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metals subjected to an externa l hydros tatic pressure has been developed and
compares well wi th experimental results. The exact form of the theory depends
on the results of mechanical tests presentl y be ing performed. The constitutive
model is being incorpora ted into the MARC Ana lys is Research Corporation (MARC)
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modified code will be performed to verify the accuracy of the theory . Once the
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sensi t iv it y s tudy will determine an efficient modeling strategy. The results
and future plans of the program are discussed in detail.
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FOREWORD

The inter:iin report has been prepared for the Air Force Office of
Scientific Research, United States Air Force, Contract F49620—78—C—0090 with

Lt. Cal. J. D. Morgan as the program monitor. The program manager for UTRC

is Mr. A. F. Greiner. The principal investigators during the first year of

the program were Dr. K. J. Cheverton and Dr. B. N. Cassenti.
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R79—944374—7

Interim Report on the Modeling of the
Hot Isostatic Pressing Process

SUMMARY

A program to develop a finite element methodology for predicting the final
shape of components manufactured by the Hot Isostatic Pressing (HIP) process is
being conducted for the Air Force Office of Scientific Research. The major task
in the program is the development of a constitutive model for compacting metal
powders. The constitutive model must extend the classical plasticity and creep
theories to include the large decrease in volume resulting from the HIP process.
The constitutive model will be added to an existing finite element code and para—
meters required by the model will be determined experimentally. The modified
code will be used to predict the results of a verification experiment and then
applied to predict the final shEpe of hot isostatic pressed components.

During the first year of the program , several significant results were ob-
tained . Plasticity and creep theories have been extended to include volumetric
plastic deformations in order to satisfy the requ irements applicable to the HIP
process. The MARC code has been selected to do the finite element modeling , and
initial tests of MARC indicate that it can be applied to HIP process modeling .
Partially dense specimens have been fabricated for the mechanical tests and analyt-
ical expressions relating final density to pressure , temperature and time for a
HIP cycle are in good agreement with the experimental results. Initial results
indicate there is little volume change during compression testing .

I L
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INTERIM RESULT S

During the first year of the program , the following results were obtained :

(1) A constitutive theory which includes the large volume reductions ,
approximately 30 percent , that result from the HIP process , has been developed .
The theory extends classical, volume preserving , plasticity and creep theories,
to include large volumetric deformations.

a
(2) Several finite element codes were examined to assess their ability to

model the HIP process. The MARC code was selected for use in the program based on
the results of the assessment. Initial work to incorporate a constitutive theory
for powder metal compaction has been completed . Results of an analytical test of
the MARC code large strain capability were also successful.

(3) Partially dense test specimens have been fabricated from MERL 76 and
their density measured for various pressures , temperatures and times. Analytical
expressions have been developed to predict the partial density and are in good
agreement with the experimental results.

(4) Compression , tension and mechanical creep specimens have been fabricated
from partially dense material. Initial results indicate that there is little
or no volume change occurring during compression testing .

2



-

INTRODUCTION

The technology for fabrication of nickel base superalloy turbine engine
components by powder metallurgy (PM) methods has advanced rapidly during the past
five (5) years. The strong emphasis on PM is the result of advanced engine
technology requirements for higher performance alloys which are more difficult
to process (cast, forge) and hence, result in higher Costs. Advanced PM technology
for the production of near net shapes in superalloys offers the two—fold advantage
of producing complex engine components from the most advanced alloys without the
need for either castability or workability in the alloy and doing so at significantly
lower cost than current technology . An Air Force Materials Laboratory ’s program ,
described in Ref . 1 has demonstrated the viability of the Hot Isostatic Pressing
(HIP) process for the production of a complex turbine disk—shaft to near net shape
at significant Cost reduction when compared with the current method of production .
For nickel—base turbine disks, with integral bolt flanges, over 60 percent of the
final component Cost is incurred in metal removal operations. Further , nearly
20 percent of the part cost is involved in procurement of raw material , as little
as 10 percent of which ends up in the finished machined part. Thus, by improving
the buy to fly ratio from 10 to 1 to S to 1, it is possible to save nearly 40
percent on component fabrication costs.

A substantial economic advantage for powder metallurgy materials can be
achieved by direct hot isostatic pressing of components to near finished dimensions.
The HIP of components to near finished dimensions would minimize the cost of ma-
chining, and save critical materials . The concept of HIP complex near—net shapes
is cimple. As is shown schematically in Figs. 1 and 2, a mold having the required
configuration is filled with powder The mold or container , is outgassed , sealed ,
placed in a HIP facility, raised to a temperature of over 2000 F and subjected to
an external gas pressure of approximately 15,000 psi.

During the HIP process the volume occup ied by the powder decreases
by 30 to 35 percent. The rate of powder compaction r~ccurs as a result of surface
tension forces and plastic deformation and is a function of temperature and pres-
sure. Ideally this shrinkage is isotrop ic, so that the final shape is a uniformly
reduced replica of the initial container shape. In practice , the final shape can
depart substantially from that ideal shape depending upon the techniques practiced .
Because of this distortion and a current absence of systematically derived analytical
tools to pred ict it , the full benefit of the HIP process has not been realized .
Rather , HIP containers are fabricated larger than necessary to accommodate this dis—
tort ion.

Many factors contribute to HIP distortion . Some arise from imperfect execution
of steps in the HIP process such as nonuniform filling of the container , thin spots 

~~~~ . . - -- 
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itt container material and incomplete outgassing of the container . The present
discussion assumes a perfect fabrication process and is concerned with distortions
intrinsic to the HIP process.

To determine the load transferred from the HIP container to the powder a
constitutive model of the powder is required . This model should include irrevers-
ible compression and shear strength growth as functions of pressure, temperature
and time. Volume reductions of 30 percent to 35 percent imply changes in linear
dimensions of the container in excess of 10 percent. This in turn implies that the
powder and container both experience large strains and displacements. Present
research is based on an empirical approach and does not fully address these issues.
To adequately model the HIP process a large—strain finite element analysis code

U 
possessing experimentally verified constitutive models for the container and the
powder is needed .

The objective of this program is to develop a finite element methodology
for predicting final size and shape of hot isostatically pressed axisymmetric
powder metal structures. A constitutive model for the compaction of metal powders
during the HIP process is being constructed and an experimental program is being
executed to provide data for and testing of this model. An existing nonlinear
finite element code which models both container and powder deformations during the
HIP operation is also being modified . This code will be verified by comparing its
predictions with the results obtained from both specially designt~d HIP experiments
and from the previous HIP of turbine disks. Constitutive theory development for
the container material does not form part of this technical program . Rather the
container will be modeled using standard elastic—plastic and creep theories. The
material properties for the container mater ial have been developed under separate
funding , and are described in Ref. 2. More specifically, the program consists of
the following five tasks:

(1) Constitutive Model Development — The development of a finite strain
elastic—plastic—creep model of metal powders compacting under the
action of high temperature and pressure. The plasticity and creep
theories will be used to predict irreversible volume shrinkage for
the powder.

(2) Code Modifications — The modification of an existing finite element
code to incorporate the developed constitutive model.

(3) Material Property Determination — Metal powder filled glass containers
have been subjected to HIP and powder densification determined as
a function of pressure , temperature and time. Test specimens are
being fabricated from the samples and mechanical tests are presently
being performed to determine the stress—strain behavior of partial
HIP powders. 

