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Abstract

—7’ The orientation of patches on the surface of an object can be determined from multiple
images taken with different illumination, but from the Sante viewing position. This method .
refer red to as photometric stereo, can be implemented using table lookup based on
nunwrica l inversion of experimentally determined reflectance maps. Here we concentrate on
ob je cts wit h specularl y reflecting surfaces , since these are of importance in industrial
apl)llcations. Previous methods, intended for diffusely reflecting surfaces, employed point
source illumination, which is quite unsuitable in this case. Instead , we use a distributed
light cou rce obtained by uneven illumination of a diffusely reflecting planar surface .
Exj ri- irnpntal results are shown to verif y analytic expressions obtained for a method
employing three light source distributions. ~~~~
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Ikeuchi & Horn 2 Photometric Stereo

Notation

0 zenith angle (local coordinate system)

4’ : azimuth angle (local coordinate system)

O : zenith angle (viewer coordinate system)
q) : azimuth angle (viewer coordinate system)
F flux C watt/sr ] 

-

E irradiance C watt/ rn2 ]
L : radiance t watt/(m2sr) ]
-- suffix --

source
incident

• emitting
~~: image (or picture)

surface normal

i

4 .1~ 
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0 Overview I
T~ie technique of photometric stereo has been proven by an experiment whose schema is
shown in Fig. I. Orientations of surface patches on a sphere obtained using this technique
are shown in Fig. 2.
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Fig. I The overall schema of the experiment. The experiment has two parts: initialization,
represented by broken lines, and the lookup of surface orientations for a given object using
mea sured image brightness. Brightness arrays obtained from a TV camera are normalized.
A looktip table is constructed in the initial process using reflectance map techniques and
Newton’s method. The table is used to obtain surface orientations. 
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FIg. 2 Needle diagram showing (projected) surface normals on the surface of a metallic

sphere. Each needle shown sticking up out of a point represents the orientation of a sw lace
patch.
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4
I Iiitroductioii

The geometric d endence of the reflectance characteristics of a surface can be expressed in
terms of the direction from the surface to the viewer, the direction from the surface to the
light-source and the surface normal. The apparent brightness (scene radiance) seen by the

viewer can be expressed as a function of the three angles between these directions.

Altet nativel y, we can express the dependence in terms of the slope components p and q.
used as axes in gradient space [I]. There are several ways to project the unit surface normal
onto a plane In the “traditional” method one projects a point on the unit sphere onto a
ta ngent pia iae from a center placed at one pole of the unit sphere. The plane is tangent to
the sphere at the opposite pole (stereo-graphic projection). This projection may he useful

when we consider characteristics of a surface which has both specularity and transparency
like the surface between air and water or windows of the John Hancock building; one
hemisp here corresponds to reflected brightness distribution , the other to transmitted

brightness distribution.
p’= c1zIcIx/ (  .J’l.(~zIax) 2.(az lay) 2 

~ I) ( I )

q’= ~zf t~y I( Jl,(~z,~x)2 ,(az,ay) 2 ; I),
where z=Z(x,y) and the sign is chosen depending on whether the point is in the upward

henuisp here or the downward hemisphere. In another method, wh ich has been used by
1- lorn [1), one projects the unit surface normal onto the tangent plane from the cenftr of the
unit sphere (central projection).

p = zI~x ( 2 )

~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~ 1~~~~~~~~~ 
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(a) Ihe steicogiaphic projection. (b) Horn’s projection. Note its simplicity.

Fig. f b i  ri ’s .rc’ y--tion and the stereographic projection onto a plane.

Although the traditional method may be more familiar and allows one to express any
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I
diiection without ambiguity, the zenith angle is projected into half of the zenith angle and ,
thus , the coordinate transformation is not as convenient as it is for the second method .
Moreover, we only need to consider the upper hemisphere of possible directions , since
surfaces turned away from the viewer cannot be seen in any case. It is for these reasons
that we have chosen the gradient space projection.

If we take the direction from the surface to the viewer as the direction of the i-axis , then

the ref lectance properties of a surface patch depend on (p.q). the direct ion of the surface
norma l and (ps.qs ). the direction to the source [I]. Each point in gradient space (the tangent

l~la1ie). corresponds to a particular surface orientation (based on the direction of the viewer).

