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1. | INTRODUCTION

"~
5

OBALMIN je s program for finding the global minimum of a nonlinear
function f{éz‘of n variables. It provides infallible bounds on the minimum
value F* of f in any prescribed box ( a box is a parallelopiped with sides
parallel tc the coordinate axes). It also provides infallible bounds on the
point(s) x* at which the global minimum occurs. -~ oo ton £ BB )

It is assumed that the minimum occurs at a stationary point of Ve 2%
is possible to modify the program to allow for the case in which the §10ba1
minimum is not a stationary point and hence occurs on the boundary. The
necessary modifications are described in Appendix 4, which is to appear in
Numerische Mathematik. This paper describes the theoretical and practical
considerations used in writing GLOBALMIN. It also provides the results of
several test problems treated by GLOBALMIN.

The work described here directly builds upon earlier work carried out
at Washington State University in (he general area of interval arithmetic.
In particular, three reports by Carol (larke that describe fundamenta) pro-
cessors used by GLOBALMIN are included as Appendices in this report for com-
pleteness. We describe particular considerations in regard to this earlier
work that are germane to GLOBALMIN in the next two sections.
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2. THE CLUDGE PRECOMPILER

GLOBALMIN was written assuming a precompiler named CLUDGE would be used.
The main purpose of CLUDGE is to accept and work with intervals in the same
way Fortran works with real numbers, complex numbers, integers, etc. It
alsoc provides interval subroutines for evaluating the elementary transcen-
dental functions with interval arguments.

we now briefly describe some of the features of CLUDGE. For a more
detailed discussion, see Appendix I.

2.1 Interval Variables

In order for CLUDGE to accept a variable, say A, as an interval, the
variable must be so declared as INTRVAL A, It is possible to dimension an
interval variable. For example, INTRVAL A(5,7). To read in or print out
an interval, you must leave room for two numbers. For example,

IKTRVAL A
READ 101,A
101 FORMAT (2F10.0)

When you do use READ or WRITE statements that involve interval
variables, a warning appears. It's harmless and usually unnecessary.

2.2 Miscellaneous Warnings
Although the CLUDGE package includes many functions, it doesn’t declare

; their type for you. For example, if you wish to use INTUON, an interval-
valued function, you must declare INTUON as an interval name. For example:




INTERVAL INTUON, TA,TB,TC

.

TC=INTUON(TA,TB)
As another example, INTINF and INTSUP are real-valued functions and
must be declared so:

REAL INTINF,INTSUP
INTRVAL TA.

P=INTINF(TA)
Q=INTSUPNTA)

Finally, when you write your own functions, explicitly state the type,
even if it isn't INTRVAL.
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3. NOTATION AND TERMINOLOGY

In the comments within the program and within the following writeup, the
authors have usec and/or invented some unusua! terms. A few comments are in
order. As an example, consider AIA(1-N,K).

If you encounter a symbol such as the above in a comment, it refers to
the vector residing in the consecutive memory locations AIA(1,K). AIA(2,K)...
AIA(N,K). For this particular example, it is an interval vector.

The comments make use of the following terminclogy:

A box is the cartesian product of N intervals. Equivalently, a box
is an interval vector. Note that AIA(1-N,K) is the K-th box in the list of
boxes AIA.

The width of a box is the width of the widest interval defining the box.
Thus if X is an interval vector [box) with components xi e doa s ) and
if h‘xi) denotes the width of the interval X;» then the width of the box is

max w(xi)
1<i<N

The functional width of a box is the width of the interval obtained by
evaluating the object function f over the box (using interval arithmetic).
Note that this interval contains the range of the function f over the box.

The driver MAIN. The driver for the program is called MAIN. It is
used to call GLOBE which is the central subroutine of the program.

The subroutine GLOBE. The miniﬁjzation algorithm uses a number of sub-
slgorithms to £ind the global minimum. These subroutines are called by
GLOBE.

" Explanation of arguments. The calling statement for GLOBE is

CALL GLOBE (N, XL, XR, AIW, AIWM, ARW, ARWM, ARWMA, AZW, AIA,
AlB, AIC, NDIM, KENDC, AID, EA, EB, P, FLOW, FBAR, NSTEP)
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VAR St

x The arguments are:
N is the dimension of the domain.
XL is the vector of left endpoints of the current box. Thus XL(1)
(I =1,...,K) is the left endpoint of the interval defining the I-th component
of the box.
XR is the vector of right endpoints of the current box.
AIW is an interval matrix of dimension N by 8. It is used as a set of
interval work vectors.
AIWM is an N by N matrix containing the interval Hessian.
ARW 15 a real N by 8 matrix. It is used as a set of real wi:x vectors.
ARWM is a real N by N matrix containingfthe midpoint of AIWM.
ARWMA is a real N by N matrix containing the approximate inverse of
ARWM,
AZw is an integer vector of order N. It is used to store flags for
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various purposes. :

' AIA is an interval matrix with N rows. It contains the insufficiently
i small boxes. Each column is a box generated by the program and the number of
boxes changes as the program runs. For small, easy problems the number of
columns required may be 10 or less. For larger or more difficult problems
it is safer to allow for 100 boxes. The program is written so that the
current box, which is chosen from AJA, tends to be the largest box in AlA.
This improves the spee¢ of the algorithm but causes the number of boxes to
be larger. To reduce storage (while increasing the run time somewhat),

the program can be modified so that the current box is chosen to be the
smallest one in AIA.

AIB is an interval matrix with N rows. It contains boxes small
enough to satisfy the error criterion. As for AIA, the number of columns
depends on the problem. If the problem has only one or two solutions, AIB

..should never contain more than 5 or 10 boxes. If the problem has m
solutions, then AIB will probably contain at least m boxes eventually.

AIC is an interval matrix with N rows. It contains boxes which satisfy
both the requirement of smallness (width EA) and the criterion of smdll
functional width ( EB). At the end of the run, all remaining boxes will be
in AIC. Since tentative solution boxes are also put temporarily in AIC, it

O s
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must contain, say, ten more columns than there are solution points. The pro-
gram could be rewritten to occasionally purge AIC of boxes which do not contain
solutions. Thus, the dimension of AIC could be smaller than is currently
necessary. ]

NDIM is the number of columns in AJA. Since the number of boxes to be stored
in AIA is not known in advance, it must be guessed. A safe choice (generally)
is 100.

KENDC is the number of boxes in AlC.

AID is an interval vector containing the functional widths of the boxes in
AIC. Thus it has the same number of elements as the number of columns in AIC.

EA is an error tolerance. Any final box must be less than EA in width.

EB is an error tolerance. The functional width of f over each final box
must be less than EB. When the algorithm terminates, we will have FBAR-FLOW<EB.

P is a parameter which has been set (rather arbitrarily) to 0.75. 1If
during one complete iteration, the current bos is not reduced in width by at
Teast the factor 1-P, then the box is split in half. More experience is
needed to chocse P optimally.

FLOW is a lower bound on the global minimum f*,

FBAR is an upper bound on f*,

NSTEP is the number of iterative steps used by algorithm.

User supplied subroutines. The user must supply subroutines to evaluate
the object function f, its gradient g, and its Hessian H. The program requires
interval forms of these functions. The sharpness of the results, and hence the
rate of convergence of the algorithm, depends on the steps used to evaluate
these functions. Hence the subroutines should be written so as to obtain as
sharp results as feasible.

The object function f(x) must be evaluated as an interval function named
FI anc be of the form

INTRVAL FUNCTION F1 (N,AIW,KNEXTA,L)
Here N is the dimension of the problem, AIW is matrix wherein the interval
-argument vector (the box over which f is being evaluated) is stored and KNEXTA

is the specific column of AIW in which it is stored. L is a flag which allows
recovery or termination if difficulty (such as overflow) occurs in the evalua-
tion. Set L = 0 if all goes well. Set L = 1 otherwise. No actual use of the
flag is made by the program. Its use is included to aid the user in recovery
or termination if he chooses to modify the program appropriately.

o - -
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The interval gradient must be called GI and be evaluated using
SUBROUTINE GI (N,AIW,KNEXTA,AJW,JCOL,L).
The arguments N, AIW, KNEXTA and L are the same as for FI. The argument
AJW specifies the matrix in which the interval gradient is to be storec and
JCOL specifies the column of AJK.
The interval Hessian must be called Hl and be evaluated using
SUBROUTINE HI (N,AIW,KNEXTA,AIWM,L).
The arguments N, AIW, KNEXTA, and L are the same as for Fl or GI. The
interval Hessian should be placed in the matrix AIWM,

When computing the Hessian, diffqrent input arguments for different
elenents can be rea) (degenerate intervals). See the accompanying paper by
£. Hansen. Real arguments should be used when possible to reduce the widths
of the interval elements of the Hessian.

There is 2 need to have the diagonal elements of the Hessian with all
interval elements. This is used for a non-convexity check. Thus the
user must supply

SUBROUTINE HDIAG (N,AIW,KNEXTA,JCOL).
The argument N, AIW, and KNEXTA are as in HI. The argument JCOL specifies’
the column of AIW in which the diagonal of the Hessian (with non-degenerate
input) should be stored as an interval vector.

Miscellaneous comments. The mode used does not allow passing of
parameters. This problem is circumvented by placing parameters in a COMMON
block and referencing them in both the main program and the five subprograms.
However, space should be reserved in the beginning of the COMMON block for
the integers IFl, IGI, and IHlI. If, in the main program, each of these
counters is initjalized to zero, and, in each subprogram these counters are
incremented, one can easily keep track of how many times each subprogram
has been called. '

Subroutines. The central subroutine in GLOBALMIN is GLOBE. It calls

* various other subroutines which we now describe briefly.
; JOIN forms an interval number from two real numbers.

MCHE determines whether a given interval contains zero.




i{* SQUARE, SQURT, and CUBE find the square, square root, and cube,
» respectively, of an interval number.

CHK examines a box to see if it is less than EA in width. Any such box
in AIA is moved to AIB unless it is degenerate (2 single point). In the
latter case, the box is moved to AIC.

SPLIT divides a box into two pieces and places each in AlA,

MONQ examines the interval gradient. If a component is positive or
negative over a box, then f(x) is monotonic in the corresponding direction and
cannot have a stationary point in the box. Therefore, the box is eliminated.

COEF finds the coefficients of the interval quadratic equation needed
by ROOTS.

ROOTS solves the interval quadratic equation and deletes points of the
current box where f(x) » FBAR.

NEWTON does 2 step of an interval Newton metnod to find stationary
points of the gradient of f(x) in the current box.

LINVIF is an IMSL subroutine used to compute the approximate inverse
of the center of the Jacobian.

UPDATE evaluates f(x) at the center of each new box and updates FBAR
(the smallest known value of f(x)).

: DEBUG prints various information usefu! in debugging the program or in
- . evaluating its performance.

PRINT! is used by DEBUG to write appropriate information.

SECT1 is called by ROOTS to obtain tne intersection of two intervals.

SECT2 is called by ROOTS to obtain the intersection of an interval with
the complement (exterior) of an interval.

Note that each subroutine contains comments describing its function and

use,
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Introduction

i
)

This report is designed to serve as a supplement to:

F. D. Crary and T. D. Ladner, "A Simple Method of Addinc a New
Data Type to Fortran,' The University of Wisconsin, Mathematics
Research Center, U.S. Army, Technical Summary Report #1065,

May, !970.

A description is given here of the changes made in the Fortran pre~
compiler, CLUDGE, when it was implemented for the 1BM 360/57 at Weshington
State University. Throughout this report, numbers in square brackets refer

to page numbers in the report mentioned above.




Prefix for Type Other

The default prefix for type other in CLUDGE has been changed from

P0P (oh-zero-oh) to INT. [5, 15, 13l

Storace Recuirement for Tyope Other

The defau't storage requirement for a type other variab'e has been

changed from one menory word to two. [Nt, l6].

Copv Character

The default copy character has been changed fram a s’ash (/) to

aplus (+). [, 15

Files Used bv CLUDGE

The data se: reference number for SCRATCHZ has been changed from

21 to 1. [12, 18],

Summary Printed by CLUDGE

The sumary printed out by CLUDGE at the end of the instructions

to CLUDGE no longer inc'udes section one of the symbol table. [‘6].

Type Statement

The default type statement recognized by CLUDGE for the new data x

type has been changed from 'GTHER™ to "iNTRVAL." [13].




he lns:ructioni‘gg CLUDGE

Putting Comments on

The character which stops the examination of an instruction to

CLUDGE has been changed from the do'lar sign (§) to the "at' sign (@).
['3, 23).

1108 Contro' Cards

The statements in CLUDGE which process 110R contro! cards have

been removed. [‘2. \ISJ.

Octa!' Constants

The statenents in CLUDGE which a'low for octa! constants have

been removed. [2‘].

Do! la_r_ Siaon Cperator

Operator #7 has been changed from the do'lar sign (§) to the

vat" sign (@). [ 33, 46, Lg, 50, 52, 60, 61, 62, 66, 74].

The Symbo! Tabdble

The physica! structure of the symbo' table had to be changed since
350 Fortran allows at most 4 characters to be stored in one word, not 6.
Thus, array TABLE in common block SYMBUL was changed from a 1000 x 3
fullword array to a 7 x 1000 ha'fword array. The various items are

now stored in the symbo! table as follows:
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Section One Entries [36]):

—

4
’

—_—

|
S

Type

Section Two Entries [38]:

} Symbo! (2 chars / element) ]

» Type Other “Equivalent" (2 chars / element)

Dimens ioned Variable [36]:

Symbo!
(2 chars / element)

Type

Common Block Link

r

P

st e s,

Nth Continuation Block [37]:

Blank

Dimension bn - 2
(2 chars / element)

Dimension 4n = 1
(2 chars / element)

r
4

f
'

<y g —

. A

———— -

- - e - .

* number of dimensions

Ist dimension (2 chars / e'ement) !

. continuation link

-

. 2nd dimens ion
© (2 chars / element

y Dimension 4n (2 chars / element)
N
, Dimension 4n + 1 (2 chars / element)

'
y Continuation Link

-
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Unsubscripted Variable [37):

Symbol | !
(2 chars / element) o= mn]
Es ]
Type ; ‘
Common Block Link { 1 ;
i
{
Referenced Function [38]:
e s
Symbo! \!
(2 chars / element) - --
Type 3
SERIESSREES

Cormon Block Name [38]:

' CIM'

2 chars / element . ,
( ) ‘ Common Block Name

OSSR [P (2 chars / element)

e
.
i
'
!
'

Common Block Link




Arithmetic Statement Function [39):

mES
Symbol i ‘
(2 chars / element) - .- !
' ok 1
ﬂ Type 4 = ; Expansion Indicator
Number of Arguments { ; ¢ j + End Pointer
i 3
Function Subprogram [39]:
By
Symbo! ‘e i
(2 chars / element) o s )
Type

Result Symbo!
(2 chars / e.ement) 2

s vty
|

*

Section Three and Four Entries [40):

A —
| . Beginning Character Position
r——— 4
’ Type
e ”
H 1 Last Character Position

E Ll




feature. Other routines using this feature, DMCUDE and DMSTCD were

deleted. [117]).

