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J~BSTI1ACT. The problem of constructing a surface from the Information provided by
the Marr - l ’oggio theory of h u m a n  stereo vision is investigated. It is argued that not
only ‘loes t h i s  theory provide explicit  boundary conditions at certain points In the
Ii na~ c•~ but that the imaging process also provides implicit conditions on all other
points i n the image . This argument is used to derive conditions on possible
algor i thms for computing the surface. Additional constraining principles are applied
to the problem; speciflcally that  the process he performable by a local-support
paral lel network. Some mathematical tools , differential geometry. Coons surface
patches and iterative methods of convergence, relevant to the problem of
constructing the surface are outhued . Specific methods for actually computing the
surface are examined.
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1. lutro duct ioi i

Iii a recent article , Marr & Poggio [1977] set out a computational theory of
h u m an stereo vision . One con.sc’quence of this theory is that the stereo algorithm can
at host det eri i i ino disparity only along certain contours In the image. Two important
que-;t ions thus  become: Is it possible to reconstruct a surface which is consistent
with the stereo information , and if so, how does one reconstruct such a surface?
This paper addresses these questions and discusses several pieces of mathematics
relevant to the  interpolation of surfaces under such conditions .a

The original motivation for the problem lies in the theory of human stereo
VisiOn ; t h u s , We seek an algorithm which is plausible as a human model , although
we will not claim that the resulting algorithm is an exact model of a module of the
human system.

In ilesignmg a plausible algorithm, a number of constraining principles are
appli ed to the  problem , and are accepted as given. Any visual system must be able to
proce~.s large amounts of Input data; for example , in the human system, the central
part of th e visual field may he considered as an Image which is a thousand pixels on
a side. At the sam e time , it is desired that the system perform its computations in
real t ime ;  i .e. that  it take only a short period of time after receiving the input to
Coflipl ete Its computation . Since each processor must take some non-negligible
amount  of (line to perform each action, this essentially implies the use of
computat ions which can be impl emented in a parallel manner , using a large number
of i nterconn ected processors. This is the first constraint .

A second physical constraint on our process is that the “hardware” which
imnpli .mn r .n ts  i t  must f i t  into a f in i te  and constrained amount of space (such as the
c ran ium) .  The u s e  of parallel networks of interconnected processors, combined with
th i s  con straint of Physical space available , requires that each processor not be
conn c c I ’d  to all  others. Rather , there should only be local connections between the
processors. (1°re, local means not only that the number of connections be small, but
that ~.ince w~’ are processijig information whose underlying coordinate system is a
tw o - dm n ip n sj on aj  plane , the connections should also he local in a spatial sense. If the
support of a function, defined on a two-dimensional grid , is th e set of points on the
grid which contr ibute  iii a l ion-trivial  manner to the computation of the function .

I . 1k. ~ ,i.. ci tJ .c niIt~ isi,i.iI r~rc~iI~~u~ in i i,. ri i,ter ci Ik e lnu’al nginn ic rn iaph ly 20 Ic 3~ ~eeon.k
ci .,, ‘ i.\. ( ..,~~~ . ~~~~ ~~~ ~~~~~~ [i’~o]. ~~

. :~~i. ver ihr trntval h .lrgrrrs ci thr vi~s,al lielil,
in p u ’’ . .i I ,r ii, en i hr nrilrr ci roug’kly I (~iQ ierf p~ Arc.
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themi our re quirement is that  the processors implementing our computation must

& have local (topological or metric) .snpport.

A t h i r d  requ ir ement , thou gh not as strong as the first two, concerns the
e.ompls ’~~i ty  of the  I n d i v i d u a l  processors. We do not want to achieve locality at the
I~~~!nn ~~e of computation ti j ime . That is. if the computation can be made local only at
t h e e x pen se of requiring each processor to compute some complex function requiring
a long time interval to complete , then there Is something fundamentally wrong with
the  computa t ion  as a p u r l  of the image processing system. Note that the global

j  computation performed by the parallel network need not be simple, It is only
miecc’~sary that the individual  proci s.1r5 not be complex . Connected with this desire
for simplicity is a second desire for uni formi ty ,  that is, if possible, the individual

F’ processors in the network should he Identical. However , this is not as critical a
requirement as that  of parallelism and local support .

Although the original motivation for such constraints on the algorithm
ari se from consideration of the human visual system, they could apply equally well
to other types of image processing systems, and are taken as general constraints on
the’ computat ion we are about to investigate . As a consequence, this paper will not
suggest .1 p ar t icular  algorithm as a model of the human system. Bather, a number of
, i lR ’rnatives will be suggested and exam ined in terms of their acceptability vis—a—vls
the al gori thmic constraints outlined above.

The problem is approached in the following manner . We first determine
exactly what information is availab le from the stereo algorithm. It Is shown in the
second section that  the stereo algorithm gives implicit as well as explicit information
about the shape of the surfaces in a scene. Next , we turn this Information into
conditions and constraints on the computation. In section three we outline general
method s for sat isfying these constraints. This includes an outline of some
dif fe ren t ia l  geometry relevant to the description and reconstruction of surfaces.
Also , several t ’xtr enmal conditions for the interpolation of a surface are suggested .
Section four out l ines th e Coons surface patch method for creating smooth fair
surfaces from boundary couidi t ions. Finally, we design an actual algorithm which

~atis1 ics the algori thmic constraints of simple , paral lel , local-support processes and
which solves the problem subject to the computational constraints developed In the
previous sections. SectIon f ive  outlines methods for performing the computation.
Se’ctmui six combines the previous sections and illustrates how to actually construct
the surface.

-
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2. Info rmat ion from Stereo

According to the current computational theory of human stereo vision

(M.trr & Poggio (197?]), the human visual processor solves the stereoscopic matching
probl em by means of an algorithm that consists of five main steps: ( 1) The left and
r ight  images are each filtered at different  orientations with bar masks of four sizes
tha t  increase with eccentricity; these masks have a cross-section that is

approx iniately the difference of two gaussian functions, with space constants in the

ratio 1:1.75. (2) Zero-crossings in the filtered images are found , along scan—lines
lying perp endicular to the orientatio n of the mask. Termination points of lines and
edges are also localized . (3) For each mask size, matching takes place between pieces

of zero-crossing contour of the same sign and roughly the same orientation in the
two im age-s. for a range of disparities up to about the width of the mask’s central

region. W i t h i n  this disparity range , ?vlarr & Poggio showed that false targets pose
on ly a ~imuple probk’mn . (4) The output of the wide masks can control vergence
ino~’~ mi ’n t s . thus  causing small masks to come into correspondence. In this way, the

m atc h ing process gradually moves from dealing with large disparities at low
resolution to dealin g with small disparities at high resolution. (5) When a
correspoiidencc ’ is achieved , it is stored in a dynamic buffer , called the
Z I /~ -diinc ’nsio nal sketch.

The’ ,j ustif ication for this model of stereo processing Is well detailed in
Marr & Poggio [1977], and will not be dealt with here. Our concern in this paper is
how to use the information provided by the stereo algorithm to construct a
representation of the under lying surfaces in the image. To do this, one must
carefully consider what information is actually provided by the stereo mechanism.

