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Ahctr,i~ t The pr~~ c”t ’s invok ed in vision , mani pulation , and spatial reasoning dépeAd

gr eatl y on the p~t r t ic ul . t r  represent ation of three -dimensiona l objects used. A novel

repres cut~it ion .  b~s~cd on conc cp is of diff erential geometry, is explored. Special attention

is gnei i  t~ pr opcr t ic~ of the enhanced spherical image model, reconstruct ion of objects

from th~ir repre sentation , and recognition of similarity with prototypes. Difficulties

associ ;tted i t h  relirc~.enhing sm ooth and non-convex bodies are also discussed.
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In tr o ductio n and ktck&round

Dealing i t h any task invo lving ph ysical objects in the three-dimensional world

requires .i suit able representation. Computer scientssts have used and proposed a variety

of these r epr e stnt.ition s since the first attempt to computerize such an undertaking.

The earl iest itiodels , deplo)ed h~ pioneers in the f ield , m a intained an objec t as an

ordered set of end points ( i.e corners ) or pairs of points (i e lines or edges). Though

these had the a t t r a c t i v e  features a1 makin ~, the object representation explicit in a

geometric sense and of facil itating stra ightforwar d display of the particular structura l

inst ance and cp.ui .ml or ienta t ion , their downfall resulted from the fact that data

,n ; inm f ) ula t i on c of mos t an~- sort (and thus transfor m ations and manipulations, which

effect spa t motei s ipo r al ch an ge s , and prototvj ~ similar ity recognition of unknown objects)

were indeed COIt~~t%t at s t%atl ’, cumbersome .

As earl s as 196~, Roberts {l $j  wa s a t t a cking the problem of machine perception

of t hrce-d imnemi s iomm i scenes involving pols hedra . The broad goals of this pioneering

work include d the constru ~-tion of line dr awings from a pictorial source, the recognition

of the thr ce- dumnemi c io n. il objects present in such drawings , and the redisplay of these

forms after pcr fornuii g hidden line removal. In the computer , polyhedra were

represented as sets of line segment s , each corresponding to a physical edge; the desired

mampulait ons were then effected h~ means of the now classic matr ix transformations

app lied to vect ors in a homogeneous coordinate system. A thorough treatment of these

tec hniques is given by Newman and Sproull [14J. The computational demands that this

- -
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m ethod imposes even for sim ple transformations (e.g translation, rotat ion, and scaling)

in addition to the cumbersom e nature of attempts at object recognition have encouraged

researchers to pursue repre sentations which are m ore conducive to the dom ain of use.

Dv l~)7l , Dinford (3) had develope d an innovati ve alternati ve representation for

curved objects. h i s  scheme W as to model objects in terms of “generalized cylinders ”, i.e.

all physical objects in a system would be transformed in some way to a conglomeration

of cy l inders of var y ing size, shape, and orientation , lie thereby introduced the notion of

representing all solid bodies as assimilations of objects taken from a small set of

pri mimi t i v e  solids In Ilinfor d’s case, a cy lind er , the single pri m itive , consisted of a space

cur i e , or .i’~i., and a ci rcul ar  cross section function on this axis. A simp le object could

be m odeled Li~ choosing :i sing le space curve and an associated cross section function so

as t~
) y ield a good fi t  with respect to the shape and dimensions of the surface, and

complex objects could then be a composite of general ized cylinders . Of course, a

sacrifice was made in exch ange for this simp lified m odel -- exact representation became

im possible . and i t w as highly probable that the mappings of objects into the

repr eccnt. i t ion were not unique, in ak ing recognition difficult -

Shortl ~ thereafter , two independent , assembly-oriented systems evolved . That of

Br ai d (4) was based on a collection of six primitive solids -. cuboids, wedges, tetrahedra,

cy linders , sectors , and fillets. Voelcker (19 1 based his representation system on cuboid

and cy linder prim itives The idea of using generalized cy linders or cones to approximate

parts of obj ects after segmn ent imig them int o appropriate pieces has been further
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developed by \ Iarr and Nish ihar a [12). A discussion of various other approaches to

three-dimnens ion tl geometric modeling in a v isual system (such as by statistical world

models, procedural knowledge, or semantic knowledge) is presented by Baumgart [2).

Each of these representations has several drawbacks, the major ones are

dif ficult ~ ot coumilnlt .Itmomi a l m anipulation , difficulty of object recognition, and an

incomnpatmhmlit ~ bct~t- een the representational form of the object and the object

description .n.imlable is “input ”, in this li ght , a representation which facilitates ease of

ni;inipulatioii .iiid r et;o~nItioIi and which is a “natura l” form for the object seems to be a

mos t de si r ab le  . . t t .minmmmeimt It is these qualities which the enhanced spherical image (ESI)

representation i t’  ‘ mit t amns

In siimi p iest terms, an L~S1 mnodd for a convex object consists of a set of vectors .

An in d i v idu a l  ~ t or ’s direction component represents the direction of a surface normal

of’ the object , and the ~es tor ’s magnitude signifies the object’s sur face area

corr espomid i ng o the i~.m r tic ula r norma l direction, Alternatively, considering each vector

of the set to be ot emit length amid loc ating them all at a common point of application,’

the lactic of i’~ouits ~onc mst ing of their endpoints lies on the surface of a unit sphere.

Such a mapping was developed by Gauss and is known as a spherical image. [6) A

scal.ir ~‘a luc, which represents the surface area corresponding to the normal vector, may

then Lie tagged so eac h point. This model of an object has been dubbed an enhanced

I cr ~~’. d I V ! , r , nI ,a~ 9,o.,t r,. . y e c t a r  ~n J ’sp. c ,  con~ i i ts  a? lvi po$nh, ti, 3 .~~p a c i .  h a  v ict or

pOrt V m d  ~~ s ~~ t nt ~f • pp I t cs t i o ~ ! TP~i v~ C t O’ ~~ Soy the!h ii itci urel SI thi •?rvi Vr ~~ lit.
pol ” t  P to IPe  c ’”” t  !! (1~)
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spherical image .

Representational advamIt4ge-s

~Vit h the success of several computerized techniques for determining object

shapes froiti photographic sources -- such as photometric stereo L21~ which uses two or

more im ages of the sam e scene taken with varying directions of incident illumination,

and so-ca lled “shape from shading” algorithms (7, 8) which determine orientations by

augmnentimig gradient space schemes with image intensity information — digitized

represent ation al data may be produced . To organize this information into an easily

m ani pul ated and thus useful form, it needs to be encoded into a complementary object

repr esentatio n The shape determin ation process actuall y resolves the object surface

normal at each point in the scene. ~V it h this knowledge, the surface area of the various

regions which com pose an object may be easil y computed. (Note that the normal

vectors ’ dir cct ious deter m ined for patches of a sing le planar region are identical to

within  •‘ re .ico,t.i h le degree of cer ta int y .)  A single vector may then be used to represent

the direction in which a flat surface is facing. Pairing this vector with the region’s area

and doing this for all of an object ’s reg ions ( ie  faces) will yield an ESI representation.

