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I. Motivation

The question whether reconstructing the shape of an opaque objec t by measur ing

the ligh t it re f l ec t s  is possible was raised in Horn’s t h e s i s  (H078L We wil l

refer to this as the shape Prom shading prob l em. He observed that under certain

assumptions (wh ich we w i l l  discuss in the next section) , fir e t order partial

differential equations descr i be the relation between the br i ghtness of a small

F’ patch of an objec t and the local surface normal. In other words we can determine

the shape of an Object by solving a first order partial differential equation

(abbreviated in the follow i ng by (FWPOE), also referred to as the image

irradiance equation.

The l i terature abou t POE’s i s  ex t e n s i v e, but the emphasis is on higher order

POE’ s. As the maj or i ty of physical phenomena can be formulated as second order

POE ’s, these equations have been stud i ed the most.

In this paper w e are goi ng to s tudy FOPUE’s. We t ry  to summarize  the var i ous

known results and descr i be methods for solving a given FOPDE. At the same time

we keep i n mind that the equations describe a physica l 8ituation and therefore

their so lu t ions  have to make “sense ”. A ma jor problem is that the mathematica l

l i terature deals near ly exc lusive ly with equations and their solutions wh i ch are

continuous and have continuous der i vatives in all their var i ables. But “real

objects have edges and there the surface normals 
t
are discontinuous. Another

problem are occ l ud i ng contours in the pictures as there the partial der i vatives

of the function describing the surface are discontinuous.

It is intuitively “clea r” that if the FOPOE is discontinuous in some of its

var i ables , we can expec t solutions which have discontinuous der i vatives. The

question ar ises i f  we can have such solutions also if the equation itself Ic

continuous, Is i t  possible for example that an object has an edge withou t the

9 ,~~2
- _ _ _  ~~~~~ —~~~~- - S . -S— S~~ -S ---~~-.---~~~~~~~- .-



-~~ wS— ?~ — — - —

PAGE 4

equation reflecting this fact. The answer is yes and we will exam i ne why and how

th is can happen. We w i l l  show that in this case in i t ia l  conditions are going to

reflec t the d i scontinuity.

In general , a POE descr ibes a class of processes and not a a particular

instance of one of them. Consider as an example the Laplace equation

L~f - øa
where L~ denotes the Lap l ace operator and f a vectorf ield. Then the POE tells us

that the field f has no sources and zero curl. But there are a lot of fields

which fall in this category. Only when we speci fy some more conditions about f

can we determine the un i que solution of the equation.

We wil t  study what kind of constraints are necessary to pin down a unique

solution of a given i mage irrad i ance equation. An attempt w i l l  be made to find

constraints wh i ch are accessible , i.e., which can be measured.

II. The shape Prom shading problem revisited

There are basica lly three components to this prob l em which we have to

underst and. They are the li ghtsource, the object and the viewer .

The exposure of f i l m  in a camera (for fixed shutter speed) is proportiona l to

i mage irrad i ance, the flux per unit area falling on the i mage plane. Similarly,

grey levels measured in a electronic i maging dev i ce are quantized measurements of

i mage irrad i ance. It can be shown that image irrad iance in turn is proportiona l

to scene rad iance , the flux emit ted by the object per unit projected surface area

per unit so l id  angle (HOS78J . The factor of proportionalit y depends on to

details of the optica l system including the effective f-number.

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Scene rad i ance depends on the

1) surface mater ia l  and i t s  microstructure ,

2) the distr ibut ion of t i ght source , and ,

3) the or i entation of the surface.

Consider a v i ew er -or i en ted coord i n a t e  sys tem with the viewer located far above

the surface on the z-axis. If the objects i maged are small compared to their

distance from the viewer , one can approx imate the imaging situation by an

orthographic projection ,

= x (f/z9) y’ — y(f/z8)

where (x’,y’) are the coordinates of the image of a point (x ,y,z) made with a

system of foca l lengt h f, when the viewer is at d i stance z8 above the orig in. We

assume that (x 2 
+ y2 

+ ( z~
2.

The or ientat ion of a patch of the surface can be specified by given i ts

grad ient (p,q) . where p and q are the first order partial derivatives of z with

respect to x and y. For a particu lar surface material and a particular

distr ibut ion of light sources, scene radiance w i l l  depend only on surface

gradient. This function. R(p,ql , (or a contour representation in gradient

space), is called the reflectance map.

If L(x ,y) in the scene rad i ance calculated form the observed i mage irradiance

at the point (x ’,y ’) in the i mage then

R(p,q) - L(x ,y) (2.2)

where (p.q ) is the grad ient at the corresponding point on the objec t be ing 
S

i maged. This equation is called the Image Irradlance equation. It is clearly a

f irst order part ial  d i f fe rent ia l  equation since it invo lves only the partial

der iva t ives  p and q and the coordinates x and y.

A word of caution: we are not dealing wi th  several issues like mutua l

_ _ _ _ _  S
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I

illum inat ion , shadows and epecular i ty.

III. Basics

a
For s imp l i c i t y  of exposition we w i l l  only deal w i t h par t i al d i fferen t i a l

equations i nvolving a function z of two var i ables x and y. It is more or less

“obvious ” how to general ize the results to functions of n var i ables. We wil l

denote z~ and Z~~ - the part ia l  der ivat ives of z wi th  respect to x and y — by p

and q respectively. Then the relation 
S

F(x.y,z,p.q) — 0 (3.1)

is called a first order partial differential equation. A function z(x,y) is

called a solution of (3.1) if in some reg i on of the x-y plane the function and

its der i vatives satisfy the equation i dentically in x and y. Such a function is

also calle d an integral surface.

When solving a partial differential equation we want to find the “general”

s o l u t i on whi ch i s  a whole  “set ” of solut i ons. By i mposing some additiona l

constraints we can find the particu l ar solution in which we are interested. Such

constraints can be for example boundary conditions or init ial va l ues. In a later

section we wi l l  state prec i sel y what we mean by a “general” solut ion and what

kind of constraints are necessary to pin down the desired solution.

The r e l a t i o n  (3.1) is a linear POE if i t is linear in z, p and q w i th

coefficients depend i ng only on x and y and (3.1) is quasi-linear if it ie linear

in p and q with coeffi c ents depend i ng on x, y and z.

Unless otherwise stated we wil l  assume that F, z and all relevan t der i vatives

exist and are continuous.

