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I NrRODUcT ION AND REV ! ~~ OF RESEARCH ACCOK}’L I SHED
D U R I N G  TI-I F. PR ESENT G RAN T PERIOD

D u r i n g  the  p resen t  g r an t  per iod , we have made cons ide rab le  pr ogress  S

ui d e ve l o p i n g  t h t ’ Sp e ct r a l  Dom a in  A ppr oach  f or  s o l v i n g  r ad i a t ion  and

s c a t t e r i n g  p r o h l c D s . The fundamen ta l  concepts  of  the Spectral Domain

Approach  f or  so lv ing  c l ect r om a g n e t i c  problems have been described in

an invited paper entitled , “T r an s f o r m  Approach  to  Electromagnetic

Sc at t e r i n g , ” w h i c h  w i l l  soon appear in P ro ceed ing s  of the IEEE . In

t h i s  paper we have also i l l ust r a t e d  a number  of Im p o r t a n t  app l i ca t ions

of the  spec t ra l  approach and have demonst r a t ed  the accuracy and reliabilit y

S of this method by solving problems that are not tractable w i t h  Ke l l e r ’s GTD . r

The rel iabilit y of the method derives from the fact that the boundary

cond i t ion  chec k is built—in in the procedure for constructing the

solution. The spectra l approach can al so  be used to v e r i f y the  acc uracy

of any given solution, regardless of how the solution was derived . ~e

have described this work In a chapter of a book on “Classical Wave

S Scattering ,” which is to be published by Academic Press. This chapter

deals with the topic of accuracy tests for asymptotic solutions using

the spectral domain approach. We have also presented the material

described in the above two publications in a NATO Advanced Study Institute

S 

in England in August of 1979.

The prob lem of radiation from sources located on smooth convex S

surfaces has been discussed in two publ icat ions . One of these is an

invited paper in the Hans Breimner 75th Anniversary Issue of Radio Science

• and the other is a paper submitted for possible publication in the

Transac tions of IEEE Antenna and Propagation Society. Other publications

that have either appeared during the year 1979 or prepared for pub l i ca t ion  - 
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d u r i n g  the  p resen t  g ran t  period are  a t t ached  h e r ewi th .  Six svmposiuni

p r e s e n t a ti o ns  d e s c r i b i n g  the  resu l t s  of spec t ral domain anal ysis  have

been presented at  domest ic  and i n t e rn a t i o n a l t e chn i ca l  meet ings .
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~~. PR ePOSED EFFORT FOR THE N~~~T GI~\N T PER IC ~D

Dur ing  the  nex t  ,~r an t  period , we propose to i nves t i ga t e  three  d i f f e r e n t

Ls pt~cts of the  spectral domain approach for s o l vi ng  e l ec t romagne t i c  r ad ia t ion

and scat :ering problems . As indicated in Section 1 , we have nat~e consid-

er ab l e  pro~~~~oss during the last grant period toward developing the spectral

S domain appr oach , and have demonstrated its usefulness by solvIng a number

of problems wh ic h are ~ ct tractable using Keller ’s CTD. During the next

~r~int period , we propose to investigate additional canonical geometries

for which the GTD solution is either unavailable or unreliable. We also

propose to apply the spectral domain technique to a number of comp lex

structures in order to fully develop an appreciation of the scope and

lim itations of the approach.  Finally, during the present grant period

S we havo discovered that the spec t ra l  domain approach has an inherent 5
’

potent ia l  fo r  solving a new class of problems which cannot be accurately

solved e i ther  via the asymptot ic  techniques , e . g . ,  GTD , or  by the low—

frequency techniques . We provide br ie f  descriptions of the proposed

ef f o r t s  in these three areas in the paragraphs below.

A. Appl ica t ion  of the Spectral  Domain Approach to Canonical—Type Problem s

Having demonstrated the usefulness of the spectral  approach to the

f i n i t e  s t r ip  problem , we propose to extend the approach to the more comp lex

problems of the curved strip, strips of finite thickness , and plates with

sharp or curved corners (see Fig. 1). Preliminary analysis of the curved

strip has shown that Its GTD solution can be inaccurate for certain angles

of observation, particularly when these are away from the direction of

specular reflection. We propose to employ the spectral approach to
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~~e r  ive  cx~’r css i~”as ~cr  t h e  s~~at  t er ed  t i c id  t h a t  na~~ expr ess  use of the

• a c so I u t  j ~‘ns ~u t no t  su f er ron th e  t r do : enc j es . IDe

r e~s~i t 5  c ’ht a ~~t i. d w i l l  he use~ ~i I ~r man~ •n~ l~~x , c ur v e d — su r f . h  0 , s c a t t e r :

S 
St  ~~~5l~~ ~~ 1t e ~~ W1~~~i ~~I~~os , e. ~,. • re f  I oc t~’r a nt e n n a s .  We w i l l  d i  scass soi ot

.~:‘:‘I ~. c a t  ~cns in Se~ t i o~ B be l ow .

Rot r in~ t o  t h e  c a n o n i c a~~— t v p e  p r o b l e m s , t D ~’ n ex t  ~~ d i f  b a t  ion ~~ ‘: t h e

t h i n  ed~ t’ p rob lem we w i s h  t o  con s i d e r  is the  t h i c k  s t r i p  p r ob lem which  cannot

be hand ed us ~~~ t ho convent  icn.i I G I D  b~-c a u s o  t h e  t vp  ical th i ckne s s  of the

s t r ip is on the  order  of one w a v e l e n g t h  or t e ss .  However , in ~he spec t ra l

approach we can begin  w i t h  t h e  t h i n  s t r i p  so l u t i on  and incorporate it into the

t r an s f o r m  method to derive an accura te  s o lu t i o n  to the thick st r i p  prob lem in 
S

a sy s t emat i c  manner .  
S

The t h i r d  problem in t h i s  c . l tegorv  t ha t  we pr opos e to con s i d e r  is tha t  of

s ca t t e r i n g  hv a p L a t e  w i t h  e i t h e r  sharp or rounded c o r n e r s .  Rec en t ly , a number

of c or n e r  d i f f r a c t i o n  c o e t f  ic i en t s  have bee~n proposed f or  h a n d l ’n g  the sharp

corner p r o b l e m .  the sp ectr ~ii domain approach  is not on ly  able to v e r i f y  the

v a l 1 d f t~ and accuracy of these so lu t ions  hu t  to sy s t e m a t i ca l ly  r e f i n e  them 
S

as wel l .

Befo re  closing t h i s  sect i on , we would l ike  to po in t  out an i r t- .or t an t  S

and un ique  c h a rac t e r ist i c  of the spec t ra l  approach , v i z .  • i t  p rov i d e s  a

b u i l t — i n  boundary condi t ion check ~‘.ot avai lab le  in any o t h e r  h i g h  f requency

t ech n L ae .  Thus , the  s o l u t i o n  generated via the spec t ra l  domain approach  is

always r e l i a b l e  and does not requi re  the use ct independent  checks for  i t s

• v a l i d a t i o n .

B. A p p l i c at i on  of Spec t ra l  )omain Appr oa ch  to  Coi~~~ ex S t r u c t u r es

It is alway s des i rable  to  consider the app l i c at i on  of a s ol u t ion  t echni que

to p rac t i ca l  geometr ies  t h a t  are not lus t  test  or canonical  p r ob l em s , though

.4
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S the  L a t t e r  are  u s e f u l  in t h e i r  own right in the e a r ly  developmental  s tages

c: an’.’ new method .

Consequent ly , the second class of problems we propose to consider

has r e l at i v e ly  more complex geometries , those which  r equ i re  the use of

the canonical solution developed during the first stages of the proposed ¼
e f f o r t .  The types of geometries we propose to consider are those fo r  r e f l e c t o r

S antennas, masts  and s t r u t s  of r ec tangula r  and c i rcu la r  cross section ,

leak y—wave rad ia tors  compris ing metal  s t r ip s  on a d i e l ec t r i c  subs t ra te ,

t planar waveguides for optical and quasi—optical wave propagation ,

and ini c ros t r i p—type  antennas . At the end of the f i r s t  grant  period , we

expect to have the necessary tools fo r  a t tack ing  all  of the  problems listed

above. For instance, for the reflec tor antenna problem we would use the

solution fo r  the curved surface wi th  edges.  For the mast scat ter ing problem , S

we can make use of an e f f i c i e n t  and accurate  procedure fo r  calculating the

scat tered f a r  f ie ld  that  employs a combination of equivalent  Huvghens’ source S

and Fourier  t r a n s f o r m  techniques . For the mic ros t r ip  and leaky—wave

radiat ion problems , the spectral domain approach o f f e r s  a very convenient

representat ion fo r  the Green ’s func t ion , i . e . ,  fo r  the problem of a current

source located above , or inside , the dielectric substrate .  The solut ion to

the above class of radiat ion problems is derived by appl y ing the Galerkin

method in the Fourier t ransform domain.

S C. Analysis of Frequency Selective Surfaces  Using the Spectral  Domain Approach

Frequency selective surfaces f ind  important app lications in antenna

radomes , Cassegrainian—type re f lec tor  antennas , and grat ings and f i l t e r s

for  optical , infra—red and mil l imeter  waves . As shown in Fig . 3 , a typ ica l

example of such a surface is a perfora ted metal sheet placed on a dielectric S

support .  In the past , the analysis of such a screen has been carried out

5 r
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us  :l~~ the :‘i~~’~e:i t m e t  hod 0!- t h e ’ Th’~~i e’ ’ ~ .l t nc  n o t  hod • hot h of w h i c h  ar e  us ~ : u 1

:~~r -Ioi v l n g  t u e  p r o t 1~’m wnen  tne ce~ 1 5 1~~C t h e ’ l e - S t i  1’;  on t h e  order a

wave I cug t -
~ or less. I~c vonJ t ::a i , t h e ’ m a t  r ix  s i z e  r e -~~u : red t o  s o l ve  t he

:~r o h l e m .- .it ’. b e c o m e’ p r ohihtt jve ’l large , a nd the  com p u t e r  c o s t  as w e l l  as

storage r~ ~uirements make these a; r , ’a, -h t -s :my r a c t  ic ,ii to app v t o  the

~‘r ’h ~em under  con ~ :dc r a t  ion.

D u r i n g  the  p r e sen t  g r a n t  p er i o d , we have d i s c o v e r e d  t h a t  the spectral

d~’’ain apa ro ach  ~~~ fers an e x t r e r . i e l .- a c c u ra t e  and e f f i c i e n t  w ay far a t t a c k i n g

the pr ob lem o f  a p o r t o d i c  a r r a y  of ap e r t u r e s  with or w i t h o u t  a d i e l e c t r i c

s u b s t r a te . We have e s t a b li s h e d  t h a t  the  s pe c t r a l  approach  can hand l e  
S

*upwa rd of  .
~~~ 

(— . d..S~ unknown s , w h i c h  in the case of the presen t  :~r - ’b le’m ire

the complex Flo~ uet space  harmonic a m p l i t u d e s .  I~e can d e t e r m i n e  these ma ny

unknown s a c c u rat e ly  w ith  onl y 5 to 5 seconds of CPU r i m e  on the ~~C Cvhe r

F5  compute r .  In  c on t r a s t , a m at r i x  appro~ ch fo r  d e t e r m i n i n g  2000 unknowns

S is es t imated  to r e q u i r e  S hours of compu te r  t ime !  An added advan tageous

fe a t u r e  o f  the sp ec t ra l  approach is tha t  the r e l i a b i l i ty  of the solution is

guarant eed , s ince  the boundary  c o n d i t i o n  check Is built—In the algorithm for

c on s t r u c t i n g  the solut ions .

We p r orose  to an a lv : e  the va r ious , t r e q u e n c v — s e ’l e ct i ve  s u r f a c e s  w i t h

parameter  choices that  would make them su i tab le  for d i f f e r e n t  a p n l i c at l o n s ,

e .g . ,  f i l t e r s , radomes and r e f l e c t o r s  men t ioned  e a r l i e r  In th i s  sec t ion .

~‘No t e  t ha t  using the  usual  g u i d e l i n e  of unknowns per wavelength , a ~\ ‘. .l\
cell s ize  would require 1024 unknowns f o r  each of the two components 01 1’
the cur rent  or ape r tu re  f i e l d , and hence the t o t a l  number of unknowns
would be 2048 .

b

_
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(a) Curved edge (b)  Thick s t r ip  P l a t e  wi th  sharp
arid rounded corners

Fig . 1. Canonical type geometries .
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GROUND

(e) Microscr ip antenna problem

Fi g. 2. Problems to be solved using the spectral domain approach .
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INCIDENT DIELECTRIC METAL
FIELD SUBSTRATE STRIPS

DIELECTRIC : : S : :S . ~~::- .

SUBSTRATE -

n o U n  -

~

(a)  Side view (b) Top view

Fig.  3. Periodic mesh on a d ielec t r ic  s u b s t r a t e  wi th  app l i ca ti on
to radomes , opt ical  g ra t ings  and r e f l e c t o r  an tennas .
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SOLUTION OF ELECTROMAGNETIC SCAUER ING AND RADIATION S -

PROBLEMS USING A SPECTRAL DOMAIN APPROACH —A REVIEW

R. MI TrRA . WL.  KO and ‘i’. RAF IMAT .SAMII
El*ctncal Engtneenng Department. University of Illinois . Urbana. 1l61801, US A .  

S

Received 3 Apnl 1978. revised 4 Septembe r 1978

In this paper we present a brief rev iew of ,.ome recent developments on the use of th e spect ral.domain approach (or deriving
high-frequenc y so lutions to elect romagne nca scatter ing and radiation prob lems. The spectral approac h is not only useful for
int erpreting t he well .know n Keller formulas based on the geometrical theory of diffraction ‘GTD I. i~ can also be employed for
verilytng the accuracy of GTD arid ot het asymptotic solutions and systemat ica lly impro v ing the resu lts when such improve.
menu are needed. The problem of plane wave di ff raction by a hnite screen or a strip is presented as an e*ample of the
app lication of the spectral- domain approach.

1. Introduc tI on tio n [2] for the unknown surface current on the
scatterer becomes pr oh ibi t ively large. Thus, an

Asymptotic solutions of differential equations asymptotic solution based on GO igeometr ica l
— are extremely useful in many branches of mat he- optics ) , or its re fined version GTD igeometr ical

matica l physic s . In elect romagne t ics. these solu- theory of di ff raction ) , is widely used in the high.
lions are constructe d [1] directly from the so lut ion frequency regime [3—7 ] . The ray metho ds. which
of Maxwel l’ s equat ions and are valid in the high~ encompass GO and GTD, lind exte ns i%e appli-
frequency regime , i.e. k -. .z, where k (~ 2w/A I is canons , not on ly in elect romagnet ics .snd acous-
the wave number and A is the wave length of the tics , but in other fields of wave propagat ion as wel l .
inc ident illumination. An alternate approac h to However, t hese methods, althoug h ext remely
the solution of Maxwell’ s equat ions for d cc- useful , have certain limitations which must be fully
tromagne ric scattering problems entails the initial appreciated by the user in order to assess their
step of coave rti ngthe partial differential equations app licab il ity to the spec ifi c prob lem. 1’ ong inal
into an integral equation via the use of the Green ’s fo rm of the Keller GTD formulas needs
function. Such an equation is self -contained, since modifications at shadow boundaries [4 .8]. which
the boundary conditions are already “ built-in ” separate the lit and shadow regions and in the
during the process of its derivation. However , at neigh borhood of caust ics where the rays intersect
high frequencies , where the characte rist ic dimes- each other , e.g., in the neighborhood o~ the focus

sion of the scatterer becomes ve ry large compared of a parabolic reflector illuminated by a plane
to the wavelength , numerical solution of the wave. Finally, it is difficult to estimate the accuracy
integral equation becomes very unwieldy if not of the GTD solution for a given problem; no
impract ical , because the size of the matrix equa- systematic approach for improving the solution

Curasnily with NASA Jet Propulsion Laboratory, cal~tor. has been available within the framework of the ray
ma Institute of Technology . Pasadena, Californi a 91103. method s, except via the use of multiply diffracted

95

S 

- - - - - —5- ~~5 5~~~~~ ’~~~~~~~~ — —- —~~~~ -~~~~~~~~~ ‘S. S —



A~ ‘.1. r ’ .~ It I 5~- ~~ 5’ ~ ‘~~U 5. 4 ’ ~. , I •~‘~ ~~~~~~~~~~~~~~~~~~~~ ‘ -L  ~~~~~~~~~~ ,i( ,.’.li ’~

s . ,~ pt o . es’, whi~h ~,in k’,nj r~’ ,~ dis er~ eni lorniu las .ir e L’nLouilteLe d prec sd\ iii the s i t  ii.i -

se ries Iloits ss here the kical ha racter ol th e ri e ld pi
In this paper . ~ c itlusti tte the .spphc.~iioti ol a I~a~ .itit’ i1 breaks dost it . I. ‘oiiseque nt ls ,  ~iit l unit —

ieeent ls -deseloped method , I,slkd thc ‘ ‘ pectrat unexpectedis an integi .t l oser a ‘~~ ider legion ot
S donij in’’ t~’~hntque S l i i . that t ess ’. the .iss nip- the scatt ~- I er . rat her than iust the neighbourhood S

tot i~ method trom .s dith rent p~ T sp(~ t is e. I he ot the speculat reflection points. ni edge p tiiilt ~., 
S

spec it ii approach. w hich is based on .i conibina- contributes to the sc. i itered t.ii he ld . .,
S lion ot Fourier t ransloim and integral equation phenomenon hich is in line ss i t h spect ia l  ~hiinaiii

te chniques. regards the high trequencs .iss mptotk interpretation of high-frequene~ diltractit) il
so luutsn for ele.tromagnet i .  sc at t e r i ng .is an phenomena.
ass nlptott ~ e~ aluatton ot the integral lepreseti -

tation for t he sc . it t e i c d  tick). sshich inas he
as .in inte~ t .il os er the Fourier spectrum 2. Spect ral donidini approaeh to s erit it’atio n and

ot the su itaL-c current distribution on the scat t e re r relineisient of as~Inplnhie solutions
Sit ten s speaking, suc h an inte rpretati on of the
.issmplotlc solution is not geometric in nalure~ One of the most cha llenging ptohk ins in the
howeser , it h~s h~en shoss n S . ‘fl that t he U ID solution of high-f requencs scat t e r ing .tnalss es is
solution , ss here aiid, Is indeed identirial’ le ss ith the establishment ‘t the .iccui .ics ot the r t’sults and
the ass mptotie result deri~ ed f rom the es .tluat tin the te tinenient or the solut i~ u ss hen the treed lii i i t s

the tra nsfo rm integral. One .ilso hinds that the iniprosement is ck’ .trls indicated. I’he ditt ic ults in
integral representation pros ides a untto rrn soiu- e rtf ~ i i i~ ss het her the .iss mptotic cspiesstoir .
lion b r  the Field es en .ic shadow boundaries .ind t~ picalls den s ed Irons the (lID approach, does

S caustic regions where ( FD formulas need indeed sols e the boundars salue problem under
rnoditication. Furthermore, ss steill,it ic Impros e- ~oiisideration st em s primai u s  (win the lact that
unent of the (i FD solution us possible in the spec there us ~m o ohs n m ’ ,  55 is to build in - the houndars
t r-ai domain iss comisiniri g the U it ”  .ippi nach ss ith conditions iii solution huro~’edute’, based on ras
the integral—equ ation forniulation .—5tn example of met hods. .-~noth er reason is that the high—
such a procedure fo r reFining GTD solutions s i . i  frequency solutions are ottea comrstu uct ed t’’i the
t he use of the spectral domain approach us included radiated tar tklds . ss lw i-e.is t he application of the
in the paper. A unique ads anl.ige ot t he method is houndars condunons elcaits ~c Ines the near
that it pros ides ~i cons-eniert t .iccuu .ics t es t  for the Ti lormatton. In cont u ast . the integral -equation
so lution. a f ea ture that is unas .iilahle in other formulat ion for the s~ atte i tug problem is based
ass mptoltc techn iques for sols tu g high-( requicimc ’, direct ls on the .tppltcauon ot the houndars condi
sca tt e r i ng prohieTils tion and. consequentls , t he htsund.srs -condition

It should be pointed out that t he spectral check is redundant for this approach. I losses ci.
approach does not gain Ihese ads antages ose r the the consennonat moment-method solution oh
conventional GTE) methods ‘s ithout som e cost , integral equations is limited st r ic t ls to the toss -

The heauts an ti snnsp lmci t m, of Kell er s geo metr ic frequ enes ’ and resonance iccions is the main s su:e
interpretat ion ss( was e propagation at high becomes unm-.tnage.d’k large l’esoiitt the
f r eque ncs in terms of the ras picture, and the resonance region.
‘ local’’ c haracter of the propagation of h’ields are In this section we ss ill brieth outline ,i sp t’ctr .ul  -

- no longer present in the integrat repr esentation , domain met hod h~ r bridging t he tss o .ipprtmac hes .
unti l after the spectral integral has heats ass mp- s i .’ ., the integral-equation ,ind ass tuprotic tech-
t oti~’allv evaluated. On the other hand, it is niques. i’he hsbnid method has the d~’sii,ihle tc.i-

— wel l-reco gni ,ed that th e difficulti es in the (lTD lure that it not onts scnities the .icciui.ics of the t.is
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solutio ns kit I’m m ’ s t ic s .i s s s t e u f l a t u e  nn eauss lou \~ e ca in then tess r IC
umpros itig the solution t om a lam gc c lass mit  problem s G ,, ~~ — i-- — ~,, 4 

S

oh practica l intel es t Ihis h ,i~ t ss ill be illust rate~t s ua
.i Is picat esaniple , s m . . pl. tn e- ssas e d it lractno ii ~~~ a for .i~l space
str ip )t lici case ’ . base ,ils m ’ heeis tme. i l t ’d .ini) nias . 5.’. indicated .ihos~~. iii ..ont i .ist no I , 3 i i ~~ alit)
he found irs 11) 1 .tt a ll o(sst’ isat lon tsoiists sshethei on on mitt the

s u it ac e .5’ Note that the integ ral equation i Ii is

—
‘ I ~~~ .- ‘j ’’.u ’ frmr  , mj ’ ,’~ tr ,ui ’ -, Iomaun ‘,‘r?~u lm ’ari ’,m embedded iii 4 1  and that ste h~ise made use .m t ibm ’
‘ P th~ mnt ~-~~ ii ‘ ,jlimUt. i? l ati,I :t t .i;’;’ r ’ i ‘ ‘mate su’I~~,t ’ii ohs tous ident i ts e~J — J We base ,ilso ~iiopped the

sub script : in 55 ri li ng 41 , because tis refer  m tug toI he kt ’s it s coin hi m iii g the ass in ptot ic sol t it ii ~ii I we o hs et se t ha t the m~ m ipen atom se le c ts  hht-ssi t h the untegr .i l-eq uat uoms ht’rinul.ition lies in
- raungen t ual t’otnpolicus i ,m h the f unction iii i tsI cmm m~ m ii, ’ mng the f act that the h~ui me t t ra nsfo rm ot- S 

il g i uifle ntt he induced current on a scatter e r us dii ect ls  ‘ 
-\e~ t ‘.s e I- ournet In anstot us I -~ hs unirt’due ii ~ne lated no the sc. i t tc ied h~ r h eld .ini ) that a good 

Sthe t i .i mss to rt nn re lationships.Ipproxlm. it ion t o this scattered t ield is t m t t C  ml

.n’ ailable from at is ass inpr ot ic methods , e g - , ‘ 
S SI - A u  F - r e  Jr — ‘h r ’  t ’ . i ’i. , II) I~i ta ke ads .i ln t ,ig e ~m l t hese h a c t s  ss e choose .

to ssor k ss ith the ‘I- ~‘urier t m anstornie d’’ or spec
- - andtr  a I - doni a in e rsion m ’l t he in te g ra I eq ua t ion

rat her rhain st i th the ~onsentiona l spatial—domain I ‘ ‘ ~ ,~ 5 -
F u r ’  I I F ’ i L i ~ JA / - A i j

coun terp a r t  \~ e begins . hosses ci. ss tlh the con ‘ ,~~~~ -

s cn tm tm n a l e k ’c t t te - b ie l t l  integral equatio ns I cquu,i
S ho t .1 1’erfet ’ t ls  conduct it ig s c a t t e r e r  

-w ith ~mn to p deium ’uu m n ~ t he t ra m is to n u sed qu.l mm

G - - b’ hulk’ s 
-

i ii rIse tra nsformed t ’ i suo m s ot i 4 i  me . it hs
G - ~~l~~s V V m~~~’’  3- ~ r r i ói~ ~~i -i’ It ’

ss here G is the (“ ieen ’ s m is .tdmc . I us the uinin ds ad w here ~~
‘ . . ~~ G eq i i )  and I~u is the t i , i u is tm ’i us

anti I r is the un~ noss n induced sti lt ace current of the t.it igential componetit m ’l the incident lu cId
Jen suts I lit ’ subscript t su~’ mmutues the iangetial trun cated tin -~~ Note th at the ci s in s o lutu o ms oper a
coniponent oh the bieltl out the stu t h,imi’ .~~ oh t he lion in 4 i u s  t r a ns fo rmed  int o an algel’i,iic pioduct
s c a t t e r e r . t - us the incident electri c tme ld on the 

~~~~ Fo un t -n trans (ornla t mous
scatterer , and — ssmtsol i,es the cons olution .5. ~~~~~ so lutio ns ho i t s  I can to ss ‘c s si utt e n a~operation 

-

\~ ,i pr eanibte to Fo uruer t i  .inslortning , ii . sse .~ O ~1 - ii b’ I S

ru st  extent ) ml os en .mll ~~~~ c to t his end sse deFin e a t:quuiltuon t i implies that it sse had as ,uutahls’ t he
tItiiscatnon m 5pt’ m i b m  ~ Fourier tran stom in oh the scattere d m’lect i c  hick) , ss e

- could construct the solution for the induced suit
t~i -% I , .~ i r r, I JP, r, ‘ S. I I tact ’ curr ent densits in the transform domain hs

adding it to b” 1, ss hueh us knoss i s .  and hs pt’r to, in -

ss here ,~ is the Dir,uc de lt,~ function. 1 ci r~t - t i  lie itig an algehrai~’ dis isto n represetsied Iss O . In
J~ t imnt ’ti is the ~‘ornp le nsentars operator practice . of ~‘oui se . F is not knoss is amid milust he

sm ’ls ~‘d for along with J ml r is to he used in the
iii I I j  ili t i  ~ ‘ loins is slsm ’~t mi floss’~ s en, mis lea d m ’t using t his
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form, we proce ed to der ive an iterated form of the a Estimate F, t he Fourier transform of the
equat ion as shown below : scattered field , F, outs ide the scatterer , using

(lTD or other asymptotic solutions . t
jt~ .um 

~~~~~~~~~~~~~ b Subtract E1, t he Fourier transform of the
tangential component of the incident dee-w hich indicate s the in ‘- l t h  approximation of ‘ tr ic field truncated to the surface of thecan be derived from the nIh approx imation for F
scatterer.We next show how fr I~~~I itself can be derived from

ct Multiply the result of Step b) by ô ~ . Notej S~~~I To t his end , we use the identity 
t hat ô” is known and the operatio n is alge-

= ,j~5-’[~~j 1 — ~I,~~
u [Oj~)) braic.

(d ) Take the inverse Fourier tra nsform of the
w hich may be verified by wr iting i9 as result of Step t c t  and truncate it to the

surface of t he scatterer to obtain j ’mm , thet=~~[G - J — e - - E ’ i] (101 initial approximation for 1. The Fourier
transform is typically don e numerically 4 11and using (4 i to get
using the Fast Fourier Transform (FF1’). 4 ~fr 3TeiG * eJo J t I l t  (2) Multiply J1~~ 1 by a, t he known transform of

t he Green ’s Dyadic. Note this involves algebraic
w hich, of course , is t he defi nition of fr. We can now multi plication and not the usual time-consuming
use t91 10 derive the nth approxi mation fr” of I convo lution operation.
from the nth approximation of J, i.e., I”’ . The ( 3 t  Take the inverse Fourier transfor m of the
relationship is writte n as product ~~~j

b f h  using both r isible and invisible U
ranges.j •~ i _ 

~~ 
i
[
~~~ J m S S I) _ 9 1~~~~ mEôJ”]tj ~Uu 4t  Appl y the truncation operato r 9 to

~ i
[
~~~ j mOi] which gives the approximation to the

The desired iterating relation J” - ‘ and I ‘‘ ma tangential component of the scattere d electric field
now be written. Using 181 and 12 u . art the surface S. The accurac’~ of the solution

can he convenientl y checked at this point by yen-
jm~~~l m 

~~~ 
1[ E  , [~J 1 tying the satisfaction of the boundary condition by

- 
~ ‘[dJ ”I)l]- l 3 u  t he tangential comp onent of E’, viz. . {E —E~}

on S. As mentioned in the introduction, this is an
important feature of the method.2.2. Procedure ~or applsrmg t~tt’ method -

~ 
I Subtrac t 6(,~~~

u
[aj

S umI]l from the total
The step-b it-step procedure fa r constructing the ; ~[~~JSfi ] already esaluated.

solut ion of the transformed surface current I will e’ Take the Fourier transform of the difference
now he given, obtained in Step ~~.

u U Begin wi th  an estimate mit 
1S ’t  

- w hic h us th e
Fourter transf o rm sit the nduceø surface - ur rent ,

‘.sm mtc ‘h.~ GTD KeiIer ’s~ solutions mis either haveor equisaientls. the scattered ‘a’ mela w ithin a sing~ arml~~ ‘i mis be in error near shadow and rehiec t ion
known mu l tip l ica t is e tJ c t ’ I  That itic far ‘m,3 t (Ct ’~ J “m,m nd a mmr s m’T a5 c3UStIC$, and the Uniform Theory of
field 5 dure ct l ’ , related no ‘he I- ’’ ur -ue r tra ns t mm rm ‘I

‘1 ~ 1 ihs at are emp loyed to repair GTD break down at
‘II?Ita OIc,~~ - F  TI’) :t ’~ and the Uniform Asymptotic Theory

the induced current ,s - - ‘s~~ in cl c miro m ag - .aualica The Spectra l Theory of Diffra ction STDi, on the
net ies anti has “err k s ed s sgr l i  stand*td ‘itne , hand. i unif m ’ rm for al obsersat non angles The criterion
tex ts ‘se e tom instance ~q 1 *P~ mit 1 . Tsp i~.’ 

hot - lim’s ”ti r1~ an’. ot uhese 3sv m pnm smi c forms mif sol utio n is
- ‘n’enien ,c “I computa tion tar desir ed acCuracs F~r aall~ , the nut i , m ipri r s i  mat ~ ’n f~ q I ~,: I ~an
- .‘mparaii me - s . m. u aum,mn of rhe .iccurac’. of ihg OlD. I’TD.

S be obtained as fo llow ’. U s T  and STt ) , uhe reader ‘. referred to ,

S _______
5 5 ,  

-—-- -. ~~~~~~~~—~~~~ — -- -~~~~~
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Subtract E1. the Fourier transform 5if the equation in the transtorn s domain wit h the (ii’D sit

tangential component of t he incident electric field other high-frequency solution as the zero-order
t runcated on the surface , from t he result in Step ti approximation This iteration method not only

St ~lulttp lv the result obtained in Step fis allows us to improse on the GTE) or similar solu-
- Note that a i ts also known and the operation tuons hut also pros ides a consenie nt means for

us again algebraic as in Step 2. The result thus testing the satisfa ction of the htuunsjars conditions
obtained us J , which us the first iteration of the on the surface of the scatterer. Furthermore , the
scattered far field, method yields not onl~ the far- field hut also the

9 Take the inse rse Fourier transfor m of J °’ induced surface-current distribution, a feature not
obtained in Step S and eva luate it on S to get the readuls available in some other high-frequenc~
desired induced surface current tin the scatter e r , In techni ques.

other words, per form the operation ~~~~ 
~ i [j ~ 

~~t , The application of the general procedure
For an exact solution , t his operation is redundant , outlined in Sectit in 2 is illustrated in this section hs
since J eU. and hence . t~[. i~~~[~ j f l (  = J. using it to soRe the two-dimensional prtshkm of a
However , the Fourier insersion of an pith approx- plane-wave duriraction by a finite screen or a strip !~ ~imate solution i’ wil l not gise rise to a current This problem was chosen for the following
distribution that is nonzero except on S. This step reasons. It is show n that w hen the .sngle of
provides .s test for the accuracy and for the con- incidence is normal or nea. normal , the (lTD
vergence of t he approximate solution by compar- solution ~‘ccuratel~ sattst ies the houndars condi-
ing t he approximate J 5  with ~[9J  [i° ]) ] . tion E,~,, t on t he strip ese n when the multiple

I Ot Take ~~~~ 
l
[JS 

I 
I])] to de n ise an i~npro - interaction between the two edges of the ‘.trip is

Led approximation for j u , neglected. Howeser . it us found that whe n the S

t l it  Repeat as necessary using, for instance , the ang le of incidence is near grazing, t he (lTD solu-
impro ved J’ from Step 10 in the iteration Equa- tion is quite unsat isfactors . s~hik the iterated p

Lion (13 to generate the next higher-order solution generated bs the hybrid technique does
approximation i S display the correct behavior.

Before closing this section. we should point out
that Galerkin’s met hod applied in the transformed 1!. Geomecrs- ot the s tr ip pr~Netn
domain also pros ides an alternate , and in some
cases the more desirab le, approach for deriving the The geometrs t ’.f the electromagnetic scattering
solution to t he transformed integral equation, problem involsing a perfectly conducting infinite
J~” 

ii- . etc.. as we ll as other suitable functions sit  ip of zero thic kness illuminated by .t unif o rm
may he emp loyed as a basis set for this purpose. An plane w as e. whose electric itens its vector is onien-
example of the use of the Galerkin procedure in ted parallel to the edges of the strip, is depicted in ‘

t he spectral domain approach may he hound in Fig. I. For convenience of anahsis . an arbitrar y
[Ill, incident wave can always he decomposed into two

In the following section, we show in some detail, components with respect to the 1-axis , namely ,
the application of the iteration procedure just TM,( E-waveta nd TE, t H-wave t , In the following
descr ibed to a two-dimensional scattering prob- discussion we consider the E-wav e case only the
1cm. viz., the diffraction by a finite screen or a strip. H-was-c case can he solved in .t similar manner by

considering H’ = ~~~
S 

- The incident field is gisen by
3. DiffractIon by a finite screen tstrip) 

‘ S S SE , t 1 i . ,bt ~-‘ exp4 — u k ~
y cos ,I’, v sin ~~~~~~

in the last sect ion, we presented a general itera - 
i 141

lion method for obtaining solution of the integral where the e S time dependence us undeusuos id.
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1’  i l~ becomes:C. . S

- i, ’. G u y - - ‘ J s ’ =‘ i t ,

-, 

0 
~ 

= H i  —E ’, I t ’ ’  — F — F~ i I
‘~~~~ ~~~~~

_______________ where H us defined in 121 .

Since the Fourier transform of the induced sur-
face current densit~ can he related to the far field.
t 17i is Fourier transformed to diveI Dutf racn ,’n t’~ a surup IlurnInalL-d ‘s ,sn E’~ ,isc -

f i n  iGl,i I = [H t E ’ - 1 F . 5 1  — F’isi ) 18)

w here - indicates the Fouruer transform pair
2 Itt -ratio,: i~thi’d app li~’d to the’ strip pr oblem defined in 5 i which simplifies in the present one-
The integral equation formulation [in~ for t he dimensional prob lem to

problem at hand takes the form 
- C

- 
F i c s i = j  F i t i e  “ ‘dx i l 9a

— E . t = J  J .. ’ ’ . ’ G ’ y — t ’ d y ’ . t~~ [ — a . a }
and

1 15 ’  
- ‘

ss here J,Lt ‘ us the algebraic sum of the induced F i r )  = 

~~

‘— Pin e ‘‘  du. I I9ht
surface current densities on t he top and the bottom
surfaces of the thin strip. The kernel G is the The Fourier transform of the two-dimens ional
two-dimensional free -space Green ’s function Green ’s function in IS takes the form

S 
- gisen h~

- G o i =  - ,. ‘ 2 t ) i
— 

~~
‘ = ,~H,; k 

-- ‘ I I t”. ’ 2~ k —
~~~

- 

where H tm ’ is the Hankel function u t  the first kind Note that 1~~- is an al~ehraic equation in the
oh order zero , and k = 2~ ‘ k u~ the f ree -~pacc spectral domain in contrast to the consolution S

propagation constant. Note t hat i 15 us the con- form of the integral equation 1” u in the spatial
sentional integral equation yshich equates the domain. The reason for working in the spectral
integral representation of the tangential domain will become clear when the method of
component of the scattered E-tield radiated by the solution for 1St is developed. Following the pro-
induced surface current densit~ to t he negat i’,e cedure discussed in Section 2 and in terms s”1 the
of t he tangential component of the incident E- notations introduced in the present problem. sse
tield on t he surface of the perfectly conducting proceed as fol lows.
scatterer as required h~ t he satisfaction of the i U Obtain J ,: ’ t . the nitial approximation
boundars condit ion. Hence. 1St  is valid on the of the Fourier transform of the induced surface
strip s -u n i v .  current densit y . on equi~ alent lv. the scattered

An extended inte gral equation that is valid for tar fie ld within a know n multiplicatise factor .
all can he obtained h~ ir”!iiding the scattered as fo llows:
fields outside the strip as we I the scattered field i 1. Ii Find the expressions for the first estimate
on t he intersal I — c , — a t  is desi gnated h~ F t  of fl” ii —P ~” ,s ’ . Note t hat (lTD may
and t he scattered field on the intensal a. ~~ us he used to get closed-form expressions for
designated by F~ x . t hen the extended form of E~” .~ and P~” ~~ I s ince these can he

- , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - I - - - — - .  S - - , “ i - -
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Fig -~ shows the calculated iflduced sui t  .1cc cti~ -

S s,’Iui,,’.n ~‘ ihr hi l t  i’,a~~ rr,’hknu I’ si u ’~ ii ‘i ihc , ithu h.in5t reunt densits distribution s ’.fl the strip ss ith ‘. = 4
I .~ \ us-ide i for uns’runal unt’idei nes’ Note that t hc ’

- - current den s it s beco mes Lu cc at the ¼’Sl ccs .1’. it
I I — ‘ Solse tot  the initia l approximation s it - - 

S 
S

— — s should ton I- -st as uu5 - ud~- u s C ,  although i~~,’ spec if ic
i,,,, . 1 i,~~’ , l’.s nutneru~’aIls .- . i r rs u n~ out -- condition ss as ento rced at the ~-dces . non .ins spe
the operations show in below -cia1 care e~eu ~iscd Note .ilss’. that the .nppt s ’.sim,tte

1. ,~ 
c u tm i ~‘nt is confined esse ntu a lls ‘.n the ‘iii .ice oh the

- strip atid extends sers lit tle outside of this s t iu  t . s c
- 

, [  

,1, (‘ j ’~~~’~ L~ 
‘ ‘ ~ l’hus . t he st~lt itiotn in this c. se is se is c lose to the

I ( ‘ 1 , 1 ’ tru e sol ution and this us easi1~ eritied t’.s tr uileat -

I 2 1  ~ se t o further inipros e the solution .is ung the current d~uusu t s - s’s’.mputilng the s5’a tt s ’u cd
necessars - field it u- adiates u~n t he stu up , and erifs ing thai the

!‘he check fo r sati %f.l cu is ’ .n of the in tegral i,’qua- scatt e red field is indeed ser s ne,iils equal no /
tion can he applied se~ simpls hs computing l ug. 4 depicts the resu lt tor ~•u 40 , i e .n I
1. ’ i , taking its ins cisc F-’otinier t ransform , sit up Note that th e peak in the 5’eui teu us ~~‘ longer
and erif s ing how’ we ll it approaches I - on t he present and the cui re at there approaches that
surface sit the sc , itt e re r ~is en hs the phssucal optics .tppi s ’.x umat is ’.n l’h~ u e
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2. are now more oscillations, however , and the cur-
rent density has a sharp dip before rising to infinity
at the edges.

- 0 Fig. 5 displays the moment method applied in

- ‘ 
the spectral domain solution [181 and the S

S 
“ ‘  ‘ ‘‘ ‘

~~~~~ compar ison with the one obtained here is quite
favorable.

