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I .  IN TRODUCT ION

• The parameter space method provides an analyt ical  tool developed for use in control system
analysis and synthests. Alth oug h not necessary, its app licat ion is facilitated by augmenting the
analytical results with graphical portrayals in a selected multi-parameter space. The method
requires that the control system be described by a characteristic equation which , for sampled-
data or digital systems , may be expressed in the i-domain. The technique is based on the
analysis and synthesis methods for linear and nonlinear control system design which are
amp ly described in Siljak ’s excellent monograph on the subject. ’ In another work , Siljak

- . describes the app lication of the technique to the analysis and synthesis of linear sampled-data
control systems.2

Once the system characteristic equation has been obtained , the parameter plane method
enables the designer to evaluate grap hically the locations of roots of the equation. Hence, he
may design the control system in terms of the chosen performance criteria ; e.g. absolute
stability, damp ing ratio , and setting time. He is able to see the effect on the characteristic
equation roots of changing two adjustable parameters. Siljak fu rther simplified the design by
introducing Chebyshev functions into the equations , thereby putting them in a form
that is amenable to their  solut ion by a di gita l computer.

The method has been extended to portray the effect of vary ing the sampling period .3’4 The
extended method permits one to see the effect of the choice of values assigned to the sampling
period on absolute and relative stability. Also , the recursive formulas shown therein are
simp ler in form than the Chebyshev functions of Reference 2. The resulting formulation is
deliberately cast in a form that makes it particularly amenable to solution by a digital
computer or a desk calculator , again emp hasizing the interp lay between analysis and
computing machines. When portrayed graphically, the results show the dynamic relation
between the selected parameters and the characteristic equation roots, as a function of the
nondimensional independent argument. w~T. Hence one readily can deduce the dynamic
effect upon the system of various combinations of values of the selected parameters defining
the parameter space.

I. nD. Siljak . ho,,Isnea, Sr•czem.s . WIl ey. New York . 1969.
2. D.D. Siljak . Analysis and Synthesis of Feedback Control Systems Ifl the Parameter Plane. Part Il-Sampled DaaSystcmt .

Tran.saet ion.c of the In~titute of Ileetne a ! and Fketronj c.c En.evneers. Part II Application.c and Indusut. Vol. 83, November
1964 . pp. 458-466 .

3. SM.  SeII,er. ‘ Sampled-I)ata Control System I)esign in Ihe I’aramet er Plane. ” Pros eeding.c of the 8t h ,4nnual .4/lerurn
conference Circuits and .S’cstem TheorI. 1970 . pp. 454.463.

4 . S. M. Seltzer . “Enhancing Simulation Ffficiency with A naistical Tools .” Con,~’ uterI and Lie. zr:. al L’nginc.’r,ng , Vol .2 . 1975 .
pp. 35.44
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I he history of the cont inu oJ ~-t lme domain ‘~ersio fl of the parameter p lane techni que is well-

descr ibe d wi th  su itable referen ces in Reference I .  Briefl y summari z ing that history, in 1876
I A. Vishnc gr ad sky u i the  Leningrad School of t heoretical and A pplied Mechanics developed
and used the first ~crs ,on of the parameter plane technique to portray system stability and
transient characteristics of a third order system on a two-parameter plane. In 1949 Professor
Vu I . Neimark of the Russian School ot Automatic  Control generalized Vishncgrad sky ’s
approach to permit the decomposition of a two-parameter domain (I) ) describing an nth order
system into stable and unstable regions. The techni que was called D-decomposition. During
the period 1959- 1966 Professor I). Mitro vi c . fo u nder of a Belgrade group of automatic
control , extended the method to enable the analyst to relate the system ’s variable parameters
to the system response , using the last two coeff icients of an nth order characteristic equation.
Beginning in 1964 . Professor D.D. Siljak . then a student of Mitrovic ’s at the University of
Belgrade , generalized the method and called it the Parameter Plane method. His method
permitted the analyst to select an arbitrary pair of characteristic equation coefficients (or
parameters appearing within  the coefficients) and portray both graphically and analyticall y

