(Z),Zy)=1+225Z,+225Z,+0.522+0.52?
-6.52,2,-2}2,-2,Z;-4Z}Z3.

This factors into (1+0.25Z,+0.25Z,+0.5Z,Z,X1+22,
+2Z,-8Z,Z,), where the first factor has no zeros in U2,
the second has none in V% reversing the second factor
gives a polynomial without zeros in U2:

B(Z,,Z,)=(1+025Z,+0.25Z,+0.52,Z,)
(-8+2Z,+2Z,+2,Z,)
=-8-2Z,Z,+05Z}+0.523+1.252;Z.
+125Z,2}+0527Z3

and B has the same amplitude response as 3.

In order to gain some idea of the stringency of the
conditions in Theorem 3. let us consider the case of an
ideal bandpass filter. By an ideal bandpass filter we mean
a filter whose ampiitude response is equal to 1 on some
subset. 4. of the square 0< 4, <2=. 0< §,<2=. and equal
to K< on the complement of 4 (of course this specifica-
tion continues over the whole plane by periodicity). This
of course is not the amplitude response of any rational
function. but in practice for certain shapes of the set A.
one may wish (o approximate such a response by a
rational function. One easily sees that up to a scale factor,
the averages in Theorem 3 are in this case merely the
fraction

length of the line L, lving in the complement of A
total length of the line L, k

It is easily seen from this that there are very few passband
shapes of practical interest which satisfy even the first of
these conditions (where n=1 and m=1); in other words,
there are very few which can be accurately appreximated
by transfer functions having rational speciral faciors.
(This is not to imply that one would in practice be
restricted to such filters: the above discussion is meant
solely as an indication of the severity of the restrictions on
the amplitude of such filters.)
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Finally, we remark that there does not seem to be any
difficulty in extending the results in this paper to higher
dimensions, and to multidimensional systems other than
digital filters.

APPENDIX

The Converses to Theorems | and 3

These converses involve some technical ideas and re-
sults from [2]; the most important ideas are those of inner
function [2, p. 105], outer function [2, p. 72}, Poisson
integral [2, p. 17], and the classes N(U?) [2, p. 44] and
NJ(U? (2, p. 4]

We will also use the following notation from [2] (here f
is an analytic function on U):

i) v fr(ee”) & ,lit{x_ f(re*, re)

will denote the radial limit of f (this is clearly consistent
with our previous use of f*).
ii) For w=(w,,wy)€ T2, £,(Z) will denote the one-vari-
able function defined by
fAZ) = f(Zw, Zwy).

iii) If ¢ is a function defined on T2 which is absolutely
integrable there:

& . 1 [ p2e : )
Smn) & — fo fo exp (—jmB, — jnf.)5(8,,0.) 9. db,
will denote the Fourier coefficients of ¢.
iv) For any function ¢ on T?
vas: &
4z*

will be denoted by

i 2’ i " 6(0,.0;) db, &, |

fr odm or fr:¢(w)dm(w)_

We will first prove the converse to Theorem 1, and
from this derive the converse to Theorem 3. First of all,
however, we nead the following iemma (which is given as
a problem in [2]).

Lemma 41
If & is a real-valued function defined on T* such that

eeL(T?)
1.e..
f loldn< e
T
and
o(m,n)=0. for mn<O0.

then there is an outer function f on U'? such that

Piol=log /!

twhere P[ ] denotes “Poisson integrai of ).

Proof: Let

& _'{ é(m.n),
™ | 1/2¢(m,n),

(m,n)#(0,0)
(m,n)=(0,0)
and let

0 o«
82,2)= 3% 3 a.,2Z7Z;.
m=0 ar=0
This series clearly converges uniformly on compact
subsets of U2, and so defines an analytic function there.
If we let f= e, then f is analytic in U2, and

€€ x
log [f]= 3 a3 €XP (jmB, + jnd;)

m=0 a=

L x
+ 2 I a,,r{r! exp (= jmb,— jnby)

m=0 a=0

. i’a "2 « $(m,n)ri"ri exp (jmb, + jnf,)
=P[¢] (2, p- 17).

Next we prove that f is outer; we have (for 0<r<1)

[ _Jog* 1f(rw)| dm(w)< [ lloglf(rw)|| dm(w)
S T2
-j;_:l P[¢](rw)| dm(w)

<[_Jo0w)i dm(x)

[2. Theorem 2.1.3(c)]
<x

and so f€ N(U?).

Now f* ewsts almost evervwhere on T° [2, Theorem
3.3.5) and log | f*| =0 almost everywhere on T [2. Theo-
rem 2.2.1}; thus log | f'= P{log | f*]] and so fEN.(U?) [2.
Theorem 3.3.5]. and log | f(0)! = j :log | f*(w)| dm(w). Thus
[ is outer. Q.E.D.

We can now prove the converse to Theorem 1.

Theorem A2
Let f(Z,.2Z,) be a rational function (=0). and let
o=log | f*|.

If é(m.n)-O. for mn < 0. then there is a rational function
g without poles or zeros in U- such that | g*{={f*.

Proof: By Lemma Al. there is an outer function g such
that

log !g!=Pllog ! fl].
This implies
log {g* =log | f*|
almost everywhere on 7°. Thercfore. for almost all wE T
log (gl Z )i =log (f2(Z)|

for almost all Z= T [2. Lemma 3.3.2): and g, is outer for
almost all w& T° [2. Lemma 4.4.4).
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For any such w, let Z,,---.Z, denote the poles, and

Z,.1 .2, denote the zeros of £(Z) in U, and let
i
1 ; - ~ 22 B 2z~
w(Z)= = z
J2) AI:I| Z,Z-1 k=n+1 Z-2, j( )

: Then f, has no poles or zeros in U and is rational; hence,
] j_ is outer. Since g, is outer, we have f./8. is outer. Also
| I_j‘l If‘l and so | f*|=|g?], for almost all Z€E€ T. Thus
f./8. is inner. But a function which is both outer and
inner is a constant of modulus 1, and so

&=,
Thus g, is rational for almost all we T2, and so g, is
rational for all w€ E, where £ T? is a compact set of
positive measure (by the inner regularity of the measure).
It follows by (2, Theorem 5.2.2] that g is rational (since the

vamshmg of a polynomial P on a set of positive measure
in T2 would imply

for some real .

! . log |P*|€L'(T?)
; '; and so P =0.)
j i Thus g is a rational function without poles or zeros in
bl U?, and
} |g*|=|f*l.  aimost everywhere in T2
' and so. since g and f are both rational

|g%l=|/*. onT2
We next prove the converse to Theorem 3.

Q.ED.

Theorem A3
i Let f(Z,,Z,) be a rational function (=0) and let
s o=log [/*].
ki If 1/27j37(mf.nf+ ) df is a constant independent of
ke for each pair (m.n), with m>0 and n>0, then there is a
ki ~ rational function g without poles or zeros in U? such that
b |g* =1/

: Proof: Letm>0.n>0. and let /#0 be an integer. Then
i Then

-

| | [ eﬂ-f0 S(mB.nf+) db &y =0

: a - fz’fz"eﬂwb(ma 0 +) d dy =0
4 ‘ o Jo A ; ?
Making the change of variables defined by

=1,
m

‘P‘oz",_:"ol
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we get
2% fn/md, +2w g y
Fj; /, g (jlm8,— jin8,)$(8,,8,) db, df, =0
and since the integrand is periodic in 6, and 4,

2=z ol
L [ exp (i, = jin8,)(6,,62) 8, B, =0

and so
#(—In,Im)=0, forall /%0, m>0, and n>0
that is
&(m,n) =0, for all m,n, with mn<O.
The result now follows from Theorem A2. Q.E.D.

Finally, we note that if f in Theorem A3 is a poly-
nomial, then the converse in Theorem 2 implies that f has
polynomial spectral factors. Thus we have the full con-
verse of Theorem 3 for polynomials.
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9. Reprint of "Semidirect Products and the Stability of Time-Varying Systems"

by J. Murray from the Proceedings of the 1979 International
Symposium on the Mathematics of Networks and Systems, T.H.
Delft, Delft, July 1979, pp. 121-125.

. Abstract

It is shown that time-varying systems may be modelled in terms
cf semidirect product algebras, and that the known theory of in-
duced representations for these algebras in many cases enables
-one to give sharp criteria for stability of such systems.
Pinally, an example is given in which a previously known result
is proved using these techniques.

1. INTRODUCTION tity on which the group G acts as a group

isometric®*-autc
In this paper the theory of semidirect of 1m 8 SCHEDICEDUISES, We Gerine ths
set L (G,A) to be the Banach space of
Bochner-integrable functions

oroduct algebras is proposed as an ap-
proach to the problem of the stability of

time-varying systems. We first describe f: G~ A

these algeoras, and then show how a large (To be more accurate, we assume that

Siass of {lmo-va:ylnn sysiems a2y b mod- M 6~ 4

~lled in terms of them. In the third is a continuous homomorphism of G inte the

varacraph, an aporoach to the protlem of set of isometric* - automorphisms of A

stability in general Banach-2lgebraic with the strong topology; we normally

terms is descrided, and in the fourth, the suppress T 2nd consider.the elements of G

special structure and known properties .of to be automcrpnisms of A). °

semidirect. product algebras are shown to

be particularly suited to this approach. The product on LI(G.A) is defined by

Finally, the theory is applied to a par- (h)(x) =fcr(y)[y(h(x-y))] du (y)

ticular situation to derive some resulst

very similar to those proved by Davis(1,2] V' x,y¢G, f.thl(G,A) (1)

by other methods. (The Abelian group G is written additively,
2. SEMIDIRECT PRODUCT ALGZBRAS and d, denotes the Haar measure on G).

