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Interval arltlvnetlc
Unc~~st’a1ned opt1i~ization
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e i ~ p~ementation of an al gorithr that provides Infall ible bounds on the globa l
r ’ ~~’ -~~- of any twice continuously differentiable real function of r rea l
va’- i a~ ies on a closed , bounded domain ‘s  described . The al goritPr a 1 s: ~rov~deslnf al1 it~1e bounds on the location o’ the global T - r ~imu,r. Th~ alQor i~~-r u~€:
Interva l arithmetic and requires the availability of severa l fundamenta l
Interval arit~vnet1c processors for Its operation .
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~~
‘ a non ’iinea r

f j r ~~t 1~~r f (~~ 1o ’ r va riat~les . It provides in fal ’ibl e bounds ~~r the ~‘~~~r~~”~-
va~~e F o~ ~~ ar~ ~~e s c r ~~ e~ hc ( a bo~ i s  a ~~a r~~~~~~~~o:~~ :,e~~ ~~~~~~~

‘ si:€~
~~~~ ~ :~~ ~~~~~~~~ dies ). : als o ~,ro 3e ir ’a l l i e l e  5cjn~~ ~r t ”E

p : ’-~~s)  ~~
‘ a~ ~~~~~~~~~~ ~~ r~~~r ’ - ~-~~- occurs. •-- ~~ 

,~ .,. 
~~~~~~~ ~~~ i-~)

:~ i~ as~~- e~ tr~a: ~~~~~~ ~~ ~~ ‘ occurs at a s~a onar b poi rt .of f. :t
is possl: e tc —oci f ~ t~’~ progr~ to al1 c’~ for t~~ cas e j e  w~~c -  t~e gl o~ a
r~~ r i- .~-- 

~s ~o: a 5~a~~3r.~ r y point anc ‘~en~e occ u rs t~ e bounda ry . The
ne~essar . -oc f~~àti~ ’-~ are descrit~ed ir ~~~~~~ 4 , w~~i c ’  ‘s t~ a~ pear ~~‘-
‘,~~er~s;be er-~at , , . ~~~s ~aper describe s the theoretica ’ arc pra ctical
cons i~ erat :~~ ~~e: ~~~~~~~~~~~~~ ~~:•E~~’~:’~. :: a’s: :r-~~~~- € r . 

~~~~~~ 
r~~~~~~~~ c C

se.~ ’~~
’ es ~ r~~:’e~’ -s t rea te - ~~~~~~

The 
~~~~~~~~ desc~ i~ e~ here direct~ ,- ~‘u ild ~ ~~~ ear~~e’ w~~~~k carried c~~

at ~as’” n”~~ ~~~~~~~~ Jr.~~~~~r5 ’~~~, ~ r ‘.‘~e ~erera l area o’ irterva ’ a t’v-et~c.
~~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~ a ~e:~ r s  

~~. ‘ :  d ’~~~E tha t ~€ - s C r i~~€ funda~er:e ~~r~-

~ess;rs ~se~ ~ ‘i’ ’. are ~~~ ed ~ ~~ end~ces ir tb- i s report for cor-
;.~ete~.ess. ~~€ describe partic~~ar cc rs~~e rat ~o rs i r .  re~~a r -  t~ t~-~ s ea ’-~ ier

~~ ‘
-
~~ ~e~—~~re tc ~~~~~~~ i r .  tne next twc sections .

Ac5 ~ ~~~~~~~ 1C~~

~
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_ _-_——_

D~~~~ y- :~~ L_ 
t ’  ~~~~~~~~~~~~~~~~~~~~~

S 
-

- ~a1



. —-——- -—— — — .

2. Th E C.~ ~~E PRECOMP:LER

GLos~~” :~ ~a s writter ass~. ’ ~ng a ~reco—~~~er na~e~ CL~~~E wou lc be ~sec .

T’~e r~a~ r purpose c ’ :LUDSE is accept arc wcr~ wit~ irte r~als j r  the sa~~
way Fortran works w i t r  real njnt~ers . corpl ex n~rbe rs , i ntegers . etc . :t

a~ s; p r o~~i~~es interva~ ~~~~~~~~~~~ ‘C r e-~a~~at~~~ t~~ -~~ e’e-erta’~ tr a r s c e~~~

certal fur~~t1:~ ,s ~~‘t P’  ~r• te r ~~a ’ o r ;~~~ e r . t s .

AC nob. ~‘- ie ’ desc rite s o e  c ’ t’- c f ea t res c ’ ~~~~~~ ~ c r  a

~et~ i~ ec c 1sc ~ ss~ :r , see ~~~~~~~~~~~~~

2 . :  r . e ’~~a ’ r ’ a ~~
’ es

:r or~er ‘or CLJDG E t~ a:ce ~t a ~a’-- a:l e , say ~~ . as a r ~nte .a1 . t~.e

~~‘-i a~
’e — .4st ~

-€  s: ~€- ‘ a ’~e~ a~ ~~~~~~~~~ 
L~ :t is pc’~s’He tc — sior ar

~~ e’- .~
’ 

~~~~~~~~~~~~~ ~~~ e’~~- ’ e. ~~~~~~~~~~ ~ E . 7 ) .  1c -€-~c or ~ r~~~ t out

,~~
‘ 

~~~~~ 
- ..st eave ~~:-: ‘o~ twc r~~~e’s . 

r 0r ~~a He,

~~~~~~~~~ 
(:~: : .o )

~~er yo~ do use REA or e~~ TE stote~ents Viat invol ve interval

~aria~ les . a way-nm ; appears . it ’ s har,rless and ~~~~~~~~~~ .~r r e : e S s a r y .

2.2 ~,sceflaneous ~arninc s

~l tbOu h the CLUDGE package includes - a n ,  functIon s, it doesn ’t declare

their type for you . For example , if you wis” to use 1N’UO~., an interval-

va lued function , you ~~st declare INTUON as an interva l name . For example:

— __________________________________________________________________ 
—

- .5 _ _ _ _ _ _ _
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’ERVAL NTU9~s , TA ,TB ,TC

As another e~a-~ le. ~~~~ and 1YSJ~ are real-val~ ec function S and

~~~~~~ be ~e_ larec so:

RE.Zi. 1NT1NF ,!.~— SJ r

c :
z=: ~~ ~~~~~~~~~~~

F m ” a . l ~~, whe ’ .o ..r’t~ .-:...r o~~ ‘~ rc:mo r s , e~o ic mtl ~ state tne type ,

ever ~ ~ ,sr ’ t ‘~~~ A L .
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3 . NQT~~~J’~ A~~ TER~~~3LOG~
In t’~e Co-rents w~i t P~ n the pro;ra~ an~ ~~i t n i r  tr~e foilow irc write~j:, the

autbcrs have ~sec an d - o r i r .vertec some unu s~ a~ te~r~s. ~ ~~ c o”r~ents are in

order. As an exar- ’1e 4 cons ider A1~ (:-N ,K).

I’ ~~ er:o~rter a sy-- t~c l  su~~- as the at’o-ve ir a C orrert , it  ~e’e’t to
the ~e:tor resic i”~ i ’~ tne CO flSt-C uti .~~ - e ’ ~~r v locat i~ r~ o:A~: ,~~ 

) .  .:A (:,~ ) .
~~~, ) .  c r  t’-’s partic~la~ e~a~’~ l€- , i~. ‘s a~ irter~~

’ vector .

he Co---- erts ‘-a~e ~se o ’ Y’e f : ~~~~~~~ i r ~~ te ~- ‘ ~c~o:~ :

~ box ~s tne cartesian product 0~~ ~ i’’teryals. Ec~~valen t~
y , a bc -

is ar ~~ter4al vector. ~ote trat ~~~~~
- ‘

~~. ‘ ) ~s t’~c 
p . .• r ~~~~ j r  the u s ’. o~

boxes A:~ .
‘he it” o’a bo’ is t’~ ~~dt~ 0’ t~e ~idest ~‘ te’~~

’ ~~~‘ r~~rç t’ie t’o~ .
i s 5  jf is an inter~a ’ ve::or (~o~) s~’t~ co po~er t s 

~~, 
(
~ = ..  • .~~ ) anc

i’ s~
- 
~~) denotes the r~mdt h of the interva ’ X ,, then the wict r o’ t”e box is

— a ’ w - ~~~ )

The ‘w rO t sO r a ’ ~idt r - of a b:~ ~s t~e w~~dt ~ c- ’ t~e - ‘-te r~al o~ta,ned ~~ .

eva at i~~ th.e object functio n f over t~e ~c’ (uS~nc ~n ter~a 1 arit h— etic).

‘to te that tP~is inter-t a ’ contains the range of the ~~~nctic r f over the hc~ .

The driver MAIN. The driver for the prograrr is called MAI’~. t is

used to cal l GLOBE which Is the centra l subroutine of the prograr .

The subro uti ne GLOBE. The min in-i zat ion algorit h~ uses a number of sub-
e~;or itrr s to ‘ m d  the ~loba 1 ‘-inini~r. These subroutines are cal ed ~y

GLOBE . -
- 

c 2lana tion of arauments. The call i rm ~ statement for GLOBE is

CALL Gt.OBE ~N , X L , XR , A Iw , AIW M, ARW , ARW M, ARWMA , AZW , A lA ,

AIB , A IC , NDIM , KENOC , A~~, EA , EB, ~
‘
, FLOW , FBAR , NSTEP)

5’
- ...

— 
— - -- - -

~
,- — — _1ul1

- _ _ _ _ _ _ _ _ _
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The ar~ rects are :

N is the dimen sion of the domain.

XL is the vector of left endpoints of the current box. Thus XL ( )
(I = ,....N’ is the le’t en~~~int of the ~nterval defininc the -th oo .- :one rt

0~ tne
XF is tne v e C t O r  of ri ;-nt endpoints Of the current box .
A~A is ar interva l r~atri~ of dimension N ~~~ 8. It i s  used as a set ef

‘~‘te ”- ..~1 ~~~~~ ~e tor~

~~~ is an ‘~ 
~~ . ‘ — a t r i ~ oorta~ r i n ~ the in te rv a l ~e s s i a r .

°- .. ‘s a rea ’ ~ t~~ S ~a - - ~ • . :t ms ~~~ as a set c ’ rea .- . •

m s a rea l N by N ~-a:’ ~x contairin; the n-idp oir ’ . c’ A IWM .
~~~~~~ is a rea N -

~~ 
‘
~ a r~~ :or ta~~ni” . the approx -at e ‘nverse o’

M _ A ~s ar mr :ece~ vec tor :‘ order N . :t is used to Store ‘ lao s ‘or
~~~r i o ~~ ouro’:ses. -

A l A  ‘
~~~ a’ j rt e r .~~~l 

- ‘ ‘ .s ~ m t r , N rows . :t co’-ta~ns tre ins~”iciert ,

5~~~ i~ boxes. Eac’- co ’u’-r is a ~‘:~ :ene rated ~\y the procra— and the number o ’

~~*es :na r m ; e s as :~e progra - runs. F0r s—a ll , eas~ C ro : le - s tne r ur- ber o’

c c l~~~~s reQ r~~~ ~~ t~€~ o~ less. F :, larcer ~Sr ~ c re  di”~cu ’t probie~s

it is sa’er to a~ lo~ ~~2 r 
~~ bo es . Th~ proorar is w r it t er  so that the

current to., w’-i~~r is chosen fr ~~
- A l A , tends tc be the largest bc~ in AlA .

Thi s - - - - : ‘ - : . €
~~ the speed ~

‘ the al;critn~ ~~t causes the ru- her o boxes to

be larger . Th reduce storage (while Increasing the run time somewhat ),
the p r o ; r a — ca r be modi’ied so that the current box IS chosen to be the

smal lest one in AlA.

A IE is an Interval ratr lx with N rows. It contains boxes smal’

enough to satisfy the error crite rio n ’ . As for AlA , the number c ’ columns
depends ~r the probler- . If the probler has only one or two solutions, AlE

•shou ld never contain more than 5 or 10 boxes. If the problem has rr

solutions, then AIB will probably contain at least r boxes eventuall y.

A IC is ar interval matrix with N rows. It contains boxes which satisf ,

both the rez~ji rement of smallness (width EA and the criterion of s,’~ii1
func tiona l width ( EB). At the end of the run, all re-~a inin ; boxes øil l be
i r  A IC.  Since tentati,e solution boxes are also put te-~ oraril y in AIC , it 

-5-.  - -  - - - -~~~

-

~~ 

-~~~ -- -  -~~~~ - -~~ -~~~- - - — - - I
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r ..st cont ain , say , ten more column s thar- there are soLtion points. The pro-
g ra- could be rewritt en to occas ionall ~ purg e A IC of boxes which do not contain
soLtions. Thus , the dimension of A~ cou ld be s”a ’ler tha n Is currentl y
necessary .

NDIM is the nu~”ber of cohrr s in A lA . Sin ce the nJ~~her c-f boxes to be stored

in  A lA is rot known in advance , i t  must be quessed . A safe Choice ‘ genera l ly)
-z ~~ —~

-iiS i~~~~.

~E ND C is the number of boxes in A IC.
All’ is an int erval vec to— con t ain in g the ‘unctiona l widths c’ the boxes i r

A - . ‘r’.~S it has tre sa ne ‘~~ :-er Cf e le e r ’ .s as tne n.~ te r C ’ ~~lj~~5 ~ r

EA is a~ error to
’erar,ce. An~ ‘the ’ bc ~ist be les s th an EA in

EE m 5  a~ erro,
. to ie ra~ce. The ‘~~ r~

- i ’ - r,~~ ’ ~~
-
- G t ’  :- ‘ ove r eac n ‘: r a l t o ’

u5 be less than ES. wner tre a l gorit’r ter- i nates , we ~i l  ra- 5e rBA~_rLow .-EE .

~ is a :ara eter wh~~Cr has beer set rather arbitrarily ) to C.~ 5 . If

~~rin~ one o o--:l ete iterat m cr , the curre nt bos iS rct reduce : ~r width b~ at

ie~~’. tn e ‘actor I_ C
, tner the ~~ is sp li t ir nal’. ‘~c—e e-.:er ience is

nec to :h~ose C opti-a

~~~ is a l ower bound or the gio:~ l r r i~~i—u r f’
i~ an uooer bc~n d Cr f’.

N~TEC is tn’e rj- ber o’ iterative stecs used ~ a l c c r ~ tn-

.s e sup~;’ ’ec s.~~r~ut ’ ne s. The use- ~~~~~~~~ S u C C i~~ s~ t ’ C . t ’ r e S  to e’.a ’ udte
t~e o~Je:t funct ion f. its ;racm ert g. a :  ~ts ~essiar ~

-
. Th~~ prograr- rec~ mr e s

interval for”s c ’ these functions . Tne sharpness c’ the results, anc hence tre

rate c’ conve rgence o’ the a l co ni t h -- , depends on the steps used to evaluate

these functions. Hence the subroutines should be written so as to obtain as
sn a_ ; resu lts as feasible.

The o~~ec t func t i on ‘ (x )  must be evalua ted as an interval function named

VI and be of the forr

INT RVA L FUNC 13’I Fl (N,AIW ,~NEYA ,L)
Here N is the dimension of the problem , AIW is matrix whereir the Interva l

-argument vector (the box over which f is being evaluated ) is stored and ~NEX’A
Is the specific colur~n of A~~ in which it is stored. L Is a flag which allows
recovery or terrination if difficulty (such as over~io~) occurs i n the eval ua-

tion . Set L = C If all goes well. Set L 1 otherwIse. No actual use of the

‘lac is rnade by the program . Its use is Included to aid the user in reccver~
or teririnatlon If he chooses to modify the progra’— appropriatel y. 

—- - -~
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The inter~al gradient niust be called CI and be evaluated using

4) 
SJ~RO~TINE GI (N ,Ai~ ,KNEXTA ,AJW ,JCOL,L).

The argu—erts N, A Iw , KNEXTA and L are the same as for VI. The argument
A .l~ specF’es the matrix in w h i O r  the interva l gradient is to be storec an:

~:0L spe:if~es the colC --r of A~~.

~ e irter~~a ’ * e s s ’ a r  n~USt ~e ca lled — :  and be eval uate d uSinc

S’E~3~~~NE ~-I (N,A x ,~NE XTA ,AIWM ,L).

Th~ a r :~-— e rts N , ~~~ ~INE~ TA . a rc I are the same as for Fl or CI. The
irter,.~~’ ..esslar ShOu lO be olace c in th~ ratrix A I~”~.

~ne~ :c- --p~tin: the ~ess :ar , di”erert i r ~:~~ t arc u ents ‘cr di”erent
&e er ts ca r  oc ‘-ea ’ (c~e :e~e ra te irte~vals) . See the ac:o5- :ar . i n c  o- a:e

E. .a r s e r . Rea l arcur-~ents 5 h Oj l d  be used whe n possitle tc- reduce the w : d t S

c ’ the interva ’ elements c’ tn’e ~ess ian.
a nee: to havC the -diac o ’-a i ele”~erts of the ‘-essian witr all

ir- te’- -.a ’ e~e--erts . Th’s ‘s used ‘or a non-convexit) crec~ . Th.~ the
. .SC’  u5 S u O I .

~-o —
~~~~ ,

- 
~~~~~~~ (N 

‘ ‘~~~~~~~ ‘~~~~~~~~ ‘— - i  )
ThE :.~- e t  N , A ’

~~. an d .NE~TA are as in - . The a~-:J~ ert ~~0L soec~~ies

t~-e c~ l u ~ r ~~
‘ A~~~~ ir w~ic~ t~e dia:o ral of the —es n ~w- i t b  ro _decenerate

j r :~~_ )  
~ro~ ld :e St o r e d  as a i rte ’~ al  vec tor.

~“sce llar eous :orre ts. ~~~~~~ ~-c~ €- ~se: does not a l low ~as si’c of

oa ra’-~et e rs .  T h IS  oro~ le’- ~s circu- vented by p l a c i r :  oarameter s in- a
bloc , a~: re

ere rd in c the~ ~r bCt r the rair progra’- arc the five sub rocra-s .

However , space should be reserved in the begin rir : c’ the CO!940N bloc~ for
the ~ tegers ~~~~~~~ , IG: , and lr~I. If . in the main procra” , eac h of these

counters is Initialized to zero , and , In each subprog ram these counters are

Incremented , one can easil y keep track of ho~ many ti-es eacr subprograr

has been called. 
-

Subroutines. The centra l subroutine in’ GLOBALMIN Is GLOBE . It calls

various other subroutines whic h we now describe brief ly.

JOI N forr~ ar interva l numbe r from two real numbers .
MCH~: deterrines whether a civen interval contains zero.

--“-—5--- — ‘I
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~~ SQJ AR E, S~U PT , and CUBE find the square , square root , and cube ,
res pectivel y, ~f ar interval nu’~ber .

C~~. exa~ines a box to see i’ it is less than EA in width . Any such box

in Al A Is -~c vec  to A lE  unless it is degenerate ~a s’n;le point). In the

latter case , the hc~ is ~iove: to A C .

$~~~~~T di. -c es a bc~ i- to tw O ;~e:es an: Cla ces e~-c h ,r

MONO exariines the interva l gradient. If a component is positive or

re;at’ve c~e a bo’ , the r ‘(. \ is ‘-iOnCtoni : ‘r the :orrespOnd n’c direction arc

ca nnot ~a~ e a s t a t i c r d r ~ point i’ the :o~ . There’C r € . the to’ i5 e- l i- i ra te : .

~~~ ‘ : s  the ::e ’ ’i : ie rts C ’ the ~~ ter~~a i  o.~a:’-~ t ,c & : u e t i O r  neede:
2 .

~o~ : solves tre irte’~ al :..ad ra :~ c e:uat~ or and :eletes points o~ the
c ’ ~rert bo~ where u-’) >

‘~E A l ’N does a ste~ c’ ar int e rval ‘,e~.tor -e: - ’~d to fin: stationary

point s c’ the crad~ert c’ f(~~ ~r tne c~~rrert hc~ .
is an : . _  ~~~~~~~~~~~~~~~ ~se: - - t—e a::’’: - i - - a t e  irverse-

o’ t e  ce n te r c ’ the Jacob~ar .
e v a l u a t e s  ~~~ at  tr e- c e r t e .  c ’ ea:~ r~ p. to~ a’~d ~~:ate~ ~~~~~

(the s’-a’lest ~now va l ue  of ‘ ( . ) ) .

DEE .G c r i r t s  v ä r ; OJ5  in’c~ -~~t i:~ jSE ’~ ’ in ce:~~::i n~ the orocra - or r
— eval - .~ati r~ ‘ts performance.

P~~~’.T is used by DEBUG to wr i te  aopro~riate inf or—at~on.

SE CT is cal led by ROOT S to obtain tne intersection c’ tw O interva ls.

SEC T 2 Is called by ROOTS to obta in the Intersection of an interval with

the co—o le--ent (exterior of an Interval.
Note tha t each subroutine contains coments describing its function and

..5 C.

I~ (‘  
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APPENDIX 1

Implem ent atio n of the Fortran Precomplier ,
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Introduction

This repor t is des igned to se rve as a su pp lement to:

F. D. Crary and 1. D. Lad ner , “A S m p le Me t hod of Add ing a Piew

Data Type to Fortran , ’ The U n ive r s i t y  of ~Iisco nSin , Mat henat i C s
Resea rch Center , U .S. Ar my, Techn ca l Sum~n~ry Report *1065 ,
Ma y ,  97 t .

A des c ri ption Is gi ven here of the Changes r.ade in the Fortra n pre-

can p i~er . CL U~~E , when i t was r~s l emented for ~he IB~ 36 O 1~~’ at WeS hin ~ Con

S t a t e  U - k e r s i t y .  Thr Oug hOu t h i s  report , n r - te rs  in sq~ bre brac ket s re t er

t o page n~.m~bers in the report ment ioned above .

C
- )
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I
Pre f ix for Tvoe Othe r

The de föu lt prefix for t ype other in CLUDGE has been changed from

øoa (oh_ zero -Oh) to INT . [5. 15 , 11 3 .

Storace Reou fe’ er~ fo r Tvt ’e Ot i-er

The def au t s t or a;e r e q L i r e ~nent for a ty pe other v a r ia b’ e has bee n

c’a~-g e d fr c ~ ore me-Or~ w ’rd to two. ru 4 , 16J.

Co~v Character

The de fault cop y c - . rac ~ er ha s t~een chan ged ‘ron a s ash ( I )  to

a p ’us (i ’. 
~~~~~~~ 

15 7.

Ffles Use d by CI’JDGE

The data se:  re ’ c e -  ~e r ,snber for SCP.AICP12 has been c hanged fr~~

21 to 1 . [12 , i~J.

~~~~ ~~2-~~ �.Z ~~-‘i~

The su —r ary p ri n ted out by CLUDGE at t he end of the i nstruct io nS

to CLUDGE no longe r sn c ’udes sec tion one of the symbol t .b1 e . [16J.

Type Stete rne~i

The defau lt type ~t .ternent recog nized by C LUDGE for the new data

type has been changed from ‘ ØTHER” to ‘~NTRVAL . ” [13] .

I
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Putt i ng Coryrient S on the Ins t ruc t I o~s to CLUDGE

The character which stops the exa m inatiOn of an inst ruct ion to

CLUDGE has bee n changed from the do ’l ar s Ig n ($) to the “at ” sig n (s) .

[‘ 3. 23J.

1108 Co - t r o ’ Cards

The statements In CLUDGE which process 11OR contro ’ cards have

been removed. [‘2 , i 19J.

O:ta ’ Cc n sCa ’ts

The stat e-~en tS in CLIJDGE w ’- cb ~~~~~~ for o~ t a ’ constants have

be e r- removed. [21J .

~c,’ lar S i r - ’  Coerator -

hi~ 5eer~ c ’-~~~-~e~ frcyr - t” e do lar ~~~~~~ ($) to t~ e

‘ a:” sic ~ (-~) . [33, ~~~~~~ 1.9, 5 ,  5?, 60. 61 , 62, 66 , 714) .

T~-e S~—.io u Tab le

The phy~~c~~1 s tructure of the symbo ’ tab le had to be changed since

3 0 Fortran a 1 lows at most 4 characters to be sto red in one word , not 6.

Thus , a r ray TABLE r~ corvnon bloc k SYMBQ~L was changed from a ‘000 x 3

fu)lword array to a 7 x 1000 ha ’fword ar ray. The var ious items are

- 

now stored in the sy-rbo l tab le  as fo l l ows :

(

— 5-—— _ _ _ _ _- - ---—---.—----—-- —I
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Li

Sec tion One Entries [36) :

—
~

I ~.. Sym bo l (2 chars / e:ement) 

5- —

. Type

- 
~ T ype C’the r “Eq..lva le n t ” (2 chars / e ’ e— ’ert )

- — 5-,

Sect  ~~n Two E nt r i e s  [3 ~J:
D H-ensioned Variable [36J:

p — _ - _ - _

• number of dir ~ens ionS

Srbo ’
(2 c ars / e ’e~nen t) 

- _ _  - - - .

- is : d irier-s on (2 chars / e e — ~ent)

T ype -

C~~—~ z~r~ B~ oc~ Li r .. ‘ con t .,at o” ~ink 
-‘

2nd d~~ e~ sior-
- (2 chars / e e - ~ent

Nth Cen t m oat ion B ock [37J:

r

( D mens ion 14n (2 chars / e~erer.t )

Di— ens on ~~ - 2 ,: 
- - -

(2 chars / element ) _~~~~~~ _ -—

ion 4n • 1 (2 chars / e~e-en t)

Dimension Li~ - I

(2 chars / eleme nt) 4 
-

I ,Co nt inua t ion L Ink(_
~ 

I. .~~~~~... -— -

- —  S - :

_ _ _ _ _L ..  -_  -- - -‘~~~~~~~~~~  - 5-~~~~~~~~~
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Uns ub sCt ptsd Var Iab l e [37] :

I -

Symbo l
(2 chars / e :e.ment) ..-

~~ -

-—

Ty pe ,

~~

Co.r-v~on Block Link .

~

Refere n ced Fu nction r 38J:

Sr— bo~
(2 chars / e i e ~ent) - — -

Type

Ccrr~on Bloc k N ame [38):

—2
‘-

1

‘4 - C2M ’
(2 chars / element) - — - 

C~~~on Bloc k Name
- - — (2 chars / element)

Convnon Block Link

_ _ _ _  

-1 
--- ~~~~~~--— --— -—- -- -~~~ -~~~- - - -
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A r l t~~etk Stat emen t Funct ion [39J :

Symbo l
(2 chars / element)

Type 4 Expansion Indicator

ki.snber of Ar~~.jr -ents End Po inter

Functi on Subpro 9ram E39J :

— Symbo l -

(2 chars / ele—e nt) 5-

Type 
~

Result S~—oo~ ~~~
-

(2 chars / e e .-~en t) - - - - ‘

— -5-’—

St~ t i ~~’ Three ~ r -d Ft-j r (~~ :r e s  [140):

— 

leg in r ing Character Position

Type

Last Character Positi on

S

— - -— S. - - - -— —
~~~~~~~~~

d —

- - - - - -
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B

feature . Other routi nes ush~g this fea ture , DMC~ DE and DM STCD were

de le ted. [117).

