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Preface
I

This report represents the third year of research performed under the

auspices of the Joint Services Electronics Program at Texas Tech University .

The program is concentrated in the “information electronics ” area and Includes

researchers from both the departments of Electrical Engineering and Mathemati cs .

Specifi c work units deal wi th Quadrati c Optimi zation Problems , Nonlinear Con-

trol , Nonl inear Fault Analysis , the Qual i tative Analys i s of Large—Scale Systems , ~
Mult idimensional System Theory, Opti ca l Noise, and Pattern Recognition.

• Each work uni t is represented in the report by a surrinary of the work per-

formed during the past year , a list of publications and activities in the area ,

reprints of all papers which have been published duri ng the past year , and

abstracts of pending papers . In additi on the report includes a list of all

grants and contracts administered by JSEP personnel and/or the department of

Electri cal Engi neering and a l ist of all publications prepared by JSEP personnel.
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Signifi cant Accomplishments Report

A. Feedback System Design

• The feedback system design problem may naturally be subdivided into

two tasks :

i. satisfaction of design constraints and

11. optimi zation of system performance.

The first and foremost design constraint is stability, though system specifi—

cations may also call for an asymptotic tracking and/or disturbance rejection

constraint. During the past year; working wi th a team of investigators from

the University of Notre Dan~e, the University of California , and Texas Tech ;

we have formulated a new algebraic fractional representation approach to the

feedback system design problem . Unlike classical design theories wherein a

single . soluti on to the given design problem is formulated , the key to our

approach is a parameterization of the set of compensators which achieve the

~esian constraints . As such , the design constraints of task i. are satisfied

* a~J the stage is simultaneously set for the optimi zation problem of task ii.

The design theory is formulated in a very general algebraic setting and

• is therefore applicable to any class of linear systems ; distributed , mu l ti —

$ variable, time—varying , mul tidimens ional , etc. Moreover , we believe that the

• 
• techniques developed can potentially form the basis of an entire family of

• design techniques for adaptive and robust control system. The initial part of

this research is described in a paper which will appear In a forthcoming issue

of the IEEE Transactions on Automati c Control while a second paper is in prep-

aration. Furthermore , we have initiated work on the robust and adaptive control

problems for which an M.S. thesis is presently in preparati on .

C
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B. Pointi ng and Tracking

During the surner of 1979 Professor T.G. Newman , whi le work ing on his

JSEP project at the White Sands Missile Range, developed an enti rely new

approach to the probl em of Identi fying multiple moving targets In a scene.

The target motion is assumed to be modeled by the elements of a Lie group

(of translations , rotations , magnifications , etc.) and the key to the theory

is the formulation of an equation of motion in the coordinate system of the

Lie group rather than in Euclidian coordinates . in this coordinate system

every point of a rigid body is moving at exactly the same speed. As such ,

if one numerically computes a velocity profile from photographic data, the

resul tant profile will be piecewise constant wi th distinct level s correspond-

ing to distinct objects.

Al though formulated in a Lie group the requ ired equation of motion can

be represented by a nonlinear partial differential equation in Euclidian space,

thereby , permitting the theory to be implemented via standard numeri cal tech-

niques . Indeed , Newman has experimentally implemented the theory using actual

photographic tracking data taken at White Sands . In particular , he success-

full y applied the algorithm to an extremely noisy sequence of photographs of

an ai rcraft moving in front of a mountain which had been the subject of several

previous unsucces sful attempts at analysis.

C. Eigenvalue Computati on

In large—scale system theory, one often encoun ters the problem of computi ng

the elgenvalues for a continuously parameterized family of large sparse matrices .

As an al ternati ve to the classical approach of discretizing the parameter and

us ing a standard eigenvalue code at each parameter value we have developed a

new conti~uatlons algorithm for elgenvalue computation. Basically, one

2
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formulates a nonlinear ordinary differential equation whose trajectories

represent the elgenvalue loci of the given family of matrices. One then

computes the eigenvalues for an ini tial matrix , using a standard algorithm ,

and uses these eigenvalues as initial conditions for the differential equation

in a numerical Integration scheme to compute the elgenvalues of the remaining

matrices in the family.

c The key to our continuations algori thm is the formulation of the required

differential equation , so as to minimi ze the computational effort required to

implement the numerical integration scheme . To achieve this goal one must ex-

• plolt the sparseness of the given family of matrices and simul taneously mini-

mi ze the number of matrix Inversions employed . Wi th these points in mind we

have formulated and tested three alternative continuations algori thms for the

solution of the eigenvalue problem; one based on the LU algori thm, one based

on the QR algori thm , and one which employs a Hessenberg form.

I

_ _ _ _ _  • •



- - ——••-‘~.‘—...—‘* ~~~•——--—.- • - •

r

Texas Tech University Insti tute for Electronic Science

Joint Services Electronics Program Research Unit: 1

1. Title of Investigation: Quadratic Optimi zation Problems

2. Senior- Investigator: Richard Saeks Telephone: (806) 742—3528

3. JSEP Funds: $23,500

4. Other Funds:

5. Total Number of Professionals: P1’s 1 (1 mo. ) RA’ s 1 (1/2 time)

6. Suninary:

The goal of the work unit is the development of techniques for the design .

of modern robust, adaptive , and decentralized control systems. To this end

a powerful quadratic optimization theory previously developed by the author

will be employed along with a new feedback system design theory developed by

• the senior investigator and several colleagues under the present work unit.

By combining these techniques we have developed a new quadratic optimal control

theory for feedback systems wi th unstable plants . Moreover, a modified version

of this theory has been developed in which one includes an additiona l term in

the performance measure to reduce the sensitivity of the system to plant per-

turbations . As such , by controlling the weight of this term , one may obtain a

tradeoff between system performance and robustness. In another direction we

have developed a new approach to suboptimal control theory which is capable of

handling systems wi th non-quadratic performance measures , decentralized systems ,
i~ and nonlinear systems.

The major result obtained during the past year has been the formulation of

a new feedback system design theory in which we give an explicit parameterization

of the class of all possible compensators which stabilize a given feedback

system. Moreover , the resultant feedback system gains are linear in the design

5
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parameter. As such , by working wi th this parameterization , we characterize

all compensators which achieve the stability constraint while simultaneously

simplifying the process of choosi ng a compensator wi thin this class. A paper

describing this work has been accepted for publication in the IEEE Transactions

on Automatic Control . At the present time we are in the process of extending

this theory to obtain a similar characterizati on of the compensators which

stabilize a given plant and simultaneously cause it to track and/or reject

prescribed inputs .

In parallel with the above descri bed work we have developed a new approach

to sub—o ptimal control theory which is applicable to non-quadratic , nonl inear ,

and decentralized control problems . Basically, we app rox imate the given

problem by a linear quadrati c problem and compute the classical linear regula-

tor for this problem , rel ative to a specifi ed set of weighting matri ces. This

regulator is then used in the actual system wi th its performance measure being

minimized over the choice of weighting matrices used to construct the linear

quadratic regulator. A reprint of a conference paper in this area is included

in the present report. This describes the general technique and its application

to the design of an aircraft landing system .

A final aspect of the work is in the decentralized control area and is

represented by a reprint of a paper recently published in the IEEE Transaction3

on Automatic Control . This paper proves a surprising theorem to the effect that

decentralized control is just as powerful as decentralized control from the

point of view of pole placement (but not optimizat ion) in an interconnected

dynami cal system.

7. Publications and Activiti es:

A. Referee d Journal Ar ti cles

6
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1. Saeks , R., “On the Decentralized Control of Interconnected
Dynamical Systems ” , IEEE Trans. on Auto . Control , Vo L AC— 24 ,

• pp.. 269—271 , (1979).

2. Desoer, C.A., Liu, R.-W. , Murray, J., and R. Saeks, “Feedback
System Des ign: The Fractional Representation Approach to
Analysis and Synthesis ” , IEEE Trans . on Auto . Cont., (to appear) .

• B. Conference P~oers and Abstracts

1. Karmokilias , C., and R. Saeks , “Optimal Selection of Weightin.g
Matrices in Kalman Regulators”, Proc. of the 21st Midwest Symp.
on Circuits and Systems, Iowa State Univ. , Ames , Ia. , Aug . 1978,
pp. 71—72.

C. Prepri nts
‘1 . Karmokolias , C., and R. Saeks, “Suboptima l Control wi th Optima l

Quadratic Regulators ” , submi tted for publication .

• 2. Karmokolias , C., and R. Saeks , “Suboptimal Design of an Ai rcraft
Landing System” , submi tted for publication.

0. Theses

1. Karmokolias , C., “Suboptimal Control wi•th Optimal Quadrati c
Regulators ” , Ph.D. Dissertati on , Texas Tech Univ., 1979.

2. Chua , 0., M.S. Thes i s , Texas Tech Univ., (in preparation).

E. Conferences and Symposia • •

1. Saeks , R., 21st Midwest Symp . on Circu i ts and Systems, Iowa State
Univ., Aug . 1978.

2. Karmokolias , C., 21st Midwest Symp . on Circu i ts and Systems , Iowa
State Univ., Aug. 1978.

3. Sae ks , R., IEEE Decision and Control Conf., San Diego, Jan. 1979.
F. Lectures

1 . Saeks , R., “Feedback System Design ” , Elec . Engrg . Col l oquim , Univ.
of Texas at El Paso , March 1979.

2. Sae ks , R., “Feedback System Design ” , Texas Systems Workshop,
Southern Methodist Univ ., April 1979.
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-~~ 8. Reprint of “On the Decentral ized Control of Interconnected Dynamic Systems” ,

by R. Saeks from the IEEE Transactions on Automatic Control ,
Vol. AC-24, pp. 269-271, (1979).

-J On the Deceu~alized Control of Interconnected
p Dynamical Systems

&. SAEKS, p~j .ow, m

Absuuc~—It b shows that the fixed modes ed as latercoenected dy.
namicel system teeder decanu~Ilaed osovol are predsely the ~~cooonIla.
ble sad unobservable steam .1 the lax~i4dual system compooeute. As suob,
the system esa be stabIlized by decesiralized coeuollevs If and ouly If Ito
IndIvIdual system components cen be stabIlized. Moreover, these centS-
does are shows to be equivalent to the ceodIdone for stab&llziag the system
esing a global ceo~olIcr.

— I NT*ODUCnOW

Given a linear system with partitioned inputs and outputs

)‘~“ C’X ~~~~~~~~ ( I )

• • it is desired to design a family of dynamic decentralized controliers

• Z,~~S,Z,+RLy, i — l .2. •. n (2)
u, Q 4Z,+K~y1

which place the poles (cigenvalues) of the resultant feedback system ,n
prescribed locations. In its most general form the solution to this
problem was pven by Wang and Davison (1$ .  Theiz solution is for .
muisied in terms of the (diagonally) fixed modes of the system

94(F,B .C )—r ~A(F+ BX,C). (3)

Here , B and C are the matrices B—r ow(B ’) and C. col(C ’) . respec.
tively, A(M) denotes the set of eigenvalues of the matr ix M, and the
Intersection is t&ke over the set of block diagonal (complex ’) matrices K,

Mssueelpt reem.~~ Febvva,~ 23. 117$. r~~~~d Oew~~ It 17$. Pspw r~~~~~~~ o.d
by D. &IJU. ~~aieeaa .1 the Le,~e S t e  $yw~~~~ OtflemUsl Osaw C.~~~~.,as. T~~s’wt wia sii~pceed w pw~ by tb. J~~~t S.rvw. m.~~’eeee Proçs at Tee.... T.th
U .,,fty eed.r ON~ Ceseect 70C.l 135

The .vth~ ii with the Ouperuneet d macsteel Eajaeew$. Tacee Ta~~ Uwtac.iy .
&..bbaek . TX 7l~ l.

• ‘Pr~~ ely the wae thacey eea be torweMiad id ,yiuw ebeructaflead by reel
.iVem. eltheeØ ii bee ~~~ the arjemeee. ale empöee,ad by the leet that ose eet
work with pegs Cl aowiptac acsJeafile wgacvai,gs en p’~~ rve rael.i ~.

9

• •

~

••

~ 

- • - - •• ••• - - • •••-• - - •••- - -- •• —•
• - — - •

~~~~~--- • -•--~~~~ •
•---• --

~~••-~~~~~~ •• - - • 
—--~~-- -•



— -~~ 
-

~~ 
-

1311 TLINUCflOt4S ON AUTOMATIC COPdTflOL, VOL. AC.24. No. 2. AflU . 1979

S

whose partition is comlormable with the partitions of B and C. Using
this concept of fixed modes. Wang and Davison ( I I  and Cart mat and 11~

Morse f2J showed that the eigenvalucs of the system can be placed in a
prespecified open repon of the complex plane using the dynamic 4.- “

~ecentralized controllers of (2) if and only it 9,, lies in that r.~ on. More I

precisely, they showed that 9,, represents the set of sigenvaluss of F
which cannot be moved by any family of decentralized dynamic con-
trollers. while all remaining eigenvalu.s of F can be arbitrarily placed by
an appropriate choice of decentralized dynamic controllers (2~.If one observes that F+ BK,C is just the state matrix for the given Conrectiot,
system with the static decentralized feedback matrix K,,. the above result
can be interpreted as a characterization of the esgenvalue placement
properties of the system under dynamic decentralized control in terms of q
its etgeuvalue placement properties under static decentralized controL
Indeed, the theory states that those eigenvalues which can be moved at
all by static controllers can be arbitrarily placed by dynamic controllers.
whereas those eigenvalues which are fL’ced under all static controllers are U 5also fixed by dynamic controllers [lJ , (21.

Since the partitioning in (I) is arbitrary, the above-described theorem F’s. I. tat a~~. d4ysenucaJ tystem with IocsI cotivollem.
can be applied to the classical case wherein the given system has only a
single input and output, in which case the (Lited modes of the system are .
given by X AX+Bé

y— C X  (7)
• 9(F.B.C) r~A(F+BKC) (4) a — L y + u

where the intersection is now taken over arbitrary macrices K which ~~ where X—co l(X,). a—col(o,),y—col(y,). u—coI(u~). A — diag(A~), B
conformable with B and C. Of course. in this special case 9(F.B.C) diag( B,), C—diag(C’), and L=mat(LV) . Combining these into a single
reduces to the usual set of elgenvalues which are ei ther uncontrollable or equation for the overall composite system, we obtain the composite state

• unobservable t41. Moreover, model

• 9 (F. B.C)c9,,{F,3, C) (5) X~~~ ’+Bu
y — C X  (8)

since the intersection used to define 9 is taken over a larger set of wherem atrices than that ‘.ised to define 9,,. Equa tion (5) formalizes the intw-
tively obvious fact that a system which is “stabilizable ” by a family of F— A + BLC. (9)
decentralized controllers is also ‘ stabiiizable” ~y a global (centralized)
controller. Moreover, upon observing that

The purpose of the present paper is to show tha t (5) holds with
equality in the case where F, 3. and C represent the dynamics of an 3u I 3~~ (10)
interconnected dynamical system (4~ in which y, and i~ denote the local I

inputs and outputs associated with a çven system component. As such, and
~ that snecial case the etgenvalues of the system can be placed in

• prespectfied locauons by decentralized dynamic controllers whenever y C’X j .e 1,2.’. .n ( I I )

they can be placed in the same locations by a ~iobal dynamic controller.
Although the class of interconnected dynamical syste ms is consIderably w h ere  B — col (0. 0. . • • . 0, B,, 0, ‘ • , 0) and C’
smaller than the class of decentralized ~~~~~ ~~~~~ by Wang ~~~~ row(0, 0.”’ .0, C . 0, ’ .. .0). we see that (8) naturally decomposes into the
Davison et al . the design of the local controllers for the components of form of the decentralized control Problem of (1). In (8), however, the B’
an interconnected dynamical system is the “physical problem” which and C, matrices take on a special form, whereas they are arbitrary in ( I ) .

usually motivates the study of the general decentraliz ed control problem. Indeed. I t IS this special form which yields the desired equality in (5).
As such, we believe that the above result is ~~~~~~~~~~~ 

Intuitively, this implies that the ith local controller may drive only the
The clus of interconnected dynamical systems which we consider ~ state of the ith system component, although that state may. in turn, drive

characterized schematically in Fig~ I and mathematically by the set of 
the remainder of the system through the connection equations. Similarly.
the ith local controller may observe only the state of the ith component.equations
with the remaining componen ts being observed only indirectly through
the state of the ith component.Ba ,

y, C,X, -.1, 2,” . .~~ . (6)
a,— I— , Using the above notation. our main theorem may be stated as follows.

Theorem.’ For the system of (8)

Here the first ceo equations represent the dynamics of the ith compo. 9,,(F,B.C)-9( F,B,C)— 9(A .8,C)— U 9(A,.3,.C,). (12)sent, whereas the third equation defines the in terconneccon structure in
which the input to the tth component is taken to be a linear combination
of the outpu ts of the various components (includin g the Eth ) and ~~ Proof: To show that wiF .B.C)— (A,B .C) we simply observe that
external contr ol. The fact tha t the contro l inputs u~ are not multiplied by 

~(F+ BKC)—A(4 + B(L+ ~)C) —~(A + BK’C) (13)compensator matrices implies that the local controllers, given by (2),
have full access to the inputs of the individual system components, and where K’ — L + K. .~s such, the same set of matrices are spanned it one
similarly, that the output of the individual system components is fully takes the inte rsection of the A(F+ BKC) over K or the intersection of the
accessible to the contro llers. A(,4 + BX’C) over K’. and hence 9(F,3.C)—9 (A , B,C). Moreover, since

For notational brevity (6) may be restated ~n block matrix form as 4. 3. and Care block diagonal, 9(A.B.C) is just the union of the fixed
10 .iid 
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modes associated with each block. Given (5) to prove the validity of the struct a real K4 here. Also note that we have assumed that the upper
tint equality of (12), ii suffices to show that S,,(F,3,C)cO(F,B,C). For left-hand corner of the matrix of (14) is nonsingular.
this p~~~es. we deWs to show that if A is not in t(F.B,C) then it is not To extend the above argument from 2 by 2 partitioned matrices to a
in 04(F 3,C). Initially, we assume that A, B, and C are partitioned as 2 by a partitioned matrices, we repeal the above construction a - I  times
by 2 matrices, the general case following therefrom by induction. U A is as follows. Given an a by ~t matrix
not in ~(F,B,C), then there exists a K (dependent on A) such that det
(Ai-(P+BXC))øO and we desire to construct a block diagonal K,,, K ” K’2 K” “

also dependent on A, such that det (Al -(F+ BK,,C))*O. To this end we ‘ - - ii - — .~ ~l :::::
write out the matrix F+8KC in psetitioned form and expend its K” I Ksi l

determinant via the formula for the determinant of a 2 by 2 partitioned - - L - - .1 - - .J.. .L
matrix (3), obtaining K- x~ ‘ x’s 

-
~ K~ J,~ _L~i’. 

(20)
O,adst (AI—(F+BKC))iedet(Al_(A+B(L+K)C))

Al—A ,—B,L”C,—B,X”C, ~ B,L%~~B,K”C,
* 

l~~ :A:B ;_ ; -~~~~ -- -~ -- -1-. -~

—det (Al— 4 1 —B 1L”C, —B 3K”C,) ‘

such that det(Al - F+ BXC)s0 it is partitioned into a 2by 2 macox as.dst[A1_ 4 2 _ 82L22C2 _ B2K 22C2(3,L21C,+B 2K I C ,) shows by the do’ible line whence tL- above argument is employed to
— , formulate a matrix

‘(Al—A 5 — 3,L”C1 — 8,K~ C,) (B ,L ’2C2 + B,Kl~C2))
K’’ 0 0 . ‘ 0,.I dst(A1._ A,_ B ,LutC i _ B ,Kt I C 1) d e t[ A l_ A z _ B ZL12C2 [~~~~~~~~ ,aa i ,uIr Jisasi s

_asxfl C_ 8 L2 l C (Al_A .~ B L sI C aKI i C )~~
t a LI2C]  • ~~~~~ .

‘

(14) K — 0 II K~
2 I I I K 3 (21)

where F ~~~~~+ 4~ ”
f_K n+K2 1C1(A l_ A , — B1L”C, — B1K II C 1) ” I BI LIZ

+L2I C, Q i l_ A , ..Bt L l~Ci _ B t K 1IC,) ’l 8iXI2 -
0 . ..

+K21Ci(A l — -A , .—B 1L ”C, — B 11C”C~) BK’2 (15) • — — —
‘ Here such that detQil -(F+ BKC)),.0. This matrix is then repartitioned into

t L I l  L’2 a new2by2 mau ~xas shown by the doubIe Iine in (22) an4 the pro~~s
~~~~~~~~~~~ ( 16) is repea&ed. Sioce the l.I enuy in the partltioned matrix is not affectedL21 : L by the process. this results in a new matrix of the form

and K ” t  0 11 o ’ ”~~’ o •

• K_ (~ 4,~ J (17) ::~:~;1;~: :~
are partitioned to be conformable with A. B, and C. Now, if we define 5’ 0 I 0 II K ” i I K s” (22)
K,,via . _ _ J _ _ . ~1{ _ ...~~ .,,,L.,, ..

K ” 0
K ,— ~t””~j (IS)

~--- -H- i1--+ .+ - ---

and computa det(AL-(F+ BK,,C)), we obtain 
- 

0 0 K ” “

dstQtI -‘(F+ 8K,C)) detQil —(A + B(L+ K,,)C)). such that (Al —(F+ BKC),eO. Repeating the process a — I  tones eventu-
Al — 4  —1 L”C — ~ ~“c : 

~~ L”c ally results in a block diagonal matrix K,, such that det (AI—(F + BK ,C)
p —~~~ •0, showing that if A is not in S(F,B,C). then it is also not ,n

— 83L21C, Xl — .4,-’ 8,L~C2 — 8, K~~C, •, , (F ,B.C), thereby verifying that 8,,(F. B.C) is contained in 9(F,3, C)
‘ — and completing the proof of the theorem.

— dst (Al -.i ,- B,L”C, - 85 K”C,) Given the theorem, for the class of interconnected dynamical systems,
local control is just as good a global control from the point of view of• ‘di [AI -.i2 -B2LUC,-.B,k C, pci. placement. From the point of view of optimal control, howeve,,

-, global control will, in general, still be superior since it gives one a seater
8,L”C, (X l — A , — 8,L”C, B,K”C,) B,L”C,] range of options (4).

— ds t ( Al —( F + BKC)) .0. (19)

Thus, there is at h eat one block diagonal K, matrix such that A is not an
elgenvalu. of P+ BK,C showing that A is not in 9,,(F, B,C). Note ~~~t, f I I  S f l . Wsa~.ad E i. D.YiO SIItsb UOecldCea,,5AlSd OØSWOt,’Im
• • • • ri’em. Aweewi. C.ew . vol AC.l$. pp 473-47L 1973.
1* $snsfll, K,, is complex even for a real K if A is complex. To obtain a m .i ~~. Cc,f.., tad A. 5. Mo,,.. “ D.oesw.J coatrol d uo,., mulossnabi. .yvstew,”real K,, one would have to work with complex conjugate psirs of 4 ~~~~~~~~~~ “.1. Ii. pp 479-455. 976

• s.. - • • i c u i. 13) P. S. Q.a, .cMr. 7~~ flewy el Mo,aem, 2 vole, New Ycik : Ck.le... 1955.ra ssn,e etgenv ties. ,nce 5 WO er 
~ ~ ~~~~ ~~ A. ~~~~~~ ~~~~~~~~~~ m.~—~-e’ *s ~~ . New Yo,t Marcelcomplicate an already complex derivation, we will not attempt to con- De~~ar. te be
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• 9. Reprint of “Optimal Selection of Weighti ng Matrices in Kairnan Regulators” ,
by C. Karmokolias and R. Saeks from the Proceedings of the
21st Midwest Symposium on Circuits and Systems, Iow a State
Univ. , August 1979 , pp. 72-76.

Abstract

This paper suggests an approach to optimally selecting the weighting matrices in
a Ka lma n regulator, by minimizin g an arbitrarily defined performance Index .

1. INTRODUCTION AND PROBLEM STATEMENT Thus , the designer must selec t the two we ighting
matr ices Q and R. Frequently, the selection is

— 
The solution of a coninon class of contro l problems

• involves minimizing a functional J , termed the made by trial and error.~~~ An approximate pro-

ced ure is suggested in (2). In this technique ,“perfo rmance index ” ove r a class of function s

which are the allowable inputs to the system . In an entry in Q is arbi trarily selected and the re-

• general, J represents a compromise between the • 
main rig entries in Q are R are obtained by assum—

system s perfo rmance and the energy content of the ~ntg
• (1) The maximum contribu tions to J by thesystem ’s inputs. More prec isely, the prob lem may

be formulated as follow s xit) Qx (t) must occur simultaneously in time .
(2) The total contribution of the x (t)

Mm J ~ (
tf (xit) Q x(t) + u (t) R u(t)) dt Qx(t) term must equal the total contribution ofu ( t )  i to (1.1) the u (t) Ru(t) term,

subject to Obviously, t~ue first assumption is not always
o va l i d , whereas, the second is indeed quite arbi-
x( t) F(t) x(t) + 0(t) u(t) (1.2) trary. In some r.~ es, the Q and R matrices are
x(t0) ~ x0. ~~~~~~~~~ obtained by solving the Inverse Control Pro blem

where a linear contro l law Is assumed for theThe Q and R matrices in Equation (1.1) are called
feedback and then the weighting matrices are ob-the “state weighting matrix ” and the “input
tam ed from Equation (1.1) subject to this con-weighting matrix ” , respectively. Both terms in 
di tlon . 3’4

the Integrand of Equation (1 .1) can be thought of

as cost functions. The x (t) Qx(t) term repre— In any case, the selection of weighting matrices ,
sents the energy expenses needed to achieve such althou gh a matter of experience and ingenuity , is
a trajectory . Very often the off-diagona l entri es generall y suggested by factors external to the
in the Q and R matrices are assumed to be zero . System . In most cases , the plan 5, which Is to
Then, the two matrices also represent measures of be contr olled ,ls a subsystem of a general system ~
relative importance among the states and the and so it is factors In ‘ which dictate the per-
various inputs of the system .~~~ formance specifications of S. Thus , Q and R

13 
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could be selected by examining the effect that the dPtt)
dt - F (t)P(t) - P(t)F(t) +performanc. of S has upon £.

+ P(t) G(t)R”1 Git)P(t) — q (1.10)
Hence, ~onsider a linear dynamic system $ which Is

P(t~) 0 (1.11)
a subsySt of a syst em z, as shown in FIgure 1-1 .
Assum. that S is controlled by a Kalman regu lator Them substituting EquatIon (1.9) into Equation

(1.7) x°(t) Is givsn by~
3
~

x*(t) — ~ (t.t0)x, (1.12) H(1I~IIII~ hI) 
where •(t.t0) Is the solution of

FIgure 1-1 . A General Sistea 
~ ~~

(t,t0) • (F(t)_ G(t)R ’” 1Git)P(t)]~~(t, t0) (1.13)I

where the Q and R matrices are to be specified .
Assume that a functional on t can be defined as ¶(t .t) — I. (1.14)

• f~t ~CX Ct ~, u(t ). t ) dt (1.4) Since, in general , h(x *(t ) , u~(t) ,t ) Is not given ,
it appears on firs t sight as If one has traded the

0 arb itrarines s In selecting Q and R for the arbI-
where h(. ,., .) is some given function, possibly trariness in selecting the perfonimnce Index J~.nonlin ear. Then the problem may in genera l be Although this Is in fact true, the non—lin eari ty of

• for mulated as follows : h(x*(t ) , u (t), t ) makes the selection of J~ much

easier than the selection of Q and R. In fact ,
Mm J~ f t f h(x *(t) , u~(t ), t ) dt (1.5) concepts from utility theory and decis ion theory,Q, R i t0 are readily app licable thus facilitating the se-

lection of jsubjec t to
• Mm J~ - J

tf (xit) Qx(t) + u (t ) R u(t)} dt On the other hand , the proble. of Equation (1.5) is
u(t) to (1.6) to be solved only once over extended periods of

time. Thus , though h(x*(t), u*(t), t) is in gen—
subject to eral a complicated functiona l , the computationa l

x(t ) F(t) x(t) + G(t) u(t) (1.7) costs are not prohibitive.
x(t0) a x0 (1.8) 2. SCALAR EXAMPLES

where u*(t) Is the optimal solution of Equation
(1.6) and x °(t) is obtained from Equation (1.7) It is ass umed that the system dynamics are given as

and Equation (1.8) by setting u(t u5(t) . To o
ensure a unique so lution of Equation (1. 5), It is x(t) • x( t ) + u(t) (2.1)

(2.2)ass umed that h (.,.,.) is convex In Q and R and x( t0 ~
that one of the entries of R is arb l rarily set to and the S performance I ndex Is given as
1.

J • f 1 (qx 2(t) + u2(t)} dt. (2.3) *

The solution of Equati on (1.6) is given by~
3
~

u (t ) • R G ~(t)P (t )x( t ) (1.9) The Riccati equation is

where P(t) Is the solution of the matrix Riccati d P(q,t) — -2P(q,t) + P2(q,t )—9 (2.4)
aEquation

• P(q,1) a 0 (2.5)

14
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Following a method described In (3), an analytic Substi tuting and performing the indIcated calcula —
solution for Equation (2.4) is obta I ned by solving tions ,
the augeented differentIal equatIon q (_e(t~~.

)
~~~ + e~~t’~~~~ ’5’

a% e~t,T) — [ .11 
e(t,T) (2.6) 

P(q,t) (-1 + ,~~Ty.(t-1 wg+
l + • 

-

• L’~ (1 + ,~ i-~e
-(t_ 1)r’

~
T (2.19)

e(t,t) — (2.7) 
Hence, by (3), the optima l Input Is

The .igenvalues of Equation (2.6) are u~(t) • -P(q,t)x(t) (2.20)
- ~ Iq + 1 . (2.8) Then, substituting Equation (2.20) Into Equation

(2.1),
The eigenvectors associated with the eigenva lues
of Equation (2.8) are - 

~~ ~~(t) — — ( 1 + P(q,t)x*(t) (2.21 )
1 1 p •r 

1 
Integrating EquatIon (2 .21 ) and using Equation

* ~l + iq + iiJ 
2 L-1 + ,‘~~ Tj (2.2),

• (2.9) 
x’(t) • x0 ‘ exp (-t— P(q,c) do) 

• 
(2.22)

Then 
It is now assumed that the E performance Index is

I i  1 of the fo rm

and 
L~

1 + !q + T  (-1 + /~~ ) j (2.10) Case 1 J~ ((1 - x*(t)]Z + [u~(t)]
2)dt

1 1(—1 + Iq + 1) _11 Thus, substituting Equation (2.20) and Equation
p ’1 a j~~j 

+Iq + (2.11) 
(2.22) into Equation (2.23)

a 1 ([l -x e~~
t + f P(q,o)da )]2 +Thus, a fundamen ta l matrix for Equation (2.6) is ~ ~o °

r o(t) a peUp~ (2 .12) 
+ [_P(q, t )x 0e~~

t + J P( a)da~2~~ (2.24)
where

~ 1~t i~~r 1 where P(q,t) is given by Equation (2. 19) . The q
a I - minimizing Equation (2.24) is calculated for sever-

* 
Lo e~ 

i~ rTj  (2 .13) al values of x0, using numerica l integration tech-
niques.

• * ~• • Thus, a transition matrix for Equation (2.6) is
i(t, 1) • e(t) e(t)”~ (2.14) At this point a brief discu ssion of the problem nay

But since be useful . Refer to FIgure 2-1 . As indicated the
0-1 (1) ~

_ l
)
_ l 

e~
TJp~l _ p~~

T4p~
1 (2.15) performance required from the system Is indeed

quite unrea listic. But this should be expectedEquation (2.l4~ b~~me~ since J , does not necessarily consider the phy-
~t Ti • ~t (2 16)

sIca l limitations of the system. Furthermore .
Hence, since 0(1,1) a 

~ the solution of Equa- given any Initial condition x0, the optimal se-
tio n (2 .6) is e(t,T) — ‘(t,T). (2.17) lection of q is not obvious.
Then, the soluti on of Equation (2 .4) and Equati on
(2 .5) is In Figure 2-2, the q minimizing Equation (2.24 ) is

-i plotted versus the init ial condition x . As seenP(q ,t) ‘ o21 (t,T)’ o11 ( t , T) (2.1 8) 
as *0 * 

+a , — 1. This Is reasonable since

• 15
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Cas e 2 • ~ ((1 — t — x (t)32 + (u (t)]2}dt
z(t) u(t) 

~0 (2.26)*0

i A Kal man regulator ~ a more Nnatural control icr
for this case. ct the ccaanents made for the pm-

~~ t vious case are also applicable here. Figure 2—31 
shoWs required versus actual performance and
Figure 2-4 shows the q minimizing Equation (2.26)

Figure 2-1. RequIred Versus Actual Perfor mance, versus the Initial condition
Solid Lines are the Requi red Performance Whereas * t )  u(t)Dotted Lines are the Actual .

*0 ~~

________ - _ _ _ _ _

o 1

1 *0
• Figure 2-3. Required Versus Actual Performance.
• FIgure 2-2. Optima l q Versus Initia l Condition x0. Solid Lines are the Required Performance Whereas

Dotted Lines are the Ac tual .
for x~ being very large, %pt

(x(t)-i)2 x(t)2 (2.25) 
_ _ _ _ _

and hence, equal importance is placed upon the
• state and the input terms of J~, Equati on (2.23).

As x
~ 

goes to zero from the positive side , the Figu re 2-4. Optimal q Versus Initial Condition x
~
.

state approximates its requirement better and
better and hence the regulator is lnstructed ’ to

3. APPLICATIONS• emphasiz e the input cost by decreasing q. For
between 0 and 1. is equal to zero. This also The pro posed approach could be applied In severa l
was to be expected since for positive initial real world situations. One such case Is the lind— •

• value the respo ns e of the first order system Is al. Ing of an aircraft , where a Kal man regula tor coul d
ways bounded above by its natural response, bq used to drive the aircraft from some i n i t i a l  * -

Hence the regulator Is ‘instructed to totally state *0 to a zero state. Generally speaking, one
9gnore’ the state in an attemp t to forc e the is interested in a safe , comfortable and economical
system to achieve the stat e upper bound . When landin g. Towards achievIn g these goals, certa in
*
0 

0, by Equation (2.20) and Equation (2.22), restrictions have been or could be Imposed on the
x (t) • ue(t) — 0. Thus , by EquatIon (2.3), %pt states and the Inputs of the system , either by law

• is indeterminate. Once becomes sli ghtly nega- or regu lation or as a matter of policy or merely
• t ive , the regulator Is instructad to drive due to the physical l imitations of the aircraft.

x(t )  to zero as soon as possible since x (t) Is ,_
~ These restriction s are then used to determine the

adding to the error . As becomes more and more overa l l system performanc e of J1.
negative, the error In the input becomes signifi-
cant also, and thus , as stated earlier , q0~~ 

Another case is the control of a large syst em con-
approaches 1. Thus, it was seem that even ‘in th is smiting of a number of interconnected subsystems.
case where one normally would not use a Kalman Severa l sch es have been proposed~

5’6’
~ where a

t regulator, the results agree with IntuItion. Kalman regulator is used to control each subs ystem

16
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independently from the others. The main differ- 4. M.F, Rubinst ein , “ Pattern s of Problem Solving,”I ~ ences in these schemes arise in how should the Englewood Cliffs , New Jersey : Prentice Hall Inc.,
couplings be hand led. More often than not, the 1975.
assumption of weak couplings is made. In the 5. 0.0. SIlJak , M .K. Sunda r~shan, ‘A Mul tilevel
numerica l approach sugges ted here, no assumption Optimi zation of Large—Scale Dynamic Systems,’

• is made about the nature of the cou pli ngs and thus IEEE Trans. Automat. Contr., pp. 79—84, Fey . 1976 .
the method Is equally applicable to systems wIth 6. F.M. Bailey, F.C. Wang, ‘Decentralized Control
either strong or weak couplings . The J~ index Stra tegies for Linear Systems.” Proc . Sixth
could even be assumed to be quadratic in this Asi lcmar Conf., Circuits and Systems, Nov . 1972 .
case. So, ass uming that the Q and R matrices for 7. 1. Isaksen , H.J. Payne, ‘Suboptimal Control of
the overall system are given , one seeks the Linear Systems by Auguentation with Application to
weighting matrices for each of the subsys tems . Freeway Traffic Regulation, ’ IEEE Trans. Aut omat.

• 
• Contr., Vol. AC—l8, No. 3, pp. 210-219, June 1973.

To efficiently perform the desired mInimization , 8. .~. Iledenic, N . Andielic , “Convex Approxim ation
an efficient algorithm for the calculation of the of the Solution of the Matr ix Riccati Equation,”

• solution of the Riccati equation Is desi red IEEE Trans. Automat. Contr., pp. Z34—238, April ,
the various entries in the. Q and R matrices .’ ‘ 1975.
Though not presented here, an algorithm has been
derived where the solution P Is calculated by
first obtaining the value of P for the initial

• point (q0,r0,t0) and then solving two linear , time
invariant differential equations to obtain the
value of P at some other point (q,r ,t).

In fact, it was the efficiency of this calcula tion
that dictated the choice of the present approach
over the alternat ive offered by the Inverse
Control Problem, since in the latter case, the
optimization had to be carried over a time vary-
ing matrix K( t ) ,  rather than a time independent
matr ix (Q + Rh a task considerably more diffi-
cult.
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10. Ab�tract of “Feedback Systems Design : The Factional Representation Approach

to Analysis and Synthesis il by Desoer , C.A. , Llu , R. -W . ,
Murray,J.J. and R.Saeks , to appear in the IEEE Transactions
on Automatic Control .

~ I

F

The problem of designing a feedback system with prescri bed properties

is attacked via a fractional representation approach to feedback system

analysis , and synthesis. To this end we let H denote a ring of operators wi th

the prescribed properties and model a given plant as the ratio of two operators

in H. This , in  turn , leads to a simpl ified test to determi ne whether or not a

veedback sys tem in which that plant Is embedded has the prescribed properties

and a complete characterization of those compensators which will “place ” the

feedback system in H. The theory is formulated axiomati cally to permi t its

application in a wide vari ety of system design problems and is extremely

t elementary in nature , requiring no more than addition, multipl ication , sub-

traction , and invers i on for its derivation even in the most general settings .

~~ I 
~

‘ I D
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11 . Abstract of “Suboptimal Control wi th Optimal Quadratic Regulators” by
C. Karmokollas and R. Saeks.

The purpose of the present paper is to describe an approach to the con-

trol system design problem , wherein, one designs a quadratic regulator for

* an approximation of the given system but chooses the weighti ng matrices

for the regulator to optimize its performance as a controller of the actual

system, relative to a prescribed (not necessarily quadratic) performance

measure. The advantage of such an approach is that the resultant regulator

has the same “ease of implementation” and most of the “stability characteristics ”

associated with the classical LOG problem . The advantage is that the system

performance is suboptimal.

C’

0
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12. Abstract of “Suboptimal Design of an Ai rcraft Landing Systems” by
C. Karmokolias and R. Saeks.

~

The design of an aircraft landing system Is carried out via a sub-

- optimal algori thm. In particular , a specific optimal controller is obtained

by restricti ng the design to the class of quadratic regulators for an un-

constrained linear approximation to the given system. A suboptimal controller

is then chosen from wi thin that class by optimizing over the choice of weight-

ing matri ces . The resul tant control sys tem compares well with prev ious des igns

and was obtained wi thout undue computational effort.

23
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6. Suniiiary:

The goal of the woi k uni t is the development of a control theory for

a large class of nonlinear system via differential geometric techniques. To

this end we have formulated a global controllability theory for the differential

• equation

k
= f(x) + ~ u~g~(x) 1.

i =1

• in which the reachable sets from any initial state are characterized and we are

• presently i nvestigating the possible extension of this theory to the observ-

ability and stabilizability problems .

— 
Our maIn activity during the past year has been the formulation of the

aforementioned controllability theory . This is based on the additive nature

of equation 1. and exploits the fact that a state trajectory must move with the
• flow of the homogeneous equation

~~= f(x) 2.

or alon g the integral curves or the g1 (x). A natura l candidate for the boundary

of a reachable set is therefore an integral curve since the controls cause the



_______ • ——

trajectory to move along the integral curve rather than across it. As such ,

the only way a sta te trajectory can cross an integ~ral curve is wi th the flow

of the homogeneous equation. Al though some rather powerful differential

geometry is required to formalize these ideas they can be put together into a

rigorous characterization of the reachable set in state space from a given

initial condition . In parti cular , equat ion 1. i s global ly  control lable i f ,

and only if , no integral curve on which the flow of the homogeneous equation

is unidirectional separates the s~tate space .

These ideas have been described in six publications , three of wh ich have

appeared and are reprinted in this report , while we are presently pursuing the

extension of the approach to the observability and stabilizability problem s.
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Controllability of General Nonlinear Systems

L. R. Hunt ”
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Abstract. Consider the nonlinear s.ystem

1(t) f(x(r)) + 

~ 
u(t)g,(x(t)). x(O) x0 E M

where M is a C~ real n-dimensional manifold,f, g g,, arc crn vector
fields on M. and u Urn are real-valued controls. If m~~ n —  I and f,
g g,,, are linearly independent, then the system is called a hypersurface
system. and necessary and sufficient conditions for contro llability are
known. For a general m. I ~ ‘n ~ n — I. and arbitrary C vector fields. f,
g ,....,g,,,. assume that the Lie algebra generated by f, gi,•~~’grn and by taking
successive Lie brackets of these vector fields is a vector bundle with
constant fiber (vector space) dimension p on M. By Chow’s Theorem there
exists a maximal C ~ real p-dimensional submanifold S of M contairung x0
with the generated bundle as its tangent bundle. It is known that the
reachable set from x0 must contain an open set in S. The largest open subset
U of S which is reachable from x0 is called the region of reachability from
x0. If 0 is an open subset of S which is reachable from x0, we find necessary
conditions and sufficient conditions on the boundary of 0 in S so that
0— U. Best results are obtained when it is assumed that the Lie algebra
generated by g g,, and their Lie brackets is a vector bundle on M.
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I. Introduction

Let f .  g .g,,, be C~ vector ‘Fields on ~a connected C~ real n-dimensional
manifold i’.f. If u urn are real-valued controls , then we examine the controlla-
bility of the system

• 1(t) — flx(t)) + 
~~ 

u, ( t)g , (x(z)) ,  x(O) = x0 ~ M.

The system is called a hypersurface system if r n — n —  I and if f, g g,,_ 1 are
linearly independent on M. and necessary and sufficient conditions for control.
lability are given in [ 5) . For a general m. I <m ~ n — I. we know that the
reachable set of this system contains an open subset of the real p-dimensional
submanifold S of M given to us by Chow’s Theorem. Here we assume that the
Lie algebra generated by f, g g,,, and by taking successive Lie brackets of f,

• g,,, is a vector bundle with constant fibe r (vector space) dimension p on M
• and that f. g1,,..,g,, are complete vector fields bn M (which may not be linearly

independent on M).
Let U be the largest open subset of S which is reachable fro m x0. We call

such a set the region of reachability from x0. If U*S. we find necessary
• conditions on the boundary of U(8U) in S so that U is the region of reachability

from x0. If 0 is an open subset of S containing x0 which is reachable from x0,
we give suffic ieni. conditions on IJO in S so that 0= U for certain systems.

The hypersurface case is the nice case in which complete answers can be
derived. In section 2 of this paper we discuss the results from [5 ] for hyper.
surface systems. Section 3 contains necessary conditions that an open subset of
S be the region of reachability from x0 for a general system. In section 4 we
discuss sufficient conditions on the boundary of an open set in S so that this
open set is the region of reachability.

• II. Hypersurface Systems

Even though the results of this section are restricted to hypersurface systems
~~~~ linearly independent vector fields f. g 

1(z) = f (x ( z ) )  + u,( t) g , (x ( t) ) .  x(0) — x0 E M (2.1)

our definit ions (with the exception of Definitions 2.3 and 2.4) apply to general
systems

1(t) — f ( x ( t ) )  r ~ u1(t)g, ( x ( z) ) .  x(O) — x0 E .14. (2.2)

Let T(. i~f )  denote the tangent bundle of M with fiber T, ( M )  for x E .%1. If .V
• is a vector field on .14 (i.e. .V is a global section of T (M ))  then o is an integral
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curve of X if a is a C mapping from a closed interval I CR into M such that

X(a(t)) for all tE l .

F DefinItion 2.1 (8]. 1! D is a subset of T(M), then an integral curve of D is a
mapping a from a real inte rval [:,t’J into M such that there exist t — 1 ~<:,
< . . .< :~ — , ‘ and vector fields X ,,...,X~ in D with the restriction of a to [t~_,, z~J
being an integral curve of X1, for each i— 1.2 k.

DefinItion 2.2. Let D be a subset of T(M) and let x0EM. A point xE M  is
D-reachable from x0 if there is an integral curve a of D and some T ) 0 in the

• interval for a such that a(0) x0 and a( T) — x. A subset A of M is D-reachable
from x0 if every point x EA is reachable from x1~.

Since the D we consider is the subset of T(M) given by the vector fields in
(2.!) or (2.2) we drop the D from D-reachable. For hypersurface systems as (2.1)
we know that there is an open set in M which is reachable from x0 and which
contains x0 in its closure.

DefinitIon 2.3. The largest open subset U of -M which is reachable from x0 for
system (2.1) is called the region of reachability from x0. If U — M, we say that the
system is controllable fro m x0.

Definition 2.4. Let 0 be an open subset of M and let xEaO. Then f  poin ts in
the direction of 0 (or towards 0) a, x if there exists an open neighborhood W of
x in M such that the vector assigned by f  at x. projected into M (by the
exponential map). and intersected with W— (x} is contained in 0. If this is true
for every x ~ao. then f  points in the direction of 0 on ao.

1ff points in the direction of Oa t  xeao and if ao is C’ near x. then there
is some open neighborhood 14’ of x in .11 so that the integral curve off (moving
in positive time) starting at x and intersected with W— (x) is contained in 0.

The following result from [5 gives necessary and sufficient conditions on
the boundary of an open set of M for this set to be the region of reachability of
a hypersurface system. Recall that a C~ submanifold B of M is an integral
manifold of the linearly independent vector fields Y Y5 on M if T~( B)  is the
space spanned by Y ,..... Y5 a ty  for each pointyeB.

Theorem 23 [5]. Suppose x0 E M and 0 is an open subset of M which contains x0
in its closure and which is reachable from x0. Then 0 is the region of reachabili ty -

U from x0 of the system (2. 1) if an t  only if &0 is an integral manifold of
g g,,. , and f  assigns rectors on ~() which point in the direction of 0. In fact, ‘ F
the smallest open subset U of .14 h~ith x0 E U (the closure of U) satisj5iing W is an
integral manifold of g g,, -‘ and f  points in the direction of U on W is the
region of reachability from x0.

As a corollary we pro ved in [51 that if there is no integra l manifold of 
g ,_ ,  which disconnects M in some sense, then the system (2.D is control-

lable from any x0 E M.  Also if such integra l manifold e,tists. but the vector fieldf
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assigns vectors on each which always point in both directions relative to the
manifold (i.e. if an integral manifold N divides M into two components, then f
assigns vectors in the direction of one component at some points of N and
toward the second component at other points of N), then the system (2.1) is
controllable from any x0E M.

• The hypersurface case is ideal in the sense that we obtain clear cut solutions
to problems concerning reachability and controllability. For this reason v’e use• it as a model for our system (2.2), even though we don’t get as satisfying results
in general dut to the inherent nature of the system. The difference seems to be
that au is an integral manifold of g,, ... ,gA~~I in the hypersurface case, which
implies that ~U is a C manifold. This is not true in general for nonhyper .
surface systems.

III. Necessary Conditions

We need to state several defini tions and results before considering the general
problem. Again, let 44! be a connected C~ real n ..dimensional manifold. If

• f , . ...,f. are C~ vector fields on M, we define the Lie bracket of f1 and f~, 1 <i ,
j < r,i*j, by

The set of vector fields (f ,  f ,)  is called involutive if there exist C ~ functions
on M such that

[f , , 4} ( x )  — y,Jk(x)fk(x).

We state the following version of the Frobenius Theorem from [1].~

• Theorem 3.1. Let f , (x ) ,. . .,f , (x )  be an involutive collection of C~ linearly inde-
pendent cector fields on M. Giren any point x0 E M there exists a unique maximal
C submanifold S of .14 containing x0 such that T (S) is the space spanned by

• f1(x), . . . ,f , (x) for evely x E S: i.e. S is the unique integral manifold of
f1(x) f,(x) through x0 and contained in M.

• It is well known that under the conditions of the Frobenius Theorem. .4! is a
• C (n — r)-parameter family of C r-dimensional manifolds.

Next we consider the possibility that the set of vector fields f1(x) J~(x) is
not involutive. Suppose f1(x) f,(x) are complete (i.e. the integral curves of
each f1 ar defined for all — ~ <t <  cc). Givenf, for each t (exptf) defines a map
of M intu , tself which is produced by the flow on M defined by the differential
equation x— f(x(z)) ,  and (exptf)x0 denotes the solution starting at x0 and
moving in the positive time sense. Repeated exponentials like (expsf2) (exptf 1)x0
mean that we Start at x0, move along the integral curve of f1 for positive : units
of time, and then along the integral curve of /2 for positive t units of time. We
denote the smallest subgroup of the diffeomorphisrns of M with itself which
contains exptf for au in (f1~...1L ) by (exp(f1fla .
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Let L,,1 be the Lie algebra of vector fields generated by fe,. . . ‘I, and by
taking successive Lie brackets of these vector fields. We assume that this is a

• vector bundle with vector space dimension p on M. Defining (exp{f1)L )G,
(exp {f,)a)xo and (exp(f1)~~)x0 in the obvious manner. we state the following
version of Chow’s Theorem (see [I I).

Theorem 3.2 [2). Given any point x0 EM, there exists a unique maximal C real
p-dimensional submamfold S CM containing x0 such that (e.~p ( f 1)  G )X 0
{exp{f1)L, )G xo 1~sS. This Sis the unique submanifo ld of M through x0 having L4
as its tangent bundle.

Thus, under the hypotheses of Chow’s Theorem, M is a C~ (n —p) -
parameter family of C ~ p-dimensional manifolds.

We now return to our system (2.2) and let l.4 be the Lie algebra of vector
fields on M generated by f, g1,.. . ,g,, and by taking successive Lie brackets. If we
could control the drift term f  from (2.2), then the reachable set from x0 EM is
equal to S. assuming that the hypotheses of Chow’s Theorem are satisfied for

• the vector fields f, g1,. . . ,g’,,. We generalize Definition 2.3 as follows.

Definition 3.3. Let f, g1 g,, satisfy the hypotheses of Chow’s Theorem with
the dimension of L4 being p. If S is the C~ p-dimensional submanifold of 41
through x0~of Chow’s Theorem and if / is treated as a drift term without control,

• • then the largest open subset U of S which is reachable from x0 for system (2.2) is
called the region of reachability from x~. If U— S, we say that the system is
S-controllable f r om x0.

An obvious question is that given a system

~ (t )  —f ( x ( t) ) + ~~u,(t)g,(x(:)), x(O) — x0 E M ,

satisfying Chow’s Theorem, is there a nonemp y open subset of S which is
• reachable fro m x0 when f  is the drift term? This question is answered affi rma-

cively by the proof of Theorem 3.1 in [8). Thus Definition 3.3 is not vacuous. We
remark that the work in [8] is for real analytic vector fields and real analytic
manifolds. However, the advantage of real analytic over C ~ is that the Jacobian
matrix of a real analytic map that has maximal rank at some point must have
maximal rank at almost all points in the appropriate sense (see [8)). In [7) Krener

• - gives an interesting proof of the existence of a reachable open set in S.
• Unlike the hypersurface case. we do not require that f. g g,, be linearly

— independent on .14. Unless otherwise specified. for the remainder of this article
‘ we assume L4 is a vector bundle with vector space dimension p. that f .  g1 g,,
are complete vector fields , and that S is the manifold throug h x0 given by
Chow’s Theorem. Also. since we can use unbounded (both positive and nega-
tive) control s. we may as well assume it is possible to move along the integra l
curves of g 

In the rollowing definition .4 and B are C’ submanifolds of .14 of dimen-
sions k and n — k respectively.
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DefinitIon 3.4. The manifolds A and B intersect transversally at a point x E A n
B if and only if T~(A)e7~( B )—  T~( M ).  where e denotes the direct sum.

We need a sequel for Definition 2.4.

Definition 3.5. Let 0 be an open set in S and Let xE  ao (taken relative to S).
Then I points in the direction of 0 (or towards 0) at x if there exists an open
neighborhood W of x in 414 such that the vector assigned by f  at x, projected
into S (by the exponential map), and intersected with W— (x) is contained in
0. If this is true for every xEOO. then f  points in the direction of 0 on 00.

• 1ff points in the direction of 0 at x E ao and if 00 is C’ near x, then there
is some open neighborhood IV of x in M so that the integral curve of I (moving
in positive time) starting at x and intersected with W— (x) is contained in 0.

