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GENERALIZAT IONS OF THE SEQUENTIAL SIGN DETECTOR -

C.C. LEE AND J.B. THOMAS
Department of Electrical Engineering and Computer Science
Princeton University, Pri:cet:n, New Jersey 08544

Some generalizations of the classical ruin problem in proba-
bility theory are investigated. These generalizations are ap—
plied to analyze the sequential dead—zone limiter detector and
the sequential four—level sign detector. The performances of
these detectors are then compared to that of the sequential sign
detector in terms of the relative efficiency (RE) and the asymp-
totic relative efficiency (ARE).

I. INTRODUCTION

Sequential detection theory is known to be closely related
to the well—known problem of random walk with absorbing barriers.
As an example, the analogy between the sequential sign detector
and the classical ruin problem will be illustrated . The advan—
tages of a sign detector over the Neyman—Pearson optimal detec-
tor are its simplicity and nonparametric property . However , the
hard—limiting nonlinearity of a sign detector often results in
poor performance. A logical way to improve this is to increase
the number of levels of quantization, while maintaining this
number su f f i c i en t ly  small  to retai.n the property of simple im-
plementation . Thus , the ‘sequential dead—zone limiter detector ’ ,
originally proposed by Shin and Ka ssam [3), and the “sequential
4—level sign detector ” will be studied.

The counterpart of the sequential dead—zone limiter detec-
tor in random walk theory is a generalization of the ruin prob-
lem — “games with ties ”. By formulating the associated differ—
ence equations and solving them, or by simply using the condi-
tional test and the available results from the usual ruin prob-
lem, we obtain expressions for the probabilities of false alarm
and miss (probabilities of ruins under certain conditions) and

• for the average sample number (the expected duration of the game)
required for pre—specified probabilities of errors.

To study the sequential four— level sign detector, we will
consider another generalization of the ruin problem — “The
stakes may be either or C.2 dollars instead of one dollar ”.
Now, except for some extremely special cases which are not of
much interest to us, the associated difference equations cannot: •-

be solved analytically. Fortunately, the characteristic equation ~for the probability of ruin has exactly two positive roots (one
of them is unity) so that we can find these and then use approxi— 

~ 
j

• mation techniques to solve numerically the difference equation
for the probability of ruin (if the thresholds of the test are
known). Also , when the probability of ruin (probability of false ‘~~~~

‘
~~

alarm or of miss) is pre—specified, we can solve for the thres—
holds needed. We then state a theorem by which the solution of
the difference equation for the expectea duration of the game
(ASN) can be obtained or appr mated with high accuracy without
solving the equation. 97 i ~ P~~
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Generalizations to more—than—four—level input—quantization
sequential detectors are straightforward . The complexity is not
increased appreciably with the number of levels of quantization,
as may be shown by formula t ing  the difference equations and the
procedures for analysis. However, as the number of levels in-
creases, the advantage of simple implementation disappears.

To illu strate the performances of the sequential detectors
discussed in this paper , we compare the expected samp le numbers
given the sante error probabili t ies. The ra t io  of these numbers
gives the relative efficiencies (RE), and the limit of RE as the
signal strenqth vanishes gives the asymptotic relative efficiency
(ARE). We derivc an expression for the ARE of the sequential

dead—zone l imi te r  detector wi th  respect to the sequential sign
detector by assuming a symmetric noise distribution . Final ly ,
by considering the generalized Gausrian noises, we compare the
performances of the three detectors in terms of the RE. The
breakpoint in the sequential dead—zone limiter detector and the
sequential four—level sign detector , and the quantJzation levels
in the latter , are chosen so as to give optimal performance. As
may be expected , the performance improves as the number of quan—
tization levels increases.

To introduce the sign detector , we t reat  the detection of
constant antipodal s ignals  in addi t ive whi te  noise:

H: X . = IL-s
vs. 1 1.

K: X. = LI-s
1 1

where s>0 is a cons tan t  signal , and the noises N . are assumed to
have a symmetric and continuous common density function f. The
observations X1, X2 1. . .  are assumed to be independent.

II . THE CLASSICAL RUIN PROBLEM AND THE SEQUENTIAL SIGN DETECTOR

The sequential sign detector has been studied in detail in
[2). The test scheme for this detector is the following : At the
n-th sample, form

� m

E sgn (X .) - m1 H

otherwise ~ take one more sample
Clearly, T

n 
is the sum of a sequence of +1’s and —l ’s, and the

test procedure will be executed until T either exceeds m2 or isless than —m1.