The question that i mm edi a te l y arises concerns the case in which some faces of

an obj ect .ire not visible to the shape determ ining process. Certainly the observable

regions mn.i~ he accur;iielv represented. Under such circumstances, a useful property of

ESI’s miuy t hen be employed, specificall y that referred to as the center of mass properly.
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(See pafle 28 in Appendix II.) ~Vith this, an object’s description may be checked for

comp leteness (“wholeness”); and if a region is m issing, the appropriate direction and area

needed to fill in the hole may be calculated and appended to the object’s

represemitation I

o nce an object has been represented in this fashion , the commonplace object

mnaimi lhulatio ns becom e triv ial to execute. It is assumed here that the representation is

maimita im ied mc a set of vectors , all of which have a common point of application (a local

origin iii Cartesian space) and whose vector parts are specified in spherical coordinates

relati~e t o this local origin Translations do not effec t ESI representations . Rotations

about the point ol application are effected by adding the appropriate directional offset

to the two  comilponents of each vector ’s direction specification or, equivalently,

mn ; mint ; i inin g a h ,icc vector which would be added to each vector on any reference to an)’

vector ’s direction (i e. rotat ing the sphere).2 Rotations about an arbitrary axis in the

Carte cti m i space m a r  then Lie ef fected Liv a rotation about the local origin followed by

the iipproI~ri.it c t r. imis l.ition . To do scaling, the area associated with each [SI point

would be mnul ; i plicd hr the square of the desired scale factor “ which could also be

ma in t imned i i i  .‘ base vector. These methods are significantly less computationally

demanding than  would he the case for a point -ed ge representation of an object.

I W ,~~P, ‘.‘rr~~t t~
, ~~~~~~~~~~~~~~~~~ hOw ~~v~~r , ,t u , , ‘ e , t t a b le  li st an Obf l c t ’ $ ?S COI w P ’ C P ’  mrs

•dj. er~l to t ” p ‘ n ’ ~~ r~~~,’t ?ic~ w i l t  b. ~ wrv P~st de? o rs ed tit ihi~’P t f  mo re the n • a i r g i s  pi.,ter
Iu r?a c ~ m5~ m , ~~~~% n ~ err.... the t..cr’pt tor

2 It v .y ,  how ev e r , be t imp tp r to r , r e r p nt  t i e  vector p a r t s  a? IP, (Si po i nt s  iii C a r t e s t m n
coo r d i na tes  s o I P a t  • 3 v 3 ortho’torm.l matr , may be uled to su nlit ,, the l’oIatt fs tn?0f’ ~~~t 1Oit ,

_ _



- 6 -

R,econst r u ct iom i t — 

-

An ESI repre sentation of an object is not in itself “viewable” or “displayable”.

In fact , i t is m u t t c le ;mr th at  there is a strai ghtforward method for obtaining a point-edge

represe nt ati on of an objec t front its ES!. What is needed is a method to locate the

planes which compose the object faces at the proper distance from a center point. The

vector direction specilies the direction for the normal vector of the plane, while the

intersection of adja cent planes must define a region of the proper area. Techniques

ha ve already been developed for generating an objec t from a set of intersecting planes.

(22]

A rcc~u m ’ e al gorithm for reconstruction has been suggested but not

im im p lemented ~See page 35 in A pp endix II.) The proposed proof of correctness has

been shown to have an error: a pair of ES! points may be arbitrarily close and yet not

repreccut .md j .mccmmt faces of a polyhedron. One should note, however, that this does not

prove the ;ilgo rmt hmi m itsel f to he incorrect .

An ite r i? mv e , reconstructive algorithm has also been envisioned though there

retnain~ considerable uncertainly about its convergence- One may conceive of sliding

planes in a nd out fromm i a cctmnmon point of application along the ray coinciding with

th eir miornial vectors, trying to adjust each plane’s position so as to produce polyhedral

faces ~ith the requir ed areas. Specific techniques have not been investigated

- - ~~~~~~
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One advantage of the ES! representation is a simple method of hidden line

elimninatiomi . Once an object has been reconstructed, its surfaces and edges have been

determnim med. ‘I hen only those faces which correspond to ES! points that lie in the

he mmm is p here of the unit sphere which is observable by the viewer would be made

mammifect i i i  the actual display. Convenientl y, t hese faces are exactl y those that the

siess er would see if he were examining the three-dim ensional object , while the points

from it the opposite hemisphere ire the p ortions of the object which the viewer would be

unable to see fro m his current obscr% ition position.

Re cog n i t ion

\noi her intended .ids m n tm g e of modeling objects hr their spherical images is

th at  one c m ii c,i il~ recognize shapes bs comparing their representations. For polyhedra ,

the tac k ma~ be pictured as that of try ing to rotate two concentric spheres of unit

r a dius such th a t  the dots on their surfaces match up (i.e. for each dot on one sphere

t here is :m dot on the other sp here in the same position). Since the dots may be of

v arm ou s llltcii cm ti cs or “ mna cse s” (r ec a ll that the area is encoded in some fashion), these

~a ltm es also need to agree for there to be a match.

The probleit i involves three degrees of freedom (Iwo for the axis direction plus

one for the rot it ion position abou t the axis) and is equivalent to holding one sphere in a

fixed orientation while m atches are attempted by rotating the other sphere about many

different axes. One may envisi on var ious clever schemes for implementing this 

.-~~~~~~ . .~~~~-- - --- “ . - -~~~~~~~ - - _ _ _
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tr ia l-and-error approach to the m atching process, such as onl y try ing those axes which

pass throug h ESI p oints, rotating th e sphere to match one pair of points, and then

Coiti p .iri ng th e other l’~ints To determ ine , however , that two representatio ns of N

point s each are no, the sante type of object , such a scheme would try on the order of

N
2 different positions of the sphere and would require comparing N points for each.

If , on the other h ind, a canonical orientation could be found for each sphere,

then, by f irst aligning them acc~trding to their char~ict e rms ~ic orientat ions, only one

re lat i ’. e po’.iti on of the spheres need he tested and onl y N pairs of po ints need be

checked to determ ine a match. ro develop such a promising techni que, it is convenient

to re g m r d  the I SI points is point m isse s, the representation of a poly hedron thus

c~stem of point uiacses. Obvicust~, the problem’s three degrees of freedom

are eli minated if two .i xi a l  directions on a sphere are fixed. Moments of inertia for

ph~sical I-xsdi es are determin ed with respect to a given axes, so one naturally thinks of

the ax es of i i i in m m ii u im i and m axi m u m mom ent of inertia -- with the added restriction that

the ;i~c’. i t t u c t  p ics through the center of mass of the body. The problem of finding a

character is t i c  or icmi t a t ios i  for an ES! mar the n he viewed as that of discovering the axes

about whi ch .m c~ stei t i of I~ mnt masses would have the minimum moment of inertia and

the ins xmmumn mnomiien t of ine rti a -

Thic ta ’k is kn own in Lagran gian d y na m ics as that of determining the principal

rno ’nc ’its of iP~piw (I 3J The techniques as applied to the problem discussed above are

developed completely in A ppendix I. Using those results, it is possible to assign a

_ _  _ _ _ _ _  __________________ _ _ _ _ _  - ~~~
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r
uni que , char acteristic ori ent at ion to any ES! representation.