Civen a locally compact Abelian group G

and a separable C* - algebra A with iden- The invelution cn LI(G.A) is defined by

t This reselrchlsupported in part by the Joint Services Elec:ronics Program at Texas

Tech University under ONR Contract 76-C-1136.
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£%(x) = x(f(=-x¥*).

with these definitions, L’(G,A) becomes a
Banach*-algebra, called the twisted group
algebra on G with values in A. The envel-
oping C%*-algebra of L1(G,A),[3], will be
denoted by C*(G,A). The above is a simp-
l1ified version of a more general construc-
tion given in [4].

Finally, we note that an alternative ap=-
proach to semidirect product algebras is
to define them as'algebras of sections of
Banach®-algebraic bundles(5,6]. We will
not use this concept here, but we note

(in connection with 4. Stability and Prim-
itive Ideas) that Banach¥*-algebraic bund-
les were introduced as a powerful tool for
calculating certain representations - the
induced representations - of Banach®*-
algebras.

3. ALGE2RAS OF TIME-VARYING SYSTENMS AS
SEMIDIRECT PRODUCTS.

In order to simplify the exposition and to
ensure that cur algebras L1(G,A) have an
fAontity, we WwITY Timie on§§e1ves from now
on to discrete-time systems, that is, we
will assume G*Z. It should be clear,
however, that the corresponding theory
will hold good for continuous-time systems.

We take the algebra A to be any complete
algetra of bounded functions orn Z which
contains the identity. Multiplication is
defined pointwise, and-the norm is taken
to be the suc-norm. Since every such al=-
gebra is a commutative C*alpebra with
identity, it is iscmorohic to C(X) fer
some compact Hausdorff space X.

The group Z acts on A in tne obvious way:

(g(a))(n) = a(n-g) for acA, n,ge2.
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Now the cperator describing the input-
ocurput mapping of a scalar-input, scalar-
outout system with coefficients in A may
be written formally as

Ja (.)g; o cA, gec Z (2)
s‘zg g

This transforms input seauences x(n) to
outpui sequences y(n) by

y(m) = Z a_(m)x(m-g),

- Kczs
which has the obvious physical interpreta-
tion as a sum of delayed inputs with time-
varying weights. It is clear that the
formal exepressions in (2) are just func-
tions from Z to A, and so can be regarded
as elements. of L‘(Z, A); the only non=-
obvious formal property is that the cas-
cade connection of two such systems is
represented by the product (1).
This follows formaily from:

( I b C.om) (] 3 (-)g) x(n)

hel gel

= (] 5. (.)n) () a_(n) x(n-g))
hel " gel &

= E :\:h (n) a (uak) ylinec=h)
heZ gel % £

% hEZ kEzbh(n) h(a,_,(n)) x(n-k)

{o ] o Eubpeilag e Y0 altn=k).
kgz nel h i

The analytic details of "the above formal
manipulaticns are easily checked and will

net be considered here.

The utility of <ransfcrm metnods in deter-
mining the stablility o!f time-invariant
linear systems stems from the fact that in
a commutative Hanach algebra, an element
is invertible {f and only if its Gelfand
transform ts.' It is therefore natural to
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seek an analogue of this in the non-
commutative case, and the most oézious
analogue is the representation of a
Banach algebra as a subdirect product
over the set of primitive ideals. (See
[7), where also the terminology used in
this section is defined). Here we have
the property that an element is invert-
ible if and only if its image in the =
quotient algebra by every primitive
ideal 1s invertible. Thus, in order to
determine invertibility (and hence sta-
bility) it is necessary to determine all
primitive ideals in our algebra. Since

a primitive ideal is by definition the
kernel of an irreducidble representation,
this problem is related to the problem of
determining the irreducible representa-
tions of an algebra. It 1s precisely
these problems which have received the
most attention In the literature on semi-
direct products. In particular, the
primitive ideals are studied in (8,9,10Q,
11], especially with reference to a con-
Jecture made in (8] that all primitive
ideals of a semidirect product algebra
can be found as kernels of representa-
2ions fuduwed Trom Lhe izsciregw cubtorouss
of the group action of G on X, where the
original C*-algebra A 1s given as C(X).
In this connection, it is interesting to
note, as mentioned befcre, that semi-
direct product algebras can be realized -
as almebras of sections of Banach®-
algebraic bundles, which were introduced
precisely for the purpose of extending
the idea of induced representation to
2anach algebras. There is thus some hope
that the protlem of determining all prim-
itive ideals can be solved by known tech-
niques. Rather than give a theoretical
discussion of these concepts, however,
which would take us too far afield and
ocsupy too much cspace, we will simply
give an examplie of their apglication to

derive a previously known result in the
next section.

5. EXAMPLE

Let A = {f:Z—¢| £(2n)=7(0Q) and f(2n+l1)
= £(1),Yn} which gives us the class of
periodically time-varying systems whose
period is twice the.sampling period.

A =C(X) , where X = {0,1}.

Z acts on X by
g = 1dentity, g even
g(0) = 1 and g(1) = 0,z odd.

Thus X is the unique'orbit, and H =(2n
neZ } is the unique isotropy subgroup.

Now, using the results of [10], we see tha
every primitive ideal 1s obtained by in-
ducing from the irreducible representatiors
of H. Since H &= Z , the latter are just
the usual frequencies, wnose representing
measures are given by

-
JnE-- for -w< w 4w,

We will calculate the induced representa-
tions following [8]. An induced measure
on Z x X is given by

£ '— J f(2n,0) e

Jnw

=

(Here we are making the natural identifi-
cation of

£: Z —C(X) with f: Z xX—¢).

Now
(f*g)(n,0) = | T(-2m,0)g(n-2m,0)
M—=
+ ] T(-2m-1,1)g(n-2m=1,1) (n even)
M=-=
and

i I(-2m,0}g(n-2m,1)
m ==

(f*g)(n,0) =

THIS PACE IS Ei5T QUALLITY PRAGMGABRR
- BROM o & LiidL I DD AP —
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S f T(-2m+l1,1)g(n-2m=-1,0) (n odd)

from which it follows that

w(rer) = l ) f’2m,o)eJm"|2
m

I T f(2m-1,1)ed™|2

m
and sn w2 have 3 tvwc-dimensional represen-
tation
g — ({g(?m 0)es™ 5 {g(Zm-l,l)eme)

m Vog B )

on which the action of f can be represent-
ed by left multiplication by'!the matrix

) f(?m,o)ejmw . Zr(2m+1,o)e3m" ]
m m

§ f(2m-1,1)ed™
\m

§ f(em,1)ed™
m

If the system is finite, this will be a
rationzl matrix in Z=eJ"; and the original
coerator will be invertible if this matrix
is nensingular on the unit circle. A hom-
otopy-tyve argument then easily proves
that if the original operator was causal
and bouncded, it will have a bounded, caus-
al inverse if the determinan:.of the mat-
rix nas zero winding number about the
origin.

In this connecticn, we note that the
theory of semidirect procucts has been
eveloped entirely for *-algetras, so that
if we wish to apply it te causal systems,
we must elither redevelbp the entire theory
for aligecras without involution, or devei-
op the topclogical (ané other) criteria
which give ccnditicns for a causal, in-

vertible coperztor toc have a causzl inverse.

The latter course sesms preferable.

Finally, we note that the above example is
a special case of the results of Davis([l].
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Texas Tech University Institute for Electronic Science

Joint Services Electronics Program Research Unit: 7

1. Title of Investigation: Optical Noise

Senior Investigator: J.F. Walkup Telephone: (806) 742-3528
JSEP Funds: $23,500

Other Funds: ,
Total Number of Professionals: PI's 1 (1 mo.) RA's 1 (1/2 time)

Summary: -
The goal of the work unit is the development of detection and estimation

(<] (84} 4 w ~nN
. . . . .

algorithms for application in image processing. Unlike the detection and
estimation algorithms which have been deveicped for use in a communications
context, if an algorithm is to be employed in image processing, it must be
designed to cope with the nonlinear character of the optical noise phenomena
encountered in such applications. In our research we have emphasized the
detection anq estimation problem in film-grain noise and have developed
optimal MAP and ML estimators for these applications. In addition we have
computed bounds on the performance of various classes of estimators in a non-
linear noise environment.

In addition to the nonlinear noise phenomena, two additional factors are
encountered in the image processing problem which are not encountered in the
classical- detection and estimation problems. First, the noise phenomena is
typically space-variant, often with widely different characteristics in one
part of an image than another. Secondly, the two-dimensional nature of the
image processing problem greatly increases the computational requirements for

the detection and estimation problem. As such, the optimal detection and
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estimation algorithms which we have developed cannot be efficiently imple-
mented in an image processing system. In an effort to alleviate this
difficulty, much of our research during the past year has been directed
at the development of suboptimal detection and estimation algorithms for
image processing. To this end we have investigated the possibility of employ-
ing a "modified signal MAP estimator", a "noise cheating" algorithm and a
"modified Stein's estimator". We believe that these algorithms have the
potential of achieving near-optimal performance witq greatly reduced computa-
tional effort.