The i mportant features of the stereo theory, from the point of view ot this
paper , at-c the following. Each ima ge Is convolved with a mask which is a
two-dimensional  differenc e of gaussians.1 The convolutions are searched for
ero-cros:amtgs and the position and sign of such zero-crossings are stored In a

~~~~~~ description of the ima ge. These zero-crossing contours form the basic descriptors
which are matched by the stereo algorithm. As a consequence the only places in the
image which may have explicit disparity information associated with them are those
corresponding to zero-crossing contours.

I . In i hr u t  ‘u .i~ niplrmc nl ~t I i’m of I lii u t - s i n  i heni-~ it ci resula r c~,nn,rt n e  4 ulkrenec ci yaiuc’.sanl
- ~. t ii~’il u •s i h. i I I. .us~ ,uu en ciii e,I ius,s~k . ‘I’hr in iii u~.u inn for ike isce ci cui rk snack ~ s~ in us nil in

\ l .urr ~ h1~1.1,. ii. [1979).
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I
There is strong psychophysical evidence for such operators (Marr & Poggio

• 4 [1977] . Wilson & (liese [197?], Wilson & Bergen [1979]). What is the
comput at ion a l  motiv ation for such operators? In the one-dimensional case, such an
oper dtor dete cts an intensity change; specifically, the points of inflection in
i nt e ’ns i ty .  For the’ two-dimensional case, we again want to detect those points which
correspond to a point of infl ection , now f or some directional derivative. Marr &
llild rc’tli [1979] have -’ showii that the desired orientation of the directional derivative

• should he’ such as to coincide with the local orientation of the underlying line of

~ zero-cro:.sings. Under cer t aimi conditions , this orientation is the one at which the
zero-crossing has a max imum slope and this can be detected using an
orientat,on—1n4e7 (’,irjdnI differential  operator , the Laplacian V2. Thus, these
opcr~itor.’,1 •:‘:;:.ei;tial)y detect inf lect ions in intensi ty for some resolution — the smaller
the ni ,isk~s central  excitatory region , the sharper the Inflection must be in order to be
detected. Not e tha t  these are not discontinuities in an analytic sense, but rather
these ’ are “diseonti ii i i i t ip s ” with respect to some resolution of the image.

Fro m what do such in flections in intensity arise? Image formation is
affected by fo ur factors (Woodhani 11978]):

— imaging geometry
— in cident  i l lumina t ion
— surfac e photometry
- surfac e topography.

Surface photometry refers to how light is reflected by the object surface. It Is
‘iet.’rmninvd by optical constants of the object material and by the surface
micr os t r ncf u r e  (detail too f in e  to be resolved but which causes observable effects in
the way l ight is reflected at the object surface). Surface topography Is the surface
deta i l  which i:; within the resolution limits  of the imaging hardware, It refers to
the’ gross otu ,jnct shape relative to the viewer. If we assume some Illumination and
imaging geometry, then inflections in the image intensities will be caused either by
the surface’ photomnc’try or the surface topography.

Thus sharp changes In color or reflectance of the surface, scratches in the
surface , sharp changes In the shape of the surface all can give rise to intensity
inflections. These intensity Inflections will cause zero-crossings in the convolutions
and It Is these ’ pr imit ive  d escriptors which are matched by the stereo algorithm.
Given the tact th at  ink  lr ’ction .c are caused by such effects of the surface photometry

I. The tin ,siIc ci c,jrh “r.lpr dci m m c c ” pus.sy hr I nusne l iii Manr & H kireth [l9~9]. 
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and topography, one consequence of the stereo algorithm is that at best it returns J
disparity values along some set of contours in the image. One may explicitly
deter min e depth or surface orientation only along such contours. Our task is to
reconstruct a description of the surface (either in depth or in surface orientation) at
all points in the image.

In gr ’mieral , any one of a mult i tude of widely varying surfaces could fit the
boundary conditions imposed by the stereo algorithm. But to be completely
consistent wi th  the stereo process, such surfaces must meet the depth or surface
or ienta t i on  conditions along the zero-crossing contours and not give rise to any other
zero-crossing contours which do not appear in the convolved image. This is captured
by the following assertion:

/ sser lion : Places of no information are actually places of information.

By th i s , we mean that for the locations of the image not associated with a
zero-crossing, we may assume that the underlying surface does not change in a
radical way. Aim intuit ive way of looking at this claim is as follows. Suppose we are
given a closed zero-crossing contour , within which there are no other zero-crossings.
An exa m ple would he a circular contour , along which the disparity is constant. One
su it  ace which is consistent with this set of boundary conditions is a sphere.
However , omw could also fit a highly convoluted surface (for example sin(r)/r) to
this set of boundary values. Yet in princip le , such a rapidly varying surface should
give rise to other zero-crossings, since the Intensity across the surface should also

• vary considerably. Hence, we claim that the set of zero-crossing contours contains
implici t  infor mation about the surface as well as explicit Information, and such
information can be valuable in reconstructing the surface.

This assertion is equivalent to the following statement: -

Assert b i t :  Except under certain singular conditions, a rapid change in the
direction of curvature of a surface must give rise to an inflection in
intensities, i.e. you cannot hide a dip.

In order to prove this assertion , we shall need to first develop tools for
dealing with  Image formation . This will allow us to relate changes in the surface
orientat ion of a surface element to changes in the perceived intensities. Then we
may state ’ the problem formally as a set of lemmas dealing with one and two
dimensional cases.

U 
. 
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Si nce the intensi t ies  with which we shall deal are caused by both surface
photometry  amid surface topography, it is possible to have complex interactions
l ’ct we ’e ’i t  Ilir’ two  effects . In the case’ in which both factors have roughly equivalent
e f f e c t s , o m e  could construct situations in which the surface topography changes
r~i iJ i ca l lv , yet the surface ph o t o mmt r t ry  also changes sufficiently so that there are no
noticab le changes in the image intensities.  In such situations , it seems unlikely that
one can d e t e r mim ij i e  any i ii for ination about the shape of the surface from the image
i nt ens i t ies  th c ’iim wlvps. We conc entrate  instead on those situations in which the
cha n~ es in the , surface topography dominate changes in the surface photometry.

In order to prove this assertion , we develop some tools for dealing with
image format ion  [Horn 1970, 1975]. In the simplest case of a single point source,
the ’ geonu ’try of reflection is governed by three angles . The incident angle between
the local mior ina l of a surface port ion and the incident ray is called I , the view angle
be ’tween the local normal and the emitted ray is called e, and the phase angle
teetwe -’e~’n the in c i d en t  and emitt ed rays is called g. The fraction of Incident
i l l u m n i m m a t i o n  at a given surface point reflected In the direction of the viewer is

de’not ed by the reflectance funct ion ~ (i .c,g). Most situations with more complicated
di s t r ibu t ion s  of light sources can tic’ modelled by the superposition of single point
son rces.1

We let A (x ,y,z)  l’e the ob,j ect irradi ance at the surface point (x ,y,z), scaled
by t h e ’  r ati o of image irradian ce to scene radiance . The object irrad iance will be
con stant or obey some invers e-square law with respect to distance from the source
for physical systems . The ratio of image irradiance to scene radiance is a constant

which dep ends on the imaging system.

Let r = (x ,y,z) he a visible point on an object , and r’ be the corresponding
point in the image. If te(r ’) is the image irradiance measured at the image point r’,
the n (Horn [1970)):

h(r ’) = A(r )~ (i ,e,g) .

If we-’ restrict our attention to situations In which the light source can be
considered distant relative to the separation of object and viewer , then the phase
angle is roughly constant and ~ (i ,e,g) ca n be replace by the radiance function R(p,q),
where p z, and q z~ are the partial derivatives of the surface with respect to the

t wo coordinate variables , x and y. It may be that we can in many cases decompose

1. F.~sr ii lt d -c c ’ cm j t ic t r  ile~ c lcpnui,t c-s i t ic  ,e,;st ieee ,,at ‘-c of m are Icr inat mon , ccc Horn [ 1970, 1975),
Wcnslli,,,,t [l’)78].

---- ‘--- —-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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the surface ’ photometry from the surface topography in such a manner , so that the

image intensiti e s depend only on p and q. In fact , Woodham [1978) observes:

No matter how complex the distribution of incident illumination , for
most surfaces , the fraction of the Incident light reflected In a particular
direct ion depends only on the surface orientation .”

If we also restrict our attention to situations in which the Image projection is
orthographic , then

b(r ’) l(x ,y)