If we k now the reflectance characteristics of an object, we can calculate how bright a surface
elcnwnt with that orientation will appear. It is convenient to use contour lines to connect
those points in gradient space which correspond to surface orientations which give rise to
the came apparent brightness. It is because of these contour lines that the resulting diagram

is referred to as the “reflectance map” (I]. It is denoted by R( p,q ).

Using the reflectance map, the basic imaging equation is

E1(x,y) R 1( p,q,x,y ), ( 3 )
where E1(x ,y) is the brightness (image irradiance) In the image-forming system at the point
(x .y) in the ima ge plane. This equation contains two unknown variables p. q and one
quantity E1. which can be measured in the image.

In the above equation , the subscript j is used to denote different illumination conditions.
For each value of the subscri pt, a different image is obtained, and a different reflectance
map app lies. If two images are taken , two such equations provide con straints on the
possible values of p and q. This permits us to solve for the gradient. Because of the non-
liiir’arit y of the equations, however , a number of solutions may be found at times. In this
cacr , a t hird image may be used to disambiguate the remaining possibilities. This is the

pi incip le of photometric stereo (2,33.

Oithn~’iap hic lioJection can simplify the calculation considerably. If we can assume that
the object is small compared with the distance to the source and the image-forming system ,
then the vle’..’er direction can be approximated as the axis of the image-forming system, and
we can t i r . it the system as orthographic. There are two merits to this approximation. One
,c t hat we can neglect the effect of position. The right hand side of Eq. 3 depends only on
(p q); namely, we can apply the same reflectance map on all point in the image. Another
benefit is that we can cakulate R( p,q ) more easily because the approximation Fixes the
view in g direct ion. So we can , for exam ple, rotate the source keeping the phase angle
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consta nt (Thc phase an gle is the angle between the source and the viewer , measured at the

objec t). This means that we can obtain a new reflectance map just by rotating the old one

2 Rasic Consideration
2.1 Relaliouisliip between Radiance and Irradiance

One of the main points of our discussion here is that we consider only specular components

of ref lectance when we calculate the reflectance map, since many industrial materials are

made of metal and have strong specularity and little diffuse reflection. Experiments show

that only I 0 2~ of the incident light is reflected diffusely from some metal lic surfac es , with

most of the rest reflected specularly. We cannot treat this kind of material using the usual

Lanibertian model for reflection of light from a surface. It is also clearly inappropriate to

use point sources to illuminate such a surface, since ver y few surface patches will be oriented

cor rectly to reflect any light and we will only see virtual images of the point sources.

We consider two kinds of light sources. One is an extended light source. The other is a

j  collimated one. An examp le of an extended light source is a fluorescent light fixture. A

collimated light may be generated by using a laser and an inverted telescope.

Three relationships exist between a light source and the image plane. The first one is that

between source radiance and incident irradiance on a samp le surface. Next , and most

important . is that between incident irradiance and emitting radiance from the surface (this

is ca ptured iii the reflectance map). The last one is that between emitting radiance and

image i r rad iance.  Since t he two kinds of light sources have somewhat dif ferent

relationshi ps, we consider them separatel y.

(extended sourc e)

The rela t ionship between source radi ance from an extended light and the incident

irradiance is fairl y straightforward. We assume a surface patch of a light source (dA) is

emittin g energy to a surface patch of a sample surface (dB). The emitted energy from the

source incident on the sample surface is
dF 5 = L~dt,,dAcose , ( 4 )

= L5(l/r 2)dAdacose 5cose,.
where I,I~ ~c a solid angle corresponding to the surface patch dB viewed from dA , and r Is

the distan ce betwee n the source and the sample surface. On the other hand, the received

flux is

- ________
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FIg. 4 Relationships between light source, surface, and image plane are depicted.

dF, L~dc~,dBcos89 ( 5 )
= L(l/r 2)dAdBcose~cosO9,

where ~~~ is a solid angle corresponding to the surface dA of the source viewed from dB.

If L5 and L, can be regarded as constant within the small areas dA, dB , then
L’. L5. ( 6 )

This implies that we can regard the “incident radiance” as the source radiance in the same
direct ion.

