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ABSTRACT

The branch-and-bound technique has been the basis for algorithms

to solve both the mixed integer linear program (having linear objec-

t i v e  func t i on , linear const ra in ts , and integrality restrictions on

some var iables)  and the concave nonlinear program (having a separable

concave objective function and linear constraints). The subprograms

for each of these branch-and-bound algorithms are linear programs

with simple upper bounds.

In Volume 1, a new branch-and-bound algori thm is presented for

the composite mixed integer , concave nonlinear program. This integer

concave (IC~N) algorithm has been implemented in the form of a corn-

puter program coded in FORTRAN . A guide to the use of the computer

program , together with examples of i ts  app l icat ion , is inc luded  in

Volume 1. Documentation of the computer program is included in

Volume 2 .
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FOREWORD

Optimization problems involving integer-valued decision variablea

occur frequently in operations research and in syst~ ns analysis. Many

cost-effectiveness analyses performed within the Department of Defense

are optimization problems of this type. Specific applications related

to amphibious operations occur in mine warfare, logistics , and fire

support. This report presents a new method for solving a large class

of integer nonlinear optimization problems.

The material presented here implements ideas developed during the

author ’s program of studies in the Department of Operations Research,

School of Engineering and Applied Science, The George Washington

University , Washington, D. C. Support for this research in integer

nonlinear optimization and the development of computational algorithms

has been provided by the Naval Surface Weapons Center ’s Independent

Research Program. The author is presently involved in surface warfare

applications of this optimization technique.

R. T. RYLA , JR., Head
Strategic Systems Department
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SOLUTION OF THE
I~rtEGER CONCAVE PROGRAM
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1 . I ~1’ 1-l ( 1i ~C !’ I (

flie branch - and-bound method is a t h e o r e t i c a l  tool which has been

used to solve various types of optimization problems and , in particular ,

to solve mathematical programs . An abstract optimization problem

involves (i) a set of variables , (ii) a constraint set which consists

of feasible combinations of the  variables , and (iii) an objective

funct ion (a mathematical expression) which is to be optimized over

the c o n s t r a i n t  set .  In the case of a mathematical program , the set

of variables is customar i ly finite and the cons traint se t is defined

imp l i c i t l y  by a sys t em of equat ions  or o ther  mathematical  r e l a t ionsh ips.

The terminology “mathematical  program ” derives from the appli-

ca t ion  of mathematics to the solution of economic problems involving

the allocation C’prograsuning”) of scarce resources subject to

constraints. The first such problems to be formulated were linear

programs , having a linear objective function (to be minimized or

maximized ) and linear equations (either equalities or inequalities)

defining the constraint set. The simp lex algorithm of Danzig (1963)

provides the solution method usually used for linear programs.

Mathematical progra~mning now finds application in varied and

d iverse areas , with a significant number of these applications re-

sulting in nonlinear pro grams. A nonlinear program can occur if the

objective function or a constraint equation is nonlinear. An

important example of a nonlinear constraint is the requirement that

some va r i ab l e s  must  be in teger -va lued .  Branch-and-bound algor i thms

1
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have been developed to solve the mixed integer l inear program (having

linear objective function , linear constraints and integrality

restrictions) and the concave nonlinear program (having separable

concave objective function and linear Constraints). Each of these

nonlinear programs extends the concept of a linear program .

The integer concave program is a composite of the mixed integer

linear program and the concave nonlinear program. App lication of the

branch-and-bound method to the solution of this program was dis-

cussed in Loomis (1973b). This report presents a branch-and-bound

algorithm for the integer concave program (the ICØN algorithm) and

provides a guide to the use of a computer program which implements the

algorithm.

Chapter 1 includes a statement of the integer concave program

and other related mathematical programs . Chapter 2 describes the

basic branch-and-bound method used to solve the integer concave

program. A description of the op tions ava i lable in the IC~N algorithm

is given in Chapters 3, 4 and 5. Test programs which illustrate the

app lica tion of the IC~N algor ithm are presented in Chapter 6. The

preparat ion of input for the computer program is described in

Appendices A , B and C us ing the test programs as examples.

1.1 The Integer Concave Prog~~~

Two forms of the integer concave program are cons idered in this

section. The first of these is the mathematical program

2 
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n
m inimize f(x) = ~~ f~(x.)

j=l

(*) such that Ax = b

0 ~ x

integer for j eJ .

A is an m x i i  matr ix  (m � n) and b is a vector ~~fl E
m with b � 0.

The vec tor u° in E~ represents an upper limit on x, where u° � 0 but

need not be finite. The index set J is an arbitrary subset of

N = Ci , 2, . . . , nJ .

The object ive  function

f(x) = ~~ f.(x.)
j=l -~ ~

is assumed to be a separable concave function on the hypercube

[0, u°J; that is, f is the sum of functions f~ of a single variable

with each function f~ being a concave function on the interval

[0, u~]. A concave function of a single variable is defined by the

property that linear interpolation always underestimates the function

- 

I 
value.1 Further properties of concave functions can be found in

Fiacco and McCormick (1968, Section 6.1). Selected examples of

‘A function c(v) of a single variable v is concave on the interval I if

c(wv 1 + (1 - w)v2) � w c(v1) + ( 1 - w) c (v 2)

for all choices of v1, V
2 

€ I and 0 ~ w � 1.

3
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un et i o u s  f~ are shown in Figure  1.

I n the  s t a t e m c n t  ot program ( *) ,  the equation Ax b is synonymous

with t i l L  S V S t C L f l  oil iii linear equality constraints

a . x +a. x + ...+ a. x b . (1- i - m ) .i l l  i22 inn 1

Constraints which involve inequalities (~ or : - )  are readily transformed

into equalit ies by the  addition of slack or surplus variables to the

program. For examp le ,

aj1x1 -f a~2x2 + ... + ajnxn b~

be comes

a~1
x1 + a~2x2 + .. . + a~~x + I x~~ 1 

= b .

wi th the addition of the slack variable ~~~~ - - 0 to the program . (In

the other constraints and in the objective function , x~~ 1 is added but

with a coefficien t of 0.)

A finite lower limit L° on x can also be included in the program

formulation. Under the transformation y = x - £ 0
, the cons traints

Ax = b

0 . 0
~ ~~x~~~u

become

4

A



_ _ _  _ _ _ _ _ _ _

-

~~

(linear) (linear with setup
cost at origin)

f . f .

K

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

TEV

(piecewise linear) (concave with discontinuities
at endpoints of interval)

FIGURE 1
• 

- EXANFLES OF CONCAVE FUNCTIONS
OF A SINGLE VARIABLE
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Ay b - A ~°

0 -ou -~~~~~

which has the form of program ( *) •  The conditions b 0 and u° - - 0

in pro~ rani (*) are rep laced by conditions b - A2° - 0 and u0 .~ £
0

when the lower limi t constraint is added to the program. Also , each

componen t function lI~ is now required to be concave on the interval

L ,

The computer program which implements the ICØN algorithm performs

the two transformations Just mentioned , and thus solves the following

(more general) form of the integer concave program :

n
minimize f(x) = ~~ f~(x.)j=1

(ICP) such that Ax [=]b

0 - 0£ � x ~~~u

x
3 

integer for j€J.

In the balance of this report , the notation Ax = b will be used in

place of

to simp lify notation.

Various additional transformations and techniques are frequently6



-

useful for reduc ing problems encountered in practice to the form of

program (ICP) . Some of these may be found in Wagner (1969, Chapter 3)

and in Garfinkel and Nemhauser (1972, Section 1.4).

1.2 Other Mathematical Programs

The integer concave program includes as special cases several

other mathematical programs which occur commonly in applications.

These may also be solved using the ICON algorithm.

The mixed integer linear program

n
minimize f(x) = c.x•

3=1 ~

(MILP) such that Ax = b

integer for jeJ.

is a special case of the integer concave program which has a linear

objective function.

A branch-and-bound algorithm for solving the mixed integer linear

program was first developed by Land and Doig (1960). Subsequent

modifications and refinements are reflected in the algorithms of

Dakin (1965); Davis, Kendrick and Weitzman (1971); and Tomlin (1971).

Deleting the integrality requirements from the integer concave

program results in the concave nonlinear program

7
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n
minimize f(x) = E f .(x .)

j=l ~

(C?) such that Ax = b

0 0
£ ~~~~~~~~

A branch-and-bound algorithm for solving this program and other n~~re

general separable nonconvex programs was developed by Falk and

Soland (1969).

A f inal  special case of the integer concave program is the

linear program

minimize f(x) = ~~~~~

(LP) A

such that A x = b

The solution of linear programs having bounded variables utilizes a

modification of Dantzig’s simplex algorithm which is discussed in

Lasdon (1970, Section 6.3) and in Garfinkel and Nenthauser (1972,

Section 2.8).

8
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2 .  I IIE BRANCH-AND-BOUND METHOD

i h e  b r a n c h - a n d - b o u n d  method for the  in teger  concave program is

based on the transformation of a single program into a sequence of

subprograms . An ossential part of the method is a dynamic scheme

which monitors the selection of the subprograms to be examined. As-

sociated with each stage of the branch—and-bound method are lower and

upper bounds on the optimal objective function value which serve as

the natural basis for a convergence c r i t e r ion .

Section 2.1 presents the basic branch-and-bound method (method 1)

for  the i n t ege r  concave program . Method I includes as options the

se lec t ion  of p a r t i c u l a r  computa t iona l procedures and rules which ,

when they are spe c if ied , convert an abstract method into a workable

al gori thm. A bounding procedure which can be applied to the indi-

vid ual subprog rams is presented in Section 2.2. The bounding of a

subprogram is based upon the solution of a related linear program .

Section 2.3 describes a constra int set partitioning procedure. Con-

vergenc e properties of the branch-and-bound method are presented in

Section 2.4,. The final section gives an interpretation of the method

from the standpoint of graph theory .

2.1 Method I

Corresponding to the statement of program (ICP) given in Section

1.1, let

9
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Q = (X  Ax bJ

= (x ~ x -

x = [x x~ integer for j€J~ .

Q is a linear polyhedron and H° is a hypercube in E’~. In terms of this

nota tion , an equivalent formulation for the integer concave program is

(M) minimize f(x)
x€M

where M = Q fl H° fl X . This is called the master program for the branch-

and-bound method . N is the set of feasible solutions to the master

program. When the optimal objective function value for the master h
program is finite , it will be denoted by f*, In addition , if this

value is attained at some point in M , then the set of optimal solutions

= [x€M f(x) = f*J

is nonempty. The branch-and-bound method seeks to determine the optimal

solution value f* and an optimal solution x* ~ M* whenever these exist.

Add itionally, in the event that M* is empty or f* does not exist , the

method discovers this fact and terminates computations accordingly.

The branch-and-bound method proceeds in a series of s tages

t = 1, 2 Each stage involves the examination of one or two

subprograms. A typical subprogram 1. (i = 1, 2, ... ) is an integer con-

cave program of the form

10
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(N’) minimize f(x)
xcM~

where N’- = Q fl H~ fl X and H~ = [x I £ ‘ x u’J is a subset of H°.

The examination of subprogram i consists of applying a bounding pro-

cedure which yields a lower bound LB(i) on the optimal objective func-

t ion value for subprogram i and an upper bound UB(i) on the optimal

objective function value to the master program. Two alternative

bounding procedures are presented in Sections 2.2 and 3.1.

Stage t = 1 consists of only one subprogram (sub program 1) which

serves to initiate the branch-and-bound method . Subprogram 1 has the F
same constraint set as the master program , M1 = Q fl H1 fl X where

H1 = H° ( i . e .,  £ 1 = £° and u~- = u°). The bounding procedure is applied

to obtain lower bound LB(l) on subprogram I and upper bound UB(l) on

the master program. The best upper bound at stage 1 is defined by

BUB(1) = UB(l).

Let N(l) Li} and

BLB(1) mm LB(i) LB(1).
ieN(l)

N(1) is the set of active subprograms at stage 1 and the quantity

BLB(1) is the best lower bound at stage 1.

For t ~
- 2, stage t of the branch-and-bound method will now be

described . Assume that the following data (resulting from stage t-l)

are given:

11
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(i N(t—1 , a nonempty subset of ~l, 2, •. .  2t — 3~ ;

(j j .~ 11~ Cx £~ ~~. x ui and LB(i) for i e N(t—l); and

(iii BUB (t—l).

A branching subprogram k € N(t—L) is selected using one of the

rules presented in Section 4.1. Subprograms s and s+l (where

s = 2t  - 2) are considered at this s tage .  The constraint set for

subprogram k is partitioned to form the constraint sets for sub—

pro~ rams s and s+l. This is accomp lished by splitting the hypercube

into hypercubes H5 and Hs+l. Constraint set partitioning is dis-

cussed further in Section 2.3.