Reco~ i i i t  iou h~ j~r i t Ic i I \ i l a~~ s d t gp i t i cmit

1 he hi si s t c ~~ in rec gi i izimi~ that an object matches a known prototype is to

align the two sp heres ~o th at  their cha racteristic ax es coincide The next step involves

d c te rm i i i i imi i g  s’. bether a true match of the IS I points exists . In the case ‘.‘.here the object

re p re s en?a t i omi s  ire gu ar anteed to be ex ac tl y correct (e g. in an artificial or synthesized

ex , umn p le ), the pomiii -
~ mn u ~t ~ oimi c mde per fectl y and hi’ . e identica l mn.i~se~ (surface area

val u es ) \ I . i tch i mig  becomes t r ~’. i i i  In m o r e realistic si tu ations , however , one m ight

exp ect t hat .i w i t c h  should still occur e’. cmi if some of the points are slightly amiss in

location or iu.iss . rhm s would be cspcciall ~ true if the unknown object ’s representation

was t he result of ~r~~c~-.iiig reil world data , such as a photograph. The matching

ilgorit h ut  must then incorporate som e tolerance, t he amount of which could perhaps be

dependent omi the k nowii uncert.i int % ,is.~t i.itcd with t he shape determination process

.\t this point, only .i couple of speculative suggestions can be mentioned First ,

it c i i i  be noted t h u  if an exa ct match ex i St s , then the alignment of principal axes will

pair IS! point s w mth ou t  in s discrepancy •- provided um ni que principal axes exist. This

I t r ,  ~~~~~~~ • i ’ ’~~1.  ur ’ ’~~- e o’~ e~~.~ ’o-. •ay be dete r *ine d bu t f~~r ob jec ts vhI l~ ~vh~ b i t • p ,lgi,

d~~j’~~ of 
~~,

—.‘. ‘ ,. t vo or •“ .  •~~ ~~~~~~~~ or ,,ntst’on frres ~ay be po ’ .t~ b ie. (Con sid er . for

•.a. r 1.. “-. ~~~~ about  .‘~~c Ps a f e  ~~~~ 1’ e  ~~~~~~~~~~ p.~~s~ t of ‘“,‘t’a ) f l -~, d o e s  ‘nt s,e~ t o  p os e
• y  ~~ob ’.” to t’~. ~~~~~~ pr ’~~ei i . bi(iu~ t e a c h  ~f t hes e p o ssct ~~P o’ ,e n tit ,on $ ~1 e Q u i w s i e n t l y
~~~~~~ f” * u’,~ l ,’ cho o s n q  c~~. a c~~’r,~~t ~~~~‘ w~~Ii it ’ l l  r~ iul t . s’~’ce t he m.t~ Ii ,s bs sed o~
O a r’ and , : e  sl~ ” . .. a ,t. ~ac no u n~~~~. t o p s i d e Yet . S regu la r  t, t ,sh edron 11 in ev ce p t i o n

to f ’~ ’i QP’e *I de~ i t • I o ~~, ~a’ , al t O,., .4,,ch •rs equifl y 9.04 bise d on ~~~~ nt i of m i r t h .
but not a l l  of ~ P i c h  .~~. ge~’u,n.

I
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me.tu i s  that i i i  ito c.he still it be possible to slig htl y rotate one sphere to produce a

sup erior m atch h o’.’. eser , in a s i t u . u t m ~ ii  wher e an exact u m ia tch is not obtained , it is not

cer ta in  t hit ul igu mi t en t  of principa l axes wi ll produce the “best ” or “closest” match. If it

us found th u .i slight rot ation in Soflic situations would result in a better m atch, a

technique umo ’ .’ . ii is /:.imfer ~na c/ tuig seems ideally suited for use in determining the

best re f m mi e mimt ’ i it t~~ m ake. [I A pictoria l explanation of how chamfer matching works

would be t o s me ’.’. each ES! point on one sphere as being down in an inverted cone

sh iped ‘. t Iles I he i~~m nts on the other sp here wish to roll down into the valley as if by

gras it . bu~ t F~c ‘- .  ic 1 Of points is rigidly connected The matching finds the most

agree ,m ble t. o, t ip r oin,c e

in either ~ t - e . t he r na~w~z iss ue is that  of cJer eri n ining the relative goodness of

.‘ mu nch I t is pr obable that  one wou ld such to recognize an object mostl y by its shape,

rather  than it~ size i Should m l i t t l e  cube “match ” a big cube?) This means that the

d i f fer ence  i i i  kicatioj i between [SI points is significant; whereas, it is the ratio of masses

for e.i~ h p t  i r of poi m i t .  t h t one should e ‘.,iniinc P otent i a l ly  appropriate measures would

be t he r ciot .!ne in squar e of the differences in position between paired points and the

s tand ard de m a t ion of the itiass ratios of point pair s.

I hi. i n. i umie r of r ecogniz mng objects seem s quite pr omising for objects all of

who--c f e , it urcs mu’ k r iown t T n for tun .ite l~- , from a single view (as in a photograph ) it is

usu .ill~ the 5. 1 .
~
‘ t h u  p , i r t s  of the ob je ct ire unobservable and must he guessed at. The

ESI representation itceif ,,idc in filling in iiiicsing pieces, but any attempt to identify such

— 
_ _ _  

.
~~~~~~~~~~~
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an object hs t h e  recogniticu i method just described would he hopeless in all but a few

Iu ck~ c.i~es At lire~eIit , the only method envisioned for recognizing such objects would

ins-oh e preser ’ . ing the hemisphere of valid points and then try ing to apply a similar,

t hough appropi i itelv mntx lified , im iet hod using them alone •- determ uinimig principal axes,

etc The pr ot ots  pt: s ;igaimist which the muatch was being done must also be “halved .” Of

cource , o m me need on ly consider hem ispheres which contain the desired number of points.

