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I. INTRODUCTION AND REVIEW OF RESEARCH ACCOMPLISHED
DURING THE PRESENT GRANT PERIOD

During the present grant period, we have made considerable progress

in developing the Spectral Domain Approach for solving radiation and

scattering problems. The fundamental concepts of the Spectral Domain
Approach for solving electromagnetic problems have been described in

an invited paper entitled, "Transform Approach to Electromagnetic

'

Scattering," which will soon appear in Proceedings of the IEEE. In

this paper we have also illustrated a number of important applications

of the spectral approach and have demonstrated the accuracy and reliability
of this method by solving problems that are not tractable with Keller's GTD.
The reliability of the method derives from the fact that the boundary
condition check is built-in in the procedure for constructing the

solution. The spectral approach can also be used to verify the accuracy

of any given solution, regardless of how the solution was derived. We

have described this work in a chapter of a book on "Classical Wave
Scattering,'" which is to be published by Academic Press. This chapter
deals with the topic of accuracy tests for asymptotic solutions using

the spectral domain approach. We have also presented the material
described in the above two publications in a NATO Advanced Study Institute
in England in August of 1979.

The problem of radiation from sources located on smooth convex
surfaces has been discussed in two publications. One of these is an
invited paper in the Hans Bremmer 75th Anniversary issue of Radio Science
and the other is a paper submitted for possible publication in the

Transactions of IEEE Antenna and Propagation Society. Other publications

that have either appeared during the vear 1979 or prepared for publication




during the present grant period are attached herewith. Six symposium

presentations describing the results of spectral domain analysis have

been presented at domestic and international technical meetings.




I[T. PROPOSED EFFORT FOR THE NEXT GRANT PERIOD

During the next grant period, we propose to investigate three different
aspects of the spectral domain approach for solving electromagnetic radiation
and scattering problems. As indicated in Section I, we have made consid-
erable progress during the last grant period toward developing the spectral
domain approach, and have demonstrated its usefulness by solving a number
of problems which are not tractable using Keller's GTD. During the next

grant period, we propose to investigate additional canonical geometries

for which the GTD solution is either unavailable or unreliable. We also
propose to apply the spectral domain technique to a number of complex
structures in order to fully develop an appreciation of the scope and
limitations of the approach. Finally, during the present grant period
we have discovered that the spectral domain approach has an inherent
potential for solving a new class of problems which cannot be accurately
solved either via the asymptotic techniques, e.g., GID, or by the low-
frequency techniques. We provide brief descriptions of the proposed
efforts in these three areas in the paragraphs below.

A. Application of the Spectral Domain Approach to Canonical-Tvpe Problems

Having demonstrated the usefulness of the spectral approach to the
finite strip problem, we propose to extend the approach to the more complex
problems of the curved strip, strips of finite thickness, and plates with
sharp or curved corners (see Fig. 1). Preliminary analysis of the curved
strip has shown that its GTD solution can be inaccurate for certain angles
of observation, particularly when these are away from the direction of

specular reflection. We propose to employ the spectral approach to
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derive expressions for the scattered field that make express use of the
available GTD solutions but do not suffer from their deficiencies. The
results obtained will be useful for many complex, curved-surface, scattering
structures with edges, e.g., reflector antennas. We will discuss some of
these applications in Section B below.

Returning to the canonical-type problems, the next modification of the
thin edge problem we wish to consider is the thick strip problem which cannot
be handled using the conventional GTD because the tvpical thickness of the
strip is on the order of one wavelength or less. However, in the spectral
approach we can begin with the thin strip solution and incorporate it into the
transform method to derive an accurate solution to the thick strip problem in
a svstematic manner.

The third problem in this category that we propose to consider is that of
scattering by a plate with either sharp or rounded corners. Recently, a number
of corner diffraction coefficients have been proposed for handling the sharp
corner problem. The spectral domain approach is not only able to verifv the
validity and accuracy of these solutions but to systematically refine them
as well.

Before closing this section, we would like to point out an important
and unique characteristic of the spectral approach, viz., it provides a
built-in boundary condition check not available in anv other high frequency
technique. Thus, the solution generated via the spectral domain approach is
always reliable and does not require the use of independent checks for its
validation.

B. Application of Spectral Domain Approach to Complex Structures

It is alwayvs desirable to consider the application of a solution technique

to practical geometries that are not just test or canonical problems, though

—ee




the latter are useful in their own right in the early developmental stages
of any new method.

Consequently, the second class of problems we propose to consider
has relatively more complex geometries, those which require the use of
the canonical solution developed during the first stages of the proposed
effort. The types of geometries we propose to consider are those for reflector
antennas, masts and struts of rectangular and circular cross section,
leaky-wave radiators comprising metal strips on a dielectric substrate,
planar waveguides for optical and quasi-optical wave propagation,
and microstrip-type antennas. At the end of the first grant period, we
* expect to have the necessary tools for attacking all of the problems listed
j above. For instance, for the reflector antenna problem we would use the
solution for the curved surface with edges. For the mast scattering problem,
we can make use of an efficient and accurate procedure for calculating the
scattered far field that employs a combination of equivalent Huvghens' source
and Fourier transform techniques. For the microstrip and leaky-wave

radiation problems, the spectral domain approach offers a very convenient

representation for the Green's function, i.e., for the problem of a current

source located above, or inside, the dielectric substrate. The solution to

i AP AT

the above class of radiation problems is derived by applying the Galerkin
method in the Fourier transform domain.

C. Analysis of Frequency Selective Surfaces Using the Spectral Domain Approach

: Frequency selective surfaces find important applications in antenna
radomes, Cassegrainian-type reflector antennas, and gratings and filters
for optical, infra-red and millimeter waves. As shown in Fig. 3, a typical

example of such a surface is a perforated metal sheet placed on a dielectric

support. In the past, the analysis of such a screen has been carried out




using the moment method or the mode-matching method, both of which are useful
for solving the problem when the cell size of the mesh is on the order of a
wavelength or less. Beyond that, the matrix size required to solve the
problem can become prohibitively large, and the computer cost as well as
storage requirements make these approaches impractical to apply to the
problem under consideration.

During the present grant period, we have discovered that the spectral
domain approach offers an extremely accurate and efficient way for attacking
the problem of a periodic array of apertures with or without a dielectric
substrate. We have established that the spectral approach can handle
upward of 211(- 2048) unknowns? which in the case of the present problem are
the complex Floquet space harmonic amplitudes. We can determine these many
unknowns accurately with only 5 to 6 seconds of CPU time on the CDC Cvber
175 computer. In contrast, a matrix approach for determining 2000 unknowns
is estimated to require 8 hours of computer time! An added advantageous
feature of the spectral approach is that the reliability of the solution is
guaranteed, since the boundary condition check is built-in the algorithm for
constructing the solutioms.

We propose to analvze the various, frequencyv-selective surfaces with
parameter choices that would make them suitable for different applicatiouns,

e.g., filters, radomes and reflectors mentioned earlier in this section.

*Note that using the usual guideline of unknowns per wavelength, a 4\ x 4}
cell size would require 1024 unknowns for each of the two components of
the current or aperture field, and hence the total number of unknowns
would be 2048.




(a) Curved edge (b) Thick strip Plate with sharp
and rounded corners

Fig. 1. Canonical type geometries.
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(a) Reflector antenna (b) Scattering by a mast
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(¢) Leaky wave antenna (d) Quasi-optical waveguide

PATCH-TYPE

MICROSTRIP
DIELECTRIC — ANTENNA
SUBSTRATE

(e) Microstrip antenna problem

Fig. 2. Problems to be solved using the spectral domain approach.
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Periodic mesh on a dielectric substrate with application
to radomes, optical gratings and reflector antennas.
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SOLUTION OF ELECTROMAGNETIC SCATTERING AND RADIATION
PROBLEMS USING A SPECTRAL DOMAIN APPROACH—A REVIEW

R. MITTRA, W.L. KO and Y. RAHMAT-SAMII*
Electrical Engineering Department, University of Illinois, Urbana, 11 61801, U.S.A.

Received 3 Apnil 1978, revised 4 September 1978

In this paper we present a brief review of some recent developments on the use of the spectral-domain approach for deriving
high-frequency solutions to electromagnetics scattering and radiation problems. The spectral approach is not only useful for
interpreting the well-known Keller formulas based on the geometrical theory of diffraction (GTD), it can also be employed for
verifying the accuracy of GTD and other asymptotic solutions and systematically improving the results when such improve-
ments are needed. The problem of plane wave diffraction by a finite screen or a stnip is presented as an example of the

application of the spectral-domain approach.

1. Introduction

Asymptotic solutions of differential equations
are extremely useful in many branches of mathe-
matical physics. In electromagnetics, these solu-
tions are constructed [1] directly from the solution
of Maxwell's equations and are valid in the high-
frequency regime, i.e. k -0, where k (=2wx/A)is
the wave number and A is the wavelength of the
incident illumination. An alternate approach to
the solution of Maxwell's equations for elec-
tromagnetic scattering problems entails the initial
step of converting the partial differential equations
into an integral equation via the use of the Green's
function. Such an equation is self-contained, since
the boundary conditions are already ‘‘built-in"
during the process of its derivation. However, at
high frequencies, where the characteristic dimen-
sion of the scatterer becomes very large compared
to the wavelength, numerical solution of the
integral equation becomes very unwieldy if not
impractical, because the size of the matrix equa-

* Currently with NASA Jet Propuision Laboratory, Califor-
nia Institute of Technology, Pasadena, California 91103.
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tion [2] for the unknown surface current on the
scatterer becomes prohibitively large. Thus, an
asymptotic solution based on GO (geometrical
optics), or its refined version GTD (geometrical
theory of diffraction), is widely used in the high-
frequency regime (3-7]. The ray methods. which
encompass GO and GTD, find extensive appli-
cations, not only in eiectromagnetics and acous-
tics, but in other fields of wave propagation as weil.

However, these methods, although extremely
useful, have certain limitations which must be fully
appreciated by the user in order to assess their
applicability to the specific problem. 1° : onginal
form of the Keiler GTD formulas needs
modifications at shadow boundaries [4.8], which
separate the lit and shadow regions and in the
neighborhood of caustics where the rays intersect
each other, ¢.g., in the neighborhood of the focus
of a parabolic reflector illuminated by a plane
wave. Finally, it is difficult to estimate the accuracy
of the GTD solution for a given problem; no
systematic approach for improving the solution
has been available within the framework of the ray
methods, except via the use of multiply diffracted

—
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ravs, a process which can lead to a divergent
SCeres

[n thus paper, we ilustrate the appheation of a
recently-developed method, called the “spectral
domain™ techmque [8-10], that views the asymp-
toue method from a ditferent perspective. The
spectral approach, which s based on a combina-
ton of Founer transform and integral equation
technigues, regards the high frequency asymptoue
solution for electromagnetic scattering as an
asymptotic evaluanon of the integral represen-
tation for the scattered neld. which may be
expressed as anintegral over the Fourier spectrum
of the surtace current distribution on the scatterer.
Stnctly speaking, such an interpretation of the
asymptotic solution 18 not geometric in nature;
however, it has been shown (8, 9] that the GTD
solution, where vahd, 1s indeed idenutiable with
the asvmptotic result derived from the evaluat:on
of the transtorm integral. One also finds that the
integral representation provides a umform solu-
tion for the field even at shadow boundaries and
caustic regions where GTD formulas need
modificaton. Furthermore, svstematic improve-
ment of the GTD solution 1s possible in the spec-
tral domain by combiming the GTD approach with
the integral-equation formulation. An example of
such a procedure for refining GTD solutions via
the use of the spectral domain approach s included
in the paper. A unique advantage of the method 1s
that it provides a convenient accuracy test for the
solution, a feature that is unavailable in other
asymptotic techniques for solving high-frequency
scattering problems.

It should be pointed out that the spectral
approach does not gain these advantages over the
conventional GTD methods without some cost.
T'he beauty and simplicity of Keller's geometric
interpretation of wave propagation at  high
frequency in terms of the rav picture, and the
“local™ character of the propagation of tields are
no longer present in the integral representation,
until after the spectral integral has been asymp-
totically evaluated. On the other hand. it is
well-recognized that the ditficulties in the GTD

3 »
o s o\
il ot e

tormulas are encountered precisely in the situa-
tuons where the local character of the field pro-
pagation breaks down. Consequently, and non-
unexpectedly, an mtegral over a wider region of
the scatterer, rather than just the neighbourhood
of the specular reflection points, or edge pownts,
contributes  to  the scattered far held, a
phenomenon which 1s in ine with spectral domain
interpretation  of  high-frequency  ditfraction
phenomena.

2. Spectral domain approach to veritication and
refinement of asymptotic solutions

One of the most challenging problems in the
solution of high-frequency scattenng analyses is
the establishment of the accuracy of the results and
the retinement of the solution when the need tor its
improvement s clearly indicated. The ditticulty in
verifving whether the asvmptotc expression,
typically derived from the GTD approach, does
indeed solve the boundary value problem under
consideration stems primarily from the fact that
there 1s no obvious way to “build in”" the boundary
conditions 1n solution procedures based on ray
methods.  Another reason s that the high-
frequency solutions are often constructed tor the
radiated far fields, whereas the application of the
boundary conditions clearly requires the near-tiela
mformation. In contrast, the integral-equation
formulation for the scattering problem is based
directly on the application of the boundary condi-
tion and, consequently, the boundary-condition
check 18 redundaant for this approach. However,
the conventional moment-method soluton of
integral equations s limited strictly to the low-
frequency and resonance regions as the matnix size
becomes unmanageably  large  bevond  the
resonance region,

Lo this section we will bnietly outline a spectral-
domain method for brideimg the two approaches,
viz,, the integral-equation and asvmptote tech-
nigques. The hybrid method has the desirable fea-
ture that it not only venties the accuracy of the ray
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solutions but provides a systematic means for
improving the solution for a large class ot problems
of practical interest. This fact will be tllustrated via
atyprcal example, viz., plane-wave dittraction by a
strip. Other cases have also been treated and may
be tound w (10-13]

S L Development of spectral-domain formulation
of the integral equation and s approximate solution

T'he Kev to combiing the asvmptotic solution
with the intexral-equation formulation hes in
recognmizing the fact that the Founer transtorm of
the induced current on a scatterer s directly
related to the scattered tar tield and that a good
approximation to this scattered tield s often
avatlable from any asvmptotic methods, e.g.,
GTD To take advantage ot these facts we choose
to work with the “Founer-transtormed™ or “'spec-
tral-domamn™ version of the integral equatnon
rather than with the conventional spatial-domain
counterpart. We begin, however, with the con-
ventional electnie-field mtegral equation (F -cqua-
ton) tor a perfectly conducting scatterer

G~ - K
x h
G-l«A T e™" " drr-r)

where G s the Green's dvadie, Dis the umit dvad
and Jor s the unknown induced surtace current
density. The subsernipt t sigmifies the tangetial
component of the field on the surface § of the
scatterer, F'as the inadent electrice tield on the
scatterer, and =7 symbohizes the convolution
operation.

As a preamble to Fourter transforming (1), we
first extend itover all space. To thisend we define a
truncation operator # (4,

HiA) ! ASr rodr, oS, )

where § 1s the Dirac delta function. Let #(A) be
defined as the complementary operator

ALAL = A HOAY (3

Electromagnetic scattering by spectrai domain approdach wr
N N i '

We can then rewnite (1)
G J =0 E'YediG~ ) (4

tor all space.

As indicated above, incontrast to (1, (4 s vahd
at all observanon points whether on or off the
surface 8. Note that the integral equation (11 s
embedded in (41 and that we have made use of the
obvious identty 8 = J. We have also dropped the
subsenpt £ an wnting 4, because by refernng to
() we observe that the ¢ operator selects the
tangential component ot the tunctuon in ats
argument,

Next we Founer transtorm (4 by introducing
the transtorm relationships

. X

k) | Firve " "dr = #[Fin) (Sa)
and
B e W\or T
Firve (o) | Foe* "dk= s (Pt
amd dos
(St
with on top denoting the transtormed quan-
tities

The transtormed version of (4 reads
M " %
GJ - F, +F (o)

where F ‘5[(516 (8] and l;’. 18 the transtorm
of the tangential component of the inadent held
truncated on S Note that the convolution opera-
tion in (s transformed into an algebraie product
upon Founer transformation

A formal solution to (6) can now be written as

.i G l( ’:‘|":“. (7)

Equation (7) implies that of we had avalable the
Fourter transtorm of the scattered electnie tield, we
could construct the solution for the induced sur
face current density an the transtform domain by
adding it to IZ‘., which 1s known. and by pertorm-
g an algebraie division represented by G ' In
practice, of course, F s not known and must be
solved tor along with J it (7) s to be used i the
form as shown. However, instead ot using this

et st
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form, we proceed to derive an iterated form of the
equation as shown below:

" =& \-E+F™) (8)

which indicates the (n + 1)th approximation of J
can be derived from the nth approximation for F.
We next show how F'™ itself can be derived from
J'™'. To this end, we use the identity

F =313 "'@J)-0F'18J)) 9)
which may be verified by writing (9) as

F=F(G+J-6(-E") (10)
and using (4) to get

F=F16G~ ) (11)

which, of course, is the definition of F. We can now
use (9) to derive the nth approximation F'"' of F
from the nth approximation of J, i.e., J'"'. The
relationship is written as

F V=37 16" -07'16J")). 12

The desired iterating relation J and J'"' may

now be written. Using (8) and (12),

itnOlv =Gwl[_t“.;[f—l[6]mr]
- F (&I (13

2.2, Procedure for applying the method

The step-by-step procedure for constructing the
solution of the transformed surface current J will
now be given.

(1) Begin with an estimate of J'''. which is the
Fourter transform of the induced surface current,
or equivalently, the scattered far field within a
known multiphcative factor That the far scattered
field s directly related 10 the Fourer transform of
the induced current is well-known in electromag-
netics and has been derived in several standard
texts (see for instance Eq (2 23biof [14)) Typic-
ally, the initial approximation for J viz J ' can
be obtained as follows

(a) Estimate F, the Fourier transform of the
scattered field, F, outside the scatterer, using
GTD or other asymptotic solutions.'
Subtract E;, the Fourier transform of the
tangential component of the incident elec-
tric field truncated to the surface of the
scatterer.

Multiply the result of Step (b) by G '. Note
that ' is known and the operation is alge-
braic.

Take the inverse Fourier transform of the
result of Step (c) and truncate it to the
surface of the scatterer to obtain J'*, the
initial approximation for J. The Fourier
transform is typically done numerically
using the Fast Fourier Transform (FFT).

(2) Muitiply J'*' by G, the known transform of
the Green's Dyadic. Note this involves algebraic
multiplication and not the usual time-consuming
convolution operation.

(3) Take the inverse Fourier transform of the
product GJ'” using both visible and invisible
ranges.

(4) Apply the truncation operator 8 to
F'{&J""), which gives the approximation to the
tangential component of the scattered electric field
E} on the surface S. The accuracy of the solution
can be conveniently checked at this point by veri-
fying the satisfaction of the boundary condition by
the tangential component of E°, viz., {E; = —E,}
on S. As mentioned in the introduction, this is an
important feature of the method.

(5) Subtract 6(F '[GJ”]) from the total
# '[GJ") already evaluated.

(6) Take the Fourier transform of the difference
obtained in Step 3.

b

(c

(d

~

"Note that GTD (Keller's) solutions may either have
singulanties or may be in error near shadow and reflection
boundanes or at caustics, and the Uniform Theory of
Diftraction (UTD) [15] and the Uniform Asymptotic Theory
UAT) [14] that are empioved to repair GTD break down at
caustics. The Spectral Theory of Diffraction (STD). on the
other hand, is umiform for ali observation angles. The criterion
for choosing any of these asymptotic forms of soiution is
comvemence of computation for desired accuracy. For a
comparative evaiuation of the accuracy of the GTD, UTD.
UAT. and STD. the reader is referred to [15]
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(7) Subtract E,, the Fourier transform of the
tangential component of the incident electric field
truncated on the surface, from the result in Step 6

(8) Multiply the result obtained in Step 7 by
G ' NotethatG 'isalso known and the operation
1s again algebraic as in Step 2. The result thus
obtained 1s J'', which is the first iteration of the
scattered far field.

(9) Take the inverse Fourier transform of J'"'
obtained in Step 8 and evaluate it on § to get the
desired induced surface current on the scatterer. In
other words, perform the operation #(# '[J'"')).
For an exact solution, this operation is redundant,
since J = 8J, and hence, 8[F '[F[6J]) = 686J = J.
However, the Fourier inversion of an nth approx-
imate solution J'"" will not give rise to a current
distribution that is nonzero except on 8. This step
provides a test for the accuracy and for the con-
vergence of the approximate solution by compar-
ing the approximate J'"' with #[8(# '(J'"'])].

(10) Take #[8(F '(J'"'])] to derive an impro-
ved approximation for J'''.

(11) Repeat as necessary using, for instance, the
improved J''' from Step 10 in the iteration Equa-
tion (13) to generate the next higher-order
approximation J'*'.

Before closing this section, we should point out
that Galerkin's method applied in the transformed
domain also provides an alternate, and in some
cases the more desirable, approach for deriving the
solution to the transformed integral equation.
J" J", ete., as well as other suitable functions
may be employed as a basis set for this purpose. An
example of the use of the Galerkin procedure in
the spectral domain approach may be found in
(11].

In the following section, we show in some detail,
the application of the iteration procedure just
described to a two-dimensional scattering prob-
lem, viz., the ditfraction by a finite screen or a strip.

3. Difiraction by a finite screen (strip)

In the last section, we presented a general itera-
tion method for obtaining solution of the integral
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equation in the transform domain with the GTD or
other high-frequency solution as the zero-order
approximation. This iteration method not only
allows us to improve on the GTD or similar solu-
tuons but also provides a convenient means for
testing the satisfaction of the boundary conditions
on the surface of the scatterer. Furthermore, the
method vields not only the far-field but also the
induced surface-current distribution, a feature not
readily available in some other high-frequency
techniques.

The application of the general procedure
outlined in Section 2 1sillustrated in this section by
using 1t to solve the two-dimensional problem of a
plane-wave ditfraction by a fimite screen or a strip.
This problem was chosen for the following
reasons. It is shown that when the angle of
incidence 1s normal or nea. sormal, the GTD
solution accurately satisties the boundary condi-
tion E,, =0 on the strip even when the multiple
interaction between the two edges ot the strip is
neglected. However, it 1s found that when the
angle of incidence 1s near grazing, the GTD solu-
tion is quite unsatisfactory., while the iterated
solution generated by the hvbnd technique does
display the correct behavior.

3.1, Geomerry of the sinp problem

The geometry of the electromagnetic scattering
problem involving a perfectly conducting infimite
strip of zero thickness illuminated by a uniform
plane wave, whose electric itensity vector is orien-
ted parallel to the edges of the strip, 1s depicted in
Fig. 1. For convenience of analysis, an arbitrary
incident wave can always be decomposed into two
components with respect to the z-axis, namely,
TM, (E-wave) and TE, (H-wave). In the following
discussion we consider the E-wave case only; the
H-wave case can be solved in a similar manner by
considering H'= ?H .

The incident field is given by

EL(p. &) =exp{—=1k(x COS &y~ v sin $,)}
(14

where the ¢ " time dependence 1s understood.
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3.2, Iteranon method applied to the strip problem

The integral equation formulatuon [16] for the
problem at hand takes the form

—E.x)=| Lix)Gix—-x1dx', xe[-a.a)

Ll

(15

where J,(x') i1s the algebraic sum of the induced
surface current densities on the top and the bottom
surfaces of the thin strip. The kernel G is the
two-dimensional free-space Green's function
given by

Gix—x)=4iHy "tk x=x") (161

where H,''is the Hankel function of the first kind
of order zero, and Ak =2%/A s the free-space
propagation constant. Note that (15) 1s the con-
ventional integral equation which equates the
integral  representation of the tangenual
component of the scattered E-tield radiated by the
induced surface current density to the negative
of the tangential component of the incident E-
field on the surface of the perfectly conducting
scatterer as required by the satisfaction of the
boundary condition. Hence. (15) is valid on the
strip only.

An extended integral equation that is valid for
all x can be obtained by including the scattered
fields outside the strip as we  f the scattered field
on the interval (-, —a) is designated by F;(x)
and the scattered field on the interval (a. X) is
designated by F:(x), then the extended form of

(13) becomes:

J.x'V'Gx —xrdx' =

=0(—E,(x))~F(x)+ Fyx) (17)
where # 1s defined in (2},
Since the Fourier transform of the induced sur-
face current density can be related to the far field,
(171 1s Fourier transformed to give

j,.l(lld'clf=[m‘Ef.D].‘ﬁ,lat°f‘=_~lu) (18)

where 7 indicates the Fourier transform pair
defined in (5) which simplifies in the present one-
dimenstonal problem to

. X
~

le=j Fixie ""dx (19a)
and

F.,n:L' Fla)e™ da. (19b)

R
-T

X

The Fourier transform of the two-dimensional
Green’s function in (18) takes the form
Gla) = —esme (200
vk —a”
Note that (181 is an algebraic equation in the
spectral domain in contrast to the convolution
form of the integral equation (17 in the spatial
domain. The reason for working in the spectral
domain will become clear when the method of
solution for 18) is developed. Following the pro-
cedure discussed in Section 2 and in terms of the
notations introduced in the present problem. we
proceed as follows.

(1) Obtain f‘," (a), the imtial approximation
of the Fourier transform of the induced surface
current densitv. or equivalently, the scattered
far field within a known multiplicative factor,
as follows:

(1.1) Find the expressions for the first estimate
of F\" (a1~ F a). Note that GTD may
be used to get closed-form expressions for
F"(a) and F:"(a) since these can be

5 TSR ; Tt gy W

o
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obtained from the GTD solutions to the
two half-plane problems as shown in Fig.
2 The expressions for £ and Y as
obtained from GTD read

1) SIS

F) (a)=4e "oy Sk mn}o.\]

<

X S ——

(= A Ccos doiva + Kk

ie"

o e e (21a)
(a =Kk cos d,

and
F. dife "M %oy 8k cos du)
v
e

a+kCcosduivh —a
‘ c R IS AL TN

" L (21b)

la + Kk cos Do)

Note that these expressions are free of singulanties
for all a.

Fig 2 Transtorm of F v can be approvimated by the GTD

solution to the haif-plane problem (a) shown on the lett-hand

side, transform of Fuov) can be approumated by the GTD

solution to the half-piane problem (b shown on the tight-hand
side

(1.2) Solve tor the mtal approximation of
J.ao J a0, by numerically carrying out
the operations shown below:

j‘,‘hnli=
A # n[ltit,:é‘f.’,';;@"_hz_‘.,t, f';‘,"_‘:!!])] |
Gl

(2) Use (13) to further improve the solution as
necessary.

The check for satistaction of the integral equa-
ton can be apphied very simply by computing
Jia)Gia), taking its inverse Fourier transtorm,
and venfving how well it approaches - F' on the
surface of the scatterer.

o

v

"a)
-

30

255 -182 +~iQ9 =036 Q16 09 8l g )
XN

Fig 3 Magnitude of the induced surtace current density dis-
tribution normabized o o’ on the stnp of Aa =4
2T wade ), o =

23 Numerical reswlis and discussions

Normal imcidence

Fig. 3 shows the calculated induced surface cur-
rent density distnibution on the strip with Ka =4
(13N widet for normal inadence. Note that the
current density becomes large at the edies. as it
should for E-wave madence, although no speaine
condittion was enforced at the edges, nor any spe
clal care exeraised. Note also that the approximate
currentis confined essentially on the surtace of the
strip and extends very httle outside of this surtace
Thus, the solution in this case s very close to the
true solution and this 1s easily veritied by truncat-
ing the current density, computing the scattered
field it radiates on the strip, and ventyving that the
scattered field s indeed very nearly equal to £

Fig. 4 depicts the result for Aa =40, e a 13\
strip. Note that the peak in the center s no longer
present and the current there approaches that
given by the physical optics approximation. There

T MR SO -5
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Fig. 4. Magnitude of the induced surface current density dis-
tribution normalized to (ikZ,)~' on the strip of ka =40.
(12.73A wide), &, =90°.
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Fig. 5. Moment method (applied in the spectral domain) solu-

tion of the magnitude of the induced surface current density

distribution normalized to 1/ Z, on the strip of ka = 50.(15.92\
wide), &, =90°,

are now more oscillations, however, and the cur-
rent density has a sharp dip before rising to infinity
at the edges.

Fig. 5 displays the moment method applied in
the spectral domain solution [18] and the
comparison with the one obtained here is quite
favorable.

Fig. 6 exhibits the satisfaction of the boundary
condition after one iteration. As mentioned
before, such a test is not available in the con-
ventional GTD approach.
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Fig. 6. Magnitude of the scattered E-field evaluated on the strip
of ka =40, ¢, = 90° (one iteration).

Near grazing incidence

Let us next turn to the interesting case of a near
grazing incidence where the zero-order current
density has a long tail extending beyond the edge
of the strip (see Fig. 7). This result is to be expected
since the two half-plane GTD solutions used in the
zero-order approximation represent a poor
approximation for the induced current for shallow
incidence angles. If this tail is truncated, the
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Fig. 7. Magnitude of the induced surface current density dis-
tribution normalized to (1kZy ' on the stip of ka =40,
&) =10° (no 1teration).
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Fig. 8. Magnitude of the scattered E-field evaluated on the strip
of ka =40, ¢, = 10° (no iteration).

remaining portion of the current densitv on the
strip produces a scattered field on the surface of
the strip which is significantly different from —E',
where E' =1, as may be seen from Fig. 8.

Fig. 9 shows the effect of one iteration on the
zero-order GTD solution shown in Fig. 7. Nowe
that the current density is significantly altered in
the neighborhood of the shadowed edge demon-
strating the fact that even with a relatively poor
initial guess, the convergence is quite rapid in this
case.

(% 10?)
075 13 150 188 225 263 300

038

e ol

-255 -182 -i09 -036 036 109 (82 255
X
Fig. 9. Magnitude of the induced surface current density dis-
tribution normalized to ((kZ,) " and truncated on the strip of
ka =430, &y = 10° (one iteration).

To see that this is indeed an improved solution,
the truncated portion of it is used to calculate the
scattered field. It is observed that the satisfaction
of the boundary condition has been improved as
shown in Fig. 10.

To verify the convergence of the solution
numerically, one more iteration is performed and
the resultis depicted in Fig. 11. Note that the shape
of the surface current density does not change
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1, much which indicates a settling down of the solu-
* tion has occurred. Also, note that the tail extend-
i, < ing outside of the strip has been reduced to an
i =

“i:t('."'-« insignificant quantity, which, when truncated, will
11y

AN
L ety
et .

';'}‘- produce little effect on the scattered field on the
Q surface of the strip.
5| To further validate the solution. the moment
< method solution [18] of the same problem with
2 slightly different parameters is shown in Fig. 12 for
S a comparison. Again, the agreement is good. :
o However, in terms of computational efficiency, the
o present method is far superior to the moment- :
L. method solution for the accuracy realized. <R
~ . iy
o} 5
b
8
0 g -
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Y
ST e o
-255 -182 -103 -036 036 109 182 255 CORRENT O LARSE SERE e
= 2‘ INCIDENT ANGLE:5°
Fig. 10. Magnitude of the scattered E-field evaluated on the B
strip of ka = 40, &y = 10° (one 1teration) g'
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2 Fig. 12. Moment method ‘applied in the spectral domain)
=1 solution of the magnitude of the induced surface current density
. distribution normalized to 1 'Z,, on the strip of ka = 30, &, = 5°.
N~
S &
=
paf 3.4. Summary
o ‘ Before closing this section, it is worthwhile to
L . . . o .
o recapitulate the main points of the approach dis-
& cussed. The finite screen (strip) problem has been
I 51 solved by a combination of the integral-equation
. - 5 \ and asymptotic high-frequency techniques.
| —_— e Formulation of the integral equation in the Fourier
E. -2% -182 -109 -036 036 109 182 255 . :
transform domain allows one to conveniently

x
! obtain the zero-order approximation to the trans-

Fig. 11. Magnitude of the induced surface current density f d unk ¢ 5 d ity £ h
distribution normalized to (ikZ,) ™" on the strip of ka =40, ormed unknown surface current density from the

| &= 10° (two iterations). solution of two half-plane problems.
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Higher-order solutions have been obtained via
the iteration steps outhined above and the numer-
cal convergence has been demonstrated. The
iteration  process generates the proper edge
singularities even when they are not present in the
original approximation, e¢.g., physical optics.
However, additional iterations are necessary in
that case. Validity of the solution has been sub-
stantiated by numerically venfving the saustaction
of the boundary condition to within a close
tolerance.

4. Concluding remarks

In addition to the finite screen problem dis-
cussed here, the spectral domain approach has
been found useful for other electromagnetic scat-
tering and radiation problems of considerable
interest [10, 11, 19, 20]. It has been applied to the
problems of electromagnetic scattering by rectan-
gular [19] and cylindrical rods [11], a finite plate
[10], a cylindrical shell [20], etc. The spectral
domain procedure for testing the accuracy of high-
frequency solutions also has been applied to a
number of problems of practical interest. One such
example is the canonical problem of a corner in a
thin plate for which an asymptotic solution was
recently derived by Albertsen [21], using a mul-
tiple Wiener-Hopf procedure. Testing his solution
for the satistaction of the boundary condition that
the tangential electric field be zero on the plate,
one finds that the solution satisfies the boundary
condition only approximately and contains some
extraneous infinities that must be removed. Even
s0, the solution in its original form represents a
good starting point for deriving iterated solutions
for the quarter-plane problem. Both the surface
current and the far-fields can be improved via the
spectral-domain approach.

As another example, we quote the problem of
constructing the Green's function for a magnetic
dipole radiating in the presence of a smooth curved
surface, e.g.. a cylinder or a cone. The con-
ventional GTD solution derived from applying
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Watson transformation to the modal series solu-
ton for the cylinder breaks down when the point of
observation 1s close to the axial direction of the
cvhinder. This 1s because the effective wave
number for propagation along the axis approaches
zero, whereas the asvmptotic solution requires
that the wave number tumes the radius of the
cylinder be large. Several different asvmptouc
solutions based on the modification of Fock's
solution for the sphere problem have recently been
presented for the axial region bv a number of
authors. The spectral domain approach has been
found useful not only for testing the relative
accuracy of these solutions, but for iteratively
improving them as well [13].
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Penetration of an EM Wave into a Cylindrical Cavity
and the Current Induced on a Wire inside
by Edward K. Yung *, Shung-Wu Lee *, and Raj Mittra *

This paper addresses the problem of computing the current induced in a thin wire located
inside a cylindrical cavity with a circumferential siot when the cavity is tlluminated by an ineci-
dent plane wave. The calculation is carried out in two steps. First, the problem of penetration
of the incident field into the cavity is solved by the method of moments under the assumption
that the presence of the wire inside the cavity creates little or no perturbation of the interior
tield. Next. the induced current on the wire is calculated by the following two methods: (i) use
of a simple analytical formula derived from the application of the Wiener-Hopf techniques to
the finite wire problem; (i) numerical solution of an integral equation. Extensive numerical
results for the induced current are presented. It 13 found that the current is sensitive to the
evhinder radius, the cavity height, the frequency <t excitation, and the wire location, but is rela-
tively less sensitive to the variation in the siot length. In addition, the induced current on a wire
inside the cavity can be much larger than its counterpart is free space illuminated by the same
incident plane wave at frequencies where the cavity is near resonance.

Einkopplung einer EM-Welle in einen zylindrischen Resonator
und induzierter Strom auf einem Draht im Inneren

Der Strom wird berechnet, der in einem dinnen Draht innerhalb eines zylindrischen Hohi-
raumresonators durch einen Umfangsschlitz induziert wird, wenn eine ebene Welle einfillt,
und zwar in zwet Schritten: Zuerst wird mit der Momentenmethode und der Annahme. daB
der Draht im Resonator das innere Feld nicht oder nur wenig stort, berechnet, wie das einfallende
Feld in den Resonator eindringt. Dann wird der im Draht induzierte Strom mit den folgenden
beiden Verfahren ermittelt: 1. Durch Anwendung der Wiener-Hopf-Methode auf das Problem
des endlichen Drahtes wird eine einfache analytische Formel abgeleitet. 2. Eine Integraigleichung
wird numerisch gelost. Aus den umfangreichen numerischen Ergebnissen ergibt sich. daB der
induzierte Strom von Zylinderradius. Resonatorhohe. Lage des Drahtes und der Frequenz
starker abhdngt und weniger von der Schlitzlinge. AuBerdem kann der von der gleichen ebenen
Welle im Draht induzierte Strom innerhalb des Resonators bei seinen Resonanzfrequenzen
viel groBer sein als im gleichen Draht ohne Resonator.