— -- - ——- —-- -- - - ~~~~-- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -4
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IV. The quasi-linear first order PDE

We w i l l  first consider this special POE as i t s  geometric interpretation is

rather clear and so the relevant method for solving i t can be explai ned and

understood easi l y. In this case the relation (3.1) can be rewritten as

a(x,y,z)p + b(x .y, z)q — c(x.y,z) (4.1)

To rule out trivial cases we will  further assume that

a2 + b 2 - 0

We wil l  try to find solutions to (4.11 given implicitly by

G(x,y,z) — 0 (4.2)

Differentiating (4.2) with respect to x and y gi ves us

6x + G~Z~ B and G~ + G~z~ — 0 (4.3)

or equivalentl y

z,~ - — G
~
/6
~ 

and Zy — — Gy/Gz (4.3’)

Usi ng (4.3’) in (4.1) we get 
S

a(x.y,z)G
~
(x ,y,z) + ~~~~~~~~~~~~~~ + c(x,y,z)G~

(x ,y,z) — B (4.4)

Note that in general (4.1) is a nonlinear POE for the function z(x,g) whereas

(4.4) is a linear POE for G(x,y,z). We can interpret the coefficients a(x,y,z).

b (x,y,z), c(x ,y,z) in (4.4) as the components of a vectorf ield

— ~~(x ,y,z) — Ea(x ,y,z),b (x,y,z),c(x,y,z)J.

Then we can rewr i te (4.4) as

- 0 (4.5)

where VG denotes the grad i ent of G and < , > the i nner product of two vectors.

We know that at each point VS is perpend i cu l ar to the surface defined by

G (x,y,z) and the equation (4.5) tells us that ~ is perpend i cu l ar to Vt. Thus ~

has to lie in the tangent plane of the integral surface defined by G(x.y,z).

Let us introduce the notion of a fie l d l ine of a vectorfield. By a fie ld l ins

-

~ 

-~~ -- - - S-- ~~. S _ _ _S S~~S__ -— - - — —----- -- -.-- 5 - -  -
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we understand a curve whose tangent at every point has the direction of the

fieldvector there. Then an integral surface can be built up from fieldi lne s

(called characteristics in this context) of the vectorfield L To reiterate the

prev i ous statements: The tangent at each point of a characteristic has the same

direction there as the vector ~ and therefore by virtue of (4.5) the same

direction as the tangent ~t ane of the integral surface &(x,y,z). This does not

mean that each quasi-linear POE has a sing l e solution. Such a POE only

constrains the possible or i entations of the tangent planes at each point to a

one—parameter manifold. As (4.1) is linear in p and q all feasible tangent

pla nes at every point of an integral surface intersect in a line which is called

the Monge axis. Thus find i ng a soluti on to (4.1) means find i ng a surface which

at each point has the direction of the tionge axis (the direction of the vector

as its tangent direction.

Let us now descr ibe a method of find i ng the characteristic curves, wh i ch can

be written as functions of one parameter x.x(s), y.g(s) and z—z(s). Then

~(s)~~(x(s),y(s),~~(s)] (where 
‘ denotes differentiation wi th respect to s) has the

same direction as ~ and therefore the outer product of g(s) and W has to be

zero.

b z - c~ - 8
c~~— a ±  — 0 (4,6)
a~~- b ~c - 0

The re lat ion (4.6) is normally writte n as

dx : dy : dz - a : b : c (4.7)

The solutions of the equations (4.7) compr i se a two-parameter family of curves

in space (the characteristics ). We know that only a one-parameter subset of them

generate the solutions of the POE . To find this subset we introduce an 

—_-- -S -
~~

-- .~
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arbitrary function between the two free parameters we get solving (4.7). So the

general solution of (4.1) contains an arbitrar y function of one parameter.

Now we are able to summar i ze all the prev i ous stated results as follows: Each

surface wh i ch is prnduced by a one-parameter family of characteristics is an

integral surface. Conversel y each inte gral surface is generated in such a

- 
fash i on.

The first statement should be clear by now (otherwise this is not a

“comprehens i ve” gu i de to first order POE’s). To understand the second, remark

the follow ing. 
-

Or, each integral surface z = z(x,y) the equations

dx dy
— —  = a(x,y,z) —— = b(x,y,z)
cis de

define a one-parameter famil y of curves: x = x ( s)  , y — g(s) , z — z(x(s),y(sfl .

Note that on such a curve S

dz
—— — c (x ,y ,z)
ds as

dz 8z dx az dy

de ax ds ay ds

examp le :

- 

F(x .y,z,p,q) - xp + yq — z ~ B

Then the equations for the characteristics (4.7) are

dx :dy :d z .x :y : z

and have as their solut i on the two-parameter curves in space



PAGE 18

y — C1x
(*1

z - C2x
Now we introduce an arbitrary function w between the two constants: w(C1) — C2

to f ind a one-parameter subset of (*)

z y

I” solut ion of the POE : z = w (y/x)x

or in parameter form : y — C1x and z - w(C1)x.

V. Method of characteristics for general first order PDE’s

We want to apply similar methods as deve l oped in section IV to the general

f i r s t  order POE

F(x ,y,z,p,q) — 0 (5.1)

Ia exc l ude trivial cases we wil l  assume that

F~
2 + Fq

2 
- 0

Our goa l is to transform the problem of find i ng a solution to (5.1) to the

problem of integrating a set of ordinary differential equations. Aga i n

g e o m e t r i c a l reason ing w i l l  help us find these equations.

Let us f i x  a point P with coordinates (x ,y,z) on an integral surface. Then 
S

the quantities p and q are constrained by (5.1) to a one-parameter famil y of

curves. (in other words: Once x, y and z are fixed , (5.1) is an equation for p

and q. To write this equation in parameter form we onl y need one parameter.) As

p and q de t ermine the direction of the tangent plane at P. we have just

established the fac t that (5.1) constraints the feasible tangent planes to a one—

parameter famil y. The enve l ope of the tangent planes is a conical surface and is

~ 

SS~~~— — —- —-----—-~-----~~~~- ---— -- -— --- - --S - - -- ---- -
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called lionge cone. This surface can have several sheets. Then “ t he

considerations here refer merely to a suitable small range of tangent planes ,

S e.g.. a portion of a sheet of the cone where q can be expressed as a sing le—

valued differentiable function of p (COHI62J .” Each generator of this cone

represents a possible direction of the tangent plane at P and is called a

characteristic direction. Thus the inte gral surface has to “ fit” into the field

• of Mange cones.

Recall now that in  the quasi -linear case the Monge cone degenerated to the

Monge axis , i.e. at every point the direction of the tangent plane was fixed. In

tha t case we proceeded by find i ng characteristic curves wh i ch at every point had

as their tangent direction the direction of the Monge axis there. We conc l uded

that the integral surface is swept out by the characteristic curves. Actually we

can do the same thing in the case of a general POE, but we have to be a little

more careful this time . Fir st we find the curves wh i ch at every point have as

their tangent direction the characteristic direction. Let such a curve (called

focal curve) be g i ven by x (s), y(s) and z(s). Remember that we are l ook i ng for

curves wh i ch sweep out the integral surface z(x,y). In other words we want the

functions x(~ ), y (s), z(s), p (s) and q(s) to satisfy the POE (5.1). The focal

curves onl y determine x (s ) , y(s) and z(s) and (5.1) gives us only a relation

between p and q. So we are one equation short in order to determine p and q. We

wi t  I obtain this equation by forcing the focal curves to lie on the integral

sur face. The focal curves, which also satisf y this last condition are called

characteristic curves. Again the characteristic curves sweep ot’~ the integral

sur face.