Sub programs s and s+l have constraint sets MS = Q fl HS fl X and

M
S
~~~ = Q fl ~~~ fl X . The bounding procedure is applied to obtain

lower bound LB(s) on subprogram s and upper bound UB(s) on the master
‘4

program . LB(s+l) and UB(s+I) are determined similarly.

The bes t upper bound at stage t is the quan t i t y

BUB( t) = mm (BUB(t—l) , UB(s), UB(s+l)}.

The se t of ac tive subprograms N(t) at stage t is now formed. Firs t,

define
I -~

1(t) = N ( t — 1)  \ (kJ U [s ,s+13

and then

N(t) ji € 1(t) I LB( i)  < BUB(t fl .

12
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if ~~~(L) is an empty set , then the branch-and—bound method terminates .

Itherwise , the best lower bound at stage t is de f ined  to be the quantity

BLB(t) = m m L B ( i )

and the branch-and-bound method proceeds to the next stage.

2 . 2  Bounding

In the branch-and-bound method presented in Section 2.1, a bound-

ing pro cedure is applied to each subprogram i (i = 1, 2 , •. .  ) .  The

boundin~ procedure  determines a lowe r bound LB( i )  on the opt imal  ob-

j e c t i v e  f u n c t i o n  va lue  for  sub program i and an upper bound UB( i )  on

the optima l objective function value for the master program. This

section presents the first of two alternative bounding procedures .

The typ ical subprogram is an integer concave program of the form

(M ) minimize f(x) = Ia.. f .(x .)
x€N t j 1  -~

where M’ = Q fl H~ fl X . The bounding procedure begins with the formula-

tion of an auxiliary linear program

i n
(R ) minimize g1(x) = ~ g’(x )

x€R’ j l  .1 i

13
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~ -_________________

where R’ = ( A  ~ and , for each index j, g~ is the unique quasi-linear

t I l I , c tj on 2 which a~ rees with at the endpoints of the interval [ii, ~~~
he relationship between ~~ and [j is depict ed in Figure 2. In part ic—

U lt r , :1 unde Imates f  on N’.

Ihe simplex procedure is app lied to the linear program (R’). If

it is feasible , then let x~- denote a solution as determined by the

simp lex procedure. A lower bound on the optima l objective function

value for subprogram i is .~iven by

LB( i) = g~ (x
m ).

An upper bound on the optimal objective function value for the master

program is given by

( f(x~-), if x~- ~
LB(i) = 

‘4
if otherwise.

If linear program (R’) is infeasible , then so is subprogram 1. In this

case , de f ine

L B ( i )  = UB(i) = ~
- .

function q(v) of a single variable v is ciuasi-Iinear if there are
constants m and b such that q(v) = my + b .

14
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For a mixed m t  & ge r l inear program , t he bound j u g  proc edu ri j u s t

de s c r i b e d  AI~~rc1s with the procedure used by 1)akin (1965) and o the r s .

Sub program i and t ite l inear  program (R i- )  co incide  in t h i s  case.  For

a concave nonlinear program , this bounding procedure  agrees w i t h  tha t

of l alk and Solan d (1969) . The condition x1 L M~ always holds for th is

case and cacti feasible subprogram yields a finite upper bound .

2 .3  C o n s t r a i n t  Set P a r t it i o nin g

Essential to t h e gene ra t i on  of sub programs is t h e  c o n s t r a i nt  set

parti tionin g procedure . u pon the selection ol a branching subprogram

k, this procedure is app lied to select constraint sets for sub programs

s and sf1. l o  app ly t h e  c o n s t r a i n t  set partitioning procedure , the

hypercube 11 k 
= [~ 

k x uk j and the  s o l u t i o n  to l inear  program :~
(1~k) are required.

Ih e partition begins with the selection of a branching variable

x (1 .
~ 

. ii) us jug one of th e rules presented in S e c ti o n s 4 .  ‘ or

4 .3. If the branching v ar i a b l e  is an in t e g e r  v a r i a b l e  (~~~~~~~J )  , le t

L = fx x ~~. [x~ flJ o

U = fx  X - ( x i  .~~~

3
Lvl denotes the  largest i n t eg er  less t han or equal  to  v , while v)

denotes  the sma l l e s t  i n t e ger  g r e a ter  than or equal t o  v .

11)
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I f  the branching var iable  is not an integer variable (j~~ J), let

kL r x l x . � x . ~
~~0 ~o

ku = c x l x . � x . l .
J o ~o

L and U are the lower and upper cuts corresponding to value x~ of the

branching variable.

Hypercubes H5 and Hs
~~ are formed by set t ing

Hs Hk f l L

H~~~~~= H k fl U .

The lower and upper limits appearing in HS = ~x ~~ ~ x ~ u5J and

= [x I ~~~~~~ � x - u~~~ } thus agree with those of H’~ with the k
exception of the limits on the branching variable.

This procedure for constraint set partitioning was introduced

by Dakin (1965) for mixed integer linear program s and was adopted by

Falk and Soland (1969) for concave nonlinear programs.

2.4 Convergence

Assume that the set M* of optimal solutions to the integer con-

cave program is nonempty. In this case,

LB(l) ~ mm 1 
f(x) = mm f(x) = f*

xcM xeM

since subprogram 1 coincides with the master program. As a consequence

of the definitions BLB(l) = LB(1) and BUB(1) = UB(1),

17
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BLB(l) f* B U B ( l ) .

Ihe convergence properties of the branch-and-bound method are

based on the fact that , at ~~~ s tage t,

BLB(t) f* B U B ( t ) .

Because the sequence of best lower bounds is nondecreasing and the

s equence of bes t upper bounds is nonincreas ing, the precision with

which f* is determined improves as the method progresses from s tage

to stage. These facts about the branch-and-bound method are suninarized

in the following theorem.

Theorem 1. If t 2, N(t-l) and N(t) are nonempty, then

BLB(t— 1)  � BLB(t)  ~ f* � BUB(t) ~ BUB(t-1).

The convergence of the method depends , first , on the abil i ty of

the method to establish a finite best upper bound and , second , to

narrow the gap between the best lowe r bound and the best upper bound .

The branch-and-bound method can therefore be regarded as having two

phases . Phase I seeks to determine a feasible solution for the  master

program , thus establishing a finite best upper bound. Phase 2 seeks

to verify the optimality of this feasible solution. In the course of

this verification , the optimality of the feasible solution could be

denied through the determination of another feasible solution which

yields an improved best upper bound. The second phase thus seeks to

verify the optimality of the current best feasible solution.

18
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The branch-and-bound method is said to be f i n i t e l y  convergent

if , for  any integer  concave program , the method termina tes in a finite

number of stages . The following theorem describes the conditions

which occur at termination.

Theorem 2. If t � 2 , N ( t - l )  is nonempty and N ( t )  is

empty , then BLB( t - l )  B U B ( t - l )  and BUB( t )  = f~ . In

this  case , if i is an index for  which U B ( i )  = BUB(t)

and x~ is the corresponding feasible solution determined

by applying the bounding procedure to subprogram i,

then x~- is an optimal solution.

At termination of the method , an optimal solution and the optimal

solution value have both been computed . Finite convergence is not

guaranteed in general. However , if the method employs a branching

sub program selec tion rule from Section 4.1 and a branching variable

selection rule from Sections 4.2 or 4.3, then the follow ing result

holds.

Theorem 3. If H° = [x I £0 � x < u0J is a compact set ,

then the branch-and-bound method for  the integer concave

program converges finitely.

Finite convergence for the concave nonlinear program is proved in

Falk and Soland (1969) . Their result  is required for the proof of

Theorem 3.

The results thus far have been mad e under the assumption that

the set M* of optimal solutions is nonempty. For the case that M* is

19
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empty, the branch-and-bound method depends exclusively on lower bounds

for its convergence properties. Under the hypotheses of Theorem 3,

finite termination also occurs for this case.

2.5 The Branch-and-Bound Tree

The branch-and-bound method has a structure which admits of an

interpretation from the standpoint of graph theory. For this reason,

graph theoretic terminology occurs ofte~. ii the lexicon of branch-and-

bound . The terminology used here is natural and self-explanatory. 
- 1

Definitions and other related aspects of graph theory may be found

in Berge (1962).

Imbedded wi th in  the branch-and-bound method is a graph called

the branch-and-bound tree . The indices i = 1, 2 , ... assoc iated

with the subprograms are regarded as the nodes of this  graph.

Stage t = 1 of the method begins with sub program 1 which corresponds

to the root node (node 1) of the branch-and-bound tree. At sub-

sequent stages t > 2 of the method, a branching subprogram k

is selected and two new subprograms are created , subprograms s and

s ÷ 1 (where s = 2 t  - 2) .  In the branch-and-bound tree , this

corresponds to the creation of nodes s and s + 1 which are connected

to node k by arcs. These arcs are denoted by (k,s) and (k,s+l),

respectively.

20
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A ~~~~ is a sequence of arcs

= (i S , i . ) j  = 1, 2 , . . .
3 j

which connect nodes i1, ~2, . . .  in the tree. Along any path, the

relationships

i1 i2
M ~~ M ~~~~...

ii. i2
R ~~~R — ...

hold for the constraint sets of the corresponding subprograms and the

auxiliary linear programs of the bounding procedure. Thus the respec-

tive lower bounds satisfy

LB(i1) 
.
~
- LB(i2) ~

- ...

for either of the lower bounding procedures described in Sections 2.2
‘4

and 3.1.

A hypothetical example of a branch-and-bound tree is shown in

Figure 3. Indicated in the figure are the upper and lower bounds

UB(i)/LB(i) associated with each subprogram i. Table 1 gives the

best upper bound BUB(t), the best lower bound BLB(t), and the set

N(t) of active subprograms , for each stage t. In this example ,

phase 1 of the computation consists of stages 1, 2 and 3. Phase 2

begins at stage 4 with the discovery of a feasible solution to the

mas ter program at subprogram 6 (~6 
~ N

6
) With the termination of the

computation at stage 6, this feasible solution is found to be optimal.

21 
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FIGURE 3

THE BRANCH-AND-BOUND TREE
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TABLE 1

STATISTICS FOR ThE BRANCH-AND-BOUND TREE

BUB(t) BLB(t) N(t)

1 0 [1) -

2 0 ~2, 3)

3 0 [2, 4, 5) 
1

4 2 1 [2)  
p

5 2 1 [9)

6 2 - -  H 

I
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The evolution of the branch-and-bound tree is described

through a se ries of s ubg r a phs G(t) for each stage t = 1, 2 

The subgraph C(t) consists of nodes 1, 2, ... , 2t  - 1. The set

N(t) of active subprograms at stage t corresponds to a subset of

the pendant nodes in this subgraph . Based on the preceeding examp le

of a branch-and-bound tree , Figure  4 shows the sub graphs G ( 1) ,  ... ,

G(5) associated with the firs t five stages and the correspond ing

sets N(l), ... , N(5) of active subprograms . Note that G(6) is

the same as the entire tree shown in Figure 3 and that N(6) is empty .

4
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3. PENALTY ThCI~~IQUES

An alternate bounding procedure for the integer concave program

uses a system of “penalties” from which stronger lower bounds for

individual subpro grams may be computed. Penalty techniques have been

applied in branch-and-bound a lgor i thms for the mixed integer  l inear

program , but their application to the integer concave program is new.

App lication of the constraint set partitioning procedure together

with linea r programing sensitivity analysis to derive penalties and

s t ronger  lower bounds is described in Section 3.1. Constraint  set

tightening, a second application of penalty techniques , is described

in Section 3.2.

3.1 Bounding

The second bounding procedure for a typical subprogram i begins

with the solution of auxiliary linear program (Ri-) as in Section 2.2.

The optimal solut ion value to the linear program is then tested for

i ts  sens i t iv i ty  to small deviations of individual variables xj from

the values x~~. This r e su l t s  in the derivation of a lower bound for

subprogram i which is s t ronger  than that  produced by the first bounding

procedure.

Selecting a variable x
3 

(1 � j - n), the affect of adjoining the

constraint xj = v to the linear program is considered. From sensi-

t i v i ty  analysis techniques of linear programming, the optimal solution

value for linear program (Ri) with this constraint adjoined (regarded

27
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as a function ot the parameter v ) is convex and piecewise linear. An

examp le ot this function is denoted by G1(v) in Figure 5. The left

and ri~ h i t derivative s of (;‘(v) at v x~ are denoted by m
0(j) 

and

and are obtainable from the final tableau for linear program

(R 1-). These derivatives provide a means for constructing a simple

iu n ct i o n , c o n s i s t i ng  of the two dashed l inear segments shown in

Figure 5 , which u n d e r e s t i m a t e s  G 1(v)  over all  values v •

Consider now the hypothetical case tha t, at some future stage of

the branch-and-bound me thod , subprogram i is selec ted as the branching

subprogram and variable X
j 

is selected as the branching variable.

Figures 6 and 7 appi” to the cases of Xj  an integer  or noninteger

variab le (respectively). The quasi-linear underestimate for f~ is

modified as indicated for the linear programs (R5) and (RS+l ). The

optima l solution value functions GS(v) and G5+l(v) are related to

(:1(v) by

G
S (v) = G’(v) + g~~(v) - g~~(v)

G
S+l (v) = G1(v) + g~~

1 (v) - g~ (v).

Corresponding relationships hold between simple linear underestimates

for G5(v) and G~~~~(v) (having slopes ii~.~(j) and ~i1
(j)) and the under- 

F

estimate for G1(v).

A lower bound for subprogram s is the minimum value p
0
(j) along

the linear segment having slope ~i ( j ) .  This is simp ly the minimum of 
.

the two endpoints of the line segri -it .  A tower bound p1(j) 
for

28
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7

sub progr an-i s+l is defined similarly. In comparison to the lower bound

produced by the first bounding procedure , the quantities p (j) and

reflect the penalties which would occur if variable x
3 

were

selected as the branc hing variable. Since the constraint sets for

subpro grams s and s~ 1 contain the se t for subprogram i, the quantity

mm [p
0
(j), p

1
(j))

is a lower bound for subprogram i.

Considering all possible choices of j (1 j n), the penalty

analysis leads to the definition

LB(i) = max mm [p
0(j), p1

(j)}.

The upper bound UB(i) for this bounding procedure is defined as in

Sec tion 2.2.

The bounding procedure for the integer concave program presented

in this sec tion agrees wi th the procedure used by Davis , Kendrick and

Weitzman (1971) for the mixed integer linear program . App lication of

penalty techniques to the integer concave program was first indicated

in Loomis (l973b).

3.2 Limit Tightening

The algorithm for the concave nonlinear program developed by Falk

and Soland uses the slopes m
0
(j) and m1(j) to tighten the lower and

upper limits and u~ on ~~~~ variable x~ . In the algorithm for the

32
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integer concave program presented here, the slopes ~0(j) and 1111(3)

can be used for the same purpose.

Examples of limit tightening for the integer concave program are

shown in Figure 8 (for an integer variable) and in Figure 9 (for a

noninteger variable). The procedure involves the computation of the

intercept of the line having slope ~0(j) (or ii~1(j)) with the horizontal

line corresponding to the current best upper bound BUB(t). In the

example of Figure 8, the upper bound u~ is replaced by (uk)
’. Such

limit tightening is jus tified by the fact that no point y of the set

Mi fl [x x~ (u~)’} can provide an improvement on the current best

upper bound since -:

~ BUB(t) — g1(y) ~ f(y).

It should be noted that limit tightening can be effective only

during phase 2 of the branch-and-bound method when BUB(t) is finite.

Limit tightening is most naturally employed at the same time as the

bounding procedure described in Section 3.1.
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4 . BRANCh ING SUBPROGRAM AND BRANCHING VARIABLE SELECTION

A branching sub program selection rule is required in the branch-

and-bound method of Section 2.1. This rule serves to determine the

order  in wh ich the ac tive sub programs are processed . Section 4.1

presen ts the characteristics of two branching subprogram selection

rules , the LIFO and priority rules , which may be used in the solution

of integer concave programs .

Constraint set partitioning , d iscussed in Sections 2.1 and 2.3,

serves to d ichotomize the constraint set for a branching subprogram,

generating cons tra int se ts for two new sub programs while exclud ing

from further cons ideration points which are irrelevant with respect

to the master program solution . The partitioning procedure utilized

here requ ires a branch ing variable selection rule. Section 4.2

presents the maxinin and maxmax rules , both of which are based upon

the penalty techniques of Chapter 3. Other branching variable

selection rules are discussed in Section 4.3 wh ich may be used in

the solution of mixed integer linear programs or concave nonlinear

programs .

4.1 LIFO and Priority Rules

Two alternat ive rules which may be applied to select a branching

subprogram from among the active subprograms are the LIFO (last in!

first out) and priority rules. Application of the LIFO rule results F

in the selection of the subprogram which was the last one added to

36

~