1108 FLD Function

To facilitate character and string handling, three Assembler routines,

PUTC, GETC, and KEMPAR are used to replace the 1108 FLD “unction. [118].
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The parts of CLUDGE pot ment ioned above were left essentially the
same as in the 1108 version. Since no claim was given to the correctness
of the 1108 version, no guarantee can be given as to the correctness of
the 360 version, either. However, the changes made have been thoroughly

tested, and seem to be working correctly.
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Introduction

Anyone who has ever tried to do numerical celculations on a computer
is probably painfully aware that his rcsults are at best only epproxima-
tions to rcal solutions, Many types of error gencrally contribute to
this phenomenon, including error in representation of data within the
computcr and error inherent in thc way the computer does its arithmstic,

i.e., 'roundoff' error. Through the use of intcrval arithnetic, the effects

of these two types of error may be softcned somewhat, Ramon Moore [l]
gives some interesting details on the use of interval analysis in numer-
Ieal mothods,

The basic idea bchind the Interval Arithmetic Peckace is that opera-
tions can be performed on intervals of rea! numbers, rather than on the
real numbers themselves., These operations are done in such a way that
the resulting interval contains the exact solution, and (hopefully) is
the smaliest machine representable interval containing the exact solution
which can be calculated from the data given,

This report explains the basic capabilities of this Intervel Arith-
metic Pockage and the use of a Fortran precompiler, CLUDGE (pronounced

with a long "u") which allows Fortran variables to by typed “INTRVAL"

and used just 2s standard variables are used in Fortran cxpressions.

:
:
§
g
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}. JThe Concept of Interva! Arithmetic

Arithmetic operations defined on intervals are merely operations
defined on the two sets of rea! numbers involved., For example, addition
of two intervals, [a,t] and [c,¢], is the set of sums which may be ob-
tained by adding rea) numbers, x and y, where a £ x £b and c £y <d,
That is to say,

[a,b] + [c,d'} = {x +y: X € [a,b] and y & fc,d]}.

In 2 similar manner, functions may be defined on intervals, Thus
for a real valued function f, f([a,b]) is the interval [c,¢] consisting
of al! points y such that y = f(x) for some x, 2 € x <b,

The set notion is alsc used to define comparisons of intervals,

For example, {a,;] < [c,d] means that

x £y for a1) x £ [2,b] and for all y € Tc,d].
That is, 'g'" must be true for all possible pairs, x and y, where x is
taken from [2,b]) and y is taken from [c,d].

It should be noted that an interval of the form [a,2] is simply
another way of representing the real number a., Such an interval is called
decencrate, So, in a sense, interval arithmetic can be thought of as an

extension of real arithmetic,

11, Adding a New Data Type to Fortran

Standard Fortran compilers allow programmers to use severa! different
data types, such as REAL, INTEGER, CUMPLEX, and DFUBLE PRECISION, when
performing numerical calculations, In order to add a new data type to

Fortran, the progrommer must somehow simulate operations on this ~ew




data type in terms of existing operatiors and data types.

A convenient way of adding a new data type to Fortran is to use 2

“precompiler' which will recognize a type statement for the new data

type, and then translate all arithmetic operations, function calls,

comparisons, and data type conversions involving the new data type into

calls to the appropriate simulation routines, For example, 2 precomp
would accept the statements

INTRVAL A,B,C

C=A+8B
and replace them with

COMPLEX A,B,C

.
-
.

CALL INTADD (A,B,C)
where INTADD is the routine which performs addition on the intervals
A and B, and stores the resulting interval in C. (The reason for re-
placing the INTRVAL type statement with a COMPLEX type statement will
be explained later.) The Fortran prograﬂlproduced by the precompiler

is then passed to the Fortran compiler to be compiled and executed,

iler

The routines which simulate operations on intervals are contained

in the Interval Arithmetic Package, and are explained further in the
following sections. A precompiler, named CLUDGE, is available which
will recognize the INTRVAL type statement and insert calls to these
interva! arithmetic routines. Control cards and the deck setup for
using CLUDGE are given in Appendix C.

Note that routines in the Interval Arithmetic Package may be ca)

explicitly from the user's program. In the last example, the user could

DS pp— . —
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put the statements

CEMPLEX A,B,C

CALL INTADD (A,8,C)
directly into his program, and then a precompiler is not needed. The
precompiler CLUDGE has been implemented only to make the use of the

Interval Arithmetic Package easier,

1), Ihe Implementation of Interval Arithmetie

The following sections describe the methods used in the Interva)
Arithmetic Package to implement the various interval operations, The
implementation preserves the concept of interval arithmetic as it s
described in Section |,

Within the computer, an interval of real! numbers will be represented
by its cndpoints. We will thus refer to an interva! [a,b] as an ordered
pair of machine representabie single precision numbers, a and b, such
that a &« b, Hence in order to represent an interval by a single variable
in Fortran, the variable name must refer to two memory cells, one for the
left endpoint and one for the right endpoint. This can be accomplished
in cither of two ways: by declaring the variable CEMPLEX or by declaring
1t to be a real array of two elements, i.e,, COMPLEX A or DIMENSION A(2).
If the user is calling routines in the Interval Arithmetic Package directly,
he may use either method, If he is using the precompiler, CLUDGE, he must
use the INTRVAL type statement as described in the last section,

We can now go on to describe the various interval operations in

terms of the representations of the intervals by endpoints.,




—————— — -

A. Basic Interval Arithmetic

The four basic binary operations, addition, subtraction, multiplication,
and division are defined for intervals as follows:

[a,b] . [c,d] -[a +c, b+ d]

[a,b] - [c.d} -[l ~d, b~ c]

[a,b] x [c.d} -fmin {ac,ad.bc,bd}. max fac.ad,bc.bdD

7
’

[a,b] / fc,d] -[min {a/c, a/d, b/c, b/d}. max fa/c,a/d,b/c.b/dw’

(note: division is defined only if 0 & {c,¢].)
Note that these definitions are consistent with the general set definitions
given in Section I,

The subroutines in the Interva! Arithmetic Package which perform
these operations are INTADD, INTSUB, INTMUL, and INTDIV, respectively,
Appendix A describes how these routines may be called directly, |If
CLUDGE is being used, calls to these routines will be generated whenever
the sytbols ¢+, = *_ or / are encountered and either or both operands are
of type INTRVAL, (lote that mixed mode is allowed by CLUDGE, Conversions
between data types are described in Section 1il. C.) CLUDGE ignores &
unary + sign, and unary negation is performed by the routine INTNEG,

For furt-her information on the theory and algorithms used for this

interval arithmetic, see [l}and[Z}.

B. Best Possible Floating Point Arithmetic

While the interval operations defined in the last section are

_ theoretically correct, they cannot simply be programmed using the computer's

binary operations, since this would again introduce the error we are trying

to avoid, Consider the following example:

S g -




Suppose a hypothetical computer can retain only one
digit after every operation, Then [.8, .9] might be 2
typical interva!, The square of this interval would
theoretically be [ .64, ,B1], but this would be represented
on this computer by _ .8, .87, Now since our original
interva) contains the number ,89%, we require that (. 899)
.808201 be contained in the interval [ .6, .87, but obviously
it is not,

Note that f.S. I.Oj would be an adequate representation
for [.C, .9j¢, but this is not the smaliest such interval
possnble. If 'we "round up'' the right endpoint and ''round
down'' the left endpoint of f 64, .81 we get [.o .9]\~huch
is the smallest adequate in:erval representable on our
hypothetical computer,

The Interva! Arithmetic Package uses 2 set of routines with "Best
possible Floating Point Arithmetic' to accomplish the desired bounding
of intervals, Essentially these routines calculate the result of a
floating point operation to more precision than single precision, and
then ''round up'' or ''round down'' as desired, The result is the largest
machine representable single precision number less than the exa-t result,
or the smallest machine representable single precision nunber greater
than the exact result, as the case may be, For further discussion of
these algorithms, see [3] and [6]. Case analyses for the corresponding

interval routines may be found in LZJ.

C. Conversion Betwcen Data Tyoes

The Interval Arithmetic Package contains routines which will convert

integer, real, complex, and double precision numbers to intervals (i.e.,

to the computer's endpoint-representation of an interval) and vice versa,
A description of each conversion is given below, The name given in

parentheses is the name of the routine in the Interval Arithmetic Package

which does the conversion,




l. Rea! to Interval (INTC58):

Y
A degenerate interval is created whose endpoints
| are the given real number,
}

2, Double Precision to Interval (INTCEB):
If the double precision number can be expressed
exactly in single precision, the conversion is
the some as in !, |If not, @ nondecencrate interval
is obtained by rounding cdown on the double precision
number for the left endpoint, and rounding up for
the right endpoint,

3. Integer to Interval (INTCLB):
The integer is first converted to double precision,
and then to an interval as cdescribed in 2,

L, Complex to Interval (INTC78):
The real part of the complex nunber is converted
to an interval as described in |, The imaginary
part is ignored,

5, Interva) to Real, Double Precision, or Intecer (INTCBS,

s INTCBL, INTCBL):
The midpoint of the interval is computed in double
precision and is then converted to the desired type,
rounded if necessary to singie precision,
. 6. Interval to Comnlex (INTC87):

The real part is set to the rounded value of the
midpoint of the interva!, and the imaginary part
is set to 2zero.

When using CLUDGE, the programmer may mix variables of type INTRVAL

v

with those of type REAL, DPUBLE PRECISION, INTEGER, or CEMPLEX, Type
INTRVAL dominates the other data types. Thus mixed mode arithmetic
involving a variable of type INTRVAL will be done in interval arithmetic,
CLUDGE will generate calls to the various conversion routines whenever

necessary, For example, suppose R is rea), and A is type INTRVAL, Then

S —

during precompilation with CLUDGE, the statement

R=2%A




is replaced by

REAL INTC8S
CEMPLEX A, INTTEM(2)

CALL INTCLB(2,INTTEM(1))

CALL INTMUL (INTTEM()),A,INTTEM(2))

R = INTCES(INTTEM(2))
Note that CLUDGE will allocate temporary storage locations in the array
INTTEM to hold intermediate interval results whenever needed,

The arithmetic IF statement is the one exception to the fact that
the INTRVAL data type always dominates, If the expression in an arith~
metic IF statement contains a variable of type INTRVAL, CLUDGE will
generate the statements necessary to evaluate the expression, just as
explained above, but the final resuit is converted to type REAL and the
proper branch is determined on the basis of this REAL value. For example,
for the statements

INTRVAL A

IF () 3,4,5

CLUDGE will generate

REAL INTC85
COMPLEX A

IF (INTCB5(A)) 3,4,5

The user may also call these conversion routines directly from his

program if desired., (See Appendix A).

“D. Exponentiation

There are four routines in the Interval Arithmetic Package for

ralsing an interval to a power:




—— — — ———

1. Interval to Integer Power (INTXPL):

The result is obtained by successive multiplications
of the interval with itself, However, if the power
is an even integer, the left endpoint of the result
will never be less than zero., For example, if A is
the interva) [-!.2], then the result of squaring A
will be !0,4) even though A mulitiplied by itself
yields [-2,4].

2. Interval to Rea!, Double Precision, or Interval Power
(IRTXPS, INTXPO, INTXPS):

The result of A” is calculated by exp(Bxlog(AR))
where the interval exponential and log routines
(described in Section 111, F,) are used, and B
is converted to an interva! beforehand, if necessary,

W
.
»

eal, Double Precision, or Integer to Interval Power

(INTXPE) :

The base is first converted to an interval, and

then the routine INTXPE is used.
The precompiler CLUDGE will process occurrences of “=* in a Fortran
program by generating calls to the appropriate routines, depending
on the type of base and exponent, (f CLUDGE is not used, the user

must see thal proper conversions are done,

E. Comparison of Intervals

—

The Interva! Arithmetic Package contains logical functions INTEQ,
INTHE, INTGT, INTGE, INTLT, INTLE which perform the comparisons .EQ.,
.NE,, .GT., .GE., .LT., and .LE, on two intervals, These relationships

ore defined as follows:

[a.,b] = [c,d] if and only if a=b=c=d
[a,b) # (c,d] if and only if becorasd
fa,b) «Tc,d) if and only if b < ¢

[2.b) « [c,d) if and only if b= c




¢

[a,6] s [c.¢] if and only if asd

[a.b) 2 [c.d] if and only if a>d
These are consistent with the general definitions in Section |, In
particular, note that if R is any one of the above relationa! operators,
then [a.bJ R [c,d] if and only if x Ry for all x € [a,b] and ye [c,d].
For example, if x& [1,3)and ye [2,4] it is not clear how x and y are
related, Hence the relational operators can be defined only on disjoint
intervals, or intervals with at most one point in common., Care must be
taken when using these operators since, for example, fa,qj'( [c,d] does
not imply that fa.b] S [c.d]. Even more confusing is an expression such as

NOT, (A.EQ.B).AND, NOT, (A NE,E)

which is true if A and B are nondegenerate intersecting intervals, even
if they are equal as sets.

These routines may be referenced directly by the user (see Appendix A),
or, they will be referenced by CLUDGE whenever one of the relationa’
operators .EQ., .NE., .GT., .GE,, .LT,, or .LE. is encountered with a
type INTRVAL operand. (If the other operand is.ggl of type INTRVAL, it

is converted before the comparison is made.)

F. Standard Functions

The Interval Arithmetic Package provides interva! counterparts to the
standard Fortran functions SQRT, EXP, ALOC, ALEGIO, ARSIN, ARCES, ATAN,
SINK, COSH, TANH, C@S, SIN, TAN, and ATAN2, These routines are listed in
kpoendix A, Thus, if desired, the user may call them directly. If CLUDGE
Is being used, calls to the interval counterparts will be made whenever one

of the above routines is encountered with a type INTRVAL argqument,

S - o




These interval routines utilize the standard double precision functions,
and hence although there is a high probability of accuracy, correct bounding
here cannot be guaranteed. Appendix B gives the number of bits which are
assumed to be accurate for each of the double precision standard functions
used. The problem arises when a carry, generated below the last assumed
accurate bit in the double precision result, propagates into some of the
correct bits, causing erroneous bounding of the interval, Con:ider the
following simple example:

Suppose the exact value of 2 function is the binary

aumber 0111), If we use the correspondinc Fortran livrary

function, and only the first three bits are accurate, we

could get an error of 00001 and our result would be

01111 + 00001 = 10000, Now if we truncate this to three

bits we get 100 as a left endpoint, when in fact the left

endpoint shoulc be COI1!,

To prevent this, the result of the double precision function is
actually bounded twice: once at the 'ast assumed accurate bit in the least
significant part of the number, and once again to create the proper single
precision endpoint of the interval, So in the above example, to create
® left endpoint from 10000, knowing that only the first three bits are
sccurate, we first subtract 00100 to get 01100, and then truncate that
to threce bits to get 011, which is the proper left encdpoint,

The resulting interva!l may not be as small as possible as a2 result of

this process, but it is most probably accurate, For further details on

the crror analysis of the Fortran double precision routines, see [h}.

C. Supporting Functions

Two interval routines which have Fortran counterparts have yet
t0 S¢ mentioned, They are INTABS, which computes the absolute value of

8n interval, and INTSTR, which replaces one internval by another,




In addition, there are six interval routines which have no Fortran

counterparts, and thus will never be referenced by CLUDGE., They are:

INTSUP
INTINF
INTLEN

INTUON

INTSCT

INTBND

These routines are 2lso listed in Appendix A, and may be called directly

by the user.

(Note: There is no routine in the Interval Arithmetic Package which
will create an interva! from two rea! numbers. However, this may be
accomplished as follows:

1., Convert each rea! number to 2 degenerate interval,

2. Form the union of these two intervals,

To create an interval! from a double precision number, use the subroutine

INTEND and specify how many bits of the double precision number are assumed

to be accurate.)

