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WAVE POWER EXTRACTION BY FLOATING BODIES

C.C. Mei J.N. Newman
Department of Civil Engineering Department of Ocean Engineering

Massachusetts Institute of Teéhnology
Cambridge, Mass. 02139, U.S.A.

ABSTRACT

Thellinearized theory of water waves 1is reviewed in the context of
wave-energy absorbers. A global analysis is outlined, leading to rela-
tively simple expressions for the maximum energy absorption. Calculations
are presented for the performance of a Salter cam in two dimensions, and‘
of a Cockerell raft in both two and three dimensions. Si;ilar rates of
optimum energy absorption are anticipated for other devices including the

[Kaimei ship and French air bag.
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1. INTRODUCTION

The conversion of wave energy from the ocean is an important and
contemporary field of application for the theoretical methods which have
been utilized in ship hydrodynamics and other related fields. Since
there is no extensive base of empirical design information for wave-power

devices, theoretical tethods are especially useful in this field.

The basic theory fdr analyzing wave-body interactions is well
developed, under the uBual assumptions of small oscillatory motions and
neglect of viscous eff@cts. This approach has been pursued extensively
in the field of ship Hydrodynamics (Wehausen, 1971; Newman, 1978). The
necessary generalizatibns to analyze various wave-energy devices require
trivial extensions froth six degrees of rigid~body motion to account for
the pertinent "higher-brder modes" such as the relative angular displace-
ment at the hfﬁge of a4 Cockerell raft, or the oscillatory displacement of

the internal free surface in a National Engineering ﬁaboratory device.

The classic theoty for wave-body interactions is based upon the use
of a linearized velocity potential. The overall problem can be decomposed
into linear component8 including the incident wave system, the scattering
disturbance of the inéident wave by the stationary body, and the radia-
tion disturbances due to each mode of body motion. For a given body
geometry the scattered and radiation potentials may be derived by a
variety of techniques; generally involving numerical analysis (Mei,

1978) . ’

In the direct approach each of these potentials is found and the
corresponding componetits of the pressure follow from Bermoulli's equa-
tion. The hydrodynamié forces are determined directly by integration
over the wetted surfack of the vessel. (The term "'force” is used here in
a generalized sense, k8 include the moment and any pertinent higher-order
loads.) Equations of #iotion follow for the various degrees of freedom
of the vessel, and it is straightforward to solve for'the unsteady mo- .-

tions and for the rate of energy absorption.

An alternative glbbal analysis can be based in part on the principle
of energy conservatioll; and more generally on the application of Green's
theorem to the varioud Beparate components of the velocity potential.
This approach is usefill particularly to determine the optimum power out-

put from a given conflpuration. 1In this way it is possible to determine

e st gy

the maximum output, a8 & rational design goal, and to avoid the limita- J%Z\

tions of performance laghlengthy experiments which result from a purely
T
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intuitive design approach.

The global analysis provides a relatively simple prediction of the
power absorption, and other characteristics of the device, including the
wave damping and exciting forces, in terms of the far-field asymptotic
form of the radiation potentials. However, the added-mass force in quad-
rature with the body velocity must be determined from a direct local sol-
ution of the radiation potential. Thus a direct solution of the radia-
tion problem is required, for each pertinent degree of freedom, to pro-
vide a complete description of the relevant hydrodynamic characteristics
of the device.

The theory is simplified if the fluid motion is two-dimensional, .
implying a long cylindrical device with its axis parallel to the wave
crests. The resulting analysis has given much inspiration to this field,
but practical considerations suggest that alternative configurations with
smaller transverse dimensions may be more economical; especially in

respect to structural costs and mooring forces.

This paper is intended to review the basic theoretical approach to
wave-power devices, and to present a variety of results for specific con-
figurations which have attracted the authors' attention. The essential
elements of the theory are outlined in Section 2, with principal emphasis
on the rate of energy absorption. Numerical results for specific two-
and three-~dimensional configurations are presented in Setttons 3 to 5.

In Section 6 we discuss the pertinent hydrodynamic characteristics of

different types of wave-power devices.

2.  GLOBAL ANALYSIS

With the fundamental assumption of small oscillatory motions, the
incident wave spectrum can be decomposed into separate sinusoidal com-
ponents of prescribed frequency and direction. Therefore, it is relevant
to consider the absorption of a single regular plane progressive wave
system, the direction of which is taken for convenience to coincide with
the horizontal x-axis. The absorbing vessel may be oriented in an
arbitrary manner, but-to simplify our discussion only the case of “head-

seas" is considered.