Now, consider the classical ruin problem : a gambler either
wins one dollar or loses one dollar on each game with probability 

~
j

• • 
- 
p and q respectively (p+q=l). Let his initial capital be m1
dollars and suppose he will continue to play until his capital r~ 1
either has increased to m1-f-rn2 dollars or has reduced to zero.
In the former case, he wins, and in the later case, he ruins.
Let T denote the increment in the gambler ’s capital; we have

the following scheme: After the n—th game,
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~ n%
2

= E u~ ~ - m1 ~ ru ins  =
otherwise plays the next game

where u1 is +1 wi th probability p or —1 with probability q.

This scheme and that of the sequential sign detector are
identical if we let

p PrCu, +1) PrC sgn (X~)~ +l) Pr[X .>O)
and 1

q = Pr[u —l) -- Pr[~~cjn(X .) —l) := Pr ( X ~<O)

Thu s , t he p robabil i t y  of fa l~;e a l a r m  ~ f o r  the ~ eq u e n t ’ i a l  s ign
detec tor  corresponcb~ to t~hi probrib i l i t y  of w i n n i n g  ( i- -p robabi l i ty
of r u i n)  for  the  m m  prob l em w i t h  p~ ‘P r [ x1>o~ ii) , and the  prob a-
b i l i t y  of a miss  ( l — ~~) corresponds to  the p robab i l i t y  of r u i n
with p =Pr (X~>O ! K ) .  In addi t i on , the  average samp ’e num 1)t ’r (A SN)
needed for the sequent ial  sign detector  corre~;ponds to the e~:—
pected dura t ion  of the game .

III • THE RUIN PROBLEt-1 WITH “TiES ” AND TilE SEQUENT IAL
DEAD—ZONE LIMlTE1~ DETECTO R

In t h i s  section , we consider a genera l i7at ion  of the r u i n
problem — the bet may resul t  in a “ t i e t’ . ‘l’he qambler now may
ei ther win  one dol lar  or lose onc ’ dol lar  or w i n  (and lose) no t h—
ing on each game with probabilities p ’ ,q ’, and r ’ respectively 

4(p ’+q ’+r ’=l). Let R
~i 

denote t he  probabi l i ty  that  the  gambler
with initial capital m will ruin. Since, after the first game,1
the gambler ’ s for tune is ei ther  m1+l or m1 or m1—l do l la r s , we
hav e

Rml = P ’~~~~~] + 

~~
‘
~~~~— 1 + r ’R 1 (4.1)

with boundary conditions R0=1, R i+2=O. The so]ution for this

difference equation is not difficult [9). The r esu l t  is

= — (
~

-
~
-) m

i]/[(
~~~

) 

mi +m 2...l] (4 .2 )

Note that this result is the same as that  of the usual  ruin prob-
lem [1) with  p replaced by p ’ and q by q ’ .

Next , we consider the duration D 1 of the game. To find an
expression for D 1’ we may solve the associated difference equa-tion: m

= P ’D 1~1 + q ’D~1_1 + r ’Dmi + 1 (4.3)

with boundary conditions D0 0 and Dml+m2=O~ 
The solution is

given in [9]’. Here we show another approach which is much sit—
pier and will be useful for further applications in the next

• section. The following theorem is intuitively true, and its
proof is given in [9).

Theorem l: ”The expected duration of the game is equal to the ex-
pected gain divided by the expected gain in a single trial” .

L . £ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -——-.~
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A direct result follows:

Corollary 1: The solution of (4.3) is given by

Dm1 [R 1 (—m 1) + (l_R ~1)m
2]/ (p ’_g ’) (4.4)

Th i s result is the same as that obtained in [9) if we replace
R~~ by (4 .2 ) .  Theo rem 1 enables us to solve the whole proble~u
by solvi n~i t h e  d i f f e r e n c e  equation associated with the prob rt —
b i l it y  of r u i n .

in t he sequt  nt  i a 1 siwi dt ’t ect or, Wt make U5 e of a hard —
• limiter (F .i E . 1) to cL~ssify t h e  sai~p l es.