• the dependence of the system response upon the selected parameters. The method was
extended subsequently b~ Siljak and others to encompass a host of related problems. In 1967
Professor J. George modified the 1)-decomposition method to enable the portrayal of the
absolute stability region in a multi-parameter space. George also showed how to portray
contours of relative stability , as did Siljak . All of the foregoing work is carefully and
completely referenced within Reference I .  In 1966 and subsequent years. Seltzer has app lied
the parameter space method to the design of missile , aircraft , and satellite controllers ,
including systems containing one or two nont inearities ; the anal ysis of the dynamic effects of
the monh iner “Solid Friction ” (Dahl) model for systems with ball bearings, such as control
moment gyroscopes and reaction wheels; and the specification by the system designer of the
dynamic structural flexibility constraints to the structural designer. Most of the work has
appeared in the technical journals of the Institute of Electrical and Electronic Engineers
( I E E E ) ,  the American Insti tute of Astronautics and Aeronautics (A 1AA) , the international
Journal of Control , and the journal , Computers & Electrical Eng ineering. A portion of the
history that has not been reported upon previously (with one exception to be noted) is the
control system work conducted by the German rocket scientists in the earl y 1940’s at
l’eenemunde. There , Dr. W. Haeussermann and others app lied the D-decomposition
technique to the desi gn of the V-2 Rocket , fol lowing Dr. Haeuss ermann ’s eartier(pre -Wor ld
W a r  I I )  application to the control of an underwater torpedo. This work was not published in
the open literature because of national security constraints. When the group came to the
United States to work with the Army Ballistic M issile Agency (first at Ft. Bliss, Texas , then at
Redstone Arsenal , Huntsville , Alabama L Dr. Haeussermann and his associates continued 
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apply the method to L ’S Arm s missiles (and later to NASA space vehicles). Again , nationa l
(th i s  time , another  nation! security precluded publication lfl the open literature until I957.~

In 1964 Professor Siljak published the first  application of the parameter plane technique to
sampled-data syst ems.~ As mentioned abose. this  was extended in References 3 and 4. In 197 1
Seltzer presented an algorithm for systematically solving the Popov Criterion applied to
sampled-data systems.5 App lications of these samp led-data parameter space techni ques are
found in References 3, 4 and 6.

2. ANALYTICAL P R E L I M I N A R I E S

The technique requires that the control system be described by a characteristic equation in
the i-domain. Two adjustable parameters (k0 , k ) are selected , and the characteristic equation
(CE ) is recast in terms of them ; i.e.

n
CE~~~Z Y — 0 , (1)j —o .1

= -

~~~ 

(di, k , k1
) (2)

Ts iOz e  = r e  , (3)

— CLi) T , (4)r = r ( ~ ,w ,T ) = e  n

B B(~ ,w ,T) = cos0= cos ( w T ~~~~~~ ) = coswT (5)

where ~~. at, and T represent the damp ing ra tio, natural frequency, and sampling period ,
respectively. The symbol d represents all system parameters other than k.~, k 1. To transform
the characteristic equation from an nth order pol ynomial into an algebraic equation , z~ may be
defined in terms of its real and imag inary parts , R , and l~:

z~~~~ R + 1 1  (6)

5. W. Haeussermann, “Stabi1it~ Areas of Missile Control Systems .” Jet Propulsion. July I957 . pp. 787-795.
6. S. M. Seltzer . “An Algorithm b r  Solving the Popov Criterion A pplied to Sampled-Data Systems .” Proceedings of the Third

Southeastern Simpotium on S:’ctem TheovI. 5-6 April 1971 . pp. 65-0 through 65-7 .

5
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It  readtl~ Io l lo~ s Ii t•in I qu at  ion ( I I that th e  alu es of K an d I a r e

— r1 CO S ): (7R)

and

— r~ sin j
~ 

. (71)

While equations ( ‘R i  and ( ‘fl are satis fact or ~ for  determ Ini ng the values of R and I~ a set of
recursive formulas can be derised that  arc pa r t ic u Ia r l~ amenab le to implementation on a
desktop calculator or digital computer.  1he~ are shown bclo~ as Equ at ion (8) and are derived
lfl the appendix.

X,~4 1 — 2rBX~ — r 2 X~~ 1 (8)

where X may be either K or I , .  Only two values of X , ~i c . two values each of R and I )  are
needed to obtain i terat t ~eI~ . one at a t im e , a ll o ther  ‘alues of K . I , t hese are obtained (torn
the definition o f ,  in F quati on ~3l When 0. the sa lue of / is un i t y  and, from E quation (6) .

Z0 — R 0 + i  10 (9)

or

1 — R~ ( 1OR)

0 = 1 0 . (101)

When j= I , the value of i is, in Euler form .

z z — r c o s ~~2 +j r sj n O

— 

~1 + ~ ~1 ‘ (11)

Hence .

R1 — rB ( 12R)

(1

_ _ _ _ _ _ _ _ _ _ _  
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and

- r ’sw4-B~ - ( 12!)

It ~ i ll t u r n  out to be usefu l  in the sequel to ohser~e f rom F qua t i on t 8  that  the radic al . ~~~a ppears as a factor in each salue of I Solely for  s impl ic i t y , it may be factored out by defining a
ne~ term . I as

I~ I~ /V’7~~~~ . ( 13)

It ma~ he ohse r~ ~-d tha t  K and I are f u n c t i o n s  of r and 13 or ot~~.w, , and I If  E quation (6) is
substituted into F qua t ion ( I f  and the real and imaginar y parts of the resulting equation are
separat ed. two simultaneous algebraic equations are obtained.

These two equations contain the adjustabl e parameters , or variables , k0. k 1. Hence it may be
observed that  the two  equat I ons may be solved exp licitly for k0 and k 1 as functions of the
other system parameters ( d i  and , in particular , as functions of the independent argument .
to 1. It ~ the lat ter  obsers at ion that  f o rm s  t he  b asis of the  parameter space method for
determinin g stabil i t y regions and system dynamic response in terms of selected system
parameters .

3. STABILITY 1)ETFRM 1NAT ION

The method involves the definit ion of s tabi l i t y  boundaries on a multi -paramet er(to include
k . k1 space. t hese boundaries are found from the pair of simultaneous algebraic equations
that  result from the following operations on the system characteristic equation written in
terms of the comp lex variable . i. Equation (6) Is substituted into characteristi c E quat ion ( l ) .
and the resultingreal and imaginary parts are separated and equated tozero. The two resulting
algebraic equations ma be solved for any two parameters (such as k0 and k1) within them.

Fhere may be as many as four stabil i ty boundaries for any system described by
characteristic E quati on I ), a l though it is not necessary for all four to exist.

One stabilit y boundar y separates the stable complex conjugate pairs of roots from the
unstable ones. It consists of a map of the un i t  circle from the complex i-p lane onto a selected
(such as k... k 1) parameter space. Ini t ia l ly  one may consider the oft-occurring case where the

I
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  

_ _ _ _ _ _  
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I
coefficients y of the powers of i in the characteristic equation are linear combinations of ko.
k . i.e.,

— a
1 k0 + b

1 
k1 + C

1 
(14)

where a1, b,. c, represent all system parameters other than k0, k 1. In this case the two
simultaneous equations resulting from the real and imag inary , respectively, parts of the
characteristic equation assume the form ,

Re I C .E . I  — A 1 a + B
1 

b—C 1 0 , ( 1SR)

tin ~C. E. } = A2 a + B2 b—C 2 = 0, (151)

and may be solved for k0 and k 1 readily by app ly ing Cramer ’s Rule , yielding

B C - B C
k = 

2 1  (16)0

A2 C1 
— A 1C 2k 1 (17)
J

J = A 1B2 
— A2 B 1 (18)

A E a R  B Z b R  C —~~~~ c R1 1_0 j j , 1 i_ o i l , 1 
~~~~~~~ 