Deep water is assumed, and the velocity potential of the incident

waves is given by the expression

/(Y
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¢I = «-i(gA/w) exp(kz + ikx) (2.1)

The time factor e_iwt is implied, and the real part of the resulting

. product is to be takefl: The parameter A denotes the wave amplitude, g
the gravitational acc61Eration, k = w2/g is the wavenumber, and z is the
vertical coordinate.

The absorbing device is assumed to be a floating or submerged

{ vessel, which may be tigid or flexible. Its motions may be defined by

six rigid-body degrees of freedom, with complex velocities v,, and a

_ |
3 sequence of higher-oriér "flexible" motions which can be defined by
extension of the same fiotation for j > 6. Since the solution is linear-~
ized, superposition of Beparate components is valid and the general

expression for the veloeity potential takes the form

$m o, HENE (2.2)

J i
Here ¢s is the scattered potential, due to the disturbance of the inci-

dent waves by the stationary vessel. The remaining components ¢, are due
to the various degrees of freedom of its motion. In (2.2) and hereafter, -

summation is over all Honzero modes of motion.

Each component of (2.2) is governed by Laplace's equation, subject
to linearized boundary €onditions on the free surface and on the wetted
surface S of the vessel. With the exception of the incident wave poten-
tial ¢I’ each component of (2.2) also sacisfigs a radiation condition
of outgoing waves at ldfge distance from the vessel, such that for
large values of R = (x2 + y2),

d, = 1e—iﬂ/4 =1/2

! B(Be ™ | (= 8.1,2,...) (2.3)

(27kR) :

Here

ad
H,(0) = —kIJ (7;3 = ¢, égﬁ{exp[kz—ik(x cos O +y sin 0)]}dS  (2.4)

'S ] j on
C ,
: ’/-“‘jr;- pn o ey S
is the so-called Kochiil function, proportional to the amplitude of the
far-field radiated waves associated with the potential ¢j.
From the linearized Bernoulli equation, the pressure field of the
fluid, and thus the hydfodynamic forces acting upon the vessel, can be

expressed in a similar Form to (2.2). The total force in the i-th

direction due to ¢I + $9 is the exciting force due to the incident wave

system,

o .,_..‘.4@ 'J‘bl
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iwp ” (¢I + ¢s) —ar—li- dsS = A Xy (2.5)
S

Similarly, the force due to ¢i is expressed in the form

1)
e | i »
iwp ” ¢j e Bij iw Mij _ (2.6)
S

where the real coefficients Bij and Hij are known as the damping and
added mass, respectively. The damping coefficients are especially import-
ant in the context of wave power;’ as the components of the hydrodynamic
force in phase with the velocity of the vessel; these are responsible
for thg radiated wave energy due to the vessel's own motions in calm

water.

A direct analysis of wave power absorption requires solutions for
the scattered potential and each of the "forced motion" potentials in
calm water, following which the pressure force acting in each case can be
found from integration. It is clear however from the "principle of
virtual work" that the power' absorbed will depend only on the hydrodynam-
ic force coefficients (2.5) and (2.6), and the mechanical device restrain-

ing the ﬁody motions.

Instead of solving all the boundary value problems, much information
may be obtained by using certain global relations which follow mathemati-
cally from Green's theorem. These are examined in a systematic manner
by Newman (1976). The most important results, in the context of wave-
power absorption, are relations for the exciting force, damping coeffi-
cients, and absorbed power, in terms of the Kochin functions, as

summarized below:

" The Haskind relations express the exciting force in the form

= - 1p2A
X e By

Here XJ is the complex amplitude of the exciting forcé in waves, of. __

() ’ 2.7

unit amplitude, with j = 1,2,3 for each component of the force, j = 4,5,6
for the moment. Higher-order mode shapes and exciting fofces can be
defined similarly. The principal advantage of (2.7) is to permit the
determination of the exciting force in waves without solution of the

boundary value problem for the scattered potential ¢s.

The damping coefficients are related more directly to the outgoing
radiated waves by the principle of energy conservation. Mathematically

o ¢
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this relationship takes the form

. R O W
By = TiE H,(0) H(6) a0 (2.8)

0
where Bij denotes the d8mping coefficient for the force or moment in the

direction i, due to a body motion in mode j. The matrices Bij and M1j

'

are symmetric.