EGN ( x . )  

~ xi xi

Fig.  1 A hard  1 imi t e r  Fig.  2 A ‘rinwt ri  c & ; - : o n c  ) i i~ i —
ter  w i t h  d ea d—:  Oflt  (—a • a)

In some Cases , poor p er fo rmance  may ~‘e~ ui  t . i f  ~~ ‘ -  USe a
zon e l i m i t e r  (Fiq .  2)  in s te ad , t h a t  is , i f  We ci imi n a t  e a cla~;s
of samp les ( those tha t  l i e  in the dead— ~.c’nc ) , t :h.’ r t ’sul  t m g  de-
tect or ma have  siqni f i  e a n t ly  bet ter  per f o r u ~anc- e ch a r~ c’tcrist ics
This s eq uen t i a l  dead—zone  l i m i t e r  de tec tor  ~ j s or i e i na l  ly pro—
posed and analyzed , based on condit-io:ial tvst~ , by E h i  n and Kas—
sa m [3) . We now use the ruin problcm w i t h  ties to inv ’stiqate
t h i s  de te c t o r .  The test  scheme for a sequent  ia l  de~ d— :’.one l i m i —
ter  detector  is the fo l lowing:  At the n — t h  step

n ~ m2 ~~K

T = E DZL (X.) � - m ~ Hn i=1 1 l~othe~~~isc  ~ take one more sample I ~.

where DZL (X .)  has three possible values, +1, 0 , and — 1.  I f  we let

p ’ Pr(DZL(X .)=+1IH) = Pr ( X . > a I H )  1—F (a+s)
(4.5)

= Pr(X.<—a~K3 Pr[DZL(X.)=—1)K)
and 1 1

q~ = Pr (DZL(X.)=—lIH) Pr[X.<—aJH) =
1 1 (4 6)

1—F (a—s) Prf X~>a I K) = Pr( DZL (X.) =+1~ K)

where F is the noise distribution function , the analogy between
the ruin problem with ties and the sequential dead—zone limiter
detector becomes apparent. It thus follows that

= Probability of wi.n with parameters p ’ and q ’

m1-Fm2 m1 , m +~~

and 

~~: ~~~~~~~~~~ 
1~~ 1 J~~



5
= Probability of ruin with parameters q ’ and p ’

, m +m , m , m + m
• ( ( P_) 1 2 

— (
~~T) 

1]/!(I~~) 
1 2_u (4.8)

i f  ~ and l— ~ arc  p e c— s p t ’ci fled , we may solve for  m1 and rn2.

m1 ~o q [ ( l — ~~) / ( 1--c i ) ) / ~.og (q ’/p ’)  (4 . 9)
and

m2 
— o~ (a. 13) • .‘~~oq (‘j ‘ ‘ ) (-1 .10)

Snia t i t u t  i f l9  t h e  a t ’miessic ’nS int o (4.4~ , W e o~~t a i l i  t i a ’  ;v ~~Y a a I ’
sanip i e nutt ier  r ( N )  . I f II is t i tn , ~~~ 

-i rep i •na d E\ 1 —~~~ . i I

K is t ru~ , i s rep ~eed by l—~ , p ‘ by q ‘ from (4. ti ) , and q

by p ’ f r o m  ( I r ,)

IV • ‘ruE RUI N 1’Ro~ I ~ ‘M WI  ‘li t ‘ v:~El EEl h I- ’i’EE~ 
‘
~~~ 

“ ANt)
n ‘rut: EI~~U1’N’I I AL .~— 1.i’V ’l. E.R N Di~ L ’ t : C ’ ~\~ E

In this s a t  ion , we i n v~~et i e a t r ’ z i n c t l i e r  se n e r a l  i : e t  i o n  ef
the r u i n  prob i — “ t he  ct a~a-s me’s’ le e  ci they or ~ ~ ~ ~-i 

)

doll a ~s i nst eacl of en~ doll :ir “ . The ’ q~ ’~ ‘1 er rev e l i  h er  wi  ii 
~dollars , or win 

~2 
u1~~ 1:i~~~, or 1t~~t do1~~~ i s , °~ ~~~~~~~~~

dol 1 ars on each eanic’ w i t  h p rohab i  lit I e~ p1 ‘ ~~~~~ 
p_ 1 , p__ 2 i e 5 J )  a-—

t i v el y  (p 1
-fp2

4 p 1-’n . , I . Then , w i t h  m it - i al e~ 1 i t  al t h e

probability of r u i n  sat i s  i vs

-. P1~~11~ ~~~~~ 
~ ~~~~~~ ~ 

+ p_ i R
~~i_ ~~i 

+ 
~~~~ 

.1)

with n u n i d r y  c~~nJ it len s

R = 1 , — ~~~. + 1 � n � 0
n 

(r~~~~~)