i i ,

n n n
A2 = E a I  B2 — E b I C2~~~~~ c I  (19)

:1—0 ~~~~~~~~~ j0 ~~, j 0  ~

where J represents the Jacobian associated with the pair of algebraic equations. To find the
stability boundary in question. one merely sets ~ equal to zero in the definitions of R~ and I ,
used in obtaining k and k 1 in Equation s (16) and (17). The result is a boundary in the ko-kl
paramete r plane that is defined in terms of system parameters d1 [in the genera l case, see
Equation (2)] or a~, b,, c1 in the special case of Equation ( 14) and the independent argument ,
w,T. The independent argument is varied in value between zero and n’ (assuming that the

8
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s% st e m being de sign ed possesses I ~ -pass f i l t e t  ch aract er i s t ics  so tha t  onk the ”prim arv strip ”
need be consider edi .  t h e i e h ~ d e t i n i ng the h O U n d , I r ~ in ter ms of k and k ? If the coeffic ienisa ,
h . a nd c contain  exponent ia l  t e l  nis ~s it h 1 appear ing in the expo n ent s . then each exponent
ma~ he rep laced h~ I t s  pt ss~er s i r  ics and t runca ted  according to the accuracy that  is desired If
the  two  p a r a m e t e r s  k ,itid k do not appe ar l in e a r t ) asc~ presscd i n E q uat ion l 4 i . they may be
soked for h~ su b s t i t u t i n g  I qu at ion  (~i in to  the ch aracter is t i c  E quat ion  ( 1  l and separating the
res ul t in to  the  real  and irn.sgl n ar~ part s . 1 his s t i l l  results in t s~ o simultaneous algebraic
eq uations wh i ch mas he solsed b r  the  t ’,~o sa r i ab l e s . k. and k , .  a l though not as handil y as
expressed in E q uat ions  ( 16i and I

t h e  next  t w o  s t a h i l i t ~ boundarie s a rc  those separating the stable real roots from the
unstable ones These comprise a mapping  of th e / I and , - l  points from the i-p lane onto the
selected pa rameter space. I lese are fo und readils h~ subs t i tu t ing  i - 1 and , - l . respect i vely .
In t o  the  charac ter i s t ic  L - q u a t l o n  t I i  E ach  of the ts% o resul t ing equat ions results in a def in i t ion
of the t~~o real ro u t boundarie s in the  selected param eter space .