C Fig. 6 exhibits the satisfaction of the boundary
condition after one iteration. As mentionedx

0 before, such a test is not available in the con-
vent ional GTD approach.

o ’ 
- .

~~~

IS 
S 

S

0 -

- 2 5 5  — i 9 2  - 0 9  — 0 3 6  036 i09 92 255 - S

* ,o .  S -

-- S

Fig, 2 Magnitude of the indu ced surface current dens ity dis - S S
urubu tion normalized 10 i k Z ,  ‘ on the strip of ka 40.

i L 2 , 3~~wide i.ó,,= 9O°.

i ~ ~LiRRE~d ’7’ OP~ ,,A~Gt S’iR iP 0 -

-~ ~~: ~CiDE~(r ANI~LC ~900 -

_ _ _ _ _ _ _ _ _  S

-255 —1 82 -109 -036 036 09 82 255
C a

~ “ I  -~~3i : (c Ot
I Fig. 6. Magnitude of the scattered E-field evaluated on the a m p

~ “1 of (‘a =40 , ~~=9O~ lOne iteration ’ ,
~ “S

o

o 
_ _ _ _ _ _ _ _ _ _ _ _

~ 1 Near grazing incidence

~ V Let us next turn to the interesting case of a near
-0 84  - - 0 4 2  - o’

~ 
‘ 

042 - 084 grazing incidence where the zero-order current
-~05 -083 -02 i  0 2 i  063 05 . ‘density has a long tail extending beyond the edge

NORMALIZED DISTANC E ~~~~ of the strip see Fig. 7). This result is to be expected L
• since the two half-plane GTD solutions used in the

Fig. 5. Moment method (applied in the spectral domain) solu- zero-order approximation represent a poor
t ion of the magnitude of the induced surface current density . ‘ ‘ S

distribution normalized to I ,‘Z0 on the stn ipof ka —50, (I5.92x approximation for the induced curren t for shallow
wide ,ê0 —90’ . incidence angles. If this tail is truncated, the

_ _  
1_~

_
~~

__
~_S-S- _ 

-~~~~~
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rema ining portion of the current densit~ on the
— str ip produces a scattered field on the surface of
N the strip which is significantly different from — E ,  S

— where E’ = 1. as may be seen from Fig. 8.
Fig, 9 shows the etfect of one iteration on the

o zero-order GTD solution shown in Fig. 7. Note
t hat the current density is significantly altered in
the neighborhood of the shadowed edge demon-
straf ing the fact that even with a re latively poor
initial guess, the convergence is quite rapid in this
case. - S

C

0
-5
.0
N

- 545

-255 - ‘82 - 0 9  - 0 3 €  0~~6 0~ 82 2~ 5 I 
S

S

Fig , ‘ Magnitude of the induced surfa ce current den si t y dis-
tribution normalized us’ ikZ,,. ‘ on the sttup of ka 40 , x

0.~ l0~ ‘no iteratio nl , — ,

0 -

((5 5 - - S

N
‘ i s , 

~~~~~

0 .  C

i;
,
.
I ’ , ~~~~~~ — ‘ - —  - - -

-255  - 8 2  - .09 -036 036 09 82 255o ,‘  S
‘
~~ 

5

Fig. 9. Magnitude of the induced surface current density dis-
0 lribumio n normalized uo kZ ,, ’ ’’  and truncated on uhe sirip of S

(a = 35), ô,, = I0~ onc iteration ’.

0 ’

To see that this is indeed an improved solution.
0 , the truncated portion of it is used to calculate the

scattered field. It is observed that the satisfaction
o ’ of the boundary condition has been improved as

shown i n Fi g. 10.
-255 - ‘82 - 109 -036 035 09 82 255 To verify the convergence of the solution

a numerically, one more iteration is performed and
Fig. 8. Magnitude of the scattered E-tield evaluated on the strip the result is depicted in Fig. 11, Note that the shape

of !ca ‘~40. ~~~~ 10° no iteration ), of the surface current density does not change

g
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much which indicates a settling down of t he solu-
tion has occurred. Also, note t hat the tail extend-

~, ~~ . ing outside of t he strip has been reduced to an

II,, ” insi gnificant quantity . which, when truncated, will
produce little effect on the scattered field on the

o surface of the strip.
To further validate the so lution , the moment

° met hod solution [18) of the same problem with
slightly different parameters is shown in Fig. 12 for

C a comparison. Again, t he agreement is good.
However, in terms of computational efflc iency. the

C 
- present met hod is far superior to the moment- - 

S

- . 
method solution for the accurac’~ realized.

o

C

- Z ~~ - ‘ € 2  - ~ 5 -0~~ó 035  ~ n~ 2’~’ 
S

- 
0 CuR~E’~ ~~ ~~~~
~~~ s~~ SC t ’~ T ANG L .E ’ : ’

Fig. 10 . Magnitude ,s~ the scattered E-6eld esa luaied on t he
strip of ka = 40. 0’, 1~~l

’ ‘one uterationi , -

- ~~
.

C
0.
-1 ~~,

C f

~~~~~~~~~~~~0 - 0 8 4  - 0 6 2  000 04 2  0~~4 S
- 

~~~~ — 0 6 3  - 02 -  02 1 0 63

NCP ’~4. r 2 E  lS ’~ .’4C~ x ’o

Fig. 1~~. Moment method appl ied in the Specu r -a( domain’ ¶
— solution of the magnitude of uhe induced surface current densit~

— distribution normalized to I Z,, on t he strip of k a = ~~ll. ,~y ,  =
N -

-~ 3.4. Summary

Before closing this section, it is worthwhile to S

o recap itulate the main points of the approach dis- S

cussed. The finite screen (stri p) problem has been S

- solved by a combination of the integral-equation
- I and asymptot ic high-frequency techniques.

________ 
S 

- ~~~~ ~~~~~~~~~~~~~~~~~~~~~ S Formulation o the integral equation in the Fourier
-2~ 5 - ‘82  - .09 -036 035 09 82 2~~5 -transform domain allows one to convenientl y

obtain the zero-order appro°cimation to the trans-
Fi g. II Magnutude of the induced surface current densits
distribution normalized to ikZ,,, ’ on the strip of ko —40 formed unknown surface current density from the

óo 10 (two iteratio ns), solution of two half-plane problems.
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Higher-order solutions hase been obtained a \~atson transformation is ’  the modal series so!u-
the teration steps outlined .ihos e and the numeri - non for the cs l:r.Jcr hrea ks dow n whe n the noinu st

~41 ~onsergence has been demonstrated . the ohser~-ation ~ Jose to the ax ial direction of the
te~ation ro~css generates the proper edge c~Iinder This s because the etfeetise wase
singularit ies esen when thes ire n’t ~ r ese n u in the number t si r  pr’’;~aeau uo n along the axis approaches
original apprs ’timatioui . e.g . r~t ssic. i1 s pr:~ s ~‘ero. whereas the .is~ rnptoiuc solution requires
Howese r. adj i t is ial ter JtLon ~ are ueccs~.ir\ in that the wase number times the radius s,1 the
that ~~~ ~

‘ulidit % ot the ‘~s l uuioa has ‘ccn sub- c’s finder be large Se’s eral different ass mpu oui c

~i .tnti ated b’s numerieafl’. serif ’s ung the s , i t i s t ac u ; i ’ r t  solutions based on the modi:icauitsn of Fock~~
~‘l the houndar ’s condition to w ithin a c~~’s . solution for the sphere problem has e recentls been
tolerance . presented for the axial region h~ 5i number of

authors, The spectral domain approach has been
found useful not onls for testing the relative

4, Concluding remarks ,tcc ur-ac\ of these solutions, but for iterati’sel~
improving them as well [13).

In addition to the finite screen ?rohlem dis-
cussed here, the spectral domain approach has
been found useful for other electromagnetic scat-
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Penetration of an EM Wave into a Cylindrical Cavity
and the Current Induced on a Wire inside 

-

by Edward K. Vung ~~. Shung.Wu Lee . and Raj Mittra *

This paper .sddressws the problem ‘ii s-orn pu t ing the current induced in a thifl wire located
ins ide a cy lindrical cavity with a ,-ircumi’erentma l ClOt when the cavity is illummnatest by an inci-
dent p iimne wave , The .‘uIt’ulation s earned out in two steps. Firs t , the problem of penetration
of the incident field into the cavity is solved by the metbos,i of moments utsdir the assumption
t hat the presence of the wire inside the cavity creates little or no perturbation of the interior
held Next, the irniucesi current on the wire ii calcuj~ ted by the following two m ethods : ~i) use
of a simple .mna lvtis’ .ml t’ormula derived from the app lication of the %Viener .Hop f tec hniques to
t he tinite wire problem; liii numerical solution of arm integral equation. Extensive numerical
results for the induced current are presented. It is found that the current a sensitive to the 4‘-s-lm nder radius, t he cavity height, the i’requencv S excitat ion, and the wire location, but is rela-
tively lesa Sensitive to the variation in the slot lcim~th. In addition, the induced current on a wire
inside the cavity can he much larger than it S counterpart is free space illuminated by the same
incident plane -a-ave at frequencies where the e.5vitv ma near resonance.

Elnkupplunr  elepe ~M .Welle in elnpis zyllndrtiehen Resonator
and Induzierier ‘4trom ant eluem Dr*ht Im Inneren

Der Strom wird hereehner . Icr in eiaem s iuirusen Draht innerhalb cities zy lindri-sehen Hoist.
raumresonators durch emnen Unifanmgsschlitz induziert wird, wenn emne ehene SVe lte emnflillt ,
und iwar in twet .Sehrttten: Zuerst wsrcj unit tier Monsentetunethode and ds’r Annabme. dali -1
der DraIn mm Reson.stor des innere Feld oicht oder fur wermig st.ort , berechnet, wie dasi einfallende S

Feiil in den Resonator eindringt. Denim wird der im Draht induz ierte Strom mit den folgetmden
beiden Verfahren erinitte lt: 1. Durch .1nwendung der \Viener-Hopf-Methode ,muf des Problem
des endik-hen Drabtes wird pine eiaiache imnalytiache Forinel .abgeleitet. 2. Eine Integraiglemchuniz - S

wird numeruach reloat. Aus den uxnfanmireichen numeriscben Ergebnissen ergibt sich, dad tier ‘4induzier-te Strom von Zylinderradius. Resonatorhôhe. Lage des Drahtes ,mnd der Frequen.z
‘starker abhánigt und wen iger von ti er Schlitzlänge. Aul3erdem kann der von der ‘,~leichen ehenen
‘SVelte im Drisht induzierte Strom innerhalb ties Resonators bei sem en Resonanzfrequenzen a
vuel ,troUer sein ala rn ~leichen Draht ohne Resonator. - :

I. IntroductIon feld’s problem was recently carried out by Safavi-
Naini, Lee and Mittra [7). [8).The penetration of an electromagnetic wave In the present paper. an extension of the penetra.

throu h an apert ure into a cylindrical Structure tion problem of Safat’i- Naini et al. is investigated.is of current interest because of its application in which a thin wire is added inside the cavityto EMP, to EMC. and to biological studies. As early
as 19-49. Sommerfeld [1] studied the problem of and the problem is to determine the current

induced on the wire. The wire is oriented parallelan infimtely long circular cylinder with a longitu- to t he Ion~itudi~ia1 direction of the cylindricaldinal slot. illuminated by a normally incident cavity. If the slot in the cavity ss-all is also longitu-plane wave. Using a Fourier analysis approach. dinal: there is little induced current on the wire.Sommerfeld reduced the problem tc a system of Hence we concentrate ‘sn the inure interesting ease.infinitely many linear equations. but declared namely , the slot which is circumferential on theresignedly. “We can do practically nothing with cylindi’ical cavity wall. The composite geometrythe problem.” Silver and Saunders [21 used the
eddie-point integration method for the inversion of the present problem is sketched in Fig. 1.

Due to the thinness of the wire, it appears reason .of Fourier transforms and extracted the far field able to assume that the presence of the wire doesof Sommerfeld’s problem. Hitherto, a number of
extensions along this line of work have ~~~ 

not perturb the field generated inside the cavity,
reported [3], [4). With the advent of high-speed Thus, the problem under consideration can be

solved in two steps :

t 

digital computers. Sommerfeld’s penetration prob-
lem can now be readily solved by numerical means (A) Determine the field ~ inside the cavity a~. if

[P5) , [6~. The 3-dimensional version of Soinmer- the wire wer e absent.

__________ (B) Using E as an incident field, determine the
induced current l ( : )  as if the wire were ssitua.

f * Dr. E. K. Yung, Dr. S..%V . Lee. Prof. Dr. R. Mittra, ted in the f’ree space.Electromagnetics Laboratory, Department of Electrical
Engineering. University of Illinois, Urbana, Ill. 111801, We emphasize that the above two-step approach
cs~, is an approximation. The exact degree of approxi-
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T he  i’s ut t t , t l m t  .1,,,,, j~i . ‘s ~~, ~ti j sirs’ turu ktuuu ’.’ ,’m i qumuti. To de’terrmiinub F ee , we fi rst evaluat e E: at o = a

S t i t U s , ansi li’.’ ermforein~ t lit’ s :olmejitju tm,, t h a t  E~ t ui  Oi)tiiifl
S Ia’ zero u s m u t ims’ &‘~‘j iimdrit’aI trail ai,iI u’u 1saumi to La

urn t ie,’ apu’rt urt ’ , the~ can hue ’ t’va lumuted imi tot-ins . ~~, ins in q~~ y~F,,, ( x )  H~ 1(ya) ol~~dx =
ust ’ E~ , t he’ i ’x pmtns iot m cua- fti c ient-’s ~ f 1

~’si given itt J O.) 14 si u —

5 09. ~3 b .  F’ t rs t , ‘.~
-
~ ‘ evaluate E~ brs ’ t ’u’rrttig tu e 

~“i ~~~ -= Q(~ :) ‘
~~ E5 cos I’p ijs ’ mii I — (16)at i~ 

-= ii to i)i( tui tfl — S 

~~~~~ 

5 5 — ‘‘ ‘ —

I 
‘.~°°s’~ - ‘ Then, ‘- is’ niultiplv both side’s of time equation above— ‘/— _‘1m,,.j rn( Y,s 14Hhui 5m 0( ’ .(~5z,g~~~‘ u e  ,,‘

~~ 
ins n~~. us = 0. 1. 2 and after (limit , integrate

00 the equation over the entire domain of interest,
= ~~ ‘ ~ ~~~~~~~~ F54 c4 : I ~~ ‘ 1’ (9) By invoking the orthogonal properties of cos n

- 
_ Fm are determined in tertn,s of’ E~ :

where Q ms the characteristic function of the aper-
ture : j 2w~~e cos rn~ o sinzd ~ ~ 

(— 1)ueJ”,~ -“ “~ -~~ ‘~ - F ,,5 ( z )  - ‘ — ,  - 
‘S ,5~~~ S

~~~~ -
~ 

or - — ‘ (10) e m~~~xr H ,; bya)  ,,
~~~ 

— in-
- To otherwise . ni = 0. 1,2 (17)

We n-eognize that eq. 9) us  a standard Fu,urier- ~ - —
S - 

. ‘ S - 
. ‘ \% it A m,, and F,0 defined by eqs. (11) and ( i s ) ,Bessel -u ru’s with unrt’sols ed ioefhcient, h ,

S the requirement that the tangential electric held SHence, .4 ,,~,, are determined by standard procedures— 
- - . be continuous across the aperture is automaticallyis it h the results t a u t  ., satisfied. However , these definitions, of th em selves ,

j 4w ~m e cusS us 
~o sin ~,,d ~ (— 1 )M l’~ do not ensure the continuity of the tangential

.‘l mn ‘~~~~~~~~j~~~~7 _ ~ u j -’~._, ,~~ 
‘ magnet ic field across the aperture. To enforce the

— ~ 
continuity of the’ magnetic field, we proceed as -In . ~i ‘ ‘ ‘ ‘ ‘ ‘  follows: In the region exterior to the cylinder.

in which Em is th~ Neumann number, defined by the three partial magnetic fields H~, H~, and Th
I 

~ for in = 0 (H ~ is immaterial) corres ponding respectivel y to
em 

— the three wave functions defined in eqs. (12) through
S I for iii 1), 

~i-~~ are

In the region exterior to the cylindrical structure . 2k j m ,
the symmetry of the configuration again heads to H5 

~ m~~O 
~~~ J,,,(k o)cos m 

18)
a TM field with respect to :, Thus, the exterior field 

-) -

is also determined via a z-direeted magnetic vector j j~ ~ — 
.Jm(ka) H’21’(ko) cos m~~potential A = ‘Ps. For reasons which will be obvious J O.) /L ss ~~O ~m H~,;5(ka) ~~ -

later. W iii partitioned into three wave functions : — t
lp= 5j II~~~t~lr .,~~~s The first of these ‘F’ represents H~~ ’ ~~~~~~~~~~~~~~~~~~~~~~~~~4 the incidetit plane wave: it is independent e)f a I’ “ °
and is given by Inside the cavity H’.’. is given h~~ (19 )

iJII .rm( ko)cos nt~~, (12) 
~ 0 ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

i~
L m.ss—()

The field components of ‘~~I are given in eq. (2). _ 
‘ ‘ _

The second wave function ¶Pr represents the re- Hence, ,the desu-ed 
,
continu ity of the tangential

S Hected wave when the aperture is closed by a per- magnetic field acrose the aperture no’.’. reads
feet conductor: it assumes the form 2 k , Jm( ka) ‘. ,(13 ) — - - -  J ,,, ( ka ) — 

~~~ 
- H~~ ( k a )  u ’ ses pnd —

rn ‘J I lca ’ J s .u  m — O~~m H,,; ( k a )
= 

“
~ 

‘. ‘ 5 - — - “~ —~~ 
H125(ko) cos rn~~ 00 00

0) ,,,~~ Cm H~ t ( k a)  J - S 
— - - 2 cos rn~~ 1y F rn (z ) H~

i 5 ( y a ) e I2z d x =
I” ) 

- 
‘ su es, _,o —~~~where H,,; are the mth order Hankel functions 

00

of the second kind. The third wave function !P* = — - - - ~~y,iA ms J~ (~ na)cos rn~~cos x ,,:;
corresponds to the field produced by the equivalent /~ 

,,s , s t — u

magnetic current, In contrast to both ~~ and W~. I~ I ~~~~~ :~ �d.
~ depends on a and is represented by a continuous
spectrum of cylindrical ‘.vave’s : The above equation can be simplified by recognizing S

00 that the term in the bracket on the LHS is the
‘11* = ~~

‘ cosmi~ 5Fm(x) H~~(yo)e istdz , (14) Wronskian of Bessel functions:
rn- i )  00 

J (k a)
where Fm are unknown functions, and J~ (ka) — Ht05(k ) H~ t’ ( k a) =

I ~‘k~
’ 2 for k2 �x ~y =

~~ 

— (15) By substituting the above result into eq. (20).
t —i  x2 _ k 2  for k2 < 22 . it becomes

I

4 -
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Accuracy Test for High-Frequency Asymptotic Solutions
‘

*

It, MITTRA. FELLOW , tEEt, ,/s~so M. TEW S

.‘1bsnecf—Mymp o~ c SOluidOiiS. Or golutions whose accuracy reason for this interest is the usefulness of the induced currents
s. ~~m. pansneters ucci-eass, leave seen increaWeg mis. in in calculating various electrical parameters , In a conformal slot

5tCVs( YeatS, Foe example, the peobicin of a n .çs.tic dipoli raâi*tiieg array, for instance , knowledge of the curre n ts allows calcula- S

an inlbiita circular cylinder fiat had the., different asymptotic lion of both the mutual impedance between two slots arid the
soit s izons proposed. Unfortunately , mi ii dimculi tO UI~~ the accUracy far- f ield pattern . The work reported hsre is concerned with aof (lees. seytaptotic loludoas, re even to determine thed relative
accissacy. An 3CCU1ICy te$t bS.iSd on the ~~~~~t’on of the E’fleId test which attempts to evaluate the accuracy of existing solu-

boundiny condition on the ~~~~~~~ ~ ~~~~~~~ ~~ 
lions for the infinite cylinder problem.

perfo rmed by relataseg the spectral domain representatIon of the siuface An exact modal solution to the cylinder problem does exis t
H-fIeld (given by the  uyiflptot~c ~~~~~~ ~o that ss~ Is. E’~~ 4 ~~~ ( L I .  ( ( ,  However , for large radii, the solution (whose lone-s is
then inverse transfo rming to obtain he tutface E-flel4, ~~ ~~~ c,je, vs Infinite series with each term containing an infinite integral)
analytic and numericai secllniqsies are combined to aid in evaluation of converges so slowly as to make its use impractical. For large
the spectral coietrmu of the sudac. H’fI.ld The proposed test ii applied kR (k is the wavenumber and R is the radius), three asymptotic
tO two of tie, pubüslu.d SOIIS SOIU and (0 $ dt5i-d solution generated to solutions have been published (31-47 1. Two of the solutions
bfldge the differences between them. Thne..dimenaional plots of the (31-(61 are derived from manipulation of the modal solutiontesuitheg sur face E’fleld at. pvessn~~i. In w s. fou nd that Is. ProPOSed and are asymptotically correct for large path lengths. One oftest is most senate,, to the sounceregion behavior of ths soleatlose and these solutions (3!. (4!. which is used in the testing pro gramrelatively insenativ. to die Lup path length bihsflot

developed in this paper, will hereafter be referred to as Asy rn p-’
INTRODUCTION totic Solution I or AS-I. Another solution which is also tested

T HE PROBLEM of determining the induced surface cur- herein is based on a modification of the work of V . A. Fock S
rents on an infinite circular cylinder excited by a slot addressing the problem of radiation on a sphere. This solution S

radiator has received increased attention in recent years, One is asympto tic in both the sense of large path length and large
radius and will hereafter be referred to as Asymptotic Solution

Manuscrip t receive d Match 22, 197S; revised August 12, 1975 Thu 2 Ot AS 2, In contrast to the AS-I solution, the AS-2 solution
work was supported in par t by time Joint Services Electronic, Propane has the feature that it exhibits the appropriate asymptotic be-
IU.S. Army, U~S, Navy , and u .S. Air Force) undef Contrac t DAAG-29 havior of the surface current, both in the vicinity of the source
7S.C-4016, and in part by the Army Research Office under contract and at large dis tances away from it. This property of the AS-2DAAG-29 77G.O 111.

The authors are with the Electromaguestics Laboratory, Department solution will be shown to have a profound effect on the results
ot’ Electrical Engineering,, University of tuueou. Urbana, IL~ 6150%. of the boundary condition test to be descnbed below .

001 8-926X179/0 t00-006 S00,75 © 1979 IEEE
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n irmal “b Thus each solu~ on tested is of t he form

= . 1/ - (h i’ll~ ~ ~~~~~ I)

w here tI is the magnetic dipole moment. For all results reported
- / / here . i7 0, m e. ,  a circum(erentially oriented source w as used. I

S011’TIONS TESTED-.I
- . The results if tests on three asymptot ic  solut ions are in-

•• S S chided: the AS- I solution , the AS-2 solution, and a modified
S veremon of the AS- I solution.

‘S The AS- i solution is given by

/4(Q)
H r (Q)  ( i  k 3) s 3 l~~) G ( i )

k2  ç J t S

G(s) = ——-—--— ~~~~~~~~~~~2ivi~ ks

0~~

/ 

E~~~~~
_
2) ~ (2)

S 

I 

- —
~~~ k ~

w here ~7 is the impedance of free space , and u and t are Fock S

S function s. E is a normalized distance parameter , with R r being
S the radius of curvature along the surface ray path radius of

S 

S curvature in the direction of 1) . For the cylinder case under
considerat ion R~ = R cos 2 0 . Note that E • 0 whenever R SS 1’) or 0 • ~~~~~ . For the case when • 0 the AS- I solution reduces

t~s,.. I s.~eometr)S ~ t ~ inJer prot’km Ii) Infinite >Isnder with to
slot hi De~elcped >tindrr

14(Q) G s )

ll ,( Q)  ( S  ks) G ( $ ) .  (31Because all of the asymptotic solut ions for the cylinder are
.spproximate , a test which could determine the re lative accuracy and the form of Nb identically recovers the ~& sl ~~i term fromot the solution is highly desirable. Thes paper proposes such a the exact solution of a magn ct ic dipole radiatin g on an infinitetest based on satisfact ion of the E-field boundary condition, list-ground planeS The test is applied to the AS-I solution, a modified version of The AS-2 solution is found bythe AS- i solution , and to the AS- solution. Whe n possible , an
ex act analytic solution was also tested.

Hb( Q)~~ [ ( I — 1  k s ) L ~ E ) — ( i  ks)al4(E)~
.(\TkR C y 253

THE P R O B L E M
1 ( E ) S(\S kR 1 ’y 2 ’3 (R ~ R~ ) u~~j ~ ~~s1

The problem addressed consists of an infinite perfectly con- 
Sdueling cylinder of radius R , as shown in Fig. 1(a) . A standard H t ( Q) C-’ k.f) (V(~ ) (1 2/ kS) 1 4 ( E)  ~~ tR 1Y 2 ’3 S

.~~. ~~. cyLindrtca~ coordinate system is imposed on the cylinder u ’( E ) J  G(r) , (41so that the :-a~is coincides w ith the cylinder axis. The c~~
ordinate system is set up so that p = R , 0 0. = 0 defines

where V and u are Fock funct ions , and t ’ and u ’ are their Sthe center of the slot (or coincides with an elemental magnetic
derivatives, respectively. E and G(s ~ were defined above , anddspole e-adiat~ t~. As shown, a is t he path length on the cylinder

sur face, and 0 ii measured from the 0-axis to the surface path. R b is the radius of curvature transverse to the surface ray radius
The cylinder is a developable surface , and a geodestc path of curvature tn the direction of b l .  Two features of the AS-2

solution stand out. As kR • the solut ion reduces toon the cylinder surface becomes a stra igh t line on the infinite
st rip that makes up a developed cylinder. Fig. 1(h) shows the I I  &s — ( I  A s ) 2 )  G(s)developed cylinder and introduces the local t . h ’, ~

‘ and it , h. t
coordinat e systems, w here ‘~~

‘
. ii are the outward normal to the // 1(Q) ~~

‘ ks 1(1 —,  l~s~ ( .(.c I. I. S’s
sur face , and r. ~ are tangent to the surface path at t he sour ce

- and observat ion points , respectivel y uc’ = 7’ \ 4’ . i~’ P ‘~ 
4) . which identically recovers the exact solution for a magnetic

On ‘the developed cylinder r is parallel to 1. i’l ’ is parallel tO 7 . dipole radiating on an infinite flat plane (this is en contrast to
and “ is parallel to ‘ . however , this is no t the case f or the tin, the AS-I  solution which recovered only the I .c term of 14developed cylinder. Each ot the asymptotic coLutsons tested and the 1 s ~ term of H1). As 0 • 2 the AS- solution may be
determine s t he surf ace I l-f i el d components at the observation put in the following form:
point (

~ in term s S t  t he field parallcl to the surface rat Fl~, and 
St he field perpendicu lar t o  both the surface r.i~ and t he surtace 14(Q) (Ha( Q)Ipienat ~ (.1 kR~e / 

~ 
•~S s  (b ’s

_ _  __ _  
-5- . S S~~~~~~~~~~~~~~~~~~~5.— - S -~~ “ ..L~—
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Ahere I is ~ conssa n%. The su rlace ra~ .ilong the cylinder axis ‘mputat ion is unfeas ible Accordi ngly, an indirect procedure
thus e~ hihits less attenuat ion than a corresponding ray on a must (~C L ise d. An indirect cva luation of the surfa ce E-field is
~IJt ;‘lane (This type S i t  .55) m p to t l c  behavior , .is , is conducted in the (ollossing manner each of the o~ympt ilt . c  S

also et h mb~ ed by .ir.&’ther ,olu:i n ( 
~

— ~b I . sotution~ predicts ~he !(-fi~ld ~sn the cylinder ~u t fa ~ e . Tliiough
Thus ~w o dist inct  d mt f e re nces ex ist between the A S-I  and the use of \ laxweII ’~ equat ions the surtjc e Il-f ield may be re- S

AS- 2 so lutions in the limiting cases of kR and ~ ~~ . One lifted to the surface / ‘fie ld and the houndar~ condition
concerns the higher order terios U s 2 . I ~3 ( of t he solution checked. Use ‘i the spectrum of the / / - f i e ld instead of the
and nas ~‘e thought of as a Iocalised source-regioti e f f e c t .  The direct surta~~- t ie ld mak es analysis st raigh itorss .ird j s  wel l  as al-
ot her d if f eren ce lies ire the attenu ation of a ray propagating 015 rig the use -~~~ ii fast- Fourier transf o rm u FFT) algorithm for
along the cylinder a x i S (0 = -r 2 . where the AS- i solution de- efficient numencal calculat ion.
cays as i s , and the .-~S-2 so lution Jeca ys  .is I 

~ s. This ef fect , The test proceeds as fo l l i -ss s S
then , is hard ly csgn st icant near the source , where t he I .s~ and I )  A .~~ indrical t ransform is defi n~d .is
I ~3 terms dominate , hut it determines the field behavior far
away from the source . — 1 I — —~~~ £ll~(n . .& I = I _n’ I d~ I d: ll~(0. :)e mO e £ (8 )In an attempt to separate the above two effec ts , a third 

‘~so lution has been constructed , wht ch s ii modified .-~S-l solu-
tion and will t’se denoted AS-3. The AS-3 solution is given by  2) Electri c and magnetic vector potentia ls are expanded

wit h unknown coefficients
H 5 4 Q ) — ( t s ,~ ) — ,  U — ( I  k S l 2 I G (s (

H~l Q )  i 2 ~ A c l ( u ( E )  —/ . ks l  (; ( ~ ) ~~ ~~ ~~~ ~~ (k ~~) 
H~~-~ ( p ~~& 2 —~T~’s

As is apparent . the AS-I solution has been modified by the , (9)addition of the higher order terms present in the exact solution - S

of the planar problem. The AS-3 solution will recover the ~X3Ct Observe that n and k1 are “transform var iables ”. ~i is the
planar solution when A R ~~, iust as the AS-2 solution does, wavenumber , and Il~

t 2 1  is the reth order Hankel function of
However , along 8 = 2 the AS-3 solution decays as I ‘s . while the second kind, representing an outward-traveling cy tindncal
the .AS-2 solution decays as I ~~~~~ wave. For future notation , the complex variable ~ will he used

The rationale behind creation of the AS-3 solution is con- to replace the radical in the argument of the Hankel function
tamed in the following argument. The AS-I and AS-2 solutions -

~ 
= S

ire quite dif fe rent—not only in the construction of the solu- 3) Through the use of
t io n , but also in t he behavior under limiting cases. Both the 

—source region behavior and the “asymptotic ” behavior ifor large H = 
~ X .4 — j

~~€o~
’ -‘- ~~~~~ 7ç - F ( 10’s

ks along 8 IT 2 are significantly different. Even if a test
revealed differences between the AS-2 and AS-I solutions , ~t one may determine the unknown coefficients ,~ and g,~ in
might still be difficult to determ ine anything about the local terms of the transform of the surface Il-field is
accuracy of the solution, t.e.. it might be difficult to determ ine
the “ cause ” of the difference in test results. Creation of the — i r ‘1
AS-3 so lution is designed to alleviate th is problem Also , since ,t,,(k 1)  

H ~ R)  lH ~
(P

~ 
k 1) + ‘

~
‘ “ I1.(n . A .

AS- I and AS-3 have the same behavior as 0 • IT. 2. comparison ~ L ‘
~
‘ J

of t heir test results may reveal the role of the source region in
S satisfact ion of the t est. Similarly, .AS-3 and AS-2 have the Ctii( k z )  i~72 R’ 

H:( ’i , k s ’ s.  t i l l
same behavior in the source region (as kR ~~), so comparison ~

‘ ri (7
of their test results may reveal the role of the I ~~~~ term.

In review , we have three asymptotic solutions to ~~~ ~~ 
where /l ,~ 

12 ) is the derivative of the ll,~~- -~ Hankel function.
have been published, and the third has been created to some- 4’s Applying 

Sw hat bridge the differences between the first two . The test — —
S proposed will investigate how well the E-fieId boundary condi- ~ 

“ ‘K F 
~~i’~’~o 1 I i.~ttr o 7~’t7 - .~i (12 1

tion on the cylinder surface is satisfied, 
- , ,. - 

S
S permits computati on ot the surface ~-t ield , accomplishing the

desired test.F FIELD TEST The above procedure can h~ condensed into tss o steps of 
SThe tangential F-field must he zero everywhere on the sti r- actual computation by combining (0’s.-4 I 2’s . Whi le the re-

face of a perfect conductor, The exact solution for a circum- suiting expressions appear to he complex , this two-step proce-
ferential slot radiating on a perfectly conducting circular cyl- dure is significant because if essentially involves only a t~~o-tli-
inder t hus would have F.3 = 0 everywhere on the cylinder and mensional Fourier transform, modification and combination

- 
= 0 everywhere ex cept in the extent of the sl ot. The F.(ield of the transformed fields , and then inverse Founer trans fo r- S

test checks to see how well the asymptotic solutions satisfy matson and summat~on of the Fourier coefficients . The analysis
this condition. is computat ionaily efficient because the FFT can he used to

S The most direct and attractive method of determ ining the evaluate all integrals involved.
surface E-f ield would he to compute the normal derivative of Practically speaking, the greatest d ifficu lt ’ s ’ ’.n t he above S
the Fl-field . IJnfortunately, t he asymptotic solution ; are valid procedure comes in accu rately determining the spectrum of the
only for points on the cylinder sur face , so that such a direct surface /f0-field . Both the AS-3 and AS-1 solutions have I

S~~~~~~~ S~~~~~

I. . . __ _s_~ S~~~~~ _i__’~~
__5_ — S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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m d  I s’~ singularities, while the AS- I solution has a I s  singu- -so r — —  - — - S -~~~~~

laxity . The “peakiness ’ of these I/ ~ -fie lds means that special ::
~-are must h~ ta ken in using the FFT t o determine the spectrum - , ~~~C’ “ ‘

The f ir-s t attempt to  ove rcome this problem involved raising , ..- “ f l  ~~c ’ ” ’  
—— t he magnetic dipole slightly above the cylinder surface so that - sc  -

t he field was no longer singular but had a finite peak . Af ter
this step had been implemented , a convergence check cit the
FFT integral showed that the FFT was able to handle the 1
peak correctly with reasonable sampling rates , hut the I r £

and 1 ~3 peaks yielded erroneous results. Further measure s ,
~ 

- i- ’ - 
/ 

S

were  necessar ’. t o  achiev e a reliable test of the AS-3 and AS- 2 i
solutions(for a reasonable computer size ). ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The key to achieving a reliable check o f the AS •2 and AS-3 I 
~~so lutions lies in recog nizing that the singular form of the source .~ - / ‘ S

region is that of a planar case , and that the singularity has an
analytic transform. Specifically, the planar singularity can he o . z  . • , ~ - ~~~~ ; ~~~~~~~~~~~ ,~ 

i,
-
;

ex pre ssed as

I / 32 e Fig. 2 E t t e c t  ‘f h~hrid com rut.o c’ n of phase of H’ tra nsfor m .H~~- — ——— I ‘ - 4 . I— —• 2rr- i~j k  \a2 ( R Ø) 2 / a
2 ~ j~~a compare d to an exact modal solution ( 2 1  The procedure used

H = — —— — (13) in deriving the exact modal s .’lufion is essentially the same as
° ‘ 2rrnjk a(R~)a: a ‘ t hat used to perform the I- -field test. The difference liesin the

__________________ 
fact t hzi t while the test begins wi th the asymptotic H-field , the

where s is the path length given by a = ‘,,, .~~~ 
+ (R ~~i 2 + :~ , modal solution begins with the known F-field (known for an

and ~ is the height of the dipole above the cylinder. Because elemental source) . In a manner similar to the test , the 11-spec-
the singularities may he expresse d as derivatives, their analytic trum may he found from the known F-fields and can he cx- S
transfo rm is obtainab le and is of the form pressed en terms of the F-spectrum. This provides analytic H,

,
~ ~~~~~~~~~ 

and I1~ spectrums that can be compared to those resulting
— 

(2 f- ”nk ,\ 1 ~‘ 
‘ from the asymptotic solutions. After the H-spectru m is oh-

£ — 

2 n’njk R I 4n ’~R sJ~~ 
— (n R’ s~ — k ,2 ta m ed from the F-field it may be tested rust like any other

— 
~~~~~~~~ 

)2~~~ 2 spectrum. This “ check” , whic h begins with a surf ace I- -field .
Q / ,~2 I e ‘° finds the H-spectru m, and then return s to the surface !- .t :eld .

- = _ -‘  k 
~~ ~
‘j 

~~~~~~~~~~ ( ‘m R ’s 2 — 
‘ is also valuable in assuring that the FFT sampling cit the spec-

( 14) ti’um is sufficient.
w here (2 is a constant. During actual application of the test , the source used was a S

The total field on the cylinder can then be expressed as slot radiator instead of an elemental dipole. This was necessary
— — 

because the surface E-field of the slot is finite , although discon-
11(Q) = HpINSI1 (Q) + H5jj ~~.,~g 5 ( Q) ,  (15) tinuous, while the surface F-field from the elemental source s

— . . singular. Sampling the F-spectrum sufficiently well to represent
w here 11(Q) is_ the total field as predicted by an asymptotic the singular surface field would mak e the computer require-
solution, and 

~~~~~~~~ 
is the field that would exist on a flat ments prohibitively large , while the more regular slot is readily S

infinite ground plane. (This division may he thought of as handled.
taking the planar field. “wrapping” it around the cylinder , and Representation of the slot spectrum was achieved by first S
subtract ing i t  from lit 0.) The transform of the surface fields determ ining the H-field spectrum due to an elemental dip o le
is ~ ven by source ( the direct asymptotic solutions or . for t he analytic S

• case, ~~~~~~ 
= 

~ (6(p - R 1 5i ~ ) 6( : ’s) . The H-spectrum was
HVi . k ,) 

~~~~~~~ 
k ,) -“ ~~~~~~~ k ,) ( 16) then multiplied by the transform cif the slot distribution ,

— 
S which was equivalent to convolving the elemental source

and I72~I~1~( ’m . A ,) is given ~inalytica11y in (14). lldj ffe ,encp(Q) w ith a distribution in the space domain. For a finite slot as
is at most on t he order of l/V ~. so that evaluation of shown in Fig. i a  the transforms used were of the fo rm
1
~ds u.r,ne.(’m. k ,) can be reliably obtained from application [Sin (k

~h 2) 1 (k ,h,S 2 )  to represent a uniform I.. -field , and cit
- of the FFT. Any test which involves breaking the fields up the form cos (Qn) /  [n ’ 2 4 — (api )~ 1 , a = arcsin ~a, 2 R)  •o f’C’

Into planar and difference fields will he termed a hybrid corn- present a half-period cosine spreading in ‘
~~

.

putation, because it combines analytic and numerical tech- The totality of the F-field check has now been determined .
niques. The only difference between a “hybrid computation” The components of the spectrum of the Il-field that result S

and a “direct computation ” is in the method of obtaining the from an elemental source are deter mined. For the asYmptot ic
spectrum. After the spectrum is found bot h tests proceed solutions the spectrum is determined either t’v direct applica-
identically. Fig. 2 compares the phase of li~ for a fixed value tion of the FFT or (~v use of the hybrid technique, for the
of ic ,, w hen the transform was derived from hybrid and direct exact case the Fl-spectrum may be found analytically. Regard-
computations . Comparison with the phase of the modal trans- less of its source , the li-spectrum is then multiplied by  the
form reveals the increased accuracy of the hybrid method, transform of the assumed slot distribution, accomplishing the

To utilize the F-field test the three asymptotic solutions are convolution that is necessary to represent the slot distribution.