For any combinatioh of body modes such that the phase of the motion
is constant over the body surface, in each mode, with complex amplitude

v., the rate of energy absorbed by the body can be expressed in the form

3

.’_ ZTT
dE _  pgA s 1 wp
de ~ T 7 RIE ‘jhj(“)] T Bk J

z ijj(G)lde (2.9)

The last expression catl be interpreted physically by combining it with
(2.7) and (2.8) to give

dE _ 1 A | * T
-3 A Re[Z vj Xj] -3 PP vy Xj Bij (2.10) .

This expression is equivalent to equation (4.1) of Evans (1979), where a
matrix notation is used and the derivation is based on an analysis of the
work done in oppositioff to the hydrodynamic forces on the body. Evans'
derivation is for a syBtem of N bodies, each having a single degree of
freedom, but there is iH principle no difference between that case and
the present one, of a 8ingle body with several degrees of freedom.
Indeed, the generalization to, say, N bodies with M degrees of freedom
simply requires @ suitdble set of additional subscripts, with no other

change to the analysis.

The above equatiofid are valid in general for a three-dimensional

vessel. In the special case of two-dimensional motions, resulting from

the interaction of a 1¥Hg cylindrical vessel with its axis parallel to

the wave crests, equations (2.1), (2.2) and (2.8) remain valid, but

y legible reproduction

the intermediate equatlbhs are modified as noted by Newman (1976).

The equivalent exfitessions (2.9) and (2.10) can be used to determine

Copy available to DTIC does nc!
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the performance of a wA¥e-absorbing device simply in terms of its
respective Kochin func {ons, or in terms of its damping coefficients and
exciting forces. The 8etond term in (2.9) or (2.10) is a negative
quantity, associated pH$Bically with outgoing energy flux due to the

vessel’s own wave genetAblon. The first term in these expressions may 69
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be of either sign, depending on the relative phase between the velocity
component vJ and corresponding Kochin function or exciting force.

Optimum performance follows by choosing the velocity components in a suit-

able manner.

If there is only one degree of freedom, the energy absorption is
maximized by choosing the phase of this velocity to be the same as tne

exciting force, and the iesulting quadratic function attains a maximum

value when

* *
JH (m) AIX l
|7’3J= ZﬂfA o ted = 3 (2.11)
J B, () lz a6 31
) )

It can be shown (cf. Mei, 1976) that this situation is realized if the -

vessel is restrained by a linear device tuned for resonance in such a
manner that the inertial and restoring terms cancel, and with a mechan-

ical damping precisely equal to the hydrodynamic damping.
Corresponding to (2.11), the maximum power absorption is given by
T
* 2
e | |
1, (4

dE _ mpg A ,
dt 2wk Izﬂ

: (2.12)

2
Hj(e)l dé

In this form it is apparent that an efficient wave absorﬁing device 1is
one which radiates waves primarily in the direction opposite to the wave
incidence or, equivalently, a vessel which experiences a relatively large
exciting force in waves from this particular direction. In other words,
a geometrically efficient three-dimensional wave absorber should be such

that it can generate highly focused waves by its own motions.

The two-dimensional analog of (2.12) is noted by Mei'(1976j and
Evans (1976), and is essentially the mathematical basis for the superior'
performance of unidirectional wavemakers as wave absorbing devices. In
particular the optimum efficiency which is attainable with one degree of

freedom is

2 -1
e = (1 % [a,/a_[% (2.13)
where A+ and A_ are the radiated wave amplitudes towards x " 4© and -,
respectively, the incident wave being from x v -, 1In this context the

efficiency 1is defined as the ratio of the power absorbed by the device
1

and the rate of energy flux z-'ngz/m per unit width of the incident
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wave system.

The results for a single degree of freedom can be extended to a pair
of modes of motion which are even and odd with respect to the x-axis, for
example heave and surg@ in the case of rigid-bodv motions. The corre-
sponding Kochin functions are even and odd in 9, and these do not inter-
act in (2.9). Equivaléntly, in terms of (2.10), there is no cross-
coupling between such fiodes and Bij =0 for i = j. It follows that the
total energy absorptiofl is the linear superposition of that in each

separate mode.