1108 FLD Function

To facili tate characte r and strin g handling , three A sserbIer rout ines ,

PUTC , GETC , and KØMPAR are used to replace t he 1103 FL~ ‘unction. £1183.

1-

C,
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D . sc I a m e ;  
- - ___________

The parts of CLUDGE ~ot ment ioned above were left esse nt ia l ly  the

same as in the 1109 ve rs io n . Since no cla im was g i ven to the Correctness

of the 110 5 ve t5iOfl , no guaran tee can be g iven as to the cor rectnes s of

the 360 versiOn. eIther. However , the changes made have 
been thoroug hl y

tested , and seem to be work ing 
corre ctly.

I

/
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A i y ~ - e who h,~s ever tried to d~ r -erica t cc~~c u I c t  ions on a cc.-~- _ t c-

is pr:5a5 ’~ pai ’- ’f uf ly a..cre t hat  h iS  rc~~~~s a- c- at best 0-l y a - ~~C - ~~~ c-

tio ns t~ r cal sclutio ’s . ~~r-y typ :s of e r r c r  cen cr atl y con tribu te tc

this c~~~~ rcn , ir ~:Iudin 9 e r ro r ir rcp L s er :~~t i on ~~ c~ t a s-. i t $ - ir ’ t’-~

cor’- .~::r and error -n ’-cre -,t in thc way t r c -  cc~-~ - -. . tcr  coes it s a ri t~-.r-:-: i c ,

i .e., ro...r’~ of~ e r r o r . Thre- .. t~-e L!~c- C ’ i - t c  ~~~~~~~~~~~~ t ’- c e f c :ts

0~~ t ” -:~.e ~~~C” t y ~~ s of e r r c r  r~~y be Sc ’tcne~ ~~~~~~~~~ F~ -~~- Moore

~~j . c ,  s cr-~c irY~c r c S ’. in9 ~e a l s  c’ tht. ~~ c~ i r t c r v a t ana ’ysis

1:al - :
~~~ :-it~.

The ~-~ ‘.- i c  dea ~~~~~ the I r - t e r~~~
1 

~- t ’ .r-et c :~~e — t  i s  t~~~t C :c r~~—

tic-u ccn he pcrf c ’r—cd on ir:e- .-~-l~ cf rca ’ ~~~~~~~~~~~~~~~~~~ r~~t~~er than c’n

rea l r ,.-- cr s :‘~ — -.e~ves. T~~re c~~c-ra t~~.-~ crc dc-c in su:~— a way t~~at

~~~~ 
r . - ç  1 t r j  i’  t c  .c c n ~~ i — s  : ‘-e ext - ct sc- I .t ion , and ~ : - c f ~ 11 ~ 5

t~ e ~—~~‘lcst r-~~ch ine re 2 r ese - -: abl e i n t e r ~ ai c e - n t e r rc  :~~~ exac : s c l~ t i c - ~

~~~
‘ i C~~” C a - ” b~ calcu a.c~ ‘rcr the data c vc n .

This report ex~- Ia i r c t I’ic basic ca~c b i l i t  es 0’ t hi s I r z ~~r~ a 7  ~r i t ’--

m e t i c  ~~~~~~~~~ ~~r’d the use cf a Fortran ~rc-cc- -p i ler , C LL D E (c~rono~ir~ced

~,- i t ’ -  a t~~n~ 
‘‘
~~‘‘) ~.‘ic~’ at k-.- .-~ r~ rtran va- iablcs b- . ~~~~~~~~ ‘ i:.~~. .

‘ “

and ~~~~~~~~ just ~s s t andard v a r i c~~ies arc used in Fc tra n c,~’reSS iQn$ • 
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I. L’~~~~ 
Concept of Irmt erva ’ A r it ~’- etk

A r t m- - ’etic e
~~~tj.2~~ 

defi ned on interva l s are mere l y operatior-s

defl red on the tw O ~et ~ of tea ’ numbers invo lved . For examp le , additio n

of two int erva l s , [a ,t~ and rC ,dJ. is the set of sums which may be ob-

ta ined by a d d i r c  rca 1 r -~—~ er s , x and y , where a ~ x ~~b and c 
~ y ~

That is to say ,

4 c ,~~ — ~ ‘ y: x ~ ~a ,b ’ and y ~ [c ,d2
~~.

in a s m ~~ar  ~-ann er , f~~ r c t  ions may be defintd on int ervals. Thus

for a rea l ~a 1~ e d f’~n ct on ~~ . “~~.bJ) i s the inter~.at rc ,dj con si st ing

of 0 f l  po in ts y s ,c r- tb -at y f (x) f o r  some x , a ~~~
. x ~~b.

~~~~~~~ set , r-t: ic- is a~ sc ~- s c c  :c ce ’ine ç r c- 5  cf i -t e r. a ls .

.,

~~~~~ 

For exa -p l e , 
T a ,~ J ~ ‘c ,~~ r’e a”s tha t

x 
~ 

y for a ’) x ~ Ta ,t~ and for a l l y ( rc dJ.

That iS , ‘ ‘
~~~‘‘ r’ ...st  be true fz a ’l poS~ib~ c pai r s , x a— d y, where ~ is

ta ken from fa ,tJ end y is ta .~er- fran

It should be noted that an i n t erva l of the form ça ,aJ is s irp l y

anothe r way of representin g the rea l numbe r a. Such an interva l is cal l ed 
-

~ie~c?nerate. So , in a sense , interva l ar i t h ’n e t i c can be t hought of as an

extension of rea l ar i th met ic .

I I . ~~~ Jn a New a~~~~~~to Fortran

Sta ndard Fortran com p i lers a l l ow prog rarrcners to use severa l different

dat , types , such as RE .A L , INT EG ER , C~M PLE X , and D~UBLE PRECISION , when

pe rf o - r- i ng  numerica ’ ca lc u la t or’~ . In order to add a new data type to

Fortran , t he program~r~er must somehow s imulate operations on th Is new

I —  
—5-- — --—---—- - -~~~~~~ ‘- ~~-
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da ta type in term s of exist i ng operat ion s and data types.

A Convenie nt way of adding a new data type to Fortr an is to use a

prec omp i l e r” which w i l l  reco gnize a type statement for the new data

type , and then translate all ar ithmetic Operat ions , function cal l s ,

cor-pariSOnS , and data type convers i ons Inv ol v inc the new data type intO

ca l l s to the appropriate s i-’ulat ion routines. For exa—p ie , a precc r-pi ler

would accept the statements

INTRVAL A ,B ,C

C — A + 8

a ’d reç ~ta ce t~’e- w ith

C~1MPLEX A ,B ,C

CALL 11.TADD (A,B,C)

w’- cre IY’AOD is the rO..~t i ne  whi c ’- pc rfcr~ s ~d ditir- ’ - on the interva ls

A and B , and stores the res .ltin g interva l In C. (The reason Icr re-

p l a c i nc  the ll,TRVAL type statement with a C~’~PLEX type sta :c~ ent rJ t)

t-c e,”)ained later .) The Fortran progra— produced by the precomp ile r

is then passed to the Fortran comp iler to be ccr p it ed and executed.

The routines which sirulac e operations on intervals are con tai n ed

rm the interva l Ar it h n e ti c Package , and are exp la ined furthe r in the

fol low in g sect ions . A p recc r~~i ler , name d CLUDGE , s avaMab le which

w i l l  recognize the INTRVA L typ e statement and insert calls to these

Interva l arithmetic routines. Control cards and the deck setup for

- usin g CLUD GE are g i ven In Appendix C.

Note that routines In the Interva l Ar R hme ti c Package may be ca ll ed

exp I C i t l y f rom the user ’s progra m . In the last examp le , the user cou ld

1

- 

- - - - 
_ _ _

— 

— 5- 
— 
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put the statements

C~MPLEX A ,B ,C

CALL INTADO (A ,B ,C)

d re c t 1 Y i n tc  h i s  p r O~~~a - , and thcn a precomp i ter is not needed. The

p re CCE’ it C” ~~~~~~ ~~‘ it- - e r t e d  oni~ to make the use of the

Int er va l A rit ~’~e ti C Pack aQe easier.

II I .  j~~ ~~~~~~~~~~~~~ ~
—
~L I~~~~~v a l  A - i t h -~~t i c

The f c H c~,irc secti ons de scr fte the rethods used in the ‘r ter va t

A r t ~~ e ti C Pacxage to ‘le-nen : the variou s interva l operations. The

ion preserves t’- e cc-n:eDt of interva l ar th-ietic as It is

dcsc ribed in Sect ion I.

W i t h i n  t”e corputer , a- interval of reai nu-bers w i ’ l be represented

by itS c — t : : .  ~~~ ~~l ) ~— .s refer to an interva l ~~~~ as an ordered

pair  0 r r- a c - i n e  rcp re se nt ab e 5 - ir c i e  prec ~~c’ nun’bers , a and b , suCh

tha t a ~ b . Hence in order to represe nt an in terva l by a ~ ing Ie varia bl e

in F c r t r an , t’- e va i c ~~Se na— ’ — .st refer tc- two r’er ory ce ll s , one f~r the

le ft e ndpo in t and one for the r i g ht endpo int . This can be accomp l i s hed

in c t ~ cr of two ways : by declaring the variable C~ ’ PLEX or by declaring

it to be a real array of two el e — e n t s , i .e., CqM PLEX A or DIM ENSION A (2). I
if the user is c a lli ’~c routines in the In terva l A rithmetic Package di re c t l y, 

-

- he rray USC either met’~~~. if he is using the prec omp i let , C L.UDG(, he must

use the U.TRVA L type stat em ent is described in the last Sect ion .

We ca n now go on to describe the v~ nlous in terv a l operations In

tern- s of the repre sentations of the in terva l s by endpoints.

~~~~1~)

Ir  
_ _ _ _ _ _ _ _ _ _
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A. Bask L~i~sy~L ~~j~~e ~~~~

The fou r basic binary operations , add it ion , subtract ion , mu l t i p llcat on ,

and d ivision a re d e f i n ed fo r in terv a ls as fo l low s :

+ :c ,d: .r~ • c . b • dj

r b - r c ,d — Ia - c’ , b -

Ia ,bJ x rc ,dJ 11[mir~ “ac .a~ .bc ,bdJ, max ~ac ,ad ,bc ,bcfl

[a ,b
2 

/ L c ,dl •~~~rir,  ia /c , a ’c , b /c , b/d~ . -
~~~~ a/c ,ald ,b /c ,b / d ’

(note: d~~~s iOn is de ’inc -~ ~ r - l ’ , f

,.~ te t~ a: these def m i  iors are cO’5 ist ~” ~~~~~ t L e cene ra~ set del m i t  i c - s

in Section 1.

m e su~ rc’.~t ine s in t -
~ in t e~~~,~ A n i t ~~— c t i~ 

rackage w~- i c l . per fcr-

th ese c ’~ rat iOnS are ?1.~~.-. ’ , ~~~~~~ , l. ” .., ar I!~T IV , respect i - e l y.

~~~‘e - d ix ~A de sc r~~es ~~- t - -ns e rc ~~t r - e~ — ay be ca~~1ed directl y. If

C~~ is bei ’c used , ca l l s  to :~ csc rOut in e s w i l t  be ce~ e-a :e~ ~~- e r e v e r

t— c srbo 1s • . — , • , or / arc c-cc. - Z c r ed a~~ e~ :~-~-~ or bc: ope~ ’ :~ a re

c ’ t~~’e i’,T .-~-
_ . (~sz-~e ~‘-a: 

-
~~~~~~~

-
~~ n-o:e k a !1~.. ~~ c~~-:-~~. ~ o— ~ -er ~ ~~~~

bc:~ n c~ dat ~ types a re des: ibec in Sezt iQn ~~~ C.) CL~~~E i c - r e S  a

~ S ~~ n , and u ar ’)- ‘c’nat iO 5- IS ; c r c _ _ e d  by t~ e ~~~~ inc l . ’.E~~.

For fu rther infc~~ a zio r~ on the theory a-d atoo rithm s used for thI s

in tc r~ a l ar~ t~- — -c t I c , se e [I and t~~
’.

B. Best Pc’~ s lb l c F I c~ ‘c ~c A r It  ~~~-‘~ ‘ c

W h i l e  the interva l op eratio n s def i ned in the as t Section are

- 
t he ore ti call y correct , the y cannot Si - ; 1 y be prograr~r~ed u s ing the compute ’s

b in ar y Operation S , since th Is wou l d  again in: rc4uce th, error we are try i-g

to avo i d . Cons ider the foltcx.~ ng cx a - ’le :

I 

5- - ---
~~~ 

-

~~~~
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Suppose a hypot heti cal computer can retain onl y one
d i g i t  a f t er ever -. o~e ra t ion . Then 1.6 , .9] rI ght be a
typ c a l int er v a ~ ._ Ire squa re of thi s inte rva l woul d
theore:ic.~ 

I., be _ .t~~, .Elj  , but t~~is wou ld be represent eø
on t h i s -p ter b- ~ .6 , .~~~~~ . ~~~ ~~ flCC our ori g ina l 

2
inte r~ a ! contains the r~~~ber .899 , we requ i re tha t (.899) —

.8~-E~~ i be c cn :a i— ec in the int erv al :.~~, .S , but obvious ly
it i s r~~~~.

.c : t  :‘~~ t ‘
.~~~~ , l . ~~~~~ be an adeouate rep re sent ati on

1o r .:, ~~~~~~~~ , t _ t  t ’ - i s  i s r o t  the s— -~ I ie S t  suc inter v al

~~~~~~~~ if ~~~~ ro-~nd u-~~ the r . Q h t  end po int  and rounc

~c’~- V e le ’t en d n~~~r t  of .6L , .6~~ we get [.6, .9jwh ic b

is t ’ c 5 — a l l e s :  a:~ c.~a :e :r:erva l r~~ ’ccen at~ c C— our
b- ,p -ot h et ica l c~r’p ..t er .

T-c lntc ~~a ’ ;- ;y- - -c: ;c ~a:..age uses a set c’ rc tine S wi t~ ~‘E:c s t

Poss~~ le Float i ng  Po p-: A r t ~ — e:c ’ t o  ac:~.—p li s h the de si’ ed bo .nd ng

o’ r t o vC ’S .  E s s c-t ia lt v th ese routines ca l c u l a t e  the result of a

fIoa :i~~ p c r  opera tion tO rore prec ision tha n s i ng le preci s ic ’ , and

~~~~ ‘‘ rou : u~ or ‘ rc-~ d~~~.
- ’ as desire d . T~ e r ct .ul t iS t he  ~~~:~~s t

r . 3 5 -iflC r - !tt~c tOb lC s r ~g ’ c r’ -ecis i on nu — her less th a - tk e ex~~ t r e s u l t ,

or t ’~e s—al l e st r— a o~ ~ne rc - - e s er :~~b- le  s in; lc pre: s ,c- -~ r.~—~ er greater

t ’ -a- t~’e c’- c :  res ul t , as :hc case ~a ,  be , For furt her discuss c-

these a:gor~:~~ s , see and 6. Case ana l ys es Icr t~ e corr eso o-din c

int e rva l rc ~~: ~ncs ray bc found in ~~~~

C. ~ . r - r c~~~ ~~~~‘~- c -  : a ?  Tyr.es

T~ c I nte r v a l A i :~-— eti c F ac’.age con ta in s rc’~ tine S w b iC ’ w i l l co- - e r t

intec er , rea l , Comolex , an~ do ub le precis ion n. Lcrs to inte ve 1 s (I .e. ,

to the cor-o te r ’ s e nd p o i n t - rc r re se nt a t i o n  of an in terval) and vic e  versa.

A d e s cr i p tic- of each conver sion s g i ven below . The name g vCn r~

par enthe ses Is the name of the routine in the Interva l A r i tIi~e t i c Packace

— w hj ~~ - does the convers ion.

_ _ _ _ _ _ _ _ _ _ _

-- -5-- —5-- - -—5-- 5---- --5---- - --
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I . Rea l to Interva l (1N1C58) :

A dege nerate interval is created whose endpoints
are the c iv en rea l number .

2. Doub l e  Pre cis ion to inter va l (INTC6E) :

If the double p rec isi on nu~ ber can be ex pr essed
exa:t~ y in  s i nol e pr ecis ion , th e c o— ~ ers ion is
the c- as in I . If not , a r :-  . cunu rat e i n t e r va l
is obta ine d by r cunu r~ ~n on t ’ — u cou~ k pr ec i sicr
nu- rbcr icr the )et en d p~ i~~t , a-nd ro u ndin g up for
the ric h : enop oi-t . -

3. I n t ej ’ ~~ to  ~-~~ ‘- .a (INTCL ~P):

The r:t~~er is first co~ v e r t e d  tc doubl e ntecision ,
a- nd t~~~n :: a- - i - t e r ~ a I  as des~~r i te~ in 2.

~~ . c~’oie~ to I n t e r - a l  (1NTC 78):

The rea l par : cf t~ e c-y -~~ cx n~~5er is co- .-e :ed
to  an i n : c n a l  as S: ~cd j r  l~ T e  i— ag rary

— part is ic n c_ e o .

5. ln tn .~~ ’ 
~

-
~J ~~~~~~~~ 

r1~nz ;. 
~~ 

ç•• i ’ c ( i ’  ‘295 ,
I t ~~ -2~~c I~~~S- - ~

T~~e — i d ~~c i r t  cI t - o  inte- -a- 5 C~~~u e d  1 double

~ re : i 5 i O n  ~~ -d i s  t e -  : - - .-c ted to t ’ e desire: type ,
ro~~- d c - d  i’ n e c ess a ry ~ i~~~it :~~~~: 1C .

6 . irt c r ~ i1 ~c C cr-~~lc x  ( l t . 1 2 97 ) :

The rea l part is set to z ’-c rcu rded va lue of the
riCp:i r~t o th e inter v a l , an d the i ’ag i r.ary par:
is set to zero.

When usi n g C LU~~ E ,t’ e prc: ranrnet r-~a~ ni x vari ab les c ’ type I’~T~~AL

w it ’~ those C ’ t y pe  PEAL , ?cE r~~:i 9 Ic” ., I,. EC.EF , c ‘~~LEX . Ty p e

— l’~TF~ AL d c r i a t e s  ti- c c:he r data types. I’~us nixcd rode a r i t ’r— eti c

inv olvin g a variable of type I~ TP’.AL w i l l  be done in interva l arlt’ -r - e:ic .

CLUOC E wHI generate c alls to the variou s coivers ion routines whenever

ncces s.ry . For cv a— p )e , supp cse R is  rea l , and A iS type l?~T RVA L . Then

dur rg pre co-np i iation with CLJ~~E , the Sti o -n en t

R • 2 * A
‘
I 

~
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s rep laced b y

REAL INTC8 S
CØM PL E X A , INTTEM (2)

CAL.I. l~ TC~.!(2, i’.TTE~1(l))
CALL ll~T~ u L ( l ’~ TE~: (1) ,A I t ITTEM (2 ) )
•

No te that CLUD ~E wil l  all ocate temporary storage l ocations In the array

INTT E~ to  h c t J in: er ed at e in terva l results whenever nee ded ,

The ari t ’c- et i c IF statc.n~en: is the one except ion to the fact that

the ~~~~~ ~~ta t y p e  a~ - - a y s  ~x- ir e te s . If t he expression r ar a r i t r - —

r re t i c IF statt . cr~t c o nt a i n s  a variable of type INTRVA L, CLU~~E w ill

ce~~c r a t e  t ht  st at e— ents necessary to evaluate the e oress cn , ~uSt as

exp la red a : - o , but t”c fin a l resu lt is converte d to type REA L and the

prope bra-:~ is oete i~ cd on the b~ si s of thi S REAL value. For e~a—pI e ,

for the stat e— cits

I~~T F-VAL A

IF (A) 3, Le ,5

CLUt~~E w i l l  generate

REA L 1t41C85
CC~~LEX A

IF (i~ TCE5 (A)) 3,Ls ,5

The user — - ay also call the se Convers ion routines direc t l y f rom i - i S

program if d es ired . (See A ppendix A).

D . £*ponen tla t io n

There a re  fou r routines in- the Interva l Arit ’vretic Package for

rai sing an interva l to a p~4er:

I

_ _ _

_ _ _ _ _  5-
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1. i nterva l to Inteoe r Power (INTX PLI):

The result is obtained by successive mul tip licat ion s
of the inte rval wit h it~~~lf . However , if the power
is an even intege r , the lef t endpo int of the result
wil l ne ver be l ess than zero. For examp le , If A is
the Int erva l n[_ l ,2J, then the resu l t of squa ri n g A
w i l l  be C ,L ,~, evc tho..;h A mu l t i p lied by itse ’f
y ields -2 ,~~ j .

2. I n tc rv a t to  Rc~~~~l , ~C~~bl~ Pre ci sion , or Interva l P~~
( l ~~ Tx P~~ , Il~ T X r o  ,

The result cf A~
’ is :a~cu~ated by exp (ezlog (A))

wh er e t ’~ int e rva ’ expc -~t - t i e l  a - d  o~ FC~~t ‘ c s
(descricc .~ H Section II I . F .) are use d , e o  9
IS co nve r ted  t-c an ~rt e rva l b o r t hand , if necessary.

3. Rea l  D rj b l e  Preck ion , or Inteoer t:- i n t e r v a l Powe-
( it.TXP :

The base is fl-st converted to a - interva l , and
then :~~c r o t  i~~c- i~~x~E k used .

The precor’p ile tU3~~~ w i l l  p c : e s s  c:-currences of - in a Fc -t -a—

p rc ,ra :-
~ generat H0 ca ls t o  tue ~ p o r c o r  late rc .t ine s , ~ependi nc

on the ty~ c of base an~~ ex~~~ont . if C Lc )2E IS not used , the u5e

nuSt see t~~at proper CC— vers ions are done.

E . C ci-oa r i s - - of inte rva ls

The Interva l Ari th - - e tic Package contai n s loc ca ’ function s I’.TE Q,

U.P.E , l~~~~~, lNI~ E , lt .T LT , I’,TLE wh ich ~erfc’~ r V-c comparisons .E~ . ,

.14E. , .CT , , .CE . , .11., and .LE . or- two interval s . Th ese relat i~~’Shi p~

arc defined as loT l r o~ s:

ta ,bJ — tc ,d3 if and onl y II • b c d

[a ,bJ ~ (c ,d’) if and onl y if b ~. c or a ~ d

‘ a ,bJ .c t c ,dJ if and onl y If b ~ c

{a ,bJ ~ fc ,dJ if and only If b ~~~ cC )  —

— ~~~~~~~~~~~~~~~~ 
.
~~~~~~~~ 

5-
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~ [c ,dJ if and onl y If a ~ d