~~~~~~~ 
—5 _ -

~~.- -_ ‘. - . - - - -
~ 

.‘~- l I ~~~~~ T’F 
- 7



the set of active subprograms . The priority rule results in the

selection of an active subprogram for which the correspond ing lower

bound is the least. A family of branching sub program se lect ion rules

which span the gap between the LIFO and priority rules is discussed

in Section 5.4.

Figure 10 g ives a typical example of the branch-and-bound tree

structure which results from the LIFO rule. Each node in this tree

correspends to a subprogram in the branch-and-bound method. Indicated

in the figure are the upper and lower bounds UB(i)/LB(i) associated

with the i-th subprogram. Table 2 gives the corresponding statistical

data: the best upper bound BUB(t), the best lower bound BLB(t), and

the set N(t) of active subprograms for each stage t. Figure 11 shows

the same example solved using the priority rule , with Table 3 giving

the correspond ing statistical data. In this examp le, the branch-and-

bound computation resulting from the LIFO rule examines some subprograms

which have no counterpart in the computation resulting from the

priority rule. Otherwise, the two computations differ only in the

sequence in which the subprograms are examined .

The subprograms which are examined initially using the LIFO rule

correspond to the nodes on a single path of the branch-and-bound tree

called the principal ~~~~ This path terminates when a branching

subprogram gives rise to a pair of subprograms having lower bounds

greater than or equal to the current best upper bound . The LIFO rule

then selects the active subprogram for which the corresponding node is

37 
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FIGURE 10

TREE STRUCTURE FOR THE LIFO RULE 5

38

t
- - --- ‘. - - -~~-- .—~~—-.- -~

---

~

.-- - __ .. - ~~~~~~~— ~~~~ ~~~~~~~~ -~~~~i~~ 



TABLE 2

STATISTICS FOR THE TREE WITH THE LIFO RULE

t BUB (t) BLB(t) N(t)

I ~
— 0 [1)

2 0 [2, 3)

3 1 [2, 4, 5)

4 1 [2, 4, 7)

5 1 [2 , 4 , 9)

6 1 [2, 4, 10)

7 10 1 [2)

8 10 1 [14, 15)

9 10 2 [14, 17)

10 10 2 [14)

11 10 2 [20)

12 10 4 [23)

13 10 4 [25)

14 4 - -  [ )
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FIGURE 11

TREE STRUCTURE FOR THE F~I0RITY RULE
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TABLE 3

S’I ATISTICS FOR THE TREE WITH THE PRIORITY RULE

t BUB(t) BLB(t) N (t)

1 a’ 0 [1]

2 0 [2, 3)

3 1 [2 , 4, 5)

4 a’ 1 [4, 5, 6, 7)

5 a’ 2 [4, 5, 6, 9)

6 a’ 2 [4, 5, 9, 10)
1~~

7 3 [4, 5, 9, 13)

8 a’ 4 [4, 5, 13)

9 4 [4, 5, 17)

10 4 - - )
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nearc~ t to the tip of the princ ipal path. The offshoot which emanates

frI - n this node is thcii pursued until no further active subprograms

are generated and the path terminates . The LIFO rule then selects

another offshoot from the principal path and the process is repeated .

Tile priority rule is more flexible in its approach to the selection

of the branching sub program than is the LIFO rule. Inder the priority

rule , the node corresponding to the branching subprogram (the ac tive

sub program with least lower bound ) at one stage need not be on the

same path as tl’° node correspond ing to the branch ing node at the

F preceding stage. The priority rule thus leads to the simultaneous -

exp loration of all paths within the b ranch-and-bound tree . The path

containing the node fo r which the correspond ing sub program yields an

optimal solution may be the only path which is examined comp letely.

The LIFO rule was firs t used in a branch -and-boun d algorithm 
=

for the mixed integer linear program by Dakin (1965). The priority

rule was used both in the algorithm of Davis , Kendr ick and Weitzman

(1971) for the mixed integer linear program and in the algorithm of

Falk and Soland (1969) for the concave nonlinear program .

4.2 Maxmin and Maxmax Rules

Upon the selection of a branching subpro gram k, a cons traint

set partitioning procedure is applied to determine constraint sets

for subprograms s and s + 1. This procedure begins with the selection

of a branch ing variable x . (1 
~ 

j n) as described in Section 2.3. .