For a specular surfa ce and an extended source, we can obtain from the definition of the bi-
directional reflectance distribution function (BRDF) (1,4]

L~(O~.+,) if f,,~ dE,
= Jf2~(sin 2$~-sin2e

~) 6(+~-+~.w) ~~~~~~~~~~~~~~ dl,
— L,(e,,+,,,r), ( 7 )

w h e t e
2~(sin 2e,-sin2e

~)o(+,-+~.,r) ( 8)
is the RRI)F for a perfectl y specular surface; L~e,,+•.w) Is the “Incident radiance”, and

~~~~~~ is the reflected radiance. This result ii also predicted from elementary physical
l aws . Thus, even though the source distribution may be complicated, only the contribution 3
from a single direction (e,,+,,,r) need be considered and one need not be concerned with
the effects of other areas of the distributed light source. Strictly speaking, L~ is not defined
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as a function of local angles but viewer angles. Light source which we can construct has a
fixed brightness distribution on the viewer system. However, it is easier to understand the
result ex pressed using the above notation. In the next section we will give the equations for
the transformat ion betw een the viewer coordinate system and the local coordinate system.

The relationship between reflected (scene) radiance and image irradiance is
{(ir/4)(dIf~)2cos4a}L~, ( ~ )whe re I

~
, ci , a are effective focal length of the lens, the diameter of the entrance apeiture

and the of f -ax is angle, respectively[ 2 ].

Fitiall y, using on Eq. 6,7,9 we see that image irradiance at a particular point Is proportional
to the source radi ance in a direction which depends on the orientation of the corresponding
surface patch [ I]. That is, t he brightness of a particular surface patc h is simply equal to the
brig htness of the part of the extended source which it happens to reflect. Thus , even
t hough the source distribution may be complicated, only the contribution from a single
direction (p~.q3 ) need be considered at any time.

(co llimated li g ht source)

In the case of a col limated source , it is eas y to use irradiance to measure relationship
between source intensit y and incident brightness. Clearly, provided that a surface patch is
small com pared to the diameter of t he source , source irradiance E~ is the same as E,
rneasuied on a surface lying orthogonal to the rays. According to II], incident radiance L,
is

E(
~(e(eS)6(~I.+S),sineS. (10

The be auty  of this ex pression is that the double-delta expression has dimension
1/stetacl ian J, because when it is integrated with respect to solid angle the result has no

dimrnsion , So t he total dimension of the right hand side of Eq. hO is I watt/ (nl2sr) ] and it
cot i rcj onds to the left hand side. If all the direction are covered with collimated sources
eac h of ‘~‘hich has a particular brightness distinguished with the direction,

L,(O ,,1’,) = Lk EI o(e~ 8s
k)6(4~~s

k)Is1ner (II )

where k denotes the k-tb light source.

Now we can calculate the scene radiance by using the BRDFE Ii 1. The BRDF for the
sin lace is the caine as in the former case and Is given in Eq. 8.

- ffL1 (e ,+ )2o(sin2e,.sin2e )o(+,4.~~ose~ane deØ1 (12 )
-

A p.ain , the same abbreviation Is used; namely, brightness distribution E,k Is not defined as
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a function of the local coordinates. This will be discussed in the next section.

The relationship of scene radiance and image irradiance is, of course, the same as for the
extended light source. In this case we also find that , using Eqs. II, 12 , 8, t he image
irracliance can be calculated from the source irradiance determined by the orientation of the
local normal on the surface patch.

(transfor m ation from a local coordinate system to a viewer coordinate system)

It is convenient to chan ge from the local coordinate system to the viewer-centered coordinate
system [II because the reflectance map is defined in a viewer-centered coordinate system . and

the light source distribution is given based on the direction of the viewer.

In both cases , we have to determine the viewer coordinates corresponding to (® ,.+~.~r)

when the viewer and the surface normal have the relationship specified by ~~~~ ay
using the relations

)
4~i~ ’4 ’e 4 7r ~ 

( 13 )

we get the corresponding directions of the viewer coordinate
0, = 20~

( 14 )

This relationship is obtained either by considering Fig. 5 or substituting Eq. 13 into
sp herical trigonometric relations.

Thus, we can rewrite Eq. 7 and Eq. 12 using the viewer-center coordinate system.
= aL(0~,~~) -

w hete ci is a constant. We observe this E~ as image irradiance.

Fiorri Eq. 14 we can also obtain
‘ u t  2 2

Ps Pr’ ’’  p~ q~
= 2 q~ / (l-p~

2-q~
2). ( 15.1 )

We can finall y express brightness distribution in the gradient space. In the case of an
extended light source , t here is no problem.

R(p~.q~) — L,(p~,q~), ( 16.1 )
w here

p~ — ~iz/dx — -cos4~tanO~
q~ - c3z/ s~y a -sin~~tanO~.
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I

,-VIEW //~~
/VECTOR//L~ \
/ .

I..
I . 