~~~~~~~~~~~~
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(4) Verification Study — A partial HIP experiment will be designed and
executed . The experiment will be simulated using the modified code
and the results compared with those of the experiments.

(5) HIP Process Sensitivities Studies — A disk previously subjected to
HIP will be selected and the associated HIP process simulated using
the modified code. The sensitivity of predicted shrinkage to the
analysis procedure will be determined and an efficient analysis
methodology defined .

The following section discusses the program plan and status. The major
portion of the first year of work has been devoted to the first three tasks.
The results of the investigation in these three areas are presented in the
following three sections. The next two sections are a discussion of the future
plans.



1’

PROGRAM PLAN AND STATUS

The objective of this program is to develop a finite element methodology
for predic ting the final size and shape of hot isostatically pressed axisymmetric
powder metal structures. There are five main tasks , each of which is discussed
in detail below.

Task 1: Constitutive Model Development

In this task a constitutive model which characterizes densification and
deformation of metal powders during the HIP process must be developed . The
model will be developed through the execution of the following subtasks.

Task 1.1 Yield Surface Determination

A yield surface  for  compacting metal powders must be developed . Existing y ield
surface functions have been compared on the basis of their ability to model experi-
mental data. It is expected that a closed smooth yield surface which is quadratic
in stress will be selected. More general forms of the yield surface functions are
not considered necessary since limited experimental data will be developed and
employed in the evaluation of candidate yield surfaces. The yield surface

F 2 1 1l\2 2

~ 1— 1 + .i = o  /3
2 o

is currently preferred . If required , this yield surface will be adjusted to admit
unequal y ielding in tension and compression by assigning different values to ~
for tension and compression . The parameters in the yield surface will be evaluated
by fitting the function to results obtained from both the partial HIP experiments
and the mechanical tests.

If the above equat ion is selected to represent the yield surface , ~ and 0

will be functions of void volume fraction , plastic work , temperature and time.

Task 1.2.1 Deformation dependent harden ing

Hardening will be characterized by powder void volume fraction and plastic
work performed . Hardening parameters can be characterized as a function of HIP
pressure and temperature by measuring the volume reduction of partial HIP test
specimens. A large strain , finite element, elastic—p lastic analysis of a micro— 3
structural model has been performed to assess the usefulness of finite element

idealizations of such microstructural compaction process models. Pressure versus
volume shrinkage curves have een obtained from the finite element analyses and con-’
pared with partial HIP experiments . Yielding of a partiall y compacted powder in

.

~
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hydrostatic compression have been assumed to fo l low experimentally derived pressure
versus densif ication curves. The influence of volume shrinkage on yield stress
in shear willbe determined from the mechanical tests.

Task 1.2.2 Time dependent hardening

L The time dependent hardening of the yield surface will be determined from the
mechanical testing of specimens fabricated from partially densif ied HIP powder .
For example , if ~ is a specimen yield strength in uniaxial tension , then for the
yield surface assumed in Task 1.1

-
0 = 0 ~ (1 + ~ /3)

The t ime dependence of o~~will be determined from the mechanical tests of specimens
fabr ica ted  from part ial HIP samp les.

Task 1.3 Flow Rule DeveloEment

A HIP process large strain elastic—p lastic flow theory must be developed to
relate increments of stress and strain. An associated flow rule based on the yield
surface developed in Tasks 1.1 and 1.2 has been used . The flow rule relates the
Jaumann rate of Cauchy stress to the symmetric part of the velocity gradient .

Since the dominant deformation mode in the HIP process is volume shrinkage,
it is possible that rotations and deviatoric strains will be small. To exp lore
th is  poss ib i l i ty ,  the f low rule will be reformulated assuming that terms which are
quadra t ic  in deviatoric strains and rotations are negli gible.

Task 1.4 Cree2, E f f e c t s

A constitutive theory encompassing creep effects will be developed and emp loyed
to evaluate the hypothesis that the dominant HIP process deforma t ion mechanism
is plastic flow.

Creep deformation has been separated into volumetric and deviatoric components
and laws for the components developed . The volumetric creep have been assumed to
follow a Norton—Bailey power law model of the form

c m n
= -Ap t

where Dkk
C 

is volumetric creep shrinkage rate . p and t are HIP pressure and t ime
and A , in and n are the usual temperature dependent , power law parameters. A time
hardening modeiwill he used to intprriolate between known experimental data. The
results of the partial HIP tests have been used to assign numerical values to A , in

and n. Although the HIP tests are not carried out at uniform temperature and

-
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pressure , volumetric creep shrinkage rate can be computed from the results of
fabricat ing partially dense HIP specimens subjected to the same maximum tempera-
ture and pressure for different lengths of times.

The deviatoric creep strains will be modeled using a law of the form

].J 2~~ ii

where the terms are defined in the section on Time Dependent Deformation . ‘“o
develop ma terial proper ties for  this creep model a un iaxial law of the form

~c 
...k m

P = B o t

~illbe assumed . The temperature dependent constants can be evaluated from un 4ax ia 1

creep data.

Task 2~ Code M o d i f i c a t i o ns

The HIP process constitutive theory must be incorporated into an existing
finite element code. Level H—4 of the MARC nonlinear finite element code is heinc~
employed . Level H—4 provides large strain finite element elastic—plastic atv~
creep anal ysis capabil ity using an updated Lagrangian formulation . Capabilit~ es
of the code which can be used in this program are (1) large strain , updated
Lagrangian formulation , (2) elastic—plastic and creep constitutive theories, (3)
nonlinear boundary conditions , and (4) axisymmetric solid and shell elements. The
axisytnmetric solid elements will be used to model the powder and the shell elements
will be used to model the container. The MARC code is constructed such that the
constitut ive theory is independent of element formulations. Thus, the element
library in MARC will not require modification . The MARC code already possesses
the capability to model the gap between the powder and the container . The updated
Lagrangian formulation provides the framework for computing all terms in the
incremental stiffness matrices. Thus, the only portions of MARC that must be
modified are :

(1) The yield function
( 2) The incremental s t ress—strain calculations
(3) The pseudo force load vector for creep analyses
( 4) The incremental strain calculations
(5) The plasticity hardening rules
(6) The routines which print stresses and strains.

The code mod i f i ca t ions ca n be ver i f i ed by the analysis of simple one element
t est problems.



~~~~~~ — ‘-- ~~~~~~~~~~~ -~~
-e-

~~~~
-

~~ 
- 

-~~~

(

Task 3: Material Property Determination

The cons t i tu t ive  parameters  will  be eva lua ted  throug h a series of HIP
experiments and mechanical tests. Specificall y the shape and expansion of the
powder yield surface and the creep law parameters will be determined as functions
of HIP pressure , temperature and t ime. The experimental program consists of two
subtasks. In the first subtask samples of metal powder are subjected to partial
HIP cycles. In the second subtask mechanical tests are performed on specimens

4 f abr ica ted  from par t ia l ly dense HIP powder samples. The experimental program
uses only one type and init ial density of metal powder : that corresponding to the
powder used in the HIP disk to be modeled in Task 5.