The fourth houn dar ~ is a mapping of the conditions that  cause the two simultaneous
algebraic equations used to define the complex con Jugate root boundary ) to become
dependent. In the case ~ here K and K: appear l inearl y as in Fq uat i on ~ l4) . this case is found by
determining the condit ions tha t  cause the .lacohia n of E quat ion t l ~~l to become identi cally
equal to  ie r o

For a linear samp led-data control system to he stable , it is necessary that all roots of the
characteristic equation lie s s t t h i n  the uni t  circle on the i-p lane. It the system is low-pass in
nature , the stable region is bounded by the semi-circle defined h~ the upp er half of the unit
circle ( as  discussed above) and the singularities associated with / = ± 1 (as discussed above)
and .I = O ( a s  discussed above) . rhe mapp ing of these boundaries onto the parameter space will
hound the stable region . if one exists . That region is determined by app lying a shading
criterion or using a test point. ’ If the .Iac ohian is greater than zero , then the stable r egion (if it
e x i s t s i  lies to the left o t t h e  comp lex conjugate root boundar y as w, i increases; the left side of
the line is double cross-hatched to indicate a boundary associated with double, or complex
conjugate roots . ( I f  the Jacobian is less than zero , the stable region lies to the right ) .  Sing le
cross-hatching is used on the two contours associated with the real roots. The side of the
contour on which to place the cross-hatching is determined h the requirement that  cross-
hatching be continuou s , or on the same side. ot the contours as the intersections
corresponding to / + I and i . -l are approached along either the complex root or real root
stabilit y boundary. In the unusual  (h ut  ph vs ic all~ possibl e) singular case when J 0 . the
shad ing of the resul t ing boundary is determin ed in a s imilar  manner,  i.e.. the side on which to 

~~~~~~~~~~~~~~~~~~~~~~~~~~ — - ~~~~~~~ ~~~~~~~. 
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shade the bound ar~ is d etermined h~ t he ph~ sica l requi rement  tha t  the number  ui~ tab Ie roots
must neser become less than  zero as o n e  moves across ,i s tab . t~ boundary his J =0 case ma~
arise fo r  a p a r t i cu l a t  1r equenc ~ . w. or for  a pa r t i cu l a r  combina t ion  of system p d : .t mc t c rs  The

lat tcr  s i tuat ion is included in the ~ork concerning a spinning Sk~ lab

4. SYSTEM DYNAM ICS

Once the stable region , if i t C X I S t S , has been determin ed in the selected parameter space, the
dynamic or transient  characteristics of the system can be specified in terms of the locations of
the roots 01 the characteristic equation ( pole p lacement ) .  I-or the complex conjugate roots .
these locations are defined in terms of damp ing rat io ~~ and system natural  frequency (w,).
(. ontours of constant ~ are determined as funct ions  of w, and T in precisely the same manner
that the complex conjugate sta b i l i t )  boundary was determined except that ~is not set equa l to
zero.

The real root locations corresponding to values ..u f / w hen ~ equals 0~ and 1800 also may be
plotted on the parameter p lane by sett ing i equal t . u a positive or negative real constant ,
subs t i t u t i ng  that  value in to  Equat ion  ( I i , and sobs ing f o r  k 1 as a funct ion ofL . Each resulting
contour  corresponds to a location of a real root in the z-domain. When z=+a

‘~ i1 0, (20)
j — 0

and when i -a ,

n/2 2 (n—2)/2 (2j+1i)
E — E Y (2~ +1~ )i :i — 0, n even (21)

1—0 j—0

~~~ ~ (2j+1)~ 
0, n odd (22)

where a is a positive real number. (The two associated stability boundaries may be found by
setting a equal to uni ty ) .  Values of a corresponding to desired real root locations may be

substituted into Equations (20) through (22) to obtain parameter space contours
corresponding to these locations.

S 51 Selt ,er . P~s,uveStahilu t~ oIaS pinnung S ky i a h . ”Jou rn a / u ’f Sp a , - e t r a / :un , I  Ro~ k.’r. c . S o( ‘I. \ o  Q . September b~t’2 . rr
1 5  i - ~,55
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Now the dynamic effect of any chosen design point in the parameter space may be specified
in terms of~, w,, a . and T. 1 he analytical technique developed permits the designe rto observe
the effect of simultaneously changing three control parameters and the sampling period. Most
existing conventional techni ques permit the observation of the effect of changing only one
control parameter and don ’t show the effect of various sampling periods. If the designer is
clever , sometimes the system parameters may be mani pulated within the equations defining
the stability and dynamic contours so that more than two parameters (such as Ico, k1) may be
used to define a parameter space. An examp le of a three-parameter space is provided in the
sequel.

Sometimes it is specified that the setting time of the system be less than a prescribed value.
This corresponds to requiring that the real part of the roots of the characteristic equation be
less than a prescribed negative real constant. A boundary corresponding to this requirement
can be drawn on the parameter plane by mapp ing a circle of constant radius (for a chosen
values of w~, ~~, and T) from the z-plane onto the parameter plane.7 Relations exist for
estimating the maximum overshoot and peak time of transient response when it is valid to
assume a second order system.~ However , a simp le estimate sometimes can be made merely by
looking at the difference equation representing the system response , estimating when the
overshoot will occur , and plotting a corresponding line on the parameter plane. Steady state
responses may be found from the open loop transfer function and the assumed forcing
functions in the conventional manner.