Qur research, on bounds, for the detection and estimation problem in
image processing and the derivation of the optimal MAP and ML estimators was

recently reported in two papers which are reprinted herein. The work on sub-

optimal estimators is still in progress and will be the subject of a forthcoming

Ph.D. dissertation.
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9. Reprint of “Optimal Estimation in Signal-Dependent Noise" by G.K. Froehlich,

J.F. Walkup, and R.B. Asher from the Journal of the Optical
Society of America, Vol. 68, pp. 1665-1671, (1978).

~ Optimal estimation in signal-dependent noise

Gary K. Froehlich, John F. Walkup, and Robert B. Asher®
Department of Electrical Engineering, Texas Tech University, Lubbock, Texas 79409
! " (Received 16 January 1978) :

Optimal estimators are derived for a class of signal-dependent noise processes. Such processes are
of interest in optics because phenomena, such as film grain poise, a2 often modeled in this manner.
This paper demonstrates that when one ignores the presence of signaldependent noise and instead
assumes only signal-independent noise models, the resulting estimators may pay a severe penalty
in performance. This "mismatch” problem is explored, with the results of Monte Carlo simulations
of the performances of both optimum and mismatched estimators being presented. The Cramér-Rao
lower bounds o5 the mean-square estimation errors for unbiaced estimators are evaluated and com-
pared with the lower bounds derived for the signal-independent noise case. Overall, the results
indicate that improved performance will, in most cases, offset the increased complexity inherent in
estimators designed for the signal-dependent noise model.

INTRODUCTION

In contrast to the signal-independent additive noise models
traditionally encountered in statistical communication
theory,!2 many physical noise processes are inherently sig-
nal-dependent. Common examples from optical processing
include film-grain noise, encountered in image processing, and
photoelectronic shot noise, which is sometimes dominant
when imaging at low-light levels with photoemissive detec-
tors.34 An example of a nonoptical noise source which is ef-
fectively signal dependent is magnetic tape recording noise.$
A study of these particular examples indicates that studies of
optimum estimation in signal-dependent noise processes
would have applications to a broad class of signal-processing
problems in modern optics and in other fields.

To date, the majority of the work dealing with signal-de-
pendent noise has been concentrated on rather specialized
examples and applications. Using a Poisson point-process
noise model, Goodman and Belsher® have considered the
restoration of atmospherically degraded images using linear
minimum mean-square error filters. Walkup and Choens*
modified the familiar Wiener filter for various additive,
Gaussian signal-dependent noise models, and Naderi” has
done considerable additionai work on this problem. Addi-
tionally, Hunt® has derived a nonlinear maximum a posteriori
(MAP) estimator, based on a different model than the one
considered here, which can accommodate both signal-de-

pendent and signal-independent noise cases, and they have
applied this MAP estimator to restoring noise-degraded im-
ages. For such applications, and in the special case where the
images of interest exhibit extremely low contrasts, conven-
tional restoration techniques perform rather poorly. Thus,
heuristic algorithms, such as the so-called !‘noise cheating”
algorithm for film-grain noise suppression,® have been de-
veloped. Other algorithms, which explicitly include the signal
dependence of the noise, as well as incorporating pertinent
properties of the human visual system, have also been inves-
tigated.?.10.11

The purpose of this paper, then, is twofold. First, several
fundamental properties of signal-dependent noise are inves-
tigated in order to better understand when consideration of
signal-dependence is warranted and when it can be ignored.
To this end, the mean-square estimation error is first con-
sidered for both the signal-dependent and signal-independent
cases. In addition, the mean-square estimation error for a
mismatched case is evaluated. The mismatch case considered
is one in which the signal-dependent measurement model is
valid but is ignored for purposes of simplification. Secondly,
optimal estimators are derived for several cases of both sig-
nal-dependent and signal-independent models. The Cra-
meér-Rao lower bound on mean square estimation error is also
determined, in order to find the lowest error possible for both
signal-dependent and signal-independent estimators. The
results of Monte Carlo simulations of the performance of the
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various optimal estimators previously derived are presented
for several values of the moadel paramcters and for various
prior signal probability densities.

PROSLEM STATEMENT

To motivate the investigation of signal-dependent noise
processes, it is necessary first to define the models to be used.
The signal-dependent measurement model to be used is given
by

r=s+ kf(s)n, + ng, (1)

where n; and n, are signal-independent random noise pro-
cesses; s is the underlying signal to be estimated which is as-
sumed to have probability density p(s); ny, na, and s are as-
sumed to be mutually statistically independent; f(s) is any
function of the signal; k is a scalar constant: and 7 is the noisy
measurement. The signal-dependent noise term in Eq. (1)
is, of course, the term kf(s)n;. It is often physically reason-
able to assume that both n; and n. are zero mean and have
unimodal probability densities. Further, note that substi-
tution of kK = 0 in Eq. (1) yields

r=s+n, - (2)

which is just the familiar textbook additive, signal-indepen-
dent noise moudel.1* In both Eq. (1) and Eq. (2), the argu-
ments of all of the variables have been dropped for simplifi-
cation. Itshould be remembered that these arguments may
depend on time, position. or both.

¢ will be shown repeatedly that the model of Eq. (2) vields
far simplier estimators than does Eq. (1). as would be expected.
The following example serves to illustrate why it may prove
worthwhile to employ the more complex estimators resulting
from Eq. (1).

When the observations are actually of the type given by Eq.
{2). it can be shown? that simply using the received value as
the estimate results in a minimum-variance unbiased esti-
mate. i.e.,

R A (3)

where the circumflex denotes the estimate. The average error
is then given by

Els =si=Elr =s| = Elngj = 0. (4)

The estimator is said to be unbiased since the mean error is
zero. A measure of the performance of this estimator. con-
ditioned on the signal value. is given by the conditional
mean-square error. and is found to be

ElS = 5)%|s| = Elnd| = a3, (3)

which is simply the variance of the additive noise process no.
This estimator is obviously simple from an implementation
point of view.

With this in mind, consider a case in which the observations
are actually of the type given by the signal-dependent model
of Eq. (1). For ease of implementation it is decided to use the
estimate given in Eq. (3), which was designed for the signal-
independent noise process. This represents a mismatched
situation, where an estimator based upon an incorrect mea-
surement model (corresponding to ignoring the signal-de-
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pendency) is used. Once again, the average estimation error
is zero, due to ny and n. being ac<umed zero mean and to the
assumned mutual statistical independence of ny, n.. und s.

However, assuming § = r, the mean-square estiimation error
for this mismatched case is given by -

El(§ = 5)2|s) = k27 Ellf(s))%] + o3, (6)

For convex f(s), i.e., f"(s) = 0 for all 5, Jensen's inequality??
states that Elf(s){ 2 f[Els}], where E}-| denotes the expected
value. This inequality may be used to find a lower bound for
the mean-square estimation error for the mismatched case.
Thus, recalling Eqgs. (5) and (6),

ﬂ'-v P~ < k2 dﬂf[E(S)“z + d- < k"d[ E”/(s)]z, + 0%. (7)

Note that this gives a lower hound (the middle term) on the
mean-square estimation error of the mismatched estimator,
and that this bound contains a function of the signal’s mean.
The left-most term of Eq. (7) is the mean-square estimation
error given by Eq. (5). Note that the mismatched mean-
square estimation error is in general greater than the error for
the same estimator when used in the presence of signal-in-
dependent noise. We next consider an lllustrauon of the
significance of Eq. (7).

A commonly used model in image processing when the ob-
served quantity is the photographic density is given by Eq. (1)
with f(s) given by s2.41¢ From Eq. (6), then, the mismatched
mean-square estimation error becomes

EN§ = 5)2|st = k2 a}Els %P + o3, (8)

where k is a scanning constant relating the scanning aperture
area to the mean area of a film grain. A typical value of p used
for characterizing photographic film-grain noise is p = 1/2,
though p = 1/3 has also been used.*! Thus. Eq. (8) becomes
(forp = 1/2)

E\(§ = 5)2|s} = k26iE!s| + a3, (9)

which is greater than the variance of Eq. (3) by the addition
of a term which is proportional to the signal mean. Note that
in the particular case of p = 1/2. the equality holds between
the last two terms in Eq. (7). but that for general p this is not
the case. Here. the iower bound on the mean-square esti-
mation error given by Eq. (7) becomes

ENS = 5)2(s| = k2a{[E(s)]?? + 0. (100

The lower bound gix en by Eq. (10) may be visualized with
the aid of Figs. 1 and 2. for various values of k. p. and E(s). In
all cases. the plane upon which the surfaces rest is not the zero
plane. but rather represents a height of 3. the left-most term
of Eq. (7). which results when the estimator of Eq. (3) is
properly matched [to the signal-independent nmse process
of Eq.(2)]. InFig.1.p isfixed at a value of 1.2, o7 and ciare
set equal 1n 1 for illustration, with k and E(s) being varied. In
Fig. 2. k 1s fixed (at & = 1/2) and p is varied. It should be
noted that, for film-grain-noise applications, common values
of k are in the range of from about 0.3 to about 0.7. These
figures illustrate the marked deviation from the variance
achieved by a properly matched signal-independent estimator.
Also, it should be remembered that these surfaces represent
lower bounds on the mean-square estimation error of the
mismatched estimator, and there is no guarantee. in general.
that even this measure of performance can be achieved.
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‘FIG. 1. Mean-square estimation-error lower bound for the mismatched

case, p = 1/2.