Actuall y the pr oblem we are concerned with is to find the integral surface.

So we have to go the “opposite ” way from what was descr i bed in the preceding

paragraphs. We wi l l  first find a set of equations , called the characteristic

-S --- — — --~ — _t__ - 5—-.—- — — _st —___
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equations. A subset of the solutions of this set are the characteristic curves.

from wh ich the integral surface can be built up.

In th~ foll owir -i paragraphs we are go i ng to deve l op the technica l “mach i nery”

to find an integral surface of (5.1).

Our first task is to find the equation of the Mange cone. So let us fix a

p o in t  (x,y.z). Then we can wr i te p and q — wh i ch satisfy (5.1) — as functions of S

I
a parameter u and al l feasible tangent planes at (x ,y,z) can be expressed as

(Z—z) — (X—x )p (u) + (Y—y )q ( u )  (5.2)

The enve l ope of the planes defined by (5.2) defines a con i ca l surface with

vertex at (x ,y,z), the Flange cone. [aside: a conical surface is produced by

moving a straight line wh i ch is fixed at one point along a curve). We get the

equation of the Mange cone by eliminating u from (6.2) and (5.3) wh i ch is

obtained by differentiating (5.2) with respec t to u.

(X-x)dp (Y-y)dq
8- + 

du du

Differentiating the POE (5.1) with respect to the parameter u we obtain

dp dq
8 - Fr,—- + Fq

__ (5.4)
du du

Assum i ng that neither dp and dq nor F~ and Fq van ish Identicall y we get from

• (5.2), (5.3) and (5.4) that

X—x Y-y Z-z
• (5.5)

F~ Fq pFp +qF q

By substituting all possible values for p and q (i.e. all va l ues f or p and q

which satisfy (6.1) 1 we obtain all generato rs of the Ilonge cone at the po int

(x ,y,z). The generator s of the Mange cone at the different points of the

integral surface define the tangent direction of the focal curves. Therefore the
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focal curves have to satisfy the follow i ng differential equations.

dx dy dz
-- - F~ -- - Fq -- - pF~ + qFq (5.6)
ds ds ds

Let z = z(x ,y) be an integral surface on which we also know p and q. Then the

equations

•1 dx dy
L~

. -- ~~~ -- • F q (5.7)
ds de

r define a one-parameter famil y of curves.

On these curves

dz dx dy
— -  — Z x~~ + Z~-- (5.8)
ds ds de

holds and using (5.7) in (5.8) we obtain

dz

ds

(aside: The above condition is called strip condition. “It states that the

- functions x(s), y (s) , z(s), p (s). q(s) not only define a space curve, but

simultaneousl y a p l ane tangent to it at every point. A configuration consisting

-
• 

of a curve and a famil y of tangent planes to this curve is called a strip

• (COHIS2I .”]

So (5.8) states that the curves defined by (5.7) are foca l curves. Now we

also require that a focal curve is embedded on an integral surface: (“By

embedd i ng we mean that in the ne i ghborhood of the projection of a focal curve on

the x—y p lane z is a sing le-valued , tw ice continuous differentiable function of x

and y (C0H 162).”J If we differentiate the POE (5.1) with respect to x and y we

-~. -•~ -——~~
-

~~~~~ 
- .—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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get

• F
~P~ + Fqqx + FzP + Fx 0

(5.9)
FpPy + Fqqy + F~q + - 8

Using (5.7) and the fact that p~ = we get

dp dx dy

4 -- 
~~~ 

+ ~~~~ 
- P~

F
~ + clxFqr ds ds ds

(5.18)
dq dx dy
-- - 

~l~-- + 
~~~~~~~~ PyFp + qyFq

ds ds ds

Using (5.9) in (5.10) we get

dp
-- + F~p + Fx - 0

(5.11)
dq
- - + F2q + F ~~— 8
ds

We can now summar i ze the previous results as follows: If a foca l curve is

embedded on an integral surface then along the curve the coordinates x,y,z and

the quantities p and q satisfy the following five ordinary differential

equations:

dx dy dz
-- - F~ -- - Eq -- - ~~ + qFq
ds ds ds

(5.12)
dp dq
-- - _ (pF~ + Fx ) -- - _ (qF~ + Fy)
ds ds

Let us now consider the system (5.12) by itself , i.e. disregarding that we

obtained it with a given integral surface in mind. Note first that F(x,y,z,p,q)

Is constant along each solution of the system (5.12) as
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dF dp dq dz dx dy
—— - F~

-_ + Fq
__ 

+ F
~
__ + F~-- + Fy

__ 
-

ds ds de ds ds de

- — F
~
(PF

~ 
+ Fx) - Fq(~F~ + Fy) + F2(PF~ + qFq) + F

~
F
~ + FyFq - 0

Thus F(x ,y,z,p,q) constant is a solution of (5.12). The system of equations

(5.12) defines a four-parameter family of solutions. By i mposing the add~ .iona l

constraint that the solutions of (5.12) also satisfy the POE (5.1) we obtain a

three—parameter subset of the soluti ons , the characteristic strip. “A space

curve x (s), y (g), z(s) bear i ng such a strip is called characteristic curve

(COH I 62J .” We have already established the fact that a one-parameter subset of

the three—parameter famil y of curves sweeps out the integral surface.

As characteristics depend on the solution , their range of influence cannot be

determined in advance.

In the next section we wi l l  discuss the notion of a complete integral and then

we w i l l  show how to choose the appropriate one-parameter subset.

So the prob l em of finding a solution to (5.1) is equivalent to integrating the

system of five ordinary differential equations (5.12) which are also called the

characteristic equations.

~TI. General solution and complete integral

In the previous section we saw that each solution of a general first order POE

is swep t out by a one-parameter family of curves. Thus the equation of an

integral surface can be written as a function of the coordinates x and y and of

an arbitrary function of one var i able; such an equation is called the general

solution. 

• - -  _ _ _ _ _ _ _ _ _ _ _ _ _
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Let us now assume for a moment that we have a solution z — •(x,y.a,b) of the S

POE wh i ch depends on two parameters. Then we say •(x,y,a,b) is a complete
• integral i f

r 0 - xa yb - xb#ya

is not equa l to zero. This condition assures that • real ly depends on two

S paramete r, i.e. that there i s  no a - g(a b) such that •(x,y,a,b) — •(x,y ,u).