Task 3.1 Partia l HIP Experiments

A matrix of partial HIP experiments must be executed to determine plastic
and creep volumetric strains as functions of FlIP pressure , temperature and time.
The experimental samples ‘were cylindrical powder filled glass containers.
Several HIP cycles were considered and the resulting powder densification
measured.

Task 3.2 Mechanical Tests

Mechanical tests must be conducted to determine the p las t ic i ty  parameters
identified in Task 1. Partially dense HIP samples were removed from the furnace
and machined into specimens. Three types of tests can be performed :

(1) Compression tests are being performed at the HIP temperature to identify one
point on the yield surface and to examine plastic , hardening and elastic
response.

(2) Tension tests are being performed at HIP temperature to determine the
symmetry of the yield surface.

(3) Uniaxial creep tests will be performed at selected fixed uniaxial loads
and temperatures to determine the creep response of partially dense
HIP specimens.

Task 4: Constitutive Theory Verif ication

The constitutive model developed in Task 1 must be experimentally validated .
Tests will be designed and conducted to investiga te reg ions of the theory not ex—
plored by the mechanical tests performed in Task 3. This investigation will be
accomplished by designing and considering several candidate tests. Two of these
candidate tests include spherical and cylindrical inclusions in a powder m e t a l .
Each of the candidate tests wilihe modeled numerically using the modified code of

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Task 2. The results of the numerical modeling will be examined to determine the
most appropriate candidate test or tests. Several specimens will be manufactured
and tested . Only g lass containers are used since they have negligible strength
at HIP t emperatures. The time each spec imen is ma intained at temperature  will be
varied to demonstrate the effects of creep . The results of the tests, for example,
the density as a function of position , will be compared to the numerical results.

Task 5: HIP Process Sensitivity Study

4 A study must be conducted to assess the sensitivity of the PIP process consti—
tutive and numerical models to parameter values and numerical techniques. A HIP
geometry will be selected for which documented initial and final dimensions exist .
Finite element analyses of the selected geometry wilibe performed to assess the
affects of the following:

(1) Inclusion of powder creep deformations
(2) The assumption that rotations and deviatoric strains in the powder are

small relative to volumetric strians
(3) Temperature gradients in the powder
(4) Gaps between powder and container walls
(5) Pressure temperature and time increments sizes and increment convergence

criteria
— (6) The frequency with which coordinates of the deforming geometry are

updated .

Two finite element breakups should be generated. The first breakup will be
relatively simple but sufficient to model overall container and powder response .

• Local deformations caused by container corners and container—powder interactions
can not be included in this model. Only variables (2) and (4) of the previous
list are strongly dependent on container and powder interactions. The effects of
the remaining variables will be investigated Independently using the simple finite
element breakup and recommendations for the efficient modeling of the HIP process
made .

The second finite element breakup should be more detailed and will be used to
investigate interactions between the powder and the container . The contributions
of large rotations and shear strains to final predicted shape of the HIP container
will be investigated .

• In Table 1 each of the tasks and subtasks are summarized .

A - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~-- - - •
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The first year of work under this contract has been devoted to Task 1:
Constitutive Model Development ; Task 2: Code Modifications and Task 3: Material
Properties Determination. More specifically the following Tasks have been com-
pleted: Task 1.1: Yield Surface Determination, Task 1.2: Deformation and Time
Hardening , Task 1.3: Flow Rule Development , Task 2.1: Code Familiarization and
Task 3.1: Partial HIP Experiments. Work has been initiated on Task 1.4: Creep
Effects, Task 2.2: Numerical Strategy Definition, Task 2.3: Code Modif ications,

• and Task 3.2.1: Elevated Temperature Compression Testing. Work has not yet
begun on Task 2.4: Code Modification Verification , Task 4: Constitutive Theory
Verif ication and Task 5: HIP Process Sensi t ivi ty Stud y .

The following sections describe in detail the results and plans for each of
the Tasks 1 through 5.

e 
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CONSTITUTIVE THEORY DrVELoPME~’T

Hot isostatic pressing (HIP) of metal powders is a complex process wherein
t he loose aggregate of metal powder particles is compacted into a coherent mass

• by the application of temperature and pressure . To achieve a specific shape a
glass or metal container resembling the shape of the component to be manufactured
is fab r icated and f i l led with metal powder . The filled container is f i rs t  vibrated
to increase powder hulk densi ty  and is then evacuated and sealed . After  heating
in a preheat oven at approximately 2000 F , the container is transferred to a
III? furnace and is subj ected to a pressure—temperature cycle.  For nickel base
superalloys temperature and pre ssur e typ ically range up to 22 00 F and 15 ,000
psi , re spectively.

The HI P process perf orms two f un ctions : (1) d ens i f icat ion of th e loose
powder metal aggregate and (2) endowment of the densified powder with mechanical
st rength.  The process by which this occurs can be described microstructurally
as passing through the several stages (Refs .  3 , 4 , and 5) :

( 1) Particle rearrangement , fragmentat ion and plastic flow
(2) Formation of isolated pores
(3) Sphericalization of the isolated pores
(4) Closure of the spherical pores

‘)riving forces for these stages are the applied external HIP pressure and
particle surface free energy of which the former is typically much larger . Although
the mechanisms which are active during these stages of the process are not fu l ly

— understood , it is generally accepted that the princip le mechanisms ar e

(1) Plastic deformation
(2) Volume d i f fu s ion  or Nabarro—Herring creep
( 3) Gra in bounda ry dif fu sion or Cable creep
(4) Power law or dislocation creep

Recently Ashby (Ref .  6) developed the concept of deformation mechanism maps
as a tool for delineating (1) regions in stress—temperature space where one or
more of these mechanisms dominates and (2) regions where more than one mechanism
is active . These maps have been applied by several authors (Refs. 3, 4, and 7) to
the HIP process in an attempt to ident i fy  active mechanisms . The geometric model
on which these studies are based is a hollow spherical shell of inner and outer
radius R1 and R2 , respectively . The inner radius , H1, is that of a typical isolated
spherical pore and R2 is such that the de:tsity of the metal shell material averaged 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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over the shell and pore equals the macroscopically measured density of the partially
densified powder. Wilkinson and Ashby (Ref. 3) using Torre’s model (Ref. 8) and
Green (Ref. 9) have considered the shrinkage of perfectly plastic hollow spheres
subject to an external pressure as a means of gauging the effect of plastic
deformation on densification . If p and are the applied external pressure
and the at temperature yield strength of the powder , then the residual void
fraction after plastic deformation will be equal to

~~ v = exp (—3P/2c~ ) (1)

where

• V = 

~
y
~~ solid 

(2)

is the density of the aggregate after plastic densification , and 
~so1jd 

is the
density of the fully compacted powder . At high temperatures (e.g., 2000 deg F)
and 15,000 psi HIP pressure can be up to three times greater than in which
case v, from Eq. (1) is less than one percent . Although this analysis is

• appropriate for only powder aggregates with isolated pores (i.e., powders in the
final state of compaction) it does indicate the possibility that much of the com-
paction process can be characterize” using plasticity theory.