R = 0  , m +~~~ � n ~~~~rn +~~~ +~~~ — 1n 1 2 1 2 2

Ur, f er t  un~~t e ly ,  t h i  s di f fe r~’nee equation cannot he so l v e ’ i ~~f lS~ l y t  i —
cal ly  ‘‘xeept for  some ex t  r emely  sJn-ci al C a r e s  ~ ~ ~ i “- ~ ~.-- i
p 2 1/4 ) which are not of great interest t o us . but  t he  sit u:i--

tion is not too bad . If we sub stitut e R x~ into t he  eq uat i o n ,
we obtain its characteristic equation : 51

2~ 2 ~ l~~’2 ~ 2 ~+ p1x — x + p_1x 
2 + p_2 = o (5.3)

Clear l y ,  unity is one of the roots of (5.3). Since the  coeffi—
cients on the left side of ( 5 . 3)  change signs twice , t her e  is
exactly one more positive root x1. The x1 can he located numer-

ically (9) and then the solution of (5.1) can be hounded [9) as
fol low s: m1+m2+t2—1 m1+~2—l m1+m2+.~2—1 51j

1 —x1 — 
~ R 

—X
1 

~~ 4)m1+m2+~t.2—1 ml m1
-fm

2 +L 2—l 1
• x1 —1

Equation (5.4) can be further simp lified t:o obtain , approxim ate ly

3 ~ 3~~k • - -  - ~~~~~~~~~~~~~~ ~~~ 
•
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~ 4ogR~1/ 4ogx1 ~ m1+~~—1 (5.5)

when m1 and m2 are lar ge compar ed to 
~2 

and the expect ed gain in
a single trial is positive. The latter condition is what we are
interested in when we study later the Sequential 4—Level Sign De-
tector. Since m1>>t 2. we may take ~ogR~1/~ogx1~~(2m 1+L2_l)/2 or

Rml ~ ex p ( ( 2m1+.~.2—l)togx1/2) (5.6)

Simulations show that this approximation is very accurate (to
the f i f th decim al when m1>l0O ~~~~

Once th e probability of ruin Rml is obta ined, the following
corollary of Theorem 1 in Section 4 is used to bound the ex-
pected duration Dml of the game.

Corol lary 2:
Rmi

(_m
i
_
~ 2

+l)+(l_R
i )m

2 D 
Rm1

(_m
1
)+(l_R

ni ) (m 2
-h~.2—l)

ml ~ p1~ 1+p2~ 2-p 1~,1—p 2L2

It is apparent that the two bounds approach each other as m1 and

become very large compared to 
~2 

as is usual ly  the case in
our applications .

As indicated in Sec. 1, to improve the poor performance
caused in some cases by the hard—limiting nonlinearity of a sign ‘

detector , we may increase the levels of input—quantization. In
[4), Kassam and Thomas proposed a 4—leve l sign detector which
uses the nonlinearity shown in Fig . 3.

FLS ( X . )  Y.1 +1 1 +S(
~2

+~ 

~~~~~~~~ 
+

~1

—~~~ 

—

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

Pig. 3 Normalized 4—level Fig. 4 4—leve l quantizer
quantizcr

We now inv est iga te the sequent ial  count erpar t of thi s de-
tector. We impose the following condition : 

~~
=

~~1 /~’2 is a ratio-
nal number (c~2>i.1) so that the nonlinearity in Fig. 3 is equiva—
lent to that in Fig. 4 if we properly adjust the test thresholds.
Thus , the test scheme for a sequential 4—level sign detector is:
at the n—th step,

~ m2
T = ~ FLS ( X , )  � — m ,n 1

otherwise ~ take one more sample .
where P1,5(X

1) has four possible values : ~~~2 ’  
~~~~ 

+ and
I f  we let
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• =P (s—a)~~PrfX .<— aIH3 =Pr(FLS (X.)=—L 2iH)

p1 Pr(FLS (X~ )=+(1~K)-F (a—s)—F (—s)=F(s)—F(s—a)

Pr(FLS (X )=— (, I ii)1 1

p_1 Pr(FLS (X
1
)=_~ 1i K)r~F(_s)_F(_a_s)~~F (s+a)_F(s)

Pr(FLS (X )=+t. In)1 1

p~~=Pr [FLS(X .)=— .~2lK) =F(—a—s )=l—F (a+s)=’Pr[FLS (X .)~ 4t 2111)

t he  ana logy  between t h i s  de t ec to r  and the  ~1e n e ra l i7 at i on  of the
ruin problem becomes obvious. We thus have

a Pr[decide Kill) = Prf rujntcap ital m2)

PrCdecide 111 K) Pr (w in ~ cap i ta1 m1) = Rml
For prespecified a and ~~~~, we may obtain m1 and m2 by using (fl .5).