where l(x ,y) is the intensity value iecorded in the image. Thus , the image equation

• is given by:
l(x .y) A( x ,y,z)B(p,q) .

Note that in the case of unifor m illumination and uniform photometric properties of

the -surface , A is constant. However , iii general , the intensities will be a function of
the position as well as the orientation of a surface patch,

To prove the a.ssertion, we first examine the one dimensional case. We
wi~h to investi gate the conditions under which a bending of the surface forces an

i n f l e c t i o n  in the ’  intens i t ie s . In what follows, we assume that A, B and z are second

dif f erent ia b le ’  functions. We begin with the following lemma:

Lemma: Suppose that the surface and its reflective properties are
such tha t  changes in the orientation of the surface dominate changes in
intens ity due to changes in position on the surface, If the surface contains at
least t wo inflection points, then unless the reflectance B Is constant for the
values of p involved , the intensities must contain an inflection.

Proof: Consider a second differentiabl e surface z(x) which contains at
least two adjacent inflection points , at x 1 and x 2. Then z,, and consequently PN are
zero at these points.

_

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ --- .--‘- - -- ——— — — - .
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lii I f.’ren h at ing tlus:’ image intensity equation yields
l ,(x ) = A ,( , ) f l (p( x ))  + A (x )B~(p(x )) p,(x).

Note tha t  if th e ’  re f lec t iv i ty  is completely independent of the position in the image,
I hej i A is constant and hence A~ = 0. Then , since p, (x 1) = p,(x 2 ) = 0, we see that
I ,(x 1 ) I~(x 2 ) 0. Since? I~(x )  has two adjacent zero points , the second
di f fe ren t i ab i l i ty  of the surface z and the functions B and A thus implies that I, must
havr ’ an c ’xtr e ’mu nm icr some valu e of x0, x 1 (x0<x2. in other words, 1(x) must have
an inflection at Ibi s point . This is provided I,(x )  is not zero everywhere, and this is
tr ue’ provid ed tha t  B1, is not zero c vc’rywhere , or that 11 is not constant .

For the more general case of the reflectivity being a function of the
position x , ,i.s well as a func t ion  of the orientation p, we assume that

lA~/A 1 <( j fl~p,~ almost everywhere
In other words , the mnaj or cause of change in intensity is changes in orientation , so
that  the surface shape changes much faster than the reflectivity.

Consider some neighbourhood of the point x 1. Because p(x 1) Is an
ex tr~-j n u m , the re are constants a 1, a2 > 0, such that p(x 1 -a 1 ) p(x 1 +a2) and such
that

sgn(A(x 1 —a 1)B~(p( x 1 -a 1))p, (x 1 —a 1))
sgmi(I ,(x 1 +a 2)) = sgn {A(x 1 +a 2 )R 1,(p( x 1 +a 2 ))p, (x 1 +a 2))

Here , sgn (x )  is I if x is positive, -1 if x is negative and 0 if x is zero.

Usi ng the fact that
sgn(xy) = sgn(x)sgn(y),
p(x 1 -a 1) i ( x 1 +a2 ),

and that  A(x)  is non-negative , we’ see that
sgn(I ,(x 1 —a 1)) sgn(I ,(x 1 +a2))

if and only if
sgn(p, (x 1 —a 1) ) = sgn(p ,(x 1 +a 2)) .

But since x 1 is an inflection point , this implies that
sgn(p, (x 1 -a 1)) � sgn(p~(x 1 +a2)).

fly th e secon d d i f f erent iabi l i ty  of 1, 1, must be zero for some point in this
neighbourhood.

Similar ly,  we may show that  I , is zero for some point In a neighbourhood
• about X’.. Ar gu ing  a.s before ’, we’ may then show that 1(x) contaIns an inflection

point except in the case of H being constant.

~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Lemnm a : Suppose tha t  the surface and Its reflective properties are
such that  changes in the orientation of the surface dominate changes in
i n t en s i ty  due to changes in posit ion on the surface. If the surface contains one
in f lect ion  point  at x1 and 11(p) has an extremuin for some value Po such that
p(x 2) r~ . where x2 ~ x 1, th ou unless the reflectance H is constant for the
vaiu e,s of p involved , the intensities must contain an inflection,

Proof: The proof of this lemma is very similar to the previous one. As
before , we may show that I, = 0 for some point in a neighbourhood about x 1.
Consider a neighbourhood of the point x 2. As before , we may fi id constants a 1 and

a2 su ch t h a t

shn(I ~(x 2 t’v ~)) = sgn(A(x 2— a 1 )B~(p( x 2—a 1 ))p~(x 2—a ))
sgn (l~(x 2 +a 2 )) .sgn (Mx 2+a 2)B~( p( x 2+a2))p K (x 2+a2)).

I n t h i s  case , siit ce ’ there is flO inflection in the surface here ,
.cgn(I~(x.,—a 1 )) = sgn(I~(x 2+a 2))

if ansi only ii
sgn(B~(p(x 2-a 1))) = sgn(B~(p(x 2+a7))) .

But since B has an extr emum at p(x 2 ),
- sgnUl 1,(p(x 2 —a ))) ‘ sgn(B1,(p(x 2+a2))).

Ar guimig as before , we see that  1(x) must  therefore contain an inflection point.

The only other possible case of the surface containing an inflection point is
i f  U is n ionotonic and the~•~~ irf ace has only one inflection point . In thius case, it Is
not possible to guarantee that there he an inflection in the Intensities.

Stated in less formal terms , the above lemmas show that if the major
ch.tnges in t lu. ’ intensit ies associated with a particular surface are due to the shape of
the ’ surface ’ and not due ’  to changes in the photometry of the surface, then certain
types of changes in the surface shape must give rise to zero-crossings. This means
tha t  evr ’n if the surface is paint ed with a varying shade of color , so long as the effect
of the  shading  doe ,s not overwhelm the actual tending of the surface , there must be
.-in infl ection in the int ens ities corresponding to the change in shape of the surface.
Of course , i t  may be possible to paint  a curved surface in such a way as to exactly
counter act  the effects of the curv ing of the surface on the intensities , t hereby
“nsur im ig  that  no zero-crossing will  correspond to the change in the surface shape.
We rr ’g.ird such s i tuat io n s  as special cases which will be rare in the real world, since
hey r’ ‘q u i t s ’  ,i pec ul ia r cou p1 i img ci th e sur face topography and photometry which Is

ilc ’p r ’itd. ’ii t on the viewer and i I l iu m I n at ion ge’nnlr ’try.
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Tli” lemmas can he extended to the two-dimensional case. The proofs are
on ti i nest l”~1ow.

Lemma: Suppose that  the surface and its reflect ive properties are
su( :1L t h a t  changes in the or ien ta t ion  of the surface dominate changes In
i n t e ns i ty  du e Ic changes in position on the surface. Furthermore, suppose that

alon g come direction , the surface u ndergoes radical changes of shape, while
p erpendicular  to this  direction , the change in surface shape is negligible. If
the  surface contains two inflection points, then unless the reflectance B is
constant  for the values of p involved , the intensities must contain an
inflection .

Proof: The proof is sim ilar  to tha t  of the one-dimensional case. Without

loss of gen era l i ty ,  we assume th at  the surface inflections occur along a line parallel
to the x axi s . In this  case ,

l , (x ,y) = A~(x ,y) fl(p ,q) + A(x,y)}-l1,(p.q)p, (x ,y) + A(x ,y)Bq (p,q)q~(x ,y).
Since the dir ect ion of concern is parallel to the x axis, y is constant along such a
slice of the :;nrfacc ’ , say y = Yo. As before , we wish to show that I~(x ,yo ) is zero for
some’ point in a neighbourhood of the inflection point x 1 and for some point In a
neighbourhood of the inflection point x 2. Since we have assumed that the effects of
p, dominate’ those of q~, we can essentially use the same argument to show that I~
changes sign wi th in  the neighbourhood and hence must be zero at some point within
it .

Lemma: Suppose that  (he surface and its reflective properties are
such that changes i n t h e  orientation of the surface dominate changes in

• i n tens i ty  due to changes in position on the surface. Furthermore , suppose that
along some direction, the surface undergoes radical changes of shape, while
perp endic u lar  to this direction , the change in surface shape is negligible. If

the surface contains one in flect ion point at x 1 and R(p) has an extremum for
sonic value v0 such that p( x 2) = p0, where x 2 � x1, then unless the reflectance B
is constant for the values of p involved , the intensities must contain an
in flection.

The proof again parallels that  of the one-dimensional case, with

m os l i f ica t io ns  s imi la r  to those used in th e ’  proof of the above lemma.

Wi ’ Ii ,ivc ’ shown th at  exce pt und er  certain singular conditions , a pair of
m l  Ir ’ct ion s in t h e  sur fac e  m u st c , iui ~-r ’ in i n f l . r . t io iu in intensi t ies.  So at some level of
is’sol ut ion , the convolution s of t h e ’  iuii , ige tv i l l  sIe te ’ct such Inf lect ions  (If they are
large r ’iuo t igh)  ,ss zero—cros sings . fli ’n cs.’ th e ’ s teno output tells us not only the shape



E~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -_ — -~~~~~~~~~~~~~~-~~~~: - 
___

I)i((v’,-i-nt 1,11 ps-otm- l ry — 12 — CrIm%on

V

- of the surface along the zero-crossings, but also that the surface cannot curve
rapidly or drastically between zero-cros.cings. Otherwise, an inflection would cause 

- 

-

a ~ero-cros:~ing and none are evident.

Thus , we claim that in general , places which do not have a zero-crossing
contour  must  hi ’ ‘ well—behaved” in the sense of curving as little as possible and of

:~ h,-wing the’ sign of the curvature change as little as possible. In the next section, we
make’ precise the notion of curvature. This will allow us to use our assumption

about place.s wi thout  zero-crossings to design algorithms for reconstructing a
surface.