[a ,b J ~ [c ,d )  if and onl y if a ~ d

These are co nsistent wit ’ the genera l defin itions in Section L In

pa rt cu lar , rote that if R iS any one of the above relatio na l operatc~s ,

then Ia ,t’? S r:,dJ if a-’d onl y if x R y for  a~ ’ x € t a b ’ and y~~

For exar’~p Te , if x ~ [l ,3J an d 
~~~ 

i t iS  not clear how x and y are

re tate d . Hence the re l at c,na ’ operators can be defined onk on dis j oi nt

I r ~te r v a l S or Hterva 1 s w i t h at m ost one point in car’on . Care mus t be

ta k e ~~~~~~~ us~~~c t hese o p e r a t o r s  sH-:e , for exa- p le , ra ,b T 
< rC .d) does

not ;— ~~i - ~ ~ - a t  ‘ a ,b
2 
~ rC ,d~ . Even more confus in c~ is an express ion su:~ as

•~,~~T • ~~~~~~~~~~~~~ .NIT . (A .~~E .E )

~~ich is true I’ A and 5 are n~
.-~de~~ -erate Hterse :tin~ int erva ls , even

I f  t v ~ a e  e q - a ’ as sc :s

T~ ese routin es r~ay be refe renced dire ct l y by the user (see App e~~ ix A),

or , they w i 1 l  be re fer e cec by C L~J~~~~E whenever one of the relat ic-ta ’

otcrators •E2 ., ‘.E ., CT ., .~~E ., .LT ., or .IE. is enco..-tered w it~ a

type IhTP VAL operand. (if the othe r operand is nOt of t ype INIPVAL , i t

is co- -~erted before the com pari son is r~a de .) -

F . Stan dard Functi ons

The inte rv a l A r i t ~-— et c Pac ~ ace prO - ides interva l counterpa rts to the

Standard Fortran fu r c t i o ~s SQ ST , UP , A L~~ , AL~ CI~~, ARS I I., ;~~C?S , A A h ,

511411 , CCSH , TANPI , C~ S, SIN , TAIl , and ATAW2. These routines are listed in

A pDen di x A . Thui , if des i red , the user may cal l them di rec t l y. if CLUDGE

is bei n g used , cal ls to the interva l counterpart S wil l  be made whenever c--c

of’ t~ e above rou tin e s is e r c c ~L r t e n e d  w t h  a t~ pe l l ,T PVA L arqjment . 

— _
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These interva l routines utilize the standard double prec ision functions ,

and hence althoug h there is a h i gh probability of acc u racy , correct bounding

— 

he re cannot be guara nteed. Appendix B g ives the numbe r of bits which are

assred to be accurate for each of the doub le prec ision standard fun~ t i~~~

used. The prCt~?~ ” ar ises w
”e’- a Carry, gene rated below the last ass -’-ed

acc u ra te b -it in the double prec Ision re sult , propa gates into some of the

correct b i ts , caus ing erroneous boundi ng of the interva l , Co~ i der the

fo llow ir s r ~p le exa~~ 1e:

Suppose the exac t va l ue of a function is the binary
nu ’~’ber 

C ) I M . If we use t’— e corres oc ’—d ing Fortra— I ..rary
fu r c t  ion , and orl~ the f i r s t  three bits are acc~ r~ te , we
could get a- error c’ c:~~i a ni o~ r reSu lt wc ’ d be
d I l l  • OC~~~~ ’ ~~~~ ~~~~~~~ we t~~~~c a t e  t hi s tO three
bits we get lO -Z’ as a left en dpo in t , when in fact the left
c .d p c ’ i r t  shoulc te d l l .

To prevent t hi S , t e  result of the double pre :is ion function is

a~~~a 1~~y bou~~ ed t- ~~:e: c’~ ce at tk e ‘as! ess~ — s’d ~cc~-rate ~ it in the ‘east

si g ni f ica n t part of tbt - .nber , and once aga~ - to create t’- e prope r sin c l e

p rC ciSi O ’ endp oin t of tI- c H~~~rv~~~• So in the above exa—p le , to create

a le ’t endpo int f r ~~~ l~~~~~~~, Lnc~~irg that on ’y t he first three bits are

accurate , we fir st subtract OD lOC to get O ll 0C~, and the n truncate tha t

to three bits to get O i l , whicP’ is the proper left endpoint.

The resulting interva l may not be as small as p ossible as a result of

th i5 process , but it 5 mos t probab ’y accurate. For fu r the r details on

th e crror ana l ysis of th e Fortra n do~b l e orec is ion routines , see

C. Supporting Funct ions

Two interva l rout ines which have Fortran coun terparts have ye t

to bt mention ed. They are IN TA B S , which computes the absolute value of

a i ”terv a l , and IHTSTR , wh ch rep l aces one inter ~e1 by another .

--5- 5 - - -  —5- ---- - 5- - -  
-— ‘——-—5-----— -- --- ——-- 5- - —  -
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In add it ion , there are Six interva l routi nes which have no Fortran

counte rparts , and t~~ s w il l never be referenced by CLUDGE . They are:

(NTSUP Returns the ri ght endpoint of an in terva l

INT 1NF Returns the left endpoint of an inte’rva l

INTLEI. Ret urns (be ~e - c t P  of an interva l

IN’ruøN Returns the union of two intervals:
[a ,bJ ~i Uc ,dJ 1 ,r’in(a ,c) ,

INTSCT Retu rns the inter sect ion of two intervals:
a ,t~)~~~1c .d’ ~~:r

a x a ,c
~~
, mni r~ l~~,d~J

(Ite ir :er sectt or CY ilsjoint r t e r . a l s  i s not cc t red )

Re t u r r S  an int erva l created by ~c~~nding a double
~re cis io- n~~nt~er to a d yer ac: racy

These tOu t i”eS are a ’sc’ ~istcd i ’~ A pp e-d ix A , and ray b e ca 1 ’ ed d i r e c t l y

by  t~’e user.

(~ ote: The re iS no r o t  He i n the Inte- val A ri t h—’e t~~c Package w~~ ch

— 

~~; l l  create a Ht er~ a ’ f - -r - t~~c-~ rca
’ n-u’ ’bers . How e ver , t hI s ~a~- he

accc r ’pl is”ed as f o l l c.-..- s:
S

I. Convert eac’ reel n .-~5er to a de~enerate interva l .

2. Form the ur~~c- 0~ these two int er ya 1 s.

To create an interva l from a double precision numbe r , use the subroutine

i’.T~’.~ and ~ pec fv  ho,~ ran~ b i t s  o’ the double precision ru ’nber are aS~ u--ed

to be accurate.)

I’. Error Conditions

Durin g ever y interva l operation performed by a routine in t~ e I”terva l

ArilPr c ( i C  Pac~age , possible error conditions are monitored and a f l ag is

Set wScnever an error occurs , At the end of each operation , a ca ll I s

‘ag e to It~TRA P , a roLt ine in the interva l Ari th r- et ic Package which takes

b:~~ro,r;at, action if art error his occurred . Bel ow is a fl st of the poss ib le

5 - -  --5- --~~~~~~~ --- -. -———
~~~~~~~~~
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~
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error conditions , along w ith the value of the resu lt in  eac h case , and the

act io n taken by I N TRAP . The meanin g of’ ove rflow and under f low should be

c lear. An “ i nfin it y -i ’ error occurs when an attempt is made to round up

(down’
~ 
a nu ber W ’-iCh is a lread y at least as large (small) as the lar gest

(s-~a ll eS t ) s inQie p r ecs io ” n~~ ber possib le. The s~ ’bo ’ K iS used to

re pre sent the largest poss ible s i n gle prec ision number , I is used to

rer,resent the ~ar — .est p ossi t le si nd l e pr eck o- r- — :e r w~~ich  can be

corre ctl y conve rted to an i nt e c e r , and C ind cates a correct va l ue. The

u poss b l e act ions t a k e n  b~ INT~.AF a re :

A Uc - A c t i o ~ Ta ken

D ~-Hts Error Message

C p r ;n ’~s Error ~‘essa;e and Traceback ,
~ J r ~~~r ’ ~~~~ t ’ e E r :-r c’~~- z e r

The fau ’t cord it iC’5 - 5 re:cn i~~ed by INTP4~’ are:

I . Bou~’ds Fa~~’ts :

Left En~~n- ’ int  P c ’  E~~~~ Oir’ t F~~~~u 1t  Action
S

no fau lt in fin i ty (C ,K~ C
no fa , - il t ur~~er  low [C ,C A
overf low i n f i n i t y  ~

- - , h: C
—i n f i n i t y  no fault -‘~,C C
— i n f i n i t y  c~~er ’ ~~~~~ 

,‘ C
— in flni t y i n f i n i t y  

~~~~~~~~~ 
C

- i n f i n i t y  underf low :~~,c: C
underflc.q no fau ’t [C’,C . A

-: und cr ft c,w H’~~ n i t v  ~~ C
underf)c,.~ underf low ~~~~ A

~—T h

:

~

;: 

~~~~~~ - -- “±~
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2. Ot her Faults

F au tt Result Ac t~~n

Div iSion by Zero undef i ned C
Ze ro to the Zero Powe r (1 ,1) B
Square Roo t of tieQative N u’nber (-K ,K) C
Log 0~ Non-Pos itive Numbe r (-K ,K) c
Underf low du r ifl~ 1-te rva ! to

~.ea l Co— ve rs i on 0 A
O verf l ow during Interva l to

In tege r Conversion I C
Inte r s e c t ic ” of O sj o i r - t

In t e rv a l s undefined C
A RC~ S or ~~~~ t~rç u ’-ent

Cut ~f Ra nge - [-~:,KJ C

PrOv is i ofl S have also been Fade to a 1low the use r sane cont ro l over the

~~~t 05- ta .e - w~en errors occ~ r . ~~~~ are exp l ai ne d in more de :afl in

A~~ e d ix D.

I .  I r n - j ~ an d  C u t o u t

The In - :e r.ai A n t  et i : Pa:.~aoe contains no s~ ec al rc~ tines for

i”p,~: a--id Output of -terva l ~.an iab ’es , so the user r-~ st d e e  h i ç own

methods . P-is iS a stra c~-:forward task and no -i-’ore diffic u ’ t ’-a- the

task of input and Output for ordinary Fortran variables as t ong as the

ts e ’ rc- -io—be r s two ~hT ng~~

1. In terva ’ var i ables re qu ir e two memory ce l l s and hence
must be trea ted as ei t ~ e~ c o’-’p !ex va ia b le s or e r r av s C’
t.’o e le~ erz s . If they are dec ’ared as arrays , t hc~ ~aybe read in or w r i t t e n  Out ~ust as crd rarv arrays are. Ift t - e~ are dez ’ar-’d CC” PLEX , they r~ay be read in or ~.rit te
out just as :ci-plex var iab~es are. If  CL UDG E is used , a l l
va riabl es 0~ tvne INTRVAL are automat ical l y declared COMPLEX
and should be treat ed so in a ’l input and output st a t e -en t s .

2. Fort ran F~!RMAT st atements all ow the user to soecify the ru—her
of di g i t s  to be wr i tten Out , and so what i3 actuall y wr itter
is . the va l ue rounded to tha t mar .v r~

1 eces . Ca re shou ld be
taken to Insur e tha t t ’ -i s feature does not unintentional l y
ri s re p res e n t the actua l endpoints of the interval computed.
That is , roundin g up on the left endpoint or down on th e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
~
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r i g ht endpo~nt could cause the interva l to appear smaller
than it actua ll y is . 

-

No t e

Any appearance o’ a variable of type INTRVAL In a REA D or WRITE

stat eme nt causes the message

~~
-;

~~.--~~~~~ WARN IhG - TYPE OTHER ARCU~tENT lP~ I /O LIST

to be pr inted. This messace is SiMp ’y a reminder to the user tha t a

type INTSVAL varia b e is be in c used and r,.s~ have two fie ’ds reserved

for it in the FOP~M,AT state -~ent . The r’essaoe coes not indicate an err or

in syntax , but m ere l y po in t S o~: a frequent source of i/O errors .

S

(
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Dat a T~ pe to Fo r t r a ’ ,” T~e Un v e ’sit y of Wisco n sin , ~~ t~~e—a tics
Resc ar~ ’ Ce -ter , U.S. Amy , Te: -ica l S~~~ ar~ Report —l C ~~ ,
Ma y ,  ~~~~

[6) C. A . C l arke , “I-~~ e—e-tat iOn c’ pes t Possi~-l e F1 oatH-~ Point
A r t’—c t C r :~ e l E ~~ 3~~ ’~7,’’ J~-re , l9T~l . (Ava il ~~~l~ fr~~ t’- e

~as~~i-cto— State ~ni -.e-s ty Cc ~ t i ” ~ Center Litrar .)

[7) C. A . C’ arke , ‘t — n i e— e-tati on of the Fortran Precomniler , C - ~ E ,
for the IEM 3~~’67 , J n e , 197 1 . (Av ailab le fro.— - t~~e W C S - i ~~ct ~~-State University C cv- p~~t r ~ Center L i~ rary) 
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Ap p end I~~~:

Routines in the interv a Ari th m etic Paclcaoe

In t he followin g tab le , the NAME column gives the va l ue of the pa r.-

in coar~on b lc~,k U.TFLT when INTRAP iS cat led by tha t routine

(see A ppe ndix 0). In the colunr marked ‘A rg ~’r ert ts ” th e type of each

argument is ir’oli ed by the fir st 1 e - .er as fo ll ows:

First l e t t e r  Type

A Interva
C C cr’~~’ex
0 Doub le Precision

I ’- t e o e r
L Logica l
R Real

S  

--- - - - - - -
~ 

- - - - - - -

- — ~~~_~ 1~~~_ ~~~~~~~~~~~ ~~~~~ 
- - - — 5 - - - -- - 5---



F.’ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ 
-. - --

~~~~~~
---, —. --- -—--—-—--—— 

A -2

I r — 1 — —,
rd ~~~ ~~~ 

‘ 
— - - 

I

1’ ‘ -
~ 

-:~ 
— 

~~ 
--i-, I~~~ ~~~ < ~~~~~~

, E~’ ~— — — — — — .- i i p 
~ 

p
- U I  — 

~~
. < ~ < — — -

- V • 
‘ 

I ~-i in ~fl in in V-i in v-i < < .5-I i I • a1 LI I~ LI LI LI LI LI
‘— - ~ r i

in in in In < ~~ < —in in - 
- il-i

~,J
d < < < < t

- -- -

ad
C

~ ~ 

-

— r -
in in ~n in in in ,-. _

4_ I 4_J L. L~ LI LI LI LI in in in in , —
~~ ~~ u i&i u., n-. r-. .-.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
4%. r’i ~~~ ~~ — — — 4... - - < ~~ 

-• — —

C
CC •- C

C ..~ C C C C• — u C C C
C. a., C C a- .— --

U C- .. — a- —C - - & C . ..
C. C C C. C C. C I, I- V — C C C

c C c c c C c r c c c c u. v • 1...
C — — .- .— .— .— ‘ C U — 4_. I...

• — — - — .4 ad — ad ad — ad — i. ~ C, K
= 0 0 r. ~~~ i. C. — — —C C 0 C C C C C C C C c_ — e r~ ~r ~. i. I. I. i. 4. 4. 1. 4.~ 4. 4.~ 4. ~. — C. ..C .~ .C .0 .~~ -~~ .n .0 .~~ -~ .0 ..~~ — — g0 C C -~~ C 0 -

in in in in ‘-~~ in in u-i in ,n in — ~~ a i.~ C C C
—~ .- —j

C
— C ~~ -~~ in ~.o ~ ~~ . ,.-~ ~‘ P-
— C — C.. C.~ 0~ C.. .~~ L’ ‘.0 r— ~ ç C~ Cr a

in — ~~ ~~~ )‘( ~( LI — LI LI LI LI LI LI 4_i —.4c ,— w I-. P- )-. — I-. I.- I-. I-. I-~ 4— 4— 4-. I-. I— I—Z Z Z = 2 Z Z Z =

~~~~~~~~~~~~~~~~~~~~~~~ 
; _

~~~~~~~~~~~~~~ • ...
~~~~~~~~

.. _ ____

ii Ic — > — ‘. u K
C. 4. ). I. i~ V C: Vç c c. i. s, > c —

V 0 C: — ~ . — ad 4. C — C.~ C.— — Ic — ~ v-i i. Ic C ~ — — E ~
,-i

L C C 14 .0 0 a- — —. C C .0 0 



r’r - — —5-—. — 
‘-‘ —‘-5-—--.— ‘-— —— 5- —‘-—-. ‘-5-——- —‘5---— ——--- 

—5-—.- 
—- -5 -— 

1 — — ~~~~~~~~~~~~~~~~~ 
—5-- —1

—— —  a 10

< 1 0  10 10 10 LI LI LI in 4— 4- a

S I I ~ I-i I I I I I S I 5 5 5 P 5 II I in
in in in in in VI In in in in LI in in in in in in inin LI 4_I LI u~ LI LI 4_I LI 4.1 LI LI 4.1 LILI
< < <~ < < < < < < < 

- 
10 10 10 10 10 1 0 1 0

I-,
-J I-

in LI 2 Z
— C’- 10

vi in Li C.. 
~ . C — vi vi Z I— I..

- 
ad 

~~ in 2 LI _J — in LI LI 10 LI C:C — LI • LI LI C LI - • 4— - S C1 C. , LI vi = 10 LI 2 4.4 • • 5 4— LI =— — I— • — 4- — = —‘C  ~~ 4- vi 10 10 ~- < in t. C. 5 t. C — — C’ = 10
C C 10 0. ~ a LI >‘ — — • - in in 10 -i—

- 10 — — C • LI C. — C C. C C. C 0. I— C.
— in 2 • 1%. C — C~ - a — * • - C.U’ • ~~~. — 2 — — — (.0 C 5 2  4—. —LI 10 10 VI ‘.-“- C.. 

~~~ t. — 5 ~ Z 5
~~~ ~- 4-. tI t. )~ — _ — in — a 10 10

10 10 10 10 10 LI ~~ 10 • - 10 10 in vi 4— 4—

in
j..1— 5-— _, — . C — “ ‘ - -  .-

in .c vi vi vi v-i v-i in in in vi ~~ in in vi
— . LI 4.1 LI LI - 4.) 4.1 LI 4. 4.1 LI I- - . -, LI 4... 4- 4.1

4.-a I’. 4%. ~~ C C (‘- C C C C C C- C- C. C. C C C C
< 10 10 < <  10 10 10 10 10 ‘C ‘

• 
<

• 
‘C

• 
10 1 0<

c aaa
5- - - —-- - - - - . — -— — -

C C C
4. 0 C D

S ad — —- u  i, u
C C C C, I C. I? C. 14 1 4) C: C. C C. C C, 4) V 4) SI
3 3 0  C C C C C C C C C C C C C C C C C C
I.. 4_ ~

• .- - -  .- .- .- -- -- - -  .- .- -
ad .4 •.D .9 •~ .4 .4 ad .4 •d ad .4 .4 - .4 .4 .5- .4— — — 0 0 0 0 0 0 0 0 ~

‘ 0 — —

• • a 0 C C C- c C C C C C C C - C  C 6 6 C. C
ii V V 4. 4. 4. 4. 4- 4. 4. 4. 4. 4. 4. 4. 4. 4.. 4. 4. 4. 4..— - - .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0r — 0 0 0 0 0C. C C Vi in in in i/I in in in V ii in in in VI in VI in VI
•i -J .-I

In VI 2 ..~ “a vi 2 C. 4- C = = 4— 2 2 C (.0___ 4- LI C- LI in 4— 4-- ~~— in 2 C — 5 ~~~ < 5 4— LI -..d LI 10 10 10 ‘-C 10 ‘ LI LI — —j in in in 4— 4— CO4.- a- ~.. a.. 4- 4- 4- 4-. — 4- 4- 4- 4- 4- 4-. 4-. 4-. 4- 4- 4- 4-
= 5 2 5 2 2

V 4.1
— C SI t C
• Is C Z c SI3 ad ~~. .4 .~ Si Ui

~~~~~ ; 3 ~~~~~~~~~~C C  
ad

~~~~~~ I~ ~~ ~~ 
-

~~~~~~~ 
!

• - ‘a’ ‘a ‘a’ Ic Ii .0 11 C. C C .0 ~ C .0 I- I
~ 4. C 4. C 4. 4. i II 4.- C Si —

— I’ V 14 0 % ) Q  4.- 3 f 1. Si ~ Ui I C.. 4.. C:0’ V ,.. > 0’ C. 0 a- ad E C 0 0 C C C. C, C -C C C ad C) > K = - -  > a ‘ — C.— — LI 5 LI — 2 LI in S in 2 in VI 5

~~ ib r’,a in — - in C- - (“4 4%. 4.,a - - - rd (“4 - rd (‘4
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SI
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in vi in 10 10

e LI LI 4.1 = —
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10 < 1 0
—5- —. 

~~~~~~
— 10

C

• 2
C. ad

S )‘ 1)
4’- C C C -

0 C
‘-U — —C ad CI C 4,’ 14
• 

~ ~~
, .E .E .E ~V 3 0 14 ..‘ .. ~
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interva l L brary Routines

In the follow ing :abIe , the values ir the range c0l u—’~ are the

approx ’a~ e extrer~e va ’..eS of the ~‘terve I f L inc t io r- i. M stands for t’- e

v - ax  r u  sir%g !e ~rec is c” floa t inc point nu-~ber . The n..’rrber in the “Err ors

co Iu~~ iS t P- e Va~~Ue c’ “-e f.1,!, flag for ~~~~~~~~~ e rror co~C it iOn .

- - 

~
1.— -- —

‘ 
— —  - - 

Ubrary Assuried Ac-
P~a - i e Range Error Exr ,?anat ion or C’~’--it’ r C cr’.—e ’~ts  Rou~ ir’es ra cy  j r

——  — — -  •- ——  ( Used ti t s

U T A C S  r c , — 23 Ar g_ —er ~ o~t of ra- :e:  —1 to I 52
~~~AS ’ ~~-~~~

‘ 23 •‘~r ~~~~~~~~~~ ou~ c’ r a — - c :  — 1 to I DAR S I- . 52
It, TA Th 

- 
-- -- - ~ATA~, 52

11,1. 2 ~~~.:  16 r i s ~ or~ ~~~~ zero e t t c ’ -”p~ed DAT ;-’. 52
IP,TC~~ L ! , I -- --- DZC ~S-- ~

‘ abs . va ’. o~ eridpoin~~~ 175.C , DC.~’SH 5)

~‘5. ’ Lse~~ -

INTEXP [O .P4’~ 
- -  V •~~S .  ~~~~~~. of e~~ po 17~~.~~ • DtXP 52

170.C’ L ’ C ~~
I’.TLh 1.19-i , 19 log of r:— -~~ s itive r’u- er DLQG 50

175’ exceot 25 i
1.0”5 l .CF II.Ti~~ t -79, 7�’ 19 . ..-: c’ r~c~I— positi4.e r-j ’5er 010Gb 

-

exce~ z 25 i
- 
cr-cr

I?.1$I ’~ r-~.iJ —— — — •  DCOS
1?.1S?.~-’ .-?1 ,t1’ -- If abs. val . of endpo int )75.C~, £‘~1~4H 51

175.C used excc:t ~~~~

E•~ ’- 3- , .OZ
I.1S 1 ~~

p”~ )9 Sc..~are r c-:: of a r~e~ at ve n~.jr~~e- DSQPT 53
I” TTAI, •-M ,M 10 Error w~.er i~~ erva~ ~~~~~~~ sia ’s CIA b .

the d i scontinuity o’ ta~ at -
‘-
: or

— at ‘~‘~- . The standard f.~~c~~j0-
DIAN will  a l so generate ar-i error
if eithe r endooint is “too close ’ —

to -~~~~ or to ‘~/ , No check for this
is made in tNTTAN .INTT .ii t- ’ ,’3 •- ••- DIAHII 52

-

~

-

~
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How to Use CLUDGE

The For ’.ran t~r c Z C T ~~’MCr , C L U ’ Z E , -i ’JlI accep t a~ r~cIs t a l’ Fc~~trè-

al low ed b . t 1 e  I D ~~1c”~ ra’ — C cc~~H Ier . T~ e ex :c~~t ; c ~— s ~~~~~~

here :

i. c ..-.::~ •~ 
‘ r: z z c c - : ;ny of t ’-e f c b b ~~..,- r :  s~~~~—e ’~ts~

11~T~~~E~
.•

C.~ 1P~.L)
cc

~~~~ .~~~
,..

c~~’:ZE ~~~~~~~ ~~~~~~ accept ~ 4--~~ f~~~ ’:~~~~- ; r  
~~~~~~ s : a t e — ~~ - : s :

1: 
~~~R

cc ~.Ex

Thus ~~‘c user n- - . ‘d avo id  u~ ir’C’ ~~~~~ 
‘
. ~~~~~~~~~

and C~’~PLE x - 16 dat a typo s a toge t hc r when ~~~ CIUDGE , a’d

Should r e p a c  othe r ‘- - ‘ t~ype statef-erits by ord nary type

sta c’-’rrts , i .e., use F~EAL ratl- r r than R E A L - . , etc.

2. The fOl IOw~ r ,C S t  t c - - e ’ - t S  are accc~-:ed b-~ CI.U CE , but no furt~-er 
-

aCtion is talon on them :

DATA
EQUIVALENCE
EX TEr.~.A L

,,;‘:: LIST

-‘—5- - - -

- 
-

- - ~~5-5- 5 - 5 -  — - -
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In pa rt i cu b ar , extreme caution shou ld be taken if type I~ iF.~’AL

var iab le s a r c  USC ~~ in DATA or E~~’IVA LEi I C  state~nents , s r-ice the

form cf those r a ~~Ies is al te red by CLUDGE . Also , S i n c e  F(’R’~AT

st a ’ ’~~r ’~. c ore r~~~~~~~~z c d  b-c: r-o~ processed further , the user

~~‘~~~~ ld  ~~~~~~~~ 
-
~~~~ ~rc ~~~~~~

‘ - T as ‘~ c ‘— a--~c an arra~

3. The ria’n rro~ ra mu st be the flrst ir 7 ’~~t to CL~~CE , an d at r’c’~~t

one r~~~n — . - :5-  :- , ? : :C D r  in ~~c de ck .

