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ANALYSIS OF VARIANCE : SELECTION OF A MODEL

\ AND SUMMARY STATISTICS

The topics of this paper are models for the analysis of variance
(ANOVA ) (fixed , random , or mixed models) and the subsequen t summary
statistics (F ratio , quasi—F ratio, and magnitude of treatment effect)
that may be computed following the ANOVA . ANOVA is a useful method
for assessing the statistical significance of treatment effects. But
the significance of an effect is a function of two decisions. The
f i rst decision is the selection of a model and an appropriate sampl ing
plan for elements within each of the treatment factors. The second de-
cision is the choice of summary statistics that indicate the extent of
significance achieved . In this paper, comparisons will be made between
models and between summary statistics. Specific issues will be clan-
fied concerning the interpretation of results when variou5. models and
summary statistics are used on the same set of data.

Selection of an ANOVA Model

In the fixed-effects model, the levels of the independent variables
are assumed to have been exhaustively sampled. No generalization beyond
those levels sampled is intended or theoretically permissible . The ran-
dom effects model assumes that the selected treatment variables have
been randomly selected from a very large population of such variables.
Generalization of results from the random sample to the population is
allowed. The mixed model allows both fixed and random factors to be
studied in the same experiment, and the results for each factor are to
be interpreted according to that factor ’s sampling plan.

The choice of a model has an impact on the probability of obtain-
ing the observations under the null hypothesis for each treatment
(factor). Behavioral research is particularly vulnerable to the choice
of a model because of ten the investigator can use only a limited sample
of the possible number of stimuli (items , drug doses , etc.). Further-
more, the same stimulus set may , by necessity , be given to all subjects
because of the difficulty in creating comparable sets of stimuli.

As a simple hypothetical experiment (adapted from Clark, 1973) ,
suppose that two classes of stimuli, nouns and verbs, are individually
shown to subjects. The purpose is to see if the subject takes the
same amount of time to identify each word as a member of the correct
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pa i t —
~~ t — s p~ ech c lass. Th t s imp i e hypot  hts ; i S  w i  11 be shown t iv

tn t  reSt inq tmpl ~c~ttions for both Ox } ’r t l t t . n t ~1l b~ i~~ T 1 t i nt ni i t  i t

F i r st  , tix ed s i t  S of  no un s  a~ d v e x b ~; t h i t i i  mat  chi l on r i  l o v t n t
paral ters , such as number o t  l et t e i  ti~ 1 t i~~~~ 1t TS V i f  o~~~~u~ i t n i , i t
p ~ a i , !  . To qo is i i  1 i .~~ to  the  fu  1 1 domain  o t n o u n s  and v~ r ~s; , oic h
subject should receive a d i f f e r e n t  random sample of words from the tw o
l i s t s .  It is unpossible , however , to match the  words ott i ll relevant
variables. It is also p r a c t i c a l l y  impossible  to list a di f t or e n t  random
samp i t  o f words for  each sub p t

Cons ide i the expe r imen t  a 1 design shown in  Tab l~ 1 • in  whi cl i
sub i oct s cacti  are presented ‘ w” d i f f e r e n t  nouns a n t  ye t ’bs . To coinpit c
hi t~ttspl ti y ot t h e several possible F r a t  ios  f o r  t e;t i nq t . l t t  d i t  1 i —

t~~t 1s t’ i i  rt ’s}’onse t ime to  t h e  two “ t r ea tment ” (p a r t  of s pi t ch ) cot idi  —

t w its , Tab I e . m d  Table 3, w h i c h  show e xpect Oil mean sitn ì  res ( EMS ) , W i  11
be h e l p f u l .

Tab le 1

?cn ; iqitmi t i t  of Sub oct and Pa i t s  of Spee cli

Part of speech
Sub j Oc t  P~ (nouns) 1’ (verbs)

S w . . . .w  w .1 1 W : ..’ w 2+l

If the significance of the Parts  of Speech t r eatment  is  t e s t i d ,

the a p p r o p r i a t e  E’ r a t io  for the model i l l us t r a t e d  in Table ~ is
1” = MS /MS . The only  term in the numera tor  t h a t  is  not in t h e
1 p pxs

de nomina to r  is sw ’~ . However , if this same F rat is, in used w i t h  the
• p

model in Table 3 (applicable when generalization is des i r e d  to ill
noun s and verbs), then this F ratio will contain two terms that ate

not in the denominator : s~ and sw~ . Usinq alt e rn at  ive  e r ror
w ( p )

t erms in the par ts—of—speech tixed , words—random model (Table .‘)  al s o
• leads to the same problem. For example , if we test the  par t  s— ~~t — ~ p t t ’ h

effect against the words within parts—of—speech effect , we obtain

F = MS /MS . In this case, EMS exceeds EMS by tl’te amount ot
2 p w (p) p w p
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Table