• Definition 3.5 . Let 0 be an open set in S and let xEOO .  Then/points in the
direction of 0 (the closure of 0 in S) at x if and only if there exists an open
neighborhood W of x in iW such tha! the integra l curve of f  starting at x and
intersected with W is contained in 0. If this is true for every x Gao. then /
points in the direction of 0 on 00. , 

)
Our firs t result concerning necessary conditions parallels Theorem 3.2 found

in (5) . Let L~ be the Lie algebra generated by g,”gm and their Lie brackets.
and let (L ,~,) ,  be the restriction of L’4 to the point x.

Theorem 3.6. Let 0 be an open set in S which is reachable f rom x0 for system
(2.2), and let x be an arbitra,v point in 00. Suppose there is an open neighborhood J
W of x in M such tha t W~ 00 is a C ’ real (p - l ) -dimensional submanijo ld of S. If
any one of the following conditions ho/dc . then 0 is not the region qf reachabili ty
from x0:

i) the dimension of (L~ ) ~ as a vector space is p.
ii) the integral curve of some g~, I ~ i ~ m. is transversal to 00 at x,

iii) f  assigns at x a vector which does not point in the direction of 0.

Proof The neighborhood W of x in M will be made smaller whenever
necessary.

If i) holds at x then it holds for all points in W~~ 00 since p is maximal by
the assumption on L4 and L’4 C L.4. Suppose that each g~, I ( i (m .  assigns only
tangent vectors to W n 30: i.e. none of the g,’s is transversal at any point of )
Wr i 00. Then the Lie algebra generated by g ~~~~~ and successive Lie brackets
is contained in the tangent bundle to W~~ 00, a contradiction since this bundle
is (p-I)-dimensional . Thus there is a pointy E W fl 00 arbitrarily close to x with

• the integra l curve of some g,, I ~ i ~ m, transversal to 00 at y, and I) reduces to
ill.

Suppose that condition ii) holds at x. If the integra l èurve of g 1, chosen
arbitrar ily from g, g,,, and renumbered if necessary. is transversal to 30 at x.
then it is transversal to 00 in Wn 00. Following the integral curves of g ,  in S
that begin at points in 0 which are sufficiently close to x. and continuing past
W~~00. we have that 0 CS is not the region of reachabi lity from x0. This is
true since 0 is reachable from x0.

If iii) is true at x. then the arguments given in ii) with f  replacing g, imp l ies
that 0 is not the largest reachable reg ion from x0. 0
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• We state a result similar to the necessary part of Theorem 2.5 under the
Local assumption of a C’ boundary.

Theorem 3.7. Let U be the region of reachability from x0 of the system (2.2).
Suppose 8 U is a C’ manifold for an open neighborhood W of x GO U in i14. Then
W Cl 8 U contains the integral curves of g, g_ in W which intersect OU, and f
assigns vectors -to W C’, OU which point in the direction of U. Moreover, there is an
open dense set in W C’, 8 U for which the vectors from f  point in the direction of U.

Proof. It is obvious from Theorem 3.6 that we need only prove the Last
statement of Theorem 3.7. Suppose there is an open set V in Wn OU for which
the vector field f  is contained in the tangent bundle to V. Then the bundle
generated by f, g, g_, and their Lie brackets on V is contained in the tangent
bundle to the (p  — 1)-dimensional manifold V. This contradicts our assumption
that the vector space dimension of L4 isp. • 0

• In addition to our hypothesis that the dimension of L4 isp, suppose that we
also let the dimension of L’4 be constant on M. Given any point xE  M , Chow’s
Theorem gives us a C~ maximal in tegral manifold through x with L’~ as its

• tangent bundle. In Theorem 3.7 we would have that OU must contain these
integral manifolds if XE OU.

The following theorem from [61 will allow us to reduce somewhat the C1
assumption of Theorem 3.7. The statement concerning a C2 boundary can be
relaxed to C ’. or we can simply replace C ’ in our preceding results by C 2.

Theorem 3.8 [6). Let M be a C manifold of dimension n, and let H be a
subbundle of the tangent bundle to .14 with vector space dimension n — 1. Suppose
U C M  is an open set with the property that if 0 C U is an open set having a C 2
boundary then for each x E 30 Cl 8 U we have T~(80 ) — H~ (the vector space of H
at x) . 

- 
Then for each point x E 0 U. there is a neighborhood V of x. a real valued.

function hE C~ ( V) with nonzero differential for all p oints in V. and a closed
nowhere dense set E C ~ such that

I) O U C l V — ( X E V ! h ( x ) E E } .
2) for each l E E ,  S,~~( x  E V Ih(x)— l) is an integral manifold of H. i.e. the

boundary of U is foliated by integral manifolds of H.
Under the restriction that L’4 is a bundle we need no differentiability

restrictions as in Theorem 3.7.

Theorem 3.9. Let U be the region of reachability from x0 of the system (2.2). If
the vector space dimension of L~, is the constant p ’ <p on P1. then OU contains the
C p -dimensional integral manifolds (or more generally .  the foliation of such
manifolds) of the bundle L’~ that intersect OU. Also the vector f ield/ always points
in the direction of U on 3 U.

Proof Let x be any point in 3(1. There is an open neighborhood W of x in M
which consists of a C~ (a —p ’)-parameter family of p’-dimensional integral
manifolds of L~. Since L’~ C LA, W Cl S consists of a C ~ (p  — p’)-parameter
family of p -dimensional integral manifolds of L~. Take an arbitrary C~
I-param eter family of the p’-dimen sionaf integra l manifolds the union of which
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• contains x in zts interior. This I -parameter family forms a C~ (p ’ + I)-
dimensional manifold L containing x, and L~ is a p’-dimensional subbundle of
its tangent bundle. If L (or an open neighborhood of x in L) is contained in 8ff,
there is nothing to prove. If 8(1 Cl L contains an open set in L and x is a
boundary point of this open set, then we simply choose another L so that this
does not occur. Otherwise, we apply Theorem 3.8 with U replaced by Un L, 8U
by 8Un L. M by L, and H by L~, and Theorem 3.7 (see the remarks after the
proof of Theorem 3.7) to complete the proof oL the first conclusion.
Suppose x G8 U and! does not point towards U1t x. Moving along the integral
curve of f  starting at x we reach a point in U, the complement of U in S.
Starting at all points in 8(1 for an open neighborhood V of x in 0U, by
continuous dependence on initial datj and uniqueness of integral curves, we
find that we can reach an~~pen set in U from V. It remains to be shown that we
can reach an open set in U from U, a reachable set. Now all integral curves of /
which pass through V fill up an open set in S containing x in its closure. Since
the intersection of this open set with U contains an open set with V in its
boundary, we can reach an open subset of V along integral curves off from U.
Hence U is not the region of reachability from x,,, a contradiction. Q

• Suppose there exist no sets in S like 8U of Theorem 3.9 which disconnect S
in the appropriate sense (see Corollary 4.3 in [51). Then our system is S-control-
lable fro m an arbitrary x0 ES. -

If LA — L , (i.e. p ‘.~p ’) , then by part i) of Theorem 3.6 the system (2.2) is
S-controllable from any x0 ES. If p ’ —p — I . then the system has many proper.
ties of the hypersurface system (2.1).

Theorem 3.10. Let U be the region of reachabili ty of the system (2.2) from x0 and
assume that f  — p — I. Then 8 U is an integral mantLold of the bundle L~ andf
assigns vectors on 8 U which point in the direction of U on 8(1 and in the direction
of U fo r an open dense subset of 3 U.

Proof Since p — p —  I , we have by Theorem 3.9 that 8(1 is a C integral
manifold of L~. The statement concerningf follows from Theorem 3.7 0

This concludes our discussion of necessary conditions for C~ manifolds M.
If M is real analytic and if our vector fields on M are real analytic , then
statements of the Fro benius Theorem and Chow ’s Theorem exist (see [I)) which
will improv e some of our results . We shall not go into this matte r in this pap er.

IV. Sufficient Conditions

- 

• Given x0 E ~tf and S containing x~, sufI icicn~ conditions for an open set 0 CS to
be the region of reachability from x0 for a general system like (2.2) are of
interest to us. One such result in the literature applies to the system

1(t) — f l x ( e ) )  + u(:)g(x(t)), x(O) — X~ E M. (4.1)

Theorem 4.1 [ 4) . Let L~’ be the Lie algebra generated by / and g in (4.1), and let
L0 be the smallest subalgebra of L’4 ’ which contains g and is closed under Lie
bracketing with J . Suppose that for all h in I..~ we have [h ,gJ — a,,g for some
constant 0k~ 

Then the reachable set from x0 is equal to
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(exp L0)(exp tf)x0.

For a system tha t behaves like a hypersurface system as in Theorem 3.10, we
• have the following theorem.

Theorem 4.2, Let x0 E M a n d let Obe an open subset ofScMwh ich  contains x0
in its closure and which is reachable f r om x0 for (2.2). Suppose that L , is a vector
bundle with dimension p ’ —p — I on M. 1180 is an integral manifold of the bundle
L~ and i/f points in the direction of 0 on 80. then 0 is the region of reachabili ty
Ufrom x0.

Proof  Since I points toward 0, / and the bundle L’~ must b’e linearly indepen-
den t on 00. If 0 is not the region of reachability, then there is a point x E80
and a neighborhood W of x in S which can be reached from x0. Let X1 X,.
be a basis for L,~, in W. Since 80 is a C~ integral manifold of Li,, Lie brackets

• of the form [X1, XJ J , 1 ~ i.j  (p ’,i*j, yield no “new” directions in which to move
from Wn80 (i.e. the set {X,,...,Xp,.) is involutive). Because f, X ,,...,X~. span
T ( S )  on W, brackets like [f , X,), i— l ,...,p ’ give us vector fields on W which are
linear combinations of 1’ X, X,.. The same is also true for successive Lie
brackets . Not being able to control the drift term !, the only linear combinations
which arise from these brackets and which indicate directions that we can move
are those with a nonnegative coefficient for thef term (see the proof of Theorem
4.3 in which a more general case is considered). Sincef points toward 0, and 80
is an integral manifold of L,, we are unable to move outside of 0, and in
particular , reach W. 0

The above proof follows that of the sufficient conditions for the hyper-
surface case given in [5). These proofs depend on the fact that [f, X1, where
X E  L~, near some boundary point of 0, must be a linear combination of f  and
basis elements in L~. There are no “new” directions, given to us by some Lie
bracket, that we can move.

The following interpretation of the Lie bracket is taken from [3). Let ! and g
be vector fields on a manifold M and let x0 E M. Then (f,gj is the tangent vector
at x0 to the curve segment

t —, exp ( — Vi f )  exp ( — Vi g) exp (V7 f) exp (Vi g)x0 (e ~ 0).

We return to our system (2.2) and let x0, M , S. LA, and L~ be as before. Our
next theorem is the converse statement of Theorem 3.9.

Theorem 4.3. Let 0 be an open subset of S C M containing x0 in its closure and
which is reachable from x0. Suppose that L’4 is a vector bundle with vector space
dimension p ’ on M and 80 contains the C ~ p ’-dimensional integral manifolds of
L~ that intersect it. If f  p oints in the direction of 0 on 80, then 0 is the region of
reachabiliry from x0 for the system (2.2).

Proo l If we are to reach an open set in the complement of 0. 0, then we musL
pass through 80 at some point xE8O . It is obvious that an open subset of 0
cannot be reached by using the integral curves of I (in positive time) oçthe
integral curves of any section in the bundle L’4 . Moreover , we cannot reach 0 by
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using a linear combination of these with a nonnegative coefficient for the f ( x ( t) )
term. Hence we must consider Lie brackets of the (ann [f,g1], 1 ~i ~m, and
higher order brackets of th is type.

If we travel along an integral curve of f  in positive time, then we assume that
we can return along this curve until the starting point is reached. We consider
[f ,g,) at x, our point in 30, for some 1. 1 ~i ‘cm. First we move from x in the g1
direction for Vi units of time, and we remain in 30 since 80 contains the
integral manifolds of L~. Next, moving along f  (or Vi uni ts of time, we stay in
0 because! points in the direction of 0 on 80. 1ff left us in 80, then using — g
for V7 uni ts of time keeps us in 30. 1ff left us in 0, then we stay there. Finally,
z~oving along —f for Vi units of time either leaves us in 0 which is fine, or in
0, which is impossible since we cannot controlf. Hence we can start an integral
curve at x in the direction of [f , g , ]  if and only if [f ,g 1)  points towards 0. This is
true for all i— 1, . . .  ,m and also for [ g,,fJ at x. By rep eating the above argument
for successive Lie brackets , we find that we can start an integral curve at x in the
direction of a particular bracket if and only if that bracket points in the
direction of 0 at x.

Thus the Lie brackets at x will not let us reach an open set in 0, and 0 is
the region of reachability. o

Suppose that we knew an open subset of S could be reached from x0 which
• contains x0 in its closure. Let U be the smallest open subset of S with x0 E U and

satifying the hypotheses of Theorem 4.3. By Theorem 3.9 we can reach U, and
we would have the following result .

Conjecture 4.4. Let x0 E M and let U be the smallest open subset of S containing
x0 in its closure and satisfy ing the hypotheses of Theorem 4.3. Then U is the region

• of reachabili ty f r om x0 for system (2.2).
In the conclusion of Theorem 3.9 and in the hypotheses of Theorem 4.3 we

have that ! must point towards 0 on 00 (or U on 3 U). Suppose there is an open
• neighborhood W of xE 00 so that all integra l curves off  that intersect W n 80

actually are contained in W n 80. Since 80 contains the integral manifolds of
L~, following integral curves of f  and g,. I (i<m , in W~~80 leaves us in
W r~ 30. But this contradicts the fact that the vector space dimension of LA isp
and Chow’s Theorem.
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Abstrac t

Suppose N is a connected paraconpact Ca n—dimensional manifold and f , g~ ,.. .are complete Ca vector fields on N.  We examine the system
a

31(t) • f(x (t )) + ~ u1
(t)g

5
(X( t)), x(O).X0E M ,

i—i
whir. ~~~~~~~~ are real—val ued controls . Under the assumptions that the Lie
algebra generated by f , 

~i’~~ ’ 
,g
~ 

and the Lie algebra generated by g
~~ 

g~~ 
are

vector bundles of dimensions p and p
’ respectively, with p ’ < p , we characterize

thc largest open subset of the submanifold S of H (given by Chow ’s Theorem)
• which is reachab le from x0 for our system. If II is a real—analytic nanifo ld and

f , ga,... ‘5m are complete real—analyt ic vector fields , then the assumption that
the Lie algebra gene rated by f , g~ ,... ,g~ is a vector bundle of constant dimen-
sion can be rsmnved . In addition the requirement that the Lie algebra generated
by g~,... ,5 is a vector bundl, of constant dimension, can be weakened .

L . I~’i’W!WfrtC ~~ ~n reir~,a.t T’~~g r.a ral telq “a o~~. ‘~~~~~~~i~~ ’ :‘t a

Let M be a connected paraconpact Ca n•dimensional time proof c.f Creenfield which is concerned with

anif old , and let f , g1,... ,g be complete Ca wee— liolomorphic extension theory in several coriplex

var iables under the assumption of constant dimen—tor fields define d on M . If ii ,. .. ,u ire real—1 m
sion of the Levi algebra .(4) Working throughvj lued controls , we at . interested in character—

~(ro ner ’s proof we find that it is possible to reachi:i n~ the reachable set of the system
0 an open subset of S which is arbitrarily close to

1( t )  — f (x(c)) Z u 1
( t )5 1

(x(t)), x(0) — x0E N

(1. 1)
The largest open subset U of S which is reachable

We assune that the Li. algebra L4 generated by f (von x0 fo r the system (1.1) is caiJed the region
and their Lie brackets is a vector bun— 

of reachability. If we assume that the Lie algebra
dI e  of dimen s ion p. By Chow ’s Th eorem we knov

- - . L generated by ; ,.. . ,g and their Lie brackets isA I mt~i aC the rea.~hable set is contained in a Ca a vector bundle with vector space dimension p ’ <
‘enston a l  subn ~in h t o l d  S of II which is the integral

then-the region of reachabili ty of ( 1 . 1)  from x0— anif old of LA through a3. (l),(2) For the real 
is a connected open subset of S. which we now rail

analytic case and the Ca case we know that an open

subset of ~ is reachsble.(8) ,(7) Kr.ner ’s proof *Research supported in part by the ~tationa l Science
Foundation under NSF Crant  flCS7 6—05 67—A 3l and by

is q~ 1ce ii co in that he shows that we can go UP the Joint Service s Electroni cs Program under O?IR
one diaicns& on at a time until an open subset of s Contract 7h—C—1136.
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the domain of teachab ility. Using published re— field C on P1 points ~~ ~~~~ d i rec t ion ~~ ~ (the

suits we show that the domain ‘at reachability U is closure of 0 in S) at x if their exists an open

the smallest open subset of S containing x
0 

in it s neighborhood W of a in N so that the integral curve

closure and sa tisfying the following conditions. of f starting at x and intersec ted with IJ is con—

(A) The boundary of U contains C p ’-di menaional tam ed in 6 . If th is occurs (or every point x E O ,

integral manifclds of L4,, and the vector field C then C po ints i’~ the dir ect i on of 5 on ~o,
assigns vectors on III which point in the direction Give n Ca vector fields f and g on N . the Lie
of 1’. If 

~~
‘ 

~ we know tha t we reach all po ints bracke t of f and g is gi’ien by
in S. F~ r the real—analytic case we can remove

- . ( fsone of our .rssumptiott s on the d imensions of LA 
‘ ~z 3x

snd L~ . (6) where denotes the J a cebi an matr ix . Of course

- we can take successive Lie br a cket s l ike  [f , [ f , g J ) ,
Section 2 of this pape r contains definition s , and r r c  i i1g~~ ,g~ ,, etc.r we prove our result concerning the domain af reach— •

- 
- As before L is the Lie algebr a generated by 1 ,abi l i t y  or the system (1.1) in section 3. In sac— A

g ,... ,g from ( 1.1) and all aucc .’saive Liet iori 4 we aseun e that N ~nd ( , g ,g are real— 1 is
brackets. IC L is a vector bundle with vectoran.sly tic and improve our main result, Theorem 3.1 , A

- space dimension p, Chow ’s Theorem together withfor this case.
results of Krener show that we can reach an open

2. DEFINITIONS subset of the Ca p—d imensiona l subnanifold SCM

)enote by T ( M ) the tafigenc bundle to our n— dir ’en— through x0 . ( 7 )  The lar gese~ open subset U of S

siona l manifold M . If x E l l, then T (M) is the - which is reachable for (1.1) from x
0 

is the region

ta ngen t space in T(M) at x. For X a vector C ie ... of reachabi lity from ~~~~~. If U — S , we say that

on ~!, a curv e ~ is an inte gral curve of X ~i ‘a is the system is S—controllable fr on ~~~~~.

s Cx napping f r om a closed in terval ICR into N so In the next section we give a char a cterizat ion of
t~1•lt the region of rea cha b ility of our syscem .d~ (t )  • X(a(t)) for all t € l .cit 3 .  THE DOMA IN OF ~F .ACIIA B1LLT Y

. a su.5a.. 0 , liieO 30 in teCta l  cu r ~ e - - .
— Our obj ect ~.ve is to prove toe L O L L O W L O g  reSu~~t fo r

- 

-.  
c f  ~ is a napping ~ fr an real in terval ( t ,t ’l 

~~~~~~ ( 1 . 1 ) .  This t heor ca can he found eLsew here 4
I su cL that there exist t — t . < 

~ for the case a — n—I and f , g ,  ~ l ir .~ a r L v
— C ’ ,ind ~ect1on~ X j f T( M ) In P with the a I

I independent on Pt.(5)
restrict icn of i to ( : 1 , t~~ being an integral

- . , Theorem 3.1. tet 0 be the smallest open subset ofcurve of X . , :cr each i — l,2 ,...,~ . For x6E,i , —

- S containin g x in its closure and satisf y ing the
.1 o -  m t  S € N is fl—reachable from j,., if there is an 0

fo l l owing  propertios. Supnu ~e that the Lie .ilgebra
• int egr a l curve a of P a t d  sone T 0 in the in ter—

- L ‘ gener at ed by a g .ind cu ccesaive Lieva t  t~’r ~ such that a (O ) • x., and ~ T) - x. A A I m
bracketa is a vector bundle cc~ vec to r  space d in en—subset .~ of I Is 3—re achable f r o m  x 1 if every point
sian p ’ < p n I and 30 ccn c a ina  th e C’ p— d inen—x € A  ~s D— r e.j ch a b le :ro m ~~~~.

sional Integr a l ma ni fo ld s  of L that ~n te r set t ! t .

In the re mainder of t h is art icle the set 0 of in— I f  I p oints  in the d i rec t i a n  of C) an ,0 , th en 0 is

terest to us is the aub set of t(I) given by the the region of re a ch a bi l i ty  f r - ~n f~~: ou r Sv S t s f l .

swac e n (1.1). Hence we drop the P in the above
- The following two results give neces~ ar- -- conditionsdef irtit ions .

and sufficient cond itions for an open set co a. the
Let S be a p—diaer .sional ,ubsanifold of N , let 

~ reg ion of reach abilit y from x0 for (l. A m .(6) Ic.
be an open subSet of S, and let :c E. 30. A vector both theorcos we assume that hoe conS t a nt  vector
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S

space d imension p ’ p on fl. conne cted , I t follows that V Is connected .

Theorem 3 . 2 .  Let U be the region of reachability ~~y Theorem 3.3 we have that V is the region of

f rom of our syst em. Then 315 contains the Ca reachabil ity U from x
~ for our system, It remai ns

p ’—d lmenstonal integral manifolds of L~ which in— to show that in fact V — 0. Since 3V fl 3O and

• tersect it and f points in the direction of ~ em 30 satisfies the conditions concerning L , and 1,
315. the argument given above shows it is impossibl, to

hews vflo — 0. If V ~ 0 , then there is a pointTheorem 3.3. Let 0 be an open subset at SCM c0n
x€ a UI’1 3V , and a repeat of the same argument withtam ing *0 in its closure and which is reachable
obvious changes impl ies a contradiction. Hence 0f r om x

~
. Suppose 30 càncatne the C~ p ’-d imenaionel

is the connected region of reachability U of (1.1)integral manifolds of L~ wh ich intersect i t  and C

points in the direction of 0 on 30. Then 0 is the from z~~. Q.E.D.

region of reachabili ty -from x0 for the system Theorem 3.1 completely characterizes the region of
(1.1). . ‘

reachability U (or more correctly, the domain of

Proo f of Theorem 3.1. reachability) of our system by determining condi—
- d ons that must be satisfied by 315. Of course , itAs ment ioned earlier Krener ’s proof shows that

would be n ice to develop a computational method forarbitrarily close to any reachable point is a
• finding integral manifolds of subbundles of thereachable open set in S.(7) Thus we can reach an

open subset V of S which contains in its clo tangent bundle. Research in this direction is cur—

sure. From the definitio n of reachabl e , it is rently being done by Michae l Freeman in the case

chat N is a real—ana lytic man ifold and r , g obvious that we can choose V so chat ~ is con—
g are rea l—ana lytic vect or fields on “. For thisnected . By the proof ni Theorem 3.2 we can assume m
reason we prove an inpcuved versi on at Theorem 3.1chat 3V con tains the integral manifolds of L~
in the rvat — .innlytic case.w h m , h  in t erse ct  it and f points towards V on 3V .(6)

4. REAL-ANALYTIC CONTROLLABL.!TY

We r tr s t show tha t V is connec ted. Suppose there In this section we ss~sjm,• that N and C , 
~~, g

exi s t two discnnne--t ~d components V 1 and V., of V are real— analytic. Thui se can appl y the r~~ t l —

a paint x~~~V 1
f l 3V

2. Then the unique inte— analytic version at Chow ’~ Theore , ~hLch allows us

gral rc.mntfol d N of L’~ through x ii cont.ained in to remove the aeaumpti on that the Li~ algebra LA
• W

1
fl ~V , and f points in the direction of and generatcd by I , g1,... ~~ 

and t l et r Lie br acket s

2 on this nanifald. If every point on N is an is a vector bundle of d~m .neion o on N.(l),(3) IC

equ i librium iO int (or ~c — f(x (t)), then we contra— this Lie algebra has d imension p at x
~
, then there

d lit the  (icc that the vector space dimens ion p ’ i~ s real — cmaly t ic p—dimensional sub rra nit old S of

of is less than the vector spi ce dimension p of N through x~ which contains the reachable set.

~ 

- L . an ;. Thus we nay as v.3.1 assumas that the dif— With thL- ~ in mind we stat e and prove the next rc—a
- -. fo r on t i a l  e q u •t i ~n * — i(x(r)) has no cquilibrtum suit.

~n i a t s  on ~~. Lath solutto n of * • f(x(t)) which Theorem ~• i .
s! ~r ts at a po int j r N mast renaic in both ‘nd

If 0 is the smalle st open ~ubs~ t a: S Oant ‘ining X
0sinc e I p o i n t s  toward s ‘ l and 

~2 on and
in its closure such that F poL n t ~ itt th e d i rec t i o nDV ,. resp ec tivel y . Through each poin t of ~v 1fl ~v2 —
of 0 on ~ O , then 0 is the region of rea~~ca h ilic .vwC have an tnte~ ral nani coid of L .  Hence we have

a subs et u~ ~v 1 fl lv , eh ich cont a ins both I n te g ra l  fr om for  our syste’r pr u vtdcd one of t )c i  fol lowing
conditi ons La sati stied .cu rveS of C and Lnce~raI manifolds ~f L ,. It is

i) The Lie algebra L~ ~ener .tced by
inpus sib le that the ve ctor space d~~ensLon of LA and succes:ive Lie brackets is a vector
~ p c~ this subset , a contradiction . Since V is
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bundle of dimension p ’ < p on N and 30 con— at x3 Ia  p. Q.E.D

dam s the real—analyti c p ’—di men sional ~~ For an example we consider the system in P2

tegra l m anifolds of L~ th a t intersect  i t .  *(t )  — t ( x ( t ) )  + u (t g (x(t) , x (0) . ~ U . 2
i i)  The Lie algebra L

~ 
generated by g g wiler e f - - 2 0

and g are real analytic on P . Suppose
and successive Lie br ac ’ets has d imen sion - 2that we want to reach a point x in P from X0•

• p at x
~ 

and 30 contains the rea l—analytic First we compute the Lie a lgebra LA generated by
integral manifolds of L that intersect it. f and g at  *0~ 

If the vect or space d imension at )
P roof.  The statement regardin g I) follows directly x

0 
is 1, there is an 1—dimensional  integral ma ni—

from Theorem 3.1. - - f o ld N of 
~A 

through x~ . I f  x is not in this in—

Suppose that L
~ 

has vector space dimen sion p at tegi-al ma ni.l ld , there is no hope to reach i t .  If

x
~
. Since our vector fields are real analytic . 

x is an element of N , then ue i~us t  check f o r  equt— —

the set of points in S where th i s  dimension is lib riu ni point s of g in N . I f  x
0 is an equilibrium

less th an p are nowhere de~~e th~~. Let 5’ be the ~O i f l L .  then it d iv ides  N in t o  two compon ents N 1
largest connected open conponent of S which con— and 

~~~~~ 
I f  C points  in the direction of N

1 
at x

0

tain s x0 and on which the dimension of L
~ 

i ~ 
and s E N , ~‘r I i  C po in t s  in the d i r ect i on  t~ f N

2

By known results we have that we can reach an open at x
0 

and x E N
1
, then x is not in the reach a b le

neighb orhood of any point at which the dime n sion set fro m x
0. So we assume that F poin ts in the

of L
~ 

is p.(6) Thus 5’ is a reachable set which direction of at x~ and x€ N 1 . Thus we must

Is conta Ined in the region of r eachabil i ty of our ~~~~~ a l l  equi l ibr iu m po ints of ; in N , between x0
syscem. i f  S ’ — S dc have nothing to prove , and and x , i nc l ud ing x i t s e l f ,  I f  at any such poi nt ,

we assume chat ~S ’CS is nonemp ty . Let x be an t •~C Ve ct or  I point s in such a d i r e ct i o n  t :iac the

a rblt r~r” point in IS’. Since the dimension of in tegral  curve of f moves in N towards x
0
, t hen ce

at x is ess than p . by the real—anal y tIc ver— cannot Tenon x.

sion of Cho-; ’.~ theorem there is a real analytic Suppose tha t the dime nsiort ~of L A a t  is 3. Then

~ an i f i , ld  N (which is the unique integral manifold there is a unique i nt e gr a l  m a n i f o l d , w h i c h  we also

of L
~
) through .c of dimension less than p .  Ia— ca l l  N , of L through x

~ 
t h a t  c o n t a i n s  t i e  r eachable

ca use the di ne~ aion of ~s constant along this  set of our system from x
0
. -ic assume that x~ and

~an i fo l d , ‘ cannot move into any open subset of S x are nct  u i l i b r i u m  po in t s  a f  ;, t h a t  x~~~N , and

~.ne re the d imt nslon of i~~ p. Thus N must re— t h - i t  the equ i l i b r ium point s  ‘f g do not sep a r ate  N
la in in :S ’ • - ,r ..i IS’ consists of the integral man — Int o 2 r yore components (remember that this set

Ifo l d~ of L~ that intersect it. of L q u t l i b r i u m  points is rouhere  dense ta ~ ) .  Thu s

i~~ the inca gra l curve of  C s t a r tI n g  at some point we can del e te the set of oq u ili br ium p ,,fnts af
I

i~ :-s ’ moves ~ltu the conpie ment of 3’ , the s.ut e and we denote by N ’ the romainin~ subset  at  N .  This

15 t r u e  (or aI ~ points in I S’ near x .  Fro m this g~~t ~ ‘ LS .1 connected r e a l — a n a l y t i c  m a t i i f ’ l d .  We

w~ o c uc l u d e  t h at  an c-sen subset of t h e  complement have that th e dim ension of I ’~, t i l e  . i e  ., ILeh r ~ co n—

of 5 ’ :.in be re-,ched by starting at points in 5~ 
sisting just ~ itself , is I on N’ . Ii’ Theorem

r ea r 35 .  Thu s -~e assume tha t f p oin ts  in the d i— 3 . 1  the pr ob lem of deter m tni ng if  x is r e a chab le  - •

r , a ct ion ‘f ~~‘ on 3 S ’ , imply I n g S’ — 0. Since the from x0 reduces to the problem of dec iding if x ~s

i n t e g r a l  m a n i f o l d s  of Li which intersect ~~~
• — 30 in the region o~’ reachability f rom x

0 or n ot .  T h i s

are conta ined in ~ ‘ and since C points towards 6 theorem completely characterizes the region by

or, 30, a repe at c( th e a r -~a nts given elsewhere g iv ing  necessary and s u f f i c i e n t  c o n d l t i n ” s  on its

shows thit U is the region of reachability from *0 
boundary. Hence we as~ if there La an integral

• ir our sv ,tem .(6) In th is  case is actual ly an curve of g which separates N ’  i n t o  two com p o nents , 
• 

-

Interi ”r point .,f ~) because tn e dimens ion of L~ ’ one containing x and the other c nt a intn g :
~~

, such

t h a t  C points in the d i r e c t  ton o f  tile cl ,,sure a:

1~

~~ FA ( ~~ 1,5 ~3 T ~~~~~

~ 
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_______________________
the component containing x

~
. IC such an Integral

curve exists , we canno t reach a from *~~. Con—

versel y, if such an integral curve does not t~t 1at .

then x Is reachable from *0.
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10. Reprint of “Controllability of Nonlinear Systems” by L.R. Hunt from theProceeding of the 12th Asilomar Conference on Circuits ,Systems , and Computers , Pac ifi c Grove , Ca. , November 1978,pp. 466-467.

Let N be a conciected ~~ real n—dimensional regi on of reachability of the hypersur(ace system
m anifo ld .  Civen a nonlinear system where the n— I
c ontrols enter linearly, we find the lergest i( t )  — f (x(t)) + I u

1
(t)g 1 (x(t)), x(0) ~

X0 € N.
ooen subset of N (or the largest open subset of 1— 1
a -‘ubmanjfol~ of N) -wh j~h is reachable from Theorem ~•

3
• Suppose U is the smallest open sub—aome initia l polac ,ê0 t N. •A~5emptiofls that set of H with *0 ~ U sat isfying ~U is an integral

certain Lie a lgebras, which are generated by manifold of gthe vector fields of ’tbe system , fore vector l’•~ ’’ 
g
~
_
~ 

and f assigns vectors on

• subbund les of ~1 are made in stand cases. It! which point in the direction of U. Then U is
the region of reachabi lity from for our hyper—
surface systcu.

If no in tegral manifolds of g g~~ 1 as

given in the theorem exist , then the hypersu rface
system is contrnl lab le from any x

~ 
E t~.

• The ideas used in proving the above result
follow those found in the solution of the proble m
o f uniqueness of an a ly t ic  continuation for the CR—
functions on a ~~~~~ real hypersurface in C1

~, n >

For a general a, 1 in e n—l, and arbitrary
~ yec tor fields f ,g 1 , .T., ~ lb our nonlinear

-n

system , we assume th.,t th e Lie algebr a generated
by f ,g g and 1”, taking successive LieSuppose we ha ve :he nonlinear  system • m

m h r n ck ets of these vect o r fie1 d ~ is a vect or bu ndle
- f(x(t)’i + I u1

i~t)g 1
(x (t)), x(0) x0 t. M , w i t h  con s t an t  f i b e r  dimcnsic ’n  p on !4 . By Chow ’ s

i— I Theorem there ex is t s  a maxim a l ~~ real n—dimen—
where H is a connected “ real n—dimensional sional sub ma nif old S of N con ta in ing  x0 w i t h  the 

g are complete ~~~ vector• ‘~an~ iold . a generated bundle as Its tangent bund1~ , it iz
f I c l c s  on ~-t , and ci u are r e a l—v a lued con— kn own chat the r eac h able Sec from x~ must contain
t r o l s .  ~~~- are in c ~ rcsted in characterizing the S.6’~ The l .irge st open subset U ofan 00cr, set ir,rea ch .ihie set lit N of this system . R . W . S wh 1~~h I s  r e a c h ab l e  from xB r. ckett ’g paper cont ains a nice discussion of 0 is called the region

t h i s  topic . 1 cal r e a c hab i l i t y  f r om  x~~. I f  0 Is  an open subset

FIrst we consider the hyperaurfac e case in of S which Is rearh.ihl e from . x~ . ~~ find necessary 
g are lin earl ywh ich m • n—I and f ,g1 n—i - • c onditions .,r.d suf f icient condit io ns on the boundary I-: independent on ~ It is known that the reachable of in S so that ‘~ — U. lest results are obtained

set of a hypersurface system contains .ln open set wh en i t  js assiime d thitc the tie algebra L~ getter—
in N The largest open subset of N whi ch is
reachable from x0 is ra i led  the recion of rea ch— ato d by g p and their Lie brackets is a

in

s b i I i : y  1’ from x3, and if I’ — h , the system is v ,•ctor bundle on ~~~.

cc ’n tro li abl e from x0. If U ~ N sc’ prove that the Theorem 2.~ Let U he’ the region of reac hability

boundary of C is a Z’ real (n—1)-dimcnsinna l from ,e~ of the syStem
a

~‘hmn nifo d of N which is -‘n integra l manifold 
~ ( t )  • f ( * ( t ) ) 4  ~ U (t)p

1
(x (t)), ii(0) —of t n e ve cto r f ie lds  g 1 , . . . .  g

r,~~~ 

and that the  
~~~ 

I
‘:,‘ r t c r  ~jcjld C point s in the direction of U on If t h e fiber dimension of I Is the constant-L. This leads to a result which gives us the A
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p ’ < p on N, then IU contains the ~~~~~ p ’—dimsnaion 5. 1.. ft. Hunt . J. C. Polking . and H. J. Strauss ,
al integral manifolds of the bundle L~ that inter— Unique con tinuation for solutions to the induced

Cauchy—Riemann equations , J. Differe ntial Equationssect Ill. Also th, vector fields f always point in 23 (1977) 436—447 .th. direc tion of U on IU. 6. A. J. Krener , A generaliza tion of Chow ’s
Theorem 3. Let 0 be an open subset of S C N con— Theorem and the Bang—Bang Theorem to nonlinear
tam ing x,~ in its closure and which is reachable control oroblems , StAl l .1. Control 12 (1974), 63— 52.

r , 7. H. Sussmann and V. Jurdjevie . Con trollability
from x . Suppose Chat L is a fiber bundle with0 A of nonlinear systems J. Differential Equations
fib er dimension p ’ on H and 30 conta ins the 12 ( 1972) , 95—116 .
p ’—dieensional integral manifolds of L~ that in ter-
sect i t .  If f points in the direction of 0 on
30. then 0 is the region of reachability from *0 Research supported in part by the National
for the system Science Foundation under NSF Grant MCS 76—05267—

AOl and by the Joint Services Electronics Program
x(t) — f(x(t))+ I u

1(t)g4
(x( t )) , x(O) x

0 
tM . under ONP. Contract 76—C—1136 .

• i—i •

Al though the above described concepts would
appear to be abstract , itt some cases , especially
for a hypersurfac e system on a low dimensional
eani old , they are readily tested via standard

• analytic techniques. Here , one generates the
integral manifolds of the vector fields g1. if any

such manifolds exist , by nune~ica1ly integra ting
• the equation

n—i
*(c ) — 1

1—1
Then one determine : the direction of flow by

• evaluating f along these manifolds . If no separ-
ating integral manifold admits a unidirec tional
flow the system is globally controllable , whereas

• if such a manifold exists it becomes a candidate
for th e boundary of the reachable set for points
on one side of the separating manifold. In the
case of a general nonlinear system with  linear
inpu ts one mus t first generate the Lie algebra
of the g1 as an intermediary step to the comPuta-

tion of the integral manifolds. As such , the
above described controllability condit ion s are not
as readily tesced though there are a number of
special cases wherein a practical controllability
t est can be obtained . Indeed , we have invesci—
gated a number of examples which have appeared in
the l i tera ture  and found that in each case our
cont ro l lab i l i ty  criter ion has yielded a defini-
tive characterization of the reachable sets in
state—space.

G iven a bundle of vector fields on an n—d i—
mensional manif~ 1d N , current research involving

• . comp utat iona l methods of finding integral manI-
folds of the bundle is of obvious interest with
regard to our :oncrollability results .

Refere nc es

1. ft. V . Irockett , Nonl Inear system’ and differ-
ential geometry , Proc . IEEE 64 (1976). 61—72.
2. V . L. Chow , Uber ~vste ms von t.ineeren Partiel—
len D ifferentlalgleichungen crater Otdnung , Ma th.

j  

Ann. 177 ( 139), 98—105 .
3. I.. ft. Run t , Controllabilit y of nonlinear
hyp ersurfac e systems , to app ear .
4 . 1. P.. Hunt , Controllab ility of general non-
linea r systems , to ap pear.
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11. Abstract of “Global Controllability of Nonlinear Systems in Two Dimensions ” ,
by L.R. Hunt.

Let M be a connected real-analyti c 2-dimensional manifold. Consider

the system

x(t) = f(x(t)) + u(t)g(x(t)), x ( O ) = £

where f and g are real-analyti c vector fields on M which are linearly independent

F - at some point of R2, and us is a real-valued control . Sufficient conditions on

the vector fields f and g are given so that the system is controllable from x0.

Suppose that every integral curve of g which disconnects M has a point where f

and g are linearly dependent, g(p) is nonzero, and that the Lie bracket [f,g)

and g are linearly i ndependent at p. Then the system is controllable (with the

possible exception of a closed , nowhere dense set whi ch is not reachab le) from

any point x0 such that the vector space dimension of the Lie algebra LA generated

by f, g and successive Lie brackets is 2 at x0. This is a generalization of the

linear theory for the system

x ( t) = Ax ( t) + u ( t)B , x ( O )  = c P2

in that the Lie bracket of Ax and B is the constant vector field AB. Hence if

AB and B are linearly i ndependent (i.e. the controllability matrix CB ,AB} has

rank 2), then the linear system is controllable.

~~~~~~~~~~- 

47 

• • ~~~~~~~~~~~~~~~~ 



C

-

~ t ;

1
12. Abstract of “Controllability of Nonlinear Hypersurface Systems” by

L.R. Hunt.

• Consider the nonlinear system

n—l
x(t) = f(x(t)) + ~ u . ( t)g 1 (x( t)) ,x ( o) = x cM

• 1=1 1 0

- 
where M is a connected real-analyti c n—dimensional manifold , f,g1 ,...,g~~1
are real-analytic Vector fields on M , and u1 ,...u,.~_1 are -real -valued Controls.

We are interested in characterizing the largest open subset U of M , if any,

which is reachable from x0 and which we call the region of reachability of

- • our system from x0. If the Lie algebra LA generated by f,g1 ,...,g~~1 and

success ive L ie brackets has vector space dimens ion n at x0, and if

are linearly i ndependent at some point in M, we find the region of

• reachability from x0. Suppose U is the smalles t open subset of M wi th x0 ciT

so that 3U contains the integra l manifolds of the Lie algebra L’A genera ted

by g1,...,g~_1 that intersect It and f assigns vectors on ~U which point in

-~ the direction of ti. Then U Is the region of reachability from for our

system . Much of the work is i nvolved in proving a simi l ar result in the more

genera l C~ case under the stronger assumption that f,g1,..,g~_1 are l inear ly

independent on the connected C~ n—dimensional manifold M.
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13. Abstract of “Controllability and Stability ” by L.R. Hunt.

Consider the system

~~ x(t)  = f ( x ( t ) )  + u( t)g ( x ( t ) ) , x ( O ) - x0 c R 2 ,

where f and g are real-analytic vector fields on P2. If this is a controlla ble
l inear system, then it is well known the system is stabl-f zable by linear feed—
back . We want to consider a similar probl em for nonlinear systems, wi th em-

phasis on bilinear systems. Sufficient conditi ons for the above system to be

controllable have been found , and imp lementation for bilin ear systems has been

- • discussed . If a bilinear system is controllable under these conditions , we
show that we can move from any pbint x0 ~ 

p2 - {(O,O)} to the origin.

C
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Texas Tech University Institute for Electronic Science

Joint Services Electronics Program Research Unit: 3 
-

1. Title of Investigation: Nonlinear Fault Analysis

2. Senior Investigator: R. Sacks Telephone: ( 806 ) 742-3528

3. JSEP Funds : $23,500

4. Other Funds : $15 ,000*

5. Total Number of Professionals: Pt’s 1 (1 mo.) RA’ s 1 (1/2 time)

6. Sunrary:

The goal of the proposed work unit is to develop computatlonally efficient

fault analysis algorithms which are compatible with the dual mode ATPG/FDS

software structure typically employed in a fault diagnosis system. We have

previously developed several such algori thms applicable to linear systems, one

of which is presently being implemented at the Naval Ocean System Center.. This

work is represented in this report by several reprints and also serves as the

f ound ation for the on-going research on nonlinear fault analysis.

We have investigated three alternati ve approaches to the nonlinear fault

anal ysis problem . These include a nonlinear state space approach , an app roac h

which employs nonlinear integral performances measures in lieu of frequency

doma i n i nforma ti on , and an approach in which an affine approximation of a linear

system Is employed . During the past year our major activity has been in the

state space area in which we have two on-going activities . Both of these assume

an augmented state model

= f(x,r) 1 .

r = O

* ONR funding for a joint program to Implement a linear fault analysis algorithm
at UOSC .
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where x is the state vector for the system and r is the vector of component

parameters which we must identify to diagnose a failure . One then measures

a subvector for x or an output process y = g(x,r) and applies some type of

system Identification process to estimate r. To this end we have investigated

‘ the possibility of employing nonlinear observers and several possible quasi-

l i nearization algorithms . The former approach was reported In a conference

paper which is reprinted in this report while the latter approach is the

subject of a Ph.D. dissertation which is in preparation .

In addition to the nonl inear state space approach to the fault analysis

problem , we have recently reopened an earlier ~investigation into the feasi-

bility of employing affine approximations to nonlinear circuits in the fault

diagnosis problem . Although the viability of such an approach is still open

to question , fault analysis by affinization appears to be the only viabler
approach to the nonlinear problem wh i ch can effectively exploit the dual mode

software structure employed in linear analog and dig it a l fault analysis. At

the present time a master ’ s thesis in which the viability of the approach

w ill be investigated is in proparation , though we do not yet have definitive

results .

7. Publications and Activities:

A. Refereed Journal Articles

1. Sen , N., and R. Saeks , “Fau l t Diagnosis for Linear Systems Via
Mu l-tigrequency Measurements ” , IEEE Trans. on Circu its and Systems ,
Vo 1 . CAS-26, pp. 457-465, (1979).

2. Chen , H.S .M., and R. Saeks , “A Search Algorithm for the Solution of -

the Multifrequency Fault Diagnosis Equations ” , IEEE Trans . on Circuits
an d Systems , Vol . CAS-26, pp. 589-594, ( 1979) .

3. Lu , K.S., and R. Saeks , “Failure Preduction for an On-Line Maintenance
System in a Po i sson Shoc k Env i ronmen t” , IEEE Trans . on Systems, Man ,
and Cybernetics , Vol . SMC-9, pp. 356-362, (1 979) .
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4. Saeks , R., “An Approach to Built-in Testing”, IEEE Trans. on -

Aerospace and Electronic Systems, Vol . AES—14, pp. 813-818,
(1978).

B. Conference Papers and Abstracts 
- 

-
-

1. Ol ivler , P.O., and R. Saeks, “Nonlinear Observers and Fault
Analys is ”, Proc. of the 22nd Midwest Symposium on Circuits and
Systems , Univ. of Penn., Philadel phia , June 1979, pp. 535—536. -

2. Ol ivler , P.D.., and R. Saeks , “On Large Nonl i near Perturbations of
Linear Systems” , Proc. of the 12th Asilomar Conf. ~n Circuits ,Systems , and Computers , Pac if ic Grove , Ca., Nov. 1978, pp. 473—477.

p 
3. Saeks, R., “CAD Oriented Measures of Testability” , Proc. of the

Industry/Joint Services Automatic Test Conference and Workshop,
NS IA , San DIego , Apri l 1978, pp. 71—72. 

- 

1

4. Saeks, R., “An Appl ication of Large-Scale Systems Techniques to
the Fault Analysis Problem”, Proc. of the 21st Midwest Symp . on
Circuits and Systems, Iowa State Univ., Ames , IA . , Aug. 1978, p.
314. 

-

C. Theses 
• 

-

-

1. Hs ieh, M., Ph.D. Dissertation , Texas Tech Univ., (in preparation).

2. Ngo , Q. D., M.S . Thes i s, Texas Tech Univ., (In preparation).

D. Con ferences and Sympos i a -
~ -!

1. -Saeks, R., 21st Midwest Symposium on Circuits-and Systems, Iowa• State Univ., Ames , Ia., Aug . 1978.

2. Saeks, R., 12th Asllomar Conf. on Circuits , Systems , and Computers ,
Pacific Grove , Ca. , Nov . 1978.
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1 . Saeks , R., “Faul t Diagnosis: The Missing Circuit Theory” , Elec.
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8. Reprint of “Fault Diagnosis for Linear Systems Via Multifrequency Measure-
ments, by N. Sen and R. Saeks from the IEEE Transactions on -

Ci rcuits and Systems, Vol . CAS—26, pp. 457—455, ( 1979).

Fault Diagnosis for Linear Systems Via
Multifrequency Measurements

NEERAJ SEN. MEMBER, IEEE, AND RICHARD SAEKS, FELLOW, IEEE

Ab,nuct—Tbe fauit dla~~~is pis~b4em (~~~. tloeer i~,stem *b.we Oiae-
- f~

. 
~~~~~ ~~~~ ~ ~~~sured eta dlzaete set of ~~~~~~~~ ~ 

f~ .

mail-wi. ~ mmaura of wi ahUity foe die ,ecui~ at equatfo~ sod a r~ 
~

~~~~~~~~~~~~~ of tsoabllky be d uwt unde teat ~ developed. Theac. In ~~n’
e ,mad ie die beats of atgorlthos for ~~u,wiog t~~~ poln~ sod t~~~ 

S

ONCE~~ UALLY, the fault analysis problem for an ~~~~~~~~~~~~~~~~~ ~~~, -
. •

analog circuit or system amounts to the measure- “
~ •

• ment of a set of externally accessible parameters of the C
. ,,,

system fro m which one desires to determine the in ternal - 

S

system parameters or equivalently locate the failed corn- Fig. I. Conceptual model of fault diagnosis problem.

Man uscript received Jul 3. 197$. reviswi .&iprii ~~. i~~~ ~~~~~~ research ponents as illustrated in Fig. 1. Here, the measurements m,

was tupported in past by &fice of Naval Research Contracts 75.C.0924 may represent data taken at distinct test points or alterna-
sod 76.C.1136. 

. • • e ent
N. Sen was .uh the Department of E1.Cn~CIJ Engwecriu. Twa . 

“
. 

CO a ixe es in er
Tech University, Lubbock. IX. He is now with the Dsiapoint Corpora- stimuli. Similarly, the r1 represent parameters charactenz-

R Saekauwith the Oepastment of Electrical Enpnceriog, Twa Tech ing the various internal system components. Here, a single
University. Lubbock. IX 79409. parameter may characterize an entire component, say a

0098.4094/79/0700-0457S00.75 -© 1979 IEEE
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j
resistance, capacitance or inductance. Alternatively, a capacitor. respectively. More generally , one may model an
component may be represented by several parameters : the op-amp by the transfer function k/ (s  —p

~)(~ ~P2) where
h parameters of a transistor , the poles and gain of an the parameter vector r now represents the three poten-
op-amp, etc. In general, one models a system component tially variable component parameters ; k.p1.p2 : or a delay
by the minimum number of parameters which will allow by ke’T, etc. Although the symbol Z is used, the ~ornpo-
the failure to be isolated up to a shop replaceable nents are not assumed to be represented by impedance
assembly (SRA) with all ‘allowed” system failures n,ani- matrices. Indeed, hybrid models are used in most of our
festing themselves in the form of some parameter change. examples. For the purpose of analysis, it is assumed that

To solve the fault diagnosis problem, one then measures all faults manifest themselves in the form of changes,
m”col (m,) and solves.a nonlinear algebraic equation possibly catastrophic, in the parameter vector r with the

in — F(r) (1) frequency characteristics of the components unchanget
Although not universal , this fault hypothesis covers the

• for r—col (r ,) to diagnose the fault. The parameters in the most commonly encountered situations and subsumes the
resultant r vector which are out of tolerance then indicate common industrial practice of assuming that all failures in
the faulty component !6J. analog circui ts and systems take the form of open and

The purpose of the present paper is to give an explicit short circuited components [ 9) .
formulation of the fault diagnosis ~quaf ions which arise in Our system components are thus characterized by a set
the maintenance of linear systems. Here, one measures the of simultaneous equations
system frequency response as observed from a specified - 

b1 —Z , (s ,r)a ,, i — l ,2, .. ,q (2)
set of externally accessible test points at a discrete set of
frequencies and it is desired to solve for a vector of where a~ and k denote the component input and output

— internal system parameters r which completely char- vectors, respectively. For notational brevity, these compo-
acterize the frequency response matrices of the individual nent equations may be combined into a single block

system components; Z,(s,r), i— l ,2,~ . . ,q. diagonal matrix equation
In the following section the explicit form for the fault b — Z(s, r)a (3)i

diagnosis equations is derived for a given set of test
frequenci es. A measure of solcobilizy [15] of these equa- where b — col (be), a col (a3, and Z(s, r) = diag (Z, (s, r)).

tions is then developed in Section III and employed w Although there are many ways to represent the connec-

Section IV in an algorithm for optimally selecting test lion in a circuit or system; say, a block diagram, linear

frequencies. The measure of solvability for the faul t an aly- graph or signal flow graph, any such representation is

sis equations, given an optimal choice of test frequencies. simply a graphical means for displaying a set of con.nec-

is then taken as a measure of testability [1], [2], [5] for the lion equa tions: Kirchboff laws, adder equations, etc. As

uni t under tes t (UUT) and is used as the basis of an such, for our component connection model we adopt a

algori thm for the optical choice of test points [3J—(5] . purely algebraic connection model in which the connec-

Finally, a number of examples are presented in Section V. lion equati ons are displayed explicitally without the inter-
mediary of some kind of graphical connection diagram.

II. Ex~ucrr Fo~~i o~ n~~ FAULT Dt..~oNosrs This takes the form
EQUATIONS - a — L 11b + L 12u

lii the case of a linear time-invariant circuit or system, y — J ~1 b + L~~u (4)
the fault diagnosis equations may be expressed in analyti-
cal form [6]. Since the fa ul t diagnosis equations deal with where u and .~

‘ represent the vectors of accessible inputs 
- 

-

the relationship between the externally measurable system and outputs which are available to the test system. In

-: parameters m and the internal component parameters r simple systems, the connection matrices L~1, are usually

we adopt a component connection model as the starting obtainable by inspection, whereas, in more complex sys.

point for he derivation of the fault diagnosis equations tems, computer codes have been developed for their de-

[7), [8]. This is one of several commonly employed large rivauon [71. Moreover , they are assured to exist in all but

scale system models in which the componen ts and con- the most pathological systems [8].

nections in a circuit or system are modeled by distinct It iS the ~,air of simultaneous matrix equations (3) and

equations, thereby permi t ting one to explicitally deal with (4) which are termed the comPonent connection model.

the relationship between the indivi dual component 
By combining (3) and (4) to eliminate the component

parameters and the composite system parameters. input and output variables a and b one may derive [6]. [7]

Since the present study is restricted to linear ~~~~~~~~~~~~~~~ 

an expression for the transfer function matrix observable

variant systems, we assume that each component is char- by the test system between the test input and output

acterized by a transfer function matrix which is dependent vectors u and y obtaining

on the potentially variable component parameters, Z1(:,r). S(s,r )=L~~+L21 ( l—Z (s ,r)L 11)~~ Z(s,r)L22 (5)

For the classical RLC components Z1(s,r) may take the where

58
form R, L.s, or 1/sC for the case of a resistor, inductor, or y— S(s,r) u. 