L~ P-c ~~~
- —

~~~~~ t~~.T T E ~~
’ a— ~ I~ ~~~~~~~~ a r c  c- e ’-- e r a : c -: by CL~.~~~r ‘or 5 -eC a ’

pu rr~-~eS , a—d s~-c’-~- ’ d not be cx ’c ’t ~ -~ used ~~~~ the -~~c~cre—rer .

5. tf ~L~~’ .E ~~~ ~~~~ a:c a:~ i :i c— a b s:atc- ~.e n t nL b c r 5 , they w i l l

sta r: .-. : h  3C~ T , Cr t’-e f i r s t  - : :~~r a ’t er a.;~~ic~ has r::

a brc ~;-~, be en u ’.cd. Tr-’~~~ t~~t proc~~ - --r-
~ - r  s’z~..ld at t e— ,t to use

s::~ c—~ ’ ! ; .C ’ t c : ’ -. t:~~~~~~~~ er ;cs~~iblc .

C~~::~ E C . t~ 0 H ’— ~ ’ a — D -j r ’ : o ’ err c- r c e c Hr~~~, but r~ay occas o r a b 1~ -

~r~- r - .. :( error rcssa~ es. s e r ~~tc?-: cs are ‘istc. ~ A~~~~~~~ E, ~~z- t e

t ’~~~t t~~c type CT’iER referred to by these messages is type I .TRVAL.

( C~...’:~~E ts a C : L a ’ i . a rer-era l purpc’sc rre:c~ -~~~l er for ~-~~
TF
~- ’; ,

.-c.cc- .t’~ sev erat i n s t r u c t o’-~ w’- ic~- w i l l  alter the way i n w ~~i ch it proce~~es

r ’ ~~~~~~ Thcs~ r S r ~~~~t c-”s arc descr i :cd in {~~~ 
and :7~ . but t~~: inc~~ er i-

~ ~.ro:r~~r.-~cr Sh~u~d not att ci-ipt to use thc ~~.

— 

- 

- “c ’ - -  ‘
~~~~ -

--—— - - - - - —--—~~~~~~~~~~~~--- - ~~~~~~~~~~~~~~~~~~~ - - -~~~~~- - 5- - -
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T he c~ nttOT ca rd setup for CILIDGE iS give n below :

Dec k Setup to Preccrlp i l e , Comp ile , ond G~

~~~~~t ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ II~~7.~c-i ~~~~ ~~~~~~~~~~~~~~ 
— - - ---— -. -— .— .  - .  -

ca res \
\ I:zt~ ~~~ - - -~/- -:c .s’

~~
I _ :

~~ I

~~~~~~~~~~~~~~~

--

—-- --  _ _ . . . ._ _. _ *__ _
~~~~~~~~~~~~w

/‘ 
- — . - 

1 -

r’S ; ~~ a’d5 
- - 

- 
--

- - - -  -

f II t: .TERV;
- 

-_
~I I ~~ 

-: 
- - — - -  I I 

-

~c-t-- c a r d : •  ‘

may be any n a c  of 1 to ~ character s (first c4-arecter
r’~~St  be aç - ’-~~-~- l i c) or ray c’c lef t b t ank .

de— ctcs at bea st one blank.

~~ ,rcc Cards arc t ’-’e Fortran procra~ #.-~-icb uses the lb.T?~’AL t ype
s tat ~-~~ :r- .

~~
, . -

~~
-
~~~
‘ :

_  

- 

-I 

~~~~~~~~~~~~~~~~~
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A progra~’ run under th j~ contro ’ card setuç w HI prothice three levels

0f

1. ~~~~~~~~~
ThiS s a l ist inc C ’ the se- .. rcu deck , atong w ith any error
r’ussagCt :“i C ~~ ‘~~E c~Crc~ra teS .

. C.j t r’.it fr ~ -~ t~~~ .‘t ’- .-- ’ ”  C c~-’.~~~er :

is a l i s t i r~ C’ ’ :~‘c Fc - t rc~ ~ r c ’ r a —  ~~b C k C L~~~~E ~~~~c : ~~f’-
by ChO r~~ ir~ the t v p~ I .T RV A L S t ~~t~~

5-.. rit tO CC~PLEX a~~C re~~la~ i-
C’ ’C ’~~ . C- ~’~ 

05-’ ~~~. ~~~~~~~~~~~~ -~z ’ i . -  e~ :~~t r -  r c _ ~~~’-c ca is e—~
fur~~ t i C - r ~ : 5-’ C~~~ r - : u S .  ~~ny u~~~~c r € - ~~~~’~.c! c d t , t - -c r t r c ’ -

i i e- ~~~ ~~~~~ ~~~~~

3 ~~“~ - f ’ -- : ~~~~~~c ( t $
~~~~~~r~~~~~5 - :

It I s i s  : - - e c : - . :  ~~~~ i5  ge-~’- ro’ ed ~- y t~~e e~~e c L t  icr’. o’ tk e
cç,- ’ - H c~ or~~’. ~~~~: a — . A - . error r~~~~ -~~-~ u c - e r a t ed  by ,.h~~
I, ( CL ~~~~‘ I : - .

~ 
-. c~ - 

‘ ‘:~ rc

T~~’se t~~- ’~ - e t c ~~c l s  c t 
~-‘ ..tc t are ilI ~~~r~ tu: I’- t ’-e s~~~-~ e r~ ::’~

-—

~~~~ ;~~~~ f o~~Ic~—:- .

~~~~~~ ~~~~~~~~

- ‘

s

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘ 
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~
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C— 5

~
1
c

c,~ vce ~~~~~ 4,s•t~ /j f l 9f  •f pr’i~# .)uIef$efC$ liII~d~-:

~~~~~ ~~~/~~7 VFRS !(Th C~ LU~~~

cL4.D1~ ~~~~~~~~~~ TO C ”MP u~ F A T~~~iE OF FAC’V”~1A L ~ :‘~~ THE I~
iC~c~ flT_ u S u 5r~; l ’ .T ~~~ Jt .1 r.o T 1 .~u t T I:

:Cn

r,1~~V ?L ~~~~~~~T , t . ’ - AC ~~

1,: I T C ( .  .1)

c~e p.ir c.r
~ 

~~~~~~~~~~ )

.; It ~ I~ ~Z 1 , 1 r  ,
‘
~ ~~~-11 •1\~~AC’T

~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
_. 

~V P~ ~- 1~~~~C’ AQ ~.‘ r\ ’T I~4 i / O  L 1S * *** ~~

• ,n~~~ ~~~~ ~ 
?i.i r’ n~ I’ c~ •~ ; r ç  

~~~ V L Lt I~ S OF T-~ 1w I Tv~~r :‘~c °VLLvL~ I:-~~L E S  b S  ~~~~~~~~~~~~~~~~~~~ l~~ ~~~~~~~~~~~ b ’,AY S

I t ’ L~ I ‘ (IF 1’,T C~ v41 ACT~~~1 AIS ANt) 1~;r ~ I ‘T~A D 1 T i-iMS’ , / / / ,
~~~
‘ 

~~~~~~~~~~~ , 
‘‘ ~:T~~z 1 . , L a , 2 2 x ,.t 5-’1 c , ( P~ C A C T f l a f A~ 1 1 ,/ / )

~
‘ f ’ .L” r.~ ’ (  ‘ ‘.12 .?t4~~,’I ‘ ,E15.9,’ ,‘ , 15.E , ’l ‘) l

C A l L  ~~ l1
r ‘.D

- 5-—-

5- ’

.-t~~~~~~~

_ V

f •‘
~~~ ~~~~~~~~~ 

4.

- -~~~---- -~~~~~~~~~~~~~~~~~~~~~~~~~~~
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C -6

~r.1v~is’ ~~~~~ ~y CLL~DGf For e~~r ,p,/.z
’jr;,, 

~~~,

Fo~f TiM# e.cP 411p1 kr

t ! V ~~L 1~~ 
U 4 I P -~ .- D ?~T E  ~71166 15/25--

• s s s .  °° T- ISS E ‘1Y T~~ 1~-~~/L-~’ VE SIflh CF CLUDGE *‘*s~~
c~~4~1~~ 

I!~T T E ~~( ? )
‘E~~1 ‘~~~T : ’ ~~~, PISJ P . L E F T
C 5 - ’” P LE~ ~~,‘. 2 T , L’,~~’.L1

P~~~~~~~~ -’ J CD”P(~~E ~ ~~1E P~ ~.~~‘t”~ lAL S L’~~
5- TH~~1~ iILTU :

~~~~~~~ 
j •i ’~’S US l ’~.~ I ’ ! E ~~’. L L  -‘.~~I T ~-i ’ -’ E T 1 C

I
,, 0 I IF ( ‘. , 1)
C~~1L ~~~~~~ (1.. FtC T )

1 - ’  l~~ .?5
CA L L  I ~~~~~~ (1~ l . I~~~~~~~~ A (  Ifl
C A lL I ‘.1” t~ , . T I E - (  I) , I’JTTr ’’l ~ I
C A L L  i’ ,t s r~ ( t . : ~~i (?? ,
r~~ii i ~~~~~~~~ 

c . r i ’ , L ’. A C c I
= l’ .’T ’ .F ~~~~~~~~

1 S 7 S ) t5-
~ t~~~ C~~

)

I C’ T~ ( 
~. , 7 I I • I - 1 r.-4r , t. ‘~~~ L I

( S • E I i  ., ‘, ‘-,‘, — ‘ lv O Ci~~ER A~~~r ’ c ~~t’ T ’~ 
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Error ~~—t rol

Below is a C cr’~~ete ta b le of the fe_ )ts w ’5 -iCh are recoonized by

t,.TR.AP. The value of the result a f te r  each fault has already been

in Sect iC ~~~- IIL )~.

— - - - 5 -  ___

Fault I Condi tion ,t fFault f lag  __ 
~~~
__ 

~~~~~~~~ 
I 
— - — — 

~~~~~~~~ 

e su t

J ieft er doc ’.  ç,__ , c~h _er~dpoJ~~t~~~ 
Response

C’ no fa ul t no f a ult  -_
no faul t  over f low

2 no fa~ l i n f i n i t y  3
3 no fa u lt I underf low 0

£4 overf low no fau l t  -

5 o .e r f bo ..i over f l ow
6 overr ;~’..~ ‘i.- j~~ 3
7 ove rflow ur-oerf low

8 - i r ~~~~r ’ i t ’~ 
- no fault 3

9 - r f i n i t - ~ overflo., 3
10 — irf i n i t y  infini ty 3
11 — i n f i r i t ,  un derf c~-. 3

• 12 underf Tow 
5- 

no fau lt  0
1 3 u rde r f low ‘ overf’ow .

u”dcr ’Iow i n f i r i ’ y • 3
15 uv’derflow undcrf bow 0

16 dk- is iOn by zero 3
1 7 ze ro to the zero power 1
18 sq La re root of a negat ve r.u—be r  3
19 log of a non -po siti ve nu be r 3
20 underf low du ring i n t e r v a l - t o - r e a l 0
21 I overflow durin g interva I-to-integer 3
22 - interse ction of d,s,o~ r’.t ir -t erva l s 3 3
2 3 AR C~S or A RS II~ argument Ou t of range 3

* cannot log i ca ly occur

— 

— 5- 5- — ~ u.~~~ —-—— 5--— 
~~~~~~~~~~~~~~~~~~~~~~~~~~  -:
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The act ion taken by INTP.AP Is determ ined by the value of the array

M0P~T0R corres pond~~g to the value of the fault flag:

~~~~QR(IFAUIT 
Act ion

0 ExIt
Pr int error  message

2 Pr int error rressace and treceback

3 Print error nessa~e , tracebeck ,
arid step error counter

LI Print error mess ae~ , traceback ,
and stop

The user ray c - u ’icate direc t l y W it h U.TF~~~~~ t l - rc u~ h c~~ ron block

)NTVLI . The s tate m ent neede d is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
K~ TP~( 2 3 )  ,‘~‘-J. TS - 3 ~

~~ere IFAuLT i$ the value of t k e fa~ 3t f lag ,  NAME ind cat es the routine

~~ ic~ the e’ror occ urred (see  A e — d x A for t~~e va ’ ues of ~~~~~ t~ e__ a rra y r - c - $  conte —s t~ c int erva 3 a rc- ,.-’e-’t s  (up to three o’ the , stored

as co ’~ —’-s), C~~~5 C o n t a i n S  t~-e poss ib le intege r arcu—’ent , PAR the possft’e

rca ? arcu ’ent , ar~ D ’AC. t~ e pass ~~~ double precs ior arcu —e nt . C~~~ io..s v ,

th e tvt’e of a cirents oassed depends on the t ype of arguments of the rou-

t ine in w~~ch the error occurred. M C Y1T C R  OlveS the defau~ t response for

each of t I— c possible 23 errors. The values in th is array — ay be alte red

dynan icalt y by the user to change the action take - by It.T P~~ . For examp le ,

MONTOR -( 1 6) • 1

Causes INTR.A P to s imp h- prin t ~n e rror r~essage ~~~~~ div~Sio” by zero

-
- 

( fau lt  1116) i~ a t t e c ~pted. The array KNT R g ves the max im .JrI number of

tire s eac ’ er ror may OCcur before execution is ter ri nated . This array ray

a Iso be a!tered dynamica ll y. Thus the statement

KNTR (l8) •

a ll ows taldng the square root of a negative number to be attempted fOut
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1 ,me5 before the job ;s ha l ted. The defaul t vai ue for this array is ~

for ,.Ch error. The arra y KØUI-~T~ contbins the numbe r of t tnes each

,rror haS occu rred dur ing execution . Wheneve r the corresponding va l ue

~~ ~~
,~T2R is 3 for a g ive r erro r , and that error occurs , then the appro—

val u e in ~~ J .TS is incr~-~ented and tested aga i ns t the one in YhT~.

f the max imum nun~er of occurrences for that error has been reached , the

is term i nated t.’. INT~.~~

hence ;f the defa .)t o~ t ons for Ih1 5 -R~A~’ are used , any error havin g

a C O f r C S ~~ O~~~~~
” Z va ue 0 3 or 4. r~ MC~ 7CR ~~~ be faze ’.
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(rror arid D ennos z IC Mess ~~~es f r~~ C 11.10 CE

Thi s appe nd ix g ives i l i s t  of a ’ ’  the error arid d i a gnos t c r-ess age s

;1’c l~ ded I n the CLUDG E . The y are listed al phabetica Hy •~ cordi n~ to t’-e

f i rst inva t~C~ t ir’.’orr~ati on contain ed in t~’.e message . V a r i ab l e s are m d i —

c a t e d  by XXX in t~~e case c~
5- n a- es arid nu b e r S (occas i onai: y h and ). are

~seC for nu~bers ) end X or Y in the case of c -ar act e ’s. We a !so g i v e the

•ea c o~ t ’ -e ressage if it  i$ “Ot se ’ e.;- ’a atc~~ ar~ t ’ e n-c a - i n ;  c ’ any

~ar~~~~e parts o’ t e  r’.essaçe . Fu — th ~~r ex p a -at iC ’~S C’ the tabl e “a— es ar~

-
~~~~ ~~~~ ~.:-dS ~~~~~~ 

j t he  - “ ssa ~ es car- b e fc~~— d in . w: cs T i F E  CT r E F .

In t r e  — e S ~~a~~eS ref e r  to  TYCE INIRVAL .

ARIT ~ —~~ S AT E” E ’,T Fu~~T 1 C .  X~~x FEF ERE NCE: -
~

- 
i T~~ 1. A~~~~~

-
~~

-
~~(t.T5 --

— 
.. .R:~~~

— E ’.S C ..A~E:-

A TT E~ :T IC POP EMPTy CPEF~AT2~ STACK
At t c~~ - t t o c~~ p il e a s ,”'te:tic a ’’ y in~~o~e~ St~~’e—~~— t

AT TE~~ T TO PCP EMPTY C~’EF .A ’C STACK
At ze p : to corp i e  a syntactical l y ~ - ‘ rO~ er st a t e~ ent

1~.TT~ M P T TC- P-E~ C A S T  ENC OP F I L E
Pre-ca~p i le r  error

CC’-’ ’I1E~ C~~ CC .~ I L L E ’ A L  C P EP ~A T C ~ ~N
(I) Clos n~ pare —t h esis ‘) ‘ iri stac )
~~) C~ era tc a soc a te d wi t h cD~~as i~ “ C t  C f ,.ri~ t o —  ca~ ’

: COM PI1U~ E RROR ~
-
~~

- LOOP IN C OMMON BLOCK LI N ~SCo4!rlon block 1 i n k S  have been impr oper y cc”structed resulting in a
circle of c n t r i e s  in sane co’r~on block

COMP ILE R ERROR f—.-- $ OR ) iN STANDAR D CODE LIST
Code liii was r- pr ope rl y generated

C2’,5’r~~,:TIc~. ERROR -- U~IEXPECTED LETTER FO lL O W S CON STA N T
The charac ter fol l owin g a str .ng interpreted as a Constant is not —

an operator

5- - -  -- ~~~~~~~---- -  5-—- -
~~~~~~~~~~~~~~~~~

- 5- - --
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CONVERSION WITH TYPE LOG I CAL LJt~DEFlNED
Cne s i de of an •fjth iC ti C statement fun ct ion dec larat ion Is t ype

log i ca l and zr - c othe r has a st a r - ,~ar d data type (other th an
( l og ca l )

DO LOO P NOT ENDED OR BADLY NESTED

‘ X ’  O C E S  ~~~~~~~ FO LL C J ‘ Y ’  I?. A L P~t~(TA construct c~’ :~~~ for-’ (~~- ‘- )  ..as fo.r~d in an imp ’ i c t  t ype
dec l a r a t o- .- - e r e  ‘ X ’ ; .eeds ‘V a ’- abct c a T I ~

END INSERTED
War nir - ; message a re.. ‘ rc ~~ra~ un i t was begun , but no end ~~“e

was ~
- r~~s ~. t in t r— e:ee~ i it and no - t•~ E’.S ‘ ir -~ - . c  ion

wCs — r e s u - - ~ ~~
- Y e ‘ S t r u C t i O r - S to t~~e

E~~
_
~~_ I?. ~~~~~~~~~~~~~~~~~~~~~~~~~~~

Cene ralj :e~ e rr c r —ess a9e tnd: cat ;ng error r the con struCti or- of
a co—sza t

EP~ C~ U. 1?.~T jCTl ’:S — : n PE _ ZC~ rLE~ .
E X E J I ~~. :-E LE TE O .

Fata l e rcrs were e-:~~ - - t e  red  iri the in struct ic~~S to the CL~i 8 E

?<ltE~~I~~-’ CO ’.S7A~.T E~~~~~~C 
P_ 5 ’ E ’. C~ CA~.O l~~~E

A s~~—~~c ’ i rt e r ~~~t :e d  •s a hO l l e r u t h  ::--s:~~- t ~as too ~- eat a
c~~a r a C : e  cc .. nt

hC~~~~~~ E~~ f ’  C - - E - ~ .T S • 5- • ‘. T ~~ ~~~~ t~, S E’-~E’.r r . : -
~- : c ’.s

I T ’l’ .• ‘IC tJ FC~~~C s~-:-
— Y . ~~ dl:? p-as tee - r - c -  ~~~~ ‘r-~ t’-~e C L Z ~C

I~~~E~~A L ‘ r ! ~.t -T ,~~,

~~~ cc-~ :— ~~ 
; c— - ‘erazors s-es been ‘c- -’- d —— see t~-e

descr p :io- o’ t P-e pars;r- g etnc~ a-d decis cn table

ILIECA . cc ~-c~ C !C ’  ~ ‘E
Cc~- - ~on t.loc~. r o— e iS  not b ’ ar-~~, ar i ntege r co—stin t , or an i d e n t i f i e r

ILt. E~~A t. L I S T  ITEM
A d i—erS On a- t~~ e d ec a ra t ion s tate —e - t is —rroper y cc-~ stru c te ~

or , n c tua: ed

ILLEGAL TYPE NA ’E
An imprope r type ra—e has been specified in a *type rs’ruc t ion

(note: The test generating t h iS  messa ge is not ex Pau s t ive)

ILLE GAL VAR IA B LE
An de ntifi er beg in s with a cha racter ot he r then a letter

IMPROPER APPEARAP ;Ct C DECi’~t . POINT
A decima l point or period ~as encounte red u ru exp ec ted ’ y w I-~~~t examining

a ton%ta ri t
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IMPROPER APPEARANCE OF UNARY OPERATOR
An operator (otI--er than ‘(‘) irre d ia te l y fo ll ows a ‘. or ‘ - ‘

IMPROPER FILE AS SICP~MEP.1
Two file s , oth er tha n Ou t pu t and pr int , h~v~ been assigned to the

same log i ca~ unit

IN VA L I D  OPERATOR (XX ’ Er.CO.”.TEREC IN TYPE OTHER CODE
Pre-c.o-- r , ’t e r  error -- a pa r e r - t h e s i s , co~r~a , o- ici ’, or re lationa l

op erat or apaea rs w ith a t ’.~ e CTtIEb re5~~lt i ndica ted.  XX is
t I - c  c~ e r a t r - r  t e r  fO~~-~

LOG iC AL IF STATEMENT FCLLO~.1S lOG ICAL IF STATEMENT

XX X ~ :,v ‘.: T BE tE LETEC
ir e i n tr in sic f~ ’-ct o— na—cc XXX n -a -,- no t b e de ’eted by the u ser

P~~F~ T~-~~; ‘
~~~ CDP.TI~~~A T t D ~. CAcOS

NEW I~.T~~I);S l I~. c’-’PLETELY S F ECIFIEO

N C h — T E~~~~
’ IP~~AT I)~Z 0 I P,S it’. S I Z ES

The li s t o’ d ir- e—s:c— s i :es is riot fo ’ ‘owed b~ a ‘)

XXX P~C I I’, IhTR l’IS IC TA eLE
Fu - :~~~c ~~ spe c ‘~~ed in a - de ’e t e  i n S t r uCt iOn C? nOt b e ~~~~~~~~~~~

j r  i~~t r -~~ S iC ~at~ e c r  is a t -,- ’e CTr -~~ i r t r~~ s i c fu-~~t c
(n on- fa ta l )

CVE R FLC. -’ CF CC~~E T AB LE -. XIV L I ES

~.c t  e - o - r ~ ro~~ :~~e co~ c t~ ble .  XX X iS t ’ - e .? ‘ ue C’ CC~~- IZ

— 
CV ER rLC~ C~ ~~PE$~~ ’. E ’ C E  TA BLE —

Not CriOugh t at e 5 r - ? C C  to .~scr:iate a user dc ’ired statement ¶a~ e ’
t e r n i— at rq I -b: ’ ‘o~~~~~..it~ a te— -~~-arv i- te n— a ’ s:et t— c-:
r~ - - t -e r  (n c- -~ a ta l u~~ eS5 cause d by a statc- -e- -t ~.it’- I CO~’.
chiracter)

OvE~~~~ - OF DO s r t.~ bJ IT.1 N ENTRI ES
CC loops are nested too dee~~y. ‘N’ is the depth of rest ing altowed

by the CLUDGE

OVERF LC.~ I M ~~~C ,E --
Extended area of rnage ex~ a- st ed w h i r e add ir ’c to Section Li of t’ e

S>!,’j o l t a b l e .  XXX ,s :~-e viluC of 1M51 2

OVERFLOW OF OPERATOR-OPERAND STAC K
Space fo r the ccr~’b- ined opera tor-opera nd stack has been exhausted

OVERFLOW OF STATE MENT FUNCTION CODE TABLE . XXX ENTRIES
S eteton of expanded ar it ~v’-e t i c  I:ateme- : f - ~ct ;o~ cannot be stored

in S k t t C t O -  table. XXX ~~ the vi ’ ue of ST SI 2

( 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —— —- -  
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OVERF LC~. OF STATEMENT NUMBER TABLE

~~~ More than RP.GSIZ’ user  de fin ed st a te n e n t numbers hive been declared
in the rance tha t CL LO ~ E m~.st re -e ’ber (ron—fata l , b ut may be

( the cause of dup ’ iCate sta te n en t numbers)

OVERFLOW OF SYMBO L TABLE —- XXX ENTRIES
Piot enough symbo l ta b ’ e soa:e for a new entry. XXX is the va ’ ue

of TA B AX

PASS 2 n E P. D -C F - F IL E 0’. SCFJ~TC~ ~
Pre-ccr~~i i e r  e-ror or ~roc ran  unit  w i t h  no correct state— e~ ts

PASS 2 EQ - lV A ~~~E ’,C E  T~~~~~~L E O.’E~~LO~
hot c—c :’ :a~u I e space :c store e~ u i.-alences between interna ’ and

ex t e r n~~ s tz:~~-~~-- : 
1 ate l n .- ’ e s

PASS 2 ~~~~ S -F LJ -C P PEZE E S t -F~~G c-h S~~~~.A T C h  1
Fre-ccsnpMe r error

SY~-~c.. ~REV? ~~jS~~ ASS I~~.ED TO A C C M~~~Ch ~-

~ s- - :~c ~as tee n ce re~ to ~e in ~~~~~~~~~~~~~~ ,r~~rt ~h~ n once in
same o:~~~ — L~~it

sv ’ ,;.~ EF~ c-P ~r, AF~ j”~~,I
T’-e arz~ —~~n t U s t i ~~ e dec ’ a ra t i o n of an a ’ i t ’-’~et ic Stateren

funct c” ~ r- c-: r-rope r -,

Tc: “:~~~~~ ARc _ -~~,,tS t )~~~’,) F~~~. ~~~~~
T e  a r c . - ’ - — t  1 iS i a- 1 -~~~~Ct c S~~~te -n e n t ‘ ;nCt iOn iS to t  1 o— c

to  f i t  in- :~ e teb 1 e. ~X) i~ ~~ e nax ~~~u~ ~~~~- :c r c’ ar c~,_ --e— t s
t~~~t w i I 1  ~~ t Ht c  ~ - e t a t -Ic.