_____________  - 5..
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I hr i -t ~s’)d s e c t r . ~r’f :s ’hc n fuui d f r om noii~t r c a t r c i t i  and .aOoc

-iii rr.ati oui if :hr I l ’f i c ~d s pectr um con iporre t it s F~nall~ . in—
rse F. UriC tr~~is. -rrn..: on ~nd summation of the F 

-cc i t - r t ic ie nt s g.ises rhe sunr .he F -torld The leSt sect ion compar es ~ 
‘

‘h e iu rt a cc L-t i e ~.h ~:se n h~ the three asS rnt’ :ot mc solutions -

and compares them to fh~ .mnal~ tic \ ( lut ion I -

R ESt ’ [  TS OF T h E  - I l ~ LD T EST -

~ results ;‘ri~ersted hete ire the t~~tlsi w r.g contigura- - ‘ - . ‘

• si 
~~~ e radi us R - l  -

• ~~iit length a = 01-s ~ ~~. .
,,

128 . -. 

S

• e xte n t  of ~ samp l~ng 1~ rad , .O~
’ S

• number of Fourier crie t~cren ts ~n = ~4 . ‘-“ ‘

T~iLS s et o ’~ par.a ::reters resu lt s in a samp ling of the spectrum
~ci &

- - a$- ~ ‘‘~~~ C ‘E5~The t~gures that to llow are three-ummensional view-s of the S
surface t c ’Ilej d that results from carrying out t he tes t. These Fig. 3 Surface E~-fleld from hybrid te st of A S-2 solution.
three-drmensional plots arc more valuable in representing
shape and form than in revealing magnitude values. The surface a

F ’: ie l J is ca lculated after rriult~plication by t he spectru m of
the assu m ed slot irs: r-,hutton . so E ,~ should be zero every-
w he re Soice all of the magnitudes are symmetr i c rn ~ , only ~ S

half of the to t a l  surface is presented in each plot. - 
S

The test w as fi rs t applied to the analyti c F/-spectrum. This ~ . -
w a~, :h~ standard to which all the other solutions were corn- ~
‘.imed . The a na lStrc solution resulted in F ., t hat w as essentially -

cero (a totally flat curv e I and an F, that was we ll contained. os - s. .  -

The fact that F, w ent to zero in a smooth cur-v t in the :-di-
- rect ici n instead of a discontinuous curve w as due to t he nu-

menc,u ) calcu lation. This curv e revealed that the error intro-
duced b~ performin g nirfe sums and integrals was negligible.

The test was next applied directly to the AS-2 solution . The ‘
~~ S _~‘~ 5

S resulting E,-fie ld was considerably more spread ttun in the 5

anai~ t rc case. The I-~ -f ield , instead of being zero , showed two -
‘

sharp peaks near ihe source and a rippled character away from •~~~ ~~ii

The effect it using a hybrid computation on the AS-2 solu- ‘~~~

tiOn can be seen in F:?. 3. The beneficial effects of using the as - - - o q1-c~ ‘tsrhybno computation w ere ~,asil~ seen in t he E-fields. The forni . . , S
S 

S Fig. 4. Surface i.0-tief d front direct test of AS- i solution.F, wj s  muc h closer to the analytic shape than when the
direct FFT w as use d , and the peaks of lm’~ were removed en-
t,rel ~. F ., still retained some of ifs rippled chara cter , hut over- about a sin gle point or constan t coordinate cut. The point of S
ill the error Was greatly reduced . interest may, for example , he hidden behind a peak which oh-

Since the previous tests revealed the desirability of using scures :t from view . Accordingly, Fig. ~ is a graphof the result-
the hybrid computation when possible , the results of testing ant L,-field along the ~ 0 cut , i.e., throug~s the slot and
the AS-3 solution by direct FFT are not shown. Applying the along the cylinder axis. There are several features of interest
hybrid method to the AS-3 solution generated forms that were here.
practically rndisttnguishahle from t hose that resulted from ap- 1) The analytic solution predicts well the expected dis-
plying the hy brid method to the AS -2 solution. continuity in E,. 

SBecause the AS- I solution only has a singularity (peak ) on 2 1 The AS-2 and AS•3 solutions chedted with the hybrid
the order if I s. i t  s not necessary to resort to a hybrid corn- comru~at ion are indistinguis hable from one another . Their F,-
putation to cir ita in a reliable check . Fig, 3 presents the result- field is slightly more spread than that of the ana lyti c solution.
ing surface i0-fie ld. As can he seen, the E,,.field has signifi- 3) The AS-I solution with a direct test does attain the de-
cant nonzero content . The extent of t he correspond ing E,-field -s ‘tape curve , however , it has significant F, co ntent over a
was much broader than that ci t ihe modal so lution. rn rger region than either the AS-2 or AS-3 solutions S

‘s’s hile the three’dimensional plots are good for determining I is he~.- - should he zero).
the ‘v~rall trend and e lucid,mt ing the general shape of curves , 4 ) 

~~~ direct computati on applied to the .~‘s S-2 solution
it is often difficult to use them to get specific information yields a sharp peak at the edge cif the tIc -st. The large field

i - - --~~~~~ - - - - ~~~~~~‘.— — ~—S S
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This is not surprising in s iew ‘4 the nat ure - ‘ I  the I- -t i e l . i  t e s t .
1- s ‘. —

S C , based on an integr al of the urf ace / / - f :c ’Ids.
S — —  ~S Emphasis of the source region is not neccssanl) detr imental

4_ . . S S~~fl

to the b-held test . li ii 1 t s likely th.a t h e - i ’  ‘i ce  rejn - - n ii iiias _ .~~ C’ .~~‘
— heaviI~ influence the computation - S t  va lues “ t ph~ sica l pa-

- 
rameters of interest . such as t he mutua l impedance be tw een

~cs~~ :a~ two  s lots on a cursed surfa ce. V~ ire ant ennas r’ s ide a
analogy, for the source region heha s I S ’ r  donu ina f c .  calculation

• - 
5 of the sel f -  ~nd rt iuiual- .inpedance .a ri j  the curreni behavior at

- S the end plays less -if a role . An I- - f ie ld boundary condition
S check cif j  w ire antenna would h~ litt le inf luenced h~ t he cur-

rent far awa ~ mrorii the source hut wo uld be source region
- sensitive. It is not surp rising then , th at the I- - t ,e ld chec k re-

seals litt ic about the loca l character of solut ion hut instead S

S I — provides more of a global test.  The point should he made ,
however, that a large path length solution f~ r the antenna cur-
rent would prohabiy be cit  very limited use since bosh the irn-

— 
.

5
S S pedance behavior and the radiation pattern derived from this

- type of asymptotic solution would he grossly in error. The F-
field test proposed in this paper is able to distinguish between
a solution w hic h has a better overall behavior on the entire sum-

a • • 0 lace and an alternate solution which is only good in local so-
lated regions hut has large e rro rs in other regions w here the

‘a current is smgntfi ca nt.
Fag 5 Surtace E .  ie~.1 ajo nt ~ - iV cut. Sonic numerical diff iculties were encounte red during ex ec -.i-

uon of the test. The high-order source-regIon terms made it

values extend outside the s~ct region w here the fl~ld should go quite difficult for the FFT to accurately compute the integral
to zero invo lved. Since use of the FFT requires equally spaced sampling

The three dimensional plots concealed the ocal behavior at over the interval , a s~imphng sufficient to accurareb. evaluate
the edge of the slot resulting from a direct computation of the the pea k resulted in matrix sizes toO large to r some computers
A S .  solution 5 This ~ = 0 cut, how e ver , show- s dram,ar,c,aIlv C DC C~’BER ‘4 . for example ’ Fea r solutions whose i-ource-
the tmprovement when a hyt- irid computation is used region behavior went to a plana r-t y pe ‘insularity in the limit.

however , ana lyt ic evaluation of the planar spectrum allowed
DISC1~SSION OF F- F I E ID TEST completion of t he test \ solution which conta ins higher order1 ’

pros rde a means of re liably judg ing the accuracy of the asymp- t he limit will be quite difficult to test h) this method unless it
totic solutions. has an analytica l transform a or unless the inse s i rga t or  has an

S The resiaUuig E-tictd aft et perform ance of the test does pro- extraordinarily large computer I. However , such a behavro r
vide a good qualitative measure of  how well the asymptotic would not he expected to he physically tt icaningful anyhow
so lurton satisfies the F-field boundary condition. Indeed. ap- The second solution ~l - t r - s~ is a good exam ple of this , for

In the beginning it i s i s  hoped that the F-field lest would source-region terms hut does not go to plana r- t~ pe behavior in

plication of the test to the transform of the exact modal solu- it contains the I s~ source region term, but not t he I ,3 r e m :
tmon did result in f ields that satisf ied the houndar’- ’ condition This solution could be tested by rnod~fying its sourc e-region
quite we ll. In addition , app lication of the test - s imate behavior by ihe addition cit t he I ,3 term ~nd re rfomnu mng a
asymptotic so lutions showed that they did n~ c . - t .. - elI as hybrid computat ion. This has nor been done since compariso n
the exact solution . In this respect . the E-field test does provide of the AS-S and AS- tests indicate that solutions w i t h  the same
a good “global r est ’ cit a proposed solution, i .e - if the solution limiting source-reg ion behavior will yield virtuall~ idenncal F -
is accurate everywhere, the solution will show good results fie ld tests .
from the ~~~~~~ 

To sum up. it appears that the L.~ eI J test can proifu e ar On the other hand, when comparing the relative accuracy measure of t he accuracy of a proposed ~ss mptof ic  solution .
I of approx imate solutions , t he source-region behavior appears An FFT fi employed so that the evaluar:on sf the integrals in-

to I’t more critical for satisfaction of ’ t he test than the large vo lved may be eff iciently performed , but so me care must sti ll
pat h length behavior ~a sy m pt - i r i c  solutions that contain higher he taken in the computat ion. The test reveals that solutions
order terms ( I  s~ . I s 3 ) in th ~ source region //-f )eld do satisfy w hich have planar-type source-region behavior in the limit
the F-field test better than solutions that contain only terms satisfy the F-field boundary condition bette r than those that
on t he order ,if I ‘ e . The large path length behavior did not ~p- only have terms on the order cit .r . The :sst as . how-ever . rela-
preemab ly affect the rest results , If the source region behavior tive ly Insensitive to the large path-length -~~hjs a.’r Or a solution

• was the same ( for a limiting case) , then a so lution that deca~ed
as I s tested essential ly the same as .i solution that decayed as
i,~c In fact , the surface F-fields that resulte I were indistin- REFERF~’~cES 

S

guishable when graphed , t hough there wer e c: ’ i i  r numerical t~ I 
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Sourct radt’ition in the presence of smooth coine~ bodIes

R. .Wi rtra sand S. Suj as ”- \‘ami

Elvctncj l Emigam ~aru.a g D.p~,’i’aav~i. L’ aave ” ,aatm “a’ fllaaw&s j i L’rbuna. ’
~,jm roags . 1 r t ,i~~.j . f.’.’a’i ,’ii s i .til I

~Recrnve d J ul y ~i . ‘rat

The problem of radiation from sources in the presence øi sm wnh. co nves . impe netrab le obj ects 

5

a considered, and a hoaf iurv es of ve no us high frca~msenc~ techniques as preseimied A generalazaiaon
of the geometrical theory of dif tra ~iaon, end Iwo new tec h niques based on the q.ectrai dom *i~
approach said .&n ss~mpto t sc esal uat io i i o f the radistio n integ ral for the s urf ac e ..urreni. tiso are
discussed Some numerical reiulis derived from the spectral domain fo rmsatas are prese ni ed end
a companion wit h available theoreimca l m d  espenmental data as incl uded

I INTRODUCTION of a number of important approaches to the problem

The problems of radiation from sources in the ~ hand, namely, Fock’ s r heors , the geometrical

presence of impenetrable smooth con’. cx objec ts theory of diffraction tGTD), and t he direct integral

and the diffraction ot’ a plane wave by such objects equation approac h. The reader interested in further S

are of great practical interest in the design ø 
details may choose to consult she works ot’ Boss-m.a n

antennas on structures , e.g.. conformal arrays. 
el al. [l9ti9~. L’sIen,~hs (I°721, and Koum ’øurni ion

Unfortunately, the exac t analytical solutions to [l~~s$ 1 -

- 
these problems, based on the methods of “separa- In section 3. we consider the generalization of

Lion of variables” or “function-theoretic ” prince- GTD and present some new approaches to the

dures ~W iener-Hopi technique. residue calculus. curved surface radiation and scattering problems.

etc.). exist only for a very lirmted number ~
, Some numerical results based ~an one of t hese new

• scattering geometries. Furthermore, the exact solu- approaches are presented in section 3 . and a corn-
Lions are typically highly complex in nature: hence, ~~ t’tsont with other available methods is included.
the process of extracting numerical results from
them can be very tsme-consi.uuing and is by no SURV E~ OF A V A I L A B L E  HIU1I FREQILNC\
means trivial. This situation has motivated man y ASYMPTOTIC TECHNIQUES
researchers to explore approac hes to the problems
of radiation and scattering from smoot h convex 

:, l~ 14 Olson transforivta:wn. One of the first

S structures. successful attempts to derive an asymptot ic expan-

In the low and resonant frequency ranges , severa l StOfl t’or the far-field generated by a point source

re liable numerical procedures. e.g.. the moment located in the proximity 01’ J conducting surface
met hod, are available for solving the radiation and was made liv lIaison [ lO IS I ,  His method. essen-
scattering problems. However, in the high fee- tially. consisted of ’ two steps: ~a) transt’ortsung the
quency domain, numerical techniques based on original infinite series solution into a contour integral

matrix methods become unwseldv if riot impracti- (ta’.’ Cauchy ’s residue theorem); ~h) Jeforming the
cal, prompting one to employ asYmptotic techniques contour of Integration SO .ss to capture a set of ’
suitable for large k ~— i tj \) , w hete .\ is the complex poles of the integrand. The original integral
wave length of the illuminating wave, is then expressed in terms of an infinite series which

La this work, we begin by presenttng. in section converges very rapidly , prov ided the observation
2. a survey of various high frequency asymptotic imorni is in the shadow region. The ru-st few terms
techniques for the problem stated above . The sur’.’ev of this series were later interpreted .ss “cree çssng

S is necessarily brief, and covers only the highlights waves. ” The method was first applied to a sphere
and ctrcular cyLinder, and later to some other
geometries as we ll. The mathematical rigor of the

S ~~~~~~~ ic~ ~ ~. ~~~~~ .~~~ _ ‘ u. method was the subject 01’ I’urther cn”etattgaltons

ixs4a~~ )4/ ’Q ’o3~~ ):r3Ol i~~
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b~- other researchers [Pflumm. I%O; l~L~( - her , l%b; 
region- Cohen. l965J . Although the W o n  transformation

can only be applied to a few simple geometries, L i  r.gon 

Deep
e.g.. the sphere , cylinder , cone . spheroid. etc., it

more general high frequency techniques because
is s tL Ll regarded as one of the cornerstones of the 

Inc4ant 
\ 5 

‘

of its mathematical rigor. The Watson transt’orma-
lion is especially powerful in the shadow region
of the geometric optics field. In the Lit region. the
above-mentioned contour integral is evaluated using
the “stat ionary phase” method and yields the cc- Center of

Cur valureflected field from the surface. Ln this region, the
most significant contiibution to the totaL scattered
field typically comes from the surface current
induced on the smooth convex part of the object; Fag I Section ~‘l the both in the plane sf incidence

the so-called “physical optics ” approximation can
be app lied [ Crispin and Maffeti. 1965; Siegel, 1958;
Siegel ci a!.. 19591 to derive the reflected field, distribution in the penumbra region. providcd that
The physical optics method is based upon approxi- the curvature and the incident wave are the same

S mating the induced surface current in the lit region near the point under consideration. This principle ‘
~~of the objec t by the current that would be induced allows one to locally replace the surface of the

on the local tangent plane. and by assuming that object by a portion of a paraboloid of revolution.
the surface current is zero in the shadow region. A unique feature of the expressions for Fock
The far field is constructed by substituting the above currents is that they provide a convenient trans-

- estimate for the induced surface cuirerit in the format ion of the geometric optics currents in the
integral representation of the . scattered field, and lit region into the creeping wave currents in the
eva luating the same in an asymptotic sense. The shadow region. Fock himself deduced the pertinent
dominant term of the asymptotic expansion of this formulas for the surface currents by treating a
integral can be shown to be identical to the first convex body problem [ Fock . 1946a) described
term of the Luneberg-Kline expansion of the geo- below.
metrical optics far field [Luneoerg. 1944; Kline and Consider a convex body and a plane wave incidentKay, 19651 - However , the higher-order terms in the direction of the x axis. If the equation of
derived from the physical optics approach do not the surface is
provide us with correct results in the shadow or
transition regions where the diffracted field contnb- . ~~. o I)
utes the most.

then the curve representing the boundary of geo-In the next section, we discuss Fock’ s theory. 
metrical shadow is given bywhich can fill the gap between the physical optics

in the lit region and the “creeping wave ” repre-
sentation in the shadow region. .1 t~~) = 0. — = f) (2)

2.2 , Fock ’s theory . The region between the lit
and the shadow part on a surface is called the Consider a point 0 on the boundary of the shadow
‘penumbra region.” The angular width of this region where we set up a rectangular coordinate

region is approximately given by (X r ~,’ Tr) S i  where system as shown in Figure 2 1!: normal to the
K is the wavelength of the illumination and 

~~ 1 IS surface; i: in the direction of propagation; and t~:
the radius of curvature of the surface of the object t he tangent to the boundary of shadow). In the
in this region in the incident plane (Figure 1). Fock’ s vietnity of this point, t he surface of the body could
theory invokes the principle of the local character be locally replaced by a paraboloid of revolution
of the field in the penumbra region [Fock , 1946a) which is expressed by the equation.
and is based on the conjecture that alt bodies with
a smoothly varying curvature have the same current i i  2~ at~ 2b si ’  + ct , ) = () (3)

L ..S ~~~~~~~~~ , _______ ~ ~~~~~~~ 
~~~~~~
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z H , = H~’ e 4’ (9)

Incid ent
Wav e at infinity, then ‘I’ must satisfy

(101

w ith boundary condition

___
~~~~~

,

77

iPJ
Z~~~~~~~~~

\ 

where H~ is the magnitude of the incident wave

a4’ 1 a: —j k (ax + M -t- t / \ ~~~( 4’ = ( I l)

on the surface of the body. Equation (II) is the
simplified version of the Leontovich boundary
condition whereShadow

boundar y
-Vt = C —j o J w

Fig. 1 Plane wave incident upon a smooth convex The final solution for II, on the surface of the
body. body, which satisfies the boundary condition and

the condition at infinity. may be written in the form
Each of the field components satisfies the Helm- H, = H~’ G(~.q) (1 2)

holta equation
where

(V 3 + k 2 ) ’P=0 (4)

The fact that the incident wave travels along the H’  = external field
G( ~~. q)  = e ‘~~

.t axis suggests that ‘V be written in the form 
~
‘
, ~~. q~ 

Foc k function defined an the appendix A

“V 4 ’e ’~’ (5) = m (ox bii reduced distance from the
shadow boundary = 1 .1

w here an exp(jw :) time dependence has been as- m = ka ’ , . I t ’  ‘ . m is the angular width of pen-
sumed. Substituting (5) in (4) gives ‘ umbra region

d = the width of penumbra region i 2 r .~, k ’  3

— 2jk (~~/ o x)4 ’ 0 1 — distance between the observation point and
the shadow bounary along the incident ray

At this point, tw o basic assumptions are intro- (Figure 31
duced in Fock’ s theory, namely. (i)l”s are re latively = S 

~n ‘I. s~ —f , ’ ‘ ii) h, ’Ia = 0 for
slowly varying functions of coordinates. (ii) ’V varies conducting body)
more rapidly in the : direction than in i and i.
i.e.. The other tangential component of the magnetic

field H, on t he surface of ’ the body can be obtained
a4’ I k  \ a+ I k
— = ~i —+  

~
. — = ~~ _+).  

in a similar manner
a: \m / ar \m

a’l’ I k

~~v \ m ’ ) 
~

= o( —4’

— 2jk a4’/ax = 0

Based upon (7), we can write (6) as

S 
, and consequently m’ = m1 (m is very large), where 

,,
~~~~

- the terms of relative order I/ mi have been omitted.
Inserting these estimates and assumptions into 

S

the Maxwell’s equation. w e can find some simple 
S

expressions for all the field components in terms
of H~ and H,. If we write H, as Fi.i 3 Geometric meaning ~ai the quantity Ia n if

-—

~ S
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Coinpiec IObservafior point

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

p20’ 
~ t )

Fig. 5. Paib of integration (or (ISp in the comp lex
i-plane.

Fig. 4. Coordinates of observation poin t in terms of

~and~ .
S 

the shadow region by introducing some rnoditica-
tions in the definition of parameter ~~. Goodrich

H, = H~’ [ —  ( j/ n i) e ” 
~~~~~~~ 

(13) [19591 has generalized the argument used by Fock
in the penumbra region to anywhere in the shadowwhere f(~) is another Fock function defined in region by introducing a new set of variables, ~ andappendix A, Fock’s formulas not only give the 
~, for the incremental distances along the pathsurface value of the field, but also can be utilized leading into the shadow region. In this generali-to find the field in the proximity of the object. zation, the parameter ~ as defined in (12) is replacedFor a plane wave incidence, the first order, i.e., by0(1 / m) terms for the scattered field within a certain

layer around the object, can be written as 
= 

f ’  ~~~~~ 
‘~ i f 3  

~~~~~~~ (16)
H, = 0. H, = H~e ’~’+(~,~). H, = H’~e ’ (~,~ ) J o ~ 2 1 R(s)

( 14) where s is the arc length along the geodesics which
- originate from the shadow boundary and go intoS ‘ E , = ( j / r n ) H ~e~~’a ”4 ’/ a~, E , = H,. E, = — H ,. the shadow region along the surface, and R(s) is

where the radius of curvature of the surface along the
geodesics. For the case of a circular cylinder of

= 2ain~(: + (l/2)(ax~ + 2bxy + C,v 2 ) 1 radius a (Figure 6), the expression of ~ simplifies
= reduced height from the surface of the body (see tO 

SFigure 4). 
~ = (ka / 2 ) ” O = s / d  (17)

4’ = -je ’”~ 
t ” i e~~~’ [W ( t  - _________

- 

‘ w.(t — C)] di 
~C~ ent ~~~~~~~~~~~~~~~~~~~

•7’

~~~~~~~
’

= 
~~~~~~~~ e~~’ [W ( t  — C )  — -

~~~~

- -

~~~~~~~~~~~

‘
.‘- 

( 5—

.

S 

- 

- w~( ; —  C)] dl (15)

The path of integration for cb and ‘I’ is shown in
Figure 5.

Fock’ s expressions for the field components in Fig. 6. Comparison between the va rious def initions of parameterthe penumbra region (
~ 0) can be extended to ~ for the case of a circular cylinder.

_______ ____________ 
. - -
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Fock also treated the case where the point source &(O.v) t o the v = I) curve is the r = (I curi e
was a:erv c lose to the surf ’ace of the body. He The quantities ~(ar ,v ) .  b ( i ~,a : )  and ,i(~i,v) form a
analyzed the radiation of electric dipoles near a right-hand local orthonormal basis (?i = ~ x hI .is
spherical model of the earth ( Fock. l945j and shown in Figure 7 .

S derived the formulas for the scattered fields in termi Since the incident field has a phase factor S

of functions attenuation functions) similar to ~~ exp (—j k~r( 0. 0) - ~(tr ,O)j . we wr ite the surface cur-
and 4’. which are valid both in the shadow and rent in the form
trans ition regions (Logan and lee. l962j - Fock’ s
assumpt ions were later proven in a more systematic J ~ = l 1. , ( i )  aT( r )  1,, (i  b l i  ‘I e ‘‘  l~ )

and mathematically rigorous manner by Cullen w here u is the arc length along the geodesic.
[1 9 5 8 1 and Hong [19671 by using a direct integral Substituting (19) back into (18) and restricting the 

f.equation approach. This method is described in the resulting equation to the points on the geodesic
next section. a:- = 0. we obtain two coupled two-dimensional

2.3. Direct integral equation approaches. This integral equations for I , (cr .O) and l .,~~r. 0). It can
method, w hich is closely related to Fock’ s theor\- , he shown that these integrals have saddle points
can be illustrated by analyzing the diffraction of at v = 0 (fo r the v integration) . Applying the aa p lane electromagnetic wave by an arbitrary con- “steepest descent pat h” met hod to v integration.
ducting body (large compared with X ) . Cullen [1958 1 and keep ing the terms up to the order I ,‘ M ~ , w here
obtained a first-order asymptotic solution to the ‘if [kp (o’,O)l ~

. we obtain the following decou-
integral equation for the induced surface current pled one-dimensional. Vo lterra-type integral equa-

(ions for I~(~,0) and J ,~~.0)1 ( i )  2fl ( ~~t x  H ”  (~~ ) — ( I  2i~) ñ ( r ’) 
S

ds ’ ( J ( P  a R e  “ } (18 ) 1,(~ .0) = 21~~ (~ .0) — dT ! , IL, t ) ) K .t & —

~~ 

I i- jk R

w here ,i(i~ is the outward unit normal to the surface O(M ,’)
P S

at ‘. ii” (i) is the incident magnetic field on the 
— th l ,,(~ .O) A’~t~ —sur face (S) of the body, and R = i — i’ (i’ is 1,t~.O) = 2 1’s” (~.0)

a variable point on the surface).
Fock used this integral equation to deduce the O~~’iI,, ) (20)

important principle of local character of the field
in the penumbra region. Cullen derived a first-order p,, (cT .v)  is the radius of curvature of the surface
asymptot ic solution to ( 18) which agreed with Fock’ s e ’e ’acs S

results given in (12) and (13) . Cullen’s met hod
consistsoftr.insforming the two-dimensional integral /

equation E N). in the penumbra region. to a one- incident

dimensional. Volterra-type equation. This is ac- WOVe 
\ 

Ncomplished by applying the stationary phase tech- ~nique to the original integral while integrating with -
~ 

S

respect to one of the variables. The resulting one- \
\

dimensional Volter ra equation is then solved in
Cullea’s method h~ the Fourier transform tech-

- nique. \ similar procedure was used by Hong l%7~ Shadow
B,~undary — -to analyze, asymptotically, the diff’ract ion of elec-

tromagnet ic and acoustic plane waves by smooth u’O , ‘

convex bodies. We will now proceed to explain — 
u ’ct I

Hong ’s method in a little more detail by referring S

back, once again, to the integral equation (18). The
sur face is parameterized by the geodesic coordinate
system (o’,v) such that the shadow boundary for
the incident plane wave traveling along the tangent F ig. Geodetic coordinate ssst em on a smooth ca ’n~e~ body

‘ I

-._

k

~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .k ,.,..~,. ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~ , . , ~~ _5=i.~~~~~~~
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~~~~~~~~~~~~~~
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alonggeodesicstv constant curv es) at point t r y ) ,  scatterer. B~ applying Ferma ’s principle to these
Solving (20) by Fourier transforms , we obtain surface rays , we conclude that the above-mentioned

the ex presston tor the induced currents in the curves should he geodesics on the surface of the
penumbra and shadow regions, and the first-order both In the (lTD procedure. one assigns a value
so lutions are found Ia. be the same as those of to the field along each of these surface rays. The
Foc k and GTD (Le vi  and Keller. 1959) - One of total field at any point in the space is the sum
t he important conclusions drawn from Hong’s solu- of’ t he fields due to vanous ra\s( incident , reflected,
tion is t hat the leading term in the asymptotic and diffracted) passing through that point. An
expansion, w hich is the same fair the acoustic and important advantage of the GTD approach is that t S

e lectromagnetic problems . is independent of curva- it can be applied to both scalar (acoustic) and vector
ture in the direction transverse to the geodesic. (electromagnetic) problems and to smooth convex
provided the divergence factor is suppressed. objects of an arbitrary shape .
However , we should bear in mind that Hong’s Consider the problem of determining the radiated
method was designed for the case of axial incidence field of a scalar point source located on the surface
on symmetric objects , and in this case , the geodesics ofa smooth convex opaque body. Ii’ t he observation
are tors ionless. The above conclusion does not seem point is in the shadow region. the ray paths originat-
to be valid in the cases where the rays have nonzero ing at Q and reaching P (observation point) are

S 
torsion ILee and Safavi-Nasni, 1976 . 1978) . In comprised of two sections. One of these sections
Hong ’s expressions for the surface current , t he follows the straight line path P 1 P, w hile the other
transverse curvature has only a second-order effect. travels along a geodesic on the surface tFigure 8).
It was also shown that up to the terms of order Let us consider the propagation of the field along
(kp ,, ) S t in the asymptotic expansion, the tangential each section separatel y.
and binormal components of the creeping waves (a) Rasa s an ,~“-ee space: Behavior of the fields 5

are not coupled. along these rays can he determined by obtaining
Both Fock’ s theory and the direct integral equa- a high frequency asymptotic solution to MaxweU’ s

lion approach give the induced surface current , or equation in a source-free homogeneous isotropic H
the scattered field in the neighborhood of the surface medium. We begin with the Luneburg-Kline
of the scatterer , due to an incident plane wave , asymptotic expansion of the electric field (Lune-
These expressions can also be used to derive the berg. l~ 4.4~ Kline and Ka%’ . l%51:
radiated field via the use of the reciprocity theorem. 

-
The methods which have been discussed thus E(i) — ~ ~~~~~~~ ‘v — e ( ‘ )  (2 1)

f’ar are mathematicaUy rigorous. However , they are -

limited in the scope of their application to geometries S S -

sat isfying some special smoothness and symmetry and insert it into Maxwell s equations. This results
criteria. Geometrical theory of diffraction, wht in the following equations governing the propagation
we discuss in the next section. has a broader scope . of electromagnetic fields along the rays.
although it does lack the mathematical rigor of [~‘S(i)I = ~~~~~~~ equation) 22)
approaches described until now . S

2.4. Geometrical theory of di/ fraction (GTD) . 2 (V S - V)e + (~~‘S’h~,, —
~~
“ 

~~~
Geometrical theory of diffraction(GTD), developed (Transport equation) ~23)
by J. B. Keller [ Le vy and Keller . 1959: Keller ,
1956 . 1957: Kouvoumfian. 1975: Pathak and
Kouvoumjian. 1972), is a generalization of geomet- a S

rical optics. It is based upon the assumption that p 0bwv31on point

fields propagate along rays. Keller’s major contri-
but ion was to introduce the new kinds of rays called S

the “diffracted rays,” which, together with the Sourc~ ‘ -

geometrical optics rays, constitute the total field. (Sf
In our problem, namely, a source radiating in the
proximity of the smooth object. the diffracted rays Fig. $. Diffraction b~ a smooth conse ~ bod y when the ohser~a.
trave l along the curves on the surface of the lion point is in the shadow region of the so urce Q 

. 5 ,  -~~~~~~~~~~~~ --
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S

VS ’  é ,, — V ‘ é ,,, ~Gauss ’ s Law i ~ 4 At this point, severa l important assumptions are
. 0 ~ 

introduced in the GTD approach (Levi and Keller ,
19591 (i) E and H are orthogonal to each other

The zeroth-order solution to the above system of and to the ray. tii~ Variation of t he phase of the
equations. w hich turns out to be in agreement with field along the ra~ is t he same for both fields. (iii)
w hat one would obtain by geometric optics. may E~ and E5 propagate independently, and E , = 0.
be w ritten as (iv) E5 satis fies the sca lar wa se equation V~ +

r - k )  u = 0 with the boundary condition u = it on S

E ta)  — E (0)e ““ I e ~~
,, the surface S. while E, satisfies the same equation

L tp + a)( p. + ~y) J with the boundary condition .au i~n = 0 .
The next step in the GTD approach is to conjec -

ture, on the basis of the solution to some canonical
w here a is the distance traveled along the ray from problems. that the surface field propagating along
the reference point O(a = 0) on the ray path (Figure each ray is comprised oI an infinite set .~I “modes
9). p1 and p. are the principal radii of curs-ature Along a ray-fixed pat h. GTD .Isstgns a comp lex
of the wavefront at a = 0. It is apparent that the value to each component ~~t the field .issoci,ited
express ion fails when a = —a or a = — p1. i.e.. with the individual modes. The propagation ~‘t this
at the caustic lines (Figure 9). In the cases where modal field is described hs the equation
it is convenient to choose the point of diffraction
on the surface of a body as the reference point ai~ii 4 i ~’ ie ‘ 2 5 .

