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WAVE POWER EXTRACTION BY FLOATING BODIES

C. C. Mei 3 .N • Newman

Departmen t of Civil Engineering Department of Ocean Engineering

Massachusetts Institute of Technology
- Cathridge, Mass. 02139, U.S.A.

~IBSTBACT

The linearized theory of water waves is reviewed in the context of

Jave—energy absorbers . A global analysis is outlined , leading to rela-

tively simple expressions for the maximum energy absorption. Calculations

are presented for the performance of a Salter cam in two dimensions, and
of a Cockerell raft in both two and three dimensions. Similar rates of

optimum energy absorption are anticipated for other devices including the

~aimei sh ip and French air bag.
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1. INTRODUCTION

The conversion of wave energy from the ocean is an important and

contemporary field of Mpplication for the theoretical methods which have

been utilized in ship hydrodynamics and other related fields. Since

there is no extensive base of empirical design information for wave—power

devices, theoretical mathods are especially useful In this field .

The basic theory for analyzing wave—body interactions is well

developed, under the ü~ua1 assumptions of small oscillatory motions and

neglec t of viscous ef~~ cts . This approach has been pursued extensively
in the field of ship t1~cIrodynamics (Wehausen , 1971; Newman, 1978) . The
necessary generalizat {Uns to analyze various wave—energy devices require
trivial extensions frUit six degrees of rigid—body motion to account for

the pertinent “higher—Urder modes” such as the relative angular displace-

ment at the hi ige of a Cockerell raft, or the oscillatory displacement of

the internal free surface in a National Engineering Laboratory device.

The classic theot~9 for wave—body interactions is based upon the use

of a linearized velocity potential. The overall problem can be decomposec

into linear components including the incident wave system, the scattering

disturbance of the incident wave by the stationary body, and the radia-

tion disturbances due to each mode of body motion. For a given body

geometry the scattered ~nd radiation potentials may be derived by a

variety of techniques, ~enera11y involving numerical analysis (Mei,

1978).

In the direct apliFOach each of these potentials is found and the

corresponding componetth of the pressure follow fror~ Bernoulli’s equa-

tion. The hydrodynamtt~ forces are determined directly by Integration

over the wetted surface of the vessel. (The term “force” is used here in
a generalized sense , 1~ inclt~de the moment and any pertinent higher—order
loads.) Equations of iftotion follow for the various degrees of freedom

of the vessel , and it 1i straightforward to solve for the unsteady m o—

tions and for the rate of energy absorption.

An alternative gibbal analysis can be based in part on the principle

of energy conservatioU~ and more generally on the application of Green’s

theorem to the varIou~( Uepa rate components of the velocity potential .

This approach is u seft~l part icularly to determine the optimum power out-

put from a given conftgutation . In this way It is possible to determine

the maximum output , a~ I rational design goal , and to avoid the limita-

tions of performance 1IE1~~1engthy experiments which result  from a purel y
Copy ~vot1ob1s t~ 
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intuitive design approach .

The global analysis provides a relatively simple prediction of the
power absorption, and other characteristics of the device, including the

wave damping and exciting forces, in terms of the far—field asymptotic

form of the radiation potentials. However, the added—mass force in quad—

rature with the body velocity must be determined from a direct local sol-

ution of the radiation potential. Thus a direct solution of the radia-

tion problem is required, for each pertinent degree of freedom, to pro-

vide a complete description of the relevant hydrodynamic characteristics

of the device.

The theory is simplified if the fluid motion is two—dimensional,

Implying a long cylindrical device with its axis parallel to the wave

crests. The resulting analysis has given much inspiration to this field,

but practical considerations suggest that alternative configurations with

smaller transverse dimensions may be more economical, especially in

respect to structural costs and mooring forces.

This paper is intended to review the basic theoretical approach to

wavei-power devices, and to present a variety of results for specific con-

figurations which have attracted the authors ’ attention. The essential

elements of the theory are outlined in Section 2, with principal emphasis
on the rate of energy absorption. Numerical results for specific two—

and three-dimensional configurations are presented in Settions 3 to 5.

In Section 6 we discuss the pertinent hydrodynamic characteristics of
different types of wave—power devices.

2. CLOBAL ANALYSIS

With the fundamental assumption of small oscillatory motions, the

incident wave spectrum can be decomposed into separate sinusoidal con—

ponents of prescribed frequency and direct ion . Therefore, it is relevant
to consider the absorption of a single regular plane progressive wave

system, the direction of which is taken for convenience to coincide with

the horizontal x—axis. The absorbing vessel may be oriented in an

arbitrary manner, but to simplify our discussion only the case of “head—

seas ” is considered .