TOC ~A’, Cc~, r..~LTl :. CA~~S — -  - --E ti D POSSlt,.~ ‘-‘ ISS I .C

Tv~~ ~~~~~ T D ~~~~~ STA~~ EX’~A~ S~’E
More than ?t ~~~~~TE M  te— ~~ -~ - -~ sto rage lOC~ ticn 5 are needed for ti - s

S tate ment

J;.~~ A L A h C ED  PAREIITHESES

UhE > n - E C ED CHARACTER ‘X’
1’-e c h a r a c t e r  X ’ was f~~ nd — ere a l et t e - was ext~e c te d

U E C ChI ZED CThSTP-ti T ENCLOSED BY DECIMA L DCINTS

UNRECOGNIZED INSTRUCTION
An unreco9n~zed in st r uct ion to the CLUDGE has been encou ntered

UNRECO~hIZED LIST ITEM
I’-’rope rly constructed h i t

Uh PEC ChIZ (D S7A1EME~ Thon f a t a l

- I 
----- -- -—--- *

~~~~~~~~~~~~~~~~~ - — - - —~~~~~~~~~~~~~~~~~~~ - - -  - - - -—~~~~~~~~~~~ - - - --—- - 
-=:;=~
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UNRECOGNIZED TYPE 
-

___ An unreco gnized type occurs in a ~conver t inst ruct ion

U N RE C CChI Z ED TYPE 8EG I’~h INC WITH XXX
A typ e nane beg inn in g w i t h th e S t r i n g  “ XX was found in an mp l i c l t

type dcc ar at iOn State m e n t

WA P~. i’.~ - TYPE cT ~ER AFCJ ~- E ? ~T IN I -‘C LIST
lion-fata 1 (See page 15)
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i ntroduction

This repor t Is des i gned to serve as a s upp lement to:

.1. N. Yohe , “Best Poss ible Floating Point Arit hme tic ,”
The Un ver sl ty of W isc onsin , Ma t hemat ics Research Center ,

U.S. Army, Techn ce ) Summary Report #1051.., March , 1970.

A des cri p t ion is g iven here of the Imp l ementatiOn of “Best Possible

Floating Point Ar ithm et ic” for the IBM 360/67 at Washington State Un i vers ity,

F and .lgor thms are supp lied which describe the Assemb ler routines used in

the imp ’em en tatio n . A c~~ p Tete l i st i ng of these routines ii contained in

the Interva l Arithmet ic Package.
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I nd cators Used

A. Input tnd i cator :

ØPT I ØN is the name of the correction option ind cator. Its
va l ues and resu lts are as f o l l~~’ss:

- Si gn of Result
ØPT I ØN - — 

-

1 Least Upper Bound Augment Truncate

2 Greatest La.ier Bound Truncate Au gment

3 Truncate Truncate

5 Augment Augment

4 Round Truncate If 7th hex di git of
mantissa of res u l t is ~~8.
Au gment ot he rwise.

B. Interna l lnd_ cator:~~

The in ter nal ind i ca torS used are essentia l y the same as described

in NRC Tech . Report #1054.

C. Output In d ic at :~~~

FAULT s the fau l t indicator . Its va l ues and the ir meanings
ar e :

1 EG exponent overf l~~.i
2 INI infinity
3 EU exponent underf)~~v
4 DZ division by zero

Note : ØP TIØN and FAULT are the f rst and second words , resp ectivel y,

of a special contro l section named B PA IND in the Ass emble r

I
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routi nes. Hence the y may be acc essed fran Fortran by us i ng a

labeled conn~on area named BPAIND
, or frau Assembler us i ng a

• dunvuiy control section. OPT ION and FAULT are bot h t reated as

1nteg~~ quantit ies .

I
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!~ i!. ~J. Registe rs Used

A ori g Ina l ly contains the first operand In additio n , the

mu ltip licand in mu l t i p t icitlOn. and the dividsnd in divilion .

u o r g ina ll y contains the iecond operand In addit ion , the

mu l tip l ier in mu l t i p l icat ion , and the div iso r in div is io n .

A and U represe nt sing le precision flo a ting point numbers as they

are represe nted by the 360 , I.e., the high order b it is the sig n bit ,

the next seven b i ts  are t he b iased exponent , and t he lest  24 b i t s  are

t he normaflzed mantissa.

SIGMA
these conta in the sig n bits of A and U respectk’e )y

S1GNU

EXPA 
-

~

~- these conta in the exponents of A and U res pec tiv el y

EXPU

RESULT contains the resu lting Sing ’e prec is iOn floating point

number

MANTA 1
~ these conta in the expanded mantissas of A and U respect i ve ly

MAN TU

V con ta in s the m u lti~~fler duri ng mu ltip lication and the

quotient dur i ng d v i s i on

MANIA , MANTU , and V are doub le words. In the a l gor i thms , MAN IA 1 and

MAN IA2 refer  to the leftmos t and r i ghtmos t words of MANIA , and MAN TU
1

and MANTI S
2 

refer to the l~ ftmo$t and rig htmost words of MANTU.

iii
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The ~j~pr lthms

- Belai are g ven the al gorithms for routines BPMDD (addition) , BPAMUL

(mu ltip lic at ion), BP AD I V (divisi ~~ ), and BPABND (boundin9).

in al l cases , the arr oi “f— ” ind cates rep lacement , the double

err~~ “4—I ” indi cates mutua l rep lacement , I.e., a switching of values ,

and a subscr i pt of 16 indicates a hex idec ima l number. Transfer of co ntro l

is ind icated by the nex t step to be exec ut ed , withou t the words “go to.”

How ever , If tra nsfe r of co ntro l is to a di f ferent rout ine , th e words

“go to ” are used.

-~~ — 
- -- -
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A. Add i tion A l qorIt ii!~ 
(BPUDD)

1. SC .—0;

RI ‘—0;

FAULT .—0;

2. If ~A J > 1U~ . A.-. U;

3. If A s~ 0 , Ste p 5;

4. RESULT.— U;

Return;

5. If A ~ 0, Step 7; — -

6.

SC .— 1;

- 

- 
1 7. PtANTA 1 4—0;

M.AhTA2.— 
mantissa of A w i t h  00 16 

as t ig htmo%t two dig its;

EXPA .— exponent of A;

SIGMA a—s ign of A;

8. ?tANTLI1 .—O;

If U ~ 0, Step 9;

MANTU24— one ’s canp iement of mant issa of U with FF 16 
as rig htmost

two d ig ts ;

Step 10;

9. .iAN ru2.—
mant;ssa of 1.1 with 

~~16 
as rightfl~O$t two dig ts ;

10. EXPU .— expOfleflt of U;

SIGNU .— sig n of U;

11 . SCØUNT #— (EXPU EXPA)x4 ;

12. If SCØUN T £ 32, Ste p 13;

— 

- -— s

- 

- - -
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If MANIA 2 .~ 0 , R I .— t ;  A 4 d i t~o

MANTA2 .— 0;

Step ii.;

13. ShIft MANIA2 right by SCØUN T;

If nonzero di g i t s  s hi f ted out , RI e—t;

14. EX PA ’— EXPU ; 
-

15. MAN TA 4— MAN TA -+ ftANTU ;

16. if SIGN U .~ 0 , Step 20:

17. If MANIA 1 — 0, go to BPABND ;

18. Sh ift MANIA right by 4 ;

If nonzero di g its shifted out , RI.—1 ;

19. EXPA 4— EXPA + 3;

Go to BPABND ;

20. If MANIA 2 u~ 0, Step 22; -

2 1. RESULT ’—O ;

Re tu rn ;

22. If R I  ~ i , PtANTA+— MANIA -. 1;
23. MANIA

2
.— one ’s complement of MANIA

2
;

SCa — I — SC; 
-
-

24. if first hex digit of MANIA
2 ~

1 0, go to BPABND;

25. Sh ft MANIA
2 

left by 4;

EXPA .— EXPA - 1;

Step 2*.;

End

-

~~ 
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— B. Mu l t i p l i cat ion A 1~ or i t hm (BPAMUL)
( 

~ 

—
- 

— _ _ _ _ _ _

1. SC — 0;

R14— 0;

FAULT 4— 0;

2. If A ~ 0, Step 3;

IESULT .— 0;

Ret urn ;

3. If  A ~ 0, Ste p 4;

A — -A;

SC 4--I ;

4. MANIA 2 i— 0;

MANIA a- mantIssa of A w ith 00 16 as r sc ’~rios t two di g its ;
2

EXPA .— expDfle n t of A;

SIGMA 4— s i gn of A;

5. If U ~ 0 , Ste p 6;

RESULT a— 0;

Ret urn ;

6. if U~~~ 0 , Step 7;

U 4— -U;

SC •— I — SC;

7. P1AN TU~ a— 0;

P%ANTU2 •— an t i ssa of I) with 0016 as r c ’- tnos t two di g i ts;

LX PU 4— exponent of U;

SIGP4U a-- si gn of U;

8. V4— MANIA ;

(‘) 

- 

MANIA
2 
4— 0;

LI _ _  _ _ _ _  _ _ _
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9. MC ØUN T 4 
•
; Mu1 t Ip 1lcati!!~

10. ShIft V ri ght by 4;

II. Shift MANIA right by 4;

If nonzero dig its shifte d out , RI 4— 1;

12. *CØUNT a— 15th hex dig it of V ;

13. If RC8I$II • 0 , Step 17;

14. MAN IA 4— MAN TA + MANTU ;

15. RCØUNI 4— RC~ UNT - 1;

)6. Step 13 ;

17. MCgUNT 4— MCØUNT - 3;

if MC~UNT ,~ 0, Step 10;

18. If  MANIA 1 • 0, SteD 20;

19. Shift MANIA r i g ht by 4;

If nonzero d g t s  shifted out , RI a— 1.;

EXPA 4— EXPA • 3 ;

20. E X PA 4— EXPA • EXPU - 41
16

;

Go to B PABND;

End

4.

- —— -  ‘-



_ _  _ _ _-~

C. ~~~Lf~on ~~Lit hm (BPA DIV)

I. sc .— 0;

RI .— 0;

FAULT a— 0;

V a— 0;

2. l f A ~~~0,~~te p 3 ;

RESULI 4— 0;

Return;

If A ~~. 0, Step ~ ;

A 4— -A;

SC a-—

MANIA 1 
— 0;

M.ANTA 2 
a— mar t ssa of A ~~th 0016 

as r ç ”tl~~St 
two dig its :

EXPA a— expO~~’~t 
of A;

SIGMA 4— s ign of A .

5 i f U s~ 0, Step 
6;

FAULT a— 4;

Re t urn ;

6. If U ~ o, Step 7;

U 4— —U;

SC 4— 1 — SC;

— 

7. MNTU1 4— 0;

MANTIS2 
a— mantissa 0f U with 0016 

as r g htmOst two dig its;

ExPU 4- t*P0ntnt
0f
~~~

8. DC~UNT 4-9 

-~~~~~~~-_
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9. If MANIA ~ MANTU , Step I I ;  Di v ls lp~

t 
10.. MANIA ~~— MANIA - MANTU ;

— j ( 
- 

V 4— V . I;

St.p 9;

11. DCØUNT 4— DCØUNT - I;

If DCG LJ~T • 0, Step 13 ;

12. Shif t MANIA left by 4;

Shi ft V left by 4;

Step 9;

13 . If MAN IA
2 

i~ 0, R I  —

11. . MANTA 4— V ;

15 . If  MANIA 1 • 0, Step 17;

16. Shif t MANIA right by 4;

I f nonzerO d i g t s  shifted out , RI a— 1;

Add I to EXPA ;

17. EXPA a— EXPA -(EXPU - 4016);

Go to E~ A~’.~’;

End

A ~
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0. Boundlng and !~~~~
i n Alaor ItPvn (BPABND)

— 1 . If EX PA ~ 40)6. 
Step 3;

If EXPA 
~ ~~ 6’ 

Step 6;

2. FAULT ~

MANIA
1 

4— 0;

MANIA2 4— FFFFFFFO 16;

EXPA a-— 7F 16;

Ste p 6;

3. If EXPA b 0, Step 6;

FAULT 4— 3;

Sc~ut~T a— (-EXPA • 5)x L.;

I f  SC~’u~.I~~ 32 , Step L1~

if  MANIA2 ~ C , RI a- 1;

MANIA 2 4— 0;

Step 5;

4. Sh ift MANIA ri ght ~~v

If nonzero di gits sh ifted out , R I  4— 1;

5. EXPA 4— O;

6. if rightmos t byte of MANIA — 0016 an d RI • 0 , Step 14;

7. If GPT I ØN • 3, Step 14;

If 0PT i~H • 5 Step 10;

If UPT I~ N i’ 4, Ste p 8;

— 
if rightmos t byte of MANIA £ 8016, Step us ;

Step 10;

8. If ØPTI~N • 1, Step 9;

if Sc ~ 0, Step 10;

( ‘

I
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Step u s ; Broundinj

9. If SC ~ 0, Step lii ; -

tO. If FAULT 0 3, Ste p It ;

EXPA G— 0

MANIA
1 

4— 0;

MANIA2 a— 1 OOO0OOO~~,

Step 14;

‘ 1 .  1f F A U L T O t , Ste p l2 :

FAULI a— 2;

Step II.;

12. MANIA 4— MANTA • 10016;

I f  MANIA 1 — 0, Step 14;

I). Shift MAhIA ri ght by 4 ;

- If nor~zero digit s sh i f ted out , RI 1— 1;

EXPA a-- EXPA •

If EX PA ~ 
1.1016, Ste p ~~;

If EX PA ~~7F 16, Ste p 2;

1*.. If SC — 0 , Step 15;

SIGMA 4— I - SIGMA ;

15. RESULT 4— floaong point number whose si Qn , exponent , and
mant i ssa are deflned by SIGMA , ~~PA • MANIA2;

Retur n;

End

C
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ai~~o serves t -c- e l  ~ra:c houndar-- :- c : r t s  of \( 0 1 ar.d tc f:rd a

~~~~~~~~ .f :: o:c.rs tht c- ..r-~a c - - - T — ~e s ac - n~ ra c-:

:~ e .~~~:r:th— :e~ a~~- -~ ~~~~~~~ f:- :-e ~~~~~~

— :- .: : s  3 s - : C ~~~~ c :rvergen e ~ r e a ~~~ve v s c - -a c- a :e. tc-

c -f :ie -e - . 5 : c - c - .  — e : ~~- ’ 5~. H e r - c e  t r e  .a:: er is  ~~~~ ~~~~~~~~ e : ::.

c - f :~ e a : r ~~t~~ : c - r~~v~’ c c r - ~et-~~e r - c e .

:. : — ~~~~r - - -~~: ar3 ’.’-5:~

T - -e ::c- .~h~ ch a c - -~ :c :~ ~~r :a~~ m~-e r- c .r~~-~ t - - ~

~r~~~-S:5 . ~e ~ r~~~~ :r~c- ~~~~ t-s

-.s :~~ :c - t e -~~. ar:t - - -- e .:. ‘ - r e  ir - — -- tar . t v , r -- -’- - eve-- , ~e ~5.se

er -;~~l .i vs~~~s ~ c - .-~~ the rar:e cf f r c t.: - - ‘- cr a :‘-:x.

e: z ( x ~ ~c a r a : :r r a f -~r:::c-n c - f var~ a :es X,.....\_ - -~

a c: .~:e-- . we c-a r - eva -~a :e g(
~ ) 

:-c-r a given x c--

rerf :r—:rz ~ se~ -~e-n~~~ :f ar:thre ::c or~e r a t i -c - ’ r ’  v :.v~r~c 
~~~~~

-

a~~~c t .:~~. 1~~ra- t i c - r.. l t : c - l : c a t i c - r ., ac -- c

N  t ’ ~e ::~ ef .~
- e r - - - :~~. f ~— e  .~se  N

- - - ~~ — :a:e c - f  x~ a - e r f ~~-— th e  ga— c se -~-~er-ce -c - f ~~~ra:: r- s ~~::

—~ nterv a ar~ th~ e:~ c (see~~~ ) rather than c-r~ :narv real ar~~~~-e:~ :.

~e -c - r t a c-. a clc - s e~ - c - terv al g (N) ;c-r: -~~r ir~ :e  rar-ze

: \~ ( :  •

0

-
~~~~~~~~~~~ ~- - - - - J — 

- -- -- -  - - - - - - -- -- - - — - -  

- _ _ _ _ _ _ _
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of ;~~x ’ o v e r  t he box N - Th~~s res- .l: .~:l r-:: c - c  s~. a c - r - ,

(. ) ~ e r c r a . b_ t if  o~~t~~ar ~ r~~~~~in~ (see~~~~ ~~~~~ trer ~~~~

~
iil a1~~av s  con:a~ r- the rar-~ e. Tht- 1ac~ c- f shac -r - r - e s s resul ts

fro rr c- ::-~er  caus es c - e s~~-~e~ r c-ur~d c - ff. ~~.:-. c - a c t  t e rva

ac~- c- f  ar ess ~ :sa- r - -- a ~~ as -~~~ ths c - f

the ~nterva1s de cre ase to :ero.

~ r-:: rat~~:ral - ..e a ss5 ~—e :rr: t~~— ~s —c - c - - --

fc - r c - c r- : u t  :r~ ar- i r - t e r v a ~ ~~~~~~~ c :r . t a r : r~ :~.e c - a c - c c  c- f

::r x - N - ‘- e:c -~c-cs fcc - cc-:. -.:rc a z:r:c - -~--- s a~ -.

Ta - :c - c -’~ T~~~
e :— e - - .

“e ~~~~ .~ e :r:e: ~ a ’ -- s.~ c- :rm-~:c- :c- ~~:r- T - - - : c - ’ s

:~~c- -~a - s .  :r~ :, -
~~~~ e - . r - a -~: :

• f~ x~ 
(‘.

~~~~~
-
~~~~~ ~

tx~ — ~-~~~,-- - .r~ :‘- -x~

~ c - ec - e ~
‘x~ ~s the c - c - a~~:en c-f f i x) ar~ h~ s

, ~f .  - ~~ac- :~~:v H ~~~ ,
-
-
-
. is c- ’.~ ~~~s:~~r- — a c - c - :

to r e  .~e f : c - e c  c - re-e r - tI’ -. ~c c - r e 3s - cr - s re a : t~~ :c- :~ e ~se c - - f  : r - : e c - v a

ar -a .vs:s , .~e sha~~ ex~ c-ess it a s  a I c - -~ e r  c- r: a r zu a: —a:r:~ :c-.s:ead

cf a s :-r-r-e tc - ic — a t r i x so ~—.ac- there are fe— ~er ter— s ir- U,e ~~a~ rat :c

f:r— :r- - -c-~~~ir.-c- H ( ~~ ,v , ~~ -

~ e def r-e the e e’-cr-t :r. c - c - s : t : c - r  ‘:,~~) c-f H ‘ .v .) as

: - i  fcc - : • : • . 
-

• 
~~~~~~~~~~ ~~~~~ fc-r i i i’i, ,n. c - • l , - - •  ,~~~-

‘.0 otherwise.

The a rc - - ;— e r -ts of h
1 , 

de~-en~ on i and - If ~e expand f

c- r - e of its rar~ a~~ es a: a t. — e . ~- e  car- r~— :a~ r :H

I ~~~~~ ______—---- - - - -- ---——_— — - ---—-----— 

_ _
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fc- l:i~:c-- ; resu c - s :~~~~s tTat:r.~ the case r. • 3

t ~
. 1~::~~;~’:’ ~~~~~~ 

0

H 1x ,.,~ [fl:l :- \:.x 3 h,~~~(v 11~~~~~~~
,x 1  0

~~~~~~~~~~~ h3. v 1,Z~~,x )  h.. 
~~~u 1 . ~~~~33 l -

~.ssur’e . - \ a:-~ v . N fcc - • l ,..., r- - Ther -~ N
I - :-

fcc - each • 1 ,~~~~., i - For ~ener a 1  n , the a r-a— er-:s c-f ~~~ - ,

a re (v .,. ., v .~~~~~ . x , .2 1 .. . . x~~) - .:her arrar - ;ec -erc -~ of

~ - :-a— ec - :~ :-:-.~~d ~‘e r-:a~ r e d  ~~~~ c - e :-rdcc - :r- c - t-- .e :c-d: :es -

-~ 5e a fix ea ‘o :r-t -
‘ - Th en fo r ar-v  c-c - ic - - :  V

~~~, \ \ ‘  

_ _ _

~~~~
- : .  ,:~~~ ‘

~~~~~~ ~~~ 
~~~~~~~~~ .~e 5 a :  ~- hc - r c - e c -  r - c - c - a t~~c - c - an d  . se H~~ ) c- c-

.~e c - c - c -~ H :~~~~- ,~~ a c - a  H~~~Y c - c ae :c-e — x , N X ~ -

c - f  :r:5 ~~~~ : : c . a c- T a - I c - c -  e~~ a r s : c r -  : s  c - c-

c - c a l  r - c n -  :c-~~er -:a ~ua c- :~~t :es fc-~- ~~: — ic- - v a r z~~— e c - t s  c - f  t r - e

of c-~~N;  as ~- : s s ~~c - e .  c-c-e s:andar~ Ta---Iot - exc-an s: c-. i~c - u d  have

:r- er~~als fcc - 3:: ar~ ur-erts -c-f a~~ el e— e rc - s of ~~~ - This t:Ie

c-f ex -a r .s~ rr- ~as :n:rc-du:ed in ( 3 ~ - ~ nc -re ~ec- .er a l ad I-roach c-f

~s d as c-uss e d :r- -

The c - c -her Tavl:c - e x r a r -~~~:r we sha ll ‘-ar t  ~s of t he ~rad: ec - . t

- Each element g , (j ,.~~~ n)  o f ~ c-an be ex c-an -ñ ed as

• ~~~~ • ~y . -X
1 
:
11
(-~~.x~ . 

‘ ,X7~) ~~~~ ~~~ ~~
‘:‘

~~~ - - .N,,~ j
* 

_

~~
-

_• .\ _
~~~S~ •

‘V~ ~~~~~~~~~~~~~~~~~~~~~ 
- - - 4 - - .  4 

~~~- c -~ -~ V ,~ - --  \~, . 
~~~- - .) - 1_

~ ~ — -, 4 --

C’
~h er e

• ~~f 

~~~~ 

ui , • 1 .1
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Th :s Jac- :::ar. r-a:rix J ac-.~ the Hes s:an H ir - :r:-da:ed a~ cve ac-c ,

o: cc - ac - s e, esser- ::a~~.~ t :c -e sane . c-~ e~ ec- , tr -e : ~- :~~~~ be eva uac - ec

-.~j c - h ~i ffc - c - er~ a c-; e t5 -~:r- ;  cc- . ,~:e:h ec- :~ ac - c e - .-- ar.~i:c-.: f

c- c -  ~ - -~Is c .  H a s  1o~ er :r ac--~ u l a r  -...: e a f.~~ c - ac - c - N.

:~c c -  ~~ t \ ,v ,- )  a e r - c - c - e  : :e  ~~c c - r : a : -  a : r : c - -~~.-:: c-~ c e c e r -~~

- S • . ~~~~~ ,-) LV - : ’ - )  -

I f  x - ‘. a-m ~ - X , c- r - -~ c- — X~ fcc - : I.

h e - ce

- ;x) - ~~,Y. t - - ’-

:~e ~:-.a:: a;a:r- sh:r c - e c -. r . : t a t : c -~ e r c - c -~ ,. ~~~~~~~~~~~~~~ s, -. -

c - - -

\cte c - -a : c - hc  e l e r - e r t 5  c - f  H~~’~ c - c -. ac .c c - e ’~c\ — c - he a : a c c--~- l

h a - c  the ~a - e  a r c - a c - c c - - c - s  as :c - e c:c - resrc - c - . ; :c - L,~ ei c er - ts c - f  .~~~‘ )  -

~ € reed c -r - .v cal  : - a l a t e  J (X ~ the r ~ (N) f :  1 lc -~.s e~~s~-

~~~~

$~~~~~~~J~~ 

~~~~~~~~~~~~~~~~~~~~
-~~ ~~

‘ -

1)

— - — ~~~~~~~~~~~~~~~~~ 

- - - .
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3 , T-e ~~~r : - - mc - e va lue c f  c - ne  c c - a  — i r , : urn .

-

~

5 — c  :‘ ce~~.. ~.‘tr c - . :  4~~~ C c - c - h , .-e s: ~~ eva. ’aate f -—A a:

v :- :: a :: :s : -
- N : : .  .. c- 1 - 5 9

\-~~ -ae c - f  fou r. d so La : . T he v e r -  f:rsc - ~c-c~ is c-c eva~~ a:e

c- f x - 
. :~~~~~

. -. :~~:~~~ sec c~ as : e

l’r-c c- .:: c : c - _ c - 3 I ; : c - : : h c -  de ’.e:e~ s-.: -c - :~~es of  ~

f cc  :h:s  — c - . : e s  :rf ‘ f ’  ~‘ E~ee - e c c - : c r  -

In  :r~ ;:.:~. ~e cac -~~~: - -~~~ra .~~ e - ~~~.ac - e ‘ ex~ c c - v  :e :at .se

c c- c - ca -~~:r-~ err:c -~~. -c- c-~~e .~e tr - e e - a ~~~.a::: s : - . : c - ec a

i c - . : n e : : c -  ~ a —- s e  -.~e :::a~ r. , : . : - c - e c - .  ~.er • - - — - - -

~- r - c-- :c- a: : x . - a - ; e r - c e t r - a  : c - c -  .

- ~e ‘-1 - a - c : ~~~ - r e c~~~~c - : r  i t  c - - c- : - v

1 :~mr  c - r e  — c e v : : ~~s -. - -  .e c - f  - ~~~
- c-~::s a-- . ~ : assac - e

c - h j t  : s  ~. .a s .~ r- a e c -  1 c - a r - a  f c c-

a _ c-. ~~ 
-

- -— - ~~ -

-—

~

- -

~

--- —----- --- - - -- - TI
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5. A test fo r  convex i ty  - - - -

As r.r  al ;cc - c - :hn  p r o c e e d s , ~e dv~~an: ;a~~~ y su~ d c-vid e ~~~

:n:o s-ai— -~~oxes . Let X denc te s-ac -h a ~a~~ b c  — - ~e e’--a ua t e

h ~.X , ~~‘ ,X —~ f o r  a • 1 , - - -  ,n wher e c- . , c - s the c:a~ c-r.a
Al I Ti

e e ’ e n :  c - f ::-:e ~-~-~ s:a . \ c : e  t h a t  ev er - a c - g a n e n c -  c-f  c-~ an

c - c - c - erva and her-ce the re5 a c- :r~ c - r - c - e r -; a l c - c - r c - a :c-.~ c-h e -.a~~~e -c - f

: c c -  ever-  ~ 
- N - c - c - ac -  c - s .  c - f  :a . ,v.: c - c r c - c - e s  c - h e  c - c -n- ..-

c - e d inc - e r a-al h~~~~~~~ X~~~ . - - ,X c-
) . c-her .