This technique res ults i i i  m an s  m ore m atches being tried (on the order of the number

of piTtmnts in t he protots pe i

In t he preceding diccu~sion of this m ethod of recognition, it has been itnphicitly

assu m ed t h . i t  the representation of the object is at least riot too grossly in error and,

specif ica ll’s . thu eac h represente d ob ;cct face corresponds to ex ac tls one real face of the

oh jc i. t b e i i t t~ miiodelcd If . howe’. er , the shape determination process reports a face that

does not is t mm. i l l ~ es ic t or ii it fa ils to detect a face that is actuall y present , then the

reculti mic I SI ‘.‘.iU have more or lewe r points than it should. In such a situation, it

scents t hat the proposed recognition algor ith m would fail miserably due to its heavy

re lu .mu . c on in;itching point - for- p o int  Yet hypothesizing that the shape determination

algorithm ‘.‘.otild onls prod ims e such a tmi ~s c t ken result for relativel y s m a ll surface areas of

the ob jes t .imid .mcs ign to them an approxi m ately correct orientation, it might be the case

that the s- h . irac te r msti c orientation of an erroneous muodel would diffe r only slightly from

that of the true , accurate model. in such a situation , if t he two models were aligned by

the orientati ons , then all hut the like ES! point(s) would be close l paired. One would

expect the points of the inaccur ate model which lie closest to the false point (or location
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of the “ i i t i s c i m i ~~
” p o l m i t )  to deviate more from their correct positions than other, m ore

d ist ant , points Noting such an occurrence during the imuatching process, the absence or

presence of an t-~~tr . l  p o imit m n m g ht p otenti a lly be detected, and the correct match could

then re sult In corpor ating a detection scheme of this sort into the recognition process

would, howe’.er, el iminate  part of the screening procedure proposed for determining

those represcii t.lt ~oIi\ ‘.‘.hm~h should be used in the comparisons. Specifically, if one is

seeking t o ttleii t ifs .~~~~ I SI hich onc -~t c  of N points, then in the naive manner OflC

would omi ls c’..iiiiine the pto t ot ~ ,~~ models which consist of N points. In dealing with

errors that effect the numbe r of presumed faces, it would then be necessary to

~ddmtmon.ills het k ; ne models consisting of N+ 1, N— I , N+2, N—2,..., N+i, and N—i

poimits , ‘.s here m is the muaxmm umu number of potentially erroneous faces (perhaps a

fraction of N. though hopefully .t sm all number).

R e r re scmt t i t t ~ sm ooth  or non -con s c~ ohj~~s

1 he [SI representation and techniques developed thus far are best suited for

apphc.ition to ton’ .e~ pol) hedra. In using to extend the dotnain to non-convex objects

or smnooth-surfaced objects, several difficulties arise . For instance , the ESI for

non-comex nb~ccts ic not unique, i.e. there is not a one-to one mapping between a

non-cons-ex obj ect and its ESI. (See page 37 in Appendix II.) Then too, the spherical

image of cmnooth obj ect s does not consist solely of points, as does that o( polyhedra. (6J

In f act , in objet t which has no planar surfaces would have a spherical im age that would

be distr ibuted over every part of the sphere with varying “density” or “intensity”

— - “1
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pros iding the shape imiforination. 1 lie integral of this density over a patch on the

( i.mui ~si ami sphere equals the total area w ith surface norm al with direction falling within

the patch

[bough mt t t ias be fe.i~ihk to represent smooth, convex objects by their true

spherical images , no techniques for doing so have been conceised Instead, the approach

has beemi to emn p lo~ poly hedral techniques. This necessitates approx im ating

stmm ~~t h-stirf.ic ed oI~Jes i -  k p-th hedra and resolving the diff iculties associated with

represent mug non-comis e~ poly hedra Expedient m ethod s for approximating com plex

surtac es H. plam i a r  fast - s have been developed. [101 They generally produce a somewhat

op tmm m i. i l  t r i . in g i i l . i t mon of the sur f ace , nm other words, the approximating poly hedron for a

srtio ~ mh ob jec t su ould sOli s is t  of t r ia ngul ar  shaped faces. This is quite acceptable for the

int ended pu t  I ~e

mit mueleg int solution his been envisioned to circumvent the ambiguities

;issocm.itetl n ith no n-to ns c~ pol~ hedra This entails using ex isting algor ithms for

su ib th i vmi lmmi g the oh~cs mc In to  convex components, keeping track of how the pieces “fit

back togetht -t ” som ehow [QJ Since each piece is then a convex polyhedron, it may be

represented iii the normal fashion as an ESI. Reconstruction would involve first

reco nstru ct im ig each com ponent part and then joining the pieces hack together in the

L ~~~r ~~~~. ~ipl. ~~,~~~- a 1 ~~fl r’~’(.%%~~fl9 —~~~ • t r t j 4~ o ut p ut  ipec~ t 1c e t i o n~ 0! t he Iu r f s c e nor~~.i Lo r
*ar’ j ,— * l )  r,.p ,.

~,s o t • ~~~~~~~~~~~~ ~~~~~~ ( r .~1d i’~~r~ h~ rep.r d.d .~ . ~.sr.~1 .,ided poi yb sdrsl
cc’. . ~~~~~~~ t,~ I’. t , ! a .  i~~~-~ fo repo ~ r.~ i’- p t ri a n g u la t ion p ro ce s i wont~ oned ab owo One iP~ouid
S ( ) ’ Ø h A t  ‘t ~~- ‘~ d ‘(~~ I. ~‘r .%c~~ t o  ~~~~~~~~~~ IPe e dge s betwee n each i~ itl re 9~on . though ~,lurt.c, a’ .a  a ~~~~~~~~ ~~~~~~~ ea ch wou ld b, nee d e d (in ac tusli ty . the t ,t t le lurfacO petcl’.qe may
not ~~~~~ u~ •.c~ O y at t ” . i r  edQ~ % CO l~~ej would ‘.ot be de ?ir ing a roal pol yhedron



_ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- 14 -

proper m a im er. NJ However , it should be noted that this process would yield a

poI~hedron. If a smim ooth object is desired, a sm oothing operation would be m andated,

though aim ex.lcI reconstr uction of the original object would probably be im possible.

Little cx t ra difficult y su ould result for performing spatial manipulations on such an

ohject~ all of the comnponemit parts would just be treated as an indivisible set —• operators

being app lied to .m base sector for the com plete object.

Recognition of non-convex objects might, however , present more of a difficulty.

For mnst ,mnce, s~tie ca m m not e~en be confident that the algorithm for subdividing an object

into cons-ex coi impone rits would slice two identical objects in the sam e way, because in

general there is no unique set of slicings to produce convex parts for any given

non -con sex oh jcc t .  if a dis ismon al gcsrithmn is detdoped that will always y ield the sam e

comnponents for a given object , the matching process would probably become

m.mnageal ” lc  i t t  fac t , before att emu pti ti g to mita tch shapes of component pieces, the

algor ithmii cotm kl first try to  recognize an object by the num ber of pieces and their

spatial rrl.mt ions to e tc h other

I ~I’-l% ~Il

Thms p.mr~r his presented the current state of development for an object

repr e sem it .m?mo mi itc imig enhanced spherica l im ages. The representation of convex polyhedra

mc well iintkr’.tood, su-hik iti ciho d s for dctcrmmning point-edge representations from their

ESI formns •m rc less so. Spatial manipulations are a promising advantage of the ES!