H. [Error Conditions

During every interval! operation performed by a routine in the Interva)
Arithmetic Package, possible error conditions are monitored and a flag is
Vet whenever an error occurs, At the end of each operation, a call is
Face to INTRAP, a routine in the Interval Arithmetic Package which takes

bz2ropriate action if an error has occurred., Below is a )list of the possible

Returns the right endpoint of an interval
Returns the left endpoint of an interval

Returns the length of an interval

Returns the union of two intervals:
ta.QJ v [c,d] - [@in(a.c), mex(b,d)]

Returns the intersection of two intervals:

(2,6 Afc,d) =[max(a,c), min(b,d)])

T L AR RS E > 2
(The intersection of disjoint intervals is not defined)

Returns an interval! created by bounding @ double
precision number to 8 given accuracy




error conditions, along with the value of the result in each case, and the
action taken by INTRAP, The meaning of overflow and underflow should be
clear. An "infinity' error occurs when an attempt is made to round up
(down) a number which is already at least as large (small) as the largest
(smallest) single precision number possible. The symbo! K is used to
represent the largest possible single precision number, L is used to
represent the largest possible single precision number which can be
correct!y converted to an integer, and C indicates a correct value. The

possible actions taken by INTRAP are:

A No Action Taken
B Prints Error Message
C Prints Error Messace and Traceback,

and Increments the Error Counter

The fau!t conditions recognized by INTRAP are:

1. Bounds Faults:

Left Endooint Right Endpoint Pesult Action
no fault infinity {c,x] C
no fault underf low {c,o} A
overflow infinity [K,K] c

-infinity no fault Z-K,C C
-infinity overflow T-K, K] c
-infinity infinity [k, %3 C
-infinity underf low ".x,0] ¢
underf low no fault [O.Cj A
underf low infinity {o,xd C
underf low underf low [0,02 A




2. Other Faults

Fault Result Action

Division by Zero undef ined C
Zero to the Zero Power .1 3
Square Root of Negative Number [-x,x] ¢
Log of Non-Positive Number (-x,K] c
Underflow during Interva! to

Rea! Conversion 0 A
Overflow during Interval to

Integer Conversion L c
Intersection of Disjoint

Intervals undef ined o
ARCCS or ARSIN Argument

Out of Range : [-x,x] ¢

Provisions have 2!so been made to a!lowthe user some contro! over the
action taken when errors occur, These are explained in more detail in

Appendix D.

I. Inout and Outout

The Interval! Arithmetic Package contains no specia! routines for
input and output of interval variables, so the user must devise his own
methods, This is & straightforward task and no more difficult than the
task of input and output for ordinary Fortran variables as long as the
vser remembers two things:

J. Interval variables require two memory cells and hence

must be treated as either complex variables or arrays of

two elements, If they are declared as arrays, they may

be read in or written out just as ordinary arrays are, |If
they are declared COMPLEX, they may be read in or written
out just as complex variables are. If CLUDGE is used, al)
variables of tvne INTRVAL are automatically declared COMPLEX
and should be treated so in all input and output statements,

2. Fortran FORMAT statements allow the user to specify the number
of digits to be written out, and so what is actually written
is- the value rounded to that many places. Care should be
taken to insure that this feature does not unintentionally
misrepresent the actua! endpoints of the interval computed,
That is, rounding up on the left endpoint or down on the

4
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right endpoint could cause the interva) to appear smaller
than it actually is,

Note:
Any appearance of a variable of type INTRVAL in a READ or WRITE
statement causes the message

st WARNING - TYPE OTHER ARGUMENT IN /0 LIST smimimiet

to be printed. This message is simply 2 reminder to the user that a

type INTRVAL variable is being used and must have two fields reserved
for it in the FORMAT statement, The message does not indicate an error

in syntax, but merely points out a frequent source of 1/0 errors.

15
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Routines in the Interva) Arithmetic Packace

In the following table, the NAME column gives the value of the para~
metecﬂﬂﬂli in common bloak INTFLT when INTRAP is called by that routine
(see Appendix D). In the column marked 'Arguments' the type of each

argument is implied by the first letcer as follows:

First Letter Type
A Interva!
C Complex
D Double Precision
| Integer
L Logical
R Rea!

R -
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Aependix B:

In the following

approximate extreme values of the interva! function.

Jnterval Library Routines

table, the values in the range column are the

M stands for the

raximum single precision floating point number, The number in the "Errors'

column is the value of the fault flag for this error

Name

INTACS
INTASN
INTATN
INTAT2
INTCOS
INTCSH

INTEXP

INTLN

INTLCS

INTS 1N
1T SHH

INTST
INTTAN

INTTHH

- ———

i Range Error

23
23

16

18
10

Explanation or Other Comments

Argument out of range: -] to )
Argument out of range: =1 to |

Division by zero attempted

1f abs, val, of endpoint>175.0,
175.C used

1f abs, val, of endpoint 5170,0,
170.0 used

Log of ron-positive nurner

Log of non-positive number

If abs, val, of endpoint>175.0,
175.0 used

Square root of a negative number
Error when interva! argument spans
the discontinuity of tan at -7} or
at 74 , The standard function
DTAN will alsoc gencrate an error
if either endooint is ''too close”

condition,

Library
Rout ines

Used

DARCES
DARS IN
DATAN
DATAN
0Ces

DCOSH

DEXP

DLEG
DLEGIO

pees
DS INH

DSQRT
DTAN

to-"2o0r to ": . No check for this

is made in INTTAN,

DTANH

‘Assumed Ac
racy in & «
bits

52
52
52
52
Le
51

52

50
except 25 i
EQQ?&I.OOL

50
except 25 i
,0005 1,000

Le

51
except LO i

[-.0005, .00

53
38
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How to Use CLUDGE

B i e em——

The Fortran precompiler, CLUDGE, will accept 2'most a!! Fortran

sratements allowed by the 1BM Fortran-G compiler. The exceptions are

c;\tﬂ here:
1. CLUDGE will not accept ony of the following statements:

INTECER™
INTEGER™S
REALSL

RCAL:E

COMPLEXS:
COovPLEX
LOC ICAL
CCICAL™

L8 ]

& - - D
o>

CLUDGE does, however, accept the following type statements:

REAL

IRTEGER

CONPLEX

DRUBLE PRECISION
LOGICAL

INTAVAL

Thus the user should avoid using INTEGERY2, LOGICAL™),
and COMPLEX*16 data typcs a'together when using CLUDGE, and
should replace other "' type statements by ordinary type
statements, i.e,, use REAL rather than REAL™L, etc,
2. The following statements are accepted by CLUDGE, but no further
action is taken on them:
DATA
EQU IVALENCE
EXTERNAL

FORMAT
NAMELIST
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In p.r}icu!ar, extreme caution should be taken if type INTRVAL

L ,W.-‘.-n‘ﬂﬁﬂm %

variables are used in DATA or EQUIVALENCE statements, since the
form of these voriables is altered by CLUDGE, Also, since FARMAT
statements are recognized but not processed further, the user

should avoid using FCRMAT as rthe name of an array.

3. The main progrom must be the first input to CLUDGE, and at most

one main progrem may appear in the deck,

4. The names INTTEM and ILTRLT ore generated by CLUDGE for special

purposes, and should not be explicitly used by the programmer,

§, If CLUDGE must generate additional statement numbers, they will
start with 30000, or the first integer after 30000 which has not
alreudy been used., Thus the programmer should attempt to use

stotement numbers below 30000 whenever possible.,

CLUDGE does a minimal amount of error checking, but may occasionally
produtc error messages, These messages are listed in Appendix E, Hote
that the type OTHER referred to by these messages is type INTRVAL,

CLUDGE is actually o acneral purpose precompiler for FORTRAN, and
occents several instructions which will alter the way in which it processes
& progrom, These instructions are described in [5] and [7}. but the inexperi-

tnicd programmer should not attempt to use them,




The control

card setup for CLUDGE is given below:

peck Setup to Precompile, Comp(le, and G{

Omic if
no cata
caras

O ———— —— . o ——

4job cardx

r/'.': .
4 - |
el |
¢+ Data Cards :

o RS s R o
, //C0, SYS 1:.DDox ;

- —————— ———

/
- —— - prem—— __~..’/ ; { 3
Source Cards . |
r R SR R 5 ] L
/7 \NTERVAL,SYS INaD D £ ;
iy o e ! ek e ; ’
l 2/8tepnanmeEXEC. INTERVAL I I
‘ |
: i e % o oo it 1 {
: !
{ g/
; V4
5
!
é

Stepname

| &

tvurce Cards

moy be any name of 1 to & characters (first character
must be aiphabetic) or may be left blank,

denotes at least one blank.

arc the Fortran program which uses the INTRVAL type
statement,

- e e e e e e




A program run under this contro! card setup will produce three levels

of output:

’
!. Output from CLUDGE:
This is @ listing of the source deck, along with any error
messages which (LUDGE generates.,
2. Output frem the Fortran Comniler:
This is a listing of the Fortran progrom which CLUDGE produces
by changing the type INTRVAL stoterent to CCHPLEX and replacing
operations on type INTRVAL variables with subroutine calls and
function references, Any error nessages produced by the Foriran
compiler will be given here,
3. Outnut from Execution of the Proaram:
This is the outnut which is generated by the execution of the
conpiled Fortran progream, Any error messages generated by this
exccution will be given here.
These three levels of ovutput are illustrated in the sample program
which follows,
N

.‘.“
T,




oy :‘A%

Souvcé€ ";{";f vitf lines oF ,n'.}.ne;{a;(’ téJ
b7 CLUDGE.

18% 360767 VFRSION OF TLUDGE

GAVPLE PRCGRAM TN (OMPUTE A TABLE OF FACTO2IALS AND THEIR NATURZL
LOGER T THVS USING INTERVAL ARITHVETIC

SEAL INTINFLINTSUPLLFEFT
1%12VAL FACTLULNFACY
wW21TFE(4, 1)
£al1=1,
0o 10 =],2% -
crC1=Falls] ‘.e ’m T4 ‘br e‘?*’"‘t%’"
LSFACT=ALORLFACT)
CFET=INTINFLEACT)
AICAT=INTSLO(FACT)
1P P21 TF (L2 Lo LEFT RIGAT LNFACTY
sevee LAOMNING = TYPE OTHE® AQGUMVENT IN 170 LIST ssete

NOTE THAT THE PRIMNTING DF THE VALUES OF THR TWD TYPE INTERVAL
VLSLABLES IS PROGRAVMED IN DIFFEPENT wavYS

Y FURSMLZY(CYITLIALE NF INTFRVAL FACTNRIALS AND THT IR LNAARITHMSY 77/,
: e NTl16X,y'N ‘C-CT!":IAL"Z?xq'lﬁQ(N FACTNRTIALY 4771
SFNRVATLY Y o12420aX 'l "4E15.99%y'9E15.84)"))

Catl Fx 1Y

F%D




I N Py e

rﬂj"ﬂ" rroJuceJ by CLUDGE f",

C-6

cmx,f/at‘lo'n Ly

FOATRAN compi ler.

prveL 16 MATN - DATE = 71166 15/2°

~ s

sseee OROCESSED BY 1°M 360/67 VEISINN OF CLUDGE sesss
COMPLEX INTTEM(2)
AL INTINF, INTSUP, LEFT
COvPLEY FALT, LNFACT
SAMPLE PrROGRAM 7D COMPUTE A TARLE NF FACTORIALS AND THEIR NATU
LOGARITHMYS USING INTERVAL AT THYETIC

P ITE(S,1)
CALL INTICS8 (1., FACT)
no 12 1=1,25
CALL INTI6R (1, INTYEM(]1))
CALL INMNTWUL (FACT, !‘T1=”¢l) INTTENNL2))
CALL TNIST2 (INTTEMUZ2Y s FACT)
CALL INILN (FACTY, LNFACTY)
LEFT = INTINF (FACTY)
PI1GRTY = INTISUP (FACT)
10 vRITECG 211 WLEFT S INAT JLNFAZY
soves WARMNING ~ TVDE OTHER ARGUIMENT IN 170 LIST setes

NOTE THAT THE PRINTING OF THE VALUES OF THE TWC TYPE INTRVAL
VARTABLFES 1S PROSRAMMED IN DIFFEAFNT WAYS

] FOVMAT ('ITARLE JF INTERVAL FAZTORIALS AND THEIR LDGARITHMS', /277,
8t N*yI6Xe'N FACTn°lAL'.22!.'L°1(1 FACTORIALYY /7))
@ FORVAT(® 124204 X 4 (" 4E15,2,%,',F15,8,')%))
CeLtr =xgr
END

.ﬂ“;‘r
1L
18 V't S
Ay »
38 et !
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C:

Du.fpd‘ From program exeution,

I»TERVAL FACTORIALS AND THEIR LDGARITHMS

C.lCTEnntE
NS LLECO0S
CAI0DOUOE
( .?"\t“f-fn')‘
#3205 00F
s 125 0NCONE
C.5C<DLCCCE
(67 22GCQ0F
C k222 CNE
fe3¢:288C COE
SJAS%14°00F
£ ,&737C160E
C.8227C1T7E
P81 7TR215E
()27 7072PE
Ce?22522765E
f‘.'lt&:,ﬁleF
f et &"23617F
'\o‘,‘lc’.‘-fn]“
"e?2&323040CE
(.51 )808ENGE
"e11225,477F
T e?2%251945F
f ot P LbENSE
Cal'"S111404F

FACTOR] AL

Cle C.1NCODONOE G))
N}y, G.29203C0C00GE 31)
0}, 0.500900008 01)
N7, 2,2640000008 52)
M3, D.12C20002E 03)
Gy 0. 7203000ON0E 03)
Nhy 25364000008 04)
NS, (1.6032003CE 05)
Chy Pe3528RC0OCE 05)
07y D.36288000¢ ©7)
0%; 0.29%9163070F 08}
29y J46792014CE C9)
10+ CS4b52270218F 10)
11y JRT17R346E 11)
13¢ Ge13076760E 13)
1oy 0.722922R165 14)
15y 0.3554R79GF 15)
1£¢ (254023275€ 16)
IFs 0412154534 18)
19y, J2.243290R]E 16}
20y CeS51C315PGF 20)
22y D411240033F 22)
23y Ce25E52000F 213)
P4y DJS5204501RF 24)
26y Ma15511255€ 26)

LOGIN

c.0

C.69214712F
C.17317585¢
0.3178G529F
0.4787430RF
0.565735272503F
0.85251608F
Ge 13574 5CAE
Osi2B 1327F
C.151744)2°7
0.17%2230&¢
C.19937213F
0:22552155¢
0.2515120R%
0.272%3G261F
0.32571844F
C.33555066F
0.353354%0F.
C.33330274F
0423354727
0.4%380127C
C.48471176%
0.51556659F
Ge56LTR&LT]GF
0.58CC°3601F

———————— —————— —— o~ — o~ —~— o~ -

FACTORIAL)

0.0

D.69314718F
4179175958
0.3178053°¢F
CebTBICSIEE
D.65792513F
C.85251617F
0e1C6J44604F
O0.1280182FF
0.151046412¢E
O.175022169¢F
019887225
0.22552173¢
Ce25191223F
Q+.2789%9277¢
0.30671R875F
c«31505081F
Ce363295462F
2¢39332890¢
J+.421356732°F
F2¢ 0653801027
02y De484711%21F
02, 0.51606568°%¢
N2y Je567847445
C2y D.5EC03616T

EEEITI DD FEINVID DT
S I B B . ]

@ @ @ @ 4 @ 4 e @® @ * e e =

>
o

o
N
B

02,
T2
€2,
02,
02,




Apsendix D:

Error Contro!