Two approaches to modeling powder deformation and strength growth in the HIP
process are possible. The first is based on continuum mechanics principles wherein
microstructural effects are averaged over the powder aggregate. The second approach
is to consider microstructural processes explicitl y. Since the objective of this
program is to predict overall powder response in the HIP process , the latter approach
is not sufficient by itself. Rather , it may be used to aid development of con-
tinuum constitutive models by supplementing experimental work.

The development of continuum constitutive models requires consideration of
large strain effects since the initial void fraction is approximately 30 percent .
This in turn implies that a 30 percent volume reduction is necessary to obtain
full powder densification. Both time independent and time dependent models must
be considered , though based upon the above equat ions, time independent plasticity
effects can be expected to dominate. A finite strain plasticity theory requires:
(1) specification of a yield surface to delineate regions of elastic and plastic
resRonse , (2) a hardening rule for the expansion of this yield surface and (~) a

f1.~w rule for relating stress and s kin increments. This flow rule must he form-
ulated using large strain , stress and strain rate measures. Time effects rec’u ’re
the specification of a creep law.

I



Yie ld Surfac e Considerations

In this section yield surface concepts pertinent to powder metals are discussed .
Since, a priori, powder metals might be thought similar to soil like materials,
soil mechanics yield surface theory is reviewed and the shortcomings identified .
Next the requirements for compacting powder metal yield surfaces are discussed
and previously published yield surfaces are reviewed . Last , the yield surface
forms to be used are presented , and discussed in detail.

The metal powder is initially packed as a cohesionless granular material.
The HIP container is evacuated , brought to a moderately high temperature
and maintained at this temperature. Although some sintering by surface diffusion
may occur at this point , the rates will generally be low, due to the initially small
contact area between particles . Since the material is granular with no fluid
phase, it is reasonable to expect that the Mohr—Coulomb type yield surfaces from
soil and rock mechanics might be relevant to the incipient deformation . Figure 3
shows a cross section of the linear Mohr—Coulomb yield surface for a cohesionless
material.

The yield surface is defined by the yield function

= 
~
Il + 

— Go//3 
= 0 (3)

where I~ is the first stress invariant or three times the mean Cauchy stress
cJkk /3 and is the yield stress. Also

J = 1/2 S . .  ~~~. .  (4)
2 13 13

is the second invariant of the deviatoric stress S.. defined by

S . .  o . — I  ô . . /3 (5)
13 ij l i j

6
~, . being the usual Kronecker delta symbol. Note that when ~ is zero Eq. (3)
reduces to the usual yield surface definition of metal plasticity

j
2 0o~ ’3 (6)
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In Eq. ( 3 ) .  it is assumed that  the mater ia l  is isot rop ic and f lows at a r ises
equivalent shear stress which is linearly dependent on mean stress. The linearity
of this dependence is not a necessary feature of such pressure—sensitive yield
conditions, but is rather a mathematical convenience generally consistent with
observations . More general relations , such as the parabolic Mohr—Couloinb model ,

+ ~~ I
i 

- (7)

can also be considered . For Yol- ir—Coulomb materials , admissible stress states
are those on or within the region to the left of the yield surface curve (see Fin. 3).
Within this region, the frictional forces between particles are sufficient to
suppress large macroscopic deformations due to particle rearrangement ; further , the
macroscopic response is taken to be linear elastic . Of course , the elastic
moduli  governing deformation wi thin this region are not those of the material
matrix , but are suitably reduced due to the presence of interparticle void space.

At some fixed mean stress , as is increased to its yield value , the
frictional forces can no longer prevent particles from slid ing over each other .
Permanent macroscopic shape changes then occur as particles ride over one another
and establish new contacts with adjacent particles . For soil like materials it
is experimentally observed that this new configuration is not as densely packed
as the initial state , and some volume increase is observed . This particle rearrange-’
ment occurs rapidly enough that the deformation can be idealized as instantaneous
plasticity . An important feature of plastic deformation accommodated by fric tional
processes is illustrated schematically in Fig. 3. That is, the p las tic strain
vector , E~ in Fig. 3, is generally nonassociat ive: it is not expressible as the
gradient with respect to stress , N in Fig.  3, of the yield function . A consequence
of such non—normal flow rules is that the incremental stress—strain matrix Is non—
symmet ric as shown in Appendix A.

In summary , the effect of standard Mohr—Coulomb type yield surface is to (1)
close the yield su r face  in principal  stress space along the positive hydrostatic
direct ion and (2) to predict volumetric plastic expansion as shown in Appendix B.
While th i s  is clearly a proper material limitation to impose for soils , it is a
limitation which is not encountered during the HIP process. This is because
material points experience a monotonic increase in hydrostatic pressure , corre-
sponding to leftward movement along the Ii axis in Fig. 3 , followed by a period
of constant pressure , and then depressurization . For such a load history , Mohr—
Coulomb theory predicts no inelast ic volume change. But , in fact , inelastic
behavior is macroscop ically observed as pressure is increased . A new mechanism
of plastic deformation takes place due to dislocation motion within the particles.
That dislocation motion should occur within the particles Is not surprisinc ,
since the micro—stress dist ribution within particles is highly nonuniform due to
uneven traction distributions at Interpart icle contacts.
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Once particles begin to deform due to contact loading, it can be expected that
many additional deformation mechanisms may be operative as well . For example ,
some particles may break free of the restraining frictional forces and reorient
themselves , but when averaged over volumes containing many particles , the macroscopic
de formation corresponding to a macroscopic hydrostatic pressure would be a uniform
volumetric decrease. Indeed , any deviatoric deforma tion arising from a spherically
symmetric stress state would be in conflict  with the presumed macroscopic isotropy
of the metal powder .

4
Thus , to use a Mohr—Coulomb type theory to model the HIP process , the yield

sur face must be modified to admit (1) yield in compression and (2) permanent
volumetric shrinkage. This can be achieved by closing the yield surface along the
negative hydrostatic axis as in Fig . 4. Such an approach has been adopted by Suh
(Ref .  10) starting f rom a linear Mohr—Coulo m b y ield condition.

Another approach is to postulate the definition of a yield surface based on
heuristic arguments. Since powder particle orientation is random , the powder
aggregate should initially respond isotropically. Thus the yield function must
also be an isotropic function and depend on only the stress through its invariants.
Also , y ielding must occur under hydros ta t ic  pressure and that  the y ield fu nction
must approach that of a metal as densification progresses . Since invariant Il
is a linear multiple of the hydrostatic component of stress, and yield surfaces
fo r metals are usuall y de f i ned in t erm s of invariant J2 ,  a convenient fo rm for
the yie ld surface  is

f = f ( 11, J 2 ,  h~ ) = 0 (8)

Fu r t her , since all f i r s t  and second order invariants of stress are expressIble
in terms of I , and j  and the third invariants of o~~• and s ..  have no ph ysical
interpretation , Eq. (

~) appears quite general. The ~~ramete~~ ha depend on the
defo rmations , and represent , fo r example , B and ~~ in Eq. (3) .