42 

--- - .— . _ _ _
_
~~~~~~~~~~~~ .___ —~ - ~~— - - - -



_ _ _  - _ _ _ _ _ _ _ _ _  
_ _ _ _ _

Two alternative rules which may be app lied to s e lec t the branching

variable are the maxmin and maxmax rules . These rules emp loy the

penal ty techniques of Chapter 3 to make an optimal selection.

Consequent l y ,  the maxmin or maxmax branching variable selection rules

nay be used quite efficiently in conjunction with the bound ing

pr oced u re of Sec t ion 3 .1.

In the notation of Section 3.1, the maxmin rule resul ts in the

selec tion of a variable x for which
-J o

max mm 
~
•
p
0

(j), p
1(j)1

l— j�n

is a t t a ined . This expression is the same as the lower bound LB(k) for

br ~ch ing subprogram k. The tnaxmax rule results in the selection of

a variable x . for which
-J 0

max max cp 0(j), p1(i))
l- jT1

is attained . This second expression , which is larger than LB (k),

involves the same basic quantities as those used in the computation

of LB(k) but in a different logical combination. Consequently,

branching variable selection using either the maxmin or maxmax rules

may be done with little additional effort at the time that the lower

bound ing procedure is app lied .
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selection of a variable x . for which

max max 1p0(j), p1(j)~

is attained , where

Z = 1j~ N I mm ~p0(i), ~~~~~~ 
> g

k (xk)~

The maxmin branch ing variable selection rule was first used in a

branch-and-bound algorithm for the mixed integer liner program by

Davis , Kendr ick and Weitzman (1971). The tnaxmax rule was first used

for the mixed integer linear program by Dakin (1975). With the

development of penal ty techniques des cribed in Chap ter 3, the maxmin

and maxmax rules may now be app lied to solve the integer concave program .

F 4.3 Other B ranching Variable Selection Rules

Add itional branching variable selection rules may be enip loyed

to solve the special  cases of the integer concave program described

in Section 1.2. For the mixed integer linear program , alternative

rules are the mos t noninteger rule and the weighted noninteger rule.

For the concave nonlinear program , an alternative rule is the

conventional rule of Falk and Soland (1969). These rules do not

require the penalty techniques of Chapter 3. Consequently, these

rules may be used in conjunction with the bound ing procedure of either

Section 2.2 or Section 3.1.
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in t h e case of the mixed integer linear program , let

= 1~~~i x~ is noninteger~

where is the solution to the auxiliary linear program for branch ing

subprogram k. The most noninteger rule results in the selection of a

variable x . for which

k k k k
max ruin 1x . - [x 1 , “x .) - x .1

k
j~ zl

is attained . The weighted noninteger rule results in the selection of

a variable x fo r wh ich
-J o

I~~1 mm 1x~ - [x~ ] ,  ~x~) - x~)
j ,~Z1

is attained . The weighted noninteger rule is an attemp t to reflect

the sensitivity of the objective function to changes in the variable

values. The most noninteger and weighted noninteger rules provide a

direct app roach to branch ing variable selection , involving a small

number of computational steps , as opposed to the detailed analysis

which forms the basis for the maxmin and maxmax rules.

In the case of the concave nonlinear program , let

Z~ = ~j cN  f.(x~) - g~ (x~) ~ 0~
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where is the solution to the auxiliary linear program for branching

subprogram k. The conventional rule of Falk and Soland (1969) results

in the selection of a variable x~ for which
Jo

k k kmax f.(x.) - g.(x.)
k ~

j5Z
2

is attained. This rule provides a direct approach to branching

variable selection , involving a small number of computational steps ,

as opposed to the detailed analysis which forms the basis for the

maxmin and maxmax rules for the concave nonlinear program. 
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5. SOLUTION STRATEGIES

~\ branch-and-bound method , such as method I described in Section

~.l , includes optional computational procedures and rules. These are :

the bounding procedure , the branching subprogram selection rule , and the

constraint set partitioning rule. In turn , the constraint set

partitioning rule is equivalent to a branching variable selection rule

and an option to perform limit tightening. A particular choice of

these procedures and rules is called a solution strategy. A branch-

and-bound method together with a solution strategy thus results in a

branch-and-bound algorithm which can be app lied to solve an integer

concave program.

The various possible solution strategies result in algorithms

having widely different convergence properties. Consequently, a

solution strategy is usually chosen so as to optimize some measure of

effectiveness associated with the branch-and-bound computation .

Examples of this are : to minimize the number of stages required to

complete the branch-and-bound computation ; to minimize the number of

stages required to determine an initial feasible solution ; or to

minimize the maximum number of active nodes over all stages.

Solut ion strategies consisting of various branching subprogram

selection and branching variable selection rules for the mixed

integer linear program have been evaluated by Mitra (1973). For the

integer concave program considered here, the evaluation of the

____________- 
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effectiveness of solution strategies is extended to include the limit

t igh ten ing  option and the ava i l ab i l i t y  of an initial best upper bound .

The basic solution strategies for the integer concave program are

discussed in Section 5.1 with consideration being given to the

qualitative impact of the strategy on the convergence of the

algorithm. Important examples of basic solution strategies are the

LIFO/maxmax and priority/maxmin strategies. Section 5.2 discusses

the formation of a composite solution strategy from two different

basic strategies which are appropriate to the two different phases of
4

the branch-and-bound method . The primary example of such a composite

strategy is to use the LIFO/maxtuax strategy during phase I and the

priority/rnaxmin strategy during phase 2.

A new branch-and-bound method , the variable best upper bound method ,

has been developed for the solution of integer concave programs . This

F 4
method serves to improve the performance of phase 1 computations when

a composite solution strategy is employed . Its effectiveness is

derived from the efficiencies which accrue when an initial estimate is

*available for the optimal objective function value f , as discussed in

Section 5.3. The variable best upper bound method includes a means for

generating and refining such an estimate during phase 1 of the

branch-and-bound method . This is the subject of Sections 5.4 and 5.5.

5.1 Basic Solution Strategies

Figure 12 shows the basic solution strategies for the integer

I ‘ concave program as well as solution strategies which apply only to the
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particular cases of the mixed integer linear program and the concave

nonlinear program . The bounding procedures shown include the normal

lower bounding procedure described in Section 2.2, and the lower

bound ing procedure based upon the penalty techniques described in

Section 3.1. The branching subprogram selection rules shown in

Figure 12 include the LIFO and priority rules of Section 4.1. The

branching variable selection rules include: the maxmin, maxmax, and

modified maxmax rules of Section 4.2 (which apply to the integer

concave program); the most noninteger and weighted noninteger rules of

Section 4.3 (which apply only to the mixed integer linear program);

and the conventional rule of Falk and Soland described in Section 4.3

(which applies only to the concave nonlinear program). Limit

tightening , as described in Section 3.2, may be employed as an option.

Two combinations of branching subprogram selection/branch ing

variable selection rules which are commonly employed in solution

strategies are the priority/maxmin rules and the LIFO/maxmax rules.

As stated in Section 4.2, the maxtttin or maxmax rules may be used

qui te  e f f i c ien t ly  in conjunction with the system of stronger lower

bounds based upon penalty techniques. This combination is adopted in

the solution strategies shown in Figure 12. The priority/maxmin

solution strategy (with limit tightening) was used for the mixed

in teger linear program by Davis, Kendrick and Weitzman (1971). The

LIFO/maxinax solution strategy (but with the normal bounding procedure)

was used for the mixed integer linear program by Dakin (1965).
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Consider first the priority/maxmin solution strategy. As the

branching subprogram k, the priority rule selects an active subprogram

for which the correspond ing lower bound is the least. This leads to

the increase of the best lower bound as rapidly as possible. The

maxmin branching variable se~ection rule, on the other hand , generates

new subprograms s and s+l such that the correspond ing lower bounds

increase as much as possible in comparison with the lower bound for

subprogram k. The priority and maxmin rules are thus complementary
.

and result in a solution strategy which emphasizes the convergence of

the best lower bound .

An example of the branch-and-bound tree structure which results

from the LIFO/maxmax solution strategy is given in Figure 13. The

corresponding statistical data is shown in Table 4. As the branching

subprogram k, the LIFO rule selects the subprogram which was the last

to be added to the set of active subprograms . The maxmax branching

variable selection rule generates new subprograms s and s+l such that

one of the correspond ing lower bounds , say LB(s), increases as much as

possible but guarantees nothing with respect to the amount of increase

for the other lower bound , LB(s+l). Under the LIFO rule, subprogram

s+l would be the branching subprogram at the next stage.4 That is, the

41f p
0(j0) 

- p1(j0
), it is LB(s+l) which is guaranteed to increase as

much as possible. In this case, subprogram s is selected as the
branching subprogram at the next stage. This is accomplished by
listing subprograms s and s+l in the set of active subprograms in
reverse order.
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TREE STRUCTURE FOR THE
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TABLE 4

STATISTICS FOR TUE TRE E WITH
THE LI F O/MA XNAX SOLUTION STRATEGY

t BUB(t) BLB(t) N(t)

1 1 (1)

2 1 (2, 3)

3 1 (2, 4, 5)

4 1 [2, 4, 6, 7)

5 2 (2 , 4, 6, 8, 9)

6 2 [2, 4, 6, 8, 10, 11)

7 2 [2, 4, 6, 8, 10, 13)

8 2 (2, 4, 6, 8, 10, 14, 15)

9 2 (2, 4, 6, 8, 10, 14, 16, 17)

10 10 2 [4, 6)

Il 10 2 [4, 20 , 21)

12 10 3 (4, 20, 23)

13 10 3 [4, 20)

14 10 3 [4, 26, 27)

15 10 4 [4, 26 , 29)

16 4 - -  C )
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sub program which has the larger lower bound remains in the set of

active subprograms while the subprogram which has the smaller lower

bound becomes the branching subprogram at the next stage. Considering

the subprograms which correspond to nodes on the principal path of the

tree , the sequence of lower bounds increases slowly. In the event

that the bound ing procedure yields a feasible solution along the

principal path , this feasible solution may be optimal or near

optimal, and the initial finite best upper bound resulting from this

feasible solution would be small. As the active subprograms generated

along the principal path correspond to larger lower bounds , many active

subprograms could be eliminated with the determination of this best

upper bound . The LIFO and maxmax rules are thus complimentary and

result in a solution strategy which emphasizes the convergence of the

best upper bound.

5.2 Strategies for Different Phases

The separation of the branch-and-bound method into two phases was

discussed in Section 2.4. Phase 1 of the method seeks to determine an

initial feasible solution , thereby establishing a finite best upper

bound . Phase 2 seeks to verify the optimality of the current best

feasible solution, an objective which is attained when the set of active

subprograms becomes empty . Ind ividual solution strategies differ with

respect to their efficiency in accomplishing these phase I/phase 2

objectives . For example , the LIFO/maxmax solution strategy is best suited
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to the phase I objective hut is inefficient with respect to the

number of stages required to attain the phase 2 objective. The

prioritv/maxmin solution strategy , on the other hand , is better

suited to phase 2 than to phase 1.

A composite solution strategy results when different solution

strategies are employed for the different phases of the branch-and-

bound method . An example of such a composite is the use of the

LIFO/maxmax solution strategy during phase I and the priorit y/

maxmin solution strategy during phase 2. This example is discussed

further below as an illustration of the techniques required to

implement a composite strategy .

Assume that the branch-and-bound method begins computations with

the LIFO/maxmax solut ion strategy and the lower bounding procedure which

uses the stronger lower bound associated with the penalty techniques

of Section 3.1. For each subprogram k during phase I, apply the maxmax

branching variable selection rule to determine a branching variable and

the associated cuts L~ , U~ . Simultaneously, app ly the maxmin

branch ing variable selection rule to determine a branching variable

and the associated cuts L~ , U~ . If an active subprogram k is selected

as the branching subprogram dur ing phase 1, define

HS H
k
~~~L

k

~ u~
.
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When phase 1 ends , the LIFO/maxmax solution strategy is rep laced by

the prior i tv/maxmin solution strate~ v . The Lower bound ing procedure

is unchanged with this replacement. During phase 2 , the maxmiri

branching variable selection rule and the determination of cuts

L~~, U~ is continued but the app lication of the maxmax rule is no

longer required . If an active subprogram k is selec ted as the

branching subprogram during phase 2, def ine

H
k
~~~ L

k

= H
k 

~ u~ .

The LIFO/maxmax and pr iority/maxmin solution strategies are thus used

in the particular phase for which each is best suited. The resulting

composite solution strategy has convergence properties superior to

those of either the LIFO/maxmax or priority/maxmin strategies

ind ividually. These properties are attained at the expense of having

to make branching variable selections according to two rules during

phase 1. For the examp le considered here , however , the add it ional

computation required to perform two selections is neg ligible beca use

of the similarities between the maxmax and maxmin rule.

The limit tightening option should be mentioned in connection

with composite solution strategies. The procedures presented in

Section 3.2 for limit tightening depend upon the presence of
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IABLE 5

SI A I STI (~ FiR ~iu-; TRE E WI TI-I
A ; IV E N I N I l IAL BEST U PPER BOUND

II K~~L )  BLB(t) N(t)

5 1 (1)

-~ 5 1 [3)

3 5 1 [5)

4 5 1 ~6, 7)

5 5 2 [6, 9)

5 2 - 
~6, ll}

7 5 2 (6)

8 5 2 tl4 , 15)

10 5 3 [19) 
1

11 5 4 [21)

12 4 - - C I
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of the nodes examined under this method is bounded by the contour

LB = 5 in the sense tha t each node of the subgraph is the terminal

node of an arc emanating from within this contour. The availability

of a good initial upper bound thus leads to the examination of fewe r

nodes. In part icular , when the LIFO/maxmax solution strategy is

employed , this provides a natural mechanism for limiting the tree

search and assuring that the initial feasible solution will be near

optimal.

In the case of an initial estimate BUB(0) being used which is

less than f*, no feasible solution to the master program will be

found . Termination of the branch-and-bound computation with no

feasible solution being found should be interpreted as imply ing that

> BUB(0). In this case , computations should be repeated with a

larger value of BUB(0).

The use of an upper limit on the optimal objective function

value f* to facilitate branch-and-bound computations was advocated by

Land and Doig (1960) for the case of a mixed integer linear program.

5.4 Variable Best Upper Bounds

As noted in Section 5.3, an initial feasible solution which is

far from optimal can occur no matter which solution strategy is used .

For the case of a composite solution strategy , this occurrence has

the effect of transferring the major burden of the branch-and-bound

computation to phase 2. In the particular case of a composite

61
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solution strategy which uses the LIFO/ma,cmax strategy dur ing phase 1

and the priorirv/maxmin strategy during phase 2 , the priorityfmaxmin

strategy must then serve to determine better feasible solutions in

addi tion to the usual phase 2 objective of verifying the

optimality of the current best feasible solution. The determination

of feas ible solutions is, of course, the task for which the priority/

maxmin strategy is least suited . On the other hand , phase 2

computations are facilitated when the intial feasible solution

de termined during phase I is near optimal. A new method is described

in this section which can achieve this result.

The variable best upper bound method is intended for use during

phase 1. This method serves to limit the tree search for the case

where no initial estimate of f* is available. The basis for the

method is the treatment of the best upper bound as a free parameter.

After selecting an initial value for the best upper bound , the subgraph

bounded by the correspond ing isovalue contour is explored . If a

feasible solution is encountered , the method enters phase 2; otherwise ,

a larger value for the best upper bound is selected and the subgraph

bounded by the correspond ing contour is explored . This process is

repeated until an initial feasible solution is encountered .

The efficien t exploration of the successive subgraphs requires

that two sets of active subprograms be maintained . At stage t, N( t)

is the set of subprograms which would be considered to be active if

the best upper bound were + ~~~. N ’(t) is the subset of N(t) consisting
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of those subprograms which are active in the subgraph being examined .

In the event that N’(t) becomes empty at stage t , a new best upper

bound is established by setting

BUB(t) = BLB(t) + ~ - -

N’(t) = fi€N(t) I LB(i) —
~ BUB(t)}

where the increment ~ is assumed to be an input to the method . N’(t)

thus contains those subprograms of N(t) which lie in the band

between two consecutive contours .

Figure 15 presents an example of the structure of the branch-

and-bound tree which results from the variable best upper bound

method having ~ 2. Table 6 gives the correspond ing statistical

data. In this particular case, the initial feasible solution is in

fact optimal.

5.5 Method 2

The variable best upper bound method (method 2) is stated here

using the terminology and notation established in Section 2.1 for the

basic branch-and-bound method (method I).

Stage t = 1 consists of only one subprogram (subprogram 1)

which serves to initiate phase I of the branch-and-bound method .

Subprogram 1 has the same constraint set as the master program ,

= Q fl H 1 fl X where H1 = H°. The bounding procedure of the phase 1

solution strategy is applied to obtain lower bound LB(1) on
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TABLE 6

STATiSTICS FOR THE TREE WI TH
THE VARIABLE BEST UPPER BOUND METHOD

t 13U-B(t) - BLB(t) - N ( t )  - - - N ’(1t)

1 3 1 (1) [1)

2 3 1 [2 , 3) [3)

3 3 1 [2, 4, 5) [5)

4 3 1 [2 , 4, 6, 7) [6, 7)

5 3 2 [2, 4, 6, 8, 9) [6)

6 3 2 [2, 4, 8, 9, 10, ii) [11)

7 5 3 [
~ , 4, 8, 9, 10, 12, 13) [

~, 10)

8 5 3 [2, 4, 8, 10, 12, 13, 14, 15) C io, 15) I
9 5 3 [2, 4, 8, 10, 12, 13, 14, 17) [io)

10 5 3 [2, 4, 8, 12, 13, 14, 17, 18, 19) [19)

11 5 4 [2, 4, 8, 12, 13, 14, 17 , 18, 20, 21) [21)

12 4 — —  [ I  [ I
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sub prog r am I and upper bound UB(1) on the master program . If

IJB(1) “ ~ occurs , the b ranch-and-bound method en te r s  phase 2 and the

balance of the computation (for stage t 1  and subsequent stages) is

the s ame as in method 1 but employing the phase 2 solution strategy.

So assume that the case UB(1) ~ occurs. Let N(1) = N ’(l)  = (II

and

BLB(1) = mm LB(i) = LB(1)
ieN(1)

BUB(1) = BLB(1) -s- ~~~.

For t � 2 , stage t of the branch-and-bound method will now be

described . Assume that the following data (resulting from stage t-l)

are given:

(i) N(t—1) and N ’(t-l), nonempty subsets of

~1, 2, . . . , 2t  - 3} with N ’(t) ~ N(t);

(ii) Ht = {x I i’ ~~ x � u~) and LB(i) for i € N (t-l); and

( i i i )  B U B ( t — l ) .

A branching subprogram k € N ’(t-l) is selected using the

branching subprogram selection rule of the phase I solution strategy .

Subprograms s and s+l (where s = 2t - 2) are considered at this stage.

The constraint set for subprogram k is partioned to form the

constraint sets for subprograms s and s+l, accomplished by splitting

hypercube Hk into hypercubes H9 and H
5+l.
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Sub programs s and s+1 have conStraint sets MS = Q fl H
S 

X and

M
s+l 

= Q ~~~ fl X. The bound ing procedure is app lied to obtain

lower bound LB(s) on subprogram s and upper bound UB(s) on the master

program. LB(s+1) and UB(s+l) are determined similarly. If either

UB(s)  < ~ or UB(s+1) < ~ occurs , the branch-and-bound method enters

phase 2 and the balance of the computation (for stage t�2 and subsequent

stages) is the same as in method 1 but employ ing the phase 2 solution

strategy. So assume that the case UB(s) = UB(s+l) = ~~ Occurs .

Form the index sets

1(t) = N(t-l) \
. fk) U ~s, s+l)

N(t) = [i 1(t) LB(i) <

N ’(t) = [i N(t) LB(i) < BUB(t—Ifl.

The best lower bound at stage t is

BLB(t) mm LB(i).
iaN(t)

If N’(t) is not empty, the best upper bound at stage t is

BUB(t) = BUB(t-l). If N’(t) is empty,

BUB(t) = BLB(t) + A

and redefine

N’(t) = [1 € N(t) LB(i) < BUB(t)) .

The branch-and-bound method then proceeds to the next stage .

67

- - ~~~~~~~ 
- -  -- 

~~- r ~~r



II -