~~~ .

/ SURFACE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

/ NORMAL 
~SOURCE

I POINT

Fig. 5 Relationships between a local coordinate system and a viewer coordinate system.

If we use a collimated lig ht source,

EkE12~~ f l S /2)6 b 8 ~~
5
~

O$
= E~(20~4~) I(2sin28~

),
where Eq is obtained from k such that 89k — 2 O,~ and 4~” — 4~

. We finally get
R(p~,q~)= Eg(p~,q5)!(4(l.p~

2 +qg2)2). ( ~?
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2.2 Consideration on Types of Brightness Distribution.

The ma pping (p~,q~)€ U—{ (x ,y)l(x 2+y 2)<hJ to (p~,q~)€V a R 2..(w} has the following
cha ract e rmstics ,

(I) (p~,q~)=0 -> (p~,q~).O
(2) pa —fl -> Ps”°
(3) q~=O -> q~=O
(4) p~!q~—p~/q~ (qn,q, are non-zero)
(5) p24q2=(Il+p~

2.q~
2 - l)2I(p~

2.q~
2)

Act ual ly .the forward transformation Is given in Eq. 15.1. Namely,
Ps = 2 p~ I (l-p

2-q2)
— 2 q~ I (I-p2-q2). ( 15.1 )

On the other hand, the inverse transformation is
- I) I(p 5 2.q52)

= qs(JI,p52+q52 - I) I(p,2.q5 2) ( 15.2

We wi ll use a differentiable single-valued function as the reflectance function . Roug hl y
speaking, since we determine surface orientation from brightness. If the function is not
sing le-valued , t he inverse function theorem does not apply, and this makes the situation )
ver y difficu lt.

From the consideration given in the Appendix , the reflectance map Is a regular surface
based on the choice of the reflectance function as a differentiable single-valued function. It
means that at each point on the surface each point possesses a neighborhood where we can
define an infinite derivative on the surface independent of choices of parameter ization. It
also turns out that (pn,qn) and (p5,q5) are two parameterizations of the surface. This means
that each point on the surface uniquely corresponds to a particular point (p~.q~) and (~;.q3)
and that (p~.q~

) and (p,,q5) are representation s of the point by using two different coordinate
systems. We can treat the surface using one or the other coordinate at our convenience and
we can always tiansla te from one to the other without ambiguity. These properties will be
used when we build the lookup table using Newton’s method.

2 3 Shape of Light Source and its Brightness Dist~ibutlon

Bas ica ll y, we considered two shape for making a light source under the condition of
differentiable one-to -one mapping. One Is a sphere and the other Is a plane. Table I
conta ins their shapes and brightness distributions. )
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H Table l

S A pplication Problems
3.1 Total Schema of (lie Syste m

The techn ique requires two kinds of tasks; one is the off-line (pre-computing) job and the
other mc the on-line (real-time) job which is rather simple compared with the oft-line job.
The stmn i th l c s t y  implies rapid calculation, as desired in any hand-eye system. The off- line
job consists of making the reflectance map and constructing a lookup table. The on-brie job
cuIt

~

t st

~ 

of icad ing the image brightness and determining orientations of a surface patch
ha c c cl on t h e  loo~ ip table. Fig. 6 shows the information flow between the on-line job and
the off-line job.
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t~AX— ScA~c’t