- — --. --- --- - -
- - -~~
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m odel , as is ob ject recognition. The m ethods for m atching two ESI’s have been

invest mg.itcd, though som e specifics imeed m ore attention. Sm ooth-surfaced and

non-convex objects present considerab le challenges which must necessarily be overcome

for the ESI Tep rese fl ta $iO fl to be practical and useful. A first attempt at handling these

diff iculties imiv olve s approxim ating the objects by one or more polyhedra, and even this

idea offers additional pe p lexities.

Significant progress has been m ade towards a complete system of support for the

ESI rcp rcsc nt.mt mon of objects , but m uch work lies ahead if the techniques are to ever be

utilized in realistic applications.

_______ -~~~~
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Appendix I

Dcterinhmmation of Principal Mom ents of Inertia

The principal mom ents of inertia for a system of point masses will be

determ ined here symbolically. [20) Throughout this discussion, the Cartesian coordinates

of a I~ im1t will be expressed as the triple (x1, y
~
, z) , and the mass will be referred to as

m i  -

For any syste m of point m asses, its moments of inertia about the coordinate axes — X.

Y , and 7 -- mna ~ be com puted as follows:

~ (y 1~
- + 

~~~~~~~ 
in1

= 
~~ 

(z 12 
+ x~~ ) m1

= ~ (x 1
2 + y

1
) m1

Likew ise , its products of inertia mi m ,iy be found:

= ~~ E x~v1m~
t xz E X t Z

~
i11i

= = ~~ y~z,m~

In general, the inertia matrix (inertia tensor) has the form:

C- —- -~~~~



_ _ _  - ---

- 17 -

xx xy xz

‘ y y  ‘yz

— rx — zv U

There i~ u~ u.i !s a u m m mt .lue orientation of axes X-Y-Z at a given origin for which the

prod ucts of iner t-i .m vamimsh ,

0 0

o ~~ 0

(1 0

This ~o~r &Im m i. , me frame defines the principal axes of inertia, and the corresponding ‘xx ’

.mnti l
~ 

t ic called the principal m o m ents of inertia. They represent the maximum,

mninimm iumu, m m m d mu inter m ediate ‘.alue of the m oments of inertia.

Tht- primicip.il muomn emi ms of inertia are the emgenvalues of the inertia matrix- The

solu t ion of the  ~k t crmmmla nt equation

1xx~ ~ xy ‘xz

1yy 1 ~~)Z  
= 0

1zx ~ zy

for I y ields three roots I~, 1~, 13 of the resulting cubic equation- (These are the

eigenv aR es

The direction cosines I, rn, ii of the principal inertia axes are given by 

- - -~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — --~~~~~~~ - — ~~~~~~—~~~~-
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— Ixy m — lxz n = 0

1yx ” + (1 ) .)._ I) m — l~1n 0

~ zx 1 — 11~m + (I
~~

— I) n 0

These equations along with ~2 + + it2 = 1 enable a solution for the direction

cosmnes to be m a de for each of the three roots (Ij , 12, 13) separately.

From the m ite r ? ma matrix ,

(1 ~~l H 1yy~
1 ~~ 1

~~~~~

—1

~~ 
+

+ 1xz 1yx~~
1zy~ 

—

y ’yZ~~xx 11 — 

~~~~~~~~~~~~ 
= 0

which mna be expanded to

— I~

+ ~~ + l~, +

+ 
~~

1x~~vv - 1xx 1zz - 1yy ’zz + 1xz + 1yz + Ixy
2)I

+ t l l I  — 2 1 1 1  _ i i 2 _ i i 2 _ i i 2 = ox~ v~ zz xy xz y z  yy xz xx yt U xy

One imiethod for solving such a third order algebraic equation is that of Oraeffe’s

root-squaring m e t hod (5~. although direc t methods for solving cubic equations are also

known. 1

1 ~~~~~~~~~~~~~ or.e wou l d e ’ p ec t  th .t th. three poets wvuld necei~~e r i t y •lvsyi be rea’ Fd~~ s rs .
ts n cr t ”e , tIn r e~~,c , , n t  pPt y~~t t s ~ ~~~~~~~~~~ of ,nerl . and or, tie, isi~ 1t of CI~~~t IStI0eI Sf ’ ivS lv t f ~~ Inly
r u t . po~~’t ’v e  ~~~~~~~~~~ ~~~~ Pioveve r . ~~~ Aol b,Sfl v e r i f I e d  by SAol yt icsI prs.t 

- - - - - -
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Once the three principal m oments of inertia are determined, they may be used

to comnpute the direction cosimies of the corresponding axes, thus giving the characteristic

directions for the system of 1x~immt mimasse s

— lxv m — = 0

+ (I~ ,,— I t’~m — l~,n 0

— l~ ,,n + i I ~~—I )n 0

Algehr.iic;Ill) sol~ mug t hese equm;i lions produces

1=  m l  + ~~~~ + R~ m ~

1~ \ I l~\
— — i f

I
\ 7  \ %

~p~ = - 
~ ~~ 

-

~~I

’’I —

AL

I , ~~~~ 
—

— I
’’ 

I
~~~

j

‘~ 1 l I- 
-

~

— ~ Z
)