The yield surface in stress space should also be initially closed and then
tend to an open ended cylinder about the hydrostatic axis as the powder compacts
and sinters . Yielding in hydrostatic compression is clearly needed to model the
HI P process. Further y ielding in hydros ta t ic tension is also to be expected
since a part ial PIP specimen resembles a metal with voids and , as shown by
Needleman (Ref . 11) , hydros tat ic y ield dependence permits macroscop ic modeling
of void growth and coalescence.
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Assume that a HIP powder metal has the same response in tension as in
compression , and that  the  y ield sur face  has no sharp corners.  A simple y ield
function satisfy ing the above assumptions Is

+ = (9)

A yield func t ion  of the fo rm of Eq.  (9) has previously been proposed by Green in
Ref. 9, Shima and Oyani in Ref. 12, and Kuhn and Downey in Ref. 13. Equation (9)
is an ellipse in I~~, /J 7 space (Fig. 5), with deformation dependent parameters
F and c~~. The yield s u r f a c e  is p lotted in principal stress space with 03 zero
in Fig . 6.

Note that as F approaches zero , the Mises yield condit ion is recovered . In
Fig. 3 , y ield sur f ace  Eq. (9) has been plotted with the linear and parabolic
Mohr—Coulomb yield surfaces for the case of F equal to one . It should be noted
that Eq. (9) predicts a closed yield surface  wh ich is smoo th where it in tersec ts
the hydrostatic axis. Also assuming small strains and an associated flow rule ,
Eq.  (9) imp lies that , unlike Mohr—Coulomh theories pure shear stress induces no
plastic volumetric change , as shown in Appendix C.

A large s t ra in  theory  of p l a s t i c i t y  based on Eq. (9)  can be developed by
decomposing the symmetr ic par t of the velocity gradient tenser , 

~~ 
into elastic

and plastic parts , or

= ~~~ + ~~i)=  ~~~ + D!. (10)

The p last ic deforma tion ra te ~~~ is assumed to be g iven by ar assoc iated f low ru le

• D
1
~
’
. = (11)

ij ~~~

where ~ is a scalar f u n c t i o n  greater  than  zero.

Equa t ions  (8) and (11) can he used to solve f o r  the  scalar ~~~. Assume that the
pa rameters h~ depend on the defo rmat ion measures ri , or

h = h (n ) (12)
a -

~

then
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~

h ) ( 3h /~~
n ) )  ( 13)

where the have been chosen so tha t

= 
~ 

k~ (a . . )  ( 14)

and

4 
( • ) = a( )/ ~ t

For the  par ticu lar y ield func t ion  in Eq .  (9)

2 2I j  +j
~ 

11  2 (15)
2 ~~ k -~~- c ~~~ k

9 1 ~~~~~~ 3 ~~~~~ 
a

A comp lete discussion of the yield surface considerations appears in Appendix P.
The choice of the  parameters  n is described in the following section.

Choice of Hardening Parame ters

In this sec t ion , strain hardening of a compac ting metal powder is d iscussed
and pa rameters to character ize  hardening are iden t i f i ed . This is necessary
to complete the specification of the plastic deformation . Initially ,  the y ield
surface of the powder aggregate will be small. During the compaction and sintering
process yield strength will grow and the y ield surface will expand . Compaction
alone wil l  cause growth of the y ield surface along only the I~ axis (Fig. 5) with
a theoretical limit corresponding to full densification . Yield stress in shear
will be less a f f e c t e d  by compaction . Additionally , y ield streng th will grow
in all d irec t ions of stress space with increased s inter ing t ime Thu s , there
exists a time dependent hardening phenomenon uni que to powder metallurgy. Since
plastic deformations are assumed to occur instantaneously , t ime enters the plasticity
theory as a parameter  de f i n ing y ield surface size at the time of plastic deformation .

The process of s t ra in—harden in g in triaxial pressure will primaril y be a
geometr ic  effect on the microscop ic scale. There could also be a contribution to
the apparent macroscop ic hardening due to real strain hardening of the particles
as they experience large plastic shearing deformat ions. Such an e f f e c t cou ld raise
the e f f e c t i v e  y ield s t r eng th  ~ of the meta l  pa r t i c les . The sepa rate  cont r ibu t ions
of matrix hardening and void reduction can he determined from systematic experi-
men ts using differen t initial volume fractions.
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Initially , powder particles contact each other at isolated points. As pressure
is app lied , the  contact  areas and the  powder s t i f f n e s s  increase . The macroscopic

• result is strain hardening of the powder due to macroscop ic shrinkage. In the limit
the powder is comp letely compacted and the  re sponse to  f u r t h e r  pressure increments
is elas t ic d ila t ion : the plastic bulk modulus has become infinite.

An obv ious choice for a deformation measure , n1, is the void volume fraction
defined in Eq. ( 2 ) .  The void volume fraction is a measure of the macroscop ic
shrinkage and should reflect an increase in stiffness due to an incraase in con-
tac t area between the ind iv idual par ticles , or

n1 = v  (l~ a)

The void volume fraction does not represent any permanent changes that occur
during plastic deformation . If as in classical plasticity theory the effective

plast ic strain defined in Eq. (D.l3) is used this would not represent all

• of the permanent deformations since volume changes would not be represented . A
third deformation measure , the p lastic volume change would then be required .

Rather than use the permanent volume change and the effective plastic strain
as two independen t deforma tion measures , a sing le measure, the plast ic work ,
would be suff icien t to represent both effects. Therefore choose

n = = a ..  D~~. dt (l6b)2 i~ 1J
0

In classical volume preserving plasticity theory using either the plastic work
or the e f f e c t i v e  p l a s t i c  s t r a in  produces exact l y the  same r e s u l t .  The p l a s t i c

— ~.‘ork, or equivalently the inelastic energy dissip~ition has been used prev iously
to descr ibe nonlinear ma terial response , f o r  examp le , in R e f s .  14 and 15.

The quan tit ies ka~ Eq. (14) can now be determined from as

2 2
~j  ( l—v ) F I~ ( 17a)

and

k 
2 2  ( 17h)

2 3 0

as shown in Appendix F.

Parks , Ref. 16, has pointed out an i n t e r e s t i ng  connect ion between the p l a s t i c
work, the void volume fraction , and the effective plastic strain in the solid
material. Note that the rate of work done macroscop icallv on the entire specimen
must equal the rate of work done on the solid powder particles , or

_  19
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f ~~ dV j  solid solid 
(18) - :

solid

where d .. = D .. — 1/3 D ~~~
. .

13 13 kk 13

Equation (18) can he equ ivalently written as

.p — -pw = (l—v) ~~ ., .,~ . (19)50 1 solid

where

~sol id is the equivalent tensile stress in the solid material , and
is the equivalent tensile strain in the solid material.solid

If the stress—strain relationship for the solid material (i.e., c~ . vs.
— solid
E r 

. ) is known then the plastic work can be determined as a function ofsolid
void volume f r a c tion and equivalen t p las t ic ~r rain in the solid material.