~ ‘-LI 
~ i —-- —-

~~~~~~~~~
CAL u ’.AT1C.~ . LOCKL’?
TA~ L~ 

. .

. 1” Li] .

Fig. 6 The overall schema of the -experiment. The technique consists of two types of jobs:
off-line preparation of tables (represented by broken lines) and on-line processing. Image
brightness is obtained by using a TV camera. We search for the maximum value of
brightness in each array. Brightness arrays are calibrated and normalized. Surface
orientations are obtained from the lookup table.

3.2 Consideration of Light Source

We use a Lambentian surface as a source plane. It is Illuminated by a linear lamp as shown
in Fig. 7. Though a spherical shaped source can easily cover directions of more than ninety
degrees , it is difficult to build such a device and difficult to control the distribution of the
light on it . particularly if intenfiection are taken Into account. On the other hand, If we use
a planar source i llum ina ted by a lamp, the brightness distribution is complicated, but we
can calculate a reflectance map as in case 2 of Table I. It Is possible to cover angles of more
than ninety degrees by making a box-like source. In that case, however , we have to treat
each plane separately because the surface normal is not differentiable at the intersection of
two l)lanes . Thus, we consider one plane surface which is assumed to have the Lambertian
characteristics in order to obtain some analytic results to help in the design of the system.
This l lane is illuminated by a line source as a representative case.

Brightness distribution on the surface is calculated using Eq. 18. Let I be the flux rate per
unit souice length ( wattI(m sr)J. Then the total Irradlance E [ watt /rn 2 Jis

E ffcosO 1cos$2Ir2dt. ( Ii )
From cosO 1 - .Jx2.1021r and oo~ 2 - l0/r, we can finall y get

E (fl0!2a 2)(~tan ’(y.L)Ia - tan~ (y-L)1a)

.1 a(y .L)I(a 2.(y .L)2)-a(y-L)/(a2.(y-L)2) } ), ( 18 )
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Y—AXIS

TV-CAMERA —~~~~ —

S ~~~~ ~~~~~~~~~
_ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~

e2 I ‘ -.-_-. THE LANBERTIAN
SURFACE
(RE AL LIGHT SOURCE)

AN OBJECT

LINE r2_x2+(Y_t)?+L02J

a

Fig. 7 The object is illuminated solely by the light reflected of an overhead Lambertian
surface . This surface receives light from a linear lamp positioned below so as not to

P illuminate the object. The TV camera peers through a small hole in the overhead surface.

Brightness distribution from a linear lamp on the Lambertian surface can be cakulated in
Eq. 18. We used three linear lamps, placed symmetrically, 120 degree. In the center of the
lamps there is a hole. The object is observed through the hole.

4
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where a 42,~,2 L is the length of the line source, and lo is the distance between the line
source and the Lambertian surface.

We put an object just under the point (x,y) — (0.Slo,0.0). E(x,y) is a symmetric function with
respect to y. Thus, it is natural to put an object somewhere on the x axis. E(x ,0) is an s-
sha pe funct ion and has a inflection point near x .O.5 10. At that  point
E(0510,O.O)-0.715E(O.0,O.0). So it is convenient to put an object just under this point. II we
denote the distance from the surface to the object as

x -l~p~+l~I2
y = -I1q~ ( 19 )

Finally, we can get a reflectance map
R(p~,q~) = (fl0/2~(-l 1p~4J2)2.I02}1 

__________

tan m ((-I ~~~~~~~~~~~~~~~~~~~~ f(_l iqs_L /2)/, iip.4IoI2)2,i~ )
‘{ ~A-’1 p, 1o/2)2+l?&l mq,.l012)) I1(-I ip,.Io!2)2.1o2.(-l ,q,ilnj2)2)
{ ‘A-i 1p~el /2)~i~ (-l mq,-ioI2)) I1(-l ips+1o12)2+lo2 (-l ~q,-l~/ZI2)1 ( 20 )

where p, and q, are as defined above, and L - l~,2l, ~o because these values are found to
be optimal upon simulation.

We tised three linear lamps, placed symmetrically, 120° apart, about the hole through which
the object is observed. One lamp Is turned on at a time, giving rise to a reflectance map
like the one shown In Eq. 20.

By using three reflectance maps, we can determine the surface orientation. Theoretically It
Is possible to determine the orientation by using two maps only. However , there may be
more than one solution because of the non-linearity of the equations. If we use three maps,
we can determine a unique solution easily as shown in FIg. 8.

3.3 How to Make a Loo&up Table

The most convenient method for converting a triple of measured brightness to an
orientation is by means of a lookup table made from the reflectance maps. This table,
Indexed by quantized brightness measurements, contains surface orientation. Although it Is
possible to make a three dimensional lookup table In which each dimension corresponds to
the brightness of a surface patch under one of the three sources, the weakest brightness
contains relatively large measuremen; errors and we use it only to choose a solution between
two alternatives. Thus, the lookup table can be two dImensional. We look up an entry )
using the two largest brIghtness values. Each entry contains two alternative solutions. Each
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Fig. 8 How to use the reflectance map method. Three reflectance maps drawn in the~~~~