—I
’! A~

~s here

+ 1~z 1 —

= 

~i ~jI ~+i;r- 
~~~~~~

P. — 
— + 1x~~x7

— 1xy ’ + ‘xy t zz

-- -- -- -- ---~~-— -—---~~~ - - - - —-.~~--~~~~~~~~~—--
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As .m final comm imnent , it should be noted t hat the contputational method

presented here for determuining principal axes is wel l-suited for application to point mass

systems w hich do not exhibit a high degree of symmnetry. Special treatment would be

wa rramited for ca¼e ~ in which any of the products of inertia vanishes. Conceptually, such

a situation miiight he remedied simuply by rotating the system slightly and recomputing

the mom ents amid products of inertia.
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Introduct ion

Th. representat ion of three-d imens ional obj ects in the realm of digi tal computers is a

fundamental keyston e to sever al cu rrent pursuits In the fi eld of A rt if sc ia l Inte l ligence , such

as computer vIsion, spatia l reasoning , and manipulat ion. Straightforward description s (e.g. .

representing art object by its vertices , edges , or surface patches) suffer from the large

requirements of date storage and/or of computat ion time for dat it processing. For example ,

to perfor m a single rotat ion of a po int-represen ted object about an arbitrary axi s using

matrix mult iplicat ion calc ulates 384 • 16n products , where n is the number of points l 1-~1.

This repr esentat io n turns out to be quite expensive when method s of object recognition

depend on repeated ly rotating prot oty pe obje cts during some matching pro cess. in this

paper , an alternative representation for three-dimensional objects shall be d iscusa ed which

essentially dapict~i an object by its surface normals. This w ill be the Enhanc ed Si.her s ce i

Image repr esantat$ ~~.

Spherical Images

The propert ies of surfaces in which we are intere s ted include the area , the

inclinat ion with respect to som e sta ndard direct ion , and the curvature The ia tt c’r may be

character ized by two numbers , namely the principal curvatures. These may he thought of as

the rate of chan g. of the surface normal direct ions in each of two perpendicular direct ions

(In the tang ent plane). Alternat ivel y, the curvature at a point may be represented by a

sing i. number using a method originated by Gauss. Th is number , of course , will be a function

of the princ ipal curvatures and Is in fact their product. I? is known as the Geua~lan

- -- - ---- - . - -  -— - - - — --- .— -.-~~---- - ---- - - --
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curv atu re (t~, 16) .

In his studies of differential geometry , Gauss developed a process for mapping a

sur fac. onto a sphere. This transformat ion con s ists of translating the var ious outward unit

normals of a surface to the center of a unit sphere. The points on the sphere which are at

the end points of these vectors are then the spherical representat ion of the surface , i n . , a

apt.., Ical image. It shouid be noted that this mapping assigns a definite point on the sphere

to every point of the surface.

Throughout the remainder of th is paper , the sphere on which a spherical image Is

fonim•d shall be called the Gaussian sphere. Shown below are some simple geometric

objects and sketches of their associated spherical Images.

-— --

~

-- -  - —- -
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Polygons and Polyhedra

Except  for the concluding section, this paper shall now mainly deal with the simplified

case of representing polyhedra . Therefore , a few of the basic properties of polygons and

polyhedra will he pres ented here to stand ard ize our term inoiogy ( II ).

A polygon is a two-dlm.’nslonal figure whose sIdes are straight line segments. A

polygon is said to be convex if it entirely contains alt segments connecting any two of its

points. Thus , the Inferior angles (those facing the inside) of a pol ygon are all le~~ than 180

degrees . A polygon is un iquely determined by Its interior angles and the lengths of its sides ,

though this is not the case if only its ang ies and its area are s pecIfied. (Consider , for

ex ample , a 2x3 rectang le versus a 1x~ rectang le.)

A pol yhedron is a three-dimen s ional fIgure whose faces ar e polygons. Two lack -c of a

polyhedron are adjau.nt it they have a common edge. A polyhedron is closed i t  its faces are

conv ex pol ygon s and all of its edges specif y a pair of ac~j acent faces , I.e., there are no

hOl.s~ In the pol yhedron . A convex polyhedron Is one whIch entirely contains al l lIne

segments connect Ing any two of Its po ints. The angle between any two adjacent f ’ ees of a

convex polyhedron is lass th an 180 degrees. Thus , no two faces may have normals in the

sam e direction .

Future ref e rences to polygons and polyhedra shou ld be understood to mean convex

polyqons and convex and closed polyhedra , un less other w ise stated
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In 1897 , H. Mink owsk i proved the fo llowing theorem which reveals how pol yhedra may

be uniquely specified.

Theorem of Minko w ak i .

If each face  of one convex polyhedron corresponds to a face of
another convex polyhedron such that the two faces are equiv alent (of
equal area) and have parallel outer normals , and conversely, then the two
polyhedra are equal and parallel

Which is to say that a pol yhedron is determined uni quely by the areas and direct ions of its

faces . This concept may now be combined with that of spherIcal Images to develop an

eff icaciou s representation for three-dimensional objects.

Enhanced Spherical _Images

The mapping described above for generating a spherical image does not assocIate a

unique point on the Gaussi an sphere with each point of an object , as may easily be verified

by cons idering any body some of whos.’ surface normals are parallel -- one with a planar

sur face , f or exam ple. in the case of polyhedra , the number of normals which map into the

same point on the Gauss ian sphere is a meas ure of the surface area of the corresponding

face. ThIs ar ea-related data may be pres erved by forming an enhanced spher ical image

(ESI).

Definit ion : Enhanced Spherical Image

An Enhanced Spherlc l Imag e Is a spherical rep resentation In th e
standard sense (as described above) whI ch has a numerIc quent l fler ,

~kitsnalty , associated wIth each point of the Image flie valu e uf t h k
Intensity corresponds to the tota l surface area of the represented
object wh ich has mapped onto this point of the Gauss Ian spher e

L C
- —- -
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The following are some exam ples of convex polyhedra and their assoc Iated (SI’..

~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~

Uniqueness of an Enhanced Spherical Image

The utility of a depict ion for three-d4inensl onal bodies would be qu.athonable if

objects we re not guaranteed to be represented unIquely. Proof of the following th orem Is

thus essential to the deve lopment of the (SI representat ion

Theorem of Uniqueness.

Tb. ESI’ s of convex polyhedra are unique , i.e., the mapping
between a convex polyhedron and Its (SI is one-to-one.

Proof

Part 1: A convex polyhedron maps Into one and only one (SI.

This may be shown by observ ing that the spher ical mapping Is a composition of

one -to-one mappings We begin by recalling that the outw ard norma ls of a .urt.ce are

necessar ily parallel If th. surface Is planar (as I. the case with laces of a polyhedron ).

LettIng each of thes e normals assume unIt length , we may t ranslate (a one-to-one function) 
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each of them to the center of a unit sphe re. SInce they all have the same direction , they

map Into a sIngle point on the sphere ’ s surface (one-to-one ). Thu surface area of one face

of a polyhedron Is a fixed constant , and once associated with the point In the spherical

image , a point in the ESI Is formed. This proce ss may be repeated unambiguous l y (sin ce no

two faces have norma ls In the same direction ) for each face of the polyhed ron , producing a

unique (SI.

Part 2: An (SI of a convex polyhedron maps into one and only one convex polyhedron.

Since no two faces of a co nvex polyhedron can have paral lel norma ls , a spherical

Image cons isting of n distinct points corresponds to a convex polyhedron of n faces. Thus ,

an FSI of any convex polyhedron consists of exactly the information which specifies the

outward normal and sur fac e area for each face of the polyhedron. By Minkows ki’ s Theorem ,

- we conclude that an (Si of thIs ty pe repres ents one and only one distinct polyhedron

Q.E.0.

Thus It is shown that the (SI representat ion may at least be useful In representing

convex polyhedra. The reader should observe, however , that certain anomalies arise If the

objects ar~ not convex. In fact , for any (SI which corres ponds to a real convex

polyhedron . there Is an Inf inite set of polyhedron-lIke objects w ith holes in their laces which

would map Into the Identical ESI. One can also conceive of infIn ite acts of (Si’ s which do

not correspond to any real convex polyhedra -- simp ly permute the intensity or position of

one of the point s of an (SI whIch does represent a real polyhedron.1

I If Ce rs dW Cdi rn. ~~fli~~j l? Ic cOncSø ~*IIZS , Cs Ce-~tsi of Miss Th.o.s ’~’ ifII, N~icSd C Cs ~lSii i ) c1K,fl wIiI plovids S

ior~ Pcwi,,sI j lificleic.’ for !b.* ~?a?~s*V’t 
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Another Interesting class of objects Is tha t which produces open ESI’a. An open (SI

Is one in which all points of the meg. lie on a sIngle great circle of the Gaussian sphere. A

c/osed ESI is one which Is not open. For example, figure (A) below coul d be thought to

represent an open~ended N box , while figu re (B) could represent an “ open~ended0

triangular tube .

B:

For .xa .bples of this type , the Nl.ngth~ of the corresponding object I. Inverse ly proport ional

to its cross-sect ional area , though neither measure is f ixed by the (SI. 1 We proceed now

by develo ping some mechanics towards the utIlization of this enhance d representat ion.

Cent er of Mass Property

Having observed t hat not all (SI’ s , which consist solely of points , actually represent

real polyhedr a, one can appreciate the need for a simp le test to determine the validity of an

(Si. As it shall b..~ seen , the test presented here Is not only useful in verifying a correc tly

formed (SI, but It also proves essent ial to the reconstruct ion of an object from its enhanced

mapping onto the Gaus sian spherC.

ilis r 5*15 So not• Cs’ e~ open £55 c’ons.pon4$ to en ob~scI *$io.s (uSia diia.d.etetiC is sot semI so 2. s Si
os~as for ~ Ii cloesd ob~Sct a. £5.0, a c$o.sd (SI co.rs~~oidi to a bo~~d.d convos body, I.e.. one v~dd’. soy 55 s,wIcsSI bys