- :~~. 
,a

~:

fcc -

Su;’c-se -..e f: c-.-L v C- f:r scr-e va ue c-f -

~ 0 f c c -  ever\ x N - H e r - c e  t r e r e  is c - c - c - — c c - .: c - n N a t
_ A  3--

-~c-c- ::h c - h e c - e 4  ( n : r - - : r - c - e c - . a ) hess :ar :5 I - c - s c - c - c - y e  fcf :c- .:te . ncr - ce

f c - s  : c - c n -. e : ’ ar - a  car-n :: have a n:c-- : -u— ~ c--.c-:h :~ a sta t: c - nary

I-c- tnt c -n X . he nce we c - a n d e l e t e  a l l  c - f  X e \ C e ~ c- f : c -  ar,~
- ~cur--

dar:-- p o i n t s  of  X 0
~~wh ;c -h n:ght lie in ‘

~hen  we evaluate h i X 1. - . •  ,N )  , we c-a-- f:r--d that c - h e le f t

end point u ~ J for  a l l  i • 1 , - - • ,n - When this occur s , we

kno w fro c- :nc us:On m onoto nc -city (see [9)) that ~e ~~~~ f :nd  e a c h

0 fc c- an— - su~ -~-c x of X . He nc e  we cc - u d save  s: -e conputa-

tional effort by noting when a box is a sub-box of one for whi ch

u~ ~ C for afl • 1 , -~~~- ,n. We wou ld skip this test for such a ~‘c - x.

No te that an elener.t h11 with ac-~ u er.tS (X 1, .X~ ) is

not obtai ned when we compute H~ X~ since c - he d c - a z - c r - a l  d c — e r - c - s  c- f

H(X) have arguments different from (X1, - - .  ,X~~ except for the

_ _ _ _ _  

- - 

—  

-_ _ _ _ _ _ _
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c-n c - c - s c - c - c - c - n  (n ,r- ) .  Her - ce c u r  t~ c t f o r  c - c n v e x : t~
re.m:c-e- c - C c - J . c - U A 3 c - c - - c - r - -  c c -  :ne d:a~ cna . c~ the c - e s s : a n .

6. The c - nc - crv a l Ne’Atc - r. n ec -h od .

F-c r ea c:. suh-~ c-x N of ::c-at our algcr::hr ;er-erate s.

- c  c- an ~ c - c - v  an :c - c - c - ec - .- a ‘.e~~c - c - n  nec-hod c - c  c - c - c -c ~-ra -c - :er .c- ~~. f a c h

me th o d s seek the :eros of ~ an d henc e c -he stat :rr.ar’- p o : r . c - s  c - f

f .  Sac -h a —ec -~~c - d c - c - c -~c-udes frc ~ . a r-e~ bc - x cr r — c-s \ ( Y j .

— c - s c-n N n~ c- c-n ‘~~X c- ac--, -c - :c - c- c - c -.c - u c - c - . a :erc c- f ar - d c - a c - . be

dc - sc - a rd e d ar esS c - h e y  a rc  c - : - - : n d a c - .  :c:r.c -s of \~~~~~~
‘
.

These c - e c - n c d s , c- c - . effect , sc ve ( 3~~~) f c c -  ‘~‘:r. c - s  —-

g~~v a Q T- ~ f c - r s -  s. c-h —c:h :d ~as dcrc - ve d b - - - “c - c c - c :~
c-
~ -

- a c - : 1 - : s  c - c -  ‘- c c - r e c  ~ t :hc~d ~a -  he f:-ac--d c - n ~~~~~~~~~ I-- c

e f : :c_ e — c- -.arc - a c - : car -  be f : a c - c - .. c - n  - ~ c-- a~~c : v ’ s c - r e c - h c - d  ~~

c - s a ~ . c - c - 3c - .C a~~ c c - r -a: i ae c - c - t c --e — c c - r c a  c - c - .  t .  :.sc- ..~~s :c - c - .s

- ‘-cc-hod c-ac - . be fm c- .c c-n ~~~ ar-a ~~~~~

- c  nc -a- . ~c - V d  .1 c - : t - f ~~ .- ~~~~~~~~~~ s c - c  c - f  :h ~~ e c - c - :d c - n :. he’ w: 5r

~c - v e  :- - c set c - f e - c - u a c - c - c - ns

~~x) ‘ J (Y(— - .~) • 0

for the set c-f points v obtained by  letc - c - ng ~ range c - a - e r

W~ s ba ~~ f : n - d  a s ubse t  I of X ccnc - a :n:n~c- t h:s s e t .

~et J . be c-he c-c - a c - c - x hose eienent c -n c - -c - sc - c - c - c r. c- ,~~) c - s  j
the m a d p c c - n c -  c - f  c - he  c - c c - r e s p c n d : r i~ inc - e c--.a e e-”enc- .~

‘
1

. S X ’  c- f -c-e j
Jac obc - a r - N - Le t B be an ap p rox in a te  c - nve c - s e  of -
pointed out in [3 , a useful f i rs t  s c - cc - - c-n so1 v c-n~ for I c - s c - c-

m-u i c - c - I - ly (~~~~~ l )  by B ~c-vln g

I

1-
i 

_ _ _  

____ 
_  

_

________________________ ‘_-
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Bg~xi- ~~~~~ v-x • 0 -

~ote tha t c-he product  BJ( C~ a~~~r c - x c - c - a t e s  the i d e c - c - : i t .- n a c - c -~ix.

Ko~ eve r c - c - -
~~ be a c - e r -- c--c-or a-- l-r :\c-c.:: c-. -.-. ht r -  N c - s  a larce

box .

~e s c - ve~~(c - - )  b - - a c - c - : c e s s  s : : .-. c- c - c -  a s c - r - g l e  s~.-.ee ’ c - f c- b , e

~~.ss- ~~e:dC c - e t c - c -~~. Wrc - c - e

• _

1 , 1 . ar- a are c - he :— %e c- c - c - :ac - .~~c - a c , d c - a c - c r - a l ,  and

a c - e c -  c - r c -~~n z2ac - pa ct of E~~~’-~ . re~ c e c c - c - a e Y .  I c - c  i c - c - t e r v a  a c - r i X

a dc -ac -n ::. l :.~~~ ,
‘ - •  l

c : - -c - : a c - r - 5  c-~c - e c - c - .v er5 e c - f evec-~ rac -r: x c- r - I - T: - t b ox

( ‘ c - s  - r : a. r. ’~.~ as

a x - :
1
:~~~~x • ‘~~~ -x  •~~:x-x ’) -

When cbtaan:n~ c-he c- c-nc - on ent I~ of 1 , c-he c- :-ccc - .e r - c - 5 I.,

appear c-ng in c-h e rig ht member of th is e-auatc --c r. have already been

Thc - s f c - r nul a tc - on T - r eS uppOSe S c - ha t  the c-nt erva s 1
c-~~~ 

- c - ’ l. -- .r-

-~ o not contain c-cr c. When X is a small box , BJ(X) is close-

app r ox c - n a t e d  by the ident ity m a c - c -~ x and hence D is a l s o .  Howe ver ,

for X large , it is p c ssc -bl e to have 0 ‘ for one or more

va lues of i - This case is easc -ly hand ed . ~- e sinc - 2y use an

0 extended interval arithme ti c whi ch all ows - d i v c - s i c r -  by an inter val

containing :erc. (See [f- ) for det ails.)-j  
_ _ _ _  

_ _ _  

_ _ _ _  
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Nc - c - c c-ha: we car -n ot allow the Newton procedure tc delete

boun-d.ir- - p c - c - n c - s of sir -c e the  gl obal r!~c-nc -run need not be a

stac-c- :r .ar ’- re- c-n: if c-t occurs on the boundary . We discuss c - hc - s

pc - c - n t further c-n Sec t c--o n 10.

~~f 
-.- .c --- c c - c  c - -c - .s e c-h c - s ‘.e~~: c n  — c - c - h c - .~ o r - -.- , ~e -...:~~ ,c- c- n

genera l f c - id sta tic -n a ry I - - c - c - n c - S  o f f  whc - ch ~-er e nc t~~~c - r - c - r - a.

~ c r e c v e r , - - c ~ c - -u d  f c - na — .r-:c-.. .- .c- c- ch .- .ec-e n c - c -  glc - c a l

c - r - :ra . Ic - a-.c :d th :s , we use a— a ddc -t :on a pr oc edure c - c -

de e:e pc - c - nc - s ~here excee ds c-he sna~~ esc - kncwr - va ..e ?. hi~~

pc - cc - ed.r e c - s descrc - c - e d c-n c-he next sec :c- :n

Ic- . s c - c - c -c ac --d l c - c - a c - c - c c - s .  it nay be .iesc - r - .b e c-c fc - n _ al c -- c - C

s c - a c - :narv p c - c - n c - s  c - f f c-c - . a g c - v e r -  ~- c - x .  T h i s  c - ac - . be d c r - e  usc - n i

c-h e - .e—:on nec -n -c d a :re cc c-r. cc - c - -c- ..r - c - c - ;on ~::‘c- c - he — c - c -  c - n c - c - c - t v

c-he :.-. c - f Sec:. -n ~~~. If . c - c - .  ad - !c -c -Lc- ., c - he  c - c r . v e x c -ty  ch e-c~ of

5 c c - c - c - c r -  w e rc -  used . a~~ s : a c - c -~ - c - a rv - c - c - c - : s  e x c e r t  — a . : — . —

— ~e :c- c - .-.d.

- - - - 

_

_ _
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. Boundin& 1.

We nc-- w cons c-der how to de lete p c - c - nc - s -
- ~ where  we k n c - w

f(v) I and hen ce where f(’) c- s not d c - c - a l  nc - nc - ” -urc- . ~-e
S

reta c-Ti the conc- l.er-entary set which c - s a sub -b :x (or ~ab -c- :xeS)

N ~h e c e i n  f(y) nay be I -

-~~~~ c - c - c - n c - e d  out in  ~
) , i f  we or. i ‘~- . : s c - .  c - c d f* and

x~ , we car - de~ ete pc-c - nt~ w here

; : - -

f c c  sc-ne £ , > 0 - ~e car. al Ic - . c c - c - ce n- c- r-:e;: cr-p.’ c - f we
A 

1

n c - c - reed c - c - ~ nc -~ c- c- c - c c - c - c-nt(s ) x~ a: w h . c - c h  f c - s g l o b a l l y

W e w a r t c-c c - c c - a c - n  p c - c - n c - s  -~c - e c - e  V ~~ c-~ nc- c - -~~c - c - s f c - e d .

c - d c - c  c - s  c - he case fcc - c - c - c - c - c - S  v c - f

• v-~~’ - 

~~~~~ ~v -x  ~~ 

-

~~ 
- t

b e c a us e  c - ne l e ft  member e~ -a~ Is f( v) . ~enc te

E • f f x - -

Then

V.2) 
-. ~~~g( x) • T H(~ )y ~ E

where ~ 
• y - x - We shall us e thi s r e l a tc - on c - c - reduce X c - n c r- c

d in e nsc - c - r - at a ti me to y i e d  th e sub - b o x( es ~ 
I result i ng f r cn

d e l e t c - n g  pc -~ n~~ 
w he re  f . y \ 

~ I -

- 1- _________ 

___________

-

_ _

— 

_ _ _ _  

- _  

- _ _ _ _
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I
( 

~e s h a l l  c - l usc-rate c-he pr ocess for the case n • 2 - The

h c -gher dc - n cr - sc - c r - a l case foll .cws c-n c - he  same w a .  Fcc- n •

( . 2 1 b ec - c ”— e~

• ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 

• ~1
c-%~.h , )  • ~

_ h2. ’I j E -

‘e f c - r s c -  -..:sh to r educe N c-n c-he x. - dir ec :c - c r - . Thus we

sdlve c - : c - c - s r e _ a c - c - c c - .  fcc a c - - c - e p:arl e val ues c- f v c- - ~ f:er co l l e c c - c -r.~

c - e r— s c-n V
1 , we repl ace v Sr N . - Ira c-he hc - g her d im ensio nal

c a s e  w e -.-.:a d a ’.sc rc a-la ce ~
- b -- N i :r a:: c- • 3 , - - - ,c - . .

- - c -  1

a s c  c - edl a c - e 1 b - N (sInce ~ ‘ ) - We crc - a c - c - -

V -
~ 

- ~~~,r-.. x ) ; . c - c - . . . X  • ‘..g.. x — c - ._ 2 X - 0

w here  X ,  X .  - x, -

‘.e sc ve c - n _ c  ~ c - a dc - ac - : c - f c c -  c-he i c - c - e r -  ~~~
‘ c-c -  c - r.c - e r -.a s  c - f

V . as :e scc - c -c - e a re low . Ca~~ the c-esu tc - r -~ set :
~ 

- ~jnce A C  a c - c

oc-. - c - c - .  c - crested in p c - c - r - c - s w c - t h  v . N , , w e c - c r - p .c-c c-he dcsc - r e a

set :. as ~~~. 
• x. - : -

A 1

For c-he sake c- f a cgan e r - c -, suppc -se Y
~ 

c - s a s c - c - a x l e c - r - c - e r v a l .

We can then t ry  c-c reduce X, the same way we (hopefuily ~ reduced

~~., c - c ge t I~ - ~e aga c - r - re w r c - te ( ?~~~) .  Th c- s time we c -e r - - l ace V 1

b— ar-c Las before) ~ b~- X . We could ob:a:n bet ter c - e s~~~t c

by replacc-ng -.
~~ 

by ra ther than N
1 

bu t this would r e c - uc - c - e

re-eva uat ic r . of the elements of H - W e obtain

-~ ~ ‘
1h.1(X)) 

• -. h ( X ~ • ~1g1~x • E ~ 0

(‘-i 
where • Y 1 x 1 -
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L

If the solution set I, is strictly c c - nc - a c - n e d in X2 , we

could repla ce N2 by Y , in ( .~~
) and solve for a ne-— - We

have nc - c - tr i ed c - c -  do c - hc - s c - c - . p rac tice. n~~:ead , we s tart ov er

wc - t h c-he box Y in place of N as soon as we have tried to reduce

each X c- c- c- N I , - - - ,r- ’ - ‘- - c - c - c  c-h c - s nears Ac  c - c -eva luat e

We now consider hc-w c- c so ve c-he q uad r atc - c - e~a ua:c - c - c - . V .a) c -c-

V .  These have c-he general for-n

• Pt •

w here A ,  P , an-c- C are :c - c - e c - . a S and we cee~ va lu es of c- sac-is-

f ;c-n~ c - hc -~ ineq~ a lc - t’ -

~ e n c - ’ c - e  C a [C ,C 2 )  an d Icc - c- be an arb it ra r y c - c - m t c-n C

S c - c - a r l~- . et a - and t- - P be a c - b c - c - c - a r - -- P a r c - c - s e  t is  suc h

tha t ( . - )  c - s  vio lated: c -n at c - s ~( c -~ 
-— I , w here

* a • St • cc--

I: c -hc - s is true for c • C
1 , c-nc r. c - c -  c - s  c-rue for a - c -  C ‘ ~. -

Her -ce if we wi sh c-c find the complenentarv values of t where (I .e-)

mig ht h o d  we need only cons i-der

— A • Bc- • c1t ~ 0 .

If — 0 , this relation is linear and the solution set T

is as follows : Deno te A • (a 1.a2 ’ an d B [b 1,b~~) . Then the

-
~~ 

set c-f solu t c - - c -n points t is

- 
_ _



- 
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~
-a ,”b ,~ j if a, 0 • - 0

(j [.a
1

b.,x~ if a
1 > 0 , b1 -.- 0 , b ~~- C ,

[.
~~~~

‘ if a1 c - 0 ,b 1~~~0 c -~ b~~,
T a [-~~,-a 1 —b -~ .. j-a , ~~~~ c-f a

1 > 0 , b1 C b,

:.x , .a . , h c-~ if a. 5 0 • b1 
-. 0

1-~~~ - a  ‘b 1 -

~ 2- i~ a1 - 0 , b1 ~ 0 , b. > C
er lpc -v set c-f a1 ~

. 0 , b. • • I -

Reca l c-hat we wc -~~ c - nc - er - sec - c - T wc - c - h  N for soc -- c value c- f c-

Thus a :hcug h T may be unbounded , the in:erse :c- :cn is h c ur- d e d .

I f  c ,  * I. c - : c - e c - uadr 3 :: c - fl~~ ) nay have  no soluc - c - c r .  or c - c -

-a  have a 501 -ac - c - crc - ~e: cc-c -c -pose d c f  c c - c - her c-ne c--c- c - .~c c - r - t e r -. a l s .

In c -he ac- :er case . the :n:er.- a s  v be s e — c - - : n f c - n c -te. H a -w e-- cc

aft er c - rc - er - s e c - c - c - rc -.c- ~ w c - c - h ‘c- c - h e  resa c- c - s f c - n . c - e .

Icc - c - c c - c

. c - ) • a Sc-

where a c- , ~ B , an c c - c - s t he lef t e r - d ; c -oc - c -~c- of C . W e sna ~~

de e :e a- Oi r - c - s t where ~1 (t) -
~~ 0 for all a - and S P .

Thus we re tain a set T cf points where ~.(t) c- 0. as des tred .

Sc-i t we also retain (c-n T) points where , for fc -x ed t , :.(c-) ,- 0

fo r  some a ~ and S B and ~.(t) : 0 for other a -~~ arid
A

S - Thc - s sane c c - c - te rc - c - r . was used to c - b c - a c - n when c - .  •

This as s - ares c- hat we shal a w a ys  retain p o c - r . t s  in x
1 

where

f ( x )  is a minimum .

_ _  

-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- 

- - ---
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1~

no c-c

q (c- • 

a1 b-2t cit: c- f c-

and 

1 - 
• b1t • C

1t~ 
if t 0

(a, . b~ t • c~ t if t c- 0,
q,(t) a —

- a, • b.,t • c1t if t ~ 0.

Then we ca r. write the c-nc -er va quadra c- c - - c  as

a a..a - .~ 
• f 5 ,~~ _ ’ c- •

• ~~~~~~ 
q,(:)] -

Thus f o r  a n -  f c - n c - t e  t , ~.(t) is a Ic - we r bound for - . c - )  and

~~~- ( c - )  c - s  an upper hound f c c -  ~ . f c - )  for any a ~
. and ar,v S - B.

F o r  a g :ver- value of c- . if q,(t) > 0, c-hen ‘I.~~t) ~ 0

for al a - -
~ and S - - Her-c-c we need c-r.l v to solve the real

~ua dra c - c - c e auatc - c r. Q , c -~ a - c - c - c - crd er c - c -  de c - erc - c - r.e c - r . c - c r v a l s

wh e re c - c - ., w c - thc u c - A u e s t c - c n , . ( c - )  ~- 3. Th c - s c - s a sc - r ac - cht fcr ward

~rc - b len .

The f a r c - c - c - c - n  c . ( :~ c - s c - c - n c -  c - n ucas - c - c - s d criv a c - c - v e i~

dc - sc - c - nt c -nuo -us at c-n e -o rc - ;c - rc - when 
~~~I 

—

~~~ 

whc - ch w i ll generall y

he c-he case c-n practice. Hence we n u s c -  c - c r - s  i-der c -he cases

t 0 and t ~ 0 separately.

f c 1 ~
. 0, the curve q 1 (c-) is convex for t C an d

convex f o r  c- ~ 0. Consider the case t c- 0. I f  q 1~
t) has real

roots, c-h en ç
1

(t )  -
~ 0 outside these roots. p - c - - cv c - d e d t c- C.

1

_Hence , we retain the interva l between these roots. We need only

examine  the  discrin:nant of o~ (t) c-c determine whether the roots

are real or not. Hence it is a sc-npl e procedure to determine w h c - c h

cart ‘if m v )  of the h a l f  l i n e  z - ~ 0 can h e  delet ed. The same

c-—o cedure c-a- be used for t ~ 0 

-~- - -.J--:- -. __ :_
-T- -

ii:~i~:~ 

-

- 

--

~~

--_—_
- — ---

~~~ 
—1
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For c 1 < 0. q1 (t) is concave for t c-c- 0 and for c- ~ C.

- - 

n c - Sc - s case we c-an delete the interva l ( i f  any) between the roots

(.) of q 1(t) in each half line. The set I is the comp lem ent of

this c-nte rva i . It is composed of tw o se nc -- infi ri c- te interval- c .

In de:er~’c - nc - n g T for c c-c-her the case c1 
— 0 or in the

case c 1 
-
~ 0. it is necessary to know whether the discriminant

of q 1 (t) i s ncn- nega tc -ve or not ~en oc -e

--
~~ 

• c-- - 4a,c. . • b~ 
- a a , c . -

These are c-he dc - s cr c -min a n ts c-f q 1 (c-) when . t ~ 0 and a C .

r- e s c - e c t c - v e i y .

~her . we cc-nc - p uc - e 
~~ 

cr  
~

. ,  we shal l make rounding e r ro rs .

~.-t sho u ld  c - c—-p ate c-hem u s c - n g  c - n c - e r v a i  a r i t h r et c - c c-c Scc-c-c- .d

these err - cc - s. i~hen c o mn - ac - c - n~ .. . a (j~~ 1 ,2). s-an:cs~ w e o c - - a.n

c- c - c c - n c - e c - v al
1 

• - .L ( c -  •

~e u~ e the a;-~~r oprc - ac - e ec- .-.mc - c - i r.t of ~~ or to d e t e r - c - - c - n e  T

w r c - c c -  35 $ar - C5 c- :rac - we n e c --er del ete a c - c - ir c - t where : (c-) could

be n c - n - p c - s . c - c - y e .  TSu~ we use the endp c - c - c - : c-f ~ or .l

v c - e l a~ c - n c lar ger set T -

~hen we compute the roots of q 1 (tl , we sh~~ l a~ e rc ar c-c~g

errors. Hence we compute them Using c-nc -erval ar c-thn et ic and agac -n

use the endp oints w- h Ich yield the larger set T to assure we do

nc-c- de ec-e a p oc - nc - c-n X c- where f is a nc -nc -nu n.

For i • 1 and 2 , denote

• (-b
c- c- / _ ) /  ( c 1)

and 
• 2~~ -b 1 

~

No te tha t R - S and • - As is well know1~, the rou nding

err or c - s less if we compute a root in the for-c- R ra ther than i c-c-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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the form S when b . < 0. The converse is true wLen

Similar ly , the rounding error is less when us c-m g R rather than.

S~ when - - 0. Hence we compute the roo ts  of q
1
(t) as

and S when . < 0 and as R ar.d S when b~ > 0.

~ote that comput ing R
~ 

or S~ involve s taking c-he square

ro ot of c - h~ c- r ,c -er v a . :c- exa cc - ar:c - e: c - c -  c - h is wca d ‘-e c-he

real quan tity 
c-~ 

We w o u ld  never be c3mput c-r.~ roots of q 1 (t~

-Aas r-e~~ac - i v e .  He nce c - f  we f c - r - d c - ha t  ~he c - c - — c - _ c - e d  r es u :
1 

-

c - c c - c - a c - c - c -s ocr -c . we c-an rep lace c-t 5v c - c - s  n o n - ne g a t i v e  c - a r c - .

Thu s we wc - l l  never try to take the square root of an. interv al

conta c - n c - ng ne~ a :c-ve nu r-c -Sers .

C c - y e n ,  an’.- int erval I . let and ~~~

‘ den- : te its left and

rc - ;c-c-c - end p c - c - c - . t. res p e oc - i ve l : .- . ~e use c - s c - s  n o c - a c - c - c r c -  b e l c w . U s c - n .:

c - c - c -c a c - c - y e p r e s : r c - p : c - c n s  c-c-c- hew c - c - cc rc -puc - e c - he set T , we c - b c - a c - n.

the fr o~ ing res ul ts:

F or b1 ~ C an d  c1 — 0,

— 
(c - he e :  - set1 ‘‘ -~

(~~.8) a 
a~ c C,

For t 2 c- C and c 1 . 0 ,

if 
-~~~ C.

r.9) i • t(S )L. (R~)
R) if a 1 0 and .~~~ 0,

:(s -
~
, (R) R] i~ a~ o.

~1j 
°

I ______________________________ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



~~~~~~~~~~~~~~~~~~~~~~~~ -~~~

For b-, 0 a 5, and C 1 
0,

~~ 
(
~~, ~~ ~ 0 ,

:~R;)
L , (S~~~) if — b2 and mit ( .

~~. 4) c c-

m ax (
~~~

. 4).

(7 .13) T $ 

~~~~~~~~~~~~~~~ - * 
- 

— and rc -n -(41 4 ? c - C

~~ 2’ ’ ~S2) ~ . S1 ) ,(R ) 
,‘ a1 ~

. C an~ n~n (.
~~, :~) ~ C

:f .:) L
. ~~~)

R 2 a C.

For b~ ~ C ~‘~ø C
1 - C ,

( :-~.(s~~ : :c~ - .~: ~
‘ a1 0,

~~~~~~.1l) 
~ :-~~

. (s: :~~~ : ~ :~~~)L
. ~ a

:-~~. ~~

- 

~~ c.

~~~ 
2 3!~ C. 

~

:-~~
. )

R: :~s~ ’- . r • ‘  a
1 ~

( .l2) ) l.-~ . (R ; 
~

‘ 

~~~~~~~~~~~ 

-~~~~ if a 0 a

-
~~~ 

- 0.