Below is a complete table of the faults which are recognized by
INTRAP. The value of the result after each fault has already been §

given in Section III.H,

Fault | Condition Metbuke
Fault fla ———
t S| teftendooint____ right endpoine | Reseorse
0 ! no fault f no fault ; -~
‘ 1 ; no fault | overflow : Lx
2 no fault { infinity { 3
3 i no fault ! underf low ¢ 0
PR =Tios : Al : 2 s |
L overflow ~ no fault i L
5 overflow overf low i L
‘ 6 overfiow infinity 3 |
: 7 overflow underf low L | 3
: |
' 8 ~infinity no fault ! 3. i
g -infinity ‘ overflow | 3 |
10 -infinity : infinity { 3 !
’ n -infinity underflow | 3 '
- e - —— o . - . - i {
12 underflow { no fault 0 ‘
13 underflow ' overflow L
1L underflow | infinity 3
15 : underf low | underf low 0 i
16 division by zero |
17 zero to the zero power |
18 square root of a negative number
: 19 log of a non-positive number
: 20 underflow during interval-to-rea! |
! 2) | overflow during interval-to-integer |
: 22 ' intersection of disjoint intervals |
| 23 | ARCES or ARSIN argument out of range j

* cannot logically occur
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The action taken by INTRAP is determined by the value of the array

MONTOR corresponding to the value of the fault flag:

MONTOR (IFAULT) Action
0 Exit
1 Print error message
2 Print error message and traceback
3 Print error message, traceback,
and step error counter
& Print error message, traceback,

and stop

The user may communicate directly with INTRAP through common block

INTFLT. The statement needed is

CEMMON/ INTFLT/IFAULT NAME  PARAMS (2,3) , IPAR, PAR ,DPAR ,MONTOR (23) ,
KNTR(ZB) KGJHTS(23)

w
where IFAULT is the value of the fault flag, NAME indicates the routine
in which the error occurred (see Apperdix A for the va'ues of NAME), tre
array PARAMS contains the interval arcuments (up to three of them, stored
es columns), IPAR contains the possible integer argument, PAR the possible
rca! argument, and DPAR the possible double precision argument, Obvious'y,
the type of arguments passed depends on the type of arouments of the rou-
tine in which the error occurred., MONTOR gives the default response for
coch of the possible 23 errors., The values in this array may be &ltered
dynanically by the user to change the action taken by INTRAP, For example,
MONTOR(16) = 1
causes INTRAP to simply print an error message when division by zero
(fault #16) is attempted. The array KNTR gives the maximum number of
times each error may occur before execution is terminated., This array may
8'so be altered dynamically, Thus the statement

KNTR(18) = 4

8llows taking the square root of a negative number to be attempted four




L imes pefore the job is halted. The default va'uve for this array is 1
for each error. The array KOUNTS contains the number of times each

error has occurred during execution, Whenever the corresponding value
of MONTOR is 3 for a given error, and that error occurs, then the appro-
priate value in KOUNTS is incremented and tested against the one in KNTR,
1f the maximum number of occurrences for that error has been reached, the
jo> is terminated by INTRAP,

nence if the default options for INTRAP are used, any error having

s corresponding va'ue of 3 or 4 in MONTOR wil) be fata!.
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Error and Diaanostic Messaces from CLUDGE

This appendix gives a list of al) the error and diagnostic messages
Included in the CLUDGE, They are listed alphabetically according to the

first invariant information contained in the message. Variables are indi-

cated by XXX in the case of names and numbers (occasionally M and N are

sed for numbers), and X or Y in the case of characters. We also give the
~eaning of the message if it is not self-explanatory and the meaning of any
variable parts of the message. Further explanations of the table names and
code words used in the messaces can be found in {5]. The words TYPE CTHER

in the messaces refer to TYPE INTRVAL,

ARITHMETIC STATEMENT FUNCTION XXX REFERENCED WITH N ARGUMENTS ==
M ARGUMENTS DECLARED

ATTEMPT TO POP EMPTY OPERATOR STALK
Attempt to compile @ syntactically improper statement

ATTEMPT TO POP EMPTY OPERAND STACK
Attempt to compile @ syntactically improper statement

ATTEMPT TO READ PAST END OF FILE
Pre-compiler error

i
CCUPILER EREOB = JTLLEGAL OPERATOR N STACK
(1) Closing parenthesis ')' in stack
(2) Operator associated with commas is not @ function call

COMPILER ERROR #~ LOOP IN COMMON BLOCK LINKS
Common biock !inks have been improper !y constructed resulting in @
circle of entries in some common block

COMPILER ERROR “» § OR ) IN STANDARD CODE LIST
Code list was improperly generated

CONSTRUCTION ERROR -- UNMEXPECTED LETTER FOLLOWS CONSTANT
The character following @ string interpreted as a constant is not
an operator




CONVERSION WITH TYPE LOGICAL UNDEF INED
One side of an arithmetic statement function declaration is type
logica! and the other has a standarc data type (other than
logical)

DO LOOP NOT ENDED OR BADLY NESTED

‘X' DOES NOY FOLLOW 'Y' IN ALPHABET ;
A construct of the form (Y-X) was found in an imp'icit type
declaration where 'X' pr. . eeds 'Y' alphabetically

END INSERTED
Warning message ~- @ new program unit was becun, but no end line
was present in the preceeding unit and no '“NO ENDS' instruction
was prescnt in the instructions to the CLUDGE

ERROR IN CONSTRUCTION
Genera!ized error message indicating error in the construction of
a8 constant

ERROR IN INSTRUCTIONS TO PRE-COMPILER,
EXELUTION DELETED. ;
Fata! errors were enzountered in the instructions to the CLUDGE

HOLLERITH CONSTANT EXTENDS PAST END OF CARD IMAGE
A symbo! interpretec as a Hollerith constant has too great 2
character count

HOLLERITH CONSTANTS MAY NOT APPEAR IN STATEMENT FUNCTIONS

I THINK YOU FORGOT SOMETHING
llo data has beer provided for the CLUDGE

ILLEGAL COMSINATION CF CPERATORS
An illegal combination of operators has been found -- see the
description of the parsing method and decision table

tLLEGAL COMMON DLOCK NAME
Common block name is not blank, an integer constant, or an identifier

ILLEGAL LIST ITEM
A dimension or type declaration statement is improperly constructed
or punctuated

ILLEGAL TYPE NAME
An improper type name has been specified in a “type instruction
(note: The test generating this message is not exhaustive)

ILLEGAL VARIABLE
An identifier begins with a character other then a letter

IMPROPER APPEARANCE COF DECIMAL POINT
A decimal point or period was encountered unexpected'y whi'e examining
8 constant




{MPROPER APPEARANCE OF UNARY OPERATOR
An operator (other than '(') immediately follows a '+' or '~'

A4
IMPROPER FILE ASSIGNMENT
Two files, other than output and print, have been assigned to the
same logica! unit
INVALID OPERATOR (XX) ENCOUNTERED IN TYPE OTHER CODE
Pre-compiler error =-- @ parenthesis, comma, logica', or relational
operator appears with a type OTHER result indicated. XX is
the operator number found
LOGICAL IF STATEMENT FOLLOWS LOGICAL tF STATEMENT
XXX MAY NOT BE DELETED
The intrinsic function named XXX may not be deleted by the user
MORE THAN 19 CONTINUATION CARDS
NEW INTRINSIC INCOMPLETELY SPECIFIED 3
NON-TERMINATING DIMENSION SI2ES !
The list of dimension sizes is not fol'owed by a ') J
XXX NMOT IN INTRINSIC TABLE
Function XXX specified in 2 “delete instruction cannot be found
in intrinsic table or is a type OTHER intrinsic function
i (non-fatal)

OVERFLOW OF CODE TABLE -« XXX LINES
Not enough room in the tode table. XXX is the value of CODSIZ

OVERFLOW CF CORRESPONDENCE TABLE 7
Not enough table space to associate a user defined statement labe!
terminating 8 'D0' loop with 8 temporary interna' statement
number (non-fatal unless caused by a statement with a copy
character)

OVERFLOW OF DO STACK WITH N ENTRIES
00 loops are nested too deeply. 'N' is the depth of nesting a!lowed
by the CLUDGE

L OVERFLOW IMAGE =-- XXX CHARACTERS
Extended area of image exhausted while adding to section L of the
symbo! table. XXX is the value of IMS512

3 OVERFLOW OF OPERATOR-DPERAND STACLK
Space for the combined operator-operand stack has been exhausted

S o v e - i A e
.

| OVERFLOW OF STATEMENT FUNCTION CODE TABLE. XXX ENTRIES
Skeleton of expanded arithmetic statement function cannot be stored
in skeleton table, XXX is the va'ue of 57512

e e R
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OVERFLOW OF STATEMENT NUMBER TABLE

More than 'RNGSIZ' user defined statement numbers have been declared
in the range that CLUDGE must remember (non-fata!, but may be

the cause of duplicate statement numbers)

OVERFLOW OF SYMBOL TABLE -~ XXX ENTRIES

Not enough symbo! tab'e space for a8 new entry, XXX is the value
of TABMAX

PASS 2 ¥n: END-OF-FILE ON SCRATCH 2
Pre-compiler error or program unit with no correct statements

PASS 2 v~ EQUIVALENCE TABLE OVERFLOW
Not enough tadble space to store equivalences between interna! and
externa! statement label numbers

PASS 2 =t S~FLAG PRECEEDS D-FLAG ON SCRATCH 1
Pre-compiler error

SYMBOL PREVIOUSLY ASSIGNED TO A COMMON BLOCK
A symbo! has been ceclarec to be in [0UMMON more than once in the
same program unit

SYNTAX ERROR IN ARGUMENT LIST
The argument list in the dec'aration of an arithmetic statement
function is not properly punciuated

TOO MANY ARGUMENTS (XXX) FOR TABLE
The argument l1ist in an arithmetic statement function is too long
to fit in the table. XXX is the maximum number of arguments
that wil! fit into the table,

TOO MANY CONTINUATION CARDS =-- wEND POSSIBLY MISSING

TYPE OTHER TEMPORARY STACK EXHMAUSTED
More than NAXTEM temporary storage locations are needed for this
Statement

UNBALANCED PARENTHESES

UNEXPECTED CMARACTER 'x!
The character 'X' was found where 2 letter was expected

UNRECOGN IZED CONSTRUCT ENCLOSED 8Y DECIMAL POINTS

UNRECOGNIZED INSTRUCTION
An unrecognized instruction to the CLUDGE has been encountered

UNRECOGNIZED LIST ITEM
Improperly constructed list

UNRECOGNIZED STATEMENT
Non-fatal

%
|
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UNRECOGN IZED TYPE
An unrecognized type occurs in @ “convert instruction

UNRECOGNIZED TYPE BEGINNING WITH XXX
A type name beginning with the string XXX was found in an implicit

type declaration statement

WARN ING - TYPE OTHER ARGUMENT IN 1/0 LIST
Non-fata! (See page 15)
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introduction

This report is designed to serve as & supplement to:
J. M. Yohe, "Best Possible Floating Point Arithmetic,”
The University of Wisconsin, Mathematics Research Center,
U.S. Army, Technical! Summary Report #1054, March, 1970.
A description is given here of the implementation of 'Best Possible
Floating Point Arithmetic' for the IBM 360/67 at Washington State University,

and algorithms are supplied which describe the Assembler routines used in

the implementation. A complete listing of these routines is contained in

the Interva! Arithmetic Package,




Indicators Used

A. Input Indicator:

dPTION is the name of the correction option indicator. |Its
values and results are as follows:

D - e —
.

B l;;w“of Result

e  ——

UPTION A + -
i T Least Upper Bound Augnef;t : Truncate
2 Greatest Lower Bound ‘ Truncate Augment 3
———3—”“ -:l’;un;l;c S Truncate
g 5 —Au;;;ntA—. 5 e Augment
L Round Truncate if 7th hex digit of

mantissa of result is £ 8,
' Augment otherwise,

T TR

B. |Internal! Indicators:

The internal indicators used are essentially the same as described

in MRC Tech. Report #1054,

C. Output Indicator:

FAULT is the fault indicator. Its values and their meanings

are:
! EC exponent overflow
2 INF infinity
3 EV exponent underflow
L 174 division by zero

Note: @PTION and FAULT are the first and second words, respectively,

of a special contro! section named BPAIND in the Assembler

P p— -
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routines. Hence they may be sccessed from Fortran by using @

labeled common area named BPAIND, or from Assembler using @

. dummy control section. OPTION and FAULT are both treated as

bt i T B

integer quantities.

"




Sggcial Registers Used

A

originally contains the first operand in addition, the
multiplicand in multiplication, and the dividend in division.

originally contains the second operand in addition, the
multiplier in multiplication, and the divisor in division,

A and U represent single precision floating point numbers as they

are represented by the 360, i.e., the high order bit is the sign bit,

the next seven bits are the biased exponent, and the last 24 bits are

the norma)ized mantissa.

SIGNA |
t these contain the sign bits of A and U respectively
S IGNV
EXPA |
'§ these contain the exponents of A and U respectively
EXPU
<~
RESULT contains the resulting single precision floating point
number
MANTA 1
\  these contain the expanded mantissas of A and U respectively

MANTU

- MANTA, MANTU, and V are double words.: In the algorithms, MANTA, and

MANTA, refer to the leftmost and rightmost words of MANTA, and MANTU,

and MANTU, refer to the leftmost and rightmost words of MANTU.

S —

= N

J

contains the multiplier during multiplication and the
quotient during division




The Algorithms

Below are given the algorithms for routines BPAADD (addition), BPAMUL
(multiplication), BPADIV (division), and BPABND (bounding).

In all cases, the arrow ""¢— "' indicates replacement, the double
arrow "'4-9' indicates mutual replacement, i.e., & switching of values,

and @ subscript of 16 indicates a hexidecimal number. Transfer of control

is indicated by the next step to be executed, without the words ''go to."

However, if transfer of control is to a different routine, the words /////////' :
é

or

9o to'’ are used. e

o g = e




Addition Algorithm (BPAADD)

V.

SC«0;

Rl 0;

FAULT «— 0;

if JA] > U], R u;

1f A ¥ 0, Step 5;

RESULT & U;

Return;

If A2 O, Step 7; Sl
Ae -A; ’

Ue-=U;

SCe1;

MANTA,¢— O]

MNTAZQ— mantissa of A with 0016 as rightmost two digits;
EXPA «— exponent of A;

SIGNA ¢—sign of A;

HANTU‘O—O;

1f U=0, Step 9;

MANTU, & one's complement of mantissa of U with FF‘6 as rightmost
two digits;

Step 10;

MANTU, ¢~ mant issa of U with 00,¢ 2s rightmost two digits;
EXPU «— exponent of U;

SIGNUe- sign of U;

SCOUNT & (EXPU + EXPA)xbk;

If SCOUNT £ 32, Step 13




: If MANTA, ¥ 0, Rl e—14; Addition
i
? MANTA, & 0}

Step 4;

13. Shift HANTAz right by SCOUNT;

If nonzero digits shifted out, Rl «1;
(LR EXPA «— EXPU;
15. HANTA ¢~ MANTA + MANTU;

16. If SIGNU # 0, Step 20;
17. If HANTA‘ = 0, go to BPABND;
18. Shift MANTA right by &; i

If nonzero digits shifted out, Rle1;
19, EXPA ¢~ EXPA + 3;

Go to BPABND;

20, If nANTA2 ¥ 0, Step 22;
21, RESULT - 0;
Return;
22. If RI = ), MANTA<¢- MANTA + 1;
23. HANTAZQ— one's complement of HANTAZ;
SCe&1 - SC;
24, If first hex digit of HANTAz ¥ 0, go to BPABND;
25. Shift MANTA, left by &; ’

2
EXPA¢— EXPA - §;

Step 24;
' End

o .~




B. Multiplication Algorithm (BPAMUL)

i L SCe0;

oy

Ri+0;

FAULT & 0;
2. If A ¥ 0, Step 3;
RESULT «—0;
Return;
3. If A>0, Step &;
Ae -A;
SC &1,
L, MANTA, ¢- 0;
HANTAz ¢ mantissa of A with °°l6 2s rightmost two digits;

EXPA ¢~ exponent of A;

SIGNA ¢ sign of A;

5. If Ud O, Step 6;
» RESULT « O;
Return;
| A 6. If US 0, Step 7;
: U & -U;

: SC «- 1 - SC;

7. MANTU, & O;

| MANTU, ¢- mantissa of U with 0016 s rightmost two digits;
EXPU ¢ exponent of U;

SIGNU ¢ sign of U;

V ¢ MANTA;

HANTAz & 0;




S.
10.
1.

3.
.,

15.
16.
‘7'

18,
19,

20,

MCOUNT ¢ 6;

Shift V right by &;

Shift MANTA right by &4;

If nonzero digits shifted out, RI ¢ 1;
RCOUNT ¢— 15th hex digit of V;

if RCOUNT = O, Step 17;

MANTA ¢ MANTA + MANTU;

RCEUNT ¢ RCEUNT - %

Step 13; i

MCAUNT ¢ MCOUNT - 3]

1f MCOUNT ¢ O, Step 10;

If MANTA, = 0, Step 20;

Shift MANTA right by &;

If nonzero digits shifted out, Rl ¢ i;
EXPA ¢ EXPA + 1;

EXPA ¢ EXPA + EXPU - “‘16;

Go to BPABND;

End

Multiplication




B

O

¢. Division A\ggr!thm (BPADIV)

\.