g a ’ .Iienl sp ac e. Since the lamps are symmetr ically conf igured , brig htness distribut ion

cot ie~1 onding to a linear lamp is also symmetr ic having the same shape. 1 bus, we need to

C~~ i .~~r~~’° only one distribution and then rotate it 120 degrees. The resulting function is the
do si .  ,~ r~~~r

f We can determ ine (p.q) from three values ci hrig htness , where each brig htness value

ot i ~’spondc t i  each source condition. For examp le, sw itching on sou rce I will yield a

bi i ht’i”~ ‘alue of (1.7822 at cell B. Similarly, source 2 and source 3 yield 0.!~S29 and 0.9l!~3.

res pect ivel horn the above diagram, we note that the point ( -0.1 -0.1 ) sa t isfies this triple.

Henry’. the .sur 1
~ce orientat ion at the cell B is ( 0,1 -0.4 ).
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alternative solution also contains a surface orientation and the third brightness.

We construct the lookup table by using Newton’s method. An elegant method exists in the
case of a Lambertian reflector and point sources (21 In our case , however , we have to
calcu late it numertcall y. Specifically, we solve two ex pressions like Eq. 20 for p and q. The
express ions diffe r in the brightness distribution of the source, obtained by turning on one of
the three linear lamps.

There are two choices for the calculation. One method, which we rejected , divides the
gradient space into a mesh and gets a solution by Interpolation. A similar technique is
consiclei’ed in [6  3 to make an exact color from a combination of three primal colors. T hey
tried to find the nearest grid point to a solution and then determine which neighboring box
(the snia ll space between grid points) contains the solution. Finally, t hey used an
in tei polation method from vertices of the box to determine the result. The technique would
be useful when a reflectance map is obtained experimentally.

The other method is to solve Eq. 20 numerically for p and q. In case that reflectance maps
ale given in anal ytic form, it makes sense to use Newton’s method. Moreover , we have
found that Newton’s method converges within four iterations with relative error smaller 3
than 0.001, provided that the initial point is well chosen. Since the neighboring solutions of
the lookup table are good initial points, the ca lculation requires the order of 4N2, where N
Is the number of mesh points, while the former method needs at least N4/2 cakiulatlons
besides the initial calculations at each mesh.

The N-dimensional Newton method involves solvIng the simultaneous linear equations:
Xktikx kUiL xkhiJ) — 0, ( 21)

where 1, is the i-tb element of a vector function of n dimensions and x 1111 is the i-th element
of a solution vector of the j-th iteration.

Frnrn the consideration of SectIon 2.2, we can treat the reflectance map as a function of
(p9.q~) when we get a solution using Newton ’s method. Newton’s method finds an
intet ~rction s of two surfaces. Since Eq. 20 is diffe rentiable, the result Is a regular surface
and the n~; ition converges to a point ~iong the regular surface . From the consideration In
Ap pendix and Sect ion 2.2, this situation can be observed from either of two
para rnete r izations and the expression of the result in one parameteriza t ion should
corierponri to the other exactly. Thus, we use a function parameterized by (p~,q6) ~s 1, we
ot)t~in a numerical solution and then we project the solution to (p~.q~

) space.
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We c.~ri rewrite Eq. 21 as Eq. 23. in our case of a planar source illuminated by a linear lamp.
The two mapping functions are

R(p~,q~)-E~,~
g(ps.qs ) R(p5cos~-q5sina,p~s.inueq5cosu)-E~,~, 

(22 )

wh e re is an  angle between two light sources and E,,,~, E1,~ 
are image brightness

cot responding to the (n ,rn) element of the lookup table. We can finally get
x Is. ~ = x (IL (F’)— ‘F. ( 2’~

where X = ‘
~psi g~’ F — ‘(f .g) and (F’)-’ is a inverse of the Jaccobian matrix .

T u e  cc,ni1ilete al gorithm is shown in Fig . 9. At first , w e try to find solution coi responding to

a brl~~lIt,1f’cc pair (0.4 ,0.4) from initial points (1.0,1.0) and (-1.0,1.0). Next , we proceed to get

s ,lutions along a line on which the first brightness is constant (0.4), using former solutions
a s ~ew initial points until two corresponding solutions from two different directions are the

same ni ~~e cannot get solutions within five iterations. Then, we go to the next mesh point

alon g a line on which the second brightness is constant (0.4). After the entire area is

pt ocesce ri . the algorithm terminates .

(

Fig. 9 How to get entire solu tions using Newton ’s method. 
- -. . .

_ _ _ _ _ _ _  — — -—-- —
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3.3 How to Get a Surface Orientation

Image biightness is obtained from the TV camera. To reduce the noise typica l of these
devi ces, we took more than one picture per light source, and arrays corresponding to the
same light source wete averaged . The resulting three brightness arrays , one for each light