~~~~~~~~~~~~~~~~~~~~ 
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V 3. Differential  Geometry

In order to develop method s for reconstructing the surface , we need to
relate the shape of the surface to inherent properties of the surface. More
important ly ,  we need to relate the shape of the surface to conditions on the surface
orientation at each point of the surface or to conditions on the depth values at each
point of the surface. To do this , we’ first review some relevant pieces of differential
geometry . For the most part , these are taken from Weatherburn [1927].

We have already indicated that the surface (or piece thereof) with which
we are dealing has no discontinuities in depth and is smooth. This suggests that the

• reconstrLlcUon of the piece of surface is intimately related to the curvature of the
surface , We now make the notion of the curvature of a surface more precise.

3.1 Curvature of Curves

For a curve, the curvature at a point , ~~, is defined in the following
Juiatuu ’r .

A curve is the locus of a point whose position vector r (relative to a fixed
origin)  is a fun ct ion  of one parameter . In particular , that parameter can be taken to
he the arc length of the curve, s , measured from a fixed point on the curve.

The ( u n i t )  tangent to the curve at a point is defined by
t dr/ds

In the case where the parameter of the ’ curve is taken to be arc length , the tangent

~‘ector given above i.s automat ica l ly  a u nit vector.

The curvature  at any point on the curve is then defined as the arc—rate of
rotat ion of the tangent.  It is also given more formally by the relation

du ds ~ fl

• where n is a u n i t  Vector perpendicular to t and lies in the plane spanned by the

• tangents  .,t that  point and a consecutive point . In other words, let P be the point
associ,ite’d wi th  the ’ arc length value s, and let 

~
‘1 be the point associated with the arc

length value s+ds. As ds tends to zero , the tangents at the points P and P 1 will define
a plan e , such that  both tangents lie In this p lane . The vector n lies in such a plane,
and is pc’rpend icular  to t . This vector , ii , is the principal normal of the curve at that
point , and the plane containing two consecutive tangents at P, is called the osculating

plan e ’. 
-
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1
An alternative method for defining the curvature of a curve at a point is as

follows. The circle of curvature at a point P on the curve is the circle passing
th r ouic~h three ’ po ints on the curve which in the limit coincide at the point P. In
other words , consider a point P on the curve specified by some value of the arc
length , say 

~~~~ 
Let r’1 he the point on the curve associated with the arc length value

~ +e ansi let P2 be the point associated with the arc length value s0-i. For any ~ these
-

, 
three points define a circle passing through all three points. As we let e tend to zero,
the associated circle converges to the circle of curvature. Its radius p is related to
the curvature  of the curve at that point by

p 1/ K .

Expressed in intu i l ive  terms , the curvature at a point measures how
quickly the ’ curve’ deviates from a straight line. 

-

- 
The particular norm al to the curve at P that is perpendicular to the

oscu l a t i n g  plane is the binormal. Being perpendicular to the osculating plane means
that  it is perpendicular to both I and mu , and hence is parallel to txn. This unit vector
is denoted b.

Just as the curvature ~ measures the arc rate of turning for the unit vector
t . the torsion I measures the arc rate of turning for the unit vector b. It can be
obtai ned from the relation

db/ds = -in ,
In intui t ive terms, the torsion measures how quickly the curve deviates from a
plane.

3.2 Cur vature of Surfaces

Now we can turn to surfaces and again define the notion of curvature.

A surface is the locus of a point whose coordinates are functions of two
i nd ependent parameters , U and v. Thus the parametric equations for a surface,

• defined in a Cartesian coordinate system are

x=f 1(u ,v) y~f2(u ,v) z :f.m(u ,v) -

and the surface is defined by some function F(u ,v)=O.

Consider any curve drawn on the surface. Again, let s be the arc length of
th e ’ curve . unc ’asu red from some fixed point on the curve to the current point (x ,y,z).
Then the t ang ent to the curve’ l.s the vector (x ’,y’,z’), where the ‘ refers to
tIifIr’rs’ntlatinn with respect to s. Now the straight line generated by the tangent to

any curve is caUed a tangent line’. In particular, all tangent lines at a point {x,y,z)

— —~~ 
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.ure p er ;w ’imdi cn l ar  to the ’ vector {F ,.F~,F1). (Here we use the notation F, to denote the
parti , iI  der i vat iv e  of F wi th  respect to x.) To see this , note that F has the same value
at a ll poinI :~ of th e ’ surfac” , hence ’ it remains constant along any curve as s varies.
‘[‘b us

F, dx/ds  + F~ dy/ds + F~ dz/ds 0
l’hus {x ’,y ’, z’) and (F ,,F~,F~) are perpendicular . So all tangent lines at a point are
perpe n hlm ( :ul l ,ur  to this vector , and thus lie in a plane through {x,y,z) perpendicular to
this  v i i  b r . This is the tangent plane. The normal to the plane at the point of
Contact i.s th r’ normal to the surface at tha t  po int.

Any r el at ion between the parametc ’rs , say f(u ,v ) 0  represents a curve on
the surface since then r is a func t ion  of only one independent parameter. In
part icular , the parametric curves are ’ those for which

U = constant or v = constant
Then if WV (l( ’flOte

I~i Z~r/~uu r2
we have tha t  r I is a vector tangent to the curve v = constant at the point r.
Similar ly for r 2.

Consider two neighbouring points on the surface , with position vectors r
and r+dr , corresponding to the parameter values (u ,v) and (u+du ,v+dv) respectively.
Then

dr r~du + r7d v .
Since’ thi” two points are’ a rb i t ra r i ly  closely spaced points on a curve passing through
them , the length ds of t h e  element of arc ,join lng them is equal to the actual distance
I dr i between them. Thus

ds2 r 1
2du 2 + 2r 1 ’r 2du dv + r22dv2

We d” f ine
E r 1 2

F = r 1 •r 7
G r22

These quant i t ies  are called the fundamental magnitudes of the first order , and ,
together wi th  the following quant i ty ,  are of use in computing characteristics of the
surface.

=

- By de f in it ion , the normal to the surface at any point is perpendicular to
every tangent line through that  point . IIr ’nce It is perpendicular to both r 1 and r 2.

I

____________ 
- -
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a,

Thus the uni t  normal is given by
n = r 1xr~/ll

In a similar manner the second derivatives of r are denoted
r~ 

= ~
2r/~u2 r 12 = ~~rThuov t 72 = ~

2r/~v2.
— The’ ~:ecoud order magnitudes of the surface are then defined as

L n’r 11

4 M n r 12

N = n ’ r72

T2 LN—M 2

We can now formalize the curvature of the surface itself. We have seen
how one may ile fiuie the curvature of a curve at a point. Consider any plane which
int er -~ects th e ’ surface at a particular p01111 F, and which contains the normal to the
su rfac e at th at  po int . The result of such a normal Section is a curve, and we may
evaluate ti m e curvature of that curve at the point P. However, there are infinitely
many plane.c throu gh P which contain the normal to the surface at P. Can we
iden t i fy  any particular normal sections?

Given a point P on the surface , any curve on the surface passing through
the point wi l l  have a tangent vector defined at the point . The plane containing all

the taligent vectors for any curve passing through the point is called the tangent
pla ne for that point. Suppose we intersect the tangent plane with the surface, and

e~’iamine  the r at e ’  at which the surface deviates from the plane along any particular

di rection. Wi” will  f ind  that there are two directions on the surface , at right angles

to each othe r , such that in one direction the surface deviates the quickest from the
pla ne ’, an d i n the ot h er di rection the~ .~mrf ace deviates the slowest. Both of these
directions have the property that the normal at a consecutive point separated by an
inf ini tes imal  distance in either direction meets the normal at P. This means that the

curve for a section along one of these directions has no torsion , and is subjec t to
curvature in only one direction. These are the principal directions.

The values for the curvature of the curves obtained by taking normal
sectio ns along these princi pal directions are extr ema . I n other words as we change
the direction of the section , the curvature  for a normal section achieves a maximum
at 0111’ of the principal directions . It achieves a minimum at the other principal

direction. Let the curvatures of these special sections be ~ and ~ respectively. In
the case of a plane , the curvature of each norma l section is identical. In this case,
any pa ir of pi ’rp c ’mmdlcular directions may he taken as the principal directions.

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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‘V To relate the principal curvatures to the previous definition of curvature
in t erms of r adi i  of circles , note the followin g. A curve on the surface such that the
normals  at consecut ive points intersect is called a line of curvature. The point of
inter section of consecutive normals along a line of curvature at P Is the centre of
curvature  at I’, Its distance from P is a principal radius of curvature and the
reciprocal is a principal curvature.

Thus at each point there are two principal curvatures 
~a and ~~~~~ These are

the normal curvatures of the surface in the directions of the lines of curvature.
(liven the ’ prin cipal curvatures , the curvature of the surface can be described in a
number of ways~ The first curvature of a surface is defined by

The second curvature  of a surface (also known as the specific curvature or the
Gaussian curva tur e)  is defined by

These are related to the fundamenta l  magnitudes by
J (EN— 2FM+G14/ 112

K (LN_ M 2 )/ l L ?

In in tu i t ive  terms , the first curvature is analogous to the curvature of a
curve, while the second curvature is analogous to the torsion of a curve.

Any point on the surface may be defined by the value of the Gaussian
curvature at that point, Thus , an elliptic point is one where K > 0. In other words,
normal sections through the point are all convex or all concave, the surface does not
intersect its tangent plane at this point. An example Is any point of an ellipsoid. A
parabolic point is one where K 0. An example is any point of a cylinder. A
hyperbolic point (or saddle point) is one where K < 0. In other words, there are

both convex and concave normal sections, the surface intersects its tangent plane.
An example is any point of a hyperholoid of one sheet,

3.3 Example

Let the surface he represented by the vector r=(x ,y,z(x ,y)). Then the
deri vatives are

r 1 = { 1 ,0,;)
r 2 = (0 ,1,7..,)
r 1 xr 2 (—z ,,-z~, 1}

2 5 !?Ir ix,’2I :( 1+z,~~z1,
Since r 5 and r2 are tangents to the par ametr ic curves , the normal to the surface lies
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p erp endicular to both of them. Thus the unit normal to the surface is )
n ( l +z,7+z~

2 Y ’12 {—z,,—z.,,1).
— Hence

E 1+z,2 ‘

F z ,z.,
(i 1+7~

2

112 1+z,2+z.,2

Similarly
r 5 1  = (0,0,z~ )

r 12 = {0.0,z).,)
r22 = (0,0,z~.,)

r L z ,,/H
M z ,.,IH -

N z~~/II
2

I — LI  s~.~~Zyy Z,y 
-

Thus , for calculation purposes,
J = ~Iôx (z1/( l+;2+z.,

2 ) ”2 ) + ~Thy (z.,/ (1+ z 12+z.,2 ) ”2 )
K (l+z ,2+z.,2r 2 (z ,,z.,.,—z ,.,2 ) .

This example suggests that there may he another useful representation of
J , to which we now turn. . -

The divergence of a vector is defined (as in Weatherburn) as
thvF W2r , ’( GF~-FF~) + H 2r2’(EF~-FF~)

This can be used to show that - 
-

div n —J .
In the  case of a surface with parameters x , y

div n = V’n = ~n 1 /~x + ~n2Thy n (n,,n2,n3)

As well , if the I.aplacian is denoted by V2, then
2K = n~V7n + (~~‘n) 2

For the case of r = (x ,y,z(x ,y) )
V2n {V2n 1,V2n2,V2n3)
V7n, = ô2n,I~x 2 + ~~n fiiy2

We can now make more’ precise the earlier suggestion that first curvature
of a surface ’ is analogous to the curvature of a curve, and second curvature Is
analogous to the torsion. For a surface

dl v n Vii -3

—
~~~ ~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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~
:72r = in