Thus, optimal estimators based on the proper noise model are
needed. These estimators are derived in the following sec-
tions.

MAP ESTIMATION

An appropriate optimal estimate when the signal is random
and its probability density function is known a priori is the
maximum a posteriori probability (MAP) estimate.? This
estimate, §map, is defined to be that value of s which maxi-
mizes the a posteriori density p(s|r). Inother words, given

height above piane =l =

o Els) 2

FIG. 2. Mean-square estimation-error lower bound for the mismatched
case, k= 1/2,

J.OptSoe.An.,VoL“,No.lz.Dmbotlm

the observation r, the signal value §yasp maximizes the
probability of that value of » having been received. Maxi-
mizing p(s|r) is equivalent to maximizing p(r|s)p(s), or al-
ternately the logarithm of this product. This follows from the
facts that (i)

p(s|r) = p(ris)p(s)/p(r), (11)

(ii) the denominator is not a function of s, and (iii) because
monotonic transformations (such as the logarithm) preserve
maxima and minima.

As an example of the calculation of a MAP estimate, assume

" that n; and n; are both zero mean, normally distributed

random variables having variances ¢f and o3, respectively. In
this case, the conditional probability density p(r|s) is also
normal, with a mean of s and variance v(s), given by

u(s) = k2df[f(s)]2 + o} (12)

It can then be shown that the MAP estimate is a solution of
the equation

(r = $maP)? V' (Smap) + 2(r = SmAP)U(EMAP)
= v’ (§MaP)V(Smap) + 2[v(§map)]? ;a—-ln pémap) =0,
MAP

(13)

where the prime denotes the partial derivative with respect
to $map-

For the class of situations where f(s) = sP; and assuming s
is distributed normally with mean g, and variance o2, Eq. (13),
the MAP equation becomes

(2% -1 - 4—"—1?1) st
+ (2rkeefa - 2p) + =27 & “2’;"') sthe

- (208 +25)) svnp + l2ph2ckr2 - Dl

+ (2o + —&‘4) - (2pkaflsig + 25 g,

2*0" o
2 S =0. (14)

The MAP estimate, $map, is a solution of Eq. (14). For the
specific case where p = 1/2, Eq. (14) reduces to the cubic
equation

2k4g! 24322 & 44
:l!&”‘k (4k a]d 2k oiks . 2‘.2’%) S
LH

" (_’i.:L:!jﬁhq- ktot + 261) bnne
+ k2qi(of = r?) = 203 - 2_:2& as 0%

Substitution of k = 0 into Eq. (14) or Eq. (15) yields the MAP
estimate for the signal-independent noise case of Eq. (2),

namely
LH ¢L
1
SMAP = s 1 o+ ’; (16)
Froehlich et al
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FIG. 3. MAP estimator structures for the signal-ingependent noise pro-
cess.

Comparison of Egs. (14) and (16) demonstrates the much
greater complexity of the estimatur structure when signal-
dependent noise processes are taken into account.

This comparison can also be seen graphically. Fig. 3 rep-
resents Eq. (16) plotted for various parameter values. The
ratio 63/a> can approach zero in either of two ways: either the
noise variance is zero or the signal variance is infinite. In the
former case there is no noise. so § = r; in the latter. the MAP
estimate becomes a ML estimate, § = r. as discussed in the
next section. The other extrems is for the ratio ¢3/o’ 1o in-
crease without bound. Here the noise variance becomes in-
finite or the signal variance becomes zero, and hence the best

estimate is the (assumed known) signal mean, u,.

For the signal-dependent noise case, Fig. 4 shows quite
similar estimator structures. These curves represent the
solution of Eq. (15) plotied for various parameter values. The
most apparent difference {rom Fig. 3 is the nonlinear nature
of the curves in Fig. 4. Note, however, that the ratio 6%/ ks,
is considered while o7 is fixed for illustration. This corre-
sponds to various degrees of dominance by either the signal-
independent noise term or the signal-dependent noise term
of Eq. (1). Recall that in both figures, n, and ns were con-
sidered to be Gaussian random variables.

2
Suy - LB
Sy~

A
Suar

2ug -

c Tuy Sy LI LT Ouy
13

FIG. 4. MAP estimator structures for the signai-dependent noise pro-
cess. b
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A shortcoming of the Gaussian density az a model for p(s)
is that the prohability of a n¢zative value of s is nonzero, re-
gardless of E(s), and uften this can be physically impossibie
(for example, when s represents phmn rraphic density).
However, one common probability density of interest for sume
classes-of images is the Rayleigh density,'? ie.,

p(s)'—eyp[ 22] s 20. (17)

which has a positivity constraint.

Substitution into Eq. (13), the MAP equation, with f(s) = 57
as before, yields

4k2g}a3 2 ; -
( 2Hp - 1) ~ —;ﬂ) SER + 2k24r(1 = 2p) SIS

(9"4*—3) §lup + 2pk%0t ("""%* ) $¥%ar

+ 203 Smap = 2ka}(p = 1) $ifap + 204

2k4 .
"‘ e =0. (18)

- -

This equation is quite similar to Eq. (14) with , = 0. but each
term is greater in Eq. (13) by degree one. Thus, when p = 1/2,
the MAP estimate §map is a solution of the quartic

2k4a}
1.5.:,1Ap+k'0'1 (1 + )6\44\?

0.4
«0n 9y .
+ (‘20§ b e kat ) Stap = (k261(r2 + 363) + 2roi] Smap

-254=0. (19)

As before, substitution of k = 0 into Eq. (19) then vields the
MAP estimate for the signal-independent noise case, given
by

(20)

X a2 " (4020302 + ad) + riad|1/?
Smap = s e :
s+ 2ig= + 53)

Again this is less complex than the MAP equation of Eq. (18),
but it is not as simpie as the solution for the signal-indepen-
dent noise model with a normai probability density fors.

Another probability density with a positivity constraint is
the folded normal. that is, the absolute value of a normally
distributed random variable. Its probability density function
is given by

pis) = [pn(s) + py(~s)juls), (21)
where u(s) is the unit step function and px (s} is the normal
probability density function. After much manipulation. it

may be shown that the MAP estimate for this case is given by
the value of §y4p Which satisfies

3

RIS . =M P=§
up( LY [u MAP MAP
o 2u($marp)

X (1 + L= Sapit” GMAP))] o [n. +4map _ "= Swmap
v(Smap) L 2ul8pmap!

= Epaplt’ (€
x (1+ (£~ fvaplt M"))] =0, (22)

vi$map)

where v(s) is given by Eq. (12), and the prime again denotes
differentiation with respect tos. To obtain the MAF estimere
for the signal-independent measurement model of Eq. (2). &
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= ( is substituted into Eq. (22) to obtain
2n.$m) (u. =$map , T — JMAP) .
A [ ——

exp( 20

_ (Bt SMap T —Smap)
( 7 ) =0 @

Neither of these equativns iend themselves to straightforward
solution; however, it is once again obvious that the signal-
independent noise mode! yields a much simpler solution.

MAXIMUM-LIKELIHOOD ESTIMATION

Another commonly used estimator is the maximum-like-
lihood (ML) estimator.2 The ML estimate is employed when

no prior knowledge of the signal is assumed, and it is found

by maximizing p(r|s) over s. In other words find a value of
s, such that given s, the most probable observation r which
would result is the value observed. Using the signal-depen-
dent measurement model of Eq. (2), and still assuming n, and
n are zero mean normal random variables with variances of
and o3, respectively, the ML estimate, $umy, is a solution of the
equation

(r = $ML)%" ($ML) + 2(r - 5m.)v(sm.)
- v’ (Emu)vEme) = 0, - (24)

where v(§ymL) and v’ (§yy) are as defined previously. Again,

considering the special case f(s) = sP, the ML equation be-"

comes

2k2a3(p = 1) $#° + 2rk263(1 - 2p) $%f
+ 2pk203r2 =~ o) SHC! — 203 SmL

— 2pk4ot SHC + 203 = 0. (25)
This equation is at worst no more complex than the MAP
equation (14). In fact, for p = 1/2, Eq. (25) becomes the
quadratic equation
k20t 3y + (203 + kiod)ém,

+ k20%(0 — r?) — 203r = 0. (26)

This has as its positive root the ML estimate

’“"'['“' 2'2) hzo—* k’r}) ]m

L G @0 )

2 k203"
The ML estimate for the signal-independent model of Eq. (2)

is found by lettmg k = 0 in any of Eqs. (24)-(26), and is given
by

SmL=r. sk (28)

Note that this is the minimum variance unbiased estimate
used in Eq. (3) for the mismatched example, for which we
earlier found the mean-square estimation error.

A graphical comparison of Eq. (27) and Eq. (28) for various
parameter values is shown in Fig. 5. In this figure, the dashed
line represents Eq. (28), while the solid lines represent Eq.
(27). Note especially the estimator structure when the sig-
nal-independent noise term is comparable to or greater than
the signal-dependent noise term. In this case, the estimator
takes the form §yg, = r —-b, where b is an approximately
constant bias determined by the ratio o3/(ka1)2. Note that
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FIG. 5. ML estimator structures.

as this ratio increases without bound, b asymptotically ap-
proaches 0.5.