2.

SC « O3
Rt & O;

FAULT & O;

Ve 0

1§ A ¥ O, Step 3;
RESULT & O}
Return;

1f A >0, Step L

A « A

SC & 1
MANTA, ¢ O:
HANTAz ¢ mantissd of A with 00,. @8 rightmost two digits:
EXPA ¢~ exponent of A:
SIGNA ¢— sign of A:

1f U¥ O, Step 6
FAULT & &

Return;

If U0, Step 75

U & -U;

sC ¢ 4 - SC;

MANTU, & 0;

MANTU, & mantissa of U with oo‘6 as rightmost two digits;
EXPU ¢ exponent of U;
SiGNU « sign of U;
DCOUNT & 9;

e e i e b e
it e o




9.

10..

13.
h,

15.
16.

‘7‘

L

If MANTA < MANTU, Step 11; Division
MANTA ¢— MANTA - MANTU;

Ve Vel

Step 9;

DCOAUNT ¢ DCOUNT = 33

If DCAUNT = O, Step 13;

Shift MANTA left by &;

Shift Vv left by L;

Step 9;

1f HANTAZ ¢ 0, RI &« §;

MANTA & V;

1f HANTA‘ = 0, Step 17;

Shift MANTA right by &;

1f nonzero digits shifted out, Rl & 5
Add ) to EXPA;

EXPA ¢ EXPA - (EXPU - 4O, ¢):

Go to BPABND;

End




1.

2.

D. Bounding and Rounding Algorithm (BPABND)

If EXPA ¢ ‘00' , Step 3;

6
If EXPA £ JF ., Step 6;

FAULT & §;

MNTA‘ - 03

MANTA, &~ FFFFFFFO,¢;

EXPA ¢ T7F ¢

Step 6;

lf’EXPA > 0, Step 6;

FAULT & 3;

SCOUNT ¢ (-EXPA + S5)xk;

If SCOUNT £ 32, Step &;

If MANTAg ¥ 0, RI &~

MAKTA, ¢ O;

Step 53

Shift MANTA right by SCEUNT;

If nonzero digits shifted out, RI & 1]

EXPA & O;

If rightmost byte of MANTA = 0016 and Rl = 0, Step I14;
If GPTIEN = 3, Step 14;

1f GPTION = 5§, Step 10;

If GPTION # L, Step 8;

If rightmost byte of MANTA < B0, Step 14;
Step 10;

If GPTION = §, .Sup 9;

1f SC ¢ O, Step 10;




-

10.

.

12.

3.

4,

5.

3

Step 4; Brounding
If SC # 0, Step '4;

If FAULT ¥ 3, Step 11;
EXPA & 0
MANTA, ¢ 0;

NANTA: -~ 10000000|6 3
Step 14;

If FAULT ¢ {, Step 12:
FAULT & 2;

Step b,

MANTA ¢— MANTA <+ IOO‘S; 1
If MANTA, = 0, Step 4;
Shift MAKTA right by &;

If nonzero digits shifted out, Rl & §;

EXPA +— EXPA + 13

If EXPA » LO)¢, Step 14;
If EXPA > 7F,g5, Step 2;
If SC = 0, Step 15;
SIGNA ¢ | ~ SIGNA;

RESULT ¢ floating point number whose sign, exponent, and
mantissa are defined by SIGNA, CXPA, HANTAz;

Return;

End




T ——

APPENDIX 4

GLOBAL OPTIMIZATION USING INTERVAL ANALYSIS — THE
MULTI-DIMENSIONAL CASE

£ldon Hansen*

We show how interval analysis can be used to compute the global
minimum of a twice continuously differentiable function of n variables over
an n-dimensiona) parallelopiped with sides parallel to the cocrdinate axes.
Our method provides infallible bounds on both the globally minimum value of
the function and the point(s) 2t which the minimum occurs.

Abstract.

Key words: global minimum, interval analysis, minimization, optimization.

Subject classification: 65%05, 90C30
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Intoduction.

e
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Consider the function f(x) in C” of n variables X,, .vvs X
1

o
he minimum value £* of
c3

Al

We shall describe a method for computing

f A
fi{x) over a box X‘o‘. A box is defined 20 be a osed

Th 8% | 1 3 ot R o alt® ¥ - 3 - - - -
rectanzular parallelopiped with sides paraliel to the coordinacze

rs
“1

axes. We assume the number of points in X'"' at which f(x)

is slobally minimum is finite. Qur method provides infallible
beunds on f* and on the peintis) x* for which £ x* = f*
That is, our algorithm produces bounds on x* and £* which

are alwavs correct despite the presence of rounding errors. How
arp these bounds can be depends on the function f ancé the

nrecision of the computer used.

case for any future global optimization algorithm. However, our

-

<
v
sus

L )

.y

- Y 4 . s - o | e 3 .
icdently fast for ‘''reascnadle" functions.

a‘....-i.‘. N
- - h o, Nl -

0

e assume that interval extensions (see [2]) of £ and its
derivatives are known. This is the case if every function in
terms of which f and its derivatives are defined have known
rational approximations with either uniform or rational error
bounds for the arguments of jinterest.

Since the initial box can be chosen as large as we nlease,

-our algorithm actually solves the unconstrained minimiZation
srohlem provided it is known that the solution occurs in some

finite region (which we enclose in the initial box).
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There is a common misconception among researchers in
optimization that it is impossible 10 obtain infallible bounds
on x* and f* computationally. The argument is that we can
only sample f(x) and & few derivatives of f(x) at a finite
nunber of po is possible to interpclate a functien
having the necessary values and derivatives values at these

s
TR .S ., &
CiIRntsE &NC &%

33 e s- 2 -t ~3 - - M . d .
ill have its gzlobal minimum at anv other arbitrary

- 29 =4 - H . v Y %N s
point The falla¢y of this argument is that interva. analysis
can provide bounds on a function over an entire box: that is ove

continuum of points. It is only necessary to make the box

sufficiently small in order to make the bounds arbitrarily sharp.

In a previous paper [3], we gave a method of this tvpe for
the cne-ldimensional case. The method never failed tec converge

provided £'(x) and £”(x) had onlv a finite number of isclated
cercs. Our method for the n-dimensional problem appears to
alwavs converge also; but we have not vet attempted to prove it.
wWhen it does converge, there is never a guestion that x* and £*
satisfyv the computed bounds.
Recently, R. E. Moore [10] published a method for computing

_the range of a rational function of n variables over a bounded
region. (See also [14].) Although he does not note the fact,
his method will serve to bound the global minimum value f* of

a rational function. However, our algorithm is more efficient.

\loreover, it is designed to bound x* as well as f*,




L2

§

We suggest the reader read the previous paper {3] before the
current one. The one-dimensional case therein serves as an easier '
introduction. However, the current paper is essentially self
contained. It would be better if the reader had some familiarity
f with the rudiments of interval analvsis such as can be found in
the first three chapters of [9]. However, we shall review some

-

ey

s relevant properties,

Q

e

b v

Our method will find the gliobal minimum for minima). Because
of computer limitations of accurac)y, it may also find near-global
minima such that rounding errors prevent determination of vhich
is the true minimum. However, if the termination criteria are

sufficiently stringent, our algorithm will always eliminate a

local minimum whose value is substantially larger than £* .

: s A 3 * & e - & AR s
nts. 4 SeCOnG payt eliminates DPOINTE O A where

greater than the smallest currently known value : 4

A third part of our algorithm tests whether f is monotonic

N
in a8 sub-box X of X'*‘, 1If so, we delete par: or all of X

\A
vJ

depending on whether X contains boundary points of X'"7,

: (0)
! A fourth part checks for convexity of £ in a sub-box X of X‘C'.

1£ £ is not convex anvwhere in X, there cannot be a stationary

R ———

point of f in X.




The first part of the algorithm, if used alone, would find
all stationary points in N(O) . The second part serves to
eliminate stationary points where f > f* ., Usually they are
eliminated before thev are found with any great accuracy. Hence

computational effort is not wasted using the first part to

.

accurately find an unwanted stationary point,

he second pare

also serves to eliminate boundary points of X( ) and to find a

o

"
ey

global minimum if it occurs on the boundary. The second part ¢

5 15 . 5 'Y < Y
the algorithm used al

ey
)

ne would

o

ind the gl

«

but its asympto

e

of the Newton method. Hence the latter is used alsc. The thiré

and fourth

arts of the algorithm merely improve convergence.

b v |

L)
.

Interval analvsis.

-
.

The tool which allows us to be certain we have bounded the

global minimum is interval analysie. Wwe bound rounding errors by
using interval arithmetic More importantly, however, we use

interval analvsis to bound the range of a function over a box.

Let g(x) be a rational function of n variables xl"'ﬂ;§ﬁ‘
Cn a computer, we can gyaluate g(x) for a given x by il
performing a sequenf?féf arithmetic operations involving only
addition, subtraction, multiplication, and division.

et X, (i= 1,...,0) be ¢clo 1£ we use X

.
>
- |
(el
]
1
-
w
| 2=
A

"

e

e

in place of x. and perform the same sequence of operations using

1

-interval arithmetic (see[9]) rather than ordinary real arithmetic,

we obtain a closed interval g(X) containing the range

»

(g(X) B et 5 o gi.l.....n)_\

yhal minimum (or minima)

ic convergence is relatively slow compared to that




of g(x) over the box X . This result will not be sharp, in

( general, but if outward rounding (see[®]) is used, then g(X)

will alwavs contain the range. The lack of sharpness results

P———

from other causes besides roundoff. With exact interval
arithmetic, the lack of sharpness disappears as the widths of
the intervals decrease to :zero.

If g(x) 1is not rational, we assume an algorithm is known
for computing an interval g(X) containing the range of g(x)

are discussed

e,
O
"

r X ¢ X . Methods for deriving such algorithnm

[8})
. 4

-
b |

3. Tavlor's Theoren.

We shall use interval analyvsis in con

theorem in two wavs. First, we expand £  as
i i | 1 T
{33 fiy) = f(x) + (v=-x) g(x) * «(v-x)" Hix,v. &} [¥y=x)

where g(x) is the gradient of £(x) and has components

ne quantity  HwiX,¥,3 .8 tThe rnessian NMairix

bl 4

to be defined presently. For reasons related to the use of interval

o

analvsis, we shall express it as a lower triangular matrix instead
of a svmmetric matrix so that there are fewer terms in the guadratic
form involving H(x,v,§) .
We define the element in position (i,j) of H(x,v,I) as
3 .

- f/Bxi‘ for e % el o N,

A
[
ro

Nt
- 4

J ‘

g (Zs'f/axisx. for Jei (iel, v i Jul v 3el)
0 otherwise.

The arguments of hij depend on i and j . If we expand £

sequentially in one of its variables at a time, we can obtain the

e MY i PR PRSP S—
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f0ollowing results illustrating the case n = 3

Ry 8y 0X0exg) 0

-

Assume X; € xi and ¥ 6 xi for 4 om Yo coomo 0 O PHen $i ‘ kj
for each j =1, ...,i . For general n , the arguments of Hii

are (yl....,y. 5 xiol""'xn) . Other arrangements of

e a fixed point in X . Then for any point 1y ¢ X,

-
o
-
#
o

Hix,v,8) € B{xyX,X) ;

that 3%, for Y20,
A : o y & : y
h:j \1.....\,_1, Sij0 ’j‘l""'xn £ hij(kl""'”j' xj‘l""‘xn .

In the sequel, we shall shorten notation and use H{:) to

-~

denote Hix . v,Z} and H({X) to denocte H(x,X,\) .

.

by

a

"

The purpose of this particular Tavlor expansion is to obtaln

real (non-interval) quantities for as many arguments of the elements

of H([N) as possible. The standard Tavlior expansion would have

wt j

intervals for all arguments of all elements of H(X) . This type
of expansion was introduced in [3]. A more general approach of
this kind is discussed in [3] .

The other Tavlor expansion we shall want is of the gradient

€ . Each element 8y (i=1,...,n) of g can be expanded as

1.1

li(y) . ﬁi(x) * (‘vl.xl)dil ("1 sxzt s ,xn) 5 (}':‘x:ivi::."lt"ztxs- et G, %,

n
b (}.s'xs)‘]ls(vl v.\'zorsvav g )xn) o (t"n.xn)Jiﬂ('vl' s "‘.ﬂ‘l.'n)

where

J

2 i 4 S
ij -3 flaxiaxj (i,i=1, on)
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This Jacobian matrix J and the Hessian ¥ introduced above are,

of course, essentially the sanme. IHowever, thev will be evaluated

an whether we are expanding £

&
-

L]

- ~
. -

b
e,

2
-

[es

W ferent arguments deren

or g§ . Also, H 1is lower triangular while J /is a full matrix.

let J{(x,v,r) denote the Jacobian matrix with elements

" . 3 v .xn) o ahen

1§ 2€X and yEX , then ng e\l fay gll oy henssiin ey
Hence

£ £ z2(x) +J X, X, X) (v=x)
we shall again shorten notation and denote Jix,v,”) by J(=)

and  Jx XA by J(X)
\ote that the elements of H(X) on and below the diagonal
have the same arguments as the corresponding elements of J{X)

Thus we need only calculate J(X) i then H(X) follows easily.

\

: 11t
o 18351 8 g 00
ﬁ‘“ "-{ ,“’\ 3‘\."
yob &
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4. The approximate value of the global minimum.

As we proceed with our algorithm, we shall evaluate f(x; at
Ny

R ]

- " - . N 3 b4 -~ T - % . |
§ various rointsin. X . Let denote the currenzly smalles?

g

value of f found so far. The very first step is to evaluate £

% i~ ¢ i W - 4 e - & | '~ -~ F 4P
&% the center o ¢l . TEis value serves gs the Z2irvst one 0T

(L

ve)

One part of our algorithm deletes sub-boxes of X'"’° wherein

£ > f since this implies inf.f » f*. (See section

In sractice we cannot generally evaluate <£(X exactly because

of rounding errors. Hence we do the evaluation usini interval
. -
arithmecsis Suppose we obtain the interval [£,f7] Then we ,
T ] " ‘ . R s :
know that .f£f(x) = £ and hence that f = £ Hence when we -
b | i -; - 3 ;R . ' P ‘R
, evaluate £(x) , we uplate £ by replacing it by ¢ only 1f %
is less than the previous value of £ . In this way, we assure

that £ 4is always an upper dound for f* .

<
=%

A
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S. A test for convexity.