~~~~~ of f w’4t. ra us.

_ _ _ _ _ _ _ _ _ _
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DefInit ion : renter of Mass of an (SI.

The center of ma.ss, CM , of an (SI Is analogous to the center of
mass for a system of poInt masses. The points of the system are the (SI
pointa , the positions are their coordInates on the Gaussian sphere , and
theIr masses are the intensities of the spherical image points. Thus,

/ Zm1x 1 1m1y1

CM~~ ( ‘ _______  _____ —

Zm1

where (x 1, y1, z1) are the Cartesian coo rdinates of the i~~ (SI point and m1
Is Its IntensIty.

With this defInItion , we may now state the following valuable theorem.

Center of Mass Theorem.

An (SI corresponds to a real convex object If and only if its
center of mass Is at the origin of the Gaussian sphere and the (SI is
closed.

Proof.

Dividing the Gaussian sphere along one of Its great circles , we obtain two

hemispheres. let ~ be the outward normal of the sphere which Is perpendicular to the plane

of the great circle. Then the com ponent of the total area of the convex object which faces

In the direct ion of ~ is the sum of

m1 cos(e1)

over the (SI points on the hemisphere , where m 1 is the intensIty of the 1th point and Is the

angl. between N and the normal to the sphere at the 1th point. if the component of the total

area which f aces the -N direction (represented on the opposite hemisphere) is not equal to

this sum , then the repres ented object cannot be closed , and thus cannot be convex. If all

pairs of hemispheres do represent equal areas , then all of th. point masses are balanced,

I
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and the center of mass must be at the center of the GaussIan sphere. Q.E.D.

Now that the (Si has been shown to represent a convex polyhedron uniquely m d

that an (SI may be tested for correspondence to a real polyhedron, we may now tackle the

rirobl.m of reconstructing an object f rom Its (SI representat ion .

Adjacency, Reduct ion. and Augmentation

Unfort unate ly, the Info rmat ion provided by the (SI of a polyhedron does not

immediately dIsclose which of the represented face s are adjacent to each other. 1 This , of

cour se, would have greatly simp llf led the task of reconstruction. We have not, however ,

lost eli Information about the adjace ncy of the feces , as shall be proven later. Osfo re we

invest the effort of doIng this, let us examIne what we stand to gain. The following

definition points us in the right direction.

Definition: Adjacent points of (Si’ s.

Two points on a GaussIan sphere are adjacent If on. of them has
no closer neIghbors (In term s of the arc length between them ) than the
other.

Now recalling that the minimum number of faces for a real polyhedron is tour (a tetrahedron )

and therefore that the (Si of a real poly hedron must have at east four points , we are l..d

to the following coroll ary to the Center of Mass Theorem.

1 . The ,esdsr soy convince h5msotf Of Cli tact by consldsrlrip Cs (St’s oo.v.mordiss to a ø,à raft’ ons et its ocinors
.ISo.d oft . Dsparuar, en Ce .~ze of C. ,emov.d portion, Cs new face will Pv. ~~. 4, or ~ S~~S. Ar iiaf5ei P’s erection of

Cs atf a.. r’orsoi a ksp l constant (e.  . a” of C. alsooc or. in pwsIi.t plan..), IP’.n Ce poalt iona of t~e points Wi Ce £31 w,Il
sot dw~ s. t’~~~ Ce ad~.coni tios. sisy

d _ _ _ _ _ _ _ _
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Coro llary of Reduct ion.

For any (SI which cons ists of n points (n ) 4) and which
corresponds to a real convex polyhedron (n-hedron], any pair of
adjacent points may be replaced by a single point such that the resulting
151 also con’.sponde to a real convex polyhedron ((n-l)-hedron]. We
shall say that the n-hedron Is thus reduced to an (n-I )-hedron .

Proof.

The corollary follows immediately from the Center of Mass Theorem if It is always

possible b replace two adjacent points by a single point such that the position of the

center of mass for the system of points Is preserved. We now show that such a point may

always be found.

Two points on the surface of a sphere of radius R specIfy a great cIrcle of the

sphere. To preserv e the center of mass , the new point must lie along the arc connect ing

the two adjacen t points . The problem is thus transformed Into one of two dImens ions. Polar

coordinates are used here:

(o( • ~~ . n.,)
(o#~~~ , A , m 3 )

,~ • if

I L-I 
‘ (~~.e,R ,m~

) L~ 2 R s ; n (~ /~
)

/ m2 L / ( m , .Mj

/ m , .m 1
/ R

\ / R s ’ ~
(
~~)/ ’- =

C’..
• R

ii
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To complement the Corolla ry of Reduction, one may also gIve an inverse construction

with an inverse proof. This would be the Corollary of Augmentation, end we shall say that an

(ri-i )-hedron Is thus augmented to an n-hedron . it may be notIced that this construction Is

•nalogous to the augme ntation of nets (see p. 56 ofj l l ) ) .

Theorem of Adja cency

Having the above corollaries, one might now discern the Intended plan of attack - -

hopefully ending at the ultImate goal of a recons t ruct ion algor ithm. The relationship between

adjacent points of an (Si and the adjacent faces of the corresponding polyhedron is

revealed by the following theorem and shall play a v ita) role in achievIng our goal.

Theorem of Adjacen cy.

Adjac ent points In an ES) are the mappIngs of adjacent faces In
the corresponding convex polyhedron , I.e.. the faces have a common
edge .