Another point worthy of note is the similarity between Eq.
(13), the general MAP equation, and the ML equation, Eq.
(24). These expressions differ only by an additional term in
Eq. (13), and it is this term which contains all of the prior
knowledge about s. This term vanishes when Inp(s), and
hence p(s), is constant. In other words, if s is distributed
uniformly over all of its space of definition (a worst case), then
knowledge of its value in no way affects the maximum of
p(s|r) = p(rls)p(s) = cp(r|s). Thus, the ML estimator can
be viewed as a worst case of the MAP estimator. Because the
MAP estimator embodies a priort information about s that
is not present in the formation of the ML estimate, it would
seem reasonable to assume that the MAP estimate would
exhibit a smaller mean-square estimation error than the ML
estimate. It will be seen that this is indeed the case. In the
next section, bounds on the variances of these estimates will
be found.

CRAMER-RAO LOWER BOUNDS

A well-known lower bound on the variance of any unbiased
estimate for a fixed but unknown s is the Cramér-Rao error
bound.2 Given the conditional density p(r|s), the Cramér-
Rao bound is given by

var [§-s|s]Z[-E(&’Zids—))]-l. (29)
For ny and nj normal with zero mean, Eq. (29) reduces to
2[u(s)]?
2u(s) + [v'(9)]2’
where v(s) and v’(s) are as given by Eq. (12). For the sig-

nal-independent noise model, which is the resultof leiting k
= 0 in Eq. (30), the Cramér-Rao bound is given by

var [§ = s|s] 2 43, (31)

which is the variance actually achieved by the ML estimate
of Eq. (28) for the signal-independent noise case. When
equality holds in Eq. (29), the estimate § is said to be efficient.?

var [§ = s|s] = (30)
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FIG. 6. Cramér-Rao lower bound on estimation error for the signal-de-
pendent measurement modei, k = 1/2.

Thus, the signal-independent ML estimate is efficient when
the measurement is actually of the form given by Eq. (2).

For f(s) = sP, as before, Eq. (30) becomes
k4ais? + 2k20i03s%P + 03

: = >
var [§ = s]s] 2 207 1 23p R iols 1 + o1 (32)
which for p = 1/2 reduces to
k‘ 4 2+ Vb2 on? + 4
var [§ = s|s] = g riiam Z (33)

(k'-’a'f' + k‘af/Q)s + o3

Although it is not obvious by inspection. the bound given
by Eq. (32) may actually be smaller than the bound given by
Eq. (31). In other words, there are potentially cases where
the estimators designed for the signal-dependent measure-
ment model may actually out perform (in a mean-square-
estimation-error sense) the estimators designed for the sig-
nal-independent measurement model. To better illustrate

hewght above plane ¢ 277 ——=—
3 —

s

Conditional CRLSB

G*0, pros_

ko,

FIG. 7. Cramer-Rao lower bound on estimation error for the signal-de-
pendent measurement model, p = 1/2.
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FIG. 8. Mean-square estimation error for the MAP estimator, as a function
of the signal mean £s), with (@) ka1 = 1and (b) ko, = 2. The solid line
is the signal-dependent estimator error and the dashed line is the mis-
matched estimator error, and o2 = 1. ;

this. Eq. (32) is plotted in Figs. 6 and 7. In the first of these
k is fixed at 1/2, ¢} and o? at one, and s and p are varied. As
in Figs. 1 and 2, the plane upon which the surface rests is not
the zero piane, but rather is the Cramér-Rao lower bound
given by Eq. (31), namely 63. In Fig. 7, p is fixed at 1/2 and
kay is allowed to vary. Now it is worth noting that in all of the
previous equations, when k = 0, k and g, always appear to-
gether. Thus varying ko, is tantamount to fixing either one
ang varying the other. Note that in Fig. 7, for certain values
of ko, and s. the Cramér-Rao bound of Eq. (32) dips below the
Cramér-Rao bound of Eq. (31), that is, it dips below the plane
o3. This is, of course, the region mentioned above, where the
inclusion of signal-dependence in the measurement model
may potentially result in improved estimator performance.
The values of s and kgy which result in this region are given
by

0<s < (052 [1 = 2/(ka)?, (34
where kg, must then satisfy
koy 2 V3. (35)

Recall that these equations are derived for the p = 1/2
case.

To get a feeling for the actual mean-square estimation error
achieved by the estimators derived above. Monte Carlo sim-
ulations were performed, with the results presented in the next
section.

MONTE CARLO SIMULATIONS

The performance of each of the estimators derived in the
previous sections was evaluated by Monte Carlo simulations
to determine the mean-square estimation error. The results
for each of the various signal probability densities were so
similar that only one case is presented. The Gaussian case
was chosen since. for the MAP estimate, it represents the
minimum achievable mean-square estimation error (see Ap-
pendix). Figure 8 shows the mean-square estimation error
(MSEE) of the MAP estimate plotted as a function of the
signal mean E(s). In Fig. 8(a). koy = 1, while in Fig. 8(b), ko,
=92, The solid line is the MSEE for the MAP estimator of Ea.
(15) and the dashed line is the MSEE for the mismatched case.
that is. for the MAP estimate of Eq. (16) when applied o the
signal-dependent measurement. Inclusion of signal depen-

Froehlich et al.



ke

3 E i 2 3 as
1 -

FIG. 9. Mean-square estimation error for the ML estimator, as a function
of the signal mean &), with (a) ko1 = 1 and (b) koy = 2. The solid line
umom&dmmmmmmorwmdnﬂndlmuhm
matched estimator error.

dence in the estimator structure is seen to yield estimates of
the signal which, on the average, have smaller error than would
be the case when signal dependence is ignored. It should be
noted that for sufficiently small k¢, and small signal means
the signal-dependent noise term is negligible. This results
in the estimates for the mismatched case being very nearly
equal to those which include the signal-dependence.

Figure 9 presents the results of simulations of the ML es-
timators. As before, the solid line represents the signal-
dependent estimator MSEE and the dashed line represents
the MSEE for the mismatched case. Once again, inclusion
of signal dependence is seen to yield better estimates on the
average. Since the ML estimates include no prior knowledge
of the signal statistics, their performance is markedly inferior
to the MAP estimates, but as previously discussed, the ML
estimate represents a worst case. As before, for small ko, and
small E(s), the estimates are very nearly equal regardless of
the inclusion of signal dependence in the estimator struc-
ture.

CONCLUSION

Many physical processes are described by-a signal-depen-
dent observation model. It has been shown that, in such
cases, ignoring the signal dependence for purposes of designing
estimators of the signal may result in severe penalties in terms
of estimation error. Therefore, optimal estimators which
include the signal-dependent structure were derived. Spe-
cifically, these were ML estimates, which include no prior
knowledge of signal statistics, and MAP estimates, which
assume prior knowledge of the signal probability density.
The latter estimate was derived for the Gaussian, Rayleigh,
and folded Gaussian density functions. The performance of
these estimators was then investigated by Monte Carlo sim-
ulation. As expected, inclusion of signal dependence in the
estimator structure resulted in improved estimator perfor-
mance.
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FIG. 10. The uniform cost
function.

It should be noted that there may exist suboptimal esti-
mators which prove to be more desirable in terms of imple-
mentation or other practical considerations. For example,
no mention has been made of how to obtain the signal statis-
tics necessary in the formulation of MAP estimators. How-
ever, the purposes of this paper were to demonstrate the
potentially severe consequences of ignoring signal dependence
and to derive optimal estimators for the signal-dependent
noise case.
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APPENDIX

Bayesian estimators are those estimators which serve to
minimize the Bayes risk, where the Bayes risk is the expected
cost of estimation based on some cost function. For example,
minimum mean-square error is achieved when the cost is
proportional to the square of the estimation error, i.e., when
the cost function is a parabola. The MAP estimator is a
Bayesian estimator based on the uniform cost function shown
in Fig. 10.2 The cost for no error is zero (as it is for some A
region about no error), and the cost of any other error is uni-
form (all errors are weighted equally).

It can be shown? that, under certain conditions, the optimal
Bayes estimate is invariant for a variety of cost functions, and
is equal to the minimum mean-square error estimate. These
conditions are: (i) the cost function is convex, (ii) the cost
function is symmetrical, (iii) the a posteriori probability
density, p(s|r), is symmetrical, and (iv) limy—oC(s)p(s|r) =
0, where C(s) is the cost function with argument s. Condition
(iv) is simply a requirement that the a posterior: density goes
to zero faster than the cost function increases. Viterbi'4 has
shown that the uniform cost function satisfies these condi-
tions. When the prior signal density, p(s), is assumed
Gaussian, then clearly p(s|r) is symmetrical, as required in
condition (iii). Thus, for this case we have the optimal Bay-
esian estimate, and it is the estimate which yields the mini-
mum mean-square estimation error.
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INTRODUCTION

Many physical noise processes are signal-dependent. One
well known example is film-grain noise (1-3).

In this paper optimal estimators for images in signal-
dependent film-grain noise are presented.

THE MODEL

A versatile model incorporating both signal-independent
additive noise and signal-dependent noise is utilized.
This model is given in Eg. (1),

-

r=s+ kf(s)n1 + n,, (1)

where r is the observed photographic density, s is the
original uncorrupted image density, k is the scanning con-
stant, £(s) is some function of s, and ny and n, are signa.

independent noise processes. Thus, the middle term on the
right-hand si.2 of Eg. (1) is the signal-dependent noise
term.