Deep water is assumed , and the velocity potential of the incident
waves is given by the expression
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= .-i(gA/w) exp(kz + ikx) (2.1)

The time factor e~~~
t 
is implied , and the real part of the resulting

product is to be takett i The parameter A denotes the wave amplitude, g

the gravitational acceleration, k w2/g is the wavenumber, and z is the
vertical coordinate.

The absorbing de~ricme is assumed to be a floating or submerged
vessel, which may be rigid or flexible. Its motions may be defined by

six rigid—body degrees of freedom, with complex velocities v
j~ 

and a
sequence of higher—oril~r “flexible” motions which can be defined by

extension of the same tiotation for j > 6. Since the solution is linear-

ized, superposition of Separate components is valid and the general

expression for the ve’.Ucity potential takes the form

$ 4~ + $ + Z (2.2)

Here $ is the scattered potential , due to the disturbance of the m ci-
dent waves by the statiOnary vessel. The remaining components $~ are due

to the various degrees of freedom of its motion. In (2.2) and hereafter,

summation is over all flflnzero modes of motion.

Each component of (2.2) is governed by Laplace’s equation , subject

to linearized boundary Conditions on the free surface and on the vetted

surface S of the vessei~ With the exception of the incident wave poten-

tial $.j~ 
each componeti~ of (2.2) also satisfies a radiation condition

of outgoing waves at l~ tge distance from the vessel , such that f or

large values of R = (X
L 

+ y2),

= ie
_i/4

(2rkRY~
h/2 

H
j
(O)e~~

R 
, (3 = s ,l , 2 , . . .)  (2.3)

Here

H
3

(8) _ k fj  (~~ $~ ~~){exp [kz-ik(x cos 0 + y sin 0)])dS (2.4)

— J ~. 
~. i  

~~~~~~~~~~ 

S 
—is the ao—called Kochi I funct ion , -p roportional to the amplitud e of the

far—field radiated wavP~ associated with the potential

Fro~a the lineariz~d Bernoulli equation , the pressure field of the

fluid , and thus the hyt~Fodynamic forces acting upon the vessel, can be

expressed in a similar ~‘brm to (2.2). The total force in the i—tb

direction due to c~1 
+ is the exciting force due to the incident wave

System,
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iwp JJ (4~ + $ )  dS E A (2.5)

S
Similarly, the force due to is expressed in the form

i~p if $~ -~~~~~
- dS = B .3 — iw H1. (2.6)

where the real coefficients B
13 

and are known as the damping and

added mass, respectively. The damping coefficients are especially import-

ant in the context of wave power;’ as the components of the hydrodynamic

force in phase with the velocity of the vessel; these are responsible

for the radiated wave energy due to the vessel’s own motions in calm

water.

A direct analysis of wave power absorption requires solutions for

the scattered potential and each of the “forced motion” potentials in

calm water , following which the pressure force acting in each case can be

found from integration. It is clear however from the “principle of
virtual work” that the power- absorbed will depend only on the hydrodynam—

Ic force coefficients (2.5) and (2 . 6) , and the mechanical device restrain-
ing the body motions .

Instead of solving all the boundary value problems , much informa t ion

may be obtained by using certain global relations which follow mathemati-

cally f rom Green’s theorem. These are examined in a syst ematic manner

by Newman (1976). The most important results, in the context of wave—

power absorption, are relations for the exciting force, damping coeffi-

cIents, and absorbed power , in terms of the Kochin functions, as

summarized below :

The Haskind relations express the exciting force in the form

x_~ — 
~~~~~~~~~ H3

(n) (2.7)

Here X
3 
is the complex amplitude of the exciting force in waves, of.

unit amplitude, with 3 1,2,3 for each component of the force, j — 4,5,6

for the moment. Higher—order mode shapes and exciting forces can be

defined similarly. The principal advantage of (2.7) is to permit the

determination of the exciting force in waves without solution of the

boundary value problem for the scattered potential $
~~
.

The damping coeff icien ts are rela ted more directly to the outgoing

radiated waves by the principle of energy conservation. Mathematically
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this relationship tak-~s the form

Bij ~~~ 
H
3
(O) H~(0) dO (2.8)

where B~~ denotes the damping coefficient for the force or moment in the

direction i, due to a body motion in mode 3. The matrices B
13 

and
are symmetric .

