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Spacecraft Charging Model—~
Two Maxwellian Approximation

1. INTRODUCTION

In Gar rettl and Garrett and DeForest, 8 it was demonstrated that the plasma
at geosynchronous orbit is to first order representable by expansions in terms of
Maxwellian distributions. In particular, a description in terms of the sum of two
Maxwellian components was found to adequately represent the plasma in about
80 percent of the cases studied. In Garrett, - a simple spacecraft charging code
based on the work of \\'hippl(’4 and DeForest’ was developed which made use of
the discrete particle measurements returned by the ATS-5 geosynchronous satel-
lite in the energy range 50 eV to 50 keV. The model suffered, however, from
being unable to treat accurately Maxwellian components except in a narrow range

of potentials and temperatures due to the necessity of taking discrete energy steps

(Received for publication 12 July 1979)

1. Garrett, H,B, (1977) Modeling of the Geosynchronous Orbit Plasma Environ-
ment — Part [, AFGL-TR-77-0288, AD A053 164.

2, Garrett, H.B. and DeForest, S.E. (1979b) An analytical simulation of the
geosynchronous plasma environment. to appear in Planet, Space Sci.

3. Garrvett, H.B. (1978) Spacecraft Potential Calculations — A Model, AFGL-
TR-78-0116, AF Surveys in Geophysics, No. 387, AD A060 151,

4, Whipple, E.C. (1965) The Equilibrium Electric Potential of a Body in the
Upper Atmosphere, NASA X-615-65-296,

5. DeForest, S.E. (1972) Spacecraft charging at synchronous orbit, J. Geophys.
Res. 31:651.




in performing integrations (that 1s, a temperature of 10 eV would require at least
1 eV resolution; a temperature of 20 keV would then require over 40, 000 such
steps if both were to be resolved simultancously). It became clear that the only
solution to such a problem was to carry out the detailed calculation of the currents
associated with a Maxwellian distribution function,

In the first part of this report we will review the formulation developed in
Garrett. S As each term is discussed, the necessary integral will be developed

and the results for a single Maxwellian presented for various temperatures and

i
potentials. The final section will review the details of the two Maxwe!lian model :
F
and conclude with a comparison between theory and actual observations. These i
results indicate a standard deviation of t1, 200 V between observation and theory !
, :
over the range -300 V to -10, 000 V, while the region of applicability of the model
g . ) Pt b 4
is between +100 V and -20, 000 V for potentials and between 10 eV and 50, 000 keV »
. I : . ¢
o " 3
for plasma temperatures — much larger than that of Garrett, < ;
« 8
X 4
3
2. GENERAL THEORY
g
The fundamental problem in determining the potential on a surface immersed :
’
in a plasma is the balance of currents leaving and striking the surface —an im- 1
balance always results in a net addition or subtraction of charge, altering the ‘
3
potential until equilibrium s reached. In this study we will consider only the fol- ;;
lowing currents for a single point (that is, leakage currents, capacitance, etc., g
are ignored): 4
y P I FR iy B dima) =10 1)
dg =Wy t dopt dor * vpam * dpg (
where
|
| Yy incident electron current
E
J[ incident ion current
‘ ng‘. secondary emitted electron current due to J B
JS‘I secondary emitted electron current due to JI I
] JBSE backscattered electron current due to Jl-?
JPH photoelectron emission (independent of Jl-‘ or Jl)
i |
Given the incident ion and electron spectra at the satellite surface, the cur- !
ents J. : 5 = ¥ : ot T } it is ‘
ren JL' JI' JSh' Jbl' and ‘]Hbl', (J PH will be ignored in this study, though it 1s ‘
i implicitly included in the model and can be readily modeled; see in particular
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n & v .
Garrett and DeForest ) are found and the potential ¢ on the spacecraft varied
until Eq. (1) holds.
Subsequent sections will outline the procedure for calculating each of the cur-

rents in Eq. (1) as functions of N, the number
i

*density, T, the Maxwellian tem-
perature, and ¢, the satellite to space potential, We will in fact be dealing with
the number flux, (NF', in units of particles ‘em”™=sec-sr rather than the actual

H

current density. For a truly omnidirectional flux they are related by:
J = qr (NI (2)

where q = electronic charge.