It is assumed that NNy, and s are mutually statisti

ally independent. To apply the model to film-grain noise

prok let £(s) = s, where p is usually taken to be 1/
or 1, (1-3) -
In this paper, we let p = 1/2 and we assume n1 and n,

are zero mean Gaussian random variables, with variances
cf and cg, respectively. Further, s is assumed to be a

Gaussian random variable with mean Vg and variance ag.

THE ESTIMATOR STRUCTURES
The maximum likelihood (ML) estimate is found by maximizir

plr/s) over s (3). For the model of Eg. (1), the estimate
is found to be

*Present address: ORINCON Corp., 3366 N. Torrey Pines Ct
LaJolla, CA. 92037.
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a 2 kch 2 2rc og 2]1/2 kch cg
el R T—)"“ 2—7) y el 5 L
€y/4 k <y
(2)
2s compared to the simple estimate
S = r £3)

ML

which results when the signal-dependent noise term of Eg.
(1) is omitted.
The maximum a posteriori probability (MAP) estimate
is found by maximizing p(s/r) over s(3). For the model of
Eg. (L) and the above assumptions, the estimate §map is
found to be the solution of
4 4 2 2 2
2Kk Graa 4k“c -2k c Lg =
[ 1}53+[ 173 e zz]z
2
1

Again, omission of the signal-depencent noise term in Eg.
2CE) —esults in a comparatively simplified estimate,

L2 2
;4 BT zs L ;2 3 Hge (5)
MA e s
Sg"%2 Gg*%2

Because this MAP estimate includes prior information
about the image, it should give superior performance. 1In
fact, under the above assumptions it can be shown that the
MAP estimator minimizes the mean sguare estimation error
(3).

RESULTS

Figure 1 is the origcinal image of an archer. Figure 2 is

the noisy image generated digitally according to the model
of E¢. (l). The image in Fig. 3 is the estimate found by

the solution of the MAP eguation, Eg. (4), with Bg and

cz taken to be the sample mean and variance of the oricinal
itage.

One factor severely affecting estimator performance is
violation of the assumption that the image statistics are




‘Gaussian. For a discussion of this, see the paper by
Froehlich et.al. (3).

Fig. 1. The Fig. 2. The noisy Fig. 3. The esti-
original image image, 01=0.4, mate.
k = 0.5 g

2=0.l, Us=0.2
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Summary :

The goal of this work unit is the development of pattern recognition
algorithms for moving objects. The motions which an object may undergo are
modeled by a Lie group (of translations, magnifications, rotations, etc.) and
we are attempting to formulate pattern recognition algorithms which use group
" invariants to discriminate among patterns. In addition we are investigating
several algorithms which can track the motion of a pattern and we hope to develop
pointing and tracking algorithms in which both the camera and the object are in
motion.

Qur main activity during the past year has been the development of an algo-
rithm for identifying multiple moving objects in a scene. The key to this algo-
rithm is the use of an equation of motion which is formulated relative to the
coordinate system of the Lie group, rather than a Euclidian coordinate system.

In this coordinate system, every point in a rigid body is moving with the same
velocity and, as such, if one numerically computes a velocity profile for a scene
from photographic data a piecewise constant profile will result with distinct

levels corresponding to distinct objects. An algorithm based on these ideas has

*ONR support to permit Professor Newman and a graduate student to work on a
program related to this work unit at WSMR during the summer of 1979. (This
program was administered as an add-on to JSEP.)
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been experimentally implemented at WSMR with considerable success and several

papers have been prepared which describe various aspects of the theory and its

In parallel with the above work we have also continued our investigation

of pattern recognition algorithms which use group invariants and relative in-

z
{
;
.E numerical implementation.
|
|
| 3
{

variants to discriminate patterns. This work has resulted in several M.S. reports
;' ' and the publication of a conference paper which is reprinted in this report.
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8. Reprint of “A Group Theoretic Approach to Invariance and Pattern Recognition"
by T.G. Newman from the Proceedin
Conference on Pattern Reco
August 1979, pp. 407-412.

2 Abstract

In this paper ve consider a class of pacterns
wvhich are subject to the action of a group of trans-
formations. We are particularly concerned with the
existence of measurements or features which are in-
variant vith respect to transformation. A concept
of relative invariance is also introduced and ex-
plored in depth. In a very general sense, it is
shown that every invariant (and relative invariant)
is a suitable average over the relevant group.of
transformations. Finally, invariant means of
bounded functions are used to explore existence of*
pattern invariants. Suggestions for further re-
search are also given.

Key Words and Phrases: Pattern, group, trans-
formation, feature, invariant, relative invariant,
group average, invariant mean, representation,
linear transformation.

1. Incroduction

The importance of group theory as a tool to be
exploited in modelling a variety of perceptual phe-
nomena has been demonstrated by a number of wri-

:.2'2,10,11,16. "Although the influence of group
theory is implicit in much of the literature on

pattern rccognitionl’é'lz'ls'ls, relatively few in-
stances can be found in which explicit utilization

of group theory is the cencral :hene"5'7’a'17.
Without exception, group theory has been used to
effectively model some aspect or feature which is
invariant under transformation and to exploit this
invariance in performing the recognition functionm.
However, no definitive study has been made of
transformational invariance and no general model
has been introduced which attempts to formalize the
concept of invariance as it relates to pattern re-
cognition. This is indeed strange in view of the
relatively advanced state of the theory of invar-

iants vithin group theory’ '1%:19,

In the following we formulate a general model
in which many problems in pacttern recognition may

S This we. has been conducted under the aus-
pices of the Associate Joinr Services Electronics
Program at Texas Tech University. The Office of
Naval Rerearch is gratefully acknowledged for sup-
port under contract NOO14-76-C-1136.

Reprinted from PATTERN RECOGNITION AND
IMAGE PROCESSING 1979
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be cast in a natural fashion. We discuss represen-
tations of patterns as functions defined on a group
and proceed to investigate the existence of invar-
iant functionals

2. The Model

Let R denote a set of objects called patterns
and assume that G is a group of transformations
which act on Q on the left. For we and ge G we
denote by gw the image of w under the transforma-
tion g. Also, for 8,8, € G we denote their product

or composition by 8;8,- Action on the left is then
given by the identity

(8,8,)w = 8, (8,u), (1)
for 8 Szl:G and

We now assume that our ability to "recognize"
and/or otherwise "classify" patterns is obtained
via measurements performed upon individual patterns.
Such measurements can take values of a quite gen-
eral nature, although the usual situation will re-
sult in a vector of real numbers. Accordingly, we
define a measurement function to be a mapping
R: Q+V, where V is a suitable set of permissible

.values. We shall later assume that V is a real

finite~dimensional vector space. We say that a
measurement function R: Q+V is invariant provided
that R(gw) = R(w) for all weQ and gec G. Observe
that an invariant measurement does not distinguish
between the various members of an orbit

[w] = {gw|g €G]}, being constant on each such orbit.

More generally, we say that a measurement
R: 2+V is relatively invariant provided that
R(gw) = o(g)R(w). Here p is a homomorphism of G
into a group of transformations on V and is called
the modulus of R. As a matter of practice, we are
interested in the case in which V is a finite di-
mensional vector space and p is a representaction of
G in the group GL(V) of invertible linear transfor-
mations on V. Note that a relative invariant not
only depends upon the orbit of w but is also sensi-
tive to "position" within the orbit.

In applications one must solve simultaneous
equations Ru(u) = R: involving a number of invar-
iants {RQ) and associated actual measurements (R:)
to classify the orbit of w and then solve similar

equations p,(g)R,(w) = R} involving relative invar-
8 ] B
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iants to determine position within the orbit. Hence
we see that the question of existence of invariants
and relative invariauts become of paramount impor-
tance.

3. Representations

In order to pursue the question of existence
of invariants we find the need of considerably more
structure than we have assumed at this point. It
is somewhat surprising that this additional struc-
ture can be imposed on the transformation group and
need not involve restrictive assumptions about the
space of patterns. Since the transformation groups
that are typically encountered are quite rich in
structure, we find ourselves in an advantageous
situacion.

Let us briefly digress. Suppose that X is any
set and that the group G acts on X on the left.
Let f: X~Y be a mapping of G to some set Y. Then
for any gc G we may define a new mapping f: X-+Y
given by

@O = £g7 ), xeX. @

Note that appearance of 3-1. rather than g, is a
convenience which makes certain formulae more na-
tural for later use. We easily verify that

8,(8,0) = (8,8,)f (3)

so that if F is a set of functions such that gf cF
tor all f €F, then (2) defines an action of G on
the left of F.

Now let R: 2 -V be a given measurement func-
tion. For each w -2 we may define a function

r - ’
w : 2=V as follows:

B g TR Y (%)

The correspondence t: u"ur thus defines a mapping
of 5 into the set F(G,V) of functions from G to V.
Now for fixed g £G we see that for all x¢G,

e < e : -1
(20 = Sgho = (g0 T w) = R((xTg)w) =

R(x “(gw)) = [(gw)7]1(x). That is,

g" = (gw", (5
for all weii and g <G. Equaction (5) establishes
the desired connection between our patterns and the
V-valued functions on G. We define a representa-
tion of Z on V to be a map r: 2-F(G,V) which sat-
isfies (5). Such a representation allows a coa-
crete interoretation of patterns as suitable func-
tions defined on the group.