(6)j
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For a linear time-invariant system the transfer function tat que~tiort s rem.. in to be art~~rred : ~W7’..u test t r . ~-
S(s,r) is a comp lete description of the measurable data des should be employed to opt imize the soivabi lity oi the
about the unit under test available to the test sysicrn. equations?” and ~~~~ solvable a. ~~ . quations gi~ cn art

Moreover, being rational it is com pletely determined by optimal choice of test frequencies?” Both of these ques.
its value at a finite number of frequencies. As such, tions, in tu rn, hinge on the development of some type of
without loss of generality, we may take our measured data meana e of sotuability (IS) for the fa ult diagnosis equa-
to be of the form tiOflL

col [S(s~,r),S(s2,r),.’- ,S(s*,r)1. (7) For a set of linear equations
rn — Fr Ill)

The fault diagnosis equations then take the form
where r is an n veCtor, misaP V eCto r , andF

~~
a P b Y m

S(s~
,’) L,3+ L~(I — Z(s1,r)L1i)~~ Z(51,r)L12 matrix one may characterize the solvability of the equa-

‘ + L -‘z’ L tions in terms of the number of arbitrary parameters in its
t~3”J L,~ L21( l — Z(s2,r) 1~) t’2”) *2 (g~ 

solution (if a solution exists). As such, 8—n — rank(F) is a
“ ‘ natural measure of the solvability for (11). Here, 8—0

• implies that the equation has a unique solution, 6 —  1

S(s~,r) L,~+ L,,~(l — Z(:~,r)L11)~~Z(s~,r)L12 implies that the solution is determined up to one arbitrary
parameter and so on, with increasing values of .5 repre-

Since S(s, r) is, in general, a matrix, the fault diagnosis senu.ng decreasing degrees of solvability.
equations as derived above take the form of a matrix (ccl The fault diagnosis equations are, however, nonlinear
[S(s~,r)D valued function of a vector valued variable r. even for linear systems—hence we must resort to the
Computadonally, however, we prefer to work with a vec- implicit function theorem to obtain a measure of solvability
tor valued function of a vector valued variable and hence, [15], [16] analogous to the above (13J, Indeed, if r1 is a
we transform S(s, r) in to a column vector via solution to the fault diagnosis equations, then r1 is de-

vec t5(s ,r) ] = c01 [ S ’(s,r)]  (9) termined up to a

where S1(s,r) denotes the ith column of the matrix, S(s,r). 6(r1) n — ~~ii~ FF ~~ (r~)l (12) —

With the aid of the identity vec(XYZ] [Z’®X]VeC (YI di~ .1
(8) then txansforms into [7], (12) 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

vec ( S(s1, r)] — vec [ L ~~] + [ L~2~~~~ (l _ Z(s1, r)L 1~) ’] vec [ Z(s 1, r) j

vec ( S(sz,r)1 — vec ~L,~1+ { L~z® L2i ( l  — Z(.*2,r)L 1~Y’] vec (Z (s 2,r)]
(10) -

vec ( $(s~,r) J 
- vec [L22] + [L~2® L21(1 - Z(skr~LII) ‘ ]~ ( Z(s~,r) ]

which is the form of the fault diagnosis equations with dimensional manifold (of arbitrary parameters) in a

-
* 

which we desire to work. neighborhood of r1. Here dF/dr is the Jacobian matrix of
partial derivatives of F with respect to r. With the aid of

-
: 

II I. SOLV ABtUTY OF T1~ft FAULT DIAGsosls the matrix identity d(M - ‘)/dr — — M - ‘(dM/ dr lM - ~,EQUATIONS dF/ dr can be computed explicitly from (8) and (10)
For the fault diagnosis equations derived above to be a yielding

viable tool of circuit and system diagnosis two fundamen-

+ L11(l — Z(s1,r1)L 11) ‘Z(~1, r,)]L ,2)t ø(L~i(l — Z(s1,r,)L1j ) ((dvec Z(s 1, rj ) ] / è

dF ~ 
([ l÷ ~~ 1(l—Z( s 2,r,)L1~)~ Z(s2,r1) ] L12) ’®(L 21 (l — Z(s2,r,)L11) 1) ((ctvec Z(s2,r,)]/dr (13) 

I + L11( l — Z(sk,r/)LlI)~~Z(sk,rf)]LIs)’~~(L2l() _ Z(s~,r,)L 1J ’} [ ( d vec Z(s~,ri)]/è
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where “i” denotes matrix transposition and ~ denotes the showing that rank (P(r) ] ~~rank [P( rm)) almost e~erv-
matrix Kronecker (or tcnsor) product where. As such , rank [P(r)J is almost constant.

The difficulty wi th the implicit function theorem is that Now , to verif y that rani [ ( d fl / dr)( r1) ] is ~onsunt we
it only yields local information valid in a nei ghborhood of decompose this matrix as
a solution. Fortunatel y, however. ~ ven the special nature
of the Jacobian matrix of (13) coupled with an assumption dF P( r1)

(r ) ——— --— (17)that the component transfer function matrices Z1(s ,r) are dr ‘ d(r1)
rational in r, it is possible to show that the rank of the
Jacobian matrix is “almost constant.” This, in turn, allows where P(r,) is a polynomial matrix and d(rj )  is a nonzero
us to tr ansform the focal measure of solvability of (12) common denominator. P (~.) has almost constant rank
into a global measure of solvability. For this purpose we while d(r1) is nonzero almost everywhere and hence can
adopt the algebraic geometric definition for the term “al- effect the rank of P( r1) only on an algebraic variety (since

- - most constant;” i.e., we say that a function of rj  is almost the division of a ma trix by a nonzero scalar does not
constant if it is constant except possibly for those values of effect its rank.) As such, our Jacobian matrix has almost
r1 lying in an algebraic variety (th e solution space of a constant rank implying that
rmite set of nonzero sirnu~taneous polynomial equations in dF in variables). More generally, we say that a property holds 6(r1) n — rank [-

~a~ 
(r1) (18) -

“almost e%erywbere” or for almost all r1 in n space if it is
true for all values of r1 except possibly those lying in an
algebraic variety. Since the Lebesque measure of an alge- is also almost constan t. The proof of the theorem is

braic variety is zero, this definition for the concept ~ .i- therefore complete.
most everywhere” is consistent with the more common Given the theorem, we may now define a global measwe
measure theoretic definition and is more natural in the of solva~5iiity for the fault diagnosis equation S as the

• context of our application [143. generic value of 6(r1) ; i.e., the value 6(r1) takes on for
almost all r1. This proves to be a natural measure of

• Theorem j  solvability since it indicates the ambi guity which will
Let Z, (s , r); i—  1,2,. - ,q; be rational in r. Then o:r ) is result from an attempt to solve the fault diagnosis equa-
almost Constant. tions in a neighborhood of almost any failures. Of course,

Note, the assumption that Z. (s,r) is rational in r is quite on: requires some sort of equation solving algorithm [10].
minor being satisfied by all of the examples ~ ven m [11] to locate a neighborhood of an actual failure. The 6
Section U except for the delay (which can be approxi- parameter , however, represents a bound on the perfor-
mated by a function which is rationa l in r). In practice, mance of any such al gori th. Finally, we note that since S
the component transfer function matrices will also be is independent of r

~
, the solution of the fault diamiosis

rational in s though this is not required for the present equations , it can be computed at the time the system and

theorem since F and dF/ dr are formulated in terms of its test algorithm are developed by evaluating 6(r) at a
specific test frequencies , 

~ 1’~~2’~ 
,S~. Given our assump- randomly chosen generi c poin t, say r0. In turn , this

tion on the Z,(s,r), together with (13), ii then follows that parameter may then be employed as an aid in the choice

(dfl/(th)(rj) is also rational in ~~~
. 

of test frequencies and test poin ts.
Proof of Theorem 1: We begin by showing that an IV. TEST FREQUENCY SELECTION

arbitrary polynomial matrix in r, P(r), has almost con-
stant rank. Sirtce rank P( r) is restricted to the finite set of Adopting the measure of solvability S formulated in the
integers (0, 1, 2. - . . ,j; where j  is the minimum of the preceeding section , it remains to develop an algorithm for
number of rows and columns in P(r), there exists ~~ ,. 

choosing a set of test frequencies; 
~j’~ 2’ ~

• ,s~; which -

which maximizes the rank of P(r) m aximize the solvability of the fault diagnosis equations
(i.e., minimize 6). To this end, l~t 6~~, denote the mini-

rank (P ( r J ) )  rank ~ P ( r ) ] .  (14) mum value achieved by 6 for any set of test frequencies;
Now, the rank of a matrix is the dimension of its largest ~ i’~~ ’” - ,s~; k — 1,2,- - - , .  Since the possible values for 6
nonsingu lar square submatrix . As such, P(r) admits a are restricted to the finite set; 6— 0, 1,- ,n; such a
square submatrix M(r) ,  whose dimension is equal to the minimum is assured to exist
rank P(r ,,) and for which The following theorem gives an explicit formula for

dci M(r,,,) ,’0. (15) 
computin g 6~~ while its proof yields an algorithm for
choosing a set of test points which achieve 6~~. Since the

Now, dci [M(r)J is a po lynomial in r which is not identi - purpose of this theorem is to formulate an algorithm for
cally zero (from (15)) and hence, it is nonzero, almost choosing test fr equencies, the theorem is expressed in
everywhere. As such, terms of

rank [ P(r~) )>rank  [ P ( r ) ] ) r a n k  [ M (r ) ]  vec [S(s, r ) ]— v ec  [ L ,.~i + [ L 2]

— rank [F(r ~)] &e. (16) ® L21 (l — Z(s, r)L 11) 

— ‘] vec [ Z(s.r)  1 ( 19)

. .•

~ 

~~
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artd for all r . Then b~ apr ~~’ in~ (24) ~~~ J~~ !y f .,r ~~~
d~ec_[ S (s . r) )  4~~~~!

—  

dr 
— I + L11 ( l  — Z(s,r)L~ ) ‘Z(s~r)J L12) ’ col ( R , (sj )  — ~~ c~ col (R~(s,))  (25)

® (F _ 2 1 ( l —Z ( s.r)L 11YI) for any possible x umber or :hoice of the s~. The rank of
the matrix of (23), therefore, is less than or equal to the

{ dvec [ Z ( s ,r) ) / dr)  (20) number of linearly independent columns of R(s) over the

• vje.~ed as rational functions in s rather than ü~ ~~~~~~~~~ of field of complex numbers.
the function F(r) which is formulated in terms of an q To prove that equality can be achieved with an ap-

prior i choice of test frequencies. propriate choice of a — 6~~ complex test frequencies .r~ we -

invoke our assumption that S(s,r) is a scalar transfer
Theore.’n 2 function. Without loss of generality, we may assume that

Let Z~(s,r); i — l ,2, -~ ,q; be rational in s and r. Then R 1(s) through Re(s) are the linearly independen t entries in

r dvec [ S ( s  ‘) J R(s) over the field of complex numbers in which case we
6,~~—n— col .rank th’ 

‘ must show that there exists complex frequcncies
I. - . 1”2’ • ,s~ (k — q in this case) which make the first q

where n is the dimension of the parameter vector r and columns of the matrix of (23) linearly independent.
‘col-rank” denotes the generic number of linearly m dc- If q — 1, R~(.r) is not identically zero (since otherwise it
pendent columns of the rational matrix (dvec [S(s,r)J/drj would be linearly dependent) and bence for almost all s~,
over ‘the field of complex numbers. Moreover, 8. i~ 

R 1(s 1) ,’0. As such, the columns in this thvial one by one
achieved by almost any choice of n — 6~~ distinct complex matrix are linearly independent. With this as a starting
frequencies. point, we will use an inductive argument to show that the

Froo~ For the sake of brevity, we will prove the theo- theorem holds for all values of q. We, therefore, assume
rem only for the special case where S(s,r) is a scalar that it has been shown that for q— p there exist complex
transfer (unct ion (allowing us to drop the “vec” transfor- frequencies; sI,s2,~ ’ - ,s,; such that the matrix
mation) though essentially the same proof goes through in
the general case modulo some notational complexities ~~ 

R 1(.~ ) R1(s1) - R,(.r1)
Also. since the rank of the Jacobian matrix is almost R1(s2) R2(s2) R,(s2)
constant it suffices to fix the parameter vector r at any R.. — - (26)
generi c point. say r0. This then reduces [dvec [S(s ,r)) / drj . 

-

to a row vector of rational functions 
-

R ,(s ) R2(s )  R~(s)
R ( s) — [ R ~(s) R2 (s) • ‘-  R,, (s) J (21)

where has linearly independent columns and we desire to show

• R~(s) —[ dv e c  [ S(s,ro) J / d ,~J (22) that there exists an ~~~ such that the znathx

and our prob lem reduces to the verifica tions of the fact R 1(s1) R2 (s 1) - ‘ ‘  R~, (s ,) R .~~(s ,)
th at the number of linearly independent columns of R(s) - 

B ~~
- 

~ R ~‘ ‘~ • - -  D I \ D
over the field of complex ccalars is equal to the maximum tt~ 2/ 2t52/ ~?L 52/ ‘~ -~- i  ~ ‘

possible rank of the complex matrix

- 
- 

B(s1) R1(s1) R2(:1) R~(s1) 
R1(s~) R2 (s~) - R,(s,) R1, +1 (4)

R(s2) ~~~~~~~~ ~~~~~~~~~~~~~~~ 
‘ R~(s2) 

R 1(s) R2(s) R,(s) R~4 i(s)

: : : : (27)
I . I I

.. - has linearly independent columns for ~~~~~~ By virture
B (s)  R I (s k)  Rz(sk) , R,,(s~) of our assumption that S(s,r) is a scalar both and

R, +~(s) are square and we may test for linear indepen-
— col (R(s j)  (23) dence of the columns of B,4. i(s) by computing its de-

terminant. Expanding (27) in cofactors along its bottom

over all possible choices of the complex frequencies; row, we obtain

~~~~ -- ,s~; Ic— 1,2,.-- . Now , clearly if some column of p4.1 
-

R(s), say the nih , is dependent on the remaining columns, dci (R, + ~(:)) — ~~ (— I Y ’  ~A~• ~,, R,(s) . (28)

then
q— 

Since ~ has linearly independent columns ~~~~~~~~~
R (i) ’. ~~ ~ B (s) (24) hence , the coefficients in the summation of (28) are not all

• ~ zero and thus by the Linear independence of the R1(s) the

61
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summation is not identically zero. As such, one can - v “....,,, v‘Cchoose almost any ~~~ which will make the determinant o -I F--- •
‘ ~~~~~~~~~~~ — - —  ________

of R,.1(s,,1) nonzero thus assuring the R,,1 has Linearly -

independent columns whep its rows are evaluated at the 

R L 
Icomplex frequencies 

~ ;‘~ 2’~ ~~~~~~~~ 
The proof of the theo- 

E, E0rem is thus complete. 
• 

-

sequential algorithm for choosing test frequencies. More- I ~ INote that the proof of the theorem yields a natural

over , for the scalar case we have shown that the number 0 -

of required test frequencies is exactly n — 8,,,~ (equal to the V
column rank of the Jacobian matrix). In the general case Fig. 2. RC coupled tmplifier with inductive load. - - -where S(s ,r) is not a scalar , the number of required test
frequencies is less than or equal to n 6,.~ [ 5] . component connection model for this circuit is given by

Although the theorem implies that one can randomly
choose almost any n &,,,~, test frequencies to maximize V0 1 1 pg(s) 0 0 0 1 V1 1

the solvability of the fault diagnosis equations , (he result I I 0 I lLS  0 0 I V~ (29)does not take cognizence of numerical considerations. V~ I I o 0 1/CS 0 J i~Although no theory yet exists for choosing test points with 
• 

1R j L 0 0 0 h R  J v~ jnumerical considerations in mind, it has been our experi-
ence that the “well posedness” of the fault diagnosis 

~ 0 0~ I V0]equations is quite sensitive to the choice of test (requen-
cies [5]. In most of our experiments, we have work ed with VL 1 0 0 0~ ~ 1L

• real test frequencies to eliminate the necessity of working 0 0 0 P 0 Vc
in the complex plane. On the other han d, m is most easily V1 0 0 — o

— I. (30)measured when values of s1 on the jw axis are employed e-  1 0 0 01 i- 1jwhereas it has been suggested that test frequencies sym-
etrically spaced aroun d a circle in the complex plan e 

• 

0 1 0 0 0

might yield numeri cally “well posed” equations. 0 0 0 Ii  0
Although the measure of solvabili ty 8 for the faul t 

- 
V, 0 0 — 1 0’ 1

diagnosis equations is dependent on the choice of test
frequencies , as well as the properti es of the uni t under Taking our vector of potentiall y variable component

- - test. ~~~ is determined entirely by the UIJT; its cornpo- parameters to be r —col  (~i,L.C,R )  each with unity ri orni-
nents. connections and accessible test points; and is corn- nal value , we obta in a nominal transfer function matrix
pletely independent of the test algorithm emp loyed. As
such. 5~~ may be taken as a natural measure of zestabi lip,’ 

s( g( s)  + I )+  I

[11 for the UIJT which characterizes the degree to which s + 1
the fault  analysis equations can be solved given an opti- iI±2
ma] choice of test frequencies and solution algori thm. S(s . r) s + l  (31)
Moreover. 8~~ may be used as an aid for the optimal
selection of test points [3]—[5). To this end we may choose .~ + 1

Sa set of test points, fro m several options, so as to minimize [ ~~~~Tö~~ . Alternatively, we may attribute a cost to each input
and output test point and then choose ~i e  least cost whereas our Jacobian matrix evaluated at the nomi n al
combination of test poin ts which yield a specified ô,,~~. pa rameter values is givea by
This latter process red uces to a rather straightforward
integer programming problem and is thus rca~Iily auto- I sg( s)  sg( s) .rg (s)
mated [4) , [5). The technique is illustrated in the examples - s+ l  (s + 1) 2 (s -+ 1)2
of the following ~ecuøn. g(s) — g( s)  g ( s )  g ( s )

~
, ~~~~~~~~~~~~~~~~ dvec[S(s, r )] 

— 
s + l  s+ l  (s.i~l)

2 
(s+l)

2

dr SAn initial illustration of the theory consider the RC o 0
coupled amplifier with inductive load shown in Fig. 2. ( .t+ 1) 2 ( s +  l)
Here we will take E’~ to be the only test input but we Will S S
initially allow E0, 1L’ i~. arid V, to all be taken as test 0 0

(s + l ) 2 (5+ 1)2
outputs with the measure of testability &~~ being used to -

extract a reduced set of test outputs from these options. A (32)
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Nov . an n~~ectj on of this matri x ~ ifl r~v t !  tl~t t it h.IS ~~~~~~
- , 

. . . M~ ~~~ _ ~‘ ~~ Tr_~r-~ .-~~~~ 
- C~ .. —~~~ • . .. L ~~‘

..
four in~~pe~d~nt COlu ’ ’fls cs,.: tne fic ;t ~ of comr !~x n~ m- V.~ :-~es C - : ~~~1~J~~ ~ •~~ c~ . •
hers and hence if all four pus ib 1e outputs arc us.~d. we
will have ~~~ —0 imply ing that the fault diagnosis equa- °‘~~~~~‘~~~~

t ons have locally unique solutions. On the other hand, if £ i L 7 3
only two outputs E~ and i~ 

are measured, our modified 
- - 

& .‘ C’ i

Jacobian matrix will reduce to the first and third rows of £~ . ~~~. L~ 0

the matrix shown in (32) which has column rank 3. As • • v .
such, if we only use these two test outputs, we obtain L C i.

6 ,,~ — I and hence the solution to the faul t diagnosis tL ’ 7L ’ ~.

equations will be characterized by a single arbitrary ‘vi, t~ , L~
parameter.

In this latter case, with only E~ and Ic taken as test at.
outputs. Theorem 2 implies that dF/ dr will have rank 3 ~r .  L~
for almost any choice of 3— n — 6~~ test frequencies. 

• 
,, 2

• , 
Choosing s, — l , s,— 2, and s3~~3, we obtain

- 2

g(1)/2 0 g (1) / 4 g(l)/4 
• ~.

0 0 1/4 —1/4 O C  
2Lc , L

• dF 1 
,~ 2g(2)/3 0 2g(2)/9 2g(2)/9 

~~~~ 5 2
0 0 2/9 —2/9 ‘ /

2
3g(3)/4 0 3g(3)/l6 3g(3)/I6 -

0 0 - 3/16 —3/16 
- ~c 2

v 3
which has three linearly independent columns as long as
g(1),”O. g(2) ,”O, and g(3),”O. Indeed, in this example ,

• any two of the three frequencies would have sufficed to 
-

yield three linearly independent columns. Note, for scalar ___________
transfer fun ctions, .Theorem 2 implies that n —
frequencies are actually required but for matrix transfer R R cfunctions fewer frequencies may suffice. C1 2

Of course, for the circuit of Fig. 2, we have a choice of p’ II
some 15 combinations of the four outputs with which we j 1
may choose to work for the dia~~osis of the circuit. The v. ~> J_ R, V,
resultant 3,~~’s for the various combinations of outputs R~ ~ R• 1C•
are given in Table I (5]. 1 I

Finally, with the aid of Table I, one may readily de- 
~~~~~ . 3. O~~ st~~ tr..nsutor amplifi~ .

velop a test point selection algorithm for our circuit [4],
[5]. For instance, if we desire to find the smallest set of
outputs which yield a 8,~~ < I an inspection of the table C1 CM C2
will reveal that E0 and 

~L’ and i~, or E 0 and i~ are the I
optimal choices. Of course, if one attributes a cost to the 

~ j
- : various outputs (determ ined by the convenience of V1, 

T •• rn”
making the required measurements), then we may further — 

R A V
distinguish between these three possibilities. For instance. ~ R, Rb I S

if voltage measurements are deemed to be easier than 
~ Ic

curren t measurem en ts, the combination of 1L and tc may 
~ T

be excluded with the decision between the remaining two I I _____options being dependent on whether it is easier to —

measure the circuit’s input current (‘a) or its load current Fs$ 4. Amp Wie , equivalent clrcua t.

(‘i).
As a second example, consider the one stage transistor R, itt the component connection model of (34) and (35).

amplifier shown in Fig. 3 with the ac equivalent circuit of Taking all of the component parameters as potentially
Fig. 4. Since it is clearly impossible to distinguish between faulty, r becomes a 12 vector composed of C,,r,,- - .

failures in the two parallel bias resistors, R , and R~, these and as before, we take all parameters to have the nominal
two resistors have been combined into the single resistor , value of uni ty .

-. • .— --~~~~~~ - - f--— ~~~~~~~~~~ - — — - - —~~~ — — —- 

~~~~~~~~~~~~ i



tzu i ~~s.~cno.i 0’. ciact rrs sysri~ s. ~uc. ct.s.26. sci. 7. ,w •. 1

0 0 0 0 0 I 1 0 1 0 1 i ’ O  Va.,
1, 0 0 0 0 0 0 1 0 1 0 1 Ii  0 1’,
1, 0 0 0 0 0 0 I — l  1 — I  0 0 0 V,

0 0 0 0 0 0 0 0 0  1 1  1 ’ 0 V ~
- Ic. 0 0 0 0 0 0 0 0 0  O O I O V c,

• - V,, — l  0 0 0~~~ 0 0 0 0 0 0 ” 0  0’ 1
V,, — l  — I  — 1  0 0 0 0 0 0 0 0 Oi I I,~, -

vç 0 0 1 0 0 0 0 0 0  o o o : o i ~~. (34
— 1 — I  — l  0 0 0 0 0 0 0 0 0’ 1 I~, 

-

V,5 0 0 1 — 1  0 0 0 0 0  0 0 0 0 1 ,,
v, — I  — I  0 — I  0 0 0 0 0 0 0 o~ i
V,

~ 
—1 —1 0 — I  — l  0 0 0 0 0 0 0:

V0 — l  —1 0 — 1  —1 0 0 0 0 0 0 Oi 1 V
- , I~ 0 0 0 0 0 1 1 0 1  0 1 1 1 0

V,, — I .  0 0 0 0 0 0 0 0 0 0 0’ 1
1, 0 0 0 0 0 0 1 . 0 1 0 0 0 0 .

Once again we let the input voltage be the only test input for the system and we take V0, la,, V,,. and 4, to be
possible output test points. The resultant ö~~ for each of the 15 possible combinations of these output terminals is
tabulated in Table II (5].

. V~ 1/C 1: -

- I,

1~,

1/ C ~s 
- 

- -

• V~ I / C ~s Ic,

— - 

l / R ~ 
l/ R ~ 

-

4,, Cr3

C~s V~
i,. g0, 0 V,

I/ R e
h/R L

- 

From the table it is apparent that no single test output generation (ATPG) algorithm for linear systems [4), [5).
suffices to yield a 8,~~ — 0 (perfect testability) though Indeed, such an al2orithm could be readily combined with
ô,~~ — 0 can be achiev ed using two test outputs ; V0 and I~, the same computer-aided design (CAD) algorithm used in
or V0 and 4. the system desi~~i process [9). Given the component con

nection equations such an algorithm could be employed to
t Vi. COSCUJSIONS au tomatically (or interactively) choose test points and tes t

Our purpose in the preceeding has been to formulate an frcquenci es and generate the required set of faul t dia~~io..
analytic theory in support of the intuitive art usually sis equations. These could then be stored on tape and
assctc~ated wtth the destgri of a test algorithm. With the suppli ed to the automatic test equipment (ATE) in which

f aid of the techniques developed above, we believe that it a faulty system would be tested and the fa ult diagnosu
will be possible to develop an autornaied test program qua~ons snive~ 4
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9. Reprint of ulA Search Algorithm for the Solution of the Multi frequency
Fault Diagnosis Equations ” by H ,S.M. Chen and R. Saek3 from the
IEEE Transactions on Circuits and Systems, Vol . CAS—26, pp.
589—594, (1979). -

A Search Algori thm for the Solution of the
Multlfrequency Fault Diagnosis Equations

H. S. M. CHEN AI4D RICHARD SAEICS

Abstract—A sear ch algorithm for the anhnloa of the fault diagnosis
Sqosdoas aching In linear dma invariant analog drcuits and systeam is
presented. By exp loltadoa of Hoasd,older~s formula an efficient algorithm
whose aimputadonal comp Ie~dty Is a funcdo. of the number of system
failures rather thats the number of system aimpooenes Is obtained.

I. IwrRoovc-TloH
Conceptually, the fault analysis problem for an analog circuit

or system amounts to the measurement of a set of externally
• accessible parameters of the system from which one desires to

deter-inane the internal system parameters. To solve the fault
diagnosis problem, one then measures a vector of external
parameters, m — col (n ) , and solves a nonlinear algebraic equa-
lion

m—F (r)  (1)
for a vector of internal system parameters, r—c ol (rj, to di.
agnose the fault. For linear time-invariant systems the function
F can be expressed analytically (141. More generally, in the
nonlinear case, one can evaluate Ff r) for any given parameter
vector , with a simulator , and thus solve (I) numerically, even
though F has no analytic expression.

Although one does not usually formulate the fault diagnosis
problem in terms of the above described equation solving nota-
tion. this formulation is equivalent to the classical fault simula-
tion concep t (9J. Indeed, faul t simulation is simply a search
algorithm for solving (I). Here, one precomputes .‘* ‘—fiF) for
each allowable’ faulty parameter vector F and then compares the
measured in with the simulated ‘a’s, stored in a fault dictionary,
to solve (1).

Manuecript received June I. l97a; revised Apt-il 20. l97~ This work was
supported i& part by the Join t Services Electronics Program at Teas, Tech
University under ONR Contract 76.C-i 136.
H. S. M. Oien is with the Nauoaal Semiconductor Corporation. Santa

Os,,, CA on leave from the Department of Electrical Eiipneenag. Team
Tech Uaavecsuy~ Lubbock, TX 79409~ft. Seeks ii vith the Departmetsl of Electrical Engineering, Tew Tech
University. Lubbock, TX 79409~‘By allowable fault, we mean all possible p meter vectors ~ WhICh satisfy
a Specified set of fault hypotheses. These typically restrict the essaimum
number of component parameters which are simultaneously out of tolerance
slid the type of (,ilur, (open circuit, short circuit, small chan ge. etc.).

0098—*094/79/0700.0589S00.75 01979 IEEE

67 

~~ -—“ --- -~ ~~~~~



¶
~

_

~ 

- - - -  --

~

-

~~~~~

-- —

~~~~~~~ 

— - -- -

~~~

----—- -- --

~~~~~~

-—— - w-~~ — -- -~~--~~~~~~~~~~~~~ -- --- — -
~~

-
~~
-

~~~
-- -

~
--— -- -

~~~
--.-- - 

~~~
_ _ _ _ __

T~~
----- ——

~~

lZhf TL&J’$ACflOSS O~ Q*C’..’TTS A~~~ SYSTEMS. VOL. CAS-26. NO. 7. ,vt,v l979~

Although the above described approach to faul t ~imuIation in the context of the fault diagnosis problem. one can reasonably
has been successful 2 when app lied to di gnaJ system. there is assume that relat ively few component pararreters have failed. As
considerable question surrounding ita app !ic~bility to analog such, eve n though it is not valid to assume that r — r0 (the -

circuits and systems [1]. The problem here is two fold. First, deviation o f t  from nruminal) is small in norm, it is reasonable to
rather than simply tailing a.s a one or zero, an analog parameter assume that it is small in “rank.” The purpose of the present
has a continuum of possible failures. Second, unlike a digital paper is to formulate a search algori thm for the solution of the ‘

system wl erein a component is ‘either good or bad, in an analog fault diagnosis equa tions which exploi ts such an assumption.
system, a component parameter ~ ei ther in tolerance or out of In the remainder of the introduction, the expli cit form for the
tolera nce. As such, for each hypothesized failure, it may prove fault diagnosis equations arising in linear Lime-invariant circuits -

necessary to do an entire family of Monte Carlo simulations in and systems derived in 131 and [14] is reviewed. Householder’s
which the values of the good components are randomly chosen formula [ 4] is then used to exp loit the special form of these
wi thin their tolerance limi ts. Although, at the present time we equations in combination with an assumption that r differs from-)
have insufficient practical experience to determine the precise ,° in relatively few coordinants to form ulate a search algori thm
number of faul t simulations required for analog fault diagnosis, for the solution of the fault diagnosis equations in which the
it is estimated that the number of simulations required for an computational com plexity of the simulation process is a function
analog system wili exceed the number of simulations required of the number of the failures rather than the number of compo-
for a digital system of similar complexity by a factor ranging nents . This algori thm is based o~ a similar algorithm suggested
between two and six order of magnitude (1). As such, the fault by Temes [ 5)  for “simula tion before test” and a large-change
sim ulation concept which has proven to be so successful for a sensitivity algorithm first given by L.eurig and Spence [6]. Fi-
digital system may not be applicable in the analog case. nally, examples of the application of the algorithm are presented

As an alternative to fault simulation, one may adopt one of and a study of the robustness of the algorithm to deviations of 
-

the more classical equation solvu~: algori thms for the solution of the “good” components from their nominal values is presented
(1) (2), (3]. Here, one first measures in and on the basis of this (7). —

measurement, makes an initial guess r° (usually taken to be In the case of a linear time-invariant circuit or system, the
nominal parameter vector) at the solution of the equations. One fault diagnosis equations may be expressed explicitly in analyti-
then evaluates m°— F (r°) and compares it with m. If m0 — m , r° cal form [3). 1141. Indeed, it is the explicit nature of this form

S is the solution to the fault diagnosis equation. If not, one makes which makes our simplifi ed solution algori thm possible. Using a
a new “educated” guess at the solution ,~ (usually based on the “component connection model” as the starting point for the

deviation between in and m0) and repeats the process by eval uat- derivation of the fault diagnosis equations [8). The system com-
ing rn~ — Ffr1) and comparing it with m. Hopefully, sequence of ponents are characterized by a set of simul taneous equations
component parameter vectors r 1 and simulated data vectors,
m’— F(r’), is obtained which “quickly” converges to r and m, ~~~~~~~~~~~~ i — 1 ,2,~ ..,,~ 

- 

(2)
respectively. Since the evaluation of F (r’) is essentially equiv- where a1 and b~ denote the component input and output vectors,
alent to the simulation of the system with the faulty parameter respectively, r is our vector of internal system parameters which
values r ’ this technique is really another form of faul t simula- characterizes the “fault state” of the various components, and S
tion. In this case, however, one simulates the system after the is the complex f requency variable. For notational brevity, these
data vector has been measured and uses this data to make an component equations are combined into a single block diagonal -

educated guess at a (hopefuUy) small ~uinber of parameter matrix equation
vectors at which the system should be simulated. As such, the

b—Z(s,r)e (3)
approach has been termed simulation after test [1) to distinguish
it from the classical approach wherein all simulation is done where b—co l (be), a— col (aJ . and Z(,r,r) — diag (Z, (s, r)).
be•f ore test [1~. The connection equations for the model take the form

At the time of this writing, both approaches are under study
(1), neither of which have been shown to be superior. Fault a~~L,,b~I~L12u
“simula tion after test” requires that one include an efficient Y — L21b + L.,~u (4)

stmulator in the ATE i tself , which can be used for on-line where u and y represent the vectors of accessible test inputs and
computation of m ’ — F~~) alter the.UUT has been mea.~ured. On
the other han d, simulation after test eliminates the requirement o ’u s which are available to the test syslem . By combining (3)

of searchin g a large fault dictionary for the (approximate) data 
and (4) to eliminate the component input and output variables a
and b, one may derive [3). [8), (14) an expression for the transfer 

-matches required by “simulation before test.” in addi tion, the function matrix observable by the test system between the test
complex ATPO requirement for “simulation before test” is
eliminated. 

input and output vectors u andy obtaining

To make “sim ulation after test” feasible, however, an efficient S(s,r) — + L~ ( I — Z(s, r)L , ~) 
— Z(s, r) L12 (5) 

-

equation solving algori thm is required to obtain convergence of where
the r sequence in a reasonable amoun t of tIme. Moreover, since
“r eal world” fail ures in analog circuits and systems often take y S(s,r)u. (6)
the Form of open and short circuited components or large Fc~r a linear time-invariant system the transfer function S(s,r)
parameter deviations from nominal the classical perturbational is ~ complete description of the measurable data about the UUT -

algori thms a La Newt on—P .aphson are inapplicable. Fortur .ately . available to the test system. 1~loreo~’er , being rational it is
completely determi n ed by its value at a finite nw~ber at
f requencies. As such, without loss of geneTality ~ e may take our -

Most industri al users of AtE ot’tasn saw! sctos~ fault detecijo, in diptai vector of mes.sured data to be of the form
curc’.uu via fault simulation techniques bus req uire guid.d probe iscbniquei in -

addi tion to the fauJi diciu~narv data for maul s diagnosis (iaolauou). m — col [ S(i1, r), S(s3~r), - ‘ . ,S(s~, r)3. (7) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘
~ ‘ -~, of ~~~~~~~~~~ r.?~--- .

S(s 5, ,)1

~ 
S(s~,,) I (I — Z(~ ,r)L ,1Y’ [~ — (I - Z(i~,r~)L t1) 

-

0 J
m —  :

.(l+L~i(l_z(si.r0)Li 1[:~~~1:~~] ) ’ Lfi
]

L,~+L~ (I— Z (s 1,r)L ,1 )~~Z (s~,r )L 12 1 .(l—z(.~,,°)L11y ’. (13)
L,~+L 1( 1—Z( :,.,,’)L1~ )~~ Z(sa,r ) L 1z —

- 
Although quite complex, the only major matrix computation .

- required for the inversion of (I — Z(s1.r)L~a) via 13 is the inver-
- sloe of the p X p  matrix in parentheses. As such, as long as the

~~~ + ~~ (1— Z(s~,,)L~1 )~~ Z ~~~ )L 12 J number of faulty parameter values remains small, (13) rcpr~~en ts
an extremely efficient means of cartyütg out a large number of

~ 1(r).  (8) fault simulations with relatively little computational capaci ty.
In the present context we will assume that ~~~~~~ - ‘,,j represent Although Tenses originally suggested the technique in the con-
sufficien tly many frequencies to permit the faul t diagnosis equa- text of a “simulation before test” algorithm, the above applica-
tions to be solved, Indeed, algorithms for determining such a ~~ 

tion of Householder’s formula is ideally suited for “simulation
of frequencies when they exist are given in (I0J— [l2) , and (141. after test,” wherein, it reduces the computational requirements
The problem at hand is the developmen t of an efficient algo- for the simulation process to well within the capabilities of the
rithm for the solution of these fault diagnosis equations, min icomputers usually found in modern ATE.

Although Householder’s formula yields an efficient means for
II. Housastot.oea’s Poa~ut.x ~~~~ ~~ Se~acn solving the fault diagnosis equations once the faulty parameters

ALGoftrr o~i have been determined, it remains to locate the set of faulty

Given the explicit form of fault diagnosis equations of (8), it ~ 
para.rnetet-s. Fortunately, the efficiency of the solution algori thm

S apparent that the vast majority of the computation required for based on Householder’s formula is such that one can Justify a
the sim ulation of F (r) , either before or after test, is the inversion search through “air allowable sets of faulty parameters to locate

of the family of mainces; ( I— Z(r~,r)L 15), 1— 1,2,’. ‘,k For- the actual failures. Indeed, if we denote the “reduced fault

tunately, given the assumption that rela tively few components diagnosis equations” in which all component values are as- 
-

have failed, i.e., that r differs from its nominal value ,~ in only a sumed to be nominal except for q specified parameters;

small num ber of coordinetus, Householder’s formula (4) may be u~ ’~~”’’ .‘~~ ,; by ~~~~~~~~~ then the equation

invoked to compute (I — Z(s1, r)L,11” in terms of (I — ,,
~ — ~~~~~ I(q)(’ (I)S’(2), ’ .. ,p~~)  (14)

Z(s,,,°)L ,1)’ ’ together with the inversion of a small dimensional
matrix. More precisely, if A , B, C, and 0 are ~ven matrices ~ will have a solution if and only if the faulty parameter values are
dimension n X n , FT X n, aX,, an d px n , respectively, where among the ~~~~~~ - - ,r,~ . As such. if one actempts to solve

A — B + CD (9) (14) for each allowable family of faulty parameters, the actual
• then fault will be indicated by the existence of a solution to the

equation.
A [ l _ B C (I + D B tc) _ i D J B _ i . (10) Although such a search algorithm might at first seem to be

As such, once B -! is known, one may compute the inverse of highly inefficit-at, when one observes that with the aide of
the a X a mnatnx A in terms of B -‘ and the inverse of the p ~~ 

Householder ’s formula, the evaluation of ~~~~~~ .,~~~~ 
reqwres

matrix (I + 08 ~~C). This technique has been used effectively only the inversion ofpXp (p~~q) matrix it is seen that this is not
for large change sensitivity analysis (6) and has recently been the case. Moreover, if one searches for the most likely Failures
suggested by Tenses for application to Faul t simulation pJ. ~rnis ~~~ relativel y few equations need be solved in practice. In
is achieved by exp lot ung the block diagonal character of Z(s ,r) . actual implementa tion in a “simulation after test” algorithm. one

• Thus if r differs from r~ in q coordinents Z(s,,) will differ f rom can readily search through all possible combinations of one, two,
Z(s, re’) only in he p x p block composed of components which or three simultaneous failures, and com.snonly encountered corn-
are effected by the Faulty parameters.3 If the rows and columns binations of larger numbers ol failures, thus locating the far
of Z(s, r) are reordered so that this block appears in the upper majority of failures in a reasonable amount of ATE time.
left corner of Z(s ,r) then, An alternative formulation of the search algorithm which

~, : 
~~ -i • - - alleviates the numerical dj fficulti~s associated with the attempt

Z(s1r)1_ Z(s~.
P°)+{-61-~’j 

(11) to solve a set of equations which may not have a solution (as is
the case whenever one attempts to solve (14) with the wrong

where ~ is p x p and Z(s ,r) is a X  ~~ . We then have choice of faulty parameters) is to employ an optimization algo-
rithm, rather than an equa tions solver, to vninimi,e

‘1 ]Lfi (12)

where L(’1 denotes the upper (alter reordering) ~ rows of L11. 11m— F~I~4s ~~~~~~~~~~~ ‘‘  ,r~(~))~l2. (15)

- 
Since (15) has a zero minimum if and only if (14) has a solution

‘Hers, p ii the iwn of he djmqrs~,oqss of all 5h blockS of Z(s.r) ~~ 
a search through the minimization of (15) for all allowable sets

depeadeit i on he q ccordine,ii~ in ~~hicN r di1f~~ 
from ,~~. Typically. ~~ 

of faulty parameters will ai~o locate the faulty parameters (m di-
~ stb iM e*SCt fTtsUOflSlUp depen4~~g the block ~~~~~~. cared by a zero minimum),
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Examp les - 

- V1 Rb J’—i c 
v0

• As a &st examp le, consider the LC rmlter shown in Fig. I for RI 
~~ 

-

which the component connection model takes the form - _______________________________

~ vs~ o o o ~ - 
Fl; 2. One u sgs transistor amplifier.

• 
— 

0 1/5L1 0 0 Vu ‘16’ 
- h0 0 1/S~2 0 c2 ‘ / 

CI C
~ C?

‘L2 ,~ 
0 0 0 l/S~ V~ ~~~~~~~~~~ • ‘~‘~~s. + “_

~ 

I t—,
• - v’ ~ r, J,~~ •p~~g,~1 ~

1D
and C ~~~~~~ X~)V0 Rs’R a ll  ~ r I R~ ~L V0

~cl — l  —1 0 0’ 1 — j  CI — — —

V~ 1 0 — l  o 1L1 R,~ 1~.
~~~~0 I O l l O V a .  (17) ‘lV,,~ 0 0 1 I I  0 f,1 Fig. 3. Amplifier equivalent circuIt.

-

~~~~~~ ~~:-~ ~
:-
~

‘ -i>;-
Since we assume that the source and load resistors are external TABLE I
to the filter and do not fail they have been imbedded into the 

-— 

FAULT A~~zxszs Foa LC Fu.-rea
connec tion equa tions and th us do not appear expli citly as corn- 

~~~~~~~~~~~~ ~~. ~~,ponen ts. The filter components are assumed to have the nominal ______________________________________________ - -

values ~~~~~~~~ ~~~~~~

C1 —1 0 L~— 20 C2 —30 and L2 —40 (18) L.~~’ /_ f~:1 t~2iXt0~~ i.3tcL0 ~a 9 46,sLO’4 ~~~~~
and it is assumed that no more than one componen t fails at a ~~~ ~~~~~~~~~~~~ -tizue (though the failure may be catastrophic). Our ‘simulation ~~~~~~~ 

30,~~ ~ I7 !i.S~after test” fa ul t diagnosis algori thm then requires that we mini-
mize J 1(Cj, 12(L 1), J 3(C2) , and J 4(L~J . The performance 

- -

measure with zero minimum then represents the failed compo-
nent wi th the minimitin g value for that performance measure c1 C:
represen ting the value of the failed component. All other compo-
neat values must then be nominal (since it is assumed that only ~~~~~~~~~ - , 

10
one comooneni fails). Note that the minimizing value for the ~~ -“-~~ ‘~~ V&.~~~ ~~~~ ~.5ixifl 2.:~lxio~~ ’ 2. I2aLC ~~~~~~ -nonzero f ’s does not correspond with the correct component -.... ,

~ ~~~~~~~~~~~~~values for those components. zs.7s CI.! 12.1
This filter was simulated with each of its four components out —_____________________________________________

of tolerance (by as much as 100 percen t) with the search algo 

-

_________________________________________________rith m being app lied to the simulated data. Since only one 
~~~~~~~~~~~~ ~~, 

- I..pardmeter s assumed to fail at a time and Z(j ,r) is diagonal -

each of the tour required minimizations was carried out by ~~~~~~~~

purely scaler operations using a Golden Section search. In all L.a io 20 so CC

four cases the fault was correctly located with the faulty parasite- •
~~~~~“~~ ~•l•~ ~ 7

~ 25 ~~~S 2.~~ iO ~ 4 uLO~~ 6.17a&D’4 itar value being determined “exactly.” The resultant data is ~~~~~~~ ____

summ arized in Table I. Note: in each case the minim um value “~~~~~ ~°‘ SC $4.Oi

for J~ for the faulty component is at least three orders of
magnitude lower than the minimum value / , for ~.ny nonfaulty _________________________________________________
component. Ac such, the failure is easily located and one can C,
expec t the algori thm to remain viable in the face of numerical _________________________________________________
and or approximation error. to 20 45As a more sophisticated example, consider the one stage .., - -

.

transistor arnpWier of Fig. 2 and u s  wide band equivalent circuit r’~~ -~~ 
‘L.a -~~~ 2.5i.S~C 4.P~~~ 4 .Liat: ~.34zI~:

shown in Fig. 3. Note that the parallel resistors R and R~ ~~~~~~~ - - - - - - -appearing in this model have been lumped together into a single ‘--~ -‘“ a ’-— --

resistance R, since it is clearly impossible to disti nguish between
failures in these two componen ts from extern al measurements.
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V~ I I/c .3 0 0 0 0 0 0 0 0 0 0 0 
- 

l,~
I ., 0 r, 0 0 0 0 0 Q 0 0  0 0

0 0 ,, 0 0 0 0 0 0 0 0 0 I,,
- V~, 0 0 0 I/c1, 0 0 0 0 0 0 0 0 4,,

V,2 0 0 0  0 l/C~ 0 0 0 0 0  0 0 14~
0 0 0  0 0 l/R5 0 0 0 0  0 0 V~

• 1~, 
— 0 0 0 0 0 0 l/R, 0 0 0 0 0 Vi,, (19)

I,, 0 0 0 0 0 0 0 C,~ 0 0 0 0 V~,
0 0 0 0 0 0 0 0 C,5 0 0 — 0 Vs,, 

-

• 1,,, 0 0 0  0 0 0 0 :. 0 0  0 0 Vp.
0 0 0  0 0 0 0 0 0 O l/R 5 0 V~.
0 0 0  0 0 0 0 0 0 0  0 l/R ~~~Van

and

0 0 0 0 0 1 1  0 . 1  O L 1 ’ O V d
0 0 0 0 0 0 1  0 3  0 l I : o V ,,
0 0 0 0 0 0 1 — I l — 1 0 0 1 0 V ,,

4,, 0 0 0 0 0 0 0  0 0  1 1  l i O V s,
0 0 0 0 0 0 0  0 0  0 0 l ’ 0 P ~

V,~ 1 0 0 0 0 0 0  0 0  0 0 0 l 1 ’ ar
V~1 — — l  — l  — l  0 0 0 0 0 0 0 0 0~ I (20)

- Vs, 0 0 1 0 0 0 0  0 0  0 0 0 1 0 1 .,
— 1 — 1 —l 0 0 0 0 0 0 0 0 0~ 1 I

0 0 I — l  0 0 0 0 0 0 0 0
Va~ 

—1 —1 0 — 1  0 0 0  0 0  0 0 0 , l I ~
V,,, —1 —I 0 — 1 — 1 0 0  0 0  ° ° ° ~~~‘‘RL -

- ïç- i:r o~
_
~~~i o  

~~~~~ ~~o ar r -
~~~~~

The component and connection equations for this circuit are rithm for fault diagnosis was applied to the transistor amplifier
given by. (19) and (20) and the nominal values for the component using simulated measurements in which one component was out

• - parameters are taken to be of tolerance (taken to be 10 percent) and the remaining cOmnpO-
C~~ 20 r1..l0 r,—40 C —2 5 c2 —20 ~~~75 nent parameters were in toleraoce but not equal to their nominal - 

-~

R, —30 C, — 35 C, — 10 ~~ —10 R. — 10 R —20 va~ue~ [71. Of course, the nominal values are used to deflne the F,
- since the actual value of the good components is unknown. Not

(21) surprisingly, this results in some ambiguity in the diagnosis
As before, it was assumed that no more than one component process since J (,~) can never be reduced exactly to zero. As
failed and J , (r~)  was miriimi,ed for each of the 12 component such, our simulation yielded good though not perfect results. in

- 
- parameters. Once again the failure was clearly located by the particular, the algorithm correctly located the fault in 71 percent
• - smallest minima with accurate determinatiun of the faulty of the trials with an ambiguity soup of one in 50 percent of

parameter value, Indeed, in each case, the minimum value of these cases and ambiguity soups of two, three, and four in the

J~(r~) for the faulty 
parameter value is at least five orders of remaining cases. Since oil of the goo l components in this simu-

magni tude less than the minim2 for the refli lilting J ~Q~). As such, lation were taken to be at the limits of their tolerance interval,
them-c is no ambigui ty whatsoever in the determination of the these results actually represent a worst case situa tion. As such,
faulty component and its value even though the component we believe that the search algorithm will yield significantly better
param eters have been allowed 10 deviate from their nominal results in a “real world” situation, wherein most of the compo’
values by as much as 500 percent. ~

. - - nenla will have near nominal values with relatively few of the - -

good component parameters lying near their tolerance liznit.s.
Robustness -

Unlike the case of fault diagnosis in a digital system wbcrei~ a Hybrf d Algorithms
component is unambiguouslY good or bad. lfl an analog arc t Although the teTminolo~ r has only recently been formulated
or system, a component par ameter is either in tolerance Of Out of (II. most of the algorithms which have been proposed over the
tolerance. As such, any fault diagnosis a.lgonthm which makes Years for the solution of the fault analysis problem in analog
use of the nominal component parameters must be tested for CIrCUI tS and systems can naturally be categorized as either
robustness, Li,, bow effec tive is the algorithm at ocaung the ismulation before test” or “simulation alter test” algorithms [91.
faul ty component(s) when the goad ComP00c~~ &Zt flOt PT . Although the preceding development has been presented in the
cisely equal to their nominal valuer- As SUCh~ our go- context of a simulauon after test” algonthm, many of the
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techniqu es. such as the application of Householder’s form ula [ 5]  and systems These techni ques ha .e proven to be effective in the
are also app licable to “simulation before test” algori th ms, in- situation where all good component parameters are “near”
deed, the tech niques arc ideally suited to $ hybr i d algorithm. nominal and give promise of suffic ient robustness to cope wi th
Here, one would emp loy a two-pass diagnostic algorithm the “real world” situation , in which the good componen t param.
wherein the measured da ta vector m is first compared wi th eiers arc in tolerance though not nominal.

- presimulated data stored in a fault dictionary. If the fault is so Although the presentation has been formulated in the context
located, the diagnosis process is terminated. If the fault is not of a “simulation after lest ” algorithm, the techniques presented

- 
- located among those which have ‘been presiniulated and stored are also applicable to “simulation before test” and hybrid algo-

in the fault dic(ionaiy, the hybrid algorithm will then revert to a ri thrns. - . - 
- -

“simulation after test” mode until a sequence of parameter
- 

- vectors ~ and simulated da ta vectors n~ have been computed REYEP.rNC!s
- - which converge to the solution of the faul t diagnosis equations. (lJ Repoil of the induatzy-jotni services automatic test task force,” San

Diego. Apr.. 1977. -

At the same time the resul ts of each of these “after test” (21 P.. Sacks, S. P. Singh, and P.. W. I..iu. “Fault isolation via co~
.
~ponents

si.nulations are stored in the faul t dictionary for use in future simulation,” IEEE T,oiu. Cirews Theo ’y. vol. CT.l,. pp 634-640,

applica tions of the test algorithm. As such , a fault dictionary is 1972.
(31 M. N. R.anso~ and P.. Sacks, A funcuonal approach to (sui t analysis

slowly built up which includes simulations of those failures to linear systems,” in Rational Foists A,selvsu. Eda. ft. Sacks and S. P.
which are most commonly encountered in actual practice. Such Libcriy. Eda. New York: Marcel Dekkcr. 1977. pp. 124-134.