5. EXAMPLE

Consider the planar model that portrays controlled rigid body rotational dynamics. It is
shown in block diagram form in Figure 1. The plan t to be controlled is represen ted by the
transfer functions ,

G4 (s) dl) ( s )/ Tc(s) l/J ,~,s (23)

and

G5 (s) = 4(s ) / ~ (s) = 1/s (24)

5. B.C. Kun . An a!u.s: .s and Sinihu ’~!.s of Samp kd-i) au, ( ontrol Siso ’ n is . Pre nt ice-Ha ll . New Je rsey . 1963.

I I
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FIgure 1. Block diagram of controlled rigid body mot ion.

wher e s represcirts the I ap lace open ,t ton . $u rep re sents th e ri gid hod~ at t i tude l i l t  the t ime

domain . Mt ) : in the I ap litce dom ain . ~~s) ~, 1 represents the commanded torque , and the
overdot ’rcpresent s he den is a l ive wi t h  respect to t ime .  t h e  two sensors fh a t  measure at t i tude

~~ .ind a t t i tude  rates t uiu l are assumed to he perfect w ith  un i t \  t ransfer  funct ions  the on—
boat d di gital co nt ro l l e r  develops the cotuin .in t t ed control torqu e f rom the input states ~ and ~
and the commanded a t t i tude  signa l  ~ u~ ; ~~~~ repr esents a ,ero— or dci hold in th e comput er:

Gh (B ) — ()_5, T8)/~ , ç~s)

where I is the sample period of th e on-h oar d dig ital computer. i he  P i t )  control algorithm is
rep resented by (~~ s) a nd (i ,(sl

— K~ + K1/u (
~~

)

~ h e i c  1¼, and k~ . u i r  t he p o s i t i o n  .utud int t ’gial  feedb ack gai ns and

— K1) (.~7)

I ,

L. . . 
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wheic K~. is the  dti is a t i s  c Ict’ttb .i* K ~‘ . i u i i  , iuoi  t co in mo nis  aIle d t lw t a t e  g a i t u i  ihe  th u d
mdci ch a ia ~ ic i  i s t i t  ~~1;i~~~10u t is I ~u~u t ion  I I i ~t oh ii ~~. ~t ht~h~ t h e  t~~ C t t i t iC tit ~ usi ,‘ a ic  in the

t t~ i i) it ~ I u ( i i . i i  to i l  3 141 .

— (a — I’ 4 .e  — I) , t .‘g)

— ( .‘ .i 4 .‘e 4 t~ ,

• ~
, — l.a I — II ,

‘i t 
— I .  ( I I )

Nf otl if ucd ga ins .i . b , ~ ai e dcl utied ;us

a • K T/J • (1:)
R v

h s K ~~~~ • ( H )
P

— K 1T 1/43 , ( 16)

I he stab i l i t  s hounda ; ucs a te  pi est ’ntcd in I ci ins of a .b.c . ant i ~~~.. I bs ~bscu s ing f l in t  t he i oots

(in t hu s case t hi ccl of a chi; t iucici i s t  it eu i uiat  ion i epi i’sent ing a st ;ubk lunen u sampled — d ata
ct~nt i ol s~ s tem must  all luc wit  h u t  the unit circle in the  z - plane It is  .usstu ;uied hat the ss st e in
ltosSCst ’5 lui ~ pass f i l l e t  chat aett’i it t  ics so t h a t  ou ;l~ th~ pu umnu s st u p  (cm urspoutt tu ng to O ‘.—

a need he t’ons;tlcied I he st abl e  ueguoit  mas he defined bs nuapping i ts t i t i  cc hi sumla , ies
ti out flit’ i p lane onto the a . b , p~ ismete; spac u’ bs lii st tonsu ik u  iuig pun auwtcu s  a. b f i t  be K .

k i in I quuut u on 14 1 I he botituda r~ at .‘ I I i s  found hs suibs t it iii ung I hat s-n In e to ; unt o th e

I . s ueld ;utg th e stahulu ts htnundarv

C — 0

I he houni t arv at / - — I is found Its suubst it i t t  t ng  t hat value t~ i .‘ unt O I lit’ ( I . v u eldu n g

1% — .‘. i, it.)

h i t ’ complex con h tig ;u te  to o t  s t abu l u t s  I susniu d a;  s iiu. u ~ t ie tu i t t n u t  h is s ’ t I i i i g  .‘ u’q i ial  to  ~~~~ 1
i s in ,~~

., I in th e ( ‘ I II  055 t’\e ; , at thus ~~~ it i s CO i lS  eu ;ut ’uit t o  use the i Cu t i l  s;S C lou mulas of
I t hu~u t u on  ~$ I a nd Ii ~unstiu in the t I m o  i i i +ul gu’bu . i , u  i’qi i at  ,uuu s  Its sep a i  at u iug th e  i ciii .iOui