We have the following:

Iheotrem 1. The representations r of % on V
correspond one-to-one :to the measurement functicns
R: 1=+V. The rrirespondence is given via r—R {f
and only if

Six) . R(x-la). xeG, we .

Proof: 'we have alreadv seen that each mea-
surement R def<ies a representation. Now, let

()

~n

w>a be_l representation of & on V and let us set
R(w) = w(ls). where lc is the identity element of

G. We must show that ur as defined by (4) satis-
fies o = G. But for xeG we have G(x) =
(8-16)(16) » R(x"0) = uT(x), from vhich & = &',
as desired.

"Let us point out that an invariant measurement

is characterized by the condition that each “r is a
constant function, which on the surface seems some-
what uninteresting. This is a deceptive simplifi-
cation, however, as will be apparent later. Simi-
larly, 1f R is a relative invariant with modulus o,

we see that w' (x) = D(x°1)R(w)-

Before proceeding to pursue the existence of
invariants, it seems appropriate to further accent
the importance of relative invariants by demonstra-
ting one of their fundamental properties. Let
R: @+V be a relative invariant with modulus c.
Suppose that @) 0, €Q and that R(wl) = R(uz). Then

for any g G we have R(gw;) = p(g)R(w,) = o(g)R(u,)
= R(swz). Thus

R(wl) = R(wz) implies R(gul) = R(ng).

Lt is somewhat interesting to note that the condi-
tion above is a complete characterization of rela-
tive invariants as is shown in the following:

Theorem 2. In order that R: 0-+V be relatively
invariant it is necessary and sufficient that

R(ul) = R(w,) implies %(gwl) = R(guz)
for all geG.

Proof: Necessity has alreadv been shown.
Conversely, suppose that R: 2~V satisfies the
stated condition. We must construct a homomorphism
of G into the group Sym(V) of transformations on V.
For v = R(w) eV and ge G, let us define o(g)v =
R(gw). We note that this definition does not de-
pend on w for if also v = R(u”) then R(gu") = R(guw)
by the property of R. If veV is not of the form
v = R(w) then set o(g)v = v. We easily verifv that
each o(g) € Sym(V). Also, o(sl)o(gz)v =

o(sl)o(gz)R(gw) = o(gl)R(g,a) = R(glg,u) = o(gls,)v
in case v = R(w) and 0(g,))o(g,)v = v = o(g,8,)v
otherwise. Thus, o(g,)o(g,) = :(318’) so that ¢ is
indeed a homomorphism.

Finally, by definition of c(g) we see that

R(gw) = c(g)R(w) for all geG and we .. so that R is
a relative invariant with ¢ as modulus.

4. Invariants and Relative lnvariants

As previously stated, we may impose additional
structure by invoking restrictions on the transfor-
mation group. Henceforth, we assume that V is a
real (or complex) vector space of finite dimension
and that G is a locally compact topological group.
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Such a group admits a lefc invariant integral,
called left Haar measure and the “‘fi‘"“‘“‘ theory
for such groups is well utablishcd

The fundamental technique for construction of
invariants will be the computation of average values
over the entire group G. This_ technique was ex-
ploited by Pitts and McCullm'.hJ-6 in their classic
work on the perception of audio and visual forms.

It appears also in the classical theory of group
rcprcom:n:iom19 and is prevalent in modern anal-

9 Ak . Group averaging has been used as a tool
m patnn recognition in a relatively few in-
stances, for example hpucil:ly in {1,12] and expli-
citly in [5,7,8].

Now, let u denote the left Haar measure of G
and let f: G+V. We define the mean value of f,
provided it exists, by

M(f) = Ii.ll f £ du, (6)

(K)
where K is a compact subset of G and the limit is
taken as K increases. Note that K conplct iupli.e;

that g e is compact and that u(K) = u(g” K). This
together with the fact that ngfdu = [ -1 f du,

g K
g€G, shows the following:

Lemma 1. If M(f) exists then for any gcG,
M(gf) exists and M(f) = M(gf).

We ‘denote by L(V), or simply L, the set of all
f: G+V for which M(f) exists. We have the fol-
lowing:

Lemma 2. L(V) is a linear space on which G
acts as the left as a group of linear transforma-
tions. Moreover, M is an invariant linear trans-
formation of L(V) into V.

More generally, let p be a representation of G
in the group GL(V) of invertible linear transforma-
tions on V. We form the weighted average of
f: G+V, provided the limit exist, as follows:

Ho(f) - l:l.n .,) I () E(x)du(x), )]

where K is compact, as sbove. The set of functions
for which Ho(f) exists will be denoted by L(V,0),

or simply L(p). Note that by the substitution

y = 8 'x ve obcain /o (X)gE(x)du(x) = Lo (X E(g™ %)

du(x) =/ _; o(8)E(y)du(y) = p(8)/ _; o(y)E(y)du(y).
g K g K

It follows immediately that
Ho(sf) - O(S)Ho(f). (8)
for all geG, feL(V,p). We conclude:

Theoren 3. L(V,p) is a linear space on which
G acts as a group of linear transformations. Also,
M, is a linear mapping of L(V,p) into V which is

relatively invariant with modulus 0.

163

e ity e

Let us define p" G-+ GL(V) by p’'(x) = o(x-l) =

(p(x)) 1. We have p'(xy) = p'(y)o'(x), so that p'
is a dual homomorphism. For fe L(V) we may consi-
der the product o'f given by (0'f)(x) = p'(x)£f(x),
x¢cG. Since p(x)e'(x) = 1, ve see cthat o'feL(V,0)

whenever fcL(V). Similarly, feL(V) implies
pfeL(V,p).

We evidently then can use p and o' as multi-
pliers to pass back and forth between L(V) and
L{V,p). Thus:

Lemma }: The map f+0'f 1is a linear isomor-
phism from L(V) onto L(V,p). Moreover, M(f) =
n;(a'l) for all felL(V).

Although this shows that the linear structure
of L(V) and L(V,p) are no different, it is impor-
tant to observe that they are quite different with
respect to the action of G.

We may now state sufficient conditions for the
existence of invariants and/or relative invariants
for the pattern space Q. Quite simply, if R: Q-»V

is such that each @' €L(V,7) then we obtain a rela-
tive invariant R by defining

R(w) = M (w5, 9)

We see that R(gw) = H ((gw)T) = M (gu") =

o(s)H,(u )= o(g)n(u). as desircd. We obtain the
corresponding result for invariants in the special
case in which o is the trival representation,

p(g) =1,

Recall that if R: @+V is relatively invarianc

with modulus o, then we may write w'(x) = o(x L)R(w)
for all wef?, xe G. Thus, we have for each compact

subset K of G, /’Ko(x)mr(x)du(x) = [pRw)du(x) =

u(K)R(w). Comparison with (7) shows that M ")
exis:s and is equal to R(w). This shows that each

0" €L(V,p) and shows as well the identity H (W) =
R(w). We have thus shown:

Theorem 4. If R: Q+V is such that each

wreL(V.o)‘ then R(w) = Ho(ur) defines a relative
invariant R with modulus p. Conversely, every re-
lative invariant is precisely of this form, since
if R is relatively invariant with modulus p, then

each ' eL(V,p) ard R = R.

The above may be paraphrased by saying that
the construction of relative invariants with a
given modulus p is equivalent to the construction

of a representation u-ur of @ on V such that each

urcL(V.p). Observe that, in particular, we have
shown in a strict sense that every relative invar-
iant is a weighted average over the entire group G.

The result in Theorem 4 gives valuable insight
to the nature of invariants and relative invariants.
Nevertheless, it is less than satisfying in cer-
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tain ways. In the firsc place, it gives no clue as
to how to construct a suitable R, although it can
certainly eliminate a number of choices. Conse-
quently, it is not a true existence theorem in the
sense that for a given application it does not ac-
tually produce an invariant. Moreover, there are
many examples of invariants which occur in natural
ways but are not presented in the form given above
(although they are necessarily equivalent to such
a form).

5. Existence of Invariants

The consideration of the group average in the
preceding section led to the existence of relative
invariants and is applicable in any situation where

each w' belongs to a class of functions for which
such an average exists. This is the case, for ex-
ample, when the class of functions is almost peri-
odic (in the sense of J. von Neumann [9]). It is,
however, applicable in a wider variety of cases,
namely those in which set B(G) of bounded real
valued functions admits an invariant mean, in the
following sense:

Definition: An invariant mean M on the class
8(G) of,bounded real valued functions on G is a
real linear functional M on B(G) which i{s invariant
under the action of G on B(G) and satisfies

inf f < M(f) < sup £, feB(G). (10)

Let V* denote the dual space of V and let
83(G,V) denote the bounded functions from G to V.
Tor each f z B(G,V) and for each v*¢c V* we observe
that v* o f e B(G).

Lemma 4. Let Mj¢c (8(G))*, the dual of B(G).