It is now possible to describe the symmetric part of the velocity gradient
tensor in terms of the stress rate , f or small strains , using Hooke ’s Law fo r
the elastic response and Eq. (11) for the plastic response as

~ ~~~~~~ D ( 20 )kl i jkl j j

where
1e—p I

C = — (l+~.’) ~~~. ~ — -~

ijkl  F ik j i  ii ki
( 21)

1 2 2  2 2

2 

— 

2 

—
: 

F G kk~ ij + F 

~~~~~ 

Skil
1-1 Fl ~ (l-v) F 1

~ 
+ ~~

-

1 
~v 3 o

( 2 2 )

2 2 Th 2 ‘~~~~°
— -j - c~ -

~~
- (l—v) 8 1

~ ~~~~~
— + 

~

F = Young ’s mod ulus

V = Poisson ’s ratio
and

D . = C
e_p • •

ii ijkl ki
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Large Strain Flow Rule Considerations

The macroscopic deformations during HIP can be large with volume reductions
approaching 30 percent. Consequently, a rigorous f ini te deformation formula tion
of the process is required. It should be noted that a finite deformation analysis
need be employedonly if a material point undergoes a large volume change or if a
material line element undergoes a large orientation change . In the present case,
it may be expected that only the former effect is sufficiently large to mandate
the finite deformation analysis. However, the possibility of large rotations will
be included in the following discussion .

Two approaches to problems involving finite deformation are: (1) refer all
continuum variables to a fixed initial reference configuration , or (2) continuously
update the reference configuration to the current (most recent) configuration .
The finite element implementation of these methods for large plastic deformation
has been discussed by Hibbitt , Marcal and Rice (Ref. 17) and McMeeking and Rice
(Ref. 18). The updated Lagrangian formulation of McNeeking and Rice, though fully
equivalent to that of }libbitt et al., is superior . The updated Lagrangian formula-
tion is computationally simpler , there are fewer terms in the stiffness matrix
computation and the yield condition is simpler to express.

Following McMeeking and Rice, note that , with the current deformed state
as the reference configuration, all stress measures coincide:cY

~~
. = Sj~ 

= = ~~
where the stresses are , respectively, Cauchy (true), second Pio~a—Kirchhoff ,
Kirchhoff , and first Piola—Kirchhoff stress measures. However, the rates asso-
ciated with these stress measures do not coincide. A stress rate which is useful
for expressing large deformation constitutive laws is the Jaumann , or co—ro tational
rate  ( R e f .  19). The Jaumann rate of Cauchy stress is

V
a . = o . .  —~~. c~~. +~~~. o . (2 3)iJ iJ ip p3 ip p3

where a is the material time rate of Cauchy stress a .. and
ij ii

• ~ ij  
= ~ (~v1/ax~ —

The constitutive law of interest is of the form

= L 
ijkl 

Dkl 
(2~~)

where L denotes the r ate moduli , Dii 
is the symmetric part of the velocity

gradient tensor.

• 
21
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Ljjkl is developed in Ref. 20 for large strains as

Lijkl 
= ~~~~~ - 

~ I ó~~ 0J~ + ~jk0il + ~il
0
jk 

+ ó
jlG ikl

+ °i j
6kl (25)

and L~~~1 is the small strain elastic—plastic stiffness in Eq. (20). The

tensor Lijkl is not symmetric due to the presence of the last term , or

L i jkl ~ 
Lklij

h;.’
For a hydrostatic pressure

~ = i~~.. (2~)i3

the tensor is symmetric and since this should be the primary part of the loading
during the HIP process , the last term should produce a nearly symmetric stiffness.
It therefore has been decided to separate the last term into symmetric and
unsymmetric parts , and add the symmetric part to the stiffness matrix and transfer
the unsyinmetric part of the loading side of the governing equations. In the
resulting analysis , the unsyimnetric part resulting from one load step will be
applied as an incremental load on the next load step.

Time Dependent Deformation

In the HIP process two time effects are present : the strength growth of
the metal powder as bonds between contacting particles grow and time dependent
deformation as voids shrink. Powder strength growth has been modeled as the time
dependent expansion of the plastic yield surface.

In the small strain theory of metals it is assumed that the total strain
can be represented as

= c + c~~. + 
c (~ T~ij ij ij ii

where c~ 1, c~~ and are the elastic , plastic and creep parts of the strain ,
respectively. The elastic strain is time independent and recoverable , the plastic
strain is time independent and irrecoverable , and the creep strain is time
dependent and irrecoverable. Typically, creep deformations in metals are

_ _ _ _ _ _ _ _ _ _ _ _ _ _  -•~~--- - •••~~ •- • ~~~ - Id
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s igni f icant when absolute temperatures are greater  than one half  of metal
melting point. Also, creep deformations are volume preserving. Creep laws
for  constant uniaxial stress are usually expressed as

= f(°, t, T) (28)

where ~~ = dC c,d~ is the rate of uniaxial creep strain and a, t and T are uniaxial
stress , time and tempera ture , respec tively. An example of Eq. (28) is t~ e
Norton — Bailey power law (Ref. 21):

.c m k
= A(T)o t (29)

If the creep rate is steady the creep strains can be written as

•c
c = B(T)a (30)

where A , B . K, m and n are de termined by fitting the function to experimental
creep strain data. Experimental data is usually in the form of creep stra in as
a function of time for a fixed stress and temperature .

To compute creep strains for a time dependent stress state interpolation
between experimental data is necessary . The simplest interpolation scheme is
time hardening which is illustrated grap hically in Fig. 7. Assume that Eq.
(29) holds for constant uniaxia l stress. Then from Fig. 7 , creep strain rate
equals Aamtn fo r  a stress and time between t

0 
and t1. At time t1, time

hardening assumes that i instantaneously becomes AG2
mtm , and is thereafter

given by AGmtm . Thus a time hardening assumption implies tha t creep stra in
ra te depend s onl y on presen t stress and so is insensi t ive to prev ious stress
history. Time hardening, while not borne out by experimen ts, does g ive a lower
bound estimate to creep strain and is simple to implement in a computer code .

To ob tain creep strain rates for multiaxial stress states it is customary to
general ize uniaxial creep laws in a manner analogous to the derivation of the
Prandtl— Reuss equations of classical p las t ic i ty  ( R e f .  21) giving

= 

.c 
(31)

whe re
.C 

[~~ .c .c 
, ~ = J .~

. ~ (
~ 2 )

I~3 ij ij ~ 2 ii ij
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are the equivalent creep strain rate and equivalent stress, respectively, and
are assumed related according to

= f (~y , t, T) (33)

In the HIP process temperatures are between 80 and 90 percent of the powde r
metal melt ing po int . The refore , creep deformat ion is possible as voids in the
compacting powder shrink . However , it is difficult to observe such creep in a
HIP test because of the time necessary to pressurize and depressurize the HIP
fac ility. Standard HIP prac tice ut ilizes a mono ton ic increase in pressure and
tempera ture over a per iod wh ich may he as long as an hour , followed by a two or
three hour hold at pressure and temperature . In the part ial HIP experiments
spec imens d i f f e r ing only by the time they are maintained at temperature and
pressure have been fabricated . Time dependent volumetric shrinkage can be com-
puted by comparing the amount of densification . Thus a volumetric creep strain
law can be experimen tally derived . A possible expression for this law is

c m k
Dkk

= _ A P t (34)

while for a steady creep
D~k = B p n

which is analogous to Eq. (2~’). Here D~~, is the trace of the creep componen t

of the velocity gradient D~~ , p is the HIP pressure and t, time.

• To derive a creep law for the deviatoric component D1~ 
of the creep strain

velocity gradient a law of the form

• DC . = A ~f/3S . . (3~ )
i3 i3

is postulated where, parallel to the small strain theory , f is the y ield func-

t ion for  the compac t ing me tal powder . If the y ield func t ion of Eq. (29) is
used , ~q. (35) reduces to

S~3

This may be rewritten as 

c 3 ~
D . = —  S. (36)
ij 2 ~~ . ij
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where analogous to Eq. (31)

~c /2 
~~~~ ~~~~ 