(4) A. S. Householde r A survey of some closed methods (cc ioverucga hybrid algori thm would seem to achieve the best of both in au’,ccs’ , SIAM I. .4ppL Math.. voL 5. pp. 135-169. 1957.
worlds. Common faults would be found quickly on the first pass, (5) a. C. Temes. “Efficient methods for fault sunulauon, Proc. 20th
yet the system would still have the “simulation after test” algo- Midwest Syir ie. Circuits S.is~ Texas Tach Uasv., pp~ 191-194. Aug.1977.nthm upon which to fall back when encountering a new failure (6) K. H. Laung and P.. Spence, Mutiiparametct large-change sensitivity
mode. Moreover, ATPG requirements would be gi-eatly reduced analysis and systematic explora tion,” IEEE T’aiu. Circuits Syst.. vol.

with only the most common faul ts (say open and short circuits, CAS42, pp. 796-804. 1973.
(7) H. S. M., Chen M.S. thesis, Texas Tech Universirv. Lubbock, TX, 1977.

single failures, etc.), being presimulated and the remainder of the L~1 ~~.. Seeks and ft. S DeCarlo, Interconnected ~ wic,nicai Systems. New
fault dictionary being adaptively generated by the “simulation York: Marcel Dckkem-, 1979.

after test” algorithm as new fault modes are encountered. Such a (9j R. Sacka and S. P. Liberty. Rational Fouls Ana~nns. New York:
Marcel Dekker, 1977.

hybrid scheme alleviates the necessity of determining the fault (tO) N. Sen. MS. thesis, Texas Tech University. Lubbock. TX., 1977.
modes of a system in advance, as required for “simulation before Ill) N. Sen and ft. Saek.z. A mea.sure of testability and its application to

test point selection — Computation”. Proc. A UTOTESTCON ‘77,
test” while simultaneously eliminating the duplicate simulations (Hyanni s, MA) pp. 212-2 19. Nov. 1971.

- 
- of common faults required for “simulation after test.” (12) —. A measure of testability and its application to test point selac. —

tion—Theory”. Proc. 20th Midwest .7ymp Circuits Syst., Texas Tech

Ifl. CONCLUSIONS Univ., Lubbock. TX, pp. 376-583, Aug. 1977. -

(13J H. Trauboth and N. Prasad, “MARSYAS—A Software package for
Our purpose in the preceding has been the formulation of a di gital simulation of physical systems,” Pr oc. Spg. lasso Conç. ConJ ,

pp. 223—235. 1970.class of techniques which we believe can serve as the basis of an (1 4) N. 5e~ and ft. Seeks, “Fault diagnosis for linear systems via muld-

- 
- effective algorithm for fault diagnosis in linear analog circuits frequency meuwcmeAts. this issue, pp. 457—465.
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10. ~eprint of “Failure Prediction for an On—L ine Maintenance System in a
Poisson Shock Environment” by K.S. Lu and R. Saeks from IEEETransactions on Systems, Man , and Cybernetics , Vol . SMC-9,
pp. 356-362, (1979).

Failure Prediction for an On-Une Maintenance
System in a Poisson Shock Environment

K. S~ L.U AND ft. SAEKS, rtu.ow . ass

Abstract—A failure pred iction algorithm for application in a
periodic on-line maintenance system operating in $ Ponson shock
environment is described, The system under test is measured at
petiodic maintenance intervals with the data derived therefrom being
med to estimate system lifetime and determine in optimal replace-
ment time. The resultant algorithm is simulated and compared with
v.riom fixed replacement schedules.

I . Ir .imoouc-nopi
Although considerable effort has been expended during the past

decade to develop techniques for fault detection and diagnosis in
both analog and dig ital electronic circuits [lOJ, little attention has
been given to the possibility of formulating algorithms for fault
prediction. To accurately predict a fault , a device mus t be tested at
periodic maintenance intervals. If the device fails or does not
operate correctly, it is replaced immediately. The device may be
assumed good if its charactenscit~ arc in tolerance. However, if
the characteristim are slightly off nominal but the device still
operates correctly, one can attempt to predict if the device will fail
before the next scheduled maintenance interval. If device failure is
pred icted. i i can be replaced before failure occurs as part of
planned preventative mainIenance~

Manuscri pt received A pril 3. 1978: revised Septem ber IS. 1978 and P’ebtuary I .1979. This work wa~ supported in part by the Joint Services Electr onice Program at
Texas Tech University under ONR Contract 76’C.l 136.

P. Sacks is with the Department of Elect rical Engineering. Texas Tech University.
Lubbock, TX 79409

‘ K. S. Lu is with the Teass Instruments I ncorporated. Dallas, TX.
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With the advent of the low-cost microprocessor, on-line fault reliability theory (1], we assume that this relationshi p is deter-
prediction Is possible and practical (9]. For this purpose, a curve mined by a Poisson process. Indeed, this is the unique point
fitting algorithm for on-line fault prediction was first introduced process which has the scaling ‘~roperties required for such an
by Sacks. Liberty. and Tung (1 11-(13) in 1975. The disadvantage application [3]. Here the probabi ty of N shocks occurring in the
of this algorithm , however, is that the second-order polynomial time interval t is
model employed is too simple to describe the aging curve of a
real-world component. Employing the Poisson-shock model for P.~(t) — e ’a ~ !!_ , N — 0, 1. 2. (3)N!the wear process introduced by Esary. Marshall. and Proschan
(1], (2], (6], another curve fitting fault prediction algorithm which where k is a given constant representing the average number ofovercomes these disadvantages is discussed in the present paper shocks per unit time. Therefore. (Ict) is the average number of
[ 9]. shocks in the time interval r.

In the following section a model for the failure dynamics of a
system component parameter is formulated . Here ft is assumed UI. ESTIMATtON OF FAILUxE DYNAMICS
that the faihjre is due to the component being subjected to a -AND LIFETIME
sequence of Poisson distributed shocks (3], (7]. with the measur . In a periodic maintenance system, the performance of a corn-able parameter being controlled by an unknown difference equa. ponenc is measured at each maintenan ce interval ts T. That is totton whose underlying discrete “component time” process is say, (C 1, C2, ~ C,) is the performance data taken at mainten -
defined by the number of shocks to which the component has ance times (T , 2T, ~~ gT). The estimation problem can be stated
been subjected. Since both the f ailure dynamics (i.e., the di fference as, “Given performance data (C1, C2, ~

. , C) ,  T and k, estimateequation) and the relationsh ip between “component time” and the unk nown constants (a0. a1, ~~, aa) of the fail ure dynamics.”real time are unknown, our failure model is doubly stochastic. The Since it is assumed that the system Is subjected to Poisson shock
• thi rd section of the paper is devoted to the formulation of an with constant k, the expected number of shocks in each maincen-

algorithm for estimating the component failure dynamics, and its ance interval is kr.2 As such, if we assume that C_ is the value oflifetime” is defined to be the number of shocks required to cause the component parameter at N — rn/cT, then upon iubs t itut ing
component failure. This is followed by the formulation of an C~ — C(~ivJcT) in (2), we obtain
“opti mal” replacement theory wherein the optimal real time at 

~~~~~~- —~~~- 
- 

..ST-which to replace a component is computed in terms of its ~ + a~ ~l k . . .  + — I — C~.estimated lifetime.” Finally, the results of a simulation of the
algorithm in both an ideal and noisy environment are presented where m — 1, 2. 3, ~ g, or in the matrix form:

- . and compared with the simulated performance for several fixed
replacement schedules. I ~~~~~ 0 

j’~ 1 ~~~ i — c1l
IL FAILUkE DYNAMICS I . iz~r — t 2 1 T — i  2 5 T — l  I -

Let C (N)  represent values of a particular component 
I ~~ ~~~ .,

~ . . .  
~~

‘ 
j

~ I a~ I — C,
parameter , where the “component time” N denotes the number of j,~ 

~~~ 

‘

~~~~ J = I ~ z.

j— O 1— 0 . jwO 
~ I

shocks the component has received . It is assumed that the drifting I —parameters can be described by a first-order 1 difference equation I ~~~~~~~~ ~~~~~- ~~~~~- Iof the form: z ~° ‘r ~
1 .., / J a~ 1 — c,

,~~~ ,jC(N .’ l ) =  C ( N) — 0~ — a,N — a2 N2 — -“  — a~
N5

C(0) — I. (1) (4)

- Here the coefficients and order of the “forci ng polynomial” are Since the nu mber of data points g is typ ically much greater than
assumed to be unknown and must be estimated as part of the fault the order of the polynomial assumed in the failure model h, it is
prediction process. A little algebra together with the standard not expected that (4) admits an exact solution. Rather , we attempt
recurswe formula for solving a difference equation will reveal that to solve for a coefficient vector A which minim izes the erro r be.

tween 1.4 and 1 In particular . It one adopts a least squares error
- ‘ n criterion , the optimal 4 is given byC(N) — I — ~ a~j ’ . (2)

, 0 •0 4 0 J-G
~~ (5)

Now, if the tolerance limit for the component parameter IS where J ’~ denotes the genera lized inverse of J [til. Indeed , if as isnormali zed to C 0. we may define the lifetime of the component typically the case, I has full column rank, then J -6 — (J’J ) -to be the smallest intege r N lot which C(Y) ~ 0. This integer , where t denotes matrix transpos ition. As such , we t ake A ° uswhich we denote by L. then represents the number of shocks cal (4. a~, “ -
‘ a~) as our estimate of the coctficie nt s of thenecessary to cause the component to fail , difference equation characterizing the failure dynamics of ourSince the failure model of ( I )  is dependent on “component drifting panmeter C as per (1) .time ,” i.e., the n u mber of shocks the component has received. To estimate the failure dynamics of a dri (~ing parameter , therather than real time , it remains to define the relationship between prope r choice of the order I, is , in general , quite dif ficult andj component time ” and real ti me. Following common practice in depends upon ph ysical con~ider atto n s and eng ineer ing exper-

ience. Once It is preselected, however , coefficients to best approxi-
mate the failure dynamics can be readil y computed via ( 5). The

- T’tc co ncc r i~ ~~~~~~~ he-e,,t cxrr ~ ,~sc, w,thriut mrv~,~cai ,on iD thc cs.e *tt cr e
‘~ e ~~.ur r ito,J ,~i -, r~rt ru,ed ‘~ ‘t~~P’cr ,,rdcr J•4T~rence equa tions The Sr,t .
)fder m,~k’. !tuwes cr s.(ercc, to ,i l~ str ~ t~ rite fheor ~ m O  it hence uic,l th r ougho ut
lbs ~r esril ~1pe r ~ kl though not the oreti cally rie cetaa ry. we aasu mc t hat k 7’ in Sn integer.
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accuracy of the resultant estimate, however, is highly dependent an explici t formula for determining an “optimal” 1’, (given L) can
on the choice of the order It and on the number of measurements be derived . We begin with the derivation of the explici t formula
which are taken g. To find a new set of coefficients for a different for the sanous quantities involved in our replacement theory
combination ol It and g. the entire calculation procedure is Since a component will be replaced by our algorithm if and
typically repeated from the very beginning, a process which is Only if it is still operating at time 7’,, i.e., if it has not yet received L
tmpractica l in the on-line mainlenance system. Fortunately. se- shocks at time 7’,, the probability of replacement is just the prob-
quential refinement schemes for obtaining new sets of coclTicients ability of receiving less than L shocks by time T,. We thus have the
without rep eating the entire calculation can be developed [51. (8]. following.
As such, it is possible to sequcn~ially update one’s estimates of the Property I: -

parameters a0, a 1, ~~~~~ a~ as additional meas urements are taken 
,~
,and or to increase the order of the model for the failure dynamics

without repetitious matrix inversion. Our algorithm for estima- Proof:
non of the failure dynamics under lying the measured data may ,,~~ t.-
th us be readily implemented on-line with the computational p, z e~~

T. = Z P1(T,) — Et.(T,~ (9)
power presently available in today’s microprocessors. The matrix ~.o o
algebraic details of the required sequential refinement schemes are Property 2:
strai ghtforward [5], [8] and readily available in the literature. As
such, they will not be repeated here. P1 us 1 — Et.(T,).

In practice, given g measurements C~, C3, ‘- ‘ , C~ taken at main- Propert 3~tenance intervals 7’, 2T, 37’. “‘. p7’, one sequentially estimates the
coefficients of the failure dynamics a0, a1, ‘“ , a~, increasing It until ç

T. 
‘0 dt tI/ku 1 — E Tno fu rther error red uction is achieved. The resultant set of Ii

coefficients is then used in (2) to determine the component lifetime
L Upon solving the equation , the resultant estimated lifetime is
found to be the smallest integer L, such that ~~ ~~~ (kty

p1fr) dt us p —~--e~~ d
a ‘0 ‘0 t.

~ a,j’ � I . - (6)
)~ O i•’O 

. us 
~
- te 5~ dc. (10)Of course, i(the measured data is not decaying towards zero, i.e..

the component is not failing, this inequality will have no solution. Using the identityin which case we take L to be infinite (4].

IV. REPLACEMENT THEORY x e ’d x u s e’~~~~ ( — 1Y (m — r)! a”'’ ( 11)
Al though the algorithm outlined in the preceeding section h ~~yields an “optimal” estimate of the number of shocks required to IS omes

cause failure, the time at which the Lth shock takes place is statist- 1
T. k’ .,, ~~ ,,~., l I t 4 ” ~

ical in nature, and hence, it still remains to determine the optimal p,
~~~~ 

dt us 
~~ e ~,, ~ I)’ (j 

— )! ( ~~ 0(in an appropriate sense) time at which to replace the component.
One such criter ion is formulated in the following. For this It ’ ..~~~~ ~~~~~ ~ I! 7’.”’ I
purpose, it is assumed that L has been computed to our satisfac- us 

I!  1
e ~r;’i’ — e ,~ (I — r)! k’ t f

tion and we desire to choose p time T, at which to replace the 
-component as a function of L. Given L and 7’, we denote the ! I~ — ~~~~~~~ 

~~ ______resultant probability of on’Iine failure (i.e.. failure before T,) by k ~~ (1— r) !I
P,. P. us I — P1 then denotes the probability that the component 

-is replaced at time T, before it fails. Similarly, we let f,denote the 
us ! — e —~~ ~expected time to failure for those components which fail on-line. k 

~~~ 
j!

we let 1’ denote the expected time to failure for all components, -

and we let 7” denote the expected time to failur e for the compon- us!  1 — + ~ (7’ents if they were operated to failure without replacement (i.e., k ,t’i~T’ us TI T , .). Finally, we let f ~, (:) denote the probability density
function that the component receives the Lth shock at time t. _ ! (I — E,. 1(T,)) . (12)given that the component fails on-line, whereas p~(:) represents the k
density function of the Poisson distribution with parameter (k) ,
and E1,(t) represents the corresponding distribution function ; i.e. Proper ty 4.

us 1~4! ~~~~~~~ I us 0, 1, 2. ‘ ‘  - (7) f~(t) us 
l/k(i —

1,” i Pr eof: To derive this conditional density function we parti-E d:) us ~ p~( r) . (8) tion the interval (0, 7;) into N segments of length ~ us T,/ N , and
we compute the probability that the Lth shock tak es place in the

Wi th the aid of some elementary calculus (9J, P 1. P., ~~ and f, ith time interval ((i — I )tt, ~aj . Since this can be caused by having
as well as thei r derivatives with respect to 7’,, can be computed L — I shocks before (I — 1 )~ and at least one shock in the interv al
analy tically. As such, upon defining an appropriate cost measure, ((I  — 1)& ia], or by having L — 2 shocks befo re (I — 1)A and at
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- least two shocks in the interval ((I — 1)8,. IA]. etc.. the probab ility Proof:
of failure in the ith interva l is given by t ~~, t, + p, T,

• .~ W — 1)A)(l — E~(A)] us (1 — EL( T,)} L. I — EL. i (T,) + T,EL(T,)

us Z p~~j( (i - 1)6) 

~ 
e~~ us 1 — E~.1(T,)~ + T,EL(T,) . (17)

~~
j 

pa-~((’ — 1)6)] (~&kye_ M . ( 13) Property 7:
,— i I’. L

Taking the probability density function at a point : in the interval T’ us

((i — 1)6,, IA] to be Iirfiut ing value of this quantit) divided by 6, as Property 8:
6, goes to zero [7], it is observed that the terms of (13) containing ‘ d’P ’
powers of (Ak) greater than I go to zero in the limit. As such, the ._¼~

LL us p~~. 1(T,) and ~~~~ — P L -I (T,).
probability density function for the Lth shock to take place at d~ 7’.) (k7;)

time: is given by Proof: This result follows simp ly by diffe rentiati r~ the cx-
. 1 “~tk )~”’ 

pressions for P1 and P, of properties 1 and 2 analytically :
limit P i.-i  — 

us kp . .. iUi — 1)6). (14) P, us E L( ’T,)
1.- I  it,’i- vi

Finally, since we are interested only in the conditional probabil ity 
- 

us E ~~
• density function that the Lth shock will take place at t ime r, given i-0

that the component fails on-line, the quantity of (14) must be L- i (kT~ )
normalized, yielding 

us e~~T + 
~~ 

“7j~’ 
e ”~~ . (18)

fl.(t) us 
k~~~(j ~~ 1)6) 

us 
p,, .~ (t) 

(15) 
Thus

1 (1 — EL(T,)) ~~~ us _ e~~T + 
L~ ,i j (kT~ ”i 

— 
(k7” )’ -aT.

- d(kT,) i! I!
is was to be shown. ~~~~~ ‘kT”~ 

L-1
Pr operty5: us E ‘~ e~~ ” — ~

•. (i — 1)! a.o
L I — E ~.1 (T.)

, u s -~~ 1 — E ~(T,)
— Ps- (7’). (19)

Proof ’: Since T1 is the expected lifetime of the components t

which fail before replacement , Moreover~ since

,r, P, us I — P,, (20)
T1~~~ tfL(t)dt

‘0 d(P,) d(l — P.)
- ~~

(
~ ‘7.

_
)

us 
d(kT,) 

~~~~~~~~~~~~~~~~~ (21)

_ (
T :P,~~1(t) a Property 9:
0 

~ ( l— EL(T,)} 
______________________________

d(kf,) L 1t — £L(T,))pL (7 ) — (I — EL. t (T.) ) p L _ t ( T,)

• r. (k:)L_l 
-
~~ d(k T,) (1 — EL(7;)J2

(L — 1)! ~ Proq’: From Property 3,

(I — E L(T,)) kY’ — EL,i( T,)
us L 

— E~(T,) ‘ (22)

~ ~~~~~ d~ 
Th us by direct differentiation

k~ 0 L!
us 

I d(kt,) L (1 — EL(T.)pL(T,) — (1 —

~ (I — EL(T,fl d(kT,) 
us 

(1 —

.r, 
(23)

—U p~( :) dt  Property 10:
us 

0 (16)
(1 — E~(T,) } • d(kt)

us

From Prop erty 3. (6) thus reduces to the desired equality.
Prop er ly 6. Pro of: From Property 6,

t.  ~ 1 —  E~, . 1i T.f l T,E L ( T.). f u s  ~ {1 — E L. i ( T,)} T,EL(T,). (24)
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k -I. ,Hence -

14 C,
.4k t u s L ( l — E l..i (T,)} + k7;EL(T,). (25) 

13 .3

Thus by direct differentiation 12

d(k t) i iL{pt,( T,)J + (kT,(— pL_ 1( 7;))  + EL (T,)

us L,p a (T,) — kT,pL.. ~(T,) + Et, (T,). (26)

S

(kT,) L -RT.• LpL(T,) u sL -~~— e

Since 

us (k 7;) (L ’ 1)! e~~T(kT)~~

us kT,pt,.. ~(T,). (27)

this reduces to - 2

~~f l  us EL(T,) (28)d(kT,)
3 4 5 6 7 5 9 10 I,.as required.

Given the above statistics for replacement, on-line failure , and Fig I. Replacement tune (tcT,) verRuR Liretime L with different weight constanL

expected time to failure of a component with estimated lifetime U
and assumed replacement time 7’,, we desire to choose 7; (given U) maintenance (when we will have more data) to replace thewhich minimizes some appropriate cost function. Intuitively, this component. On the other hand, if the evaluation of R L(:) atcost fun ction should represent both the cost “ on-line failu re and the next scheduled maintenance time results in a positive value.the cost of wasted component lifetime due to replacing eompon- the optimal replacement tune will have passed by the nextents before failure [12), [13). We therefore adopt the cost scheduled maintenance , and hence the component should befunctional replaced at the present maintenance interval.

cost C1 Pj  + C~ (kr — Itt) . (29) V. THE ALGORITH M
Here C1 and Cw are appropna le weight factors representing the Summarizing the on-li ne maintenance algorithm resulting fromcost of on-line failure and the cost of component lifetime wastage, the above theory takes the following form. At the gth scheduledrespectively. Th us the first term in the cost functional represents maintenance interval (at time gT)  one measures the component‘t. ie expected cost of a failure (i.e.. the probability of an on-l ine parameter C,. If C, is al ready out of tolerance, the component isfailure times the cost of such a failure), whereas the second term in simply replaced. and no further analysis is required . 11. however.the cost functional represents the expected cost of wasted corn- c, is in tolerance (C, > 0 in our notation), it is used together withponent lifetime (i.e.. the expected lifetime red uction times the cost the values of the component parameter measured at the previousper unit time for such a lifetime reduction, with k serving as a maintenance intervals to estimate the dynamics of the failurenormalizing factor). model for the component. Here sequential refinement schemesTo minimize the cost functional of (29), one simply subst itutes may be used both to include the effect of C, on the estimates madethe values for P1(E), T’. and ?(T,) computed in the preceding at the (p — I )st maintenance interval and to increase the order ofpages. differentiating the cost with respect o ItT, and setting ~ the polynomial used to represent the component fat~ire dynamics.equal to zero. This then results in the equality [ 4] Once the component failure dynamics have been satisfactorily

0 us C,p~ - ~(7’,) — C, E~(T,) (30) estimated , one evaluates (31)10 estimate whether or not to replace
the component. If R L (( g + l)T) � 0. the component is replaced.whe re d(P,)/d(kT,) is given by property 9 and d(kt)/d(kT,) is given whereas if R L((g + l ) T)  < 0. the component is not rep laced . andby property 10. Thus the choice of an optimal 7’, (given L.) 15 the system is returned to service until the next scheduledreduced to the solution of a single nonlinear equation in one maintenance.unknown. The solutions of this equation are plotted in Fi g. 1 for a

VI. Si~ ut~ i’to~snumber of values of Land C,/ C~ . ‘ndeed, it can be readily shown
that (30) has exactly one solution for 7’, > 0. Moreover , the A computer simulation of an on-line periodic maintenance
function system based on the above descr ibed algorithm n’as performed for

600 maintenance intervals with a new componen t replacing theRLIt) us C,p,,. .. ,( e)  — c w EL(:) (31) old component after each replacement decision and/or on-line
takes on negat ive values for C < t 7; and positive values for failure [4]. The system was subjected to computer.generated Pois-
7’, < t; hence ;n an on.line maintenance system one need not even son shocks with constant It us 0.) shocks per hour and a mainten-
solve (30). Ra ther , one simply evalua tes R L(:) at the time of the ance interval of 7” us 7~ h. The simulati on was first run using
next scheduled maintenanc e. 11 this results in a negative numbe r , identical c3mponents wi th L us 28 (expected lifetime of 14 main-
the next scheduled maintenanc e precedes the optimal replacement tenance interva ls ) and then repeated using random components
time , and hence we should wait at least until the next scheduled and noisy data measurements.
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TABLE I TABLE IV
TOTAL REPLACEMENTS AND FAILURES WIThIN 600 MAINTENANCE TOTAL REPLACEMENTS AND FAu.uuS W ThiN 600 MAINTENANCE

IMTUvAU ro* DIFFERENt C,/CU, INitavALs ,oa V*aious Fixso REP1.ACEMENT STRATEGIES
AND THE ALGORiTHM AT DIFFERENT No.sa Levsu

CJC No. ~t , t ~ cemwit No. at 1,4,, ,.

~ no~~50 4 -.,,, Ie961 20% 60%

NO. 04 No. 01 No. at No. 0* No at No 01 NO 01 No at
¶00 52 2 760*91, Nd ~,o*ac, *0* ~aNOc. 191 t ,.ace ‘91

ISO 94 3 .veiy l lOG 0 laO 0 lOG 0 94 I
200 54 2

- nismuli 96 0 64 I 75 S

TABLE II 15 0 72 3 71 4 54 12

TOTAL REPLACEMENTS AND FAILURES WITHIN 600 MAINTENANCE
“sly,

INTERVALS FOR VARIOUS FIXED REPLACEMENT STRATEGIES ,,,•,.~ , ~ 63 ~ (0 7 52 iT

•~Sly 10
Cc st..’t ~~~~~~ 

ii ~ 51 9 45 IS 4$ II

:aalac.m.,.i un. No. at ,.oi.csm.iit NO. 04 10,1w.
.~sly II

1~1f7 • ni..,.ats 700 0 ,n,.m.t. ~~ tO 4$ tO 45 10 35 20

S~sl’V 7 nt.r*uss 35 0 
~~Sly 2 20 5 35 5 36 17 37 -~~I nlsq,sls 75 0 liNivuls

.~~y 3 nh.nals 65 I

~~
s,y ‘0 uemii. 91 , l?slSIgOr’UIM SI 3 53 5 ~ 90 II

1~5l~V I t  fllOt’.ll$ 41 4

~~Si’~ It .nlem.Is 39 II

TABLE V
OVERALL COST FOR DIFFERENT MeThoDs AT DIFFERENT Noisa LEvatsTABLE III __________________________________________________

OvERALL Cost WITh DIFFERENT METHODS AND DIFFERENT C, C~

~~ 50 ‘S tOO 150 200 .0100 0% 20% 30% 40% 60%
S Svy laituf.sl$ 1600 ‘600 ¶600 1500 2200

• ~~Iiy I nt.,’~~I, 1(00 1600 ¶ 600 ¶ 400 7400
¶096 1095 7096 ¶250 2006

~~~~ 7 I1IIf ~04 - 7 096 7 094 ¶096 ¶ 096 1096
f l l y  I fltsfnI*1 400 900 ‘209 ¶300 2123Sunfy 3 fl!e7’~U a 900 900 900 900 900
160f7 9 nhs~~sla 741 641 III 1376 2432

•~5*7 3 fllV ~~~ S 631 723 745 791 646
4~~ l7 ¶0 ~nlllVa4I 510 400 1340 ‘960 2314

l~I~Y ‘0 fl l57~ 4l$ 530 555 550 630 650
r~.re II ,ntsl’vala 912 ¶ 340 7 340 1340 2452

II -nI •,,a,$ 612 762 912 1212 1512

.v.y ¶2 .nt~,-~als ¶ 300 ¶726 321 ‘964 2612
•~Iry ¶ 2 mona, 750 ‘025 ¶ 300 7 650 2409

t II• a4907 ftIm 512 52 940 ‘52 7 606In . 190* 11111’ 990 471 512 566 794

For the case where identical components were employed , Table ance intervals can be computed from (30) without estimating L
I gives the total number of replacements and failures resulting As such, it is not surprising that this fixed replacement strategy
from the app lication of the al gorith m over the 600 simulated resulted in lower costs than the algorithm. It should , however , be
maintenance intervals with different values of C,,- ’Cw. For noted that the algorithm did not have the advantage of an a priori
comparison . Table II shows the total number of rep lacements and knowledge of L, and yet it still outperformed all of the fixed re-
failures w hich would have resulted from a fixed replacement placement strategies except the optimal strategy (that is, optimal
strategy ranging from six to twelve maintenance intervals. Since once U is known).
the cost function is In our second simulation , random noise was added to the data

to simulate both the effects of imperfect measurement and thecost us C, P, .s- C~(kT’ It?) (32) effect of components with random failure characteristic s. Various
the overall cost can be exprcssed as simulations were run as before for 600 maintenance intervals each .

with It us 0.1 and T us 20 and with noise levels rang ing between 20
cost ~numb er of railurcs ) and 60 percent of the tolerance interva l. The results of these simu-

Cw lations are given in Tables IV and V . Except for a single case.
+ 0.1 (280’ (number of components used) — 12000). which we believe to be anomolous. the algori thm outperformed

any fixed replacement strategy.
(33)

The o~eraIl costs re sult ing from inc app lication of our al gorithm VII. Co~..ct.t-siov~
and the various fix ed rep lacement schedules may be computed In the preceeding pages. we have descr ibed a cur v e fi t t ing al gor-
from the data n Tables I and II. The resultant costs for d~ffcrent ithm for the prediction of failures in analog devices. The algorithm
vjlu,~ of C, C,  are .n’.en in Table III  was tested in a vari ety of situations and found to be surpr i singly

\ot e that since U = 2~ for each component in this simul at i on , effect ive in predicting fa ilures w i th  relativ el y little wast age of corn-
an optimal rep la cement str at egy of appro ci mate ly ten mainte ri - ponent lifetime and on ’Iin e failu re cost.

- - - ~. ~~~~~~~ 
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11. Reprint of “An Approach to Built -In Testing ” by R. Saeks from the IEEE
Transactions on Aerospace and Electronic Systems, Vol . AES— 14,
pp. 813-818, (1978).

Section II is devoted to a description 01 the B li systemAn Approach to Built—In Testing architecture . This two-level st ructure has been
to be app licable either at the pr inted circuit board level in
whic h the SRA’s represent individual devices (IC chips.
eleme ntary components , etc.) or at the level of an entire
elect ronics system in which the SRA ’s repre sent printed

- - 

~ circuit boards.
Section III is devoted to a study ol’ the fault diagnosis

problem. In eithe r the ease of a linear or nonlinear circuit
R. SAEKS. l:clIoe . II- I- i it is shown that this problem can be reduced to the solution
1r’~a~ T~eli Ijnivcrsi,’. of a set of simultaneous nonlinear algebraic equations. In

the proposed BIT architecture a linearization of these equa-
tions is used on-line for fault detection and predic tion
whereas the full set of nonlinear equations are used off-line
for fa ult diagnosis within the SRA.

The architecture and justiricatiun tot an approach to built ’in text- Two algorithms for fault prediction are described in
• Sectio n IV . Both are essentially curve fitti ng algorithms- . ing t B l T ) in electronic circuits and system’. is presented. The pro-

pu’etl syttem is capable of un’ljne fault det ection and predic tion i m p lemented on the central test microprocessor in a time
mult iplexed mode. Here the microprocessor periodicallyup to the situp replac eable assembly (SRA) level and is designed receives test data from the various SRA ’s and extrap olates

to inter face with extern al automa tic test e~u ,pment lATE) roe this data to determine whether or not the SRA is likely to
off-l ine rau lt diagnosis within th e SRA. The constituent parts 01 fail in the near future . ‘f lie final section of the paper is
the BIT svctcm h ave been c’ttensivelv simulated and the approach devoted to a discussion of the concept of sel f-testing, in
.sppears to be suitabl e (or hardware  implementatIon both with par ti cular , the possib ility of self-testing in a predictive
res pect to computational and economic consid eratuons. m ode.

At the time of this wnt ing the approach to BIT described
has yet to be l’ul ly implemented. It is. however , predicated
on several years of research in the are a and each of its con-
stituent subs~ stems h ave been exte nsively simulated 117 .I . Introduction IS , l9 J .  At the pre sent time the hardware imp lementat io n
of the various algorithms is under investigation 115 , 161All approac h mu built-in testing (BIT) for electronic cir- 
and it is hoped that an entire BIT system will be in operationcu lts and syste ms is outlined. The approach assumes a two . in the ne ar future .level htcrarchi ca( architecture in whic (~ a ce ntra l micro-

- . pro cessor controls and coordinates the testing of a number II. BIT Architec ture
ol subsystems each of which has bu il t -tn test equipment
(B I T E ) such as sensors and a nanoprocessor for preprocess- The basi.: BIT archi t ecture isa two-level hierar chicaling the tes i data prio r to transmissIon to t h e  ~cntr al micro- struct ure illustrated in Fig. I .  Intuit ive ly, the overal l systemprocessor. The approach allows for on-l ine fault detection
and predictio n up to the level of a shop repl aceable assembly m ay represent a printed circuit board while the subsystems
(SRA ) a nd off-line fault diagnosis within the various SRA’s represe nt various SRA’s such as i nte grated circuits , power

supplies . vaccuu m tubes . etc. Alter natively. ihc overall
- 

- system may represent an entire electronics system with the
M .a,t u st.r ipt received l-cbruary tO. 1977 revi sed ~\pr i l  18. I97~. SRA ’ s being its constituent printed circuit boards. In
-\ut ho r ~t addr ess Ucp u rt iiien t ni L iect r ical I ;nginc cr inv. Tcxa s either case the SRA ’s may be throw-away un its or units
Tech Univ ersity . Lubb t , .k.TX 79409 intend ed for off-line repair wI t h BITE designed to detect
(1018.915 I / ti9 (~ j~~~3 500 75 ~ i97R lI l t  and iu r Pred ict fau lts in the SRA. Fur those units intended
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A final aspect of the BIT architecture is the consissuni-
cat ion link between the SRA ’s and t h e  central illicrupro-

.

_

-A
cessor. Here one desires to keep t h e  wiring between the
SRA ’s and the central nlicropro cessor at a min iti sun i and
simultaneousi y have all data tr ansmitted to the central
microproc essor in a un ifor imi format to h’erinit in lcmcli ange -

________ ~bi Iity of component parts with in the system. Alt h ough
the details of this communic ations link have yet to be
fornialized , the exj s~cnce of an active computing capa.
bi h i ty in each SRA gives one considerable flexibility. As
such , we believe that it will be possible to work with a
single test bus [161 . Here the centra l microprocessor
re4uests data from the individu al SRA’s by tra nsmittingFig. 1. Two.i.v,i SIT architecture.
a signal on the bus. This signal is received by th e  built .
iii nanoprocessor in the SRA which , in turn , transmitsfor off-line repair the BITE ‘nay also be used as an inter - appropriately conditioned test data back to the centralface with an external test stand but will not be capable of nhicrop roccssor on the same bus.isolati ng the failure within the SRA. TIte BIT arch itecture just described would seem toS 

This structur e is motivated by several years of basic re- ach ieve imiost of t h e  m equ ir emm ients for a BIT system:search into the relative computational complexity of the ) continuous on-line fault prediction and detection tothree fundamental problems of fault analysis: fault detec- an SRA is achieved:tion , fault diagnosis, and fault pred iction [9) . The latter 2) the system inclu .les an interf ace for off-line faultproblem requires considerable computation al power [18 , diagnosis wit hin an SRA:191 but need only be carried out at widely spaced tess 3) dedicated test equi pt itent represents a small pereen.
Cintervals , say one test per hour (minute , second, ?). As tage of the total system;

- 
‘ such, a single central microprocessor can be time- m ultip lexed 4) busing is minimized and test data is tra ns m itted tothrough the testing of a large number of subs . stem para- th e central micropro cessor in a unifo rm format• meters thereby achiev ing the require d computational power thereby facilitat ing component interchange abi lity.for the fault prediction algorithm while still holding the

amount of dedicated test equipment wi th in  reasonable III . Fault Diagnosis
bounds [10! .

While fault diagnosis can be carried out with consider- For t h e  purposes of doing fault diag nosis we .work with
able success the process requ ires significant computational a coim ipone nt connection model for the circuit or syste m
power (at leas t a mini by today ’s standards) and lengthy tinder tcst which takes (lie form
computer runs [7, 11 , 17) .  As such , fault diagnosis within
an SRA is done off-line on an external test stand contain- b, = Z, (s,r) a,, I 1. 2 ii ( I )
ing the required mini (or maxi ) computer. Each SRA , how-
eve r , will include sufficient BITE , say a nanoprocesso r , a = L 1, b + L i2~to collect and condition test data on the SRA to be period-
ically communicated tO the central microproce ssor for y L~1b + L~~u (2)
purposes of fault prediction and detection.

Fortunately, both of these endeavors may be achieved in the frequency domain [6. I l , 12 ) .  Here Z~(s r) is the
using a model of t h e  SRA linearized about its nominal transfer function of the ith circuit or system component
values and hence can be implemented with relatively where R = col (r 1) is the vector of unknow n component

• little computation al power built into the SRA [12 1.  For par ameters and s is the complex frequency variable. Typi.
fault pred iction in particu lar . one is intere sted in track- cally. t h e  unknown component parameter s take the form
itig vanous interna l parameters of the SRA as they drift of amp lifier gains and cutoff frequencies , pole and zero
from nominal to their tolerance limit. Since the toher- positions, resistances , inductan ces , etc. In parti cular , it
ance interva l is typically only a few percent this can be is assumed that enough parameters are employed to coin-
achieved with a linearized model. For catastrophic errors phetely ch~aracterize the per formance of the device. The
a linearized model may be used to detect failures even arc known connect~on matrices. a col(a1) and
though it is not sufficiently accurate for tau lt diagnosis. b col(b ,) are composite vectors of component inputs and
As such , the BITE within an SRA may be kept within outputs , respect ively, and u and )’ are the test in put and
reasonable bound s while still deliverin g sufficient data to output  signals, respectively. In the non linear case the corn-
the centra l microprocessor for its fault prediction and ponezi t equations are replaced by l im e state nrndel s
fault detection tasks, If needec’ , fault diagnosis wit h in au
SRA can, howeve r, be done o tT-line with the BITE simply x, =i; (X 1,a . ,r)
serving as an interface between the SRA and an extern al
test stand. b. • g, (X 1,a ,,r).  I ~ I ,  2, .... n (3)
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with the connection equatmons remaining as in ( ) .  Al. matr ix requ ired to c val ua te the n luht ifreq ue n c% fault diag-
a tl iou~Ji these com ponent ~onnecti on model s (or a circuit no~is equa tl t ns (5 ) ii is s~.’en th at the p artial deri v ati v e

or ~yst c,mi are nunchassical ihi cy are widely used in large- im 1t ~’iii iati t i i i  is oh,lain ed at v i r t u al l y  Ito ci iit ~iu t a tm u n al  ...OSI
scale syst em simulati on and com puter-aided circuit desij~ii above t h a t  required for t Im e ev al u a ti n im of t h e  et iu4t ion ~.
and are readily amnentib le to t h e  “computer speed-up tech- In a similar vain one can reduce the coniputat ion required
niques” developed for these applications [ I 2J . A* such . to compute th ie inverse s at di fferent complex frequencies
t hey are ideally suited fur the fault diagnosi s problem. by integrating the differential equation

Com bining ( I ) and (2) yields the fault diagnosis equa-
(i on ~7j d ~ I — )L 1 J ~ /ds [ I — Z(s~ ) L , ~ J ~

~: Sm L23 + L ii I I — 7 (s.r) I. ~ ~ 1 ‘ Z (s.r) I. ~ (4 ) . fdZ(s ,r) /ds j  1. , ~ [ I — Z , ~ J I (7)

where Z(s ,r) diag~Z,(s.r)J and Sm is the measured trans-
fer function relating the input test signal u to the output using the inverse computed at one particular frequency as a
test signal v. The solution of the fault diagnosis problem starting poi nt 12. 14) . Although of extremely high dunen-

there fore amounts to the solution of (4) for the parameters sion this equation is easily integrated without the require-
ment for matrix inversions. With the aid of these observa-vector r , given 5m and the connection matrices. Althoug h - -

it is possible to give an analytic description of all possible tions it is possibe to carry out an entire iteration of a
Newton—Raphson algorithm for the solution of the mult i -solutions to this equation [12 . 13) given any fixed value

for the complex frequency variable s in a “real world” frequency fault diagnosis equations with the aid of only
sit uat ion the number of unknowns greatly exceeds the num - a singl e matrix inversion.
ber of equations and , as such , the analytic representation of Although one does not have a “neat ” set of equations
the solution manifold proves to be of little value. - This such as those described above for the solution of the fault
difficulty is alleviated via a multifrequency diagnosis diagnosis problem in a nonlinear circuit or system, surp ris-
algorithm wherei n one write s the set of simultaneous ingly similar comput ational techniques can be invoked in

the nonlinear case. The key to these techniques is theequat ions:
replacement of the multifrequency information of the

S(s,,r) = L 2: + L2~ I I — Z(s, .r )L , 1 J — 1Z(s , ,r )L,2 linear case by a family of integral performance measures
- - on the test signals u andy . These play exactly the same

S(s1,r ) =  L,~ # L~ (1 — Z~s2 , r)L~, ~ 
t Z(s~.r) L i2 role in nonlinear fault diagnosis as played by the frequency

information in the linear case , allowing one to formulate
- - 

- multiple independent fault diag nosis equations from the
same test signals.

In the nonlinear case, the sparse tableau algorithm 13.
S(sk,r) = L 22 + L 2, [1 -. Z(sk,rj  — ‘Z(sk .r)L i: (5) 12 ) is used to evaluate the faul t diagnosis equations at each

iteratio n of a Newton— Raphson algorithm. As in the
where k u ifferen t complex frequencie s are used in (4) linear case this algori thmn~aIIows one to compute the deriva-
simultaneously. The interest in g and somewhat surprising tive required for the N ewton—Rap hson algorithm with
result is tha t the additional et tu a ti u ns in ( SI  m a y  be m dc- essentially no additional computational cos t above that
pendent thus increasing the number of fault diagnosis required fur the evaluat ion of the equations (3 , 4. 12 ) .
equations wit h out increasi ng the number of its unknowns It is possible to obtain significant computational gains in
(7 1 While the set of simultaneous equations (S) often has the solution of the fault diagnosis equations in the non-
a u nique tol uti on , no analytic solution technique is known linear case as well as in the linear case , by optimally exploit .
and we must resort to time-consuming numerical solution ing the computational efficiencies inherent in the sparse
proced ures carried out off-l ine , tableau formulation for an electronic circuit or system.

Although the :nuhtifrequency fault diagnov s equations Even using computational efficiencies which are possible
of (5) do not admit an analytic solution t h e i r  nu m em -ical for solving the fault diagnosis equations , t his method is
solution can be significantly speeded up by careful anal- still long and tedious and not well suited to on-line irnple-
1si s of the equations. In pvt icular . a little algebra 16, 121 mentat ion in a BIT system. It is thus recommended that
will reveal that li neariza tion of the fault diagnosis equations be used in-

stead. Alth ough far less accurate than the solution of the
dS”/dr1 = L21 ( I  — Z(s1. .‘).L. ~ [dZ(s 1,r)Idr 1) full set of fault diagnosis equations (12) , we believe that in

the context of the previous ly described BIT architecture,
• (1 + 1.~, ( I  — Z (s ,.r) .1.,, — ) L ~ (6) lineari zation of the fault diagnosis equations will prove to

be viable. From the point of view of fault predict ion one
showing that one can compute the partial deri vat ib es require d is interested only in tracking the unknown parameter vec-
for the numer ical solutio n to (5) am i a lytically. Moreover , if tot r from its nominal value to its tolerenc e li m it (a few per-
one obse rves that t lii inverse matrix required to compute cent deviation front nominal ) . This is a region in which
the partial derivative s in (6) is precisely the same Inverse the solution of the linearized fault diagnosis equations

SALXS: AN APPROACH TO UU ILT-IN TLSTING
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should be quite accurate. On the other hand , if a cata- erai approaches to the fault prediction problem [5 , 1 5 , 16,
st rophic fault occurs , solution of the linearized equations 18 , 19 , 20) . The first is extremely naive but has yielded

— 
- will detect the fault though it may fail to accurately diag- surpr isingly effective results in simulation ( 18, 19 , 20) .

~ 

. nosis it. In this case. howeve r , the linearized test data and Basically. one collects data at periodic intervals , fits the
its associated BITE may be employed as an interface be- data with a second-order polynomial , and solves t h e  qua-
tween the SRA and an externa l test stand. As such , the dradic equation to estimate the time at which the parameter
use oflinearized fault diagnosis equations will suffice in will go out of tolerance. Th e  success of this algorithm is
the context ofour BiT architecture. due to the fact that one is not really interested in the

From the point of view of on-line analysis itt a BIT accuracy of the failure time estimate but only the accuracy
system the solution of the linearized fault diagnosis equa. of the binary decision (based on this estinlate) whether

~
- 

- 
(ions is computationally reasonable. Since the linearization or not to replace the SRA. Moreover , this binary decision

- ~i is done about the no m inal value , it may be precompute d is only made when failure is expected in the near future ,
(vi a (6) in the linear case and the corresponding equation a region of time in which a polynomial extrapolation is

: ~ • in the nonlinear casej and its inverse may be precomputed reasonably accurate: i.e.. if failure is estim ated to take
Thus, the implementation of an algorithm for the solution place in 3 years even if t h e  estimate is off by 90 percent .
of the linearized fault diagnosis equations require s only a the decision not to replace the SRA at this time will still
single matr ix multiplication , the matrix having been pre. be Correct.
computed off-line and stored in a read-only memory . A fault prediction algorithm based on the above men-

tioned second-order polynominal extrapolation has been
IV. Fault Prediction extensively studied by Tung and Sacks on some 10 000

complete simulated operations of the algorithm [18 , 19).
In the context of the previously described BIT archi. Most of these simulations were carried out on artificial

tecture the pninary role of the central microprocessor is data generated by a library of special functions to which
to penodiahly collect data from the individual SRA’s char’ a noise term was added. These special functions included
actemiziri g their internal parameter vectors r. This data is some highly complex nonmonoton ic curves. Additionally.
then used to detect and predict fail u res of the SRA. When curves based on the empirical drift formula for thin film
a failure is detected , the central microprocessor signals resistors were studied [R(t) = A t~ where a lies between
this fact and the Sl~A is replaced and/or tak en to an exter- 0.3 and 0.5 ) (18 , 191 . hi m both cases, ra ndom noise with
nal test stand for repair. I f no failure is detected , the role amp litudes of up to 25 percent of the tolera nce interval
of the cen t ral microprocessor is to compare the present was added to the data. The result of these simulations.

- - data with previously measured values in an endeavor to which we believe to represent an environment which is
predict whether or not failure is imminent. In this in- more extreme than the real world , was that 99.5 percent -

stance predicted failure of the SRA would be signaled in of all SRA ’s wer e replaced before on-line failure at a cost
an effort to replace the device before its actual on-line of about 10 percent of their lifetime .
failure (201 . At the present time a somewhat more sophisticated

For any particular device one can collect statist ical fault prediction algorithm is under development [5 1-
data on which to base a fault prediction algorithm. How- This is still essentially a curve fitting algorithm though
ever , in a practical BIT setting where the same fault pre- one in which a failure model (founded in modern reliability
diction algorithm is multiplexed through the testing of theory [ I ) )  is employed. The basic idea for this algorithm
many different SR.A’s, it is necessary to use an algorithm is as follows. The drifting SRA paramet er r is assumed to
which is independent of the specific properties of the satisfy a difference equation
parameter under test. As such , for our BIT system , we
ex’~ect to employ a curve fitting algorithm (20) . A 1thou~hi r (k + 1) = r (k) + f(k )  (8)
hess accurate than a statistically based algorithm , we have
shown by simulation (18, 19) that such an algorithm can
be employed as a satisfactory fault predictor. Such where the “component time ” k represents the number of
algorithms are computationa lly sunple thus permitting a shocks the SRA has receive d (e .g., switching processes,

- 
‘ 

- single central mwropro~essor to be multip1e~ed through electrons boiling off a cathode , etc.). Tu e relation between
the testing of a large number of SRA’s [15 ) .  Moreove r , component time , i.e. , the number of shocks received , and

F if one assumes that the data delivered by the SPA to the real time is assumed to be a Poisson-distr ibuted random
central microprocessor has been unifo rm ly normalized, variable in which the probability of the SRA receiving n
the fault prediction algorithm will be completely indepen- shocks in a time interval of length t is
dent of the parameter under test. As such , one is in a
position to completely standardize the central micro- P,~ ( t )  = (crY’ e ’I (~ 

(9)
processor in a BIT system so that changes in an SRA do
not demand corresponding changes in the faul t predic-
non algorithm. It is assumed that the value of the parame ter r is known

Over the past several years we have investigated sev. for a fIxed set of points in real time ;r(r 1 ), rQ ; )....,r(t ~ ,) .
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Using this data we desire to estimate the unknown failure an approach . we are presently in the process of imp lement-
dy namicsf(k) for the SRA parameter. This is then used ing the second-order curve fitt ing algorithm on an F8 micro-
in (8) to conipu e the number of shocks required to cause processor [IS) . Although the imp leme ntation has yet to
failure . Le., the smallest value of k for which r(k) is out be completed . most of the subprograms have been written
of tolerance. Finally. this estimate is used to compute and tested and it appears that the program will require
the optim al real time at which to replace the SRA to about 500 bytes of memory and execute in about 30 ma.
m inimize the cost functional As such , the central microprocessor would be able to cycle

through the testing of about 2000 parameters at I -mm
- -

- J *cI
pf +c w w .  - (10) Intervals.

V. Self-Testing I -Here P, is the probab ility of on-line failure, W is the average
percentage of SRA lifetime which is wasted by replacing 

•

the SRA before its actual failure, and c1 anti c,,, are weight-
An interesting side effect of running a BIT system lam aing factors .

Note that the i m p leme ntation of the Poisson-shock- predictive mode is that it opens the possibility of reliable
- - , based fault prediction al gorithm just described requires self-testing. The key observation is that to do fault pre-

diction in a digital device one must test analog parametersthat we deal simultaneously with two unknown phenomena:
such as rise time , power supply voltage , clock rate , pulse-the failure dynamics 1(k), and the random relationship be- widths, etc.. since digital parameters are either righ t ortween “real ti me” and “component time ” given by the

Poisson distribution. Although the required analysis is wrong and have no gray region from which to extrapolate
trends. One may therefore use a microprocessor to pre.comflh) le x , a surprisingly tractable (and optimal in an appro- dict its own failure by extrapolating the values of itspriat e sensej fault prediction algorith m can be formulated. analog parameters. As long as the prediction is made

— The properties of the Poisson distribution are used to esti- before these parameters go out of tolerance , the digitalmate the number of shocks which the SRA has received in performance of the microprocessor is still exact. The
the time intervals (t1. t,_~J ,i~l,2,...,m, in combination point is that in a predictive mode the microprocessor is - -

with a gen eralized inverse algorithm to estimate 1(k). 1 (k)  still working at the time it predicts its own failure andis appro ximated by a /th-order polynomial and one must hence may be used reliably in a self-testing mode. Of
compute the generalized in verse of art m by ! matrix . For- course , once the analog parameters of the microprocessortuna t ely, the algorithm is ideally suited to a sequential have exceeded thei r tolerance limits , it may no longer be
least squares technique [81 and no matrix inversions need trusted as a digital sign al processor and hence the device
be carned out on-line. Once 1(k) has been estimated to a cannot be used to diagnose its own faults after failure.
satisf actory level ot accuracy (by increasing the order o Although the self-testing concept just described is
the approxim ating polynom ial until the estimation error pu rely conceptual and has yet to be implemented or even
is reduced to a prescrib ed level), it is used with (8) to corn- simulated , it is indicative of the potential of fault predic-
pute the n umoer of shocks required for the parameter to tion in a BIT system. Indeed , i f one can reliably predict
go out of tolerance. Final ly, this value is used in conju nc- faiiure before it actuall y takes place , such concepts as
lion with the Poisson distribution to determine the opt i- sel f-repai r move into the realm of feasibility, since at the
mal real time at which to replace the SPA. Although - time a replacement decision is made the device under test
appare ntly complex . this latter optimization can be reduced is still working.
by analytic techniques to the solution of a single nonlinear
equation in one variable [51. As such , the entire fault
predictio n algorithm may be easily implemented , on-line ,
in a BIT system. Unlike the second-order curve fitting VI. Conclusions
algorithm , th e Poisson shock algorithm for fault predic-
lion is still under development and its simulation on real Our purpose in the preceding has been to outline an
world data is lu st beginning , approac h for designing a BIT system applicable to d cc-

From the point of view of our BIT architecture where tronic circuits and systems. Although not yet imp lemented
the central microprocessor is dedicated exclusively to the in hardware , each of the constitue nt parts of the BIT sys-
fault prediction job (plus bookkeeping and control of the tern has been extensively simulated and we believe that a -

test communications li nk) , we anticipate little difficulty in hardware implementat ion is feasible both computationa lly
implementing either of our fault prediction algorithms , and economically. At the presen t time , we are implement-
The ke.y to the viab il ity of the concept . however , is to make ing the polynomial curve fitting algorithm for fault predic-
the al gorith m fast enough so that a singl e central micro- lion in hardware and are in the preliminary stages of
processor can be time-multiplexed to test a large number implementing the entire system in a high-voltage power
of parameters. In an effort to verify the feasibility of such supply.
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12. Reprint of ‘ Nonlinear Observers and Fault Analysis ” by P,D. Ol ivier and
R. Sacks from the Proceedings of the 22nd Midwest Symposium -

on Circuits and Systems, Un ivers ity of Pennsylvan ia , Philadelphia ,
June 1979, pp. 535-536.

Abstract

A fault analysis algorithm appropriate for time varying and nonlinear systems,
Is developed. The algorithm essentially constructs an observer for a nonlinear
system that is intima tely related to the system under test.

IUTROD UCTION - vector of parameters to be estima ted (they are

Given enough time and comouting capability brute assumed constant over the test time), and u Is the

force searches will ident ify poss ible fault sets . Inpu t used In the test procedure. If we want to

The real problem in fault analysis is to con - estimate a we need to include it In. the state vec-

struct algori thms that, in some sense , locate the tar , i .e.. we want to bu ild an observer for the

fault sets “efficiently ”. “Efficient ly ”, in this augmented differential equation

context, means that the fault isolation must be 
~~ 

f(x 11a ,u ,t)~
done relatively quickly and withi lmi ted-on site I “
computing . Such techniques have been developed a] 0
t ~~~~~~ ~I~:~r tire I n’rsrI~nt e”d di~I~al

2 3 4syst ems . ‘ ‘ These, however , nake heavy use of “

the defi ning properties for these systems , and If it is possible to build an observer that
don ’t general ize. The purnose of this paper is will observe the subvect o r a we have so lved the
to show that an observer for an approor iate non- fault analysis probl em It would then be neces-
linear differ ential eauation can be utilized , on . sary to justify our solution in terems of time and
line , to determine the values of the syst em pare- cooputat ion require ments .
me ters . A technique , based on optima l control
theory, for constructinem such observers is also AN OBSERVER DESIGN -

presented. We chose to design an observer wits the followino

OBSERVERS A.’IO FAULT A IALYSIS structure

Cons ider testin g a sys tem that is descr ibed by ~1 f(i ,i,u ,t) + H(; - y ) (H time invariant)

the nonlinear stat. equations

xl a f (x 1, a ,u, t)  a 0

y • g(x l )

where is the dynamical state vector , a is the we term such an observer as a Model reference
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linear time inv ariant observer . The term “ linear References
time Invariant ” Is used because the residuals 1. 0. E. Kirk , Optima l Control Theory , Prentice
enter in a linear time invariant fashion . The Hall , Englewood C l i f f ’ s, New Jersey , 1970.
problem is now that of choosing H. To avoid in— 2. R. Sacks , and S. R. Liberty ) eds ., Rational
volv ed s tability considerations (at least initial— Fault Anal y sis, Marcel Dekker , Inc., New York ,
ly) we choose H so that it minimizes the follow— 1977. —

- 
- ing function

3. R. Saeks , N. Sen . H.N.S. Chest , K. S. Lu, S.

J( H) J’((x 1-x) 2+(a — a) 2] dt Sangani , and R. A. Decarlo , “Faul t Analysis in
t0 Electronic Circuits & Systems II. ” Technica l

- Report , Texas Tech Univers i ty, 1978.
t and hope that the stability takes care of itself.

The construction of H can now be done by solving 4. N. Sen . M .S. Thesis, Texas Tech University ,

• the following optima l control problem 1 Lubboc k , Tex., 1975.

ti
mni n 4(H) (J(H) • f X TQXdt, ~ rI -tl - 

-

2 to 
~~~~~~~ 

-

subject to the Differential equations constraints

- r - -
x1 f(x 1,a ,u,t) 0

a 0 + (y-y ) -

x 1 f(x 1,a ,u,t) H

a 0
L J

- . T -

- 

- .  x (t0) 
x 

~x 1(t 0)~a(t 0 )T ,x 1(t 0)T ,a( t 0)T )

~iote . 1) H wi l l  be dependent on the X(t 0 ) used in

- - its construction , so when it is used to estinate
a (when a differs from a(t 0)) it has little chance
of being the optimal (4. So even though we use
optimization techniques to construct H , it will
not, in general , be ootimal . 2) Several observers

- , may need to be cons tructed , eac h one convergent
- for a in a different region. -

Experience Indica t es that only a few compon ’.
en ts fa i l  at a time . Because of this a reasonable
approach is to construct an observer for each cam-
onent, (thereby minimizing the dimension of the

augmented state vector ) and estimate the para-
meters for each comoonent In paralle l . Observers
can also be built for the coranon two and three
element faults .
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13~. Reprint of “On Large Nonlinear Perturbations of Linear Systems” by P .O.
Ol ivier and R. Saeks from the Proceedings of the 12th
Asilomar Conference on Circuits , Systems , and Compu ters ,
Pacific Grove, Ca., Nov . 1978, pp. 473-477.

a theorem that allows us to invert (1.1) In

two s teps . First, invert the linear 6perator

B. If there are N1 linear elements and NM -p
P ~st ract
- 

non linear el~~~nts , B will be an (ML+M N)x( N
~.