For any combination of body modes such that the phase of the motion

is constant over the 1~ody surface, in each mode , with complex amplitude

v
3
, the rate of energy absorbed by the body can be expressed in the form

= ~~~2 Im [E \~~11 OT) ] - -

~~~~~~~ f~~E v
j
H.(0)

1

2
d0 (2.9) 1The last expression c~tt be interpreted physically by combining it with

(2.7) and (2.8) to give

= 4 A Re[~ vj X~) — 4 EZ v~ B
13 

(2.10)

This expression is equivalent to equation (4.1) of Evans (1979) , where a
mat rix notat ion is used and the der ivation is based on an analysis of the

work done in opposition to the hydrodynamic forces on the body . Evans’

derivation is for a sy*~em of N bodies, each having a .~ingle degree of

freedom, but there is lit principle no difference between that case and

the present one, of a ~ingle body with several degrees of freedom.

Indeed , the generalizaUon to, say , N bodies with N degrees of freedom

simply requires ~ suit~~1e set of additional subscripts,~~iith no 
‘other

change to the analysis.

The above equatio~i4 are valid in general for a three—dimensional

vessel. In the special case of two—dimens ional motions , resulting from ~
the interaction of a lhf’~ cylindrical vessel with Its axis parallel to o

the wave crests , equattbns (2.l),’(2.2) and (2.8) remain valid , but

the intermediate equatlbns ar e mod i f i ed  as noted by Newman (1976). ~

The equivalent ex~fessio ns (2 .9)  and (2.10) can be used to determine

the performance of a w~~S—absorbing device simply in terms of its 
~~~

‘ a
respective Kochin func~ trn s, or in terms of Its damping coefficients and

exciting forces . The ~teeond term in (2.9) or (2.10) is a negative

quantity , associated p~~~ica11y with outgoing energy flux due to the

vessel ’s own wave genek .~fton. The f i r s t  term in these expressions may ((2



a a- ~ #&~

be of either sign , depend ing on the relative phase between the velocity
component v

3 
and corresponding Kochin function or exciting force.

Optimum performance follows by choosing the velocity components in a suit-
able manner.

If there is only one degree of freedom , the energy absorption is
maximized by choosing the phase of this velocity to be the same as tee

exciting force, and the ~esulting quadratic function attains a maximum

value when

* *1
2-it H (ir) A X I

c~ 2r 2 2B~~
1 (2.11)

J IH i~ dO

0
It can be shown (cf.  Mei , 1976) that this situation is realized if the

vessel is restrained by a linear device tuned for resonance in such a

manner that the inertial and restoring terms cancel, and with a mechan—

ical damping precisely equal to the hydrodynainic damping.

Corresponding to (2.11), the maximum power absorption is given by

dE irpg
2
A
2 ~3

dt 2J r 2’!T 2 
— 2.12

J H~(e) dO

0
In this form it is apparent that an efficient wave absorbing device is

one which radiates waves primarily in the direction opposite to the wave

incidence or , equivalently , a vessel which experiences a relatively large !:

exciting force in waves from this particular direction. In other words,

a geometrically efficient three— dimensional wave absorber should be such

that it can generate highly focused waves by its own motions .

The two—dimensional analog of (2.12) is noted by Mei (1976) and

Evans (1976) , and is essentially the mathematical basis for the superior
performance of unidirectional wavemakers as wave absorb ing devices . Ix~
particular the optimum efficiency which is attainable with one degree of

freedom is

— (1 + IA IA 1
2)

_i 
(2.13)opt

where A,~, and A are the radiated wave amplitudes towards x ‘~‘ 4~ and -
~~~~,

respectively , the incident wave being from x “~ —
~~~~. In this context the

eff iciency is def ined as the ratio of the power absorbed by the device
and the rate of energy flux -

~~ pg2A2/w per unit width of the incident ‘1
______________________
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wave system.

The results for ~ single degree of freedom can be extended to a pair

of modes of motion which are even and odd witL respec t to the x—axis, for

example heave and sur$l in the case of rig i d-bud- motions . The corre-

sponding Kochin functions are even and odd in ‘ , and these do not inter-

act in (2.9). Equivalently, in ti rm~ o~ (2.10) , there is no cross—

coupling between such ~oaes and B13 
= 0 for i j. It follows that the

total energy absorptioi-t is the linear superposition of that in each

separate mode.

The three—dimensional results may be illustrated by considering an

axisymznetric vessel. l1eave motions are independent of 0, and from the

first form of (2.12) it follows that the maximum energy absorption is

pg
2
A
2
/4wk. Dividing by the rate of energy flux per unit width of wave

crest in the incident WAves gives a “capture width” W = 1/k , or

approximately one sixttl of the wavelength. Alternatively, surge or pitch

of the same vessel gi~da a Kochin function proportional to cos 0, and

V = 2/k. Superpositidtl of these two modes gives a maximum capture width

from rigid—body motiottO of 3/k. Larger amounts of energy can be captured ,

in principle, by highet-.order modes proportional to cos nO. In all cases

the optimum combinatiötl of an even and odd mode shape is related in

precisely the manner €0 cancel the radiated waves downstream , (0 = 0)
and reinforce the sep~tate components upstream (0 = n).