0. the formula (25 ) should be modified as follows: w here a as the distance between an ar~ iirar ~ point
- I • ,~~, along t he ras and the sour~.e ~ and .~ ‘ is the phaseE(a) — 8,, )p/a(p + a)) ‘e ‘ 

~2t’ t .of t he field at the source point \ e Si . ins ~‘kt nQ
In these cases, the point of diffraction itself is a the principle of conservation ~t energs between
caustic, and p is the distance between this point two adjacent rays. and usingihe I . ia t  that the -s .ir racc
and the second caustic. rays shed energs tangentiall’~. ~ e can arnse at t he

(b) Surface rays: These rays follow the surface following expression for a t r t
S along the geodesics into the shadow region. and 

. -
shed energy tangentially as they propagate. In order 0(a)  = A I -

~~
-—) 

- 

etp ‘ ‘p,.’ — . ,  . ‘ a,’
to study the behavior of the field along with these \ i d’P~ L
rays, we introduce a special ray-fixed coordinate • ‘tsystem, &. ,i, b. with &: unit vector tangent to the S -

ray: ,i: outward unit normal to the surface: and where s(a) is the “attenuation constant. ” A’ is
b = F x ,i or binormal direction: a vector field proport ional to the strength of the source, and d’l’
can be decomposed into its components along these d”P, and p are shown in Figure l~

) The quantits
unit vectors as (d’4’ ,/ (pd’l’.)J i indicates the “spreading of the

sur face ray tube” as it travels along the surface.
E E~,à + E,ñ + E5b ~27’t Equations (26) and (29) describe the laws of propa-

gat ion for the rays which originate from the ~o,irce
COustuc tu nis point Q, are diffracted at P - and reach the observ a-

a

Fig. ‘I Diverging pencil of rays in free s pace. Fig (0. Divergenc e of su rf ace ra ’.s

~~ 55 5 ~~~~ I
— ~ .. -.—5--

~ _ _.___.5_j ,__
~

-._,_:-., 
~~~~~~~~~~~ 
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tion point P. To complete the solution, we need in the asymptotic expansion of D and u are indepen-
to determine the actual values of the fields from dent ol whether the problem under consideration
t hese equations. These require the knowledge of is scalar or vector: (ii) the first-order approximations r
~,, and K. which. in turn. are re lated to the initial of D and u are dependent c m l  on p .  t he radius
values of the rays QP 1 and P P  as well as the of’ curvature of the surface along the ray; iuo the
attenuation constant i~a). The initial value of the second-order terms are f’unctions not only of 

~~,
.

field at Q is related to the strength of the source hut also of dp,. da. d’p, da2 . and p .,, (t he radius
by LtQt. the so-called “launching coefficient.” of t he curs ature of the surface transs-erse to the
w hile the initial value of the field at P is related ra~ ) Finally , t he higher-order terms are different
to t he actual field on the surface at P 1 through for scalar and vector problems.
the “diffraction coefficient ” D(P , l . If we now sum The leading terms in the asymptotic expansion
up the contributions of all the modes, we obtain of “diffraction coefficient” 0. “attetuuation con-
the final solution (Ko ui ’oumj ian . l’l”S: Pathak and stant ” ta . and “launching coefficient ” L are pre-
Koui ’ouna:ian, 19721 for the field radiated in the seated below .
shadow region by an infinitesimal magnetic dipole a

S of strength .‘s~ located on a smooth convex conduct- “SOft ” polarization
ing body: 2 p .  ‘ e 1

= ~~ T T T  ~~~~~~~~~~

= .
~~~~

‘ ) h Q ~~( Q F ~ ar( Q ) h ( P ) G )  ~ ) .4:  ~—r , ) ) ’

+ s) ) ’ e ‘ t .~
Oj)  ~i Ur ,, e ‘ ) ii.. )  t &~ .. ‘ )  ‘ t 3 2)

where e ‘ ~2 ~~~ i .4i k~~~~~ ” D

“Hard” polarization.
‘‘ d’P, \ ’ ’  -,

(__

~~) 

‘
~‘ 1~ ( Q ) D~ ( P )  

= 
as 2

- .. 
~ 

~~~~~~~~~~ “~~~~~
‘

csp [
~ \ 

1 5 r
5
)da ’] l t r . c ~) p . )  t sp , ,  2)

S - :~~,_~~~~u ‘
~~~1,Sip ) ‘ l i t — c ,, ) n;

and the expression for G is obtained h~ rep lacing w here .4a(s )  is the Airs- functiont he superscript h by .v in (30b). w here h and .s stand
for hard and soft boundary conditions. namely . I c - f~ ’ \
u = U and ~u an = 0, respeetivel~ . The quantities .4 i ( c )  

\ 
cos~~-~- s r ) d c  ~ rea lt ~~t-~’\

L ’ . D ’ , and cs ’. appearing in (30h). in general J S f l  -

depend upon the local geometry and the electro- and A i I,— r ~) =  0. .4i ’ (— r ,,) =  0. (ti is the derivatis-e
magnet ic characteristic of the surface , frequency of ’ .4: w ith respect to its argument). Higher-order
k . and the mode of propagation. They are deter- terms in the expansion of D, s. and L have been S

mined by study ing the asymptotic expansions of given by Kouvoumjian [l0 5) and Pathak and
t he exact solutions of some special canonical prob- Kouvoumj ian [l~ ’~4) and in some of the other works
lems. Keller and Les v (Levi’ and Keller, t~ 5’~; Keller on OlD mentioned earlier.
and Levi’. 19591 have derived the first few terms The expression (Lt0~ is convenient to use in the S

of the asymptotic expansions l’or 0 and a by shadow region. However, in the shadow part of
considering the canonical problems of scalar dif- the transition region. since the exponential decay
fraction by a circular cylinder, sphere . elliptical of the terms in (30) is weak , the convergence of
and parabolic cylinder. A study of the above-men- the series representation is very slow . Furthermore ,
tioned asymptotic expansions and the works of the series diverges in the lit part ot ’ the transition
Fran: and Manic [19591 and Voltmer (1970) , who region. Consequently. in these regions, it is more
have also investigated the same problem. as well reasonable to use an integral representation for the
as a comparison with the results of the direct integral surface ray field, which, in our case, can be cx-
equation approach, reveals the t’ollowing charac- pressed in terms of Fock functions [Koui’oum,ian,
teristics of ’ the solution: ~~ the first-order terms 19751 .

~~~~~~~

z ’

. ~~~~~~~~~~~~~~~~~~ 5 5 ~~~~~~~~~~ 
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Attempts have been made to establish the mathe- its higher-order derivatives, or the surface imped-
matical validity of GTD and to minimize its ance have been studied by many authors ( Weston ,
“nondeductive parts” (parts w hich are based upon 1962; Keller and Kaminet:kv, 1972: Thompson .
ph’,sical intuition or the study of the asymptotic 1962; Christiansen, 1966] . An exhaustive study of
‘olution of some simple problem geometrical con- various diffraction mechanisms and corresponding
cepis of different kinds of rays , diffraction coef’fi- diffraction coefficients, as well as constants asso-
cients . attenuation constants. etc.)~ Kravtsov [1964 ) ciated with the propagation of creeping waves , has
and Ludwig (1966) has- c analyzed the field near been carried out by .4lberrsen (1974] .
the caustic surface lsmooth ens elope of a family At this point, let us examine the most important S

of rays). and have developed a “uniform asymptotic features of the OlD and its various modifications.
solution” in the sense that at as finite at the causinc GTD formulation is essentially scalar in nature and
and reduces to geometrica l optics awa from the isheuristic in some parts. Thus. when GTD isapplied
caustic. to a vector problem, it is not surprising that the

coupling between s- arious components of the fields
are neglected, and each one of them is treated as

3 GEN ERA Lj Z ATfO ~’. OF (,TD ~INI) VES TI ( ,A TIo~ an uncoup led scalar wave. The other assumptionsOF \ LTER ~sA T E  ~IETFOt) S 
S . Sin GTD are concerned with the directions of these

3 . I. Generalizanon of G TL) to arburarv sur- field components and the kind of boundary condi-
faces. Keller’s generalization of GTD for the anal- tions they satisf y (see section 2.4). As mentioned
ysis of the field diffracted from a smooth convex earlier, nondeductive parts of OlD are based on
object is closely related to what is known as the asymptotic expansions of known solutions to some
“boundary layer technique” in the theory of dif- selected “canonical” problems. Quite often these
ferential equations (Buchal and Keller . 1960) . On canonical problems are not general enough to de-
the other hand, the “uniform asymptotic theory” scribe fully and accurately the local behavior of
is analogous to the method used by Longer (1960) the field for an arbitrary structure. Finally, most
and 0/vet (1956) to find the asymptotic solutions of the canonical problems investigated are two-
of the second-order differential equations near their dimensional in nature. The only exce ption to this
“turning points.” which are counterparts of the is the sphere. However , insofar as the geometric
transition regions in our case (Zauderer, 1970) - properties of the surface are concerned, the sphere

The second procedure is based upon the generali- is a very special case since its radius of curvature
zat ion of the geometrical optical interpretation of is the same in all directions and, consequently, the
the circular cylinder problem. The solution obtained surface rays are torsionless. Finally, GTD fails when
by this method involves some functions with un- the observation point is located in the transition
known phase and amplitude. similar to Bessel and regions. shadow boundaries or in the neighborhood S

Hankel functions, Since the surface of a smooth of a caustic . In each of these regions. one needs
object is actually the caustic surface of diffracted to modify carefully the GTD formulas and often
rays. the above-mentioned formulation is applicable such a modification is not simple. Nevertheless.
in this case, too. Lewis ci a!. (19671 have modified in spite of these difficulties. GTD is recognized 

S
this solution to make it satisfy the boundary condi- to be a powerful high frequency technique for
lion on a convex body. Using ray formalism, they computing the leading terms of the asymptotic
have obtained an asymptotic solution in a compli- solution. Two of the principal attributes of GTD
cated form which they call “creeping wave ;” it are its simplicity and wide scope of application.
satisfies the boundary condition on and is uniformly 3.2. Spectral domain approach. We now cx-
valid near and away from the surface, It should amine an approach different from OlD which uses
be mentioned that the method has been developed the spectrum of the induced current , or t he expres-
primarily for scalar diffraction problems. sion for the radiated field, as a starting point. In

Creeping waves that travel on the surface of the order to gain a better insight into the curved-surface
body generate other kinds of diffracted rays in the radiation and scattering problem and to verify the
presence of any irregularities in the geometric or basic assumptions of OlD, it is worthwhile to
electromagnetic characteristics of the surface. The consider such alternative approaches. particularly S

effects of discontinuity in the surface curvature , if they apply to canonical problems which are more

—. ._ -- 5- 
- - ~~~~~~~~~~~~~~~~~~~~ ~~~SS . 

~~~~~~~~ S SS ~~~~~~~~~~~ 
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A :  For the problem under consideration, w e can
express t he spectral weight coeff icients a~

S
I ~~‘~~~?

—

11 
I 1.ti ~~~ it 1

= - - S . .

~ ~ a~a L2~ 2~~ :o J
I ~~~~~~~~ ~~ where

So~ic s  k -
~~~~ 

i4 1)

In order to derive an as~mptotic expansion of
t3”~ and 13 S’ a . we proceed as follows. As a first
step. we apply Wats on ’s transformation to the
infinite summation with respect to ‘a and emplct~

Ft1 II ~eomet r~ oI~ the ~~l&ndcr problem appropriate as~ mptot ic formulas for Hankel func-
tions wit h large order and argument to derive the

general in nature than those employed to derive following expressions to r I .~~) and ~3S) under t he
t he GTD results. An example of such a study would conditions that ka is large and ~ sma ll compared
be to consider t he case of’ surface ray propagation tO ~
with nonzero torsion, a situation that occurs when
a magnetic dipole source radiates from a location w,.%l , 

S

\

S ~‘ m’
- . . S “~~~~‘— t — ~ c I d.k .e ~~~~~‘ Ron the surface of a circular cylinder. (2~ r .J \ p ) - 

- C
The geometr~ of the problem is shown an Figure -

II - The radius of the cy linder is a and the sour~:.w hich is an infinitesimal magnetic dipole with den- ti, i 2~ e - I - ‘ . Ssits .tI. is located at the point Q described h the ‘P ~~~~ !~
— ,l -‘

~~
‘

spherical polar coordinates v = a. t~ 90°. di = ~~~~ ~ P - ,j -

0°). Each point P on the surface ot ’ t he cylinder 
~ / e - ‘ 

S

isde finedb~ a ”geodetical polar coordinate ” s~’stem ~~~~~~ 2m ’~’ i ~~’~) S ._. .(  —— F
~ty4~), w here ~ is the arc length of the geodesic ~~ i’ ‘~ p 2
connect ing Q to P and (3 is the angle between ~b
~at point Q) and geodesic QP. The local orthonormal \ dA ~~~~~~~~~~ 1 ~43)
basis vectors (à,~3~ are also associated with these ‘~

two paramet ers. The observation point in the far where
field is specified by its spherical polar coordinates 

S
(r .H,~~). The radiated field at an arbitrary point can ~~ s . -’ ~ LP aIi~ 

-. 2)1 5

be expressed an terms of two potentials, ~.D and ~,, a 21 ‘ S

‘P. which, in cylindrical coordinates, can be written
as: m~è — 2)

- r ,. g,. g, — Fock’ s functions defined in appendix A
— ~~~e 5 f . t k ~) H~~(k ,p ) e  t ” d k . .il~ and it . — components of .

~~
. 

~~~~~~ ~ —

t 3” ) Next, applying the saddle-point technique to (42) 5

- ~‘ and (43) and keeping only the first-order terms .
‘P — — V e ~ t,, ( k , ) H~~(k ,p) e ~~~‘ the far field can be w ritten in terms ot’ its compo-

2~ ~~~~~ J - nents along the normal and tangent to the surface
13S at the “stationary point ” P as

5-. ..’. S—.---------- — —- .5 . . . . . —. ~~~~~~~ ~“hT ~~~~~~~~~~~~~~~~ 
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Fi g. t~ t)tli r~ctio n oi ‘ pse ud o ’ ras

where

P ihe stata’nar’ point ot t) ~~~~ turns ~‘ui ~o be In the Iii region, the geometric interpretations
the ~amc as the point ~‘t diffraction predicted of (T and ~ are shown in Figure 13. The ras~~. like
hs GTD QPP. that do not obey the generalized Fermat ’s

— ~a 2) 1 i t ~ ~
- 

~~~i 2) sin principle are called “pseudo-ras s” lKoiki oumnan . S

p. = radius of curs ature of geodesic QP~ l~~ 5 ) .  The ray QPP appears to travel along the
— arc length QP , 

. .. sur face up to the point P 1 and t hen leaves the surfaceR the distance between the point ot dutraction P 
at P tangentially an the opposite direction, to reachand t he observation point I

n. — ~
‘i. i ~L . normal to the surtace ~ 

p the observation point P. It should be noted that
formulas (44 1 and (45) give us the contribution of

The details of the derivations of 44) and t45 ) are the ra~ which travels along the shortest path on
given in appendix B t he surface and, thus. suffers the least attenuation

Figure 12 illustrates the geometric meaning of It as not difficult to see that , in general, there are
some of t he parameters appearing in i44 ) and 145~. infinitely many rays which contribute to the total
for the observation point located in the shadow field at any observation point. However , their 

Sregion. In this case. 
~~~ . ‘ which as identical to 

~ contributions are ver~ small compared to that of
g isen in 1161 . is the reduced distance traveled h~ QP and their phases and amplitudes can be deter-
t he surface ra~ before leaving the surface tangen- mined in a similar manner tappendi~ B) . Several
tially. ot her remarks on the formulas given in 44) and

(4~) are in order:
(a) Numerical results indicate that good agree- 

SI ment between ~44). ~45’t . and t he exact modal SI solution is obtained for ka > 10.
0 (b) The zeroth-order term s in the asymptotic
Nj,~,./” ~~~~~~~ ex pansion of the normal component of the field

E are identical to those giv en h~ OlD: however .
— — — — —: .~~

‘ ‘>~~~,,, 
the k - I terms derived from the two approaches

c9~:~~ngent iaz component of the field. E 1. 

S

given by (45). also is different from the corre-
Q “ sponding expression based on GTD by a multaplica- S

,

~~~.,. ~~~~~~~~~~~ t ive polarization factor. Specifically.

I i 1I E ifl(45) — I : I (GTD1 (40)
I I L cos tM’~ J

Consequently, our results agree with GTD onl~ to y
t he circumferential ray, i.e., for ~l = 0. In addition,

Fig. 2 Diff ractio n of rass by ~ cylindrical beth for an axial magnetic dipole ~.tf ‘ — 0). OlD

,¼

_ _  

5 ,’
—5—— 1. — —.— ——-. _k ~~~~~~~~~~~ 
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gives a nonzero value for the field in the i~ .darect ion: Figure 14 exhibits some initial results of the
our solution predicts that this field is identically generalization of these formulas to the case of a
zero , a result which is in complete agreement with cone. In these graphs , the Hughes results have been
t he exact solution for the probLem. reproduced from Bargelio tes ci a). 11 9 7 5 ) .  It is

- ‘t ’et anot her important distinguishing feature of et ident that results obtained from the present .ip-
the spectral domain formulas from the corre- proach agree quite well w ith the series solution
sponding areas based on OlD is worth noting. ..~s w hich is rather tedious and time-consuming . We
mentioned ear lier. OlD neglects the effect of b r -  also observe from Figure 14 right) that there is
SiOfl on the diffraction of surface ra~ s propagating a not iceable discrepancy between the analytical
along smooth objects. In contrast , t he spectral solution and the experiment Thus , wit hin the range
domain formulas (44) and (45 ) indeed exhibit the of experimental error , our results agree quite well
ef fect of the torsions of rays. The explicit mani- with those published in the literature.
f’estataon of t he torsion effect can he seen very 3.3. Approach based on an asy mp to ti c evaluo-
clearly if we write these lormulas in the following tion of the radiation integral of the su~’a~e current .
form: As a final topic , we consider an approac h based

I / \ ont he asymptotic evaluation ofthe radiation tntegral
— E~.T0 

+ (M ’  ~~, )( 
~~~~

- ) — ) 
(“ p~~ expressed in terms of the induced surface current

L ~ / 2 w hich is nself denved in an asymptotic manner
ke ‘ ‘  I k p \ ‘ for surfaces with large radius of curs-atu re

It was shown in section 2 that Fock’ s theor~’4~r - R can provide us with an expression for the scattered
Ti) . , ke ~

“ fkp, \ I field in the neighborhood of a smooth convex body
= E

~’~ — t ~P~ ) t .W ) ~~) 
~ 

illuminated by a plane wave. Using this solution
an conjunction with the reciprocity principle, we

~ 
) ,f .  can find the far field radiated by a point source

- ‘‘  R located on the surface of the body. By generalizing
where T as the torsion of the surface ray - In the the definition of ~ in Fock’ s theor~’. we can also
above expression the effect of the torsion of the write the final result in a OTD format and represent
surface ras’ s has been isolated and exp licitly cx- it as a surface ray. The total field at a point on
pressed as’ additional correcting terms to the ‘GTD the surface is obtained by adding all the possible
solution for torsionless rays. We observe that these rays w hich reach the observation point P. Various
additional terms are proportional to r and are absent tec hniqucs can be used to determine the field
when the ray is torsionless (‘r = 0). as would be propagation along these rays. For instance, when
expected. the source as located on the surface and the surface

In contrast to OlD. formulas (44) and (45) are is a conical one, the field at each point can be
valid irrespective of the location of the observation decomposed into two parts:
point, be it in the lit, shadow , or transition reg ions. 

F — F F 4”)A lthough not valid in the paraxial region ((3 90°), — I

they can be generalized to work along this direction where F1 is the geometrical optics field when the
also. observation point is directly illuminated by the

FinaLly , let us consider the possibility of the source, and is the creeping-wav e contribution
generalization of (44) and (45) to other convex derivable via an extension of Fock’ s theory when
surfaces of more general nature. By “more general” the point is in the shadow region. The other term,

S surfaces we mean t hose surfaces which are not F., is the so-called tip contribution, and can be
substantially different from cylinders, some e xam- obtained by physical optics or GTD. Goodrich et
pIes being cylinders with noncircular (elliptical , a!. (1959) have applied this procedure to find the
hyperbolic, and parabolic) cross sections and coni- radiation pattern of slot arrays on cones.
cal surfaces with small apex angles. The key step The approximate induced surface current dis-
in a systematic approach to generalizing (44) and tribution can be obtained by Fock’s theory. OlD
~45) is to use the generalized definition of ~ aiven (Fock . 1945. 1946a.h: Kouvourn ’ian. 19’S) or some
in (16) . other appropriate high frequency technique. The 

_ . ~~~~~~~~~~~~~~~~~~~~~ - — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~ .
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Fig 14 Comparison between speciral domain results (CII. modal .ippro3ct’. Hughes . and expenmenial measurements HU5hCSI.
TI’ . (‘I results are denved from a generakzed vers ior. of 441 and S 4 ~~~ ~or a cone The Hughes results have been reproduced
j r .  8ar~e/io ;es a al. l’’~’~! and are based on .i modal series of 13 term s All results are tar .s 2 radial slot on a cone
ot -angi e IIJ~ ~Lcft ) 0 — ‘~~~ cut. Middlet a — 2~(~ cUt . tRighit a — 3cf cut illustrating the discrepancy between theoretical

iHughes) and experimcniai Hughes) presuitablv att ributable to espenmencal error

indu “- I surface current due to a magnetic dipole QP and some reference direction at Q. Unit vectors
on a perfect ly conducting circular cylinder and cone along the constant parameter curves & and 3 are
has been calculated by Chang ci a!. [1976) . and locally orthogonal The unit normal to the surface.
Chan ci a!. [1977] whose procedure is based upon ii . is given by ~i = & s (3. An element of length
an asvmptot icexpansion ofthe exact modal solution in this coordinate system may be written as
to the above-mentioned problems. Lee et a!. [Lee
and Mitira . 1977: Lee and Safavi-.Vaini . 19781 have Us’ = di,’ .- G d)3’ 4S)
treated t he same problem by a method based on The radiation integral for the scattered far field
Fock’s asymptot ic solution of the problem of a can be written as S
sphere [Fock , 1949] . These expressions for the
current distribution can be used in the radiation P ~~se faO OT ‘Of l ’

integral representation of the far field. R

The numerical evaluation of this integral is a /
formidable task, especially w hen the frequency is
very high. Thus, it is highly desirable to have an
analytical and explicit formula for the far field 7 ~ex pressed in terms of the surface current. We now 

/

discuss an approach for accomplishing this task 
/ ~

, S -

~ re~~enc~~~’

source located on the surface of a smooth, conduct- Source
ing. and convex body of an arbitrary shape .

Consider an arbitrary smooth convex surface S
shown in Figure 15. Let a magnetic dipole source

- be located at a point Q on S. We parameterize
the surface S introducing a “geodetical polar coor-
dinate” system with the pole located at Q such o

t hat an arbitrary point P, on the surface is defined
by a pair of numbers (o’,~3), where ~ is the arc Fig 5 Source radiation in the presence of .i smooth ~‘onsex
length of the geodesic QP1 and ~3 is the angle between surface. parameter ized t’~ geodetical polar coordinate ss ste m

- . ,~~ ,. .~~~ , - A ~~~~~~~ . - . .- ~~~ _ ,__________ —~~~ _________________________
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where R is the distance betwee n .10% roin f on the ‘~~ 01 
~
) Isu rf ace and t he observation p~ ant . In the geodet ical / 

S

polar coordinate s~ sirm. we 
, . S 3 . Sco mponent of ~49t , .s,is tf . in terms of .i doub le ~ — I I. , ( — I I

int cgr,il ~‘l the following general toirn where

t’ t’ i t t  R ‘ ‘ I’ . — r.idius of curva iiirc ~ii the iiCI)dCsi~‘ I I j~ ~ j ’~ - \ (. do d((— I I ‘ ‘ 
i’ , — geodetic radius ~ I ~ur ~ .iture

I ~ ‘
. 1 ” coef f ic ients of I he sccoti ,l I undamen i a I

torni of Ihe sI i i t , i~~C (.‘i’) S -

w here we have assumed the fo llowing for m fo r A geometric interpretation of these parameters S
t he surf .ice current. lt ,is been altustr.iied in Figure I ti It ts e’. adent t to rn

t his figure t hat j~ i, R R t 
~~~ 

)j ‘ is simply theJ(! ’~ I — ~~~ 1 e~~
( 

~ -~~~~ ‘ .I. ,)~ 

~~ 
divergence (actor ot the ras s teas ang the su itace

A — ,A - A — ~ rt S . 4. ‘ 0. A < A tangenti .tlls .11 the point of diffr action. In using 
—

S 

. formula (SM, we should hcar an mind that the .artous
where tI!’ 1 is a relat ively s lowly .ir~ t og function ternis in - 

, and 
~
‘ arc not ot the ame ~ Cwhen A, the free’spiace ss as e number , is Large . I hi~ l:ore~~amplc. an the deep shadow . J , ise~ ponentaal1~assumption is based ai1aon .i c lose scrutiny o f dit- 

larger than J11 -fer ent ~is~ mptotic formulas gt ~ en fo r the induced •I’he formulas gaveta in (SM have been tested ,tn,t
sur fa ce current. compared with other available sol utions An impor- SWhen the obsers .Ition point 1’ is located in the tant duston dersved from this comparison iss li,idoss region, t he main ~ontrthution to s))) cOll i es t hat although the method of radiation integral is
I rom .1 small neighborhood ~f the stat ionar~ ~~~~ based on lc~s restr ictive assumptions , it is perhapsof the infegrand . and t he s t .I t io n~i rv phase mcthod 

~~ .ac useful .as the spectra l domain .approach S

tot multiple integra ls l ‘haki ’ 1’>ta~ . .Joni .r ,flhii k !,‘,c , 
because the stat la snarv point of the phase of the

is app li cable. l’he ~isvmptotic expansion ~~ infegrand in t ~~ is of the second order and, hence.
~4g) has been derived up to the order of t he asymptotic e~ pansaon of thus integral con-the details of calculation c.an be found an ,appendi~ 

-

A’ . the I’inal result is

/S - 
f ~~~~~~~~~ ) i t . ( 5 I 014 ‘ I~~11

wh ere 
S -

— J _ i~_ 
S - - - ‘‘ ) S t l  

S 7 

-

“ 4 ’ 
. R t R  4 ~, 1
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1

s - 1 tSuh

( I ) , A ~ Ii’. iR i 1’ , R~ 
• e ‘

~~ ~~~~ 
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-

i ’ ,. — c ‘ ‘
~~~

‘ Ill ~l 1 ( 1  / 3) 1’ .. ~~~~~~~

C 1t t ~ l~. t ) I ( l / I i \ ‘,
& - I , P. ,ind .ire dependent upon geonietrl~ proper 

-ties of the surf ace at the st.st lonar\ point which i
urns out t o be exa ct l y  the same is the - ‘point

L 

~ f &l if t r.t~’!ioia ’ - of ’ surf ~tcc ras s l’he qilaint it les - Fig l~ t5 utTraviion ‘i ras  * isa a smos ’th ~oiis ~s tso*Is and S

ii , ,itid ( ‘ .ire given hs geometiis meaning .‘t qiianhilie* 
~‘• . ~~ . . .iti~1 .5’
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verges rat her slowly except when L. 1 1 , is ser v large of’ the two numbers v . and v .  t’ a. s .a ’ . i . q is

~=4I) or more). proportional to the attenuation suffered hs an elec-
tromagnetic wave generated by a source located

APPE:NflIX S Iu ) i - k I- I ~ & rUINS at reduced height v above the surface of a smooth
In studies of- radio wa s e propagation around the convex body, when It reaches the observation point

earth hs Van der Pol , Bremmer . Prvce. Fock . and located at reduced height v , above the same surface S

others. 
- 

and also the later studies of dif ’fract ion ~~ 
t is the reduced distance between the source and

electromagnetic waves hs- certain bodies of revolu- the observation point along the surface , and q is
lio n [ , \u-Itoi.o,n 1910; ian der Pal. I9l~ . f93 .’ dependent upon the impedance of the surface. Let
Pri ce. 1953 . Fad,. 1946a.h . t . Wait and Conda, us consider some useful limiting cases .
l~ S9 ; Wait, I95Q . Belkina. l94~; Gorzainov , l9~8• When ~i- = v~ = 0. then i ’( ’ u, O ,O,q) is denoted
tac k e a! , l95 ’, Rice, 19541, a class of universal by I,,, w here
functions was introduced which can be used to - / \ 5 r - “predict the amplitude and the phase ~f the reflected V~~S q 1 = s— . - dt
or dif’fracted f ield by smooth convex surfaces [L a-  ~ J :(~

) 
~~~‘ : I~~I

gun and }‘ee. I%2] .  An exhaustive treatment of ’ (A ~ I 
U

t hese functions which. an general , are defined as
Founer integrals having combinations of Airy inte- We also have
grals in their integrands . has been earned out by , ,, \ I 

~
- - .. , -

‘

Logan 1I95~] (see also Bowman et a!. Il%9) and v ( a I  = I ( u ,0) = — 1—-- )
Logan and } ‘ee [l9o2J I ~ \~ / j  - W .(1 )

Since the f’irst extensive application of ’ t hese
functions to diffraction theory was done by Fock -

many authors named them after him Here we list UI U — lim ;uq t ,(  t .q l j

oni the most important formulas and expressions 
- -f’or t hese functions without going through the details 

= ~~~~~~~~ ~~‘ 
C u5~~ t )  

WIof t heir derivations. We have followed Logan’s set 
~ 3 w I t )

of notations for these functions (Logan. I~)S 9 ( .
However , since his time dependence ‘t’actor, exp When I’ = 0 and v . ~~. then —. I

5 (— Iw o , is different from the one we have used I c -“
throughout thus paper , namely exp(s-jw fl . our cx- ~~t i .~I’l = —

~~~~
‘ - — dt I ‘5 5 1

pressions . listed below , are conjugates of w hat have ‘~ tT J ( o )  — ,JW : (1)

been presented by Logan and also
We start with general definitions. Fock’ s most

general form of the “Van dci Pol—Bremmer diffràc- . I ç - e
lion formula” is 

/ ~ 
- 

g O ) = I~~0.O( —
~~~~

- —
~~Jt 

~ 

,, 

1S\ t 1 I

I’ ( r ,v 1,v ~ .q) ~~~ex p ( j ~~ , 4 I (  — I  e “ w . ( l — s j  ft s = I i m t - -- q C (.s .q ) =  ~~~~dt I ’ 5~~\~~ / j  _ 
‘ 

~~~
- ‘  \~~ J w~tt1

— q v( t) Based on (A(s ) and tV’~. a class of functions
V4’ — ~‘ — 

w~~fl — qw~(t) ~
‘:(~ 

i , )j dt CA l )  can be defined:
- 

where 14 W. w 3 (t ). u(i), and v(t ) are Fock-type Airy .,, (“f l’ f i e “ d’Jt e )  
-

functions , defined as — 
i .~~() 

U: = —
~j-~

- --—

-
. 11(C) — N -

~ Bit t) .  s ( t )  — — . 4 . ( t ) ,  t — i ) ’ C t ’e “

= — I —dt —
w Ill — 11(1)  4- f y 1 1 ) ,  w~(t )  — 44 , ~~1’ 

~ 
) ,- w ( $ ’) di ’

We note t hat w and w. can also be defined as where I is any path in the complex z plane which
in section 2. v - and v are the larger and smaller comes from —~~~ in a sector defined h~. —

_ _ _ _ _  

-J -

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
- -, .____________

-. - ‘ —
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.ir~ (t ) — f t . and ~ i’Cs to in the Seci ’l 5 ‘~~i — I I ~~ — ~ 4~ li~i I I
arg(t) ~ ~ 3. In what follows , we will gise t he 

I4I~ • ~~~~ I~ ) 12 Isuitab le formulas for f ( U and .~ a ) In d~f fere nt
ranges . Tabulated va lues and grap hs of ihese Iun~ ~ ~ I . H ~~ — . •

~~~ 
I 2 ) 145

uons can he found us the work ot Ht ’Ikin ~ ( (~)411I . ‘ii • l~~’~~ 
, , 1.354.) I~~I (

5

Fa~~ I l94(sa,h.ct .  and l ogan ( l O S Q J
When a is ers large and neg.it ive. the fol losa in~ Wh e n a is  la rge , and pos itive residue series can

as~ tnptot ic expansions to t  r I s )  and s~t U call bc used he used to compute ‘ and .~( l o g a n . 
~~~~

- 
—
, I’ I

s I j  I ‘I’s ls ~5 ‘ ‘III — C 
-I i(  r 

\ I~~i
i~ a ) — - ..iic ~ I - — — — 

S r —
I, 4i 2 i ’ ti-i a It ~~

’
- 

‘
, V . ) ’ ‘ e~ p ( r _ ic  — ‘I

1 1tS I ~~ 1 ,~‘
‘
~~5 I C -

- — -- - —— i. (A l l ) )  
~
‘ -Ii i ~~~~

1024 i .1

/ I -Ro~ SIlO S 
where 4 i( —r , 1 — 0 and .4, ( .  r , ) 0 for p

5) - 2e ‘ 
~ I — ,

- + -—
~~~ .- l ._ ,L~, . S SI, 4t  a t i i  t i 4a

- I f  2 2121  ,%I’PI N DIX K l ) ER IVAI ION Of - 1 441 SNI1 4 ’ l

l0 24~ ’’ 
— - - t . ’ 5 f  I) 

Here, we consider only the derav ation of ’ the
asvtnptotic expansion of af~ for .i circumferentia lThe above formulas ,Ire valid and accurate for mi~gnetic dipole In this case . ~t’ mas he wr it tena -t. — I For moderate values of ’ a , namely , — I 
~~~

. 
S

— a — I. it is dif ’t’icult to find an appropriate
expression. A lthough there ,are sonic anal~ ttca l 

~~ .ç I e
techniques such as the stationary phase method ~ ~~~~~ Sf -A , - - - (Rh
or f he Poisson summation t’ormuLa which ma’ be S

used to evaluate 0 ’” and a” for these values , anot her where
possible way w hich is probably easier and more
efficient is to interpolate the tabulated values of 

~(A I ~~~~ tA p I 
1)21t hese l’unctions in this range ,~~~ ~~~~ .3 )

In the vicinity of zero ri 0’), the las for -- - 
S ‘~ppIving t he \~atson transformation to t B - )ex pansion can he used to calculate I and g The -

coeff icients are given by C i i ’ ~& 
~ 

‘~~

S~A , = - 
. —

/ . ‘ .‘ ‘ 2 
~‘:(~ , ~iI Sifl i T t

10) = e “ “ ‘ ‘
‘5 

~ 
(~

‘
~

“
~ I ~~~~~ .

a’. here a. and 1) .Ire shosa n an 1 igure I . Or.

2 
\~~~~ (~~ 

4n — i I ‘ - cos — .10) fl’ ’ tk ~.)1 — - - - -  

~ 
di- 1B4 1\ .‘T t  ti 4 

~in(an )  
~~~

‘ )
~~,

~0) = e (3 r)s .  

S 

~~ Substituting the expansion
— — — S S  

cos i~~r — ‘ .10 , 
—

/ 2 \ ~ 4n — 1  I _ -  - 
~~~~~~~ 

‘c~ 
‘‘ . . .‘- - ‘ ) B~

)
I - — J r (  2~n — —. — .-\I~

) ~ai% ’ ¶T

\~~~I \ Ci 4
where di, — di and di. — 2~r — .~‘ . in (B.)’). t he

w here ~i ~~~~~ is t he generalized tau funct ion, result as-ill be:
—
, 

~ 
I) ’ ., f HS :~~ A 

~~~‘ 5 ) —  “5 — . I %14 )  .5’~4 ) ‘~ ~~~ I . c ‘ ‘ ‘.  ‘ di IBMIn ~ ru) ’ 
,_ ,  _, , J — 4 4  .0

S ~~~~~~~~~~~~~~~~~ ~ 
-

S .‘~~~~ — . —
‘~~~~~~~~~~ - - -



SO1’RCE RADIArI0N 233

where

iTt t k . i  21 ’

I) = A , I~ .J I. + 2~ / — 
~~ 21)

= ~~‘~~~~ S +

Introducing a new integration variable 11:

k . = k ~~in o  ( Hi l l

- - . . A , = A cus ’.~ t B l2)Fig I Paths a. sitU 1) in Wats on transh)rniCiion
and

Each term of the above expansion is associated
- S  1 = tan ‘ I ) ,J)4 * ~ -T ! — -r ‘)l } (Billwat h a - creeping wave trave lling in a counter- . - I -

cløc kwise ~i = I) or clockwise (I = 2) direction we have:
around the cylinder. Following the ray concept ,
each creeping wave appears to be travelling along IL kR ,cosI~

(., — at )  8 l4
a specific surface ray. Now , as p ~ (far zone~ wherefor each fixed i’, we have [.4 bramowi:: and Stegun ,
l~ 701 : R (: (p * a(a ~, + 21r1 — n , 2)J )

. / 2 \ , Now ~Bl0) takes the following form :11’,”I A , p )  — ( —— J e “~~~~~~~~~~‘ •S  (B r )
\ i~k,p / 

wi (1’. / 2rr m 
-

On the other hand, it can be shown that the 
~~~ ~~~~significant contribution to S(k 1 I comes f’rom a small

neighborhood of k ,a, In this neighborhood, where , ç ‘ç doe ~~~~~~~~~~~~ 
- ‘ “ a / ,~~~,,

)k ,a and i are large and close to each other ( I k ,a 
~~‘ — i’J ~ Ii’) ’ ‘). t he Hankel asymptotic expansion 

BId(87) is no longer valid. In this case. it is necessary
to expand Bessel functions in terms of Fock~type ‘y is the path of integration in the complex a plane.
Airy funct ions. 14’ (t)and w.(:), and their derivatives which is shown in Figure IS
(Logan , 19 59J : Now we deform the path of-’ integration into the

— steepest descent path. SDP. passing through theH~” (a) ( j  ~‘ PflN IT ) ( W . ( t )  — ~l (i(bn ’ )(4t i t ’ , (t )  saddle point of the phase of the integrand. Perform-
* t~ w~ (l ) J  + IBS) ing the saddle-point integration, we can derive the

H’~’ (a ) — ( — ‘ , r n~\ ~~) ( w~ (:)  + (I tiOm ))4 tw ~ (t)
lm ( a I $

~ (6 — t ’ ) w 2 ( t ) l  + . . )  (B9)
where

(_) I i

, = (m is ae ry  large) -~~~ 42 
e1Inserting (87) and the first-order terms of ~B8)

and ( 89) into (86) and (B I), we obtain

~ (wrM ~,’ (2 w)~ J (2IT plc so~
‘V 

- 

dk, e 1h1 ,,:,I i.,, ) — — - - 
~8lO)

— i  . — .  — S Fig. t8 Steepest descent path ISDP~ far integral ISV)

- L__~~~~~~’ ,,j,,j~ a - - 
-- ‘~“°~~~~‘“ ~~~ 

—
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assmplottc expansion of (8 151 for large AR ,1. The where
- 

first-order term is 
S

I I I
Wi 

e ’ ( __ -) ‘V ‘V (cosf3 ,,l ‘ 
= 

(ku ’ . , , ) ’ t ) kb , , . ) ” 
e ” ” , ‘ ‘

2ir k ’  -

= exp [ J I T ( A ,, + p)/ t25) I
e .N -

( BIb) 
~ = ~~ ( j ’rr , (28)( ((A ,, + p 1(28 + C ‘ I — 28( 1

where R~ ,snd ç,,, are the values of these parameters ~ = exp (p~~i.,, + q I . ’ t2ri) S

at the stationary point specified by o = 13,,. Equat ion 
-‘

~Bl6) is the creeping-wave representation of the ~ = exp ( (JIT / (2-T) ) [~p.,, + q)( 2 ’r * C ) — 2-r ) }
far field. If the cylinder is large (ka ~~ I) and -

di) is not very close to ft . then only the first term g , ( .a . v)  = g,, (x — ,) ‘( a  - V )
3

= 0, / = I~ has the most important contribution
to the total infinite sum, and the other terms are —

not significant. Neglecting the other terms, we P(a .v )  = ‘$“ a,,,,(x — x , ) ”( v  — a’ , ) ’

obtain the result given in (44 ) and (45). It should ““3
be emphasized that (44> and (45) are not valid when 

—(3) is close to ir/2 (paraxial region) because, in Q(t .a’) = b,,, ( x  — x ,) ( a ’ — y , )

this case, k ,a is very small, and (B7). (85), and =

( B9) no longer apply. “t ’ —

The other formulas can be derived in a similar .4~ = g,0 — g.~1 l(A , + I)a 0/ b + b 1 0 / i J
manner. 