1. Introduetion

The penetration of an electromagnetic wave
through an aperture into a cylindrical structure
is of current interest because of its application
to EMP, to EMC, and to biological studies. As early
as 1949. Sommerfeld (1] studied the problem of
an infinitely long circular cylinder with a longitu-
dinal slot, illuminated by a normally incident
plane wave. Using a Fourier analysis approach.
Sommerfeld reduced the problem tc a system of
infinitely many linear equations, but declared
resignedly, “We can do practically nothing with
the problem.” Silver and Saunders [2] used the
.addle-point integration method for the inversion
of Fourier transforms and extracted the far field
of Sommerfeld’s problem. Hitherto, a number of
extensions along this line of work have been
reported [3], [4). With the advent of high-speed
digital computers. Sommerfeld’s penetration prob-
lem can now be readily solved by numerical means
(5], (8]. The 3-dimensional version of Sommer-

* Dr. E.K. Yung, Dr. S.-W. Lee, Prof. Dr. R. Mittra,
Electromagnetics Laboratory, Department of Electrical
Engineering, University of Illinois, Urbana, Ill. 61801,
Csa.

feld's problem was recently carried out by Safavi-
Naini, Lee and Mittra [7], [8].

In the present paper. an extension of the penetra-
tion problem of Safavi-Naini et al. is investigated,
in which a thin wire is added inside the cavity
and the problem is to determine the current
induced on the wire. The wire is oriented parallel
to the longitudinal direction of the cylindrical
cavity. If the slot in the cavity wall is also longitu-
dinal, there is little induced current on the wire.
Hence we concentrate on the more interesting case.
namely, the slot which is circumferential on the
cylindrical cavity wall. The composite geometry
of the present problem is sketched in Fig. 1.

Due to the thinness of the wire, it appears reason-
able to assume that the presence of the wire does
not perturb the field generated inside the cavity.
Thus, the problem under consideration can be
solved in two steps:

(A) Determine the field £ inside the cavity as if
the wire were absent.

(B) Using £ as an incident field, determine the
induced current [ (z) as if the wire were situa-
ted in the free space.

We emphasize that the above two-step approach
is an approximation. The exact degree of approxi-
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Fus L An mfimtely fong ovimder with a cavity and a4 wire
mnside, dluminated by an madent plane wave through
a circamterential slot on the caviey wall

mation can be deternined by solving the coupled
cavity and wire problem i its entirety, hut s
bevond the scope of this paper

I'he plan tor the present paper 15 as follows
In Section 2. we consuder the fiest part (Part \)
ot the problem, w whieh the wire s removed from
the cavity and the penetration of an medent plane
wave mto the cavity is solved by the moment
wethod (9] In Section 30 we study the catrent
duced on the wire mside the cavity when it s
Hlumiated by the tield £ computed w Part A
Stee £ 5 given i terms of adoubly imtinite series
ot egentunctions of the cavity 1t can be iterpreted
as a spectrum of plane waves: As a result, the -
duced current 7(:) can be determined by super-
mmposing the currents due to each compounent of
the plane wave spectrum. The latter problem s
determined by the tollowing two methods

1. The moment method based on an integral
equation tormulation [10], and

20 the stmple  approsimation formula recently
developed by Chang, Lee, and Rispin [ U1, [12].

It should be noted that both of the above methods
apply ouly i the madent plane wave is homo-
gencous, In the present problem. however, the
tield £ inside the cavity consists of both homo-
gencous and inhomogeneous plane wave compo-
nents. Henee, the above two methods have to he
extended via analvtical continuation to cover the
case of an ncident mhomogeneous plane wave,
Numerieal results are given in Section +.

2, Field in the Cavity

In this section, the field £ excited i the cavity
with the wire absent s derived. The geometry
of the problem under consideration in this section
1 dlusteated i Fig 1 with the wire removed

1979 Hen d

The conducting circular ovhinder s ntinitely long
and s of radwas @ A evlndeweal cavity s formed
tside the eyvhnder by two conducting plates
located at o - A The cavity s coupled to ex
teror excitations through a crrcumterential slog

on ats evhadreical wall The rectangular <ot s of

dimenston 20« 2d and centeved at (xvoa, oy O,

) The width of the slot s assumed to be swall
e terms of wavelength, e

2kd L 1. (1

The strecture s llumimated by a normally meident
plane wave of nuit magnitude deseribed by

Bl = selbe, ] ! el (2)
"
where the time harmome tactor e ' has heen
suppressed and 4 j e o 1201 s the mtrisie
unpedance of the free space
The symmetry of the configutation, together
with the plane wave excitation given m oeq. (2),
dictate that the tangential electre tield across the
aperture be an even function of ¢ Furthermore
the narrowness of the slot enables us to assume
that the aperture field 5 approximately coustant
m :and s sdrected Thus the tangential electre
tield across the aperture F:. £y P canbe I'('pl‘l'ﬂ'llh\l
by a Fourter-cosine sertes

K, N Eyvos [yd; | d] = do. 2lsd. 8
« =
In accordance with the boundary condition that &,
vantshes at & ~ By (o - ocoad) Y arve tound to be
Bl
. (= I
Ly o S E 304 e S 4
= da
Due to the assumed direction of the apetture
clectrie vector (or the equivalent magnetic cureent),
e can be shown that o feld TM with respect o @
s suttictent to vepresent the total tield made the
cavity. Such a tield can be generated via a z-divected

magnetie vector potential A L2 The relation
between A, and the magnetie teld s
1
a v (3
It

Inside the cavity, 4 s o fimear combination ot all
possible elementary wave functions that ace solu-
tions to the sealar Helmholts equation (131 1t
assumes the torm
-
Ae(0.d.2) = XN dwndumlynolcosmdeosx,z (8)
",on=0

[ kb —og for k¢ al,

where Yy = . . : (")
l jfag—k for &< ag,
and an = nh, n=0 1.2 (N)

The constants Ly, are unknowns, and J., are
the mth order Bessel tunctions ot the tiest kind.
Note that wath the chowees of the cigenvalues Xn
i eq. (8), the boundary conditions that £ and &'y
be zero at @ o A are automatically satistied

- i
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The constants A ,, in eq. (6) are unknown quan-
tities, and by enforcing the conditions that E,
be zero on the cylindrical wall and equai to Ey
on the aperture, they can be evaluated in terms
of E,. the expansion coefficients of K, given in
eq. (3). First, we evaluate £, (referring to eq. (5))
at o =a to obtain

l oo

SSvidmndm(yna)cosmdbcosa,z =

Jl'lllé m,on=0

z!.'(é.:)_‘jl:‘umsl"“:ﬁ: lé| == |z|=h (9)

u=0

where £ is the characteristic function of the aper-
ture:

R(d.2) =

1 for |dl =do. |2| =d,
’ i (10)
lO otherwise .
We recognize that eq. (9) is a standard Fourier-
Bessel series with unresolved coefficients Ap,.
Hence. 4 ,,, are determined by standard procedures

with the results (11)
1 j4wuecos mdgsina,d = (—1)ul,
G o EmenTanY2hIm(yaa) y=0 © [E—m?’

in which ¢,, is the Neumann number, defined by
{2 for m=0
Em =
1 for m=0.

In the region exterior to the cylindrical structure,
the symmetry of the configuration again leads to
a TM field with respect to z. Thus, the exterior field
is also determined via a z-directed magnetic vector
potential { = ¥Z. For reasons which will be obvious
later, ¥ is partitioned into three wave functions:
W=+ Wr L Ps The first of these ¥! represents
the incident plane wave: it is independent of a
and is given by

i = = % ” Jm(ko)cosmdo. (12)

W =0 €m
The field components of W1 are given in eq. (2).
The second wave function YT represents the re-
flected wave when the aperture is closed by a per-
fect conductor; it assumes the form (13)

i2 2 im Tmka) | e

B { H"(lc )}H‘ (ko) cos md
where H(® are the mth order Hankel functions
of the second kind. The third wave function ¥'s
corresponds to the field produced by the equivalent
magnetic current. In contrast to both ¥1 and ¥r,
¥'s depends on a and is represented by a continuous
spectrum of cylindrical waves:

pr =

W =0 €m

s — V cos mdj Fm(2)HD (yo)elxzda, (14)

where F,.. are unknown functions, and

{ ;kl—al for k2= a
y=

15
—jya?—k? for k2< a. o

To determine F,,, we first evaluate E; at o =a
to obtain

I 3 cos qu l’/ Fu(x) H2 (ya)elrzdy =

J(l) ueE ,,..;0

= Q(,2) EEMC()S I'ud; |d| ==, |z| See. (16)
u=0

Then. we multiply both sides of the equation above

by cos nd. n=0.1,2, ..., and after that, integrate

the equation over the entire domain of interest.

By invoking the orthogonal properties of cos nd,

F, are determined in terms of E,:

o _]-w,ueco\méoﬂmad ? (—1)4I,
Fn) = ta B ) 20 T3 —mt
m=0,1,2,.... (17)

With A,,n and Fy, defined by egs. (11) and (17),
the requirement that the tangential electric field
be continuous across the aperture is automatically
satisfied. However, these definitions, of themselves,
do not ensure the continuity of the tangential
magnetic field across the aperture. To enforce the
continuity of the magnetic field. we proceed as
follows: In the region exterior to the cylinder.
the three partial magnetic fields HY, HS, and H}
(H; is immaterial) corresponding respectively to
the three wave functions defined in eqs. (12) through
{14) are

PR LI il g
B TEE 2y o SmEiem g, o
26 2 ™[ Im(ke) [
W % _ e
3 jou m=oem [ H® (ka) HY  (ko)cosmd,

-1 s "
Hy = : Scos me |y Fn(a) HZ (yo)elxzdx.
" m=0 —‘o0

Inside the cavity H, is given by (19)

-1
Hy = — V 2 7,..4,..,.J,,,(y,.n) cos m d cos xpz.
% mn=0
Hence, the desired continuity of the tangential
magnetic field across the aperture now reads

91
2k q J Iz (ka) — JIm(ka)

r— 1
i H(‘l)l 3 i S
jou m=0ém H® (ka) ™ (La)jct) meé —

1 g &
- Scosm¢ | % F(x) HY (ya)eixzdx =
,“ m=0 ~'s0

l 0
=——7 LynAanm(y,,a)COS md cos xpz;
M m =0 (@ 20)

[¢] < do. || =d.

The above equation can be simplified by recognizing
that the term in the bracket on the LHS is the
Wronskian of Bessel functions:

JIm(ka)
HP (ka)

By substituting the above result into eq. (20),
it becomes

j2

, o (s TR SN L
Tm (k) Ha (ka) mkaH® (ka) °
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= . . . . T ’ E
NSeosmd |y Fa(0 HG (ya) el dy K, N Bu(= 12D, (25)
w0 ‘- wd =
» S NI X d oS X D cos @ oos g J e (Ve o)
N N ooa ,"‘b‘.‘.‘“..]*”.”‘”‘.‘,, Xyt . : " " \ g . 0 (Ml
- a=0 : (21) w=0 ta Xy wao tmils A (yaa)

) :‘ 1™ cos md
TG o Em “',:;’(l'u‘

1] S do. |2] s d.

Applying the method of Galerkin (9], the preceding
equation can be solved numerically. Wo multiply
both sides of the equation above by cosrd, v
0 12 0 and antegrate the resultant equation
over the aperture regron, leading to

- = sinaxd o
Some | - )"m(x)":' ‘:‘"”'ll
" ~ X
e sin x, d
Slowe o redmadi(yea) (22)
o) Xn
.‘ ‘ o~ N
. : T !l,"" i =0, 1,3,
moa Wy em Hy'(ka)
where g, stands for
smim o v)dy sin(m o+ v) do -
Imr T 2 (23)

NP N -y

Then, we replace A, and 0 eq (23) by thew

definitions i eqs. (11) and (17) After some alge
brawe manipulations, we arrive at

SE(AD 4 A% = Dy; v 0,1, 2., (M)
-
where
e (- Vul, < Ty COS 14 Ay
P A - wao Em(l 2 — md)
" sin? x d H (v a)
Xy HG (ya) it
0
A (— Duly : !,,.,n:‘muuﬂ., .
il h [ty f'n([ M md)
T st xpdd, (yaa)
n=0 13)‘»-'-{)':.")
and D, N‘:{ 1= e
L4

ka 2o em HY (ka)

Fqo (25) 18 the system of infinitely many hinear
equations that we intended to derive. In general,
this system of equations cannot be solved. How.
ever, if the senes i eq. (D s truneated at a tinite
number N, the system becomes a system of N <V
algebraie  equations, in - which  the unknowns
Ego p=0. 02 0N, can be determined by
solving the equations simultancously by standard
procedures such as the method of Ganssian elimina.
tion. After K, are determined, it is & matter of
direct substitution of £, into eqs. (3), (6) and (11)
to obtain the field inside the cavity, For example,
the .component of the electrio field X, is given by

aLa, dlax. izlsh

|

This completes our derivation tor the tield wmsade
the cavity due to the madence of oq (M) m the
absence of the wire

3. Current Induced on a Wire in the Cavity

In this section, the current induced on the wire
inside the cavity when it s illummated by the tield
£ s derived, We attack the problem by assuming
that the presence of the wire does not perturh
the field generated wside the cavity: This enables
us to use £ as an madent field and to determine
the induced current /(:) as it the wire were situated
in the free space

With reference to eq. (26), we note that the elee
trie field tangential to the wire £, 15 given i terms
of & doubly mtinite series of eigenfunctions of the
cavity. The sertes can be iterproted as a spectrum
of plane waves. Expheitly, K, s rewnitten as

-~

Ey o D fyo.dexphoosil, ), (26)
L o
0 s Q, l‘o‘ = .!“h
where Oy cos Ymmbh), (2%
- D, sinx,d
fn .\__ "n ‘ £ & N
=h P Xn ‘og)
I cosmdcos mdad (3 ) L

- ew S = m3 )y (yua)

Weo mterpret each component of the field i eqg. (26)
as a plane wave i free space propagating w the
direction #, with respect to the :axis
ln this report, two methods are used to compute
the current wduced on the wire due to cach compa.
neat of the plane wave spectrum  desertbed in
oq. (20). The fiest of these meothods s based on
an wtegral equation tormulation
AL d te A ¢ i ‘
( = 4 U\ j LYK (s 2)ds
s o Ao

Jdm e fyexpleostl, )

@m

The above thin wire scattering problem has been
thoroughly studied in recent years, and a number
of efficient programs to compute the unknown
current /" have been developed. The program
developed by BRutler [10], which s based on
solving e, (29 by the method of moments, s
adopted here. Applyving the principle of super.
position, the induced current 1 s given by

1) = N fu(o ) I8 (2), (30)

where o '8 ovaluated at the location of the wire,
As is wellknown, using moment methods to
compute the current on a wire s extremely time-
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comsuming when the wire is of the order of several
wavelengths, An alternative method that is suitable
for long wires is to use the simple approximation
formula developed recently by Chang, Lee and
Rispin [11], [12}. The techniques used to derive
this simple formula are briefly described below :

1. Using a Wiener-Hopf method, the reflection
coefficient from the end of a semi-infinite wire
illuminated by a plane wave of unit amplitude
is determined.

2. By considering the multiple bounces of the cur-
rent waves, the current induced on a wire of
finite length can be expressed in terms of two
Neumann series involving the just mentioned
reflection coefficient. The series are then summed
up into a closed form to give the desired approxi-
mation formula.

The induced current due to each component of the
plane-wave spectrum is denoted by I?) and is
given by

l(n'.‘)(:) e [C(: 0 Ou) R(=. hw — ')

R(z.'.)hu')
+ A — B, bo —2) r(on.h,,.)l? Uhe —2') +
+lopg B tete) | (31)
lC(O“) R(=, 2hy)

+dOn b +2)V(m—0n.bw)| C(hw+2") +
+ V(0x.2),

where 2’ =z —z. In the above formula, I” repre-
sents the current induced on an infinitely long
cylinder by a unit plane wave:

7j4 T exp (_7—j‘k7cns 0a2’)

V,z) =
@, 2in 0, W

(32)

in which W stands for
W= —jmJo(kawsinb,) H® (kawsinf,), (33)

0

where Jy and H{® are, respectively, the zeroth-
order Bessel function of the first kind and the
Hankel function of the second kind. and ay is the
radius of the cylinder. The universal function U
in the simple formula represents the current on an
infinitely long center-fed antenna generated by
a unit voltage impulse. For a thin-wire antenna
and for a sufficiently large kz. U” can be accurately

approximated by (34)
o 2x : exp(—jk|z'|)
CO= ) m@E[ ) = 2 — 2n(kan) =y

where y =0.57712 ... is the Euler's constant. The
reflection coefficient R in eq. (31) is defined by

R(0.:)= (35)
n . U\ . L '
=— ln(ka.,sm 5 |+ v+ is+—FEilive)|.

where vo=kz' (1 — cosBy),

and E; is the exponential integral. Finally, .| and C
are, respectively, shorthand notations for

d = R(0n,2h) — R(On. b + 2'), (36)
R(m—0u.2h) V(O0n,be) R, 2h) U (2hy) —
1 — [R(= 2hy) -

— ll'(on 2’1«-) '(ﬁ - 0,;. hu-)
U (2ha)? '

C=

(37)

Again, the total induced current is obtained by

superimposing all I, As is illustrated in Fig. 2,
¢

LA
R

|

5 0o

2a, | o ( ) -
‘ » - » = » .

Fig. 2. A finite length cylinder illuminated by an incudlent
plane wave at an oblique angle.

the electric field of the incident plane wave is in
the f-direction and has an amplitude f, /sin6,.
Therefore, [ is related to I? by

= I&(2)
TR n s
[ ,._‘:.{,"(""d) sinf, o

where o is evaluated at the location of the wire.

A careful scrutiny of the techniques in deriving
both I and I® reveals that the two methods
apply only if the incident plane wave is homoge-
neous, i.e., cos®f, <1 or real incident angle 6,.
In the present problem, however, the field £ inside
the cavity consists of both homogeneous and in-
homogeneous components. Hence. both methods
have to be extended by analytical continuation
to cover the case of an incident inhomogenecous
plane wave.

Let us first consider IV which ix obtained by
solving eq. (29). Note that eq. (29) is developed
by equating the axial component of the electrie
field on the wire and that of the incident field.
The tangential component of the incident electric
field is fyexp(+jk cos pz) which remains valid
even in the case when cos? 6, > 1. Thus no modi-
fication is necessary here, although allowances
in the actual computer programming must be made
to accommodate the rapidly oscillating nature of
exp(~+ jk cos f,2) when cos 0, is large.

Next, we have to extend the formula of I\
in eq. (31). In the case of an inhomogeneous plane
wave, sin ), is pure imaginary, and may be calcu-
lated from

sinflp = +j|| cos2 fl, — 1]; cos20,>1. (39)

The question is then: “Which sign in eq. (39)
should be used in the calculation ! Consider an
inhomogeneous plane wave propagating in the
z, z plane:
E, =exp[—jk(xsinf, + zcosy,)]; (40)
cos2f, > 1.

In order to satisfy the radiation condition, the
field must decay (instead of grow) exponentially

————
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as r o+« oo This imposes a condition on sin fr,,
viz.. R

Im(sinfly) << 0. (41)
Thus, the lower sign (minus sign) in eq. (39) must
be used in the caleulation of 2 from eqs. (32),

(1979, Hetn

to less than 0,017, of the aperture field on the wall
where £, should be ideally zero. Also shown in
Fig. 4 15 £, at points just bhehind the aperture,
¢ a =005 The varations of £, with respect to

& sat pa=0, 035 and 08 are sketeched m Fig 3.
€ (33), (35), and (38). Furthermore, W in eq. (33) be-  As a function of decreasing (o0 a), K, decreases
s comes (42) rapidly from its value in the aperture. while it
% ’ . increases at an even faster rate from zero on the
y W= 2lg(kay) costy — 1) Kolkae| cos2fly, — 1), M7 4 iy
] olkay ) costly — 1) Kolkay} cos?fy — 1 cavity wall toward the center of the cavity, These
; where Iy and K are, respectively, the zeroth order — features are illustrated in Fig. 6 where £, is plotted
modified Bessel functions. as a function of o at : =0 and : A = 0.3.
[ [
! S =t )
’ “ B bt —
: A ol B
? | e
1{ \ :EB" ] )
| | T
‘ 0 o\ ,L;A__‘_] =
} b= e
i ok = :\\\ \ =
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| o~ % Ly
3 St & S \\\ T '\
| P
& A S
| | NA
5 ! 3aq*\
| | SRS TEECRR SRR T | 10 N
0 02 0 0§ a8 10 (3 W 80° W0
08 - -~ Aperture - N =
i N - Fig. 5. £. inside the cavity as a func-
F : Fig. 3, £ = Y Eqcos [Ny d in the ap- Fig. 4. E, inside the cavity as a func- ’l‘!«‘\n of : mth\ 0@ as a parameter
¢ "l . . . e e v geometnical parameters are: a
¥ erture as a function of ¢ with N as a f!f"m of & “.‘_‘hli’ ¢ a3 a P““""“ L A d=00131 A=0864
5 parameter. The geometrical parameters - .""Am'm”")"_;“l (m;‘nme,ters Lo et Y
1 are: =034 ¢ =034 d=00151, O34 ¢=03L d=00132 A
- 4 h = 0.8 A 0.8 4 go = 1: 3
; § . %
I - }_ l'.‘.. o8 I‘.. d, "
t N0 LR ‘ -~~]
! } s o0a = L0 (eq.(23)), -y . T 3
4 = pla = 0.95 (eq.(25)). \2=0 ‘
i g ¢
! \ . e -
4. Numerical Results and Discussion X s
i s ; d T PR . S 4
In determining the field inside the cavity with X ey | |
the wire absent, the series representation of the o 08 P
aperture field in eq. (3) is truncated at n=N 2 5k ! o S ‘
f : 2 . . Fig. 6. £, inside the : N ~ |
(the series contains N 41 terms). We must first e ) =3
" " g ; cavity as a function o ———— - |
establish the convergence of the aperture field with of ¢ with vk se & 12 r e i
respect to N. The aperture fields as vnlvuh\_te‘d With  purameter. The geo- ‘ |
N=0.1, and 2 are shown in Fig. 3. We notice  metrical parameters = |
that the aperture fields as computed by N =1 are:a =03 i c - £ |
and that by N =2 agree reasonably at the main O34 d = 0015 4, 00§~ L ‘ ]
lobe but not so well at the side lobe. For many A =064 - gl
practical cases, the three-term expansion N =2 E
is generally sufficiently accurate for computing the Part B of the problem is to compute the current
aperture field. induced on the wire inside the cavity. As mentioned ‘
An indication of the accuracy of the field £ in previous sections. the simple formula developed
inside the cavity is how well £ satisfies the bound- by Chang, Lee and Rispin [8] must be extended
ary condition on the cavity wall (including the to compute the current on a finite wire due to an
aperture). In Fig. 4, £, as computed from eq. (26) incident inhomogeneous plane wave. Since the

is plotted as a function of @. In the aperture de-
fined by |d]|=57.29°, the caleulated K, agrees
extremely well with the two-term expansion of
the aperture field caleulated from eq. (3). It drops

method of moments does not require any moditi-
cation for handling the case of an inhomogeneous
incident wave, it provides us a veritication of the
extended simple formula. The comparison of the
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mduced currents on a wire i free space due to
a plane wave of unit strength as coniputed by both
methods s illustrated in Fig. 7, ud we notice
that the results are in reasonable agreement. Now,
we may apply this extended formula to compute
the induced current on a wire inside the cavity,
In Fig. 8, the current as calculated by the simple
formula 18 compared with that obtained by the
method of moments. Again, the agreement be-
tween the two results 18 acceptable. It should be
noted that the current inside the cavity is normal-
1zed with respect to the center current on a wite
of the same length in free space. Since the con-
vergence of the moment method must be estab.
lished on a case-by-case basis, the simple formula
is used hereafter to compute the induced current
even in the case where the wire is as short as 0.4
wavelength.

Although we have already established that the
three-term expansion is usually adequate to repre-
sent the aperture electrie field, it 15 still appro-
priate here to examine the convergence of the
current induced on a wire inside the cavity with

|

Py — L . .
b el TN Simple formula t
i 9% o 3 &
LA i ey
N N
S Moment methad N\ B temntem
2} ;i \\ ‘5 S i = >a3
| N 7~
N 4
\ 7
|
Joroo - e e L s est————
i) s 0 15 a0
- Analytical continvation &
s H -

Fig. 7. Comparison of the simple formula and the moment
method for the determination of the current induced
at the center of a cylinder in free space as a function of
the angle of incidence 0 (real and imaginary); a, =
0001 A, Ay == 025 A,

'
g uso%\ i
S [/

e

[ RSN | g o

Fig. 8. Comparison of the simple formula and the moment
method for the determination of the induced current
distribution on a wire inside the cavity. The geometrical
parameters are: a = 034, 0 = 034 d = 0034, A =
06 4 ap = 0001 A Ay = 124, pa =05, d = 0, 19 = O

various numbers of expansions. In Fig. 9. the indue-
ed currents as caleulated with N = 0, 1, and 2 are
sketehed. We see that, as far as the induced current
s coneertied, the two-term expansion (N = 1) s
sufficient .

08

ﬁ

10

Fig. 9. Induced current on a wire inside the cavity as a
function of : with N as a parameter. The geometrical
parameters are: a4 = LOA ¢ = 06 A d —« 005 A, h -

221;
N
Eom S dgcon 'y .
N0

Inside a given cavity, it is expected that the
induced current on a given wire with its position
fixed would increase with the enlargement of the
length of the slot 2¢. The induced current at the
center of the wire does increase with ¢ when ¢
is relatively small as compared with the radius
of the cavity a. The center current acquires its
peak value when c/a is about 0.9 and begins to
decrease  thereatter. These characteristios  are
demonstrated in Fig. 10.
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Fig. 10. Induced current at the center of the wire inside
the cavity as a function of slot length 2¢. The geometrical
parameters are: a o 1, d = 0015, A - 22, freq. = 04,
Ay = OO A Ay =024 pga =01, & 0, 3y =,
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In Fig. 11, we show the center current on the
wire as a function of @, 0.25 = a A <. 08, with the

-
e
——

THOMT oM

a/d
Fig. 11. Induced current at the center of the wire inside
the cavity as a function of cyvlinder radius a. The geo-
metrical parameters are: ¢ = 0.3 A d = 0013 A, h = 06 A,
he =024 0a = 0.1

Ye0M9A
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Fig 12 Induee | current at the center of the wire inside
the cavity as a function of cavity length 2A. The geo-
metrical parameters are.a - 03 4 ¢ = 03 4, d -~ 0015 4
My = DL A, Ay, =024 pa =Y,

e

Fig. 13. Current distribution induced on a wire inside
the cavity with frequency as a parameter. The geometrical
parameters are: a = 033m, ¢ = 02 m, d = 0003 m,
b= 082 m ay = 0001 m, Ay = 0.3 m.
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other dimensions fixed. We observe that there are
three peaks. The first of these peaks corresponds
to the resonance at which Jy(yga) = 0. The second
and  third  peaks  correspond  respectively  to
Jilyoa) =0 and Jo(31a) =0. It should he noted
that the resonances would occur more often bevond
the range of Fig. 12, and numerical solutions for
large a would not be reliable.

The center current on a wire as a function of the
length of the cavity 2A with other dimensions
fixed is plotted in Fig. 12. Two peaks are observed
in Fig. 12. The first peak is related to the resonance
corresponding to Jp(3na)=0. but we are unable
to analyze the nature of the smaller peak at
h=1024

Finally, we examine the variation of the induced
current with respect to the frequency of the n-
cident plane wave. The induced currents at repre-
sentative frequencies are sketched in Fig. 13. which
reflects the alteration of the electrical length of
the wire.

This report was supported by contract No. N
14-75-C.0283.
(Received November 11th, 1978.)
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Accuracy Test for High-Frequency Asymptotic Solutions

R. MITTRA, FELLOW, [EEE, AND M. TEW

Abstract- Asymptod futi or solutions whose y
increases a3 some parameters increase, have seen incressing use in
recent years. For example, the problem of a magnetic dipole radiating
on an infinite circular cylinder has had three different asymptotic
solutions proposed. Unfortunately, it is difficuit 10 assess the accuracy
of these asymptotic solutions, or even to determine their relative
CCUrACy. An accuracy test based on the satisfaction of the £-field
boundary condition on the cylinder surface is proposed. The test is
performed by relating the spectral domain representation of the surface
H-field (given by the asymptotic solution) to that of the £-field and
then inverse transforming to obtain the surface £-field. In some cases
analytic and numerical techniques are combined to aid in evalustion of
the spectral content of the surface H-field. The proposed test is applied
to two of the published solutions and to a third solution generated to
bridge the differences betrween them. Three-dimensional plots of the
resuiting surface £-field are presented. It was found that the proposed

test is most sensitive to the region behavior of the solution and
relatively insensitive to the large path length behavior.
INTRODUCTION

HE PROBLEM of determining the induced surface cur-
rents on an infinite circular cylinder excited by a slot
radiator has received increased attention in recent years. One

Manuscript received March 22, 1978; revised August 12, 1978. This
work was supported in part by the Joint Services Electronics Program
(U.S. Amy, U.S. Navy, and U.S. Air Force) under Contract DAAG-29-
78<C0016, and in part by the Army Research Office under contract
DAAG-29-77G-0111.

The authors are with the Electromagnetics Laboratory, Department
of Electrical Engineering, University of lllinois, Urbana, [L 61801

reason for this interest is the usefulness of the induced currents
in calculating various electrical parameters. In a conformal slot
array, for instance, knowledge of the currents allows calcula-
tion of both the mutual impedance between two slots and the
far-field pattern. The work reported hzre is concerned with a
test which attempts to evaluate the accuracy of existing solu-
tions for the infinite cylinder problem.

An exact modal solution to the cylinder problem does exist
(11, (2]. However, for large radii, the solution (whose form is
an infinite series with each term containing an infinite integral)
converges so slowly as to make its use impractical. For large
kR (k is the wavenumber and R is the radius), three asymptotic
solutions have been published [3]-{7]. Two of the solutions
(31-(6] are derived from manipulation of the modal sofution
and are asymptotically correct for large path lengths. One of
these solutions (3], (4], which is used in the testing program
developed in this paper, will hereafter be referred to as Asymp-
totic Solution 1 or AS-1. Another solution which is also tested
herein is based on a modification of the wark of V. A. Fock
addressing the problem of radiation on a sphere. This solution
is asymptotic in both the sense of large path length and large
radius and will hereafter be referred to as Asymptotic Solution
2 or AS-2. In contrast to the AS-1 solution, the AS-2 solution
has the feature that it exhibits the appropriate asymptotic be-
havior of the surface current, both in the vicinity of the source
and at large distances away from it. This property of the AS-2
solution will be shown to have a profound effect on the results
of the boundary condition test to be described below.

0018-926X/79/0100-0062800.75 © 1979 IEEE
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Fiz. 1. Geometry of cylinder problem. (a) Infinite cylinder with
siot. (b) Developed cytinder

Because all of the asymptotic solutions for the cylinder are
approximate, a test which could determine the relative accuracy
of the solution is highly desirable. This paper proposes such a
test based on satisfaction of the £-field boundary condition.
The test 1s applied to the AS-1 solution, a modified version of
the AS-1 solution, and to the AS-2 solution. When possible, an
exact analytic solution was also tested.

THE PROBLEM

The problem addressed consists of an infinite perfectly con-
ducting cylinder of radius R, as shown in Fig. 1(a). A standard
0, 9. z cylindrical coordinate system is imposed on the cylinder
so that the :z-axis coincides with the cylinder axis. The co-
ordinate system is set up so that o = R, 0 = 0, : = 0 defines
the center of the slot (or coincides with an elemental magnetic
dipole radiator). As shown, s is the path length on the cylinder
surface, and 4 i1s measured from the ¢-axis to the surface path,

The cylinder is a developable surface, and a geodesic path
on the cylinder surface becomes a straight line on the infinite
stnp that makes up a developed cylinder. Fig. l(t:) shows the
developed cylinder and introduces the local 7', b, " and 4, b, {
coordinate systems, where /', /1 are the outward normal to the
surface, and /',  are tangent to the surface path at the source
and observation points, respectively (8" = ¢ X A', b = { X ),
On the developed cylinder i is parallel to 7, /' is parallel to 4,
and & s parallel to b however, this is not the case for the un-
developed cylinder. Each of the asymptotic solutions tested
determines the surface //-field components at the observation
point Q in terms of the field parallel to the surface ray #,, and
the field perpendicular to both the surface ray and the surface

normal Hy. Thus each solunon tested is of the form

HQ) =M « (b'bH, + {'TH,), (1
where 1s, the magneticdipole moment. For all results reported
here, M = ¢, 1.e,, a circumferentially onented source was used.

SOLUTIONS TESTED

The results of tests on three asymptotic solutions are in-
cluded: the AS-! solution, the AS-2 solution, and a modified
version of the AS-1 solution.

The AS-1 solution is given by

Hy(Q) ~ v(§)G(s)

H(Q) ~ (2/ks)u(§)G(s)
k2 e ik hic

G(J)= '7=\ri. *3779
2mn ks Veo

k 13
E: (“ 2> . )
IR,

where n 1s the impedance of free space, and « and v are Fock
functions. § is a normalized distance parameter, with R, being
the radius of curvature along the surface ray path (radius of
curvature in the direction of 7). For the cylinder case under
consideration R, = R/cos? 8. Note that § + 0 whenever R »oo
or § » /2. For the case when £ + 0O the AS-] solution reduces
to

Hy(Q) ~ G(s)

H(Q) ~ (2] ks)G(s). 3)
and the form of 4, identically recovers the (ks)~! term from
the exact solution of a magnetic dipole radiating on an infinite
flat-ground plane.

The AS-2 solution is found by

Hy(@) ~ [ (1=1/ks)u(§) = (1 k)3u(§) + /(v 2 kR,) 273

*U(E) T IV IRR) TSR R Gl
H(Q) ~ G/AN[u®) + (1 =2 ks)u(d) + (VT kR )23
“u' ()] GG, ()]
where v and u are Fock functions, and v’ and ' are their
derivatives, respectively. £ and G(s) were defined above, and
R, is the radius of curvature transverse to the surface ray (radius

of curvature in the direction of 4). Two features of the AS-2
solution stand out. As KR+ % the solution reduces to

Hy(Q) ~ {1 =1 'ks — (1/ks)?) G(5)
HQ) ~ (21 k) 1 —17ks] G(s)., (5)

which identically recovers the exact solution for a magnetic
dipole radiating on an infinite flat plane (this is in contrast to
the AS-1 solution which recovered only the 1/s term of H,
and the 1/52 term of H,). As 0 * 7/2 the AS-2 solution may be
put in the following form:

Hy(Q) ~ [Hy(Q)] pranar + (A kRVe 1%¢ \/Xs, (6)
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where 4 15 a constant. The surface ray along the cylinder axis
thus exhibits less attenuation than a corresponding ray on a
flat plane. (This type of asymptotic behavior, as 4 = 7/ is
also exhibited by another solution (S]|-(6].

Thus two distinct differences exist between the AS-1 and
AS-2 solutions in the limiting cases of kR » % and & > 7/2. One
concerns the higher order terms (1/s2, 1,53) of the solution
and may be thought of as a localized source-region etfect. The
other difference lies 1n the attenuation of a ray propagating
along the cylinder axis (8 = 7/2), where the AS-1 solution de-
cays as 1's, and the AS-2 solution decays as 1 \/s. This effect,
then, s hardly significant near the source, where the 1/52 and
1/s3 terms dominate, but it determines the field behavior far
away from the source.