#MM) —

This piper generalizes the classical House- matrix. Second , invert a nonlinear operator

ho1der ’~ fonmila to certain nonlinear operators. of rank NM. That such a result exists , is not
This class of nonlinear operators is shown to surprising . Those experienced In solving

be camaon in circuit theory. Several examples equations Involving such operators apply

are provided that show where these operators Gaussian elimination until there are N,1 nonlfnear

occur and the result is applied , equations in NM unknowns . Another way to see

tha t this segregation can be accomplished is to -

view the nonlinear e1emen ts as a “load” on an

appropriate linear ci rcuit, in much the same
1. Introduction -

way as a circuit with one nonlinear element is

The purpose of this paper is to present analyzed by viewing that element as the load

a technique for analyzing lumped analog systems and findi ng the Thevenin’s Equivalent circuit

Wi th some linear and some nonlinear elements , that it sees .

It is Shown that such a system is described The main result of this paper is obtained

~y an operator of the fonD by generalizing to operators of the fo rm 9+YoO,

(1 .1) B+Yo0 a classical theorem concerning linear operators

where 8 and D are linear and Y -i s nonlinear , known as Householder ’s Formula. This classical

Since no ass um ptions are made about the nature result and its generalization are stated and

of the nonlinear i ties , it  is impossible to view proven in section 2. In section 3, we show

the operator ToO as small In any sense, hence, such operators do, indeed, occur in circuit

ToO has to be viewed as 
~ 

large nonlinear pertur- theory and then two exam ples are presented. The

bat lon of the linear operator 8. results are s umtarized in section 4.

The techni que to be presented is based on

89
CHi~6g.8l7g,OOOO.O473S00.75 ~ i979 IEEE

L _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~ -~~~~~ - - -—-~~ - . -- —-- — - -~~~~ — 



____________ - - - •_ _• _•__•~ •__

Section ~ 
and prove our main result which is a closed form

The clais ica l Householder ’ s fo rmula (1] pro— expression for (B+ Y D)~~ In terrm of B’.1 and -

v ides a means of calculating the inve rs e of the ( I+O8 ’i’) ’
~ (of course, operator multiplication

- 
matrix B+CD In tern~ of B~ and ( I+OB’1C)~ If Is to be Interpreted as composition i .e. vo4~’0o. -

is known and if the dimensions of C and 0 are i heorem 2: If 1)8 and 0 are linea r operators,

appro priate, then a great savings in time and ii)B 1 ex ists , lIi )y is an arbitrary

effort can be realized using this technique . operator and l v )B+ Y D Is defined , then

Theorem 1: (Classical Househo l der ’s Formula)  (2.3) (B1 vD ) B 8  Y(I+OBY Y 1 DB~~

If B is an NxtI matrix, C Is an MxP Proof: Consider the operator X+XYX where X Is

matrix, and 0 is a PxN matrix , then linear and ‘r is possibl y nonlinear.

(B+CD)~~~B - B ~~C (I+D8 C ) ’1 DB’~ 
X+XYXaX( I+YX )z ( I+XY )X.

In the nonlinear extension , the linear If ( IfYX) and ( I+XY) are both invertible

operator C is replaced by the nonlinear operator y , ( i t  can be shown t2] that one is invertible

The proif of this extension looks , at first If and only if the other is) we have

• 
- 

glance, like the proof of a linear rather than (2 .4) ( I+XY ) ’~ XzX (i i~YX) ’~ .

a nonlinear theorem. To see that this is indeed Now consider the identity

a nonlinear resulty , the differences between the . Ia (I+YX)( I+YX) 1 aI (L4YX )~~i.VX(I+YX )~~

nonlinear and linear operator algebra will be

reviewed by giving two basic definitions , where we have used (4). Solving for

~efInition 1: (Operator Aadltion) Let f and g be (I~~~ yields

two coerators (linear or nonlinear) (5) (I+YX)~~sI—v (I+ .Y) ’x.

wi th the sara domain , then the Fina ll y, consider the operator B+YD.

operator f+g is defi ned by the (B1.YD)’ (I÷YDa~
’1 )3]~~*3 (I+vOB 1 -l

following Letting Xa0B~~ in (5) yields

(2.1 (f+g)(x)~f(x)+g(x) 
(B+YD) *B [I’Y(I4DB ’Y’ 1 D8~

1 
~

Ceflnitlon 2: (Linearity) an operator ~ is linear

if for all x and y in its dcmain To see how this result is useful , consider
and all scalars 3 and ~ 

the case where B+YD is an M tI
~ oroer nonlinear

(2.2) f(ox.By)af(3x)+f(sy) operator , 0 a linear operator that maps

“3f(x)+~f(y). 
I~

4— IR~.P<N and V a nonlinear operator that raps 
-

The argument distri butes to the left for all lR P_~R~. This result allow s the solutIon of M 
- -

operators, but the coerator distri butes to the nonlinear equati on in N unknowns to te replaced

rlçht only ‘or linear operators. With this ~Y the solution of N linear equations in M

distinction in min d, we are ready to state and unknowns and also the sole tion of P (recall P<N )

t
1- - go

- -- ~~~~~~~~~~~~~~ ~~~~ 
- -—---

~~
— — ~~~~ 

• -  -
~~~

- - — - -- ---.- --~~~~~~ - - ~~-
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nonlinear equations In P unknoims. Thus , we have, v~the branch vol tag, vector;
via a closed form express f on , ordered our equa— j~1

lthe current source vector;
tions and unknowns properly to m ake maxiimim use !,~the voltage source vector;
of linear techniques and minimum use of nonlinear j~th. mode-to-datam voltage vector;
techniques. - G Is assumed to be an 9nvert’ ble matrix of

It should be noted that the proof of Theorem dffferentlal operators, f is a nonlinear differ-
2 relIed on the fact that B and 0 were linear ential operator, and all branches are voltage -

operators and allowed Y to be arbitrary , B controlled . If

and 0 were not assumed to be matrices and V was
not assumed to m ap  I R~’i RN. - Any or all of the then Kirchoff ’s Laws and the branch equations

- 
I operators could be differential operators and the can be combined to yield

result would still be valid. Regardless of (3.1) (AGAT)e+Af(ATe)’.(.
whether the operators are differ ential or func- letti ng AGAT”8, and Af (’)aY , we see that this

- 
- 

tional, we have Succeeded in breaking It up operator is of the desired form. The typical
- 
. 

into a linear portion and a nonlinear portion. situation is for f to be a function of only a few
If there are few nonlinear components In compar- (pcn} linear combinations of the components of ~ -

ison with the nt~~er of linear components, the then (3.1) can be rewritten In the form

nonlinearities can be vi ewed as a perturbation on (3.1) 3+Y(CAT) e 1
the linear system, which is precisely the type of -operator that is

Secti on 3 asun enable to the results of Theorem 2.
The purpose of this section is to show that We now app ly Theorem 2 to theproblen of

operators of the form 3+YO occur in circuit solvi ng two nonlinear simu ltaneous equations in
analysis problems and to apply Theorem 2 to two two unknowns. Cons ider the follow ing nonlinear
ex ples. equations -

This type of operator arises naturally in 
.[z1 [.msxi_Ixzs4 ] {~4]non-linear ~metwork ana lysis, Consider the Node 

- z2f ¼X 1445X2 3 -
analysis of a network with reduced Incidence In order to apply Theorem 2, f(x) must be put into
matrix A , ~3]. Kirchoff’s Laws are the fo rm

• ( KCt ) Aj O, (B+Yo )(x )
(KYL, ) v”ATj . wflere 3 is an inverti ble matrix. One way to do -

The branch equations mi ght be this is

J~.Gv+i -6v +f(y) rt -11 X~1f(X)— (B +YD)x .½ 1 1 ~ x 
+Y((i,o]x)where L.

.J4tP,e branch current vector;
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wher e 
obtained from the component connection model ~2]

of a system. The component equations are ass um,~jyfl u l I
L ~ ..L there) to be given In state form

Theorem 2 says that

~~~~~~~~~~~~~~~~~~~~~~~~ 
where a is th-, vector of componen t inputs ,

where 
b Is the vector of component out puts , and x is th~

~ 
r ~ ii 241 r271 state vector of the components . The connection

X.~,a8 Z114
L 1 1J 3J 

a equat ions ( KY!. and KCL equations ) are given by -

and -

11 12
X.~ 4 Y ( 1+B Y ) ’ 1084z In IS

B ’1Y(1+O8 1Y) 40X,~ 
-

4~
1Y(I+OS” 1Y)~

127. 
- where u Is the vector of system inputs and y Is -

the vector of system outputs. If we order the
Now

- 
entries in all of the vectors corre ct ly, we can

(I+OB~~Y)~~27’u partition the vectors In the following manner

is equivalent to N

(r÷o8~~Y)ua27. ~~ , bi’~
’
~ , and xs~!jri iif~ -tfl 
—

(I+03 V)uau+(1,0) Li 1J L o ,J where the superscript N (L) denotes entries

• 

. 

au+ (1 1] [ u _ u ] 3 3  associated with the nonlinear (linear) components.

The descretized equations t- .ot the com puter is to

which implies solve have the form

u~3 
~

Now

X~11~B V( 3)  r’ ~i ~~~ ~r241 
- ~~~~~ 

d i X~_ j~
AX
~
+8a

~.

1-1 i j  (,,, 0 J L—24.,~ b M~ N, N N~ 
- 

-

-k g ~
X k la k 1,

So b ‘DCX ‘+Da”,
- rz7—24~ 

—~~~~ 
k k

A CXN1~ L-2l+24J • L3J
The reason for choosing a functional example ~~~~~~~~~~~~~~~~

Is that for large circuits or systema, the differ- N NV~aL21 bk+L22b~
+l22uk

ent lal equations are so lved numerically so at each ‘

I terati on , an operator of the form 3+Y0 must P~ 
The last equation is J ust the out put equation and

Inverted. To see that th is is indeed the ease , is not used during the Iterations . These equations

co ns~der discretizi ng the differential equations 
can be put in the following form
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-
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~~~ 0 0

- —
where D—CI,0], and I Is conformable with

-

~~~ ~ L~J -

4

4. Conclus Ion

- . 

- The classica l Household er ’ s Formula has been

generalized to certain nonlinear operators. It

- was shown that these nonline ar operators occur
in circuit theory, both in the differential

equations that describe the circuit and in the

discretized equations that are used in the

computer aided analy sis of these circuits . It

-~~ is hoped that this result will be as useful a

• - tool In the fault analysis of nonlinear c1rcu~ts 
—

as the clas s ical resul t turned out to be In the

fault analys is of linear circuits . -
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14. Reprint of “CAD Oriented Measures of Testability” by R. Saeks from the -
Proceed i ngs of the Industry/Joint Serv ices Test Conference
and Workshop, NS IA , San Diego, Apr Il 1978, pp. 71—72.

• ABSTRACT

Measures of testability f or both analog and digita l system s which can be incorpor-
ated into a computer—aided design package are surveyed . The application of these
measures for evaluating and improvin g system diagno sabil ity is discussed.

Although maintenance related ques - observabi lity intuitively deeming a sys-
tions have historically been given low tern to be “ more testab ] .e U if it is more
priority in system design with the advent controlable and observable ”. Since con—
of integrated circuit technology during trollability and obser-vability are
the past decade the cost of maintenance measures of one ’s ability to exercise the
has become a dominating factor in deter- internal system elements via external in—
mining the system life—cycle costs. As puts and observations such a viewpoint
such , considerable interest in the de— is quite reasonab le. Unfortunately , as
sign of systems which are readily testa— classically defined, controllability and
ble has developed along with a concomitt— observability only measure one ’s ability

- • - ment interest in the development of 1a2 to exercise the system memory elements
quanitative measure of testability . ‘ and hence some type of extension of the
The latter may be used to aid in the de— concept is required if the resultant
sign of readily testable systems . More— measure of testability is to include corn—
over , such a measure of testability can binational information as well.
be employed as a means of specifying
system testability for acquisition pur- An alternative approac” primarily
poses , intended as a measure of testability for

analog circuits has recen4y been proposed
Two classes of testability measures by Sen and the author .3’4’~ Here , one

have been proposed both of which have uses the implicit function theorem to
applicability . The first is a coarse estimate the dimension of the manifold
measure of testability which can be corn— of arbitrary parameters resulting from
puted by hand from an inspection of the the solution of a set of “fault diagnosis
system . This might include numbers of equations U with a lower dimensional am—
input and output test points , number biguity set indicatin g a more testable ”
and complexity of system components , systems . Unfortunat ely, this approach to
memory complexity , etc. Alternatively, the formulation of a measure of testa—
one might choose to adopt a more sophis— bility is heavily predicted on the
ticated measure of testability using differentiable properties of analog sys-

• Computer aid for-, i~s evaluation. Indeed, tems with considerable work sti.ll re—
$ With the growing prevalence of CAD pack- quired for its extens ion to the digital

ages in the design houses of subrouting case .
for computing a measure of testability -

during the design process could be in-
corpora ted into an existing CAD package References
With little difficulty.

• 1. De)ka , W.J . , “Measure of Testability
Although at the time of this writing in Device and System Design , Proc .

no clear criterion for defining a measure of the 20th Midwest Symip. on Circuitsof testability has yet to emerge several and Syste ms , Lubbock , Tx . , Aug. . 1977 ,
app roaches are presently under investi— pp. 39—52 .
gatj o~ • l , 2 One such approach is based
On the concepts of controllability and
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2. D.jka, W.J., ‘A Review of Heasuremd~ts
• of Testability for Analog Systems’,

Proc. of the 1977 AUTOTZSTCON, Hyannis,
Mass. , NOV . 1977, pp. 279—204.

3. Sen, N., M.S. Thesi s , Texas Tech
Univ., 1977.

4. Sen. N., and R. Sacks, A Measure of
Testability and its Application to
Test Point Selection — Theory’, Proc. •

of the 20th Midwest Symp . on Circuits
• and Systems , Lubbock , Tx., Aug . 1971,

pp. 576—583.

S. Sen , N. and R. Sacks , ‘A Measure of
• Testability and its Application to

Test Point Selection - Computation’,
Proc. of the 1977 AUTOTESTCON,
Hyannis . Mass.. Nov. 1977 , pp. 212—219 .

6. Hartma n , R., Unpublished Notes ,
Pacific Applied Systems , Corp., 1977.
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Texas Tech University Institute for Electronic Science

Joint Services Electronics Program Research Unit: 4

- 
- 1. TItle of Investigation: Qualitati ve Analysis of Large Scale Systems

2. Senior Investigator: Kwong-shu Chao Telephone: (806) 742-3469

3. JSEP Funds: $23,500

4. Other Funds: $18,710*

5. Total Number of Professionals: P1’ s 2 (2 mo.) RA’ s 1 (1/2 time)

6. Sumary:

In the ana lysis of large scale systems it is often necessary to solve a

continuously parameterized family of numerical problems ; inversion of a family

of sparse matrices, computation of the roots of a family of polynomials or 
-

nonlinear equations , solution of the eigenvalue problem for a family of sparse

matr i ces , etc. The goal of the present work unit is to develop a class of

continuation algori thms for the soluti on of such problems in which one formu-

lates a nonlinear differential equation whose trajectories represent the solu-

tions to the given family of problems as a function of the underlying parameter.

One then computes the solu tion to the given problem at one parameter value by

cla ssical techniques and numerically integrates the differential equation using

this va lue as an initial condition to obtain solutions to the entire family of —

problems . We believe that these techniques are far more efficient than the

c lassical technique of discretizing the parameter value and applying standard

numerical techniques at each point. Indeed, this has been born out by our pre- -

limi nary experience In applying conti nuation algori thms to large scale systems

problems .

* NSF grant for related work applied to the computer-aided design problem.
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The research may naturally be subdivided into two areas; the formulation 
-

of analysis and design techniques for large scale systems and the development 
-

of numerical methods for their solution. The former area Includes system

simulation algorithms , large change sensitivity analysis algori thms, a multi -

variate Nyquist theory and several root locus algori thms. In the numerical

area we have developed conti nuation algori thms for inverting sparse matrices

and for the solution of the eigènvalue problem in a family of sparse matrices.

• Additionally , we have formulated several root locus algori thms and a method for

tracking the solutions of a parameterized family of nonlinear equations .

- The major result obtained during the year has been the formulation of

several conti nuation algori thms for the soluti on of the eigenvalue problem

in a family of sparse matri ces. Al though a continuation algorithm for the

solu tion of the eigenvalue problem has been known for a number of years the

existi ng algori thm uses the eigenvectors as auxiliary variables . As such,

since the matrix of eigenvectors for a sparse matrix is non—sparse this al-

gorithm fails to preserve the sparseness of the given matrix. We have there-

fore developed three alternative conti nuation algori thms in which the auxiliary

var iables take the form of appropriate simi larity transformations for the given

family of matrices which are assured to be sparse if the given family of

matrices is sparse.

In other areas we have developed a conti nuation algori thm which is

employed to find multipl e roots of a polynomial with applicati ons to

root locus problems . The latter application is also represented by re-

prints of two papers In which various root locus algori thms are formu-

rn -~~~ -- —-~~—— —~ 
_
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• U

lated. Addi tionally, we have included a reprint of a paper from the IEEE

Proceedings in which a continuation algori thm for sparse matrix inversion Is

developed and reprints of two conference papers on the solution of pàrameterized

families of nonlinear equations.

7. Publ ications and Activiti es:

A. Refereed Journal Articles

1 . Pan, C.T., and K.S. Chao, “A Computer-Aided Root-Locus Method”,
• 

IEEE Trans. on Automatic Control , Vol . AC— 23, pp. 856—860. (1978).

2. DeCarlo, R.A., and R. Saeks, “A Root Locus Technique for Inter-
connected Systems ”, IEEE Trans . on Systems, Man, and Cybernetics,
Vol. SMC—9, pp. 53—55, (1979).

~~~ -

— 3. Saeks , R., “A Continuation Algori thm for Sparse Matrix Inversion” ,
IEEE Proc., Vol. 67 , pp. 682—683 , (1979).

4. Pan , C.T., and R. Saeks, “Multiple Solutions of Nonlinear Equations:
Roots of Polynomials ”, IEEE Trans. on Circuits and Systems (to
appear).

B. Conference Papers

1. Pan , C.T., and K.S. Chao, “Mu l tiple Solutions of a Class of Nonlinear
Equations ”, Proc. of the 1979 IEEE Inter. Symp. on Circuits and
Systems, Tokyo, July 1979, pp. 577-580.

2. Pan , C. T ., and K.S. Chao , “A Conti nuation Method for Findinq the
Roots of a Polynomial ” , Proc. of the 22nd Midwest Symp. on Circuits
and Systems , Univ. of Pennsylvania , Philadelphia , June 1979, pp.
428—431.

I i

C. Preprints

1. Green , B., “Continuation Algori thms for the Solution of the Eigenvalue
Problem” , (preliminary draft).

o D. Theses . 
—

1. Green, B., “Continuation Algori thms for the Soluti on of the Eigenvalue
Probl em” , M.S. Thesis, Texas Tech Univ., 1979.

E. Conferences and Symposia

1 . Chao , K .S . , 21st Midwest Symposium on Circuits and Systems, Iowa
State UnIv., Aug . 1978.
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2. Chao, K.S., 22nd Midwest Symposium on Circuits and Systems, Univ.
of Pennsylvania, June 1979.

3. Chao, K.S., 1979 IEEE Inter, Symp . on Circuits and Systems, Tokyo, -

July 1979. 
-

4. Green, B., Texas Systems Workshop, Dallas , March 1979.
5. Chao, K.S., Texas Systems Workshop, Dallas , March 1979.

6. Chao, K.S., Inter. Colloq ., on Circuits and Systems, Taipei ,
July -1979.
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S 8. Reprint of “A Computer—Aided Root-Locus Method”, by C.T. Pan :and K.S. Chao
from the IEEE Transac tions on Automatic Control , Vol . AC-23,
pp. 856—860. (1979).
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_ _ _ _ _ _ _A Computer-Aided Root-Locus Method  _ _ _ _ _ _ _ _-

~ ~~ 
C*.)

C. T. PAN ~~~ K. S. CHAO. ~~~*ui. m~ 
____ 

I
Ahsø’~ c~.—As of fl~~~ p r.o3ded t~o~.Ioas ~ etbod h deoa~bsd. 

_____

The ~~~~~~ ~ o tb~~~oeaps of eaadnua~oo ..~e*Iw.d, Is which the 
~ ~~~~~~~~ i~~~~~ -~~~~

—

ioludoo of * piiamstm~ ed family of algebraic prob1e~~ ~ a,oveied Isto
the solados of a ~ ffat.d.I equados. The roct4oas plot lc obtained lea

___ b~ aumcdmi leto~~~~e. SIa$%iI*fltM$ ire g(s.X) £ B(:)+L4(:).’O, . (3)and d~~ Iled ~~ riSag to the prop.,dm of higher order derh athes.
Depending os thair dmsllkidoo. singular points on the root lcd are taken i.e.,
eme of ~~~dlngIy.

1—(sf g(s,X)—O) .  (4)

I INTR000CITON Instead of solving the roots at (3) diramiy for each K, a 5311cm of two
simultaneous differential equations -The root-locus method is one of the important desip techniques for

hew tzm..wvanant feedback systems. In addition to yielding frequency a (: (:) .K(:)) — — g (s (c) , K (t) )~g( z(O).K(0)) —oresponse information of the system. it also provides a powerful tool for
wiving problems in the time domain. The basic idea of the root-locus
method is to determine the dosed-loop pole configura tion as a function ~~K(s) .s ~~l, K(O) .’K0 (5)

geat deal of inioneat~on is available in texts and literature on the is considered where ,(O)- 0 is a root of (3~ corresponding to an inulal
of the pin from the configuration of the open-loop poles and zeros. A

- • method for the constnctioo of root hod. The gaphical method using gain K0, and : is a dummy variable. Appö~~tion of the chain-nile to (5)
certain elementaiy gsoo etnc properties of the !ocus is probably the most results in
commonly used appro .ch (see e.g. (h)-(3D. Other approaches f4J~-(71 dr (
employ diber analytic ~r semi-analytic representations that involve the ~~~ s(O) z~
use of equations of the lcd. Although anaiytic approaches enable one to 

— ~ (6)obtain aocurate plots along with certain quabiative leatures of the root -~~

investigations for higher order systems ate virtually pracncai. or equivalently.
paths, the point.to.point plotting is just a formidable task. Besides.

It is the purpose of this paper to develop a computer-aided method for 
— — 

( 8(s)+ K4(s))±A(s)
~0plotting root lcd in a systematic manner. The approach to be presented B (s) + Kr(s)

in Section hI is based on the concept of cooanuauon methods (8H 103.
The basic idea is to convett the solution of a parameterizod family of ~~~..

..i K ( O ) —K,,. (7)- .algebraic problems into the solution of a act of associated differentia l
equations. Section lii is conceroed with the existence and classification Equation (7) can now be solved by any ousnencal integration technique.

• of singular points on the root loni. In Section IV the results obtained are For cxample~ using Euler’s method, (6) reduces to
Wustrated by means of examples.

a B(s,) ±KA(s,)+A (s~) (8)
II. Ten Root-Locus Mrrsioo B(s~) + K A ( s,)

Consider the closed-loop system shown in Fig. 1. Let the open.loop
transfer function be expressed by It is seen from the solution of (5) -

G(s)H(s)_ K~
!1

~ ~ 
~~~~~~~~~~~~~~~~~~ . . ( s.. :) 

(1) - g(s,K) —g(s( 0) .X (0)) e ’—Oe ’esOB(s) ( :—p,Xs—p 2) ~” (s—,,)

- ‘ I where K is the open-loop pin and m <a. The dosed.loop transfer tha t for any admissible pair X~ and s~ setisfying (3). the correspondingfunction 15 trajectory resulted from (5) will remain on the solution curve g(s.K)— O
as K changes. The + or - sip is cbocm depending on whether one

T(s)— C(s) G(s)2(s) (2) would like to increase or decrease K. SjIWZ the computed najectory mayl +G (s)H (s)  —

not satisfy (3) exactly, the minus sip in fist of g in (5) is used to ensure
The root-locus plot of the closed-hoop transfer function 7~s) is defined as that the computed traj ectory does not diverge away from the locus.
the locus of the poies of T~s) when K vanes from zero to infinity. This It is a weli-known fact that he rooi.loctn plot for T~s) contains a
piot consists of a set, denoted by I. of points in the s-plane sucó that branches starting from the open-loop — at K-’O. Thaafore, in the

case where the open-loop poles are distinct, the a initial conditions for
(7) are selected at K(O)-0 and s(O)- ~ ,i-I ,2,”- .n. In the case where

M..iiie,I5~ iv~~~~~~ D~~~I 13. I~11. r~~~ id ApiO 21. fl. Pspu, ~~a a ~~d~b~ 1. Poi.i. C~ aav aa it Ui. ~~~~~uuoaiI M.Ui ~~~~ ia,~ oiw.t. s,.,~~. ~~~~~~~~~~ 
the open-loop transfer function contains ispeated poles, the term (ag/as)

Th~ .w* ~~~ ..,,. L4 i. pus b~ Us NSF .udey Gu ms £NO.75.05074/ becomes zero when evajuated at the r.peated poles. As a result, the__ 
~ s OP4R ,.4 Gums 7~.C.II3O

cr . ~~~ ~ s ute p.,v,.,,, it amsvic,t ~~~~~~~~~ ~.u. t a  u—us, selection of starting points cansiot be made at K-.O for the repented
~~~~~~ TX TOsor . N. U ... with iN D.psivser of Eiem.ieai .~~ ~

_ 
., ~~~~

. poles. Approximate starting points, bos’e~~. can easily be obtained by
s. Nss .al 1 i$  Italu Ua,.ini.~. Himse~s. TII~.i~ analyzing the proper ties of ha root lad in the neighborhood of theo k. S ~~.u. ~ss5 iN Dspsus sai it Elmsvw.I £ap..msw , T~~, T.~Libseci. Tx ~osor repeated pole. Suppose the open-loop — has a repeated pole p, with
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miduplicisy , and the cotrcipooding s(sM has the form where U and V are real-valued functions of z and y, and

• a(s,X)—3(s)+K.d(s) s z+fr. (19)
• —(s—~i1X’—p ’J’ (s—ps) ’ (a—p ~.,,)+k.4(s)—0. (9) The directionai dsri~auv. of K at a powl sEI in the unit direction

n ’. -ç+fn, tangential to the root locus is

(10) iA~ au au (20) - 
-where c is an arbitrarily small real number and S is a phase angle yet to

be determined. Thus at s is Tb. above equation ma also be wrnten in the form

tEl. (2!)
Solving As from (II), gives

Making use of the Cauchy-Riemann condition, (21) reduces to(12)
d~ r iau a v~ - 1R [~~j +J .~~.) lAj

Iui Ra(K(s)r 9 (22)

13’ 
- 

where X ’— dK/d r.
B(s) ,,, ‘ Similarly, )slgtaer order directional derivatives of K with respect to I are

related to the higher order derivatives by
• Therefore , approximate starting points in the neighborhood of the 

d~grepeated po1ep~ and the corresponding open-loop pin can be evaluated .~~~~~~ . — Re(K( )(s)e~”J. (23)fives (12) as
Thus, it is seen from (23) that along I. K and its directional derivatives

i~~0.I,2,~•.,r -h  are all real-valued functions. Tb. following theorem which playe an
importan t role in singularity classification will be proved.and Theorenc.~ Suppose ,(s) is an analytic function such that

• 
K—1 e’. (14) ,(s ) —a, forareala*0~p 

,(*)(si_0, k — l ,2,• ~~~~~~Wish the prop er choice of a starting points, the a branches of the
root-locus plot can be traced in a continuous manner by numerical
integratio n. In computing the root locus, care must be exercised when 

~~~~~~~~~ 2 çq <aapproaching a singular point on th, locus.
at some point s located on Imp(s) —0. Let

IlL SoiOULAA 
~~~~~~~~~~ R11 — ( sJ I m p( s) —O) .

A point s satisfying 
Then, in the neighborhood of :, R, consists of q branches, ~~~~~~~~d(~~~Q)\ R,~. and ~~~~~~~~~ rtR,,— s .  Furthermore, for each I, tcE< q ,if, ‘-‘ dii A(s) ) ,~~~~ Rep(s)J.~ is either a local maximum or a local minimum ats if q is
even; it is either an increasing function or a decreasing function if q is

—— ‘ .‘ ‘ .‘ ‘ ‘ ‘ ‘—0 - (15) odd.A2(s) P?oofr Without loss of generality s can be assumed to be zeso.
• ~ Before couside~~; the general case, the theorem is p~~ ed forin the complex plane is called a singular point. Since the numerator of
(15) is a (a+m-l)th order polynomial of real coefficients, there are h(s) -a+s ’.(a+ or- I) singular points us the s.plane. Only those singular points that
am located on the root lao will be considered. In view of the fact uk~ t Identifying the set R~ from
A(s ) cannot be zero for a finite K, it follows that on the root locus, the R~..(sJlmk(s)—O)

- 
, cocdiUon

A (s )B’(s )— B(s )A’(:’) — 4(s )(3 (s ) + K4’(s ) )  —0 (16)

• 
Ri~.u(re.’fr’ sia qS —0}—(r , .~) 9.ui j, / q, i..0,1,2.... ,q— h)

—B’(s)+KA’(s )—O. (hi) where S is restricted in the upper half of the s-plane and r assumesas ,.,,. negative values in the lower-ball plane Thus, R~ consists of q interaect-
• ing branches Rms, i-0~I,2,. .. ,q—l. The intenecuon occurs at ,—0. ForHence, (7) is not --slid at s s  a~d modifications must be mad. to

bandle these slng~.ar points. Condition (15) does include the conven.
tional break-us and break-away points at which K is either a local Reh(s)I ~~ _ a +r ecos( qg,) . . a+p ecos(j, ) .

or a local minimum on the real axis, respectively. In general.(dK/di) is acomplx quan utyd s isnot located on the r~j a~~ a~~ j 1 There1oreifqiseven,r is aiways noanep~ve,~~ d
door not make sense to talk about local exwemal values without proper

• modification. Now, since K is a real-valued function of s for all s on the P.eh(s)~41, ~ a r: L1root locus 4 the directional derivative (aK/dI) together with its higher en me
order deflvauves along the tangential direction of the locus are well i.e., h(s)I&. is either a local maximum or a local minimum. Now if q isdefIned. f t is thus possible to consider local extreniai values of K along I odd, then foe each i,
nag the notion of directional derivatives. Let —

Reh(s)I~., — .+ ,‘cos (iv).
K(s) . ” — 

~ ~ U(s,y) +j V(x ,y) 
Hence, (h(s)k, — a) will change sign either from pkai to minus as 

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ —•- •-- --..-—--- -
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• inereasor (roes øegativs value to pontive valu, or vice vase, La, h(s) (a,is a monosenic function.
Retureing iot A, general case, ,(.,) can be eapsnd.’d into a Taylor •

saws around ~ as
or • 

~i , L  Aa ’or, ,o.L
~~ 4(.f .i )’aI4+(S~~~,)’ ~~a—.

Sines the summation in the above equation is an analytic function and
has no saw in a anal! disc around s’, (rain a theorem in the theoty of
coesplen variables (ass e.g. (liD. thai. exists an analytic function ti(s) a

• such that

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
I

Plg, 3. Aa od4 ps~ i.
Las e(s)—up( s i(z)/q). Then

£
d’K si

wbsr.J~s’)-O,f(s )*O. Thus,fls) is a local hoorecenorphian. Now - - ~~-~*O, (25)

R,— (zPm(a+(f(s))’) —0)- ( s j f ( s)  ERa).  With the above corollaty, the couven~~~ l break-in and break-away
points defined on the real ama can now ha generalized as follows.

Lit Def lnf tf o.t.~ In the theorem, the singular point is called an even singe-
• &~— (s f f ( s) e R~ ) , i—0,l,2,... ,q— i . lar point if q ia ãen; otherwise, it ia said to be an odd singular point.

It is clear from the corollary that on as root locus an even singular
U q is even, then sER~ implies f ts )ERdl~. It tcuows ~~ point is either a local maximum or a local minimum along the branch as

defined in the theorem. The aniventieml break-in and break-away
Reh(J ~s)) ~ Reh(0)- Reh(fls’)), when cosi,- I points are just special cases of even singuha points of order 2 (j e.. q-2)

when cosiv--l, which are located on the real axis. In gateral, if a si~~u!ar point is
located off the real axis, the concept of ~~ectional doiv.~u’ca can beLa, used to characterize the singular point. Fiem (23) and the corcilary it is

Rep(s)~~ ~ Rep( .r”i when cos.i—l obvious that at an qth.order singular p~~t, d*K/dlI_0 for k—1,2,
“ when easer- I. - .q I and d ’K/dI ’*O. There are q branches of the root loci

Therefore Rep(4~ is either a local maximum or a local minimum at ~~
•. - 

Intersecting at the singular points.
In generating the root-locus plot, each branch is plotted separately as

Similarly, if q is odd, then it can be shown that Rep(4,~ is either an K increases. In the neighborhood of an odd singular point, since K is a
increasing function or a decreasing function. monotonic function of a on the locus, the &st-order directional derive-

As a direct consequence of the above theorem, the following corollary tree is a continuous function. Thus, when approaching an odd singuLaris deduced. 
____point, it is necessary to jump over the ringeI~r point by adding a small

Co’oilwy: Suppose ,” is a singular point on I such that 
~~~tion ~~~~ along the tangential dir~~~~ of the locus. For even

K(s”) *O singular points, such procedure is invalid. Since on the root-locus plot an
• even singular point is either a local masii~~~ or a local minimum, such

d*KI—I -0, k 1 ,2,••. .q— l constriction does not give rise to an ineseasing K. Thus, in order to
• di~ .~~‘ continue the plotting of the root locus as a function of increasing K, it I 4’
den necessary to change the direction of the b ass when an even

point is approached, Depending on the ester q of the “i~~_
point, i~z, the chang, in direction, is choem as

where K(s) - 8(s)/A(s), then there are q branches intersecting at
s s ”. Furthermore, if q is even, then along each branch of the intersect- (26)
ing root toes at a—:”, K(s’) is either a local, maximum or a local
minimum; otherwise K(s”) is a monotonic function of a on that branch where 6.s is a sufficiently small vector in as tangential direction of the ~

- • in the neighborhood if ~ 
locus when approaching the singular point. The factor e~~’1’ can be

- - Proof : Let fls) - B(s)/A(s). Then flu) is an analytic function. It viewed as a rotational operator, which ro~~~ the directio@ clockwise by
follows that v/ q. On a branch so constructed, the rem ~~guiar point no longer has ~~

ths characteristics of a local extremum.
B(s)+f(;)A( :) 0. It is apparen t from the foregoing roos.laau construction that the q

branches will direcdy intersect each other it an odd singular point and
Comparing the above equation to (3), ii is obvious that 

~~ the modified q root lad will touch each other at an even singular i-a
K— Refls) pant. For obvious reasons, an odd ~~~~~~~ point is known as an N

Intersecting point while an even singular — called a touching point.
0— Iinf(s), for all sE I. The geaphical illustrations for these twa t~pa of singularities are shown

Application of the above theorem to f ls) completes the p~~~ 
in Fig. 2 and Fig. 3 for q-2 and q—3, ~~ ectively. The branches are

Aceording to the above corollary, singular points ~~ by numbered and the arrows are pointed in as~~ection of increasing K. ~~ ui,
the 5 rues of higher order derivatives. It is noted that After the change of direction at a tcu~~~~ point or the jump over an

intersecting point, it may be necessary to ke cotynctions if the point
d5K d~ selected is not dos, enough to the locus. 1~~ can usually be achieved
— — —(—8(s)/A(s))— — ~3/A(s). (~~ • within a few steps by using the Newton ~~~tiondi5 &

Since (s) is an arch- order polynoinial with real coefficients, a~,,as* can B(sij +L4(sa)
easily be generated. Furthermore. q can at most be equal to n, since 

— 
3(u j )+L4(Sij 

(27)

- 
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The gain K which corresponds to the corrected point can be evaluated where
either from -

K — — R B(s)/ReA(s) (28)

or and e is chosen as 0.2 for illustration. Thus, the two approximate starting
K— —ImB(s)/ImA(s). (29) P°’~~ are

Equations (28) and (29) are derived by taking the real and the- imaginary Wo - I +jO.2, K 0.08

parts o( g(s)— 0, respectively. w1 - - l -j 0.2, K-0.08.

- The root loci are obtained by using (8) with s(0) w0,w1, -3 and
k(0)-0.08,0.08,0, respectively. The results are shown in Fig. S where the

In this section a number of examples are presented to illustrate the root loci are plotted up to K—S.
proposed algorithm for obtaining the root.Iocus plot. Although any Example 3: In this example. the open-loop transfer function is
inw~ auon technique can be used to solve (7). only the Eule?s method assumed to have one real pole, and two complex conjugate poles:
with var iable step size is used for illustration.

£xam~i,le I: Consider a linear feedback system whose open-loop G(s)H(s)- K
tnnsfer functrou is çven by s(:+ 3+j V~ )( s+ 3_j V5)

There is only one odd singular point with q”3 located On the root bod.
s(s+IXs+5) It is thus nGcessary toju lnp over the singular point when it is approached

and ~z is chosen in the tangential direction of the locus. The complete
There are thrce simple polcs ac 0, — I , and — 5 , and two finite zeroc at root-locw plot is sbown in Fig. 6.
-15 and - 5.5. Application of (7) with starting points 0, - I. and -Sa t  Examp le 4: The final example demonstrates the case where the singu.
K-0 leads to three root Joel shown in Fig. 4. It tur ns out that all four 

~ ~~ off the real axis. Consider
singular points are located on the root-locus plot and they are all
classified as even singular points with q-2. It is thus necessary to G(,) H (:) ~ n&l-- K
change the direction of the root locus when each singular point is B(s)  (.e+ i)2(,+ I +JVii )(s+ i—p/il)
approached. For branch I, when Q1 is approached, the tangential
direction ~~,— — c  and ~.r , chosen as (—r)e ’~

2 . +çi. Similarly, It is seen that
when branch I approaches Q~, Q~, and Q~, the changes in direction ~~
chosen as 8~ _(_)1)e~~ /2. ~~~~_ (_ )~~*/2, and t&s~u~(—jir)e ”/2, t(’) — B(a)+ K.4(s) s’+4s’+24i’2 +40:+ 19+ K.
respectively. Other branches, denoted by 2 and 3, are obtained in a 

setting the derivative of g with respect to s to zero, yields three singular
Lxasple 2: As an example of the case with multip le p oles, consider pain s s j , j 3 S i a s~~- - h a

G(s)If(s)— 
K and s~, it is easily verified that

(s+3Xs+l) Img(s3) Img(s,)—0
whes-es — — l  i a  repeated pole with multiplicity ‘—2 . Prom(14) and

This indicates that both :~ and :~ are located on the root Joel and,
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• ‘.-  -- locus at singular points and enables one to plot the root lath without
missing or repeating any branch.
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plication of the proposed root-locus plott ing procedure with four starting
points -

:,~~. ‘ — l +j, K .0.i*, c—0 .I
,~~~—I--jc , K— 0.I*, c~~0.1

~,,~~—i+ ii/ii , K—0
J~I, — l—fu1i. k—0

leads to the complete root-locus piot shown in Fig. 7. It is dear from this
example that a necessary condition for the existence of complex singular
points is that the order of the open-loop transfer function be pea er than

o or .qual to four.

V. Coi~a.usio~
An algorithm for genanting the root-locus plot has been presented.

Cauificabon of singular points baa also been discussed in detasi It I
shown that the conventional break-in and break-away points are just

cases of even ongular points. rhe compnter.aided method

~~~~~~~~~~~ 

- 

- 
suceesafully solves th. problem of discontinuity of the direction of the
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- 9, Rep~~nt of “A Root Locus Technique for Interconnected Systems” by R.A.DeCarlo and R. Saeks from the IEEE Transactions on Systems,
~ 
• Man , and Cybernetics, Vol. SMC-9, pp . 53-55, (;979).

A R oot Locus Tedtnique for Interconnected Systems dimensioned Euclidean space. The system description is
- completed with the connection equations , which are

Absrrac t—Ths note pres~~ts a nume~ caUy fusible tethnique ~ k~1r~21 [;J
RAYMOND A. DeCARL.O. uscau, m AND

R. SAEKS. ‘eLLow. __ . i~J IL1, ~ L1211b l (3)

lot computing composite syst em eigen~alues from component/ where L~ are real matrices - accounting for KVL, KCL., and/or
subsystem eigenvalues in the component connection model con- other conservation laws; y and u are vectors.ofsystem outputs and

I 
‘ text. The technique is a nat ur al extension of previous artificial inputs, respectively. Equations (2) and (3) constitute the compon-

methods of computing system eigenvslues in a state model hav ing 
~~ connection modeL Except for theoretical analysis and/or

S perturbed A matri x. Tu e present tedinique allowa one to trace describing relationships between classical models and the corn-the movement of component eigenva(ues as coupling is introduceL
Faribermet e. the technique permits investigation of eigen’alue ~~~~~ connection modeL one never combines (2) and (3) into a
molemesit as a function of interconnectiuc gains. This s ,s~~~ 

sin gle set of equations. All relevan t simulation and analysis is
in analyzing short/open circuit phenomena as well as other ~~~~ 

possible without combining the equations (16]—f 18], (5] . [2]. [4],
characteristics. Finally, the techni que is useful for determining and (12}.{14), (3].
understanding composite system stability in tents of component Under general considerations 1161, (51. (18] the composite corn-
and connection information. ponent state vector x and the system state vector may be chosen to

coincide, so that a valid composite system state model exists as- L INTR ODUCTION follows:
This note describes a root locus technique in which the root

focus” begins at the elgenvalues of the individual component state X a Fx + Gu
equations and traces out trajectories as coupling between corn- y a Hx + Ju (4)
ponen ts is continuously and uniformly introduced. The compon-

• em connection model (5], [14], [16], (12], (13], (4]. (181 is the where F, G; H, and J can be expressed in terms of the mat rices of
natural vehicle for executing the approach as opposed to distantly (2) and (3). In particular,

• related perturbation schemes (6], [7], [11]. F — A + 3(1 — L,1 D) ’L ,1C. (5)
Numerical implementation is discussed through a continua-

tions approach (2], (3). (19], (10], (1] which in this case is a set of Since G, H, and J are unrelated to the discussion of this note, their
coupled differential equations characterizing the interplay i,~. specific form is omitted. The component interconnection matrix
tween the eigcnvalues/eigenvectors of the appropriate composite ~~~ is explici t in (5). This explicitness motivates and permits the
system matri x as a function of an underlying parameter r. The root locus technique.
coupled differential equations are given in the Appendix. The idea II. THE Roor LOCUS TECHNIQUEis to initialize these equations at the e genvalues/eigenvectt~..s of
the components and integrate to obtain those of the composite Clearly the composite system eigenvalues are the roots of the
system. polynomial det [.~.1 — F] where F is defined in (5). To consider the

The t echnique is applicable to the study of short/open circuit effect of coupling/interaction among components, replace L,1 by
phen omena as well as the investi gation of tha effect on composite rL , 1 for a scalar r to obtai n
system eigenvalues of increasing/decreasing coupling gains be. F (r) a A + B(I — (rL i~)D] ’(rL,j)C. (6)tween components.

It is assumed that each component has a completely control- Clearly. F(O) a A, as in (2), and F ( l )  a F. the re levant composite
lable and observable state model: system matrix.

A continuatio ns approach to computing the root locus of the
A~.t . + B,a, elgenvalues of F(r), 0 < r  ~ 1, uses (2 1)—(23) from the Appendix.

— C,x , + D,a. (1) which require knowled ge of F(r ) . Unfortunately, the eigenv alum
of F(r) must be distinct , since the coupled differe ntial equations

where a,. b,. and x , are vectors of component inputs, outputs , and become singular otherwise. Using the well-known matr ix
states , respectively. Combining the component descriptions identities,
defines a corn posz:e component state model as

[ M ’ l - ’ . — M tAf M~
l (7)

*—A x + B a
X(I — YX)~~~~(1— XY )~~X, (8)

b Cx — Da (2)
whenever either inverse exists, and

- 
- where a — [a ,. ~~~

- , a.]’, b a [b,, ~~~~~ b,]’, x — (x ,, ~,
A diag (A ,, “- , A,]. etc. All vectors are assumed conformable. (1 XY Y ’ — ( 1  + X(1 — YX~~’Y) (9)
and for cad time instant they possess values in the appropriately results in

P(r) a B(I — rL,,D)~~L,1 C (10)

where the superscript — 2 indicates the inverse squared.
Ma nvscnpi re~~t~ed May ii. 197*: r,v,trnd Au5ust 2*, 1,78 By in iualinng (2 l) — (23) at the component (subsyssein~
5 c DeCarlo IS with the Dt anmmt i of E1.ctn cal Enpnernn~. P,. tiue Un,~er- eigenvalues/eigenvect ors, one integrates the coupled differential

Ifl). W~~ L.alayette . IN 47907
I t acks is wi th c Oepars meoi of Eiectncal Eopnvinn~ and Maihtvna i~~. ~~~~ 

equations to obtain ‘he root locus—i.e.. the trajectories of the
Tech (jn,verul’ LuhbocL TX ‘9409 eigenva iues of ;he system as coupling is introouc*d. If any of the
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0 .1

eigenvalue trajectories cross. it is necessary to perturb r around — .
the point of intersection and reinitialize the algorithm. ______

When the compos te state model D-matnx is zero, ft(~) — r ••i b 
2

~~~ C. a constant. When D ~ 0, it is necessary to compute ~ I —

(I — rL11 D)~~ at each step of the integration. Typically.
rank (D) 4 dim (I). Viewing —r L~1 D as a low-ran k perturbation 

_____ 
4 4

on s. Householder’s formula (9], [5] provides a convenient and “
~ 

• ‘2
quick means for computing (I — rL11 D) ~.

Note that (6) is not an artif icial linear perturbation of the
composite system F matrix to account for stray capac-
itances/inductances on eigenvalue movement or ease corn- Fi~ I. Block dlqram 01 iaNrc0n0ecI~~~.sy5tSm.

puting the eigenvalues of F [6], (7], (11]. Indeed the QR-algorithm
is much more efficient and accurate. However, this formulation is amplifier. This reduces the number of state Variables Iii the system
nat ural in the component connection model context; it is nuttier- model without changing the interconnected structure of the
ically implementable through a continuations approach as above system which is represented by the connection matrices.
or through an iterative calling of a QR-algorithm; it identifies
components giving rise to particular composite system IV. AN EXA MPLE

eigenvalues by tracing the sigenvalue locus of F(r); and finally, by Consider the system configuration of Fig. 1. There are two
replacing L.~ by L~ + rP (P is of low rank), it offers a means of components (subsystems) as indicated by the roman numerals I
investigating coupling gains on composite system eigenvalue loca- and II. The triangular block indicates an amplifier whose gain is

• tions as follows, two. For convenience, the action of this amplifier is reflected in the
Assume the composite system eigenvalues/eigenvectors are connection equations.

known and distinct. To investigate the effects of gain chan ges, Suppose component I has the following state model:
replace L,1 in (5) by (I.,~ + rP), where P is a low-rank matrix ,~ — ~ + ~• tharacterizing the gain variation and r varies oversome relevant 

. 

I - I 1

finite interval containing zero. This prod uces b 1 — x 1. (13)

F(r) — A + B(1 — L11 D — rPD)~~(L 11 + rP) C. ( 11) Let the state model for component U be given by

• Computing a root locus via a continuations approach requires — 1 —2 x~ 1 0 a~P(r), which can be derived as — 
~ — 1 x~ 

+ 0 1 a~
P (r) b~ 1 0 x l

2 — 2 (14).
— ( J — L 11 D — r P D ]~~P[! b2 0 1 x 2

+ D(! — L.11 D — rPD)” ’(L 11 + rPD)i (12) Defi ning x [x 1, x~, xi]’, a (a 1. a~, aj]’, and b — [b 1 b~. bfl’ .
the composite component state model is

Of course it D — 0. E(r) — DPC. whi ch is constant, sparse, and
• of low rank. Although (12) seems lormidible. it is possible to view — 1 0 0 1 0 01

rPD as a low-rank perturbation on (I — L 11 D) and use House- I 0 1 2 IN ~I 0 1 0
holder’s formula to compute the necessary inverses during each L 0 2 — U L 0 0 1 J
step of the Integration of (2 l)— (23~ Of course, stability or i n- 11 0 01stability is known simply by n oting the position of the terminal b — I o 1 0 1x. ( 15)points of the root locus. Lo 0 i JIn accounting for effects of stray capacitances’inductances , the
componen t connectio n model is superior to some other By inspection of Fig. 1. the connection equations are
approaches [6]. [7], (II]. Consider that the A matrix in (2) is block 

0 I 0• diagonal (predominately diagonal for circuits ) describing en!;’ — —
componen t information. Suppose a typical ent ry is 1,C, character- 2 0 0 0 0
izi n~ a capacitance. Clearly M~öC is zero, except for the particu . a 0 0 0 0 1 b 16la r C-dependent diagonal en t ry. If C., is the nominal C, using V 0 1 0 0 0 U
(~ 4~CC) Ic. in (2 1)gives the appr oximation (öA,/ öC)lc0 Consider~ 0 0 i 0 0
i ng i~C(~A,,~C)I~, for each i gives a good first-o rder approxima-
tion to direction and magiuitude of eigenva lue movemen t relative where t~ — ~~ n]’. and ii — (u 1. u ,]’. Equations (15) and ( lb )
to small pertu rbations in C. constitute the complete system model—i.e. , the component con-

nections model for the system of Fig. 1.
Ill . CoNcLusioNs Define F(r) as per (6). in which case

We have described a technique for determining eigenvalue
movement of a system in term s of connection information. Several 

~~
— I 0 01 10 — r  — rl

applications were descri bed . It is especially useful ror determini ng F ( )  — 0 — I —2  
~ 

2r 0 0 
~
. ( 17 )

what components give rise to part icular interconnected system L 0 2 — Ii L 0 0 OJ
etgenvalues. This in turn provides a means of reduced order The denvat ive of F ( r)  clearly ismodeling without changing the system structure. Suppose a corn.
ponent (as identified by the root locus technique) gives ri~e to a ~ 0 — I — Ii

L composite system cigenvalue corresponding to sloii mode of the t(r) —
~ 

2 0 0 (18)
system. This componen t can then be replaced by a constant gain LO 0 OJ 

s._ a 
~~~~~~~ 
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The eigenvalues of Ff r)  and F(r) are complex conjugates of each
other , whereas the cigenvectors e1fr) and e1(r) are not. This
theorem is motivate d by [8], where (21) is implicitly expressed and
the necessary tools for proving the theorem are made clear.

/ The proof of the theorem can be found in (51. (~i A derivation
of (21) can be found in (7J as well as (B).
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for all complex n-vectors, x and y, where K ’ . ‘ > is the Euclidean
i n ner produc t defined as

- 

(x, y> — ~ xji,, (20)

where y1 is the complex conjugate of the it h entry of the column
vector. The essential theorem here is the following .

Theorem 1: Let F (r)  and its adjoint F(r) . have eigenvect or
t rajec tones ~,fr) and e (r) . and eigenvalue trajectories A,(r) and

r), respect ively, for i 1, 2. ~ , n. Then for any value of r where
the eigenvalues of F ’(r) are all distinct,

1 dF ~
d d  i — 1 . 2, ’” . n (21)di’ (e,. c,)

dv, dr
— 
,~~ 

(.~, — ~ ) (e,, e,> 
e (22)

/ dF

0 
— , (X , — 

~~~

‘

<~~~.