sour ce, were the input to the photometric stereo system.

We seat c h each ar ray for its maximum brightness. If objects are convex and the visual
angle is wide enough, the image array always contains a brightness value correspo nding to
the maxiniuim source brightness . By normalizing the results using these maximum values,
we can cancel the effect of varying albedo and image sensor response. Namely, we can

identify the maximum va lue in an image array with the value 1.0 in the reflectance map.
However , we cannot normalize the values of the image arrays at this stage because of the
nonlinearity of the TV camera. Normalization will be done after the value is calibrated .
In other word , since the output of the TV camera is not linearly proportional to a
brightness value, we have to normalize the output alter we convert the output to a ce rtain
value propoirional to image brightness. It is interesting that the maximum point always
coma ins important information and this search resembles Land’s lightness search model
(7 1. 3
r.~ i~ Iitness calibration is done using a six step KODAK gray scale. Normalization is based
on the maximum va lue. So each point on the image has a triple of calibrated brightness
under three different light sources.

From the lookup table we can get the su rface orientation. The lookup table Pu t t y is
accessed using the two largest brightness values. The lookup table is actuall y two tr iangular
t w o  dimensional matrices . To increase the accuracy of computation and economy of nwmory
use , t u e  lu st dimension represents the largest image brightness. The second dimension
represents to the second largest. Each element of the matrix contains the corresponding
sut face orientation and the smallest image brightness.

Since the non-linearity gives rise to two solutions for each intensity pair , we have to decide
which one is the real one. We choose a sur face orientation by comparing the distance
between t he actual third image brightness and the element of the matrix. The third
brightness is always weak and likely, to contain errors. It is only used to decide which of the
two alte , natives obtained from the other brightness is the correct one.

I
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4 Experiment and Discussioii

Our c \ 1 ) e s  imental results are shown in Fig. 10. Fig. 10.1.1 shows three buig htnecs ~‘ t r a y s

Tl~e~e a t r a y s  a r e  Input information to the photometric system . No surface norma ls are
show n in a t eas where insufficient information was available in the three urn ;igcs to
drrrr mine them accurate ly (see Fig. I0.I.2 . The choice of light source distribution aftec ts the
e\ rent of these regions as well as the accuracy with which surface normals can be found.
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V,’e ii ted two kinds of relaxation methods. The first one is suitable to on-line systems Thic
method ieads front the lookup table twice exchanging the second and the third hi ic~hturcss
val u es auid determines the solution by averaging the two previous solutions This simple

~cIieiiir can give good results as shown in Fig. 10.1.3. The other method is m find solutions
which minimize the difference of the actual brightness and the theoretical brig htness with a
c or i c t ra i n t  de rived from surface continuity (8). Theoretical brightness is ca lculated frcm
or ientation and reflectance ma ps. Actuall y, this method is done iteratively The assum ption
of sti r face continuity requires that neighboring points should project to neighboriu;~ points
on the gaussia n sphere. Fig. 101.4 shows the result obtained using the iterat ive method.
You ca rt notice that over a ver y wide area the method can find surface orientations. This
rtwrliod is ap pro priate for off-line systems. Fig. 10.1.5 is a generated surface horn their
sin lace or ientations. 
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Fig 10. 1 3 Out put from the first relaxation Fig 10.1.4 Out put from the iterative relaxation
niethod This m et h od would be suitable for a method . This method finds solutions which
hand-eye syc ’e m  where rea l-time response is minimi ze the d i f fe rence of the actual
vital. The system reads from the lookup table brightness and the theoretical brightness
twic e, ex ch ari~.ing the second and the third using a constra int  derived from surface
brightness values The solution Is determined continuity .
by aveua ging the two previous values. This
simp le sc hema can give good results. 
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(b) A surface a long the x axis. The bold line (c) A surface a long the y-ax is.
represents the actual surface and the diagram

is obta ined from the photometric stereo

p
Fig. 10.1.5 Generated surfaces from the needle diagram.
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A direct application of our technique is an industrial hand-eye system that picks up an
object out of a jumble of material (see Fig. 10.2). Although our technique cannot correctly
determine the surface orientation when there is mutual illumination, it does provide the