The three-dimensional results may be illustrated by considering an
axisymmetric vessel. Heave motions are independent of 6, and from the
first form of (2.12) it follows that the maximum energy absorption is
pngz/éwk. Dividing by the rate of energy flux per unit width of wave
crest in the incident waves gives a "capture width" W = 1/k, or
approximately one sixtl of the wavelength. Alternatiﬁely, surge or pitch
of the same vessel givés a Kochin function proportional to cos 8, and
W = 2/k. Superpositiofl of these two modes gives a maximum capture width
from rigid-body motiofi8 of 3/k. Larger amounts of energy can be captured,
in principle, by highet-order modes proportional to cos nf. In all cases
the optimum combinatiofl of an even and odd mode shape is related in
precisely the manner t0 cancel the radiated waves downstream, (8 = 0)

and reinforce the sepatate components upstream (8 = ).

Optimum performaticé of a wave-absorbing dgvice requires that each
mode is optimized in Médgnitude and phase. Equivalently, each mode must
be restrained by a fortée of optimum magnitude and phase. Thus the re-
straint which extracts the output power must have an optimum complex
impedance including ifé*tial and dissipative components. This optimum
impedance is a functiof of the incident wave frequency or wavelength. A
simple mechanical device witﬁ constant inertia cannot satisfy this re-
quirement for all wave!bngths. The global analysis can be used in non-
optimum conditions to express the rate of energy absorption to the bod;.
motions, but the lattet must be computed by direct solution of the

pTIC does 1ot
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3. SALTER'S CAM

Salter's cam is th! first device which aroused serious interest in

wave power by its :emifkably high efficiency unimagined and unattained
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heretofore. In the idealized laboratory setting, it is a long cam which
.can roll about a horizontal shaft parallel to the incident wave crests.
As is evident from (2.13) the highest efficiency is attained when the cam
radiates the most wave energy towards the incident waves. For the
geometry of the early laboratory model of Salter, (2.13) has been evalu-
ated by numerical solution of the radiation problem; the results are

shown in Figure 1.

The optimum theoretical efficiency g, varies from 0.5 at long wave-

lengths to 1 at short wavelengths. This viiiation may be understood with
the help of (2.4). For long wavelengths, the Kochin function is dominated
by the contribution from the term 8¢j/3n in the integrand. Thus the
motion of the cam is represented effectively by a source whose strength
is proportional to the change of the displaced volume. Since the waves
radiated by a source are symmetrical, A+ = A, and (2.13) then gives

eopt = 0.5. On the other hand, at high frequencies the waves are essen-
tially created by the left side of the cam near the free surface. For
short wavelengths these waves cannot easily pass under the cam and must
radiate entirely towards x v ~», Therefore A+/A_ << 1 and edpt ~ 1 from
(2.13). The calculations show that for a wave period in the range of

8 to 15 seconds, the radius should be in the range of 4 Vv 14 m to assure

high optimum efficiency.

If the complex impedance of the restraining moment (i.e., the inertia
of the cam and the extraction rates) is chosen to give Eopt for a parti-
cular design frequency, then the system is not optimal for other fre-
quencies as noted at the end of Section 2, The attainable € falls below

the curve for eo , as is illustrated in Figure 1, where the optimum is

pt
reached at w/a/g = 0.7 with k53 = 1.10, It is a positive attribute of

Salter's cam that the efficiency curve is quite broad-banded. For the

same cam inertia the effect of either increasing or decreﬁsing the
v

33

curve becomes flatter if A53 > 1.10 which may be a useful property.

Lastly, if the cam size is sufficiently small and the inertia large, the

extraction rate Al., reduces the peak efficiency. However, the efficienc§

optimum dimensionless frequency is low. Not only is Eopt drastically
reduced, but the frequency band width of the e€-curve is also reduced.

Thus, Salter's cam must be sufficiently large.

In Figure 2 we show the horizontal wave force on the cam. The order
of magnitude of the force is, in physical terms, pgaA, which can be anti-

cipated by using the linearized Bernoulli equation for the hydrodynamic

. . - — ~
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pressure. This implies a very large force; e.g., for a = 10 m, A = 3m,
pgaA = 30 Tn/m. It ‘s interesting that for extraction rates below
optimum the peak force and the peak efficiency do not occur at precisely
the same frequency. Mynett et al. (1979) also performed calculations
for various submergencé and water depths, and found the latter to have

relatively little effett,

In reality a rigid shaft would demand a massive support which of
course implies a high tost. A flexible support would normally lead to
a loss in efficiency. Calculations based on a simple model in which the
cam may slide on a vértical sleeve which may move freely horizontally
show that the efficieéii€y is usually reduced drastically, with similar
reduction in wave forcés. This is illustrated in Figure 3. In prin-
ciple, mechanisms cari-be added in the cam so that energy may be extracted
from all degrees of fteedom to increase the efficiency, but intricate
designs would be nece8sary which raise new technological and economical
considerations. Once the details of the mechanisms are specified,

computations similar to those given here are also possible.