Optimum perfortnattcA of a wave—absorbing device requires that each

mode is optimized in ~td~nitude and phase. Equivalently , each mode must

be restrained by a fotb5 of optimum magnitude and phase. Thus the re—

strain.t which extract~ the output power must have an optimum complex

impedance including iil~rtial and dissipative components . This optimum

impedance is a functidil of the Incident wave frequency or wavelength . A

simple mechanical devit~ with constant inertia cannot satisfy this re— -

quiretnent for all wavr~~ngths . The global analysis can be used in non—

optimum conditions to ~kpress the rate of energy absorption to the body

motions , but the lattei must be computed by direct solution of the

equations of motion. 
~~~~~~~~ 
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3. SALTE R ’S CAN

Salter ’s cam is t$~~ first device which aroused serious interest in

wave power by its rem~il4ibly high e f f i c i ency un ikn ag ined and unattained 
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heretofore. In the idealized laboratory setting, it is a long cam which
can roll about a horizontal shaft parallel to the incident wave crests.

As is evident from (2.13) the highest efficiency is attained when the cam

radiates the most wave energy towards the incident waves. For the

geome t ry of the early laboratory model of Salter, (2.13) has been evalu-

ated by numerical solution of the radia t ion prob lem ; the results are
shown in Figure 1.

The optimum theoretical efficiency varies from 0.5 at long wave—

lengths to 1 at short wavelengths. This variation may be understood with
the help of (2.4) . For long wavelengths, the Kochin function is dominated
by the contribution from the term a4

3
/an in the integrand . Thus the

motion of the cam is represented effectively by a source whose strength

is proportional to the change of the displaced volume. Since the waves

radiated by a source--are symmetrical, A+ 
= A , and (2.13) then gives

= 0.5. On the other hand , at high frequencies the waves are essen-

tially created by the left side of the cam near the free sur face. For
short wavelengths these waves cannot easily pass under the cam and must

radiate entirely towards x “.‘ ‘-~~~~. Therefore A /A << 1 and ~ . 1 from
- + -  opt

(2.13). The calculations show that for a wave period in the range of

8 to 15 seconds, the radius should be in the range of 4 “.‘ 14 m to assure
high optimum efficiency.

If the complex impedance of the restraining moment (i.e., the inertia

of the cam and the extraction rates) is chosen to give for a parti-

cular design frequency , then the system is not optimal for other fre-

quencies as noted at the end of Section 2, The attainable c falls below

the curve f o r  c , as is illustrated in Figure 1, where the optimum is

reached at wI~7~~’ 0.7 with 1.10. It is a positive attribute of

Salter ’s cam that the efficiency curve is quite broad—banded. For the

same cam inertia the ef fec t  of either increasing or decreasing the

extraction rate X33 reduces the peak efficiency. However, the efficiency 
- 

-

curve becomes flatter if A33 > 1.10 which may be a useful property .

Lastly, if the cam size is sufficiently small and the Inertia large, the

optimum dimensionless frequency is low . Not only is Copt drastically

reduced, but the frequency band width of the c—curve is also reduced .

Thus , Salter ’s cam Inust be sufficiently large.

In Figure 2 we show the horizontal wave force on the cam . The order

of magnitude of the force is , in physical terms , pgaA , which can be anti-

cipated by us ing the linearized -Bernoulli equation for the hydrodynamic
- ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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pressure. This implIes a very large force; e.g., for a = 10 m, A = 3m,
pgaA 30 Tn/rn. It ~n interesting that for extraction rates below

optimum the peak force and the peak efficiency do not occur at precisely

the same frequency. Mynett er al. (1979) also performed calculations

for various submergei1tl~ and water depths, and found the latter to have

relatively little eff~tt.

In reality a rigid shaft would demand a massive support wh ich of