- 
~~, ~~~~~~~ c .  < C,

( 7  ~~
) I ~ 

—~~ ~~~~~ C(S )~ . ~ 
] 1’ a1 ~ 0,

:-~~. ~ 
if a1 e 0,

Mo te that if c. ~ C. t~er ~~~. car be necat ve onl .- ~
‘ a , 2. ~ence

the Cof l~~it~~O l~~ 0 i~~1ies a 1 ~~3. ~~~~ and si~ i~ ar cases, haS been uSed

-, to Shorten the conditional statements in the above expressionS for I

We h~ve seen tha t thC solution of the quadratic i nequa1~ ties suc h as j

(7.4) or (7.5) can be an ‘interval 21 or two sem i-~r~~flite interva
’s, say

and z~
(2’) 

- The des ir ed sol ut ion set V 1 is obta i ned by ‘ntersect’o

witi’- - In the former case , V 1 
X 1 2 ,~ can be empty or a s’ng le

Interval . In the latter case ,

V 1 X 1 ~

- ---~~~~~~~~~~~ 
-- - - - -
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can be e m pty ,  a single in te rval , or two- in tervals. We now consi-

der the iogc - s:i c s of h a n d lc -nc - these cases.

.c-.e ~ua - dr a c - c - c inecua~ itv to ~e solvec c-or w ’ c - l~ h a v e

quadra :c-c term ~~~~~~~ 5
c - c -~~~~ 

so c- he c - n t e rv a l  C c-n (U’ .— ) ~~

-
~~ S c- c - ( X~ ac -’.d c - he left end p oint c- s ~~~~ 

a 5 -

c- 0 the s d - a c - c - on set c- s a sc- :c -~~ e i n t e r v a l  - Bat  c - f  c- - 
- - C .

c - c - c-s t w o  s e -’ c - -c - r .f c - r.c - c - e c - n c - e rv a l s and at may be that I wIll be

two i nt e rv a l s .  T S c - s  would c c -mr - lc - ca t e the process of finding

- ‘‘in - Thus  w e p rocee d  as f o l l o w s .

ez :. denote c-he set of c - c -~d :oes c- for wSc -ch c 1 ~ o

and 
~~~

. den ote c-he set of c - n - d c - c - es c- fc-r w h c - c - h  ~~~~~ < . he

f c - n c  f o r  each a - - “-e c-nec - , bezc - c - . c - c  f c - c - c -d for-

i - - Let - I .  b e suc h :~c- c - 1 c- Y c - s  co -~- - c - s e d  of tw o  inc-er-

v a : s ,  sa y v a n d  ~ 
- Then c - s c-se sna~~~es: c -nc - cc - va:

— 

c c rc - c - a in c - c - .g ~- c - c - h and - c-~her, f c - ndc - n g Y 1 
for  c - Se

r e mac - n c - n g .alues ci a • we use c - n place c- f ‘
~~~. -

Af ter fc-n d in g all 11 for i • . 
- ,n • we wa sh c - c - use tb.e

fact that w e can delete the c-n: er. a 1 , say I c- be tween

and ~~~~ - We ~ou1d l i ke  c-c do this for all the v a l u e s  of

for whac - 5 - was twc int erva ls . Hcwever , it Could be that c-h a s

occurre d for -~~~~ 1 the indices a , . - - ,n . After de le c- an g the

interior interval y,C in each dimension , the resulting set w ould

be composed of ~~ boxes. For large n , this is toc many bcxes

to handle separately - Hence we dele te onl y a few (one , two , or

1 0

-—-

~ 
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t~~ree )  c f  ~ges~ of the i~~t e r v a ~~s . W e t hen prcc e~ s

ea~~ c f  “ e ~~~ ~~~~~
We ~~~~~ :.~~e ‘ reve :-~ Y~e ~~~~~~~~~~~~ o ~~g ,

b o x e s .  ::~~s a ~~~~ ~h~~~ce of ~~~~~ Y~~ ~o ~t C te :~~ :~~e

~~~~~~~~~ ~ -e ~~~ - : e ~~ f~~r ~~~~~~~~~ t ht  ~~a~~ es~ ~~~~~~~~~~~~~

a : a r g e ~~: .  ~~~~~~~~

j ~e e  ~~.e ~~r~ es ~ ~~~e - .a

~ c~~~ t he r~- ’ces~ ~e hav e  de s r~ bed ~h~ s
3

~~ ~:. ~e ca~. ~~~~~~~~~ ~~~~~ . .~~~~~~ .

~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~s .~~~~ ~:~~s as ~e ~~~
.~~~ r~e~ a : ve , :~‘e~,

j —

~~ ~~~~ r :~~t ~~~ :~~~er v a . ~- Y , ~~~.;

: - ‘ : ‘v e \ .  ~~~~~~~~~~

~~~ 3:  ~se ~ a~~ se~~a~~~~~:v ~~~ ~~~‘ .~.se N 4

~~~~~~~ Thus the :~~~~~~e~ er.~ cf  .s of n: he~~ ~~er~
: ::~~~~~ve • et;. S:~~~~a r v . ~ he~ a~~~~v :~ .g t he  \e~~t c~

~~~ (X  ~~~ t a i~~s :er c  as ar i n t e r ~~:~ r o i r ~ . we c a —

ob:~~~r :.~~: s ~~r :erra s ~:a~ e of N . A~ a : r .  ‘- •. ca~ r. :t ~:r.-

v e r ~~e r t 1 v  use t h : s  f a c t  t h e  re~~a i n i r . g  ça~~t of  the \e s t c ;

~~~~~ .. ‘t~e to  ~o “.:se  s t e  f . r ~~t ~~~~~~~~~~~~~ 

~re :f r~~~ ~~.

s u b s ~~~.~er t  st e p s .  Her:e the f : ~~irg se ;u e ’.oe ~~ su e s t e .f.

F i r s t  t r y  to impro v e  N , by t h e  ~~a d r a t 2 c  m e t ho d  f o r  each va~~;e

of i • 1, , r. f o r  ~ r i c h  the  l e f t  er J ’c~ r t  of H
11

( X )  ~s

rcs~~:~~ve . Ther a r ’~ v the in terva l  ~ew t o r  ~ethod to the (o ld  or

(Th

___
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new) cc oner . : s  f c r  ~~~ ch 0 ‘ 3 ‘ (X ) ( :  s 1 , • n) ~ex ~se

the qua at~~c ~e:hc~i f :c ~ ~~~~~ c c~ e - .c ~ f c r  ~~~ c? -~ the 1ef ~ er. d-

c c : r ~t c f  ~~~~~~ , ~\ . c c ~~s:~~: \ t ~. ~~~~~~~~ ~~~ : e  ~~~~~~
s t e ’  t c r  thc’~ e c c r e r ~~s ~ c t h  ~‘ P

A :  e a _ :~ s~~~ e ~f ~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~ ~~~~~~
. ~c

c f  the ~cx , ~e ..~ .t :~.e re~~: v  ~‘e~~ :~~ e r v~~
the cther  ~~~~:ner :s. T~~c s  ma~. be the s est  ~~~~~~~~ con :a :~.-

~~ c : s ’ o ~~~t ~~~~ c v a s scr’e c a s e s .  i:~ f a . :  ~~~~~ be

f~~ t . e  ~ua d r a t . . c ~e t h o ~ ay .~ the ‘.c~~::-. e~~hc’ c tc  e~ c

~e :ete ~~s’c: s~~~-:~~te v.t s f: a g:ve . c:~ r :-~e~~~. T~~ s -:~~~~~~

~~ ve se t c  : r e e  - i er a~~ :. ~e ~~~~~~~~~ ~:~ ev e r ,

s e e ~~ :e t t e r  s :~~~~.f :~..s case  a c~~~~v :e et~ th e  ar~~e: cf

t~~~: - t e r v a s .

A h e~. co :~. ~~~~~~~ a~ e c : e : e . , ~e — a v  ~.a . t  ~e . t r a

~e : t s  ~~~ j
~. tc :~~~.: s t c ~~ir . :erva ls .  f sc , ~ the c-~e

~~~~~ the l a r g e s t  ir~te r cr  sub•i~. re rva  has hee~ de~ et e~± . ~.e

re~~ia:e ai t he c thers  by the s~ a l le~c t  s ub- : r~t e r v a  cc  a~ c~~r~g

the t~~c ~~~~ c~ r~t par ts. ~e then d:~~~de the rera~~~~ g ‘art cf

t he ~~~re~ t bex ~~:c t~~c su~~- h :xe s  by de et:ri g the s u b - i r . t e rv a

f:r the cc ~~ c ne r~t aues :~~cr~. We cc ~~~ f : r  ~c re t~~c~

:one cc ~~~one~~: , but each de~ et i c r .  wc~~lc dc~~-~~e t he ~~rfter of b c x e s .

t see r~ b e t t e r  tc ’  keep t he ~u~ her of bcxes s~ a l .

p 
-

—

-

~ 

-- ~~~~~~~~~~~~ -~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _
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8~ Che:~~e~~~~~~c , _ .

Su~ c c s e  ~e w~~tt tc 5our~ :~ e va ue f~ cf the ~loca l  ~~~~

t c  l~~ra:~ce  C , bat car~ ~here f :a~ e~ c~

th is va l~~~. Then , as poi nted out in Secticn , we c art de ete

f . ’) , f - c 1

Th:e ~e h~ .e ~~~~ a ç’c~ r t ~ ~h ere I~~~J f :~ such that

- f *  C
: 

, oar  a o r : t ~~ 
‘ c ;e~~:~~a~~~v ,~e1ete a~~ cf

If we ~.se (.s. ). ~-~c~ e.er , x ~a. ~e far fr:~ t:~ ~~ ~~ t x~ ~ .ert

..her . a i  of . “ :t e t e f . ~e

~r:’~ th at

- ~~ fA

hcos~~ g 
~~~

. ‘ 0 w i l l  s ’ee~ a~ oar  a i g : r : t h ~~. Hc~ ever , :f

we -~~sh ~~b:i~~~ ~cc~ bounds c’r x 0 , ~e r~~s: c~ cose a

A~~ :her. ter”~~ ate our algor ithm when the remaInir.g set of p c :~~t s

IS suf fi:Ie~ t1’~’ sma l l. See Section 13 fcr a termIr .ati:~ r c c e~ are.

‘3 

.
~~~~~~~~~~~~

—.-
~

--.----

_ _ _ _ _ _ _ _ _
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9 . M o n o t c r ~ic~~tv

A r . c t h e r  s te r  :~ ca r  a~~~: r c t h~ r~a~ es use cf  the mo noton ic i tv

of f . S c r~:~ e . f c c  e x a - :~~e . the I- t h .  co~~~cr.e~~t g~~(x) cf the

g r a d i e n t  :s non- .~e g a t I v e  f o r  a l l  x - X . Then t h e  sr~a~~~es t  v a l u e

o f  ~ f o r  ~ 
‘
~ a~~: o c a . r  f x e~ aa t o  t h e  le ft  e

~c:~~: ci

T o ~a~~e use of a f a c t  s.. c~ aS th:s , ~e eValu at e g1 (X. . ,Y~~~.

Th e resu tc ’ .c :~~:er va , ~~.zh ~e ~er.cte by ! : , ‘ , c o n t a i n s

fcc a~~ x - X . :e~~c:e X . [\ ~~~~, .\ , ) . f -
~~ ~ 0

5 s-~a . es t  ( :-  X ) f o —  x • . he~~ e ‘..e car .~e~.e:e
1 3

X exce: t t-.e oc~~rt~ w: :h  x , • x —  . ~f ~~~. 0 ,

carro t have a stattorar . c i r t  X . H en c e  ~e can ~e ie t e  :~~~~

of .‘ 1 the  ar ~ a~~ a : -
~ • ~~~ c onta:ns ~car~ ar :o: ts

o e .- .. a bo~ \~ 0) s — ‘eq . c 
~~~~~~~~~~~~~ ~~ ...

, 
: 0 c-

~e e v a i . . a t e  Y .. ,\~~) f o r  1 I, ,r ar.f re .~ace

t h e  d : rer ~~1 on a i I : v  of X for any value of 1 fo r  ~ h I c h  C

o r  ~~~~ C . f c o u rs e , we .~e ete a ll of N , :f ~cssib1 e .

:t is poss~ b e  that we can reduce X lfl every din en sic r i in

thas war . Ii so , en l y  a s:r~ le point , say  x , rena :ns . :r

case , we evaluate f~~) . If f(~~. ~ , we can el i r~inate ~

and hence all of X is dele ted by the process. If f(~ ) ~

we rese t 1 equal to f(~ ) . In this latter case , X is aga~ r

~e1ete .~, but we store ~ for future reference.

p

— ..—4~ ;—=--~
---- —



10. Boundary  po in t s .

Th e c r o c e s s  ~us: ~e s c r ib e f  ~n S e c t : o r  car  s o m e t I m e s  e l m :-

nate o c I r t s  c f  t he  b o a r .d a r  of ~h::h lie :r. X .

t h a t  f o r  so r ~e N , we f in d  g~~(X 1, > ~ f o r  scn e

Th e n ~e c an delet e all of X e~ ce~-t for any h c u r ~~ar y

poInt s of occ arri r .g a: x  Any ot h e :  b c u r ~ ar :

‘c~~n t s  of  x (°~ w h f c ~. are Ifl N 3re th~~~ ~e:et ed .

Th e cua iratic method of Section deletes ar.v ~c : n :  x
1 — \

f x) ‘ f whether x lie s on the  b o u n d a r y  of N o r

n o :. n : w e v er , t h e  Newto n netnc ~ of  S e ct I o n  t arc t h e  r r c c e c u r e

:n Se c t Ion : (~ h:ch  c c n s ~~.1cr s c :nvex I : .~ canno t  d e l e t e  an . houn d-

ar  ~o~ nt~ of

~a~ ; : s e  we a ’~~ v a s : e~ of  th e ‘ew:on nethod t o  a bc~ . N

ar u c h t a : n  .~ new box N’  c o n : a : ne d  :n N . A s i n r l e  way t o

ceea 15 t o  r e t a I n  tre s—a llest box cc n t a inm n ; roth X ’ ano a~ .

bcur .dar . po Ints of wh Ich are ~n N . Th~~ w~~~l general ly

save p oints of N out sIde N’ thus redu cing the eff Ic Ienc y of

the procedure . in fact . It  may be that the s~ a lles: box contatning

the boundary points of which are in X is N its elf. If

th is were the case , we id bypass the Newton ster for the box N

- 
Th is a~~’ro ach would rejv upon the methods of SectIons - and 9 t o

dele te boundary points of

This same idea can be used for the method of Section 5. If

f is not convex in X , we can simply replace N by the small-

es t (perhap s degenerate) box , say , ccnt ai nlng the boundary

I

I’
_ _ _  

_
a—.
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C
p o i n t s  of w h I c h  l :e  in X . In .  t h I s  case , either ~ • N

or e lse  ~ is a d e g e n e r a t e  h cx  of d~~~e n s : c n  l e s s  t h a n  t h a t  cf

S u pp o s e  we a re  g i v e n  a h c x  N . For  t h i s  a n p r o a c h , l f  ~ •

we dc n o :  an’ . v eI :~.er t h e  ~e w t : n  n e t h o d  or t h e  :c nv e x : :v

test . We ::a d use the N ew t o n nethod ~n t h i s  c a se  a l s o  or we

~~IZ h t bypass its use whenever N c o nt a i ns  bounda ry p o : n t s  of

.I~ r o r e  s t r a t g t : f o r w a r d  - r r c e d u r e  IS t O s c r p lv express the

bo unda ry  c f  as ~~~
-. s e p a r a t e  ( d e g e n e r a t e )  b o x e s  of d I n e r -

- I . The ~r t e r ~ or  of  can then be treated as a box

wh ere In ::-.~ g l o b a l  ~ 1n I n a r  n u s :  be s t a t : o n a r v  r o : nt .  However ,

t he (n-i) - dln en sian al fazes of \(0) bave ~n- 
-

bou n da r :e s ~~~~~~~~ as: , in  t u r n , he s e p a r a t e d  f r ~ n th e  i n t e r i o r s ,

an d  so o n .  F I n a l l y  t h e  v e r t I c e s  of w o u l d  n ave  t c  be sepa-

r a t e d .  Tr e s e  v e r t i c e s  a l o n e  a re  p o I n t s .  Ever  f o r  m o d e r a t e

va l ues of n , this separation process rrod uces too m a n y  (deger .-

crate) boxes. Thus It is better , in general , not  t o  t ry  to

sen arate the boundar:es from

These two approaches represent ex tr en e cases. Internediate

me thods mig ht be used wherein t he boundaries c f  in a g i v e n

box X are separa ted off under special circumstances.

It should , perhaps , be po inted out that the Newton method

can dele te boundary points of under certain circumstances.

()

_____________________ 
.
- -

.
- . 

- ,
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Suppose our algorithm has produced a degenerate box X wh l : h  IS

all or part ci a face ci ~
( O
~ . :n. t~.:s d e g e n e r a t e  C r - I )  -

d I n e n s l o r a l  box , t h e  N e w t o n  r e :h c d  c a r .  delete p oints ~~ Ich are

not  in the  (n - ) - dimen smo na l boundary of the face of

S u c h  .ie e :ed  p o I n t s  i re , of c o u r s e , on t h e  b o u n d ~~r .  of X 10
~

n sone exa npl es. we shall know a rrlc r i t h a t  t h e  ~~:ba

15 a s t a t  lonar . -cont . In t . t IS case we are free t o  delete

bru n da r - ocin ts b’. any of cur procedures.



t

11 The list of boxes ,

W hen. we beg in cur a lg c r l t h . we s~.ai have a single box

We aprl o the four rr: cedures descr :hei ~n Seo::ons ~~~, r , , ar .d 9

to this box. I t  i.s po s smhl e that none o f  these p roce dures c a r .
f I \

de e:e an o f  X ’  . If  so . we  d~ v : d e  X~ ‘ :n h a l f  in  a d i r e c -

tIon of its naxon ur w : d : h .  We pu t  one of  t h e s e  new b o x e s  u-. a

l I s t  to  be n r o c e s s e d  anc  w : r ’  on t he  o t h e r .  These  and  subse-

.uent boxes na~- a l s o  have to be s u o J I \ ’i d e d , t h u s  addInc t o  t h e

lI s t :. o f  boxes ye :  to  be p r o c e s s e d . I f  r o u n d a r y  p c ;n . : s  are

ha nd led a ;rroprl a :ely , t~ e fo~ r pr oc ed u res descr:b ed ~n S e c : ; r r . s

S . r , - anu c an  each rrod~ ce — ore than one new sub-rox . and a l l

but one are added t o  t h e  l : s : .  T h u s  the nunher cf : c xe ~ :n the

l I S t  t e n d s  to  crow ~~~~~~~~~~

E v o r t u a I , n owever. :b~ b:’.es be cr— e snaIl and often a b o x

is ent Ire 1 ’ eliminated. T h u s  t h e  n u n b er  of boxes In .  th e  l l S t

eventua ll\- decrease s to one, or ~ust a few , or to n o n e  a t  a l l  w h e n

c. is cho- on to b e non:ero.

I
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3. 12 , S u b d i v i d i f l g  a box .

In  t h e  i n I t i a l  s t a g e s  of our  a l g o r I t h m , we sh a l l  be a p p l y : n g

It to large b o x e s .  F o r  e x a n p I e , we b e Z l n  5v :~~~~ . I n :  :: t o  t h ~

er . : ir e  I n i t i a l  box . Thus it could be tha t , for a given

box x , n o n e  of the pro~ edures descr :bed on Sec::cns 5 , o , ,

an c  car delete any of N - When t h o s  o c c u r s ,  ~e W I S h  t O  sub-

d Iv Ide X

.~e c o u l d  subdov id e each comp cner .: N 1 of N Into tw O rarts.

t h I S w~ u l d  ~ove rise ~~ 2n su~~- h c x e s .  To ;re~-er. :  g e n e r l : : : n

of t o o  ranv sub-boxes , we sha ll dI v Id e oni~ one conponent in ha l f.

IS  best to subdIvId e the largest c:nrcnent N 1 to pr e.ent

g ene rit:on of a l o r ~g ,  narro w box.

Suppose we dI v Ide — ~~~~~ x ,R : in .  h a l f  g i v i n g  t w o  n e w

~‘cxes N ’ an d N” whose 1- t O l  c:npor .ents are N’, ’ *

and N~ ” • L~~. ,x , R J , respec tive ly , where — (x 1
L 4x

1
R )fl -

The b o x e s  X’  an d N~ hav e a bcundar’.- on ocn .n cr  a: x .  • x

If f had a global minimum on this comnon boundary . we wou d sub-

sequentl y fon.d it twIce. This ~s unlike ly t o  be the case. To

avoid having the sane points on two boxes , we could def:ne on e of

th e— on term s of a half open interval. Thus we could define

•

It is simpler to alwa”s use closed interva ls. The extra wor k

of keep ing track of’ whe ther an interval contains a given endpoint

is probably not worth the effort. In practice , we have elected to’

avoId this problem . Thus we have always used closed Inter val s 
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on ly . r. g e n e r a l , t h i s  does not  cause  t h e  a l g c r o t h m  to f i n d  a

g i v e n  g l o b a l  m l n i n u n  n o r e  t h a n  o n c e .

13. T e r n i r . a t i o n .

If we have ch~.’s~ n c , > 0 , we c a n  c o n t I n u e  ou r  a l g o r : : h —
‘I) - , . . - .ur . t I l  N - os  er.t ore .y e~ :nona :ec. As — c in te c ou t  in  ~ec :I:n 8 ,

:: o~~ :::a~~ a

b 

dO~
° :;t~~1n a error . In  t h o s  c a s e .

If • 0 , we canno t e lonon a t e all of N sonz e we alwa’.s

reta :n a box or boxes c on tionon g the p o I r . t ( s~ x~ where f(x*)

1 s poon:ed out above , we n icht also retain a ho’ or boxes

A h e r e o r .  f has a value very near f* but no value equal to  f*

S. r o s e  t h a t  a: son e  s t a z e  o n our  a g c r i t h n , the l I S t

N)cor.-~~’”~ s ooxes. ~eno:e : - o e s e ~o x e c  by N , ‘
~~~ ,X .

X 1)
~~~ enc.:e the onte r v a l d e f o n o n g  t h e  :-t~’. 

c o m p o n e n t  ( d i m er . s : ;n~

of . i.e~ w ( N . ~~~~) d e n o t e  t he  w i d t h  of t h e  i n t e r v a l  N 4 ’.

and let

w. ,~~~~~~~~~ ~w (N (i) )~ -1 ‘~~n

Tha t is , w
1 

js the maxjnum dinensi~ n of X~~ -

We could continue processing boxes in the lISt L by Our

a l g o r i t h m  u n t i l

(13. 1) i w . ~ C2
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for some c2 > 0 . This is provide d c, is chcsen large enough

that th e p res cr ob ed prec :s :or . is attaina b le u son g (say) slr .z e

~ r e c I s : o r ~ ar:t .nnetic . How ever , it ~s nore conven Ient ::nrutat :on-

ally to  re. ulre or,lv that

.
* ~~c-a

for  e a c h  • ~~, 
- ,s - ~f ‘ 0 , we set 

~ 
• 0 f o r  con-

~en:  o n c e .

T~ u~ wh enever a new b o x  .J o)  
~~ o b : a~~ned by our a l g o r othn .

~e can check wh ether (‘.5.2) os sa t isf o ed . f Sc , we no longer

-

o~ r a.goroth ~ to N (ex :ert as co sc us sec be .o~ ). I:

x (1) contains a p c o n t x~ where f ~s a g lobal ronin un .

th en the looat~ cn c- f  x~ is bo unded . r~ fact , ~~~ os t h e

center o f  and ( 1 5 . 2 ’~ holds fo r \
~~~~I J  

, then

- x 1* • :, ‘ ‘-  ,n~

~et  s d e n o t e  t h e  n u m b e r  of boxes  re~ a o r . o r . g and d e n o t e

t h e  b o x e s  by  x ( o )  ( i  • I . • ‘ ‘ , s). As a f i n a l  s t ep , w e wan t

to assure that f* is b ounded  s u f f i c i e n t l y  s h a r p l y . We do t h i s

as f~ i1ows.

• —.
~

-

S .. -- -

— 
—
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Fo r each  I • 1, ,s we evaluate ~ ( X )  that is we

evaluate f w i t h  in t er v a l ar cu n ent s I 
~~ 

• ~ , ,~ ) -

The res~~~t , sa~ ~~~~~~~~ conta In s the range of f for a l l

x , but w i l l  not be sharp , in  general. However , ~f c ,

wa~ cho sen to be s a ~~ , t he inter val re su l t ~ho u d he “close to

shar :” s :nce IS  an upper bound on t he larges t dinension of

any b o . ~ ; and the snaile : X (1) I S . the sharp er

L o ’ . is . (See ~~~~ Therefore , i t  is g e n e r a l l y  not

neoessar to  u se  s p e c o a l  oroc edures :c shar’en the compute d :n er-

va. .

Sin ce j F ,
~

- ,~1 
contaons the r ange  of  f ( x )  f o r  a l l

X - N , we have

~ f x F ”
1

for any x ‘ - ‘er c t e

- ITLin ,~~ .
l :i~~s 

5i

Then.

f r f1 x’

for any x in any of the boxes (i • 1 , - - ‘  .s) . Therefore ,

since any global minimum must occur at a point X * lying in one

of the boxes ~~~ , we have f ~~ f* - But also f0 ~ T (as

discussed above) and hence

(
~~

3.3
I

11
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~e t ; I U S  have bounds on f * , however , th e may not be shar~

er,ou~ n s~ nce our s:-ec:: oed re~ u o r en en :  os  t o b o un d  f*  to wn:nin , sa” ,

a n d  o t  ray be :nu: : - t . 1: tn:s os the case , ‘c

shall improve our b o u n o s .  To do th~ s, we tonc a -~ah.e

f • f ,~~ - .e ~~~~
p v  our —~~in a l g o r : : h  :: - T h i s

w i l l  o n c r e a s e  f
L 

, in general. i t —o zh : als ~ aecrease

~cr exact :n:erva l a r o o n — e t i c .  t ho ~ r u s t  d e c r ea s e  f - f ,

- w I 4 .  be  recucec in s~ :e (even. o t  :t is rere~ v su~ ctv oo e c~~.