~~~~~~~
_

-

6. TEST PROGRAMS

This chapter presents samp le integer concave programs of the types

which nay be solved using the branch-and-bound method . The comp lete - j
- - c ’rmt t l-~t~ ’--~

-, 
~~ ‘ t ~~ ’~~’ c-f ~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ - - : t~ d so t ha t  t~~:P~-

may be used to test the operation of the ICON algorithm. The

preparation of input for the ICØN algorithm is described in

Appendices A , B , and C using the test programs as examples.

Computational experience with the IC~N algorithm is summarized

briefly for each type of program--concave nonlinear , mixed integer

linear , and integer concave.

6.1 A Concave Nonlinear Program

Test program I is a concave nonlinear program obtained from
I-

Faik and Soland (1971). The formulation and solution of this test

program are shown in Tables 7 and 8. Application of the branch-and -

bound method to test program 1, using the prioritv/maxmin solution

strategy and limit tightening , results in the statistics shown in

Table 9. For any concave nonlinear program , phase 2 begins with the

firs t subprogram . Three subprograms are examined for test program 1,

with the solution being obtained at subprogram 3. The maximum size of

the set of active nodes (the “branch-and-bound list”) is I.

Computational experience with concave nonlinear programs has

included the solution of programs from Falk and Soland (1971) and

68
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TABLE 7

TEST PROGRAM 1

minimize -l30x1 + f2(x2) - 160x3 + f4(x4)

such that lOx1 + lOx2 + lOx3 
i- lOx4 ~~ 150 - --

7x1 + 5x2 + 3x3 + 2x4 100

3x1 + 5x2 + lOx3 + 15x4 100

0 � x1 � 100

0 � x 2 �  25

0 � x3 � 100

O~~~x4 � 25

where

( 0 , ifx 2 O

2- (, 2000 - 130x2 - lOx2 , if x2 > 0

( 0 , ifx4 O

2
2000 - 200x4 - l8x4 , if x4 > 0
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TABLE 8

SOLUTION TO TEST PROGRAM I

= -2200

x
1

~ — o  -

x
2 

15

x =  0

x4 = 0
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TABLE 9

RRANCII- -\ND-BOUND STATISTICS FOR TEST PROGRA M 1

~ode Enter Phase 2 1

Solution Node 3

Nodes Examined 3

Maximum List Size I

Simp lex Iterations
5 

9

5
The first subprogram requires 5 simplex iterations .
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A Mi xt-d t n t  et ’e r I - i iie:ir U re~~ ram

I . ~ I p i r im 2 i ~ 1 m l  \ &  d i i  t I I t ii~ ir pi m 1111 o h t  i i  I l L d  I em

Ilal d i I ~o~’e) . t h e  or mu l ;i t  ion  and sot l i t  i on  o l~ t Ii is test program are

~liown i l l  1 ilil -
~ 10 m d  11 \p}) Iii i t  I en I t lii hi inch — irni — h o u n d  m~ t lied 4

t o  l e s t  pl- egram 2, us l ug  t he p r i o r :  t v / m ax m in  s o lu t  i o n  s t ra t e g y  mid

1 imi t t i gli to il ing , resti I t s  i n  the stat 1 s t  I os shown i n  Vah lo  12.

Coinp it t at  l ena  I experience with in i xed jut ego r Ii near prog i-anis has

i n c  luded t h e so m t  i on  of  p rog rams  from Ha Id I ( l’)h?e ‘) , G ;i i - f 1 nke I arid 4 -

~

N e m t i a u s o r  (t~)72) . and Gig i t o  and W ag n e r  (1%4~ . Add itjona l mixed

integer linear programs , of  the t vpo g von i n  ~;ot -  t i on  h .3, have  been

solved u s  in g  t lie I (~~N al ger I t h in .

I-’ . I An Int~e~ er Concave l’ ro~~ram

l o s  I p rog ram 3 i s an  integer c o n c a ve  prog r am oh I a  1 ned f r o m

Loom is (I 973a) . The lormu I at  ion o I thi is test p I-ogi -am , as shown i n

Tables i i di rough 17 , includes b oth  a sepai-ili le concave oh loo t i ye

func t i o n  and j i l t  e g e r — v a  I nod var i ables . An alto i n a t  i ye (and eqit I va1eli t~

loruiula t i on  a s a  mix ed ilitegel - linear program is o h t a i i t e d  liv r-ep la ci ii g

ioiicl It i o u  ( I V I  i n  Table il with

( i v) / x I n t e g e  i f o r  I — j - 24
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and by def in ing

f.(x.) = c .x .
1 :~ 3 1

for 17 - 
j  - - 24. A concave nonl inear program is obtained from test

program 3 by deleting condition (iv) entirely. The solutions to test

program 3 , the equivalent mixed integer linear program , and the related

concave nonlinear program are shown in Table 18. Application of the

branch-and-bound method to these programs , us ing the LIFO/max max

solution strategy and limit tightening , results in the statistics

shown in Table 19.
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TABLE 10

TEST PROGRAM 2

maximize x
3 + x~, + x

5

such that 2x
1 + 3x

2 + x
3 + 2x

4 + 2x
5 ~ 

18

3x
1 
+ 2x

2 + 2x
3 
+ x

4 + 2x
5 ~ 

15

- 6x 1 + x
3 0

.-7 x2 + x4 ~ 0

O~~~x1 � l

O � x
2~~~

l

O~~~ x3~
— 6

O < x
4 � 7

O~~~x5 - 9

x~ integer for 1 � j 5
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TABLE 11

SOLUTION TO TEST PROGRAM 2

*
f = 7

x = 0  -

x
2 

= I

X
3 

= 0

x4 
= 7

x
5 

= 0

75

4 -

_ _ _ _ _ _ _ _ _ _  — 
- _ _ _ _ _ _ _ _ _ _ _



TABLE 12

BRANCH-AND-BOUND STATISTICS FOR TEST PROGRAM 2

Node Enter Phase 2 6

- 
- Solution Node 32

Nodes Examined 33

Maximum List Size 3

S imp lex Iterations6 67

I ~

6The first subprogram requires 5 simplex iterations .
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TABLE 13

TEST PROG~~N 3

16 24
minimize ~ c-x• + f. (x.)

j=l ~ -~ j=l7 ~

such that (i) Ax � b

x
4 

+ - 3

x
6 

-2x 7 +x
8 O 

-
~~~

x
2 + x

3 
� 2

x
7 

- x6 
� 0

x
9 

- x
10 +x 11 ;~~0

- + 4x10 - � 0

x
6 

+ x
7 + x

8 + x
9 

+ x10 + 3

(ii) l9x17 - x1 
- - x

3 � 0

3x18 - x4 -x 5

9x19 - x9 - x10 - x11 0

18x20 - x6 - x7 - x8 - x 9 - x 10 -  x11 � 0

4x21 - x
13 > 0

12x22 - x14 -- - 0

l6x 23 - x13 - x14 � 0

31x24 - x12 - x
13 

- x14 - x15 - x16 � 0

77

_ _ _ _  
_ _ _ _ _  

p
- - - -—--~~~~~~==- . .~~~~.L P .  • 4-~--.~~ .. -- ~~~--~~~~~-~~. ~~. - - - ___________

— -  -

~~~~~~~~~ ~~~~~~~ - ~~~~~~~
-— - -- - - ~~~~~~~~~~~~~~ ~~

. 

-— ‘~~~



_ _ _ _ _  _ _ _ _

TABLE 13 (Contin ued)