n V ?n + (7~~)? 
= 2K

For a curve , one has the analogous equations, using a one parameter
version of the dr’I operator

V = td ’/ds
Thus

cli v ii V-n = —K

V’ r tcn
i iV 2 ii + ( V n ) ~ = ,

Thus 3 is analogous to K and 2K is analogous to -T2.

3.4 Extre ina l Conditions

One of the initial constraints applied to the problem of contructing the
surface was based on the ’ manner in which the zero-crossi ng contours of the stereo
program were formed. In essence, it claimed that for portions of the image not
associated with  a zero-crossing, the un dc ’r lying surface must change in a “reasonable”
in.m ncr . What ‘ioe.c th i s  fmp lj ’  about the surface itself?

( m l  assumption require’s that between zero-crossing contours , the surface
should chanp,e as little as possible, and in particular should not have any inflection
point s in ilu pth that  are’ not necessary. This is since such inflections should give rise
to other 7ero-crossings which are not indicated in the stereo output. At the same
tim e ’, the b oundary values along the zero-crossing contours , around some portion of
the surface , wi l l  impose a certain amount of intrinsic curvature to any surface
f i t t i ng  th em. One method for finding a surface which will fi t  the boundary
condition s alon g the zero-crossing contours , and yet will not curve excessively, is to
require that the average curvature at any point on the surface be minimal.

A theorem due to Euler states that if ~ is the curvature of the curve
obtained by taking a normal section of the surface with a plane whose orientation
relative to one of the principal direction s is ~~~, then

ki COS
2
~ + Kb sin e

By tak i n g  all possthle norma l sections and integrating, one finds that the
average c u r v a t u r e  at a point i.c given by 3/2. Hence, one possibile method for
ol ’t aintn ~ a surf ace which f i t s  .~ set of b oundary conditions and has a particular
extrema l  property related to the curva tare of the surface is:

1. Fi nd the surface f i t t ing  t i s ; ’ t~ u icr l ary conditions which minimizes

-- - -  — -_—~-—- — —-—- - -~~ - ---~ •~~ -—~- --—---——-~
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f f . l 2dx  dy = f f ( V n ) 2dx dy f f f ra +K b )2dX dy.
A surface’ which mii i im izes the above integral for some set of boundary conditions is
a surface which m ini m izes the average curvature of the surface at every point .

flow well does this  condition satisfy our constraints? As we shall see, it is
possilule to construct a computational scheme which computes a surface satisfying

• th i s  condit ion and yet is consistent with the notion of a local parallel algorithm. As
to tvheth i ’r  th e surfaces so constructed meet our condition of “well—behaved”
surface ’s wc~ note ’ the followin g. In the case of boundary conditions which are
consis tent  wi th  a simple surface , such as a plane , a cyli nder , a sphere or even an
ellipsoid , the .cbovr ’ condition wil l  lead to the correct surface in each case. This
cer t a in ly  meets our requirement that the surface behave smoothly and not change
any more than required . However , if the ’ surface determined by the boundary
condit ions and the above r equ ire m im ent has a hyperbolic point , it is possible to
minimize  at such a point without minimizing the principle curvatures. This is
undesirable since it could lead to surfaces which violate our requirement of no
extremes except at zero—crossin gs. -

One mann er of altering the above condition to handle hyperbolic points as
well is the following:

~~ . Find llu’ surface f i t t i ng  the boundary conditions which minimizes

ffK 12 +K b2d x dy -f f(n V2 n)dx dy.
llu ’ rr ’, it is no longer possible to m ini m ize the intt ’grand without minimizing the
pr in c ip l e  cur v atures  as well . Thus we seem to meet our analytic constraint better
than the previous suggestion. However , f indin g a method of computing the surface
is n ut as e~isy. Note that  -

K 1
7+K b

2 = (K a +K b )2 ZK IK b J 2 K  _ 1I,V ?n
This give’s an alternate for imi of the integrand to be minimized . However, the
condi t ion s  which will minimize such an integral give rise to a non-linear system of
equation s . Whereas It is possible to devise a computational scheme which is
consistent with the notion of a local parallel algorithm , It is difficult  to prove that
such an algorithm will converge to the correct surface. Such an algorithm may be
timid esi ratule for this reason,

We have required that the surface which fits the boundary conditions
curve as l i t t l e  as possible. We achieved this in the first  case by requiring that the
average cu rva tu re  at every point be as small as possible. An alternate method of
ke”pmmig the curvature ci (hi-’ snrfacc’ immi ni rna l  is as follows,

I —--—-‘—-— 
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Co~ ~ider a small s. :’gmnent of the surface , surrounding a point P. For each
point  w i t h i n  th e  segment , t ranslat e ’  the un i t  normal at that point to the origin of the

coord inat e system . Thi s results in the inscr iption of some region(s) of the un it

sphe re . If th e ’  ~imr 1act ’ is smooth in the region of F, then the inscribed portion of the
unit sphere is a .single connected region. If one considers the ratio of the area of the
insc m - ml i c .d region to the  cire’a of the original region , amid takes the limit as the region

:a i r ro imi id i i ig  P tends to the point itself , one obtains the Gaussian curvature at P.

Thus the ’ Gaussian curvature also measures the amount of “bending ” of the sur f ace at

a point . Thus a possible con straint  IS:

3. Find t h e  surface f i t t i n g  the  boundary condition which minimizes

f fK 2dx dy j fK fl
2Kb2dX dy

M i n i m izing the ’ above integral r esults in a surface which reduces the “bending ”, as

measured by th e ’ G,~ussj aii cu rvature , to a minimum.

There may tie other c’xtrpmal conditions that  can be applied, The critical
point is tha t  they ensure that the surface which satisfies them is consistent with the
consli-aints previously derived. That is , they must not have additional inflections
other t h a n  at zero-crossings , they must spread the curvature of the surface in a
smooth mnam iiie r over the surfac e , and they must fit  the stereo boundary conditions

along the ’ zm ‘ro-crn .ssi ngs contours.