‘

> 
e,~. (23)
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10. Reprint of “A Continuation Algori thm for Sparse Matrix Inversion” by
R. Saeks from the IEEE Proceedings, Vol . 67, pp. 682-683,
(1970).

A Continuations Algorithm for Sparse Ma frt x Inversion r

RICHARD s~~xs ICr) 1(r) ~ 1(0) 1(0) + f (1(q) 1(q)) dq
Jo

In the various algorithnis used for the analysis and desige of latge-
scale ciaciuita and systems, the problem of inverthig a 000tiflUOUulY - 1(0) 1(0) + j (1(q) 1(q) + 1(q) ?(q)] dq
parauneterized family of sparse matrices M(r) Is often encountered
(l)-( 5J .  In frequency domain analysis, this might represent a transfer
function matrix which one must invert over a specified frequency range r
(3) wIWe in cune-domam analysis, such an M(r) arises in the form ~f • 1(0) 1(0) + f {_x(q)s( Y(q)(dM/dq) 1(q)) 1(q)
the Jacobian matrix for the system equa tions (1) which is dependent
on some potentia lly variable parameter ,. Typically, one invertsM(r) at a
a discrete set of points ,1, I 1, 2, ’ ‘ - , ,s; usin g a sparse matrix algo’ — X(q)1( Y(q)(tiWfdq)X(q)J Y(q)}dq
rithm. Indeed, the more efficient algorithms exploit the fact that the
matrices M(rj) have a common sparsity structure allowing much of the -,
computational overhead to be shared by then inversions (1). - 1(0) 1(0) + ( {-X(q)( Y(q)( duldq) 1(q) ) Y(q)}dq

An alternative to repeated inversion is the connmsationj algorithm
(5 1 where in one inte grates the differen tial equation

‘p
~(r) a .-Zf r) (dMldr) Z(r~ Z(O) — M(0)~~ • • 1(0) 1(0) + J (1(q) 1(q)) (dM/ dq) (I(q) 1(q) ) dq. (3)

• • to obtai n M(r)’1 Z(r). While the integration of (1) is far more effi” o
cient than repeated matrix inversion for small matrices, it fails to take l ifferenuacion of both sides of (3) with respect to, then repults in• advan tage of the sparseness of M(r), thereby rendering the technique
inappl icable in a large-scale systems context The purpose of the pres- (1(r) 3”fr) J a [1(i ) 1(r) ) (dM1 dr) (X(r) 1(r)) . (4)

• rot note is to present art alternative continuation algorithm which
combines the LU factonzation technique of sparse matrix inversion Finally, a comparison of (4) and (1) reveals that 1(r) I(s) M(r)”1
wzth.(l), since both 1(r) 1(r) and MO)”’ satisfy the same differential equation.

Recall the standard spar’ matrix inversion technique (61 wherein Consider the family of ma trices
one factors a matrix intu the’ form M —  LU where L is lower triangular r 

~and U is upper t,rianguJar with ones along the diagonal, We then repre-
sent the inverse matrix in the form M”’ — U ’L”’. The key to the M(r) a 

{—~ iJ’ ~S)
technique is that both L and U and their inverses will be sparse ifM is
sparse (though, jj~ general, M ”t is not sparse). As such, one may store Here , M(0) is lower triangular and , hence, has the trivial LU-factorization
and manipulate the inverse of a sparse matrix via its sparse upper and
lower triangular factors U ”'1 and L ’. even though the inverse matrix r ol r ~ ol r1 ol
itself is nonsparse. These ideas are combined wi th the continuation M(O) [_

~ 1J [_i iJ Lo iJ 
L(0) (1(0) (6)

• algorithm concept in the following theorem (7 1. Here , the notation
VIM) is used to denote the strictly upper triangular matrix obtai ned while
from M by setting all of the entri es o(M on or below the diagonal to . lo iizero. Similarly, (MI denotes the lower triangular matrix obtained
from hi by setting all of the entries above the diagonal to zero , • Lo oj’ C’)

Theorem: Let 1(r) and 1(r) be solutions of the matrix differential
equa tion As such, we have

a .‘XTM ( Y(d M/ d r) XJ ,  1(0) a U(O)”’.

~~a _ ’(Y(~~f/à)X) y, Y(0) L(OY ’. 
~~~[i ~J (8)• (2) L(0)

Then, 1(r) * U(,)”~ and Yfr) a L(r)”’ where M(r)~~ — U(r) ”t L(r)”t and

• is the LU factored fonts of M(r)”. Hot,, if M(r) and dM~dr aie sparse
then every matrix involved in the integration of (2) will be sparse. (1(0)”’ a
Moreover, the ir~egraUon may be carried out with the aid only of a 

{~ ~Jmatrix mWupl~cation aagvntlszn plus a simple procedure b r  ex~ acung
the sapper and lower triangular swbmatriceg of Y(dM/d~)x, Now , upon using an Euler integration formula (ZQI) ~ Z(0). hZ(0)) ,

hoof: First, we observe that if 1(0) Ig lower triangular, then ~~~~ we may estimate U(0.1)”’ and L(0.i)” ’ via the equali ties
• be lower triangular and so will Y(r) for all ,. Similarly , ifl(0) is upper U(O.1)~~ — U(0) i + ( O. l ) U( Ô) ’l

triangular with ones ass the diagonal, then I, being the product of an
upper triangular and strictly upper triangular matrix, will be’strictly a U(0)”’ - (0.1) (1(0)_ i  V IL( 0) _ I M(0) U(0)”’ )
upper triangular. As audi, 1(r) will be upper trlangula with ones on r1 o1 fo ~.i l• the diagonal for alI r. Thus 1(r) and 1(r) have the correct form and it
re mains to verify the equality M(r)~~ — 1(r) 1(p). Here [~ ij “ 10 oJ

M anuscript r eceived J ul y 27 , 197$ . 1 1/1 01
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and

— L(0)~~ + (0.1) L(Ô) ”t
— L(O)”’ — ‘ (L(OI ”Ai(O) U(0) ’) L (O) ’

lio l f o  ol
a !  I . . I

10 U 10.i 0.1

Ii o l
19/10 9110]’ 

(11)

• Multiplying these estimates then yields

M(0.1) ’~~U(O.1)”t L(0.1)”5
• r 91,loo —9/1001I (12)

1 9/ 10 9/ 10 J
which comparer favorably with the exact inverse

riwii — tii i l
MW.1)”’ — liwii io,iij’ (13)

The error here is due to the approximation inherent in the numerical
integration process and can be reduced by use of a more accurate in te-
gration procedure. Of cour se, the result of the theorem is exact and

• the compu ted value for M(r) ” ’ will be as accurate as the integra tion
process employed.
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11. Reprint of “Multiple Solutions of a Class of Nonlinear Equations” by
C.T. Pan and K.S. Chao from the Proceedings of the 1979 IEEE
Internationa l Sympos i um on Ci rcu its and Systems , Tokyo, Jul y

* 1979, pp. 577-580.

C

I

A search nethod is present ed for obtaining f 1
(x(t)] a o,, i — 1. 2 n—i. (4)

multipl. solut ions of a system of a nonline ar
equations whose first (a-i) equations do not net—

Th. transition in sign of f should be made at theessar ily define a unique apace cur ve . In porti co— a
• the approach is used to find all the roots of solution points and points where the Jacobian d.—

a complex polynomial. Singularities on the space terminartt changes sign. The method is capable of
curve axe analyzed and properly classified accord- finding all solutions provided that the int. rs.c—
jag to their high order derivatives. Depending on tion is a simple curve , i . e . ,  a continuous, differ-
the natur. of singularities, the rules for a sign eatiab le curve which does not intersect itself.
chang e in the algorit hm are deter mined so that the The purpose of this paper is to generalize
root—finding procedure can be continued, the above met hod to ases where the intersection is

• multi-branched and may indeed intersect itself.
In Section II , properties of nonlinear equation

• I. INTRODUCTION with multi-branched and inter secting solution
• 

‘ “ curves ar. discussed . The method is then applied
• An importan t problem in the analysis ~nd de— to the computation of all the roots of a polynomial

sign of non—linear circuits and systems is the de- in SeCt~en lU. In Section XV . the results ob—
termination of multiple solutions of a nonlinear ta m ed ar. illust rat ed by means of an example.
equation

• II • tI~~ORECTICAL BASIS
f ( x )  * 0 (1)

• • In section 1. a systematic search method has
• been outlined. Success in finding all solutionswhere f is a continuously differentiable function

depends heavily on whether or not I defines a uni—
from ~~ into it sief. Several method s CL ) — (5] que simple curve . If it does , then a complete
have been proposed for f~rtding multiple solut ions, traversal of it enables one to find all solutions.
Zn (4]. Chao . Lisa and Pan developed a systematic On the other hand if t is mu],t.i-br anch .d, the
search method for solving multipl. solutions by application of the method may lead only to those
numerical int.grat~ori of a set of differential equa— solutions that lie on the branch containing the
tions of the form start ing point. As will be seen later, mult iple

branches do exist for some classes of functions.
Therefore in order to find all solutions a starta.n qf (x(t) ) — —f .[x (t)], f1(x(0) ] — O~ point ott each branch of a must be initiated.i

On a continuous, differenti ab le solution curve .
f C* t ) )  — +f t x ( t ) ] .  f (x (O ) ) — f (2)  1 , the sign cha nge of th. method is indicated byn n n no 

the fact tHat th. directional derivative of f (x ln
i a l . 2. . . . . n”). in the tan qer.t ial direction of I changes sign if and

• only if the cor responding Jacobian of f on L chang es
• or in the x—space sign (4). Mowever , difficulty arises when I. does

intersect itself. Since the directiona l derivative

a ()f/)x)”1’(-f 1 — f 2 ... +f )L’, a ci (3) is not defined at the point of intersection , the
A 0 Jacobian can no longer be used for judging the mono-

tanicity of f~ along I at that point. The situ s—
• along the space curve . I . defined by the inter— tion , however , can be descri bed by th . following

• section of the solution manifo lds for theorem .

This work was supported in pa&t by the National Science Four.da ~tion sander grant ENG-77-22991 and the
Joi nt Service Electronic Program under OUR Contract 76—C -1136.
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Theorem 1: • matrix has previously been discussed by Branin 16],
a n . 

~
, (7). Branirt also described a procedure , calledLet t(*): R — R * n ~~. 2. be a C function. If the method of signatures for computing all the

T . roots of a polynomial. However, th. algor ithm
* V 

~ nl’~ n2 ~nn~ fails in cases where singular points do exist on
• the search tra~ectozy. In the following section ,where a systematic method for obtaining all the solutions

of a complex polynomial with complex coefficientsis the (aU th cofactor of af/?x , then is presented.

1:1 — I i v f I ’  > 0. (6) III. soot’s o~’ A POLYNOMIAL

j Lurthernor., if fcC 2 , then f~ also satisfies the The Basic AlgorithmLaplace ’s equation — —
2 2 In view of the foregoing conmtents, the method

2 • 
~n a 

~n a for obtaining all solutions can now be formulatedV f , - —.
~~‘— + ——

~ — +  ... ~~~~~~~~~~ 0. for the nth order polynomial equation
CX. ax 2 3x

gl s) — f 1
(x

1,x 2
) + jf 2

(x
1x2

) — 0. (10)
Proof: Expansion of the Jacobian determinant along

L the nth row results in Application of the method described in Section I tor f — O l e a d s te
~ at

det .7 — 
•~~~ ~r’8~ 

— I l v il ~ df 
~• ~.

.) 
~ — — —f • Cx x ) — 0dt 1’ “ 1 10 ’ 20

• The proof of the second part although comp licated - (11)
is quite straightforward and is therefore omitted. df2 ~On a continuous , differentiable solution ~~

-
~~
-- — +f 2 , f2 (x 10

, x20) — C20,curve, the directional derivative is given by 14]

• - I where the initial conditions are such that the— ~~~~~~~ v f . 
• 

• starting point lies on or close to each
- • . branch 2 of I d~fined ny C

1 
0. By using the

Thus. ~tnder tne conditions of Th ore~ i, if ~ does Chain”ru±e of differentiation and assuminc det
net intersect itself , then on a civen branch of ~~ , .7 ~ 0 , (10) can be rewritten as
the directional derivativ, would never thange sign
and this also implies that there exists at most one -

~~ at
1 of,

solution on that branch. prom this and Theorem 1, x
1 —C , r’— ~ ~2F- the following theorem can be deduced . ( 1 1

(12)Theorem 2: 4 det

I ~f •

La: f (x): Rn n > 2, be a C1 function and X ., f , ~~~~~~ + f •
~x J• C - C has more than one solution. If i , difi ned J — 1 1

• rv £x c Z •. i — l ,2 r..
CC . (xl • 3, i * . . ,  . . .

is a un icue . sinple curve , then Vf ~ 0 v. 
~ q ’~~z h.(x xi * ~h (x  x ) .  (13)ror n * 2 , c~nditjon (5) reduces to d: 1 • 1 2

Ar expression in the conclex detain is obtained as

iX . a N — f 1 h
1 

f ,h., j *

—

•‘f ;f
7’. 

~~~ 

‘ :c,. , . = 1,1 (24~

Further s :i~~f : t a t~ or. by using the nction of c~-U and f , represe nt both the real part  and the 
~1ex ccr2ucate(’~ leads ~o the fcllevinc compact•naq~~ar par: cC an analytic function, respe~ t~~’e— ‘fc~~~:then the c t rd j : i on  Vt — v in the twc-direns—

— —g (z)/ q (:). .f the nir .us sign is chosen
• iona case is essentially equivalent to the Cauchy— (15)

~~enanr.  conditions. For polynomials of a complex - —c ( s)/ ; ’ ( z ( .  if the ~~iU5  sign is chosen•sr~ab2e. the :e~a cnsn~; between the Caucny-~ ie—
-a’ .o-~ ~c -s a ‘d a ~e ..erni-ant 0 b t

1

~
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The — sign in (14) or the comp lex conjuga te sign in En the formulation of the present problem , it
(13 1 must be switched at the solution points and at is assumed that f Cx) — Re g(z )  and f (xl a In g(z).
•~~~ ~~~~~~~ points to be dsfined Later. Thus the root-leaching is along the ~raj ectory 1
Even though the algorithm is derived from f it defined by f

1 — 0. As such, the previous two
is seem from (15) that analytic exp ressions for f1, theorems are sta ted in a manner compatible to this

It1 and It 2 axe not required explicitly. The particular formulation. The same conclusion can
algori th , is thus most suited for finding all the also be drawn when the trajectory of C — 0 (Em
roots of a complex polynomial. g(z) — 0) is used for searching all th~ solutions

of a complex polynomial. A theorem similar to that• of Theorem 3 has been proved in (8] for plotting

~~~~~~~~~~~~~~~~~~~~~
the root locus of a feedback control system.

Starting Points
ue to the nature of isolated singularities,

the existence of (n—LI such points in the denoni— Zn order to prevent unnecessary search in find—nator of (15) does not pose any problem to the root— ing multiple solutions , it is important to estimatefinding . The sign change at the solution points the upper bound inside which all the roots of a
has b een discussed in [4] and it will not be re— polynomial will Lie. Once the absolute bound ispeated her.. The sign change at certain singular obtained, the search can then be confined to the

-• 
points where the Jacobian vanishes can be judged circle of radius U. Several methods for computingfrom the following theorem. such bounds are availabLe [9). One of such root

bounds derived from the Gershgorin circle is given
i i  Theorem 3: • Supposa g(z)  is an analytic function in the following theorem.

3u~h that

~~eorem Si ~f x~ is a solution of f (x )  • 0 whereq (w)  — ja, . where a is real and a ~ 0 — ~~ f — Re g (z )  and f
2 

— In g( z I ,  then
a 0, ~~ — 1. 2 , ...~ n—i f~~x I I  ‘ M  maxC(a~ I .  l4’I%f~ ~~1,2 , . . . ,n—j}  (16)

Cm)
g (sa ) ~I 0~ m ~ . 2 where a ‘a are the coefficients of the correspond—

• log aionicmpolynamia].
at some point w located on Re g(Z) - 0. Let A

• C :i i’~e g Cs) — 0) .  Then in the neighborhood ~~~~~ • g(z) — ~, n—I
~. consists of m branches A * ft ... , ft and 

a1s • 
+ ... 4’ a a + a . (17)rt— L n

q gl q2’ go
Rg

~

lRg

~

l*•

~

fl cm quires n starting poinr.s located ott or close to
A — ( ivt .  furthermore from each j  As pointed Out previously, the algorithm cc—

~. 
< I ~ m, Zn g (a) IRgj is either a local maximum each branclro.f 1 defined by if — 0. This can be

or a local minimum ~t w if m is even; it is either accomplished wfth the aid of +heorem S and the
• an increasing or a decreasing function if m is odd. properties of a polynomial for large z. It is

~~, For convenience, a singular point in Theroem easily shown that for large z, or Iz I >> N , the
• 3 is called an even singular point if m is even; trajectories of C

1 
a 0 approach straight lines with

• • 
othw~jse it is said to be an odd sirtgular point. constant phases

• The criterion for the sign change at singularities . kit
follows directly from the above theorem and is for— a , Ic — 1,3,5, ... , 4n—I. (18)

• mall’ 1 stated in the following theorem.
and the asymptotes for the nth—order manic poly—

• Theorem 4: If g(z) is an ttt h—order complex poly— nomial (17) intersect at the centroid
• nonisi and w is not a solution point of g(z )  - 0,

then the directLonal derivative of In q(z) in the — — (19)
ta.ngertial direction ~f £ defined by As q(z) = 0 ‘-

ch anges sign when passing through a point w if and
only if w is an even singular point. The starting point can now be obtained from (18)

Zn view of the previous theorem, it is clear and (19) as
tha t the sign must be changed when passing through 

5k — ~ + RS~~k , Ic = 1,3,5 4rt—1. (20)an avert singular point even though the Jacobian 
~ cdoes not change its sign . For an odd singular

point the sign must be cent unchanged whert passing fox an arbitrary ft >‘ U.
through it since C C x) does not chang e its mono— Although there are Zn points in (20), onLy
tonicicy . Cue to ~he very nat ur e of an odd singu— 15 of them arc used. The other half are just
tar point, it is clear that a sign change at such the end points of each trajectory and they cart
a singular point will-cause the algorithm to oscil— easily be identified by checking their phases. The
late . Since there are Only two possibilities , choice of A depends on th. accuracy required for
?sL;he: order derivat ive tests can be avoided in the the starting point. Since the root bound U is
actual impleme ntation . One can always initiate a known , ft need not be much Lar ger than U. A point ott
sign change whenever a singular point is passed . I can usually be obtained quite accurately within
If oscillation results , one should proceed without a few steps from s rough estimate of (20 ) by using
any sign change. the I ewton itiration
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— — Re g(z )/g ’( z) (21) ing the solution of a nonlinear equation, ”
m t . . 3. Control, Vol. 18, pp. 377—384 , ~.973.

IV. NtJ~ERjCAL EXANPLE - 

• •

. 

(4] K, S. Chac, 0. K. Liu and C. 1’. Pan , “A sys-
• • tematic search nethcd for obtaining multip le

En this section an example is presented tO solutions of simultaneous nonlinear equations , ”
illustrate the proposed algorithm. For simplicity IEEE Trans. Circuits ~~~~~~~~ Vol.. c~~—22 , pp.only the Euler ’s method is u s d  for illustration. 748—7 53, Sept. 1975.
In practice, more efficient integration techniques
may be used to integrate the proposed equations. [5] L. 0. Chua and A. Ushida, “A switching-para-

Exaatpl. : meter algorithm for finding multiple solutions
A third order polynomial equation of nonlinear resistive circuits, ” Circuit

3 2 Theory a Applications , Vol. 4, 215—239 (1976) .
g(z) — z + 3 z + 2 8 z + 2 6 0 — ______

[6] F . H. Branin, Jr., “A systematic method for
is considered where all the singular points are finding all the roots of a polynomial, - Proc.
located on one brancn of Re g ( z )  — 0. The tra j ec— 19th Midwest 

~~~E Circuits and ~ystems, pp.
tor ies of both Re g(z )  — 0 and In g ( z )  — 2 are 59—62. Aug 1976.
s~own in the Figure. Trajectories of f 1 = Re g (z )
— 0 are used to search for the solution3 with the [7) F. H. Branin, Jr . ,  “Poles and zeroes, eigen—
bound , U — 29 the cente roid, = -l and ft — 50. values of matrices and roots of polynomials by
Tracing along results in three solutions the method of signatures ,” Proc. 1977 IEEE
—l + j ~~‘ 

= —I and 53 ~1 + j 5 while the ather Interna tional ~~~~~~ on Circuits and Systems ,
two branches, and £12, contain no solution at ~~ $9~94 April 1977.
all.

(8) C. T. Pan and K. S. Chao. “A computer-aided
• V. CONCLUSION root—locus method ,” to appear in the IEEE

• Trans. on Automatic Control, Oct . 1978.
A systematic search method has been developed

for computing multiple solutions of a nonlinear [9] A. Van der Sluis, “Upp erbounds for roots of• equation with nulti-branched solution curves. In polynomials, ” Numer. Math. 15 , pp. 250-262 .
particular, the approach has been applied to a 1970.
class of functions derived from both the real part
and the imaginary part of a complex polynohial.
it turns cut that the algorithm , expressed in its 

•com~lex form , is most suited for finding all the M ~ c~ t .o Y
fonts of a polynomial. Analytic expressions for ‘

~~~ .
both the real and the imaginary parts of a poi.y— • 

13

r.onial are not required explicitly. The key to the
continuation of the coot—finding procedure at the .

•
singularities on the solution curve is the sign 

• 
-‘ ..~~.-r

change associated with the numerical algorithm . It
is shown that the sign must be changed whenever an Ieven singular point is encountered along the search I a q C :)=O
trajectory and no such change is allowed when pass—
m g  through an odd sincular point. Although the •
itethod is formulated in such a way as to ~ind all
solutions for a class of functions from R into 

~~.t seif .  it is conceivable that the approach may be -‘ -4 2 - • 3 4 ‘generalized to higher—d imensional functions setisfy—
ing the conditions as described irs Theorem 1 pro-
vided that a starting point for each branch at the 

.

] : :; :::ar t ~~~~a:~ on
techniques for the calculation of further sal — I
~tmons of a nonlinear system , ” :;~ner . ‘~ath . .

. • S
.

Vol. 16, pp. ~34=342 , 1971. ‘ ‘23 
‘ •~~~~~ Z ) O

F. ~~ . ira~ in ,  :r., •‘~~~~~ =~~ — :cn~:*r~en: method
for fInding ~~~ti~1e sc~~t:ons of S~~~i~a~etus
nonlinear equa t ions. ” 13?’. .. Res . Ccv ., vt l. Figure
16, Nc. 5. pp. 504—522, Sept. 1972.

~3 K. S. Chao and ft. 3. P. de Ti;ua ire do , “Opti—
naliv :n~r~~.led 1:eratr:e schemes for obtair.—
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12. Reprint of “A Continuation Method for Finding the Roots of a PolynomiaP

by C. T. Pan Sand K. S. Chao from the Proceedings of the 22nd
Midwest Symposium on Circuits and Systems, University of
Pennsylvan ia, PhiladelphI a, June 1979, pp. 428-431.

Abstract

A continuation method is presented for finding all the roots of a
polynomial. Each root is obtained systematically by numerical inte—
gration. Selection of startinq points and the existence of singular
points are discussed . Moreover, transform ations may be applied to
reduce th. computational effort

1. INTRODUCTION roots of the polynomial equation

P ( s )  • s~ + a1s~~
”
~ + a2s~~~

2 + . . -
• The solution for th. roots of real or corn—

+ a~_ 1s + an 0 C]. )
plex polynomials is a fundamental require—

as well as in engineering. This is par— complex coefficients. It is well known Ill ,

ment in many areas of applied mathematics 
~~ere s is a complex variable and a~s are

ticularly so for the application of LaP’” (2] that such a problem can be solved by
lace transform theory to linear autonomous using continuation methods. For example ,
systems. Although it is well—known that the roots of (1) can be obtained by seXy—
an nth -ord er polynomial has exactly n roots ing the cont inuation equation [1) 

-L with mOltiplicity counted, the evaluation
H ‘ F ( s , r ) — ( l— r ) O ( s )  + r P ( s )  0 (2 )

of all the roots is not at all a s:.mple
task. The difficulty is primarily due to where r is a positive real number and Q ( s )
itS nonlinear nature . is any nth-order polynomial whose n roots
The objective of this paper is to propose are known . It is seen that when r — 1, (2)
a systematic approach for finding all th, reduces to (1), while for r — 0 (2 )  becomes

• roots of a polynomial. The algorithm is
F ( s , 0 )  — Q ( s )  — 0 (3)based on continu ation methods (13 — [4 3 .

• The or iginal polynomial is first embeded whose n roots are already known . Thus as r
into a new equation by introducing a para-’ varies from zero to one continu ously the

0 meter r . This will result in n—branch root trajectories of these roots comprise n
loci. as r varies continuously. The root branches of root loci. Each locus starts

• finding procedure then becomes a matter of from a known root of Q( s) and terminates on
tracing along these loci up to the desired a desired root of P(s). Therefore by trac—
roots. . ing along these trajectories all roots of

2. THE CONTINUATION METHOD (1) can be located.
Consider the problem of finding all the The advantag , of this type of formulation
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lies in the fact that one can easily obtain plot for Octc1. which contains ri branches.

the app roximate roots provided there exists On the root locus , it is possible that the
• no singular point on the root traj ectory. denominator of (7) may become zero. A

It can ther efor e be used as a means for ob-. point S~ such tha t
tam ing sufficiently close initial guesses 0(5) (1—r)Q’(s’)+rP’(s’) — 0, • (8)

H for other methods which have rapid rate of
convergence such as Newton’s method. How— is called a singular point. From (8) it is

ever , for any arbitrary polynomial equation obvious that there can be at most (n—i)

P(s) — 0 and a given polynomial Q(s), there isolated singular points located on the tra-

is no guarantee that the root loci will. not jectories. This corresponds to the situa—

intersect each other. Unless singular tion that more than one root loci intersect

• points can be handled property, one would at S~ Singular points can be classified
have to try a different Q (s). In what according to their higher order derivatives. y

• follows, an algorithm given in (4] for com— An qth—order singular point is defined as
puting root-locus plot, and hence the solu— a singular point such that
tion of (2) is described. The problem of dkr — 0 , k — l , 2 ,...q—lsingularities on the trajectory will also dsK
be discussed. (9)

• d~ r~~Consider the set of differential equations ~~~~~ $ 0 , 2<qcn.

F(s(t),r(t)) —F(s(t),r(t)), Is_s e
F(s(0),r(O)) — 0 Depending on whether q is odd or even , sin-

d
atr (t) — 1, r ( Q )  — 0 (4) gular points can further be classif ied as

odd or even singular points. It ~.s shownwhere t is a dummy variable. Application in ( 43  that whenever an odd singular point
of the chain rule to (4) yields is encountered on the trajectory, it is

ds F(s,r)+(3F/3r)
• 

— 
~~~~~ 

necessary to jump over it by adding a small
variation Asi along the tangential direc-

tion of the locus; for an even singulardr a r ( 0 )  — 0 (5)at ‘ point, the direction of the locus at s~
must be changed by a vectorwhere is a root of Q(s). Equivalently ,

• (5) can be rewritten as AZ — As e
)1

~~
’q (10)

• ds 
— 

—r ~~( s ) + ( l + r ) P ( s )  where As is a sufficiently small variation
at (]— r ) Q ’ ( s ) + r P ’ ( s )  s(~.) —

in the tangential direction of the locus

dr r(0) — 0 (6) when approaching s .
at 3. STARTING ROOTS
or The proposed method requires n starting

ds 
— 

_—tQ (s)+(l+t)P(s) roots of Q(s) — 0. Theoretically Q(s) can

at (l—t)Q ’ (s)+ty ’(sF • s(0) 
~o be any nth—order polynomial so long as its

tc(0,l) (7)
roots are known. For practical purpose ,
Q(s) should be as simple as possible. Thewhere Q’ and P’ denote the deriva tives of
choice ofQ(s )  and P ( s )  with respect to s. respec—

tiv.ly . Equation (7) can now be integrated ‘ 

Q (s) — s~ — M~ (11)

by using any numer ica l technique until t— L

is reached . This will result a root-locus is made where H is assumed to be positive

11 .3
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-a,

b

•

and rid . The n corresponding roots are . with a fourth order Range Xutta method with
a step siz. of 0.005 results in thre. roots

5ok — H exp(j2sk/n), k — 0,l ,2,...,n—l.
(12) s~ — 2.997 + j 2.OOl

In order to reduce unnecessary computational 
53 — —5.001 .1. j6.998

• effort N should be chosen properly. Hence
it is important to estimate the bound in— 33 — 1.005 — J 6 . 000 .

side which all the roots may lie. One such From this example it is obvious that N is
bound is given in the following theorem ( 5 1 . much larger than the least upper bound for
Theorem.- Let the roots. After using transformations

b(s ) 3m + a1s~~~’~ +~~~~+d n_l 5 + an (13) and (15), the normalized equation be—
comes

be a monic polynomial. If s is a root of 
z3+(O.780729+jl.03421)zh(s) — 0, then J s~~ 

( N where
• — ( 0 . 4 16 9 4 3 5 + j O . 9 08944) — 0.

N — max {Ia~ I~ 1 + I a~I , j — 1,2,...n—ll.
• It is seen, that the new root bound N ’ 2 .296 .

From the above theorem , it is perhaps logi- Application of the proposed method yields
• cal that H should not be chosen to be• three roots in the z—plane

grea ter than N. In view of th. fact tha t
N is usually much larger than the least z1 — 0.58136 + jO.17441

upper bound for the roots, two transforma— a —0.8139 + jl.04643

tions given in (61 may be used to modify 
, — 0.23255 — jl.22o85

(2). Using the transformation
a,

~ ~ + .-~~
. (13) where the same integration technique with

a step size of 0.02 is used . Transforming
equation (2) reduces to back to the s-plane gives

• ~n + b2Y
n—2 + ... + b~ — 0. (14) — 2.99999 + j2 . 00000

A second transformation , ~2 
— ‘~~~~ + j6.99994

5 3 — 1.00004 — j 5 .99996.
z (15)

The root loci in both the s—plane and the z’-
is then used to convert (14) into a poly— plane are shown in Fig.. 1 and 2, respec—

• nomial equation in z. The roots in the tively.

transfor~ned z-pla ne are more uniformly dis- 5. CONCLUSION
tributed , and as a result , the computa — A continuation method is presented for find—
tional effort may be reduced considerably. ing all the roots of a polynomial. Sirigu—

4. EXNW LE lar points along the trajectory can be prop—
As an illustration of the approach pre— erly handled so that the root—finding pre-
sented, consider the polynomial equation cedur e can be cent 4 nued for any given Ia—

bedding polynomial .
p (s ) — s3+ (l—j3)s 2+(23+j32)s+(—37—j185)
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14. Abstract of “Conti nuation Algorithms for the Solution of the Elgenvalue
Problem ” , by B. Green .

A continuations algorithm for tracking the elgenvalues of a large sparse

system of equations is presented. This is achieved by constructing a family

of simi larity transformations which triangularize the given system as a function
of the underlying parameter. Since both the resultant triangular matrix and the
simi lari ty transformations themselves retain the sparseness of the given system
of equations , the resultant algorithm proves to be quite efficient when applied

• to our large scale sys tem problems .
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6. Suninary : -

The goal of the work unit is the application of the techniques of the

theory of functions in several complex variables to several problems In

circuit and system theory which are modeled by rational functions In two or

more complex variables . Possibly the most important of these is the

analysis and design problem for multidimensional digital filters in which a

multidimensional z-transform is employed . The investigation , however , also

includes a study of the stability problem for mixed lumped/transmission line

systems and a study of the multivariable passive synthesis prot~lem.

Our major activity during the past year has been an investigation of the

design problem for two—dimensional digital image processing filters . Since

the filter design problem has historically been inextricably intermingled wi th

the spectral factori zation problem , this study began wi th an investigation of

the fundamental limitations on the existence of spectral factors for two-

dimensional transfer functions . Since the resulting conditions for the exist-

ence of a quarter-plane stable spectral factorization proved to be extremely

stringent, we turned our attention to the design of half-plane stable digi tal

fi lters . These filters have far less stri ngent existence conditions and we
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are presently developing a general purpose design procedure for such filters .

In an effort to alleviate the need for artificially imposing any

“causality” structure on the Image processing problem, we have also Initiated

a study of the class of periodically varying discrete-time systems which

naturally model the actual scanning process used in a “real world” image

processing system . Al though these systems are time-varying , they represent

the only known class of time-varying systems which admit a “viable ” frequency

domain theory . As such , we believe that it will be possible to formulate a

viable frequency domain theory for two-dimensional image processing filters

in terms of the physical scanning process actually employed , th~reby alleviat-

• ing many of the difficulties hitherto encountered in two—dimensional fil tering

theory, which are actually due to the artificiality of the model rather than

the physical problem.

The above work is represented by two reprints ; a paper whi ch appeared in

the IEEE Transactions on Circuits and Systems , which sumarizes our study of

the existence cri teri a for two-dimensional spectra l factors and a reprint of

a conference paper describing the frequency domain theory for peri odically
• varying discrete time—systems and some of its generalizations .

7. Publications and Activities:

A. Refereed Journal Arti cl es
• 1. Murray , J., “Spectral Factorization and Quarter-Plane Digital

Filters ” , IEEE Trans . on Circuits and Systems , Vol . CAS—25 ,
pp. 586—592 , (1978).

B. Conference Papers and Abstracts

1. Murray , J., “Semidirect Products and the Stability of Time-
Varying Systems” , Proc. of the Inter. Symp. on the Mathematics
of Networks and Systems , Vol . 3 , T .H. Delft , Delft , July 1979 ,
pp. 121— 125.
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2. Sacks , R., and J. Murray, “Stability and Homotopy II”, Proc .
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p. 358, (abstract only).

C. Conferences and Symposia

1. Murray, J., 12th AsIlomar Conf. on Circuits, Systems, and
Computers , Pacific Grove , Ca. , Nov. 1978.
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• 8. Reprint of “Spectral Factorization and Quarter-Plane Digita l Filters” by
• 

• J. Murray from the IEEE Transactions on Circui ts and Systems,
• Vol . CAS—25, pp. 586-592, (1978).

• Spectral Factorization and Quarter-Plane
Digital Filters

JOHN i: MURRA Y

4bst,ect —Two cets of nee~ car~ conditloes are ded~ed for the eX. ii) If the conditions given in Theorems I and/or 3 are
icience of a r~tiocaJ cpcclriJ faLloIiZatiOO of a ghc* raliooal fUACtIUD of not satisfi ed, then not only is there no minimum -phase .ti~O co.np ea~ i1ab$~~ partial con~et~~~ of th~~e re~uIts are ~ne~ and the stable rational function having exactly the same amplitudeimpli~~tio~~ of thtse condittoos for the dosiga ot ininioium.phase FiR

and stable h R  filsers di’.cus~et ~ ~~~k-~~~ k ,, ~~~~~ response . as the original, but the original ampli t ude re-
• tb,~e coodftio~ are ckic~h reIaz~d ~~ th~ ur~cw(ia~ encoun~,red in t u e  sponse can not even be approximated arbitrarily well by

subilizatto. problem for r~iio.dimeosional UR flhmi. minimum.phase stable rational fpnctions. This follows
from the fact that the conditions in Theorems I and 3 are

INTRoDUcTIoN conditions on the amplitude response which are precerved
• ‘T’HE SUBJECT of two..dimensional digi tal filters has under any reasonable kind of convergence.

1 received considerable attention of late: in particul ar, iii) The conditions in Theorem 3 are easib’ visualized
two-dimensional spectral fac torization has been treated ~~ 

and surprisingly stringent: the) require essentially that the

a number of papers—il is considered in grea t detail in [I]. gain of the filter , avera2ed over certain directions in the

• Tne major problem which arises is that, in general, the frequency plane, have no variation in a perpendicular
direction. (See the discussion following Theorem 3.) Thisspectral factors of a rational transfer function are not

rational: some furtherprocessing. cuch as truncation and gives extremely se~ere restrictions on the amplitude re-

smoothing. is u uali: employed to yield approximate ra- sponse of minimum.phase FIR filters. rrunimum.phase
tional factors. It is. therefore. spmewhat surprisir.g that stable HR fillers, and the denominator pol momial of

• the class of rational functions for which a rational spectral arbitrar stable HR filters .
factonzation exists does not seem to have been investi- iv) Ii has been pointed out by Bose [9] and Woods [10].

• gated. In this paper. we give two sets of conditions which and again is imp licit in (1) . that there exist purely recur-
must be satisfied b such functions (Theorems I and 3); a sive filters whose ampli tude responses are not realizable as

con’erse is given which may be applied to the numerator the amplitude response of any stable purely recursiv e
and denominator polynomials separately. Now, the ooly- filter , and tha i consequently any stabilization method
nomia l spectral factors (when they exist) of a given poly- which attempts to match the amplitude response of the
ncmia l  are minimum- and maximum-phase polynomials; ori ginal filter is doomed to failure. The restrictions re-
con~ersely. every such polynomial gi ves rise to tri vial ferred to in ii i) reinforce this conclusion and dent if ~ the
spectr al factors. Motivated by th is. we apply the results of precise propert ies of the e~~mples in [9) and [10) ~ hs~la
Theorems I anc 3 to the particular case of mimmum- make stabilization impossible.

phase polynomials (ic.. polynomials without zeros in the
un it poh disc) . Def initions and Notation

In this context. the main consequences of the results of Our notation will follow that used in [2): we repeat it
th:s paper ma) be broadl outlined as fo1i~ws: here for con~ enience . For simp licit we restrict ourcehes

is A given po lynomial has cxaczlr the same ampli t ude thr ou thout  to two dimensi&’ns. aithou~h there does not
responce as a minimum .p hase polynomial if and only if  ~pr~ear to bc ar .) difficult ) in extending the results to
the cI~ssicaI one.v~riable method (of factoring the original hith er dimensions. Thus all functions are assumed
polynomial into a product of two polynomials devoid of th ;oughout to be ratio n al funct ions of two complex van-
zeros in certain regions) can be applied. (This result is in able’ unless otherwise stated: v.e further exclude the zero
fact implicit in [1]. but does not appear to have been funct ior . .  Two-din~ension al compie~. space will be denoted
ex~~iciih sta ted in the literature.) Tne corresponding b’ C .  i c.. ~~~ ~ Z ,.Z.) Z , 4nd Z: are complex num-
sta t ement for min imum-chas e stable rational funct ions is bers~. Thc onen un n pol disc will be denoted by L~ . i.e..
fa l se. howe~ er.

L’ { (Z 1. Z.)
~~C2 I IZ ,~

.(1 and IZ~i< 1 )

~~~~~~ rccei~ed ~ia~ l~ . t 9~ 7 Th~ ~orL ~~~ sur~~ried u~ t~~ and its closure will he denoted by c~:
•~~r ~~~~ Of!.~e o’ S~:~. — :: f ;t Rrsearc~ ~~~er G~~n: ~~ - o3I.

Tr~ z utnc ~ ,~ with the ~~~~‘~~rnt c~’ E e::r ~:a~ r~vennf. Te~as r: _. Z~Z:’~~C :~Z, I and ~~~ C 1 J .
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The distinguished boundary of the unit polydisc will be Spectral Fac rori:azion
denoted by T2 : 

- Our first criterion for the existence of rational spectral
factors is very much in the spirit in which spectral factori- -1{ (Z~,Z,) E 4 2 J  IZ1~ ~~

- I and Z2J — I )  • 

zation is trea ted in [I]; it is a trivial consequence of
Theorem 5.4.7 in [2).The frequency response of the filter whose transfer

• function isf(Z1.Z2) is simply the restriction off to T2. We Theorem 1
will find it convenient to denote this restriction by f” . If a rational function f  on 4’z has a rational spectralThe one-dimensional sets corresponding to the above factorization , then the Fourier coefficients a ,,,, of log [fiare

are zero for all pai rs of integers (m,n) such that m~~0,
U’ (Z E 4h z) < I )  it ~ 0, and m and it have different signs—that is, for all
u— ~z ~ 4mzJ ~ integer points in the second and fourth quadrants. The

converse is true for polynomial f .
T— { Z e 4’ Z — I) . As mention ed above, this criterion involves only the

We need one further subset of 4’2: 
- absolute value of 1: it follows that the existence of spectral J~

facto rs imposes restrictions on the amplitude response ofV2 — { (z 5,z~)€4.2IIZ1)> I and !Z21> I) .  a two-dimensional filter—in contrast with the situation in
one dimension. The above criterion , however, does not

By the Fpurier coefficients of a function h (
~ I’~ 2) de- present these restrictions in an easily visualized form. For

fined on T2 we mean the numbers ins tance, it is difficult to gauge exactly how severe the
I 2~ 2~ restrictions are. For this reason, we -next present condi- - -

~~
— — f f h(9 1, 92)e —J~ ~~ + ~~ ~~ dO2. tions which are stated in terms of the log-amplitude re-4~r2 ‘0 ‘0 sponse itself, rather than its Fourier coefficients. This

Finally, let us state precisely what we mean by the term result takes an approach which seems to differ substan-
spectral factorization. Severa l different forms of spectral tially from those previously known: it gives easily visua-
factorization are treated in tI]; here we wil) be concerned lized necessary conditions on those rational functions
only with the simplest form : if f  is a rational function. it which admit a rational spectral factorization. Before we
will be said to have a (rational. quarter-p lane) spectral state this theorem, however, we first present a simple
factorization if f— f 1 f... where f5 and f2 are rational func- result which will be used in the proof. and is also of
tions. f1 has no poles or zeros in U 2. andf, has no poles or separate interest: one of its consequences is that when
zeros in V2. Several com.ments are in order concerning rational spectral factors exist . the usual one-dimensional
this definition: stabilization method (for unstable denominator polynomi-

i) By “rational” we mean only “finite-order; ” i.e., the als) can be used.
functions are assumed to b~ expressible as the quotient of
two (finite-order) polyn omials . Theorem 2

ii) The quarter-p lane property enters only in connec- If the rational function f  admi ts a rational spectral
tion with the regions in which the factors are assumed tO factori zation. then there is a rational function J ~with deg
be zero- and pole-free: in particular , if f  has no poles or j c degf) such that
indeterminacies on T2 . and has a quarter-p lane spectral
factorization. then there is a quarter-plane causal, stable f ~ Ill

• • filter whose amplitude response is equal to J [ .  and f has no poles or zeros in U 2.
• ii i) It would possibly be more natural to work with 

~~ .;gain. the conver se holds for pol)nomial f. 
-

• and P rather than U and V (especially when considor- Thus if the denominator polynomial of an ur .stableing stabtlity). However, to do so would complicate the filter has polynomial spectral factors. there is a stablestatements of the theorems considerably, and it is usually filter of at most the same order with the same amplitudeclear whether or not the results will hold with U2 and V~ response (provided the polynomial has no zeros on T2).tn place of U and V~. (One needs only to check for zeros Again , most of the proof is contained in F2]; we fill inand poles on T2) . In general . if the “closed” version is not the details here: suppose f  has rational spectral factors.obvious, it is not true: l — Z 1 Z2 will serve as a counterex- then f —f 1 P / Q.  where f1 has no poles or zeros in U .  andample in all such cases. P and Q are polynomials without zeros in V .  Letiv) To simplif y the statements of the theorems, the
definition has been given in terms of the rat ional fun~j ion P— z ”z : F ( l / z 5 .1 1’ z,). Z2.aO. Z1 s0f  itself, rather than the spectral funct ion ~J ’~ ; ho~ eve r.
:he conditions given in the theorems actuall) involve only where m is the degree of P in Z~. it is the degree of P in

Z:. and P is the pol )nomial ~- hose coeff icients are the
% )  We note that V is defined to be a subset of C :  thus comp lex conjugates of the coefficients of P. Clearly P is a

j the behavior of functions at infinity is irrelevant to our polynomial of degree less than or equal to the degree of P.
purposes. 

— 
and so is also defined for Z —o and Z~~0. Now if

a~~~~~~~~~~-~~~~—~~~~~ f l -  — .• -~ —&- _•._s____.__ -- •~ - — — -—
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• P(Z,.Z,) Q,for Z,~~O and Z,iit O:then P(l/Z1,l/Z2)~ __________________0: this implies that either -
~ “ ‘ /

an~~~~ i~~e~ 

or J l / Z 2) < I (since P has no zeros in V2 )

Z1 J ) I o r l Z 2j ) l  
<~~

‘ ,/ ,
2wI.e.. -I ’

(Z 1,Z 2)~~
U2 .

Thus the only possible- zeros of i~ in ~J 2 are for Z1 —O or I 
/

- - Z~ — 0. But by standard results in the theory of several
complex variables (81. if the zero-set were nonempty. this
would imply that either Z, or Z~ was a factor of P. which II.

is impossible by our choice of m and it. Thus P has no
zeros m U 2 . Finally, on T2

Then the condition for r n — I , n — I  can be restated as:
— — the average amplitude of the function f  along the line

‘.‘JP(Z 1.2~)J IP(Z 1,Z2)I. 4. is a constant—that is. it is independent of the particu-
~ is defined similarly and has similar properties. Then lar line 4 chosen. (“Average-” here is to be understood as

the geometric mean of the amplitude , or the arithmetic
• 

!=i1 .~~~. mean of the log-amplitude). .Alternativeh . we may sayQ that the average level of the amplitude over an~ line of
• clearly has the required properties. slope I and of length 2~ V’

~ is independent of the posi-
Conversely, suppose/ is any polynomial for which there tion of the line in the 9

~
9, plane. (For examp le. we could

is a rational function f  with out poles or zeros in U such van- the 1, over the dotted square in the direction ~ .) Thethat conditions for hi gher m and it have a similar interpreta-
L~’~—Lf ~l tion. with a slope of n/ r n  instead of I . and length

then f / f  is rational and analytic in U. and - ~~~~ -~- n~ instead of 2~rV~ ; clear.l . if rn and n are
- 

- not relativel y prime, the corresponding condition is super-
R i/f ~~~~~ fluous.

Thus by Theorems 5.2.5 and 5.2.6 in [2~ 
j ,f  P/ Q. This theorem then gives a striking limitation on the

where P and Q are polynomials, P has no zeros in v2, amplitude response of a rational function which admits a
and Q has no zeros in U 2. Then rational spectra l factorization: even the simp lest of the

- conditions (that for n — m — I) implies that such a functionf ”. Pf / Q cannot accuratel y approximate an amplitude which has
gives a rational (in fact. polynomial) spectral factorizatioh Iar~e variations in overall level in the direction ~ shown0 .,. in Fin. I.

• The Second Crizcrson Proof: In view of Theorem 2. it suffices to prove this
under the assumption that f  has no poles or zeros tn (. ‘.Our second set of conditions for the existence of a This assumption imp lies that f  has a holomorphic loga.rat ional spectra l factonza tion is given in the following. rithm in U 2 . Then. for any integers m >0. n >0. and an~

Theorem real number i!,

If a rational functi on Jon d’2 admits a rational spectral
factori zation. then is a holomorphic function of one ‘complex variable for

_Lj ’~ log tf( e~”4 e’~’~~~>)) €~~ Z E U. Thus
0 Re(logf(Z”,Z~e.’~))

is a constant independent of ~~. (0< ~<2r ).  for all in- . -

tegers m > O  and n> 0. ts a harmonic function in L# , and so by the mean-~atue
• - Again, these conditions depend onl y on the amplitude propdul)’ of harmonic functions

response of f. The simplest condition is that for m I and I i • -

n — I :  it can he easily visualized b~ drawing two adjacent r J~~~~
0g f( Z ,Z e~~)) dO—Re(Iogf(O’”.O”e.”-))

squares in the 9
~
9, plane on which the amplitude response

is defined (the frequenc~ response extends to the entire
99, plane S~ pert odicii~ i. and dra~-in g lines 4 with slope ~~ f~~Re(log f ( e’~~ e”~’~~~))  dO— Re(logf( 0 0 1)I and ~ength ?\‘

~ on these squares ~see Fig. I). -o

— - - V-
~~

•- .
~~~~~~

--
~~~~~ 

_ _ _
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but This is proved in a much more advanced context in (3]:
• Re log w—Iog (w) , for ~~~O 

however, it can also be easily proved by applying one of
the criteria in [4] to the poiydiscsand so

I 2? U,~~~{(Z i.Z2) E C 9 I Z 1j < r . j Z 2 I < r ) .  f o r 0 < r < I .
-
~~

‘ I log lf( ”~.~~~~ )I dO Iog 1f(0.O)I
~~“ ‘0 The hypotheses imply that f  has no zeros on the dis-

and the right-hand side is independent of i~ (and. inciden- tinguished boundary E~
2. -f or O<r < I. and none on the set

-~ tally, of m and it a!so). {(Z ,.Z~) G C2 J Z 1 — Z ,) f l  U~.An obvious question which arises is the extent to which
the converses of these results hold. In fact, the converse of Thus by Theorem 5 in [4], f  has no zeros in G~. for any
Theorem 3 holds for polynomials. and modified converses r< I , and soJ has no zeros in U 2.
of both Theorems I and 3 hold even for rational func- We can now state and prove the partial converse to
tions. The modification takes the following form: if the Theorem 3.
Fourier coefficients of log f ~ (where f  is a rationali i
function) vanish for mn <0, then there is a rational func- Theorem S
tion / with rational spectral factors (equivalently, a ra- 1ff i~ a polynomial with the property that 

-tional function without poles or zeros in U 2), such that
J ” — f ’ J .  (A similar statement holds for Theorem 3.) 1 2?
However, the proofs of these converses involve some ‘Ff log f ( eA,e 4..~~~( dO— log (f(0. O)),
technical analytic details , and so are given in the Appen-
dix. - 

for O~~~ <2—
The modification in the above converses lies, of course.

in the fact that we cannot conclude tl~at f  itself has then f has no zeros in U 2.
• rational spectral factors: thus there are some rational Thus we strengthen the condition for m I and it — I in

functions which can be stabilized without chang ing the Theorem 3 by specifying that the constant in question is
• amplitude response but to which the classical I-variable to be log ~J(0.0~: it then follows not only that f  has

factonzation technique cannot be applied. A simple exam- rational spectral factors, but that it is actually zero-free in
pie of thi s is the function

Proof : By Theorem 4. it suffices to prove that ! has no
Z1 +Z,—l zeros in the set

Here. f ~ is identically I. and so has trivial spectral {(Z 1.Z 2)E L 2 i i Z t~~~!Z 2I }
factors: but ! itself clearly does not , but this set is the union of the open discs

Although the converses of Theorems I an&3 are proved
in the Appendix. there is another result related to the ( (Z i, Z2) ~Z. — e’~Z 1 . I Z , !< l ) .  f o r O <  !-<2 .

- 
• converse of Theorem 3: by strengtheni n g the condition for

We theref ore wish to prove that f  has no zeros in any of‘n —n —  I alone. we can get a stronger con~erse for P0I Y~ these discs: or equivakntl v that the function f ~ of onenom~als. Before we state this converse, however , we first variable defined by Z) — f t Z . Ze”~) has no zeros in thegive a st abi Iit ~ criterion (used in the proof of the con-
‘-erse~ which, although previously known (3], has not ap- open unit disc . App ly ing Jensen’s formula 16. p. 2991 for

the unit disc to ç. we getpeared in the eng ineer ing literature. Although not as sharp
( in terms of dimension ) as some other known criteria [4).
it has two advanta ges which make it  useful for theoretical ~ f log Lç(e’~ dO — log  f (O) —~~~~ log Z,~

— ‘ - Opurposes: first . it is given in terms of a one-parameter
fam i l~ of discs without the lower dimensional test in [5); where the summation is over all the zeros (counted with
and second, unlike I ~ other stabilit y tests. which con- multip licity) of f ~ in the unit disc. Expressing this in term s
dude the nonvanish~. of a polynomial on U2 from its of f:
nonva n i sh ing on some subset of U which contains V.
this test allows the polynomial to vanish at some points in 2? 

LI ( e’~e”~~~”) ’ dO— lo g :f(o.o)~— ! log ‘Z~— ( 102
V. but concludes only that the polynomial does not 2~ Jo
.an ish on U .  The criterion is the following, a nd so log Z~—0 .
Th~urem 4 Si n ce for any 2, in the open unit disc log Z1j<O. the

conclusion follows. (it is clear from the proof that we
Suppose a poi~ n omial f has no zeros in the set aI wa~ s ha ve 

-

t tZ . Z . ) EL Z i ’Z~)
f l o g f ( e .e’~” ’~’) ~ dO > log f (0 . O) l .J~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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-• It follows from this that in fact the apparently weaker we repea t this example here:
conditi on A(Z 1, Z2) — l  —0.75Z 1 +0.9Z ?+l.5Z 2 — l.2Z 1Z2

I 2r 2?f I log f ( e1S l cei : ) l dO1 d92 —log If(0,0)I + l.3Z
~Zr

+ l.2z?+O.9Z 1 z1+o.5z~z~.
4~.2 0 0 This polynomial was studied in [7]; the associated Shanks

is sufficient to guarantee that f is zero-free in LI2. See [2, polynomial was found to be stable but to have a substan-
• 

~ 73) ) tially different amplitude response from that of A (for
more details, see [7]). The fact that A does not have

Stable hR Fillers and Minimum-Phase FIR Filters polynom ial spectral factors was established by checking
the condition in Theorem 3, f o r m — n — I  and ~ —0 , ~~~~The very close relationship of spectral factorization to

the nonvani shing of polynomials in U 2, and thereby to with the following results (correct to nine decimals):
stable UR filters (via the denominator polynomial) and I ~-lr
minimum-p hase filters (via the numerator polynomial) is 2~rJ0 

log IA (e ”,e-”)I dO — 0.696570700

already clear from the previous sections. The force of I 2?
log (A( ~~~.e I ( ’ ~~l) ( dO~ 1.134686936.Theorem 2 is that purely from the point of view of

amplitude response. transfer functions having rational -

spectral factors are equivalen t to those whithout poles or As an example of a polynomial with rational spectral
zeros in U 2. Thus the restrictions on amplitude response factors, we have
in Theorems I and 3 apply to the denominator poly- B( Z 1, Z2) — I + 2.25Z1 + 2.25Z2 + 0.5 Z~ + 0.5Z~nornial of any stable h R  filter; the contribution of the —6.SZ I Z2 — Z?Z 2 —Z I Z~ —4Z~Z?.denominator polynomial to the overall amplitude re-
sponse of the filter (in the case of an all-pole filter, the This factors into ( I  +0.25Z, +0.2522 +0.5Z 1 Z2X I +2Z 1
entire amplitude response) must satisfy the restrictions +2Z2 — 8Z 1Z2), where the firs t factor has no. zeros in U2,
imposed by Theorems I and 3. We have, therefore, the second has none in i~2: reversing the second factor

t identified the properties of the amplitude response which gives a polynomial without zeros in U2 :
make it impossible to stabilize a filter; if the original f f ( z 1, z2 ) — ( l  +O.25Z , +O.25Z,+O.5Z ~z,)• amplitude response has large overall variation in the
“wrong” directions, attempting to find a stable filter ‘( — 8 + 2 Z 2 +2Z 1 +Z 1 Z2)
which closel~. matches this response is futile. Close match- — — 8 — 2 Z 1 Z2+O .SZ~+O .5Z~+ I. 25Z ~Z: • 

-ing of the amplitude forces instability. This has already
been shown by example by Bose [9] and Woods [10) : we + 1.25Z 1Z~+0.5Z~Z~
now see that it is the variations in the amplitude response and ~ has the same amplitude response as B.- 

- 

in the “wrong” directions in their examples which In order to gain some idea of the stri n~encv of the
account for their behavior, conditions in Theorem 3. let us consider the case of an

It is also of interest to note that, in the Shanks proce- ideal bandpass filter. By an ideal bandpass filter we mean
dure of minimizing 

- 
- 

a filter whose amplitude response is equal to I on some
subset. A. of the square 0 ~ 0~ <2cr. 0 0, < 2cr . and equalff i f g — 112 dO 1 dO2 to K~~ l on the complement of .4 (of course this specifica-

- 
- tion continues over the whole plane by peri odicitv) . This

over all polynomials f  of given degree (where g is the of course is not the amplitude response of any rational
original polynomial), if the allowable f’s were restricted to function. but in practice for certain shapes of the set .4.• those which have polynomial spectral factorizations. the one may wish to approAimate such a response by a
procedure would yield a polynomial devoid of zeros in rational function. One easily sees that up to a scale factor ,

It does not appear that this observation can be used the averages in Theorem 3 are in this case merel~. the
as the basis for a workable stabilization method. however, fraction
since the condition that f have polynomial spectral factors length of the line L1 lying in the complement of A
is intractably nonlinear in the coefficients of f: and- fur- total length of the line L,

- :- ther. in many cases this procedure would yield an f  which -

was only margi nally stable. For the same reasons. restrict- It is easily seen from this that there are very few passbsnd
ing oneself throughout the design procedure to polynomi- shapes of practical interest which satisf y even the first of

• als which satisf y the condition in Theorem 5 does not these conditions (where a — I and m — I) ; in other worth,
• appear to be a feasible method of ensuring stability , there are very few which can be accurately approximated

by transfer- functions having rational spectral factors.Examples and comments
(This is not to imply that one would in practice be

An example of the behavior of those polynomials not restricted to such filters : the above discussion is meant
possessing polynomial spectral factors has alrea dy ap- solely as an indication of the severity of the restrici ons on
peared in the literature , although in a different context: the amplitude of such filters.)

•~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1” Finally, we remark that there does not seem to be any Proof: Let
diffiCulty in extending the results in this paper to higher -r ~~m,n), (m ,n),’(0,O)dimensions, and to multidimensional systems other than — 

~
j, 1/2 ~(m ix), (m,n) — (0, 0)• dig~tal filters.

and let
APPENDIX

The Converses to Theorems J ~p 4  3 g(Z 1, Z~)”. 