In an attempt to separate the above two effects, a third
solution has been constructed, which i1s a modified AS-1 solu-
tion and will be denoted AS-3. The AS-3 solution is given by

Hy(Q) ~ [E) — 1/ks — (1 ks5)2] G(s)
HQ) ~ (21 ks)[u(k) — ) ks] G(s) (7)

As is apparent, the AS-1 solution has been modified by the
addition of the higher order terms present in the exact solution
of the planar problem. The AS-3 solution will recover the exact
planar solution when AR + 2o just as the AS-2 solution does.
However, along 6§ = n/2 the AS-3 solution decays as /s, while
the AS-2 solution decays as l/'\/x_.

The rationale behind creation of the AS-3 solution is con-
tained in the following argument. The AS-1 and AS-2 solutions
are quite different—not only in the construction of the solu-
tion, but also in the behavior under limiting cases. Both the
source region behavior and the “‘asymptotic™ behavior (for large
ks along 6 = m/2) are significantly different. Even if a test
revealed differences between the AS-2 and AS-1 solutions, it
might still be difficult to determine anything about the local
accuracy of the solution, i.e., it might be difficult to determine
the ‘“‘cause’ of the difference in test results. Creation of the
AS-3 solution is designed to alleviate this problem. Also, since
AS-1 and AS-3 have the same behavior as § » 7/2, comparison
of their test results may reveal the role of the source region in
satisfaction of the test. Similarly, AS-3 and AS-2 have the
same behavior in the source region (as kR + %), so comparison
of their test results may reveal the role of the 1//s term.

In review, we have three asymptotic solutions to test—two
have been published, and the third has been created to some-
what bridge the differences between the first two. The test
proposed will investigate how well the £-field boundary condi-
tion on the cylinder surface is satisfied.

E-FIELD TEST

The tangential £-field must be zero everywhere on the sur-
face of a perfect conductor. The exact solution for a circum-
ferential slot radiating on a perfectly conducting circular cyl-
inder thus would have £, = 0 everywhere on the cylinder and
E, = 0 everywhere except in the extent of the slot. The £-field
test checks to see how well the asymptotic solutions satisfy
this condition.

The most direct and attractive method of determining the
surface £-field would be to compute the normal denvative of
the H-field. Unfortunately, the asymptotic solution; are valid
only for points on the cylinder surface, so that such a direct

computation is unfeasible. Accordingly, an indirect procedure
must be used. An indirect evaluation of the surface E-field is
conducted in the following manner: each of the asymptotic
solutions predicts the /{-field on the cylinder surface. Thiough
the use of Maxwell's equations the surface //-field may be re-
lated to the surface £-field and the boundary condition
checked. Use of the spectrum of the /-field instead of the
direct surface field makes analysis straightforward as well as al-
lowing the use of a fast-Founers transform  FFT) algorithm for
efficient numerical calculation.

The test proceeds as follows

1) A cylindrical transform is defined as

2n -
Hn k)= l/:n/ do/ dz Hy (¢, z)eimeg et (8)
o 0 - o

2) Electric and magnetic vector potentials are expanded
with unknown coefficients

A I = Jatky)
" = — E ,Jno/ s H, 2 (pVEkT =&, 7)
F, 2n - En(k,)

il p=—oo

celket o )

Observe that n and k, are “transform variables"”, & is the
wavenumber, and #,'2) is the nth order Hankel function of
the second kind, representing an outward-traveling cylindrical
wave. For future notation, the complex variable y will be used
to replace the radical in the argument of the Hankel function

= k2 k 2
W e F
3) Through the use of

H=9Xa—jweyF + 1/jwpgVV « F (10)

one may determine the unknown coefficients 7, and g, in
terms of the transform of the surface /H-field as

= - nk, .
Ialky) = ————— Hy(n, k,)+ — H,(n, k)
el 7H,.“~"(7R){° - PR ]
JWHg L.
k = e— .
gnlk;) 72Hn(2)(7R\H:(n. k). an

where H,"(2) is the derivative of the #,®) Hankel function.
4) Applying

E=—9UXF—jwugd + ljweg V7 + 4 (12)

permits computation of the surface F-field, accomplishing the
desired test.

The above procedure can be condensed into two steps of
actual computation by combining (9=(12). While the re-
sulting expressions appear to be complex, this two-step proce-
dure is significant because it essentially involves only a two-di-
mensional Fourier transform, modification and combination
of the transtormed fields, and then inverse Fourer transfor-
mation and summation of the Fourier coefficients. The analysis
is computationally efficient because the FFT can be used to
evaluate all integrals involved.

Practically speaking, the greatest difficulty in the above
procedure comes in accurately determining the spectrum of the
surface /4-field. Both the AS-3 and AS-2 solutions have | /s2
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and 1/s3 singularities, while the AS-1 solution has a 1/s singu-
lanty. The “peakiness™™ of these //,-fields means that special
care must be taken in using the FFT to determine the spectrum.

The first attempt to overcome this problem involved raising
the magnetic dipole slightly above the cylinder surface so that
the field was no longer singular but had a finite peak. After
this step had been implemented, a convergence check of the
FFT integral showed that the FFT was able to handle the | /s
peak correctly with reasonable sampling rates, but the | 52
and 1/s? peaks yielded erroneous results. Further measures
were necessary to achieve a reliable test of the AS-3 and AS-2
solutions (for a reasonable computer size).

The key to achieving a reliable check of the AS-2 and AS-3
solutions lies in recognizing that the singular form of the source
region 1s that of a planar case, and that the singulanty has an
analytic transform. Specifically, the planar singularity can be
expressed as

I [ a8 ¢ ke
Hol, = — + 42
ek \32(Ro)? s

1 32 ¢ ihe

2eyk A(RPW:z 5

H, |

(13)

where 5 1s the path length given by s = VAT F (ROT + 2,
and A is the height of the dipole above the cylinder. Because
the singulanties may be expressed as derivatives, their analytic
transform is obtainable and s of the form

—aVAT=( R IR, 2
Q [—nk § et TN S
i, |'_—__.__( ‘>___.

2k R 4mR \/k! - (mR)’ - k,’

- k&—(n/R)*—hk

Q n2 1 e AV z
Pom () L B
2mjx \ R3? 4mR VKT —(n/R)? —k, (14)

where Q is a constant.
The total field on the cylinder can then be expressed as

"_i‘m”?m(w*ﬁm-(m. (15‘

where 17(0) is the total field as predicted by an asymptotic
solution, and I'I’”.,,,,(Q) is the field that would exist on a flat
infinite ground plane. (This division may be thought of as
taking the planar field, “wrapping” it around the cylinder, and
subtracting it from /7(Q).) The transform of the surface fields
1s given by

ﬁ(n' k') 55 ﬁm(" kl) + ﬁdlﬂn‘eo("- k:) (lb)

and Hg anarln. k) is given Gnalytically in (14). Hgitrerence(Q)
is at most on the order of I/\/f, so that evaluation of
I7d,“,,.,,“(n. k;) can be reliably obtained from application
of the FFT. Any test which involves breaking the fields up
into planar and difference fields will be termed a hybrid com-
putation, because it combines analytic and numerical tech-
niques. The only difference between a “hybrid computation™
and a “direct computation” is in the method of obtaining the
spectrum. After the spectrum is found both tests proceed
identically. Fig. 2 compares the phase of Hy for a fixed value
of k., when the transform was derived from hybrid and direct
computations. Comparison with the phase of the modal trans-
form reveals the increased accuracy of the hybrid method.

To utilize the E-field test the three asymptotic solutions are
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Fig. 2. Effect of hybnd computation of phase of Ho transform.

compared to an exact modal solution [2] The procedure used
in deniving the exact modal solution 1s essentially the same as
that used to perform the F-field test. The difference lies in the
fact that while the test begins with the asvmptotic H-field, the
modal solution begins with the known F-field (known for an
elemental source). In a manner similar to the test, the H-spec-
trum may be found from the known £-fields and can be ex-
pressed in terms of the E-spectrum. This provides analytic 4,
and H, spectrums that can be compared to those resulting
from the asymptotic solutions. After the H-spectrum 1s ob-
tained from the E-field it may be tested just like any other
spectrum. This ““check’, which begins with a surface E-field,
finds the H-spectrum, and then returns to the surface E-field,
is also valuable in assuring that the FFT sampling of the spec-
trum is sufficient.

During actual application of the test, the source used was a
slot radiator instead of an elemental dipole. This was necessary
because the surface £-field of the slotis finite, although discon-
tinuous, while the surface £-field from the elemental source is
singular. Sampling the F-spectrum sufficiently well to represent
the singular surface field would make the computer require-
ments prohibitively large, while the more regular slot is readily
handled.

Representation of the slot spectrum was achieved by first
determining the H-field spectrum due to an elemental dipole
source (the direct asymptotic solutions or, for the analytic
case, Equrtace = 3(8(p - R) 8(¢) 8(2)). The H-spectrum was
then multiplied by the transform of the slot distribution,
which was equivalent to convolving the elemental source
with a distribution in the space domain. For a finite slot as
shown in Fig. I(a) the transforms used were of the form
[sin (k,5/2)] /(k;5/2) to represent a uniform £, -field. and of
the form cos (an)/[72/4 — (am)?], a = arcsin (a/2R) ‘o re-
present a half-period cosine spreading in 0.

The totality of the E-field check has now been determined.
The components of the spectrum of the //-field that result
from an elemental source are determined. For the asymptotic
solutions the spectrum is determined either by direct applica-
tion of the FFT or by use of the hybrid technique. for the
exact case the H-spectrum may be found analytically. Regard-
less of its source, the /{-spectrum is then multiplied by the
transform of the assumed slot distribution, accomplishing the
convolution that is necessary to represent the slot distnbution.
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The F-field spectrum is then found from modification and
combination of the H-field spectrum components. Finally, in-
verse Founer transformation and summanon of the Founer
coetticients gives the surtace £-field. The nextsection compares
the surface £-fields given by the three asymptotic solutions
and compares them to the analytic solution

RESULTS OF THE £-FIELD TEST

All results presented here are for the following configura-
ton

cylinder radius R = | S17 ),

slot width & = 0.3068 A,

slot lengtha = 0.6858 ),

extent of 2 samphing = 2.5,

number of samples in z = |28,

extent of ¢ samphing = 27 rad,

number of Founer coefficients in ¢ = 64.

This set of parameters results in a sampling of the spectrum
out tok, = Sek,

The figures that follow are three-dimensional views of the
surface £,-field that results from carrying out the test. These
three-dimensional plots are more valuable in representing
shape and form than in revealing magnitude values. The surface
E-field 1s calculated after muluplication by the spectrum of
the assumed siot distribution, so £, should be zero every-
where. Since all of the magnitudes are symmetric in z, only
half of the total surface is presented in each plot.

The test was first applied to the analytic H-spectrum. This
was the standard to which all the other solutions were com-
pared. The analytic solution resulted in £, that was essentially
zero (a totally flat curve) and an £, that was well contained.
The fact that £, went to zero in a smooth curve in the z-di-
rection instead of a discontinuous curve was due to the nu-
mencal calculation. This curve revealed that the error intro-
duced by performing finite sums and integrals was negligible.

The test was next appiied directly to the AS-2 solution. The
resujting £,-fleld was considerably more spread than in the
analytic case. The £ ,-tield, instead of being zero, showed two
sharp peaks near the source and a nppled character away from
the source.

The effect of using a hybnd computation on the AS-2 solu-
tion can be seen in Fig. 3. The beneficial effects of using the
hybnd computation were casily seen in the £-fields. The form
of £, was much closer to the analytic shape than when the
direct FFT was used, and the peaks of £, were removed en-
urely. £, still retained some of its rippled character, but over-
all the error was greatly reduced.

Since the previous tests revealed the desirability of using
the hybrid computation when possible, the results of testing
the AS-3 solution by direct FFT are not shown. Applying the
hybrid method to the AS-3 solution generated forms that were
practically indistinguishable from those that resulted from ap-
plying the hybrid method to the AS-2 solution.

Because the AS-1 solution only has a singularity (peak) on
the order of /s, it is not necessary to resort to a hybrid com-
putation to obtain a reliable check. Fig. 4 presents the result-
ing surface E,-field. As can be seen, the £4-field has signifi-
cant nonzero content. The extent of the corresponding £,-field
was much broader than that of the modal solution.

While the three-dimensional plots are good for determining
the overall trend and eluctdating the general shape of curves,
it is often difficult to use them to get specific information
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about a single point or constant coordinate cut. The point of
interest may, for example, be hidden behind a peak which ob-
scures it from view. Accordingly, Fig. Sisagraph of the result-
ant £,-field along the ¢ = Q cut, i.e., through the slot and
along the cylinder axis. There are several features of interest
here.

1) The analytic solution predicts well the expected dis-
continuity in £,

2) The AS-2 and AS-3 solutions checked with the hybrid
compuiation are indistinguishable from one another. Their £,-
field is slightly more spread than that of the analytic solution.

3) The AS-1 solution with a direct test does attain the de-
ir 1ape curve, however, it has significant £, content over a
mu rger region than either the AS-2 or AS-3 solutions
(whe:e £, should be zero).

4) The direct computation applied to the AS-2 solution
yields a sharp peak at the edge of the slot. The large field
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values extend outside the slot region where the field should go
to zero

The three dimensional plots concealed the local behavior at
the edge of the slot resulting from a direct computation of the
AS-1 solution. This @ = 0 cut, however, shows dramatically
the improvement when a hybnd computation is used.

DISCUSSION OF £-FIELD TEST

In the beginning 1t was hoped that the £-field test would
provide a means of rehably judging the accuracy of the asymp-
totic solutions.

The resulting £-field after performance of the test does pro-
vide a good qualitative measure of how well the asymptotic
solution satisfies the £-field boundary condition. Indeed, ap-
plication of the tast to the transform of the exact modal solu-
tion did result in fields that satisfied the boundarv condition
quite well. In addition, application of the test ¢ ‘oximate
asymptotic solutions showed that they did not (.t & wvell as
the exact solution. In this respect, the £-field test does provide
a good “global test’ of a proposed solution, 1.¢., if the solution
i1s accurate everywhere, the solution will show good results
from the test.

On the other hand, when comparing the relative accuracy
of approximate solutions, the source-region behavior appears
to be more critical for satisfaction of the test than the large
path length behavior—asymptotic solutions that contain higher
order terms (1/s2, 1/53) in the source region H-field do satisfy
the E-field test better than solutions that contain only terms
on the order of 1/s. The large path length behavior did not ap-
preciably affect the test results. If the source region behavior
was the same (for a limiting case), then a solution that decayed
as /s tested essentially the same as a solution that decayed as
1/4/s In fact, the surface F-fields that resulte! were indistin-
guishable when graphed, though there were slight numerical
differences. In general, it seemed that the energy contained in
the long path length region was so small compared to the
source region energy that its effect of the results was negligible.,

This 1s not surpnsing in view of the nature of the £-field test,
1.¢., based on an integral of the surtace #-fields.

Emphasis of the source region is not necessanly detnmental
to the £-field test, for 1t 15 hkely that the source regicn wil
heavily influence the computation of values of physical pa-
rameters of interest, such as the mutual impedance between
two slots on a curved surface. Wire antennas p+ vide a good
analogy, for the source region behavior dominates calculanon
of the seif- and mutual-impedance and the current behavior at
the end plays less of a role. An £-tield boundary condition
check of a wire antenna would be little influenced by the cur-
rent far away from the source but would be source region
sensitive. It 15 not surpnsing then, that the £-field check re-
veals little about the local character of solution but instead
provides more of a global test. The point should be made,
however, that a large path length solution for the antenna cur-
rent would probabiy be of very limited use since both the im-
pedance behavior and the radiation pattern denved from this
type of asymptotic solution would be grossly in error. The £-
field test proposed in this paper 1s able to distinguish between
a solution which has a better overall behavior on the entire sur-
face and an alternate solution which 1s only good in local 1so-
lated regions but has large errors in other regions where the
current 1s significant.

Some numencal difficulties were encountered dunng execu-
tion of the test. The high-order source-region terms made 1t
quite difficult for the FFT to accurately compute the integral
involved. Since use of the FFT requires equally spaced sampling
over the interval, a sampling sutficient to accurately evaluate
the peak resulted in matrix sizes too large for some computers
(CDC CYBER 74, for example!). For solutions whose source-
region behavior went to a planar-type singuianty in the limit.
however, analytic evaluanon of the planar spectrum allowed
completion of the test. A solution which contains higher order
source-region rerms but does not go to planar-type behavior in
the limit will be quite difficult to test by this method unless it
has an analytical transform (or unless the investigator has an
extraordinanly large computer). However such a behavior
would not be expected to be physically meaningful anvhow.

The second solution [§]-[6] 15 a good example of this, for
it contains the | 52 source region term, but not the 1 53 term
This solution could be tested by modifying its source-region
behavior by the addition of the ! s3 term and performing a
hybnd computation. This has not been done since companson
of the AS-3 and AS-2 tests indicate that solutions with the same
limiting source-region behavior will yield virtually wdennical £-
field tests.

To sum up, it appears that the £-field test can provide a
measure of the accuracy of a proposed asymptotic solution.
An FFT is employed so that the evaluation of the integrals in-
volved may be efficiently performed, but some care must still
be taken in the computation. The test reveals that solutions
which have planar-type source-region behavior in the limit
satisfy the E-field boundary condition better than those that
only have terms on the order of 1 5. The test is, however, rela-
tively insensitive to the large path-length Sehavior of a solution.
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Source radiation in the presence of smooth convex bodies
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The problem of radiation from sources in the presence of smooth, convex, impenetrable objects
i considered, and a bnef survey of vanous high frequency techniques is presented. A generalization
of the geometncal theory of diffraction. and (wo new techmques based on the spectral domawa
approach and an asymptotc evaluation of (he radiation witegral for the surface current, also are
discussed. Some numencal results denved from the spectral domain formulas are presented and
a companson with available theoretical and expenmental data ¢ ncluded

I. INTRODUCTION

The problems of radiation from sources in the
presence of impenetrable smooth convex objects
and the diffraction of a plane wave by such objects
are of great practical interest in the design of
antennas on structures, e.g., conformal arrays.
Unfortunately, the exact analytical solutions to
these problems, based on the methods of *‘separa-
tion of vanables' or ‘‘function-theoretic'’ proce-
dures (Wiener-Hopf technique. residue calculus.
etc.), exist only for a very limited number of
scattering geometries. Furthermore, the exact solu-
tions are typically highly complex in nature: hence,
the process of extracting numerical results from
them can be very time-consuming and is by no
means trivial. This situation has motivated many
researchers to explore approaches to the problems
of radiation and scattering from smooth convex
structures.

In the low and resonant frequency ranges, several
reliable numerical procedures, e.g.. the moment
method, are available for solving the radiation and
scattering problems. However, in the high f(re-
quency domain, numerical techmiques based on
matrix methods become unwieldy if not impracu-
cal, prompting one (o employ asymptotic techniques
suitable for large k (= 2m/\), where \ is the
wavelength of the illuminating wave.

In this work, we begin by presenting, in section
1, a survey of vanous high frequency asymptotic
techniques for the problem stated above. The survey
is necessanly brief, and covers oniy the highlights
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of a number of important approaches to the problem
at hand, namely, Fock's theory, the geometncal
theory of diffraction (GTD), and the direct integral
equation approach. The reader interested in further
details may choose to consult the works ot Bowman
er al. [1969], Uslenghi [1972]. and Xowvoumpan
[1965].

In section 3. we consider the generahization of
GTD and present some new approaches to the
curved surface radiation and scatterning problems.
Some numencal results based on one of these new
approaches are presented in section 3, and a com-
panson with other available methods is included.

2. SURVEY OF AVAILABLE HICH FREQUENCY
ASYMPTOTIC TECHNIQUES

-~ 1

2.1. Watson transformation. One of the first
successful attempts to denve an asvmptotic expan-
sion for the far-field generated by a point source
located in the proximity of a conducting surface
was made by Warson [1918]. His method, essen-
tially, consisted of two steps: (a) transforming the
onginal infinite series solution into a contour integral
(by Cauchy's residue theorem); (b) deforming the
contour of integration so as to capture a set of
complex poles of the integrand. The onginal integral
is then expressed in terms of an infinite senes which
converges very rapidly, provided the observation
point is in the shadow region. The first few terms
of this series were later interpreted as ‘‘creeping
waves."' The method was first applied to a sphere
and circular cylinder, and later to some other
geometnies as well. The mathematical ngor of the
method was the subject of further wnvestigations
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by other researchers [Pflumm, 1960; Fischer, 19606;
Cohen, 1965] . Although the Watson transformation
can only be applied to a few simple geometnes,
¢.g.. the sphere, cylinder, cone, spherod, etc., 1t
15 still regarded as one of the cornerstones of the
more general high frequency techniques because
of its mathematical ngor. The Watson transforma-
tion is especially powerful in the shadow region
of the geometric optics field. In the lit region, the
above-mentioned contour integral is evaluated using
the ‘‘stationary phase' method and yields the re-
flected field from the surface. In this region, the
most significant contribution to the total scattered
field typically comes from the surface current
induced on the smooth convex part of the object;
the so-called “‘physical optics'* approximation can
be applied [Crispin and Maffett. 1965; Siegel, 1958;
Siegel et al., 1959] to derive the reflected field.
The physical optics method is based upon approxi-
mating the induced surface current in the lit region
of the object by the current that would be induced
on the local tangent plane, and by assuming that
the surface current is zero in the shadow region.
The far field is constructed by substituting the above
estimate for the induced surface current in the
integral representation of the.scattered field, and
evaluating the same in an asymptotic sense. The
dominant term of the asymptotic expansion of this
integral can be shown to be identical to the first
term of the Luneberg-Kline expansion of the geo-
metrical optics far field [Luneoerg, 1944; Kline and
Kay, 1965]). However, the higher-order terms
derived from the physical optics approach do not
provide us with correct results in the shadow or
transition regions where the diffracted field contrib-
utes the most.

In the next section, we discuss Fock's theory,
which can fill the gap between the physical optics
in the lit region and the ‘‘creeping wave'' repre-
sentation in the shadow region.

2.2. Fock's theory. The region between the lit
and the shadow part on a surface is called the
‘“‘penumbra region."”" The angular width of this
region is approximately given by (Ar2/m)'’’ where
N is the wavelength of the illumination and 7, is
the radius of curvature of the surface of the object
in this region in the incident plane (Figure 1). Fock's
theory invokes the principle of the local character
of the field in the penumbra region [Fock, 1946a)
and is based on the conjecture that all bodies with
a smoothly varying curvature have the same current

e B —— “....*J“LA_.-‘..& 2 b

Penumbra region

Lit reqion
Deep shadow

I|:

Incident \ \
Wave I e ‘
ARWPT
P AN ( Agy yV3
- N p
Center of

Curvature

Fig. 1. Section of the body in the plane of incidence

distribution in the penumbra region, provided that
the curvature and the incident wave are the same
near the point under consideration. This principle
allows one to locally replace the surface of the
object by a portion of a paraboloid of revolution.
A unique feature of the expressions for Fock
currents is that they provide a convenient trans-
formation of the geometric optics currents in the
lit region into the creeping wave currents in the
shadow region. Fock himself deduced the pertinent
formulas for the surface currents by treating a
convex body problem [Fock, 1946a) described
below.

Consider a convex body and a plane wave incident
in the direction of the x axis. If the equauon of
the surface is

fxpy.)=0 H

then the curve representing the boundary of geo-
metrical shadow is given by
S(F) =0, l =0 )
ax
Consider a point O on the boundary of the shadow
region where we set up a rectangular coordinate
system as shown in Figure 2 (J: normal to the
surface; x: in the direction of propagation; and v':
the tangent to the boundary of shadow). In the
vicinity of this point, the surface of the body could
be locally replaced by a paraboloid of revolution
which is expressed by the equation.

2+ (1/20ax’ + 2w + o) =0 3

S




Incident
Wave

Shadow
boundary

Fig. 2. Plane wave ncident upon a smooth convex
body.

Each of the field components satisfies the Helm-
holtz equation

(VP+ kKHw =0 4)
The fact that the incident wave travels along the
x axis suggests that ¥ be written in the form
V=M (5)
where an exp(jwr) time dependence has been as-
sumed. Substituting (5) in (4) gives
VW - 2jk(3/ax)¥ =0 (6)

At this point, two basic assumptions are intro-
ducedin Fock's theory, namely, (i) W's are relatively
slowly varying functions of coordinates. (ii) ¥ varies
more rapidly in the z direction than in x and »,
&,

tofte). 2ol ie)
az m ax m
v

k
0(—-—‘"’) M
ay m

Based upon (7), we can write (6) as
3/ = 2jkav/ax =0 (8)

and consequently m’ = m® (mis very large), where
the terms of relative order 1 /m® have been omitted.

Inserting these estimates and assumptions into
the Maxwell’'s equation, we can find some simple
expressions for all the field components in terms
of H and H,. If we write H, as
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H =H’e™W¥ 9)
where H' is the magnitude of the incident wave
at infinity, then ¥ must satisfy

o'W /6 — 2k oW /ax =0 (10)

with boundary condition

a‘i’/a:—jk(ax+b}'+l/\/':;)\il=0 (n

on the surface of the body. Equation (11) is the
simplified version of the Leontovich boundary
condition where

nN=¢-jo/w

The final solution for 4, on the surface of the
body, which satisfies the boundary condition and
the condition at infinity, may be written in the form

H =H" G(£.q) (12)
where
H?' = external field
GEq) =¢e """V (L
V,(E.q) = Fock function defined in the appendix A
£ = m(ax + by) = reduced distance from the

shadow boundary = [/d

m = (kr,/2)', m ' is the angular width of pen-
umbra region

d = the width of penumbra region = (2r;/k)! ?

! = distance between the observauon point and
the shadow bounary along the incident ray
(Figure 3) o~ ——

qg=-m/Nn = -(J/VNn)Vk/la (= 0 for
conducting body)

The other tangential component of the magnetc
field H_on the surface of the body can be obtained
in a similar maaner:

Incigent
Wave

Center of
curvature

Fig. 3. Geometnic meaning of the quantity 7 (12)
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Observation point

Fig. 4. Coordinates of observation point in terms of
€ and {.

H = HS [- (j/m)e ™)) (13)

where f(£) is another Fock function defined in
appendix A. Fock’s formulas not only give the
surface value of the field, but also can be utilized
to find the field in the proximity of the object.
For a plane wave incidence, the first order, i.e.,
O(1/m)terms for the scattered field within a certain
layer around the object, can be written as
H =0, H =Hle"™¥Ve), H,=He™dEn)
(14)
E =(j/mH}e"a¥/o{. E,=H, E,=-H

where

{=2am’(z + (1/2)@x’ + 2bxy + cy*)]

= reduced height from the surface of the body (see
Figure 4).

wi(t) — qw (1)

\i, = _jd/“‘/ﬂ(’) S e-/E' [Wl(’ 'y ;) = -
< wa(t) = gw, (1)

-w:u—o]dx

je - [ w ()
b2 —— | e w1~ - —
2Vn . L w, (1)

W (= C)] de (15)

The path of integration for & and ¥ is shown in
Figure 5.

Fock’s expressions for the field components in
the penumbra region (¢ = 0) can be extended to

Im (1) A
] Complex t plane

 pan g
3 Re(t)
120°

(©) |

Fig. 5. Path of integration for (15) in the complex
t-plane.

the shadow region by introducing some modifica-
tions in the definition of parameter £&. Goodrich
(1959] has generalized the argument used by Fock
in the penumbra region to anywhere in the shadow
region by introducing a new set of variables, ¢ and
{, for the incremental distances along the path
leading into the shadow region. In this generali-
zation, the parameter £ as defined in (12) is replaced
by

‘<kR(s))"’ ds %
Sl B R(s) :

where s is the arc length along the geodesics which
originate from the shadow boundary and go into
the shadow region along the surface, and R(s) is
the radius of curvature of the surface along the
geodesics. For the case of a circular cylinder of

radius a (Figure 6), the expression of & simplifies
10

£E=(ka/2)’0=5s/d (17)

Incident
Wave

(Fock)
£ «/

e(Goodrich)as

Fig. 6. Comparison between the various definitions of parameter
£ for the case of a circular cylinder.
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Fock also treated the case where the point source
was very close to the surface of the body. He
analyzed the radiation of electric dipoles near a
spherical model of the earth [Fock, 1945] and
derived the formulas for the scattered fields in termsg
of functions (attenuation functions) similar to ¢
and W, which are valid both in the shadow and
transition regions (Logan and Yee, 1962]. Fock's
assumptions were later proven in a more systematic
and mathematically rigorous manner by Cullen
[1958]) and Hong [1967] by using a direct integral
equation approach. This method is described in the
next section.

2.3. Direct integral equation approaches. This
method, which is closely related to Fock's theory,
can be illustrated by analyzing the diffraction of
a plane electromagnetic wave by an arbitrary con-
ducting body (large compared with \). Cullen [1958]
obtained a first-order asymptotic solution to the
integral equation for the induced surface current

J(F) = 2A(F)x H™ (F) = (1/2mA(F)

x S S ds’ I ;j‘kR (J(7)x Re **) (18)
where 71 (7) is the outward unit normal to the surface
at 7, H'™ (F) is the incident magnetic field on the
surface (S) of the body, and R = 7 — 7' (F' is
a variable point on the surface).

Fock used this integral equation to deduce the
important principle of local character of the field
in the penumbra region. Cullen derived a first-order
asymptotic solution to (18) which agreed with Fock's
results given in (12) and (13). Cullen's method
consistsof transtorming the two-dimensionalintegral
equation (138), in the penumbra region, to a one-
dimensional, Volterra-type equation. This is ac-
complished by applying the stationary phase tech-
nique to the original integral while integrating with
respect to one of the vanables. The resulting one-
dimensional Volterra equation is then solved in
Cullen’s method by the Fourier transform tech-
nique. A similar procedure was used by Hong [1967)
to analyze, asymptotically, the diffraction of elec-
tromagnetic and acoustic plane waves by smooth
convex bodies. We will now proceed to explain
Hong's method in a little more detail by referring
back. once again, to the integral equation (18). The
surface is parameterized by the geodesic coordinate
system (o,v) such that the shadow boundary for
the incident plane wave traveling along the tangent
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d(0.v) to the v = 0 curve i1s the ¢ = 0 curve
The quantities o(o,v), b(o,v) and ri(o.v) form a
right-hand local orthonormal basis (i = & x b) as
shown in Figure 7.

Since the incident field has a phase factor
exp[—/ka(0.0) * F(0,0)], we write the surface cur-
rent in the form

J(FYy= [L,(F)a(F) + I,(F)b(F)] e ™ (19)

where o is the arc length along the geodesic.
Substituting (19) back into (18) and restricting the
resulting equation to the points on the geodesic
v = 0, we obtain two coupled two-dimensional
integral equations for / (0.0) and /,(0.,0). It can
be shown that these integrals have saddle points
at v = 0 (for the v integration). Applyving the
‘*steepest descent path’’ method to v integration,
and keeping the terms up to the order 1/ M ], where
M, = [kp_(0,0)]'"’, we obtain the following decou-
pled one-dimensional. Volterra-type integral equa-
tions for /,(£,0) and 7 (£.0)

13
1,(£.0) =21 (£.0) - S dr/7,€.0) K, (& - 1)
+ O, Y
13
1,(6,0) = 21" (£.0) - S dr I, (E0) K (& - 1)

+OM, 20)

p,(o.v) is the radius of curvature of the surface

Geodesics

incident
Wave

Shadow
Boundary

Fig. 7. Geodetic coordinate system on a smooth convex bodv
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along geodesics (v = constant curves) at point (o, v).

Solving (20) by Fourner transtorms, we obtain
the expression for the induced currents in the
penumbra and shadow regions. and the first-order
solutions are found (v be the same as those of
Fock and GTD (Levy and Keller., 1959}. One of
the important conclusions drawn from Hong's solu-
tion is that the leading term in the asymptotic
expansion, which 1s the same for the acoustic and
electromagnetic problems, 1s independent of curva-
ture in the direction transverse to the geodesic,
provided the divergence factor is suppressed.
However, we should bear in mind that Hong's
method was designed for the case of axial incidence
on symmetric objects, and in this case, the geodesics
are torsionless. The above conclusion does not seem
to be valid in the cases where the rays have nonzero
torsion [Lee and Safavi-Naini, 1976, 1978). In
Hong's expressions for the surface current, the
transverse curvature has only a second-order effect.
It was also shown that up to the terms of order
(kp,) *’"in the asymptotic expansion, the tangential
and binormal components of the creeping waves
are not coupled.

Both Fock's theory and the direct integral equa-
tion approach give the induced surface current, or
the scattered field in the neighborhood of the surface
of the scatterer, due to an incident plane wave.
These expressions can also be used to derive the
radiated field via the use of the reciprocity theorem.

The methods which have been discussed thus
far are mathematically rigorous. However, they are
limited in the scope of their application to geometries
satisfying some special smoothness and symmetry
criteria. Geometrical theory of diffraction, which
we discuss in the next section, has a broader scope,
although it does lack the mathematical rigor of
approaches described until now.

2.4. Geometrical theory of diffraction (GTD).
Geometrical theory of diffraction (GTD), developed
by J. B. Keller [Levy and Keller, 1959; Keller,
1956, 1957: Kouyoumjian, 1975. Pathak and
Kouyoumyjian, 1972] , is a generalization of geomet-
rical optics. It is based upon the assumption that
fields propagate along rays. Keller's major contri-
bution was to introduce the new kinds of rays called
the ‘‘diffracted rays,"" which, together with the
geometrical optics rays, constitute the total field.
In our problem, namely, a source radiating in the
proximity of the smooth object, the diffracted rays
travel along the curves on the surface of the

— -

scatterer. By applying Fermat's principle to these
surface rays, we conclude that the above-mentioned
curves should be geodesics on the surface of the
body. In the GTD procedure, one assigns a value
to the field along each of these surface rays. The
total field at any point in the space 1s the sum
of the fields due to vanous rays (incident, reflected.
and diffracted) passing through that point. An
important advantage of the GTD approach 1s that
it can be applied to both scalar (acoustic) and vector
(electromagnetic) problems and to smooth convex
objects of an arbitrary shape.

Consider the problem of determining the radiated
field of a scalar point source located on the surface
of a smooth convex opaque body. It the observation
point is in the shadow region. the ray paths originat-
ing at Q and reaching P (observation point) are
comprised of two sections. One of these sections
follows the straight line path P P, while the other
travels along a geodesic on the surface (Figure 8).
Let us consider the propagation of the field along
each section separately.

(a) Rays in free space: Behavior of the fields
along these rays can be determined by obtaining
a high frequency asymptotic solution to Maxwell's
equation in a source-free homogeneous isotropic
medium. We begin with the Luneburg-Kline
asymptotic expansion of the electric field [Lune-
berg. 1944, Kline and Kav, 1965]:

E(F)~K e ™ N (k)™ é.(F) Q@n
e

-

and insert it into Maxwell's equations. This results
in the following equations governing the propagation
of electromagnetic fields along the rays.

[VS(A))° =1 (Eikonal equation) 22
AVS D), + (Ve = -Vie, |

(Transport equation) (23

§ -
QObservation pont

P

(S)

Fig. 8. Diffraction by a smooth convex body when the observa-
tion point is in the shadow region of the source Q




VS+e,=-Veé, | (Gauss's Law) (24)
é.,=0, m=0,1,2 .

The zeroth-order solution to the above system of
equations, which turns out to be in agreement with
what one would obtain by geometric optics, may
be written as

e
- ~ 0y p p: y
(p, + o)p, + O)

25)

where o is the distance traveled along the ray from
the reference point O(o = 0) on the ray path (Figure
9). p, and p, are the principal radii of curvature
of the wavefront at o = 0. It is apparent that the
expression fails when 0 = -0, or 0 = —p,, 1Le..
at the caustic lines (Figure 9). In the cases where
it is convenient to choose the point of diffraction
on the surface of a body as the reference point
O, the formula (25) should be modified as follows:

E(o) ~ 8, [p/a +a)]' Fe (26)

In these cases, the point of diffraction itself is a
caustic, and p is the distance between this point
and the second caustic.