Most of the extr emal conditions listed above are phrased in terms of the

~ur 1j ci ’ iiormn , il  at points on the surface . Hence they are best suited for constructing

,-i sur face  when thr ’ boun dary conditions are specified in t erms of surface orientation.
lIo~vever . one’ can also contruct a surface when the boundary conditions are specified
in terms of di stancr ’ . The’ next section examines this case,

: 1
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4. Surface Patches

We’ have indicated that our basic Intention is to fit a smooth surface to a
set of l ’oumm d .iry conditions . Since the numuber of possible surfaces is infinite and

~‘a rie ’1 , we have restricted our a t t ent ion to those surfaces which satisfy certain

~.vt r r ’mnal  condit ion s with respect to surface curvature. This section outlines a
pa r t i cu l a r  mmmctho r l  for 1 i t t ing  smooth surface’s to boundary conditions. This method
is c ’specially suit ed to the task of f i t t ing a surface to boundary conditions Involving
depth information.

Coons [ 11167] has developed a method for piecing together patches of a
smooth surface  in such a way as to ensure continuity of both the function describing
the surface ’  and it -s deri vatives up to some order r. The method is described below.

Suppose’ that  the surface is parameterized In terms of u ,v so that in a
Cart ~ sian coordinate system the coordinates are given by

x =

y g(u ,v)
h(u ,v) . 

-

Uti l iz i m m g Coomis ’ notatio n , let us denote any point on the surface for the
three d immien s l in i a l  case by

(uv) [f(u .v), g(u ,v) . h(u ,v)]

Furthermore we can scale u amid v so that they range from 0 to 1. So a surface patch
is a segment hounded by four space curves , namel y (Ov), ( lv) , (uO), (ul) .

In order to def ine  a smooth surface segment (or patch) between these bou~mdary
curves , we wil l  blend the bound ary curve’s together in a smooth manner. Let F0 and
F , he t wo blending functions. Th en the surf ace equation is given by

(uv )  = (iv)F ,(u) + ~7u ,i) F1(v) — ~~~,(ij ) F,(u)F~(v)

The F’s are’ restricted such that
F0(0) 1 F~0( 1) (I

F~(O) 0 F 1 ( l )  = I

~~~~ 
~~~~~~~~~~~ ~ - ~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~ -~~~-—



- --- - - -- - -~~~~~ - -~~~~~~~~ ~~~~~ -~~~ ‘~~~~ 
- 

--~~~~~~~~~~~ -~~~~~~~~~ , 
- - — —-—

~~~

- 

~~~~~~~
Ud ~~~~~~~~ 

i,~l r,’e iII(-m — 23 — Grsiii con

I
This ensures that the surface defined by the surface equation above

contains it s hoimn daric ’s and corner points. In general , the functions F0 and F 1 are
t ak eim to Iii ’ com it imm i m o u s  and mon oto mm ic , but  th is  is not critical. The boundary curves
should ise closed ann continuous.

1~y imposing the additional restrictions

F0’(O) 0 F0’( I )  = 0
F 1 ’(O) 0 F 1 ’ (i )  C)

the  slope of the surface across a boundary has the form
(u O)~ (OOL I’0(u) + ( I O ) ~F , (u )

Thn.s the slope across the boundaries depends on the two end tangent vectors across

- 

‘ the boundary and on the blending functions. It is independent of the actual shape of
the boundary curve . Thus , any two patches which share a common boundary will

he cont inuous in slope across this common boundary under the above restrictions on

the Hs ’misiing func t ions .  Similar ly ,  if the second order derivatives satisfy
0 l’o” ( l )  0

F 1 ”(O) = 0 F 1 ” ( l )  0

the n t h ’  patches will  match in th e  .sccond derivative across common boundaries.

Different ia t ion indica t e ’s that
(O0)~ (0 1 )~ 

z ( I 0)~ (00)~ 0
In other words , the cross-derivative or twist vectors at the patch corners are all zero.

Not all the surfaces wi th  which we must deal will have cross-boundary
slopes o the above form n , nor will they all have zero twist vectors at the corners of

th e ’ p atch es . In such cases, a correction surface should tie added to the original
surface to account for this. The function of this correction surface is to correct the

slope’s across ti -ic’ patch boundary and the corner twist vectors without changing the
shape of th e ’  bound ary curves . In other words , the correction surface changes only
slope ansi high er order conditions.  This correction surface is defined by

(uv)  ~~(i v)~G ( u ) + ,(~m i)~G 1(v) —

Addi n g the’ two surface ’s together , where we denote the initial surface by

f(u ,v) ~mnni t h e  correction surface by g(u ,v) , we see that the slope across the patch Is

given by
(nOL = f(u ,OL +

lIt :!nce , we choose’ g(u ,0~ ansi the other cross-boundary slope functions In g(u ,v) such
that  -

g(u ,0)~ (u0)~ — (00)~F0( s m ) — ( l0)~F 1 (u )
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The funct ions  Gei an d G 1 are the slope blending functions and have the
f ol lowing en il cond it ions in order to ensure that the correction surface does not alter
the Patch boum idaries but  has the required cross—boundary slopes.

0 G0(1 ) 0 G0’(Q) = I G0’( l )  = 0
(i~(0) 0 G~( l )  0 G 1 ’( O) 0 G , ’ ( l )  = 1

In a s imilar  ]n ,lnnc ’r, one’ can apply higher derivative corrections.

Ths ’ .’ entire surface equation can he formulated in terms of tensors
ii~ J [~~~ ~o~

’1 F 1 (ii ) 
~~~ 

C ~(‘z)J — 0 (~i0) (ii)) (sg0)~ 
(~l — l

(() ~- ) ((1(m) ((I l ) (00)~ (01 
~~ 

F0(v)

(h )  ( tO ) ( I I )  ( l0 )~ ( 11 ) V 1’~ (v)

((h 
~ 

(00)~ (01 )
~ 

(0(~LN (01 
~~ 

G0(~’)
(1 

~~ 
( l0 )~ ( 11 )

~ 
( l0 )~ ( 11 

~Uv ~

This is th e ’ equation for a slope-matching, slope-continuous surface patch with
ar tu t r ary  boum idari e ’s and arbitrary slope across the boundaries.

Note that  the correction surface appears to be essential in order to achieve
a “fa i r ” i n t r rp olated surface. This is because the original surface equation had zero
t wist vectors , yet most doubly curved surfaces do not. Forrest observes [19683:

“It is said that where a series of Coons first canonical form patches
[i.e. only the basic surface equation] are fi t ted to an array of points on a car
body panc’I , and the ’ panel is cut by numerical control , the patches can be
dis t inguished on the panel by a series of flattenings or local distortions; the
overall surface is smn ooth but clearly not fair. ”

We’ have not y et  specified the form of the blending functions, and to this
we now turn , Let

[u 1 u2 u~ U4) 
‘

he’ a vecto r whose’ elements are a set of linearly independent functions of u . Then
the blend ing  funct ions  can be sp~’cified by

[F0(ii) F , (t i ) G0(u ) 01 (u)J = [u 1 u 2 u 3 u4] M
Thus we want  to specify M such that

ru th ,. 0 u~~,.0 u3J~,.0 u4L.o ”]
U41u_ 1

du 1/d u~,,0 du 2 /du~0.0 du 3/du~0.0 du A/du{,. o I
Ldtl i fdu~,.1 du 2/nlu (0_1 du 3/duI0.1 du4/duL. ii

- -  
- 

~ -~~~~~~~~~~ - -
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.

For example , we could use a cubic basis vector , where
[u 1 112 113 u4] [u~ is

2 i 1] .

In this case,
- M4 = 0 0 0  T

~ 
M t 2 - 2  i

~ i i  I l —
~~ 

3 — 2 — I l
0 0 1 0 1  1 0  0 1

-
~ a z i o j  Li o o  oJ

Then we ha ve

10(u) Zn 3 
— 3ii2 + I

F1(i m) = — au 3 + 3u2
G0 ( u ) = u 3 - 2 u 2 + u
(i 1 ( U ) = U 3 — U 2 .

If t ’oth basis vectors , [n 1 U 2 im 3 u 4] and lv i v2 v3 v4], are taken to be cubic
basis vectors, then the resultant patch will be a bicubic surface, which Is the
two-ni imemisional analog of the cubic spline. Of course, many other bleeding

funct ions  are possible , each one resulting in different types of’ smooth surface
patches.

‘ U

_ _ _ _ _ _ _ _ _  ~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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5. Coiiverj~enco Method s

The previous two sections have dealt with the problem of how to
recomistruct a surface having particular properties from a set of boundary conditions.
The reconstruct ion itself has not been formulated , and we now examine methods for
computing the actual value of the surface at various points, subject to the
reconstruct ion methods , of’ course. Our point of view in handling this task will be
to compute the value of the surface with as local a support as possible.

4
Most of the extremal constraints on the curvature of a surface can be

turmn :’d into a set of linear difference equations, based on a two-dimensional grid.
Si m ila r ly, the ’ Coons surface patch equation can be turned into a set of linear
difference equations based on a two-dimensional grid. Thus, we examine iterative
methods for solving a set of linear equations. We look at iterative methods rather
than el iminat ion mnethods beCause we seek local , rather than global , computations.

Given a system of linear equations
A x c

which  is nonsingular , we want to find a sequence xk such that Xk converges to A~ c.
An iteration is said to be of degree r if XIA is a function of A, C, Xk . , ,  ..., X~ ,. Usually,
r 1 so that

Xk Fk(A . C , Xk i )

if Fk is independent of k then this is a stationary iteration, If F~ is a linear function
then the iteration is linear.

11,1 Linear Case

Suppose ’ that
= ll~Xh .I + vk 

-

where Hk is a fun ct ion of A and c. The solution should be invariant so
A~ C=IIkA

I C+Vk

which implies
v~ = M~c whore Mk = (I-Hh)A~

Th u s,
x~ = ~~~~ + Mk c and HK + MkA I

The error associatM with each iteration is
= Xk ’A 1C where ek

Then the ’ systemu given above Is convergent for a given initial error e0 If and only if
K~x converges to 0 for any x, where K k =H k lik .I ...H I . For stationary linear iterations,

—
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—-
~~~~