~~~~~ 
Z r Z~~.

These converses involve some technical ideas and re- This series clearly converges uniformly on compactsuIts from [21; the most important ideas are those of inner subsets of U2, and so defines an analytic function there.function [2, p. 105], outer function [2, p. 72], Poisson If we let f —  e , then f is analytic in. U2 , andintegral [2, p. 17], and the classes N(U2) [2, p. 44] and
N.( U2) [2, p. 44 

. log ~f[ — ~ a,,,,rr ’r~ff exp Um01 +jn á )We will also use the following notation from [2] (here f  —o ,— o
is an analytic function on U): 

—
+ ~ a,,,,, r~’r~’ exp ( —jm9 1 “J~~2)i) f ~(e~h ,e~~:) £ lim f ( r~~~,ref t2 ) - 

~—o .0

will denote the radial limit :f J (this is clearly consistent — 2 (m,n)r~~rr exp (jm91 +j nO2)• with our previous use off”). 
~“ 17• ii) For w — ( w 1, w2) € T2 , f,,,(Z) will denote the one-van - — P[q J ~~ 

p.
able function defined by Next we prove that f is outer: we have (for 0< r < I)

f ~( Z )  £f ( Zw1, Zw2) . f  log ~f ( r w~ dm( w) (f  ~1ogJf(rw) [~ dm(w)
iii) If ~~ is a function defined on T2 which is absolutely T2

integrabl e there: 

~~~~~~~ 
dm(w)

~(m.n) 
~ ~ 

f 2rf 2
~exp ( —j,n0 1 —jn9jv$91, O~) do.. 

f  d r n ( w)
will denote the Fourier coefficients of 

~ [2. Theorem 2. 1.3(c))iv) For any function ~ on F

,j_ (
2T 

f
2~~ ( 9 9 )  &~ dO 14~~ -~o Jo - and so f E  .V( U 2 )

Now f ~ exists almost everywhere on T- [2. Theoremwill be denoted by 
3.3.5] and log If~ —~~ almost everywhere on T2 [2. Theo-
rem 2.2.1J thu s log !f :—P ~1og j f~] and sof ~~N.( U 2) [2.

f ~.~~
dm or f ~~~(w)  dtn(w) . 

Theorem 3J.5]. and log f(0)I~~ fr2l og f (w) !  dm(w). Thus
f  is outer. Q.E.D.We will fi rst prove the converse to Theorem I , and We can now prove the converse to Theorem I .f rom this derive the converse to Theorem 3. First of all,

however, we need the following lemma (which is gwen as Theorem 42
a problem in (2]) 

Let f(Z 1.Z~) be a rational functio n (E0). and let
Lemma .41 

- 

o— l o g I. f~ .
If o is a real-valued function defined on T such that If ó(m,n) —0.  for ‘nn < O. then there is a rational function

EL’(T2) g without poles or zeros in U such that ~~~~~~~
Proof: By Lemma Al. there is an outer function g such

that
f  f r~~din < ac Iog !g P log !f[) .

This ~rnpIies 
- 

-and 
Iog~g’~~1og jf’l

~~m.n) — O .  for rnn< 0 
almost everywhere on T:. Thercfore. for almost all w~~then there is an outer function f  on U 2 such that 

log g ( Z ) — log 1J~( Z) ]
P~~~ — log 

~
‘ 

for almost all Z 7’ [2. Lemma 3.3.2]: and g. is outer for
(where P [ denotes “Poisson Integra l or’). al most all w € T [2. Lemma 4.4.4).

‘lÀ 132 
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For any such w, let Z1, . ‘ ‘ .Z,, denote the poles, and we get
Z,,4~. ’ ‘ ,Z,, denote the zeros of f ~( Z )  in U, and let 1 2w n/~J +2w

z m 
- — f f ‘ exp U/mO 2 —j 1n91) ~(9 1, 92) do, dO 1 — 0

f_ (Z ) — ~~ 
2 ~ 

—
~~ k 

z 
;

l 
is~ Z).  and since the integrand is periodic in 9~ and °2

Then’J,,. has no poles or zeros in U and is rational; hence, f 2Cf 2T
exp (j1m92 —j1n.O~)+(O1, 9,,) dO2 dO, 0

f~ is outer. Since g,, is outer, we have f,,,/g,,. is outer. Also ‘O 0
• j ~I—Lt~I. and so ~~~~~ for almost all ZET. Thus and so

J ./ g .  is inner. But a function which is both outer and -

inner is a constant of modulus I, and so ~
.(— /n,I,n)—0, for all 1,eO, ,n>0. and n> 0

that is
g,. — eI#f ~. for some real 4,. -

Thus g,,. is rational for almost all w~~ T2, and so g is ~(m,n)—’0, for all m,n, with mix <0.
rational for all w EE , where E ç T2 is a compact set of The result now follows from Theorem A2. Q.E.D.
positive measure (by the inner regularity of the measure). Finally, we note that if f  in Theorem A3 is a poly-
It follows by [2, Theorem 5.2.2] that g is rational (Since the nomial, then the converse in Theorem 2 implies thatf has
vanishing of a polynomial P on a set of positive measure polynomial spectral factors. Thus we have the full con-
in T2 would imply verse of Theorem 3 for polynomials.

• log P I E  L1( T2) REFERENCES
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— J~[. almost everywhere in T2 131 ~~~
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- ,~ 
~ 1~ 5. - Variables (CEMS Regional Conference Series in Mathematics).an so. since g arn~ ~ 

are ~ot~ rational Pro~ dence, R1:AMS. 1973.
.. ~4} R. A. DeCarlo. J. Murray. and R. Sacks. “Multivanable NyquistIs — ~~ on 7’. Q.E.D. theory,” to be published.

We next prove the converse to Theorem ’ 3. 151 ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

161 W . Rudin, Real w,d C’on,,oIex .4na~vns. ~~ew York: McGraw-Hi ll.
Theorem .43

171 J. L Shanks, S. Tre itel, and J. H. Justice. “Stability and synthesis
• Let f ( Z,, Z2) be a rational function (~~0) and let 

of two-dimensional recursive filters.” IEEE Trans. Audio Electra-
acou t,, vol. AU-20. pp. 115—128, June 1972.

— iog ~~ • [81 R. C. Gunning, and H. Ro’si. Analwic Functions of Several ~~~~
- 

plex Variables. Englewood Cliffs, NJ : Prentice.Hall, 1965. -
•

If l / 2 ~rj ~’~ (mO. n9+ sk) dO is a constant independent of 4, [9) N. K. Bose, “Problems in sta bilization of multidimensional filt ers
- .  for each pair (max), with in >0 and n >0, then there is a ‘~~ 4be~~~r~~~o IEEE Traits. GeoscL Electron.. vol. GE- 1 ..

- 

rational function g without poles or zeros in U 2 such that [10) lW . WoodS, IEEE Traits. Geoxci. Electron.. (Corresp.~i. to!. GE.12.
~~ ~~~~~~~~ ~~~~
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9. Reprint of “Semidirect Products and the Stability of Time-Varying Systems ”
by J. Murray from the Proceedings of the 1979 International
Symposium on the Mathematics of Networks and Systems , T.H.
Deift, Deift, Jul y 1979, pp. 121-125.

Abstract
It is shown that time—varying systems may be modelled in tee-ms
of semidlrect product algebras , and that the known theory of’ in—
ducer~ representAtions for these algebras in many cases enables
3ne to give sharp criteria for stability of Such systems.
Finally , an example is given in which a previously known result
is proved using these techniques.

1. INTRODUCTION tity on which the group 0 acts as a group

tn this paper the theory of semidirect ~~~
‘ t5~metntc’ u tomo ’chisrn s , we define the

oroduct algebras is proposed as art ap — 
set L (G , A )  to be the Banach space of

pr oach to the problem of the s tabi l i ty  of Bochner—integrable functions

t t r i f e—vary t ri g systems , We f i rs t  describe f :  G — A

t ls~ se algebras , and t hen show how a large (To be more accurate , we assume that

~~~~~~ u ’f c t ” .’—va.. ’y L i i , ~ ~~~~~~~~~~~ ‘-t:s~~ b. m .~ti- •“: r~ ..

• ‘ll~~d in term s of t ht ’m. In the third is a continuous hon omor phism of C into the
tat ’nttr aph , an a~Pronch to the problem of set of isometric ’ — automorphisms of A
s tab i l i ty  in general B an ach—nl g eb r a ic  w i t h  the str ong topology ; we nor mally

term s is desc ribed , and in the fourth , t~ e Suppres s T and corisider .the elements of C
spe~’tal  s t ruc ture  and known properties ..oC to  be automc r p ni sr n s of A ) .

sersidir ect .p roduct algebras are shown to
tie p a r t icu la r ly  suited to this approach . The product on L (G ,A ) is defined by
P in ix i ly , the theory is ar’plled to a osr— ( f h ) ( x )  sJ 0 f ( y ) ( y ( h ( x - y ) ) ]  d u ( y )

t i cu l a r  si t u a t i o n  to derive some resul t s
very similar to those proved by Davis (l ,2] Vx ,y c G , t,hcf2(C,A ) ( 1)
by other methods. (Th e Abe lian  group C is written additively ,

2. SEMIDIRECT PRODt~CT ALGEBRAS and d~ denotes the Haar measure on G ) .

- • Civ~n a locally compact Abel~an group 0
and a s~’parable C’ — algebra A with ~den— The ~r,volution on !)(C ,A) 15 defined by

t This research Supported in part by the Joint Services Elec:romics Program at Texas
Tech University under OUR Contract 76—C-l136.
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$ x (f(—x ’). Nc’w the operator describln~ the input—
output mapping of a scalar-input , sc alar —

W I th  t tiese def in i t ions , ~~~~~~~ bec omes a output system with coef f ic ien ts  in A may

• Banach ’— algeb ra , called the twisted grou p be written forma lly as
algebra on C with values in A. The envel—

oping C’—algebra of L
1 (G,A ),t3), will be a (.)g; a cA , g c ( 2 )

denoted by C ’(G ,A ) .  The above is a simp—
lifted version of a more Reneral construc— This tran sforms inpu t  secuences x (r , ) to
t ion  given in t ’4 ) .  outpu t sequences y ( n )  by

Finally, we note tha t  an a l t e r n a t i v e  ap— y ( r n )  = a ( m ) x ( m — g ) ,
proach to sertidi rect product a lg ebras  is gc 

.

to define then as algebras of sections of which has the obvIous  phys ica l  in t e rp re t a—
Banach’— algobr a ic  bundles(5 ,6) .  - We wil l  tion as a sum of delayed i npu t s  wi th  t i n e—
not. use this concept here , but we note varying weights. It is clear that ,  the
( in  connection w i t h  ~4 , S t a b i l i t y  and Prim— formal express ions  in ( 2 )  are just func-.
ltive Ideas) that Banach*_algebraic bund— tions from ~ to A , and so can be’ re~ardcd

les were introduced as a powerful tool for as elements, of L.1 (~~~, A ) ;  the only non—

calculattng certain representations — the obvious formal proper ty  is t ha t  the  ca fl—
induced representations — of Banach ’— cade connect ion of two such sys tems Is
alge bras . r ep resen ted  by the  p roduc t  ( 1) .

This follows fo rmal ly  f rom :
3. ALGEBRAS OF TIME—VARYiNG SYSTEMS AS

SEMIDIRECT PRODUCTS . ( 
~ 

b~~(.)h) ‘~ a ( . ) g )  x(n)
hcZ gcZ~~

In order to s im p l i f y  the  e x p o s i t i o n  and to = ( ~ b~.,(,)h) (~ a~~( n )  x ( n — g ) )
ensure that our algebras L

1
(G ,A ) have an hcZ gcZ

• 1~io ’t~~ty .  i t” ‘~ 1 t m i ~ oI3rce1~~e~c “ 'rin ~~~~~~ = V h ~ ~~~~~~~~ ~~~~~~~~~- ~~~~n
on to discrete—time systems , that is , we hcZ gt~

will assume G~~~. It should be clear , = ~ 
b.~ ( n )  h(ak_h (n ) )  x(rt—k)

however, that the corresponding theory hcZ kcZ

w i l l  hold good for  c o n t i n u o u s — tIm e  systems. = ~ { 
~ C b~ h ( a k ~~~~~~~~kcZ hc .

• We take the algebra A to be any complete The analytic de tails of ’the above formal

algebra of bounded fu n ct i o n s  on ~ wh i c h  m a n i o u l a t l o n s  are ea s i l y  checked arid w ’~l

contains the i d en t t t y .  M u l t i p l i c a t i o n  ~~ 
net be con s ide red  here .

def i ned potntwise , and-the norm ~s taken
to be the zu c—norm.  S in r e  every such a —  ~ ~~~~~~~~~~ AN~ ?PI~-~IT VE I JZ A L

gebra is a ccrnutatlve C’al~ ,bra with

i d e n t i t y ,  i t  i s isomorn h ic tc~ C C X )  for The utility of t rar .s f’ crm ~~~-nodt in de ter—

some com~act Mausdorff soace ~ min i ng the s t a b i f l t - y ôï time—inw~r~ant
l i n e a r  sys tems ~ t i’rn~ f rom the  fac t  thai. In

The groun ~ a c t t  on i~ ~.n ~~e ob v i ous  way : a c o m m u L a t iv ~ R n n a c h  a 1i~c b ra , an e leme r’r~
t s  in ’:rrt ihl i ’  I~’ and nr , ly  I f  I t s  G e l f a n d

(~ ( a ) ) ( n )  a(n—g ) for ac~~, r ,gc~~~. 
t rar . s~~orm ~s. I t  I s  th ar e f or e  r’. at u r a l t~
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seek an analogue of this  In the non— derive a previously known result I n the

commutati ve case , and the most o(vious next section .
analogue is the representation of a
Banach algebra as a subdirect product 5. EXAMPLE
over the set of pr imi t ive  Ideals,  (See
(7), where also the terminology used In Let A (f:~ -_~..4~f f ( 2 n ) z f ( 0 )  and f (2 n + l )
this section is defined). Here we have = t(l),Vn) which gives us the class of’
the property that an element is Invert — periodically t ime—var ying systems whose
ible if and only if Its image in the - period is twice the sampling period .
quotient algebra by every primitive
ideal is invertible . Thus , ifl order to A ~~~C ( X )  , where X = (0,l}.
dete rmine Inver tib i li ty  (and hence sta—
b ility) it is necessary to determine all ~ acts on X by

primitive ideals in our algebra. Since g ident i ty ,  g even
a primitive ideal Is by definition the g O  = 1 and g(l) ‘ O ,~ odd.
kernel of an irreducible representation ,
this problem is related to the problem of Thus X is the unique’ orbit , and H :(2n1
determining the irreducible representa— ne~ I is the unique  I so t ropy  subgroup .
t ions  of an algebra . It  is precisely
these problems which have received the Now , us ing the results  of (10] , we see th~ .
most a t t e n t i o n  in the l i t e ra ture  on semi— every p r imi t ive  ideal is obta ined by in-
di rec t  products .  In particular , the ducirig from the irreducible representatiors
p r im it i v e  ideals are studied in (8,9,1Q, of H. Since H ~ , the la t ter  are jus t
1.1] , espec ia l ly  w i t h  r e f e r e n c e  to a con— the  usual frequencies , whose representing
J e c t u r e  made in (8) tha t  all p r imi t ive  measures are given by
ideals  of a semidirect  product algebra —

• can be found as kernels  of representa— • ~~~~~~~~~~ for — w< w ~~~~~.

- .  t i~~~ ,S ~~~ ‘~~~~ L ~~~~~ ~b~’ ~~~~~~~~~~~ W~ wi l l  ca lcula te  the induced re prese n ta —
of’ the group actIon of C on X , where the tions following [8] . An induced measure
origInal C’—algebra A Is given as C ( X ) .  on ~ x x is given by
In this connec tion , i t  Is i n t e re s tI ng  to
note , as m e nt i o n e d  be fore , t ha t  sem I— u f —. Y t (2 n , e)  ~~~~direc t  product  algebras can be reali zed - fl:-.
as a l Cebras  of sect ions  of Banach ’— (Here we a re m a k I n g  the natural  I d e n t l f i —
a l g eb r a t c  bund les , w h i c h  we re in t roduced ca t ion  of
p r e c Is e l y  for the purp ose of ex t end in g
the idea of induced represer.tatlort t O  f: ~~—C(X) wIth F: ~~xX—~~~).

Bar.ach algebras. There Is tnu s  some hope

that the problem of determining all  pr im— 
—

Itive ideals can be solved by known tech— (f’g ) ( n ,o) $ ~ F ( — 2 m ,o ) g (n — 2 m ,o)

rilques. Rather than give a t h e o r e t i c a l  —

d i s c u ss i o n  of these roncepts , however , ~~~ r (_2m_h i~~~~~~_2m~~~iU (n even)

w h t~~h would  take us too far afIeld and and —
oc~ u oy ~~o much :pace , we w ill simply (f’g ) ( n ,o) ~ T ( — 2 m , 0 ) g ( n — 2 m , l)
gt ve nn ex a mp l e  of t h e i r  a p p l i c a t i o n  t o  “‘ - —
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+ ~ ‘~ ( — 2 m+l , l ) g ( n — 2 n — 1 ,o) (n odd ) REFE REfl CE
m =— 1. J .  H. ~avis , StabIlIty Conditions de—

f r o m  w h i c h  it  F o l l o w s  t h a t  . rlved from Spectral Theory : ~isc rete
Systems With PerIodic Feedback , SIAM

~( f ’ f )  : ~ f( �m ,o)e i m w I 2  
Journal on Control , 10( 1972) . 1—13.

I ~ f(2n_l ,l)e
mmb

~I2 2. J. H. (rnvis , Fredholm Operators , Er.—
m circlements and S t a bi li t y  Criteria , j

and sn we have a tw o—dimens io na l  r epresen— SIAM Journal on Control , l0(l972),608—
t a t lon  628.
g I—•-— ~~~~~~~~ , ~g (2 m_ l , l) e imw )

m 
- 

m 
~~~. J. Dlxmeier , Les C’—Algebres et Leurs

an which the action of’ F can be represent— - 
Reoresentatlons , Cahlers Scieritifiques ,

ed by leçt multiplication by~ th e  mat r ix  Fasc . 29, Gauthnier—Villers , Paris l96U ,

~ f ( 2 m ,o ) e~~ ” , ~f ( 2 m + l ,o)e j mw 1 U . P.. C. Busby and H. A. Smith , Represen—
m m t a t ions  of’ Twis ted Group Algebras ,~ 

f ( 2 m _ l , l ) e m mw , ~ f ( 2 m , l) e~~~ 
Trans. Amer .  M a t h .  Soc. • 1~~9 ( l 9 7 0 ) ,  503—

m m 537 .

If the sys tem is f i n i t e , t h i s  w i l l  be a 5. .1. M . CL Fell , A n Extension of ’ Mackey ’ s
r a t i o n al  mat r ix  in z=e~ ”; and the original Method of’ Banach’—Algebr-alc Bundles ,
coerator wi l l  be Inve r t i b l e  if t h i s  ma t r ix  H em. Amer. Math .  Soc. No. 90(1969).
Is  n on si~~~u la r  on the u n i t  c I rc le .  A h on—
otopy—type argument then easily proves 6.  3. M. C. Fell , Induced Representations
that I.!’ the orIginal operator was causal and Banach’—Algebraic Bundles , Lecture
and bounded , i t  will have a bounded , caus— Notes in Mathematic s , Vol. 582,
ml Inverse If the determinant of the mat— crr1n,,.r verla~ New York. 1977.
r ix  r~as zero w i n d i n g  number  abou t  th~
O~~~R n .  7 .  C. E . R ic k a r t , General Theory of Banach

Algebr a s , Van Nos t rand , P r I n c et o n , 1960.
Th this connectIon , we note that the

theory of semidlrer e products has been 5, E . C .  E f f ro s  and F . Hahn , Loca lly  Con—
eveloped en tirel’; f~ r 

s—algebras , so t h a t  pact  T r a n s f o rm a t I o n  Croucs and C’~~A 1 ge~I f  we wI s r~ to app ly  It  to causal systems , 
~~aS Men. Amer. Math . Soc. No. 7 5 ( 1 9 6 7 ) .

we mu st  e I t h e r  redevelop  the  e n t i r e  theory
for  ai sec ra s  w I t h o u t  in v o l u t i on , or deve — 9 . G. Z e l l e r — M e i e r , P r od u i t s  c ro ise s  dam s
op the  t o oc log ical  (an d  o t h e r)  c r I t e r I a  - une C~ — a l g eb r e  ~ar ur. gr ouo c d ’ auto—
w h i c h  gIve c o nd I t I o n s  for  a c a u s a l , i n —  moroh lsmes , C.  P .  A c a d .  S d .  P a r I s  Ser.
v e rt ib l e  ope ra to r  to  have a causa l  t rve rse .  A— B 263 ( 19 66)  A 2 c — ~ :3.
The l a t t e r  course  seem3 p r e f e r a b l e .

lO.E. C. Gootm ar ., P r I m i t i v e  Idea l s  of C’—
F i n a l l y,  we note tha t  the  above examp le  is algeb~’as Associated With Trans format ion
a specI a l  case of t h e  r e su lt s  of D a v l s ( l ] .  Groucs , Tran s .  Amer .  ~a th .  Soc . 170

( 1 97 2 ) ,  97-108.
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3, JSEP Funds : $23 ,500

4. Other Funds :

5. Total Number of Professionals: P1’s 1 (1 mo.) RA’ s 1 (1/2 time)

6. Suimiary:

The goal of the work unit is the development of detection and estimation

algorithms for application In Image processing. Unlike the detection and

estimation algori thms which have been deve~oped for use in a comunications

context, if an algori thm is to be employed in image processing, it must be

-• designed to cope with the nonlinear character of the opti cal noise phenomena

encountered in such applications . In our research we have emphasized the

detection and estimation problem in film-grain noise and have developed

optimal MAP and ML estimators for these applications . In addition we have

computed bounds on the performance of various classes of estimators in a non-

linear noise environment.

In addition to the nonlinear noise phenomena, two additional factors are

encountered in the image processing problem which are not encountered in the

r. cl assical- detecti on and estinv~tion problems . First , the noise phenomena is

• typically space—vari ant , often with widely different characteristi cs in one

part of an image than another . Secondly, the two—dimensional nature of the

Image processing problem greatly increases the computational requirements for

the detection and estimation problem . As such , the optimal detection and
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estimati on algori thms which we have developed cannot be efficiently imple-

mented in an image processing system. In an effort to alleviate this

difficulty, much of our research duri ng the past year has been directed

at the development of suboptimal detection and estimation algori thms for
)

image processing . To this end we have Investigated the possibility of employ-

ing  a “modifi ed signal MAP estimator ” , a “noise cheati ng” algori thm and a

“modifi ed Stein ’ s estimator ” . We bel ieve that these algorithms have the

potential of achieving near-optimal performance with greatly reduced computa-

tiona l effort .

Our research , on bounds , for the detection and estimation problem in
j

image processing and the derivation of the optimal MAP and ML estimators was

recently reported in two papers which are reprinted herein. The work on sub-

optima l estimators is still in progress and will be the subject of a forthcoming

Ph.D. dissertation . •
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9 ReprInt of “Optimal Estimati on in Signal-Dependent Noise ” by G.K. Froehlich ,
J.F. Walkup, and R.B. Asher from the Journal of the Opti cal
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Society of America , Vol . 68, pp. 1665-1671 , (1978).

Optimal estimation in signal -dependen t noise
- Gary K. Proehflch, John F. Waflcup . and Robert B. Asher

Deporgnwit of L ’!.ciricol Emgineerint Texas Tech Unü~ersity. L,Lbbock. Texas 79409
- • (Received 16 January 1978) -

• Optimal estimators are derived for . class of signal-d.pend.ct noise processes. Such processes are
of interest in optics because phenomena, such as fThn grain noise. a.~ often mod.Jed in this manner.

• This paper demonstrates that wheo one ignores the presenc. of signal .d.psnd ent noise and instead
assumes only signal-independent noise models, the resulting estimators may pay s severe penalty
in performance. This “mismatch” problem is explored, with the results of Monte Carlo simulatio ns
of the performances of both optimum and tnismatch.d estimators being presented. The Cramér-Rao

- 
• lower bounds on the msan.aquare estimation errors for unbiased estimators are evaluated and com-

pared with the lower bounds derived for the signal.independent noise case. OveralL the resuits
indicate that improved performanc, will, in most cases, offset the increased complexity inherent in
estimators designed for the .ignal..depend.nt noise modeL

INTRODUCTION penden t and signal-i ndependent noise cases, and they have
• applied this MAP estimator to restoring noise-degraded un -

In contrast to the signal-independent additive noise models ages. For such applications, and in the special case where the
traditionally encount ered in statistical communication images of interest exhibit extremely low contrasts. conven-
theory,2’2 many physical noise processes are inherently sig- tional restoration techniques perform rather poorly. Thus,
nal.dependent. Common examples from optical processing heuristic algorithms, such as the so-called “noise cheating”
u,clude film-grain noise, encountered in image processing, and algorithm for film-grain noise suppression,9 have been de-
photoelectronic shot noise, which is sometimes dominant veloped. Other algori thms, which explicitly include the signal
when imaging at low-light levels with photoemissive det.c- dependence of the noise, as well as incorporating pertinent
tots.3’4 An example of a rionoptical noise source which is ef- properties of the human visual system, have also been inves-
fectively signal dependent is magnetic tape recording noise.8 tigated.7-’°.”
A study of the., particular examples indicates that studies of4 . . . . . The purpose of this paper , then , is twofold. First, severaloptimum estimation in signal -dependent noise processe s . . - -fundamental properties of signa l-depen dent noise are inves-would have applications toa broad class of signal-processing . . ‘ -- . . . tigat ed in order to better understand when consideration ofproolems in modern optics and in other fields. .signal-dependence is warranted and when it can be ignored.
To date, the majority of the work deal ing with signal-de- To this end , the mean-square estim ation error is fi rst con-

pendant noise has been concentrated on rather specialized sidered for both the signal-dependent and signai~independent
examples and applications, Using a Poisson point-process cases. In addition, the mean-square estimation error for a
noise model, Goodman and Belsher have considered the mismatched case is evaluated. The mismatch case considered
restoration of atmospherically degraded images using linear is one in which the signal-dependent measurement model is
minimum mean-square error filters. Wa lkup and Choens4 valid but is ignored for purposes of simplification. Secondly,
modified the familiar Wiener filter- for various additive, optimal estimators are derived for several cases of both sig.
Gaussian signal-dependent noise models, and Naderi’ has nal-dependent and signal-inde pendent models. The Cra-
done considerable additional work on this problem. Addi- mér-Rao lower bound on mean square estimation error is also
tionafly, Hunt has derived a nonlinear maximum a past m a n  determined, in order to find the lowest error possible for both
(MAP) estimator, based on a different model than the one signal-dependent and signal-independent estimators. The

- considered here, which can accommodate both signal-de. results of Monte Carlo simulations of the performance of the
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various optimal estimators previously derived are presented pendencv) is used. Once again, the average estimation error
for several values of the model paramtters and for various is zero, due ton 1 and n he rt g a.--uthk .d zero mean ~r~d to the

assumed mutual stat istical indepcndern:e of n~, ~~~~~ s.prior si gnal probability densities, 
However. assuming ~ r, the menn-~qtmare estimation error

- . for this mismatched case is given by
PROBLEM STATEMENT

— s)2~s~ ~ k r ~ EU! (s)J~l + , (6)
To motivate the investigation of signa l-dependent noise

~ 

~• processes, it is necessary first to define the models to be used. For convex ((a), Ic ., ( (s ) ~ 0 for all s, ‘Jensen ’s inequality~
The signal-dependent measurement model to be used is given states that E~f ( s  I t ~ ((61st!. where Ei-I denotes the expected
by value. This inequality may be used to find a lower bound for

- the mean-square estimation error for the mismatched case.
r a $ + k f (s) n j + ~~~ (1) 

Thus, recalling Eqs. (5) and (6).
• where ri

~ 
and n2 are signal-independent random noise pro- < k 2 ’v[E( >312 + q.? ~ k2~ E UI (s) 12) + o~ (7)

cesses; a is the underlying signal to be estimated which is as-
sumed to have probability densityp(s) ; ri~, n2, and s are as- Note that this gives a lower bound (the middle term) on the
sumed to be mutually statistically independent; f ( s )  is any mean-square estimation error of the mismatched estimator ,

I function of the signal; k is a scalar constant; and r is the noisy and that this bound contains a function of the signal’s mean.
measurement. The signal-dependent noise term in Eq. (1) The left-must term of Eq. (7) is the mean-square estimation
is. of course, the term kf(s)n 1. It is often physically reason- error given by Eq. (5). Note that the mismatched mean-
able to assume that both a 1 and n~ are zero mean and have square estimation error is in general greater than the error for
unimodal probability densities. Further, note that substi- the same estimator when used in (he presence of signal-in-

• tution of k a 0 in Eq. (11 yields dependent noise. We next consider an illustration of the

r a $ + ,~~~ (2) signi ficance of Eq. (7). •

A com monly used model in image processing when the ob-
which is just the familiar textbook additive , sigrial-iridepen- served quantity is the photographic density is given by Eq. ( 1)
dent noise model) 2 In both Eq. ( 1) and Eq. (2> . the argu- with f ( s )  given by sP 1•~0 From Eq. (si, then, the mismatched
ments of all of the variables have been dropped for simplifi . mean-square estimation error becomes
cation. It should be remembered that these arguments may
depend on time. position. or both. EUf — s) 2 3s 1 a k2 c~Ets ’P 1 + oj, (8)

It will be shown repeatedly that the model of Eq. (2) yields where k is a scanning constant relating the scanning aperture
far simpier estimators than does Eq. ( 1’) . as would be expected. area to the mean area of a film grain. A typical value of p used
The following example serves to illustrate why it may prove for characterizing phot ographic film-grain noise is p = 1/2.
-.~ .rthwhile i-u emp loy the more complex estimators resulting though p 1/3 has also been used.4 24 ’ Thus. Eq. (8) becomes

• from Eq. (1). (for p = 1/2)

When the observations are actually of the type given by Eq. EU~ — s~~s~ k2~~Ei.t: ÷ aj. (9)

2 1. it can he shown 2 that simply using the received value as
• the estimate results in a minimum-variance unbiased esti- which is greater than the variance of Eq. (5’) by the addition

of a ter m which is proportional to the signal mean. Note thatmate. i.e..
in the particular case of p a 1/2. the equality holds between

a r . - (3) the last two terms in Eq. 17). but that for general p this is not
the case. Here . the iower bound on the mean-square esti-

where the circumflex denotes the estimate. The average error
is then given by mation error given by Eq. ~~ becomes

* E ( iâ  — s 2 1s 1 ~ k2 c ( E ( s ) I ~~ + 4 uol
Eli — a Ef r  — E1n 2( a Q, (4)

The estimator is said to be unbiased since the mean error The lower hound gi~ en by Eq. (10) may be visualized with

ze ro. .A measure of the performance of this estimator. ~~~ 
the aid of Figs. I and 2. for various values of k . p .an d Et a) . In

dizioned on the signal value, is given by the conditional all cases, the plane upon which the sun’aces rest is not the zero

rnean-~quare error. and is found to be 
plane. but - rather represents a height of 4 the left-most term
of Eq. (7,. which results when the estimator of Eq. 13) is

— s) ~- js l  a E1PZ ~ 4 (5) properly matched (to the signal-independent noise process

which is simply the variance of the additive noise process 
~~ 

of Eq. (2 ) 3 . in Fig. 1.p is fixed at a value of 1• 2. a~ and r~ are

This estimator is obviously simple from an implementat ion set equal in 1 ~or illustration, with k and E (s i being var ied. In

point of view . Fig. 2. k is f ixed (at k 1/21 and p is varied, It should he
noted that, for film-grain-noise app lications. common values -

With this in mind , consider a case in which the observations of k are in the range of from about 0.3 to about 0,7. These
are actually of the type given by the signal-dependent model fi gures i llustrate the marked deviation from the variance
of Eq. (1). For ease of implementation it is decided to use the achieved by a properly matched signal-independent estimator.
estimate given in Eq. (3) , which was designed for the signal. Also, it should be remembered that these surfaces represent
independent noise process. This represents a mismatched tower bounds on the mean-square estimation error of the
situation, where an estimator based upon an incorrect inca- mismatched estimator, and there is no guaran tee . in general.
surement model (corresp onding to ignoring the signal-dc- that even this measure of performance can be achieved. - •

L~~~~ 

o 8 .  FwehHch e~~L



—
‘II,

hsi M ~~~ p~uis e g the observation r , the signal value irw maximizes th.
probability of that value of r having been received. Maxi-
mizing p(s ~~ is equivalent to maximizing p(rj s)p(s), or al-
ternately the logarithm of this product. This follows from the

(0 
•
_

~~~‘ - 
- 

facts that (1)

- .7’ 
• 

— 
p ( sf r )  — p(rfs)p(s)fp(r) , (11)

- 
- - (ii) th, denominator is not a function of a, and (i’d) because

- 
• - monotonic transformations (such as the logarithm) preserve

- maxima and minimL
-1 As an example of the caicuiation cia MAP estimate, assume

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~ that is1 and is2 are both zero mean, normally distributed
random variables having variances ef and 4 respectively. In

_ _ _ _ _ _  
_ _ _ _ _  

this case the conditional probability density p(r~s) is also
_ _ _ _ _  

normal, with a mean of a and variance u(s), given by

(5 
- 

f’° u(s) a k2eflJ(s)J2 + 4 (12)

‘FG. 1. Msm.sqi~~. sstiinstica-.tvcr lower bound t~~ th mismatched It can then be shown that the MAP estimate is a solution of

~~~~. ~ 
— 112. - 

the equation

• Thsm, optimal estimators based on the proper noise model ~~~ — Si~~iu)2 v’(Sy~ j i) + 2(r —

needed. These estimators are derived in the following sec- - I,

tions. 
— u (SMAp)U(h(Ap) + 2(V(St,1Ap)12~~ In p(Jy~~p) 0,

(13)
MAP ESTiMATiON , 

-

where the prime denotes the partial derivative with respect
An appropriate optimal estimate when the signal is random to Jiw-

and its probability density function is known a priori is the .

maximum a posteriori probability (MAP) estimate.2 ‘r,nis For the class of situations wheref(s) aP;and assuming a

estimate, S~~ p, is defined to be that value of a which maxi- IS dtstnbuted normally with mean M, and variance a~, Eq. (13),

mixes the a p oster iori density p (s f r) .  In other words, given the MAP equation becomes

4k2,2
hsiqhl ~~ovi — ~) —. (2k2~~~ —1) —

• 
• 

~~ — (2~~ + ~f1) s~~~ + 12pk 2,f ( r S —

• . ‘-:‘~
.‘~i 

+ (2* + — [ 2pk4 ufli ~~ + 
2k4 1~&.

MSEE lowsr bound, .... ni~tth cmi £. ~-,-‘;-i. 2k4 ~_ _ 1 j~~~.s O, (14)

~~~
‘ c- ‘~ The MAP estimate S~~ p is a solution of Eq (14) For the

specific case where p — 1/2, Eq (14) reduces to the cubic

- 

- 

— 

+ (
4kS~?d’~ ..’2k4 ø~$~ + 2k2 vf) jL~gp

~
__—

~t~--’ + (
254 — 4k2ef4~. + k4 c1 + 254) M~~

1~.:!’flE/’ + k2 cf (54 — r2) — 2* — 2 
— 0. (15)

• 
• !i~~

1” P
Substitution of k — 0  into Eq. (14) or Eq. (15) yields the MAP

4 estimate for the signal-independent noise case of Eq. (2),
namely

us I

F~~. 2. Muen.s~~~s .s*lmatlcn-.,ror lower bound tar ~~ miamatcJis~ - SMAP - r + ‘~ 
~~,. (16)

cess. k 112. f~+fj er~~+ 5 4
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• A shortcoming of the Gaus sian dem.ity as a model for p ( s )
is th ist the pr i.hah ility of a nt ~it iVC ~i~)uC of S is r..inz~r.., re-

- : j  ~srdless of E (s~, ~nd of te n this ~an h phy s ic a l ly  iri. ~.. ~— ihi e

/ 1 0 
,7 ~ (fur examp le, when .c rC ,r~~,ents phoi..~raphk d’-n~ityi.

- / ,•
,“- Huw~ver, (.lie common j irn~~hility densit~v of int er e~ fo~ s. .me

classes-of images is the Ra~iei gh density,~’ i.e..
i~~,-

/ ~,v
7 p (s)  ar-~~exp [_-f.~], s ~ 0. 117)

~s’ / •~
_

~

__‘

~~~ 

which has a positivity const;ainL

5’ ~~~~~~~~ ..
~~~

.. ~~b:fc~~~~elth 
the MAP equation. withf(s) a

Y a

.

—- .— 
•~~ 

(2k 2e~p — 1) — ) .~~iV + 2h~ o f r 1  — 2p)

- 
, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

FI G. 3. MAP estimator structures for the suçnat .inoependent noise pie-
+ 2°F ~ MAP 2k~e~(p — 1) 

~~~~~~~ 
+ 254

Comparison of Eqs. ( 1 4)  and (16) demonstrates the much ‘~ fA
4 0. (18)

greater complexity of the estimator structure when signal-
dept’ndent noise processes are taken in to account. This equation is quite similar to Eq. (14) with ~ 

a 0. but each
term is grea ter in Eq. (18) bvdegree one. Thus , when p = 1/2.

- 
This comparison can also be seen graphical ly. Fig. 3 rep. the MAP estimate .~MAP isa solution of the quartic

rese nts Eq. (16) plotted for various parameter values. The
ratio~~/q;can approach~ ero in eitherof two ways either the ~~f1 

.
~ ~ I ±~\ -

~~
• . . S MAP + ~~~~ i 1 + ‘ - ~ MAP

noise variance is zero or the signal var iance is infinite. In the - a~ /

former case there is no noise. so~ 
a r; in the latter. the MAP

estimate becomes a ML estimate. ~ a r . as discussed in the + (2~~ + Z~~ — k~4’~ ~~ AP — k2u~(r 2 + 3a~) + 2r~~) ~MAP
next section. The other extreme is f or the ratio o~J c ,~ to in- /

~.rease without bound. Here the noise variance becomes in- — 254 0. (19)
finite or the si gnal vari ance becomes zero , and hence the best • -As before, substitution of k = 0 into Eq. (l9~ then yields the
tstimate is the ( assumed known) signal mean. 

~~~~ 
- 

• • • - 
. -MAP estimate for the signal-independent noise case, given

For the signal-dependent noise case. Fig. 4 shows quite by
similar est imator structures . These curves represent the ~~~~~~~ + ,)~~ + ~~~4 J i / _
si~;utu ’n of Eq. (15i plotted for various parameter values. The ~ktAP ,, .~ r + - 

•, 
- 

. i201
most apparent difference from Fig. 3 is the nonlinear nature + 

. 
_ IC• + ~~ I

of the cur.-es in Fi g. 4. Note, however, that the ratio ~~~~~~~~~~~ Again this is less complex than t he MAP equation of Eq. (181,
is considered while o~ is fixed for illustration. This corre- but it is not as simple as the solution for the signal-indepen.
sponds to various degrees of dominance by either the signal. dent noise model with a normal probability density for s.
independent noise term or the signal-de~pendent noise term . .Another probabil ity de nsity with a pu sltlvitv constraint is
of Eq. ( 1) . Recall that in both figures, ri 1 and n ’. were con- the folded normal, that is. the absolute value of a normally
sidered to be Caussian random variables. . . - -distributed random variable. 1t.~ prvbaoiiity aens,ry function

is given by
• p~s) — Ip .v(s ) +p,5( — s )j u(s). (21)

where u( s)  is the unit step function and pvL~ ~ ~~
- .~ probability density function. After much manipulation. it

may be shown that the MAP estimate for this case is given 1w
.ap the va lue of ~MAP which satisfies

exp (
2Ms~.,M~~) 

[ii. —~~stAP

- —— x (i + ~~ 
— SMAP )t ’ (f MAP)

)]  
— [Us 

+i.~~p 
— _______

______________________________________ 
x (i + 

(r — 
~MAP)L’ tl MAP)

)]  
a 0, (2 2) • 

-

Z5~ ~~ •~. s. os, L~ SMAP I

where c(s) is given by Eq. ( 12) . and the prime again denotes
FIG. 4 MAP estimator structures for the sqnai-.~epen~ent no se ~~~~

. differentiation with respect to a . To obtain the MAP e~t ima~e
cess. • for the signal-independent measurement model of Eq. ( 2 ) . k

‘J ~ 
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— is substituted into Eq. (22 ) to obtain

exp (
2M141AP) (Ma 

1MAP — IMAP\

24 / . 
.1(‘•.

/,L,+IMAP t 1 M ~~
• 

— 

24 
)_ o. (23)

,,~3

solution however , it is once again obvious that the signal-
Naither of these equations lend themaelvea to s~~i~~tfo~~~rd 

-

independent nois, model yields a much simpler solution. -

MAXIMUM-UKEUH000 ESTIMATION /

Another commonly used estimator is the maximum-like-
lihood (ML) estimator.2 The ML estimate is employed when
no prior knowledge of the signal is assumed, and it is found
by maximizing p(r ls) over a In other words find a value of __________________________

s, such that given s, the most probabLe observation r which 2 1 4

would result is the value observed. Using the signal-depen- -

dent measurement model of Eq. (2), and still assuming is1 and FI G. a. t~a. eswnazor svucti,es.
is2 are zero mean normal random variables with variances 4
and 4, respectively, the ML, estimate, ~sn.. is a solution of the as this ratio increases without bound, b asymptotically ap-
ecluatlOn . 

proaches 0.5.
(r — huJ2u’( I ,~ .) + 2fr — I,&v(isai.) Another point worthy of note is the similarity between Eq.

— u’(isn.) u(huj 0. - (24) (13), the general MAP equation, and the ML equation, Eq.

- where U(SML) and u’(IMj) are as defin ed previously. Again, (24). These expressions differ only by an additional term in
considering the special case f(s) a ~P, the ML equation be- Eq. (13), and it is this term which contains all of the prior
comes knowledge about a. This term vanishes when lnp(s), and

hence p(s), is constant In other words, if a is distributed
• 2A24(p 1) g~~~i + 2rk24(l — 2p) lift. - uniformly over all of its space of definition (a worst case), then

+ 2pk24(r2 — 4) -S~~~ —2 4 ~~~~ knowledge of its value in no way affects the maximum of
— 2pk454 flft ~~ + 24r a 0. (25) p(sIr ) a pfr~s)p(s) ~ cpfrjs ) . Thus, the ML estimator can

be viewed as a worst case of the MAP estimator. Because the
This equation is at worst no more complex than the MAP MJ~.P estimator embodies a priori information about a that
equation (14). In fact, for p 1/2, Eq. (25) becomes the is not present in the formation of the ML estimate, it would
quadratic equation - seem reasonable to assume that the MAP estimate would •~ -

k24 1k + (24 + k454)SML exhibit a smaller mean-square estimation error than the ML

+ k2of(uf — r2) — 2* a o. ~s estimate. It will be seen that this is indeed the case. In the
next section, bounds on the variances of these estimates will I I

This has as its positive root the ML estimate be found.
2~~~~~~

‘ML a 
[r

2 + (
~

) + + 
~~~~ 

CRAMER-RAO LOWER BOUNDS

— - 
A well-known lower bound on the variance of any unbiased

2 k24 ’ estimate for a fixed but unkno wn a is the Craniór.Rao error
bound.2 Given the conditional densit y p(r~s), the Cramer-

• The ML estimate for the signal-independent model of Eq. (2) Rao bound is given by
is found by letting k — 0  in any of Eqs. (24)—(26), and is given
by - 

[ E (
ö2mnP(i~

3) 1— 1
var [ 1 — s ~s~~~ — 

3~2 )j . (29 )
1~g ar .  • • (28)

- For ‘s~ and it2 normal with zero mean, Eq. (29 ) reduces to
Note that this is the minimum variance unbiased estimate
used in Eq. (3) for the mismatched example, for which we 2[U(s)I~van 11—s~s1~~ (30)
earlier found the mean-square estimation error. 2u(s ) + (u’(s)J”

A graphical comparison of Eq. (27) and Eq. (28) for vari ous where u(s ) and u’(s ) are as given by Eq. (12). For the sig-
parameter values is shown in Fig. 5. In this figure, the dashed nal-independe nt noise model, which is the result~ f letting k
line represents Eq. (28), while the solid lines represent Eq. — 0 in Eq. (30), the Cramer-Rio bound is given by
(27). Note especially the estimator structure when the sig- var~1 — s I sI~~~4, (31)
nal- independent noise terra is comparable to or greater than
the signal-dependent noise term. In this case, the estimator which is the variance actually achieved by the ML estimate
takes th. form- 1~~ — r —- b, where b is an approximately of Eq. (28) for the signal-independent noise case. When
constant bias determined by the ratio 4(kv1)2 Not. that equality holds in Eq. (29). the estimate I is said to be eMcient.2

- J. Opt, See. Am., Vol. 68, Ne. 12, December 1978 Froálich ci .1.
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~j Y~ 3 (I)
IS)

—0 FIG, 8. Mean-square estimation e~or for the MAP estgvwtOr. as a function
of the signal mear E~s), with (a) kii1 I and (b) ko1 2. The solid I*ne
is the signal-dependent estimator error and the dashed line is the mis-

FIG. 6 CramSr-nao Iow*r bound on estimation error for th. signal-de’ matched estimator error , arid a~ — 1. .

pendant measurement model. ft — 1/2.

Thus, the signal-independent ML estimate is efficient when this. Eq. (32) is plotted in Figs. 6 and 7. In the first of these

the measurement is actually of the form given by Eq. (2). k is fixed at 1/2. 4 and 4 at one, and s and p are var ied. As
in Figs. I and 2. the plane upon which the surface rests is not

For f(s) a 5 P, as before. Eq. (30) becomes the zero plane, but rather is the Cramér-Rao lower bound
• k4 c~s’~ + 2k244s 2P + ~~ given by Eq. (31), namely 4. In Fig. 7, p is fixed at 1/2 and

vat — s~sJ — 
k24~2p + 2p 2k4 r~s4P~~ + ~~

• (32) kQ 1 is allowed to vary. Now it is worth noting that in all of the
- previous equations , when k ~ 0, k and e

~ 
always appear to-

which for p 1/2 reduces to gether. Thus varying ka 1 is tantamount to fixin g either one
k 44s2 + 2k 24o.~s + ~~ and ~‘anying the other. Note that in Fig. 7; for certain values

var tl — si s i ~ 
(33) ofk 01ands ,thecrarnér.Rao boiind of Eq. (32) dips belowthe

(k 24 + k44/2) s + ~ Cramer-Ran bound of Eq. (31), that is, it di ps below the plane
4. This is, of course, the region mentioned above, where the

Although it is not obvious by inspection, the bound given inclusion of signal-dependence in the measurement model

by Eq. i32) may actually be smaller than the bound given by may potentially result in improved estimator performance.

Eq. 1311. In other words , there are potentially cases where The values ot’s and ka 1 which result in this region are given

the estimators designed for the signal-dependent measure- by
ment model may actually out perform (in a mean-square- 0 ~ s ~ (4/2) (1 — 2/(ka1)2~, (34)
estimation-error sense) the estimators designed for the sig-
nal-independent measurement model. To better illustrate where ka 1 must then satisfy

heqM abovs pton.~ 5.77 
~~~~~ 

ko~ ~~~~~ (35)

- Recall that these equations are derived for the p a 1/2

Conditiqn~ CRL 8 - —;— - - .:•~———‘~~~i case.