(b) Surface rays: These rays follow the surface
S along the geodesics into the shadow region, and
shed energy tangentially as they propagate. In order
to study the behavior of the field along with these
rays, we introduce a special ray-fixed coordinate
system, &. A, b. with &: unit vector tangent to the
ray; n: outward unit normal to the surface; and
b = i x A or binormal direction; a vector field
can be decomposed into its components along these
unit vectors as

E=EGS+En+EDb Q@n

Caustic lines

\
m/)\

Fig. 9. Diverging pencil of rays in free space.
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At this point, several important assumptions are
introduced in the GTD approach [Levy and Keller,
1959]: (i) £ and H are orthogonal to each other
and to the ray. (i1} Vanation of the phase of the
field along the ray is the same for both fields. (1)
E, and E, propagate independently. and £ = 0.
(iv) E, sausfies the scalar wave equation (V° +
k*) u = 0 with the boundary condition u = 0 on
the surface S. while £, sausfies the same equation
with the boundary condition gu/dn = 0.

The next step in the GTD approach is to conjec-
ture, on the basis of the solution to some canonical
problems, that the surface field propagaung along
each ray is compnised of an infinite set of “‘modes .’
Along a ray-fixed path. GTD assigns a complex
value to each component of the field associated
with the individual modes. The propagation of this
modal field 1s descnibed by the equation

.

a() = A(ome'™ " (28)

where o 1s the distance between an arbitrary point
along the ray and the source @ and & 1s the phase
of the field at the source point. Next, invoking
the principle of conservatuon of energy between
two adjacent rays, and using the fact that the surface
rays shed energy tangentually. we can arrive at the
following expression for a(o):

aw, ) e ]
ao)=K|—— exp| - ko - a (@ )do |
pd\l’: y

(29)

where a(o) 1s the ‘‘attenuation constant.”” A s
proportional to the strength of the source. and dV¥ .
d¥, and p are shown in Figure 10. The quantty
{d¥,/(pd¥,)]'* indicates the “‘spreading of the
surface ray tube'’ as it travels along the surface.
Equations (26) and (29) describe the laws of propa-
gation for the rays which onginate from the source
point Q, are diffracted at P, and reach the observa-

Fig. 10. Divergence of surface ravs
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ton pownt P. To complete the solution, we need
to determune the actual values of the tields trom
these equations. These require the knowledge of
3, and K. which, in turn, are related to the initial
values of the rays QP, and P P as well as the
attenuation constant a(o). The inital value of the
field at Qs related to the strength of the source
by L(Q). the so-called ‘“‘launching coefficient,”
while the imual value of the field at P is related
to the actual field on the surface at P, through
the *‘diffraction coefficient’” D(P,). If we now sum
up the contributions of all the modes., we obtain
the final solution [Kouyoumyjian, 1975, Pathak and
Kouvoumjian, 1972] for the field radiated wn the
shadow region by an infinitesimal magnetic dipole
of strength M located on a smooth convex conduct-
ing body:

E“(P)=M*[b(QA(Q)F + 5(Q)b(P)G]
lo/sp+s}' Te™ (30a)

where

do 1 -
~ ke dw, g i .
F = ———— (————) D LaQ)D(P)
an \pav,/ =

exp [ ~ S c\‘,\u')dc'] (30b)

and the expression for G is obtained by replacing
the superscript & by s in (30b), where h and s stand
for hard and soft boundary conditions, namely,
u = 0 and du/dn = 0, respectively. The quantities
L)'. D" and a)", appearing in (30b), in general
depend upon the local geometry and the electro-
magnetic characteristic of the surface, frequency
k. and the mode of propagation. They are deter-
mined by studying the asymptotic expansions of
the exact solutions of some special canonical prob-
lems. Keller and Levy [Levy and Keller, 1959; Keller
and Levy, 1959] have derived the first few terms
of the asymptotic expansions for D and a by
considering the canonical problems of scalar dif-
fraction by a circular cylinder, sphere, elliptical
and parabolic cylinder. A study of the above-men-
tioned asymptotic expansions and the works of
Fran:z and Klante [1959] and Voltmer [1970]. who
have also investigated the same problem, as well
as a comparison with the results of the direct integral
equation approach, reveals the following charac-
teristics of the solution: (i) the first-order terms

b st o b e T S

in the asymptotic expansion of D and a are indepen-
dent of whether the problem under consideration
1 scalar or vector; (1) the first-order approximations
of D and a are dependent only on p_, the radius
of curvature of the surface along the ray; (ui) the
second-order terms are funcuons not only of p_,
but also of dp,/da. d°p,/do’, and p_, (the radius
of the curvature of the surface transverse 1o the
ray). Finaily, the higher-order terms are different
tor scalar and vector problems.

The leading terms in the asymptotic expansion
of “‘diffraction coefficient’” D, “‘attentuation con-
stant™ a, and ‘‘launching coefficient’™ L are pre-
sented below.

“Soft" polanzation

12

i D
D" = = = 3D
A0 [Ad (= )]°
a, = [(r,e™ Vo, ] ke, /D'’ 32
Lh=e ™ " Quk) FQ2/kp, Y 4" (-1,) D} (33)

“*Hard" polanzauon:

L2 g=%78 1)) w ol

. hd P, ¢
BRI T e seeemees - (34)
K% (A=) ”
ay = [(rie™ ") /o, ] ko, /D' [RA)]
Ly=ce™ Q) *Q/kp) " Ai(-r,) D} (36a)

where 4:(x) 1s the Airy function:

= 2%
Aux) = i S cos('——- + u)d( (x real) (RIS
T 1, k)

and 4i(~r,) =0, 4i'( =r. ) =10, (4i is the denvatve
of 4i with respect to its argument). Higher-order
terms in the expansion of D, a, and L have been
given by Kowvoumjian [1975) and Pathak and
Kouyoumyian [1974] and in some of the other works
on GTD mentioned earlier.

The expression (30) is convenient to use in the
shadow region. However, in the shadow part of
the transition region, since the exponential decay
of the terms in (30) 1s weak, the convergence of
the series representation is very slow. Furthermore,
the series diverges in the lit part of the transition
region. Consequently, in these regions, it is more
reasonable 10 use an integral representation for the
surface ray field, which, in our case. can be ex-
pressed in terms of Fock functions [Kowyoumjian,
1975].

~ ALk
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Attempts have been made to establish the mathe-
matical validity of GTD and to minimize its
“‘nondeductive parts’’ (parts which are based upon
physical intuiton or the study of the asymptotic
solution of some simple problem geometrical con-
cepts of different kinds of rays, diffraction coeffi-
cients, attenuation constants. etc.). Kravtsov [1964]
and Ludwig [1966] have analyzed the field near
the caustic surface (smooth envelope of a family
of rays), and have developed a *‘un:form asymptotic
solution’’ in the sense that 1t is finite at the caustnic
and reduces to geometrical optics away from the
caustic.

3. GENERALIZATION OF GTD AND '"NVESTIGATION
OF ALTERNATE METHODS

3.1. Generalization of GTD to arbitrary sur-
faces. Keller's generalization of GTD for the anal-
ysis of the field diffracted from a smooth convex
object is closely related to what is known as the
“‘boundary layer technique’ in the theory of dif-
ferential equations [Buchal and Keller, 1960]. On
the other hand, the ‘“‘uniform asymptotic theory"
is analogous to the method used by Langer [1960]
and Olver (1956] to find the asymptotic solutions
of the second-order differential equations near their
“‘turning points,”’ which are counterparts of the
transition regions in our case [Zauderer, 1970] .

The second procedure is based upon the generali-
zation of the geometrical optical interpretation of
the circular cylinder problem. The solution obtained
by this method involves some functions with un-
known phase and amplitude, similar to Bessel and
Hankel functions. Since the surface of a smooth
object is actually the caustic surface of diffracted
rays, the above-mentioned formulation is applicable
in this case, too. Lewis et al. [1967] have modified
this solution to make it satisfy the boundary condi-
tion on a convex body. Using ray formalism, they
have obtained an asymptotic solution in a compli-
cated form which they call ‘‘creeping wave;’ it
satisfies the boundary condition on and is uniformly
valid near and away from the surface. It should
be mentioned that the method has been developed
primarily for scalar diffraction problems.

Creeping waves that travel on the surface of the
body generate other kinds of diffracted rays in the
presence of any irregularities in the geometric or
electromagnetic characteristics of the surface. The
effects of discontinuity in the surface curvature,
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its higher-order derivatives, or the surface imped-
ance have been studied by many authors [ Weston,
1962; Keller and Kaminetzky, 1972; Thompson,
1962; Christiansen, 1966]. An exhaustive study of
various diffraction mechanisms and corresponding
diffraction coefficients, as well as constants asso-
ciated with the propagation of creeping waves, has
been carried out by A/bertsen [1974).

At this point, let us examine the most important
features of the GTD and its various modifications.
GTD formulation is essentially scalar in nature and
is heuristic in some parts. Thus, when GTD is applied
to a vector problem, it is not surprising that the
coupling between various components of the fields
are neglected, and each one of them is treated as
an uncoupled scalar wave. The other assumptions
in GTD are concerned with the directions of these
field components and the kind of boundary condi-
tions they satisfy (see section 2.4). As mentioned
earlier, nondeductive parts of GTD are based on
asymptotic expansions of known solutions to some
selected ‘‘canonical™ problems. Quite often these
canonical problems are not general enough to de-
scribe fully and accurately the local behavior of
the field for an arbitrary structure. Finally, most
of the canonical problems investigated are two-
dimensional in nature. The only exception to this
is the sphere. However, insofar as the geometric
properties of the surface are concerned, the sphere
is a very special case since its radius of curvature
is the same in all directions and, consequently, the
surface rays are torsionless. Finally, GTD fails when
the observation point is located in the transition
regions, shadow boundaries or in the neighborhood
of a caustic. In each of these regions, one needs
to modify carefully the GTD formulas and often
such a modification is not simple. Nevertheless.
in spite of these difficulties, GTD is recognized
to be a powerful high frequency technique for
computing the leading terms of the asymptotic
solution. Two of the principal attributes of GTD
are its simplicity and wide scope of application.

3.2. Spectral domain approach. We now ex-
amine an approach different from GTD which uses
the spectrum of the induced current, or the expres-
sion for the radiated field. as a starting point. In
order to gain a better insight into the curved-surface
radiation and scattering problem and to verify the
basic assumptions of GTD, it is worthwhile to
consider such alternative approaches. particularly
if they apply to canonical problems which are more

R
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point

Fig. 11 Geometry of the cylinder problem.

general in nature than those employed to denve
the GTD results. An example of such a study would
be to counsider the case of surface ray propagation
with nonzero torsion, a situation that occurs when
a magnetic dipole source radiates from a location
on the surface of a circular cylinder.

The geometry of the problem is shown in Figure
I1. The radius of the cylinder is a and the source,
which 1s an infinitesimal magnetic dipole with den-
sity M. is located at the point Q described by the
spherical polar coordinates (r = a. 8 = 90° & =
0°). Each point P on the surface of the cylinder
is defined by a **geodetical polar coordinate’” system
(0,8), where o 1s the arc length of the geodesic
connecting Q to P and B is the angle between &
(at point Q) and geodesic QP. The local orthonormal
basis vectors (&.83) are also associated with these
two parameters. The observation point in the far
field is specified by its spherical polar coordinates
(r.8.4). The radiated field at an arbitrary point can
be expressed in terms of two potentials, ® and
W, which, in cylindrical coordinates, can be written
as:

1 - -
— d . @) 4,1
37N
| o -
J— Eand on A
e .?_;.e S .g,(k,)H_ (kpre 7 dk,
(3%)

For the problem under consideration. we can
express the spectral weight coefficients as

‘_Imn.\l,
b (39)
ek H (Ka)a
I M, onkM,
gk, ) = —————— - g (40)
KH, (ka)a | 2n 2nk’a

where

k, = (41

-2 k>k
-k} = k'3 k<,

In order to denve an asvmptouc expansion of
(37) and (38), we proceed as follows. As a first
step, we apply Watson's transtormation to the
infinite summation with respect to n and employ
approprniate asvmptotic formulas for Hankel func-
tions with large order and argument to derive the
following expressions for (37) and (38) under the
conditions that ka is large and ¢ small compared
to m

weM, (2 \'? [~ m'
®~———(——- c"s dk e “A—: Fo&)

@n)Ya \ p

M, 2 ' e = L,
W~——.—(—— dk,e " —
(:ﬂ’)' a p / 2 a | Sl

mg, &) + 2m' g0 -7 ——
(aT)"

, - 0

S di, T R 43

where

N=ks+4kp +ad-n /')
m=(ka D"
E=md—-w, )

fov &+ & = Fock's functions defined in appendix A

M, and M, = components of M, (M * A = ()

Next, applying the saddle-point technique to (42)
and (43) and keeping only the first-order terms.
the far field can be written in terms of its compo-
nents along the normal and tangent to the surface
at the *‘stationary point™ P, as




"\e - e N
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(45
where

P, = the statonary point of Q which turns out o be
the same as the point of diffraction predicted
by GTD

= (ka/D!' N d - w/)sin Vo

= radius of curvature of geodesic QP

= arc length QP

= the distance between the pownt of diffraction P
and the observauon point

n, = &, x 8,, normal to the surface at P,

£

P
1

The details of the denvations of (44) and (45) are
given in appendix B.

Figure 12 illustrates the geometnc meamng of
some of the parameters appearing in (44) and (45),
for the observation point located in the shadow
region. In this case, & . which 1s identical 10 &
given in (16), 1s the reduced distance traveled by
the surface ray before leaving the surface tangen-
tially.

Qbservation
qirection

Point of
aiffraction

Fig. 12. Diffraction of rays by a cylindnical body
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Fig. 13 Duffraction of ““pseudo-rays. ™

In the lit region. the geometric interpretations
of ¢ and & are shown 1n Figure 13. The rays. like
QP P, that do not obey the generalized Fermat's
principle are called *‘pseudo-rays™ [Kowvoumpan,
1975]. The ray QP P appears to travel along the
surface up to the point P and then leaves the surface
at P, tangenually in the opposite direction, to reach
the observation pownt P. [t should be noted that
formulas (44) and (45) give us the contribution of
the ray which travels along the shortest path on
the surface and. thus, suffers the least attenuation.
It 1s not difficult to see that, in general, there are
infinitely many rays which contnibute to the total
field at any observation point. However. their
contributions are very small compared to that of
QP, and their phases and amplitudes can be deter-
mined 1n a similar manner (appendix B). Several
other remarks on the formulas given in (44) and
(45) are in order:

(a) Numencal results indicate that good agree-
ment between (44), (45), and the exact modal
solution is obtained for ka > 10.

(b) The zeroth-order terms in the asvmptotc
expansion of the normal component of the field
E are identical to those given by GTD: however,
the k' ' terms denived from the two approaches
are different.

(¢) The tangential component of the field, £,
given by (495), also is different from the corre-
sponding expression based on GTD by a multiplica-
tive polarization factor. Specifically,

(M* &)

E in45) = I: } (GTD) (40)

(cos BIM +d,)
Consequently. our results agree with GTD only for
the circumferental ray, i.e., for = 0. In addition,
for an axial magnetic dipole (M * &, = 0). GTD

T
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gives anonzero value for the field in the 3, direction:
our solution predicts that this field 1s 1dentically
zero, a result which is in complete agreement with
the exact solution for the problem.

Yet another important distinguishing feature of
the spectral domain formulas from the corre-
sponding areas based on GTD s worth noting. As
mentioned earlier, GTD neglects the effect of tor-
sion on the diffraction of surface rays propagating
along smooth objects. In contrast, the spectral
domain formulas (44) and (45) indeed exhibit the
effect of the torsions of rays. The explicit mani-
festation of the torsion effect can be seen very
clearly if we write these formulas in the following
form:

. ‘
Ity ey
E,=EJ°+ [(M-a. >(,—) - (MB,) }

-

ke ae <AD,) 2/) e R
— g 1 “)__‘__._
an 2 5.6 R

oy ke *e kp_, Wh ]
E, = EJT° - (w,) M ) (_>
g b 4 2

“or

',’.a(gl-)

where v is the torsion of the surface ray. In the
above expression the effect of the torsion of the
surface rays has been isolated and explicitly ex-
pressed as additional correcting terms to the GTD
solution for torsionless rays. We observe that these
additional terms are proportional to T and are absent
when the ray is torsionless (r = 0), as would be
expected.

In contrast to GTD, formulas (44) and (45) are
valid irrespective of the location of the observation
point, be it in the lit, shadow, or transition regions.
Although not valid in the paraxial region (8 = 90°),
they can be generalized to work along this direction
also.

Finally, let us consider the possibility of the
generalization of (44) and (45) to other convex
surfaces of more general nature. By ‘‘more general"
surfaces we mean those surfaces which are not
substanually different from cylinders, some exam-
ples being cylinders with noncircular (elliptical,
hyperbolic, and parabolic) cross sections and coni-
cal surfaces with small apex angles. The key step
in a systematic approach to generalizing (44) and
(45) is to use the generalized definition of & given
in (16).

Figure 14 exhibits some initial results of the
generalization of these formulas to the case of a
cone. In these graphs, the Hughes results have been
reproduced from Bargeliotes et al. [1975]. It 1s
evident that results obtained from the present ap-
proach agree quite well with the series solution
which is rather tedious and time-consuming. We
also observe from Figure 14 (right) that there 1s
a noticeable discrepancy between the analyucal
solution and the expenment. Thus, within the range
of expenimental error, our results agree quite well
with those published in the literature.

3.3. Approach based on an asymptotic evalua-
tion of the radiation integral of the su.‘ace current.
As a final topic, we consider an approach based
on the asymptotic evaluation of the radiation integral
expressed in terms of the induced surface current
which is itself denved in an asymptotic manner
for surfaces with large radius of curvature.

It was shown in section 2 that Fock's theory
can provide us with an expression for the scattered
field in the neighborhood of a smooth convex body
tlluminated by a plane wave. Using this solution
in conjunction with the reciprocity principle, we
can find the far field radiated by a point source
located on the surface of the body. By generalizing
the definition of £ in Fock's theory, we can also
write the final result in a GTD format and represent
it as a surface ray. The total field at a point on
the surface is obtained by adding all the possible
rays which reach the observation point P. Various
techniques can be used to determine the field
propagation along these rays. For instance, when
the source is located on the surface and the surface
is a conical one, the field at each point can be
decomposed into two parts:

F=F +F, )

where F| is the geometrical optics field when the
observation point is directly illuminated by the
source, and is the creeping-wave contribution
derivable via an extension of Fock's theory when
the point is in the shadow region. The other term,
F,, is the so-called tip contribution, and can be
obtained by physical optics or GTD. Goodrich et
al. [1959] have applied this procedure to find the
radiation pattern of slot arrays on cones.

The approximate induced surface current dis-
tribution can be obtained by Fock's theory, GTD
[Fock, 1945, 1946a.b: Kouyvoumyjian, 1975] or some
other appropriate high frequency technique. The
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induced surface current due to a magnetic dipole
on a perfectly conducting circular cylinder and cone
has been calculated by Chang er al. [1976], and
Chan et al. [1977] whose procedure is based upon
an asymptotic expansion of the exact modal solution
to the above-mentioned problems. Lee er al. [Lee
and Mittra, 1977; Lee and Safavi-Naini, 1978] have
treated the same problem by a method based on
Fock’s asymptotic solution of the problem of a
sphere [Fock, 1949]. These expressions for the
current distribution can be used in the radiation
integral representation of the far field.

The numerical evaluation of this integral is a
formidable task, especially when the frequency is
very high. Thus, it is highly desirable to have an
analytical and explicit formula for the far field
expressed in terms of the surface current. We now
discuss an approach for accomplishing this task
and examine the problem of deriving an asymptotic
expansion of the far field radiated due to a point
source located on the surface of a smooth, conduct-
ing, and convex body of an arbitrary shape.

Consider an arbitrary smooth convex surface S
shown in Figure 15. Let a magnetic dipole source
be located at a point Q on S. We parameterize
the surface § introducing a ‘‘geodetical polar coor-
dinate” system with the pole located at Q such
that an arbitrary point P, on the surface is defined
by a pair of numbers (o,B), where o is the arc
length of the geodesic QP, and S is the angle between

QP, and some reference direction at Q. Unit vectors
along the constant parameter curves ¢ and B are
locally orthogonal. The unit normal to the surface.
A, 1s given by 7 = & x B. An element of length
in this coordinate system may be written as

ds’ = do’ + GdB’ (48)
The radiation integral for the scattered far field
can be written as

= Observation point

Source

Fig. 15. Source radiauon 1n the presence of a smooth convex
surface. parameterized by geodetical polar coordinate system.
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) wp [ ( expi AR)
£ = Jn RR)Y d4s (4
4o ), R

where R 1s the distance between any point on the
surface and the observation point. In the geodetcal
polar coordinate system, we can rewrite a scalar
component of (49), say M, n terms of a double
integral of the tollowwng general form

} expi AR » )
M Fo 3.2 - \ G odo dp
o R

(SO

where we have assumed the following form for
the surface current:

JP) = P exp(-gka) =L o+ LB
SH
K, whk=jky: kmdu/h, k>0, k<k

where /(P,) is a relatvely slowly varving function
when &, the free-space wave number, s large. This
assumption 1s based upon a close scrutiny of dif-
ferent asymptotic formulas given for the induced
surface current.

When the observation point £ s located in the
shadow region, the main contribution to (50) comes
from a small neighborhood of the stattonary pownt
of the integrand, and the stationary phase method
tor multiple integrals [Chako, 1965, Jones and Kline,
1958] 1s apphcable. The asvmptotuc expansion of
(49) has been derived up to the order of & '
The details ot calculation can be found i appendix
C. The final result 1s

Eow(=k/8v) [0, + O, +Ok™""") (5

where
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(DK"Y [p /(R +p )R] Fe 't (84

Dywe 6" T/ DI/ Hpl! (59)

D, = (~fe "/ rQ/HrM/ p! )

A, B. and C are dependent upon geometric proper-
ties of the surtace at the stationary point which
turns out to be exactly the same as the “‘pont
of diffraction’ of surface rays. The quantities A,
B. and C are given by

I N, 4 | oo [ :
4 = i ( + $ (L)
206 do 2 N %

. g (LN - »
@G |
(/2 v Of - (8T
dar R/
B=L™/G'"? C=~1/p, (48)
where
p. = radus of curvature of the geodesic

P, = geodetic radius of curvature
PPN i o g :
LM L™« coelficients of the second tundamental
form of the surface ()

A geometric interpretation of these parameters
has been dlustrated in Figure o, It s evident from
this figure that (p /R(R + p‘)ll “is simply the
divergence factor of the ravs teaving the surface
tangentally at the pomnt of diffraction. ln using
tormula (56), we should bear in nund that the vanous
terms U, and U, are not of the same order
Forexample, in the deep shadow, J 1s exponentially
larger than J,.

The formulas given in (56) have been tested and
compared with other available solutions. An impor-
tant conclusion denved trom this companson s
that although the method of radiation integral 1s
based on less restnictive assumptions, 1t as perhaps
not as usetul as the spectral doman approach
because the statonary pont of the phase of the
integrand in (30) 1s of the second order and. hence.
the asymptotic expansion of this integral con-

Geodetical radius
ot Curvature

&\‘pmm of cutvature
of  geodesic

Fig 16 Dufraction of ravs by a smooth conven body and
geometne meamng of quantities p . o, and X




verges rather slowly except when kp_ 1s very large
(=40 or more).

APPENDIX A FOCK FUNCTIONS

In studies of radio wave propagauon around the
earth by Van der Pol, Bremmer, Pryce. Fock. and
others, and also the later studies of diffraction of
electromagnetic waves by certain bodies of revolu-
twon [Nicholson, 1910; van der Pol, 1919, 1937;
Pryce, 1953; Fock, 1946a.b,c; Wait and Conda.
1959; Waur, 1959; Belkina. 1949; Goriainov, 1958;
Fock et al., 1957; Rice. 1954], a class of universal
functions was introduced which can be used to
predict the amplitude and the phase of the reflected
or diffracted field by smooth convex surfaces [Lo-
gan and Yee, 1962]. An exhaustive treatment of
these functions which. in general, are defined as
Founer integrals having combinations of Airy inte-
grals in their integrands. has been carried out by
Logan [1959] (see also Bowman er ql. [1969] and
Logan and Yee [1962]).

Since the first extensive application of these
funcuions to diffraction theory was done by Fock,
many authors named them after him. Here we list
only the most important formulas and expressions
for these functions without going through the details
of their derivations. We have followed Logan's set
of notations for these functions [Logan. 1959].
However, since his time dependence tactor, exp
(—iwt), 1s different from the one we have used
throughout this paper, namely exp(+jwi). our ex-
pressions, listed below, are conjugates of what have
been presented by Logan.

We start with general definitions. Fock's most
general form of the **Van der Pol-Bremmer diffrac-
tion formula™ is

2 -
X
V(t.v,.v,,q)scxp(/ﬂ/dl(-—> S C w(t =»,)

”
V(1) = gvin
CEVE =, ) = e g (= 3 ) | AR (AD
wi(f) = qw, (1)

where w, (2), w, (1), u(¢), and v(¢) are Fock-type Airy
functions, defined as

u(t) =\ - Bigt), v{)y=V . Ai(n).
W) = W) 4 Vi), wy(r) = w (1)

We note that w, and w, can also be defined as
in section 2. v and y_ are the larger and smaller
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of the two numbers y, and v,. V(x.v, v, .q) is
proportional to the attenuation suffered by an elec-
tromagnetic wave generated by a source located
at reduced height y, above the surface of a smooth
convex body, when it reaches the observation point
located at reduced height y, above the same surface.
¢ is the reduced distance between the source and
the observation point along the surface, and q is
dependent upon the impedance of the surface. Let
us consider some useful limiting cases.

When y, = y, = 0, then F(x.0,0,q9) is denoted
by V,, where

sy S SR o e Mwy(n
Volx.@) = —— | — —_—dr
2 4 L W) = gwl )

(A2)

We also have

e/ L \HE £S iy )
viv) = F(v,0) = — —dr
2 ™ . Wi

(A

u(x) = lim [-2;x¢" ¥, (x.q)]

N
N ol "t T )
= = ¢ —_— (Ad)
Vo - w, (1)
When y, = 0 and v, — =, then V' — V' (x.q):
1 " (R
Viixg) = —= it (AS)
Va . W) = gw. ()
and also
1 S el
g(x) = V,(x.0) = —== : dr (A0)
Vo - Wl
. . . l e c b
S =hm (- ¢V (x.q) = —= dr (AT
. Vw » Wl

Based on (A6) and (A7), a class of functions
can be defined:

y =) e df(x)
(%) = —— dr = ~ (A8)
Voo ), w() dx

g""( X) = ——— dt = —~ (A9)

(=7 [ e d"g(v)
Vo ¢ owin dxt

where [" is any path in the complex ¢ plane which
comes from -« in a sector defined by — = <
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arg(n < — /3 and goes to +x 1n the sector — = 3
< arg(f) < w/3. In what follows, we will give the
suitable formulas for £(x) and g(v) in ditferent
ranges. Tabulated values and graphs of these func-
tons can be found w the wark ot Belkina {1949,
Fock [1946a.b.c), and Logan [1959]

When v s very large and negative, the tollowing
asymptouc expansions tor £(v) and g(y) can be used
[Logan, 1959):

: / | j175 198
F(x) ~ =2xe™ " {1+ - i — 5 ——
4 2" edy lox'":
JRIETRA }
b — (A10)
1024y

—
TR S DO TE

1122121 ]

T / I /469 S00S
g(x) ~ 2e” 1 i v

(ALD

1024 "

The above formulas are valid and accurate tor
v <« —1. For moderate values of v, namely, -1
= v = 1, 1t is difficult to find an appropriate
expression. Although there are some analytical
techniques such as the stationary phase method
or the Poisson summation tormula which mav be
used to evaluate /"' and g'™' for these values, another
possible way which 1s probably easier and more
efficient is to interpolate the tabulated values of
these functions in this range.

In the vicinity of zero (Jx] = 0). the Tavlor
expansion can be used to calculate 1 and g. The
coefficients are given by

' () =e Ny | == A (m
s

3
- - -

a8 dn -1 13
(w of2m - (A1)
3w 6 4

s _‘ﬂ [T T T TR
'@ =e """V (-~) N BLm
—

-

Y™ f 4n -3 |
— r(.‘m - — (ALY
In 6 4

where t(\,u) 1s the generalized tau function:

(-n°
N ) - Y ——— A >

5 (A1)
- (n+pn

4.(m) = | t.(m) = (S 48 m — |)

Cm) = SSnT - 143m o+ 26385 o) (20 1)
8.(m l. B (n) -« Tm - 3,2)/48

Bun) = (4917 + 36dn + 39849 o) (27 3

When v s large, and positive, residue senes can
be used to compute /™ and ¢\

- b‘ A
Gt s V'_ ."‘7"',,,‘ c.r )

f**(x) = ¢ (ALS)
i Ai'(=r,)
- - ! (Sw s
e a X (7,)7 exp(r, xe )
gY(x) = e N\ ——— (A0
yel dig-r,)

where Ai(-r) = 0 and Ai'(=r,) = 0 for p
| 0 I

APPENDIX B DERIVATION OF (44) AND (45)

Here, we consider only the denvation of the
asymptotic expansion of & for a circumfterential
magnetic dipole. ln this case, & may be wntten
as:

JoeM, (T e Sk

@) Wk, —— (B1)
e’ ). k:

where

\‘(k ) = v ¢ e .}_{i‘.(i'_‘i)

= (BJ
Pl HOk a)

Applying the Watson transformation to (B2),

!
SKk,) = 7=

——— —— (BY)

\. H'OKp) e &
o HOK @) swem

where C and D are shown in Figure 17. Or,

Tt eos e - ) HE (Kop)
.\’(k,)-—'/s o S
- N

% (B4)
stew) MUK a)
Substituting the expansion
Cos v~ &) i ‘
sl i "'ES" N o (BS)

sin v

-l (=0

where &, = & and &, = 2a - . n (B4, the
result will be:

v (B&)

.‘.‘ .~ SRR H‘:‘\kl)\ ‘
Sk)=§ § 3 AL
——

HOK @

[

————

P i e R
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imu) A where
) m = (ka/2)" "
S C
ook A, =kz+k[p+a(d +2nl~n/2)j
Rﬁ” E,=md, + 2nl — /)
Introducing a new integration variable a:
8 8
k, =ksmma (BL)
k, = k cos B12
Fig. 17. Paths € and D 1n Watson transformation ; i A )
and
Each term of the above expansion is associated e ) = . g
with a ‘‘creeping wave™ travelling in a counter- B«=tn {z/[p +a(d + 2nl - =/D))) (B13)
clockwise (i = 1) or clockwise (i = 2) direction  we have:
around the cylinder. Following the ray concept,
each creeping wave appears to be travelling along Q, = kR, cos(B, - a) (B14)
a specific surface ray. Now, as p — » (far zone) whare

for each fixed v, we have [Abramowitz and Stegun,
1970]

5 1/2
H (k,p) ~ (—.~) [t (B7)
ik, p
On the other hand, it can be shown that the
significant contribution to S(k,) comes from a small
neighborhood of k,a. In this neighborhood, where
k.a and v are large and close to each other (lk,a
- v| < [v]'""), the Hankel asymptotic expansion
~(B7) is no longer valid. In this case. it is necessary
to expand Bessel functions in terms of Fock-type
Airy functions, w, (1) and w,(r), and their derivatives
[Logan, 1959]:

H (0~ (j/mV ) ws(0) = (1/60m* ) [40w, (1)

+ 0wl + ) (B8)
HD (x) ~ (=1/m*N w0 ) (W} (1) + (1/60m®) [4ew ()

+ (6= Yywyn] + ..} (B9
where

X s } o 2
m=|— . I =-—— (misvery large)
m

Inserting (B7) and the first-order terms of (BY)

and (BY) into (B6) and (B1), we obtain

-4

® - (weM,/(27)) Qn/p)e

2 - s - m:
. 9 '“»I —
2 E E _dk.e ..(&..)k: : (B10O)

=l =0

R, = (I + [p+ad +2al-n/D])" "

Now (B10) takes the following form:

weM, (2n\' md o
¢ ~ o o
(2m)° p Doy

. “ v S doce AR coma “"‘COS s na !:‘(E‘I)
Jo 8

t=l =0

(B15)

vy is the path of integration in the complex a plane,
which s shown in Figure I8.

Now we deform the path of integration into the
steepest descent path, SDP, passing through the
saddle point of the phase of the integrand. Perform-
ing the saddle-point integration, we can derive the

Im(a) A

Fig. 18 Steepest descent path (SDP) for integral (B15)
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asymptouc expansion of (B15) for large kR ,. The
first-order term s

weM,  (ka g e
¢ ~ e e (2—) ; ; (cosB )
“R

JSow) (B16)

s

where R, and ,, are the values of these parameters
at the stationary point specified by « = 3,. Equation
(B16) is the creeping-wave representation of the
far field. If the cylinder is large (ka >> 1) and
|®} is not very close to m, then only the first term
(i = 0, / = 1) has the most important contribution
to the total infinite sum, and the other terms are
not significant. Neglecting the other terms, we
obtain the result given in (44) and (45). It should
be emphasized that (44) and (45) are not valid when
[B| is close to m/2 (paraxial region) because, in
this case. k,a is very small, and (B7), (B8), and
(B9) no longer apply.

The other formulas can be derived in a similar
manner.

APPENDIX C. ASYMPTOTIC EYALUATION OF
RADIATION INTEGRAL

Consider the following double integral:

U(k) = g S g(x,y) e’ ™ dxdy (ChH
D

where g(x,y) is rather slowly varying, and &(x.y)
has a stationary point (x,,y,) inside domain D. The
objective is to derive an asymptotic expansion for
(C1) when & is large.

Suppose g and ¢ have the following forms around
(x,.v,):

gy = (x = ) = ¥, g(xy) Agape> |
d(xy) = b(x,p,) + @ (x = x ) [1 + P(x.y)]
+bo. (¥ =¥ [1 + Qxy)] (C2)

Chako [1965] has derived the following asymptotic
series for U:

Uk ~ By 3 A, (@, +ay)B, +By)

P.a=0

}r(xu"‘P)r(uu*"J) 1 - 1
8 T (kay,)""" (kby )"

(C3)

where

| 1 1
(kay )" (kb, )™ (37)

wace )

a, = exp [Jm(A, + p)/(28)]

exp ([Jm /()] (A, + pUD + &™) - 28]}

3
I

By = exp [ym(n, + ¢)/27)]

L
o
]

exp { {/m/(20)] (1o + gX27 + ™) = 21]}

gi(xy) = 2 Bul(x — x-)A( y- .V.),

ktw=0

P(x,y) = 2 a,.(x=x)"(y-y,)

mens|

Q(x.y) = 2 bon(x = x)"(y = »,)

menz\
Aw = 8w
Ay =80— 8wl o+ 1)a,/d+ b,/

Ao = 8o = 8Boo (@0, /8 + (o + 1) by, /7]

In order to apply this procedure to the integrals
of the type (50) for which

&(xy) = =Qo.B) = —(R + o) (Ca

gxy) = F@.B.P)V G/R (CS)

When F is one of the components of J(1 — RR).
one should first determine the stationary point of
Q, wherein its first-order derivatives vanish. The
second step is to compute the various-order deriva-
tives of Q, J, R, ..., at this point, and then insert
them into (C3). We give just the main formulas
needed for these derivations.

Suppose the surface of the body. ¥(o.B). is
parameterized by a geodetical polar coordinate
system. As discussed previously, in this system,
oisthe arclength of the surface geodesic connecting
the pole Q to ¥(o,B), and B is the angle between
the geodesic and some fixed reference geodesic
at Q (Figure 15).