Proof.

Assume that a pair of adjac ent points corresponds to a pair of faces , I and j, of a

polyhedron which are not adjacent. Then there exists at least one face , k, between these

two faces, and the direction of k’ s normal vector must difler fro m that of I more then the

direction of j’ s normal dlf f era from that of I. Howeve r , th is Is possible only If one of the

fol lowing Is the C55S:

1. There is only one tscs between the faces I and 1~ and It has at

least one edge that Is not the edge of any other face , or

i
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2. There are at least two faces betwee n the faces I and j, and at
least one of the inward facing ang les between two adjacent
f aces is greater than I 80 degrees.

In either case , the polyhedron is not convex. Thus, the theorem is proven by contradiction .

Theorems of Adjacent Reduct ion and Adjacent Augmentation

Combin ing the Th orem of Adjacency with the Corollar ies of Reduct ion and

Augmentat ion produces the final two too ls needed for specIfyIng how to reconstruct a

polyhedron from Its (Si.

Theorem of Adjacent Reduction.

When an (SI of n points is reduced to n-i points, say by replacIng
adjacent points I and j with point k, the set of faces of the (n-I)-hedron
wh ich are adjacent to face k are the union of thos e that were adjacent
to the faces I and j in the n-hedron (excluding I and fl.

The proof follows from the definition of convex polyhedra and the Corollary of Reduct ion .

Th orem of Adjac ent Augmentat ion .

When the faces adj acent to a given face k of an (n-i )-hedron are
known, the face k may be augmented Into 2 faces I and j , thus forming an
n-hadron. The faces adjacent to face I are those whose edges of
intersect ion with k now f all on l’s side of the edge betwee n I and j (plus
face j), and sImi larly for j.

The proof follows from the definition of convex polyhedra and the Corollary of Augmentation.

- .
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Reconstructing a Tetrahedron

We digress momentar ily to examine the ilmIt ing ’ case , the tetrahedron , which is the

polyhedron w ith the fewest number of faces.

Cons ider ~~ fol lowing property of triangles (which compo se the faces of tetrah edra):

a triangle Is uniquel y specified by the length of Its three sides. It may also be shown that a

tr iangle is uniquely determ ined by Its area and Its three interior angles by deriving the

lengths of the sides from this informat ion.

- 
____  I 1~ <
_____ - J ., , , ( A ) s , ~, 

( ()

‘ bCl.
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~,~ (A) s,R (() 
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— — 

~h b  ;;‘ c ” (’
~~ ~~ 
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SInce the (SI of a tetrahedron provides exactly the info rmat ion needed to denote the

Interior angles and area of each face , and since the faces are all adjacent to each other , a

tetrahedron may be recons t ruc ted from Its (SI as fo llows:

Tetrahedron Reconstruct ion Algorithm.

1. Choose one point of the (SI (a face of the tetrahedron ).

t

_ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _  ~~~~~~~~ -- ~~~~~
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2. Determine the angles of Intersection of the planes represented
by the other three points . These give the interIor angles of the
triangle whIch Is the chosen fac e.

3. Calculate the length . of the sides of the chosen trIangle.

4. Construct the trIangl e on the plane specified by the chosen
point.

5. Pos it ion the other thre e faces such That their edges of
intersection with the chosen fac e coincide with the sides of the
tr iang le.

Since the posItions of all fo ur faces are then fixed , the reconstruct ion Is complete. Th is

spec ial case for tetrahedron will serv e as the basis in the restoration of more gener al

polyhedra.

Polyhedra estruct lon

At las t , we have reached our goal. Any polyhedron may be reconstructed fr om Its FS1

as fo llows :

Polyhedra Reconstruct ion Algorithm.

1. Recurs ively reduce the ESI , Nrememberlng n each pair of
adjacent points whIch get replac ed , until It consists of only four
points.

2. Reconstruct th, tetrahedron which corresponds to this ESI.

3. Succe ss Ively augment the faces In the reverse order of the
reductions using th. remembered points to choose the
augmentation.

This algorithm may be shown to work correctl y by Induct ion an the number of points In the

(SI. The series of figures below gIve a pictorial example of this reconstruct ion algorithm In

• . — 

-~~~~- 
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use.

Q

Smooth Convex Objects and Non-convex Objects

For this technique of representing three- dimens ional objects to be of practical use , It

must be able to model more general objects than sImply convex polyhedra. Since the

theorems and algorithms developed so far are all Inherently dependent on the properties of

polyhedra, the Initial temptat ion 1 ther efore to denote smooth convex objects as

many-faced polyhedra. This approach sugg ests examining the limiting situat ion as the area

of each littl, face then tends to zero. With any luck at all, doing this study wilt reveal a

more general spher ical Image representation to be uti lized In the cases of non-zero

_ _  

- —
~~~--- -~~~~~
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curvature.

Non-convex objects pose a potent iaiiy more frustrat ing problem, s ince even

non-convex polyhedra ca~not be represented unambiguously by FSI’ s. Uor example , the

following two objects have ident ical mappin gs onto the Gauss ian sphere .

One might consid er treati ng non-co nvex objects as two or more convex objects with

common planar face s . Th is involves using several Gauss ian spheres to repr esent a singl e

object , and some mechanism for comb ining reconstructed objects would then be required.

Interesting ly enough , once we have cro ssed the thre ’noid of focusing attent ion on more

than a single (SI at any one time , the poss ibility of representing scenes of objects by a set

of “linke d Gaussian spheres then presents its e lf At thi s tIme , none of tho se extended

schemes have been invest Igated ; but they thou ld certainly be considered ir ~ futur e

research Involving enhanced spherical images .

Conclusion

An origIn al motive for developing a repre sentation emp loy ing surface norma ls was to

fac i lItate romputat io nal manIpulat ion ~~
f a t~ see-cIimonsionai object’ s descr iption. Using the

spher ical model deve loped here , rotat i~ns a out an arbitra ry axis are analogou s to spinning

a sphere -- all points on Its surface •e at th. same time. his is , of course , a result of

- ~~~~~~~~~~~~~~~~ • . . — - - — --•.-- ~---- ~~~~~. ~~~~~~~~~~~~~~ . —



using spherical coordinates, where rotation is effected by add ing approp rIate offsets to

each point’ s alt Itude and azimuth angles. A more s igniticant advantage of using (SI’ s would

become apparent when object recognition is attem pted. Though an algorithm has not yet

been dev eloped, the matching proce ss should be greatly sim pl ified. Task s involv ing spatial

reasoning (as a mechanIcal mani pulator migh t require), scene analysIs , and image

reconstruction would alt benefit f rom having an object’ s surface normak readily available.

It has been demonstrated in this paper that the Enhanced Spher ical Image

representation Is feasib le. Suggestions have been offered for future research and possIble

applicat ion s It is hoped that these further Investigations w ill support th e practicality of

this representation and th at im plementatio n will prove useful.
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