% (0)

As our algorithm proceeds, we dvnamically subdivide
into sub-boxes. Let X denote such a sub-box. ¥We evaluate

hii(xl' ERNG O SRR I R GRS B L hii is the diagonal

n
element of the Hessian. Note that every argument of hii is an :

1
interval and hence the resulting interval contains the value of |

hiixx* for every x € X . 'That is: i {ui.vij denotes the compu-

ted interval hilfxl. ~-~.Xn3 , then

811 x&X

ey
O
i}

Suppose we find v, < 0 for some value of i . Then

h;i{x} < 0 for every x €X . Hence there is no point in X at
- "

which the real (non-interval) Hessian is posit

fem s

ve definite. Hence

e

£ is not convex and cannot have a minimum which is a stationary

point in X Hence we can delete all of X except for any boun-
dary points of X% which might lie in X .
we may find that the left

When we evaluate hii(xl.--- .Xn) <

endpoint u, z 0 for all i = 1, +++ ,n . When this occurs, we

E | know from inclusion monotonicity (see [8]) that we will find each

Hence we could save some computa-

u, 2 0 for anv sub-box of X

tional effort by noting when a box is a sub-box of one for which
>0 forall i=1, - ,n. We would skip this test for such a box.

-

b

Note that an element hii with arguments (Xl. ---,xn) is

not obtained when we compute H(X) since the diagonal elements of

H(X) have arguments different from (X,, -** X)) except for the

T

T S .
.;r,n ,,fﬁw; ISR 1 < 0 4y S i = e 1 o 8
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element in position (n,n). Hence our test for convexity

requires recalculation of the diagonal of the Hessian.

6. The interval Newton method.

For each sub-box X of X(O)

that our algorithm generates,
we can apply an interval Newton method to the gradient g. Such
methods seek the zeros of g and hence the staticnary points of
f. Such a method progudes from X a new box or boxes N(X). Any
points in X not in N({X) cannot contain a zerc of g and can be
discarded unless they are boundary points of XKD;.

These methods, in effect, solve (3.5) for points y where
g(v) = 0. The first such method was derived by Moore [2].

Variants of Moore's method can be found in [3,6,8,13). The most

iy

efficient variant can be found in [6]. Krawc:zvk's method [§]
is a suitable alternative to the method in [6]. Discussions
of ¥rawc:vk's method can be found in [11] and (11].

We now give a brief svnopsis of the method in [6]. We wish
to sclve the set of equations

gi{x) » J(&)(y-x) = 0

for the set of points y obtained by letting § range over X
We shall find a subset Y of X containing this set.
Let Jc be the matrix whose element in position (i,j) is
:thc midpoint of the corresponding interval element Jij(X) of the
Jacobian J(X) . lLet B be an approximate inverse of Jc e
pointed out in (3], a useful first step in solving for Y is to

multiply (6.1) by B giving




M S 76 s

(6.2) Bg(x) « BJ(Z)(y-x) = 0.

Note that the product BJ({) approximates the identity matrix.
However it may be a very poor approximation when X is a large

box.

we "solve’ (6.2) by a process similar to a single sweep of the

Gauss-Seidel method. Write
RICD = L+D+1

where L., D, and U are the lower triangular, diag nal, and

upper triangular part of BJIX) , respectively. The interval matrix

7 5 '1 2 7 L) y b
6-3) c - dlas[} 31111 :::. a2 .lil:\m}
contains the inverse of every matrix in D . The box Y "solving”
E ® s .
E e (6.2) is obtained as
(6.4) Y = x - D YBg(x)+ LOY-x) + UX-X)] .

When obtaining the component Yi of Y , the components Yl""'Yi-l

appearing in the right member of this equation have already been

obtained.

This formulation presupposes that the intervals Dii (iel, - ,n)

o —

; -do not contain zero. When X is a small box, BJ(X) is closely
E} approximated by the identity matrix and hence D is also. However,
! for X large, it is possible to have 0 ‘”11 for one or more
values of i . This case is easily handled. ¥e simply use an
‘::) extended interval arithmetic which allows division by an interval

containing zero. (See [6] for details.)
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Note that we cannot allow the Newton procedure to delete

boundary points of x(0)

since the global minimum need not be a
stationary point if it occurs on the boundary. We discuss this
point further in Section 10.

1f we were to use this Newton method only, we would in
general find stationary points of f which were not-minima.
Moreover, we would find local minima which were not glcbal
minima. To avoid this, we use an additional procedure 0
delete points where f exceeds the smallest known value ¥, This
procedure is described in the next section.

In some applications, it may be desirable to find all the

stationary points of £ in a given box. This can be done using

1

the New:o

-

method alone or in conjunction with the monotonicity
check of Section 9. 1If, in addition, the convexity check of
Section 5 were used, all stationary points except maximum would

be found.
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7. Bounding £ .

We now consider how to delete points y €X where we know

f(v) > ? and hence where £f(v) 1is not a global minimum. Ve

retain the complementary set which is a sub-box (or sub-boxes)

YecX wherein f£(y) may be - 2

P Ta————

| As pointed out in [5], if we only wish to bound f* and not

| x* , we can delete points wheTe

B f >T- ¢

for some €, >0 . We can allow ¢, to be nonzero only if we do

not need to know the point(s) x* at which f is globally mini-

mumnm.

-

We want to retain points where (7.1) is not satisfied. From

(3.1), this is the case for points ¥ if
£ + (07 gx) + YT HO O =T -
because the left member equals f(v) . Denote
E = - £f(x) - € -
Then

(7.2) ~ ¥Tg00 « 9T HEOY < E

where ¥ = y-x . We shall use this relation to reduce X in one
dimension at a time to yield the sub-box(es) Y resulting from

deleting points where f(y) > f - ¢; .

O |

L o o ey e .
S A ST R Sy




(7.3

(7.5)

O

We shall illustrate the process for the case n = 2 . The

higher dimensional case follows in the same way. For n =

(T.2) becomes

1A
m

4 b4 1 by : Py e : -

Ne first wish to reduce X in the xl-direction. Thus we

solve this relation for acceptable values of ¥y - After collecting

terms in vy, , we replace v, by X, . In the higher dimensional
case we would also replace ¥, by X, for all 4 = 3, s=s'5n We

also replace { by X (since E£¢€X) . We obtain

N 7 b I A ~ 2 o w , 2 ;
¥, 18y (x)+3%ha, (0] + 15,20, 00 + Xpg, (00 1%%n,,00 -E=0

‘3 - -

olve this quadratic for the interval or intervals of points

>
o
"

as described below. Call the resulting sef 21 . Since we are
only interested in points with ”yli X, + we compute the desired
set Yl as Y1 = Xl‘ :1

For the sake of argument, suppose Y, is a single interval.
We can then try to reduce Xz the same way we (hopefully) reduced
X1 r
by ¥, ‘and (as before) § by X . We could obtain better results

-

by replacing El by Yl rather than xl but this would require

to get Y, . We again rewrite (7.3). This time we replace Vv,

re-evaluation of the elements of H . We obtain
ATNOR (ANCIRE A NORMTACRS AL UREEL

where 71 Y, -% -
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1f the solution set Yz is strictly contained in xz , we
could replace Xz by Y, in (7.4) and solve for a new Y1 S
have not tried to do this in practice. Instead, we start over
with the dbox Y in place of X as soon as we have tried to reduce
each )(.1 to Yi (i=1, +»+ ,n) . Note this means we re-evaluate
H(X)

We now consider how to solve the quadratic equation (7.4) or

(7.3). These have the general form

2
AR +2 =0

[7.6)
where A, B, and C are intervals and we seek values of t satis-
fving this inequality.
Deﬂote C = {cl,c,} and let ¢ be an arbitrary point in C .
: Similarly, let a¢A and b¢B De arbitrary. Suppose t is such
é that (7.6) is violated; that is Q(t) > 0 , where
| Q(t) = a+btect”.
1f this is true for ¢ = ¢, , then it is true for all c¢C .
Hence if we wish to find the complementary values of t where (7.6)
might hold we need only consider
a.n - AeBtecti=0.
= '
i § 4 gy = 0 , this relation is linear and the solution set T
3 is as follows: Denote A = [11.12] and B = (bl,bzl . Then the

set of solution points t is

e =
w0 et LT

> Mgl B il
alon ot e B AR el O S ) RS =




4

T A AR

(([-a;/by,=] if a,20,b,<0,
[.al/bl’ol 1f al > 0 N bl < 0 ’ bz =0 »
[~..w] i < <

. < if a = D b1 =0s= bz S

{",'al./bz} v [‘al/bl,‘q if ‘1 > 0 » bl < 0 < b-) »
[..l'al.,bl] if 31 = 0 ’ b1 > 0 ’

k ['c-"l/bzl lf 31 >0 N bl 2 0 M b: >0 .
emty set if a, » U b1 =b, =0 .

Recall that we will intersect T with X, for some value of i
Thus although T may be unbounded, the intersection is bounded.
1f ¢y * 0, the quadratic (7.6) may have nc solution or it
iav have a solution set T composed of either one or two intervals.

m
&

In the latter case. the intervals mav be semi-infinite. However.

"y

after intersecting T with Xi. the result is finite.

Denote

-

ngt} s g + Yt » clt'

e
oy
[ 8
b
.

where a ¢ A, b ¢ B, and < ijs the left endpoint of C. We

Qlft) > 0 for all a ¢ A and Db ¢

o

delete points t where
Thus we retain a set T of points where Ql(t} < 0, as desired.
But we also retain (in T) points where, for fixed t, Q,(t) > 0
for some a ¢ A and b ¢ B and Ql(t) < 0‘ for other a ¢ A and
b ¢ B. This same criterion was used to obtain T when ¢ " 0
This assures that we shall always retain points in X, where

-Y(x) is a minimum.
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¥ Denote
(t) “1’ ~‘°1‘2 if t =0,
q,(t) = o ¢ i 2 2
{ 1 lal b1 )t if t20
and 2
‘ A, ¢ blt * et if. ¢ =0,
q,(t) = % 5
. laz - bzt - Clt. if t ! 0'

Then we can write the interval quadratic as

Q(t) = [a,,a,] + [by.b,]t ¢ clt2
= [q,(t), q,(¢)]
Thus for any finite ¢t, ql(t) is a lower bound for C:ft} and
qzit) is an upper bound for szt) for any a ¢ A and any b ¢ B.
For a given value of t, if qlft’ > 0, then Ql{t) > 0
for all a € A and b ¢ B, Hence we need only to solve the real

quadratic equation ql(t, = 0 in order to determine intervals

wherein, without question, Ql(t) > 0. This is a straightforward
problem.
The function q,(t) is continuous but its derivative is
-

discontinuous at the origin when b1 ¢ b, which will generally

be the case in practice. Hence we must consider the cases
t <0 and t = 0 separately.

1f ¢y > 0, the curve ql(t) is convex for t = 0 and

convex for t > 0. Consider the case t =< 0. If qI(t) has real

roots, then Ql(t) > 0 outside these roots, provided t = 0.
_Hence, we retain the interval between these roots. We need only

examine the discriminant of ql(t) to determine whether the roots

are real or not. Hence it is a simple procedure to determine which

P O = T Y

part (if anv) of the half line xi-: 0 can be deleted. The same

(:) procedure can be used for t 2z 0.
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For ¢, < 0, qy(t) is concave for Tt =<0 end for t 2 0.

5 In this case we can delete the interval (if any) between the roots
| { of ql(t) in each half line. The set T is the complement of
this interval. It is composed of two semi-infinite intervals.
In determining T for either the case ¢, < 0 or in the
case ¢, > 0, it is necessary to know whether the discriminant

of qlit) is non-negative or not. Denote

2 2
o - g | 4 o i 4 Cy
j ¥ Pyt ATy, 2t R .
These are the discriminants of ql(t) when
respectively.

When we compute 4, or I.,, we shall make rounding errors.

Thus we should compute them using interval arithmetic to bound

these errors. When comnuting 24, * (i = 1,2), suppose we obtain

the interval
e ¢ o A =
-; W {8y &) (i =1,2).

i
We use the appropriate endpoint of ;i or A& to determine T

1)

which assures that we never delete a point t where Ql{t\ could

o 1 R
be non-positive. Thus we use the endpoint of ;{ or L&, which

-

vields the larger set T
when we compute the roots of ql(tl, we shall make rounding

errors. Hence we compute them using interval arithmetic and again

use the endpoints which yield the larger set T to assure we do

not delete a point inm X, where f is a minimum,

P S e

For i =1 and 2, denote
o PR ¥y
( bi s Ai )/ (2c1)
. T
s: = 28f-d, = 85'7).
Note that R; - S; and R; - S; . As is well known, the rounding

R
; ' and

LS S

(:) error is less if we compute a root in the form R; rather than in
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the form S; when b, < 0. The converse is true when b, > 0.
Similarly, the rounding error is less when using R; rather than
S; when bi > 0. Hence we compute the roots of ql(t) as R;
and S; when b, < 0 and as R; and S; when b, > 0.

Note that computing R; or Si involves taking the square
root of the interval ;i

real quantity Ai. We would never be computing roots of ql(tl

In exact arithmetic this would be the

when Ly was negative. Hence if we find that the computed result
1 : : : :

4, contains “ero, we can replace it by its non-negative part.

Thus we will never try to take the square root of an interval

containing negative numbers.

L R

Given any interval I, let I and 1 denote its left and
right endpoint, respectively. We use this notation below. Using
the above prescriptions on how to compute the set T , we obtain
the fnllowing results:

For b, 2 0 and c1 s 0,

1
‘ + (the empty set) if ;g < 0y
- - R
(7.8) 1= ) LR, (5N ifa, >0 and 2330,
l [(RE)L. (5, o if a, = 0.
For b2 =0 and ¢ >0,
® if A? = Dy
+
e7.9) 1= ) [Pt (DR ifa,>0 ane 28>0,
+L +.R

e, O .‘7.’-"“ P T I Ay o
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Ba et i

For

7307 = & [ N

(7.12)

b1 < 0 = bz and ¢y > o

* it max (2}, 23) < o,

[(RE)L. (SE)R] if by < b, and min (:?, 55) <0 =
ﬁR 2
mx ("‘]' "‘2)’

! pR R

ma X {:$. 3a)
T = +.L Ry . :
l:sz',(Sz) Ju [(51) .(R;) Jif 2, >0 and min (5?, ;g) > 0

-\t
AL Oy i 4y 20,
For b, 20 and ¢, <0,

- - RN : A
(7.1) T ={ (=, ($7)°] L [R)L, =] if 8, 20 &,
[ry if A <o,
For bz <0 and ¢y < ¢,
(= (3% 0 [(SE, =] 4f a >0,
2 .l L
T = [-'5 (R;) } hd {(Sz)' n] 1f .] = 0 s :‘2'
[-n, =} 1t 25 < .

(7.13)

For b, = 0 = bz and ¢y < 0,

W

o Ry . +. L
T-‘["t (52) ] - [(S‘) '”) if 3] 0,

' [+, =] if 2, < 0,

Note that if ¢ > 0, then L can be negative only if 8, > 0. Hence
the condition &, « 0 implies a, > 0. This, and similar cases, has been used
to shorten the conditional statements in the above expressions for L 2

We have seen that the solution of the quadratic inequalities such 2s
(7.4) or (7.5) can be an interval Z‘ or two semi-infinite intervals, say
Z,(]) and Z,(z) . The desired solution set Y, is obtained by intersection
with x‘ . In the former case, V‘ = x‘ n 2‘ can be empty or a single

interval. In the latter case,

Wi R
vy » %, 0(2, M 0 2(2)

1 T ey e
it T ;1‘. R 'W’""F?'v""‘“i' <
L 5
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can be empty, a single interval, or two intervals. We now consi-
der the logistics of handling these cases.