The element of length in this system is given
by

ds’ = do’ + G(o.B) dp° (C6)

Let us denote dx(u)/du by x,; then we have the
following set of relations




- g 4 Gk
T —

a2 3G/
Py = ————"“2“" A 1‘:(}" L+ %5 )
¥y = iy = [(0G/20)/2G) & + [* &, (C8)
X, = —=X,/p, (C9)
. where ¥, = & and ¥,/ VG = J are unit vectors

along B = const. and o = const. curves, and

Y,=h= (0, % 8)/VG (€10)

is the outward umt normal to the surface. Another
quantity of interest is the ‘‘geodetical curvature
x, given by

3 K, = (3G/a0)/2G «€1n
i

Using the above relations, we can derive the
following expressions which hold true at the sta-
tionary point:

MN/do=1-R*X, =0 (C12)
aN/P = -R* 5, =0 (C13)
N a0 a’'n 1
— =0, = (), = =G|l —+— (Cl9)
da” dodf B R p,
i where p, = 1/x,, and
a'n 1 a’'n
= — = -L" /p, (C15)
1 o’ P, doap
a'n G aG/aoc ¥'G/ac’ L™
e B e e N (Clb)
Bl R R 2 0,

. 0 _30G/B 661 .,

ap’ 2R B oo 4G

I #'G
§ — —— (C17)

2 o0
i where p_ is the radius of curvature of the geodesic.
4 Equations (C12) and (C13) determine the location
! of the stationary point. At this point R = ¥_, which,
' f& . if we introduce the ray concept, tells us that the
surface rays leave the surface at the ‘‘point of
diffraction’’ tangentially. Equation (C14) indicates
E & . + that the stationary point is of second order, so that
; we need higher-order derivatives of the phase. L™,
L", and L" are coefficients of the second funda-
mental form of the surface evaluated at the station-

' ary point. They are defined as

« - - ot s . t . .
L™ = Rpe* 5y & m Xon * Xy L* = Y * 4y
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Using the relationships given above, one can find
the expansion coefficients g,,, a,,,, b,... and A4 .
in (C3). Zeroth- and first-order terms in (C3) give
us formulas (52).

A few remarks should be made concerning the
expansion presented in (C3). Fuirst of all, (C3) is
a doubly infinite series; therefore, for each fixed
power of k ' a finite number of terms should be
summed up. The coefficients of various terms in
these finite sums, namely A,,'s, become very
complicated when p and ¢ are greater than 0 or
1. Another difficulty with this series is that when
the stationary point of the phase is of an order
higher than 1, the difference between the order
of the successive terms (when they are ordered
according to the descending power of k) becomes
very small, and consequently the infinite series
converges very slowly. For instance. in our problem
where 5 = 3 and r = 2 (stationary point is of second
order), sometimes the difference between the orders
of successive terms is k' °, which indicates the
weak convergence (in an asymptotic sense) of the
expansion in the cases where the frequency is not
very large.
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ACCURACY TESTS AND ITERATIVE PROCEDURES FOR HIGA FREQUENCY
ASYMPTOTIC SOLUTIONS - A SPECTRAL DOMAIN APPROACH

Raj Mittra and Mark Tew .
University of Illinois, Urbana, Illinois
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§ ABSTRACT !

In this paper we describe three procedures for evaluating the accuracr of high
frequency asymptotic solutions. Two of the tasts are based on the spectral domain
§ appreocach while the third can be implemented either in the space domain or ia the
spectral domain. A method for improviag the solution via an izerative procedure is
also presented.
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Higzh frequency asymptotic solutions of the wave equation play a very important role
in electromagretics and acoustics. For low frequencies, the integral equation
formulation combined with the method of moments provides a convenient approach for i
solving radiation and scattering problems. However, because the matrix size required ;ﬁ
£0 handle such problems becomes too large above the resomance region, cne is forced v
| £o seek alternacs means, such as ray-optical techniques, for deriving asvaptotic L
| solucions in the high frequency range. Unlike moment method solutions which ave |
| aumerically vigorous, asvmptotic solutions are approximations, and as such, pose !
problems in evaluatiag their accuracy. The problem of assessing the accuracy of h
asymptotic solutions has come under investigatiom only i{a recent vears (1] - [4]. f
| Presented here are three procedures for evaluating the accuracy of an asymptotic :
8 | solution by examining its effact on satisfaction of bSoundary conditicms. 1In g
| addition, two of the proposed tests lend themselves Zor use as an iterative equation, ‘
offaring the possibility of systematic improvement of a proposed sclucionm.

ACCURACY TESTS FOR ASYMPTOTIC SURFACE FIZLDS

Two of the accuracy tests to be discussed deal with the problem of a magnetic dipole

radiating in the presence of an infinitely long, perfectlv comnducting, circular ,
cylinder. This problem has received increased attention in recent vears because {
of the imsights {t provides into the performance of slot antennas on curved surfaces.

Raowledge of the induced currents, for example, allows the engineer to calculate

Tutual coupling between slot antennas in a conformal arrav or to accuratalw ccasute

1 far-fierld patteras from a single slot or slot arrav. The 2xact mcdal solution %o

4 this oroblem (3] = (58], which is in the form of an infiniza series of iafinite

; ’ integrals, converges so slowly as to 2wake its use impractical for aumerical

i calculacion. Various aporoximate solutions, aore suitable Zor numerical computaticm, |
5 have been proposed (7] - (1l]. Two of the solutions, (7] = [9], are derived ‘rea

aanipulation of the :odal solution. These sclutions are denctad as Asvapcotic

| Solution - 1 (As-1) (7] - {3], and Asvmptotic Soluticm - 2 (aS=2) (37, based on

their chromological order of publication. The third aporoximata solucica [10] - !
(L1l] is based on a modificaticmn of the work of V. A. Tock, which addresses the

sroblem of radiaticm on a sphere and is denoted Asvmptotic Solutiom = 3, or AS~J,
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The next section describes in detail the three published solutions and gives the ;
appropriate formulae.
Provosed Solutions to Cvlinder Problem 1»

Figure la presents the geometry of the problem. An infinitely long, perfectly con-
ducting, circular cylinder of radius R is located with the cvlinder axis coinciding
with the z-axis of a standard o, ¢, z cvlindrical coordinate system. An infini-
tesimal, phi-directed, magnetic dipole is located on the cvlinder surface at Q'
given by the coordinates o = R, » = 0, z = 0. The H-field on the cvlinder surface
is observed at a point Q located at 0o = R, 2 = dpp 2 ™ :T. The proposed solutioms

are ray-type solutions, and the surface Iields are dependent on the geodesic path
between Q and Q' defined by the surface path length, s, and ray angle, 3, measured
from the ¢-axis to the surface ray.

The cvlinder is a develcpable surface and a geodesic path on the cvlinder surface
becomes a straight line on the infinite strip that makes up a develooed cvl ader.

N

Figure 1lb shows the developed cvlinder and introduces the local n', b' t' and n,

b, t coordinate systems, where n', n are the outward normal to the surface, and
t', t are tangent ca :he surface path at the source and observation points respec-
ti

vely (b' = t' x n', b - t x n). Borh the AS 1 and AS-3 solutioms give the surface

f£ield in terms of fields parallel to b and t as

B =T - o, + 5 \
H(Q) = M (b bﬁb t th) L)

where M is the magnetic dipole moment. Ia this section a circumferentially oriented

dipole is treated, i.e., M = 3. For this case, conventional 8, and H, fields can

be found from Hb and H: using the relationships

T = T SN Y

- 9
- * 8 P 2
8° cos O H: + sin” 2 Hb (2a)
in 3 2 - . 2%)
H: = sin 2 cos (Ht Hb) ( ;
Zach of the proposed solutions gives the surface H-fields in terms of a combination %
of "Fock functioms," u(3), v(g), and vy (3) and their derivatives u'(3), '(:). and .
vl'(i). respectivelv. 3 is a normali.ed distance parameter given bv { = (—— \"’
2R ©
Cx

where k is the wavcnumbcr. R is the radius of curvature .n the directlon of ¢
given br Rt - R/cos 2 and s .s the path length, s = V(R¢\ + :'. The radius of s
B S

curvature in the direction of b is also emploved and is given bv Rb = }/sin” 2.

The AS-l solution as tested gives the surface fields as

L(Q - v(R)6(s)

4
B (Q) - (=)u(2)G(s)
d:\\‘ ‘S u(3)G(s ’

where 3: of (3b) diffars from the B: given in [7]=-{8] bv a factor of 2 (thi

“

dene so that as x = = the H_ of (3b) recovers identically the (ks) - temm

wown exact solution). The AS-D solution is given bv




B (Q - (@) (sta® 2 + L1 - 3 s1a® 9]
? ° (4a)

+ @& see® alu(®) - sia’ev, ()] a(s)

H_(Q) - -sin 9 cos & v(§)(L - %}c(s) (4b)

for the case of a circumferentially oriented dipole. The AS-3 solution gives the
surface fields as

7@ - {1 - v - E%®

. (5a)
o j(ﬁ KR’ )—2/3 [v'(g) + (R./RHu’(5)])G(s)
= e Rb ’
2. - oy twee) + (1 - Ti.sl)“(g) + 31072 th)’2/3u'(5)}G(s) . 5

In Equations (3)-(3), G(s) = kz/(ann)~e-jks/ks, where n is the wave impedance of
free space.

In addition to the three published solutions, a fourth solution has been comstructed,

ich is a modified AS-l solution and is denoted AS-4. The AS-4 solution is given
oy

B (Q) - [v(9) - i/ks = (1/ks)?16(s) (62)

B (Q - (23/%)[u(3) - 3/ks]G(s) . (6b)
As 3 goes to ninety degrees (a ray propagating down the tylinder axis), Hb becomes
identical to Bﬁ and the solutions reduce to

Hﬁ(Q) ~ G(s) for AS-1 (7a)

8,0 - (1= + @Y G P e (7%)

" Q ol — 7 e R s) for !
1/2

_1o_ 1.2, 3,4,1/2 -37/4 (ks) "' °1G(s) for AS-3 . (7e)
B(Q (1 @+ 2@ %

ks kR
L o -
and By (Q) = (1 - L. &M6(s) for as-¢ . (7d)
The four solutions presented here embody some important differences. Fc. example,

as kR - =, both the AS-3 and AS-4 solutions recover the exact solution to the
problem of a magnetic dipole radiating over a ground plame. The AS-l1 solution

- - =9
recovers the ks L terms; while the AS-2 solution recovers both the (ks) 1 and (ks) ~

terms, missing only the (ks).3 term. Since these differences involve terms that

have significant contribution only for very short path lemngths (s < l\), these

differences are referred to as "source-region' differences.

Long-path length differences are most apparent along theta equal to ninety degrees.
- %

Here, for large s, both the AS-2 and AS-3 solutions vary asymptotically as (ks) ke

while the AS~l and AS-4 solutions show a free-space-like attenuation of (ks)-l.

I p—— - - ——




The accuracy tasts presentad are closely examined to determine iI they can discria-
inate between the various solutions. An accuracy test which relies on the entire
solution being correct is termed a global test. That is, a global test is not
associated with any particular region of the proposed solutiom, but tests the entire
solution. A test which is associated with a regiom or a point is termed a local test.
A local test, then, would be able to discriminate between the AS-2 and AS-3 solutioms
even though their source region forms are identical, because of the differences in

the long path length behavior.

THE E-FIELD TEST

In implementing an accuracy test, the best approach is usually to compare the
approximate solution to the exact solution. As stated Sefore, computational diffi-
culties with the exact solution preclude that option in this case. If the exact
solution is unavailable for comparison, then an accuracy test can be formulated by
determining how well the approximate solution satisfies boundary conditions €for che
problem - in this case, the electric field boundary conditiom at the perfectly
conducting surface.

The most direct and attractive method of detarmining the surface E-fleld would be
o compute the normal derivative of the H-field. Unfortunately, the asvmptotic
solutions are valid only for points on the cylinder surface, so that such a direct
computation is unfeasible. Accordingly, an indirect procedure must be used. An
indirect evaluation of the surface E~-field is conducted in the following manner:
lach of the asymrtotic solutions predicts the H-fiald on the cylinder surface.
Through the use of Maxwell's equations, the surface H-field can be related to the
surface E-field and the boundary condition checked. Use of the spectrum of the
H-field instead of the direct surface field makes analysis straightforward and
allows use of a Fast-Fourier Transform (FFT) algorithm for efficient numerical
c¢alculation.

The test proceeds as follows:

1. A cylindrical transform is defined

- 2w »
a,(a,k,) = 1/2n [ do [ 4z H,(o,z)e-jnQ oIk, 2 . (8)
3 o - 3
2. Electric and magnetic vector potentials are expanded with unknown
coefficients
A o B0
=) & 2 ¥ Y % o~
voa L T o J H(')(pvk“-k°) e’ 2% 4z . (9
- ! 27 gS-= -g (k) 9 z
z) &%
(2)

Observe that n and kz are "transform variables," k is the wavenumber, and Hn is

th " y -
the o= order Hankel function of the second kind, representing an outward-traveling
¢vlindrical wave. TFor future notation, the complex variapble v is used to replace

¢

the radical in the argument of the Hankel functiom, vy = vk7-%

te 19

3. Through the use of

9= TgA - jueo? + l/juuo TUSF (10)
one may detarmine the unknown coefficients 51 and 2, in terms of the transform of
the surface H-field as .

P T
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1 % nkz =
i £ (k) = = (4, (a,k,) + —— H_(n,k )] 1
[ n z YH' 2) (YR) ) ¥4 '(-R k4 Z “
4 2! 1
: Gh 4o s A_(a,k) (11)
& g_(k - o H (n,k 1
; Bz Y~H§2)(YR) z z
, 3 |
,§ where H;(“) is the derivative of the Hiz) Hankel functionm. ‘j
I |
i 4. Applying M
i
E

= -VxF - jwuoi + 1/3ue 77-3 (12)

permits computation of the surface E-field, accomplishing the desired test.

The above procedure can be condensed into two steps of actual computation by
combining Equatioms (9), (10), (11), and (12). While the resulting expressions
appear to be complex, this two-step procedure is significant because it essentially
involves only a two-dimensional Fourier transform, modification and combination of
the transformed fields, and then inverse Fourier transformation and summation of
Fourier coefficients. The analysis is computationally efficient because the FFT
can be used to evaluate 3ll the integrals involved.

el
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Practically speaking, the greatest difficulty in the above procedura comes in

accurately determining the spectrum of the surface H$field. Both the AS-3 and :
AS-4 solutions have 1/32 and 1/s3 singularities, while the AS-1 solution has a 1l/s ‘Bﬂ

singularity. The "peakiness'" of these H¢ fields means that special care must be ¢

takean in using the FFT to determine the spectrum.

Cne attempt to overcome this problem involved raising the magnetic dipole slightly |3
above the cylinder surface so that the field was no lomger singular, but had a f
finite peak. After this step had been implemented, a convergence check of the FFT 1
integral showed that the FFT was able to handle the 1/s peak correctly with reason- |

able sampling rates, but the 1/32 and 1/33 peaks yielded erroneous results. Further
measures were necessary to achieve a reliable tast of the AS-3 and AS-4 solutions
(for a reasonable computer size).

The key to achieving a reliable check of the AS-3 and AS-4 solutions lies in
recognizing that the singular form of the source region is that of a planar case,
and that the singularity has an analytic transform. Specifically, the planar
singularity can be expressed as

g ‘ R (¢ 32 & kz) e-jks
d's 2mnik 32(%)2 s
1
PN T A I §
z's  2mik “3(Ré)dz s ‘

24 =
where s is the path length given by s = /i2+(R¢)‘+z', and .. is the height of the

dipole above the cylinder. 3ecause the singularities can Se expressed as derivatives,
their analytic transform is obtainable and is of the form !
W 7 .2
-jAvkT=(a/R) "=k
T M Y (14a)
2's 2mnik R 7 4miR o e -
Y%= (a/R) "=k

[ I )




5 -jikk:-(n/R)z-k

[ B8

= D S 2 L @ 14
H:‘s 2mnjk ( R2 *E) AR =5 e {35k
¥k"-(n/R) .-k:
where Q is a constant.
The tocal field on the cvlinder can then be expressed as
HQ) = By arQ 7 Drrrerence (Y G5
where H(Q) is the total field as predicted by am asymptotic solution, and H?LANAR(Q)

is the fisld that would exist on a flat, infinite ground plane. (This division may
be thought cf as taking the planmar field, 'wrapping" it around the cvlinder, and
subtracting it from H(Q)). The transform of the surface fialds is given by

H2,%,) = By a3 (3%;) * Trrperence (3052) 15
":; ) 3 4 T o ™ (14) = g
and M?LANAR(u.nz) is given analytically in ~Huacic_m (14). JDIF?ERENCE(Q) is at

20st on the order of l/vs, so that evaluation of iy rreprencp(30%,) can de reliably

obtained from application of the FFT. Any test which involves breaking the fields
up into planar and difference fields will be termed a hvbrid computation, because

it combines analytic and aumerical techniques. The only difference between a "hybri
computation'” and a "direct computation” is in the method of obtaining the spectrum.
After the spectrum is found, both tests proceed idemtically. Figure 2 compares the

ohase of 35 for a fixed value of kz’ when the transform was derived Zrom hybrid and

direct computations. Coumparison with the phase of the modal transfora reveals the
iacreased accuracy of the hybrid method.

To utilize the E-Field Test the three asvmptotic solutions are ccmpared to am exact
dodal solution [6]. The procedure used in deriving the exact modal solution is
essentially the same as that used to perform the E-Fleld Test. The difference lies
in the fact that while the test begins with the asvmptotic H-field, the modal
solution begins with the known E-field (known for an elemental source). In a manner
similar to the test, the H-spectrum can be found from the known E-fields and be
expressed in terms of the E-spectrum. This provides analytic H_ and Hb spectrums
that can be compared to those resulting from the asvmptotic solutioms. After the
H-spectrum is obtained from the =~field, it can be tested just like any other
spectrum. This 'check” that begins with a surface E-field, finds the H-spectrum
and then returns to the surface E-field is also valuable inassuring that the FFT
sampling of the spectrum is sufficieat.

During -~~tual _l: _ation of the test, the source used was a slot radiator instead
of an e.emental dipole. This was necessary because the surface Z-fiald of che slot
is finite, although discontinuous, while the surface E-field from the elemental
source is singular. Sampling the E-spectrum sufficiently well to represent the
singular surface field would make the computer requirements prohibitivelv largze,
while the more regular slot is readilv handled.

Representation of the slot spectrum was achieved by first determining the H-field
specrrum due o an elemental dipole source (the direct asvmptotic solutions or,

for the amalytic case, = 2(3(p=R)3($)6(2)). The H-spectrum was then

“SURFACE
multiplied by the transform of the slot distribution, which is equivalent to
convolviag the elemental source with a distribution in the space domain. Tor a
finite slot as shown ia Fig. la, the transforms used were of the form




Laln(x b/2 )]/(a b/2) :o represent a uniform E field, and of the form

gos(an)/[w‘/q - (an)”© ], a = arcsin(a/IR) to .epresent a half-period cosine spreading
in ¢.

The totality of the E-field check has now been determined. The components of the
spectrum of the H-tield that result from an e2lemental source are determined. For
the asvmptotic solutions the spectrum is determined either by direct application

of the FFT or bv use of the hvbrid technique; for the exact case, the H-spectrum
mavy be found analytically. Regardless of its source, the H-spectrum is then
multiplied bv the transform of the assumed slot distribution; thus, the convolution
that is necessary to represent the slot distribution is accomplished. The E-field
spectrum is then found from modification and combination of the H-field spectrum
components. Finally, inverse Fourier transformation and summation of the Fourier
coefficients give the surface E-field.

Results of the E-Field Test

Figures 3 and 4 give representative results after the E-Field Test has been
implemented. The test was first applied to the analytic H-spectrum. This was the
standard to which all other sclutions were compared. The analvtic solution resulted
in an E’ that was essentially zero (a totally flar curve) and an E_ that was well-

coutained. The fact that Ez went to zero in a smooth curve in the z-direction

instead of a discontinuous curve was due to the numerical calculation, and revealad
that the error introduced by pertforming finite sums and integrals was negligible.
Figure 3 shows the surface electric fields that resulted from testing the AS-1
solution. Because the AS-1l solution only has a singularity (peak) on the order of 1l/s,
it was not necessary to resort to a hybrid computation to obtain a reliable check.

As can be seen, the E@ field has significant non-zero content and the extent of

the corresponding £ field is much broader than that of the modal solutioam.

Figure 4 shows the effects of testing the AS-3 solution using the hybrid method.
The hybrid method was used because of the higher-order source region terms present
in the AS-3 solution. The resultant surface E’ field i{s verv small and displavs a
rippled character.

The fields that resulted from testing the AS-4 solution using the hvbrid techmique
were essentially identical to those of Fig. 4, although there were slight aumerical
differences.

DISCUSSION OF E~-FIELD TEST

The E-Fleld Test represents an example of global test. That is, the test is applied
once, and the results determine if the field everywhere 1is correct. If the approx-
imation does accurately predict the surface magnetic fields, then the corresponding
electric fields will re-create those obtained bv testing the analvtic H-transform,
within the constraints of numerical accuracy. When results do not duplicate those

of the analytic standard, then one can only say that some error is present.
Specifving what the error 1is, or in what regiom it occurs, is verv difficult, perhaps
impossible, from observing the results of a single test. However, bv comparing the
results from tests of different approximate solutions, some insight can bde 3ained.

The results presented here provide a zood example of what can be learmed from
comparing test results of different solucions. Figures J and « reveal that the
Z-Field Test is sensitive to the source region behavior of the proposed solution




and relatively {nsensitive to the large-path length behavior. The surface © {elds

]
J, corrasponding to the AS=1l solution, are quite different from those of

F{g. < rasulting from the AS-4 solution, daspite the fact that their larga-path
length behaviors are {dentical. The approximatae solutions of Figs. J and « d

=3 <3 :
only in the (ks) and (ks) gource region tarms. This point {3 reinforced bdHv the
fact that Fig. ¢ represents results from a test of efither tha AS-] and AS=-« solutions.
As KR + =, the source regions of the AS-] and AS-4 solutions both go to a planar-ctvpe
singularity. Along thata equal to ninety degrees, however, the AS-3 shows attenu-

]
ation as (ks) /2 for large path lengths, while the AS-a solution shows attentuation

of Fig.

ffar

oy ™% . o
as (ks) . The E-Fleld Test was unable to discern between tha AS-} and AS-+ solu-
tions, despite the significant differences in large path length behavior.

In summaryv, the resulting E-field after performance of the test does provide a good
qualitative measure of how well the asvmptotic solution satisflas the E-field
boundary condition. Indeed, application of the test to the transform of the exac:t
modal solucion did result in f{elds that satisfied the doundarv condition quite
well. In addition, application of the test to approximate asvmptotic solucions
siicved that thev did not test as well as the exact solution. In this respect, the
Z-Field Test does provide a good "global test" of a proposed solution, {.e., tf

——

the solution {8 accurate evervwhere, the solution will show gocd results from the
test.

Cn the other hand, when comparing the relative accuracy of approximata solutions,
the source region behavior appears to be more critical for sati{sfaction of the tast
than the large path length bdehavior =-- asvmptocic solutions that contain highaer-

Al

order terms (l/s”, lfsl\ in the source region H-flald do satisfv the E-Field Test
better than solutions chat contain only terms on the order of 1/s. The large-ocath
length behavior did not appreciably affect the test results.
Zaphasis of the source ragion (s not necessarilv detrimental to the E-Fleld Tast,
for {t is likelv that the source region will heavilv i(nfluence the computacion ot
values of phvsical parameters of interest, such as the mutual {mpedance batween two
slots on a curved surface. Wirae antennas provide a zood analogy, for the source
region behavior dominates calculation of the self- and mutual-{mpedance, and the
current behavior at the end plavs less of a role. An E-field boundarv condition
check of a wire antenna would not be (nfluenced verv much by the current far awav
from the source, but Ye source region sensitive. It {3 not surprising, then, that
the E-field check reveals little about the local character of the solution, bdut
instead provides more of a global test. The point should be made, howevaer, that a
large path length soluction for the antenna current would probably be of verv l(imited
use, since beth the impedance behavior and the radiation pattern derived from this
tvpe of asvaptotic solution would be grossly {n ervor. The E-Fleld Test proposed

in this paper (s able to distinguish between a soluticn which has a bettar overall
behavior on the entire surface and an alternate solution which {s onlv good (n

local {solated regiona, but has large errors {n other ragions whera the curvent
{8 significanc.

Some numerical difficulties were encountered during execution of the test. The
Gigh=order source-ragion terms made (&t quite di{fficult for the FFT to accurataelv
compute the (ntegral involved. Since use of the FFT roquires equallv sracaed

sampling over the {(ntarval, a sampliang sufficient to accuratalv avaluate the peak
resulted {n natrix sizes too large for some computers (CDC CYIER "4, for example).
For solutions whose sourca=-region behavior went to a planar-tvpe stagularity ia

the limit, however, analvtic evaluation of the planar spectrum allowed complet

tion
of the test., A solutfon which contains higher-order source ragion carms Hut Jdoes

not go to planar tvpae behavior {n the limit {s quita di{fficult to

(W8
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method unless it has an analytical transform (or unless the investigator has an

extraordinarily large computer). However, such a behavior would not be expected
to be physically meaningful anyhow.

3

The A5-2 solution is a good example of this, for it contains the 1/s” source region
term, but not the 1/s3 term. This solution could be tested by modifving its source-

region behavior by the addition of the l/s3 term and performing a hvbrid computation.
This was not done, since comparison of the AS-3 and AS-4 tests indicates that solu-
tions with the same limicting source region behavior vield virtually identical

E-Field Tests.

To sum up, it appears that the E-Field Test can provide a measure of the accuracy
of a proposed asymptotic solution. An FFT is employed so that the evaluation of
the integrals involved may be efficiently performed, but some care must still be
taken in the computation. The test reveals that solutions which have planar-tvpe,
source-region behavior in the limit satisfv the E-field boundary condition better
than those that only have tarms on the order of l/s. The test is, however, rela-
tively insensitive to the large path-length behavior of a solution.

INTEGRAL E-FIELD TEST

Introduction

The E-Field Test just described was qualitative in nature and highly dependent on
the source region accuracy of the proposed solution. The E-Field Test was gzlobal
in nature and unable to discriminate between solutions which had similar charac-
teristics in the source regions, but variad in their lomg-path-length behavior.

The "Integral E~Field Test' described here is an attempt to achieve a "local' test.
This test is also based on satisfaction of the electric field boundarv conditiom at
the perfectly conducting surface.

The Integral E-field Test is quantitative in nature, is straightforward in appli-
cation, and displays a mixed local/global nature. Under some circumstances, the
tast lends itself to application as an iterative equatiom for point-bv-pecint
improvement of a proposed solution.

Inspiration for the Integral E-Field Test came from the observation that Lorent:
Reciprocity allows the use of test dipoles that can be located at the tester's
discretion. A new equation results frcm each new location of the test dipole

(or dipoles), which opens the possibility of achieving a "local" test. It is seen
that the Integral E-Field Test displavs a mixed local/global character, in general,
but that along theta equal to ninety degrees the source region of a proposed solu-
tion can be essentially excluded from contributing to the accuracy test, vielding

a very stroung local or point-test character. Under those circumstances the Integral
E-Field Accuracy Test also lends itself to formulation as an iterative equatiom,
allowing point-by-point improvement of a proposed solution.

Formulation of the Integral Z-Field Test

The Integral E-Field Test may be formulated using Green's Identities, Generalized
Lorentz Reciprocity, or from first principles using Maxwell's Equations and Gauss'
Law. The defining equation for the Integral E-Field Test is ziven hv:
BN - PEN cda e [ @R - TP (17
v
where £ields and sources from two different environments, A and 3, are related in
a single equation. 1In order to achieve an accuracyv test, ESavironment A will dencte




the envircnment of the approximate solution, that is, an infinitely long, perfectly
conducting circular cylinder in free space. An infinitesimal phi-directed magnetic

dipole, §A, radiates in the presence of the cylinder (Fig. la). Environment B is

made up entirely of free space. A magnetic dipole source (or sources), Es, is
placed in Eavironment B, giving rise to electric and magnetic fields Ea and 53
(Fig. 5). The fields in Environment A are termed "asymptotic fields'" because they
are given by the approximate asymptotic solution. The fields in Environment B are
termed ""test fields'" because they are emploved to evaluate the accuracy of a
proposed solution. The volume V is defined as being enclosed by surface S, which
is made up of concentric circular cylinders, S and S_. Cylinder Sc has radius

R + &, where § is vanishingly small, and S has infinite radius. In Eoviromment

A, Sc and S_ are placed so that their axes coincide with the axis of the perfectly
conducting cylinder; while in Environment 3, S can be placed anywhere as lcng as

it does not intersect any of the sources, ﬁg. Since the sources in both Environ-

ments A and B are of finite extent, the fields EA Eﬂ Ea, and ia obey the radi-

ation comndition - with the result that the surface integral over S_ is zero.
Equation 17 can then be rewrittem as

1 f <H-da = j’s [ PxEteda - [[f @E - TP J (18)

The accuracy cest is accamplished by arguing that the exact solution to a dipole
radiating in the presence of, but not on, the perfectly conducting cylinder would
satisfy the boundary condition that the tangential electric field is zero every-
where on the perfectly conducting cylinder surface. Taking § to be vanishingly
small, the surface Sc almost coincides with the conducting surface so that the

magnitude of the left-hand side of Equation 18 can be made as small as desired,

approaching zero in the limit as § goes to zero. The amount that the right-hand
side of Equation 18 differs from zero is termed the "error," =, and is used as a
basis for comparing proposed solutions to the problem embodied in Eavironment A,

€ = fsf B x Teda - fffv(ﬁs-EA - B D)dv . (19)

§+0

If delta-function type sources are used for both Enviromments A and B (and thev
are implied by the proposed solutions of Environment A), then the volume integral
cf Equation 19 reduces to a sampling operation and becomes

e = [f T x Tda - B0 + o) (20)
c
5+0

where the symbol Hi(Mj) denotes the operation Ei(xj, yj, z ). Mj in which the fields

of Environment i are sampled at the position of the sources in Eavironment j, and
the dot product is taken with the unit vector parallel to the "j'" source. Now,
if e is sufficiently small, Equation 20 can be cast into the form of an iterative
equation

fPod) 2 gfody - [f BPABOga RO o 21
c
50

Thus, the field at a point (the location of source MB) can be updated Hv modifving
the proposed approximate solutiom by the error term associated with that point.




Observe that the exact solution would satisfy ¢ = 0 in Equation 20, so that using
Equation 21 to iterate would not change the field value.

In review, the formulation of the Integral E-Field Accuracy Test has been accom-
plished through the use of well-known properties of electromagnetic fields. The
resulting equation is straightforward, involves known quantities, and, in general,
consists only of sampling operations and numerical integration. In some cases, the
test can lend itself to point-by-point improvement of a proposed solution. Local
or point-test character is embodied in two ways: 1) By the explicit sampling
operation of the surface magnetic field, and 2) by the fact that che near field of
tl.e test dipole tends to emphasize the local nagnetic fields in the integral of
Equation 20. The test, in general, cannot be entirely local, however, for the
integral of Equation 20 covers the entire surface of the cylinder. In particular,
unless the test electric fields can be comstructed to be nearly zero in the region
around the asymptotic source, then the large magnetic fields in the asymptotic
source region will certainly comntribute to the integral and thus affect the test
results. Thus, one would expect the Integral E-Field Test to have a mixed local/
zlobal character.

It is proper at this point to note that while the development of the Iategral
E-Field Test has been carried out in the space domain, spectral domain calculations
are an alternative when using the test. Specifically, Parseval's Theorem can be
used to change the space integral of Equation 20 to an iantegral in the transform
domain. Performing the integration in the transform domain is particularlyv wvalu-
able 1if a proposed solution is to be tested at a large oumber of points, for in that
case, "moving" the test dipole around can be accomplished by adding the proper
phase shift terms to the integrand of Equation 20. It is the authors' experience
that use of transform domain integration results in a considerable gain in compu-
tational efficiency over spatial integration. To justify use of the spectral
domain, though, the asymptotic solution must be tasted at enough points to recover
the expense of obtaining the spectral domain representation of the proposed
solution.

Practical Considerations for the Integral E~Field Accuracv Test

While Equation 19, which defines the test, appears to lend itself to direct evalu-
ation, several practical aspects of the evaluation must be considered. First, an
important step ia formulating Equation 19 was that the tangential E-field vanish
for a source radiating in the presence of the cylinder, while the published solu-
tions are for the case of a dipole radiating on the cvlinder surface. To perform
the test, the proposed solutions were extended to the case of a dipole radiating

a distance 4 away from the cylinder by modifying the path length s used in
determining the surface field. The modified path length s' used in Equations 3-7

was computed from s' = /sz + AZ, where s 1s the surface path length. In addition
to satisfying the assumption made in formulating the test, raising the dipole

allows aumerical calculation of the integral in Equation 20, since the HA fields
have a finite peak and are not singular (source region HA fields are singular for
a dipole located om the surface).

Location of the test dipole(s) with respect to the surface coinciding with the
perfectly conducting cylinder (this surface is denoted Si) greatly influences the

test results. A test dipole placed so that it sampled the surface magnetic field
of the approximate solution would seem to lend a local character to the tast.

However, a test dipole so located would iatroduce siangular 33 fields, which makes
numerical intagration more difficult. Accordingly, the test dipole is, in general,
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located a A distance away from the surface corresponding to the cylinder surface.

B fields on the surface of integration are calculated exactly, but the HA

The E
= 13 g : A . B b

field at ¥ is approximated by the H £field at the point on Sc closest to the
location of Ms. In other words, if the sampling operation HA(MB) required finding
HA(R + 4, P Zc)’ this would be approximated by HA(R, ’c' :c)' The error intro-

duced by this approximation was checked by applying the test to a problem with a
mown solution, that of a magnetic dipole radiating over an infinite ground plane.
For A equal to ome sixteenth of a wavelength, the error introduced by this assump-
tion was negligible compared to c's computed in the cylinder test.

Observe that the user has complete freedom to place one or several test dipoles
in Environment B. For example, two test dipoles could be used, located at
(R +4, ’TST. ZTST) and (R + 4, QTST' -ZTST)' This would have the effect of

creating a plane of zero E° fields that coincide with the HA source regiom.
Evaluation of the integral of Equation 20 shows that this would decrease the

contribution of the source region Hﬁ fields (due to zero Ei) and emphasize the
source region H? field. As this illustrates, use of multiple-~dipole test config-
urations gemerallv involves a trade-off of some kind, so that the simple single

test dipole located A away from Sg has been chosen as the "standard" test.

Results of the Integral E-Field Test

Representative rasults of the Integral E-Field Test are presented in Figs. 6-13.
These represent applicatiom of the test to the AS~1l, AS~Z and AS~-3 solutions along
theta equal to ninety degrees and along theta equal to zero degrees. A single test
dipole was used for Figs. 6-8 and 11-13. For tests along 3 = n/2, along the cylin-
der axis, a two-test-dipole configuration was also used with phi-directed test
dipoles located at (R + 4, O, ZTST) and (R ~ 4, O, ZTST)' The test equation under

these conditions becomes
B3 A A B A Ak
e fs£ (58} - £383)da - aécx“) + a;(.\ra) (22)

§-+0

The figures present the H, field to be tested, error results, and H’ after appli-

$
cation of the iterative equation. Several factors combine to increase confidence
in the test results along & = 90°. First, the magnitude of the error term is

relatively small with respect to the magnitude of HA(O)(KB), so that the crite-
rion for successful iteration is close to being met. Second, for both single- and
dual-dipole tests, the asymptotic source-region field contributes very little to
the integral that makes up the error term. For the single dipole, this is easily

seen from the fact that for ZTST >> A along @ = 90°, the EB field evaluated at

(R,0,0) will be primarily o-directed with a very small E, or Eb component. At the

same time, the test field EB directly underneath the test dipole will have a verv

large S: component, emphasizing the local H& field. TFor two dipoles located at
R+, 0, ZTST)’ the plane of zero tangential electric fields is tangent to the
cylinder at ) = 0, thus reducing the asymptotic source region contribution. Local
H’ field emphasis does not occur with the two-dipole test, however, since the nlane

of zero tangential S-fields extends through Z = :TS" Thus, for :TS* >> )\ along




2 = 90°, the Integral E-Field Test should have a very strong local character and
be almost unaffected by the source-region accuracy of the proposed solution.

Single-dipola tests along angles other tham 2 = 90° will intrcduce an asvmptotic
source region contribution to the integral of Equation 20, with the amount of
contribution dependent on the path length and 2-angle. The local E-fields in the
vicinity of the test dipole remain large, so that it is expected that the test will
display a mixed local/global character. The results of Figs. 11, 12, and 13 reflect
this; for while the zeroth-order magnitudes are relatively close, there is a large
variance in the associated errors. If the test were truly local, the associated
errors should also be relatively close. Examination of Figs. 1l and 13 reveals
that along @ = 0° the iterative equation is divergent instead of convergent. Close
examination of the results of the evaluation of the integral of EZquation 20 reveals
that the contribution from the vicinity of the source dominated the contribu-

tion from the rest of the surface, including the regionm around the test dipole.