- 
‘ _ :  — — 21. To get a feeling for the actual mean square e~umation error

-- 
- — ._-- --— :.L 1- achieved by the estimators derived above. Monte Carlo sim-

- - 
- 

• 
- • - 

~~~
-
_

. _
-
~~~~ .

—.: ulatiuns were performed. with the results presented in the next
- 

- 
- ;— -

~~~ - -— 2 — - - - - - i-~ - section.
j ’l.fl , D.O.s _ . - - - - ~~. 

- - - ii

• f .
~/ - . • -

~

- .1 
MONTE CARLO SIMULATIONS

- 

. 
- —- -— -- - — - • previous sections was evaluated by Monte Carlo simulations

- - : —: ‘ 

~~ 2 
to determine the mean-square estimation error. The results/ The performance of each of the estimators derived in the

- 
- - -

~~; for each of the various si gnal prohabi lit~ densities were so
- - 

- -~/ similar that only one case is presented . The Gaussian case
- - ;iY , was chosen since, for the MAP estimate, it represents the

- 
- minimum achievable mean-square estimation erro r ( see Ap-

7 pendix . Figure 8 shows the mean-square estimation error
___________________________________________ a (MSEE) of the MAP estimate plotted as a function of the

signal mean E(s’I. In Fig. 8(a) . k01 a 
~~, while in Fig. SIb) , k u 1

0 a 2. The solid line is the MSEE for the MAP estimator of En.
( 15) and the dashed line is the MSEE for the mismatched case.

FIG. 7 Cramer-Ran lower bound oi~ estimation error for ~~•_‘ SIgn$I..ds- that is. for the MAP estimate of Eq. (161 when applied to the
penOent measurement model , p a 1/2. signa l.dependent mea surement. Inclu sion of signal depen-
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FIG. 10. The uniform costI 
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tics necessa~~ in the form Wation of MAP estimato~~ How-

It should be noted that there may exist suboptimal esti-
inators which prove to be more desirable in terms of imple-
mentation or other practical considerations. For example,
no mention has been made of how to obtain the signal statis-

ever, the purposes of this paper were to demonstrate the
potentially severe consequences of ignoring signal dependence

0 ‘ and to derive optimal estimators for the signal-dependent
noise case.

- I  2 3 5(i) I 2 3~~~s.
(a -

S

FIG. 9. Mean-square estimation error for the PA. estimator, ass function ACKNOWLEDGMENT
o th signal mean £~s). with (a) k~1 — 1 and (b) k~1 2. The solid fine
Is the signal-dependent estimator error and ~~ du~~~ line ~ •,.~i This work was supported in part by the Joint Services
matched estimator error. - - Electronics Program at Texas Tech University under Office

of Naval Research Contract No. 76-C-1136.
dence in the estimator structure is seen to yield estimates of
the signal which, on the average, have smaller error than v ould -

be the case when signal dependence is ignored. It should be APPENDIX
noted that for sufficiently small kr 1 and small signal means
the signal-dependent noise term is negligible. This results Bayesian estimators are those estimators which serve to
in the estimates for the mismatched case being very nearly minimize the Bayes risk, where the Bayes risk is the expected
equal to those which include the signal-dependence. cost of estimation based on some cost function.. For example,

minimum mean-square error is achieved when the cost is
Figure 9 presents the results of simulations of the ML es- proportional to the square of the estimation error, i.e., when

timators. As before, the solid line represents the Signal- the cost function is a parabola. The MAP estimator is a
dependent estimator MSEE and the dashed line represents Bayesian estimator based on the uniform cost function shown
the MSEE for the mismatched case. Once again, inclusion in Fig. jQ ,2 The cost for no error is zero (as it is for some A
of signal dependence is seen to yield better estimates on the region about no error), and the cost of any other error is uni-
average. Since the ML estimates include no prior knowledge form (all errors are weighted equally).
of the signal statistics, their performance is markedly inferior
to the MAP estimates, but as previously discussed, the ML It can be shown2 that, under certain conditions, the oPtimal
estimate represents a worst case. As before, for small kej and Bayes estimate is invariant for a variety of cost functions, and
small E (s) ,  the estimates are very nearly equal regardless of is equal to the minimum mean-square error estimate. These
the inclusion of signal dependence in the estimator struc- conditions are: (i) the cost function is convex, (ii) the cost
ture. function is symmetrical. (iii) the a po steriori probability

density, p(s~r), is symmetrical, and (iv) Iim,__C(s)p(s~r) —
0, where C(s) is the cost function with arguments. Condition

CONCLUSiON (iv) is simply a requirement that thea posteriori density goes
Many physical processes are described by-a signal.depen- to zero faster than the cost function increases. Viterbi ’4 has

dent observation model. It has been shown that, in such shown that the uniform cost function satisfies these condi- I
cases. ignoring the signal dependence for purposes ofdesigning lions. When the prior signal density, p(s), is assumed
estimators of the signal may result in severe penalties in te~~~ 

Gaussian, then clearly p(s r~ is symmetrical, as required ii~
of estimation error. Therefore, optimal estimators which condition (iii) . Thus, for this cue we have the optimal Bay-
include the signal-dependent structure were derived. Spe- esian estimate, and it is the estimate which yields the mini-
cifically, these were ML estimates, which include no prior mum rnean-scluare estimation error.
knowledge of signal statistics, and MAP estimates , which • Present address: ORINCON Corp.. 3366 N. Torrey Pines Ct., Suite

320, LaJolla, Calif. 92037.assume prior knowledge of the signal probability density. 1J B. Thomas, An Introduction to Statistical Communication
The latter estimate was derived for the Gaussian, Rayleigh, Theory (Wiley, New York. 1969).
and folded Gaussian density functions. The performance of ~H. I... Van Trees, Detection , Estimation, and Modulation Theory,
these estimators was then investigated by Monte Carlo aim- Part 1 (Wiley, New York , 1968).
ulation. As expected, inclusion of signal dependence in the 3H. C. Andrew . and B. ft. Hunt. Digital Image Restoration (Pren -

tice-Hall. Englewood Cliffs. New Jersey, 1977).
estimator structure resulted in improved estimator perfor- 4,j F. Walkup and ft. C. Choens, “Image Processing in Signal-De-
mance.- p,ndentl4oiu,” Opt. Eng. 13, 258-266(1974).
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10, Reprint of “Optima l Estimation in  Signal -Dependent Film—Grain Noise ” by
G.K. Froehlich , J.F, Walkup, and R.B. Asher from the Proceedings
of the 11th International Cotmiission for Optics Conferen:es,
MadrId , September 1978 , pp. 367-369 .

- 
OPTIMAL. ESTIMATION IN SICflAL-DEPENDENT FILM-GRAIN NOISE 

-

0. K .  Fr oehlich , 3. r. Walkup and - K .  B. Asher*
• Dept. of Electrical Engineering , Texas Tech University,

Lubbock, Tx., 79409

INTRODUCTION -

Many physical noise processes are signal-dependent. One
well known example is .film—grain noise (1—3).

Ir this paper optimal estimators for images in signal—
dependent film—grain noise are presented.

THE MODEL

A versatile model incorpora ting both signal-independent
additive noise and signal-dependent noise is utilized.
This model is given in Eg. ( 1) ,

r— s + k f ( s ) n 1 + n 2, (1)

where r is the observed photographic density , s is the
orig inal uncorrupted image density , k is the scanning con-
stant. f (s) is some function of s, and mm 1 and mm 2 are signa
independen t noise processes. Thus , the middle term on the
righ t—hand si~~ of Eq . (1) is the signal—dependent noise
term ,

It is assumed that n1,n2, and s are mutually statisti
ally independent. To apply t’ie model to film-grain noise

pro)~ let f(s) — s~~, where p is usually taken to be 1/
or 1, 3 ).

In this paper , we let p 1/2 and we assume mm 1 and mm2
are zero mean Gaussian random variables, with variances

c~ and ~~~~. respectively. Further , s is assumed to be a

Gaussian random variable with mean and variance c~~
THE ESTIMATO R STRUCTURES

The max imum likelihood (ML ) estimate is found by maximizir
p (r/s) over s (3). For the model of Eq. (1) , the estimatE
is  found to be

*present address : ORINCON Corp. . 3366 N. Torrey Pines Ct
Lajolla, CA. 92037.
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(2)
as compared to the simple es t imate

• SML = r ( 2 1

which r e s u l t s  when the s igna l—dependen t  noise term of Eq.
(1) is omitted .

The maximum a posteriori probability (MAP ) estimate
is found by maximizing p(s/r) over s(3). For th. model of
Eq. (1) and the above assumptions , the estimate 

~map 
is

found to be the solution of

1
2k 4a~ 1...3 14k

2
a~~~~~2k 4c~~~5 2k 2_ 2 12

L ~ 2 J 5 + L ~
2 “1J

5

$ S

[2r~~
4kZC~~~~u 

+ ~~~

r. 2 2 2 2 2 2r .~~s 1
L~ 

r
1
~~~~~

2
~~~~

’ ) — 4 :,: — 
~ 2 = ~~, (“ I

S

.~~a in , omis s ion  of the signal—dependen t noise term :n Ec.
. ( l )  r e s u l t s  ~r. a comp ar a t iv e ly  s~~~p l i f ie d  est~~-at e ,

- 2
= r 

~ ~~~~

Eccause this MAP e s t ima te  inc ludes  p r io r  i~~f o r m n a t i o n
about the image , it should g ive  superior  p e r f o rm a n c e .  In
f act , under  the above assumot ions  it can be shown tha t  the
MAP es:imator ~urm imizes  the  mean square e s ti ma t i o n  e r ro r
(3~ ’

?~ SULT S

F i g u r e  1 is the original image of an archer. Figure 2 is
the noisy image genera ted  d i g i t a l l y  according to the model
of Eq. (1) . The image in Fig. 3 is the estimate found by
the solution of the MAP equa t ion ,  Eq. ( 4 )  wi th  and

taken to be the sample mean and variance of. the origina]
i~age.One fac tor  severely a f f e c t i n g  es t imator  pe r fo rmance  is
viola tion of the assumption that the image statistics are

L 
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Gaussian. For a discussion of this, see the paper by
Froehl ich et.al.  (3).

Fig.  1. The Fig .  2. The noisy Fig. 3. The esti—
- 

- o r iginal  image image , O~~~O . 4 , mate.
k — 0.5 0 2~~~~1? 0 — 0 . 2  - -
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6. Sumary:

The goal of this work u ni t  is the development of pattern recognition

- 
. algori thms for moving objects. The motions which an object may undergo are

modeled by a Lie group (of translations , magni fications, rotations, etc.) and

we are attempting to formulate pattern recognition algori thms which use group
- invari ants to discriminate among patterns . In add i tion we are i nvestigati ng

several algori thms which can track the motion of a pattern and we hope to develop

pointing and tracking algori thms in which both the camera and the object are in

motion.

Our main activity duri ng the past year has been the development of an algo-

rithm for identifying mu l t i p l e  moving objects in a scene. The key to this algo-

rithm is the use of an equation of motion which is formulated relative to the

coordinate sys tem of the Lie group, rather than a Euclidi an coordinate system.

In this coordinate system, every point in a rigid body is moving wi th the same

velocity and , as such , if one numerically computes a velocity profile for a scene

from photographic data a piecewise cons tant prof ile will result wi th disti nct

levels corresponding to disti nct objects. An algori thm based on these ideas has

*ONR support to permit Professor Newman and a graduate student to work on a
program related to this work unit at WSMR during the sumer of 1979. (This
program was administered as an add-on to JSEP.)
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been experimentally implemented at WSMR wi th considerable success and several

papers have been prepared which describe various aspects of the theory and its

numerical implementation.

In parallel wi th the above work we have also continued our investigati on

of pattern recognition algori thms which use group invariants and relative in-

variants to discriminate patterns . This work has resulted in several M.S. reports

and the publication of a conference paper which is reprinted in this report.

7. Publ ications and Activiti es:

A. Conference Papers and Abstracts

1. Newman , T.G.,, “A Group Theoretic Approach to Invariance and Pattern
Recogn ition ” , Proc . of the IEEE Conf. on Pattern Recognition and Image
Process i ng ” , Chicago , Aug . 1979. pp. 407-412.

— B. Pre pr i nts

1. Newman , T.G., “An tnverse Problem Rel ated to Video Tracking ” , submi tted
for publication .

2. N ewma n , T . G . , “L ie Groups and Lie Algebra s in Video Tracking ” , sub-
m i tted for publication.

3. Fredr icks , G., and T .G. Newman , “Results in Differential Geometry wi th 
-

Applications to Video Tracking ” , submitted for publication .

4. ~1ewman , T .G. , and D.A. Demus , “Lie Theoretic Methods in Video Tracking ” ,
subm i tted for publication.

C. Theses 
-:

1. Cunn i ng ham , D., “Pattern Matching over the Rotation Group ” , M .S. Report,
- 

- -  Texas Tech Univ., 1979.

2. Gim arc , R . L . , “Optimization of Sums of Squares wi thout Derivatives ” ,
M .S. Thesis , Texas Tech Univ., 1979.

3. B u l l a r d , G ., M.S. Report , Texas Tech Univ., (in preparation).

4. Zlobec , L., M .S. Re port, Texas Tech Un iv. , ( i n prepara ti on) .

0. Conferences and Symposia

1. I’lewnian , T.G., Texas Systems Wor kshop, Southern Methodist Univ., Apri l
1979.
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2. Newman , .T.G., IEEE Computer Society Conf. on Pattern Recognition and
Image Processing, Chicago, August 1979.

3. Newman, T.G., SIAM Fall Meeting, Knoxville, October 1979.

4. Newman, T.G., 6th Annual Computer Science Conference, Denton, Apri l
1979.

E. Lectures -

1. Newman , T.G., “A Group Theoreti c Approach to Pointi ng and Tracking” ,
IEEE/AIM Section Meeting, Holl oman AFB , August 1979.
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• 8. Reprint of “A Group Theoretic Approach to Invariance and Pattern Recognition ”by T.G. Newman from the Proceedings of the IEEE Computer Society

Conference on Pattern Recognition and Image Processing , Chicago ,
August 1979, pp. 407-412.

- Abstract be cast in a natu ral fashion. We discuss represen—
‘ tations of patterns as functions defined on a group

In this paper we consider a class of patterns and proceed to investigate the existence of invar—
which are subject to the action of a group of trans— iant functionals . 

- -

formations. We are particul arly concerned with the 
-

- ~ existence of measurements or features which are in— 2. The Model
variant with respect to transformation. A concept —

of relativ, invariance is also introduced and as— Let 0 denote a set of objects called patterns
plored in depth. In a very general sense , it is and assume that C is a group of transformations
shown that every invariant (and relative invariant) which act on 0 on the left. For w e O  and g a G  we
is a suitable average over the relevant group . of denote by g,,c the image of ci, under the cr an sform a—
tra nsformations. Finally , invariant means of tion g. Also , for g11g 2 £ C we denote their product
bounded functions are used to explore existence O f ’

- 
‘ pattern invar iant s. Suggestions for further re— or composition by 

~l~ 2 ’ Action on the left is then
search are also given, given by the identity

ci •

~~~~~~~~~~~~ Pbrases: Pattern, group, trans— • g~ (g
2
w), (1)

formation, feature , invariant , relative invariant ,
group average , invariant mean, representation, for 

~i’ 
$2

cG and

linear transformation.
- We now assume that our ability to “recognize”

1. Introduction and/or otherwise “classif y” patterns is obtained I —
via measurements performed upon individual patterns.
Such measurements can take values of a quite gen—The importance of group theory as a tool to be eral nature, although the usual situation will re—exploited in modelling a variety of perceptual phe-

nomena has been demonstrated by a number of ¶Jt~~ 
suit in a vector of real numbers . Accordingly, we
define a measurement function to be a napping2,10,11,16 Although the influence of group K: Q-’V , where V is a suitable set of permissiblete rs

theory is implicit in much of the literature on values. We shall later assume that V is a real

pattern recognicion 1’
6’12’15’2’8, relatively few in finite—d imensional vector space. We say that a

stances can be found in which explicit utilization measurement function K: O .V  is invariant provided

4 ,5,7 ,8,17 that R(gci~) • R(w) for all w t Q  and gcC .  Observe
of group theory is the central theme • that an invarian t measurement does not distinguish
Without exception , group theory has been used tO between the various member, of an orbit
effectively model some aspect or feature which is (w) {gwjg cc } , being constant on each such orbit .
invariant under transformation and to exploit this - 

—

invariance in performing the recognition function. More generally, we say that a measurement
However , no definitive study has been made of K: fl~~~~ V is relatively invariant provided that
transformat ional invariance and no general model K(gw) - o(g)R(w). Here o is a homomorphism of C
has been introduced which attempts to formalize the into a group af transformations on V and is called
concept of invariance as it relates to pattern re -the modulus of K. As a ma tter of practice , we are

— - cognition. This is indeed strange in view of the interested in the case in which V is a finite di—
- - - relatively advanced state of the theory of invar— mensional vector space and o is a representation of

iants within group theo ry9’14 ’19. C in the group CL(V) of invertible linear transfor-
mations on V .  No te that a relative invariant not

In the following we formulate a general model 
only depends upon the orbit of ci, but is also sensi—
t ive to “position” within the orbit.in which many problems in pattern recognition may

In appl ications one must solve simultaneous
+ This wci.. has been conducted under the aus— K (w) K

m 
involving a number of invar—pices of the Associate 3o~nr Services Electronics equation a a

Program at Texas Tech University. The Office of ianta {R } and associated actual measurements (K ”)
Naval Rerearch is gratefully acknowledged for sup— a

to classify the orbi t of ~, and then solve similarport under contract N00l4—76—C—1l36 .
equation . p 8 (g) R8 (cici ) — involving relative invar-

Reprinted from PATTERN RECOGNITION AND
IMAGE PROCESSING 1979 CH1428 2/79,0000.0407S00.75 C 1979 IEEE
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C

tants to determine position within the orbit. Hence w u  be a representation of ~ on V and let us set
we see that the question of existence of invariants R (w) — ((l

g
)~ where 1 is the identity element of

and relative invariauts become of paramount impor— C, We must show that wt as defin ed by (4) saUs—tance.
fies — U. Bu t for x e G  we have c (x) a

3. Representations (x 1
~ )(l) • R( —l rx ci,) a w (x) , (ton which ~ -

In order to pursue the question of existence as desired. -

of invariant . we find the need of considerably more
structure than we have assumed at this point. It - Let us point out that an invariant measurement
is somewhat surprising that this additional struc— is charac terized by the condition that each ~

r 
is ature can be imposed on the transformation group and constant function , which on the surface seems some—need not involve restric tive assumptions about tha wha t uninteresting. This is a deceptive sicnplifi—

space of patterns . Since the transformation groups ca t ion , however , as will be apparent later. Simi—
that are typically encountered are quite rich in larly , if K is a relative invariant with modulus p,structure , we f ind ourselves in an advantageous
situation. 

- 
we see that w?(x) —

Let us briefly digress. Suppose that X is any Before proceeding to pursue the existence of
set and that the group C acts on X on the left. invariants , it scents appropriate to further accent
Let f: X — Y  be a mapp ing of C to some set Y . Then the importance of relative invariants by demonstra—
for any g t G  we may define a new napping f: X- ”Y ting one of their fundamental properties . Let
g iven by K : I~’~ V be a relative invariant with modulus o .

(gf)(x) — f(g’
~~x), xcX . (2) 

Suppose that a1,u2 c Q  and that R(w
1
) — R(w 2 ) .  Then

• - for any g c G  we have R (gu
1
) • o( g)R( w 1) —

Note that appearance of g~~ , rather than g, is a
convenience which makes certain formulae more na— R(gw

2
). Thus

• cural for lacer use. We easily verify that R(w
1 

— R(w 2) implies R(gw 1) — R(gw,). 
-

81
(g2

f)  — ~g1g2~~ Lt is somewhat interesting to note that the condi—
so that if F is a set of functions such that gf cF cion above is a complete characterization of rela—
:or alt. f c F , then (2) defines an action of C on tive invariant . as is shown in the following:
the left of F. 

Theorem 2. In order that K : ~‘.*V be relatively
Now let K: ~ —V be a given measurement func— invariant it is necessary and sufficient that

tion. For each ~ —~~ we may define a function
r - 

R ( u 1) — R(w,) implies ‘.(gc.1) — R( g u 2
)

•V as follows :
for all g t G .r

( )  _ R(x 1’
~ ) ,  x c C .  (4)

Proof: Necessity has already been shown .
The correspondence r: thus defines a napping Conversely . suppose that K: ~~~V satisfies the
of into the Set F(C ,V) of junctions from C to V. stated condition. We must construct a homomorphism

- :. ‘;~~~ f or  fixed g ~ C we see that for all x t C , of C into the group Sycn (V) of transformations on V.

• ar(~~
l,~) • R ( ( g  1 x) 1 a) — ~((x~

’g)w) — For v R(w) c V  and g E C , let us define o (g)v
R(ga). We note that this definition does not ae—

a ((g ~Y](x). That is, pend on ~ for  if also v — R(.~~) then R (gu ) •
by the pro perty of K. If v t  V is not of the form

g_ — (ga)
1’ (5) v — R(~ ) then ~et o (g)v • v. We easily verify that

each o (g) c Sym (V). Also , o( g
for all ac -‘ and g vC. Equation (5) establishes
t he desired connection between our patterns and the c (g 1

)o (g
2
)R (g~ ) — o(g

1)R(g,
.,) • R(g

1g,w) 
— o (g 1

g,)v
V—valued funct Ions on C. We define a represe n ta— in case v • R( .) and o (g,)o (g,)v a v a:ion of :. on V to be a cap r: ~— F (G,V ) which sat—
isfies (5). Such a representation allows a con .— otherwise. Thus , o(g 1 )o (g,) a :(g1g2) so that is
cre te inceroreta tion of patterns as suitable func— -

indeed a homomorphism.
c ions defined on the group .

F inally, by definition of ~(g) we see that.~e have toe following: R(g~ ) • ~(g)R(~ ) for all g C C  and ~~ so that K is
a relative invariant with as modulus.

Theoren . The representations r of on V
~o rr e s~~ond one—co—one to t he neasurement function s 4. Invariant. and Relative Invariant.

~~~ v .  Th. ‘~-:respondence is given v ia r — R  if —
and only  i f As previously stated , we may impose additional

a R (x 1~ ) , ~ ~ ~~, 
structure by invoking restrictions on the crans for—
nat ion group . Henceforth , we assume that V Is a

sureneoc R def ~~es a rep rese otacion . Now. Let and that C is a locally c000act topological group.
Proof: ~e have alread y seen that each mea— real (or complex ) vector space of finite dimension
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Such a group admits a left invariant integral , Let us define p’: C”GL(V) by o ’(x) — oCx ”1) —called left Haar measure and the in;~gra tion theory 1, We have p ’(xy) • p ’(y)p ’(x) , so t hat p ’for such groups is well established a 
. (oCx))

is a dual homomorphism. For f a L(V) we may can aL—
The fundamental technique for construction of d.r the product ~‘f given by (e ’fXx) • p ’(x)f(x),

invariants will be the computation of average values zaG. Since o (x)p ’(z) — l~ we see that ~‘fcL (V ,,)
over the entire group C. This technique was cx— whenever fcL (V). Similarly, fcL (V) implies

- ploited by PUts and McCulloch16 in their classic pf c t(V ,p).p work on the perceptioft of audio and visual forms.
It appears also in th. classical theory of group We evidently then can use p and D ’ as multi—

- re prese ntations19 and j ~~ prevalent in mode rn anal— pints to pass back and forth between L(V) and

~~~~~~~~~~~ Group averaging has been used as a tool L(V ,p). Thus :

in pattern recognition in a relatively few in— L~~~a 1: The map f~~p ’f is a linear iscmor—stances , for example implicitly in (1,12) and m p h — ph~~~f L(V) onto L(V,o). Moreover , M(f )citly in f5,7,gJ , - M ( ø ’f) for all fcL (V) .

Now, let u demote th. lef t Naar measure of C Alt hough this shows chat the linear structureand let f :  G~~V . We define the mean value of f , of t(V) and L(V ,p) are no differen t , it is impor—
provided it exists , by taut to observe that they are quite differen t with

11(f) — t in 
~~~~~ 

f~1 du , (6) respoct to the action of C.

- - EtC U We may now state sufficient conditions for the
where K is a comp act subset of C and the limit is existence of invarisnts and/or relative invariasts
taken as K increases , Note that K compact implies for the pattern space 0. Quite simply , if K: 0 V

that g ’~E is compact and that ~~~ : u(g 1K). This is such that each tar £ L(V ,p) then we obtain a rela—
together with the fact that fEgfdu ~ f du , tive invariant ~ by defining

g K
g cc, shows the following: ~ 

r ) (9)

We see that ~(ga) • 11
0

((~~~)) r) _ —
L~~~a 1. If 11(f) exists then for any g c C ,

M(gf) exists and 11(f ) a M(gf). o(g)Mp (u
r) — o(g)i(w), as desired. We obtain the

corresponding result for invariants in the special
!Js denote by L(V) , or simply 3., the set of all case in which o is the trival representation,

f :  C-” V for which 11(f ) exists. We have the fol ~(g)
lowing :

Recall that if K : O•”V is relatively invariantLenvea 2. L(V) is a linear space on which C
acts as the left as a group of linea r transfor ma— with modulus p. then we may write ~

r
(X) a

tions. Moreover , H is an invariant linear t rans— for all tacO, xc G. Thus, we have for each compact
fo rmation of L(V) into V. subset K of C , f~p(x)w 1’(x)du(x) 

~ 
f~R (w)du (x) —

More generally, let p be a representation of C u(K)R(ca) . Comparison with (7) shows that 11 (u1’)
in the group Ct(V) of invertible linear transforma— exists and is equal to K(w ) . This shows th~t each
tions on V. We form the weighted avera ge of w 1’ e L(V ,p) and shows as well the identity 11

0
(wt) af :  C.V , provided the limit exist, as follows : R(ta). W~ have thus shown:

11 (f) a 
~~~~ 

fK
D (x)f(x)du (*), (7) Theorem 4. If R: Q~~V is such tha t each

ta tt(V p ) then ~(w) — 110(U
r) defines a relativewhere K is compact , as above. The set of functions invariant K w ith modulus p . Conversely, every re—for which 11 (f) exists will be denoted by L (V,p), lative invariant is precisely of this form, since

or simply L(p). Note that by the substitution if K is relatively invariant with modulus p . then
—ly a 5 * we obtain fKp(x)gf(x)du ( x )a f

~
p (x) f (g

~~
x) each w 1’c L(V ,p) atid a K.

dU (x) a f —l p(g) f(y)du(y) — p($)f —l o(y)f (y)du(y) . The above may be paraphrased by saying that- 
- g K g K the construction of relat ive invariants with aIt follows itemediately that given modulus p is equivalent to the construction

113
(gf) — p (g)110 (f) , (8) 

of a representation ~~~~ of 0 on V such that each

for all g c C , f c t ( V ,p). We conclude: e~~cL (V ,p). Observe that , in particular , we have
shown in a strict sense that every relative invar—

Theorem 3. L(V ,p) is a linear space on which iant is a weighted average over the entire group C.
C acts as a group of linear transformations. Also ,
11 is a linear mapping of L (V,p) into V which is The result in Theorem 4 gives valuable insight

to the nature of invariants and relative invariant..
relatively invariant with modulus 0~ Nevertheless , it is less than satisfyin g in cer—
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ta m ways. In the first place, it gives no clue as Proof: For any Act in(V ,V), v5 tV ~ and
to how to construct a sui table K, al though it can f t  6(C ,V),  we have v* oM(AF) a M

0
(v~~o AF) -certainly eliminate a number of choices. Conse-

quently, it is not a true existence theorem in the M0((A*v*)o f) • /t*v* o 11(f) — v~ o *14(f). Hunce ,
sense that for  a given application it does not sc— M(AF) — *14(f), completing the proof.
tually produce an invarian t. Moreover , there are
many examples of invarian ts which occur in natural Lacnva 6: If M

~
c (3(G))* is invariant under C

wa Ys but are not presented in the form given above then so i~ the nap M as defined by (11).(although they are necessarily equivalent to such
a form). 

-

Proof: invariant implies that for any

~~
. Existence g.L Invar iant s f 0

C 5(G) and f c C , we have M
0

(gf
0
) a M0(f

0) .  Tnu. ,
if V5 £ V* , f c 3(G ,V) then for any g c G  we haveThe consideration of the group average in the v* o M(gf) — N (v* o f) • N (g(v* o f ) a H (v* o f)p receding section led to the existence of rela tive 0 0 0

invariants and is applicable in any situation where a v* o 11(f). Then by Lemma 4, M (g f ) • 11(f), as
each w~ belongs to a class of functions for which desired. 

-

such an average exists. This is the case, for ex— We have thus shown how to ‘‘lift ’’ invariantample , when the cl ass of functions is almost pen —
linear functional. on 3(0) to invariant linear napsodic (in the sense of .1. von Neumann (9)). It is , from 3(G ,V) to V.however , applicable in a wider varie ty of cases ,

namely those in which set 8(0) of bounded real
Coroiltry: If C admits an invariant mean Hvalued f unc t ions admits an invar iant mean , in the 0

following sense: and K: O.V is such that each U r C B (C,V), then

~(w ) • M(Ur) (13)Definition: An invariant mean 11 on the class
3(C) of ,bounded real valued functions on C is a define , an invariant measurement, where H is given
real linear functional H on 3(0) which is invariant by (11).
under the action of C on 3(C) and satisfies

inf f < M(f) < sup f , f t  6(C) . (10) — Proof : ~(gw) a M((SW) r) — M(gw t) — M(w t ) a

R(w) .
Let V* denote the dual space of V and let

3(C,V) denote the bounded functions from C to V. We nay obtain relative invariants in a similar
7or each c S(C ,V~ and for each V*CV ~ we observe fashion. However , to remain within the bounded
that v* o f t 3(C). functions , we restrict our attention to unitary re-

p resentations of C.
- Lenna - .. Let (3(G))* , the dual of 3(C).

Let us suppose that MThere ex~.sts a unique linear transformation 0 
is a given invariant

M: 3(G ,V) — V  such that mean on the class of bounded function on C and that
2-i is the lifted map defined by (11) above. Also .

v5 0 a 0 v~ ~~~~~~ let ,D b e a given unitary representation of C in
for all ~~~~~~ CL (V). Observe then that for each f t3 (G ,V) we

— have also o f t  3(C ,V) , where (pf)(g) •
P r o o f :  It is clear that any M satisfying (11) gtc . Now , Let K: r i — V  be a given ~easurenent

is unique. Let v
1
,v~ ,...,v be a bas is in V and function such that each wt t 3(G,V). Since this

I , let v*,v* v5 be a dual basis in V*, so that simply means that the values of R on the orbIt of
.~ are bo unded , this is not deemed to be a serious

• 1 . . Let us define 11: 3(C ,V )— V  by restriction .‘ .2 1.2
n with this in mind, let us note that o(gw )~

’ —M(f) a M0 (v~ o f)vi. f t  3(C ,V) .  (12)
i—I ()(

r) for all g c C , u t O .  To see this , we

Then for any v*~~V* we have v5 o H(f) a v* ,M(f )~ — have , at any x c G , 1 (
r
J ( )  • O(X)(SW

r
)(X) —

n n r —i. —l r — l  r(X) w (g x)  a “ (g)o (g x)w (g x) o(g) (g(Oc~ ) 1- <v * ,v~~M0
(~z* 0 f )  a 

~
t0

( 
~ 
(v *.v~>V ~ 0 — Cx ) . A lso , let us observe that , for fixed gi_i 

o (g ) t Lin (V,V) and that M is a morphism of Lin (V ,V )—o f). That v5 o ~1 — o v 5 , as desired . 
modules . We now define R: .21 — V by the formula

Let us observe that for any linear transforna— i(w) — M (pu~), w e lL ( 14)
tion A: V — V  and f t3 (C ,V) we may define the compo— Recall ing the invariance of N , and the facts above .site Af so that 3 (C,V) nay be considered as a (left)
nodule over ting Lin(V ,V) of Linear tran s for ma— we see that for g e G , we have R(gta) • M(p(g~~ ) )  -
t ions on V. L i t h this in mind , we observe : M(o( ~~) g ( o w 5)  0(5)M(5(~~~)) 

a p (g)M(oer) —
o(g)R(w).Lemma 5. The linear nap H: 8(C ,V ) — V  defined

by (lT ’ i o e  is a nor~hisn o f 3(G,V) to V consi— 
That is , is a relative invariant and has thed ered as nodules over Lin(V ,V) . given representation o as its modulus . We have ,
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therefore, proved the following remarkable result: pearing in applica tions admit continuous parm’ecers ,p the use of contro l theory in pattern matching ~sTheorem ~,. If 3(0) admits an invariant mean suggested . Problems which involve patterns in con—
N0, p is any unitary representation of C in GL(V), tinuous motion can be mudd led La such an environ—
and a mon—trivial bounded measurement fwmctiøn mont and a group t heoreti c approach should be qu its
K: Q. V exists, them there exists a mon-trival reX— uitful in such cases.
ative invariant K: C • V with modulus p • K is given
implicitly 
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9. Abstract of “An Inverse Problem Related to Vi deo Tracking ” , by
U T.G. Newman -

Consider a time varying two-dimensional image in which objects are in

m oti on along trajectories arising from horizontal and vertical translations ,

magnification and rotation. For such images a first order linear P.D.E.

holds , provided the images are modeled as functions F(t,x,y) of time t

- 
and the spatial variables x and y. In this equation the (unknown)

parameters which determi ne the moti on also appear linearly. Evaluation on a

grid produces a system of linear equations which may be solved for the

trajectory parameters.
- 

In practice, the evaluation proceeds by numerical approximation of the
- ‘  required partial derivatives . ~In view of the ill—posed nature of numerical

differentiati on, i nherent noise and sampling truncation present great

difficulti es . -

Al though no elegant solutions are at hand , examples are given to show

the effect of somewhat naive methods of solution on real data.
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10. Abstract of “Lie Groups and Lie Algebras in Video Tracking” , by
T.G. Newman

Motion of objects in time-varying images can sometimes be described by

the action of a group of transformations on the image plane, regarded as a

manifold. Moreover, the transformation groups occurring in appl ications can

general ly be described analytically in terms. of a finite number of parameters;

that is to say , they are L ie groups . In this situation we show that that

data satisfies a linear partial differential equation in which the parameters

of motion appear as linea r coefficients. More or less standard numerical

methods permit these parameters to be determined.

The parameters of motion determined as indicated above may be regarded

as a velocity profile. This profile has the useful property of being

spatially constant for each moving object in the image. In principle , at

least, this permi ts detection and tracking of various objects having different

trajectories,

Followi ng development of the appropriate theory , the paper concludes by

presenting the results of applying the technique to a number of real images

in the form of di giti zed video .
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- 11. Abstract of “Results in Differential Geometry with Application to

I ~ Video Tracking”, by G.A. Fredricks and T.G. Newman

I 
-

We may begin many investigations in pattern recognition by assuming that

a pattern is represented by a map on a smooth manifold and that the action

of a transformation group on the set of patterns is represented by trans-

l ation on the associated maps. Such an approach has recently been found to

be of value in image processina as well. In this paper we present some

theoretical results concerning the interplay between various vector fields

whi ch arise from the action of a Lie group on a smooth manifold. We further —

indicate how these results may be interpreted in the analysis of video data ,

permi tting a new approach to target tracking .
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12. Abstract of “Lie Theoretic Methods in Video Tracking” , by T.G. Newman
and D.A. Demus

Consider a 2-dimensional image in which objects are in mot ion through

trajectories describable by translation (both horizontal and vertical),

rotation, and magnifi cation. The trajectory of such an object can be com-
pletely described by a 4—vector of parameters A (t) = (x 1, A 2, x 3, A

4
) which

determine the velociti es wi th respect to the four possible motions . If

the data at time t and position x in the view plane is wri tten as F(t,x) ,

-

. then we can show that

F
~

1=1

• where X 1, X2, X 3 and X4 are certain (known ) differential operators associated

with the group of motions .

The derivatives appearing above may be evaluated numeri cally at various

points in a given time slice to produce a system of l i near equa tions wh ich

may be solved for the moti on parameters . Evaluation at points within a

moving rigid body leads to a vector of motion parameters unique to that

particular body. In principl e, at least, this technique permits application

of tracking as well as segmentation of images based on relati ve motion of
- ‘ I vari ous objects .

The paper éoncludes by presenting the results of having implemented the

above method on digitized video images .
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- - Commun i ca ti ons ” , NSF , S8,700 , 2 yrs .

Kral , L., “Graduate Fellowship Support” , NSF , $1 ,700, 1 yr.

Kr i sti ansen , M ., “Pulsed Power Research Colloquim ” , AFOSR , $~‘4,84l , 1 yr.

Total Annual Funding for Educational Activities S75,213.

* Includes S700,000 spent in-house annually by the Crosbyton Solar Power Project.
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F. Support for Conferences, Workships , and Symposia

Kristiansen , M., “Second IEEE International Pulsed Power Conference”,
AFOSR, $9,968, 1 yr.

V Sacks , R., “Workshop on Large—Scale Systems: The Coninonallty and Diversity”,- NSF, $20,512, 1 yr.
-

~~ Portnoy, W., “UniversIty/Industry/Government Microelectronics Symposium”,
NSF , $5,623 , 1 yr.

Tota l Annual Supp ort for Conferences , Workshops and Symposia $36,103.
G. Other

Seacat, R.H., “Research and Development” , State of Texas , $18,325, 1 yr.
Total Annual Funding for Other Purposes $18,325.

• H. Sources of Funding in Electrical Engineering

Air Force $ 769,651

Navy* 281,889

I ~ Army —0—

— - . 
ERDA 851,816

NSF 206,517
L Industry -

. 18,000

State of Texas 53,466

Total Annual Grants and Contracts in Elect. Engineeri ng $2 ,181 ,439
• U 

_ _ _ _

V. •

Ho 
_ _ _ _ _ _ _

* Includes all of JSEP .
179

- fl 

----- ~~—~~~~~-- - -—-~~~~~~~ -~~~~~~~~~~~ — -- - --~~~- -~~ ~~~~-- -—-~~~~~~~~~~ •-~~~~
-- - - 



— 
-~_w — —~ -- 

—-------

- 

- 

-

-

S

* .

Publications by JSEP Personnel

A. Refereed Journal Articles

1. Chen, H.S.M., and R. Saeks , “A Search Algorithm for the Solution of
the Multifrequency Fault Diagnosis Equations” , IEEE Trans. on Circuits
and Sys tems , Vol . CAS—26 , pp 589—594 , (1979 , JSEP).

2. DeCarlo , R.A., and R. Saeks , “A Root Locus Technique for Interconnected
Systems” , IEEE Trans . on Systems , Man and Cyberneti cs , Vol. SMC-9 , pp.
53—55, (1979, JSEP ) . 

-

3. DeSantis , R.M., Saeks , R., and L.J. Tung, “Basic Optical Estimati on and
Control Problems in Hilbert Space”, Math, System Theory, Vol . 12, pp.• 175-203, (1978, AFOSR—74—263 1).

4~ Desoer , C.A. , Liu , R.-W. , Murray, J., and R. Saeks , “Feedback System
Design: -The Fractional Representation Approach to Analysis and Synthesis”,
IEEE Trans. on Auto. Cont., (to appear, JSEP).

5. Froehlich , G.K., Walkup , J.F., and R.B. Asher, “Optimal Estimation in
Signal-Dependent Noise ” , Jour , of the Optical Soc. of Am. , Vol . 68, pp.
1665—1671 , (1978, JSEP ) .

6. Hunt, L.R., “Controllabfl-~ty of General Nonlinear Systems” , Math. Sys.Theory, Vol . 12, pp. 361—370, (1979, JSEP ) .
- 

- 7. Hunt, L.R., and 3.3. Murray, “q—Plurisubha rmnonic Functi ons and a General-
ized Dichlet Problem ” , Michigan Math , Jour. , Vol . 25, pp. 299—315, (1978,
NSF-MCS- 76—0 5267).

8. Hunt , L.R., M. Kazlow, “A Two—sided H. Lewy Extension Phenomenon ” , Proc.
of the AMS, Vol . 74, pp. 95-99, (1979, NSF-MCS-76—05267).

9. Lu , K.S., and R. Saeks, “Failure Prediction for an On—Line Maintenance
System in a Poisson Shock Environment” , IEEE Trans . on Systems , Man and

— Cybernetics, Vol . SMC-9, pp . 356-362, (1979 , JSEP).

10. Marks , R.J., Walkup, JF., and M.O. Hagler , “Methods of Linear System
Characterization Through Response Cataloging ” , Applied Optics , Vol . 18,

— pp. 655-659 , (1979 , AFOSR-79—0076).

11. Marks, R.J., Jones , M .I., Kral , L., and J.F. Walkup, “One—Dimensional
Linear Coheren t Process ing Us ing a Single Optical Element” , Applied
Opti cs, Vol . 18, pp. 2783—2786, (1979 , AFOSR—19-0076).

12. Murray, J., “Spectral Factorization and Quarter-Plane Digital Filters ” ,
IEEE Trans. on Ci rcuits and Systems, Vol . CAS—25, pp. 586—592, (1978,
JSEP and AFOSR-74—263l).

* Includes all publications by JSEP personnel wi th source of support.
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13. Murray, 3.3., Hunt, L.R., and M.J. Strauss, “Liouville ’s Theorem for
First-Order Partial Di fferential Equations ” , Colloquim Math., (to

~ appear , NSF-MCS-76-05267).
• 14. Pan, C.T., and K.S,Chao, “Multiple Solutions of Nonlinear Equations :

Roots of Polynomials”, IEEE Trans. on Circuits and Systems (to appear ,
I’ZSF-ENG-77—22991).

15. Pan , C.T., and K.S. Chao , “A Computer-Aided Root-Locus Mehtod”, IEEE
Trans. on Automatic Control , Vol . AC-23, pp 856-860. (19 78, JSEP and
NSF-ENG- 77—2299 1).

16. Saeks, R., “On the Decentrali zed Control of Interconnected Dynamical
Systems” , IEEE Trans . on Auto . Control , Vol . AC- 24 , pp. 269-271,
(1979 , JSEP).

17 . Saeks, R., “An Approach to Built -in Testing” , IEEE Trans. on Aerospace
• and Electronic Systems, Vol . AES—14, pp. 813—818, (1979, JSEP) .

18. Saeks , R., “A Continuation Algori thm for Sparse Matrix Inversion ” ,
IEEE Proc., Vol . 67, pp. 682—683, (1979, JSEP).

19. Saeks, R., “Forward to the Special Issue on the Mathematical Foundations
of System Theory” , IEEE Trans. on Circuits and Systems , Vol . CAS-25 ,
p. 649, (1978 , unsupported).

20. Saeks, R., “Review of ‘Monotone Operators and Applications in Control
an d Network Theory ’ by V. Dolezal” , B u l l .  bf AMS, (to appear , unsupported).

21 . Sen . N., and R. Saeks , “Faul t Diagnosis for Linear Systems Via Multi -
frequency Measuremen ts ” , IEEE Trans . on Circuits and Systems, Vol . CAS—
26, pp. 457-465, ( 1979 , JSEP).

22. lung , L.J ., and R. Sacks , “Reproducing Kernel Resolution Space and its
Applications It” , Jour. of the Franklin Inst., Vol . 306, pp. 425—447,
( 1978 , AFOSR—74—2631).

23. lung, L.J. , Saeks , R., and R.M. DeSant is , “Wiener-Hopf Fi l tering in
Hu bert Resolution Space” , IEEE Trans . on Ci rcuits and Systems , Vol . CAS—
25 , pp. 702-705, ( 1978 , AFOSR—74—2631).

24. Walkup, J .F . , Kr i le , T .F. , Hagler , M.O . , and W.D. Redus , “Multiplex
Holography wi th Chirp-Modulated Binary Phase-Coded Reference Beam Masks ” ,
Applied Optics , Vol.  18, pp. 52-57, (1979 , AFOSR-79-0076).

25. Walku p, J.F., Hagler , M.O ., Mar ks , R.J., and L. Kral , “Scann i ng Techn ique
for Coherent Processors ” , Applied Optics , (to appear , AFOSR-79-0076).

26. Walkup . J.F., Novel Techniques for Opti cal Information Processing : An
Introducti on ” , Applied Optics , Vol . 18, pp. 2735—2736, ( 1979 , AFOSR-79—
0076).
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27. Walkup, J.F., and M.O. Hagler, “Optical Information Processing”, IEEE
Proceedings, (to appear , AFOSR—79-0076).

28. Walkup, J.F., “Space—Vari ant Opti cal Processing” , Opti cal Engine~~ing,
(to appear, AFOSR—19—0076).

B. Conference Papers and Abstracts

1. Asher, R.B., and J.F. Walkup , “Introduction to Detection and Estimation
Concepts ”, 1778 Annual Meeti ng of the Opti cal Soc . of Amer. San Francisco ,
Oct. 1978, (abstract only, unsupported).

2. Froehlich, G.K. , Walkup, J.F., and R.B . Asher , “Optimal Estimation in
• Signal-Dependent Film-Grain Noise” , Proc . of the 11th Inter. Commission

for Opti cs Conf., Madrid , Sept. 1978, pp. 367—369 , (JSEP).

3. Froehlich , G.K. , Walkup , J.F., and R.B. Asher , “Estimation in Signal-
Dependent Noi se” , 1978 Annual Meeti ng of the Optical Soc . of Am.,
San Franci sco, Nob. 1978, (abstract in the Jour, of the OSA, Vol . 68,
p. 1385A , JSEP). -

4. Hunt, L.R. , “Control Theory for Nonlinear Systems”, Proc. of the 12th
As il omar Conf. on Ci rcu its, Systems, and Computers, Pacific Grove, Ca.,
Nov. 1979, pp. 339—343, (JSEP).

5. Hunt, L.R., “Controllability of Nonlinear Systems” , Proc. of the 1979
Inter . Symp. on the Mathemati cs of Networks and Systems , T.H ., Delft ,
July 1979, pp. 466-467, (JSEP).

6. Jones , M.I. , Walkup, -J F., and M.O. Hagler , “Multiplex Holography for
- Space—Variant Opti cal Computi ng , Proc. SPIE , Washing ton , Apri l 1979 , pp.

- - 
16—21 , (AFOSR—79—OO76).

7. Karmokolias , C., and R. Saeks, “Optimal Selection of Weighting Matri ces
in Kalman Regulators” , Proc. of the 21st Midwest Sy!np. on Circuits and
Systems, Iowa State Univ., Ames , Ia., Aug . 1978, pp. 71-72, (JSEP).

• 8. Kral , L., Hagler , M.O., Marks , R.J., and J.F. Walkup, “A Input Scanning
Techniq ue for Coheren t Process i ng” , 1978 Annual Meeting of the Optical
Society of Amer., San Francisco, Oct. 1978, (abstract only, AFOSR—79—0076).

• 9. Marks, R .J. , Walkup, J.F., Hagler , M.O., and L. Kral , “Linear Coherent
— Processing using an Input Scanning Technique” , Proc. of the IEEE In ter .

Optical Computing Conference, London , Sept. 1978, (JSEP)

10. Murray, J., “Semidirect Products and the Stability of Time-Varying
Systems ” , Proc. of the Inter . Symp . on the Mathematics of Networks and
Sys tems , Vol . 3, T.H., Deift , July 1979, pp. 121-125, (JSEP).

11. Newman, T.G., and R .M. Anderson , “Treelike Programs from Two Structure
Rules ” , Proc. of the 6th Annual Computer Science Conference, North Texas
State Univ., Apri l 1979, (unsupported).
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12. Newman, T.G., “A Group Theoretic Approach to Invariance and Pattern
Recognition ”, Proc. of the IEEE Conf. on Pattern Recognition and Image
Process i ng” , Chicago , Aug . 1979, pp. 407-412, (JSEP) .

13. Olivier , P.D. , and R. Saeks, “P~on1inear Observers and Fault Analysis ” ,
• Proc. of the 22nd Mi dwes t Symposium on Ci rcuits and Systems , Un iv. of

Penn ., Philadelphia , June 1979 , pp . 535—536, (JSEP).

14. Ol ivier , P .O. , and R. Saeks , “On Large Nonl inear Perturbations of
Linear Systems” , Proc. of the 12th Asilomar Conf. on Circuits , Systems ,
and Compu ters , Pac i f ic Grove , Ca. , Nov . 1978, pp. 473-477, (JSEP ) .

15. Pan , C.T .~, and K.S. Chao , “Mul tip le Solu tions of a Class of Nonl i near
Equations ” , Proc. of the 1979 IEEE Inter. Symp . on Circuits and Systems,
Tokyo, Jul y 1979 , pp. 577—580, (JSEP , and NSF—ENG—77—2299l).

16. Pan , C.T., and K.S. Chao , “A Continuation Method for Finding the Roots
• of a Polynomial” , Proc. of the 22nd Midwest Symp. on Circuits and

Systems , Univ. of Pennsylvania , Phi l adel ph i a , June 1979 , pp. 428-431,
(JSEP and NSF—ENG—77—2299l). . -

17. Saeks , R., and J . J .  Murra y, “Stability and Homotopy II” , Proc . of the
1979 JAC C, Denver , June 1979 , p . 358, (abstract only, NSF-ENG—79—l1315).

18. Saeks , R ., “Hu bert Resolution Space: Engineering Concepts ” , Proc. of
the 1979 Inter. Symp . on the Mathematical Theory of Networks and Systems” , —

T.H., Delf t, July 1979, p. 213 , (abstract only, NSF-ENG—l13l5).

19. Saeks , R., “CAD Oriented Measures of Testability” , Proc. of the Industry!
J o i n t  Serv ices Au toma tic Tes t Conference and Wor kshop, NS IA , San D iego ,
April 1978 , pp. 71-72 , (JSEP).

20. Saeks , R., “An Application of Large-Scale Systems Techniques to the
Faul t Anal ys i s Prob lem ” , Proc . of the 21st Midwest Symp . on Circuits
and Systems , Iowa State Univ., Ames , Ia., Aug . 1978, p. 314, (abstract
only, JSEP).

21. Walkup, J.F. , and M.O. Hagler , “Integration of Optics Experiments into
an EE Curri culum ” , Proc. of the 87th Annual Conf. of the ASE E, Baton
Rouge , June 1979 , (unsupported).

22. Wal kup, J .F . , Kra l , L., and P1.0. Hagler , “Cor rela ti on Pro per ti es of
Di ffusers for Mu l tiplex Holography ” , 1979 Annual Meeting of the Optical
Soc. of Amer. , Roc hester , Oct. l979~ JSEP.

C. Preprints

1. Feintuch , A. , Saeks , R., and C. Neil , “A New Performance Measure for
Stochastic Optimization in Hu bert Space” , (submi tted for publication ,
NSF EHG 79..11315).
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2. Fredricks, G., and T.G. Newman, “Results in Differential Geometry with
Applications to Video Tracking”, -(submi tted for publication, JSEP).

3. Green, B., “Continuation Algorithms for the Solution of the Eigenvalue
Problem”, (preliminary draft , JSEP)..

4. Hunt, L.R. , “Global Controllability in Two Dimensions ”, (submi tted for
publicati on , JSEP).

5. Hunt, L.R., “Controllability of Non li near Hypersurface Systems”, (sub-
mi tted for publication , JSEP).

6. Hunt, L.R., “Controllability and Stability ” , (submitted for publ ication,
JSEP).

7. Hunt, L.R., and M. Kazlow , “A Two—Regular H. Lewy Extension Phenomenon” ,
(submitted for publication , NSF-MCS-76-O5267).

8. Karmokolias, C., and R. Saeks, “Suboptimal Control with Optimal Quad-
ratic Regulators ”, (submitted for publication , JSEP ) .

9. Karmokolias , C., and R. Saeks, “Suboptimal Design of an Ai rcraft Landing
System”, (submitted for publication , JSEP).

10. Newma n, T.G., “An Inverse P’oblem Related to Video Tracking”, (submitted
for pub lication , JSEP).

11 . Newman , T.G., “Lie Groups and Lie Algebra ’s in Video Tracking” , (sub-
mi tted for publication , JSEP).

12. Newman, T.G., and D.A. Demus, “Lie Theoretic Methods in Video Tracking” ,
(submitted for publ i cation, JSEP). -
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