--
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-
- - lJ k H an d Kk =i l~. Thus we need to check that Hkx converges to 0. It can be shown

~
.. — tha t  lE k x converges to C) for arbitrary x if and only if each elgenvah~e )~ of H is such .

that  ~X , <  I .

Bearin g this in m ind , we can now develop .particular methods of iteration.

5.2 Simni mila ii cous Displacements (Jacobi , 1845)

Given Ax~c let A=E+D+F where B is a diagonal matrix , E is a lower
tr ian gular  m n , a l r i x , F is an upper triangular matrix and a1~ O for all i. Suppose we are
give n a t r ia l  solution x0 and we ha ve found Xk I ,  (k = 1,2,...), then we solve

+ Dx,~ + Fx k . m  C

or Xk = llx k.. I + Mc
where H -D 1 (E+F) and M = 11* In order for this iterative process to converge, it
is ne’ces:;ary and suff ic i ent  that the eigenvalues X, of H be hounded in modulus by 1.

Note that  if D = ôi then an eigenvalue X , of If corresponds to an elgenvalue (1-A )ô of

A.

One set of sufficient comtdition s is given by the following result, due to
Collatz [19.50].

if A has dia gonal dominance and is not reducible , the n the method of
simultaneou s displacements converges . Note that A Is diagonally dominant if and
only if

<. a~1 for all .i
wi th  st r i c t  inequal ity  for at least OUC j. A is reducible if the set {1,...N ) Is the union
of two Imomi s - ’mup ty sets S and T such that a,~ O for all ifS , ~ T. In other words, the re is
,7 pe’rfl~ )t atiofl mat r ix  11 such that

HAIL T 
= 

~ 
0~

[A 2 ASJ

5,3 Gradient method

If A is symn inetr ic and def ini te ’, we can use the gradient method . Let

E(x) = x1Ax - 2c1x.
Since’ E(x) (x -A ~ c) 1A(x -A~ c) - cT Ad c it fol lo ws that E(x) attains a minimum
value -&A~ c preci sely when x A  t c. Solving the system Ax:c is then equivalent to
f ind ing  the ’ x which minimizes E(x) .

I

LI 
-
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- v
Given x0 ,...,x~ 1. coimipute the gradient direction of E(x) at x~.1

— V E ( x)I,., = —2 (Ax k I — c)
where rk is the residual , Simice F.(x) decreases in the direction of’ rk .l , we choose

X k x ki +ak.i rk I  . 
-

We now need to select a~~. One possibility is to choose the optimal value ,
which can be shown to he’

rk

A secommd possibility is to Jet ak =a for all k . Then the system becomes
= + a(c-A xk I )

and the er ror term is ek x~—A~ c such that
+ a(-Ae~~1 ) =

So we’ have a stationary lim ic ar iteration with 11 1-aA. Let p5 be the elgenva lues of A,
X , those of II. Then X 5=) -a~~. Since A is positive definite , we know that ~ > 0 for all
i . The r equirement of 

~ j  < I for convergence then becomes
0 < a  < 2/max , p .

For the fastest convergence, we must minimize max ~AJ, so we choose a
such that max , 1 —

~~~~~~J is a minimum.

If we know that the p lie in the interval [a,b], O<a(b(.o , then I l — api  is a
m a x i m m m u m n  at the en dpoi n ts, So the best choice is l-aa -( 1—ab) which implies I/a
(a +h) / Z . In t h i s  case,

I 1—aP I � (b -a)/(h+a) < I

The gradient method is identical to the method of simultaneous
displacements whenever A Is symmetric and definite with a scalar matrix as diagonal
(r) 41).

5.4 Bichardson ’s method -

We have seen that in the gradient method
Xk + a~ rk~

This suggests that the rel axation parameter a may be a function of k.

Suppose A Is positive defini te  and , as before, the error term is
= (I—a k _ I A)ek , I

ek = ( I— a O)( I— a l A) .,,(l-a k l A)eO
Thus we h ave

I.. 
~
__  _ --- - --- - -—— — - --- -~~~— ---—~~~

-
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= Pk (A)eQ
~v hc ’r s ’

~ l’k ( X )  = 110’<k .I ( I — a x)
is a polynomial  in x such that Pk(O) = 1. Furthermore , the zeros of 

~k are 1/a ,. So
choo~i mig th e ’  constants a, is the same as choosing a polynomial 

~k of degree k such
that  I’fr ( O ) = l . There are a number  of ways of doing SO; the following is one of the
more useful . -

If the eigenvalues of A are p then those of Pk(A) are ~k (M. ). Suppose that
1Lf [a , hJ where 0(a(b(~~. Let

-

~ 
CO ~~I~ i~N ‘Y, Xi

where the x ,’s are the elgenve ctors of A. amid form a basis. Then
=

This suggests that  one mnethod for ensuring that the error terms vanish quickly is to
inaki’ ~ k ( P )  small , It can he shown [Forsythe 1960 , p227] that one can minimize
max ,,~~b IF’k ( X ) I by choosing

Pk( x) = Tk[(b+a-2x )/ (b-a )J/Th [(b+a)/ (b—a )]
whore T~(y) is the Chebyshe v po lynomial and is given by

Tk(y) = cos[k arccos y)]

Th us Pk (X ) is simply the Chebyshev polynomial adjusted to the interval
[a ,bJ a nd scaled to satisfy Pk (O) = I. Let y0 = (b+ a)/ (b—a ) . Then

?.Tk(y) = [y + y2 — 1 ) ~
2
~ + [y — (y 2 _ 1) 112 ] k

Thus, as k tends to i nfinity ,
ma~~~ .-b I1~k( x) I � ?.(y0 (37o2_ I )I/2 )k

The average rate of convergence is then bounded by -

— log(IIp~II/ u e0II) h / k 
� — I / k  Jog 2 + log (Yo + (~~~2 — f ) 112

To compare this mnethod to the simultaneous displacements method , let
P max p / m um p,, where p, are the elgc’nvalucs of A, which is positive definite.
Then the rate of convergence for the Richardson method is

log [Yo + (Yo~~1) ”2 ] 2(a/b) ’12 
� 2P”~

2

The rate of con verge’nce for the method of simultaneous displacements is
log Yo 2a/b �2P ’

For a process of degree 1, we cannot In general let K tend to Infinity. If
we use a process such as

= Xk 1  +

we need to know the value of a,. Since the a, are the reciprocals of the zeros of

( Pk( x), we can f ix  K at say K = 20, then determine a, from the roots of the Chebyshev

Li ~
-- -