F From the two-parameter famil y of planes defined by #(x,y,a,b) we can choose a
F

one-parameter subset by introduc i ng an arbitrary function which relates a and b.

e.g. set b — w (a). Note that the famil y •(x ,y,a,w(a)) is again a solution of

the POE . The follow i ng i dea makes the concept of a complete integral

significant: The envelope of the famil y •(x,y,a,w (a)) is again a solution of

the POE since at each point it touches a member of the family •(x,y,a,w(a)) i.e.

a solution. Or conversely each point of the envelope is a solution of the POE

We obtain the equation of the enve l ope by eliminating the parameter a from the

- 
two equations:

• z •(x,y,a,w (a))
• (6.1)

+ •b (x ,tj,a,w (a))w (a) — 0

El iminating the parameter a from (6.1) yields an expression i nvolving an

arbitrary function u of one var i able, which is a solution to the POE and

therefore we have found the general solution. We wi l l  now exhibit this fact

anal ytically. By differentiating (6.1) with respec t to x and y we get

z~ - 
x + 

~~a +
• (6.2)

Zy •y + 
~~a + •bW (a))a~

We know that •(x,y,a.w (a)) is a soluti on for any choice of the parameter a.

S — S ~~~~~~~~~~~~~~~~~~
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- Using (6.1) (i. e. •a + •bw (a) — 0) in (6.2) establishes the fact that for al l x

and y the va l ues of z, z~ and z~ are the same as those of I. and •y•

So if we know the complete integral of a given POE we can obtain the general

solution by just using the process of differentiation and elimination of

parameters. (This later process can in  practice be ted i ous or i mpossible , but is

often not necessary, as by plugg i ng in all different va l ues for a, all solutions
S

of the POE are obtained.) The onl y prob l em with the above descr i bed method is

that there is no easy way to find a complete integral. In the next section we

w i l l  shou that wi th the help of the characterist ic equations we can find a

comp lete integral.

The general solution does not compr i se all solutions of a POE . The envelope

of the comple te  in tegral , the so c a l l e d s i ngu la r integ ral , is again a solut i on

wh ich cannot be obtained from the general solution. The equation of the singu l ar

integral , wh i ch does not contain any arbitrary elements , is found by eliminating

the parameters a and b from the equations

- z — # (x ,y,a,b)

— 8 (6.3)

•b(x ,Y,a,b) 8

We have assumed al l along that a l l eliminations are possible and that dur i ng the

course of this process we obtain functions with continuous der i vatives.

Actua l l y we do not have to know the complete integral in order to find the

singu l ar solution. Note onl y that , for a complete  i nt egral , 
~~~~~~~~~~~~~

van i shes i denticall y for all choices of the parameters a and b. If we now

differe ntiate the POE with respect to a and b we get

_ _ _ _-

~~~~~~~~~~~~~~~

_______________
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F#$a + Fp+xa + Fq•ya - 0 
(6 4)

F,•b + Fp~xb + Fq•gb - B

As • i s a complete in te gral , 0 - •xa~yb 
— xb ya is not equal to zero.

Furthermore a and •b are zero (equations (6.3) 1 and therefore we get the

equation of the singu l ar integral from (6.4) by eliminating p and q from

F~~~~0 Fq~~~B F - B  (6.5)

(aside:we did not assume in  this case that F~
2 + Fq

2 
~ 8 as we did when obtaining

the characteristic equation.)

If the POE does not contain the function z(x.y) explicitly then there exist no

si ngu l ar solution as in this case the complete integral is of the form

z — •(x,y,a) + b

and the condition 0 can not be fulfilled.

VII. Method for finding the complete integral

in the previous sections we have shown two methods for finding the solutions

to a g i ven POE . Now we wi l l  show how, w ith the help of the characteristic

equations, we can find a complete integral and this will also then be a way to

f ind a one-parameter subset from the four-parameter family of solutions of the

characteristic equations.

F irst we have to discuss a special form of POE called Pfaff’g equation.

f(x,y,z)dx + g(x,y,z)dy + h(x ,y,z)dz — 0 (7.1) -

In the case when h • 8 and f and g depend only on x and y (7.1) degenerates to

an ordinary d i f f e ren t i a l  equation which is called an “exact” differential

equation.

- . - ~~~~~~ — —- —— S —-.-- -S---- -—- - S _ _ _ _ _ _ _
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f(x ,y)dx + g(x,y)dy - 8 (7.2)

The equation (7.2) is called ‘total” i f  f and g satisfy the integrabi lity

condition

f~~ (x . y)  — g~(x .y) (7.3)

In the case of a tota l  d i f f e ren t i a l  equation it is easy to find a solution to

(7.2). On each simpl y connected reg ion we can find a function H(x,y) such that
S
(S aH aH
L -— — f(x.y) and —- — g(x,y) (7.4)r ax ay

then

dH - f (x ,y)dx + g(x,y)dy

and the equation dli - 0 is equ ivalent to (7.2) .

Thus H(x,y) = constant is a solution to (7.2) and the function H can be found

by integra ting (7.4).

in the case that (7.3) is not satisfied by the given equation (7.2) one can

always introduce an “integration ” factor M (x,y) such that the equation

j~fdx + ~gdy - 0 (7.5)

i s tota l , i.e. that (isf)~ — (Mg)~ . Or equiva l ently gi(x ,y) has to be a solution

of the follow i ng POE wh i ch can be sol ved with the method of characteristics.

- ~~) + s~f — — 0

Now let us return to equation (7.1) which is again easy to solve if its left

hand side is a total differential of a function H(x,y,z) i.e. if

aH aH all
f — — -  g = - —  h — - -  (7.6)

ax

Necessary for (7.6) to hold is -it

8f ag ag a~ a~ at
— - .— —  — - — --  (7.7)ay ax az ay ax az

In a simp l y connected area (7.7) is also sufficient for the existence of a

_ _ _ _ _ _ _ __ _ _ _ _
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function H(x,y,z) which satisfies (7.6) and can be .calculated as

(x,y.z)

H(x,y,z) - 
J

fdx + gdy + hdz) + C

(x0,y0i0)

where (x0,y0,z8) is a f ixed point. Clearly H(x,y,z)  - constant is a solution to

(7.1).

In the case when (7.7) is  not satisfied we again want to find an “integration ”

factor ~(x ,y,z)-~ such that the expression ~fdx + pgdy + ~ihdz is a total

differential of a function. In compar i son to Pfaff’s equation in two var i ables

it is not always possible to find such a factor.

Necessary for p to exist is that the following equation holds:

f(g~ — h~) + g(h~ - + h (f~ — g~) — 0 (7.8)

It can also be shown (simple , but ted i ous) that in a simply connected reg ion

(7.8) is sufficient for (7.1) to possess a one-parameter family of solutions

H(x,y,z) — constant. We wi l l  show now how to construct such a function Hhc,y,z).