1f the wind-genetated wave is assuned to be a stationary random
process the averaged pobwer flux per unit length of the crest may be

related to the energy Bpectrum by

<P > = pg r SI(w)Cg(w)dw . , (3.1)
0
while the power extratted by the rolling cam is
P 02 oAb 2 2 :
<p> A33 <a> )\33 rm SI(m)|a3| dw (3.2)
0
where u3(w) is the complex frequency response of the roll amplitude,
The mean squares of the roll ‘amplitude and of the hydrodynamic force on

the shaft can also be obtained from the incident wave spectrum and the

frequency response: by ¥
2 %
| <@,> = [” SI(w)Iujl dw (3.3)
f 0
' S k|2
f_ <> = r 5 (w)] y 1 aw (3.4)
} 0
! Serman and Mei (1979) have computed these mean squares based on the 1/29
| . s n
y i L x to DTIC does
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As wave power devices will likely be installed near the coastline,
a representative JONSWAP spectrum is chosen for SI. The spectrum is
characterized by the wind speed U and the fetch length X from which
various pérameters, in particular the peak frequency and root mean
square of the incident wave height, may be determined by empirical
formulas (see Hasselmann et al., 1973). From JONSWAP spectrum the
increase of root-mean-square wave height and peak period with both U and
X may be calculated. The following numerical results for a cam with
radius a = 5 m are due to Serman and are similar to those given in
Serman and Mei (for a = 3 m). The extracted power in kw/m of course
increases with both U and X as shown in Figure 4. When U and X increase,
the peak frequency decreases, hence the efficiency also decreases (Figure
5); this is consistent with the eopt curve in Figure 1. Root-mean-square
horizontal and vertical forces are shown in Figures 6 and 7. The root-
mean-square of the angular displacement is shown in Figure 8." For
example, let X = 200 Kﬁ, U=3" 14 m/sec, <P> = 2 % 46 kw/m, Fx =
1" 10 Tn/m. It should be remarked that for these ranges of X and U the
wave height is 2~ 4 m so that linear approximation is still useable.

Serﬁan and Mei (1979) also studied the performance in a Pierson-
Moskowitz spectrum of a cam whose shaft can move passively in both the

vertical and horizontal directions, Details are omitted here.

4. TWO-DIMENSIONAL FLOATING RAFTS

The elongated and shallow rafts of Cockerell*, which extract energy
from the relative rotation about the hinges, have the obvious advantage
of smaller mooring forces. It was therefore felt desirable to provide a
theoretical model for its performance. For analytical simplicity Haren
and Mei (1979) studied the case of two~dimensional rafts on a sea of
small depth. Because they were aléo interested in optimum raft 1engths;
computations based on the fully two-dimensional theory for arbitrary
wavelength would be quite tedious. Therefore a linearized shallow water
theory was used. It is interesting, however, that for a sample geometry
the difference between these two theories was also found later to be

not large for a wide ;ange of frequencies. Again according to (2.12)

*Essentially the same idea has been proposed by Glen Hagen of Louisiana,
U.S.A., in a patent application (No. 4077213, Official Gazette, U.S.
Patent and Trademark Office, March 7, 1978, filed Feb. 13, 1976). The
elongated feature was stressed more by Hagen than by Cockerell.

$ ‘ //
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optimum efficiency is attained if most of the radiated waves are towards

X v -© and very little towards x v 4+®, This is possible if the rafts

on the transmission 5ide are much longer than the rafts on the incidenc
side. For the simplest case of a short raft hinged onto a fixed semi-
infinite raft (which hdés the same effect as a fixed wall), it can be
easily shown that 100% efficiency is possible if the short raft is res-
onated and the extrattlon rate equals the roll damping rate of the short
raft. With only a btibyancy restoring force the corresponding raft length
is 40%Z of the wavelefifith. The efficiency curve is again quite broad-
banded. For a finitd total length without rigid external constraint,
some gfficiency is eiipécted to be lost. Experimenting with three, four
and five rafts, Hareil &nd Mei sought the optimal design under various
criteria. The optiml#ing parameters are raft lengths and extraction
rates at the hinges. The criteria include the best efficiency at a
fixed total length, while the incident waves may be regular or have a

smooth spectrum with bfle or two peaks.