~~~~~
- 

~~
-—-
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-
~~~~
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polynomial and compute X I , . , . .Xk . If the error term e~ is not small enough , one can
use the same values of a to make another cycle of K steps. Such a process is called
se’mi—itc’rat i\ ’e .

fi .5 .S~i crnssive’ Displacements (Gauss-Seidel [18741)
3

The method of successive displacements takes advantage of the
corn pu t , it i on  of the  comnponents of the vector as soon as they become available. Thus,
t he ’ proc’-’ss is

-
~ 

}.Xk + DX k + J X k~~ = C

X k = -(D+E)’FxkI + (D÷E ) -m C

As with the case of simultaneous displacements , the following results
hold .

(Collatz [1950]) If A hi s  diagonal dominance and is not reducible then the
met hod of successive displacements converges.

(Belch [1949]) if A is symmetric and nonsingular and a,,>0, then the
meth od of successive displacements converges for all initial states x0 if and only if A
IS positive d’.’f ini le .

5.6 Overre laxat iomi

One can take the method of successive displacements a step further. For
processes such that  a,1 is nonzero for all i , consider

(E+w~~D)xk + [F+( 1-~~ ’)D]xk I  = C

The parameter 0 is a relaxation factor. If O <w <1 , then the system is
tmnderre laxnd. If 1<w<2 then the system is overrelaxed . In particular , if A is
symmetri c., the diagonal elements are positive and the off-diagonal elements are
non—positive , then the following is true. -

If the method of succesive displacements converges then the method of
successive ovc’rrelaxatlon or underre haxation converges for all w such that 0(w(2. If
the method of successive relaxation converges for any 0<0<2, then the method of
simultaneous displacements converges. 

-

The value to be assigned to the relaxation factor o can be determined as
follows. Rescale the ’ matrix A such that  the diagonal elements are 1, Let A —E +3—F. )
Let p he the elgenvalues of A and let X be the eigenvalues of’ the method of

~ A - .— -~ --. - - - -  - ~---——.- - —-rn -~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ———--- - :~~~~~~~~
----- -

~~~~ 
h’- - ~~~~~~~~~~~~~ 
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- ~~, s imul t amme ous  disp1~r~j n~n !,s associaled with A. Then 
~ , = I — p .  Let Y 1 4’

~ be the
d o m m ii n au t  cigemLval ue of the successive ovcrrelaxation method . Then if

0b ~/ [1 + ( l — X 1 2 ) ”2 ]
the following re lationship holds (Kaham i [1958]).

- 0h I � fr ~~~~~

’

~~I < (w~— I ) m / 2
- Although the ’ op l imn al relaxation factor m a y  not be known , 0b may be chose to it.

especially when (Ob~~Z.

~1+ - Although any of the above methods may be used to solve a system of linear
-

- equations, there are various tradeoffs associated with each of them. For example,
alth ough the method of simnultan eous displacements tends to have slow convergence,
it can often hr. implemented by a network of processors which are very local in
support. On the other hand , the same system of equations could be solved by the
method of successive displacements . Here, the convergence is much faster, but the
support of the individual processors is much more global.

- 

~~~~~~~L )
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6. He comm~.triicti on of Surfaces - 
)

Previously, a number of possible extremal conditions were suggested for
the construct ion of .1 sur face . As well, various iterative convergence methods were
sug gc ,..te.I for actual ly computing the surface. We now consider the effects of
corn bi n i ng these two f actors .

Consider the case of f ind ing the surface which fits the boundary
conditions and im ii m mirn i ze s

jjj? dx dy f f ( k ’ ) 2 d x dy .

Note that this criterion is well suited for the case of interpolating a
sur l.scr’ from surface normal in lormnat ion , since any constraints derived from such a
condition directly relate to the value of the surface normal on the surface. 

-

Applying the calculus of variations to this integral equation results in the
necessary conditions that the partial derivatives vanish.

~I~x [~ n 1 /~x + on 2 /oyj ~/èy [~n 1 f ô x  + àn 2Thy} = 0 .
These E m mIe r  conditions derived from the calculus of variations can be transformed
into a set of discrete conditions and th u s into a set of linear difference equations.
This allows one to use the convergence methods discussed above to reconstruct the
surface. -

Since the partia l derivatives above are hivariate, the iterative matrix of the
set of linear difference equations is block tridiagonal. As a consequence, the matrix
as it stands can be shown to be divergent. However , if we transform the system into
a onr.—dimn ens ional system by means of some simple matrix manipulation , the system
becomes convergent , and moreover , is ~‘ery local in nature. Thus, the system for
min imiz ing  the integral of J2 satisfies our condition of having computations which
ar.~ local in support. Moreover , the resulting process could easily be implemented in
a parallel network of local support processors.

Any surface constructed under such a scheme can be shown to be locally
composed either of planes, cylinders , spheres or ellipsoids. Thus the only basic type
of surface not handled by this method is hypcrbolotds.

It was suggested earlier that one method for overcoming this handicap

~%rouJd hr. to m i n i m n i ze  the integral of K1
2 + K b since such a surface could contain

hyperbolic po ints . When our’ applies the calculus of variations to such a system, a
n o m i l i m i r a r  s i t  of eq uations are obtained , and the convergence method s described above
are no longer applicable.
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- Thw, , given the constraint of requiring a computational system which Is
- - • local in support and can lie computed by iterat ive method s, a good candidate (or

rs-~e omts t r uc t i m mg surfaces which f i t  a certain set of boundary conditions and elsewhere
conta in  no in f l ec t  ion points is to f ind  the surface minimizing -

f f .~
’d x ihy f f(V ’n ) 2dx d y ff(x D +Kb )7dx dy .

As a second example, let us consider how to fit a smooth surface to a set of
boundary conditions , using the Coons surface patch method . For simplicity, the
boundary is tak en to he’ a square along which the distance to the surface is known
up to a scale factor, The interior of the square is of size n. The basis vectors for the

I Coons patch are cubics amid the underlying parameters are taken to be the axis
variables , x and y.

XVi -. treat the und er lying system as a two-dimensional grtd so that we must
compute the depth of the surface at each point on an n~n grid. Suppose we know the

-
- valus ’s of the surface at the corners of a particular patch, and we wish to compute

the value for the center of the patch, that Is for x = y = 1/2. Then

- - 

F0(1/2) = F1( 1/2)  1/2 amid G~(l/2) —G 1 (1/2) = 1/8.

The derivatives cami be approximated by discrete differences between
- points on the grid. By evaluating the tensor form of the surface equation, we find

- 
that the value of the midpoint is given by

(.5 .5) = .5{(0 .5) + ( 1 .5) + (.5 0) + (.5 1))
— ,25{(0 0) + (0 1) + (1 0) + (1 1))

We can treat each surface patch as that patch defined by a 3~3 piece of the
grid . The n , combining the surface equation for each point of the grid ,, we obtain the
linear system

- A x c
where the constant vector c is obtained by applying the above equation to the
boundary points for the case of a point next to the boundary. Here the matrix A has
a tridiagonal block form

A m .5A 1

1- .5A 1 A 1 -.5A 1[ -.5A 1 A 1 -

k A - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~
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A m f i- .5 1
1 ~~

L
Applyi ng the Jacobi method of simultaneous displacements to this block

systemn yields the system

Xk., = Bxk + D~ c
with

B . 5 0 1
1 0 1  

-

10

~~ =rA1 - ’
[

- In other words, at each stage of the iteration , each point in the grid
assumes the average of Its neighbours in the y direction , plus some constant term
which reflects the influence of the boundarie s in the x direction. The constant term
is given by D ’c where A (’ [a11] with

a,j = 2/(n+1) I (n+I-i) i�J
2/(n+1) j  (n+1-I) i�j

Provided the boundar y of the entire piece of the surface is closed , I.e.
fixed depth values are known along a closed contour surrounding the piece of the
surface, the matrix B satisfies the Chebyshev recurrence relation and hence has
cigenvalues cos(kir/n+1) for k = 1,2,...,n. Thus the convergence rate for this process
is cos(ir / n + l ) ,  and the asymptotic rate is roughly mc2, which is slow. However, note
that th e support of each comnputat ion Is small , since each point of the grid obtains its
value by examining the values of only two neighbours.
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7. Suinn ~ary
I.

This paper has been a discussion of several pieces of mathematics relevant
to t Im. ’ interpol at ion of a surface fromm i a set of boundary conditions. The first section
out l ined  the problem as ~-~)- ; ed by the Marr & Poggio theory of stereopsis. It was
shown that  the stereo process imposes both explicit constraints along the
zr ro-crossing contours obtained by processing the image, and implicit constraints
elsewhere . These implicit constraints in particular included the requirement that
the surface not change Its curvature in a radical manner for locations not associated
with zero-crossings. The second section dealt with some relevant details of’
differential geoeimietry, in particular, those aspects dealing with the curvature of
surf act’s. The third section outlined the method of Coons for fitting fair surfaces to
boundary conditions . The fourth section sketched various iterative schemes for
computing the surface , and the f i f th  section tied all of these notions together and
sketched the reconstruction method .
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