I i  . , 
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imaginary parts. I they are solved b r  a and hand the associated Jacobian J , one obtains as the
comp lex conjugate root stabil i ty boundary .

a — [(1 + B ) / ( l  — B)] c + ( 1 — B) , ( 37)

b = c + (1 — 8) ,  (38)

and

J — —4  (1 - B) < 0 V 0 < 0 < ~~
-
. (39)

Examinat ion of Equation (39) reveals that the stabili ty boundary associated with the singula r
case .1 0  only occurs when ll-~h .  which is the  already considered i l  case. Now the stability

boundaries of E quat ions (35), (36), (37) and (38) can be p lotted on a three-dimensional plot
with  axes a, b , c A sketch of these boundaries is shown in Figure 2. The stability region is
found by app ly ing the “cross-hatching ” rul es or b y  using one or more test point s(known to be
stable , to lie on a stability boundary ,  or to he unstable ) .  I fJ>O the stable region(if it exists) lies
to the left of the complex conjugate root stability boundary of E quations (37) and (38), as 0
(or cu,T) increases~ the left side of the line is double cross-hatched to indicate a boundary

-a z~+1 STABILI TY

2 ~~~ \ BOUNDARY C=0

c1~
-
~i~~~~~~I I 11lII1~~~~~b_. -

t ~~~~~~~~~2

COMPLEX CONJUGATE z= -1 STABILITY
ROOT BOUNDARY BOUNDARY (ar2)

— 1
(a — b — 2c [1 — (b—c) I

Figure 2. Stabil Ity boundar ies in 3-dimensions.
I d~ • C 

14 ‘ * 

- 
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associated st oh double.  or co mp lex con puga te , t o O t s If I~ I). as in this case , the stable region
li es to the r ight  ,ind the t i g h t  side of the  l i n e  is t f u i u u h k ’  ci u iss -h a tch ed Single cross—hatching is
used on the contours ot I q n a t i ons  1 351 and ( 3(t I associated si ith  sing le root boundaries. The
side of the contour on ~ h i ch to p lace the  ~ oss—hatching is determined by the requirement that
cross—ha tching he con t inuous , or on the same side , of the contours as the intersecti ons
corresponding t o  / 4 I (I (It arid  .‘ - I UI i r )  ~ i c  approached a l~ rig cit het the  complex root
or real root s t .mhi l i t ~ h ound at  ~ - ( su ng thus  ci i t e r  ion, the stable region is found to he hounded
h~ the cr 0 p lan e . the .; = 2 p l a n e , an d the  c u r se  sp ecit i ed h~ E qua t ion s(3 7)  and (38). l’he latter
may he solsed fo r  a as a func t ion  of h . res u l t ing  in the simp le expression

a—b — 2c [ l — ( b — c ) ~~ 3 . (40)

I he l imi t ing values for a and h may he foun d  by k t t ing o  approach 0 and ~r , i.e., ~~~~~~~ I .  For the
case of 0 0, represent B h~ the series expansion

B — cos 0 l_ (0 2 /2 !)+(04 / 4 1) _ ( 0 6/ 6 !) + . , .  (41)

I’hen using E quations (37), (38) . and (4 1) .  one obtains

1 1 m b — c
0 ÷ 0  (42)

1km a . 1km c [(4,0
2 ) (2,3)+(0 2 ,36) .. .] -

~0 - 0  ~~~- e O  (43)

l o t  c 0. l~qu a t i o n  (42 ) s t i l l  ho lds tcco gni/ e  K 1) is reall y t he case one is inter ested in ) .  i hen ,
using E qua l ions (34 ) and t . one obta in s

1km a — 1km (k j 0
)

/4J~w 3) [2_ (O 2 / 2 t ) ÷ ( O 4 / 4 !) _ ...]
0 ÷ 0  0 ÷ 0  

2 4(0 / 2 1) — ( 0  /4 !)+ .  . .
— 1km (k

10/2J~
w3)[2_(202/6)+(O4/72)_ . ‘ }.() (44)

I s

L
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7
For the li m i t ing case of 0 -

1km a — J i m  1C ( l + B ) c / ( 1 —B ) ] + ( i— B ) }  — 2
0 ÷ i i  O~~+ 1 T  (45)

and

k im b — 1km (c+ 1—B) — c+2
0~~~ fl 0 - i t  (46)

The results of the foregoing are sketched graphically in two dimensions on Figure 3, for the
cases where c = 0 and when c � 0.

[he design technique employs the pole placem ent approach. It is based on the premise that
the dynamic behavior of the sy stem is related closely to the locatioti of the roots of its
associated characteristic eq uation. t h e  method shows both analytically and gra phically the
direct correlation between these roots and the control gains and sample period of the
controller. the design techni que then involves the specification of the characteristic equation
root locations and the subsequent determination of’ the control system gains and samp le
period needed to a t ta in  these locations. l’he control system designer then must determine the
system response resulting from using these numerical values and assess its adequacy. If it is not
adequate . he usually relies on his experience to relocate the roots to improve the response in
the manner desired for his particular system (i.e., fas ter sett ling time , lower peak overshoot ,
etc.) . It is assumed that one wishes the pair of comp lex conjugate poles of the C. F. to dominate
the dynamic response of the system. This response will then be modified by locating the third
( real) root.