First let us consider the “abbreviated ’ equation

f(x ,y,z)dx + g(x,y,z)dy — 0 (7.9)

Th is i s  a Pfaff ’s equation in the two var i ables x and y with z as a parameter.

Thus we can always (eventually with the help of an integrating factor ~(x ,y,z) 
)

find a solution to (7.9):

• (x , y)  — u (x,y,z) — C (7.18)

Note that

au au
Xf — -- and Ag — —- (7.11)

ax ay

Now we define a function S depending on the three var i ables x,y and z by )

- - 
5 _ 5 S5 _~~~~~~~
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au
S(x,y,z)  — APi — —— (7.12) —

az —

I f we express - with the help of (7.10) - y as a function of x, u and z, ue can

redefine S as a function of x , u and z, i.e.
S -

T (x .u,z) — S(x ,y,z) (7.13)

We wi l l  prove now that T is actually i ndependent of x. Then we can find

H(x,y,z) by solving another Pfaff’s equation in the var i ables u and z. To prove

that ST/ax — 0 we use equation (7.11) and (7.12) and obtain:

a a .
— —  (A h - SI — uxz — —— (Af)
ax az

a a
— S) — u~~ — —— (Ag) (7.14)

3y -

a a
—— (Ag) — Uxy — —— (Af)
ax ay

or (equation (7.14) written out in full )

5x - ~~~x 
- 

~ z 
+ A (h~ 

- (7.15)

- S~ - gA~ - hA.~ + X ( g2 — h~) (7.16)

0 — fA.~ — gk
~ + A (f~ — g~) (7.17)

Mu l t i p l y ing (7.15) by g, (7.16) by f and (7.17) by h and then add i ng up the three

S equations us i ng condition (7.8) gives us I
gS~ - fS~ - 8 (7.18)

S 

Differentiating (7.13) with respect to x and y gives us

JI

c~

-- - —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~ - 5-- -5-— ~~~~~~~~~~~ —— S- -5- -- 5-
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- Tx + TuUx
(7.19)

~~~~~~~~

If we combine now (7.11). (7.18) and (7.19) we obtain: 
S

S 

I
8 - gS~ - fS~ - gI,~ + gT~u~ - fT

~
u
~ 

-

= gT
~ + AfgT~ - AfgT~ —

As g — 8 we can conc l ude that T
~ 

- 0. Thus we can rewr i te (7.13) as

S(x,y,z) — T(u,z)

The equation (7.1), after being multiplied by A and with the expressions

(7.11) and (7.12) used, reads now as follows:

A (f dx + gdy + hdz) - UxdX + u~dY + (u
~ + T)dz — 0

or equivalentl y -

du + T(u,z)dz - 8 (7.28)

This is again a Pfaff ’s equation in two var i ables which we know how to sol ve.

Its solution is #(u.z) = C. Thus the solution to (7.1) i8

H (x,y,z) — *(u(x.y,z),z) — C

wh i ch is one-parameter man i fold.

Finall y we are ready to describe a method for finding a complete integral of a

general first order POE F(x,y,z,p,q) - 0.

The basic idea is that we can interpret the total differential of a solution

z(x,y) of the POE

dz = pdx + qdy (7.21)

as Pfaff’ s equation in  the var i ables x, y and z. To really do so we still have to

express p and q as functions of x, y and z. Now assume that we can find two

functions f and g such that if we set

-~~ 
-5--

~~~~~ 
5-
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V

p — f(x ,y,z,a) and q — g(x ,y,z,a) (7.22)

(where a is an arbitrary constant) the POE and condition (7.8) (with h • —1 )

S fg~ - gf~ - f~ + - 0 (7.23)

is satisfied. Then the solution to (7.9) is a one-parameter man i fold , but as we

have already built in a parameter a into the equation (7.9) the solution contains

two parameter s and is the complete integral. So we have to sol ve the prob l em of

how to find such functions f and g. We need two equations to do so. Let us

assume that somehow a function G(x,y,z,p,q) exists such that p and q (or

equ i valent l y f and g) can be expressed from the two equations

F(x ,y,z,p,q) — 8
(7.24)

G(x ,y,z ,p,q) — a

(as ide: thus FpGq - FqGp - 0).

Now we want to assure that f and g obtained in such a fash i on satisfy (7.23)

i denticall y in the three var i ables x , y and z. Oifferentiating (7.24) with

respect to x , y and z g i v e s  us:

Fx + P xFp + q ~Fq = B  GX +P xGp +~~XGq = O

F~ + + qyFq - 0 G~ + P~
(
~ + ~yGq 

0 (7.26)

F~~+ P~Fp + q ~Fq
_ B  Sz + P zGp +~~z

Gq + B

After expressing p~, ~~~~~ 
p
~ 

and from (7.25) and plugging this expression

into (7.23) we obtain the l inear  f i r s t  order POE for the function C

FpGx +F~G~ + (~F~ + ~Fq)G~ - (Fx + pFz )Gp - (F~ + ~F~)Gq — B (7.26 )

We can so l ve (7.26) with the method of characteristics. The appropriate

L ~~~~~~ — - 
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system of characteristic equations is the same as the one for F(x,y,z,p,qJ . 0 )
~

• -~

dx:dy:dz:dp:dq - Fp:Fq: (PF~ + ciFq):-(PFz + F~) :_ (qF 2 + F~) (7.27)

But we need now onl y one integral of (7.27) - wh i ch is i ndependent of F and

contains at least one of the var i ables p and q. Such an integral is our desired

function C. There wi l l  always be such an integral as the solution of (7.27)

compr i se a four-parameter famil y:

v~ (x ,y,z,p,q) — C~ 
S 

— 1,2,3,4

The v~ are i ndependen t and at least one of them must contain either p or q.

The just descr i bed method is due to Lagrange and Charp it. it has the

advantage over the method of characteristics as described in section V in that we

only need to find a single integral of (7.27) instead of finding the four—

parameter fami ly  of curves.

VIII. Initial-value problem for linear and quasi-linear POE’s

Now that we know how to find the general solution of a given first order POE

we w il l  attack the problem to determine the constraints with wh i ch a particular

solution can be found.

We wi l l  cons i der the quasi -linear POE

a(x,y,z)zx + b (x.~~z)z~ • c(x.y,z) (8.1)

We now want to find the integral surface z(x,y) wh i ch passes through a given

curve C in space (in the literatur e referred to as Cauchy’s problem). Clear l y

the follow i ng questions have to be answered:

____ _
— -* — 
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1) Uhaf conditions on C are necessary such tha t this prob l em is sol vable.

2) When is such a solution uni que.