course implies a high tost. A flexible support would normally lead to

a loss in efficiency. Calculations based on a simple model in which the

cam may slide on a v~ttical sleeve which may move freely horizontally

show that the effici~&It~y is usually reduced drastically, with similar
reduction in wave fortAs . This is illustrated in Figure 3. In prin—

ciple, mechanisms carv be added in the cam so that energy may be ex tracted

from all degrees of freedom to increase the efficiency , but intricate
des igns would be nece~~ .ary whi ch raise new tech nological and economical

considerations. Once the de tai ls of the mechanisms are specified,
computations similar tO those given here are also possible.

I f -  the wind—genet~ ted wave is assumed to be a stationary random
process the averaged power f lux  per uni t  length of the crest may be
related to the energy ~pect rum by

= pg r S1(W) Cg(W) dW . (3.1)
0

whi le th e powe r ext r acted by the rollin g cam is

= X~~3 
<&~> = A~~3 

~~ ~
2s1(~)k 3 I 2dw (3.2)

where c&
3
(w) is the cothillex frequency response o~ the roll amplitude,

The mean squares of th~ roll ampl it ude and of the hydrodynarnic force on

the shaf t  can also be db tained from the incident wave .spectrum and the 
-

frequency response: - 
—

= I s1(w)~~~~I
:

dw (3.3)

j S~(w) ~ dw (3.4)

0

Serman and Mei (1979) h ave computed these mean squares based on the

frequency responses ol~ Hynett  et al. (1979) . 
CODI 
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As wave power devices will likely be installed near the coastline,
a representative JONSWAP spectrum is chosen for S

1
. The spectrum is

characterized by the wind speed U and the fetch length X from which

various parameters, in particular the peak frequency and root mean

square of the incident wave height, may be determined by empirical

formulas (see Hasselmann et al., 1973). From JONSWAP spectrum the

increase of root—mean--square wave height and peak period with both U and

X may be calculated . The following numerical results for a cam with

radius a = 5 in are due to Serman and are similar to those given in

Serman and Mei (for a = 3 in). The extracted power in kw/m of course

increases with both U and X as shown in Figure 4. When U and X increase,
the peak frequency decreases, hence the efficiency also decreases (Figure

• 5);this is c~ —isistent with the curve in Figure 1. Root—mean—square
horizontal and vertical forces are shown in Figures 6 and 7. The root—

mean—square of the angular displacement is shown in Figure 8.’ For
example, let X 200 Kin, U = 3 “.. 14 in/see, <P> = 2 % 46 kw/m, F =

1 ~ 10 mIni. It should be remarked that for these ranges of X and U the

wave height Is 2 ‘u 4 in so that linear approximation is still useable.

Serman and Mel (1979) also studied the performance in a Pierson—

Moskowitz spectrum of a cats whose shaft can move passively in both the

vertical and horizontal directions. Details are omitted here.

4. WO-DI}IENSIONAL FLOATING RAFTS -

*
The elongated and shallow rafts of Cockerell , which extract energy

from the relative rotation about the hinges, have the obvious advantage

of smaller mooring forces. It was therefore felt desirable to provide a

theoretical model for its performance. For analytical simplicity Haren

and Mel (1979) studied the case of two—dimensional rafts on a sea of

small depth . Because they were also interested in optimum raft lengths,
computatio ns bas ed on the fully two—dimensional theory for arbitrary

wavelength would be quite tedious. Therefore a linearized shallow water

theory was used . It is - interesting, however , that for a sample geometry
the difference between these two theories was also found later to be

not large for a wide range of frequencies. Again according to (2.12)

Essentially the same idea has been proposed by Glen Hagen of Louisiana,
U.S.A., in a patent application (No. 4077213, Official Gazette, U.S.
Patent and Trademark Office , March 7, 1978, filed Feb . 13, 1976). The
elongated feature was stressed more by Hagen than by Cockerell. -
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optimum efficiency is attained if most of the radiated waves are towards

x “ —
~~~ and very 1itt1~ towards x ~~~ 4~’. This is possible if the rafts