For example, for & depth of 9.15 m, a regular wave of period T =
5.52 sec, wavelength = 52 m, total length = 137 m, the best efficiency
is achieved when the three rafts are 16.8, 52, 68.3 m long and the

| extraction rates at the first two hinges are nearly equal to 5380

kg/mz. The total amolit of energy extracted at the first hinge exceeds
95% of the total. TH@ efficiency for other frequencies is given in :
FPigure 9. It may be €Bncluded that the relative motion ;bout the second
hinge is quite small 8B that the system behaves like a two-raft system.
Since the entire systfh is floating, the forces on the hinges are not

large; a typical vertiRal force is:
Fz N 0.6 pghH = i8 Tn/m at resonance, for A = 3 m,

which is somewhat led# than that experienced by a Salter cam on a fixed
axis. In practice, ik may be easier to have a strong hinge between two

moving rafts than to Have a strong anchor to the sea bottom.

Finally in many kBbastal waters the presence of swell introduces two
spectral peaks. The 'Bsults of optimization with some consideration of
cost is rather intere#ting. It may be shown that the piofit index is

<eff> - QL,, where Q it¥ proportional to the unit cost of the raft and

iy
inversely proportiona4 ko the price of electricity and the local wave
energy. Sample calcul“tions for the Northwest Pacific coast of the U.S.
show that the efficiefley curve follows the short wave spectral peak as

shown in Figure 10, sﬁggesting that it is cost-effective to disregard
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the long wave peak. Naturally a larger Q can lead to negative profit.

5. ELONGATED SLENDER VESSELS

The final numerical example to be presented is that of a three-dim-
ensional Cockerell raft which is elongated in the direction perpendicular
to the wave crests. More details are given by Newman (1979). A similar
analysis and conclusions should apply to other devices including the

Kaimei ship and French air bag.

We consider a body which is elongated in the x-direction, and sub-
ject to a vertical displacement V(x) along its depth. This motion may
be expressed conveniently in terms of a sequence of modal functions, in

the form

V) =L vj fj

where vj is a complex constant. For a slender body with small beam and

=) ! (5.1)

draft, compared to the wavelength, the Kochin function (2.4) can be
approximated in a consistent manner by neglecting the second term in
parentheéis.* For each of the above modes, it follows that
/2
‘ Hj(e) = -k I fj(x) exp (ikx cos 6) b(x)dx (5.2).
-2/2 p
where £ is the body length and b(x) is the local waterplane beam.

For each mode j, the maximum rate of energy absorption can be deter-
mined by substituting (5.2) in (2.12). In the following examples the
local beam b is assumed constant, corresponding to a vessel with rec-
tangular waterplane. The rate of energy absorption is expressed as the
product of the rate of energy flux, per unit of incident wave front, and

the capture width W of the vessel.

From the computational standpoint, the Legendre pélynomial Pj(x) is
a convenient choice of mode shape; The Kochin functions (5.2) are given
in terms of spherical Bessel functions. Moreover, the modes j=0,1

correspond respectively to rigid-body motions in heave and pitch, while'

*This approximation is essentially identical to that employed by Evans
(1979) to study the interaction between several adjacent vessels, under
the assumption that each vessel operates independently without mutual
hydrodynamic interactions. For that reason Evans' conclusions are
closely related to those found here.

— - - -
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higher-order modes ccrtespond to flexural motions of polynomial form.

The capture width W corresponding to each of the first six Legendre
polynomials is shown by the corresponding solid curve in Figure 11. A
common feature is that for long wavelengths, W is proportional to the
b i wavelength. This follows from the results noted at the end of Section 2
and from the fact that, if A/2 >> 1, the vessel geometry is not signifi-
; cant. However, the magﬁitude and phase of each mode is optimized in
] these results, on ' 2 basis of (2.11), and for long wavelengths the
L corresponding values of (2.11) are unrealistically large. Indeed, it

is readily shown in this case that vj = O(Aj+2) for large values of A.

From the practical standpoint it is appropriate to limit the magni-

tude of the body motiofis, to be of the same order as the incident wave

amplitude. Two pragmdtic limits are shown by dashed lines in Figure 11.