Also we will be making the limiting assumption of a thick sheath surrounding
the satellite., That is, we will assume that the distribution function I at the sur -
face of the spacecraft is related to the ambient distribution function f, for a

Mlaxwellian distribution, by

> Qo /KT v

f(Ev) = ¢ ™ fE") (3)
where

aale wd/2 <E/KT

f(E) = N(M/27KT) o
and

K Boltzmann's constant

WY mass

I energy in ambient medium

E' - energy at surface

) Et+q -« ¢ (4)

At geosynchronous orbit, the sheath (that is, the region over which particle

or

bits are distorted) is much larger than the spacecraft (typical values are 250 m
for the sheath as compared with a few meters for the satellite) so that Eq. (3) is
a good approximation. At lower altitudes (particularly in the plasmasphere) this
relation breaks down and the detailed geometry of the satellite and its sheath must

be considered.

6. Garrett, H.B, and DeForest, S.E, (1979a) Time-varying photoelectron flux
effects on spacecraft potential at geosynchronous orbit, J. Geophys. Res.
84:283-2088. e
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3 FLECTRON AND ION INCIDENT CURRENT

In terms of the incident particle distribution, f

at the surface of the satellite,

o »
we can write the equations for the incident electron and ion currents as follows:

ot
2
J = —= _/ EfE) dE (5)
M™

Substituting Eq. (3) for f, and remembering that the ambient particles do not have

energies below 0, we find for the electrons:

: 2
aNg (Mp V/° 2 -(E-9)/Tg
Jl — ‘,';_.—l;'- f e "B 4dE (6a)
M., A\ E
E x
For ¢> 0, x - ¢, implying: 3
1/2 N "
8 A o B + ¢/ T )
. }\L\Ll . (1 +¢/1 . (6b)
For ¢ < 0, x - 0, implying:
1o (/1 },.\

Jgp = Bghglg © (6c)
where

I\I}.. mass of electron

Nl, number density of electrons in n em”

T]_, electron temperature in eV

¢ satellite potential (in units of eV)

E energy of electrons in eV

3 9
KI“ 5.326 X 10" for JF inn/em”-sec-sr,

*

Throughout, we are using the number flux in the equations even though we refer
to it as the current —the two are related by Eq. (2). Also the units of charge q
will be incorporated in ¢, so that ¢ is in the units of eV rather than V (the sign

of the charge will be explicit in each equation), Te and Tl are assumed to

include K, the Boltzmann constant.
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Similarly, for the ions (assumed to be protons):

For ¢ <0, x = -¢, implying:

SR v S
Jl hl‘\[TI (1 -¢ F[) (7a)
For ¢ = 0, x = 0, implying:
1/2 /T
Iy }\INII‘I e (Tb)

where
; . . . et

NI number density of tons in n/cm
Tl ion temperature in eV
K
1

Expressions (6) and (7) are plotted in Figure 1.

1.2437 X 10” for J[ in n/cmz—sec-sr'.

As we shall see, they are of
fundamental importance in many spacecraft charging applications and can be
easily applied to calculate the current to the satellite due to the ambient environ-
ment for a plasma consisting of two or more components. As an example, for the

case of a two-Maxwellian distribution of electrons and a negative potential:

/ 5 / e
1/2 cd)/’rlh 1./2 eq)/l‘zE

Jg -~ KE (N1IE - T1E + N2E - T2E ) (8)
where

N1E - number density for electron component 1

T1E = temperature for electron component 1

N2E - number density for electron component 2

T2E - temperature for electron component 2

Similar equations follow for combinations of 3, 4, or higher sums of Maxwellian
components,

1. SECONDARY EMISSION CURRENT

Secondary emission is the result of electrons being ejected from the satellite
surface due to impinging electrons and ions (ion secondaries are not important).
The secondary emission current is given by (remember, JSE and JSI are in units
of n/cm2 -sec-8r):




B L e T

hl,(l“\!'(l-'\l’ di () |
.‘r},(l". the secondary electron yield i1s approximated for the electrons by:
o ~(Log E/3)
;\ (Log E1*™} . e & for ¢ < 0
‘l.\l'"‘ y O for E < 1 ev (10)
! A
L Q foré> 0
where
Y 10,8
] 0.25
( 1. 8313
1) V' T o)
(o) 1271560, 4

he function ‘\I (1), for ¢ < 0, has been plotted in Figure 2, 1t was chosen to be
in close agreement with the secondary electron vield for electrons impacting on

aluminum presented in Whipple, .