First consider the pair of comp lex conjugate roots . Onic ma use E quations ( 16) - ( 19) .
substi tuting a, b for k,,, K, ,  respectively (also using E quations (28) throu gh (31) 1. U pon
examining the na t ure of the equations for a . h , one sees that  they are functions of r , B , and c, or
(fina lly) functions of t, ~, c. For each value of ’ ~, h versus a may he determined analytically and
plotted graphically as a function of 0 for a given value of c. this may be repeated for a number
of values of c. Now the value of 0 may be selected (fo r selected values of c) that best meets
whatever design criteria one chooses. In effect , selecting 0 and c wilt also choose the real roof
location. This may be shown h~ designating the real root of the CF .  as 1R, where

- - a Tz R
_ i S e R (47)

16
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and a,.. represents the dump ing factor .  One may substitute I:quati on (47 1 into ( ‘F  ( I  and
solve for b. obtaining

b — {( 1— ~ )/ 1+~))a+ E2 / ( 1 — i S )  r- (1 6) 2 1(1+6 )) (48)

One sees that Equation (481 yields a strai ght line contour of b vs a for a given value ofcand a

gisen value of ~~ . I hu s . b r  a given value of c . where the s-contour of I qu at ion (48) ci osses the

i-contour of Equations (37) and (3$) . one obtains a va lue of 0 for the given value of c and those
specified values oi~ and ö. From Equation ( I ) .  c may be determined as a function of the
characteristic equation root locations:

c — (a2 + — 2a + l) ( 1  — 6)/4 , (49)

where a and $ are the real and imaginary parts , respectively, of the pair of comp lex conjugate
roots of characteristic Equation ( I ) .  For a specified location (a ,$) of the pair of comp lex
conjugate roots , a value for c is established by setting a value fo rö i , location of the real root) .

An additional constraint is imposed by Shannon ’s Sampling Theorem:

w < w8/2 , (50)

where w is defined in Equation (5) and w~— 2,r is the sampling frequency.

— 2 1r/T. (51)

From Equations (50) and (S I ),  this constraint may be restated as

0 < i t  - (52)

The stable region portrayed in Figures 2 and .3 may be shown for several selected values of c •

on Figure 4 using E quations ( 16) . ‘ 17 )  and (4 8) . As c increases in value, the stable region
shrinks in sire and the ~ contours lie •~ther to the ri ght. When c 0.6, the ~~ l /~ 9’contour lies
ent irely to the right (and out side) of the stable region. Finally when c >2 , the stable region
disappears entirely ( for a geometric explanation , see Fi~i, r;’ 2) .
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FIgure 4. Parameter plane plots portr aying root locations (c~O, 0.1, 0.2).
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9

I he applicati on of the fo rego ing  te chnique  s~ il l  now be summariz ed.

Based on desi ie d s~ste rn re spon se ch am act er is t i es , te n t a t i ’.cl~ select locations for the three
roots of the charac ter i stic equa t ion .  \ l tho ugh the Icros of the sy s t e m characteristic equation
also atkct  t he ..ls n amics , p lacement of the  poles will dominant l y affect the dynamics.

• \ root location cri t eria mi g ht he to select numerical values for ~ and w..

• Deter mine computer design constraints .  One might be to select as large a value of T as
possible to mmn im mi e on-hoard memory capacity requ irements.

U

• Then qua lu ia tmse l ~ determine how much integra l gain is desired for the types of
~‘ sturbance inputs expected. I his gives an indicat ion of the value of c to use.

Using the value of c t e n t a t i s e l ~ established in the above paragrap h , plot the stabilit y
boundaries in the h ss a parameter p lane . using Equat ions (36) thr ough (38) . Then plot the
desired C-contour (as  a funct ion of argument w~T on the h vs. a parameter plane, using ~ -

Equations tIb ) arid i ~

Using various values of 5, plot 5-contours on the same plot, using Equation (48).

Find an intersection of a 6-contour which gives a desired value for w~T (and hence T, since
CU. has already been specified )and 5. In genera l , if 6 0, its effects on the system dynamics is
small compared to the effect of the pair of complex conjugate poles (p laced by w.T. C).

Check the response of the system using the values of a. b, c. and w.T t,and hence K~, K1, K..~,
and T) associated with the selected intersectio n. If it is unsatisfactory, reiterate the above
procedure , selecting another value of c.