— /3 S . .S.D — D ..D ..  • a = 
j. i~ i~ (37)

To complete this creep law a relationship between and ~ must be
• determined experimentally .

4
The dominant creep mechanism can be determined by examining creep de forma—

t ion maps presen ted by Ashby in Ref . 6. The map for nickel is the most appro—
pr iate map since nickel based superalloys are being modeled . The creep deforma-
t ion map , from Ref. 6, for nickel is reprod uced in Fig. 8 with experimental points
outlining the partial HIP experiments with MERL 76. The major creep mechanism
for RIP operating conditions appears to be dislocat ion creep if it is assumed

• that the pressure is approximately equal to the tensile stress Stead y state
disloca t ion creep is generally described by Eq. (30) with the temperature depen— •~

den t func t ion represen ted by an activation energy . Equation (30) can be rewritten
as

—T N
1 0

• — e  y ~~
— )  

(3Q)
creep to 0

where c creep is the uniaxial creep rate,
a is the uniaxial st ress
T is the absolute temperature
a0 can be assigned an arbitrary value
t , T and N are material constants
0 0

From Wilkinson and Ashby, Ref. 22, the relative density is given by

N
1 e .12~1 k P\  p (l p )

p = k T 
~ [1_ (1_~)l/N] 

N (3°)

where p = 1—v is the relative density .

and k is .~~
- for final densification and 2 for intermediate densification.

The relative density after plastic deformation, p 0, is used as the initial
cond it ion in Eq. (39) and is calculated using the equations (53). (5L~)~ and (55).
The constants t

0, 
T0 and ~ are determ ined from partial PIP experiments. 
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Micros t ruc tu ra l  Modeling to Develop Macroscop ic C o n s t i t u tiv e  Laws

In general , experimental difficulties associated with instrumentation and
facility capabilities preclude experimental determination of all material prop-
erties needed in the constitutive theory . For example , it will not he possible
to probe the en t ire y ield surface of a partially dense HIP powder. Thus , anal vt—
ical and numer ical micros truc tural models of the HIP process are neaded to
augment the understanding of the constitutive theory . This section reviews pre—
vious anal ys is  of metal  mic ros t ruc tu ra l  e f f e c t s  and discusses addi tional anal yses
performed to further define the constitutive theory .

Voids in plastically deforming metals have been modeled by several authois.
Gurson (Ref. 13) has developed approxima te y ield surfaces  for  materials wi th
microscop ic voids. The princ ipal interest in Curson ’s studies was in assessing
ductile fracture of polycrystalline materials containing voids or impurities
which nucleate holes that microscopicall y grow and coalesce into a macroscopic
fracture event . For porous metals , Green (Ref. 9) has assumed a yield function
of the form of Eq. 9, and has evaluated the dependence of F and on void volume
ratio by modeling an isolated spherical void in a metal matrix under external
hydrostatic pressure. Finite element elastic—plastic modeling of the growth
of voids contained within unit cells of homogeneous material has been performed
by Needleman (Ref. 11). Mullins , et al. (Ref. 24), have performed a small
strain , finite element , elastic—plastic , hardening analysis of a s:1~erical pore
under remote hydrostatic pressure and have obtained results similar to Green
for void shrinkage as a function of pressure. The previous analyses considered
isolated voids.

Time dependent microstructural effects have been less extensively modeled .
Many authors (Refs. 3—7 , 25 and 26) have postulated the presence of microstructural
creep mechanisms in both HIP and pressureless sintering but no definitive con-
clusions on the importance of these mechanisms have been reached . The most
systematic approach to understanding microstructural mechanisms has been the
deformation maps of Ashby (Ref. 6) discussed earlier. However, Ashby ’s work was
directed toward determining when different mechanisms are active rather than
quantifying the effect of these mechanib :~s on powder densification . Finite
element modeling of void growth caused by steady—state creep deformation has
been modeled by Burke (Ref. 27). In Burke ’s analysis steady—state creep was
assumed , the geometry was a uniformly spaced distribution of spherical voids
corresponding to a void fraction of 5 percent , and the loading was remote
uniaxial tension .

The above plastic and creep analyses were concerned only with imbedded
voids, but during the HIP process the initial response of the powder metal ,
when it is the weakest, contributes significantly to final deformations.
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Models based on iinbedded voids will be accurate in the final stages of densification
but do not correctly represent the initial stages of densification . During the
initial stages models based on the contact between spherical particles should
be more accurate.

Compac ting~~ pheres ~‘odel

An understanding of powder compaction when subjected to a uniform external
pressure was formulated by considering the metal powder to be a regular array of
equal size contacting spheres. A finite element model for the response of a
typical sphere was arri’ ed at by considering one spherical particle with a typical

diameter . The powder was modeled as a regular array of hexagonally close packed

MERL76 spheres wi th a diame ter of 0.003 in., as shown in Fig . 9a. Actually, the
MERL76 powder particles are randomly packed and range in diameter from 0.001 in.
to 0.007 in. As a uniform external pressure is applied to the close packed
spheres 0f t’fg• 9a, flat contact surfaces will form centered about points of
initial contact. Each of the spheres will deform to fill the adjacent void space

in an identical manner. When all of void space is filled (i.e., the powder is

fully compacted), each of the powder particles will be a regular twelve sided

polyhedron as shown in Fi g. 9h.

In the actual finite element model of the compacting spheres , the entire
sphere need not be modeled . Each of the 12 contact surfaces deform in exactly
the same manner , and therefore onl y one of the 12 five—sided pyramids shown in
Fig . 10 and centered about the init ial contact point , P, needs to be modeled .
Each of these five sided pyramids can be divided , in several ways , into identically
defortning solids. The simplest of these is a division into 5 identical four
sided pyramids as shown in Fig. 10. The pyramid OPFBC shown in Fig . 10 is the
geometry modeled in the finite element analysis.