For electrons and ¢ < 0, qg. (9) becomes
. \

.l‘.
Fist 5 / § LB T (BIE dE i
St e o 1 I |
My oY
K * € N O/T.. S =(E/T. . +log E/B)
| l S R el o
l].\ l‘_{ ) e ‘/ e b (1 ON I2) 1 I de
1 1

(1)

I'he above integral cannot be integrated analvtically, We have, however, in-
tegrated it numerically using the Gauss-Laguerre quadrature formulas, The
results, normalized to “l‘”‘\-" @), are plotted in Figure 3, 1t is clear from this
figure that, for the range shown Mmamely, 10 eV « l“', « 100 keV and

0 <d «-10 keV):
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£ e i) ot -
I (T ) = (T, 6) S(T) (12)

where

0 ¢ >0
-0. 028(;’1‘1_.
S(’l'l_,) 0,843 - 0,842 ¢ g Tl" < 200 eV 6<90
i -0. OOO:i’l'l, ;
0.143 + 0. 740 e 5 'l‘}, =200 eV =<0

Although we have not used this expression in the model presented here, the
gain in computation time from this latter expression should outweigh any loss in
accuracy. As, however, we have sought accuracy in this study, we have in every
case integrated Eq. (11) as indicated.

The expression for the secondary emission of electrons due to ions was

taken to be:

K, (‘-l’r(I-IOV) ¢ <0 EzR
(SI(I".) Ky $p <0 R>E (13)
0 6 >0

where

K, = 0.086 , K, 5

u 4060 V=300 , R= 700

’

This is plotted in Figure 4 over a plot of 61(1-1) for aluminum taken from
Whipple. = As the deviation above 100 keV is significant, we have limited our
model to 50 keV (well above the region of naturally occurring charging phenomena),
so the deviation is not of concern in our calculations.

Inserting Eq. (13) into Eq. (9) we find, for ¢ <O0:

00 -
I\IN

2 ,? e 1 1
Ja 5 § (EYE(E)E dE = —575 * € .
81 1.3 (B 2372
I =9 1
R v 00
-E/T T
.| K, f e L g aE 4 K, f e I, & U/EV) pgp (14)
S R

where MI is the mass of the ions.
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Pertforming the above integrations and after some manipulations, we arrive

at the form:

~(@+R)/ T, -(6+R)/ Ty -
Jgp = -Sl-e +82:(T;~¢) +S3 - e [ e ¢
0
-U/(t- T +R+V)
e (t «+ T, + R) dt (15)

1

where

' S1-KI- K1 N« (T4 n),/«'rlv”'*'
]
$2 = Kl + K1+ Nl‘('l‘l)l 2
1/2

83 =KI- K2: N ('l'l)

1
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Eq. (15) is integrated using the Gauss-lLaguerre quadrature formulas. In
£

Figure 5 we have plotted J\‘l 'JI as a function of 'I‘l and ¢. Although not as simple

2 : ’ s *
as ‘]\‘.F' we can again approximate these graphical results in an analytic form:

JSI(TI' 0) JI(TI' ¢) - \\'('l'], é)

(16)
where:
0 ¢>0
: -4
: aT4x = o~ .00018¢
1 W(T}, ) (8.8 -0, 658 o HTRRR 0 _ (5 5y 4 5, 75 6% 0O0ERY;
-(0.572x104 + 0. 00018 &0 000140y
. e o = 0
439,
3297¢
274
ey
w219
» ~¢$=-1000V
165
$=0v
110+
055/
W2 % 88 B & W W 6w
Tl(kev)
Figure 5. Ratio of Secondary Electron Number Flux Due to Ion
- Bombardment (Jg) to Ambient Ton Number Flux at Surface Wy
!’ Versus Temperature (Ty) for Various Potentials
i
"A
*
Eq. (16) can give negative values as it is only an approximation. These values
should be set equal to 0.
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5. BACKSCATTERED ELECTRON CURRENT