Let C be g iven by continuous differentiable functions of a parameter t: x (t),

y (t), z(t). Furthermore we wi l l  assume that the projection of C on the x— y plane
a
• (later referred to as C0) does not contain double points — (without thi s
S

constraint we obtain surfaces with self intersections , i.e. z is not everywhere a

single—va l ued function of x and y. wh i ch implies that along the line of

intersection p and q are discontinuous ) - and that xt
2 + — 0. Now to

construct a solution of the POE wh i ch contains C we lay through each point of C a

characteristic curve whose equations depend now on two parameters:

x — x(s,t) y = y(s,t) z — z(s,t) (8.2)

Note that the functions x, y, z are still continuous differentiable. To get the

S 

- equation of the integral surface we have to eliminate the parameters s and t from

the equations (8.2), i.e. we have to express s and t in terms of x and y. A

sufficient condition to do so is that the functiona l determinant ~ as specified

in (8.3) does not van i sh along the curve C.

= x5y~ — y5x~ (8.3)

(aside: using the characteristic equations we can rewr i te (8.3) as

A = a y ~ 
_ b x

t]

- 
- Thus if ~~. - B we can express z a~ a function of x and g and it is assured that C

lies on the surface. The solution is also un i que wh i ch follows from the

fol low i ng lemma:

Each characteristic curve wh i ch has one point in common with an integral

surface, lies completely on this surface.

The proo f of this l emma is the un i queness theorem for solutions of ordinary

______________ —— ~~~~~~~ —— -~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5-~~~~~~~ 
- - —~~~SS -~~~~- ~~~~~~~~~~~~~~~~~~~~~~~
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differential equations. — -~

The determinant A can be interpreted as the outer product of the two vectors

/ x t
£i — (  j and

which are the projections of the tangent and the characteristic direction on the

S
x—y plane. In the special  case when A van ishes along C these two directions

co i nc i de and we can deduce that C has one of the three properties listed be l ow:

1) C is a charac ’
~eristic curve.

2) C is the enve l ope of the characteristics. (called edge of regression)

3) C0 is the enve l ope of the projections of the characteristics on the x—y

plane.

Let us first discuss case 1). From A = B we get

-- = — —  (8.4)
a b

If we use x ( t )  and y (t) (from the equation for C) in z(x,y) then the follow i ng

equation has to hold along C:

dz dx dy
—- - zx-~ + z~-~- - azx + bZ~ — c
dt dt dt

Or equ i va l ently we can say that C satisfies the characteristic equations and is

therefore a characteristic curve. Obv i ously the solution of the POE is not

un i que in this case. Actuall y in the case when C is a characteristic curve there -

exist infinitely many surfaces through C which satisfy the POE . To see that

just choose another curve C’ along wh i ch A van i shes and which has a point P in

common with C. Now to construc t the solutions through C’ one l ays the

characteristic through every point of C’, in  particu l ar also through P, (i.e. the

characteristic curve through P is C). Thus an Integral surface through C’

-- 5—
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contains C. In such a way infinitely many integral surface can be constructed

wh ich contain C. They mee t  a long  the characteristic curve and we can say that C

is a branch curve.

One assumption we had made should be stressed here again: we were l ook i ng for

s o l u t i o n s  of the POE wh i ch in the neighborhood of C are continuous and are

continuous differentiable. It mi ght be possible to find a solution z through C,

along wh ich A van i shes , w i thout C being characteristic. These are the cases 2

or 3 as mentioned above. But then the der i vatives of z are not continuous on C.

Let us illustrate this prob l em with an example.

S example

F(x ,y,z,p,q) = 3(z — y)2p - q — 0

characteristic equations:

dx
- - = 3 (z - y)2

ds
dy 

S

(*)
ds
dz
-- - 0
ds

solution of (*) with initial values x0, y0, z0:

S x ( Z 0 y 0 +5)3 + x Ø (zØ y Ø )3

y = - s+ y 0 (**)

z — z 0

We want the solutions (**) pass through C given by:

x — 0  y — t  z — t

Note that C is not a characteristic.

So we set the initial values x 0, y0, z8 
(i.e. x,y,z for s — 8) as 

-5 - --5- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~
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xg = 0  y 0 — t  z0 — t

With these in itial values (**) becomes

x - 9 3

S 
. y = — s + t

z — t

4 and the determinant A is in this case

-
- 

— x 5y t — x~y5 — S

Thus along the curve C (i.e. s = 0) A = 0

But there is a so lut ion of the POE which passes through C:

S 

z = x 113 + y

- Note that p = 1/3x 213 does not exist along C (as x - 0 there).

- Now we wi l l  explain the prev i ous example. To deduce from A — 8 that C is a

- c ha rac te r i s t i c  curve we used the relat ion:

dz dx dy S

-— — Z x~~ + Z~ -— (8.5)
- dt dt dt

-
- But (8.5) is based on the following l emma in ana l ysis:

Let C be a reg ion in  Fl2, f:G -. Fl. If the partial der i vatives at c E C exist

S and are cont inuous  in a nei ghborhood of c then f is differentiable at c.

This l emma is not satisfied if C is an edge of regression or C0 i s the envelope

of the project ion of the characteristic curves on the x-y plane , (cases 2 and 3

in the above list).

I n the case of a linear POE we can make some more statements about the

aolut ion if A van i shes along C. We will show that in this case the integral

- A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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surfaces are cylindr i cal surfaces perpend i cu l ar to the x-y plane, i.e. that the

sotut ion is i ndependent of z. The POE is

a(x,y)p + b(x .y)q c(x,y)

Recall that A is defined as

A = x 5y~ ~ x~yg

Note that if A 5 (i.e. the partial der i vative of A with respect to s) and ~

van i sh along C, then A van i shes everywhere. (proof: existence and uni queness

theorem for ordinary differential equations.)

Usi ng the characteristic equations:

x 5 — a
(*)

we obtain for A5

A9 - asyt + ayst — b5x t — bx5t —

= a5y~ + ab t — b9x t — atb

Differentiating a and b with respect to s and t and using relations (*) we get

a5 = a
~

a + a~b

at - axxt +

- bxa + b~b

- b t = b
~
xt + b~Yt

and then

A9 — (ax + by)A

We wan t to express x as a function of y and z, i.e. x — f(x ,y) and so we assume

that yszt - z5y~ 0 8 along C. Then we will  proceed show i ng that — 8, which

w il t  prove that the integral surface z is a cylindric surface.

Differentiating x with respect to s and t we obtain

= fyyg +

- x t — f~~1 + f
~ zt
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then 
‘~~~5~!