(EMS ) 

, 
As suminq  Pa r t  5 of Speech Is a Fixed h~~~~t ot  and

Sub t e st s  and Words Are Random

EMS

• p ( ~~~~ z ( s,f •- ;t ot sh ) + sw , + n. + w - 1 i
0 p w (p) pxs nx v  t j )

W ( I )  (Wo rds w it hin part of speech) ~ + n~ + ~iO w (p) sxw (ph

5 ( S ub  t e s t s )  ‘ + pw. — 
+

o sxw (p )

1 X S • + w. 4- ~O ~~X5 sxw (p )  
—
~

S x W ( r’) +
s w ( p )

T~ b1e

( E M S ) ,  Assuming Parts of Speech and Words A c  F ixed
ari d Subjects  Arc Random

Sour ce EMS

L 

p ~ + Sw~ + W ’
O p px s

• )

W(P) ~“ 4 Se + e
e w (p )  sxw(p)

S +

2 2
P x S e + w ’

• S x W (P)  + ii
( )
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w~ + wse
2
. Therefore , this F ratio would also be significan t whenpxs p 

2 2
the true contribution of o due to parts of speech (treatments) is

really zero. In summary , both F
1 

and F
2 

could be significant when

= 0, provided that and exceed zero.p w pxs

A possible solution to this dilemma is to take the “quasi-F” ra tio ,

or F’ , which equals (MS + MS ) / ( M S  + MS ). Now the onlyp sw (p) pxs w(p) 
2term in the pumerator that is not in the denominator is -e • However ,p

F’ is distributed only approximately as F , although the error involved
is not large provided that adjustments are made to the degrees of freedom.

A more conservative solution is minimum F’ , which assumes that
MS () is zero. A detailed discussion of this problem may be found

in Clark (1973)

A series of Monte Carlo computer simulations (Forster & Dickinson ,
1976) explored the relationship between all of the above F ratios and
the resulting Type I error rates. Generally, F1 and F2 alone produced
unacceptably high error rates , whereas F ’ and mm F’ were more conserva-
tive , as shown in Table 4.

As shown in Table 5, increasing the number of items and subjects
tends to decrease F1 Type I error for the fixed effects model where
only subjects are random. Mm F’ and F’ continue to have lower error
rates.

The “Magnitude of Effect” as a Summary Statistic

The F ratio indica tes the level of statistical significance that
can be attributed to a particular treatment. The degree of statistical
significance is a joint function of the “true ” strength of that factor ,
the error var iability,  which reflects the degree of experimental con-
trol , and the sample size (i.e., number of subjects tested). As sample
si ze increases, there is increasing power to reject a false null hy-
pothesis. Thus, in conducting large-scale experiments with hundreds
of subjects, the large “n” may be necessary to detect a weak “signa l”
bur ied in a background of “noisy ” data. But the large n may also lead
to spuriously signi f icant F ratios that are actually statistical
artifacts .

One index for assessing the significance of effects is the “magni—
tude of ef fect,” also referred to as the “proportion of variance ac-
counted for.” It is interesting to note that relatively few research
papers have included this index as compared to the occurrence of ubiqui-
tous F ratio. Basically , the magnitude of effect (m.e.) measures the
degree of association between the independent variable(s) and the

4
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Table 4

Type I Error Rates as a Function of Variation
in MS and MS

SXP w (p)

Source of variance
manipulated S.D.

1 
S.D.

2 
F
1 

F
2 

mm F’ F’

V - Neither 0 0 .044 .046 .010 .026

5 0 .228 .052 .038 .044p 
10 0 .484 .070 .060 .060
15 0 .586 .056 .048 .052
20 0 .724 .050 .048 .048

‘-‘5 0 5 .042 .146 .024 .036
0 10 .064 .388 .042 042
0 15 .036 .520 .032 .034
0 20 .042 .588 .038 .042

Bo th 5 5 .124 .096 .034 .042
10 10 .190 .090 .040 .040 .

15 15 .220  .138 .056 .064
20 20 .208 .118 .048 .048

N t i ’: 500 observations per s itua t ion , alpha = .05 , p = 2 , q 5 , r = 9.

Table 5

Type I Error Rates as a Function of the Numbers
of Subjects and Items

Subjects Items F
1 

F2 mm F” F’

10 5 .240 .070 .040 .040
10 20 .090 .290 .053 .053
20 5 .307 .077 .067 .067
20 20 .193 .217 .060 .060

Note : 300 observations per situation , S.D.1 
S.D.