The quadratic inequality to be solved for :i will have

-

quadratic term -%?i’ hi;(X) so the interval C in (7.6) is

1h, (X) and the left endpoint is ¢, ) o (I n 000t . 1f
. e
cl(’): 0 the sclution set is a single interval. But if c1(1‘< 0,

it is two semi-infinite intervals and it mav be that Yi will be

two intervals. This would complicate the process of finding

Ysaqr " ta¥y «  THUE Mo proceed as follows.

Let I1 denote the set of indices i for which cl(i)z 0
and 1: denote the set of indices i for which clci)< g . Ns
first find Y, for each 1+¢1, We then begin to find Yy for
iel, . Let je€I, be such that Y, s composed of two inter-
vals, sav Yi{I) and \j(:X Then X, is the smallest interval
containing both Yj{l) and Yj(:} When finding Yi for the
remaining values of i , we use X. in place of Y

j b

After finding all Yi for i =1, ,n , we wish to use the

(1)
)
and ijz) . We would like to do this for all the values of j

fact that we can delete the interval, say ch , between Y

for which Yj was two intervals. However, it could be that this

occurred for «l1 the indices j = 1, :++ ,n . After deleting the

“interior interval ch in each dimension, the resulting set would

be composed of 2™ boxes. For large n , this is too many boxes

to handle separately. Hence we delete only a few (one, two, or

et il Vs il 2
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three) of the largest of the intervals ch . We then process

each of the new boxes separately.
We would like to prevent the generation of long, narrow

boxes. Thus a good choice of which ch to delete is the one s’

corresponding to the compenent for which the smallest interval

i

containing both Y,(l) and Yi\°’ is largest. However, we have
]

chosen to delete the largest interval ch :

Let us call the process we have described in this section

s

the suziraczic méthod. We can combine the quadratic method with
the Newten method. It is desirable to do this as we now explain.

If the left endpoint of H..{X) is negative, then the guad-
. i

bt
»
.

ratic method can give rise to twc new intervals Y, ' and

in place of X. . When trying to improve Xi., (sav), it is

2 2 . » A‘ " o ’:\; - » l
impractical to use )i‘}' and ’it separately and we use X, , |
- i

= i 2 " - 1
instead. Thus the improvement of xi is of no help when trying |
|

to improve X‘.l , etc. Similarly, when applying the Newton
-
step, if Jii(x) contains zero as an interior point, we can .

obtain two subintervals in place of Xi . Again, we cannot con-

veniently use this fact in the remaining part of the Newton step.
Ne would like to do those steps first whi~'. are of help in
subsequent steps. Hence the following seguence is suggested.

! First try to improve xi by the quadratic method for each value

of i= 1, -+ ,n for which the left endpoint of Hii(x) is

positive. Then apply the interval Newton method to the (old or




e TIEY

new) components for which 0¢€ B Jii(x)(i «= 1, .+ ,n) . Next use
the quadratic method for those components for which the left end-
point of HiiQX) is non-positive., Finally, complete the Newton
step for those components with 0 ¢ B Jii(x) .

At each stage of either method, when trying to improve the
i-th component of the box, we use the currently best interval for
the other components. This may be the smallest interval contain-
ing two disjoint intervals in some cases. In fact it would be

:k possible for the quadratic method and the Newton method to each

i

delete disjoint sub-intervals for a given component. This would

give rise to three sub-intervals to be retained. However, it

seems better to simplify this case and only delete the larger of

the two sub-intervals. |

wWhen both methods are completed, we may have several compo-

nents divided into two sub-intervals. If so, we find the one for

which the largest interior sub-interval has been deleted. We

replace all the others by the smallest sub-interval containing

the two disjoint parts. We then divide the remaining part of

the current box intc two sub-boxes by deleting the sub-interval

for the component in question. We could de¢ this for more than
“one component, but each deletion would double the number of boxes.

It seems better to keep the number of boxes small.

g
:
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8. Choice of ¢, -

Suppose we want to bound the value f* of the global minimum

to within a tclerance sl but we do not care where £ takes on

this value. Then, as pointed out in Section 7, we Can delete

points Yy where

£y) > f- ¢
Once we have found a point X where £(X) = ¥ is such that
0

, our algorithm will eveatually delete all Of X
if we use (8.1). However, X may be far from the point x* where

£ 833

f is globally minimal. When all of X iz deleted, we will
-

% = £ I b o

Choosing ¢, 2 0 will speed up our algorithm. However, if j

N
~ .

we wish to obtain good bounds on x* , we must choose ¢, *®
We then terminate our algorithm when the remaining set of points

is sufficiently small. See Section 13 for a termination procedure.
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9. Monotonicity.

Another step in our algorithm makes use of the monotonicity
of f . Suppose, for example, the i-th component gi(x) of the
gradient is non-negative for all x €X . Then the smallest value

. \

fix) for x€X must o

e,
“

o cur for Xy equal to the left end-

point of X

To make use of a fact such as this, we evaluate gi(xl, S

)

Lk

The resulting interval, which we denote by [:i"'l , contains

i
g.{x) For sll x¢X . lshote X, = {x,L,x.R) i R e G
i i i i i

f£(x) is smallest (in X ) for o xiL . Hence we can delete

ms. il » 1 ’
all of X except the points with Xy * xi‘ el & oy MOl A § &)
cannot have a stationary point in X . Hence we can delete z2l:
of X unless the boundary at 3o x;L contains boundary points

-
(0) gk :

of the initial box X‘C' Similar results occur if W = 0 or
if "i('G'

We evaluate g (X,, """ .xn) for i =« 1, -+ ,n and reduce
the dimensionality of X for any value of i for which o; 2 0
or w; =0. Of course, we delete all of X , if possible.

It is possible that we can reduce X in every dimension in
this way. If so, only a single point, say X , remains. In this
_case, we evaluate f(X) . If £(X) > T, we can eliminate X
‘and hence all of X is deleted by the process. 1f £(X) =¥,
we reset T equal to f(X) . In this latter case, X is again

deleted; but we store x for future reference.
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10. Boundary points.

The process just described in Section 9 can sometimes elimi-

nate points of the boundary of k(o' which lie in X . Suppose

that for some X , we find gj(xl. "'.Xn) >0 for some j =

1, *** ,n . Then we can delete all of X except for any boundary
points of X(o) occurring at Ny ij . Any other boundary
points of X(O’ which are in X are thus deleted.

The quadratic method of Section 7 deletes any point x

- rnN
where f(x) > £ whether x 1lies on the boundary of X'°’ or

not. However, the Newton method of Section 6 and the procedure

in Section 3 (which considers convexity) cannot delete anv bound-

=l S " s {0)
ary points of X

Suppose we apply a step of the Newton method to a box X

and obtain a new box X' contained in X A simple way to pro-

ceed is to retain the smallest box containing both X' and all

i |
boundary points of x(°f which are in X . This will generally

save points of X outside X' thus reducing the efficiency of

the procedure. In fact, it may be that the smallest box containing

the boundary points of x‘°) which are in X is X itself. 1If

this were the case, we would bypass the Newton step for the box

_This approach would rely upon the methods of Sections 7 and 9 to

“delete boundary points of X(o) :

This same idea can be used for the methoc of Section 5. If

£ is not convex in X , we can simply replace X by the small-

est (perhaps degenerate) box, say X , containing the boundary

T R B R e T




b
points of X(O’ which lie in X . In this case, either X = X

or else X 1is a degenerate box of dimension less than that of
X
Suppose we are given a box X . For this approach, if X =
X , we do not apply either the Newton method or the convexity
test. We could use the Newton method in this case also or we
might byvpass its use whenever X contains boundary points of
x(Oﬁ :
more straightforward procedure is to simply express the
boundary of X(C} as 2n separate (degenerate) boxes of dimen-
sion n-1 . The interior of X(0) can then be treated as a box
wherein the global minimum must be a stationary point. However,
the (n-1) - dimensional faces of X(O) have (n-2) - dimensional
boundaries which must, in turn, be separated from the interiors,
and soc on. Finally the vertices of X{G} would have to be sepa-
rated. These vertices alone are 2" points. Even for moderate
values of n , this separation process produces too many (degen-
erate) boxes. Thus it is better, in general, not to try to
separate the boundaries from X(O)
These two approaches represent extreme cases. Intermediate
_methods might be used wherein the boundaries of X(o) in a given
’box X are separated off under special circumstances.

It should, perhaps, be pointed out that the Newton method

can delete boundary points of x(o) under certain circumstances.
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Suppose our algorithm has produced a degenerate box X which is

x(°) . In this degenerate (n-1) -

all or part of a face of
dimensional box, the Newton method can delete points which are
not in the (n-2) - dimensional boundary of the face of x(o)
Such deleted points are, of course, on the boundary of 3(0)
In some examples, we shall know a priori that the global
minimum is a stationary point. In this case we are free to delete

boundary points by any of our procedures.




11. The list of boxes.

When we begin our algorithm, we shall have a single box X(o).

We apply the four procedures described in Sections 5, 6, 7, and 9
to this box. It is possible that none of these procedures can

Ny
'X”o’ x(°) in half in a direc-

delete any of . If so, we divide
tion of its maximum width. We put one of these new boxes in a
list L to be processed and work on the other, These and subse-

quent boxes mav also have to be subdivided, thus adding to the

list L of boxes yet to be processed. If boundary peints are
handled appronriately, the four procedures described in Sections
5, 6, T and 9 can each produce more than one new sub-box; and all
but one are added to the list. Thus the number of boxes in the
list tends t¢ grow initially.

Eventually, however, the boxes become small and often a box

is entirely eliminated. Thus the number of boxes in the list

eventually decreases to one, or just a few, Oor to none at all when

€ is cho#2n to be nonzero.
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12. Subdividing a box.

In the initial stages of our algorithm, we shall be applying
it to large boxes. For example, we begin by applying it.to the

entire initial box X(O) . Thus it could be that, for a given

box X , none of the procedures described in Sections 5, 6, 7,
and 9 can delete any of X . When this occurs, we wish to sub-
divide X

We could subdivide each component Xi of X into two parts.
But this would give rise to 2" sub-boxes. To prevent generation
f too many sub-boxes, we shall divide only one component in half.

It is best to subdivide the largest component X, to prevent

generation of a long, narrow box.

oy R]

i v X4 in half giving two new

- boxes X' and X" whose i-th components are X.' = {xiL,Ei}

and Xi” = [fi,xig} , Trespectively, where ii = (xiL‘xxR)lz

The boxes X' and X" have a boundary in common at x; * ?i

If £ had a global minimum on this common boundary, we would sub-

Suppose we divide Xi = [x

i

sequently find it twice. This is unlikely to be the case. 7o
I f avoid having the same points in two boxes, we could define one of

them in terms of a half open interval. Thus we could define
L

e e —

.xi) .

It is simpler to always use closed intervals. The extra work

Xt e Ixg
of keeping track of whether an interval contains a given endpoint
is probably not worth the effort. In practice, we have elected to

Fhe ' (”} avoid this problem. Thus we have always used closed intervals




.
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only. In general, this does not cause the algorithm to find a

given global minimum more than once.

13, Termination.

If we have chosen & 2 0 , we can continue our algorithm

k(o is entirely eliminated. As pointed out in Section 8,

until
we then have f* bounded to within a error € - In this case,
we do net obtain a bound on x*

1£f = 0 , we cannot eliminate all of X(O)since we alwavs

£
gt
retain a box or boxes containing the peint(s) x* where £(x*) =

f* ., As pointed out above, we might also retain a box or boxes

wherein f has a value very near f* but no value equal to f£*

S.-pose that at some stage in our algorithm, the list L

contains s boxes. Denote these boxes by X(l\, "',X(s) S Y -
Xi(i) denote the interval defining the j-th component (dimension)
o} x(i} e X w(xj(i]) denote the width of the interval Xj(i}
and let ‘

- WaXx (i)
o lzj:n(w(xj ) .

That is, w5 is the maximum dimension of X(i)

We could continue processing boxes in the list L by our

.

algorithm until
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for some ¢, > 0 . This is provided e, is chosen large enough
that the prescribed precision is attainable using (say) single
precision arithmetic. However, it is more convenient computation-

ally to require only that

for esch 1w 1, v nu X% €, 2 0, we 3¢t e, = 0 for con-

venience.
Thus whenever a new box x'*) is obtained by our algorithm

we can check whether (13.2) is satisfied. If so, we no longer

x'3)  contains a point x* where f is a global minimum,
then the location of x* is bounded. In fact, if X

3 f3)
center of X(‘) and (13.2) holds for Xx*%/ | then

I

X = X% = g./2 (e, 2= .0) «

J ) -

Let s denote the number of boxes remaining and denote
the boxes by X(i) (i =1, +++, 8). As a final step, we want
to assure that £f* is bounded sufficiently sharply. We do this

as follows.
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FE
For each i = 1, """ ,s we evaluate Y(X‘l)) ; that is we

5(1\ (j.l'--.’n) 3

contains the range of f for all

evaluate f with interval arguments X

o R
The result, say [r‘L.Fi )

-

X ex(i) , but will not be sharp, in general. However, T 2 5%

was chosen to be small, the interval result should be "“close to

sharp” since €, is an upper bound on the largest dimension of

,.\ 5 n"‘ »
any box X'*’ . and the smaller k‘i) is, the sharper

[F L.FiR} is . (See [9).) Therefore, it is generally not

il
-

necessary to use special procedures to sharpen the computed inter-

val
: HIE: AT | - ;
Since [F; "> Fy ] contains the range of f£(x) for all
£33
x ¢ X\ , we have
L R
. ) & F,
i f(x Fx
{2}
for anv x ¢X'*) . Denote
min L
5 1=i=s Fi
Then
£f=£(x)
| (i)
I for any x in any of the boxes X . (ie1, *** ,8) . Therefore,

since any global minimum must occur at a point x* 1lying in one
of the boxes x(3) , we have f = f* . But also f* = T (as

discussed above) and hence

s 4
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We thus have bounds on €* ., However, they may not be sharp

enough since our specified requirement is tc bound £* to within, say,

¢, ; and it may be that f - £ > ¢, . If this is the case, we

shall improve our bounds. To do this, we find a value j for

: A : . 13 g
which f = f,L . We apply our main algorithm to X 3 . This

will increase fiL , in general. It might also decrease T
For exact interval arithmezic, this must decrease £ - f,.lL since

ol
x‘7) 4ill be reduced in size (even if it is merely subdivided).

Il

Repeatinz this step for each j such that f = fiL , We mus

-

decrease f - f (at least, if exact interval arithmetic is used

"

and hence eventually have

)
L}
(L2
A

£e

so that f* is bounded to sufficient accuracy since (13.3) holds.
Because of rounding errors, we cannot reduce T - £
arbitrarilyv, in practice. Hence we assume € is chosen
commensurate with achievable accuracy using (say) single
precision arithmetic.
We also require that

Pl aip,

< €
-

e
“for each box X(i) (i = 1,+++, s). For convenience, we can
Note that FiL < T since otherwise f(x) > T for all x ¢ x(1)
in which case X(i) can be deleted. Hence

FiR 2T specfoigtayatieg, =ty
for every i = 1,+++, 8. That is every remaining box contains

a point x at which f(x) differs from f* by no more than TRAT

choose ¢35 = €, tO reduce the number of gquantities to be specified.
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14. The steps of the algorithm.

We now describe the steps involved in our algorithm. Initially,
the list L of boxes to be processed consists of a single box
X(O) . In general, divide the list L into the list I.1 of

x(i)

intervals satisfying the condition Wy * £ {30 {15:2))

and a list L., which do not satisfy this condition.

& 5 {0)
We assume we have evaluated f at the center of X'’ and

thus obtained an initial value for f . The subsequent steps are
to be done in the following order except as indicated by branching.