on the transmission aide are much longer than the rafts on the incidenc

side. For the simp lOlt case of a short raft hinged onto a fixed semi—

infinite raft (which h&s the same effect as a fixed wall), it can be
easily shown that ioti* efficiency i~ possible if the short raft is res—

onated and the extratttion rate equals the roll damping rate of the short

raft. With only a btrnyancy restoring force the corresponding raft length

is 40% of the wavelelgth. The efficiency curve is aga in quite broad—
banded. For a finit~ total length without rigid external constraint ,

some efficiency is e4acted to be lost. Experimenting with three, four

and five rafts, Hareli and Nei sought the optimal design under various

criteria. The optimi.iing parameters are raft lengths and extraction

rates at the hinges. The criteria include the best efficiency at a

fixed total length , W~iile the incident waves may be regular or have a

smooth spectrum with Ofle or two peaks.

For example , for ~ depth of 9.15 in , a regular wave of period T =

5.52 sec, wavelength ~ 52 m , total length = 137 in, the best efficiency .•

is achieved when the three rafts are 16.8, 52, 68.3 in long and the

- 
extraction rates at tlis first two hinges are nearly equal to 5380

kg/rn 2 . The total amotlflt of energy extracted at the first hinge exceeds

95% of the total.  THI efficiency for other frequencies ~s given in

Figure 9. It may be tOncluded that the relative motion about the second

hinge Is quite small ~~ that the system behaves like a two—raft system.

Since the entire syst~ t4~ is floating , the forces on the hinges are not

large; a typical vertU~al force is:

- F “.. 0.6 pgAH = 1~ Tn/rn at resonrince, for A = 3 m,

which is somewhat le~M than that experiet~~ed by a Salter cam on a fixed

axis. In practice, II may be easier to have a strong hinge. between two

moving rafts than to have a strong anchor to the sea bottom .

Finally in many ~*asta1 waters the presence of swell introduces two

spectral peaks. The I-M~u1ts of optimization with some consideration of

cost is rather intere~~ing . It may be shown that the profit index is

<eff>  — QL
T 
where Q f~ proportional to the unit cost of the raft and

inversely proportion—’~ ~o the price of electricity and the local wave

energy . Sample ca1cu~ i~ ions for the Northwes t Pacific coast of the U.S.

show that the efficieHE~r curve follows the short wave spectral peak as

shown in Figure 10, s~J~
esting that it is cost—effective to disregard

• - • - - - Copy ~vaflab1, to bTTC 
does not

perxnit fully legible zepioduction
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the long wave peak. Naturally a larger Q can lead to negative profit.

5. ELONGATED SLENDER VESSELS

The final numerical example to be presented is that of a three—dim-

ensional Cockerell raf t  which is elongated in the direction perpendicular

• t o the wave crests . More details are given by Newman (1979) . A similar
analysis and conclusions should apply to other devices including the

Kaimei ship and French air bag.

We consider a body which is elongated in the x—direction, and sub—
• ject to a vertical displacement V(x) along its depth. This motion may -

be expressed conveniently in terms of a sequence of modal functions, in

the form

V(x) = E v
j 

f~ (x) - (5.1)

where V
j 
is a complex constant. For a slender body with small beam and

draft , compared to the wavelength, the Kochin function (2.4) can be

approximated in a consistent manner by neglecting the second term in
*

parenthesis. For each of the above modes , it follows that

R~ ( O)  ~ —k J f~~(x) exp ( ikx cos 0) b(x)dx (5.2)
- —2.12

where 2. is the body length and b(x) is the local waterplane beam.

For each mode j, the maximum rate of energy absorption can be deter-

mined by substituting (5.2) in (2.12). In the following examples the

local beam b is assumed constant , corresponding to a vessel with rec-

tangular waterplane. The rate of energy absorption is expressed as the

product of the rate of energy flux, per unit of incident wave front, and

the capture width W of the vessel .

- From the computational standpoint, the Legendre polynomial P~ (x)  is
a convenient choice of mode shape: The Kochin functions (5.2) are given

in terms of spherical Bessel functions. Moreover, the modes j — 0,1
correspond respectively to rigid—body motions in heave and pitch, while

*This approximation is essentially identical to that employed by Evans
(1979) to study the interaction between several adjacent vessels, under
the assumption that each vessel operates independently without mutual
hydrodynaniic interactions. For that reason Evans’ conclusions are
closely rela ted to those foun d here.
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higher—order modes correspond to flexural motions of polynomial form.

The capture width W corresponding to each of the first six Legendre

polynomials Is shown by the corresponding solid curve in Figure 11. A

conmion feature is that for long wavelengths , ~ is proportional to the

wavelength . This follows from the results noted at the end of Section 2

and from the fact tha t, if A/P. >> 1, the vessel geometry is not signifi-

cant. However, the magnitude and phase of each ~~de is optimized in

these results, on • 
~ basis of (2.11), and for long wavelengths the

corresponding values ci~ (2.11) are unrealistically large. Indeed, it

is readil y shown in this case that V
j 

= 0~~ i+2 ) for large values of A.

Prom the practic~1l standpoint It is appropriate to limit the niagni—

tude of the body motibfts, to be of the same order as the incident wave

amplitude. Two pragn~tic limits are shown by dashed lines in Figure 11.

The relevant parameter here is the product of v. and the beats—length

ratio of the vessel. Itepresentative values for this product have been

chosen to correspond with typical values of the beam—length ratio for

a slender wave—absorbet of ship—like proportions .