The integral of Equation 20, in turm, is the highest contributor to the error, «.
Thus, for O = 0°, the Integral E-Field Test retains local character only ia the
sampling operation. The large source-region contribution drives the error term up

A(0)

so that its magnitude is not small compared to ¥ (MB) and the iterative equation

diverges.

1) (1)
t t

2
Zt) and act (xé') = 2R - xél), y£2) = yél), Zc) to obtain asvmptotic socurce-region

cancellation. This introduces the problem of determining the scattered field at
the location of the second dipole. Unfortunately, if surface equivalent currents
are used to find the scattered field at the test dipole, then it can be shown that
the test is identical to a single-dipole test. That is, the use of surface equi-

One may be tempted to employ two dipoles located at (x = Rcos ber ¥ = R sin °t'

valent currents to find HA(MB) always leads to the result that ¢ = 0, for anv
3
e
3 = 90°, the second dipole lies outside of v, and this problem i{s not encountared.)
Use of other approximations to find the '"scattered field" extermal to the cvlinder
would introduce an unknown error, so use of remotely located dipoles was abandoned
for angles other than O = 90°.

proposed solution when MB is entirely located extermal to § (Observe that for

Thus, the "Integral E-Field Test' displays, in general, a mixed local/global
character which changes according to the location of the tast dipole. For 2 = 30°
the test has almost entirely a local character, with vervy little contribution from
the asymptotic source region. Under these conditions, the error term is reiativelv

small compared to HA(O)(MB) and the iterative equation converges. For angles other
than @ = 90° the asymptotic source region begins to contribute to the integral,
resulting in a mixed local/global nature. At the same time, errors in the source
region tend to increase the magnitude of the error term, so that it is no longer

small compared to HA\O)(MB). In this case, the iterative equation shows less of a
tendency to converge and may diverge.

Summarv of Integral E-Field Test

Generalized Lorentz Reciprocitv has been emploved to formulate an accuracv test
that can be used to check any oroposed solution. The test is straightforward in
application and general in nature, that is, not limited to testing onlv cvlindrical
geometries. The test is quantitative in nature, and requires onlvy numerical
integration for implementation. Either the spectral domain or the spatial domain
can be emploved for computation of the integral involved. For testing a large
aumber of points, economics tend to favor computation in the spectral domain,

while for testing a small number of points spatial domain integraticn is indicated.

S e




The Integral E-Field Test has local character in that the error computed is asso-
ciated with a single point, although the entire soluticn contributes to the
computation of the error term. In cases where the error is small compared to the
value of the proposed solutionm, the test lends itself to use as an iterative
aquation.

When the test is applied to the problem of magnetic dipole radiation in the presence
of an infinite,conducting cylinder, it was found that tests along the cylinder axis
lend themselves to iteration. Along the axis, solutioms that vary as (ks).]'/2 test
better than solutions that vary as (ks)"1 for large path lengths. Tests at points
other than on the axis generate error terms that are large with respect to the
approximate field value, so that the iterative equation is not convergent. The
source regions of each of the proposed solutions were found to contribute signifi-
cantly to the large error terms for tests of points off the cylinder axis.

QVERVIEW OF E-FIELD AND INTEGRAL E-FIELD TESTS

Two tests based on satisfaction of the E-field boundary condition have been presented.
Both have been applied to proposed solutioms to the problem of a magnetic dipole
radiating in the presence of an infinitely long, perfectly conducting circular
cylinder. The E-Field Test is based on relating the spectral domain of the surface
magnetic field to that of the surface electric field and thea evaluating the surface
E-field. The test is effected by observing how well the resultant E-field satisfies
the surface boundary condition, and, as such, is a direct test of boundary condition
satisfaction. The E-Field Test has a global character inm that it can be applied to
a proposed solution only once. For the solutions tasted so far, the E~Field Test
seems most sensitive to the source region of a proposed solution and relatively
insensitive to large path length behavior. Omne cannot say that only the source
region is tested, though, because gross errors in a proposed solution might evidence
themselves in the E-Field Test.

The Integral E-Field Test can be formulated from Generalized Lorentz Reciprocity
and employs ''test" dipoles situated in free space. The surface electric field
corresponding to the solution being tested is never computaed, so that the Integral
E-Field Test is, in effect, an indirect boundary condition check. It has local
charactar in that the test results can be associated with the field at a partic-
ular point, and the test can be repeated many times at different points for the
same’ proposed solution. Results of the Integral E-Field Test display, in gemeral,
a mixed local/global character. For tests on or near the cylinder axis, the local
character is very strong; while for tests in the ''deep shadow'" region, less local
character is retained and the asymptotic source region becomes dominant. Under
some circumstances, including tests along the cylinder axis, the Integral E-Field
Test lends itself to use as a convergent iterative equation. The Integral
E-Field Test formulation is quite general, and application is not limited to
cylindrical structures.

In summary, the E-Field and Integral E-Field Tests appear to be complementary.
One is global and the other has a mixed global/local nature. One test is aighly
source region sensitive and relatively insemsitive to large-path-length behavior.
For the other test, the source region can essentially be excluded from contrib-
uting to the result. Finally, the possibility of iterative improvement of a
proposed solution is offered, if some relatively stringent conditions can be aet.

ITERATIVE ACCURACY TEST FOR BOUNDARY CONDITIONS

Both the E-Field Test and the Integral E-Field Test were applied to asymptotic
solutions of surface magmetic fields. The asvmptotic solutions tested predicted




Solu:ian - 1 (as-1) (7] - {3], and Asvmpcotic Soluticm - 2 (AS=2) (3%, based on

Their chromological order of pub;-ca:ion The third aporoximate solucien [10] - |
{11] is based om a modificaticm of the work of V. A. Fock, which addresses the

oroblem of radiaticm om a sphere and is denoted Asvmptotic Solutiem - 3, or AS-J.

both the near field and long-path-length behavior of a magnetic dipole radiator.
A more traditional and wide-spread use of asvmptotic solutions is to predict the
far-field behavior of scattering bodies. For analyzing complex scattering bodies,
the engineer today can draw on a range of asvmptotic techniques, including different \
"uniform" solutions. In analyzing a complex body, the investigator is likely to
combine contributions from straight and curved edges, and possibly diffracted rays
from curved surfaces. A great deal of work is being performed today to generate

; "diffraction coefficients" for the various diffracting mechanics needed to complete
the total solution of the far field. This section presents an iterative method
based on spectral domain techmniques for solving the far field and induced curreats
of a scattering body. An important feature of this method is that at each step of #
the iterative method a boundary condition check 1is incorporated so that the
accuracy of the solution can be evaluated. This boundary condition check at the
first iteration also provides a means of evaluating the benefit of a proposed
solution. In order to illustrate use of this test, it is applied to check a vertex
diffraction coefficient for scalar-wave incidence that has been proposed by
Albertsen [12]. Although the applicatiom to be illustrated is a scalar problem,
the extension to vector electromagnetics problems is straightforward.

The Cormer Diffraction Coefficient

The cormer diffraction term investigated here gives the field diffracted from the
vertex when a scalar plane wave is incident on an infinite, acoustically soft
quarter-plane, Fig. 14. Such a problem has been addressed by Kraus and Levine [13],
Reller [14], and Radlow [15]. Recently, Albertsen used sequential application of

the Weiner-Hopf technique and saddle-point integration to extract a corner
diffraction coefficient. Albertsen gives the total scattered field from the
quarter-plane as
P R +- .
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The scattered field due to the cormer ounly is given by
2
F eiv/é - o1kT
UC(:’9.¢) - —l'— DD(aoo¢olvv°) . (2"‘)
8rk
The cormer diffraction coefficient DD can be determined from l
(8,909, :
Pp(gr20:% 0 = =4 GG i
where ;
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M(éo.ao,a,a) =M  (u,\) x M (u,\o) x M (UO’A) < M (uo,\o) (26) r
where I
u = -k sin I cos 5 s i -k sin 50 cos 3, |
A\ = -k sin I3 sin ’ \0 = -k sin 60 sin ) . .
The M+‘ functions are found from
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where 3: of (3b) differs from the Ht given in
dome so that as k = = the H_

qown exact solution).

solution is
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given bv

where
t e 611 { Dilog(l - d;) - Dilog(l + d,)
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and the Dilog function is defined by Dilog (z) = - J %25—% d§. In practice, this
l*l
corner diffractad field would be added to the edge diffracted field and the geo-
metrical optics field in order to obtain the total field. It is desired, then,
that this test assess the contribution of the corner diffraction term to satis-
faction of the surface boundary condition (total field equals zero).

Tasting Procedure

In order to assess the contribution of corner diffraction to the satisfactiom of
the boundary condition, a procedure introduced by Ko and Mittra [2] was used. A

truncation operator 3 is employed, which is defined by 3(A) = /A S(?—? )dr,

r ¢S, where § is the Dirac dclta func:ion and S is the planar scattering surface.
Thc complementary operator 9 given by e(a) = A - 3(A) i< als~ utilized.

For an acoustically soft scatterer the boundary condition requires that the total

field be zero on the scatterer surface. The truncation operators can be used to
express the total scattered field in the plane of the scatterer as the sum of a

known field [9(-01) to satisfy the boundary condition which requires that the
scattered field exactly equal the negative of the incident field on the surface
of the scatterer] and a field which exists only outside the surface and is estimatad

5v a proposed solution (3(F)), so that

vd = 3(-thy + 3(® : (29)
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differences are referred to as "source-region" differences.

Long-path length differences are most apparent along theta equal to ninety degrees.

Here, for large s, both the AS-2 and AS-3 solutioms vary asymptotically as (ks)'l/z,

while the AS-1 and AS-4 solutions show a free-space-like attenuation of (ks)-l.

e e T
W(x',v',07)  3U(x',v',00)
A scalar scattering '"current," J, is defined by J = ( "*32“* - . ’53’ ) x
x',y' ¢ S, and the scattered field is given by
3w g =1, (30)

~

where G is a Green's function operator and * denotes convolution. The Fourier
transform of the above equation results in

= : -1 .
where denotes the transform domain. Because G is known, and F can be esti-
mated from cormer and adge diffracction terms, a surface current can be obtained
from J = F'l{J}. vhere F~' indicates inverse Fourier transformation. The current
J is then truncated to the scatterer, Jc = 3(J), and the associated scattered
field determined:

ds s
- G .23} . -
Ut F ~(G Jt’ (32)

Note that U_ extends over a wide range and includes fields aextermal to the scatterer,
s

while Jt has been truncated to the scatterer surface. U_ now provides a basis for
checking satisfaction of the boundary comdition, for Ut can be compared to (-Ui)
on the scatterer surface.
This procedure lends itself well to iteratiom, for the scattered field can be
3 & =

updated by U(“) =- B(U:(J 1)) + 6(-Ui), following which the scattering current
associated with this field can be found from

J(J) = F-l{G-lU(j)}

Boundary condition satisfaction for this current can again be checked following
truncation of the scattering current and determination of the resulting scacttered
field.

The iteration-boundary condition check can be carried out by the following
procedure:

(1) Obtain a first estimate of the transform of the scattered field in the
plane of the scatterer from (7) as

v gty + 3 (34

where the F function is given from edge and/or cormer diffraction terms.

Observe that 9(-01) is exact as determined by the surface boundary conditionm,
while 3(F) is approximate, since it has been determined Irom a proposed aswvmptoric
solution.
(2) Determinme the associated scattering current Zrom
3\0) i F-I{&—l . U(O)}

—
s

where G is given bv exp(ikR)/47R and R is the distance bdetween the "source' and

| —

T =G aeuy + am) (31)

(33)
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one may detarmine the unknown coefficients 51 and g_ in terms of the tramsiorm of
the surface H-field as : -

1
/

e R e S - wr?v-:»v'i{’-"v 4

"observation" points. Note that in this application, R is specialized so that all
observation points lie in the plane of the scatterer.

(3) Truncate the current to the scatterer surface

N N —

I < st (36)
(4) Determine the scattered field ia the plane of the scatterer by
vl® =l . 3Oy an

Satisfaction of the boundary conditiom on the scatterer surface can be checked
at this point.

(5) Update the scattered field so that the boundary conditiom is satisfied. ?’

v asgdy = s(u‘o‘ . (38) ]

Note that this step is necessary because 3(Uéo)) has been determined frem J:,
and will not, in gemeral, satisfy the boundary condition. This stap is the
parallel to (12), except that the external field estimate has been updated by
the iteration procedure, replacing the initial guess.

(1)

(6) Continue the iteratiom by repeating Steps (2) - (3), using U in

place of U\O).

Obviously, the iteration can be repeated as many times as desired, or until
convergence of the scattering current and scattered field is obtained. The
accuracy test is incorporated into Step 4 where the scatterad field is obtained
at the surface of the scatterer and can easily be examined to determine boundary
condition satisfaction. Note that after the boundarv condition check has been f
carried out, in order to continue the iteration, the scattared field on the surface

is discarded and replaced by the known, exact scattered field.

Tasting the Cornmer Diffraction Coefficient

In order to test the contribution of corner diffraction to satisfaction of the
boundary condition on the surface by the method previously descrided, it is
necessary to find the field exterior to the scatterer (3F) associatad with cormer |
diffraction. This is accomplished in the following manner. The far field as
scattered from the vertex of a quarter-plane is determined on a grid of cbser-
vation points, which include points described by imaginary angles. This effec-
tively gives the transform of the field in the plame of the scatterer, since the [ 4
two are related by |

1

TS ' ' 'r’ - 9
o7 (x',y',0)} g ; (39) .
‘a-sinecos¢

| 3=gindsin¢
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wnere U (x',7',0) is the scattered field in the plane of the scatterer, U  is

the scattered Zar field, Q is a comstant, and 3 is a standard spherical coordinate
observation angle. A Fast-Fourier T:ansrorm (FFT) algorithm is used o find the

planar scattered field dv iaverting F:U 3 (x! ,v',0):. The complementarv operator |

3 is amploved to obtain the scattered field exterior to the quarter plane. This
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is che "F" function desired. Fimally, an FFT is again emploved to get 8F , the
transform of the F function due to the cormer; this term contributes to the trans-
form of the scattered field used in Step (1).

| |
: In order to aid in evaluation of the effect of the cormer diffraction coefficient
on boundary condition satisfaction, two error terms are defined. A global error
N

term ¢ is defined as Ej = 'ﬁElE
positions of the sample points on the scatterer and Uj dernotes the scattered field

1 12
[Uj(xn’yn) +U (xn.yn),, /N where X and v, are the

8

= - th a .
from Equation 37 at the j— iteration. 4 local cormer error term Aj was defined 4

0.25)\ region at the ,EE corner. The error terms that resulted from using a(?c) =N
(no corner contribution) were compared to those that resultad when a single vertex
term was included and to error terms when contributions from all four cormers

were counted.

similarly, difZering from ¢, only in that (xn, yn) was confined to the 0.25) by >$
i

The boundary condition test was carried out om a two wavelength by two wavelength

plate. The testing procedure was carried through three iteratioms; Figs. 15 and

16 present the scattered field at each iteration for a normally incident scalar |
wave. Shown is the scattered field for a comstant y value cut through the plate.
Figure 15 presents a cut aear the edge at y 0.1 wavelength, while Fig. 16 shows f
a cut near the plate center at y = 1.0 wavelength. Figure 17 presents a repre-

sentative scattering ''current' verv near the edge at y I 0.03\. Bacause the

constant y cuts cannot represent the behavior of the total scattered field,

Tables 1 and 2 present results of the "error terms" ¢ and A. Note that both

tables include results when only ome corner diffraction coefficient was included. i
The cormer error terms of Table 2 are taken at the cormer at which a single vertex 3
diffraction coefficient was included. ¢

TABLE 1 Total RMS Error, ¢, for Normal Incidence

™

g (= 5
1 2 3 ,

: {1st Iteration ' 2nd Iteration |3rd Iteraticn

|
I
| |
l
|

Yo Vertices «22 { 3127 .048
One Vertex «207 121 .047
Four Vertices .156 .103 .043

TABLE 2 Local Corner RMS Error, J, for Normal Incidence

1 | 1 1
3 ! 8, 3

N R BT e

|1st Iteration !2nd Iteration |3rd Iteration

1
é No Vertices | .373 § .205 .069
; One Vertex | .360 : 592 .067
8 FTour Vertices| 294 | ) .067

i

Discussion of Results !

The figures and tables indicate that use of vertex diifracted fields does improve

boundarv condition satisfaction. Of greater interest, however, is the periormance |
of the Iterative Accuracy Test for 3oundary Conditions procedure. The authors'

. experience is that both scattaering currents and scattered fields are well converged

' after three iterations as illustrated in Figs. 15-17.




while the more regular slot is readilv handled.

Representation of the slot spectrum was achieved by first determining the H-field
spectrum due o an elemental dipole source (the dirsct asvmptotic solutiems or,
for the amalytic case, = - = :(o(;-a)a(a)o(~)\. The H-spectrum was then

3 - SURFACE ]
multiplied by the transform of the slot distribution, wnich is equivalent ¢
convolving the elemental source with a distribution in the space QOmazn. 3
finite slot as shown ia Fig. la, the transforms used were of the Iorm

c
or a

In additiom, this procedure seems to be relatively insensitive to the initial
approximation; indeed, use of an identically zero scattared field external to the
scatterer is an acceptable initial approximation.

For use in electromagnetics problems, them, the Iterative Accuracy Test for Boundary
Conditions can serve a dual role. The contribution of a proposed diffraction co-
efficient to boundary condition satisfaction can be determined by carrying the test
through one iteration for two different cases: First using the far field as given
by physical optics plus (possibly) other known diffracted fields (such as eadge
diffraction) and, second, using the far field of the first case plus that added by
the proposed diffraction coefficient. Examination of the surface fields indicates
the change in boundary condition satisfaction due to the solutionm under test.
Alternatively, the iterative procedure can be used to solve for the far field amnd
scattering currents without resorting to asymptotic techniques. If the body is
such that the extermal scattered field i{s appreciably diffarent from zero, then
asymptotic solutions can be used to formulata the initial gzuess, with a possible
increase in the rate of convergence.

It should be pointed out here that solution for the scattering currents inherent
in this method is an important attribute. Given the scattering currents, the
engineer is abla to compute both far fields and near fields; and the fialds so
determined are guaranteed to be regular and free of singularities.

SUMMARY

Three different procedures for testing the effect of asymptotic solutions on boundary
condition satisfaction have been presented. Two are formulated entirely using spec-
tral domain tachniques, while the third retains cthe optiom of performing the test
entirely in the spatial domain. Two tests are best suited for testing asvmptotic
solutions to surface fields, while the third can also be emploved to tast asvmptotic
solutions that give the scattered far field. One of the tests is particularly
well-suited Zor use as an iterative equation and seems relatively insemsitive to

the initial approximation. In contrast, the iterative aspects of the Intagral
E-Field Test are limited to particular cases where certain conditions are met.

Two of the tests are global in nature and test the entire solutiom, while the
"Integral E-Field Test'" displays both global test and local test characteristics.

With communications, radar, and aissile systems moving toward use of higher and
higher frequencies, it seems certain that use of asymptotic solutioms by engineers
will increase. The tests presented here provide a means by which new proposed
solutions can be evaluated.
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Fig. la Geometry of asymptotié solutions: Magnetic dipola in
the presence of a perfectly conducting infinite cylinder.
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7ig. 1lb Geometry of asvaptotic solutions: Magnetic dipole in
the presence of a perfectlv conducting infinite cvlinder.
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AN INTEGRAL E-FIELD ACCURACY TEST
FCR HIGH FREQUENCY ASYMPTOTIC SOLUTICN

M, Tew and R. Mictra

ABSTRACT

The increasing use of conformal slot arrays has generated considerabdle
interest in the analvsis of radiation on cylindrical structures. Since 1974,

chree different asyvmptotic solutions to the problem of radiation on an infinite

circular cylinder have been published. These solutions, whose accuracy increases
3s scme parazeter (such as the wavenumber) increases, have the unfortunate prop-
erty that it is difficulc to estimate their accuracy when finite frequencies are
used. Pravious attempts by the authors at achieving an accuracw test Ior
evaluating asymptotic solutions resulted in a test that was qualitative in

nature and highly dependent on the sou ce region accuracv of the proposed soluticu.
Through the use of Green's Identities, a new test based on satisfaction of the
E-Fiald boundary condition is formulated. The proposed test is quantitative

in nature, is straightforward in applicaction and displavs a nixed local/global

nature. Under some circumastances, the test lends itsell to application as an

iterative equation for point-by-point improvement of a provosed solution.

Introduction

The problem of magnetic dipole radiating in the presence of a conductinag

cylinder has received increased attention in recent vears bdecause of the insights
iz provides into the performance of slot antennas on cvliadrical structures.
Xnewledge of the induced currents,for example, allows the engineer to calculate
autual coupling between slot antennas in a conformal arTav or to accuratelvr

compute far-field patterms. ince use of the exact modal solution is impractical

for aumerical computation of the induced curreats, approximate sclutions which

e ————




are asvuptotic in nature are often employed. This paper proposes an accuracy
test based on satisfaction of the E-field boundarv condition which mav bde
applied to anv proposed solutionm.

The problem addressed consists of an infinitesimal magnetic dipole
radiating on an infinitely long, perfectly conducting, circular cylinder.

The exact modal solution [1]-[2], which is in the form of an infinite integral,
converges so slowly as to make its use impractical for numerical calculatics
Various approximate solutions, more suitable for numerical computation, have
been provosed [3]~-[8]. Two of the solutioms, [3]-[6], are derived from mani-
pulation of the modal solution. These solutions are denoted as Asymptotic
Solution -1(AS-1) ([3]-[4], and Asymptotic Solution - 2 (AS~2) [5]-[6], Dased

on their chronological order of publication. The third approximate solution
[7]1-[8] is based on a modification of the work of V. A. Tcck addressing the
problem of radiation on a sphere and is denoted Asymptotic Solution ~ 35 or
AS-3,

These approximate solutions are asymptotic in nature, that is, their
accuracy increases as some parameter', such as the wavenumber, increases.
Unfortunately, the accuracy of these solutions is difficult to determine at
finite frequencies. A previous attempt at achieving an accuracy test was
based on relating the spectral components of the approximate H-field to the
spectral components of the E~field [9]. This test, however, was strongly
dependent on the source region accuracy of the proposed solution and was global
in nature. That is, the "E-field Accurucy Test" described in [9] had no voint=-
test character, but tested the total solution. This paper proposes an
alternative test, the "Integral E-Field Accuracy Test" based on satisfaction
of the E-field boundary condition on the cvlinder surface. This test mav be
formulated from either Green's Identities or Generalized Lorentz Reciprocitcy
and displays a mixed global/local character. For some cases, the socurce

region of a proposed solution can be essentially excluded from contributing
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to the accuracy test, vielding a very strong local or point-test character.
Under thcse circumstances the "Integral E-Field Accuracy Test" also lends

itself to formulation as an iterative equatiom, allcwing point-by-point
improvement of a proposed solution. This paper will first review the proposed
solutions and follow through with the formulation of the "Integral E-Field
Accuracy Test." Results of applying the accuracy test to the proposed solutions

as well as a discussion of these results will be presented.

Provosed Solutions

Figure la presents tne geometry of the procblem. An infinitelv leng,
perfectly conducting, circular cylinder of radius R is located with the
cylinder axis coinciding with the z-axis of a standard p, ¢, z cvlindrical
coordinate system. An infinitesimal, phi-directed, magnetic dipole is located
on the cylinder surface at Q' given bv the coordinates o0 = R, & =0, z = 0.

The H-field on the cylinder surface is observed at a pecint Q located at ¢ = R,
o= ¢T’ ? = z,. The proposed solutions are ray-type solutions, and the

surface fields are dependent on the geodesic path between Q and Q' defined bv

the surface path length, S, and ray angle, @, measured from the ¢-axis to the
surface rav.

The cylinder is a developable surface and a geodesic path on the cvlinder
surface becomes a straight line on the infinite strip that makes up a developed
cylinder. Figure 1b shows the developed cylinder and introduces the local ﬁ', ;',
t'and 0, 5, £ coordinate-systems, where i', A are the outward normal to ;he
surface » and t',t are tangent to the surface path at the source and observation
points, respectively (6' = €' x fi', 6 = £ x n). Both the AS-1 and AS-3 solutions

- -

give the surface fileld in terms of fields parallel to D and t as

A (Q =¥ - (S'Sab + t'EH) (L




where M4 is the magnetic dipole moment. In this paper a circumferentiallv
oriented dipole is treated, i.e. M = 3. For this case, conventional Hz

and H, fields may be found from H, and H from
¢ t

H° = cosze B+ sin?'GHb (2a)

= sinCcosP(H - 2
B, sinCcos@(H, - H,) (2b),

Each of the proposed solutions gives the surface H-fields in terms of a
Fi combination of "Fock functions," u (Z), v(Z), and vl(i) and their deriva-
: tives u'(g), v'(%), and vl'(E) respectively. Z is a normalized distance
parameter given by £ = ¢§§%2-01/3s where k is the wavenumber, Rt is the
radius of curvature in the direction of t given by Re = R/cosze and s is
the path 1length, s = /T§$T:1:-;:-. The radius of curvature in the.dir-
ection of g is also enploved and is given by Pb = R/sin?5. The AS-1

solution as tested gives the surface fields as

Hy(Q) ~ v(§)G(s) : (3a)

! H(Q - (& 1) u(8)6(s) (3b),

LE trthere H. of (3b) differs from the Hy given in [3]-(4] by a factor of 2

(this is done so that as k »® the H, of (3b) recovers identically the (ks)~2

¥ 5 term of the known exact solution). The AS-2 solution is given bv

H (Q) ~ {v(i)[sin o+ E- (1 - 3sin‘e)]

(‘-)sec O[u( ) - s‘nzrv &)1i6(s) (4a)

H_(Q) ~ -sinScosOv(E) [1 - -11 G(s) (4b)
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for the case of a circumferentially oriented dipole. The AS-3 solution

gives the surface fields as

Lyve - (—) 24(8)
v + (Rt/Rb)u' (§) 1}6(s) (52)

Hb(Q) 54 {(1 -
+ j(vZ kRt)

-573

B.(Q - GD© + A - @ + 3T @) ).

In Equations (3)-(5), G(s) = kz/(2njn)-e-1ks/ks, where n is the impedance
of free space.
As O goes to ninety degrees (a ray propagating down the cvlinder axis),

Hb becomes identical to H, and the solutions reduce to

¢
H(Q ~ (%})c(s) for AS-1 (6a)
B, @ - (1 -5+ QYT G210y for as-2 (6b)

1/2
andu (Q ~ [L-a—- &2 +3TL2 ~3n/e ()7 °

b - 6"+l = — 16(s) for as-3  (6c).

Thus, for © equals ninety degrees, both the AS-2 and AS-3 solutions vary

-1/2, while the AS-1 solution shows a free-space like

asymptotically as (ks)
attenuation of (ks)-l. It will be seen that the proposed accuracy test
is particularly well suited for evaluating the solutions along © = /2,
and thus may aid in determining whether asymptotic behavior as (ks).l

(ks)-IIZ

is more correct.

Formulation of the Integral E-Field Test

The Integral E-Field Test may be formulated using Green's Identities,

Generalized Lorentz Reciprocity, or from first principles using Maxwell's
Equations and Gauss' Law. The defining equation for the Integral E-Field

Test is given by:
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where fields and sources from two different envircnments, A and B, are
related in a single equation. In order to achieve an accuracyv test,

Environment A will denote the environment of the approximate solution;

that is, an infinitely long, perfectly conducting circular cvlinder

in free snace. An nfinitesimal phi~-directed magnetic divole, gA.
radiates in the presence of the cylinder (Fig 1). Environment B is

made up entirely of free space. A magnetic dipole source (or sources),
ga, will be placed in Environment B, giving rise to electric and mag-
netic fields EB and EB (Figure 2). The-fields in Enviromment A will be
termed "asymptotic fields" because they will be given by the approximate
asymptotic solution. The fields in Environment B will be termed "“test
fields" because they will be emploved to evaluate the accuracy of a
proposed solution. The volume V is defined as being enclosed by surface
S, which is made up of concentric circular cvlinders, Sc and SO. Cvlinder
SC has radius R + §, where § is vanisdingly small, and S, has infinite
radius. In Environment A, Sc and S, will be placed so that their axes
coincide with the axis of the perfectly conducting cvlinder; while in
Environment B, S may be placed anywhere as long as it does not intersect
any of the sourccs.ﬁB. Since the sources in both Environments A and B
are of finite extent, the fields EA. EA, EB, and iB. will obev the
radiation condition- with the result that the surface integral over Sm

-

is zero. Equation 7 may then be rewritten as

[Jef @Beqa = [ I3 @haa - J] @7 PPav (8)
c ¢ h
The accuracv test {s accomplished bv arguing that the exact solution to
a dipole radiating in the presence of, but not on, the perfectlv conducting

¢vlinder would sacisfvy the boundarv condition that the tangential electric
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field is zero evervwhere on the perfectlv conducting cvlinder surface.
Taking ¢ to be vanishinglvy small, the surface Sc almost coincides with the
conducting surface so that the magnitude cf the lef:-hand side of Eguation
8 can be made as small as is desired, approaching zero in the limit as 4
goes to zero. The amount that the right-hand side of Equation 8 differs
from zero will be termed the "error', €, and will be used as a basis for

comparing proposed solutions to the problem embodied in Eavironment A,

SRl - -
€ = fsj B x P - [/fv (@ - B 0) dv (9)
¢
§~0

If delta-function type sources are used for both Envircnments A and B
(and they are implied by the proposed solutions of Environment A), then
the volume integral of Equation 9 reduces to a sampling oneration and

becomes

€ = fs/ B o« d - B0 + AP

10),
c
§+0

where the symbol Hi(MJ) denotes the operation ﬁi(xj Yj' zj)'g!j in which
»

the fields of Environment i are sampled at the position of the sources

in Environment j, and the dot product is taken with the unit vector

parallel to the "j" source. Now, if € is sufficiently small, Equation 10

may be cast into the form of an iterative eauation as

1 -
Se
§+0
Thus the field at a point (the location of source MB) may be updated bv
modifying the proposed approximate solution by the error term associated

with that point. Observe that the exact solution would satisfv € = 0 in

Equation 10, so that using Equation 11 to iterate would not change the

field value at all.

S\l ?.&.(.q‘., W
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In review, the formulation of the Integral E-Field Accuracy Test has
been accomplished through the use of well-known properties of electro-
magnetic fields. The resulting equation is straightforward, involves .
known quantities, and in general, consists only of sampling operationms
and numerical integration. In some cases, the test may lend itself to

point-by-point improvement of a proposed solution.

-

Practical Considerations for the Integral E-Field Accuracy Test

While Equation (9), which defines the test, appears to lend itself
to direct evaluation, several practical aspects of the evaluation must
be considered. First, an important step in formulating Equation 9 was
that the tangential E-Field vanishes for a source radiating in the presence
of the cylinder, while the published solutions are for the case of a

dipole radiating on the cvlinder surface. To perform the test, the

proposed solutions were extended to the case of a dipole radiating a

distance A away from the cylinder by modifying the path length, s, used

in determining the surface field. The modified path length s' used in

Equations (3)-(6) was computed from s' = Vst + A<, where s is the surface

NI g LR

path length., In addition to satisfying the assumption made in formulating
the test, raising the dipole allows numerical calculation of the integral : 1
in Equation 9, since the HA fields have a finite peak and are not singular
(source region 5 fields are singular for a dipole located on the surface).

Location of the test dipole(s) with respect to the surface coin-‘di-

with the perfectly conducting cylinder (this surface will be denoted Si) %
greatly influences the test results. A test dipole placed so that it sam- ;
pled the surface magnetic field of the approximate solution would seem to ?

lend a local character to the test. However, a test dipole so located
would introduce singular EB fields, making numerical integration more dif=-

ficult. Accordingly, the test dipole is, in general, located a A distance
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away from the surface corresponding to the cvlinder surface. The E

fields on the surface of integration are calcualted exactly, but the

HA

field at MB is approximated by the HA field at the point on S: clos~- |
est to the location of MB. In other words, if the sampling operation |
HA(MB) required finding HA(R + 4, @t. :t)‘ this would be approximated by
HA(R.ét. Zc). The arror introduced bv this aporoximation was checked

bv applving the test to a problem with a known solution, that of a
magnetic dipole radiating over an inrfinite ground plane. For 4

equal to one sixteenth of a wavelength, the error introduced by this

assumtion was negligible compared to t¢'s computed in the cvlinder tesct.

~

Observe that the user has complete freedom to place one or ;
several test dipoles in Epvironment B. For example, two test dipoles
) and (R + 4

could be used, located at (R + ), o =

3 - v @ ,
TST" TEST TST TST

This would have the affect of creating a nlane of zero EB fields that
coincide with the HA source region, Evaluation of the integral of
Equation 10 shows that this would decrease the contribution of the
source region H; fields (due to zero Eg) and emphasize the source region
Hg field. As this {llustrates, use of multiple~dipole test config-
urations generally involves a trade-off of some kind, so that the simnle
single test dipole located d away from Si has been chosen as the '"stan-

dard" test.

Results of the Integral E-Field Test

Results presented in this section are for a case with g = 1,51741

and 4 = \/16, and \ is the wavelength. Fields were samoled through the

full 27 radians and from -2.0\ < 2 + 2.0\, where the test dipole

<
—_—

TST

was located at (R + }, °’ST' :TST)' A fine numerical integration was

performed in the one square wavelength region {mmediatelv surrounding
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both the "test" and "source" dipcles with sammling rates of A4 noints/®
in the z-direction and 78 points/} in the 2?-direction. lNumerical int-
egration over the rest of the surface was accomplished with a sampling
rate of 32 points/)A in the z-direction and 48 peoints/A in the *-dir-
ection. For cases presented here, a single, phi-directed test dioole
located A/16 away from Si was used. For tests along @ = 7/2, along

the cylinder axis, a two-test-dipole configuration was also used with

)

phi~directed test dipoles located at (R + 4, 0, 2_5_) and (R = A, 0O, :TS*"

The test equation under these conditions becomes

) da - a;‘(x“)«--a;‘(x“) (12)

Figure 3 shows the fields along the cylinder axis (2 = 90°) as predicted
by each of the three published solutions. Shown are the magnitudes of the
zeroth-order u@ fields, unchanged except for the extension of raising the
source dipole /16 above the surface. Zero dB reference for all the plots
is the magnitude of the AS-2 solution at z = 0.5\ along @ = 90°, <“igure
4 presents the "error', € associated with each of the solutions, while
the results of applying Equation 1l are shown in the iterated magnitudes
of Figure 5.

Figure 6 presents the errors when the two-test-dipole configuraticn
was used, while Figure 7 shows the iterated magnitudes resulting from
a dual dipole test. Figures 8, 9, and 10 present the same information
(zeroth-order field magnitude, error, and iterated magnitudes) for a

path along @ = Q°,

Discussion of Results

In figure &4, the error associated with the AS-3 solution is less




¥

the error associated with either the AS-1 or AS-2 sclutions for 2 > 1
The i{terated field magnitudes of Figures 5 and 7 show much less dismersicn
than the teroth-crder zagnitudes of Figure 3. The i{terated magnitudes are
closest to the zeroth-crder AS-3 solution. Seversl factors combine to
increase confidence in the test results along @ = $0°. First, the magnit-

ude of the error term is relatively small with respect to the magnitude

A(0)

of H (H’). so that the criterion for successful iteration is close to

being met. Secondlv, for both single and dual dincle tests, the asvmptotic
source-region field contributes veryv little to the integral that makes up

the error term. For the single dipole, this is easilv seen from the fact

that for Z... >> A along 3 = 90°, the g?

.

field evaluated at (R,0,0) will
be primarily o-directed with a very small E_, or Eocompcnent. At the same
time, the test field gn directly underneath the test dipcle will have a

very large Ez component, emphasizing the local H _ field. For twe dipoles

-

located at (R =+ 3, 0, ZYST)' the plane of zero tangentjal electric fields
{s tangent to the cvlinder at § = O, reduc’ng the asvmptotic source region

contribution. Local H, field emphasis does not occur with the two dipole

B

test, however, since the plane of zero tangential E-fields extends through

Z2=23 Thus, for Z >>  along @ = 90° the Integral E-Field Test

ST

should have a very strong local character and be almost unaffected by the
source-region accuracy of the proposed solucion.