Serea tcn ; thi s step f o r  eac:~ su ch that • f~
’ , we rust

d e c r e a s e  S - f (at  l e a s t , if exac t  on: er ’.’a a r o : h et i :  os u s e d

an .. ne n o e event~ a l y  ha .t-

f

so t h a t  :‘ oS bo . n d e d  to s , .ffo c oen t aoo. r ao son c e (‘.5~~ ) h ’~d~~.

Se zau se  c-f ro unding e r r o r s , w e c a nno t  reduce T - f

a r b ~~:r a r i v , in  p r a c t o c e .  H e n c e  w e  a s s u m e  c~ is c h o s e n

comrensura te with ach~ ev ab1e accuracy usong (say) single

pr ec o s~ on arothn.et~~

se also re oui r e that

F ,~~ ~~~L 
<

for each box C i • 1 ,’.’. s). For conven :ence , w e can

choose £ 3 C O 
to reduce the number of qua ntoti e s to be spec o f oed.

Note that F L ? since otherwise f{x) ‘ I for all x ~

in wh j~~h case car. be deleted . Hence

1 • £3 f • £~~ £ 3 
fA • C O

for every i • 1 ,-• ’ , s ,  That is, every remain ing box contains

a point x at which f(x) differs from f* by no more than C~~

— —-- -— — 
-‘ ---—- -~~~~~~~ - --
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14.  The step s of the a l g o r i t h m .

~e nc w descr:be t h e  s t e p s  Involved in . our al~ crithm . In i t i al l y ,

t he lIst L of boxes t o  be o t - o c e s s e d  c o n s i s t s  cf  a s~ ngle ho~
- In. general , d IvIde the l I S t  d ~ntc the l i s t  L, of

i n t e r v a l s  ~~~~~~~ s a : I s : v I n g  the con.-iition 
~~ 

(see (Il .))

and a ~st :... wh~ :h d o not  s a t i s f y  t O . I s  c o n o l t -  

‘~e s u r e  ~~~~
‘ ha ve ~~‘aIuated f a: the center of and

t h u s  :bta :n.ed ~n :n~ t I a l value f o r f . The surse ~ uer .: sters are

to be don e ~n the f o l l o — I n ~ order exce~’: as ~n .d:ca:eo by b r a nc ’nj~~:.

C : )  C :’ t h e  ~‘o x e s  in  ~~~, . choose one -. “.o:h has been ~n

l o n g e s t .  ~~~: N . :f - ~s er.rr’.’ , go to sten (II) ~f

~~~. 
‘ 0 . 1 5  enpt’. ar.d • 0 ch co~ e a ~~~ wh~~:h ~~ ~een

in .. on~ e s t  a n d  ~c t o  sten : 2 .  :f both L. and L. are

er;t-. , r r o n t the hcu n - d~ f - c.  and S on f 0  and s t :r

( )  Thec ’?- for m o n o : o r . i o : t v . Sva ’.uate g (X) as de scrib ed In.

Sec:~ on ? .  For  1 • I , ‘ - ‘  ,n , ~f g 1 (X) 0 (< ~) and the

bo unda rv of X a t  x~ • ( A R) does not cc- r.tain a boun d ar y

point of  . delete X and go to step (it . O:herw~ se , ~f

gjXl ~ 0 ( ~~-2) , replace x~ . ~X L X R by rx L x L ;

- Ren ame the re sult y again.

- 

( 5 )  T e s t  f o r  n o n - C o n v e x : tv  as in  S e c t i o n  5. Le t  N ’  d e n o t e  t h e

s m a l l e s t  box in X c o n t a i n i n g  a l l  the  boundary  po~.nt s  of ~~~~

which  l~~e in X . If X’ • X go t o  step 4. Otherwise , evalua te

- ‘ ,X~ ) for i • 1 , - If  the  r e s u l t i n g  i n t e r v a l

i s  st ri c tly negative for an’- value of i , rerl ac e N by N ’  -

a

I
I

4’

I “ - - 
~
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3t ,

If X’ is empty , go to step 1 . If N ’ :s not empty, put It

in the list L and go to step 1.

(1) Be glr. use of the qu ad r ot i c m ethod of Sect:cn . For those

values of ~ • 1 , - ‘ - ,n for which the left endpc-~ n: c-f

is  non- n e~ a:.ve , s o l v e the ~ua dra:Io for the :n :erval 
~

‘
, to

-L replace N 1 . Rer.are the result N ,
- 

- (3 )  Seg o n u se of the ~ewton n etnod. For those va lu es c- f I .

1 , - .-  , n for wh :ch 0 ~ :s-~~x solve f o r  the ne’~ interv al to

re: 4 c e  N 1 . Renare the resu lt N , - F~ r a ~i ven val ue of ~
0 — : :  t h o s  step ~f a r e d u c t i o n  of  ~~~. w o l l  delete bo ~ n dar)’ —:ir. t s

c- f \~0) f r o r  the 5o~ N

( o j  C:—~- ete :~ e :uadrat: c n. e thou . For thcse value s of : no:

u s e u  ~n step 4 , solve the . uadr at: c for 1, - :s a s~ ncle

In :erva , re p :3cc  N , ~~~~~ I - r e n a m i n g  ~~t N . - Cthe rw~ se sa~ e

I for use step 8.
1

(‘:- ) Comp lete the ~. e w t o n  m e t h o d .  For  t h o s e  v a l u e s  of n o t  u se c

in. step E , solve for the new set ~say) Y~~’ - For a given value

Of I , omit th:s step if a red uct~ cn of N 1 
w : l i  de le te  bo und-

ary points of X~~~ from the box X . If y
1
’ is  a single inter-

val , rep lace N1 by 1
~~

’ , renamIng it X 1
.

- 

(8) Combine the resu lts from the quadratic and Newton method s

fo r  those components X1 for which both methods divided X~, into

two sub-intervals , That is , find the intersection Y~” of

f rom step 6 and Y
~

’ from step -
. If Y~” i s composed of three 

j

intervals , replace it by either 1. or 1. ‘ . whichever has the
1

_________ 

________ 
________________

-- -

~ 
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sna : e s z  In tersect :on with N - -Pf a l l  t he  Y~ ” save th e  one

J (or t w o  o r  : hr e e ~ ~h~ ch d e l e t e s  the  l a r g e s t  su b - : n t e r v a l  of N ,

That ~s . save :h.~t 1k ” w h o s e  c o m p l e m e n t  :r. i s  l a r g e st .

Le t  b e I t s  i n d e x .  F o r  a l l  r e l e v a n t  v a l u e s  of  I s , re-

rla ce Y ”  by N , t h a t  :s , i~~nor e the f a c t  that  par t  of N .

c o - ..lu he d eleted.

~~) If i ”  exists. That IS , :1 a: least c-ne Inte rva l N , was

d~~v~ ded in.tO two sub- ont erva l s , say an d -

t ’  e b o \  N into two sub -b oxes. Thest sub -boxes wil l have the

same co— ; :nents N , as X e x c e p t  c r . e  w : l l  have  - t b .  c o m p o n e n t
f - )

: , and t.-.e ot ~~er w I l l  have  - : h  c o m p o n e n t  ~~~~~~‘ ‘  - f no s o n

Y ”  e xI st s . ~e ra-~ w:sh to su5-d:’~’:de the c u r r e n t  b o x .  ~e t  N

den : ~e the b ox o h o ~~en :n step 1 and let X~’ denote t h t  c u r r e n t

-ox o e s u l :~~n ; i r o ~ a p p l ” I n z  s :er s  1 t h r o u c h  ~ t o  . f ~~~

— .rrr: -.e— e’- t of N” over N ~s so small that (say ,

~ . 5 w X) ,

t r e o  d : v~ de X~ i n. h a l f  i t s  g r e a t e s t  d:mens~ cn.

t,IC) Eva~~~ite f a: the center c-f the box or boxes result :n~

after step 9. Update I as described in Section 4. Pu: the

In t ne  l i s t  . and go to step 1.

(II) Evaluate f X ~~~) for each rem atn ing box X~~ in

Denote the result by (F~
L ,F~

R ] .  If F~R - > for any

value of i , use for N and go to step 4 . If ~~R C -

for all i • 1 ,’-’ , s, find
mm ~~l

— l c i~ s a -

C) Then print the bounds f and I on f* and stop .

—— __. 
~
_ —--— -.- 

—

- ~__~:
i-i——— - -

~~

- -

~

-‘ — ‘ -

~ 

- 
-



- 
.~~

- 

— - --——-—- —,_
~~
._ —‘ ,,—,——- - 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~

-

- 38

For 
~~
, > 0, these steps bound f? to w I t h I n .  an error c,.

If ~ • 0, they found f *  to w-~ th in they bound x~ c

c ,; and the’- assure that for any point x in any fonai box , f(x)

e’~o e e d s  f *  by  no m o r e  t h a n  c~ •

In tho ~ s:e— , we somet :mes branch to step 4 . \c:e that

~e could go to step 2 , but it is unl Ikely that e i th e r  s t er  2 cr

ster 3 -~o~~ he help ful. TbIs is b ecause A e e~~pec: ea ch box

-~~
—

~~ In I n g  at thi s stage to c - o n t a o n  a ‘ :nirun .

15 . A numeri~ a exa nrle .

.~e n o w  i l l u s - t r a t e  t h e  s t e p s  of c u r  a gcr o t h r . .e sh al l cc-n.-

s:der the so-called thre e h.~mr c a m e l  f ’ u r . c t : o r ..

1 5 - I  f x ~ • 2~~~ l 
- l . S S x .  • 

~~ l 
- x,x1

-A h i O b .  has tnre e mo n: ’o 3nd tw o saddle p o :nts. The grad:er . ~(x
’
~

— ha s co po n en :s

g ~x ’ • 4x. - 4.2 x. • x. -

1 A A A

15. 2’~ • 2x2 - x1 -

The inter val Jacobian J (N~ (see Section 3) has elements

• 3 - l .~ X1 
.

c~ 5.3) • .J.1
(X

~ • -l

r J,2(X ) • 2

i i~ji~_ _  
_
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~.s des cribed in. [h), a better fornu1a t~ on for J (X) cou l d

be der :.ed w h i c h  would give smalle r Inter vals , in  general. How-

ever , we shall use the s~ m~1er form ~~ven here .

Suppose that the box we choose in step 1 has first component

• ~l , 1.1 . I n .  s t e p  2 we find that , whatever N, is ,

h11(X1, X,~ — [-E.196 ,-2.53

Since :n~ s Is s :r lc t 1y ne gat ive , we knc’~ that f dc -es no : h a v e  a

in th e interva l N 1 
for any value c-f x, - Hence if N

d o e s  n ot  c o n t a I n  a b o u n d a r y  p o i n t  of ~.(O) , A C can delet e all of

N .

N c w  s uppo se the box chosen in ster I has co roner. s N.

ar-c N, • 0,1 . ~‘-e find

• ~~~~~~~~~~~~ , h _ _ ’x 1, x.) • 2 -

S~ n:e ne :ther .r.terval ~s ne gat :vc-. we ca n n o t  so’: that f :s no t

convex in N . Hence we go t o  st e r  3 .

In step 3 , we evaluate g (X~ ob taInI n g

— [-~3 .4,221.4] , g _ ( X  • [-3 ,:’]

~e see that g.(x ~s non- pos it ive for all x ‘ N and hence f

is smalle st ~n X for x , • 1 - Thus we can replace N by the

degenera te box N’ with components X 1’ • [2 ,3) and N,’ •

If the box X had had components N , • [0 ,1) and N,

~2,31 , we would have obtained

(
~
‘1 

g1 X • [- 7 .2 ,3~ ~~~ 
t3 .6]

_________ 

-, ~~~~

- 1~~ ~~~--- -‘ ---~~ _ _
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In th i s case g2 (x) is str~c:Iv pcs~ t~ve and we can elimln ate all

of N unless the boundar y of N at x, • 2 con:a :ns a boundar ’.’

point of X~~~ - 
- Suppose • [0 , 1 and C (1 , 3~ -

Then ~~~ has bcundar \- po Ints a: x2 1 for x 1 — 0 and I -

We could thus delete all of N excep t the rc~ r.ts (c~,) and

- This is simple to do in this two- d~me n s~ ona l  pro bl em .

In highe r d:nens~ ons , ~: m igh t be s omnle r t :  re:a~n the en:: re

b o u nda: : 

:~pp:~ e t ~~~ N is given by 
~l ~~ 

P , )  - Then

• !-5. ,5~ and g, N) • 
~~~~~~ 

so that h’C do not have

mcno t cn~ c~ tv , Th erefore , we do ster -I wh:cn I n V c - l ’.’eS th e  ~uadra-

t i c  n e t h o d  of Section

Fcr t h i ~ box , w e cbta :n

• ,j ., :>~ • ~~~~~ , r.. ‘N • ~~~~~.. N’ • -: . H._ X • ~‘ . ( X ~ • 1
- —- ——

The center of the box ~s a: x • ( . 5 , . 3) - ~e w i s h  to- eval uate

f~ x) and g — x )  - We cannot obta~ n. f(x) exact ly us~ r.; fIn it e

prec ision decima l arithmetic. Let us use f~ ve signif icant dec:mal

di g :ts and evaluate f(x using inter-.- al ar ithn-’t~ c to b cu nd

roundIng errors. Thus we replace the coefficie nt 1/b h

~~~~~~~~ . b o ~~t~~ and obta~ n

: ft~x~ • [.4369’, .43t~9~ -

We also obtain

111.0062 , l.0063]~
g(x • I

L •  

~ ~~~~~~~ - - -~- - -  ~_ I 
- _ _ _
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Sup pose we have previously obtained f • .2 and th at we

(C) cho os e  • 0 . To do s t ep  4 , we wish to  solv e ( . )  for  p o i n t s

V E N where we know that f v )  f does not hold and hence

f ( y )  f mi ght hold. If we first tr :ed to- solve for , we

would rewrite (P.2) in the form (7.4). However, the left endp oin t

cf H.1 (X) i s  less than. :ero . Hence, solvi :.~ 
(P.4) w o u l d  give

r ise to two sem i-infi n it e intervals Therefor~~, w
, d e fer  t h i ~

operat ion until step ~~
- and first solve for 1, wh ich ~ i11 b e a

s i n g l e  in t e r v a l  s i n c e  th e  “ l e f t  endpoint ” of H , ( N )  is pos : : :ve .

We so l v e  fo r  1, u s i n g  (~~~5 ) .  °~s we have no t et so lved  fo r

we u se  N 1 in ~t s  p l a c e .  S u b s t i t u t i n g  in to  ( . 5 ) ,  we

ohta~ n.

-l .2 4 12 , ~~~~~~ • ~~~~~~ • y t 0.

From e~ ua :icn (P .8). the solu ti on se t is

— • [ - 1 . ~~~ l 2 , -11 41

Henc e

X .  • [ - 1 .2 2 12 , 1.6141)

and Y, • - N 2 
• X . -

Thus we have not deleted any of N, -

Next we do s t ep  S w h i c h  app l i e s  t h a t  p a r t  of the Newton

sethod which generates a single interval . The interval Jacobian

rr - s ,o , 9) -ii
J(X) • 

[ 
-l

r

I

~

‘*

~ 

~~~~~~~~ —---- _ _ _ _ _
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L
— 

~
- The center of this i n t e r v a l  m a t r i x  is

r.: -1
j  C

w : n o s e  inverse is ~a pp rox :na t e lv )

~~-3 .3333  - l . 6 ô~~’ ~
B - j

L -l.666 - .33333 
~ -

F o r  s: mp l i c~ :-: -of expos ItI on ., we sho .l c omnute EJ(X)

ex p l~~c~~:l:.~. We obtain from ~b.2) (w ~~ t h  ~ rep a:e~ by N ) ,

‘ [-4 .18” , -4 .1S’.~~
’ T~ - S .334 , 31~.334j - .0001

2 5 . 0) - • - y X ~ • 0 .
L 844 -1.33W -14 .668. 14~~~S~ [I . ~~~~~~

~e t r - ’ to~~ m :rove X~ first rather than. N , b e c a u se
— A

— c o n t a i n s  z e r o  w h i l e  ~~~~~~~~~ does n o t .  T h u s  the  f i r s t  e~ u a t f c n

of (15. 4) gives rise t o  two new i n t e r v a l s  while the second equa-

tion does not.

The second equation is

[- .S34, - 1.S33t~] • [-i~ .66S, l4.668)~X1-x1
) • ~l . l . Y - ~~ (v ,-x .~ • 0

-.where we have replaced y 1 by X 1 . Solving for y , we obtain

the interva l

• (-4.9904 , 8.6 5 )
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The intersec tion Y, a ~ x , equals X, so again no Improvement

has seen made .

Step c’ prescribes that we use the quadrati c method to t r y  to

improve those components of X not solved for in step 4. We

solve (.3) for points v
1 

where f C y )  ~~ f . We would use Y,

in place of N. but they are equal. Subs:::utir .g into v.5’-
we obtain

— ~.0 S o9 , .S3o 9 • .5062 , 1.5 6 3 v , (_ 3 .3~ 4.5~~(

Us~ng e~uation (~~1l), we find that this quadratic has the

so 1ut ~~on set

• ~~~~~~~ - .l~ 0~ 3 ~ [ . 3 2 5 5 5 .  z ) ,

Thus
• . • x • [-~~, • 399 0 ) ~.! [.92555 , ~

A A 1

and

• 
- xl • (0. .!99C~~ (.92355 , 1]

note ~e nave e1im~nated a sur~ nterva l of length .S o4S from N1

In ctep -
, we use the Newton method to try to improve N,

We solve the first equation of (15. 4),

(-4 .18” , -4 .1872] • [-28.334 , 33.334] (~‘1-x 1) 
- .000 1 (X ,- x 2 )  0 ,

where we have n~w replaced Y. by N, . Solving for v
1 , we

obta in the two semi-infinite intervals

-
- ~~~~ — [- s , .35223], I~

4
~ 

• (.63SC~3,~ ) 
—

Thei r intersections with are (say) Y]
(fl and where 

—

a ~0 , . 3 S 2 3)  , 
~~~~~~~~~~~~~ 

[.63803 ,1)

— ‘J 

_ , _  - ,  —~ —------
-
- - - 

— - --- -- ---------——-.—-.-—---—.—-------—.- -‘-—--- - 
.1
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We w i s h  to combine  the  r e s u l t s  o b t a i n e d  u s i n g  t h e  q u a d r a t i c

( method and the Newton method . Thus we retain the intersection of

~ and y~ (fl wh i ch is

[0 , .35223] - ~.~~2 55S , 1]

We have deleted a substantial portIon of the orig~na1 box N

The remaining points co ”p ose  the two  boxes

[:o . . 3 5 2 : 3 ’i 
a rid 

1 1 . 9 : 5 5 5 ,

A , — t~~,l
j

In subsequent steps, our method would be applied separately to

each of these boxes.

l~~. C o m p u t a t ~~on a 1  r e s u l t s

.e n ow descr~he sone corip utat:ona results ubta:ried u s i n g  t h e

a~~~or : t hm d e s cr ~ bed ab o v e .  The c o m r u t a t i - o n~ w e r e  d o n e  on th e

.~mdah1 3 L 1\/&-I comput er. n e~ cii case , we assumed it was kncwri

that the global mIninum occurred the inter ~ cr of the :n:t:al

bc~:. This speeds up the algorith m since boundary p oints need not -;

zet sp~ :~ al treatment .

This is cons istent with the fact that we are really considering

the uncon st~-a ined case. We i n t end  to- treat the constrained case

in  a later paper .

We give results for only one e.zsmpl. which ty -pL f ies  the problems in two and

thre. dimensions which we have used. The exampl. is the three ht~mp camel function

given by (33.1) .

This ft~ ctiot has its global minim*~ at the origin . It has two local min ima

at appro zimat ely T,~ 1.75 , + 0.87J and two saddle points at approxi mately :~ ~- - ° ~~~

± O,335J. Our initial box was d.f in.d by X1 . X
2 

(~ 2 , ~ which contains all

these points. We chose • 0 and ~ 
~2 • a

~~~~~~ 

_ _  

—

- - --- -~~~~~~~~~~~~~~~~~~ - - - - - -~~~~~~~ - - ~~~~~-- -  —_ -— --- “-- -- -  -_
~~~~

- - - _ - - - .‘ 
- -



- ,---- .-~-‘-- -

We find that after eight steps of our. algor i thm , we have six

( sub-boxes in our list . In the next step a sub-b ox is entirely

eliminated and after the fifteenth step , only one sub-box remains

but its width exceeds £ 2• After an add itional step , we obt ain

the final box

I t - 5 . 7 8  x ~~~~ 7.11 x 10 6]

[(.2.91 x 10 ’
~~, 3.56 x 10

.6
]

Here and in th e following , we record results to only three

de c imals. This box satisfies the error criterion requiring

its width to be less than £ 2~ 
Evaluating I at the center of

th is box , we obtain f • 1.12 x

As pr escribed in step l~ we evaluate f(X) and obtain

[-1.2 4 x ~~~~~ 7 .57 x 1o~~
0). Thus f •*l.24 x ~~~~ and

~ E L , f)  • ~1.24 x ~~~~~ 1.12 x 1o 10 3 . -

Since £ - f < £ 0, we have f5 bounded to the prescribed

to1eranc~ . If we approxima te f* by

(f • f)/2 — 4.98 x 10~~’~ ,

then we know that the error is at most 6.22 xlO 31 in magnitu de.

If we approximate X 5 by the center (3.27 x io ’.6 , 1.63 x 10 6),

then we know that the error in x1~ is les s than 3.85 x 10 6 and

the error in x2 is less than 1.93 x io 6 .

We have obtained x~ to far more accuracy than requir ed

because of the tapid rate of convergen ce of th e interval Newton

me thod used. The bound on f0 is much bett er than required

s imp ly because a g iven error bound on x5 autom aticall y yields

a much better bound on f0

I 
_ _ _ _ _ _ _ _ _ _  _ _ _ _

—— -
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Wi also used this exam ple wi th an initial box of width 2 x io6 . This case

req uired 4b steps to run to completion . This illustrates that if we use a very

large box tc’ assure contain ment of x~ , the c omputing ti me need not increase

drasti cally.

F. Ccr.:l-us:on.

t~e have presen ted an algorith m for s o l v o r .~ the unc oris tra oned

m~ n~~~: :a t I o r .  p r o o l e m  a s s - u n i n ~ w e ha~.e an :n~~t :a l  ~~~ ‘.~h : c b. i s

k n ow n  to conta In th e m:r. :mum.

I t  w o u l d  cer~ a :n l~ oe pcs~~obl e to con~ tr-uc t a hi zhl’- csc :ll ator v

f.inct ior. for w~.~~ch our algor:thm woUld be p rohI b Itive ly slow .

However , :t has  c o n v e r g e d  ade ou atelv r a i - c d l v  for  th e  test prob ems

or. A hIch we have tried i t .  (See  S e c t i o n  I L )

.e h ave  a s s u ~- ed  f ( x )  C .  The ~~o b a l  — : n ~ — i:at icr. pro~~ en

can also ~e so ved f o r  f(\) C 1 . n t n I S  case , the \ewt or.

method cannot be -used. The c u a d r a t l c  m e t h o d  can  he r e p l a c e d  b y  a

c : r r .~sp c n d : n ~ . ine . i r m e t h o d  ~n w h i c h  we f i n d  p o o n t s  y at wh:ch

f ( v )  c ~~~. ThIs is done by n o t i n g  t h a t  ~f x ~ X and y ~ X , t h e n

f ( v )  • fix ) • (y - x)~ z(~)

for some ~ € X . Thus we can solve for the approximate point s y

fro ’

f(x) (v - x)7 g(X) T

For the problems of l ow d imension on which we h a v e  used this m e t h o d .

it was less efficient then the quadrat ic method descr ibed in

Section . We do not know the relative efficiencies for large n .

L
~~~~~~~~~~~~~~~~~~~~~~ I 

_ _ _ _ __
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It is possible to solve the global optim i:ation case

w hen f~ x~ is o r . lv  c o n t i n u o u s  but  not d i f f e r e n t i a b l e .  However ,

our algorithm is very slow . It entails a different approach

that we hope tc  describe in another paper.

The ncnlir.ea r constrained cpt:ni :at~ on p r c~- ler can also

be solved by interva l metho ds. An extension of our algorithm

re~~
-u I r e d . exper:ence Ifl th Is case I~ for band ;al:u at ::ns

only . A d I f f I c u l t y  ex Ists (currently when it is d:ff:c lt to

:~~nu a p o : n t  ~n the neig hb orhood of x~ w h i c h  is w i t h o u t  ~ues t i - o r~,

feasibl e.

One of the virtu es of interval ar Ithm etic is that it ~s

u s u a ~~~v po s s ib le to formu ate an iteratIve al~ or Ith o :n su c h  a

m a -.- th at stoos automa t icall y when the best oo-s s:b -l e result

has reen obta Ine d for the fInite ~rec:sion a rit hmetic used.

We p l a n  ~o do this for our algorith m and thus preclude the

nee~ for ~— e :~~f .~~r .g C • C • c . . and c .
- - 0 1 -

(I)
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