S

= — g, (a 51/ 8 + ((L 3 + l ) b 0 , / i j  S

APPEND IX C. ASYMPTOTIC EVALUATION OF
RADIATION INTEGRAL In order to apply this procedure o the integrals

Consider the following double integral: of the type (50) for which

1’ f d$a.y) = —fl ( r .)3 ) = — ( R + ~) (C4)
L ‘ (A)  )

~ g(x .a- ) c ””” ’ d.adi- (Ch 
—.1 ° J g(x .,v )  = F (a .f3 .P ) ’5 .  G / R  (C5)

w here g(x.v) is rather slowly varying, and di(x,.v )  When F is one of the components of J(l — RR).
has a stationary point ~.r , .y, ) inside domain D. The one should first determine the stationary point of

• objective is to derive an asymptotic expansion for 
~~~ wherein ats first-order derivatives vanish. The

(Cl) when k is large. second step is to compute the various-order deriva-
Suppose g and di have the following forms around tives of IL J, I~ at this point. and then insert

(a , ,a- ,): them into (C3). We give just the main formulas
- ‘ needed for these derivations. Sg (x .y) = (x — a , ) ”  (y — a , ) ‘ g V . v ).  k 0.1r , > I 

Suppose the surface of the body. .a(a43), ist a b(a . v )  = th( x , .v , )  + a, ( a  — .a ,)’(I * P(.r . ,a- ) l  parametet-ized by a geodetical polar coordinate
b - I + ~ ‘ (C’) system. As discussed previously, in this system,-

~ . (a ’ — a ~ (x ~ a is the arc length of the surface geodesic connecting
Chako [l965( has derived the following asymptotic the pole Q to .~(a43), and (3 is the angle between
Series for U: the geodesic and some fixed reference geodesic

- at Q (Figure 15).
( 1 (k )  — B,,~~

’ .1,,,(n 1 + a1)(13 1 + 
by 

element of length in this system is given

+_~\ r(~” + q I I ds~ = da~ + G(a .~ ) d13 (CM
o / \ ~ 1 (ka 10~ (kb 0, )~ 

- 

Let us denote d i (u )/ du  by i,,~ then we have the
(C3) following set of relations

-‘a ’

-~~~~~~~ a —
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5 15 - ‘ US  ~3p Using the relationships given above, one can find
_______ — - - a., L” i~ t he expansion coefficients g

~,, a,,,,, . h,,,,, , and .4,,,,2
in ((‘3). Zeroth- and first-order terms in (C3) give

— ~~~ ~ ‘1, 2(i ) i., I.”’ , (CS) us forniulas (52) ,
= 

~~~a / P ,  (c9l -\ few remarks should be made concerning the
expansion presented in (C)). E i rst of alt . ( C3)  is

where a , at and a~ , \ G  = (3 are unit vectors a doubly infinite series: therefore , for each l’ixedalong (3 = const. and ti = const, curves, and power of A 1 a finite number of terms should he
— summed up. The coefficients of various terms inñ — (i,, * ~, 1: \ G t( lO) 

t hese finite sums, namely A ,,,,’s , become very
is the outward unit normal to the surface. Another complicated when p and q are greater than 0 or
quant ity of interest is the “geodetical curvature ” I. Another difficulty with this series is that when
i~ given by the stationary point of the phase is of an order

higher than 1. t he difference between the order
K, — (ôG~ ,la)/2G (CIII o(~ the successive terms (when the~ are ordered

Using the above relations, we can derive the according o t he descending power of A ) becomes
following expressions which hold true at the sta- very small, and consequently the infinite series
t ionary point: converges v ery slowly. For instance, in our problem

w here 8 = 3 arid r = 2 (stationary point is of second
I — ~~

. ,~~, — 0 ~CI2) order), sometimes t he difference between the orders
of successive terms is I, “, which indicates the p

—
~~~~‘ ~ .• 0 Cl3) 

weak convergence (in an asymptotic sense ) of the
I expansion in the cases where the frequency is not

— = 0, — — 0. — G — (C 14)— (
~ ~ 

) very large. 
‘
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~7al3
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— + ~
. — — (C 16) received from the pioneering works of H Bremnier on a wide

~)3~ao R~ R 2 p., “anety o topics related to the propagation oi electromagnetics
waves These include the desSelopmeni oi’as~ mpiotic tec hni.~ues.

a’[) 3aG/a( 3 aG ~G i radiati on of sourc~s near sphencal earth, the application of
+ — — — + L” j~’’ transfo rm methoda. and man’, more fundameni.d contnbuitons— 
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S AC~.JRACY TESTS AND :TZRATrTE PROCEDURES FOR EIC~ FREQC~~~C!
AS’?~1PTOTIC SOLUTIONS - A SPECTRAL DOMAIN APPROACE

3.aj Mittra and Mark Tew
University of tilinois , Urbana, Illinois

ABSTRACT

n this paper we describe three procedures for evaluating the aLcurac~ of high
frequency as~~~ptot ~~c solutions . lye of the tests are based on the spectral domain
approach while the third can be implemented either in the space domain or in the
spectral domain. A method for improving the so ution via an iterative Drocedure is
also presented .

INTRODUCTION

~Ligh frequency asymptotic solutions of the wave equation play a ver~ ioortanc role
in elactromagnetics and acoustics . For by  frequencies , the tntegral equation
formu,lat~on combined with the method of moments provides a convenient approach for
solving radiation and scattering problems . Eowever , because the matrix size required
:o handle such problems becomes too large above the resonance region, one ~s forced
to see k alternate means , such as ray—optical techniques , for derivIng asymptotIc
solutIons in the high frequency range. UnlIke moment method solutions which are
numertcally vigorous, as motot ic solutions are approximations , and as such, pose
problems in evaluating theIr accuracy . The problem of assessing the accuracy of

S asymptotic solutions has come under investigation only in recent years [11 —

Presented here are three procedures for evaluating the accuracy of an asymptotIc
so lutIon by ~~~~~~~~~ its effect  on sa t isfact ion of boundary condItIons . tn
addit Ion, two of the proposed tests lend themselves for use as an Iterative equatIon,
of ferIng the possibility of systematic improvement of a proposed solution .

ACCURA~T TESTS FOR AS!~~~TOTIC SURPAC! ~~Z LS

t”;o of the accuracy tests to be discussed deal with the problem of a mai netlc dIpole
radiating in the pres ence of an Infinitely long, perfectl’s conducting, circular
cylinder. This problem has received increased attention in recent year s because S

of the insights it provides into the performance of slot antennas on curved surfaces.
~~owledge of the induced currents , for example, allows the engineer to calculate
mutual coupling between slot antennas in a con,formal array or to accurate -’ ocmoute
far—f~~ ld pattarn.s from a singl , slot or slot array . Th. exact nodal solutIon to
this problem (5 1  — (~ 1, vh~ch is in the form of an ~,n,fInita serIes of Infinite

‘ Integrals, converges so slowly as to make its use Impractical for nunerioal
calculation. VarIous ap~roximace sol’.atlons , more suitable for n~~erioal ccmoutatinn.
have been proposed (7] — (11 . Ta~o of the solutIons , ~~ — t~~, are de;I’sed frcm
manIpulation of the nodal solutIon. These soluttons are denoted as As~~vtotic
SolutIon — 1 (AS—l) (7]  — t 3 1 ,  and Asymototlc Solution — (A S— ) 

~~~~~ , 
based on

their chronological order of publIcatIon . The thIrd approximate solut:on ~ 
—

~LI~ is based on a modifIcatIon of the work of ~
‘ - A .  Foci:, which addresses the

problem of radiation on a s phere and is denoted Asymptotic Solution - 3, or AS’-,~.



The nex t section describes in detail the three published solutions and gives the
appropriate formulae . 

S

?ro~osed SolutIons to C~’lInder Problem

Figure la preients the geometry of the problem . An InfInitely long , ~erfect1v con-
ducting , circular cylinder of radius R is located wIth the cylInder axis coinciding
with the n—axis of a standard o , ~~, z cylindrical coordinate system . An infthl-
tesimal, phi—directed , magnetic dipole is located on the cylInder surface at ~‘ ‘
given by the coordinates R, ~ — 0, — 0. The H—fIeld on the cylInder surface
is observed at a point ~ located at o — ~~, ~ ~~,, — :,. The proposed solutions

are ray—type solutions , and the surface fields are dependent on the geodesic path
between Q and Q’ defined by the surface path length , s, and n v  angle , ~~. measured
from the ~—axis to the surface ray . S

The cylinder is a developable surface and a geodesic path ott the cylInder surface

~ecomes a straight line on the InfInite strip that makes up a developed cvl:nder.

FIgure lb shows the developed cylinder and introduces the local n ’, 5’, t ’ and n ,

~~, : coordinate systems , where n ’, tt are the outward normal to the surface , and
are tangent to the surface path at the source and observation :‘oints respec—

tlvelv (b’ — t ’ x 
~~~

‘
, b — t ~ n). Both the AS—i and lS—3 solutions give the surface

field In terms of fields parallel to S and n as

i (Q) — ~~

‘ 
‘ (b’ba~ + t ’ tH~ ) (1)

where M is the magnetic dipole moment. In thIs section a circunferentially oriented - -

dIpole is :reate~ , i.e., M — o. For this case , conventIonal H~ and H f Ields can

be found from and 
~~ 

using the relationshIps

• cos H + sin e a5 (:~
)

H — sIn ? cos 
~
(R
~ 

— Rb
) - ( b ~

Each o~ the proposed solutions gives the surface H—fields in terms of a combination
of “!oc. functions ,’ u(), v(~), and v1(~) and their derIvatives u’(~~ . v ’~~ ), and

v. ‘
~~~~~~ “ , respectively . Is a normalized distance parameter given by — ~~~~~~~~~~~

where k is the wavent~ ber, R is the radIus of curvature in the direction of t

given ~~ ~? and sis the path length , s a (R~~~ + :. The radIus of

curvature in the dI rec t Ion of b is also employed and Is given by 
~;sin~ ?.

The AS— I solution as tested gives the surface fIelds as

a.(Q) — v~~~ 1 ( s ~

H (~ 
- 

~~~~~~~~~~~~~ ,t

where ~1_ of ~3b) differs from the R~ given in (7~— 3 ~ Sw a factor of : ~this ~..s
1cr~’ so that as k — • the R o f ~3b” recove rs identically the C.~s ’~ 

- t erm of the
:<no~~ exact so .ut:on~. The AS-.’. ~Oiut1ort is ~i”en ~~~~ 

- S

- — -.

H



_  - S

~~ 
- 
~vC~~~sin

2 + ~~ — ~i. - 3 sin2 
~

)]ks (4a)

~
- (i-) sec2 9(u(~) — sin

2
~’v1

(~~)j  C(s) S

- —sIn 9 cos e v(~ )(1 — 
~~-]G(s) (4b)

for the cane of a clrcum.farentially oriented dipole. The AS—3 solution gives the
surface fields as

S Eb (Q) - {(l — ~~-)v(~ ) — (1 )2u(_ )

- 
(ga)

+ j (5 kR
~~~
)

2’

~~

3 (v’(~) 4 (R
~

/R
~

)u ’(
~

)] }G(s)

H.(Q). - (f-) (v(~) + (1 — ~u(~ ) + j  (Ii 
~~~~

)
213

u’ (
~) }G(s) . (5b)

In Equations (3)—(5) , G(s) — k2/ (2vj r~) •e ’~~~ /ks , where n is the wave impedance of
free space.

In addition to the three published solutions, a fourth solution has been constructed,
whIch is a modified AS—i solution and is denoted AS—4. The AS—4 solution is given
by

a5(Q) - (v(~ ) — j/ks — (l fks ) 2 1G(s)  (6a)

E
~

(Q) - (2j/ks)[u(~) — j/ks]G(s) - (6b)

As 3 goes to ninety degrees (a ray propagating down the cylinder axis), Hb becomes -

identical to and the solutions reduce to

R~~(Q) - C(s) for AS—i (7a)

H~ (Q) - [1 - + ~~ )~~~
Z

e
u1

~~~ ~~~~~~~~]G(s) for AS-2 (7b)

a (Q) [1 — — (1 )
2 

+ 3 (~~ l/2 _
~1T/4 (ks ) 1~~~G(s)  for AS—) . ( ic)

4 ks ks 4 2  kR

and — (1 — 4~~
- — (~j-)

2]G(s) for AS—4 . (7d ) S I

The four solutions presented here embody some important differences . FL~ example,
as kR -

~~ ~~, both the AS—3 and AS—4 solutions recover the exact solution to the
problem of a magnetIc dipole radiating over a ground plane. The AS—i solutIon
recovers the ks~~ terms ; while the AS—2 solution recovers both the (ks)~~ and (ks) ’

• terms , missing only the (ks ) ’3 term. Since these d~ ffarences Invol’-:e terms that
have significan t contribution only for very short path lengths (a < la), these
differences are referred to as “source—region” differences . -

.ong—path length differences are most apparent along theta equal to ninety degrees .
_ l,1

Ret-a, for large s , both the AS—2 and AS—3 solutions vary asymptotically as (is) -
, 

-

while the AS—i and AS—4 solutions show a free—space—lIke attenuation of (ks )~~~. 
-

. 

- :  _ _ _ _  - S - 

- - S
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The accurac’, tests presented are closely examIned to determine tf they can discrim— 
S

m ate between the various solutions . An accuracy test which relies on the entire
solutIon being correct is termed a global tes t .  That is , a global test Is not
associated vith any ,arttc~ lar regIon of the proposed solution, but tests the entire
solution. A test  whIch is associated with a region or a point is termed a local tes t .
A Local test , then, would be able to discriminate between the AS—2 and AS—3 solutions
even though their source region forms are identical , because of the differences in
the long path length behavior.

S 

~~~~~~ z-~izi~ rEsT

- 
In implementing an accuracy test , the best approach is usuall’ to compare the
approximate solution to the exact solution. As stated before , computational diffi-
culties with the exact solution preclude that option in thIs case. If the exact
solutIon is unavailable for comparison, then an accuracy test can be formulated by S

determIning how well the approximate solution satisfies boundary conditions fat the
prob lem — in this case , the electrIc fIeld boundary condition at the perfectly
conductIng surface.

The most direct and attractive method of determIning the surface i-fIeld would be
S to compute the normal derIvative of the H—field. t nfortunatelv , the asymptotic

so lutions are valid only for points on the cylinder surface , so that such a direct
computation is unfeasible. Accordingly, an Indirect procedure nust be used . An
indIrect evaluation of the surface E—field is conducted in the following manner: S -

~ach of the as~~Ttot ic solutIons predicts the H—field on the cylInder surface.Through the use of Maxwell’s equations, the surface H—field can be related to the
- j - 

surface E—f~eld and the boundary condItIon checked . tse of the spect~~~ of the
H—field Instead of the direct surface field makes analysis straightforward and
allows use of a Fast—FourIer Tr ansform (FTI) algorithm for efficient numerical
calculation.

S The test proceeds as follows :

1. A cylindrical transform is defined
• 

3
~

(n ,k
~

) a 
~~~ f d~ 

‘ dz H ( ~~,z ) e~~~~ e 1’~z -

Electric and magnetIc vector potentials are expanded with unknown
coef ficients S

A l  f ( k ) 
_ _ _

— S 1 • • ~~ ~~ -~ -

~ 
• - ~ -— e~ J H’ (pv lC—k ) e~ d: . (9~F

) 
.~ T U~~~~ __ n Z

Observ, that n and k are “transform varIables,” k is the wavenumber, and is

the m_c_ order Hankel function of the second kind, represent ing an outward—cravelin~cy lindrical wave . For future notation, the complex variable ‘- is used to replace
the radIcal in the arg~~ert t of the Hankei functIon, •

3.  Through the use of

H — - 
— F -

~ l’~~~u ~‘ 7 F
0 0

one may determine the unknown coefficients f and ~ in terms of the transform of
the surface H— f I e l d  as - S

H1



- ak -
f (k ) — (2) [H

~
(n ,k

~
) + —~~~~ H., (n,k ) ]

ti ~ H~ (a) -

-

g (k5) — 
~ (2) H (ri,k5

) (11)
(‘FR ) ~

where H ’ ’ ’  is the derivative of the H Hankel function. S
a a

4. ApplyIng
S 

—~xY — + 1/jut0 7’7.i~ ( 12)

I 
permits computation of the surface H—field , accomp lishing the desired test.

The above procedure can be condensed into two steps of actual computation by S

combining Hquations (9) , (10), (11), and (12). While the resulting expressions
S appear to be complex, this two—step procedure is significant because it essentIally

involves only a two—dimensIonal FourIer transform, modification and combination of
the transformed fIelds, and then inverse Fourier transformatIon and su ation of
Fourier coefficients. The analysis is computationally efficIent because the FFT
can be used to evaluate all the integrals Involved .

Practically speaking, the greatest difficulty in the above procedure comes in
accurately determining the spectrum of the surface E~field. Both the AS—3 and

AS—4 solutions have ii~
2 

and ~~~ singularities, while the AS—i solution has a 1/ssingularity. The “peakiness” of these fIelds means that special care must be

taken in using the TF’I~ to determine the spectrum.

One attempt to overcome this problem involTed raising the magnetic dipole slightly
S above the cylinder surface so that the field was no longer singular , but had a S

finite ~eak. A.fter this step had been implemented, a convergence check of the ~FT
integral showed that the FFT was able to handle the 1/s peak correctly with reason—

able sampling rates , but the ii~
2 and ~~~ peaks yielded erroneous results. Further

measures were necessary to achieve a reliable test of the AS—3 and AS—4 solutions
(fo r a reasonable computer size) . S

The key to achieving a reliable check of the AS—3 and AS—4 solutions lies in
recognizing that the singular form of the source region is that of a planar case ,
and that the singularity has an analytic transform. Spec if ically, the p lanar
singular ity can be expressed as

______ 
32 2 —jks

— ( ~~k ) e
~ s 2vnjk 3 2 (~~ )2 • s

(13)

a • _____ 
3 2 e iks

)
a s 2~n,jk ~3(R ~ ) 3z  s

~ ,
where s is the path Length given by s /+ (~sY+z , and Is the height of the
dipole above the cylinder. 3ecause the singularIties can be expressed as derivati’ies ,
theIr analytic transform is obtainable and is of the form

_ _ _  
t ie  - 

.

~z s  2’ri,jk (- j—) ~~~~ (~ 4a)

I —- 
____

~~~II~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ •S~. ~~~~ •~S•~•S 5 ~~~~~~~~~~~~~~~~~~~~~~~ ~•_•‘SS•••••~• —— 5 -— - -
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5,
—j Lv k — ( n/R) --k

— 
~~~~~ ~~ - +  k )  _4~. !_~

_ — 

(l-~b)

‘k — (n/R ) k

where Q Is a constant.

The total fIeld on the cylinder can then be expressed as

. 

~~~~~ ~ 
HDIFFER~~ CE

(Q) (15)

where F(Q) is the total field as pred~ c:ed by an asymptotic so lution, and

is the field that would exist on a f~~ir , i i f thlte ground ?iane. (~~~is divisIon may
be thought of as taking the planar field, “wrapping” it around the cylinder, and
subtracting it from H(Q)). The transform of the surface fields Is given by

(16)

and H,~~~~~~(n,k )  Is given analytIcally in ~quation ~~~~~~~~ H.~1~~~~~~c~ (Q) is at

most on the order of l/~~s , so that evaluation of HDI~~~ B~~S~CE(n,k.) can be reliably

obtained from application of the FFT. Any test which Involves breakIng the fields
up into planar and difference f ields will be termed a hybrId computatIon , because
it combines analytic and numerical techniques. The only dIfference between a “hybrId
computation” and a “dIrect computatIon” Is in the method of obtaining the spectrum.
~.f tar the spectrum Is found, both tests proceed identically. Figure 2 compares the

p hase of for a fixed value of k , when the transform was derived from hybrId and

direct computations . Cumparison with the phase of the modal transform reveals the
increased accuracy of the hybrId method .

To util~ :e the H—Field Test the three asymptotic solutIons are compared to an exact
modal solutIon 6] .  The procedure used in deriving the exact modal solution is
essentially the sane as that used to perform the H—FIeld Test. The difference lies
in the fact that while the tes t begins with the asymptotic H—field , the modal
solution begins with the known E—f ~~a1d (known for an elemental source). In a manner
similar to the test, the H—speetr~,~ can be found from the known E—fialds and be
expressed in terms of the H—spectrum. This provides analytic H, and H spectrums

that can be compared to those resulting from the asymptotIc solutions . A .fter the
H—spectrum Is obtained from the H—field, it can be tested just like any other
spectrum. This “check” that begins with a surface H—field , finds the H—spectrum
and then returns to the surface H—field is also valuable inassuring that the FFT
sampling of the spectrum is sufficient.

During --tua.1. 
• ~~~ atlon of the test, the source used was a slot radiator Instead

of an e~.ementai. dipole. This was necessary because the surface H—fIeld of the slot
is fInite, although discontinuous, while the surface H—f laid from the elemental
source is singular . Sampling the H—spectrum sufficIently well to represent the
sIngular surface field would make the computer requirements prohibitIvely large .

the  more regular slot is readily handled .

~epresentatIon of the slot spect~~~ was achIeved by first determinIng the H—fie ld
specr.rum due to an elemental di;o e source (the direct asymptotIc solutions or ,
for the analytic case , — — :(-3 (~ —R~3(~ )d(zP. The H—spectrum was thenSJRFACc
multiplied by the transform of the slot distributIon, -whIch is equivalent t o
convolving the elemental source w ith a dIstrIbution in the space domaIn. For a
finite slot as shown in Fig. La , the transforms used were of the form S

- -  5 

1



(sin b/2’~]/ ( k b/2)  to represent a uniform E field, and of the form

— (an) 1, ~ — arcsin(a/2R) to represent a half—period cosine spreadtn~
in k.

The totality of the E—Eield check has now been determined. The components of the
spectrum of the H—field that result from an elemental source are determined. For
the asymptotic solutions the spectrum is determined either by direct application
of the FFT or by use of the hybrid technique; for the exact case , the H—spectrum
may be found analytically . Regardless of its source , the H—spectrum is then
mulc~~plied 5w the transform of the assumed slot distribution; thus , the convolution
that is necessar’~ to represent the slot distribution is accomplished. The ~-f~~eld
spectrum is then found from modification and combination of the H—field spectrum
components. Finally , iiwerse Fourier transformation and sumation of the Fourier
coeffic ients give the surface E—field.

Results of the H—Field test
‘S

Figures 3 and -~ give representative results after the E—Fteld Test has been
usplemented. The test was f irst applied to the analytic H—spectrum. ThIs was the
standard to w hich all other solutions were compared. The analvc~ c solution resulted
in an that was essentIally zero (a totally flat curve) and an E~ that was well—

co~~tained. The fact chat E went to zero in a smooch curve in the c—directIon S~

instead of a discontinuous curie was due to the numerical calculatIon , and revealed
that the error ~atroduced by performing finite sums and iritegraJ.s was negligIble.
Figure 3 shows the surface electr~.c fields that resulted f r o m  testing the AS—i
solution. Because the AS—I solution onlY has a singularity (peak) on the order of l/s , v
It was not necessary to resort to a hybrid computatIon to obtain a reliable check.
As can be seen, the field has significant non—zero content and the extent of

the corresponding H fIeld is much broader than that of the modal so1utIo~ .

Figure ~e shows the effects of testing the AS—3 solution using the hybrId nechod .
The hybrid machod was used because of the higher—order source region terms present
in the AS—) solution. The resultant surface field is very small and dIsplays a
rippled character.

The fields that resulted from testing the AS—4 solution using the hybrid techni~ue
were essentially identical to those of Fig. 4, although there were slight numerical
differences .

DISCUSSION OF E—FIELD TEST

The H—Field Test represents an example of global test. That is, the test is app lied
once, and the results determine if the field everywhere is correct. tf the approx—
m acion does accurately predict the surface magnetic fields , then the corresponding
electric fields will re—create those obtained by testing the analytIc H—transform ,
within the constraints of numerical accurac’~. When results do not duplicate those
of the analytic standard, then one can only say chat some error ~s ~reseut.
Specif~ing what the error is, or in what region it occurs , is very difficult , perhaps
uspossible. from observing the resul ts  of a single test. ~{owever , 5v comparing the 
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results from tests  of different approximate solutions , some ins i~ ht can be ~i~j’~ed.

The results presented here provide a ;ood example of -~hat ca n h~ Learned from
comparing cast results of different oluclons . Ft~ures 3 and reveal that the
Z—Fteld test is sensitive to the ;ource ro~ Ion behavior of the ‘roposed solution
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and relatively insens~~t~.ve to the larg.-~~~th ien~ th b.havtor. The s urface H f ie lds

ot F ’ s .  ~ , co rresp o nd ing t o the \ S— i  -so iu t t~ n, ar’, qui te d if fe ren t  f ro m t hose or
Ft z .  -~ resulting from the ~~~~~~~~ solution , despite the fact  that t heir la rge—pat h S

length ~‘eh~iv tors  are Ident ic a l .  The .tp~ ro ximate solutions of FIgs . 3 ~nd ~ti ::er

‘-~~~~~~th .  ~ks~ and ~ks~ source reg ion te rms . ~h ts  ~‘eint 1 ‘ t ~~r c~-~ b~
fa c t that ~ tg .  ~ represents resu lts fr o m  a tes t  of  either the .~S — 3  and AS— .. so~~~

-
~~o~~s .

As ~ R -
~~, the source regions of the .\~ — 3  and AS—A so lutions b o t h  ~o to  a planar—type

4~~~~~~ar~ t’~. Along theta equal to ninety degrees , however , th’  AS — shows at t en u—

.ic~ on ~~~ for  la rge 24t h ~~ngths , w h t l e  the AS—. solution ~how~ t t t4n tu4 t ~ on

~~ 
— l  

- Th.’ ~— Fi~ ld l’os t  ~~~ ~n~~l’ U’ t o  t iscern between the A S— .tnd AS — .. ~~~l t t— S

- ~~~~~ r ’  th e  i ~~~~~~ ~cant ~~~ ~eren~qs 
~ large path length ~~~~~~~~~~ .

:n su~~arv . the r.suLttn~ ~~~~~~ after p.rforman~. of th. test  does provtdvi  a co~’d
•~ua~~ t a t t v~ measure of how we ll the .ss~~~pt o t t c  -~oLucton sa t i s fi es  the F— t t e l d
boundary conditIon. Indeed . ‘~‘ l l c a t~~’n of t he te s t  t o the trans(orm of the
nodal solutIon did result tn ~ieids that sat is f ied the boundary condlt~~on qui t~i

Zn addItion, app licat ton of the teSt  to .tp~ rox imgce asymptot ic ~o1ut iOflS

~~~~~~ that t hey did iet tes t  a~
; well as th e exact solut ‘~on. n th ~s r ~~ ‘.ct • h.~ ‘4

~— l~ield ~,‘st does provide a ~ .‘o d ‘ global t est ’ ~‘ r a ~~’r~’t ’ o~ ed ~e lut ton , ~~ o .  , t~

the solution is accurate ev eryw her. , the solution will show good results ~~~m t h e  H
tes t .

t~~ the other hand, w hen comparing the rel.ittv. accuracy of ~t o t e  solutions .
the source region behavior appears to be note crItical for  ia tis fact i~ n of the test
th.in the Large p*th Length behavIor -— asvm ptoc tc  4oluttons that c . n t a t~ ~tghi’ r—

order ter tL’s , In the source regIon li— fie ld do s a t l s f ’  the H—E eld rest
batter than solutions chat co ntai n on ly terms on th. order o~ l s .  The l.arg.—oath
length behavior did not .t ri’ciab L’~ affect the test results.

~mphasts of the source region t~ not necessar1lv detrtm~ncal to the ~-~~ o~ J : o s t .

~or tt is likely that the source r.gton w t l l  heavily t~ rluence the computac~ on o~values of physical paranetars of interest , such as the mutual tmp.dance between t’~o
s lots on a curved s urface. ;4i re .intenvui s provi de a hood analog ” , fo r  the source
reg ion behav Ior do minat es calc ulat~ on of the sel f- and mutual-impedanc e. and the
currant behavior at the end plays lees of a rob . .\n ~— t l e l d  boundary .-ond1 t~~~ ’n
check of a wIr, antenna would not be tn f’.uencod ‘~~ r’- much by the current far aw.~’-
fr~~ the source , but ‘

~~. source region sensitive. It Is ~or surpris ing, then . ~~~ i t

the H—f ie ld check reveals little ~b~ ut t he local charac to t -  o t  the -~“ t t o u , but
Instead pro v ides more of a global t e St .  Th. point should ~e sade , ~o~..’vnr , h.~t .1
large path Length soLu t t ~ n fo r t he antenna current would ‘r~’babLv be of  vet -  n~ rod
us., s ince bo t h t he imped ance behavi o r and the radiatIon r~~ ter~ d.r~~-~’d • s ’~~ i

t~~pe of asy mpt ot Ic iolution would be grossly in error . The ~- ‘ . eld ‘~o~~r ‘~~~~‘‘~~ -~~~~~

this paper ~s able to distinguish between a solution w h i c h  h as  ~ bet te r  o~-~-~ .t 1.
h.ttavtor on the ent Ire surface and an .* lter~iate solution ‘~h toh  t :~ ~~~~ go~’~t .~ t
local isolated regions , but has large errors in other reg’~ous ~het - ,’ the ~rr~~ir

~5 itgn~. f t can t.

‘ni! num e r t - ~ -t tOul t ’ s  were encountored dur.ng ‘xt ’c~~t ~on o the to  .

-~~~ g h— , r je r  so ur c e— rog ~ on t e rm s sade It -~u t ze  J i f t  ~~uit for  the o ~ -~-~~r .t t .  ~v
S compute t he ~nt,i~ri1. t n~- ’ 1 -‘cd - S m o o  use o: the F~ T r ’ ~~t % ~I5 •‘ lu.% I’- 5 ’ I C 5 . ~

I ~ng over the tnt erv.-il, a samp .t~ ~u .c i-nt ~o ~ L~~t.% t ‘ lv  o ” ~~ ~~~~~~~~ .~~,‘ ‘s _ I  
~

resu lted in .~atr~ x -~ t :es t oo  large fo r  some computers ~ ‘Ps ’ ‘~W R . • ~or  ~~~~ ~~ - ‘ -

:-~ ‘r so lut Ions ~hese -~‘uro e—r e~ ~on “ehav or we nt 0 .i I .inar— c - ’ ”  e ‘ I - -

L 

the I Imit . however , anal”t to ‘valua e t~m o th e - ‘ I.tnar ~~~~~~ t rum t low.d ~nt S

.~~ :~t . t e s t  • A so lut ton ‘~h ~~~ cent~~~,~-~ ~ ~h# r— ~’ r io~ ~‘u rOe — Of l  ~~~~~~~~~~ Ut ~,, ,

not go to ‘~ianer t ’~ ’e Sehav or In the l~~~~t quit .’ t~ f f ~ cul t  ‘ t . -~~ v
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method uulass it has an analytical transform (or unless the investigator has an
extraordinarily large computer). Eowever , such a behavior would not be expected
to be physically meaningful anyhow.

The A. —~ so lutIon is a good example of this , for It contains the l,’ s source region

term , but not the i/s 3 term. This solution could be tested by modif~ ing ~.:s source—

region behavior by the addition of the term and performing a hybrid computatIon.
This was not done , since comparison of the AS—3 and AS—.~ test s indicates that solu-
tions wIth the same limiting source region behavIor yield virtually identical
E— Fte ld rests.

:~ sum up, It appears that the -Field Test can provide a moasure of the acc-aracy
of a proposed asymptotic solution. An FFT is employed so thot the evaluation of
the integrals involved may be efficiently performed, but some care must still be
taken in the computation. The test reveals that solutions which have planar—type ,
source—region behavior in the limit satisfy the H—field boundary condition better
than those that only have terms on the order of if a. The test Is, however , rela—
tively insensitive to the large path—length behavior of a solution.

INTEGRAL E—FIZL~ TEST

Introduction

The E—Field Test just described was qualitative in nature and highly dependent -~n 
S

the source region accuracy of the proposed solution. The E—Field Test was global
in nature and unable to discriminate between solutions which had s imilar charac-
teristics in the source regions, but varied in their long—path—length behavior.
The “Integral H—Field Test” described here is an attempt to achieve a “loca.L ’ test .
ThIs test iS also based on satisfaction of the electric field boundarv condItIon at
the perfectly conducting surface .

The Integral H—Field Test is quantitatIve in nature , is straightforvard in appli-
cat ion, and displays a mixed local/global nature. Under some circumstances, the
test lends Itself to application as an iterative equation for point-by—point
impr’wement of a proposed solution.

Inspiration for the Integral H—Field Test came from the observation that i.orent:
i~eciproci:y allows the use of test dipoles that can be located at tl~e ester ’s
discretion. A new equatIon results frcm each new location of the tes t dipole
(or dipoles), which opens the possibility of achieving a “local” test. It Is seen
that the Integral H—Field Teat displays a mixed local/global character , in genera.,
but that along theta equal to ninety degrees the source region of a proposed solu-
tion can be essentially excluded from contributing to the accurac’? test , ~telding
a very strong local or point—test character. Under those circumstances the Integral
H—Field Accuracy Test also lends itself to formu.Lation as an iterative equation.
allowing point—by—point improvement of a proposed solution .

Formulation of the Integral H—FIeld rest

The Integral H—Field test may be formulated using ~reen ’s IdentItIes , ~er~erali:edt.orent: ~ectproetcv , or from first principles using ~.axwell ’s Equations and ~auss ’
~aw. The defIning equation for the ncegral H-Field Test is ziven by :

— �~~~~~~~~) da — j — ~~~
.
~~~)dv

where fIelds and sources from two dif ferent envIronments , A and 3, are reiated in
a sIngle equation. n order to achIeve an accuracy tes t , Environment A wil . denote

4
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the environment of the approximate solution, that is, an infinite ly long, perfectly
conducting circular cylinder in free space. An Infinitesimal phi—directed magnetic

- 
dipole, ~jA , radiates in the presence of the cylinder (Fig. la) . Environment B is

made up entIrely of free space. A magnetic dipole source (or sources), ~~~~, is

placed in Environment 3, giving rise to electric and magnetic fields and S

(Fig. 5). The fields in Environment A are termed “asymptotic fields” because they
are given by the approximate asymptotic solution. The fields in Envirot ent B are
termed “test fIelds” because they are employed to evaluate the accuracy of a
proposed solution. The volume V is defined as being enclosed by surface S which
is made up of concentric circular cyiinders, and 3,,. Cylinder Sc has radius S

R + 6 , where 6 is vanishingly small, and S~ has infinite radIus. In Environment S

A, S
~ 
and S are placed so that their axes co incide with the axis of the perfectly

conducting cylinder; while in Environment 3, S can be placed anywhere as long as
it does not intersect any of the sources, ~~~~~. Since the sources in both Environ-

ments A and 3 are of finite extent, the f ields ?~, i~, ~~, and obey the radi-
ation condition — with the result that the surface integral over S in zero.
Equation 17 can then be rewritten as

f~ I ~~~~~~~~~~~~~~~~~~~ — J~ f ~~x~~.da — — ~~ •~~~)dV . (18)

The accuracy test is accomplished by arguing that the exact solution to a dipole
radiating in the presence of , but not on, the perfectly conducting cylInder would
satisfy the boundary condition that the tangential electric field is zero every-
where on the perfectly conducting cylinder surface. Taking 6 to be vanishingly
small, the surface S

~ 
almost coincides with the conducting surface so that the

magnitude of the left—hand side of Equation 18 can be made as small as desired,
approaching zero in the limit as S goes to zero. The amount that the rIght—hand
side of EquatIon 13 differs from zero is termed the “error ,” r , and is used as a
basis for comparing proposed solutions to the problem embodied in Environment A,

— 1s~ 
~~ x ~~~da — — ã~.~~)dv . (19)

If delta—function tv-pe sources are used for both EnvIronments A and B (and they
are implied by the proposed solution.s of EnvIronment A) ,  then the volume integral
of EquatIon 19 reduces to a sampling operation and becomes

f ~J ’ ~~ x ~~ .da — ~301A) + HA (M~) (20)

where the symbol H~ Gf3 ) denotes the operation I~(x3 , y
~~
, z

3
) M 3 in which the fields

of Enviro ent i are s~~pled at the positIon of the sources in Environment 3, and
the dot product is taken with the unit vector parallel to the “3 ” source. Now,
if c is sufficient ly small, Equation 20 can be cast into the form of an iterative S

equation

~A(1) (M3) a3(~t
A) — ~ ~~~~~~~ ~

A(0) (~!
3

~ — C . (21)

Thus, the field at a point (the location of source M3) can be updated by ~iodifyIng
the proposed approximate solution by the error term assocIated with that point.

- - - ..-~~~ - -  SS 
- —_ ~~~~~~~~ -~~~~~~~~~~~~

--— —.~~~ -~~~~~~.S - - - 
S .- S- - - _________________



_ _  _ -_- - ~~- S - --S

‘1
I

Observe that the xacc solution would satIsfy c — 0 in Equation 20 , so that using
Equation 21 to iterate would not change the field value.

• - :~ review , c-ie formulation of the Integral £—Field Accuracy Test has been accom—
pu shed through the use of veil—known properties of electromagnetIc fields . The
resul ting equation is straightforward, involves known quantities, and, in general,
consists only of sampling operations and numerical integration. In some cases , the
test can Lend itself to point—by—point improvement of a proposed solution. Local 

S

or point—test character is embodied in two ways : 1) By the explicit sampling
operation of the surface magnetic field , and 2) by the fact that the near field of
tLe test dinola tends to emphasize the local magnetic fields in the integral of
Equation 20. The test , in general, cannot be entirely local, however, for the
integral of Equation 20 covers the entire surface of the cylinder . In particular ,
mice. th. test electric fields can be constructed to be nearly zero in the region
around the asymptotic source, then the large magnetic fields in the asymptotic
source region will certainly contrIbute to the integral and thus affect the test
results. Thus, one would expect the Integral H—Field Tes t to have a mixed local!
global character.