1/

~

For large 2 the (ks) ' “ pehavior becomes dominant in the AS-2

TST
and AS-3 solutions. The AS-3 solution shows the least error for this
rauge. The iterated values are closest to the zeroth-order AS-3
solution, and deviate most from the cteroth-order AS-1 solution. Because
the iterative equation is convergent, and because source-region errors
contribute very little to the error term or iterative process for this
case, the authors feel that this is a strong indication that asvmptotic

behavior as (ks)-l/' is more correct than (ks)-1 attenuation along @ = 9Q°,

v AU E




Single dipole tests along angles cther than = = 90° will introduce
an asymptotic source region contribution to the integral of Equation 10,
with the amount of contribution dependent on the path length and G-angle.
The local E-fields in the vicinitv of the test dipole remain large, so
that it is expected that the test will displav a mixed local/global cha-
racter. The results of Figures 8, 9, and 10 reflect this, for while the
zeroth-order magnitudes are relatively close, there is a large variance
in the associated eerors. If the test were trulv local, the associated
errors should also be relatively close., Examination of Figures 8 and 10
reveals that along @ = 0° the iterative equation is divergent instead of
convergent. Close examination of the results of the integral of Equation
10 reveal that the contribution from the vicinitv of the asymptotic source
dominated the contribution from the rest cf the surface, including the
region around the test dipole. The integral of Equation 10, in tum, is
the highest contributor to the error, €. Thus, for @ = 0°, the Integral
E-Field Test retains local character only in the sampling operation. The
large source~region contribution drives the error term up so that its

A(0)

magnitude is not small compared to H (HB) and the iterative equation

diverges.

One may be tempted to emplov two dipoles located at (x
(@Y 2 1
2, @ .y

-
-

(i) = RCOSQtn

v () &
¥y Rsinot, Zc) and at (x 2R

. > Zc) to obtain asym-

ptotic source region cancellation. This introduces the problem of determ-
ining the scattered field at the location of the second dinole. Unfortun-
ately, if surface equivalent currents are used to find the scattered field
at the test dipole, then.it can be shown that the test is identical to a
single dipole test. That is, the use of surface equivalent currents to

find HA(MB) always leads to the result that ¢ = 0, for anv oronosed solut-

v m— e, v —

G T e —




ion when YB is entirelv located external to Si. (Observe that for = = 00°,
the second dipole lies outside of v, and this problem is not encountered).
Use of other aprroximations to find the '"scattered field" external to the
cylinder would introduce an unknown error, so use of remotelv located di-

poles was abandoned for angles other than © = 90°,

Thus, the "Integral E-Field Test'" displays, in general, a mixed
local/global character which changes according to the location of the test
ipole. For @ = 90° the test has almost entirely a local character, with
very little contribution from the asvmptotic source region. Under these
conditions, the error term is relatively small compared to HA(O)(MB) and

the iterative equation converges. For angles other than = 90° the
asymptotic source-region begins to contribute to the integral result-
ing in a mixed local/global nature. At the same time, errors in the
source region tend to increase the magnitude of the error term, so
that it is no longer small compared to HA(O)(MB). In this case, the

iterative equation shows less of a tendency to converge and may diverge.

Summary
Generalized Lorentz Reciprocity has been emploved to formulate
an accuracy test that mav be used to check any proposed solution. The

test is straightforward in application and general in nature, that is,

not limited to testing cnly cyvlindrical geometries. The test is quantitative
in nature, .and requires only numerical integration for imnlementation.

The Integral E-Field Test has local character in that the error computed

is associated with a single point, although the entire solution contributes
to the computation of the error term. In cases where the errcr is small
conmpared to the value of the proposed solution, the test lends itself to

use as an iterative equation.
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When the test is applied to the problem of magnetic dipole radiation
in the presence of an infinite conducting cylinder, it was found that

tests along the cylinder axis lend themselves tc iteration. Along the axis,

1/2

sy
test better than solutions that varv as (ks) ~

solutions that vary as (ks)
for large path lengths. Tests at points other than on the axis generate
error terms that are large with respect to the approximate field value, so
that the iterative equation is not convergent. The source regions of each
of the proposed solutions were found to contribute significantlv to the

large error terms for tests of points off the cvliinder axis.
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Transform Approach to Electromagnetic
Scattering

RAJ MITTRA, rerrow, teee, WAl LEE KO, MEMBER, 1EEE, AND YAHYA RAHMAT-SAMII, MEMBER, mEE

Invited Paper

Abstract-In this paper, we present 2 comprehensive review of the
Fourier transform technique as applied to the problem of high-fre-
quency scattering and introduce the concepts of the spectral theory of
diffraction (STD). In contrast to the more commonly employed ray-
optical method for high-frequency scattering, viz. the geometrical
theory of diffraction (GTD), the STD approach interprets the scattered
field as the spectrum, or the Founer transform of the induced current
on the scatterer. Such an interpretation offers several important
advantages: uniform nature of representation, capacity to improve and
extend the ray-opticai formulas in a systematic manner, and convenient
accuracy tests for the results. Methods for combining integral equation
methods with the Galerkin procedure and asymptotic techniques in the
transform domain are descnded, and representative examples illustrat-
ing the application of the spectral approach are included.

NOMENCLATURE

STD Spectral theory of diffraction.
UTD Uniform theory of diffraction.
UAT Uniform asymptotic theory.
u' Incident field.

u? Scattered field.

Manuscript received December 4, 1978, revised July §, 1979,

This work was supported in part by Joint Services Electronics Pro-
jects under Grant NO0O14-79-C-0424, and in part by Office of Naval
Research under Grant N00014-.75-C-0293.

R. Mitra and W. L. Ko are with the Electromagnetics Laboratory,
Department of Electrical Engineering, University of [llinois, Urbana,
IL 61501.

Y. Rahmat-Samii is with the Jet Propulsion Laboratary, Calitornia
Institute of Technology, Pasadena, CA 91103,

Total field.

Electric field.

Magnetic field.

Induced electric current.

Fourier transform operator.

Inverse Fourier transform operator.
Transformed function.

Transformed function.

Spectral diffraction coefficicnt.
Edge diffracted field.

Physical optics field.

Geometrical optics field.

Field of edge !.

Field of edge 2.

Fresnel function.

Asymptotic term of Fresnel function.
Physical optics current.

Truncated physical optics current.
Induced current on a semi-infinite half-plane.
Diffracted field in UTD formulation.
Step function in Section III.
Truncation operator in Section IV,
Complimentary operator.

Dyadic Green's function.

Basis function.

Testing function.
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MITIRA er @i TRANSFORM APPROACH TO ELECTROMAGNETIC

I INTRODUCTION

(N PECTRAL-domain analysis, which makes use of the
% Fourter transform techmque, has a long history of apph-
N/ cation physics, applied mathematics, and engineering
An important attribute of the method 15 its abibity to trans-
form partial and ordinary differential equations into algebraic
equations which are often easier to solve mn the transform
domain. Since the avadable references on this subject are too
aumerous to bde listed here, we mention only four standard
texts [I]-[4] for the readers wterested in reviewing the
general concepts of the transform techmique. In electromag-
netics, the Fourner transform technique has played a rather
unportant role in solving many canonical problems, e g, the
half-plane and semi-infinite waveguide.

The conventional application [S]-[12] of the transform
technique is rather limited, since it can only be used to con-
struct solutions for a class of boundary value problems asso-
aated with specialized geometnies. However, a number of
extensions of the method to a modified version of these
geometries have been published {10], [11]. These extensions,
which often make use of function-theoretic methods, enable
one to denve approximate analytical solutions to a wider class
of problems than had been possible using the transform
method alone.

Recently, the digital computer has opened up new vistas to
rescarchers in electromagnetics and other disciplines, and has
enabled them to attack a much wider class of problems than
has been possible prior to the avallability of high-speed com-
puters. In emploving the computer as a problem-solving tool,
it 1s often tempting to let the computer do “all the work.” In
this event, one employs little or no analy tical preparation pnor
to proceeding with the numencal steps on the computer.
However, expertence shows that the computer offers no
panacea, at least when it s used in the manner indiwcated
above. This is because for many practical problems, the re-
quirements on storage, computational time, and cost ca be
prohibitively large if one uses a purely numernical approach.
These limitations become particularly severe in the resonance
region and above, where the geometrical dimensions ot the
object are on the order of two to three wavelengths or mote,
Below this region, the integral-equation formulation combined
with matnx methods (13], [14] is wellsuited for deriving
numerically rigorous solutions to radiation and scattering
problems involving objects of arbitrary shape.

For frequencies above the resonance region, the transtorm
technique has been found useful for denving efficient
numerical solutions to radiation and scattenng problems by
combining ntegral-equation formulation with asymptotic
techmques in the transform domain, The early application of
the spectral technique had demonstrated its usefulness for a
class of geometrnies involving open waveguides and scattenng
problems [(S]-[{21]. Recent studies have shown that the
scope of application can be considerably enlarged while
simultaneously improving the ¢fticiency of computation by
mncorporating the existing high-frequency asymptotic solutions
nto the solution procedure. Consequently, this paper focuses
mainly on this combination procedure which appears to offer
the greatest potential for systematic and accurate solutions
to radiation and scattenng prodlems in the resonance region
and above.

Turning now to a bnet review of the asymptotic techniques,
perhaps the most significant works on the sabject are the two

SCATIERING
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pioneering papers by Keller [22], {23] which introduced the
concepts of the geometncal theory of diifraction (GTD) by
augmenting the classical geometncal optics (GO) field expres-
sions with the edge-diffracted fields from sharp comers
KNeller's GTD and some of its extensions have been descubed
n a2 number of review papers and book chapters (24]-{27!,
an exhaustive set of useful references can be found in | 28]
Although in the last fi{teen years Neller's GTD has played a
very significant and umique 1ole in solving high-frequenqy
scattening problems, tts onginal form s known to break down
at shadow boundaries,' reflection boundaries, and caustics
Two uniform theones have recently been developed |29]-
[31] for circumventing the difficulties associated with Keller's
GTD in the neighborhood of shadow boundanes. Each one
of these theories is based on its own Ansatz and yelds duf-
ferent forms for the expressions of the field in the transition
region between the lit and shadow zones. Another totally
different approach is based on a modification of physical
optics (PO, called the physical theory of diffraction (PTD)
developed by Ufimtsev and others [32], [33]. A comparative
study of the vanous asymptotic techniques [34], (35] can be
useful for evaluating the different methods for computing the
edge-diffracted fields in the transition regions

All of the aforementioned asymprotic techmgues based on
GTD, be they uniform or nonuniiorm, have two important
and fundamental limitations.

a) 1t is difficult to estimate the accuracy ot the solution,

b) there is no systematic procedure available for improving
the solution. The addition of higher order multiply-diffracted
terms in the asymptotic series can and often does lead to a
divergent result. In contrast, the spectral approach to scatter-
ing, which was introduced in the literature [36] under the
name of spectral theory of diffraction (STD), not only pro-
vides a built-in test for the satisfaction of the boundary condi-
tion, but is conventent tor improving the GTD or other as-
ymptotie solutions via Galerkin or iterative procedures also
[35]-(42]).

The pnncipal motivation of this paper is to present a com-
prehensive review of the spectral approach for solving electro-
magnetic scattering and diffractuon problems. In contrast to
that in the ray approach or GTD, which 1s essentially geo-
metne in nature, the scattered-field representation in the
spectral approach is in terms of the Founer transiorm of the
induced surface current on the scatterer. Although the basic
foundations of GTD and STD are different, the GTD solution,
where valid, is indeed identifiable as the result obtained from
an asymptotic evaluation of the transform-domatn representa-
tion of the scattered field  In addition, the integral representa-
ton provides a uniform solution requinng no a posteriorn
correction [36]. This topic is discussed in Section 111

The important subject of systematic improvement of high-
frequency asymptotic solutions via a combwation of GID
methods and integraleguation formulation is descrnibed in Sec-
tion [V, and some unique numerical advantages that accrue
from the use of this procedure are also demonstrated. Finally,
a tew concluding remaris on the spectral approach are given in
Section' V. Possible extensions of this approach to a number
of other important problems of practical interest are also
mentioned n this section.

' For the definition of various terms such as shadow doundaries and
ranSIIOn regions, see | 218).
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Fig. 1. (3) Diffraction of a plane wave by a half-plane, 0 € 2 « 7 and
-m S o < (b) Integration path I' for integral representation (11).

Il. FORMALISM FOR TRANSFORM APPROACH
1O HiGH-FREQUENCY SoruTtion —STD

In this section we introduce the basic concepts of the STD
via the half-plane problem. Since the canonical geometry of
the half-pline is one of ths cornerstones of the various non-
uniform and uniform theories of high-frequency diffraction,
we also choose this geometry to lay the foundations of STD.

The geometry of a perfectly conducting half-plane located at
¥ = 0. x < 0 and illuminated by a plane wave is shown in
Fig. 1(a). The Cartesian coordinates (x, ¥, z)and the cylindrical
coordinates (p, @, z) are erected at the edge of the half-plane.
Angles are defined positive!y counterclockwise with the range
{-7, =], We let the direction of propagation of the incident
plane wave be normal to the edge, i.e., -T=o0. This assump-
tion changes the vector nature of the three-dimensional prob-
lem to a two-dimensional scalar problem. Furthermore, the
problem may be classified according to the cases of E-wave
(nonzzro field components E;, Hy, H}.), or H-wave (nonzero
field components /4., E,. £,) by simply letting the incident
E-field or H-field be directed alternatively along the z-axis.
Unless otherwise specified, the cases of E- and H-waves are
treated simultaneously, with the help of two symbols u and
T such that

for E-waves: u=E,, r=-1 (la)
for H-waves: u=H, 71=+]. (1b)

The total field 4’ may be split into the incident field u' and
the scattered field u” to give

u =l us (2)

For a perfect electric conductor the total field u’ is subject to
the boundary condition «* = 0 or du‘/dy = 0 for £-wave or
H-wave cases, respectively, on the half-plane. If one defines
the induced electric current on the half-plane as

du' 0
for E-wave: J, = 3;— o (3a)
for H-wave.  J,=-u'| . (3b)

—
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and uses the time convention exp (-iwqg!), one can readiy
arnive at the following equations from Maxwell's equation [ 7),
[12]

0
for E-wave: u'=E}= xuoyf J.(x")go (k1P - x'%|) dx'

(4a)
AT
for H-wave u’:[l:‘=~a—- ’ Je(x)8o(klp - x'x|)dx
: ) 2
(4b)

where A = wo\//.x_s, M and € are the permeability and pernut-
tivity of the medium, respectively, and go(kp) = lH.',(kp),4
(H§ is the Hankel function of first kind and zeroth order).
The objective is to determine J and u* for the half-plane illu-
minated by an incident plane wave. This is done by using the
transform technique and employing the results given in [43].

A. Spectral Diffraction Coefficient and Total Field
Let us define the Fourier transform pair as

Ua) =f u(x)exp (iax) dx = Flu(x)] (5a)
and
~ me
“(-")3: U@) exp (-iax) da = F™ ' {U(a)}

“TV meia

(5b)

where A is a small positive number. The incident plane wave
can be written as

ul= exp (xl: Py = exp (1(Xyx + &k, »)) = exp (ikp cos (2 - ¢))
(6)

where Ky =k cos Q, k, = & sin 2, and 0 < Q < 7is the inci-
dent angle shown in FigA 1(a). Transforming (4) into the
spectral (Fourier) domain and applying the Wiener-Hopf con-
struction [10], one arrives at the following:

for £-wave: F[J.] = (xwou)".’((k,, a) (7a)
for H-wave: FlJ,] =-7",\'(k,_a) (7b)

where V(ky, a)is

X(ky, )= 2 ——2 )

and y = VG’_-? such that Rey > 0, and @ = -k cos . In
this work, unless otherwise stated, v/~ and ()"? are defined
with their proper branch cut slightly below the negative real
axis. Using the transformed version of (4) and then incor-
porating (7), one finally obtains

1 exp (-v 1)) E-wav
,J{ },\-(ky.a,ﬂv_l-‘_l_ e “N},
sgn () 2y H-wave
%)

Furthermore, one may notice that the following equation has




been used in the construction of (9)

- exp (-7l¥l)
5 F(2o(kp)] e

arrives at

! 1
ot e
47 |[sgn (@)

the path I', shown in Fig. I(b), and x(Q2, ) is

J where

QF ¢

Xi(22, ¥) =7 csc
r

case of Keller's representation.

We may further use (4) and (7) and introduce the spectral
coefficient of the physical optics field XP% as the Fourier
transform of the physical optics induced current to arrive at

2k,
+ky

for E-wave:  XYP%ky,aq)=

for H- T XPOUky, @)=
or H-wave (ky, @) P

The application of the change of variables used in (11) allows

one to express (14) as
X222, ¥) = x2°(Q, Y) + %, W)
where

3 K29, w)==ch;‘1’.
r

Introducing the change of variables x = p cos ¢,y = p sin ¢,
: ke =k cos Q, k, =ksin Q, @=-kcosy,and y = -1k sin y
. mnto (9) and substituting the result into (5b), one finally

} fx(ﬂ,&)exp(xl\p cos(y - [¢)dy
Jr

o E-wave
for
s H-wave

In the preceding equation y is the complex angle defined on

X(2, ¥) = X(k cos Q, -k cos ) = ;(R, V) + 1, (2, V)

We may notice that x,(-) and x,(-) have the same functional
form, i.e., csc (-). This definition of x; and ¥, is closely related
to the definition used by Deschamps in [24]. Clearly x; and X,
are infinite at ¢ = Q and ¥ = -, respectively. These two
values of ¥ correspond to the incident and reflection shadow
boundaries appearing in the classical GTD expressions which
are obviously ““nonuniform™ as a function of the observation

angle. As a matter of fact, x(§2, y) is precisely the angular
i part of Keller's diffraction coefficient, when ¥ is replaced by
the observation angle ¢. Although x tends to infinity at the
shadow boundaries, it does not mean that the field itself is
also infinite as Keller’'s GTD predicts. Instead, the correct
value of the field 1s obtained from (11), which is always
bounded. To distinguish it from Keller's coefficient, which is
associated with the diffracted field, we will refer to \(£2, ) as
the spectral diffraction coefficient for the half-plane.
terminology is chosen since x(£2, ) is associated with the
spectrum, or equivalently, the Fourier transform, of the in-
duced current and appears only inside the kernel of the plane-
wave spectrum representation for the field and not directly
in the form of a factor multiplying the incident field as ir the

2iv/a? - k2
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It is worthwhile to mention that x’, as defined in the follow-
ing equation, is bounded at the shadow boundaries

X, ) =x(Q, ¥) - xFQ, Y). (17

x’(Q, V) could be called the fringe diffraction coefficient.?

For the problem at hand, ie., incident plane wave, the
spectral integral (11) can be expressed exactly in terms of the
Fresnel integral, viz.

u’ = -exp (ikp cos (2 - @NF(-§))
+rexp (tkp cos (QL+@))F(E,) (18)
where the Fresnel integral £ is defined as
exp (-in/3)

F)=——7=— | exp(it*)dt (19)
v gt |

and

e T e s
£, =FV2kpsin
r

(20)

-

t

Using the analytic continuation argument, one can show that,
for complex angles of incidence, ecuaticn (18) is still the
proper solution of the diffraction problem. In this context Q
is replaced by the complex angle v which follows the path
[i((i%°, 0) U (0, ) U (7, = i%®)] in th= complex -plane to cover
the infinite spectrum of incidence angles.

In reviewing the material presented in this section, we note
that its principal contribution has been the introduction of the
spectral diffraction coefficient, which is shown to be asso-
ciated with the integral representation of the scattered field in
terms of the Fourier transform of the induced current on the
surface of the scatterer. The equivalence between the GTD
results and those derived from the spectral representation for
observation angles not close to the shadow boundaries can be
easily established by substituting the asymptotic expansion
of the Fresnel integral into (18).

One of the important attributes of the spectral approach is
that it provides a uniform representation of the scattered field
that is based on physical interpretation of the diffraction
phenomencn in terms of radiation from the induced surface
current. This feature allows one to generalize the formulas
such that they apply to a wide range of scattering geometries.
This point will be illustrated in subsequent sections with some
representative examples.

II. FINITE BODIES WITH EDGES—COMPARISON OF
SPECTRAL AND UNIFORM THEORIES FOR A
TypicaL EXaMPLE—THE STRIP

In the previous section we introduced the concept of
spectral-domain representation of the field scattered from a
half-plane and showed how the difficulties with Keller's
formulas in the transition regions could not only be inter-
preted but circumvented as well. Though the above result may
be interesting from a theoretical point of view, the diffraction
formula would be even more useful if it were applied to prac-

¥ The reader should be cautioned, however, that contrary to the pop-
ular belief, the fringe current (excess of physical optics current) is not
confined to the very near vicinity of the diffracting edge and the
assumption that the edge diffraction is a local phenomenon governed
solely by the configuration of the tip of the edge can, in some cases,
lead to substantial errors. An example of this occurring in a wedge-
diffraction problem is given in Section V.
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tical structures, which are obviously of finite extent. The
classical GTD formulas, when applied to such finite structures,
still contain spurious infinities,’ notwithstanding the fact
that the spectrum of the induced current, and hence the
scattered fieid, must be necessarily finite. Thus in contrast to
the half-plane problem for which it was necessary to express
the scattered field in terms of the integral representation (11)
because of the singulanties in the diffraction coefficient, the
far scattered field for the finite structure should be obtainable
directly from the spectrum of the induced current by a
straightforward application of the saddle point integration
technique (which would merely require a substitution of vari-
ables) in the integral representation for the scattered field. If
the transform or the spectrum of the induced current is
properly computed, the far-field expression derived from it
should be uniformly valid for all observation angles, including
the transition regions, and consequently, no a posteriori
correction would be needed for formulas derived in this
manner. This is in contrast to conventional GTD formulas
which are typically “repaired,” after the fact, by employing
one of the uniform theories, e.g., the uniform theory of
diffraction (UTD) of Kouyoumjian and Pathak [30] or uni-
form asymptotic theory (UAT) of Lewis, Ahluwalia, and
Boersma [29]. With this background in mind, we proceed in
the following section to compare the various uniform theory
formulas with the one derived from the spectral approach by
considering a simple illustrative example, viz. the strip. We
show that not only are the spectral formulas uniform in their
original format, and therzfore require no g posteriori correc-
tion, they are actually simpler and more accurate as well! The
increased accuracy resuits from the inclusion of a term which
arises naturally in the spectral formulas from a physical inter-
pretation of the diffraction phenomenon, but is shown to be
missing in the other uniform formulas which are based on the
assumption that diffracricn is a “‘local’” phenomenon. We will
see that the absence of this term can create nontrivial and non-
physical discontinuities in the scattered far field. This fact
will be further illustrated in Section V, where we consider
another wedge diffraction problem, viz. the diffraction by a
rectangular cylinder.

Before closing this section it will be worthwhile to point out
that the spectral approach does not achieve the characteristic
advantages described above by abandoning the conventional
and well-familiar formulas of Keller’'s GTD, which have un-
questionably established themselves in the literature on high-
frequency diffraction and proved their usefulness for com-
puting the scattered field except in the vicinity of observation
angles near the “trouble™ regions. Interesting, the Keller
coefficients blend in naturally in the STD formalism which
makes explicit use of the GTD expressions in the representa-
tion of the scattered field. However, the interpretation of the
Keller coefficients as well as the final form of the formulas in
which they appear can be significantly different from those
found in the ray-optical approach, as will be evident from the
material presented in the following section.

A. Comparison of STD and UAT

The UAT of Lewis et al. [29] has been introduced to over-
come some of the difficulties in GTD that occur at the transi-
tion regions associated with shadow and reflection boundaries.

3 Except in special situations when the aggregate contribution of these
infinities cancel.
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Fig. 2. Geometry of the strip problem.

In UAT, the fictitious infinities in Keller diffraction coeffi-
cients for edges are annihilated by the introduction of addi-
tional terms which themselves go to infinity at the shadow
"boundaries such that the singularities in the Keller coefficients
are canceled out exactly.

We first present some uniform formulas based on UAT for
some typical edge diffraction problems and then show that the
UAT ansatz can not only be physically interpreted using the
spectral approach, but can be improved and generalized also in
a straightforward manner. To illustrate our point, we con-
sider the problem of diffraction by a strip of width 2a which
is illuminated by an H-polarized wave (see Fig. 2). The inci-
dent angle is @o, and other variables such as p,, ¢, p2, and ¢,
are shown in the diagram.

Following the UAT prescription [28], we write the total
field as

H'=HIFED - FED + HIFEES - B +HY - H
+HUFED - FED) +HIIFGED) - FED) + u - H Q1)
where #' is the incident field given by
H' = exp (-ikp cos (¢ - 6q)). (22)

H' is the reflected field (from an infinite plane) and has the
form

H" = exp (-ikp cos (¢ + @g)). (23)
F is the Fresnel integral defined in (19) and

A

F(x)=

1 2 2
+ 3 2

Zx\/'r?exP ((x* +m/4)) (24)
F is the asymptotic form of F for large positive argument.
The subscripts 1 and 2 refer to the two edges which form the
origins of the coordinate systems for the corresponding dif-
fracted fields associated with these edges.

The diffracted fields #¢ and H¢ are derived from Keller's
GTD formulas in a standard manner and are expressed as

exp (i(kpy +m(4))
V8akp,

i 1

H‘,’ = exp (-ika cos ¢g)

~ 25
o + Oy ) i
cos -—-——-2 cos -—-—z
L exp (i(kpy +m/4))
HY=- 13 y———
2 exp (ika cos ¢p s—nk—_p;
1 1

(25b)

(az - %) % (cs, wo)
cOSs QIR .
2 2
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Finally, $17 847 the socalled “detour functions,” are given by

£ = Ve, sin 5\1 tde W) 0SS (Joa)

£ =\ 2k, sin h‘" TR - T N OSSO St lob)

and sinularly for the edge )

Note that we have deliberately added the teym (M7« 4"
to the UAT presenbed formula i onder to obtain the prover
GO hmit, although no divect allusion to such a moditication
s tound i the UAT formulas

Let us now concentrate on the upper hemisphere since the
discussion pertaining to the lower hemisphete v expected to
be very simalar i view of the sy mmetty of the problem For
the region ¥ ™0, Fii} ;) )\\i‘h,\ = 1, and we can simplity
(A1) to obtain

M= e HFED - P@D e FEH

Fah i endend @n
We note from (27 that the geometiical optics field hax been
replaced i the UAT formulation by

HeentieaD - PaDY e rah - fap o

whereay the Keller GUD termy, viz. B and N‘,'. have remained
unchanged  This v the essence of the UAT ansats ax inter
preted by Lee [ 28]
We will now show that the UAT tarmula (27 can not only be
phvsically interpreted, but improved and generalized ax well
To thisend, we rewrite (0 7) as

aheard whHh e erad Pad

T

HO= v

EED et e uf) v
.

wheye .'4', and Hf are proportional to the Founer transtorms

(or sprectra) of the physical optics currents that would exist on

veminfinite halt-planes erected at edges | and 2, respectively

(see Lig 1) These quantities ate given by

p ONP LR /)

enp Cild von dy)
My
NN,

(s gy ) o2
CON Yy Foos @y

(+Va)
exp LRy + AN

e

N .\'n(_‘"

LONp LR coxgy)
TCILLRA T I

»
ut =
vos Q‘“ oo y‘,

(A9

Note that Ilf., have exactly the same singularitios at the
shadow boundaries (Gyg =1 Ay) as the Keller coeltivients
This s not unexpected, however, since it was pointed out in
[ 6] that the singulatities in Neller diffraction coetiicients van
indeed be wdentified ax the contiibutions of the physical optics
cutrents of semaniinite extent  In fact, the two termy Hf and
H'; have been deliberately introduced in the expresion given
i (I8) 50 that we can provide a physical interpretation of the
various terms We can, for instance, wdentity (/¢ Nf} ax the

spectium or the far feld associated with the ' current on the
semtinfinite hall plane

1, ' being the difference between
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the total cuntent and the physical optics current on the same
halt plane A simlar interpretation can obviousdy be given (o
the compamion tenm (H‘,' H';\
that the termy appearing in the curly Draces in (*8) have a very
snple phy sical interpretation, and can be replaced by a much
simpler form that does not teguire the use of Hresnel integrals
Vdiitonally . we find that the spectial domam approach alse
Provudes an inaght into the generalization of the formulas for
cunved sutfaces

ln onder o develop a physical anterpretation of the U\
formula, we now i to the specital domam nterpretation
ot the scattered tield
which expresses the total tield ax a wperposition of GO and

We now proveed o show

Unlike the rav optical representation,
dittracted fields, we use the comventional tepresentation of the
total tield ax

1 s N
Hi=H' e N (RIN

where 4% s the swattered field
form for the total tield rather than s rav optical counterpart

The teason for choosing this

W= yf oyt G

v that the geometncal opties feld 4% 0™ and v obvioudy
discontinuous at the hadow bouandanes  Since the total tield
must be vcontinuous everywhere i space, o fol'ows that the
exact o must also be disvontinueuy Comsegquentiy, neither
ot these Gelds van o assoviated with phivacal imndoced currents
on the snrface of the scatferer for (he obvious reason that
these cuttents produce continuous Gelds everywhere i prace
external (o the scatterer

Thus we return to (20) and interpiet the scattered tield 4
as proporiional to the specttum or Louner transtorm of (he
mduced current J on the weatterer  The nent step v to derive
a high-frequency appronimation of these currents under the
sme assumptions av emploved o GTD D Bavcallyv, we know
that for a single half plane erocted at edge 1, the induced cur
ront g can be thought of ax a superposiiion of a physcal optics
current 7Y and a higher onder (8 1) component, which we
call 7' For the truncated halt Mane, ve | the stag, we can ap
pronimate J as

’

.;-r",‘,"'.vi; (i

where 7% i the phyvsical optics custent on the stigp and Jy7,
"

Jyare the O V7)) curtent components from edges and O,

wrpectively truncated over the st Thus we can wiite

L S § | i -
‘71_: M -’\,1 (KR}

" |

where 1 i the 00 V1) Carrent induced on the semi imtinite
halt plane 1 and .l: e the pottion of that cutrent for vy < g
We can wimudatly anterpret the quantitios wigh sabsonpt
whieh are associated with halt plane

The final xtep i to inveke the Founer transtonm relationsup
between the scattered field and the mduced cuttent, whah
reads

exp Uil o e s 4 <
H'= R LTS i
\ Nak p

where Joav the transtorm or the spectium of /0 Thue (o

R and (YD), we can winite

Wianbontan el udyewd whoeu® nlwl

]
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where we have again made use of the spectral-domain in
terpretation of the scattered field produced by 7' and have
expressed this field as the difference between the Kellet
ditfracted field 7 and the field #7 which is proportional to
the tansform of the physical optics curtent on the hait-
plane  Also, we have used the symbol H® tor the scattered
field due to the physical optics current on the strip. The ex-
pression for #® is very straightforward, and is given by

exp Ukp ¢ 1/4))

HY = & tan O) 4a

\,"Sr.-(_p

sin [Ra(cos @y + cos )]
- —— —_— e (ip)
Ra(cos ¢y + cos @)
Let us now compare the UAT (28) and the STD expressions
(3S) To facilitate this comparison, we have numerically evalu
ated 1% and " where

W =T LEQD - PaD + FED - P - 1 el enf
(N

Shown in Fig. 4 are the plots of 4% and 4" for a 2\ wide strp
and p = SO\, which is the distance to the observation point
from the origin of the coordinate system located at the center
of the strip It 15 evident that the two quantities are virtually
indistinguishable. Thus we have a simple expression for #?
which is equivalent to the collection of several involved ex-
pressions that constitute 4%,

Next, we note a conspicuous absence of the H(., LOrms in
(28) Although these terms can make significant contributions
to the scattered field, they are not present in any of the ray
optical expressions denved to date, perhaps because it is dif-
ficult to extract them from a ray-optical approach. We dem-
onstrate a little later that the exclusion of these terms from
the scattered field can introduce significant errors in some
Cases

Returning to the comparison of (28) and (39), we draw the
conclusion that the application of the STD concept provides
us with a simpler and more accurate expression than the UAT.
In particular, we nate that the expressions of each of the terms
HAHP and H® in (35) are trigonometric in natute, whereas
(28) requires the evaluation of the Fresnel integrais and cancel-
latton of numbers which are equal, opposite, and infinitely
large in the vicinity of the shadow boundaries. Next, we dem-
onstrate that the same physical interpretation can also be ap-
plied to UTD, the Kouyoumjian-Pathak uniform formula
[26]  The simplification in the expression for the scattered
field 1s equally dramatic,

B. Comparison of STD with UTD

The UTD of Kouvounyjian-Pathak has also been introduced
to overcome some of the difticulties in GTD that occur at the
transition  regions  associated  with shadow and  reflection
boundaries. However, in contrast to UAT, the fictitious
finities 1n Keller diffraction coefficients are eliminated in UTD
by the introduction of multiplicative factors which RO O 2010
at the shadow boundaries such that the product has a finite
discontinuity that matches the discontinuity in the geomet
rical optics field. As a result, the total field computed by such
a modified diffraction coefficient is continuous for all observa-
fion angles

We first present the UTD solution of the problem of diffrac-
tion by a strip of width 2a illuminated by an & -polatized wave
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(see Fig. M), and then show that the UTD ansatz can also be
physcally interpreted using the spectral approach Further
more, as in UAT, the UTD formulas can be improved and gen-
eralized for complex geametties in a straghtforward mannes

Following the UTD formulation [2e], we write the fotal
field tor v ™ 0 as

HisH @G e, 4006 11" end enl o

where #' and #' are given in (20 and (23), tespevtively |
() is the step function €y and €, are the shadow indicaton
associated with halt-planes 1 and 2 respectively . A shadow
dicator has the value 1 in the shadow region, and 0 i the lit
region. The d( €,,) and & €, tor this example can be
witten exphoitly as

fCe)=d tanl-(r- 000 0,1 4 (V)
A (,=\-§ LNt - dp o Wy) % (ion

where

\ { 1, forx>o
(v = - [REN
{x] I, fory <0
1S simply a sign function
The H." and H,f' i (38) are the diffracted tields caleulated
by the UTD formulas. With the modified ditfraction coet
fictents, the Keller GTD diffracted tields Il‘,", as given in (28a)
and (251) can be made uniform according to UTD ansat: and
becone H,’:,, which are given below

HY' = exp (ki condo) {-oxp (R ) [FRpy . 80— @)
cexp (idkp, cos? (\!’.\ “~N) .‘}‘Sﬁl\(" o W)

CERO O H @) exp (1 cod? (& + 002D

AR L LR R TR b | } (40a)
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Fig. 5. Comparison of STD and UTD for a 2\ strip. (a) Magnitude of
"o (STD; ef. (36)) and magnitude of M, (UTD: ¢f. (42)). (b) Phase
of H® (STD; ¢f. (36)), and phase of I, (UTD; ¢f. (42)).

II,D = exp (ika cos ¢g) {- exp (kp3) [F(kp1: ¢y = &)
“exp (- i2kpy cos? {(¢; - @)/ 2}) sgn(m + @ - 9;)
+F(kpyidy +00) exp (-i2kp; cos® {(93 + 90V 2D
sgn (7~ @y - 93)1} (40b)

where sgn(x) is detined in (39¢) and F(x) is defined in (19)
with the argument given by

t
x = Vkp 9—,¢9

(40¢)

Cos

where p = p, orpy, and 9 = ¢, or ¢;, accordingly.

In order to give a physical interpretation to the UTD for-
mulation, we now rearrange the terms in (38) following the
steps that are similar to the ones used in conjunction with
(21). In UAT, these steps led to (28), which was then com-
pared with the STD expression (35). To this end, we rewrite
the total field given in (38) as

H =" v @l - HYY+ id - B+ (10¢-6,) +0(-€,9) - 1)
“H A HP - i+ H? - nd v uly. @

Note that Il‘,", and Hf‘, have been added and subtracted
from (38) in writing (41). H{ and H',' are given in (25a) and
(250), respectively. Hf and H,P ate given in (29a) and (29Y),

respectively,

Following the same steps which led to /" in (37), we ob-
tain /,,, the UTD counterpart of H":

Hy=(0(-€,)+0(-¢€3)- 11 H +HP - u + uf
sHY - nd v nf @

which may be identified as the collection of terms inside the
braces { }in (41).