The extraction o~ wave power from the rigid—body motions in pitc h
and heave requires an ~cternal force or moment acting on the vessel, and

therefore a rigid foutidntion or mooring system . The higher—order modes

of motion are attractiva in so far as power can be extracted from the

relative motion betwe5fl different elements of the device; which is

moored only against th~ second—order mean drift force of the waves. For

this reasen it is appropriate to impose the condition that the vessel is

free to respond to th€~ waves in heave and pitch , without an external

first—order restraint.

As a consequence Of the slender—body approximation , the latter

condition is satisfied by the higher—order modes n 2,3,..., and more

generally by any mode shape which is orthogonal to the Legendre poly— . -

nomials P
0 

1 and P
1 

= ::. --

Trigonometric moi~ shapes tuned to the incident wavenuniber can be

expected to give bettr~ performance than a simp le polynomial , expecially

for shorter waveieng t1i- ~. A suitable pair of even and odd modes ortho-

gonal to heave and pi~ bh are given by the expressions

cos(kx) — i t~~
%/2), (5.3)

f sin(kx) — (~l*/2.)j1(kP./2), (5.4)
- Copy available to DTIC does not

- 
permit fully le~iNe repzoducuon
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Here j0 1  are spherical Bessel functions of the first kind. The corre—

sponding capture widths are shown in Figure 12. - These results are

similar to the Legendre funct ion modes n — 2 3  for long wavelengths, but

for short wavelengths the improved performance is apparent.

As an alternative to these continuous mode shapes we consider an
articulated raft  with rigid elements , joined by two syssnetrically placed
hinges . Two modes of motion are defined , or thogonal to heave and pitch ,
as depicted in Figure 13. The corresponding values of the capture width
are shown in the same figure. Similar calculations indicate that the
hinge position is not an important parameter, provided only that the
hinges are not close to the ends of the raft . A raft with three elements

of equal length appears to be most practical . It follows also that a
raft with only one hinge at the center will perform with approximately 

-

the same performance as for the even mode shown in Figure 12, but without
the added degree of freedom permitted by the corresponding odd mode.
(When the two hinges approach the center, the odd node shown in this
figure tends to a discontinuous shearing notion at the center.)

Since the even and odd modes can be superposed, the total capture
- width in the above examples may approach a peak value close to the total

length 2. of the vessel. Since the cont inuous mode shapes shown in
FIgures 11 and 12 attain similar capture widths , it is likely that the
articulated raft with two hinges is nearly optimum and no significant
benefit will result f rom the number of hinges beyond this number ,

With optimum tuning the even and odd mode. of body motion are in
quadrature. These combine to give a wavelike motion along the vessel
with the phase velocity of the incident wave. The amplitude of this
motion is symmetrical fore. and—aft , in agreement with the analogous
finding of Evans (1979) . This result differs from the conclusion in
Section 4 based on a two—dimensional nods, where the optimum notion is . • - .

concentrated primarily at the end facing the incident waves. This di.—

tinction can be attributed to three..dimensional diffraction , with the

incident wave energy focused upon the after end of the body from the
sides.

The performance in a spectrum can be computed as in (3.1) — (3.2).

As an example we show in Figure 13 the total power extracted in a Pier~-
son—Moscowits ipectrum by a raft with two hinge., as a function of the
overall raft  length .
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The calculations of this section are based on the “ordinary” slender
body approximation whith assumes the beam and draft small compared not

only to the length of the vessel, but also to the wavelength. A “uni-

fied” approximation h~~ been developed to remove the latter-restriction ,

as described by Nays ~1978) and Newman (1978). Recent computations with

this more refined approach indicate capture widths which are slightly

less than those shown ifl Figure 12, but this reduction is at most 10%.

Further work to improvO upon the slender—body approximation will be re-

ported in future pub1:L~ations.

6. DISCUSSION AND CtjI4CLUSIONS

Devices for absorbing wave energy can be categorized from the hydro—

dynamic viewpoint according to the following list:

(1) Floating or Submerged 0

(2) Rigid or flEXible elements

(3) Stationary or freely floating

(4) Two— or thr~du~dimensional configuration

(5) Large devic~ Or point absorber

The first two characteristics in this list are of relatively little its—

portance from the stattdpoint of wave—power absorption. This is suggeste

by the global analysis in Section 2, from which it follows that the op-

t imum power absorptiot~ depends essentially on the ability of the vessel

to radiate waves in a preferred direction . As in the analogous case of

laboratory wavemakers ; this property can be achieved with more—or—less

equal success by a val4~ ty of devices which are floating or submerged ,

consisting of either Figid elements, pneumatic chambers, or other means

for forcing osci1lator~ motion of the adjacent fluid.