(1) Of the boxes in L., , c¢hoose one which has been in L,

longest. Call it X . If L1, is empty, go to step (11) if

€ 2 0 . 1If L, 1is empty and € " 0 choose a box which has been
-

in L, longest and go to step 12. If both Ly and L, are

empty, print the bounds f - € and f on f* and stop.
{2) Check for monotonicity. Evaluate g(X) as described in
Section 9. For % s 1 sesun 24g gi(X) >0 (<0) and the

boundary of X at Xx, = xiL (= xiR) does not contain a boundary

point of x‘o) , delete X and go to step (1'. Otherwise, if
g.(X) 20 (=0), replace X, = [x.%,x.%) by [x.t.x.hy
i i i i i
([xiR,xiR]) . Rename the result X again.
(3) Test for non-convexity as in Section 5. Let X' denote the

‘smallest box in X containing all the boundary points of x‘°3

which lie in X . If X' = X go to step 4. Otherwise, evaluate

| hy, (X

is strictly negative for any value of i , replace X by X'

1070 aXy) for i =1, ,n . If the resulting interval
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A A

If X' is empty, go to step 1 . If X' is not empty, put it

in the list L and go to step 1.

-

(4) Begin use of the quadratic method of Section For those

values of i = 1, -+ ,n for which the left endpoint of Hii(X)

is non-negative, solve the quadratic for the interval Y, to

replace Xi . Rename the result xi
(3) Begin use of the Newton method. For those values of i =

1, «»+ ,n for which O l{BJ{X)}if solve for the new interval to
replace X, . Rename the result Xi ‘ For a given value of i ,
omit this step if a reduction of X. will delete boundary points

i
of X' from the box X

(6) Complete the quadratic method. For those values of i not

used in step 4, solve the gquadratic for Yi Vi R Yi is a single

interval, replace Xi by Yi , Tenaming it Xi . Otherwise save

SRR SR

Yi for use in step 8.

(7) Complete the Newton method. For those values of i not used

in step 5, solve for the new set (say) Yi' . For a given value
of i, omit this step if a reduction of Xi will delete bound-

ary points of X(o) from the box X . If Yi' is a single inter-

! val, replace xi by Yi' , Tenaming it Xi

(8) Combine the results from the quadratic and Newton methods

‘for those components xi for which both methods divided xi into
two sub-intervals. That is, find the intersection Yi" of Yi
from step 6 and Yi‘ from step 7. 1If Yi" is composed of three

intervals, replace it by either Y, or Yi‘ , whichever has the




P A s WA S AT T K0 4t s

s
e
~3

smallest intersection with Xi 2O a1l The Yi" , save the one
(or two or three) which deletes the largest subinterval of Xi
That is, save that X, whose complement in Xy is largest.
Let j be its index. For all relevant values of i g2 j , re-
place Yi" by Xi , that is, ignore the fact that part of Xi

could be deleted.

0

{9y 1% Yi” exists. That is, if at least one interval Xi was

: o : 1D s o 2 S
divided into two sub-intervals, say \1( ’ and Yj( , subdivide
the box X into two sub-boxes. These sub-boxes will have the

same components X, as X except one will have j-th component

i
. i N G
and the other will have j-th component \.( :

£1%
Y - )
&
Y}“ exists, we may wish to subdivide the current box. Let

dencte the box cheosen in step 1 and let X" denote the current

1£ no such

+*

X

box resulting from applving steps 2 through 8 to X . if the

improvement of X" over X is so small that (say)
wiX®) > . 25w(X),
then divide X" in half in its greatest dimension.
(10) Evaluate f at the center of the box or boxes resulting

after step 9. Update T as described in Section 4. Put the

; : box(es) in the list L and go to step 1.

(11) Evaluate f(x(i)) for each remaining box x(i) in L.

f “Denote the result by [FiL,FiR]. 1f FiR - FiL > € for any

value of i, use x(‘) for X and go to step 4. If FiR - Fi £ %

for all i = 1,+++, s, find

min 8
£% 1 Ny

Then print the bounds f and ¥ on f* and stop.

s ‘ ——
L R 4 v S S o i

L o b S R s
Ky vy T, T ———
o A N A TR G e o Wi e




M PP R

W’%ﬁ@‘%ﬁ’%‘aﬁfz@&‘m T —

(15.1)

38

For €, > 0, these steps bound f* to within an error €
i 2 i 0, they found f* to within o they bound x* to within
€y and they assure that for any point x in any final box, f(x)
exceeds f* by no more than &y * E3-

In this step, we sometimes branch to step 4. Note that
we could go to step 2, but it is unlikely that either step 2 or

step 3 will be helpful. This is because we expect each box

4

emaining at this stage to contain a minimum.

15. A numerical example.

We now illustrate the steps of our algerithm. We shall con-

sider the so-called three hump camel function.

2 e, 0L e B 5
£ = .2 B l.0>x1 X X;X5 * X,

>
-

which has three minima and two saddle points. The gradient g(x)

has components

gl(x) = Axi - 4.2 x13 * xlS - %a oy

g,00 = 2x, - % s

The interval Jacobian J(X) (see Section 3) has elements
L0 e 412885 !
1 ety S0y ¥

le(x) - JZI(X) - 'l .

JypX) = 2.
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As described in [4), a better formulation for J(X) could
be derived which would give smaller intervals, in general. How-
ever, we shall use the simpler form given here.

Suppose that the box we choose in step 1 has first component

X, = [1,1.1] . In step 2 we find that, whatever Xz is,

1

hll(xl,xz) » [-5.196,-2.55] .
Since this is strictly negative, we know that f does not have a

minimum in the interval Xl for any value of x, . Hence it X

X(O) , we can delete all of

does not contain a boundary point of
7 gk
Now suppose the box chosen in step 1 has components Xl =

[2.3] and X5 = [0,3) We find

b U o «20. 4 38 o - X3 2
hll;ll'-\:) s [ - -4'.458.6} »* “"Q"xl"\.‘d = -

Since neither interval is negative, we cannot Ssa¥ that € is not
convex in X . Hence we go to step 3.

In step 3, we evaluate g(X) obtaining

gl[X) = [-74.4,221.4] , gz(X) « [-3,0] .

We see that g.(x) is non-positive for all x¢X and hence f

is smallest in X for x, = 1 . Thus we can replace X by the
“degengrate box X' with components xl' = [2,3] and xz' e {1,1] .
1f the box X had had components XI « {(0,1] and xz -

(2,3] , we would have obtained

g0 * [7.2,3] g0 = (3.60 .

" A A L At st e e L
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In this case gz(x) is strictly positive and we can eliminate all
of X unless the boundary of X at X, ® 2 contains a boundary
point of X(O) . ~ Suppose Xl(o) « [0,1] and Xz(o) = [1,3]

Then X(O) has boundary points at x, = 2 for Ky @ 0 and 1

We could thus delete all of X except the points (0,2) and

(1,2) . This is simple to do in this two-dimensional problenm.
In higher dimensions, it might be simpler to retain the entire
boundary at X, = 2

Now suppose that X is given by xl 3 xz = [0,1] . Then
gl(X) » [-5.2,5] and :{X) = [-1,2] so that we do not have :
monotonicity. Therefore, we do step 4 which involves the quadra-

tic method of Section 7

For this box, we obtain

HII(X) . JII{X} = [-8.6,9] , H,,(X) = ZJ.l{X? . -2, H::(X5 . JZ:(X“ s 2

2l 2

The center of the box is at x = (.5,.3) . We wish to evaluate
£(x) and g(x) . We cannot obtain f(x) exactly using finite
precision decimal arithmetic. Let us use five significant decimal
digits and evaluate f(x) using interval arithmetic to bound
rounding errors. Thus we replace the coefficient 1/6 by

(.16666, .16667] and obtain
f(x) = [.43697, .43609] .

We also obtain

[1.0062, 1.0063)
glx) = :

N~ 5 AT e sive o e ST RSN
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Suppose we have previously obtained f = .2 and that we

choose €, " 0 . To do step 4, we wish to solve (7.2) for points

y € X where we know that f£(y) > ? does not hold and hence
f(y) = i might hold. If we first tried to solve for Yl , we
would rewrite (7.2) in the form (7.4). However, the left endpoint
of HIIQX} is less than zero. Hence, solving (7.4) would give
rise to two semi-infinite intervals Therefore, we defer this
operation until step 6 and first solve for Y, which will be a
single interval since the "left endpoint” of HZZ(X) is positive.
We solve for Y, using (7.5). As we have not yet solved for
Yl , we use X, in its place. Substituting into (7.5), we
obtain

L P

tyt

[-1.2412, 1.9652) + [0,1]¥, ¢ %

From equation (7.8), the solution set is

& I

o 1eaETIE. 1-13A))

Hence
2, &2, ¢ Ez s [-1.2212, 1.6141)
and Y, = 2,0 X=X,

Thus we have not deleted any of Xz
Next we do step 5 which applies that part of the Newton

“method which generates a single interval. The interval Jacobian

is

(-8.6, 9] -1]
IX) = i ol

R e

-




The center of this interval matrix is

whose inverse is (approximately)

l-3
B =

333 -1.6667 1
| |
L 7 J

3
. 666

[

For simplicity of exposition, we shall compute BJ(X)

explicitly. We obtain from (6.2) (with ¢§ replaced by X ),

- - {yx) = 0,

[-4.1877, -4.1872] ((-:8.334, 30.334] -.0001 ]
j L{'14-668.14.668} (1,1.0001) |

| [-1.844, -1.8436)

1
~

We try to improve X, £first rather than X because [BJ(X))
: 1 L J

-

11
contains zero while [BJ(X)]),, does not. Thus the first equation
- -

of (15.4) gives rise to two new intervals while the second equa-
tion does not.

The second equation is

[-1.844, -1.8436] + [-14.668, 14.668] (X, -x,) * [1,1.0001] (v,-x;) = 0

-.where we have replaced Y1 by xl . Solving for Yy » we obtain

the interval

L - [-4.9904, 8.678] .




The intersection Yz = 2.0 Xz equals XZ so again no improvement

has Deen made.

Step 6 prescribes that we use the quadratic method to try to
improve those components of X not solved for in step 4. We
solve (7.5) for points Y1 where f{y) = ¥ . We would use YZ
in place of X, ; but they are equal. Substituting into (7.5),

we obtain

3 - 2
[.08697, .83699] + [.5062, 1,5063]y, + [-4.3,4.5]¥," = 0

Using equation (7.11), we find that this quadratic has the

solution set
« [~=, - ,10093] U [.42555, =],

Thus

and

Yy = 2.0 Xy® [0, 309071 U F.92855, 1]
note we have eliminated a subinterval of length .52648 from xl

In step 7, we use the Newton method to try to improve Xl

we solve the first equation of (15.4),

(-4.1877, -4.1872] + [-28.334, 30.334] (y,-x,) - .0001 (X,-x,) = O,

where we have now replaced Y, by X, o Solving for Yy » we

obtain the two semi-infinite intervals
; :1(3) o [ve, 383151, 21(‘) « [.63803,=) .

Their intersections with x1 are (say) Yl(s) and Yl(‘) where

71(3) - [0,.38223) , Yl(‘) « [.63808,1] .

% “h L
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We wish to combine the results obtained using the quadratic

| method and the Newton method. Thus we retain the intersection of
yoid iy Yl(z) and Yl(s) U Yl(‘) which is
[0, 35223} 1u [.9285S8, 11

We have deleted a substantial portion of the original box X .

The remaining points compose the two boxes
(0,.35223) [1.92555, 171
2
[0, 1] G [0,1]

In subsequent steps, our method would be applied separately to

oo

each 0f these boxes. i

16. Computational results

We now describe some computational results obtained using the

algorithm described above. The computations were done on the
Amdahl 470V/6-11 computer. In each case, we assumed it was known
that the global minimum occurred in the interior of the initial
7 ; box. This speeds up the algorithm since boundary points need not
get special treatment.
This is consistent with the fact that we are really considering

the unconstrained case. We intend to treat the constrained case

b E in a later paper.

We give results for only one example which typifies the problems in two and
three dimensions which we have used. The example is the three hump camel function
given by (15.1).
This function has its global minimum at the origin. It has two local minims
at approximately [:: 1.75, = 0.87] and twe saddle points at approximately a_ 1.07,
CF + 0.535]. Our initial box was defined by I =X - (-2, § which contains al1

these points. We chose !1 = 0 and ‘0 s lh - lb - 10.‘.




We find that after eight steps of our.algorithm, we have six
sub-boxes in our list. In the next step a sub-box is entirely
eliminated and after the fifieenth step, only one sub-box remains
but its width exceeds €,- After an additional step, we obtain

the final box

7

#1

(-5.78 x 10~
X = [-2.91 x 1077, 3.56 x 10°

S 74 2 10’61]
Here and in the following, we record results to only three
decimals. This box satisfies the error criterion requiring
its width to be less than €y Evaluating f at the center of
this box, we obtain f = 1.12 x 10710,

As prescribed in step 1). we evaluate f£(X) and obtain
[-1.24 x 10722, 7.57 x 10°2%]. Thus £ =-1.24 x 107!
11 -10;

£ ¢ [£, ] = F1.24 x 107°7, 1.12 x 10

and

Since £ - f < gy, we have £* bounded to the prescribed

tolerance. If we approximate f* by

(£+ £)/2 = 4.98 x 10711,

then we know that the error is at most 6.22 x10°1} in magnitude.

I1f we approximate x* by the center (3.27 x 10'6, 1.63 x 1o‘§l
then we know that the error in x,* is less than 3.85 x 10" and
the error in x,* is less than 1.93 x 1979,

. We have obtained x* to far more accuracy than required
because of the rapid rate of convergence of the interval Newton
method used. The bound on f* is much better than required

simply because a given error bound on x* automatically yields

{“} a much better bound on f£f* .
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We also used this example with an initial box of width 2 x 106. This case
required 46 steps to run to completion. This illustrates that if we use a very
large box tc assure containment of x*, the computing time need not increase

drastically.

17. Conclusion.

We have presented an algorithm for solving the unconstrained
nimization problem assuming we have an initial box which is
known to contain the minimumn.

It would certainly be possible to construct a highly oscillatory
function for which our algorithm would be prohibitively slow.
However, it has converged adequately rapidly for the test problems
on which we have tried it. (See Section 16.)

&
we have assumed f(x) € C". The global minimization probtlenm

can also be solved for £{x) ¢ Cl. In this case, the Newton

method cannot be used. The quadratic method can be replaced bty a

corresponding linear method in which we find points y at which

“n

f(y) < T. This is done by noting that if x ¢ X and y ¢ X, then
£(y) = £(x) * (v - x)7g(8)
for some £ ¢ X. Thus we can solve for the approximate points ¥
from
£(x) *+ (v - )T g(x) ¢« T
For the problems of low dimension on which we have used this method,
2it was less efficient then the quadratic method described in

Section 7. We do not know the relative efficiencies for large n.

“ ;rq. P e b o i e st
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It is possible to solve the global optimization case
when £(x) is only continuous but not differentiable. However,
our algorithm is very slow. It entails a different approach
that we hope to describe in another paper.

The nonlinear constrained optimization problem can also

be solved by interval methods. An extension of our algorithm

is required. Our experience in this case is for hand calculations
only. A difficulty exists (currently) when it is difficult to
find a point in the neighborhood of x* which is without question,
feasible.

One of the virtues of interval arithmetic is that it is

=1

usually possitle to formulate an iterative algorithm in such a
way that it stops automatically when the best possible result
has been obtained for the finite precision arithmetic used.

We plan to do this for our algorithm and thus preclude the

need for specifyin . Exy o ARG gL
s £ 0 1 3
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