( i i i)  £
0 

-~ x~~

(iv) x~ integer for 1 � j ~ 16

where

I
f.(~~.) =
3 3

~~~~ ifx 3 >.O
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TABLE 15

RIGHT-HAND-SIDE VECTOR FOR
TEST PROGRAM 3

i b~

1 3.9415
2 3.8398
3 1.09980
4 138.190
5 3. 8663
6 0.01841
7 77.595
8 29.070
9 2.6440
10 5,0324 

- 
-

11 2.13960
12 7.1200
13 4.7010
14 0.03371
15 3.90961
16 1.96236
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TABLE 16

LIMITS ON THE VARIABLES FOR
TEST PROGRAM 3

i 
___________ ______

1 4 11
2 0 4
3 0 4
4 0 3
5 0 3
6 0 2
7 0 3
8 0 4
9 0 4
10 0 2
11 0 3
12 0 3
13 0 4
14 0 12
15 0 7
16 0 5
17 0 1
18 0 1
19 0 1
20 0 1 

- 
-

21 0 1
22 0 1
23 0 1
24 0 1
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TABLE 17

COST DATA FOR TEST PROGRAM 3

3 Cj

1 22.9
2 33.2
3 12.5
4 11.9
5 14.9
6 41.0
7 260.3
8 82.0
9 101.4
10 167.1
11 138.9
12 54.9
13 90.6
14 15.9
15 10.2
16 7.4
17 30.2
18 10.9
19 83.3
20 4.2
21 62.8
22 11S8
23 57.6
24 4.2
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-- TABLE 18

SOLUTION TO TEST PROGRAM 3

Concave Mixed Integer Integer
Nonlinear Linear Concave

Pr ogram Pr ogram Progra m

f = 958.048 974.3 974.3
= 4 4 4

x
2 

= 0 0 0

x3 
= 2 2 2

x
4 

= 3 3 3

x5 
= 0 0 0

x
6 

= 0.00445491 0 0

x
7 

= 1 I 1

= 1.9 9 5 5 5  2 2

x
9 

= 0 0 0

x
10 

0 0 0

xll = 0 0 0

x
12

= 0 0 0
x

13
= 0 0 0

x14 = 11.2654 12 12

= 4.56966 5 5
x
16

= 5 5 5

= 0.315789 1 0.315789

x18 = I I I

0 0 0

x20 
= 0.166667  1 0. 16 6 6 6 7

x
21

= 0 0 0

x
22 

= 0 .9 3 8 7 8 5  1 1

= 0. 704088 1 0. 750000

x24 
= 0.6 7 2 0 9 9  1 0 . 7 0 9 6 7 7
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TABLE 19

BRANCH-AND-BOUND STATISTICS FOR TEST PROGRAM 3

Concave Mixed Integer Integer
Nonlinear Linear Concave
Program Program Program

Node Enter Phase 2 1 31 43

Solution Node 2 73 167

Nodes Examin ed 5 79 225

Maximum List Size 1 13 17

Simp lex Iterations
7 78 367 1018

7The firs t subprogram requires 68 simplex iterations.
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APPENDIX A

INPUT DESCRIPTION
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The inpu t data for the IC~N branch-and-bound algorithm are de-

scribed in this appendix . This data consists of the following seven

basic items :

(i) Contro l cards ,

(ii) Constraint matrix and right—hand—side vector ,

(iii) Lower and upper limits on the variables ,

(iv) Cost data ,

(v) Lists of integer/concave variables ,

(vi) User input, and

(vii) Ini tial feasible basis for the first subprogram.

Each data item will, be described in detail below. The inpu t data are

accep ted by the IC~N algorithm in the sequence indicated , wi th da ta

items (vi) and (vii) being optional depending upon the requirements

of a particular program being solved. All input data is normally read

from tape unit 5. However, data item (ii) can be read from a separate

tape unit (tape unit 1) if desired by the user . Appendix C contains

the input data for the three test programs.

4
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I

CONTR OL CARDS

ihe  fo u r  control cards arc required i n p u t  for each program. These

spec ii v t h e  p rogram d imensions , t h e  so lii t ion inc thod to be used , and

prog ram i d e n t i t i c a t i o n  i n f o r m a t i o n .

C a rd I ( F o r m a t  [615 )

‘he tirs t ten parameters must be specified by the user . The last

six parameters need not be specified unless a value other than the

defaul t valu e is desired .

V a r i a b l e  Card  Columns Description

I. N 1-5 Number of variables (excluding slack ,
surp lus or other variables which are
automaticall y added to the program as
r e q u i r e d )

2. N 6- 10 Number  of c o n s t r a i n t s  ( e x c l u d i n g  the
lower and upper limit constraints on
the  v a r i a b l e s )

3. I TYPE 11-15 Pro gram type (0 = integer concave ;
L = mixed integer linear ; 2 = concave
nonlinear; 3 = linear)

4. NSTRA1’ 16-20 Number ot solution strate.~ies to be
used ( 1 = one s t r a t e g y  t o  he used in
both phases ;  2 = two s t r a t e g i e s , the
f i r s t  to be used in p hase 1 and the
second in p hase 2)

5. N OD RL I  21 -25 Nod e se l e c t i o n  r u l e  for  the first
s o l u t i o n  s t r a t e g y  (0 = priority rule;
I = LiFt) r u l e )

6. NBVRL I  2 6-30 B r a n c h i n g  va r i ab le  se lec t ion  ru l e  for
th c  first solution strategy (0 = maxmin
r u l e ;  1 = maxmax r u l e ;  2 = mo d i f i ed

J 

maxmax r u l e ;  3 = most noninteger rule
b r  mixed i n t ege r  l inear pro gra m s ; 4 =

weighted  noninteger rule  for mixed

______ ________ _____- - 
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Variable Card Columns Description

integer linear programs ; S = conven-
tional rule for concave programs)

7. NTITEI 31-35 Limit tightening option for the first
solution strategy (0 = tighten limits
before solving a subprogram; 1 = leave
the limits alone)

8. NODRL2 36-40 Node selection rule for the second
solution strategy

9. NBVRL2 41-45 Branching variable selec tion rule for
the second solution strategy

10. NTITE2 46-50 Limit tightening option for the second
solution strategy

11. MXLIST 51-55 Maximum number of nodes allowed in the
branch-and-bound list (at most 1000;
default value is 1000)

12. LIST~P 56-60 Branch-and-bound list option (0 = in-
elude the basis inverse in the list;
1 = do not include the basis inverse
but rather use the basis reinversion
fea tu re to regenera te it)

13. ITAPE 61-65 Inp ut tape for the constraint matrix
and r ight-hand-side vector (I or 5;
default value is 5)

14. IFB 66-70 Initial feasible basLs option (0 = not
used ; 1 = used)

15. MXITER 71-75 Maximum number of pivots allowed for
any one subprogram (default value is
1000)

16. MBINV 76-80 Number of pivots between basis rein-
versions (0 = basis reinversion fea-
ture not used)
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1

4 
Card 2 (Format 315)

The three parameters on this card need not be specified unless a

value other than the default value is desired .

Variable Card Columns Description

1. I~bt’TPT i-S Output level option (0 = minimum out-
put; 1 = summary output for each node;
2 = variable limits and costs for each
node; 3 = sensitivity analysis infor-
mation, limit tightening information ,
and the branch-and-bound list; 4 =

complete linear program solution at
each node; 5 = the basis inverse cor-
responding to the linear program
sol ut ion)

2. ITRACE 6-10 Program trace information (0 = no
trace ; 1 = partial trace of subroutine
calling sequence; 2 = comp le te trace)

3. MSTART 11-15 Job restart option (0 = begin problem r
from input data; 1 = begin problem
from restart tapes 7 and 8)

Card 3 (Format 5E12.0)

The five parameters on this c~ rd need no t be spe cif ied unless a

value other than the default value is desired.

Variable Card Col umns Descrip t ion

1. TIMEI 1-12 Maximum job execution time in seconds,
the time at which restart tapes 9 and
10 are prepared (default value is 180
seconds)

2. TØL I 13-24 Tolerance for comparison of objective
function values (default value is

lo 11~)

3. TOL2 25-36 Tolerance for comparison of variable
values (default value is 10-11)

92

l. IUIUIIIIIIII! ’ ~~~~~~~~~~~~~~~~ 
—



7
Variable Card Columns Description

4. U1~OT 37-48 InItial best upper bound (default
value is 10100)

5. PCBUB 49-60 Variable best upper bound solution
method option (if PCBUB = 0, the
variable best upper bound method is
no t to be used ; otherwise, the method
is to be used with PCBUB as the
quan tity for incrementing the best
upper bound during phase 1)

Card 4 (Forma t lOA8)

An 80 character alphanumeric identifier for the program is

specified next. This is read into the array

(AL PHA (I ) , I = 1,10)

under the format specified .
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_ _ _ _ _ _ _ _ _ _ _ _ _

O N S ’I ’RAINT MATRiX AND RIGHT-HAND-SIDE VE CTOR

~h ie ~‘txN constraint matrix and the M component right—hand—side

vector art’ required input for each program . If parameter 1TAPE on the

tirst contro l card has the value I, this information is read from tape

unit 1; otherwise , it is assumed that this information follows immedi-

ately after the control cards on tape unit 5. For large programs, the

constraint matrix and right-hand-side vector can be very bulky. The

input tape option is usefu l in such a situation since, with IT~PE = I ,

this data need not be provided as input in card form but can be read

f r om a previo usl y prepared tape.

For 1ar~ e programs , the constraint matrix is often sparse , having

many entries which are zero. Consequently, the input associated with

the constraint matrix can be greatly reduced if only the nonzero entries

need be spe ci f i e d. Also , it is noted that , among the nonzero en tries ,

certain values recur often and that input can be further reduced by

establishing a table of constants in which each such value is listed

only once. I-
The constraints of the program are assumed to be ordered as

follows: less than or equal , equality, and greater than or equal

constraints.
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7
Card 1 (Format 315)

Variable Card Column s Descripti on

1. NI 1-5 The number of less than or equal con-
straints in the program

2. M2 6-10 The number of equality constraints in the
program

3. M3 11-15 The number of greater than or equal con-
straints in the program

Card(s) 2 (Format 1615)

The number of nonzero entries in each column of the constraint

matrix is specified next. This information is read into the array

r
(NZ(J ) , J = l ,N)

under the format specified. Multiple input cards are needed if N

exceeds 16, with subsequent cards having the same format. An auxiliary

param eter, NSUN , is computed to be the sum of the values NZ (J) for

J l ,N .  H

Card(s) 3 (Format 1615)

For each col umn of the cons tra in t matrix , the nonzero entries are

specified as follows: an indicator of the row in which the entry occurs,

and a pointer to the appropriate value in the table of constants.

For the J-th column , there are NZ(J) nonzero entries. Let IR(K)

and IA(K) for K = 1,NZ(J) denote the row of the K-th nonzero entry and

the pointer to the table of constants. The elements of the arrays IR

and IA alternate on the input cards and are read in the sequencer

~~~~~~-- :: ~~~~~~~ E~~ T~~~ -~~~~~~__ _ _ _ _ _



~ ‘~~~~~ ‘ ~~~~~~~~~~ ‘ ‘

(1R(K), I A ( K ) ,  K = l ,N Z ( J ) )

under the format specified . Multi p le input cards are needed if NZ(J)

ex c e e ds 8, with subsequent cards having the same format.

This intormation is re;;eated for each column J = l ,N .

Card 4 ( F o r m a t  15)

Ihe input for the table of constants is preceded by the fol lowing

parameter:

Variable Card Columns Description
.

1. N I C  1-5 Number of entries in the table of con-
stants

C a r d ( s )  5 (Format 6 E l 2 . O )

The t ab le  of constants is specified next. This information is

read in to  the a r ray

(TC(K) , K l ,NTC)

under the forma t indicated . Multi ple input cards are needed if NTC

exc eeds 6 , with subsequen t cards having the same format.

Card(s) 6 (Format 6E12.0)