A tames

The relevant parameter here is the product of vj and the beam-length
ratio of the vessel. Representative values for this product have been
chosen to correspond with typical values of the beam-length ratio for

a slender wave-absorbet of ship-like proportions,

The extraction of wave power from the rigid-body motions in pitch
and heave requires an External force or moment acting on the vessel, and
t therefore a rigid foufidation or mooring system. The higher-order modes

of motion are attractive in so far as power can be extracted from the

ﬁ relative motion betweén different elements of the device, which is
moored only against th& second-order mean drift force of the waves. For
this reascn it is appropriate to impose the condition that the vessel is
free to respond to th& waves in heave and pitch, without an external

first-order restraint.

As a consequence 8f the slender-body approximation, the latter
condition is satisfied by the higher-order modes n = 2,3,..., and more
generally by any mode shape which is orthogonal to the Legendre poly-

nomials Po = 1 and P1 £ x. ) =

Trigonometric modée shapes tuned to the incident wavenumber can be
expected to give bettet performance than a simpie polynomial, expecially
for shorter wavelengtlis. A suitable pair of even and odd modes ortho-

gonal to heave and pi‘th are given by the expressions

£, = cos(ix) - j,lkes2), (5.3)

fo = sin(kx) - (Gilk)jl(kRIZ), (5.4) ’4
' Copy available to DTIC does not
permit fully legible reproducuon
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Here o 1 are spherical Bessel functions of the first kind. The corre-
»

sponding capture widths are shown in Figure 12.. These results are

similar to the Legendre function modes n = 2,3 for long wavelengths, but

for shorf wavelengths the improved performance is apparent.

As an alternative to these continuous mode shapes we consider an
articulated raft with rigid elements, joined by two symmetricaliy placed
hinges. Two modes of motion are defined, orthogonal to heave and pitch,
as depicted in Figure 13. The corresponding values of the capture width
are shown in the same figure. Similar calculations indicate that the
hinge position is not an important parameter, provided only that the
hinges are not close to the ends of the raft. A raft with three elements
of equal length appears to be most practical. It follows also that a
raft with only one hinge at the center will perform with approximately
the same performance as for the even mode shown in Figure 12, but without
the added degree of freedom permitted by the corresponding odd mode.
(When the two hinges approach the center, the odd mode shown in this

figure tends to a discontinuous shearing motion at the center.)

Since the even and odd modes can be superposed, the total capture
width in the above examples may approach a peak value close to the total
length £ of the vessel. Since the continuous mode shapes shown in
Figures 11 and 12 attain similar capture widths, it is likely that the .
articulated raft with two hinges is nearly optimm and no significant
benefit will result from the number of hinges beyond this number.

With optimum tuning the even and odd modes of body motion are in
quadrature. These combine to give a wavelike motion along the vessel
with the phase vglocity of the incident wave. The amplitude of this
motion is symmetrical forevand-aft, in agreement with the analogous
finding of Evans (1979). This result differs from the conclusion in
Section 4 based on a two~dimensional mode, where the optimum motion is .
concentrated primarily at the end facing the incident waves. This dis-
tinction can be attributed to three-dimensional diffraction, with the
incident wave energy focused upon the after end of the body from the
sides.

The performance "in a spectrum can be computed as in (3.1) - (3.2).
As an example we show in Figure 13 the total power extracted in a Pier~
son-Moscowitz spectrum by a raft with two hinges, as a function of the
overall raft length.

&
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The calculations 0f this section are based on the "ordinary" slender

body approximation which assumes the beam and draft small compared not

only to the length of the vessel, but also to the wavelength. A "uni-
fied" approximation hds been developed to remove the latter .restriction,
as described by Mays (1578) and Newman (1978). Recent computations with
this more refined approach indicate capture widths which are slightly
less than those shown in Figure 12, but this reduction is at most 10%.
Further work to improveé upon the slender-body approximation will be re-

ported in future publications.

6. DISCUSSION AND CONCLUSIONS

Devices for absorbing wave energy can be categorized from the hydro-
dynamic viewpoint accdtding to the following list:

(1) Floating or Submerged

(2) Rigid or flexible elements

(3) Stationary ot freely floating

(4) Two- or thredé=dimensional configuration

(5) Large devicé or point absorber
The first two charactétistics in this list are of relatively little im-
portance from the statidpoint of wave-power absorption. This is suggested
by the global analysi# in Section 2, from which it follows that the op-
timum power absorptiofi 8epends essentially on the ability of the vessel
to radiate waves in a Preferred direction. As in the analogous case of
i laboratory wavemakers; this property can be achieved with more-or-less

equal success by a vafiety of devices which are floating or submerged,

consisting of either tigid eiements, pneumatic chambers, or other means

. for forcing oscillatot*y motion of the adjacent fluid.