Then , by applying Coro l l a ry  2 , the average samp le numbers (ASN)
are ob ta ined : E(NIH) = D 2 and E (NIK) D 1.

V . PERFORMANCES

A . The R e l a t i ve  E f f i c ien c y  (RE ) and the  A s y m p t o t i c  R e l a t i v e  Ef-
f ic iency (ARE) of the  Sequen t ia l  Dead—Zon e L i m i ter  Detector  W i t h
Respect to the Sequential Sign Detector

The detection problem considered in this paper , as stated
in Sec. 2, is “constant antipodal signals in ad d i t i v e  w h i t e
noise ”. Let f and F denote the density and the distribution
function of the noise. By imposing only the condition that f is
continuous and symi~etric (with respect to the ori gi n) , we can
derive (9) an expression for the RE of the sequential dead—zone
limiter detector with respect to the sequential sign detector.
The result is: under H and K.

RE2 1 — 

ASN
1 — [l_2F (~s~~jUogjj’(s-fa)/[l_F (s+aJ~~ (

~ 1)— ASN 2 
— (l— 2F(s))~~og~F(s)/[l—F (s)]) 

.

Cer ta in ly , we have to pick an optimal value for “a” to maximiz e
RE21 . The generalized Gaussian density function [5] a

f(x) = ~~~~ exp [_ (&~~v(c)IxI )
C
) (6.2)

represents a class of distributions with various rates of expo-
nential decay , so it may be instructive to choose it as the noise
distribution to cheek the performances of the detectors discussed
in this paper. Tables 1 through S list RE21 for various values
of c with a as a variable. The greater is c, the greater the
RE21 that can be expected.

The ARE , def in ed as the l im i t of the RE as the si gnal
strength goes to zero, is

L~
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ARE21 = f
2(a)/[2f

2
(O)F(—a)) (6.3)

The derivation of (6.3) is also shown in (9) Note that this
equation is identical to that found in (3) and [4) . Fig. 5 shows

• this ARE for qent rdli:!ed Gaussian noise with “a ” as a variable .
We can see from the  figure that , in the Gaussian case (c~ 2), the
ARE may achieve  a value qr t - a t c r  than 1.27. Thus, the improve-
ments made by t h e  dead—? one  l i m i ter  detector  is si g n i f i c a n t .

B. Comparisons of the Sequential Dead—Zone Limiter Deteetor and
The Sequent  ia l  4 — L ev e l  Si~ in Det ec t o r  w i t h  the S e q u e n t i a l  S ign

t Detector in Terms of the RE

Analytic expressions for the RE’ s of t he  s e q u e n t i a l  4—level
sign d tec’tor (w .r . t .  t h e  s e q u e n t i a l  sign detector) z:re not
available. huaerieal results for this detector Ore obt ain ed  for
t he  f ol l ow in q  t h re e  cases :

~j )
. ~~~~~~ ~~~~ 

(Detcctor 4~3)

~~~ ~~~~~ ~‘2~~ 
(Detector *4)

(ii i ) 
~i

l , 
~‘2~~ 

(Detector *5)

Tables 1 through 5 g ive  the  RE ’ s of Detec to r  *2 thr ou q h  D e te c t o r
*5 w i t h  respec t  to Detector *1 (t h e  s ign d e t e c t o r) .  Table  3 is
for the Gauss irn n o ise  in which the RE fo r  t h e  correspondinq se-
quent  i~il li nea r  de tec tor  (De tec to r  i~6) , which  is N c v m a n — P c a r ~: ~n
optima l for Gaussian noise , is also incluLI e ’d for convenience of
comparisons.

p

These tables show s i oni  fi cant improvements Over the ’ sequen—
t ial si ~in d et e c t o r .  The sequent  ia l  4—lev e l  sien d e t e c t o r  per-
forms bet t~’r than t he  d c a d —r o n e 1 i mi t e r  d e te ct  or , as mZV~’ be cx—
p ec ted .  A~ a :iat t er  of f a c t  , t h e  s e q u e n t ia l  dea~l— :~ene l i m i t e r
detect or is , of ccu r ~;e~ a degenerate s~’quentia 1 -l---lcvel sign
detector (t 1~ O , t2~ 3).
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