A comparison of Ngures 1 and 10 illustrates the similarity in

optimum performance fdf two different types of device, the Salter cam

and the two—dimensioru~I Cockerell raft. Similar results may be antici-

pated for all two—di~~tt*ionai devices . Indeed , any two—dimensional ves-

sel with two or more ~ ‘ table degrees of freedom and an optimal control

system can operate wi~4i 100% effl.ciency

Mare important ii the question of whether the device is stationary
-
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or freely floating. In this context “stationary” implies a fixed refer-

ence from which to exert an optimum restrain ing for ce on the device.

Most wave absorbing devices have been designed on this Lasis. Generally,

if they are freely floating, or fixed in mean position by a “slack” r~ or—

ing which exerts no first—order oscillatory force, the resulting perfor-

mance is degraded. Figure 3 illustrates this effect for the case of a
Salter cam. Large structures which are mounted on the ocean bottom in a

fixed manner should be included in the same category as stationary ves-

sels. By comparison, devices which extract power through the relative

motion between adjacent elements can be designed for efficient perform-

ance with a slack mooring system.

• The fourth characteristic listed above is intended to place in a

separate category those devices which are based on a two—dimensional
analysis, and which therefore must~ be elongated in the direction parallel
to the wave crests. This two—dimensional configuration offers the obvi— - :
ous advantage of absorbing power uniformly along a broad expanse of the - -

incident wave front .  In principle, 100% efficiency can be attained in
this manner, and the theoretical analysis associated with these devices

is relatively simple. Ott the other hand , two—dimensional configurations

must expose a large projected area to the incident waves, and therefore
experience proportionally large mooring forces.

Three—dimensional devices interact with the surrounding wave field

in a more complicated manner. Suitably designed, such devices have the
potential ability to absorb the wave energy over a capture width substan-

tially larger than the transverse projection of the device itself. This

desirable attribute follows from the nature of three—dimensional wave
diffraction, which is enhanced by the optimum interactions of different

elements of the vessel. Analogous effects result from the mutual inter-

action of several small vessels, in the manner described by Evans (1979) .

Similar considerations are well known in the design of radio antennas

and phasalsonar arrays. -

The last of the hydrodynatnic characteristics in the list above is

the size of the vessel in relation to the wavelength. Vessels which are

long can diff rac t tha incoming waves in the manner described above,
while those which are wide can operate in a quasi—two—dimensional

manner . Intermediate between these are axisymmetric vessels, of inter~-
eat primarily in the context of small “point—absorbers” with horizontal
dimensions much less than the wavelength . The economy and operational

__ 

- :
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simplicity of such devices has been stressed especially in the work of NBudal and Fam es. Point absorbers take advantage of three—dimensional

diffraction to absorb the incident energy over a maximum capture width of
half a wavelength, as noted in Section 2. (For heaving motion only, the
maximum capture width is about one sixth of a wavelength.) Large anipli—

tudes of motion are necessary to approach these maximum capture widths,
and a stationary reference frame is required for the restraining force.

The most important hydrodynamic characteristics of a wave absorbing

• device are its size and configuration in relation to the incident wave
field, and its requirement for a stationary reference position or alter—

natively a slack mooring. There are obvious practical and theoretical

advantages associated with an elongated device, such as a slender Cocker—

• eli raft. The same ccnsiderations apply to other devices with a similar

configuration, notably the Kaimei ship and the French air bag. With

suitable optimization of their design, these elongated vessels are capab1~
of performing at similar levels, with capture widths comparable to their

lengths.

The compu~ tions in Section 5 are intended to illustrate the potential
output from these types of vessels, for mode shapes of simple inatheinatic—

al form def ined by polynomials, trigonometric functions, and articulated
elements. An ideal wave absorber would have a more complicated mode

shape, chosen to maximize the capture width at each wavelength. The

determination of this ideal mode shape has not been made, but it is

reasonable to expect this to be a continuous wavelike motion along the

body. The resulting power will exceed that from any of the simp ler mode
shapes illustrated in Section 5. An estimate of the ideal output can be
inferred f rom Figure 15, which shows the total capture width o~ both the
trigonometric and two--hinge mode~,reproduced from Figures 12 and 13 for
the case of limited amplitude ratio 0.2. The envelope of these two

superposed curves- is an indication of the maximum output obtainable in

theory from an elongated flexible structure . it remains to be seen 1f

a practical device can be developed which approaches this output.
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Figure 15: Total captilfe width ratio for two elongated devices:

~trigonometric modes), — ——— ———— —— (two—hinge raft).
In both ca~~~ the amplitude of motion is limited , with

I v,~~b/P ~ ~i:2. The envelope defined by these two curves is an

indication ~f the maximum output from an ideal elongated

device. ?4~suda ’s experimental data are also shown — — —.
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