A comparison of ?1gures 1 ana 10 illustrates the similarity in
optimum performance fHt two different types of device, the Salter cam 3
and the two-dimensiondl Cockerell raft. Similar results may be antici-
pated for all two-dim*Hsional devices. Indeed, any two-dimensional ves-
sel with two or more <liitable degrees of freedom and an optimal control

system can operate with 100% efficiency!

More important i8 the question of whether the device is stationary 'Q}

[ net
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or freely floating. 1In this context '"stationary" implies a fixed refer-
ence from which to exert an optimum restraining force on the device.

Most wave absorbing devices have been designed on this basis. Generally,
if they afe freely floating, or fixed in mean position by a "slack" moor-
ing which exerts no first-order oscillatory force, the resulting perfor-
mance is degraded. Figure 3 illustrates this effect for the case of a
Salter cam. Large structures which are mounted on the ocean bottom in a
fixed manner should be included in the same category as stationary ves-
sels. By comparison, devices which extract power through the relative
motion between adjacent elements can be designed for efficient perform-

ance with a slack mooring system.

The fourth characteristic listed above is intended to place in a
separate category those devices which are based on a two~dimensional
analysis, and which therefore must be elongated in the direction parallel
to the wave crests. This two-dimensional configuration offers the obvi-
ous advantage of absorbing power uniformly along a broad expanse of the
incident wave front. In principle, 1007 efficiency can be attained in
this manner, and the theoretical analysis associated with these devices
is relafively simple. On the other hand, two-dimensional configurations
must expose a large projected area to the incident waves, and therefore

experience proportionally large mooring forces.

‘Three-dimensional devices interact with the surrounding wave field
in a more complicated manner. Suitably designed, such devices have the
potential ability to absorb the wave energy over a capture width substan-
tially larger than the transverse projection of the device itself. This
desirable attribute follows from the nature of three-dimensional wave
diffraction, which is enhanced by the optimum interactions of different
elements of the vessel. Analogous effects result from the mutual inter-
action of several small vessels, in the manner described by Evans (1979).
Similar considerations are well known in the design of radio antennas :

and phasealsonar arrays.

The last of the hydrodynamic characteristics in the list above is
the size of the vessel in relation to the wavelength. Vesselé which are
long can diffract the incoming waves in the manner described above,
while those which are wide can operate in a quasi-two-dimensional
manner. Intermediate between these are axisymmetric vessels, of inter-
est primarily in the context of small “point-absorbers"” with horizontal

dimensicns much less than the wavelength, The economy and operational

R
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simplicity of such devices has been stressed especially in the work of
Budal and Falnes. Point absorbers take advantage of three-dimensional
diffraction to absorb the incident energy over a maximum capture width of
half a wavelength, as noted in Section 2. (For heaving motion only, the
maximum capture width is about one sixth of a wavelength.) Large ampli~
tudes of mofion are necessary to approach these maximum capture widths,

and a stationary reference frame is required for the restraining force.

The most imporpant hydrodynamic characteristics of a wave absorbing
device are its size and configuration in relation to the incident wave
field, and its requirement for a stationary reference position or alter-
natively a slack mooring. There are obvious practical and theoretical
advantages assoclated with an elongated device, such as a slender Cocker-
ell raft. The same ccnsiderations apply to other devices with a similar
configuration, notably the Kaimei ship and the French air bag. With
suitable optimization of their design, these elongated vessels are capable]

of performing at similar levels, with capture widths comparable to their
lengthé. -

The computations in Section 5 are intended to illustrate the ﬁotential
output from these types of vessels, for mode shapes of simple mathematic-
al form defined by polynomials, trigonometric functions, and articulated
elements. An ideal wave absorber would have a more complicated mode
shape, chosen to maximize the capture width at each wavelength. The
determination of this ideal mode shape has not been made, but it is
reasonable to expect this to be a continuous wavelike motion along the
body. The resulting power will exceed that from any of the simpler mode
shapes illustrated in Section 5. An estimate of the ideal output can be
inferred from Figure 15, which shows the tbtal capture width of botﬁ the
trigonometric and two~hinge modes, reproduced from Figures 12 and 13 for
the case of limited amplitude ratio 0.2. The envelope of these two
superposed curves is an indication of the maximum output obtainable in’
theory from an elongated flexible structure. It remains to be seen if "~

a practical device can be developed which approaches this output.
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