It is proper at this point to note that while the develooment of the Integral
H—Field Test has been carried out in the space domain, spectral domaIn calculatIons

S are an alternative when using the test. SpecifIcally, Parseval ’s Theorem can be
used to change the space integral of EquatIon 20 to an integral in the transform
domain. Performing the integration in the transform domain is particularly valu—
able if a proposed solutIon is to be tested at a large number of points, for in that
case, “moving” the test dipole around can be accomplished by adding the proper
phase shift terms to the integrand of Equation 20. it is the authors’ experience
that use of transform domain integration results in a considerable gain in compu-
tational. efficiency over spatial integration. To justify use of the spectral
domain, though, the asymptotic solution must be tested at enough points to recover
the expense of obtaining the spectral domain representation of the proposed
solution.

Practical. Considerations for the Integral H—Field Accuracy Test

4hile Equation 19, which defines the test, appears to lend itself to dIrect evalu-
atIon, several practical aspects of the evaluation must be considered. First , an
important step in formulating Equation 19 was that the tangential H-field vanish
for a source radiating in the presence of the cylinder, while the published solu-
tions are f or the case of a dipole radiating on the c 7llnder surface, To perform
the test , the proposed solutions were extended to the case of a dipole radiating
a distance ~ away from the cylinder by modifying the path length a used in
determining the surface field. The modified path length s’ used in Equations 3—7

was computed from a ’ — ~~~ + ~~~, where s is the surface path length. In addition S

to satisfying the assumption made in formulating the test , raising the dipole

allows numerical calculation of the integral in Equation 20 , since the HA fields

flave a finite peak and~ are not singular (source region HA fields are singular for
a dipole located on the surface) .

LocatIon of the test dipole(s) with respect to the surface coincIdIng with the
perfectly conducting cylinder (this surface is denoted S~) greatly Influences the

test results. A test d~po1e placed so that it sampled the surface nagnetic fie1~of the approximate solution would seem to lend a local character to the test.

However , a test dipole so located would introduce sIngular E3 fields , which makes
numerical integration more difficult. Accordingly , the test dIpole is, in general, ( j

L.~~I
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located a I distance away from the surface corresponding to the cylinder surface.

The E~ fields on the surface of integration are calculated exactly, but the HA
field at is approximated by the HA fIeld at the point on closest to the

location of N3. In other words, if the samplIng operation HA(M
3) required finding

• .4. I
’ ~~ 

this would be approximated by HA(a , 4~~, Zr). The error intro-

duced by this approximation was checked by applying the test to a problem with a

~~own solution, that of a magnetic dipole radiating over an in.f inite ground plane.
For I equal to one sixteenth of a wavelength, the error introduced by this assumø—
tion was negligible compared to t ’s computed in the cylinder test.

Observe that the user has complete freedom to place one or several test dipoles
in Environment B. For example, two test dipoles could be used, located at

~~ + 
~ ~TST, ZTST) and (~ + 1, &r~~ 

_Z
TST). This would have the effect of

creating a plane of zero E~ fields that coincide with the HA source region.
Evaluation of the integral of Equation 20 shows that this would decrease the

contribution of th. source region H~ fields (due to zero E~) and emphasize the

source region H~ fIeld . As this illustrates , use of tnultiple-.d~po].e test config—
urations generally involves a trade—off of some kind, so that the s imple single

test dipole located .~ away from S~ has been chosen as the “standard” test.

aesults of the Integral H—Field Test

~epresentative results of the Integral H—Field Test are presented in Figs . 6—13 .
These represent application of the test to the AS—l, AS—2 and AS—3 solutions along
theta equal to ninety degrees and along theta equal to zero degrees . A single test
dipole was used for Figs . 6—8 and 11—13. For tests along ~ — i r f 2 , along the cylin-
der axIs, a two—test—dipole configuration was also used with phi—directed test

• dipoles located at (R + 1, 0, and (K — 1, 0, ZTsT
). The test equation under

these conditions becomes

c — f 5J (E~H~ 
— E~H~)da — H~~NA) + H’~(M3) (22 )

The figures present the field to be tested, error results , and after apt,lI—

cation of the iterative equation. Several factors combine to increase confidence
in the test results along ~ — 9 0 .  First , the magnitude of the error term is

relatively small with respect to the magnitude of ~~(M~), so that the crite—
¶ non  for successful iteration is close to being met . Second, for both single— and

dual—dipole tests, the asymptotic source—region field contributes very little to
the integral that makes up the error term. For the single dipole, this is easily
seen from the fact that for ZTST >~ I along 3 — 90 , the E3 field evaluated at
(R,O,0) will be primarily o—directed with a very small E . or E~ component. At the

same t ime, the test field dIrectly underneath the test dipole will have a ‘:er”
- large E _ component, emphasizing the local H~ field. For two dipoles Located at

4 1, 0, 2TST~ ’ the plane of zero tangential electrIc fIelds is tangent to the

cylinder at ~ — 0, thus reducing the asymptotic source region contribution. Local
field emphasis does not occur with the two—dipole test , however, s ince the plane

of zero tangential E—flelds extends through — t~
._. Thus, for ~ along

S V -- -~~•----
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3 — 90°, the Integral E—Field Test should have a very strong local character and
be almost unaffected by the source—region accuracy of the proposed solution.

Single—dipole tests along angles other than 3 — 90° will Introduce an asymptotIc
source region contribution to the integral, of Equation 20 , with the amount of
contribution dependent on the path length and 3—angle. The local E—fields in the
vicini ty of the test dipole remain large, so that it is expected that the test will
display a mixed local/global character. The results of Figs. 11, 12, and 13 reflect
this; for while the zeroth—order magnitudes are relatively close, there 15 a large
variance in the associated errors. If the test were truly local, the associated
errors should also be relatively close. Examination of Figs. U and 13 reveals
that along 0 — 0’ the iterative equation is divergent instead of convergent. Close
examination of the results of the evaluation of the integral of Zquatlon 20 ravea.Ls
that the contribution from the vicinity of the source dominated the corttribu—
tion from the rest of the surface, including the region around the test dipole.
The integral of Equation 20, in turn, is the highest contributor to the error, c.
Thus, for 3 — 0’ , the Integral H—Field Test retains local character only in the
sampling operation. The Large source—region contribution drives the error tarn up S

so that its magnitude is not small compared to HA~°~ :M3) and the iterative equation
diverges .

One nay be tempted to employ two dipoles located at ~~~~~~ — Rcos 
~~~~ 

— R sIn 
~~~

, 
S

(2) (1) (2) (1)
and at (x

~ 
— 2K — x~ 

~~~~ 

— Zt ) to obtain asymptotic source-region

.~ancellation. ThIs introduces the problem of determining the scattered field at
the location of the second dipole. Unfortunately , if surface equivalent currents
are used to find the scattered field at the test dipole, then it can be shown that
the test is identical to a single—dipole test. That is, the use of surface equi-

valent currents to fInd HA(N3) always leads to the result that — 0 , for any

proposed solution when N3 is entirely located external to S~ . (Observe that for

3 90°, the second dipole lies outside of v, and this problem is not encountered.)
Use of other approximations to find the “scattered field” external to the cylinder
would introduce an unknown error, so use of remotely located dipoles was abandoned
for angles other than S — 90°.

Thus, the “Integral H—FIeld Test” displays, in general, a mixed local i’globa.l.
character which changes according to the location of the test dipole. For ~? — 900
the test has almost entirely a local character, with very little contni~~’tt on f rom
the asymptotic source region. Under these conditions, the error term is reiacivel’r

4(0) 3small compared to E (N ) and the iterative equation converges. For angles other
than 3 90° the asymptotic source region begins to contribute to the integral ,
resulting in a mixed local/global nature. At the same time, errors in the source
region tend to increase the magnitude of the error term, so that it Is no longer

sea.U. compared to HA’°~(N3) . In this cas e, the iteratIve equation shows Less of a
tendency to converge and may diverge.

Su a.ry of Integral H—FIeld Test

• Generalized Lorentz Reciprocity has been employed to formulate an accura~~ test
that can be used to check any proposed solution. The rest is straightforward in
application and general in na’ure, that is , not 1~mitad to testIng only : indri~ a .
geometries . The test is quantitatIve in nature, and requires only numerical
integration for implementation . Either the spectral domain or the spatial  domain
can be emoloyed for computation of the integral involved. For testing a Large
number of points , economics tend to favor computation in the spectral domain ,
while for testing a small number of points spatial domain incegrat~on is indicited .

— • — - -- -V.— —- - •~~~~~
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The Integral H—Field Test has local character in that the error computed is asso-
ciated with a single point , although the entire solution contributes to the
computation of the error term. In cases where the error is small compared to the
value of the proposed solution, the test lends itself to use as an iterative
equation.

When the tear is applied to the problem of magnetic dipole radiation in the presence
of an infinite,conducting cylinder , it was found that rests along the cylinder axis
land themselves to iteration. Along the axis, solutions that vary as (ks )’

~~
’2 test

better than solutions that var’i as (1cs)~~ for large path lengths. Tests at points
other than on th. axis generate error terms that are large with respect to the
approximate field value, so that the iterative equation is not convergent. The
source regions of each of the proposed solutions were found to contribute signifi—
cantly to the large error terms for tests of points off the cylinder axis.

OVERVIEW OF H-FIELD AND I~TIGRAL H—FIELD TESTS

Two tests based on satisfaction of the H—field boundary condition have been presented.
Both hay, been applied to proposed solud,oas to the problem of a magnetic dipole
radiating in the presence of an infinitely long, perfectly conducting circular
cylinder . The E—Field Test is based on relating the spectral domain of the surface
magnetic field to that of the surface electric field and. then, evaluating the surface —

H—field. The test is effected by observing how well the resultant E—f laid satisfies
the surface boundary condition, and, as such, is a direct test of boundary condition
satisfaction. The H—Field Test has a global character in that it can be applied to
a proposed solution only once. For the solutions tested so far , the E—Field Test
seems most sensitive to the source region of a proposed solution and relatively
insensitive to large path length behavior. One cannot say that only the source
region is tested, though, because gross errors in a proposed solutIon night evidence
themselves in the H—Field Test.

The Integral H—Field Test cam be formulated from Generalized b rent: Reciprocity
and empLoys “test” dipoles situated. in free space. The surface electric field
corresponding to the solution being tested is never computed, so that the Integral

S E—Fiel4 Test is, in effect , an indirect boundary condition check. It has local
• character in that the teSt results can be associated with the field at a partic-

ular point, and the test can be repeated many tines at different points for the
same ’ proposed solution. Results of the Integral H—Field Test display, in general,
a mixed local/global character. For tests on or near the cylinder axis, the local
character is very strong; while for tests in the “deep shadow” region, less local
character is retained and the asymptotic source region becomes dominant. Under
some circumstances , including tests along the cylinder axis, the Integral H—Field
Test lends itself to use as a convergent iterativ e equation. The Integral
H—Field Test formulation is quite general, and application is not limited to
cylindrica l, structures .

In sa~~ ary, the H—field and Integral H—FIeld Tests appear to be complementary. S

One is global and the other has a mixed global/local nature. One tes t is highly
source region sensitive and relatively insensitive to large—path—length behavior.
For the other test, the source region can essentIally be excluded from contrtb—

• utiag to the result. Finally, the possibility of iterative improvement of a
proposed solution is offered , if some relatively stringent conditIons can be met.

IT~~ATIV! ACCURACY TEST FOR 30U~DA~Y CONDITIONS

Both the ~—Fie1d Test and the Integral H—Field Test were applIed to asymptotic
solutions of surface magnetic fields. The asymptotic solutions tested predicted



SolutIon — 1, (A S—i ) [fl — ~3 3 ,  and As~~ptotIc So lutIon — 2 (.~5—~~ ~~
, basic on

their chrneological order of pub icatlon. The thIrd approximate solot:cn —

~L~ 1 is based on a modifIcatIon of the work of “ . A. Foci:, which addresses the
problem of radiation on a sphere and is denoted As~~ptotic So lutIon - 3, or AS—~~.
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both the near field and long—path—length behavior of a magnetic dipole radiator.
A more traditional and wide—spread use of asvutptotic solutions is to predict the
far—f Laid behavior of scattering bodies. For analyzing complex scattering bodIes,
the engineer today can draw on a range of asymptotic techniques, including different
“uniform” so lutions . In analyzing a complex body, the Investigator is likely to
combine contributions from straight and curved edges , and possibly diffracted rays
from curved surfaces. A great deal of work is being performed today to generate S

“diffraction coefficients ” for the varIous diffracting mechanics needed to complete S

the total solution of the far field. This section presents an iterative method
based on spectral domain techniques for solving the far field and induced currents
of a scattering body . ~n inportant feature of this method is that at each step o~
the iterative method a boundary condition check is incorporated so that the
accuracy of the solution can be evaluated. This boundary condition check at the
first iteration also provides a means of evaluating the benefit of a proposed
solution. In order to illustrate use of this test, it Is applied to check a vertex
diffraction coefficient for scalar—wave incidence that has been proposed by
Ai,bertsen [121. Although the application to be illustrated Is a sca.lar problem , S

the extension to vector electromagnetics problems is straightfor.iard,

The Corner Diffraction Coefficient

The corner diffraction term investigated. here gives the field diffracted f r om the
vertex when a scalar plane wave is inciden t on an infinite , acousticall-? soft
quarter—plane, Fig. 14. Such a problem has been addressed by Kraus and Levine [13],
Keller (143, and Radlow (153. Recently, Albertsen used sequential application of
the Weiner—Ropf technique and saddle—point integration to extract a corner
diffraction coefficient. Albertsen gives the total scattered field from the
quarter—plane as

H 4-4’ 4-4’
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The scattered field due to the corner only is given by
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The corner diffraction coefficient can be determined from
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where ~i _ of (3b) d~~ fers f rom the 
~~ 

given In ( — E S ]  Sw ~ factor o~ 2 ~:his is

L 4cr.t’ so that as ~c — a the R ., of ~3b~ recovers enti~all’~ the s ’~~ tarn ~‘f thek ~cnowm exac t soiut:~n’ . Th e A S- ’ solutIon Is ~
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+ (log(—id 1) 4’ 1. ) log(l —

+ (io~ (id 2) — I ) log(l — d2)

and 
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d1 — ~1K1, d2 — .1K,

1

- J
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and the Dilog function is defined by Dilog (a) — — ~Og 
~ d~ , l.a practice, this

corner diffracted field would be added to the edge diffracted field and the geo—
metrical optics field in order to obtain the total field. It is desired, then,
that this test assess th. contribution of the corner diffraction term to satIs-
faction of the surface boundary condition (total field equals zero) .

resting Procedure

In order to assess th. contribution of corner diffraction to the satisfaction of
the boundary condition, a procedure introduced by Ko and Mittra [ 2] was used. A

truncation operator 3 is employed, which is defined by 3 (A) — ‘A S(r
~
r
~

)dr ,

where S is the Dirac delta function and S is the planar scattering surface.
The complementary operator 9 given by 8 (A) — A — 9(A) i~ ala’ utilized.

For an acou.sticaij,v soft scatterer the boundary condition requires that the total
field be zero on the scatterer surface. The truncation operators can be used to S

express the total scattered field in the plane of the scatterer as the sun of a

~~owo field [9(— ~~) to satIsfy the boundary condition which requires that the
scattered field exactly equal the negative of the incIdent field on the surface
of the scatterer] and a field which exists only outside the surface and is estimated
by a proposed solution (9(F)),  so that

U3 
— 9(—U 1) + ~~7) . (29~ 
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differences are referred to as “source—region” differences 
-

Long—path length differences are most apparent along theta equal to ninety degrees .
Rere, for large a , both the AS—2 and AS—3 solutions vary asymptotically as (ks) 3./2

,
while the AS—i and AS—4 solutions show a free—space—lIke attenuation of (ks)~~~.

- — -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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0 )  3U( ‘ v ’ 0 ~A scalar scatterIng “current ,” J, is defined by S — ( X ,Y , 
- 

X 

~~ 

-
~~~~ ,

5 , and the scattered f laid is given by

J * G ~~~~~’, (30)

where G is a Green ’s function operator and * denotes convolution. The FourIer
transform of the above equation results in

J — “
~ [3(—U~) + ~(F) ] (31)

where - denotes the transform domain. Becaus e is ~cnowu, and F can be esti-
mated from corner and edge dIffraction rarns , a surface current can be obtaIned S

from S — F~~(J}, where indicates inverse Fourier transformation. The current
S Is then truncated to the scatterer , 5,, — 9(3) , and the associated scattered
f ield determined:

U
~ 

— . , (3~~)

Note that U, extends over a wide range and includes fields external to the scatterer ,

while 3,, has been truncated to the scatterer surface. U now provIdes a basis for

checking satisfaction of the boundary condition, for Li., can be compared to (_ LTi)
on the scatterer surface.

S 

ThIs procedure lends Itself well to iteration, for the scattered f laid can be -~~

updated by U~
1
~ — e(U

~~
1
~~

’
~
) + e(-’U1’) , following which the scattering current r4

associated with this f laid can be found from S

3(i) — F ( G ’
~ ’~~

1
~~} . (33)

Boundary condition satisfaction for this current can again be checked following
truncation of the scattering current and determination of the resulting scattered
field.

The iteratIon—boundary condition check can be carried out by the following
procedure:

(I) Obtain a first estimate of the transf orm of the scat tered f i e l d  in the
plane of the scatterer from (7) as

— a(— U~) + ~(P) (34)

wher, the F function is given from edge and/or corner diffraction terms ,

)baerve that 9(—U~’) is exact as determined by the surface boundary condition,
while 3(T )  is approximate, since it has been determined from a proposed asvnptothc
solution.

() Determine the associated scattering current from

~~O) 
— F 1

~C ”1

where G is given by exp(ik.R) /~~rR and R is the dIstance Ser~ieen the ‘source ” and



- 0 - 0 -

one may determIne the unknown coefficients f and g in terms of the t ’ansform of
the surface H—fi eld as n

-~~

“observation” points. Note that In thIs application, R Is specialized so that all
observation points lie in the plane of the scatterer.

(3) Truncate the current to the scatterer surface

~(O) 9(3 (0) ) . (36)

(4) Determine the scattered field in the plane of the scatterer by

— , (O) ; . (37)

Satisfaction of the boundary condition on the scatterer surface can be checked
at this point , -

(5) Update the scattered field so that the boundar’, conditIon is satisfied.

— 3 ( — U 1) ~ ~ (U~
0
~ ) . (33)

Note that this step is necessary because ~(~~ 0)
) has been determined from 3 ,

and will not , in general, satisfy the boundary condition. This step is the
parallel to (12), except that the external field estimate has been updated by
the iteratIon procedure , replacing the initial guess.

(6) Continue the iteration by repeatIng Steps (2) — (5) , using U°~ in

place of U~°~

Obviously, the iteration can be repeated as zany tines as desired, or until
convergence of the scattering current and scattered field is obtained. The
accuracy test is incorporated into st ep 4 where the scattered field is obtained
at the surface of the scatterer and can easily be examined to determine boundary
condition satisfaction. Note that after the boundary condition check has been
carried out , in order to continue the iteration, the scattered field on the surface
is discarded and replaced by the known, exact scattered field.

Testing the Corner Diffraction Coefficient

In order to test the contrIbution of corner diffraction to satisfaction of the
boundary condition on the surface by the method previously described , it is
necessary to fInd the fIeld exterior to the scatterer (9F) associated with corner
diffraction. This is accomplished in the following manner . The far field as
scattered from the vertex of a quarter—plane is determined on a grid of obser-
vation points, which include points described by imaginary angles. This eff cc—
tively gives the transform of the field in the plane of the scatterer , since the
two are related by

F(U5 (x ’ ,y ’ ,0) }~ — 
cos 8 

‘

~~ 
‘

a sin9cos~ 
S

- 

~~sin8sia~

where Li~~(x ’ ,w ’ ,0) is the scattered field in the plane of the scatterer , ~~ is
the scattered far fIeld, Q is a constant , and 9 is a standard spherical coordinate
observatIon angle. A Fast—FourIer Transform (TFT) algorithm is used to find the
planar scattered fIeld by invertIng F~Li5(x’,v ’,Y~~, The complenentarv operator

3 is employed to obtain the scattered fIeld exterior to the ~uarter plane. Th~ s

S - -



dipole above the cylinder. 3ecause the singularIties cam derjv:cjves:he._ r analyt..c transrorm is obtainable and is of the form

—ek
— ____  

_ _ _ _ _ _ _ _ _ _ _ _z ’ s  2~rnjk ~ (14a)
v k —  (n/R ) —k
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is the “F” function desired. Finally, an FTT is again employed to get ~F° , the
transform of the F function due to the corner; thIs term contrIbutes to the trans— S

f orm of the scattered field used in Step (1).

ta order to aid in evaluatIon of the effect of the corner diffraction coeffIcIent
on boundary condition satIsfactIon, two error terms are defIned. A global error

N
term e is defined as - 1

1 (U
1
(x ,y) # U~’(x ,v ) ~~ /N where x and v are the

positions of the sample points on the scatterer and denotes the scattered f laid

from EquatIon 37 at the Iteration, A local corner error term was defined

s ini larl -’, ~~.fferIng from oulv in that (x , v ) was confined to the O.25\ by
- n - n  • c

0.25 \ region at the -a—i— corner . The error terms that resulted from using 9s ~F ) 0
— - ( ‘.o corner contribution) were compared to those that resulted when a single vertex

term was included and to error terms when contributIons from all four corners
were counted.

The boundary condition test was carried out on a two wavelength by two wavelength
plate. The testing procedure was carrIed through three Iterations ; FIgs. 15 and
~.d present the scattered fie l.d at each iteration for a normally Incident scalar
wave. Shown is the scattered f laid for a cOnstant y value cut through the plate.
Ftgure 13 presents a cut near the edge at y 0.1 wavelength, while FIg. 16 shows
a cut near the plate center at y — 1.0 wavelength. FIgure 17 presents a re~ re—
3entative scattering “current ” very near the edge at y = 0.03X. Because the S

cons tant y cuts cannot represent the behavior of the total scattered field,
Tables 1 and 2 present results of the “error terms” t and I. Note that both
tables includ e results when only one corner diffraction coeffIcient was included.
The corner error terms of Table 2 are taken at the corner at which a single vertex
dif fraction coeffIcient was included.

TA3LE 1 Total B~MS Error, t, for Normal Incidence

1st IteratIon 2nd IteratIon 3rd Iteration

No Vertices .223 .127 .048
One Vertex .207 .121 .047
Four Vertices .156 .103 .043

T.~BI2 2 Local Corner B~ S Error, I, for ‘~ormal IncIdence

.4 .4 .4
_____________ 

1st IteratIon 2nd Iteration 3rd Iteration

No VertIces .373 .205 .069

S One Vertex .360 .192 .067
Four ‘ ertices ’ .294 .159 .Jb7

DiscussIon of ~esults

The figures and tables indicate that use of vertex diffracted fIelds does imorove
boundary condItion satIsfaction. Of greater interest , however , is the ~erforn ance
of the IteratIve Accuracy Test for 3ounda CondItions procedure. The authors ’
experience iS that both scatterIng currents and scattered fields are well ~onver~ed

L 

after three iteratIons as illustrated in Figs. 15—17.

- - - -- — ~~~
-
~~~~~~~~~~ ~~~~~~~ - - - - _ _



w hile the more regular s lot ts rea~ ILy ~anc1ea.

RepresentatIon of the slot spectr’~n was achIeved 
by first fetern~nIng the ~i—f :sid

spectrun due to an elemental di~ o .e  source (the di:ect as~npcotIc so lutlons or ,

for the analytic case , • z ( 3 ( t — R ) 5 (~ ) d (z ) ) . The P.—st,ectrum was then

multiplied by the transform of the slot distributIon, which is equivalent to

convolving the elemental source with a distributIon in the space doma~.n. :or a

finite slot as shown in Fig. la, the transforms used were of the :orm

- - - - — - S. —. - - ---s-a. ~~~~~~~~~~~~~~~~~~~~~ - -

In addition, this procedure seems to be relatively insensItive to the initia l
approximation; Indeed, use of an identica lly zero scattered field external to the

- scatterer is an acceptable ini tial approximatIon.

For use in electromagnetlcs problems, then, the IteratIve Accuracy Test for Boundary
ConditIons can serve a dual role. The contribution of a proposed diffractIon co-
efficient to boundary condition satisfaction can be determined by carrying the test
through one iteration for two different cases : First using the far field as given
by physical optIcs plus (possibly ) ocher known diffracted fields (such as edge
diffraction) and , second , using the far field of the first case plus that added by
the proposed diffractIon coeffIcient. Examination of the surface fIelds indIcates
the change in boundary condition satisfaction due to the solution under tes t .
Alternatively, the iterative procedure can be used to solve for the far field and
scatterIng currents without resorting to asymptotic technIques. If the body is
such that the external scattered field is apprecIably dIfferent from zero , then
asymptotic solutIons can be used to formulate the initia l guess , wIt h a possible
increase in the rate of convergence.

It should be pointed out here that solution for the scattering currents inherent
in this method is an important attribute. Given the scatterIng currents , the
engineer is able to compute both far fields and near fields ; and the fields so
determined are guaranteed to be regular and free of singularIties .

St~efARY

Three different procedures for testing the effect of asymptotic solutions on boundary
condition satisfaction have been presented. Two are formulated entirely using spec-
tral domain techniques, while the third retains the option of perf orming the test
entirely in the spatial domain. Two tests are best suited for testing asymptotIc
solutions to surface fIelds, while the third can also be employed to tast asymptotic
soLutIons that give the scattered far field. One of the tests is particularly
well—suited for use as an iterative equation and seems relatively insensitive to
the ini tial anproxination. In contrast , the iterative aspects of the ntegral
E—Fiald Test are limited to particular cases where certain condItions are met.
Two of the tests are global in nature and test the entire solution, while the
“Integral E—FIeld Test ” displays both global test and local test characterIstics .

‘
~Ith co unications , radar , and missile systems moving toward use of higher and
higher frequencies, it seems certain that use of asymptotic solutions by engineers
will increase. The tests presented here provide a means by which new pro posed
solutIons can be evaluated.

~~~~~~~~~~~~~~

The work reported in this paper was supported in part by the Office of Naval
Research under Grant N00014—75—C—0293 and, in part, by the Joint Services

- 
Electronics Program under Grant DAAB—077 -C-0259

REFL~ENCES

~i1 R. Mictra , y. 3~~mat—Samji and ~~~. L. ~o, Spectral Thecr’~ of ~iffract ion , A:~~L.

~~~ 10, 1, (1976).
[2 ~J. L. ~o and R. Mictra, A N~~ Approach Based on a Comb ination of :ntesra:Ecuatlon and Asymptotic Techniques for Solving ElectromagnetIc Scatte r~ ng

Problems , IEEE Trans. ~~tannas ?ropagac. AP— 5, 187 , ~1977) .
(3] N. Caw and R. Mittra , Accuracy escs for Asymptotic Solutions to Radiation

from a Cylinder , Coordinated Sciences Laborator’? Report ~~L~— Eng 77—ll5 ,
university of Illinois at ~rbana—~~anpa~~n, (1977’.



[~ ] R. Mitcra and N. Tev , Accuracy Test for High—Frequency Asv~ptotic Solutions ,
IEEE Trans. Antennas Propagat. AP—27 , 62 , (1979).

(5] L. L. 3ailin, The Radiation Field Produced by a Slot i~ a Large Circular
Cylinder , IRE Trans. AP—3 , 128 , (1955) .

(6]  R. F. Har-rington (1961) Time— Harmonic Electroma gnetIc Fields, McGraw—Hill,
New York.

(7]  Y. Hwang and R. G. Kouyoumj ian, The Mutual Coupling Between Slots on an
Arbitrary Convex Cylinder , ElectroScience Laboratory Semi—Annual Report
2902—21 , The Ohio State University, (1975).

(8] P. H. Pathak , Analysis of a Conformal Receiving Array of Slots In a Perfect ly—
Conducting Circular Cylinder by the Geometrical Theory of ~if fractIon, - 

-~~

ElectroScience Laboratory Technical Report ESL 373 5—2 , The Ohio State
University, (1975).

(9] Z. W. Chang, L. B. Felsen, and A. Hessel, Surface Ray Methods for Mutual
Coupling in Conformal Arrays on Cylinder and Conical Surface , Polytechnic
Institute of New York Final Report (1976).

(101 S. W. Lee and S. Safavi—Nain.i, As~~~pcocic Solution of Surface FIeld due
to a Magnetic Dipole on a Cylinder , Electromagnecics Laboratory Technical
Report No. 76— U, UnIversity of illInois at Urbana—Champaign, (1976) .

[11] S. W. Lee and S. Safavi—Naini, Approximate Asymptotic Solution of Surface
Field due to a Magnetic Dipole on a Cylinder , IEEE Trans. Antennas Pronagat.
AP—26 , 593 , (1978)

[12] N. C. A.].bertsan, Technical University of Denmark, personal co unication.
[13 ] L. Kraus and L. Levine , Diffraction by an Elliptic Cone , Conm. Pure Aspi.

Mach. 1’~, 49 , (1961) .
[14] J. 3. Keller , GeometrIcal Theory of Diffraction, J. Opt, Soc. Aser. 52 ,

116, (1962) .
(15 ] J. Radlow , Note on the Diffraction at a Corner1 Archive for Rational

Mechanics 19, 62 , (1965).

‘A



I

Fig. Ia Geometry of asymptotic solutions : Magnetic dipole in
the presence of a perfectly conducting infinite cylinder .
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Fig. lb Geometry of asymptotic solutions : Magnetic fipole in
the presence of a perfectly conductIng infinite cylinder ,
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.~~~~ LN~EGRAL E-FIEL~ ACC~RACf TZST
FCR HIGH FRHQUENC? AS~~PTOTIC S~~L’~TTC~~S

M. Tew and R. Mi:tra

A3STRACT

The increasIng use of conformal slo t arrays has generated considerable

interest in the analys is of radia t ion on cylIndrical structures . Sl~ ce l97~~,

three different asymptotic solutions to the problem of radIation on an infinite

:ircular cylincer have been published. These solutions , w hose accuracY increases

as some ~ara eter (such as the wavenumber) increases , have the unfortunate prop—

eroy that It is dIfficult to estimate their accuracy when finite frequencies are

used. Previous atremmts by the authors at achieving an accurac~ test for
I. -

evaluating asymptotic solutions resulted in a test that was aualicati’:e in

nature and highly dependent on the sou cc region accuracy of the ?roposad SOiUt ~~~. .

Through the use of Green’s Identities, a new test based on satIsfactIon of the

H—Field bo~~ da~~ condition is fo~~ ulated. The proposed test is quantitative

in nature, Is straightfo~~ard in applicatIon and dIsplays a mIxed local1’global

nature. Under some circi. atances , the test lends itself to ap~ lication as an

IteratIve equation for point—by—point improvement of a proposed solutIon.

The problem of magnetic dipole radiating in the presence at a conducting

cylinder has r.eeivad increased attention in recent Years because of the insIghts

it provides into the performance of slot antennas on cyllndrlca . structures.

~now1.dge of the tnduced currents ,for example , allows the engineer to :aiculate

mutual coupling between slot antennas in a canfotmal array or cc

• compute far—field patterns . SInce use of the exact noda soi’~ticn is pr :i:a

for numerical computation of the induced currents , acoroximate -o.uticr. s :hich

— ~~~~~~~ -~~ -- ___ .~._1 - — -~~~~~~~~~~~~~~ --~~-!t~~ ~~~~~~~~~~~~ ~~~~~~ - --
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are asvnptotic in nature are often employed. This paper proposes an accurac

test based on satisfaction of the E—fie id boundary condition which nay be

- ap?lied to any proposed solution.

The problem addressed consists of an infinites imal magnetic dipole

radiating on an infinitely long, perfectly conducting , circular cylinder.

The exact modal solution [l)—[21, which is in the form of an infinite integral ,

converges so slowly as to make its use impractical for numerical calculati~ ’- .

Various approximate solutions , more suitable for numerical computation , have

been proposed [3]—[8]. Two of the solutions, [3]— [6), are derived from mani-

pulation of the modal solution. These solutions are denoted as Asymptotic

Solution — l.(AS—l) (3]—(4], and Asymptotic Solution — 2 (AS—2) [5]—I6~j, based

on their chronological order of publication. The third asproxixoate so lution

~7]— [ 8 ]  is based on a modification of the work of V. A. ~ cck addressing the

problem of radiation on a sphere and is denoted Asymptotic Solution — 3, or

AS-3.

These approximate solutions are asymptotic in nature, that is, their

accuracy increases as some parameter- ,such as the wavenumber, increases.

Unfortunately , the accuracy of these solutions is difficult to determine at

-
- finite frequencies. A previous attempt at achIeving an accuracy test was

based on relating the spectral components of the a-oproximate H—f leld to the

spectral components of the E—field [9). This test, however, was strongly

dependent on the source region accuracy of the proposed solution and was global

in nature. That is, the “E—field Accuracy Test” described in (9] had no point—

test character, but tested the total solution. This paper proposes an

alternative test, the “Integral E—Field Accuracy Test” based on satisfaction

of the E—fiei.d boundary condition on the cylinder surface. This test nay be

formulated from either Green ’s Identities or Generalized Lorent: RecIprocity

and displays a mixed global/local character. For some cases, the source

region of a propoged solution can be essentially excluded from contributing

— - ~~~~~ -~~~~~~~~~~ —-- -~~~ --
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to the accuracy test , yieldIng a ver. strong oca~ or point—test character.

Cnder those circumstances the “Integral E—Field Accuracy Test ” also lends

itself to formulation as an iterative equation , allowing point—by—point

improvement of a proposed solution. This paper will first review the proposed

solutions and follow through with the formulation of the “Integral E—Field

Accuracy Test.” Results of applying the accurac t test to the proposed solutions

as well as a discussion of these results will be presented.

ProDosed Solutions

Figure la presents the geometry of the problem. An infInitely long,

perfectly conductiag, circular cylinder -: radius R is located with the

cylinder axis coinciding with the z—axis of a standard t , : , z cylindrIcal

coordinate system. An infinitesimal, phi—directed , magnetic dipole is located

on the cylinder surface at Q’ given ~v the coordinates o — R, ~ 0 , z 0.

The H—field on the cylinder surface is observed at a point Q located at o R,

z — Z.~. The proposed solutions are ray—type solutions , and the

surface fields are dependent on the geodesic path between Q and Q’ defined by

the surface path length, 9, and ray angle, e, measured from the ~—axis to the

surface ray .

• The cylinder is a developable surface and a geodesic path on the cylinder

surface becomes a straight line on the infInite strip that makes up a developed

cylinder. Figure lb shows the developed cylinder and introduces the local n’, b’,

~
‘and i~, S, ~ coordinate - systems, where ~~‘, ~ are the outward normal to the

surface and t ’ ,c are tangent to the surface path at the source and observation

points , resp ectively (8’ — f ’  x fl’ , S — e X n). Both the AS—i and AS—3 solutions

give the surface fteld In terms of fields parallel to b and t as

I 

~~ (Q)  • ~~~~~ + 
~
‘
~~c 

(1)

L ~~~~~~~~~~~~~~~~~~~~~~ • •.
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where :~. is the magnetic dipole moment. In this paper a circumferentiallv

oriented dipole ~.s treated , i.e. ~ ;. For this case , conventional H

and ~ fields nay b~ found from H. and H, from
• ‘V 0 -

— cos 2O 
~ 

+ ~~
2eu.0 (2a)

H sinecos
~
(H
~ 

— Hh
) (2b).

Each of the proposed solud.ons gives the surface H—fields in terms of a

combination of “Pock functions ,’ u (i), v(~~), and v1(~) and their deriva-

tives u’(~), v’(~), and v1
t (
~) respectively . ~ is a normalIzed distance

parameter given by 
~ ~2R

’
~ 

) 1~~3~ where k is the wavenuxnber, Rt is t .e
t -,

radius of curvature in the direction of t given by Rt R/ cos~~ and s is

the path length, s — v’(R~)~ + z~ . The radius of curvature in the dir-

ection of b is also eanloved and is given by ~ RIsin2G. The AS—i

solution as tested gives the surface fields as

Hb( Q) — v(~ )G(s) (3a)

-
• H

~
(Q) — (~~ .)u (~ )G(s) (3b),

where H of (3b) differs from the Ht given in [ 3 ] — [ - ~) by a factor of 2

( this is done so that as k the Ht of (3b) recovers identically the (ks) 2

term of the known exact solution) . The AS—2 solution is given by

H~ (Q) — (v(~ ) (sin 2
e + (1 — 3sin 2C ) )

.‘- (~—) sec 2®(u (~ ) — sin
2
~Iv,(~ ) ]~ G(s) (-~a)

H ( Q) — —sinecogOv (~ ) (
~ 

— ~~ C(s) (4b)

- -~~=~~~~~~~~— --~~ 
-
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for  the case of a circumferentia .Uy oriented dipole. The AS—3 solution

gives the surface fields as

Hb (Q) — ( (1 — ~—) v(~ ) (
]~~)

2 (~~)

+ j (p’~ ~~~~~~~~~~~~~~ + (Rt/Rb) u ’(~ ))}G(s)  (5a)

H
~

(Q) ( ) {v(~ ) + (1 — ~~ )u (~ ) + j ( kRt) 2”3u ’(~ ) )G(a) (5b) .

In Equations (3)—(5), G(s) — k2/ (2~ ).e~~~~/ks , where r~ is the impedance

of free space.

As e goes to ninety degrees (a ray propagating down the cylinder axis), 1
becomes identical to and the solutions reduce to

— (~~ )G(s) for AS—i (6a)

a (Q) (J. — + ~~~~
/2
~~i

7hu l
~ ~~~~~~ 1G( ) for AS—2 (6b)

and (Q) - - (1 )2 + 
3(~)

l/2 
~~~~~ 

(ks ) h/2 
]G(s) for AS-3 (6c) .

Thus, for 0 equals ninety degrees, both the AS—2 and AS—3 solutions vary

asymptotically as (~~)
_i/2

, while the AS—i solution shows a free—space like

attenuation of (ks)~~ . It will, be seen that the proposed accuracy test

is particularly well suited for evaluating the solutions along ‘3 — ~rI2 ,

and thus may aid in determining whether asymptotic behavior as (ks)~~
’ or

(ks )~~~
2 is more correct.