As implied in its name, the backscattered currvent is the result of the
backscattering or reflection of the incident particles. It is, for our calculations,

only a significant factor for electrons. The basic equation is:

x a«
2 > ‘ ~ “
JBS!‘Z —h~l~2 f dar! f})()z', )z)fi‘:(]-,)l; dE (17)
E x E!
where
X
¢ if¢>0

B(E', E) ~ percentage of electrons scattered at a given energy ' as a
result of an incident electron at energy k.,

E' - energy of backscattered particles (E' < E)
E energy of incident particles

Following Sh‘rnglnss,‘ B(E', E) is usually given in the normalized form:

B, By - SELE) (18)

G is given as a function of E'/E for aluminum by:

G(E'/E) = 4; (EY/EX1 - B'/E) (19)

We obtained Eq. (19) from an approximate fit to Stornglass7 and Delorest
(private communication, see (‘.arrott‘i). Substituting into Eq. (17):
For ¢ = 0:

¢/T

Jpgg ~ Pl-e r (20a)

7. Sternglass, E.J. (1954) Backscattering of kilovolt electrons from solids,

Phys. Res. 95:345.

18




] For ¢ =2 0;
2 ~ a 2 : 2 , o It
i “]L\'l-: Ll (1+¢ ll’) L2 " L3 = ¢ = (3 + 20/ l‘E)-
. > -y
= . e
3 0 g
. where:
3 2 1/2
Pl = NFT\-‘
) )
LY = & N[‘.T}l_, -
L2 -4 N
9 l; 2
2
3 %

The integration is performed by the Gauss-laguerre quadrature formula.
The results, normalized by J F(é, TF)‘ are plotted in Figure 6. The detailed
numerical integral results in Figure 6 can be roughly fitted by:

Ipsg = BSG, Tg) - I8, Tg)

where

s

¢ =<0
BS(¢, T..) e
B Y (0.253 - 0.0027 %0729 + (0, 0867 + 0. 657 &0+ 1844 .

- 5
~(0.00017 + 0, 0008 ™0 2310y . il

As before, the actual integral was used for the calculation.
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6. TWO MAXWELLIAN MODEL

As discussed in the Introduction, t'..‘lrn'rtl and Garrett and l).-l-‘um-r:t“‘ have
presented evidence that, at least for the energy range ~ 10 eV to ~ 100 keV, the
plasma population can be adequately represented by a sum of two Maxwellian
components for both the electrons and ions. Experience shows this to be true for
approximately 80 percent of the cases. Although more components would naturally
give a better fit, and in about 10 percent of the cases a single Maxwellian is ade-
quate, a two Maxwellian approximation is a very convenient w ay to represent the
plasma as it can be directly derived from the first four moments of the distribu-
tion function. These four moments (see Um'rvnl) are the quantities most often
provided by particle experiments, and hence most readily available, With these
factors in mind, our charging model was designed to be optimized for two

Maxwellian distributions,




&b

Eq. (1) becomes:

(J l~'(°' N1E, T1E) +J l..(cs, N2E, T2E)] - {\Jl(o, NAYL TLR) + .11\0, N2I, T2D)]

+ l.l\.l..(o, NIE, P1IE) + J\.F(o. N2E, T2E)] + “\‘1(“" INALL, TYL) ng(o, N2I, T2D)]
¢ l‘ln\.“.(o, N1E, T1E) + J“\.“.(o, N2E, T2E)} 4 Jl,”(oH Q (22)

where:

N1E, T1E - Maxwellian number density and temperature for electron
component 1

N2E, T2E -~ Maxwellian number density and temperature for electron
component 2

LI, T 1% Maxwellian number density and temperature for ion
component 1

N2I, T2] Maxwellian number density and temperature for ion
component 2

Ji incident electron current given by Eq. (6)
"l incident ion current given by Eq. (7)
‘,.\‘l-‘. secondary electron current given by Eq. (11)
J.\'l secondary ion current given by Eq. (15)
J BSE backscattered electron current given by Eq. (21)
J Py photoelectron current, assumed zero in this paper (see (i;n'rott,:{
however)
Eq. (22) is solved by substituting values of ¢ until it is satisfied, a process 2

for which a variety of schemes can be employed. In this study, ¢ was steadily
decreased in coarse steps until Eq. (22) became negative, At this point, the

interval bracketed by this value and the preceding value was subdivided into finer

intervals and the process iterated until a close approximation to zero was found.