A — f~ (z9y1 — z~y5
)

from wh ich it follows -

a
-~~

I
IX. Initial-value problem for general first order POE’s

r

F’ 
S

We have seen that the prob l em of finding a solution to a general first order

POE is equ i va l ent to solving the system of characteristic equations. Again we

are posing the question about what kind of constraints determine a solution

uni quely. Clear l y we need more than in the quasi-linear case, as now the the

solut ions to the characteristic equations form a three-parameter famil y of

curves. So let C be a curve given by x (t), y(t), z(t) such that neither C nor

its projection on the x-y plane have double points. Furthermore we have to

speci fy pIt) and q (t) along C such that the condition

- dz dx dy
-- — p-- + q--
dt dt dt

and the POE 15.1) (i.e. F - 0) holds identically in t. We say that the function

x (t). y(t), z(t), p (t). q (t) define an initial integral strip denoted by C1.

From now on the procedure is very similar to the one for solving the initial

va l ue problem for a quasi-linear POE . So through every  e l e m e n t  of  C1 we lay a

characteristic strip, which then can be written as x(g, t ) , y(s,t), z(s,t),

p (s,t), q( s,t). To express the parameters s and t in terms of x and y we demand

that

I 

A - x9yt - x tys - ~~~ - Fqxt

- - — ~~~~~~~~~~~~~ 
S - —-  5 5 ~~~~~~~L —  — ____________________
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does not van i sh i dentically along the initial strip. Then z, p and q can be

expressed in terms of x and y. We only have to make sure that p and q written in

such a fash i on are the partial derivatives of the integral surface z(x,y). Thus

we have to show that the quantities U and V

-f
U
~~~

zt -px t ~~~~ (9.1)
V — z 9 — p x 9 — q y 5

vanish i denti cally. As we have assumed that A o B we can deduce from (9.1) and

B — Z
t 

— Z
~

x t — z~y~

8 — — zxxs — Z~ Z~

that — p and z~ - q. Recall now the characteristic equations:

dx dy dz
-- = F~ -- - Fq -- - ~~ + qFq

Using the first two in the last we obtain

which imp lies V • 0.
‘I Now to prove U • 8:

aU
—— — Z5t — psxt — pxst — — (9.2)
as

av
—— — zst — ptxs — pxst — 

~tu~ 
— 

~~~ 
(9.3)

at

(9.2) — (9.3):

au av 
(p sx t - p txs + - q1y5) (9.4)

() as at

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . - - . - - - - - --- .~~ - - ---- 5- S --- S- -- -- . .~~~~~. - - - -~~ - - .
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Tak ing into account the characteristic equations and the fact that V • 0 implies )
aviat — e we can rewrite (9.4) as

S au
—- — PtF~ 

+ ~~Fq + XtFx + YtF~ + (px t + qy~)F~ (9.5)
as

But we know that the POE F = 0 holds i denticall y in s and t. Differentiating F

with respect to t:

-

~ 
Fxxt + F

~Yt + F~
zt + F~Pt + Fqq1 — 8 (9.6)

(9.6) in (9.6):

au
-- = - F

~
U

as
For any fixed t this i s  an ordinary diff erential equation f or U as a function of

s with the solution:

f_ Fads

U(s) — U(8)e

As by assumption U(0) is zero, U van i shes everywhere.

To summar i ze the prev i ous results: given a curve x (t), y(t), z(t) along wh i ch

we also know p (t), q(t) such that

dz dx dy
-- - p-- + q--
dt dt dt

F(x(t),y(t) ,z(t),p(t),q(t)) — 0 and A — F~y~ - Fqxt — 8, then there exists an

uni que integral surface through the initial strip. We get a unique surface

because the solution of the characteristic equations is uniquely determined by

its initial va l ues.

The exceptiona l case when A - 0 along C1 is analogous to the one discussed in

the prev ious section: there are infinitely many integral surfaces through C1 If

4

LA - SS--~~~~~~~~~~~~~~~~~~~~~~~~~~~~-— --5- --
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and on l y it is a characteristic strip. Again we can say that the characteristic

curves are branch elements as on either side there can be another member of the

famil y of solutions of the POE whi te we are assured that along C the first

derivatives are continuous.

If C1 is onl y a focal strip along wh i ch A = 0, then it might be 8t i l l

possible to find an integral surface z through it. But ana l og to the

quasi—l inear case, z wi l l not have continuous derivatives.

The last case we wil l  discuss i s  if C degenerates to a point P with

coordinates (x0.y0,z0). Then the strip condition is i dentically satisfied for

a l l p0 and q0 wh i ch also satisfy the POE, i.e., for a l l  p0 and q0 which determine

the feasible tangent planes in P. Thus we can wr i te p8 and q0 as functions of a

S. parameter t. If we plug the quantities x0, y0, z8. p8
(t) , q8( t )  in  the POE we

obtain an integral surface which i s  in  this case a conica l surface with vertex at

P. It is called the integral conoid of the partial diff erential equation at P.

It can be shown that the solution to the Cauchy problem can also be found by

constructing the appropriate integral conoids. The integral surface is the

enve l ope of the integral conoids whose vertices lie along a given curve C.

X. Summary -

I n the preceding chapter s we dealt with FOPOE’s wh ich are continuous and have

con t i nuous der i vatives in all their var i ables. We showed that the prob l em of

find i ng a solution to a given FOPOE is equ i valent to solving a system of ordinary

differential equations. By i mposing ‘su i table’ initial conditions, a uni que

solut ion can be found.

But recall that our motivation for study ing FOPDE’s was to be able to sol ve

- -- -- -- - 5 S - S -- - - S -- - S -  ~~~~~~~~~~~~~ - S~~~~~~~ 
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the i mage irrad i ance equation:

R(p,q) — L(x ,y) (18.1)

This equation has two properties which we are going to exploit. First the

function z does not appear explicitly in the equation and therefore no singu lar

integral surface exists. Second the equation can be written as the difference of

two functions , where one depends only on p and q whereas the other depends solely

on x and y. We wi l l  use this fact to dea l with discontinuities.

Let us first review the case when (10.1) is a linear equation (note that

(10.1) cannot be quasi~~linear t ). i.e;

-
- p~~~q-L (x ,y)

We assume that L (x,y) is continuous and has continuous first der i vatives. Let C

be an initial curve given in parameter form: x x (t), y — y(t) and z — z(t).

I f the A (as defined in section VIII ) does not vanish along C, then we have a

uni que solution. It is continuous arid has continuous der i vatives if C is a

continuous differentiable function of the parameter t. “Any si ngu l arities of the S

initial data propagate in the x-y plane along the projection there of the

relevant characteristic curve (GARS4J .” This is not surprising as characteristic

curves can be v i ewed as branch curves in  which two integral surfaces meet. Note

also that hi gher order der i vatives may be discontinuous along characteristic

Curves.

in the case when C or its projection onto the x-y plane has double points, the

integral surface has self intersections , i.e. z is  not a sing le-valued function

of x and y. This i s  not a case of interest for us. as we can “see” onl y one value

of z. Note that a Ilobius-strip is not a contradiction to the above assertions, as

it is not an opaque object. In a case like that of a flobtus-strip mu tua l

Hlum inatir” and shadows are essential for deducing the shape of the object.