2 
20, and

alpha .05.
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dependent variable(s). In the simp lest case for ANOVA having fixed
tasto rs , none of which are repeated , the m.e. formula is magnitude of 

V
, t f t -ct = (SS - df x MS )/(SS + MS Rulese f f e c t  e f f e c t  error total  e r r o r ) .
fsr l .-rivinq m.e. indexes are provided by Dodd and Schultz (1973),
t1 n i ; with tables for representative ANOVA designs .

The present paper is concerned with the interpretation of these
summary statistics , because both F and m.e. can be computed from the
si mi- ne t  of data. It is clear that as the statistical significance for
a ;ive n effect increases——that is , the p(observation/null) decreases—— 

,
t n t - magnitude for that effect also increases. But it is also possible
th i t  an F ratio may be highly statistically significant , yet the m.e.
tot that effect could account only for a very small proportion of the
o v e r i l l  variance . The results from an experiment summarized in the
following section show that when statistical significance (p — .001)
was achieved by several treatments , the m.e . for these treatments ranged
from 1% to 2 3 %

A study of Marksmanship

An experiment was conducted for the U.S. Army Military Police

~choo1 at Fort McClellan , Ala., in which 237 students each shot a total
of .40 handgun rounds from eight different position-distance combina—
l i o n s .  There were three repetitions of 80 shots each , at stationary
silhouette targets . Within each repetition , 5 shots were taken , the
weapon was reloaded , and 5 more shots were fired in the adjacent test
l ane . (Each subject had previously passed a training course with a
•~~ore of at least 35 hits out of 50 shots.) In the test , 160 trials
( two repetitions) were taken on Thursdays and the third repetition was
taken on Fridays . The completely crossed design was therefore A x B
x C x D, or 237 x 2 x 8 x 3, or subjects x lanes x tables x repetitions.

Table 6 hi ghlights the results of the ANOVA from this experiment.
The first column of F ratios assumes a mixed model , with B, C, D as
fixi l factors. The second column of F ratios assumes that only the
Tables factor was a fixed factor. The third F ratio column assumes
t h i t  all four factors were randomly sampled from their respective popu-
lations. The point is rather obvious : Different ANOVA models produce
litf e rent F ratios for null hypothesis rejection , given the same set
of data.

The problem of interpreting the F ratios needs to be addressed.
Is there , for example , a significant effect due to Lanes or to Repeti-
tions? If these effects are assumed to be fixed , the answer is yes;
if they are assumed to be random , the answer for Lanes is no; and for V

repetitions the level of statistical significance has decreased greatly.

6

t - - V tL
L - V -. ~~~~~~~~~V — r _________________________

__________________ - ~~~~~~~~~ ~~~~~~~ — - - - --~~- -



-
~ 

—- V-- — — - .-— - .-
~~ 

-V -- -“- -- --—-—- — - - V

~~~

V

Table 6

Changes in F Ratios as a Function of ANOVA Model

df a 
MS F

1
~ F

c 
Fd

.\ ~Sul~~ ect s)  236 12.80 3~ 93**** 2~~~~54****

13 (Lanes) 1 7.70 7 33**** 5.96** 2 .26

C (Tables) 7 732.71 385.64**** 79.1l**** 79. 11***

p (!~epetitio~~~) 2 34 .75  l4 . l8**** 12.5 5**** 4 .7l **  
V

‘- .00 1.
s .01 .

** ( .0 25 .

f o r  F r a t ios  were obtained using the Satterthwaite approximation .

random ; B , C , D f ixed e f fec t s .

B, D random ; C fixed effects.

B, C , D a l l  random e f f e c t s .

We o f f e r  the suggestion that  the choice of the ANOVA model , and
oltimately the level of significance reached , lies in the eyes of the

beholder— -the  sc ient i s t .  From a sponsor ’s perspective , only those con-
ditions studied in the experiment may be of interest. If many lanes ,
repetitions , or even tables are never to be studied or added to the
sponsor ’s testing program , then those factors would never be sampled
from a larger population of such factors. One might argue from a sci-

~ntific point of view , however , tha t many additional lanes , repetitions ,
and firing positions could have been tested; that is , we happen to have
chosen only three repetitions , two lanes per subject, and eight differ-
ent distance—position combinations. Thus , the sponsor—practitioner
wants information that is specific to his or her particular test. In
contrast , the scienti f i c  “purist” may perceive this one test or experi-
rTEnt  as merely one of many different kinds that could have been con-
ducted for the sponsor . Hence, the choice of mode l indeed inf lue nces
the significance levels obtained .
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