The right-hand-side vector is specified next. This information is

read into the array

(BØRIG(I), I = l ,M)
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~u de r the lo r in a t  i n d i c a t e d . ~‘~IIlt ip i t ’  i l i p i lt  c~irds i r e  needed if

~~~~ ~~~~~~~~ w i t h  ~~d~~e q u en t  ir d s  hI t ” ’ 1 L l ,~, t h e  s i :~e i u r ~~Iat  .
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‘

J ,~~’Eh< AN D L PPER LIMI’I’ S UN TIlE VARIAB LES

l.~’~~’r iti d upp l- r l i m i t s  on the  p r J ~~ra 1 I v a r i a b l e s  are ass igned

L f l j t j , L l  v i i  ‘ ‘  o t  0 and ( r t . ’~~p e c t iv c 1 y) b y the  p rog ram . The f o l l o w —

1:1 . U~~;I~~.t  S ~~~~~~~ t t h e  ,1~~ S i . ’ ( t ~~ e I i t  of i n i t i a l  v a l u e s  o t h e r  than the

d c t au l i  “ i i  ~~s . • t r d s  1 and -‘~ arc mandatory inputs .

I • 1r L ~ 1 i: ) r .lat 15)

:i r i i ’~1u Card  C o l u m n s  D e s c r i p t i o n

1 . NUN 1-5 tu e  number of  lowe r limits to be ass igned
‘ aloes other than the default value 0

Ix NUN is not zero , the f o l l o w i n g  two cards are provided as input .

t L a r d ( s )  2 (Format  1615)

A list of the  variables for which the  lower limits are to be

assigned values other thae the default value 0 is given ne~:t. This

information is read into the array

( NV (K) , K 1 ,N DN )

und er the format indicated. Multiple input cards are needed if NUN

exc eeds 16 , with subsequent cards having the sam c format.

&
Card(s) 3 (Format 6El2 .O)

A Li st of the lower Limits corresponding to the variables speci-

f i ed on card(s )  2 is given nex t. This in format ion  is read into the

array
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K = l , N DN)

unde r t he  x o r : : I i t  i n d ic a t e d . M u l t i p le i n p u t  cards are needed ii NUN

e:•:ceeds o , wi Ji subsequent cards having the san~e format.

I ~i r e ~~-. I’~~ )r ~n at  15)

________ 
Card Column s Description

I . NUt’ 1-5 The number of upper limits to be assigned
v a l u e s  o t h e r  than the  d e fa u l t  va lue  + ~

It NUP is not zero , the following two cards are provided as input .

Card (s) 5 (Format  16 15)

A list of the variables for which the upper limits are to be

assignetl values other than the default value + is given next . This

information is read into the array

(NV(K) , K = l , N T P )

under the format indicated . Multi p le input cards are needed if NUP

exceeds 16, with subsequent cards having the same format.

Card(s) 6 (Format 6E12.0)

A list of the limits corresponding to the variables specified on

card(s) 5 is given next. This information is read into the array

(V(K) , K = 1,NUP)

under the format indica ted. Mul tiple inpu t cards are needed if NUP

exceeds 6, with subsequent cards having the sane format.
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COST DATA

i t e  cos t da~ a ob j e e r  i ve  f un c t i o n  c o e f f i c i e n t s )  for  those

v a r i a b l e s  w h i i  ch c u t  Cr l i n e a r l y  i n t o  t h e  o b j e c t iv e  f u n c t i o n  are  t h e  nex t  
.

i n p u t s .  “ o r v a n  ih ~L’s w h i c h  e n t e r  n o n l i n e a r l y i n t o  the  O l )j e c t l V e

ur i c i i  o l l , the ap p r op r i a t e  cos t  da ta  is obtained by c a l l i n g  t h e  user

s u p p l i e d  s u b r o u t i n e  GE I ’Ø BJ .

~ard (s) I (Format bEl2 .0)

f l i t ’  ~o s t  d a t a  is read i n t o  t h e  a r r a y

( C 2 ( J ) ,  3 = l , N ’

u n d e r  t h e  i or ina t  m d i  c a r e d . M x i i i  ip le input cards are needed if N

exce eds  ~~~, wi t i t  s u b s e q u e n t  cards  h a v i n ’~ the  same f o r m a t .

I-or v i r i a b l e s  . 1 w h i c h  c u t e r  n o n l i n e a r ly  i n t o  the o b j e c t i v e  I .

‘ n .  ion , t he  c or r e s p o n d i n g  value C2 ( J )  s h i o u i  Id be set  to zero or l e f t

bi~ nk .

I .

L. h
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LISTS OF INTEGER/ CONCAV E VARIABLES

A lis t of the integer variables and/or a list of the concave

variables are the next inputs. For an integer concave program (ITYP E

0 ) ,  both lists are required input. Only the lis t of integer var iables

is required for a mixed integer linear program (ITYPE = 1) and only the

list of concave variables is required for a concave nonlinear program

(ITYPE = 2). Neither list is required for a linear program (ITYPE = 3).

Card 1 (Format 15)

Variable Card Columns Description

1. NINT 1-5 Number of integer variables

Card(s) 2 (Format i6I)~~

The list of the integer variables is read into the array

(NV(K) , K = l ,NINT)

under the format indicated. Multiple input cards are needed if NINT

exceeds 16 , with subsequent cards having the same format.

Card 3 (Format IS)

Variable Card Columns Description

1. NCC 1-5 Number of concave var iables

Card(s) 4 (Format l6)~~~

The list of concave variables is read into the array
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(NV(K) , K = 1,NCC)

under the format indicated. Multiple input cards are needed if NCC

exceeds 16 , with subsequent cards having the same format.t
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‘ ‘ ~~~~~~~~~~~~~~~~~~~~~

USER INPUT

For integer concave and concave programs (ITYPE = 0 or 2), the

user supplied subroutine GET~BJ computes the nonlinear components

appearing in the objective function, The user supplied subroutine

READIN accepts any input which may be required to facilitate this

computation. This user input immediately follows the lists of integer!

concave variables in the input stream.

1’
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INITIAL FEASIBLE BASIS
FOR THE FIRST SUBPROGRAM

in the integer concave program, the first subprogram requires

substantially more effor t to solve than the subsequent subprograms.

The f i r s t subprogram may involve a two phase linear program beginning

from an initial basis which consists of slack and artificial variables ,

unlike subsequent subprograms which are solved much more rapidly be-

cause computations begin from a near optimal basis. For a large in-

teger concave program involving many variables and/or constraints,

the f i rs t subprogram may require substantial computer time for its

solution.

Having solved an integer concave program , a related program with

similar data can be solved more quickly using the initial feasible

basis option, which is signalled by setting IFB = 1 on the first fr
control card. An initial (dual or primal) feasible basis for the

f irs t subprogram is then included in the program input. A basis in-

version feature is used to commence the solution of the first subprogram

from this basis.

Even on the first attempt to solve an integer concave program,

the initial feasible basis option can be used profitably if a feasible

solution is known.

Card(s) 1 (Format 1615)

A list of the variables which constitute the initial feasible

basis is read into the array
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(IBV( ’t ) , I =

under the format indicated . Multip le input cards are needed if M

exceeds 16, with subsequent cards having the same format.

Card 2 (Format IS)

~ ariab1e Card Columns Description

1. NUP 1-5 The number of nonbasic variables initially
at upper bound

Card(s)  3 (Format 1615)

If NUP is nonzero , the l ist of nonbasic variables initially at

upper bound is required input . This list is read into the array

(NV(K) , K = l ,NUP)

under the format indicated . Multiple input cards are needed if NUP

exceeds 16, with subsequent cards having the same format.

‘ 1
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This appendix describes the three routines which must be coded by

the user for each integer concave program to be solved . These are:

(i) Program MAIN ,

( i i )  Subro ut ine READIN , and

(iii) Subroutine GETOBJ.

Appendix C contains the actual routines used in the solution of the

three test programs.

Program MAiN serves three basic functions. The first of these is

the specification of the ten tape units used by the ICØN algorithm:

Tape Uni t Descrip tion

I Al ternate  input tap e for constraint  matr ix  and right—
hand-side vector

2 Random access mass storage used to save integer
numbers/array s in the branch-and-bound list

3 Random access mass storage used to save floating
point numbers/arrays in the branch-and-bound list

4 Scratch tape

5 Inpu t  tape

6 Output tape

7 Job restart input tape created at the end of a
previous job

8 Job restart input tape

9 Job restart output tape created in the event that
the maximum job execution time (specified on the
third control card) is reached by this job

10 Job restart output tape

In the CDC 6700 computer system , these tape units are in reality areas

of mass storage. Information can be placed in or retrieved from these
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areas of mass storage by means of the read and write instructions U
formerly  used fo r  per ipheral tape devices.

The second basic func tion served by the program MAIN is the al-

location of core storage to the two basic arrays (arrays IF and F)

used in the ICØN algori thm. These arrays are in turn subdivided into

the various arrays required in the branch-and-bound computation. The

user must assign fixed d imensions to arrays IF and F commensurate wi th

the size of the program or programs to be solved. The parameters NI

and NF are assigned values equal to these d imensions . The ICØN algo-

ri thm determines the minimum dimensions required to solve a given

program . In the event that either of the assigned dimensions fails

to meet the minimum required value , a diagnostic will  be printed and

execution will be terminated.

The final function served by program MAIN is to t ransfer control

of the computation to the branch-and-bound algorithm. This is accom-

plished by calling subroutine IC~N, the master subroutine in the

algorithm, and by passing the locations of arrays IF and F together
I

with parameters NI and NF to the subroutine.

Subroutines READIN and GET~BJ are required only for integer con-

cave and concave nonlinear programs. These subroutines together provide

the mechanism by which the nonlinear components f~ (x~) appearing in the

program objective function are computed. Subroutine READIN is called

once , just before the branch-and-bound algorithm commences, This sub-

routine serves to read in any input data which may be required in the

110