Before analyzing the results of our model, one final point remains to be dis-
cussed concerning the adequacy of our assumptions. The assumption of a thick |
sheath, or, equivalently, assuming the satellite to be a point, limits the accuracy
of our results as the sheath can alter the ambient plasma to a significant degree
before the plasma strikes the satellite. This assumption, however, is not serious
in comparison with that of assuming the satellite to be made uniformly of aluminum.
First, the material properties (that is, § and B) are at best only qualitatively

understood. Secondly, it is obvious that few satellites consist of aluminum,




In fact, the two geosynchronous satellites ATS-5 and ATS-6 considered in

this study consisted of a variety of materials., In order to compensate for this,

g e

in Garrett” a carefu) analysis was carried out in order to study the effects of

3
¥ varying § and B, It was found adequate to multiply these factors by a constant of
i the order of unity to bring the results for ATS-5 and ATS-6 into agreement with
: observations. The correction factors adopted for this study, based on ATS-5,
were:
i
§
i &, i L
: Sp 3
& 0.55 &, (23)

B(E', E) - 0.4 B(E!, E)

The ATS-6 values were different, but as we are interested in a "universal' model
>

we will employ the ATS-5 values throughout as representative.

7. DATA ANALYSIS

ATS-5 and ATS-6 are both geosynchronous satellites. We have integrated the
digital data from the University of California plasma detectors on these two satel-
lites to obtain the four plasma moments (for the energy ranges 50 ¢V to 50 keV
and 0 to 80 keV, respectively) for the ambient environment. To be precise, the
ambient environment immediately preceding eclipse entry (or following eclipse
exit) and immediately after exit (or immediately preceding exit) from eclipse was
computed, the results being corrected for satellite potential, The corresponding
eclipse potentials were also computed. The iwo Maxwellian components  where
possible (if not, a single Maxwellian was chosen) were computed. These values
and their averages (giving three sets of 23 values each) were,employing the model
as just outlined, used to compute the potentials for the sunlit, eclipsed, and aver-
age test cases., The three sets of estimated potentials are plotted versus the
observed potentials in Figures 7a, b, and 7c. Although there is obvious agree-
ment between the observed and predicted potentials in these figures, we will demon-

strate mathematically their agreement in the subsequent paragraphs (see Table 1),




lable 1, Statistical Anal

vsis of ATS-56 and ATS-6 Eclipse Data

Number of Points 23
Degrees of Freedom 21
a 0,05
HO: A =0 |HO: B =1
A B \':\ .\'“ 0 r Hi: A =0 |H1: B =1
»
First
Set 202,60(0.7141412.30(0.107[1179,71]0, 82| Accept HO | Reject HO
Second
Set 538.3311.0521400.42[0,104]1145,72]10,91] Accept HO Accept HO
I'hird
Set -295,85]1,.179]450.5510.1171289.17]0.91{ Accept HO | Accept HO

I'he Nirst set is for sunlit dat:

1, eclipse data make up the second set, and the

third set is an average of the two,
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8 STATISTICAL ANALYSIS

If there is a relati

onship between the experimental and theoretical values of

the potential, the simplest model should be a straight line relation of the form

Y A + BX (24)

where X si

gnifies the experimental values and Y the theoretical values of the

potential. For perfect agreement between X and Y we should have A - 0 and B - 1.
hree sets of data, each having 23 points, have been obtained and each set

has been studied statistically. For the first set, the least squares estimates b and

a of B and A, respectively, are found to be
b-=0.714 and a = 202, 60

o create a confidence interval for A, we choose a = 0,05 as the level of signifi-

cance, and we conclude that a 95 percent confidence interval for A is
Ml < A <cM2

with M1 - a - .\“\ to. 025 and M2 = a

fidence limits, respectively. For the data, these were found to be M1 - -654. Q¢

,\‘\ . 025 being the lower and upper con-
& . =

and M2 - 1060. 18. This shows that 95 percent of the time the mean A of the

Y- intercept of the straight line (24) will fall inside the above confidence interval.
In other words, the confidence interval would contain the parameter A of the popu-
lation with a probability of 95 percent.