Formulation of the Integral E—Fieid Test

The Integral E—Field Test may be formulated using C,reen’s Identities,

Generalized Lorentz Reciprocity, or from first principles using Maxwell’s

Equations and Gauss’ Law. The defining equation for the Integral E—Field

Test is given by:

I — - I ‘ — -
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where ftelds and s~ u rce~ ircn ~:c different ~~ -1r~~~.~~ts , .~ an d S , are

related in a s tngle  equation. In order to achieve an accuracy test ,

Environment A will denote the environment of the aporoxi~ ate solution ;

that is, an infinitely long, perfectly conducting circular c’~Linder

in free ~~~~ic e .  An Infinitesima l phi—directed magnetic di~o1e ,

radiates in the presence of the cylinder (FIg 1). Environment B is

made up entirely of free space. A magnetic dipole source (or sources), i~

will be placed in Environment B, giving rise to electric and nag—

netic fields E
3 
and H

3 
(Figure 2). The-fields in Environment A wi l l  be

termed “asymptotic fields” because they will be given by the approximate

asymptotic solution. The fields in Environment B will be termed “test

fields” because they will be employed to evaluate the accuracy of a

proposed solution. The volume V is defined as being enclosed by surface

S. which is made up of concentric circular cylinders , S and S Cylinder
C

S has radius R + 6, where 6 is vaaishinglv small, and S has infinite

• radius. In Environment A , S and S will be placed so that their axes
C

coincide with the axis of the perfectly conducting cylinder ; while in

Environment 8, S may be placed anywhere as long as i t  does not intersec t

any of the sources,M
8
. Since the sources in both Environments A and B

are of finite extent , the fields EA , ~~ ~B and H3, will obey the

radiation condition— with the result that the surface Integral over S

is zero. Equation 7 may then be rewritten as

I /~~A ~~~.d • 
f I’~ ~H~ .di — fff ~jj~8,t,jA ., ~~~~~~~

S S. Vc

The accuracy test is accomplished ~“v arguing that the exact solution to

a di,ol. radiating in the ~resence of , but not on , the perfectly conductin.

~-‘1indsr would sa t i s fy  the boundary condition that th enti L elec
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field is zero everrwhere on the perfectl y conducting cylInder surface.

Taking to be vanishinglv small, the surface ~ alnost coinc ides with the

conducting surface so that the magnitude cf the lef:—hand side of Equation

8 can be made as ~mal i as is des ired , approaching zero in the limit as

goes to zero. The amoimt that the right—hand side of Equation 8 differs

from zero will be termed the “err or”, e , and will be used as a bas is for

• comparing proposed solutions to the problem embodied in Environment A ,

- ~A d - 1”v ~~ 
- ~A 

~~)dv (9)

If delta—function type sources are used for both Environments A and B

(and they are implied by the proposed solutions of Environment A), then 4
the volume integral of Equation 9 reduces to a sampling oneration and

~econes *
- ~~ ~~~~~ - R

B (MA) + H~ (M~) (10) ,

where th. symbol H~ (M’~) denotes the operation ii~(x~ ~~ 
in which

the fields of Env ironmen t I are samp led at the position of the sources J
in Environment j, and the dot product is taken with the unit vector

parallel to the “i i’ source. Now, if c is sufficiently small , Ecuation 13

may be cast into the form of an iterative eauation as

— H3 (M~) — 

~c
1’ ~~ X ii~’0

~~ d — MA (O)
(~
3) — 

(11).

Thus the field at a point (the location of source H3) nay be updated by

modifying the proposed approximate solution by the error tern associated

with that point. Observ, that the exact solution would satisfy c 0 in

Equation 10, so that using Equation 1]. to iterate would nor change the

field value at all.

“~~~~~ ‘~‘~~ ~~~~~ —~~~~~~~ — —‘i -j--—-- ~~~~ - - .— — L — — — ~~~~~~~~ ~~~- ______________
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In review , the formulatIon of the Integral E—Field Accuracy Test has

been accomplished through the use of well—kn own properties of electro-

magnetic fields. The resulting equation Is straightforward , involves -

known quantities, and in general , consists only of sampling operations

and numerical integration. In some cases, the test may lend itself to

point—by—point improvement of a proposed solution.

Practical Considerations for t~ e Integral E—!ield Accuracy Test

While Equation (9), which defines the test, appears to lend itself

to direct evaluation , several practical aspects of the evaluation must

be considered. First , an important step in formulating Equation 9 was I
that the tangential E—Field vanishes for a source radiating in the presence

of the cylinder , while the published solutions are for the case of a

dipole radiating on the cylinder surface. To perform the test, the

• proposed solutions were extended to the case of a dipole radiating a

distance A away from the cylinder by modifying the path length, s, used

in determining the surface field. The modified path length s’ used in ,- I

Equations (3)—(6) was computed from s’ — /s~ + A~, where a is the surface

path length. In addition to satisfying the assumption made in formulating

the test, raising the dipole allows numerical calnulation of the integral

in Equation 9, since the HA fields have a finite peak and are not singular
(source region HA fields are singular for a dipole located on the surface).

Location of the test dipole(s) with respect to the surface coin~~di

with the perfectly conducting cylinder (this surface will be denoted S~)

greatly influences the test results. A test dipole placed so that it sam—

pled the surface magnetic field of the approximate solution would seem to

lend a local character to the test. However, a test dipole so located

would introduce singular E3 fields , making numerical integration more dif-

ficult. Accordingly , the test dipole is, in general, located a .~ distance

- - - - ~~~~~~~~~~~ ~~~~~~~~~~~~~ - ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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away from the surface ~orresp~ nd’.n~ to the cvi ~.nder surtace . fl

fields on the surface of integration are cal~ualted exa~.:lv . but the

HA field at is approximated by the HA field at the point on clos-

est to the location of H3 . In other words , if the sampling operat ion

required f inding HA (R + .

~~

, 

~~~~~

, ~~~ ). this would be approximated by

HA (R ,~~ , Zr
). The error introduced by this aporoximat ion was checked

by app lying the test to a problem with a ~~cwn ~olut~.on , that of a

magnetic dipole radiating over an inttnit ~ ~r~’und plane. ~or ~~~~~ .

equal to one sixteenth of a wav.len~ th , the erro r introduced by this

assuetion was negligible compared to ~~~~~ ~-onruted in the cylinder test.

Observe that th . user has c omp lete freedom to place o~ e or

several test dipoles in Environment 8. Pot example , two test dipoles

could be used , locat ed at (R + 

~~ ~rST’ 
ZTST) and ~ ~ ‘ TST ZTST)• •

This would have the effect of creating a niane ot zero E
3 fields that

coincide with the HA source region . Evaluation of the integral of

Equation 10 shows that this would decreas. the contribution of the

sou r ce region H~ f i e l d s (due to ze ro E~” and etnnhasi:e the source region

field. As this illustrates , use of multiple—dipole tes t config-

urations generally involves a trade—off of some kind , so that the sim~’le

single test dipole located I away f ro m S3 has been chosen as the “stan—

dard ” test.

Res ults of the Integral E—F ield Test

Results prese nted in this section are for a case with R —

and A - \/16 , and \ is th. wavelength . Fields were satnoled thrc’u~h the

f ull 2~ radians and from — 2.0\ -~ 2 + .~.O \ , where the test dt~ o~~

was located at (R + 
~ ~~~ TST~~ 

A fine numerical integration was

performe d in the one square wavelength region immedi at e ly  surrounding

- ~~~~~~~~ ~~~~ 
-.-
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both th e  “ tea :” and “ source ” d i ’c l e s  ~n.th sam~,l1r.~ rates  o~ ~~~ ‘ ~oints/~

L n the z—d ~ rection and 78 points/\ in the :—direc t lcn . ~umar ica1 int-

egration over the rest of the surface was acconolished with a samoling

rate of 32 ~oints/~\ in the z— d i r e c :i c n  ~nd ..8 rcint~ /’
~ j r .  :he —d ir—

action. For cases presented here, a single , phi—directed test dinole

located A 116 away f rom S~ was used. For tests along ~ — ~, ‘2, along

the cylinder axis , a two—test—dipole configuration was also used with

phi—directed test dIpoles located a: (~ — .~~~, ~~~, 
and (~ 

— .~~~, 0 ,

The test equation under these conditions becomes

i:
c - — E~~~)da — H ( ~~ )#ii~ (M B ) (12)

H
~igure 3 shows the fields along the cylInder axis (

~~ 
• 90°) as predicted

by each of the three published solutions. Shown are the magnitudes of the

z.roth—order H~ 
fields, unchanged except for the extension of raIsing the

source di~ole 
)
~/l6 above the surface. Zero dB reference for all the ~lots

is the magnitude of the AS—2 solution at z — 0.5). along ~ • 90°. ~igure

4 presents the “error”, C associated with each of the solutions , while

the results of applying Equation 11 are shown in the iterated magnitudes

of Figure 5.

Figure 6 presents the errors when the two—test—dipole configuration

• was used, while F igure 7 shows the iterated magnitudes resulting f rom

a dual dipole test. Figures 8, 9 ,  and 10 present the same information

(zeroth—order field magnitude, error, and iterated magnitudes) for a

path along ~3 — 0 .

Discussion of Results

I n figure ‘
, the error associated with the AS—3 solution is less
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the error assocIated wIth eith er the AS— or AS— ~~t~ o:~s :~ r :~~, -
~ 

‘

The iterated field magnitudes of Figures ~ and s~ c~: much les s ~~~—e:s:on

than the ~eroth— crder magnitudes of Figure 3. The It er a te d ma~n~ tudes are

closest to the ~eroth—o rder A S—3 so utIor.. Severa l fa ct or , ~~~~~~ to

increase confidence in the test results along ~ — 90’. First , the magnit—

ude of the error term is relatively small with res~ect to the ~agr.itude

of H 0
~
’(~

4
~), so that the criterion for successful iteration is close to

beIng me:. Second ’.’, for ‘~‘oth sIn~ le and duai ~~~~~ tests , the asymptotic

source—region field contributes very little to the Integral that makes up

the error term. For the single dipole , this ~.s easIly seen from the fact

that for Z .,...,. ~~‘ I along ? — 90’, the E
8 fie~~ evaluated at (R,0,0) will

b e primarily o—direc ted with a very small E: or E c m ~cnent. At the same

time , the test field E~ 
directly underneath the test dIpole will have a

very large Ez component , emphasizing the local ~~ f laid. For two dipoles

located at (R ~ 1, 0, Z1s~
) ,  the plana of zero tangentSal electrIc fields

is tangent to the cylinder at ~ — (~~, reduc ing the asymptotic source region

contribution. Local fIeld emphasis does not occur with the two dipole

test , however , since the p lane of zero tangential E—zields extends through

2 • Z..~~ . Thus, for I along ~‘ — 90° the Integral 
E_ t’ield Test

should have a very strong local chsra~ter and be almost u n a f f e c t e d  by the

source—region accuracy of the proposed solution.

For large 
~~~~ 

the (ka)~~~~ behavior becomes dominant in the AS—

and AS—3 solutions. The AS— 3 solution shows the least error for  this

ra~ge. The iterated valu•s are closest to the zeroth—or d er  A S—3

solution, and deviate most from the seroth—order AS—i solution.  Because

the itera tive equation is convergent , and becaus e source—region errors

• con tribute very little to the error term or i te ra t ive  process fo r  this

case , the authors feel that this is a strong indication that asymptotic

behavior as (ks) is more correc t than (ks ’
~~ attenuation along ~

‘ •

-- ~~— 1 ~~~~- ~~~~~~~~~~~~~~~~~~~~~ •, •
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Single dIpole tests along angles cther than — 90° will introduce

an asymptotic source region contribution to the integral of Equation 10,

with the amount of contribution dependent on the path length and 9—angle .

The local E—fields in the vicinity of the test dipole remain large, so

that it is expected that the test will display a mixed local/global cha—

racter. The results of Figures 8, 9, and 10 reflect this , for while the

zeroth—order magnitudes are relatively close, there is a large variance

In the associated errors. If the test were truly local, the associated

errors should also be relatIvely close. Examination of Figures 8 and 10

reveals that along 9 — 0° the iterative equation is divergent instead of

convergent. Closr examination of the results of the integral of Equation

10 reveal that the contribution from the vicInIty of the asvm~totic source

• dominated the contribution from the rest of the surface, including the

region around tne test dipole. The integral of EquatIon 10, in turn , is

the highest contributor to the error, ~~~. Thus , for E’ — 0°, the Integral

E—Field Test retains local character only in the saumllng operatIon. The

large source—region contribution drives the error term up so that its

magnitude is not smal l compared to HA(
~~ (MB) and the i terat ~.ve equation

diverges.

One may be tempted to employ two dipoles located at (x~~ — Rcos(
~~
.

— R.sin~~ , Z~
) and at ~~~~ — 2R—x~~~ ~~~ — ~~~~~ 2 )  to obtain asvtn—

ptotic sourceS region cancellation. This introduces the problem of determ-

ining the scattered field at the location of the second di~ole. Unfortun-

ately, if surface equivalent currents are used to find the scattered field

• at the test dipole, then .it can be shown that the test is identIcal to a

single dipole test. That is, the use of surface equivalent currents to

fInd HA (MB) always leads to the result that 
~ 

— 0, for any oronosed solut—

• A- - — ---~~ -~~~~~~~~~~~~~~~~~~~~ - - • - - -
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Ion when Is entlrel’: located external to S 3. ((
~bser,e t-~~: fo r T

the second dipole lies outside of v , and cnis prob lem is no : encountered) .

Cse of o ther  ap~ roxImat1ons to  find the “scattered field” external to the

cylinder would introduce an unknown error , so use of remotel’: located di-

poles was abandoned for angles other than 6 — 900 .

Thus , the “Integral E—FIe].d Test” displays, in general, a mixed

local/global character which changes accordi ng to the locatIon of the test

dIpole. For — 90 0 the test has almost entirely a local character , with

very little contribution from the asymptotic source region. Under these

conditions, the error term is relatively small compared to and

the iterative equation converges . For angles other than - 900 the

asymptotic source—region begins to contribute to the integral result-

ing in a mixed local/global nature. At the same time, errors in the

source region tend to increase the magnitude of the error term, so

that it is no longer small compared to a~~
O) (MB

) In this case, the

iterative equation shows less of a tendency to converge and may diverge.

S u~~arv

Generalized Lo’rentz Reciprocity has been enoloved to formulate

an accuracy test that may be used to check any proposed solution. The

test is straightforward in application and general in nature , that is,

not limited to testing only cylindrical geometries . The tes t is quantitative

in nature , and requires only’ numerical integration for imniementation .

The Integral E—Field Test has local character in that the error computed

is associated with a single point , although the entire solution contributes

to the computation of the error term. In cases where the error is small

conmpared to the value of the proposed solution, the test lendc itself to

Use as an iterative equation.

-~~~~~~~ ~~~ • ~~~
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~~en tne te~~z ~~. to t~ e pr~ tle~ of na~ne t:c ~t~’oe ra~~Iation

tne nresence o~ an t n t ~~r . 1te  n c u c : I i~ c’.~~inder , I: was f o u n c :~-~a:

tests alo~’.~ the cv Linde r axis  en~i thensel .’es :c ~:~ raticn. • c : ~~ :~~e axIs

solu t ions that vary as ,ks) 1 - test better than solutions that var: as (ks)~~

f o r  large path lengths . Tests at points other than on the axis generate

error terms that are large with respect to the approximate field value , so

th a t  the Iterative equation is not convergent. The source r~~ions of each

of the proposed solutions were found to contribute sIgnif~ cantlv to the

large error terms for tests of points o f f  the cy lInder axis.
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Transform Approac h to Electromagnetic

Scattering
RAJ METTRA , I F L L ~~~~, LEEE , WAS LEE KO , ~SIEMBER . IEEE , ANt) YAUY A RA1IMAT SAMII , M E M I J E k , TrEE

In ti le d Paper

Abstract—I n this paper. we present a comprehensive rC~ieW ‘~ ~~ U~ Total fieldFouriet transform tec hnique as applied to the problem of hiej i-fre- £ ~~ 
- 

-

quency scaztersn g and introduce the concepts of the spectral theory of - 
- ect~~ ichi

diffraction (STE)). In contrast to the more comm only employed ~~~~~ 
Is MagnetIc t :e ld.

optical method for h igh-freq uency scattesing. viz, the geometrical J Induccd electr ic current .
theory of diffriction (GTD). the STD approach interprets the scattered F Fourier tra nsform operator.field as he spec tiwn, or the Fourie, transform of the induced current - -i - - -
on lie scatterer. Such an interpretation offers several importan t ~~

. 
Inverse Fourier transiorin opc ritor.

adv~nt~1jes uniform natur e of representatIon. capac ity to improve ansi L Transformed Iunct~on.
extend the ray-optical formulas in a s~ s emst ic manner , and conven ient J Transformed function .
accuracy test s for the results., Methods for combining integral equation X Spectral d iftract ion coe(f ici (It.
methods with the Galerkin procedure and asymptotic techniques in the 11d Ed e difira -ted f eldtransform domain are descnt~d. and representative examples IllUSt rat- g 

- - -- - - - H Ph s j  -
~~~t l-’sng the application of the spectral approach are included. / 51153 O P .~ S IC

H Geometrical opt i c s  f ield.
~“(‘-lI NCLkT t : RE HI Field of edge

STD S~’ectr.i l theory of f f ract tu n 112 Field of edge 2.
UTD Uniform thcc ’ -y o: ~~fra_-tiun . Fresnel f u n ~~ on .
U.-~T U~~fc rm 3s~ v-to : c theor~ . F Asymptot ic term of Fresnel function .
u’ Incident f ield -i,, Physical optics current.

u3 Scattered field I Truncated physical optics current.
I Induced current on a semi-infinite half-plane .

Manuscri ’i received Dececther -s . ig s. revised J uly ~ . ~~~~~~~ 
HD Diffracted field in UTD formulation . I 

-
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frequencies abov e the resonance region , t he transform f0U d.5~~t~tts ot C FL) and Si t)  are dui ferent . t he Cli) solution ,
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numeric al so utions to radiat ion ari d scatter ing problems hy~~~i’i as% mpt ot uc eva luation 0! the t ransto rm-5toiisai n re prese nts -
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problems ( I — ( III Recent studies have shown that : he e~lUCncy asymptot ic s~~iii t rons via 4 coiutt’mat ion ot i; U)

sco pe ot applicat ion can be coIisi.tetabls enlarged while met hods and integral~~quatroit fotrlsu ~atsv ’ti :5 descmi t’ed ins Sec
simultaneously improving the c !:.5iency 01 computation by hIm IV , and sonic unique numeiicsl adv anta ges that a.crs:. ’
lncorporaslng t he ex isting ~iigh (re.~uicncy ,usy mptot ic ~~~~~~~ 

t rots the use ol tIlls proceduu ie are also denso nsttate.t FsnI.II1S -

into the solution procedimme Consequently, t his paper foct ,ses S t ess concluding rcnistkm. ois the spectral .ipproacls are gtveis in
m ainly on this conitnnstaon procedure w hmch app ear s t. ’ ~ tf,’i Section \ - Possible e\!ensrors ~ of this J I’ptoacts to a number
t he greatest potential to r vystensat t c and accur ate solutions 01 et her sun po rts nt l~ro t’lems ot practica l ut st e rt’st ate .ik.s

to radiation and scattering problems to the resonance ~~~:on mentioned in thIs section.

and above.
turning now to a bnel rev iew vt the a~s mptot c tec tsniqul”. -

perhaps the most signIfIcant svtqk s .Iii the ‘- I bti-cI are the tvs .~ 
~~~~~~~~~~~~~~ ..f var io us  ter ms s uch as .Iia.!,~ ..- ~.‘unJ~nrs and 

— --5— .-~--— ~-~~~- _~--~~ .
~~~~
.. ~~~~
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and uses t he time co :rseIu : Ion ex p (-zu,r 0 fl 5 one can rea d ris
1 arrive at the fo llowing equat ions from MaxwelPs equa::on Ifl.

_______________ 

i l l ]

- / for L - s s a s e  ta ’ L’! = i~~f J . ( i ’ ) g 4 (k  l~ i i )  ui ’
(ii — —

(4a)

for H - wj ~e ~~ i i ! = -~/ J~~ ) L ! g 5 I~~ ~ ~~~ ~

— — 

— 

t 4 ~ - i

wher e . ~ ~~~~~~~~~ p and are the per m ea bI l Ity and permit-
tis ity of the mediunt , respectively, and g~ ~.p I ilI~(L p) , 4
(JI~ is t he Ilankel functio n of first kind ~ .d ze rot h orde r
The objective us to determine J and u1 for t he half-p lanc .hu-
nsinated by an incident plane w ave . This am d ine by u~:rng the

It’ ) transform technique am:- ,! employing the results given in 4 .~ 5 .I 
~~

. I - ~
i) t ) ,f f raet ron of a rtane wa ve I.> a hal ( riane , 0 ~ ~ and— s . ‘~. (b) lnterrataon path 1’ for integrs i repr es entation ( i i ) .  A S; ’ec:vji D iJ ’ rac :io ’m Cor ”’~ - ut ’’zt a ‘:.i l’ota Field

Let us define the 1-ourrer transform pair asLI . FORMALISM FOR TRANSFORM API’ROACH
io HIGH-FRFQUENCY SOL Ur IO N—ST [ )

In :h.s sect ion we int roduce the bas:c corr~ep:5 of the STD L.( a) ms~ s )  exp  (~ Lv I dx F [ u ( x ) J  (Sa)
vu t he hs~f-p tane problem. Since the canonical geometry of
the h~if-ç. ne one of t he cornerstones ~f the vario u s non- and
uniforn:: ,u.~d uri:forrn t h~~ nes of high-frequency diff raction ,
s~e also .hcc’ c t his geometry to lay the icurida t ro ns of STE) I f ~~~ ‘-~The ~reo :rret ry of a ~e mte ~ :!v conduct ing half-pLane located at U~~. V)  --5— J L? ba) exp ~- ia,x ) Ja = F ’ t U (S~~~) 5  S

y = 0. ~ ~ 0 and ullurrrm ra:~d by a plane wave is shown in -

Fig. Ii a) The Cartes~sn coordinates (r , .u- - :) and t he cylindrical 
(Sb)coordtnates (p. ~~ . :) are er : c t ed at the edge oi the half-plane .

Angles a re dL’t ir iCd pcs: ::se~ counterc lockwise w ith the range where ~ is a small pos It ive number The incident plane ssave
5- r’r , 

~ 5 e let the dir~~t: ~n of propj gat ion of t he incident can be wr i t t en  as
pLane vs ave be no,-rnai to :rie edge , i.e ., A’  I = 0. This assump- -- . - malion c ::m:nzc ~ the vec :or nar , re  01 the three-dimensional proh-
km to a two- dirr,enssoruaj scalar problem. Furthermore , the (6)prob lem may he classified according to the cases of E-w ave 

- -
I nor-,~ ,~r ’ t ~ ej ,~ comp. ~ ne n t s  F. - H 5,  /1 ~1, or If-wave (nonzero w here s cos £2 , ~. = sin £2 . and 0 ~ £2 ~ is t he m ci-
fie ld cu:r-ponents H. , E~ . E by sirn’ply letting the incident dent angle shown in Fig I(s) . Transforming ~4) Into th~
E-fueld or H-ficld be directed alternatively along the :-axis . spectral (Fourier) domain and applying the Wien er—H opf con-
Un less otherwise ~pee:~:eJ t he cases of E- and H-waves are struct ion [10 1 ,  one arrives at the ~oIlcsv ing-
t rea te surr.uitaneousiy . wit h il-ut help of two symbols u and for E-wave: Fl.!: 5 = (s.o 3pY~ .V( i~~, is) Ca)r such that

5 for // -wave: F [ J X I 7 ’ .~
(
~~~,a) Cl’)for E.wayes: u = E , r =  - I ( Ia)

w here ~~~~~ a) isfor ll-waves : U H ~, r= -s - t . ( Ib)

The to t a l  field ma r may he split into the incident field u’ and X ( k~~ , a) 2 ~~~~~~~~~~~~~~~ \ 5 ___~ is 
( S )t he scat t e red field u 1 to give a +

( ‘ I and ) = s~,
’ k2  suc h that Re ’1r >O a n d a = - k - cos 

~~
. In S

this work , unless otherwise state d , ~r and ~.) I/ are def inedFor a pt’ n t ec t  e lectri c conductor the total field u~ is subject tO vvit h their proper branch cut slightly below the negative realt he ho::nndar ~ condition :s~ = 0 or au n a y 0 for E-wave or ax is. Using the transformed version of (4 ) and then iricor-/1-wave cases , respectively, on the half-plane, If one defines porat ing ( 7 ) , one finally obtainsthe induced electric current on the half-plane as
- 

~ I I 5 , exp ( — --v l s I ) IE- was - eau ’ ° t- ’ = i r .~ (k v , is) for l -for E-wave: J. = — (3a) ~sgn s - ) j  -
~ 5,11-wavea y o ’

0- (9)
for 11-wave. J~ -u ’~~. (3b) Fu~~hermore , one may notice that the following equation has

I

~~~~~ - ~~~~~~~~~~~~~~~~ - a---- - ~ . 
— -5~~~~~ ~~~~~~ ~~~~~~~~~~~~ 
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been Used his the construction of (9) It is worthwhile to mention that <~~ as de!:ne d in the follow-
ing equation , is bounded at the shadovs boundaries

F(go~~p iJ  
e s p ( - ~~I.s- I ) 

( 10) 
~~
fIi~~_ ; t =  ~~~~~~~ ~ I - ~~~~~ ~~~) . 1 7 )2--v

Introducing the change of variables .c p cos ~ , y  = p sin ~ ~~~~ ~~ voUld be cail e I the fringe d iffract mon coeffic ient. 2

& cos t2 , k~ k sin £1, a -k  ccs ,j and ~ = - mA sin ~, For the problem at hand , m e . ,  lflL~:dent plane wave , the
into (9 1  and substituting the result Into (Sb),  one finally s pectral integra l ( I I )  can ~-e em.pr essed C\d,. t ly in terms o f the

I resnel integra l. -, i/-arrives at

= I I 
~~~~~~~ ~~) e v p ( :~ p cos~~~ 

- - 
~ I) ) d ~ 

u —  - e x p h k p cos (~~ 
-

‘~~~ lsgn (~~)) Jr + rex p  :k~ ccs i f2 ~~~~~~~~ lS

1E-wave
for - ( I I )  

w here the [- resnel int:g:ai F is defin:J as

~ J e x p l r ’ )dr ( 19)In the preceding equation is the conspiex angle defined on -,

the path r, shown in Fig. 1(b), and ~~~~~~ ~i)  Is
and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ )12)
~
_—  ~~~~w here = V- ~p sin , . ( 20)

C —

X, dn., 
~
i) = csc . (13) Using the analytic continuation argument , one can show that ,2 for complex angles of incidence , e:uation C 6) is still the

We may not ice that 
~~

(‘) and ~~,
( - )  have the same functional proper solution of the diffraction p n c b e r ~u. In ziuis context f2

form , i.e , csc (‘). This definition of X~ 
and x, is c losely related is replaced by the complex ar.gie shuch follows the path

to the definition used by Deschamps in [2 4 ] .  Clearly ‘
~~ 

and x, r1so~, 0) U (0, rr) U (nr , — m°°)] in the cerop iex ,i-;lane to cover
are infinite at ~‘ = 1i2 and ,ii = - 

~2 , respect ively. These two the infinite spectrum of incidence an;~es .
va lues of ~‘ correspond to the incident and reflection shadow In reviewing the material prese nted irs this section , we note
boundaries appearing in the classical GTD expressions which that its principal contribution has been t~ e introduct ion of the
are obv iously “nonuniform” as a funct ion of the observation spectral diffraction coeffic ient , wh~~h iS shown to be asso- S

angle. As a matter of fact . x (l2, 
~~~ is precisely the angular ciated with the integral represenrat ion of the scattered field in

part of Keller ’s diffraction coefficient , w hen ~‘ is replaced by terms of the Fourier transform of the L-~duced current on theI -
the observation angle ~~ . Although s~ tends to infinity at the surface of the scatterer. The e~ -,i:va lence be t we en the GTD
shadow boundaries, it does not mean that the field itself is results and those derived from the sp e Lr r~l representation for
also infinite as Keller ’s GTD predicts. Instead , th~ correct observation angles not close to the shadow boundaries can be
value of the field is obtained from ( I I ) ,  w hich is always easily established by substitut:ng the asymptotic expansion
bounded. To distinguish it from Keller’s coefficient , which is of the Fresnel integ al into (18).
associated w ith the diffracted field, w e w ill refer to ~~~~ 

-
~
i) as One of the important attr ibutes of the spectral approach is

the spectra l d iffraction coefficient for the half-p lane. This that it provides a uniform representarion of the scattered field
term inology is chosen since x(IZ, ) is associated with the that is based on physical interpretation of the diffraction
spectrum, or equivalently, t he Fourier transform , of the in- phenomenon in terms of radiation from the induced surface
duced current and appears only inside the kernel of the plane- current. This feature allows one to generalize the formulas
wave spectru m representation for the field and not directly such that they apply to a wide range of scattering geometries.
in the form of a factor multiplying the incident field as u-. the This point will be illustrated in subsequent sections with some
case of Keller’s representat ion. representat ive examples.

We may further use (4) and (7) and introduce the spectral
coefficient of the physical optics field ,yP° as the Fourier Ill. FINITE BODIES WITH EDGES—COMPARISON OF
transform of the physical optics induced current to arrive at SPECTRAL AND UNIFORM THEORIES FOR A

TYPICAL EXAMPLE—THE STRIP
for E-wave: X~ °(k 5,  = 

2k~ (14a) In the previous section we introduced the concept of
a + spectral-domain representation of the field scattered from a
21s/is2 — k2 half-plane and showed how the difficulties with Keller’s

formulas in the transition regions could not only be inter-for H-wave’. .v~°(k ~ , a) = 
~ + k~ 

- (I ~~ preted but circumvented as well, Though the above result may
The application of the change of variables used in ( II )  allows be interesting from a theoretical point of view , the diffraction

formula would be even more useful if it we re applied to prac-one to express ( 14) as

X.PO (fZ 
~ ) ,~P0(ç~ t,i) + i7m(~

°U7, ,~i) ( 15) ‘ The reader should be cautioned , howeve r , th at contrary to the po p-
3 uI~, belier , the f ringe current (excess of physical optic s curren t ) IS notwhere confined to the very near v lct ni(y of th e di ffrac t ing edge and th e

assumption that the edge diffraction is a local phenomenon governed
£1 ~ i,ti so lely by the configuration of the tip of the edge can , in some cas es ,

Xr°(cl. ~
s)  ctn ( 16) lead to substant i~i error s . An example of this occurring in a wedge-2 diffraction prot ’ Iem us gis’en in Section V.

- — - —~~ - ,  - - 
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~a H,t ic,il structures , which arc obviously of finite extent. The 
/ i~~ OENTc lassical GTD formulas , w hen applied to such u nite structures , WAV(

st ill contain spurto~ s irt t inities.3 notwithstanding the fact
that t he spectrum of the induced current , and hence the
scattered fieid, must be necessarily finite . Thus in contrast to

the scattered field in terms of t he integral representation ~11)
the half-plane problem for which it was necessary to express

because of the singularities in the diffraction coefficient , the _________________

far scattere d field for the finite structure should be obtainable -o
directly from the spectrum of the induced current by a Fig . 2. Geometry of the strip problem.

straight forward application of the saddle point integration
tc~ hnmqLie (w hich would merely require a substitution of’.ar i- in UAT , the fictitious infinities in Keller diffraction coeffi-
ahies) its the integral representation for the scattered field , If c ients for edges are annihilated by the introduction of addi-
the transform or the spectrum of the induced current is t ional terms which themselves go to infinity at the shadowproperty computed , the far-field expression derived from ~t boundaries such that the singularities in the Keller coefficientsshould be uniformly valid for all observation angles, including are canceled out exactly.
the transition regions , and consequently, no a poste ri ori We first present some uniform formulas based on UAT forcorrect ion would be needed for formulas derived in this some typical edge diffraction problems and then show that the
manner . This is in contrast to conventional GTD formulas hAT ansatz can riot only be physically interpreted using the
w hich are typically ‘repaLred ,” after the fact , by employing spectra l approach , but can be improved and generalized also in
one of the uniform theories, e.g., the uniform theory of a straightforward manner. To illustrate our point , we con-
diftraction (UTD) of Kouyoumjian and Pathak (30 1 or urn- sider the problem of diffraction by a strip of width 2a which ‘

~~~form asymptotic theory (UAT) of Lewis , Ahluwalia, and 
~ illuminated by an H-polarized wave (see Fig. 2). The m ci- IBoersma (29 1 - With this background in mind, we proceed in dent angle is ~ , and other variables such as P t ,  , P2 .  and ~ ,the following section to compare the various uniform theory are shown in the diagram.formulas with the one derived from the spectral approach by Following the hAT prescription (2 8) ,  we write the total

considering a simple illustrative example , v iz, the strip. We 
field asshow that not only are the spectral formulas uniform in their

original format , and therefore require no a p oster ior i correc- li~ = H ’ (F( ~~ ) - 

~~~ ) I  + H ’ (F( Ec - P(~ç )1 + ii’( - S

lion, they are actually simp ler and more accurate as well! The 
~~ ~f ’(F( ~~~ 

- F(~~ ) 1 + H’IF( ~~ ) - F( ~~ ) )  + H~’ 
- 11’ (21)increased accuracy results from the inclusion of a term which v

-I
arises naturally in the spectral formulas from a physical inter- where fI~ is the incident field given by
pretat ion of the dif!rac:ion phenomenon, but is shown to be 

H’ = exp (-lAp cos (~ 
- 

~~~ (22)missing in the other unii~- rrn formulas which are based on the
assumption that diffrac !icn ‘s a “local” phenomenon. IVe wilt H’ is the reflected field (from an infinite plane) and has the
see t hat the absence of rh:s term can create nontrivial and non- form
physical discont inuitmes Li the scattered far field . This fact 

H ’ exp (— IA-p cos (~ +~~o)). (23)3 will be further il1ust;a~eu in Section V . where we consider
another wedge diff raerton problem , viz, the diffraction by a F is the Fresnel integral defined in (19) and
rectangular cylinder.

Before closing this sect ion it will be worthwhile to point out F( x) = exp (i(x 2 -4’ r r f 4) ) .  (24)
that the spectral approach does not achieve the characteristic 2x~/~
advantages described above by abandoning the conventional P is the asymptotic forns of F for large positive argument .
and well-familiar formulas of Keller ’s GTD. which have un- ‘the smabscripts I and 2 refer to the two edges which form the
questionably established themselves in the literature on high- origins of the coordinate systems for the corresponding dif-
frequency diffraction and proved their usefulness for com- fracted fields associated with these edges.puting r ’~e scattered field except in the vicinity of observation The diffracted fields H~ and II~ are derived from Keller’sangles near the “trouble” regions. Interesting, the Keller GTD formulas in a standard manner and are expressed as
coefficients blend in naturally in the STD formalism which

exp ( i(kp ~ + I T /4) )makes explicit use of the GTD expressions in the representa- 
H” exp (- ika cos~ 0)lion of the scattered field. However , the interpretation of the ‘J’S rkp 1

Keller coefficients as well as the final form of the formulas in /which they appear can be sigxsificandy different from those 
_____________ _____________

material presented in the following section. COS ( 2 ) ~ ~ ~ 
))found in the ray-optical approach , as will be evident from the ‘ 

+ 
~‘i 

— 

f~~~ ~io 
(2Sa)

exp (i (kp ~ + 1T14))A. Comparison of STD and UA T 
H~ = -exp ((kg COS 

~~~The UAT of Lewis ci at. 291 has been introduced to over- x/8irkp2
come some of the difficulties in GTD that occur at the transi- ( Ilion regions associated with shadow and reflection boundariet , 

- 
+ 

~ 2 ~ 
- (25h)

‘Ex cept In specIal s ituat ions wh en lhe aggregate contribution of thea. \cos ( 2 ) cos ( 2 
))

Infinities canc el .

- —~~--- -
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Shown in Fig. 5 are the i’ Imst s ~ f F!’5 given in ~3t.4 and 11m.where P Pi or p~, and 
~ ~ ~~ ~

, accordingly, given j im (4 21 for a 1,\ wide strip, an d p “i~X , mm bitu’ !i mc t im eIn order to give a physical interpretation to t h e hID for- distance of t Ime observation point from the origin of the u’ s ’-mulahion , we now rearrange the terms in (38) fouowmg the ordinate system located at ti me center of time strip. We ham-csteps that are similar to the (Inca used in conjunction with titus demonatrateel that the I~nuyoumuij ian—Pj thua k UTD can(21). In UAT, these steps led to (281, which was then corn- also be physically inter p reted usin g the spectral concept. lire
pared with the STD expression (35). To this end , we ress-rite simplification in the empression for the scattere d h eld isthe total field given in (38) as equally dramatic , as evidenced (~v a comparison ot !! ~ cs-tt hm
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— i Fl~ the former being trigonometric and the latte r involving the

Fresnel integrals. Moreover, /1 us continuous throughout the• ii ’ + nP — iif + + — FIf 4’ Fl~ }. (41) entire region of observation, whereas 1l , has terms smith shifl -
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from (38) in wiitlng (4 1). iif and Hf are given in (15a) and the expre ssion.
(25b), respectively. H~

’ and arc given in I 1’~a’I and (2~b’h, e. lmji ro i ’en, eumf ,‘f ( T ,.l Tei,u1 ( ‘TI)respectively. 
- U - Next we go n to show that the inclusion ,ut - (U~ + ?I~ ’I inFollowing the same steps which led to II in (37), se-c ob- ‘ 
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cylinder illuminated by a plane wave (s eem Fig, ~) . tIming con-
1 1 ‘ ventional GTD uniform formulas, we obtain the scatter ing

which may be identified as the collection of terms inside the pattern shown in Fig. 7 . Time S’~l) result (whose elenvathmn
braces ( } in (41). will be presented in more detail in a later section in t i mms 
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terest. This fact will be illustrated vi3 a typical example , viz.