— If ’ the design procedure were merely to specify the three root locations (such as in terms ofo ,
— $, 5, w.T. 5). i teration would not he required. Unfortunately. in design practice one must

exercise engineering judgement in selecting the three root locations , giving rise to iterative
desi gn procedures such as the one outlined above. However , another possibilit y does exist. If

— the real root is placed near the origin of the i-p lane (6 0) . and if the pair of complex
conjugate roots are located near the unit  circle in the i-plane (i.e., specif ying C. and w~T). the
latter two roots will  domina te t he sy st em response. T hen the already developed tools for
specify ing the system response t such  as de t e rmin in g  exp lici t l y the maximum overshoot and
the settling time ) of second-order s~ ste rns may be applied handi l y .  The foregoing procedure

21
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may be amp lif ied th rou g~: the app licat ion of ica li st ic numerical values for the system
parameters.

Assume a di git al on -board controller , and fu rther assume that it is desired to have a
controller natural  frequency 1w.) of six rad f s. and that the moment of inertia (J~,) about the
sing le axis is 4 .3 x l0~ k g.m 2 . Assume that integral control is desired to drive to zero the effect
of constant input disturbances. This means a non-zero value of c is desired . I f ava lue ofC o f

- s,,/~ is selected, and if the value of S is desired to be kept as close to zero as possible , it is
imp lied from Figure 4t that , for S > 0. no intersections of the C-contour occur when c >0.2.
Hence , a value of c 0.1 is chosen. The smallest value of S whose corresponding 6-line
intersects the C-contour , with a reasonable factor of safety , is 6 = 0.4. The value of w,,T = 1.2 is
on the C-contour at the intersection , yielding a value of 0.20s for T. Corresponding values of a
and b are 1.4 1 and 0.68. respectivel y. I hi s gives a set of gain saluesof 1.14 x 10 ’ N~m - ’ rad , 1.67
-‘ 10’ N m  rad s, and 2.35 x I0~ ~ ~m S rad f o r  K . . K . a nd K 1 .  respectivel y . If response studies
show that a larger value of integral gain is deemed necessary, a large r value of C (and
consequently a smaller value of C would be selected,

6. CONCLUSIONS

An analytical method for portraying stabilit y regions in a selected parameter space has been
shown for a di gital system. The method requires th at the system characteristic equation be
available and expressed in the complex i-domain. It also is possible to apply pole placement to
obtain desired dynamic characteristics using this modified parameter space technique. The
advantage of the techni que over existing classical sampled-data methods is that the stability
and dynamic response characteristics are expressed in terms of several (rather than merely
one) selected parameters. Also, the sampling period. 1, need not be expressed numerically
before the design technique begins, giving the system designer one more degree of freedom.

22 
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It is possible to obtain algebraic recursive relations for the real and imag inary parts of the
complex variable. i . when  it is r ai sed to t he  j posser (j  m~ a possible integer). From Equation

3 .  / i~~ def ined  as th e  sector  (or  complex s ar i a h ic) .

Ts 10z = e  = r e  = r c o s 0 + i r s l n O. (Al)

Using Equa t ion ~~ in Equa t ion (Al). i. e.. letting B = cos 0, leads to

z r B + i  r ’ c~~~ . (A2 )

The real and imaginary parts of ,~ may be defined as R and I . respec tively, i.e.,

~ R 
~ 

. (A3)

If i- - ! , Equation (A3 )  becomes identical with Equations ( A l )  and (A2), leading to

= rB (A4R)

and

= r~~~~~~ . (A41)

If j 0 . then Equation (A3) becomes

z° = l = R 0 + i 10 ,  (AS)

or

R0 = l  (A6R)

and

I~~ — 0 .  (A61)

27
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If one squares the left and ri ght saud sides of Equation (A I i .  one may obtain

2 2 i20 2z r e — r  (c0s 20+j sjn 2ij)

r~ ( 2 cos2O — 1) + 12 r 2 sin e cos 0
2 2— 2 r cos 0 (cos 0 + I sin 0) — r

22rBz — r (A7) 
*

One may now multi ply each term of Equation (A7) by i k I 
~ yield

k+l k 2 k—l (A8)z 2rBz — r z

Substitution of Equation (A3) into Equation (A8) , letting j = k-I , k . and k+I , leads to

+ ~‘ tk+l — 2rB (R .K + ~ - r2 (R,~ ~+ 11k— l~ • (A9)

Separately equating the real and imaginary parts , respectivel y, of Equation (A9) leads to the
two equations ,

— 2rBR,~ — r2R.K l  (A1OR)

and

— 2rBI k — r2 1k— l (AlOl)

One may observe the identical forms of Equations (A 10) and write them both as a single
equation ,

— 2rBX.~ — r2XIK_ l  
, (All)

where XK may be used to represent either Rk or Ik . Of course the dummy index k may be
exchanged with j, yielding Equation (8) of the tex t .  If one knows the two values X1 and Xk -I of
Equation ( A l l ) ,  one may determine the third value X k+ i .  Since two sets of values of Xk are

~
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known ,  i.e., for k = 0 and k - I Isee Equations (A4 )  and (A6) I .  as many values of Xk as are

- 
needed for the part icular  problem at hand can be determined recursi vely from Equation

- ( A l l ) .

S
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