As mentioned before, to have a perfect relationship between X and Y we
should have A - 0 and B - 1. Now, the question is asked, is it logical to consider
the value of A to be zero or not? For this we test the null hypothesis HO: A - 0,
against the alternative H1: A \ 0. Here we consider a two-tailed critical region
for @ - 0.05 level of significance. The region of acceptance would be all values of
a such that




We will accept the hypothesis if the estimated value a ol A is inside the region
of acceptance and reject it if it is in the critical region. For A 0 the region of
acceptance becomes

-857.58 < a < 857.58 .
Since a - 202,60, it falls inside the acceptance region and the null hypothesis
(A 0) is accepted. This procedure guarantees that the probability of rejecting
the hypothesis A -~ 0 when it is in fact true is less than o - 0.05. In addition,
this procedure guarantees the probability of accepting A -~ 0 when it is not true is
smaller than in any other test with the same o. (This is the so-called uniformly
most powerful test when the alternative hypothesis is A = Q),

A similar situation prevails for the slope B of the line (24). A (1 - )10,

confidence interval for the parameter B is given by the double inequality

b-Sgptys <B<b+Spt o

which means that

PR [h - Hn 1(“,2 < B < b+ Hll (n,v,'l] 1 -a

Choosing, as before, o 0,05 as the level of significance, we obtain the following

confidence interval for 1B3:
N1 <« B < N2

where N1 - 0.49 and N2 - 0.94, This shows that 95 percent of the time the slope B

of the straight line (24) would be between N1 and N2,

Now testing the hypothesis HO: B 1 against the alternative H1: B = | we
consider, as before, a two-tailed critical region for o 0,05 level of significance.
The region of acceptance would be all values of b such that

: b-B
PR -t” 9 <~g . t”,,,,

S

or all values of b which satisfy the double inequality

Kl <« b < K2

where K1 = B-S..t ,, and K2 = B + S, t
B a/2




In the present case, K1 = 0,777, K2 = 1,223, and b - 0, 714. It appears that in
this case the null hypothesis B 1 is not consistent with the data, and thus our

best estimate (minimum variance) would be B - 0, 714. However, it should be

noted that tfor a level of significance ¢ 0, 01 considering a critical region outside

of the interval
0.697 < B < 1.3029

the hypothesis B 1 is accepted.

Fable 1 gives a general picture of the statistical analysis done for all three
sets of data.  The letter A signifies the Y-intercept of the line (24), B denotes the
slope, and .\‘:\ and .\‘“ represent the standard deviations of A and B, vespectively,
HO denotes the null hypothesis, H1 the alternative hypothesis, The standard error
ts denoted by o and the correlation coefficient is denoted by r. Based on this table,
it appears that to a reasonable degree of accuracy (1, 200 V), our model based on
a two-Maxwellian approximation and a simple material configuration predicts

spacecraflt potentials in eclipse.

9. CONCLUSION

In the preceding sections we have outlined a procedure for taking a two-

Maxwellian distribution (or, for that matter, any number of Maxwellian distribu-

tions) and computing the potential difference between a shadowed satellite surtace
and the ambient environment, Our results indicate an accuracy (actually the

standard error between the observed and predicted potentials) of +1, 200 V.,  This
15 to be compared with the "exact" calculation using the detatled distribution

function of Garrett” for which an crror of +700 V was veported and that of

Garrett et ;\18 for the crude estimate of ¢ = -'l“‘, Ln (J b lO.ll) of +2, 000 V', As the
range of accuracy of the representation of the (l{stx‘ll\llltt\ll function and current
balance decreases from (:urn'tt:; to this paper to Garrett et al, s this trend i1s in
good agreement with expectations,

The power of the techniques presented in this paper, however, is not the
accuracy (which can be improved by "tuning” the model as discussed in Garrott)

but in the possibility of deriving an efficient, analytic expression for the potential,

Fhis is evident in Eqs. (6), (7), (12), (16), and (21),  Multiple Maxwellian

Garrett, H.B., Rubin, A, G., and Pike, C. P,
Potentials at Geosynchronous Orbit,

(Laqay Prodiction of Spacecratt
(edited by D, I, Donnelly) to appear in
Proceedings of the Solar-Terrestrial Predictions Workship.
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|
distributions can be easily incorporated using these equations in a straightforward
fashion. We intend to pursue this formulation in subsequent papers, leading
ultimately to a simple method of deriving spacecraflt to space potentials, i
!
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