— 
. plane-wave diffraction by a strip, Other cases have also been

treated and may be found in (381, (391, (441,(4Sj.
S
i, - A. Development of Spectral-Domain Formulation o(th e

‘ I Integral Equat ion and I ts hera live SolutionI S

The key to combining the asymptotic solution with the
/ S

/ 

~~~~~~~ ~~~O ~~
integral-equation formulation lies in recognizing the fact that
the Fourier transform of the induced current on a scatterer is

— 

ac. 

/ 

5/ ~ sm~14

directly related to the scattered far field and that a good ap-
proximation to this scattered field is often available from any
asymptotic methods , e.g., GTD. To take advantage of these
facts we choose to work with the “Fourier-transformed” or
“spectral-domain” version of the integral equation rather than
with the conventional spatial-domain counterpart , We begin,

270’ however , with the conventional electric-field integral equation
Fig, 5, Scattered rar-ricid pattern of the recta ng ular cyt inder using STO (E-equation) for a perfectly conducting scatterer

appro sc h;0 0 ~~rI4 ,a~~~b IX

-~

the numerical computar;on of the scattered field , is shown in
paper), w hich has been veri fied rigorously by comparison with 

+ ~~ exp (+M- I’F - ‘F J/ (4ir(’F - ‘F
’ I) (43) - --

the companion diagram (Fig. 8). It is evident that the GTD
results contain discontinuiries (‘-3 dB) in the vicinity of angles
c~= 0, ir/2 , iT , and 3iT/2, which, incidentially, are located far where G is the Green’s dyadic, I is the unit dyad, andli r- ’) is
from the shadow boundaries. The investigation of the wedge the unknown induced su rface current density, The subscript
problem also reveals that the generalization of the STD ap- signifies the tangential component of the field art the surface

S of the scatterer, ~~
‘‘ is the incident electric field on the scat-proach to wedge-type structures can be carried out in a very

simple manner , and the resulting expressions are once again terer , and a symbolizes the convolution operation,
very simple , the Fresnel integrals being absent here , too. As a preamble to Fourier transforming (43), we first extend

In summary , we have demonstrated that the uniform GTD it over alt space, To this end we define a truncation operator
expressions for edge diffraction formulas can be simplified, O(,~~): S

physically interpreted , refthed, and generalized using the STD 
8 (‘F - ‘F r)  dr , 

~ 
ES (44)concept. 0 (A)

IV. SYSTEMATIC 1Y.1PROVEM E~ T OF ASYMPTOTIC
SOLUTIONS where 8 is the Dirac delta function. Let ~ A) be defined as

the complementary operatorOne of the most chaiienging problems in the solution of
high-frequency scatterin g analyses is the establishment of the ~(A) = — 0(A). (45)
accuracy of the results and the refinement of the solution
when the need for its improvement is clearly indicated. The We can then rewrite (43)
difficulty in verify ing whether the asymptotic expression, 

~ ~y =o (— r’ )+ê’ (~ ~ (07) )  (46)typically derived from the ray approach , does indeed solve the
boundary value problem under consideration stems primarily for all space, As indicated above , in contrast to (43), equation
from the fact that there is no obvious way to “build in” the (46) Is valid at all observation points whether on or off the sur-
boundary conditions in solution procedures based on ray face S. Note that the integral equation (43) is embedded in
methods, Another reason is that the high-frequency solutions (46) and that we have made use of the obvious identity
are often constrtic(ed for the radiated far fields, whereas the 07 = 7. We have also dropped the subscript t in writing (46)
application of the bounda ’y conditions clearly requires the because by refe rring to (44) we observe that the 8 operator se-
near-field information. ‘n contrast , the integral-equation lects the tangential component of the function in its argument.
formulation for the scattering problem is based directly on the Next we Fourier transform (46) by introducing the trims-1 application of the boundary condition and, consequently, the form relationships which are the three-dimensional versions
boundary condition check ~s redundant for this approach. How- of (5):
ever , the conventional moment-method solution of integral
equations is limited strictly to the low-frequency and rcs o- 

r~-~~~ exp (1k -7) d7 = F(F( ’F)J (47a)nance regions as the matri x size becomes unmanageably large
beyond the resonance region.

• - In this section we will briefly outline a spectral-domain and
method for bridging the two approaches, viz, the integral-
equation and asymptotic techniques. The hybrid method has ( I \3 ~

.

the desirable feature that it not only verifies the accuracy of F ( ’F)  ç~—) j  ?(~)e xls (— 1k “F ) d ~~sa F’~~(?(A~)J (47b)
the ray solutions but provides a systematic means for improv-
ing the solution for a large class of problems of practical in- with —on top denoting the transformed quantities.
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rhe transformed version of (46) reads .,~~ 
)(O) i.i n be obtained as fot lows-

— -
~~~, 

+ (48) z) Est imate F , the Fourier transform of the scatte red h~Id
F outside the sc-a t t e te r , using GTD or other asymptotic

where P F(9(~ . (Of )) )  and is the transform of the solutions 4

tangential component of the incident field truncated on s, h) Subtract E 1, the Fourier transform iif the tangential
Note that the convolution operation in (4b) is transformed co m ponent of t he incident electric field tru ncated to th~ sur~
into an algebraic product upon Fourier trans formation , lace of the ‘ca tt e rer.

A fotmnal solution to (48) can now be written: c) Multiply the rcsult of Step U I by G ~ - Note  that G
is knoss n and the operation is a~geb ra:c . the Fourier traits-

Y • G - i  

~~~ 
+ ~

) ~49) form is typ ic-ally done numenc.i[i~ using th~ fas t Fourier trans-
form (FF 1) .

Equation (49) indicates that it we had available the Fourier ti) Take the inse rse Fourier tr an ’:5 ’r - .n of the result of Step
transform of the scattered electric field , we could construct c), truncate it to the sur(acc of the sc t!  “- ‘ and then Fourierthe solution for the induced surface current density in the
transform domain by adding it to —

~~~~~
, which is known , and by transfor m to obtainJ 1°~, the initial ac rro\iulation forf .

0

performing an algebraic division represented by G ~~. In prac- 2)  Multiply ~ (o) by ~ , t he known t ramlsiorin of the Green ’s

t ice , o f course , P is not known and must be solved for along Dyadic. Note t his involves algebraic multiplication and not
the usual time’consuming convolution operat ion.

with I if (49) is to be used in the form as shown, However , 3) Take the inverse Fourier tr~rns:crr1 01’ t he product
instead of using this form , we proceed to derive an iterated using both visib le and i ’s s ’is ib e rcn~es
form of the equation as shown below: 4 ) Apply the truncat ion’project:o i oper,rtor t? to

i) ~ - t  (— E, + ~~(n) ) (50) [GJ (0)~~, s~hi c h gives the approx imattor ’. to the tangentia l corn-
portent of the scatte red electric fte t d E? on the su rt ace S . The

which indicates that the (n + I)th approximation of I can he accuracy of the solution can he t~~~~ient ly checked at this

derived from the oth approximation for F. %Vc next show how point by sen t) trig the satisfa ctio n 5 ’f ::~- t’oundaiy condition

~~(n) itself can be derived from j (’t )
• To this end , we use the by the tangential component of t~, s:: ‘~~~~~ ~~~~

- 

~ on S. ‘us
mentioned in the introduction , this is at’, irnportai it t ,’ature ofidentity
t he method,

P F ( F ’ (~ J)  — Oi,F ’ (~ J 1)1 5 l)  5) Subtract 0(F~ (j J (0) j )  fr , m the tot - al  F~~ t GJ 1°
~1

already evaluated,
which may be verified by writing (51) as ~

) Take the Fourier transfo rm of the difference obta~n~d in
• Step S.

P F1~ • J - 9 ( — ~~’) 1 (52) 7) Subtract P,, the Fourier transform of the tangentia l coin-
ponent of the incident electric fie ld tru ncated on the surface ,

and using (46) to get from the result in Step 6.
8) Multiply the result obtained in Ste p ‘

~ by G ’ - Note that
F = F(~~t~ 

a (OJ ))i (53 ) ~~ is also knosu n and the operation :s again algebraic as in
— Step 2. The result thus obtained is ~ 0) , w hich is the ti rs t

wht~h, of course , is the definition of F, We can now use (SI) iteration of the scattered far field,
to derive the nih approximation p ( ’~ of P from the ,mth ap- 9) Take the inverse Fourier transfor m of obtained in
proximation of 7 , ~~~~~~ The relationship is written as Step 8 and evaluate it on S to get the desired induced surface

current on the scatterer , In other words . ;‘erform the opera- S

= F(F_ i (t~JQi ) 1 — 0 (F~ t~ J~”~i ) 1 - (54) tion 8(F ’ (j ffl ) ) ,  For an exact solution , this operation is
redundant , since J = Of , and hence , 0 F~ (F(0j 1 1)  = O0J = 1.

The desired iteration relating J (ut +~ ) and ~~(u’) may now be However , the Fourier inversion of an ‘ith approximate solution
written. Using (SO) and (54), ~~(“) will not give rise to a current distribution that is nonacro

except on S. This step provides a test for the accuracy and for
J (n . i)  = ~~~~~~ (—i i + F (F ’ ~~~~ — 0(F~ t~

J
~
”
~i )J ~

, the convergence of the approxinitte solution by comparing the
approx imate J~°~ with F(0t F~ 

1j ( i) 1 ~~10) Take F(0(F -’ [J
~~~’ 1 to derive an improved approsi-

marion for 70)
B. Procedure for Applying the Iterar ii-e ,tlethad II) Repeat as necessary using, for instance , the iinpro ted

JO) from Step 10 in the iteration (55 ) to generate the nextThe step-by-step procedure foA constructing the solution of
the transformed surface current ) will now be given, higher order approximation ) ~

)

I) Begin with an estimate of j ,05 , which is the Fourier
transform of the induced surface current , or equivalently, the ‘ Not. that GTD (Kellet ’s) so lut ion s may either have singuIatflit~ or
scattered fur field within a known multiplicative factor. That may be in error near shadow and reflec t ion bounJar l~s or it caus t ics ,

and the tilt ) 135 1 and the UAT 135 1 that are empl oyed to rer,i(, ;I- nthe far scattered field is directly related to t he Fourier trans- break down at ca us t icS , The Sit), on ihe si lher hand, is uniform lot all
form of the induced current is well known in electromagnetics observat ion ang les. The criterion for choos ing any of these tsvmpto tlc

forms of ictutm o n is conven ienc , of com pu tam io n for desire d accura cy ,and has been derived in several standard texts (see for instance Eo, a comparat ive eva lusilo n of the accur acy ,‘f the t T f l, tilt). h A T ,
(46 , eq. (2.23b)I). Typically, the initial approximat ion for~~, and Sit), the reader is referred to 135 1.

L ~~~~~ _ _  _ __ _ _ _  _ _ _ _ _
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function gi~en 1’) 5

i- i s . 9 , Diffract Ion by a strip iliunuinated t’y an F-wsie.

— 
~~~~~~ ~ 

- x ’~) (SS )
We now show in sonic detail the applicat ion of the iteration - 4

procedure j ust described to a two-d imens ional scattering prob-
lent , viz the diffraction by a strip, where 11~i) is the 1-lanket function of the first kind of order

zero , and k~ 2rn /X is the free-space propagation constant .
C. Dij j~ ’ct:on by a Strip Note that ~57) is the conventional integral equation which

In the last section , we presented a general it- ’ration met hod equates the integral representation of the tangential compo-
for obtaining solution of the integral equation in the transform nent of the scattered F-field radiated by the induced surface
domatn with the GTE) or other high-frequency solution as the current densi ty to the negative of the tangential component

zerot h’order approximation, This iteration method not only of the incident F-field on the surface of the perfectly conS
allows us to improve on t he GTD or similar solutions but also ducting scatterer as required by t he satisfaction of the bound-
provides a conven ient means for testing the satisfaction of the ary condition. Ifence , equation (57) is valid on the stri p only.
boundary conditions on the surface of the scatterer , Further- An extended integral equation that is valid for all x can be
more , the method y~eIds not only the far field but also the obtained by including the scatter ed fields outside the strip as
induced surface-current distribution, a feature not readily well . If the scattere d field on the interval (- 0 0, — a) is desig-

The application of the general procedure outlined in the last designated by F2 (x) , then the extended form of (57) becomes
available in some other high-frequency techniques, naled by F1(v )  and the scattered field on the interval (a , oo) is

section is illustrated in this rect ion by using it to solve the two-
dimensior.aI problem of a plane-wave diffraction by a finite j~ (x ’ ) G(.s - x ’) dx ’ 0t ,—L’ ~ (- c) )  + F1 (.v ) + F2(x ’) (59)
screen or a strip. This problem was chosen for the following
reasons: It is shown that when the angle of incidence is normal
or near normal , the GTD solution accurately satisfies the where 8 is defined in (44).
boundary condition i~ ’. 0 on the str ip even when the mul- Since the Fourier transform of the induced surface current
tiple interaction between the two edges of the strip is ne- density can he related to the far field , equation tS’ 1) is Fourier

a glected. However , it is found that when the angle of incidence tra~isfor~t~~ to give
is near grazing, the GTD solution is quite unsatisfactory , while 1:(a) ~(rs) O( ~ !.d ) (~

) + !-~ (a) + 1. (a) (60)
the iterated solution generated by the hybrid technique does
display the correct behavior, where — on top indicates the Fourier transform as defined in

The geometry of the electromagnetic scattering problem in- (47) w ith a as the one-dimensional transform variable re-
volving a perfectly conducting infinite strip of zero thickness placing k.
illuminated by a uniform plane wave , w hose electric intensity The Fourier transform of the two-dimensional Green ’s func-
vector is oriented parallel to the edges of the strip, is depicted (ion in (60) takes the form
in Fig. 9. For convenience of analysis, an arbitrary incident
wave can always be decomposed into two components with (3(a) — (61)

2 ¶a/k~ -
respect to the :-axis , namely, TM~ (E-wave) and TE7 (H-wave).
In the following discussion we consider the F-wave case only; Note that (60) is an algebraic equation in the spectral domain
the /1-wave case can be solved in a similar manner by con- in contrast to the convolution form of the integral equation
sidering /j ’ ~I4. (59) in the spatial domain, The reason for working in the

The incident field is given by spectral domain will become clear when the method of solu-

E~(p, 
~

) exp (-  ik (x  ~~~ ~~ 
+~~ ~~ Ø~)) (56) tion for (60) is developed, Following the procedure discussed

in the last section and in terms of the notations introduced in
where the exp 

~~
- iwt) time dependence is understood, the present problem, we proceed as follows.

The integral-equation formulation (47 J for the problem at I) Obtain J~°> (a) , the initial approximation of the Fourier S
hand takes the form transform of the induced surface current density, or equiva-

lently, the scattered far field within a known multiplicative
C factor, as follows.

—E ~(x)  a ,,J J , (x’) G (x - x’) dx ’, x E  (— a, a l (57) 1.1) Find the expressions for the first estimate of
a j~

O)(a) + i~
o)(a) Note that GTD may be used to get closed-

where 13(x ’) is the algebraic sum of the in-Juced surface cur- form expressions for 0)(a and F~°~(a) since these can he
rent densities on the top and the bottom surfaces of the thin obtained from the GTD solutions to the two half-plane prob-
strip. The kernel G is the two-dimensional free-space Green ’s lems as shown in Fig, 10. The expressions for Ff0) and ?~0) as

J
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Ag. I i .  MagnItude of h. Induced s urfaCe curr ent density d ist ribu t ion Fig. I ~~, Magnitude of the mat ured ~utfac~ cur rent Jen s i l) - dis tribut Ion
norma lized to (ak~Z,) ’  on ihq st rip of ka • 4 ( I .a73A wide), normalized to (ik ,/~ ) i  on t he st r ip of Li 40 ~~~~~~~~~~~ w i,j,e)
0, • ~O .  ~ ,

obtained from GTD read
r ‘

~ ~~~~~~~ ~AS6L s ’ s .  • -:1 - p’- ~O I . %a~~~~’,~ ~~‘54. ( ‘t~#~ (a) — 1exp zka cos.~0) V8k ~~~ T I 
~~~~ ~~, -

ex p (iaa) i exp (ia (a + k cos 
~,)) ~

(a + k c o s Ø0 )~J ’i  
- 

(a + k c o s Ø0) 
(6..) 2

and

~ (O)(~)~~~ ~~[ex P(-z ka cos Øo )V ~~~cos~~~] 
-— -n.e - n 4 1  ~~ n .~ot .~s.

exp( —iaa) iexp( -ia(o+k cos~ 0)) 
‘09 ‘OSi ‘ O Z ’  .~~Z I  ~$3 ~ 5

+ . ( e 3)  #o~uaLIzto css~as.ce c a
(0 + k cos ~o)~~~

’ ”  (a + k cos ~o) Fig, 13. Sto ment. metho d (*pptie d in the s pectra l domain) ‘.~iuiI,.,i of
Note that these expressions are free of singularities for all a. 

~~~~~~ 
t : i nd~~~~~~~urfa~e cur nt 4en dt r tb9uan

1.2) Solve for the initial approximation of Y~ (a) ,1~°~(a) ,
- 

h by carrying out the operations shown below:_____ 
— ) ( there approaches that given by the physical optics appioxima.

7(o) — Ft o(F-’ 8(’- E’) (ci) -i’ F~° (a) + F 2° (a) 
~~ (64) tion. There are now more oscLllations, hov~-es-er , and the cur-

£ 
(
~ 

~ (
~(a) J/J rent density has a sharp dip before rising to infinity at the

edges.
2) Use (55) to further improve the solution as necessa ry. Fig, 13 displays the moment method applied tcs the spseclial -
The cheek for satisfaction of the integral equation can be ap- domain solution l9J and the comparison with the one oh-

plied very simply by computing 7(a) ~ (a), taking its inverse tam ed here is quite favorable.
Fourier transform , and verifying how well it approaches Fig. 14 exhibits the satisfaction of the boundary conditton
—F’ on the surface of the scattere r, after one iteration. As mentioned before, such a test is not

Fig. I t  shows the calculated induced surface current density available in the conventional GTD approach.
distribution on the stnp with ka 4 (l.3X wide) for normal in- Let us next turn to the interesting case of a near grazing
cidence. Note that the current density becomes large at the incident where the zeroth~order current detisity has a tong tail
edges , as it should for F-wave incidence , although no specific extending beyond the edge of the strip (see Fig. IS). This
condition was enforced at the edge s, nor any spâcial care cx- result is to be expected since the two half-plane GTD solutions

eerdsed. Note also that the approximate current is confined used in the zeroth-order approximation represent a poor ap~essent ially on the surfa ce of the st ri p and extends very little prc’ximation for the induced current for shallow incidence
outsi de of thj g surface. Thus the golutlon in this case is ve ry angle s , If this tail is truncated, the remaining portion of the
close to the true solution, and this is easily verified by iruncit- cu rrent density on the strip produces a scattere d field ott the
nng (tie current density, co mput ing the scattered field it radi- surface of the strip which is significantly dsfferent from — P .
ates on the st rip, si~d verifying that the scattered field is where IE’I I , as may be seen from Fig. 16,
indeed very nearly equal to — F5 . Fig. 17 shows the effect of one iteration on the zeroth-order

Fig. I 2 depicts the result for lca a 40, i.e., a I 3X strip. Note GTD solution shown in Fig. IS. Note that the current density
that the peak in the cente r is no longer present and the current is significantly altere d in the neighborhood of the shadow ed

-~ ~~~~~~~~~~~~~~~~~ , - , ~~~~~~~~~~~
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Fit- 14. Mag nItude of the scatt ered E- ri,id evaluated on the sh ip of Fig. Il. Mag nitude of the Induced sn ir lac s curr nt den si ty Jli t rth uti~n
*4 — 40 ,0, • 90 (on. iter ation) , norm alized to (i&,Z,)~ ’ on the ~lr ip of ti • 40 , 0, • i0 (on.

itera ti on).

o

—

a

a.a ,0

p.
C,

o 0 .

- —  ___________ .— -.- --—--————--- -—— .— -- ‘2~~ ~uS: ‘In. ‘034 036 09 ‘a: :33
- - - ,‘‘.,~~~~~~~‘,. .- s 6: :‘-‘

Fig . I S. Magnitude of th, s cattered E-fl eId evaluated on the strip of
Fig. IS .  Magnitud e of th e induced surface current density distribution • 40,0. • 10 ’ (one iteration).

normalized to (j k , 2~~) ” on the strip of ka • 40,0~ • 10 (no it era.
l ion) 

edge, demonstrating the fact that even with a relatively poor
initial guess , the convergen ce is quite rapid in this case .

To see that this is indeed an impro ve d solution , the trun-
cated portion of it is used to calculate the sc attered field , It

.,,
• is observed that the satisfaction of the boundary condition has— 
“ .:

~~ 
been improved as shown in Fig, 18.

‘~~~~
• , To verify the convergence of the solution numericaUy, one

more itera tion is performed and the result is depi.:ted in Fig.
- . - ,~ .‘,• . 19. Note that the shape of the surface current densi;y does

o ‘ ‘
,‘, not change much which indicates a settling down of the so lu.

• • tion has occurred. Also , note that the tail extending outside
5 “

~ 
- of the strip has been reduced to an insignificant quantit~. ,

- 
which, when truncated , will produce little effec t on t he sc at~

- C’ - tered field on the surface of the strip.
To further validate the solution, the moment-method solu-

- C’ tion (191, of the same problem with slightly different param~I eters is shown in Fig. 20 for a comparison. Again, the aajee.
- 

ment is good. However, in term s of computational eff iciency,
• ~ — ------—- -~ -~~~~~ •—- - -- -—-- - - - -~ — - - the present method is far super ior to the mo ment ’methoj-iii - s o  • ,‘- .oa’ O’e ne az :~~ .

solution for the accuracy realized.
i.g 16. MagnItude of the scattered ~-fl .lJ ev aluated on th e tt ri p of To recapitulate , the strip problem has been solved b~ a

-
‘ 

- 
*a - 40.O, • 10’ (no tt .rat Ion~. combination of the integral equation and asymptotic high -

_ _ _ _ _ _  
_ _  - -  C
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s~~’~~ t a~~

\ ,~~z

’

/’~~

”_  
‘
~

1, ,. C

0 [ ,,,
~,,,, ~~ 0..t ~

I ~~~~ • I ~~
‘

- ,

- - I t~~. I. For the angle of incidence 0, 3~ s tia’Nfl, wedges I . .’ - and 3 arc

- • it umini t cd as tiil ~ ~~ Jge 4 o in the dark.
0 -

_______ - - regard to the refinement of GTD solution , it will pethaps he
- zss ~.so - -~~9 - - •‘ ‘5 034 -~~~, ‘so :~s -more helpful to return to the conventional i.,TD cx r res s ,C ’n 101

Fig. t9 -  Magnitude of the indu Ced su,fac. current dens ity distribut ion mu lt iple edge dii fr action , use it as a start ing point , and t iscri
normalized to (:k,!,) - ’ on the str ip of kj • 40, •, - 10 (two im prove it via au iteration procedure b.i~ed on the ‘.pectralite rat ions) , approac h.

The geometry of (lie problem is sho~ n in Fig. 21. We note
that the wedges 1, 2 , and S and faces .-l and B 4re ui~uminated
by t he incident wave , while the faces C and 1) and the wedge 4
are in the shadow. Let us first consider the hemisphere .ih1’~e

ci.-astvT cv L*RGI i’a.. the face .4 - The contribution to the ‘:.mttered field in this
NC~~ (NY £~GLI ‘

~~~~ region co m es front t he tw o lit surfaces and ray s diff racted by
• as-s o the wedges I, 2 , and 3. To derive a ti rsi .ipproximat~on to the

a~ mptotic expression for the far ~;e ld scattered by the
cylinder , we may use Keller ’s coe ti ic ~ents for the diffraction

j  by the three wedges. From wedge I we ha%e , for in5t.Ince .
,~_~~~1

____ 
e \ p ( S pIeXp ( ‘~ 4~G _ 054 ‘042 000 042 ,‘aa 11:1 “ - e x p t - i i ~l, - ac os ~~0 +1’ 5ut n~Io l)

-.09 -0*3 021 Oi l  1)55 vP ‘~p
~.~.s L: rn  cISTAN CS 2 £

FIg. 20. M,,ment~meth od (appli ed in the spectral domain) solut ion of J 2/3 sits 2rti3 exp (i~ a co~ ~~ e~ p (-~~-‘.“ sin~~)
the magniiude of th , induced surface current dens ity distribution [ cog 2 r/3 - . t~ 

- s~o )
no,mlized t o l / Z ~ on the strip of ke • SO .~~, • S .

2/ 3 sin 2ir/3 exp t~k.i coS ~ ) exp v ~~ sin )
+

frequency techniques. Formulation of the intergral equation cos 2~r / 3 - cos 2 ,- 3 i,~ +
in the Four ier transform domain allows one to conveniently -

obtain the zeroth-order approximation to the transformed - (Cs .

unknown surface current density from the solution of two where 0 ‘
~~ ~ < ~r/ 2 and 0 ~ ~ < 3~/ 2 - Similar expressiotss

half-p lane problems, can be readily obtained for the wedges 2 and 3 (40 1 - Note
Higher order solutions have been obtained via the iteration that the scattered field from wedge 3 is restricted in the

steps outlined above , and the numerical convergence has been angular region 0 <~ ~ 2 and ~ ~ 2~r for 0 ‘~~ ~~ -~ n 2,
demonit:ratcd. The iterstion process generates the proper edge Hence , tn the upper hemisphere only one-hal f of the angular
singulantmes even when they are not present in the original range is illuminated by the scattered field from wedge 3 . if
approxima tion , e g ., physical optics. Howeve r , additional it ’ Kell er ’s formula for an infinite wedge is used to derive an
~rat ions are necessary in that case . Validity of the solution approximation to this scattered field. Another rather lttspor’
has been substantiated by numerically verifying the satisfac- taft and common feature 01’ the Keller expressions for the
lion ot the boundary condition to within a c lose tolerance. wedge-diffracted fields as given, for instance , by 4,r’~

) , is that
these formulas predict fictitious infinities in the scattered

V DlFIn~~CTloN SY A RECTANGULA R CYLINISER fields at the shadow and reflection boundaries. One could, of
Nc~~t ~ e cons ider a scattering problem involving multiple course , completely eliminate these infinities by employing the

edges . e g , a rectangular cylinder this example is chose n for spectral concepts and deriving the scattered far field from the
the purpose of ’ illustrating the ease of application of the transform of an approximation to the induced surface current ,
~pe. lra l-do masfl approach to problems of this type and to comprising the physical optics and fringe currents . This t ians’
demo nstrate the nonlocal behavior of t he edge diffraction form , being associated with a function with finite support , is
phen..nsenon The solution to t his problem has been con- always bounded and consequently free of the singul ar behav ior
,lru~ted using the ~TO formula iJS ) given in Sect ion Ill and present in (65).
(tie re~u lf ob- mined has been found to be very satisfactory. As an alternative we may also employ one of the asadat ’k
Howe,, ’ , the sake a3( illustratin g the poin t al luded to in unifo rm theorie s (30 ) ,  (20(  that provide smooth and bounded
Sicsio ~ Ill .e a,dwi$ the potent ial of the STD approach with -t pans it ion through t h e  reflection and shadow boundaries. It is
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fortuitous , however , that the aggregate contribut ion of the VI, APPLICATION OF’ MOMENT METhOD ir-~
infinit ies from the individual wedges cancels out exactly when THE TRANSFORM DOMAIN
their contributions are superimposed. This occurs because ~~ A second approach to handling (48) would be to employ
the unique symnsetr ies of the geometry of the rectangular t he Galerkin pro .edure in the transform domain (39 1, One
cylinder under consideration, Hence , no special care is re- may write
quired in this example at the transition regions. The dif(racted
far fields computed by using the Keller formulas for wedge i ~~~(°) + c,,J4r, (66)
dif~rj ~ t ion are shown in Fig. 7. It is evident that the pattern is
discontinuous at 0°, 90°, 180°, and 270°. As explained in where j (o) is the transform of the approximate solution
Section Ill, t his behavior is attributable to the assumption that: derived from a suitable asymptotic formula for the scattered
the edge diffraction phenomenon is local which prompts the field, and J~, represent s a set of basis functions in the trans-
use of infinite wedge diffraction coeffi cier.ts that yield a non- form domain. TypicaUy, there are certain angular regions in
zero ~,attere’J field only in the region external to the wedge t he far field where the asymptotic solutions require refine-
and , hence , produce discontinuous fields supported by in- ment, One may choose to concentrate the basis functions in
duced surface currents that extend to infinity along the wedge these regions irs the transform domain. Alternatively, the Jr ’s
surfaces, could be chosen as the transforms of a suitable set of basis

To refine this far-field asymptotic solution, we may now functions in the space domain, and the location (support) of
proceed to apply the iterative procedure described by (55 ) .  these subdomain basis functions may be selected to coincide
To this end , we first introduce in Fourier transform the van- with transition regions or corners, etc. , where the canonical
able a k cos ~ and express the far scattered field in the solution of the asymptotic solution may require Lefinement.

I - hemispherical region defined by 0 <~~ <ST in terms of a, We In either case, the problem of determining! may be reduced
-y emp loy analytical continuation of the expressions for the to that of finding the unknown coefficients C’~ such that (66)

wedge-diffracted fields to determine the Fourier transform in sat isfies (48). The Galerkin procedure provides a way for
the range IaI  > k by substituting appropriate complex values accomplishing this, as we will soon see. This technique also
for ~~, One of the chief advantages of using the available cx- has the advantage that the other unknown in (48), viz, P is
pressions for the asymptotic solution as a starting point for the conveniently eliminated from this equation upon application
iterative procedure is that the approximate analytical ex pres- of Galerkin’s method, W e demonstrate this fact in (he manip-
sion is convenient for estimating the scattered far field , both in ulations presented below ,
the visible arid invisible ranges, By Fourie r ~~~ tsion of the Substituting (66) in (48) and taking a scalar product of the
scattered E-field at infirmity, we can derive the tangential E- resulting equation with a set of suitable testing functions 

~q’field on a planar surface tangential to the face .4. If this corn- we arrive at ‘4
puted near field were to sa~isiy the boundary condition that the

-~ S tangential E-field on iurfa-~ .4 equal the negat ye ofE ’, and the ~~ C~ ~~~ ~ Jp > = (~ q , E1) 4~~I Vq,  F > ( 6’7)
similar situation is repeated for other faces , we would con-

• c lud~ t hat the solution so derived is an accurate one, How- where ( , ) is the scalar or inner product. If we now choose ~‘i~
ever , we would not expect that to be true for the solution to be transforms of functions which are nonzero only on the
represented by (55), since, as pointed out earlier, this expres- surface of the scatterer , then the scalar product (~ q, P) can be
sion produces d’iscontinuities at some angles of observation, shown to vanish, To show this, one uses Parseval’s theorem
Nevertheless , this solution provides a very good zeroth-order and transforms the scalar product of Wq and F in terms of a
estimate for which is readily derived by taking the trans- similar product of their counterparts in the space domain.
form of the near field derived in the plane of the surfa,e .4 , Since the inverse transforms of Wq and F exist in coinple-
after deleting the portion of the field that corresponds to the mentary regions, viz , on the surface of the scatterer and in the

— surface A of the scatterer , and repeating the same procedure region complementary to this surface , respectively , one finds
for the other faces as welL In following this procedure , we that their scalar product is identically zero, One can now pro-
effectively compute ceed in the usual manner to solve for the coefficients C~, by

F(F_ i (GJ10~J — OCF ’ (~~~~(0 J} 
solving the matrix equation represented by (67) wIth the term
(~~q, P) deleted. It is evident that the use of this method

which is an approximation to P derived by using p0) , The would be practical only when relatively few terms are needed
next order of approximation to J ‘Is now readily obtained in (66) to modify the available asymptotic solution; however , i -

from (55). This quantity is Fourier inverted four times to this is typically the Situation for many problems. It should
calculate the tangential H-field on the four faces of the also be noted that (67) represents a direct check on the satis-
cylinder and the surface current on these faces is Fourier trans. faction of the boundary condition, in the sense of moments.
formed again 3o derive the far-field pattern . The iterated far- The choice of W~,’s is governed by the locations on the surfaces

- 
- field pattern J~~ is shown in Fig. 8; the disappearance of the of the scatterer where these boundary conditions are applied.

discontinuities at 0, r12 , 3i-r/2, etc. is immediately evident Typically these will be the zones where the asymptotic solu-
from this plot. This result has also been verified by a few tion might be inaccurate , e.g., the transition region between
other workers who have followed different procedures than the lit and shadow regions.
those outlined here (481 . Recall, however , that the method To illustrate the procedure we consider a smooth convex
outlined here provides a convenient “built-in” check for the surface with no wedges—a circular cylinder. One of the impor-
satisfaction of the boundary condition and an independent tant attributes of this canonical geometry is that it permits
check is not altogether necessary to establish the accuracy convenient comparison with the exact series solution available
of the so lutio n. for the representation of scattered fields from this structure.

_ _ _ _  _ _ _ _ _ _  
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Fig. 22. Dif t ra~tiun by a circular cylinder i l lumin ated by an £-~~ave
incident along the x-axis.
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— ESAC T Fig. 24 . Locations of the basis functions on the aperture and the test-
ins functions on the surface of the obstacle ,

- 
,— ,. polate the magnitude of this field from E ’ at IY (  2, to O at

- 
- 0’ y = 6 a n d  the phase from at Iy I~~~2, to the GO phasc at

~~~~~~~~~~~~~~~~~~~~~ To derive the E’1 field in the transition region, we first inter-

- 
I = 6. Next we introduce a set of basis functions, with un-

determined coefficients, to describe the correction to the
interpolated E~ field at the plane x = a , 2 <ly <6. To deter-
mine these coefficients, we apply the concept of Galerkin’s
method in the spectral domain as briefly outlined in the last
sect ion. In the example being considered here, t he transforms

Fig. 23. Geometrical optics scattered far-field pattern in dB of a ~~~
. of the basis functions play the role of in (66), and the

culer cyl inder with radius a = zeroth-order scattered far-field ~~0) is obtained by adding the
contributions of GO and the approximate excess E~-field

The geometry of the problem is shown in Fig. 22, We consider derived from the interpolation procedure just described,

the case of an E-polanzed wave incident from ~ = 180°. The choice of the testing functions ii’q in (67) is suggested

The first step in attacking the problem is to use a geomet- by the fact that the error in the high-frequency asymptotic

n eal optical approach to derive the far scattered field. When solution is mostly concentrated around the transition region
on the surface of the cylinder, i.e., in the neighborhood of the - -

this is done, one obtains the dotted curve in Fig. 23 which
also exhibits the exact series solution for the scattered field junction between the lit and shadow regions. Thus a suitable
as a solid curv e . It is evident that in the range —60° <~ <60° choice for the testing functions would be to locate them at the ‘

the GO solution is not adequate. This is not totally surprising transition region as shown in Fig. 24 , where the location of
since it is well known that creeping-wave contributions need the basis functions is also shown. Note that we need not be
to be included in the scattered field expression in the shadow restricted in our choice for the location of these functions by

F and transition regions. Rather than following this procedure , demanding that they have a common support , although this
we will now show how the Galerkin method can be readily is almost always the case in the conventional moment or
arid conveniently applied to this problem to derive an accurate Galerkin methods. We may also note from Fig. 24 that the
solution. shape of the basis and testing functions are both Gaussian.

To this end we consider, as a first step , the behavior of the ~Since we are dealing with transforms , this choice is not only

scattere d field on a surface erected in juxtaposition to the convenient for deriving the Fourier transformations 7,, and
cylinder at the point x = a , the farthest point away from the t q~ 

but is also desirable from a numerical point of view
incident field. Referring to Fig. 24, in the ,deep shadow because the transforms are not oscillatory as they would be for

~ region, say Iy I < 2, we expect the scattere d field E~ = -E~ ~ 
a pulse or triangular basis. This feature is important when

be a very good approximation. On the other hand, when we numerically computing the sca lar products (J~,, l~q> needed for
go far onto the lit region on this surface, say for I~ I > 6, we the determination of the unknown coefficients C,,.
expect the E~ to be described adequately by the GO formulas. Only a few (3 to 7) unknowns C’~ are needed to derive an
If we had a good estimate of the scattere d field behavior in the accurate solution for both the radiated far field and the sun-

S transition region 2 < I~~I <6, we would be able to get a good face current on the cylinder. The accuracy itself can be yen -
representation of the exce ss scattered field (over and above the tied by computing the tangential E-field on the surface via
GO field) on the entire surface at x a. We should then be Fourier inversion of the hemispherical far-field pattern
able to compute the field radiated in the rhs of the cylinder by centered around the point to be tested. This procedure is also
this excess field using the concept of Huyghens’ source and use used to compute the surface current distribution from the
this radiated field to fill in the gap between the GO pattern knowledge of the scattered H-field at large distances. Of
and the true pattern, course an independent check is available for this problem via

__
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— t ‘ ‘ - problem , and both the s urf aLe current and the far f :etd~ ~.itt
be improsed st.i the spa 1-i n:.sln appro.a.h.

As anot her example , we quote the problem of constructing
- 

- 
~~~~~ the Green ’s function f~r a magnetic dipole radiat ing in the

J 

- . pre~cu~c of a s !l:osl(II c u i . cd  sull,i~ c , ag., a c) isnder or a ~
- oIie .

~ 
.-

~~~~

‘ 
~~~~~~~~ \ The con~ention jl ( 11) solution derived from applying Wats on

~
—,,/ \ “\ - S

- transforniat ior i to the modal ser ies solution for the c~ u nder
/ ‘

~
- 

. . - - breaks down when the point of observat ion is close to the
-. - - - - ~

— , ‘ —,

~~
,. axial direct ion of the ~s linder. Tius is because the affe ct iv e

- 
-
~ ~~ 

- 
~~~~~~~ 

- wave number ior propagat ion alon~ the .is.is approachcs Lero ,

- 
‘ . 

S- ~~~~~~~~~~ wher eas the .I~yTn pto t :c  solution requu-a-~ that the ss ,Ivc

- ‘ — -~~ number t imes the radius ~I t he cylinder he loge . Severa l dif’
:‘—_----_ - - - “ -

‘ 
ferent asy mptot ic so lutions based on the modification of I -

Fock’ s solution fo r the sphere problem have recently been
- — presented for the ax ial region by a number of authors, The

spectra l-domain approach has been found useful not only for
— * I ~ Sca tter ed Ij t ‘ -~ l .1 pat t ern in dli ot a circular c~ u nder ~~.th testing the relative accuracy of these solutions , but for oc r-

taJius a • 3.5 o bt ai ned b~ Calerki n s method . atu~’ely improving them as well (45 ]  -
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