Fig. 7. GTD dJdiffracted farfield pattern of the rectangular cylinder;
Oy = /4, a=>b =1\ Note that the discontinuities in the scattered
field are on the order of 3 4B,

Shown in Fig. § are the plots of 1H® given in (36) and //,,
given in (42) for a 2\ wide strip, and p = SO\, which 1s the
distance of the observation point from the origin of the co-
ordinate system located at the center of the strip. We have
thus demonstrated that the Kouyoumjian-Pathak UTD can
also be physically interpreted using the spectral concept. The
simplification in the expression for the scattered ftield is
equally dramatic, as evidenced by a comparison of HY with
H,,, the former being trigonometric and the latter involving the
Fresnel integrals. Moreover, /1® is continuous throughout the
entire region of observation, whereas M,, has terms with dis-
continuities in both the reflected and the diffracted parts of
the expression,

C. Improvement of UAT and UTD

Next, we g0 on to show that the inclusion of - (#{ + #1) in
the expression for the scattered ficld diffracted from edges can
be very important for accurate evaluation of the field. To il
lustrate our point, we consider the example of a rectangular
cylinder illuminated by a plane wave (sec Fig. 6). Using con-
ventional GTD uniform formulas, we obtain the scattering
pattern shown in Fig. 7. The STD result (whose derivation
will be presented in more detail in a later section in this
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Fig. 8. Scattered far-field pattern of the rectangular cylinder using STD
approach; ¢, =mfd,a=b = IA,

paper), which has been verified rigorously by comparison with
the numerical computation of the scattered field, is shown in
the companion diagram (Fig. 8). It is evident that the GTD
results contain discontinuities (~3 dB) in the vicinity of angles
©=0, n/2, m, and 37/2, which, incidentially, are located far
from the shadow boundaries. The investigation of the wedge
problem aiso reveals that the generalization of the STD ap-
proach to wedge-type structures can be carried out in a very
simple manner, and the resulting expressions are once again
very simple, the Fresnel integrals being absent here, too.

In summary, we have demonstrated that the uniform GTD
expressions for edge difiraction formulas can be simplified,
physically interpreted, refined, and generalized using the STD
concept.

IV. SYSTEMATIC [MPROVEMENT OF ASYMPTOTIC
SOLUTIONS

One of the most challenging problems in the solution of
high-frequency scattering analyses is the establishment of the
accuracy of the results and the refinement of the solution
when the need for its improvement is clearly indicated. The
difficulty in verifying whather the asymptotic expression,
typically derived from th2 ray approach, does indeed solve the
boundary value problem under consideration stems primarily
from the fact that there is no obvious way to “build in" the
boundary conditions in solution procedures based on ray
methods. Another reason is that the high-frequency solutions
are ofien constructed for the radiated far fields, whereas the
application of the boundary conditions clearly requires the
near-field information. In contrast, the integral-equation
formulation for the scattering problem is based directly on the
application of the boundary condition and, consequently, the
boundary condition check is redundant for this approach. How-
ever, the conventional moment-method solution of integral
equations is limited strictly to the low-frequency and reso-
nance regions as the matrix size becomes unmanageably large
beyond the resonance region.

In this section we will briefly outline a spectral-domain
method for bridging the two approaches, viz. the integral-
equation and asymptotic techniques. The hybrid method has
the desirable feature that it not only verifies the accuracy of
the ray solutions but provides a systematic means for improv-
ing the solution for a large class of problems of practical in-
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terest. This fact will be illustrated via a typical example, viz.
plane-wave diffraction by a strip. Other cases have also been
treated and may be found in [38], [39], (44], [45].

A. Development of Spectral-Domain Formulation of the
Integral Equation and Its Iterative Solution

The key to combining the asymptotic solution with the
integral-equation formulation lies in recognizing the fact that
the Fourier transform of the induced current on a scatterer is
directly related to the scattered far field and that a good ap-
proximation to this scattered field is often available from any
asymptotic methods, e.g., GTD. To take advantage of these
facts we choose to work with the “Fourier-transformed”™ or
“‘spectral-domain’’ version of the integral equation rather than
with the conventional spatial-domain counterpart. We begin,
however, with the conventional electric-field integral equation
(E-equation) for a perfectly conducting scatterer

(G +T)=-Ef
G = (7 + AL’ VV) exp (+ik |7 - F'|/(4r|7 - F']) (43)

where G is the Green's dyadic, 7 is the unit dyad, and J (7') is
the unknown induced surface current density. The subscript
¢ signifies the tangential component of the field on the surface
S of the scatterer, E' is the incident electric field on the scat-
terer, and * symbolizes the convolution operation.

As a preamble to Fourier transforming (43), we first extend
it over all space. To this end we define a truncation operator
g(4):

0(A)=|A,8(T-7)dr, T,ES (44)

where & is the Dirac delta function. Let () be defined as
the complementary operator

6(@)=4-06() (45)
We can then rewrite (43)
G+T=0(-EN+8(G +87)) (46)

for all space. As indicated above, in contrast to (43), equation
(46) is valid at all observation points whether on or off the sur-
face S. Note that the integral equation (43) is embedded in
(46) and that we have made use of the obvious identity
67 =J. We have also dropped the subscript ¢ in writing (46)
because by referring to (44) we observe that the 8 operator se-
lects the tangential component of the function in its argument.

Next we Fourier transform (46) by introducing the trans-
form relationships which are the three-dimensional versions
of (5):

F(F)=f F(7)exp (ik -7)dr = F[F(7)] (47a)

and

’ -
F(F)= (?:r—) f F(X) exp (- ik -7)dk = FV [F(F)] (47b)

with ~on top denoting the transformed quantities.

%
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The transformed version of (46) reads

57"""1*1?

A formal solution to (48) can now be wntten:

7'6“('F,"‘p)

performing an algebr.uc division represented by (: =k

form of the equation as shown below:

Fore0 23 Fy o

F itself can be derived from J (™.

identity
C
F F(F~ '[(,j]- 0(F ' (G
which may be verified by writing (51) as

«J-0(-EY)

(97]

F =F(

and using (46) to get

il

F « (07

Sl

= F(6(

FM < p(r (GTO) - 9(F1 (5T ™)),

The desired iteration relating J "*") ang

written, Using (50) and (54),

B. Procedure for Applying the Iterative Method

., the transformed surface current / will now be given.
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(48)

where F = F[ﬁ(é «(67))) and E, is the transform of the
tangential component of the incident field truncated on §.
Note that the convolution operation in (46) is transformed
into an algebraic product upon Fourier transformation.

(49)

Equation (49) indicates that if we had available the Fourier
transform of the scattered electnic field, we could construct
the solution for the induced surface current density in the
transform domain by adding it to ~§,, which is I\nown and by
In prac-
tice, ‘Zf x.ourse,ﬁ is not known and must be solved for along
with J if (49) is to be used in the form as shown. However,
instead of using this form, we proceed to derive an iterated

(50)

which indicates that the (n +1)th approximation of J can be
derived from the nth approximation for F. We next show how
To this end, we use the

(51)

(52)

(53)

which, of course, is the definition of .‘ We can now use (51)
to derive the nth approxnmanon F™ of F from the nth ap-
proximation of 7 , i.e.,J ™ The relationship is written as

(54)

may now be

JO) 2 GV -E + FIF (GTM) - 0E M GTO)).
(5%)

The step-by-step procedure fog constructing the solution of

1) Begin with an estimate of J(®, which is the Fourier
transform of the induced surface current, or equivalently, the
scattered far field within a known multiplicative factor. That
the far scattered field is directly related to the Fourier trans-
form of the induced current is well known in electromagnetics
and has been derived in several standard texts (see for instance
(46, eq. (2.23b)]). Typically, the initial approximation for}

viz. J® can be obtained as foilows:

a) Estumate ¥, the Fourner transform of the scattered field
F outside the scatterer, using GTD or other asymptotic
solutions.*

b) Subtract l:,. the Fourier transform of the tangential
component of the incident electric field truncated to the sur-
face of the scatterer. =

¢) Multiply the result of Step b) by ( Note that &
is known and the operation is algebraic. The Founer trans-
form is typically done numenically using the fast Fourier trans-
form (FFT).

d) Take the tnverse Fourier lr.ms‘"orm of the result of Step
¢), truncate it to the surface of the scatterer and then Fourier
transform to oblamJ(o) the initial ap pro\mulion forJ.

2) Muluply J(o) by (:, the known transtorm of the Green's
Dyadic. Note this involves algebraic multiplication and not
the usual time-consuming convolution operation.

3) Take the inverse Fourier transform of the product (.J j
using both visible gnd invisidle ranges.

4) Apply the truncation-projection operator 0 to #7
(GT @), which gives the approximation to the tangential com-
ponent of the scattered electric field £, on the surface §. The
accuracy of the solution can be conventently checked at this
point by venfying the satisfaction of the boundary condition
by the tangential component of £° viz. <£] =-El}onS. As
mentioned in the introduction, this 1s an important feature of
the method.

5) Subtract O(F ' (G7©]) from the total (G (@)
already evaluated.

6) Take the Fourier transtorm of the difference obtained in
Step S.

7) Subtract l:,. the Fourier transform of the tangential com-
ponent of the incident electric field truncated on the surface,
from the result in Step 6. -

8) Multiply the result obtained in Step 7 by G ~'. Note that
G~' is also known and the operation_is again algebraic as in
Step 2. The result thus obtained is J '). which is the first
iteration of the scattered far field. 4

9) Take the inverse Fourier transtorm of f“) obtained 1n
Step 8 and evaluate it on § to get the desired induced surface
current on the suncrcr In other words, perform the opera-
tion 8 (F~ '[J 1 1). For an exact solution, this operation is
redundant, since J = 07, and hence, 6 (F' [F[6T 1)) =808J =J.
However the Fourier inversion of an nth approximate solution
J j will not give rise to a current distribution that is nonzero
except on S. This step provides a test for the accuracy and for
the convergence of the approximate solution by comparinyg the
approximate J () with  F(0(F! (.

10) Take_F[0(F~ l[.I(”])I to derive an improved approxi-
mation forJ (V).

11) Repeat as necessary using, for instance, the improved
J(l from Step 10 in the ncnmon (55) to generate the next
higher or;lcr approximation J (‘

“Note that GTD (Keller's) solutions may either have singularities ot
may be in error near shadow and reflection boundaries or at caustics,
and the UTD [3§] and the UAT (35] that are employed to repair GTD
break down at caustics. The STD. on the other hand, is uniform for all
observation angles. The criterion for choosing any of these asymptotic
forms of solution is convenience of computation for desired accuracy.
For a comparative evaluation of the accuracy of the GTD, UTD, UAT,
and STD, the reader is referred to [3$].

LTRSS
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Fig. 9. Diffraction by a strip illuminated by an E-wave.

We now show in some detail the application of the iteration
procedure just described to a two-dimensional scattering prob-
lem, viz. the diffraction by a strip.

C. Dijfraction by a Strip

In the last s=ction, we presented a general itaration method
for obtaining solution of the integral equation in the transtorm
domain with the GTD or other high-frequency solution as the
zeroth-order approximation. This iteration method not only
allows us to improve on the GTD or similar solutions but also
provides a convenient means for testing the satisfaction of the
boundary conditions on the surface of the scatterer. Further-
more, the method yields not only the far field but also the
induced surface-current distribution, a feature not readily
available in some other high-frequency techniques.

The application of the general procedure outlined in the last
section is illustrated in this section by using it to solve the two-
dimensional problem of a plane-wave diffraction by a finite
screen or a strip. This problem was chosen for the following
reasons: It is shown that when the angle of incidence is normal
or near normal, the GTD solution accurately satisfies the
boundary condition £,,, = 0 on the strip even when the mul-
tiple interaction between the two edges of the strip is ne-
glected. However, it is found that when the angle of incidence
is near grazing, the GTD solution is quite unsatisfactory, while
the iterated solution generated by the hybrid technique does
display the correct behavior.

The geometry of the electromagnetic scattering problem in-
volving a perfectly conducting infinite strip of zero thickness
illuminated by a uniform plane wave, whose electric intensity
vector is oriented parallel to the edges of the strip, is depicted
in Fig. 9. For convenience of analysis, an arbitrary incident
wave can always be decomposed into two components with
respect to the z-axis, namely, TM; (£-wave) and TE; (/-wave).
In the following discussion we consider the £-wave case only;
the /-wave case can be solved in a similar manner by con-
sidering H' = 3H§.

The incident field is given by

EL(p, 8) = exp (- ik (x cos @ + ) sin @) (56)

where the exp (- iwt) time dependence is understood.
The integral-equation formulation [47] for the problem at
hand takes the form

a
-5{(::)-] J:(x)G(x- x)dx', xE€[-a.a] 7

where J;(x) is the algebraic sum of the induced surface cur-
rent densities on the top and the bottom surfaces of the thin
strip. The kernel G is the two-dimensional free-space Green's
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Fig. 10. #, (x) can be approximated by the GTD solution to the half.
plane problem (2) shown on the left-hand side: £, (x) can be approx
imated by the GTD solution to the half-plane problem (b) shown on
the right hand side.

function given by
’ ‘ L
Glx-x')= Illf)”(k.,lr -x') (58)

where Hf,” 1s the Hankel function of the first kind of order
zero, and Ay = 27/A is the free-space propagation constant.
Note that (57) is the conventional integral equation which
equates the integral representation of the tangential compo-
nent of the scattered E-field radiated by the induced surface
current density to the negative of the tangential component
of the incident F-field on the surface of the perfectly con-
ducting scatterer as required by the satisfaction of the bound-
ary condition. Hence, equation (57) is valid on the strip only.

An extended integral equation that is valid for all x can be
obtained by including the scattered fields outside the strip as
well. If the scattered field on the interval (- o, -a) is desig-
nated by /7y (x) and the scattered field on the interval (a, *) is
designated by F,(x), then the extended form of (57) becomes

a
’- Jo(xX)Gx - x")dx" =0 (-EL(x) + Fy(x) + F(x) (59)

where 0 is defined in (44).

Since the Fourer transform of the induced surface current
density can be related to the far field, equation (59) is Fourier
transformed to give

-~ -~ NN -~ -~
Jo(@) G@) =0 (-E) (@) + Fy(a) + Fy(a) (60)

where ~ on top indicates the Fourier transform as defined in
(C¥)) with « as the one-dimensional transform variable re-
placing k.

The Fourier transform of the two-dimensional Green's func-
tion in (60) takes the form

e i

G(a) 2 \W (61)
Note that (60) is an algebraic equation in the spectral domain
in contrast to the convolution form of the integral equation
(59) in the spatial domain. The recason for working in the
spectral domain will become clear when the method of solu-
tion for (60) is developed. Following the procedure discussed
in the last section and in terms of the notations introduced in
the present problem, we proceed as follows.

1) Obtain J{®)(a), the initial approximation of the Fourier
transform of the induced surface current density, or equiva-
lently, the scattered far field within a known multiplicative
factor, as follows.

LY Find the expressions for the first estimate of
F{%a) + F{%(a). Note that GTD may be used to get closed-
form expressions for F(°®)(a) and F{®)(a) since these can be
obtained from the GTD solutions to the two l_mlf-phnaprob-
lems as shown in Fig. 10. The expressions for F{*) and F{® as
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Fig. 11. Magnitude of the induced surface current density distribution
normalized to (1K, Z,)"' on the strip of ka = 4 (1.273N wide),
&, = 90°.

obtained from GTD read

-

- o
f-so)(a) = %[exp (ika cos 9p) V8K sin —;‘1]

exp (iex) iexp (ia(a+k cos ¢p))
3 - (62)
(a+k cos 9y) Va+k (a+k cos ¢g)
and
F{) = - -:-[exp(-xka cos @y) V 8k cos %9-]
= jexp(-ia(a+k ¢ )
exp (-iaa) % iexp(-ia( cos @y)) (63)

i (@ + % cos @) VK - a

Note that these expressions are free of singularities for all a.
1.2) Solve for the initial approximation of J, (a), 7{®(a),
by carrying out the operations shown below:

a e =(0) S(0)
7.‘°’<a)-F[a(F" [e< £) m”i; )(OMF’ m])]. (64)
G(a

(@ + k cos )

2) Use (55) to further improve the solution as necessary.

The check for satisfaction of the integral equation can be ap-
plied very simply by computing J(a) G(a), taking its inverse
Fourier transform, and verifying how well it approaches
- E? on the surface of the scatterer.

Fig. 1| shows the calculated induced surface current density
distribution on the strip with ke = 4 (1.3\ wide) for normal in-
cidence. Note that the current density becomes large at the
edges, as it should for £-wave incidence, although no specific
condition was enforced at the edges, nor any special care ex-

sercised. Note also that the approximate current is confined
essentially on the surface of the strip and extends very little
outside of this surface. Thus the solution in this case is very
close to the true solution, and this is easily verified by truncat-
sing the current density, computing the scattered field it radi-
ates on the strip, and verifying that the scattered field is
indeed very nearly equal to - £,

Fig. 12 depicts the result for ka = 40, i.e., a 13X strip. Note
that the peak in the center is no longer present and the current

Fig. 12. Magnitude of the induced surface current density distribution
notmalized to (ik,Z,)"' on the strip of Ka = 40 (12.73\ wide),
9, = 90°.
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Fig. 13. Moment-method (applied in the spectral domain) solution of
the magnitude of the induced surface current density dutribugmn
normalized to 1/Z, on the strip of ka = SO (15.92\ wide), &, = 90",

there approaches that given by the physical optics approxima-
tion. There are now more oscillations, however, and the cur-
rent density has a sharp dip before rising to infinity at the
edges.

Fig. 13 displays the moment method applied in the sprectral-
domain solution [19] and the comparison with the one ob-
tained here is quite favorable.

Fig. 14 exhibits the satisfaction of the boundary condition
after one iteration. As mentioned betore, such a test is not
available in the conventional GTD approach.

Let us next turn to the interesting case of a near grazing
incident where the zeroth-order current density has a long tail
extending beyond the edge of the strip (see Fig. 15). This
result is to be expected since the two half-plane GTD solutions
used in the zeroth-order approximation represent a poor ap-
proximation for the induced current for shallow incidence
angles, If this tail is truncated, the remaining portion of the
current density on the strip produces a scattered field on the
surface of the strip which is significantly different from - £¢,
where | E| = 1, as may be seen from Fig. 16.

Fig. 17 shows the effect of one iteration on the zeroth-order
GTD solution shown in Fig. 15. Note that the current density
is significantly altered in the neighborhood of the shadowed
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Fig. 14. Magnitude of the scattered E-field evaluated on the strip of
ka = 40,9, = 90 (one iteration).
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Fig. 15. Magnitude of the induced surface current density dnsmhuuun
normalized to (ik,Z,)"' on the strip of ka = 40, @, = 10° (no itera-
tion).
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Fig. 16. Magnitude of the Kll("l"d. E.-field evaluated on the strip of
ka = 40,9, = 10 (no iteration).

_been improved as shown in Fig. 18,
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Fig. 17. Magnitude of the induced surface current density distribution

normalized to (1K, Z,)"' on the strip of ka = 40, ¢, = 10° (one
iteration).
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Fig. 18. Magnitude of the ;cnﬁﬂed E-field evaluated on the strip of
ka=40,9, = 10° (one iteration).

edge, demonstrating the fact that even with a relatively poor
initial guess, the convergence is quite rapid in this case.

To see that this is indeed an improved solution, the trun-
cated portion of it is used to calculate the scattered field. It
is observed that the satisfaction of the boundary condition has

To verify the convergence of the solution numerically, one
more iteration is performed and the result 1s depicted in Fig.
19. Note that the shape of the surface current density does
not change much which indicates a settling down of the solu-
tion has occurred. Also, note that the tail extending outside
of the strip has been reduced to an insignificant quantity,
which, when truncated, will produce little effect on the scat-
tered field on the surface of the strip.

To further validate the solution, the moment-method solu-
tion [19], of the same problem with slightly different param-
eters is shown in Fig. 20 for a comparison. Again, the agree-
ment is good. However, in terms of computational efficiency,
the present method is far superior to the moment-method
solution for the accuracy realized.

To recapitulate, the strip problem has been solved by a
combination of the integral equation and asymptotic high-
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Fig. 19. Magnitude of the induced surface current density d(stri}uuon
normalized to (ik,Z,) ' on the strip of ka = 40, &, “ 10 (two
iterations).

CURRENT ON LARGE ST®P
INCDENT ANGLE '30°

NX s 80*

- KA+% i
"1' t
§ l
ol |
5 /
3 :
e :
€ .04 0@ 000 oe 084
<108 -0@) on oa oy

NORMALIZED OISTANCE O/A

Fig. 20. Moment-method (applied in the spectral domain) solution of
the magnitude of the induced surface current density distribution
normlized to 1/Z, on the strip of ka = 50,9, = §°.

frequency techniques. Formulation of the intergral equation
in the Fourier transform domain allows one to conveniently
obtain the zeroth-order approximation to the transformed
unknown surface current density from the solution of two
half-plane problems.

Higher order solutions have been obtained via the iteration
steps outlined above, and the numerical convergence has been
demonsirated. The iteration process generates the proper edge
singulanities even when they are not present in the original
approximation, e g., physical optics. However, additional it-
crations are necessary in that case. Validity of the solution
has been substantiated by numencally venfying the satisfac-
tion of the boundary condition to within a close tolerance.

V. DIFFRACTION BY A RECTANGULAR CYLINDER

Next we consider a scattering problem involving multiple
edges, e g, a rectangular cylinder. This example is chosen for
the purpose of ilustrating the ease of application of the
spectral-domain approach to problems of this type and to
demonstrate the nonlocal behavior of the edge diffraction
phenomenon  The solution to this problem has been con-
structed using the STD formula (35) given in Section 111 and
the result ob ained has been found to be very satisfactory.
Howeve: the sake of idlustrating the point alluded to in
Section 11l _egarding the potential of the STD approach with

SURFACE A~

SURrACE C '

/sa s
Fig. 21. For the angle of incidence 0, as shown, wedges 1, 2, and 3 are
luminated while wedge 4 is in the dark.

regard to the refinement of GTD solution, it will perhaps be
more helpful to return to the conventional GTD expression for
multiple edge diffraction, use it as a starting point, and then
improve it via an iteration procedure based on the spectral
approach.

The geometry of the problem is shown in Fig. 21. We note
that the wedges 1, 2, and 3 and faces 4 and B are illuminated
by the incident wave, while the faces C and D and the wedge 4
are in the shadow. Let us first consider the hemisphere above
the face 4. The contnbution to the scattered field in this
region comes from the two lit surfaces and rays diffracted by
the wedges 1, 2, and 3. To derive a first approximation to the
asymptotic expression for the far tield scattered by the
cylinder, we may use Keller's coetficients for the diffraction
by the three wedges. From wedge 1 we have, for instance,

exp (FAp)exp (i m/4)
Ve V2nk
{ 2/3 sin 2m/3 exp (jAg cos @) exp (~:&b sin @)

cos 27/3 - cos /3P - Qo)

H:.'l ~exp (~th(-a cos Pg + b sin Pp )

& 2/3 sin 2r/3 exp (iRa cos @) exp (-ikd sin @)
cos 23 - cos 2/3(Q + )
(63

where 0 S ¢p < 7/2 and 0 € ¢ < 37/2. Similar expressions
can be readily obtained for the wedges 2 and 3 [40]. Note
that the scattered field from wedge 3 is restricted in the
angular region 0 < ¢ S/l and 7 SO v for0 < Py S /2.
Hence, in the upper hemisphere only one-half of the angular
range is iluminated by the scattered field from wedge 3, if
Keller's formula for an infinite wedge is used to derive an
approximation to this scattered field. Another rather impor-
tant and common feature of the Keller expressions for the
wedge-diffracted fields as given, for instance, by (65), 1s that
these formulas predict fictitious infinities in the scattered
fields at the shadow and reflection boundanes. One could, of
course, completely eliminate these infinities by employing the
spectral concepts and deriving the scattered far field from the
transform of an approximation to the induced surface current,
comprising the physical optics and fringe currents. This trans-
form, being associated with a function with finite support, is
always bounded and consequently free of the singular behavior
present in (65).

As an alternative we may also employ one of the avatlable
uniform theories [30], [29] that provide smooth and bounded

‘transition through the reflection and shadow boundaries. It is
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fortuitous, however, that the aggregate contribution of the

infinities from the individual wedges cancels out exactly when

. their contributions are superimposed. This occurs because of
i the unique symmetries of the geometry of the rectangular
cylinder under consideration. Hence, no special care is re-

quired in this example at the transition regions. The diffracted

far fields computed by using the Keller formulas for wedge

’ diffraction are shown in Fig. 7. It is evident that the pattern is
discontinuous at 0°, 90°, 180°, and 270°. As explained in

Section III, this behavior is attributable to the assumption that

the edge diffraction phenomenon is local which prompts the

use of infinite wedge diffraction coefficier.ts that yield a non-

. zero scattered field only in the region external to the wedge
and, hence, produce discontinuous fields supported by in-

duced surface currents that extend to infinity along the wedge

3 surfaces.
r To refine this far-field asymptotic solution, we may now
" proceed to apply the iterative procedure described by (S5).

To this end, we first introduce in Fourer transform the vari-
able @ = k cos ¢ and express the far scattered field in the
hemispherical region defined by 0 < ¢ < 7 in terms of a. We
employ analytical continuation of the expressions for the
wedge-diffracted fields to determine the Fourier transform in
the range |a] > k by substituting appropriate complex values
for . One of the chief advantages of using the available ex-
pressions for the asymptotic solution as a starting point for the
iterative procedure is that the approximate analytical expres-
sion is convenient for estimating the scattered far field, both in
A the visible and invisibie ranges. By Fourier inversion of the
scattered E-field at infinity, we can derive the tangential £-
field on a planar surface tangential to the face 4. If this com-
puted near field were to satisty the boundary condition that the
2 tangential E-ficld on surface A equal the negative of £’ and the
similar situation is rep=ated for other faces, we would con-
clude that the solution so derived is an accurate one. How-
ever, we would not expect that to be true for the solution
represented by (695), since, as pointed out earlier, this expres-
sion produces discontinuities at some angles of observation.
Nevertheless, this solution provides a very good zeroth-order

estimate for 7@ which is readily derived by taking the trans-
form of the near field derived in the plane of the surface 4,
after deleting the portion of the field that corresponds to the
surface A of the scatterer, and repeating the same procedure
for the other faces as well. In following this procedure, we
effectively compute

E(E'ET9) - 0(F ' (GT1H

which is an approximation to F derived by using J©. The
next order of approximation to J -is now readily obtained
from (55). This quantity is Fourier inverted four times to
calculate the tangential A-field on the four faces of the
cylinder and the surface current on these faces is Fourier trans-
formed again _to derive the far-field pattern. The iterated far-
field pattern 7 is shown in Fig. 8; the disappearance of the
discontinuities at 0, 7/2, 37/2, etc. is immediately evident
from this plot. This result has also been verified by a few
other workers who have followed different procedures than
those outlined here [48]. Recall, however, that the method
outlined here provides a convenient “built-in” check for the
satisfaction of the boundary condition and an independent
check is not altogether necessary to establish the accuracy
of the solution.
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VI. APPLICATION OF MOMENT METHOD IN
THE TRANSFORM DOMAIN

A second approach to handling (48) would be to employ
the Galerkin procedure in the transform domain [39]. One
may write

I=Jjo.¥ c 7, (66)

where 7@ s the transform of the approximate solution
derived from a suitable asymptotic formula for the scattered
field, and 7p represents a set of basis functions in the trans-
form domain. Typically, there are certain angular regions in
the far field where the asymptotic solutions require refine-
ment. One may choose to concentrate the basis functions in
these regions in the transform domain. Alternatively, the .7p's
could be chosen as the transforms of a suitable set of basis
functions in the space domain, and the location (support) of
these subdomain basis functions may be selected to coincide
with transition regions or corners, etc., where the canonical
solution of the asymptotic solution may require iefinement.

In either case, the problem of determining J may be reduced
to that of finding the unknown coefficients Cp, such that (66)
satisfies (48). The Galerkin procedure provides a way for
accomplishing this, as we will soon see. This technique also
has the advantage that the other unknown in (48), viz. F is
conveniently eliminated from this equation upon application
of Galerkin’s method. W= demonstrate this fact in the manip-
ulations presented below.

Substituting (66) in (48) and taking a scalar product of the
resulting equation with a set of suitable testing functions ¥,
we arrive at

= - 4 = = I~
2 Cp Wy, Gy = ~(Wg, Ep +(Wg, F) (67)

where (,) is the scalar or inner product. If we now choose Wq
to be transforms of functions which are nonzero only on the
surface of the scatterer, then the scalar product (,, F) can be
shown to vanish. To show this, one uses Parseval’s theorem
and transforms the scalar product of Wq and F in terms of a
similar product of their counterparts in the space domain.
Since the inverse transforms of Wq and F exist in comple-
mentary regions, viz. on the surface of the scatterer and in the
region complementary to this surface, respectively, one finds
that their scalar product is identically zero. One can now pro-
ceed in thc usual manner to solve for the coefficients CP by
sglvin& the matrix equation represented by (67) with the term
(Wq, F) deleted. It is evident that the use of this method
would be practical only when relatively few terms are needed
in (66) to modify the available asymptotic solution; however,
this is typically the situation for many problems. It should
also be noted that (67) represents a direct check on the satis-
faction of the boundary condition, in the sense of moments.
The choice of Wp's is governed by the locations on the surfaces
of the scatterer where these boundary conditions are applied.
Typically these will be the zones where the asymptotic solu-
tion might be inaccurate, e.g., the transition region between
the lit and shadow regions.

To illustrate the procedure we consider a smooth convex
surface with no wedges—a circular cylinder. One of the impor-
tant attributes of this canonical geometry is that it permits
convenient comparison with the exact series solution available
for the representation of scattered fields from this structure.
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Fig. 22. Diffraction by a circular cylinder illuminated by an £-wave
incident along the x-axis.
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| Fig. 23. Geomertrical optics scattered far-field pattern in dB of a cir-
I cular cylinder with radius a = 3A.

The geometry of the problem is shown in Fig. 22. We consider
| the case of an E-polarized wave incident from ¢ = 180°.
| The first step in attacking the problem is to use a geomet-
‘ rical optical approach to derive the far scattered field. When
this is done, one obtains the dotted curve in Fig. 23 which
also exhibits the exact series solution for the scattered field
as a solid curve. It is evident that in the range - 60° < ¢ < 60°
the GO solution is not adequate. This is not totally surprising
since it is well known that creeping-wave contributions need
to be included in the scattered field expression in the shadow
E and transition regions. Rather than following this procedure,
- we will now show how the Galerkin method can be readily
and conveniently applied to this problem to derive an accurate
E solution.

To this end we consider, as a first step, the behavior of the
scattered field on a surface erected in juxtaposition to the
cylinder at the point x = g, the farthest point away from the
incident field. Referring to Fig. 24, in the deep shadow
region, say |y| < 2, we expect the scattered field £ = -Ef. to
be a very good approximation. On the other hand, when we
go far onto the lit region on this surface, say for |y| > 6, we
expect the £ to be described adequately by the GO formulas.
If we had a good estimate of the scattered field behavior in the
transition region 2 < |y| < 6, we would be able to get a good
representation of the excess scattered field (over and above the
GO field) on the entire surface at x =a. We should then be
able to compute the field radiated in the rhs of the cylinder by
this excess field using the concept of Huyghens’ source and use
this radiated field to fill in the gap between the GO pattern
and the true pattern.

~22ERTURE
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FUNCTIONS

Fig. 24. Locations of the basis functions on the aperture and the test-
ing functions on the surface of the obstacle.

To derive the £3 field in the transition region, we first inter-
polate the magnitude of this field from £ at |y| = 2, to 0 at
y = 6 and the phase from = at |y| = 2, to the GO phase at
|y| = 6. Next we introduce a set of basis functions, with un-
determined coefficients, to describe the correction to the
interpolated £ field at the plane x =a, 2 <|y| < 6. To deter-
mine these coefficients, we apply the concept of Galerkin's
methad in the spectral domain as briefly outlined in the last
section. In the example being considered here, the transforms
of the basis functions play the role of 7;, in (66), and the
zeroth-order scattered far-field 7© is obtained by adding the
contributions of GO and the approximate excess E§-field
derived from the interpolation procedure just described.

The choice of the testing functicns i?'q in (67) is suggested
by the fact that the error in the high-frequency asymptotic
solution is mostly concentrated around the transition region
on the surface of the cylinder, i.e., in the neighborhood of the
junction between the lit and shadow regions. Thus a suitable
choice for the testing functions would be to locate them at the
transition region as shown in Fig. 24, where the location of
the basis functions is also shown. Note that we need not be
restricted in our choice for the location of these functions by
demanding that they have a common support, although this
is almost always the case in the conventional moment or
Galerkin methods. We may also note from Fig. 24 that the
shape of the basis and testing functions are both Gaussian.
Since we are dealing with transforms, this choice is not only
convenient for deriving the Fourier transformations 7, and
!T'q, but is also desirable from a numerical point of view
because the transforms are not oscillatory as they would be for
a pulse or triangular basis. This feature is important when

numerically computing the scalar products (/,, u"q) needed for
the determination of the unknown coefficients Cp.

Only a few (3 to 7) unknowns Cp, are needed to derive an
accurate solution for both the radiated far field and the sur-
face current on the cylinder. The accuracy itself can be veri-
fied by computing the tangential £-field on the surface via
Fourier inversion of the hemispherical far-field pattern
centered around the point to be tested. This procedure is also
used to compute the surface current distribution from the
knowledge of the scattered A-field at large distances. Of
course an independent check is available for this problem via

A
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Fig. 25, Scattered far-field pattern in dB of a circular cylinder with
radius 2 = 3\ obtained by Galerkin's method.
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Fig. 26. Total surfice current on a perfectly conducting circular
cylinder with radius a = 3\,

the exact seri=s solution. A comparison of the Galerkin solu-
tion and the exact series soiution i1s shown in Figs. 25 and 26
to ilustrate the highly accurate nature of the Galerkin solu-
tion. In fact, the solution is almost identical to the exact solu-
tion except for a shght error in the transition region, even
without the Galerkin refinement, as evidenced by the dotted
curve in Fig. 26 which exhibits this case.

VII. CONCLUDING REMARKS

In addition to the representative problems discussed here,
the spectral-domain approach has been found useful for other
elect.omagnetic scattering and radiation problems of consider-
able interest [338], [49]. It has been applied to the problems
of electromagnetic scattering by staggered half plane, a finite
plate [38], a cylindrical shell (49] etc. The spectral-domain
procedure for testing the accuracy of high-frequency solutions
also has been applied to a number of problems of practical
interest.  One such example is the canonical problem of a
cornier in a thin plate for which an asymptotic solution was
recently derived by Albertsen [50], using a multiple Wiener-
Hopf procedure. Testing his solution for the satisfaction of
the boundary condition that the tangential electric field be
zero on the plate, one finds that the solution satisfies the
boundary condition only approximately and contains some
extraneous infinities that must be removed. Even so, the solu-
tion in its original form represents a good starting point for
deriving improved, iterated solutions for the quarter-plane
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problem, and both the surface current and the far fields can
be improved via the spectral-domain approach.

As another example, we quote the problein of constructing
the Green's function for a magnetic dipole radiating in the
presence of a smooth curved surface, e g., a cyiinder or a cone.
The conventional GTD solution derived from applying Watson
transformation to the modal series solution for the cylinder
breaks down when the point of observation is close to the
axial direction of the cylinder. Thus is because the effective
wave number for propagation along the axis approaches zero,
whereas the asymptotic solution requires that the wave
number tumes the radius of the cylinder be large. Several dif-
ferent asymptotic solutions based on the modification of
Fock’s solution for the sphere problem have recently been
presented for the axial region by a number of authors. The
spectral-domain approach has been found useful not only for
testing the relative accuracy of these solutions, but for iter-
atively improving them as well [45] .
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