If A van i shes along C, then C is either a characteristic curve and we get

--_
_ _ _ _ _ _ _

S ~~_  __ __ _ _ 4_ — S_S__S —- - - -
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infinitel y many solutions or we get a solution whose der i vatives are not

continuous along C. This second case is of special interest to us. Assume we

cou ld spec i fy such a C. This would imply that there is for instance an edge which

we do not see, as it is ne i ther reflected in the equation itself nor in the

in itial data. But l uckily this cannot happen. In the linear case the

characteristic equations are:

x 5 - 1  and y9 — ± 1

Thus for A to van i sh x
t = 

~t 
which is equiva l ent to saying that x (t) and y(t)

have to sat isf y the characteristic equations.

Now we wi l l  discuss the general i mage irrad i ance equation. Again we wi l l

assume that R (p,q) and L (x,y) are continuous and have continuous first

S der i vatives. In deriving the system of characteristic equations we assumed that

the integral surface z also has continuous second der i vatives (we used this fact

in equation (5.10] to deduce that - q~]. In 1f1’148, PLIS4J it was shown that

an integral surface can be build from characteri stic strips also in the case when

only the first der i vatives are continuous.

We want the integral surface to pass through a curve C again gi ven in

parameter form by x = x ( t) , y - y (t) and z - z(t). Then we can determine p (t)

and q (t) along C by solving the two equations:

R (p (t),q(t)) — L (x (t),y(t)) (10.2)

dz dx dy
—— — p ( t ) — —  + q (t)—— (18.3)
dt  dt dt

wh i ch we consider here to be algebraic (not differential) and sol ved over the

reals. As (18.2) is nonlinear , we may get zero or several solutions for p(t) and

q(t). Thus only for a un i que determination of the roots of the equations (10.2)

C) and (10.3) and the assumption that A 0 along C do we get a un i que integral

Li - - - - -~~~-- -~~~~~~~~~~~~~~~ -- -~~~~~~~~~ - -~~~~~~~~~~~ -~~~~ _ _ _
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surface. Recall that in the linear case two integral surfaces intersect smoothly

(i.e. have the same tangent plane along their intersection) only along

characteristic curves. In the general case this can also happen along the curve

where the transition from one root of p and q to another takes place. To

simplify the following discussion we will assume that p and q are given along C,

such that equations (10.2) and (18.3) are satisfied. In other word the initial

data is an initial strip denoted by C1. Again discontinuities in the initial

data propagate into the solution. It was shown (I-1A28] , that if the initial data

does not have cont i nuous second deri va t ive s, then the solution does not have

continuous first der i vatives. To understand this fact , recall the l emma of

Schwarz:

Let S be a simply connected reg ion in R2, f:G -. R. If 
~~ 

f~ and ex i st

and are continuous , then exists and -

Furthermore for p and q to be the partial der i vatives of z, they have to satisfy

the above l emma. Thus if the initial data does not have continuous second

der i vatives , then the l emma of Schwarz is not satisfied along C1, which implies

that p and/or q are discontinuous.

The case A — 0 is ana l ogous to the linear case. If C1 is a characteristic

strip, then we get infinitely many solutions. Again we pose the question whether

it is possible to specify C1 such that A - 0 and C1 is not characteristic. Then

the der i vatives of p and/or q would be discontinuous along C (whi ch by the

preceding remarks implies that the first der i vatives are discontinuous). In that

case C would be a focal curve, i.e. satisfying the equations

dx dy dz
-- - R~ -- - -- - + qRq (18.4)
dt dt dt

_ _ _ _ _ _ _ _ _ _ _  
_ _  A
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but
dp dq
— —  � L~ (x(t),y(t)) and -— � Ly (x( t ) .y ( t ) )  (10.5)
dt dt

Th is cannot occur as we assumed that the function L(x,y) is continuous and has

continuous der ivat ives.  Thus i f x ( t )  and y (t) satisfy (18.4) they also have to

sat isfy (10.5) as Lx and L~ depend only on x and y.

The last case we have to be concerned is when A van i shes only along parts of

S 

C (LER57I . But then C cannot be a continuous differentiable function and the

solution is go i ng to have discontinuous der i vatives.

We alway s assumed that C is not a closed curve, as this would either

overdetermine the prob l em or make it i nconsistent.

XI. Open questions

Very l i t t l e  is known about “ singu l ar ” POE’s, i.e. equations wh i ch are not

continuous in all their var i ables. Again some literature , e.g.(HA028) can be

found about singu lar second order POE’s.

In the case of the image irrad i arice equation we are concerned about

si ngu l arities wh i ch occur in the equation itself. We can always assume that

R (p,q) is continuous in p and q. A case when R (p,q) is not continuous is when the

surface contains specularities , which can be represented by de l ta—functions.

Then a completely different approach has to be taken to sol ve the equation. But

in a ‘ot of cases L(x.y) is goi ng to be discontinuous. As an example we use the

follow i ng situation: l ook i ng through an electron microscope on a half—sphere

lying on a flat surface which can be formulated as:
a

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x +y
p2 + q 2 = -

1 -  (x2 +y 2)

Along the contour x2 + y
2 

= 1 the equation is discontinuous. In this case the

contour is called an occ l uding contour. Informall y we can say that if L(x,y) is

discontinuous then the der i vatives of the integral surface are going to be

discontinuous. By spec i fying the solution along the curve C’ where the

discontinuit y occurs, we can still find an integral surface. As z does not

appear explicitly in the equation , only the projection of C’ onto the x—y plane

can be found directly from the equation . Rigorous proofs of these claims are

go i ng to appear in a subsequent paper.

We always assumed that the integral surface is continuous. Discontinuities

in z correspond to gaps and for these kind of situations the i mage irrad i ance

equation is i nadequate.

Anot her open prob lem i s how to deal w i th d i scontinu i t i es i n the i mage

intensity grad i ent, i.e. discontinu i ty in L
~ 

and/or Ly~ To be able to integrate

the characteristic equations we had to assume that the first der i vatives of L and

R are continuous. We conjecture that the case of discontinuities in the first

der i vatives can be treated in an analogous fashion as the cases of

discontinuitie s in the functions themselves.

The i mage irrad i ance equation descr i bes some of the i mportant features of the

“real” world. There is evidence that human be i ngs deduce a lot of information

about the shape of an object by l ook i ng at its contours and register i ng the

“grey” l evels. We discussed how these two p~~ces of evidence are tied together

in a single partial differenti al equation. .

S ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 5---- -5-— --- —- -S- S- -
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