~~~~~ 
,
~ 

-

—- —~~ —- ‘— L _ -~~~~ i—~~~~~~~~~~~~~~~~~~ . !__ . - —~~~~~~-
----—

~~~~~~~~~~ -‘-~~~~-— ,



computation of the functions f~(x~) and also serves to perform any

supporting computations or manipulation of data which need be done

only once. Subroutine GET~BJ is called repeatedly in the course of

the branch-and-bound algorithm. It serves to compute the value f~ (x3)

for any particular choices of j and X 3• Note that the index j used in

subroutines READIN and GETQ&J refers to the j-th nonlinear component

of the objective function. Any data which is to be passed from sub-

routine READIN to subroutine GET~BJ should be placed in labeled common

storage.
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‘ihe user subroutines and i n p u t  fo r  t he  three test programs are

presented in this appendix . This provides an illustration of the

discussions . iven in Appendices A and B.

The use r supp lied subroutines for test program I are shown in

E ::hinit I. In pro~~ram MAIN , lines 1—3 and a — I l  serve to specif y the

ten tape u n i t s  required together with the amount of core storage to be

a l loca ted  to the associated buffer areas. Subroutine BUFSHAR , a sys tem

subroutin
~ 

available in the CDC 6700 computer  system , enables ’ the

ass ignment of a single buffer area to two or more tape units. Lines

4-7 in program M A I N  allocate storage to the arrays IF and F, which are

located in blank common for test program 1. Control is transferred to

the branch-and-bound algorithm at line 13. Subroutines READIN and

GETØBJ are coded for the general concave nonlinear program in which the

f un ct ions f~~(x~) are quadratic for x
3 ~

- 0 and are zero for x~ = 0:

0 ~~i f x ~~ = O
f~~(x~ ) = 2

C I ( j )  + C 2 ( j )  . x~j + C 3 ( j )  . x~ , if x~ * 0.

S u b r o u t i n e  READIN accepts as i n p u t  the number of nonlinear components

of the objective function (NCC) and the coefficients of the quadratic

terms (C1(j), C2(j), and C3(j) for j = 1, NCC) . This da ta  is passed to

subroutine GETØBJ using labeled common storage. Note that, in the

computation of f
3

(x~) in subroutine GETØBJ , the branch-and-bound input

parameter TOL2 (located in COMMØN /Pl/) is used as a tolerance to test

i f x ~~= O .
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The input for test program 1 is shown in Exhib i t  2. The first

tour cards are the control cards. ‘l’he cons traint matrix and ri ght-

hand-side vector appear on cards 5-13. The lower and upp er limi ts on

the variables are specified on cards 14-17. Cost data for the variables

which  enter  l inear ly in to  the ob jec t ive  func t i on  appear on card 18.

The lis t of the concave variables in the program is given on cards 19

and 20. The Last three cards are the input for user subroutine READIN.

The user  supp lied subroutines for test program 2 are shown in

E x h i b i t  3. Program MAIN for test  program 2 is in its s implest form .

Subrout ines  REATDLN and GET~BJ are dummy subroutines since these are

not required for a mixed integer linear program. The input data for

test program 2 are shown in Exhib i t  4. Original ly a maximization

problem , test program 2 has been converted to a minimization problem

by changing the sign of the cost data appearing on card 19. Note

tha t , in the case of a concave or integer concave program , the con-

version from maximization to minimization would require a corresponding

change in sign of f~ (x~) computed by subroutine GETØBJ.

The user supplied subroutines and input for test program 3 are

shown in Exhibits 5 and 6. The user subroutines differ from those of

tes t program 1 only in the dimensions assigned to arrays,
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EX II IB I ’I ’  I

USER SU BROUTINES FOR TEST PROG RAM I

PKO(.RA PI M A I N  (IKp u1 ,ou :pu T,rA P E5= ,JN PUT ,fA PE &~ OuT PuT , MA IN 000I .
IA PFj ,IAP E 2~ 5~~O , 1A PE 3 20Q3 .TAI ~E~s 0 .  MAI N 0002

2 TA p E 7 , TAP E8 ,TAP E9 ~ 0 ,TAP E13 0) N A IN 3 G O 3
C ARRA Ys IF AND F ARE D1MLI ~i SIONE D dY THI USER TO SUIT HIS PROGRAM. MA I N O O C’.

COMMON IF (1. 3 7~ ) ,F (~ 165) M A IH0005
NI~~jQ7 ~ M AIN 000S
kF~~?ib5 MA IN 000 7

C C OM MON dJFF ~~RS FOR T4FL ~ t A N C ., 7 AND 9, 8 A N D  10. MA I N 0 L O B
CALL j UFS~~A~ (1,’.) M A 1 N C O O 9
CA _ i .  d UFSMAR (7 , 9 )  M AI N 00i~
CALL ~U F SN A R (8,i~~ MA I N O G I I

C TRA NSF U~ C~~~T ROL To r~~ B RAUcH —A NC — 800P40 ALGORITHM. MAIN ~ C12
CAL L ICCN UF .F,NI ,NF MA INOOI .3
CALL t~~~T M A I N O G 1 I.
(NO M A IN 36I 5

SU O R O U TIN E RLA [1IN REA 0000I
C Q U A D R A I I O  F UN C I L O F A  W I I H  ~~ T UP COST AT THE ORIGIN. READ0 0 0~

C UMMO ~ / I . fU1 /t .CC ,C 1 (2 ) ,C2 (2 ),C3 (2J R EA OC C~ J
REA J(5 , I~ 00) NCC RE AO3CU ~.
W RIT~~(€. , 13~~ )NCC R EAD3GO 5
OOl03J ~~.,NCC REA00006
REA O ( 5 , iOC L) C I ( . J , C 2(J ) ,CJ t J l  REA OO 6O7

j~e0 WR ITEIE.,t 0 63 )J,C 1(J),C2 (J) ,C 3(J) R~ A DQC0 8
RET UR N REA00009

1063 F CR M AT( 1 5 ) REA0601G
LCd ~C’~M AIlJEI 2 . 0  REA O3OII
1062 FOR M A I(4 2M .JUS ER Ii~PUT FOR 8R A N C H—A N O— BOU N C ALG O R ITHM / RE AOO6L 2

1 JC (ONUMU ER OF cONCA V E V A R IA S L E S  ~ ,15/ REAOOCI 3
2 IHC,3X ,2(-CC ,1~ X ,ZHCt,15X ,2I4C2 , iSX ,2HC 3 /1X ,8HVAR IAi ~LE/ RE AD OCI’.
3 2X ,6HNUMEER /l) READGG1. 5

1003 FORMAT (3X, I5 .3X ,3 ([15.6 ,2X )) RE A 000IE
(NO R E A D O G L T

SU cIR OUT INE GETOS J (J, X ,OdJ) GET0000I
C OUA O RATI C FUNCTION WI T H SETUP COST A T THE ORIG IN. GET00002

COMMON /P 1 /N,M ,I1yp E,N S TRAT,tlO CRL1,NBV R Lt , p~TITE1, N OORL 2 ,NaVRL 2, GE T00003
1 NTITE2 ,MXL I5T ,LISTO P ,ITA PE,IF9, P~X I IE R , M8 I NV ,IOUT PT, &E 103L0 ’ .
2 ITR A CE ,~~STA R I , TIME1,lOL1,TOL2, ~ C3U~ ,ALP I~A U 0 )  GETC ,0005
CO$MON /I N F U l / i C ,C ~~(2I ,C2 (2),C 3 (2~ 0ET00006
IF (X.GT .TCL2h..JTO~ CC ~ET O U 0 0 7
08J 0.G GET0000S
RE TURN 0 (100009

ICC O~ J=CL (J) + X •(C2 (JI • X ’C3 (J)) GET006IO
RET URN GET000IL
EN D GE T 00 0 L 2

I ’
1~~
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EXHIBIT 2

INPUT DATA FOR TEST PROGRAM I •

4 5 2 1 0 0 0
.3 0 0

93 .0601 .0301 0 0
TEST PRO GR AM 1. CONCA v E N UNL IN IA R PRO C RA M

3 0 3
3 3 3 3
1 5 2 4 3 2
1 5 2 3 3 3
1 5 2 .~ .3 5
1 5 2 1 .3 6
6

2 3 5 7 10 15
150 100 103 a0

1 2 .3 4
100 25 103 25

—1JJ C —160 0
2
2 4
2

2u00 —13G —IC
2303 —200 —18 *
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EX HI BIT 3

USER SUBROUTINES FOR TEST PROGRAM 2

PROGRAM MAIN (INPUT,OUIPUI,TAFE5 INPU T ,TAPEG OU TPCT,TAP (I,TAPEZ , MA IN300I
I TAPE 3 ,TAPE 4, TAPE7 ,TA PE8 , TA PE9 ,IAP ELO) MAI N 000 2

C ARRAY S IF AND F ARE DIM E NSIONED 5! THI USER TO SUIT HIS PROGRAM. M A IN 0 0 0 J
O IM~ N SI ON IF (1C82) ,F(2183 ) M A I N O C C ’ .
NI=1082 MAIN000S
NF 2183 MA IN 3CO6

C TRA N SF ER CO ;ITROL TO THE 8RA N CH—A N D— B OU ’o D ALGORITHM. M A I N 3 C O 7
CALL ICON (1F, F ,NI, N F J MA IU0008
CALL EXIT NAIN3039
(NO PIA INO&IC

SU8ROUTINE ~EAU1 N REA0000L
C THIS SU~ROUTINE IS NOT CALLED FOR A MIXED INTEGER LINEAR PROGRAM. REA UO CO2

RE TURN REA00303
END REA O3004

SUSROUTiNE GETUEJ (J,X,OUJ) 0(100061
C THIS SU O R OUT INE I~ NO T CALLED FOR A MIXED INTEGER LINEAR PROGRAM . GE TO 3 002

RE TURN GET00003
END G ET0000 ’.
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EXHIBIT 4

INPUT DATA FOR TEST PROGRAM 2

5 4 1 1 0 0 0
3 3 0

90 .0001 .0031 0 0
TEST PROGRAM 2. MIXED IN TEGE R LINEAR PROGRAM

4 0 0
3 3 3 3 2
1 2 2 3 .3 4.
1 3 2 2 4. 5
1 1 2 2 3 1
1 2 2 1 4. 1
1 2 2 2
5

1 2 3 —6 —7
18 15 0 0

0
S
1 2 3 4. 5

1 1 6 7 9
3 C — 1 — 1 —1

5
1 2 3 Ii 5
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EXHIBIT 5

USER SUBROUTINES FOR TEST PROGRAM 3

PROGRAM MAIN (1NPU I,OUTPUT , TAPE 5=IN PUT .TAPE 6=OUTP L T , NA IN 000I
1 TAPEI, TA PE 2=5 03.IAP E3 = 2 000 ,TAPE4= 0 , M A IN 000 2
2 1A PET,T A PE 8,TAPE3~ C ,TAP EiG= C ) NAI N 0 03

C A R R AYS IF A ii O F A .~E DIII E rI SIONED OY THE USER TO SUIT HIS PROGRAM. M A IN 0004
COMMON IF( 1775 1 ,FL436J)  MA IN 000 5
141= 1775 M A IN O C O 6
NF= 436 0 MA IN0007

C COMH O i~ dUFF ER S FOR TA F ES I A lit 4., 7 A ID 9, 8 AND 10. MAI N 0008
CALL dUF SHA R (1,41 M A 1143009
CALL SUFS I4AR (7,91 MAINC C IC
CALL dU FSH AR (8,10) HA IN OOLI

C THAlSFER CONTROL TO THE BRANCH A ND—O O LNO ALGORITHM. M A IN O C L 2
CAL L ICCN (IF ,F,NI ,NF ) M A IN O O I 3
CALL EXIT M A INOCI4
(ND M AIN OOI 5

SUBR OUTINE REAQ IN REA0000I
C QUADRATIC FUNCT ION WI T H SETUP COST AT THE ORIGIN. REA0000 2

COMM ON /LN FU T/raCC,C 1 (8) ,C2 (8),C3 (8) R EADO C O.3
R~.A0(5,100 0)NC C REA 0060’.
W RIT E (b,1002 )NCC REA0000 5
OO IOOJ=1 ,N CC R E A O O C O6
READ (5,1031 )C1 (J),C2 (J ),C3(J) REA0000?

1.00 W RI TE I6,IOO3I J ,C L (J),62(J),C3 (J) REA00008
RE TURN REA00009

1L ,(~ FO RMAT ([5 ) RE A DO Cl O
101)1 FORM AT (JE12 .0) REA D OC I1
1002 FO RMAT (’.2HOUSER INPUT FOR O RA N CH— A NO —B OUN O AL GO R ITHM / RE A 0361 2

I 33PC N UM B E R OF CONC AVE VARI AB LES ,15/ REAOOI jL.3
2 IHO,3X ,ZHCC ,11.X ,2HC1, 15X ,21-C2 ,15X ,2HC3/1.X ,8HVAR IAaLE / RE AOC C 14
3 2X ,61-NUHEER//) REA00015

1003 FORMA T (JX ,15 ,3X ,.3(E15.6,2X)) REA000I6
(NO REA 000I?

SU SROUTINE GETOd J (J, X ,0BJ) GET0000I
C QUADRATIC FUNCTIO N WITH SETUP COST AT THE ORIGIN. 0ET00002

CO MHON /P 1/N,M, ITYPc .,N~ T R A T ,N O CR L 1 ,NBVRL I, N T ITEI ,NODRL 2,NBVRL2 , GET 03003
1 N I I I E 2 ,MXL IST, LI STO P ,IT APE ,1F3, PX IIER ,MdINV ,ICU T PT , 0(103001.
2 ITR AC E,MSTARI ,TI ME I , TCL I,TOL2 ,PCBU L3 ,A LPHA( 10) GET0000 5
COMM ON /IN ~UT /NCC ,Cj(8) ,C2(8),CJ(8I 0E100006
jF (X .GT.T 0L2)GOTO.Q6 GET0000?
OoJ=0 ,C GET 00608
RE TURN 0 (100009

100 OBJ=C1 (J) • X (C2 (J) • X C3 (J) ) GET 000IC
RETUR N 0(100011
E N D GE T 00 0LZ

1 :
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EXH iBIT 6

INPUT DATA FOR Ih ST PROG 1~~M 3 ‘

24 .31 3 1 1 1 0
1 0 0

90 .0001 .0001 0 25
TESI PROU ~< AM 3. INItCIR CONCAVE PI< )GRAM

1 1 29
5 6 6 8 ‘i 20 20 3 17 14 18 1’. 19 19 13 11
1 1 1 1. 1 1 1 1
5 19 11 83 15 120 16 132 2’. 166
5 2) 13 7C 11 84 15 121 19 159 24 160

16 71 14 110 15 122 16 133 19 159 24 160
i 159 5 21 6 31 7 4.2 8 52 10 72 15 123 25 160
1 159 5 22 6 32 7 4.3 8 53 10 73 15 124. 16 13’.

25 163
2 159 3 1 4 11 5 23 6 33 7 44 8 5’. 9 62

10 74. 11 65 12 9’. 1.3 102 14 111 15 125 lEa 135 17 14.’.
18 151 2C lEat 23 159 2? 160

2 162 3 2 A, 12 5 24 6 3’. 7 45 8 55 9 63
10 70 11 86 12 95 13 103 14 112 15 126 16 136 17 14.5
18 152 20 159 23 159 27 160
2 159 23 159 2 7  160
.3 3 4 13 5 25 6 35 7 46 8 56 9 61. 10 76

11 8? 12 9o 15 12? 18 153 21 159 22 160 23 159 26 160
27 163
3 4. 4 14 5 26 36 7 47 10 77 11 88 14 113

16 137 21 LEC 22 161 23 isc 26 160 27 160
.3 5 4 15 5 27 6 37 7 48 8 57 9 65 10 76

11 89 13 10’. 1’. 114 15 12€ 16 138 21 159 22 160 23 159
26 IbJ 27 i6~

.3 5 28 7 ‘.9 8 se 9 66 11 90 12 97 13 105
1’. 115 15 129 16 139 17 14€ 18 15’. 31 163

3 7 4 16 5 29 6 38 7 50 8 59 9 67 10 79
11 91. 12 98 13 106 1’. itt 15 130 16 11.3 17 14.? 18 155
28 160 3) 16u 31 160

.3 8 ‘. 17 5 30 6 39 7 51 8 60 9 68 10 80
11 92 12 99 13 107 14 117 15 131 16 141 17 148 18 15€
29 16~ 30 16u 31 163

3 9 4 18 6 40 9 6€  10 81 11. 93 12 100 13 108
14 118 16 11.2 17 149 18 157 31 160

3 1) 6 ‘.1 8 61 10 62 12 101 1-3 109 1’. 119 16 14.3
17 15 1  x 8  158 .31 160
24 163
~~. 164
26 165
2? 166
26 161
29  167
JO 16d
.31 169

169
— .064.4. .9258 .1154 .3922 .6738 .0666 •
1. 0278 .295 5 .0361 . 046 1  — .3344 1.05 50
.1612 .615’. .7411. .9476 .51.30 .050 2

.00741 .001.00 .114.20 .06441 .00754 .3830 3
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EXHIBIT 6 (Cont inued)

.09974 .18658 .13567 .01190 .14.203 .0305~
4.0.664. 31.C95 11. 100 3r.35 8 21.934. 5.744

9 . 3 2 9  2.932 .4.6’. 2.100 .2719
.0927 1.1107 .2083 .2214 .935 1

. 0 7 3 3  • ‘ 3 13 .2 5 3 0  .3 9 1 7 4 .  . 3 2 1 . 0 6  . ) 5 9 3 1
.45 4.66 .77.66 .28256 .02106 .3109’ .07237
.03359 — .251 26.755 12.250 C • 163 4.697
23 .126 5.365 3.~~30 .071 .520- 1.789
1. 891 • 4.00 11.975 5.145 20.692 1.907
2.138 .202 .583 1.4.95 .0;i5 .0226
.14.66 .71.22 .06~~2 1.2945 . 2 9 4 7  .0224
.8730 .1890 .0705 .0379 .471’ .5904.

1.17~~1 2.11~~O .3 723 .3664. .396-)
.1C)’7 .?1?°9 .€.3822 .57995 .07318 .22251
.24.297 .071.2 -2.~~2 0 0  2 .4223 .9652 .5351

.73- 1 .  1.1132 . 2 0 3 1  . 66 6 3  .6 0 8 1  .1371

.0933 .1~~89 .2622 .264.3 —1.0364 2.05C1

.6~~.3 .7c?33 .6234 .32 76  . 0 8 3 7  .0 1 . 52 1
.01 41.6 .10 47 — .71932 .71301 .46116 .16.37
.401.1 7 .41676 .12291 .34565 ..07C~ — .16689
.26~~09 .15283 .56077 .191.43 .35038 .77731
.00601 .30637 .39258 .20269 .26105 .03371

. 1 2583  1 — 1  — 2
19 3 9 19 12 16
31

3 0 3 .9415 3. 539’  1 . 0G 9 9 3  135.190
3. .’ 66 3 0. 0 1 8 4 1  77 .595  2 9 . 0 7 0  2 . 6 . 4 . 0  5 . 0 3 2 4

2.13~~~3 7 . 1 2 6 0  4.7010 0.03371 3.90961 1.96 2 3 0
2 0 C 0 3 3
0 3 0 0 1 0
3

I
I

4
21.

7 3 1. 5 6 7 8 9 10 11 12 13 1’. 16 16
17 IS 19 20 21 22 23 24.

11 4 4. 3 3 2
3 4 4 2 3 3
4 12 7 5 1 1
1. 1 1 1 1 1

22.9 33.2 12.5 11.9 14 .9  41. 0
260.3 2.0 101.’. 167.1 135 .9 54.9

9 0 .6  15.9 10.2 7. ’. 0 0
O 0 0 0 0 0

16
2 3 &. 5 6 7 8 9 10 11 12 13 14 15 16

8
17 18 19 20 21 22 23 24 ‘7

S
3’ .2  0 0
10.9 0 3
8 3 . 3  0 0
‘. 2 0 0

07 . 5 0 C
11.9 0 0
57 . 6 0 0

4 .7  0 0
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