means for detecting this condition, since the three measurements will be inconsistent. In this
fashion erroneous results are avoided. This is important. since the manipulator might
otherwise be sent to a position where it would collide with other parts.
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Fig. 10.2.3 The generated surfaces are elevated in order to easily distinguish from the
surr ound ing a rea.
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Another app lication of this technique is the inspection of the surface condition of meta ls. II

a surf ace has a c iacl~, stain , or finger print, the image brightness triple yields inconsistent

values in the area of the blemish (see Fig. 10.3).

Fig. 10.3.1 A picture of a hook which contains a lot of cracks and stains.
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Fig. 10.3 2 Needle diagram of the hook . There exists a printed figure “3 in the centr a l area

of the object . This can be seen as randomness of needles in the area. At the low right side
I ~‘

. the surface is rather dark and the system is unable to determine the surface orientations at
that area. Note that a relaxation method would fail to identify this central region as

different from its surroundings



Ikeuchi & Horn 25 Photometric Stereo

This technique may be combined with the Marr-Poggio-Grimson stereo technique now
being developed [9 ,10]. Their technique detects depth cues and works well when the image
contains many discontinuit ies. On the other hand our method detects surface ~~. ucutation
directl y and works well when the object is smooth. The combination can be established if
the output of one of the two stereo cameras is fed to our system while the two outputs from
two camera are fed to their system. We feel that the composite system will produce an
excellent representation of the object just as a people are believed to use both stereo and
shading information to construct a symbolic image of the visua l wor ld .
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Appeiidix

Thic .ippenclix has two purposes; one is to discover what k ind of characteristics . griiei ally
speaking. are appropriate for a reflectance function, and the other is to answer to these
qu estions about the solution of non-linear equations in one space Is same as that w h ic h is
obtained by solving corresponding equations in anot her space and being transformed with
a roir foi ma I mapping.

P opositinir I

A sur face (p~,q6. R(p8.q5)) is a regular surface based on the choice of R(p,.q~) such that R2:U
-> R is a diffe ient iable one-value function.

~1 .- . . 

. 1  
Fig. Al

(pi oni)
A i egtilar surface satisfies

I. Its mapping function X is differentiable
2. X is a ~homeomorphism
3. X satisfies the regularity condition[ 4 3,

wheie we can denote X(p9,q9)=(pg,q9, R(p1,q,)) as the mapping function from a open set U in
p 2 to a open set W in R3.
It is obvious that  X is differentiable with respect to p, and q5. because of the
dilfeirmiabilit y of R(p5.q~

). Condition 3 requires at least one of the three two-dimensional
minor jaccobian is always non-zero. Since a(p1,q~)/a(p,.q~) is alwa ys one, condition 3 is
satisfied. To each unique (pç.qg) there exists R(p,,q,) which Is a one-to-one corresponding to

~Pc1~ 
because 

~
(p

~.q5) is one•value d~fferential function. This Implies X is one-to-one
diffeie iit ial mapping. From satisfaction of condition 3 and this one-to-one mapping. inverse 

- . . ... ....~~~ 
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tli ’oi em gua ran tees  the ex is tence of di f ferent ial  inverse X 1. So X is a
- homeomorphism. (qed)

Now we have known that the surface is a regular surface provided that we choose a single-
valued different iable function as a reflectance function; the surface has various
characteri stic s as not that dependent on the choice of the parameteriiation but inti insic
ones. The following proposition is rather obvious.

Proposition 2 The reflectance map of a specular surface can be parameterized with (p~.qn)

such that Eq. A l , provided that we choose a single-valued differentiable function as a
reflectance function.

= 2 p,~ I (I-p~
2-q~

2)
= 2 q~ I (l-p~

2-q~
2). ( A.l )

Fig. A.2

(proof)
A mapping Y:VcR 2->UcR2 such that (p~.q,) .Y(p,,,q,.,)Is a differentiable map, where U, V
are open sets in i~

2. From the theorem of the chain rule of maps, ~~~~~~~~~~~~~~~ Is

alco a differentiable map. (qed)

For the readers convenience:

Inverse Fu oct ion ilieorem(5]
Let F:tJcR~->R~ be a differentiable mapping and suppose that at P€U the differential
dF p:R~~>R” is an isomorphism. Then, there exists a neighborhood V of p in U and a
neighborhood W of F(p) In R~ such that F:v->W has a differentiable Inverse F~ :W ->V.
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The Ch ain Rule for Maps(S)
Let F:UcR’~->Rm and G:VcRm~,R

k be differentiable maps, where U and V are open sets
such that F(U)cV . Then, G0F:U~>Rk is a differentiable map, and

d(G°F)~”dG f(~)°dF~. p€U. 
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