There exists a unique linear transformation
M: 8(G,V) -V such that

vk g U= “O o vk (11)

for all veg Vi ~

Proof: It is clear that any M satisfving (11)

is unigue. Let vl,v.,,...,vn be a basis in V and

let v;.vg,....v: be a dual basis in V*, so that
STV . Si" Let us define M: B(G,V) -V by

- - ’

n
M(E) = ] M (vkof)v,, fecB(G,V). (12)

il i - i
{=1

Then for any v#*: V% we have v* o M(f) = <v* M(f)> =

o n

Tocuk v oM (v o £) = M (] <y*,v >vk o £) =

& e LN 3 %

.\10(\" o £). That v* o ¥ = M o v*, as desired.

0

Let us observe that for any linear transforma=-
tion A: V-V and f ¢ B(G,V) we may define the compo-
site Af so that 8(G,V) may be considered as a (left)
module over ' & ving Lin(V,V) of linear transforma-
tions on V. !'.ith this in mind, we observe:

Lemma 3. The linear map M: B(G,V) »V defined

by (11) zbove is a morphism of B(G,V) to V consi-
dered as modules over Lin(V,V).
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Proof: For any AcLlin(V,V), v*¥c V% 3nd
feB(G,V), we have vk o M(AF) = Ho(v'ol\i‘) =

Ho((A*V")o f) = A*v* o M(f) = v* o AM(f). Hence,
M(AF) = AM(f), completing the proof.

Lerma 6: If Mye (B(G))* is invariant under C
then so is the map M as defined by (11).

Proof: Mo invariant implies that for any
fot B(G) and f¢ G, we have Ho(gfo) = Ho(fo). Thus,

if vk V*, f ¢ B(G,V) then for any gec G we have

vk o M(gf) = Ho(v* of) = Ho(g(V' o f) = Ho(v*o £)
= vk o0 M(f). Then by Lemma 4, M(gf) = M(f), as
desired.

We have thus shown how to "1lift" invariant
linear functionals on B(G) to invariant linear maps
from B(G,V) to V.

Corollary: If G admits an invariant mean M
and R: R+V is such that each w’ ¢ B(G,V), then

R(w) = M) (13

defines an invariant measurement, where M is given
by (11).

0

S Proof: R(gw) = H((sw)r) = M(gur) - M) =
R(w) . 3

We may obtain relative invariants in a similar
fashion. However, to remain within the bounded
functions, we restrict our attention to unitary re-
presentations of G.

Let us suppose that :-10 is a given invariant

mean on the class of bounded function on G and that
i1 is the lifted map defined by (11) above. Also.

~ let o be a given unitary representation of G in

GL(V). Observe then that for each f < B(G,V) we
have also of ¢ B(G,V), where (pf)(g) = 0(g)8(g),
geG. Now, let R: O~V be a given measurement
function such that each w' e B(G,V). Since this
simply means that the values of R on the orbit of
w are bounded, this is not deemed to be a serious
restriction.

With this in mind, let us note that s(gm)r =
o(g)g(owr) for all geG, wed. To see this, we
have, at any xeG, [p(gwr](x) = 5(x) (gmr)(x) -
2606 (87 %) = o(@)o (g™ )" (87 e) = 2(8) (g(ou")]
(x). Also, let us observe that, for fixed g,

0(g) £ Lin(V,V) and that ¥ is a morphism of Lin(V,V)-
modules. We now define R: 2+ V by the formula

R(w) = M(pu"), weq. (14)
Recalling the invariance of M, and the facts above,
we see that for ge G, we have i(gw) = H(D(Sur)) =
M(o(g)g(Owt)) = 0(g)M(g(ow")) = o(g)M(ou’) =
o(g)R(w).

That is, R is a relative invariant and has the
given representation o as its modulus. We have,
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therefore, proved the following remarkable result:

Theorem 5. If B(G) admits an invariant mean
Ho. p is any unitary representation of G in GL(V),

and a non-trivial bounded measurement function

R: Q+V exists, then there exists a non-trival rel-
ative invariant R: Q-+ V with modulus p. R is given
implicitly by

R(w) = M(pa®), . as

vhere M is the 1ift of Ho to B(G,V).

The appearance of the words non-trival in the
above requires slight explanation. We can clearly
define M: B(G,V) +V by M(£) = M(pf) and deduce that
M(gf) = D(:)H(f). The fact that M # 0 gives M # 0.

Since R(w) = M(w"), we see the sense in which R 1is
non-trivial, i.e., it is the restriction of M to

the functions 8" = {w"|wc ). Nevertheless, it
could happen that each pw® is annihilated by M so

that R = 0 even though R # 0. This is unlikely snd

can be ignored if, for instance, we have some
0w’ >0, since for such we we see that &(w) > 0.

6. Summary and Suggestions for Further Research

We have shown that every set of patterns sub~
Ject to a transformation group is representable as
functions defined on the group and that such repre-
sentations are implicit in the measurement process.
It has also been shown that every relative invariant
is equivalent to a weighted average of a measurement
on the patterns taken over the relevant group of
transformations. Moreover, the existence of suit-
ably many relative invariants have been demonstrated
in aay situation in which measurements are bounded
and the group admits an invariant mean.

Several avenues for further research may be
suggested. Application of group theory to template
natching is a possibility which should be explored.
The necessary computational methods are by no means
trivial, even in the simplest of cases (e.g., com-
pact groups, one-parameter groups, finite groups).
Also, we have totally ignored noise related ques-
tions. The impact of noise models on the use of
invariants and relative invariants should be inves-
tigated rigorously. Experimental results reported
to date, for example in [1], [5) and [18], indicate
that noise perturbations may be small in comparison
with the deterministic factors involved in groups
of transformations. However, definitive results
are very meager.

Another area for. possible investigation in-
volves the use of group theoretic methods in search
of imbedded subpatterns. Since this evidently in-
volves local features, it follows that iavariance
holds little promise as a tool. Indeed, by Theorem
4, invariant features are necessarily global in na-
ture. Some hope remains, however, in the case in
which features may be represented as analytic func-
tions, since global informstion may be obtained by
local measurement due to the existence of power
series ex ansions.

Finally, since a large number of groups ap-
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pearing in applications admit continuous parareters,
the use of conirol theory in pactern macching 1is
suggested. Problems which involve patterns in con-
tinuous motion can be mudelled in such an environ-
ment and a group theoretic approach should be quite
fruitful in such cases.
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9. Abstract of "An Inverse Problem Related to Video Tracking", by
T.G. Newman '

Consider a time varying two-dimensional image in which objects are in
motion along trajectories arising‘from horizontal and vertical translations,
magnification and rotation. For such images a first order linear P.D.E.
holds, provided the images are modeled as functions F(t,x,y) of time t
and the spatial variables x and y. In this equation the (unknown)
parameters which determine the motion also appear linearly. Evaluation on a
grid produces a system of linear equations which may be solved for the
trajectory parameters.

. In practice, the evaluation proceeds by numerical approximation of the
required partial derivatives. ‘In view of the i11-posed nature of numerical
differentiation, inherent noise and sampling truncation present great
difficulties.

Although no elegant solutions are at hand, examples are given to show

the effect of somewhat naive methods of solution on real data.
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10. Abstract of "Lie Groups and Lie Algebras in Video Tracking", by
T.G. Newman

Motion of objects in time-varying images can sometimes be described by
the action of a group of transformations on the image plane, regarded as a
manifold. Moreover, the transformation groups occurring in applications can
generally be described analytically in terms. of a finite number of parameters;
that is to say, they are Lie groups. In this situation we show that that
data satisfies a linear partial differential equation in which the parameters
of motion appear as linear coefficients. More or less standard numerical
methods permit these parameters to be determined.

The parameters of motion determined as indicated above may be regarded
as a velocity profile; This profile has the useful pfoperty of being
spatially constant for each moving object in the image. In principle, at
least, this permits detection and tracking of various objects having different
trajectories.

Following development of the appropriate theory, the paper concludes by
presenting the results of applying the technique to a number of real images

in the form of digitized video.




11. Abstract of "Results in Differential Geometry with Application to
Video Tracking", by G.A. Fredricks and T.G. Newman

We may begin many investigations in pattern recognition by assuming that
a pattern is represented by a map on a smooth manifold and that the action
of a transformation group on the set of patterns is represented by trans-
lTation on the associated maps. Such an approach has recently been found to
be of value in image processing as well. In this paper we present some
theoretical results concerning the interplay between various vector fields

which arise from the action of a Lie group on a smooth manifold. We further

.1nd1cate how these results may be interpreted in the analysi; of video data,

permitting a new approach to target tracking.
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12. Abstract of "Lie Theoretic Methods in Video Tracking", by T.G. Newman

and D.A. Demus

Consider a 2-dimensional image in which objects are in motion through
trajectories describable by translation (both horizontal and vertical),
rotation, and magnification. The trajectory of such an object can be com-
pletely described by a 4-vector of parameters A (t) = (A1,A2,A3,x4) which
determine the ve]ocitigs with respect to the four possible motions. If
the data at time t and position x in the view plane is written as F(t,x),

then we can show that

4
L A

where X], XZ’ X3 and X4 are certain (known) differential operators associated

with the group of motions.

The derivatives appearing above may be evaluated numerically at various

points in a given time slice to produce a system of linear equations which
may be solved for the motion parameters. Evaluation at points within a

moving rigid body leads to a vector of motion parameters unique to that

particular body. In principle, at least, this technique permits application

of tracking as well as segmentation of images based on relative motion of
various objects.
The paper concludes by presenting the results of having implemented the

above method on digitized video images.
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