The compaction process was modeled by moving the plane PKLM, in Fig. 11,
along the line OP. Points on the spherical surface PFCC were free to move until
they were contacted by the plane PORS after which time they were constrained to
move in the plane.

Finite Element Modeling

The model b r eak up, material properties and loading used in the finite ele-
ment analysis are described in this section . In Fig. 12 is shown an 11 element
94 node finite element model of the spherically capped pyramid OPFBC shown in
Fig. 10. The model was developed using the standard three dimensional twenty—
node brick element of the MARC nonlinear finite element code . Element sizes were
smaller around the initial contact point , P. in order to track growth of the
plastic zone size as a function of contact area size. Presently , materia l prop-
erties for MERL76 near HIP temperatures are not available , and therefore the
properties of lNlOO , an alloy similar to MERL 76 , were used . At 2000 F IY100

_ _ _ _ _ _ _ _  
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exhibi ts  a tensile y ield st ress of 15 , 000 psi , a Young ’s modulus of 20 x 106

psi and Poisson ’s ra t io  of 0.3.

Symmetry boundary conditions were applied to the four plane surfaces connect-
ing the sphere center to the spherical surface. The symmetry cond itions on the
above four planes require that the motion of the node at the center of the sphere
by comp letely suppressed . Symmetry boundary conditions were app lied to the plane
OPC shown in Fig. 14 in order to reduce the number of active degrees of freedom .

4 The loading condit ion consisted of prescribed displacements on the spherical
surface PKLM of Fig . 11. As node P of Fig. 12 was moved incrementally toward
the sphere center , the changing z coordinates of nodes on the sphere surface
were monitored. When the z—coordinates of one of the nodes equalled that of at
P in Fig. 12, the node was subsequently constrained to move in the z direction
with the same displacement increments as the node at P.

Finite Element Analys is Resul ts

The finite element analysis was terminated after sixty—six displacement
increments because of large computed oscillations in reaction forces on the con—
tact area and erratic stress behavior in the plastic zone. At the end of the
analysis, the plastic zone extended over 80 percent of the model geometry and
the circular contact area had a radius of 4.134 x lO~~ inches.

From the finite element results the powder apparent density was computed as
a function of the externally applied pressure and the results are shown in Fig.
13. The effective external pressure T’eff was defined as the net force acting on
the contact area divided by the area of the quadrilateral PKLM in Fig. 11. The
powder density was computed using the volume OPKLM of Fig. 11 , from which the
density was determined .

The oscillations in the pressure in Fig. 13 and in the stresses were attri-
buted in part to attempts by the finite element code to satisfy the plastic
incompressibility constraint inside the plastic zone. Additionally, the three
d imensional finite element break up employed a weighted mesh which was fine
around the initial contact point P in Fig. 11 and became increasingly coarse
away from P. Thus, independent of increment size , as the analysis progressed ,
contact area growth modeling became coarser. Also , as the analysis progressed ,
the displacement boundary condition Increments were increased resulting in larger
powder density changes per increment . In the later stages of the analyses, the
sphere surface just ahead of the contact area became increasingly distorted and
the powder density change , occurring between two successive surface nodes becoming
part of the contact area, increased . Thus, the oscillations shown in Fig. 13
were also attributed to the analysis becoming coarser as the degree of geometric
and material nonlinearity Increased .
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In previous work at the Research Center , an axisymmetric analysis of compacting
1.0 in. radius spheres was performed. The geometry analyzed is shown in Fig. 14
where 0 was the sphere center , P was the initial interparticle contact point , OP
was the symmetry axis and cone OPV was the initial effective volume occup ied by
model geometry OPU. Effective applied pressure and powder volume were defined in
a manner analogous to the th ree dimensional anal ysis and the ini t ia l  density was
78 percent of full density. As in the three dimensional analysis , motion normal
to line OV was suppressed. The node at 0 was fixed , and the model was loaded by
app lying incremental disp lacemen t boundary cond itions to nodes on the surface UP
so that the surface around node P was flattened . A Young ’s modulus , Poisson ’s
ratio and yield stress were taken from Astroloy da ta at 1600 F as 23 x 106
psi, 0.3 and 80,000 psi , respectively. The analysis was performed in seven
increments and effective app lied pressure as a function of powder dens ity is
plo tt ed in Fig. 13. As with the three dimensional model the analysis was ter-

minated before full density was attained because of numerical instabilities.

In the ax isymmet r ic analysis a uniform finite element break up was used
permitting a smoother modelof contact area growth. As a consequence , the result-
ing pressure versus densi ty curve , Fig. 13 , is smoother than for the three dimen-
sional analysis. However , the axisymmetric analysis failed to converge after
reaching 94 percen t of fu l l  densi ty and , as with the three d imens ional anal ys is ,
stresses in the contact zone were erratic. The large jump in pressure over the
last converged increment casts doubt on the results of the last increment .

The three d imensional and axisymmetric analyses d if fe red  cons iderably in
computer time. On the UTRC UNIVAC 1110 computer , each of the sixty—six increments
in the three dimensional analysis ran from 3 to 12 m m .  The increment time
fluctuated because the numer of iterations needed for the solution of an incre-
ment to converge varied between one and four. In comparison , the entire axi-.
symmetric analysis ran in approxima tely 4 m m .

A possible solution to the numerical instabilities in the three d imensional
and axisymmetric anal yses is to use a coarse mesh around the initial contact
point P. and to then refine the mesh along the contact surface at points removed
from point P. Init ially, the contact area would be coarsely modeled when effec-
tive app lied pressur e , p lastic zone size, plastic constraint and sphere surface
distortion are small and as the analysis progresses contact area growt h , position

• and shape would be modeled with increasing fidelity.

Discussion of Results

• The finite element predictions were compared with results from elastic and
p lastic theor ies of contact (Refs. 20—31). When substantial plasticity is present ,
the pressure distribution over the contact surface Is approximately uniform and
is given by 

~~~~~~~~~~~~ - -~~~~- -



p = C a  (40)
y

where °y is the material yield stress , and 6

C ~ 2.75 
(L~l)

Equat io n (40) can be used to determine the initial stages of p lastic
densification . (~onsider the axisyinmetric model of compacting sp

heres as shown

in Fig. 15. The contact area is initially the point P and grows as the compac—

tion process proceeds. When the actual contact area has radius a the effective

con tac t area Aeff  is the circle QW g iven by

A = iTh2tan28 (6~’)ef f

and the effective powder volume, Veff ~ is the cone OQW . The total load on the

con tact surface is assumed to be , from Refs. 3 and 4,

N iiC a2oy

whence from

a2 .R 2 _h2

(Peff /Oy) = N / ( AeffOy) 
= C [(R2/h~) - l i/ t a n 2 0 (~~~~)

But if p 1 and V~ are , respectively,  initial powder relative density and effective

volume and p is the powder relative density when the contact area radius is a,

then from the conservation of mass
p .V~ = p V f f  

(44)

Further , since the length of OP is R

( V i / V eff ) = (R~ /h 3) (4 5)

whence , from Eqs. (44) and (45)

(R/h ) 2 = ( / ) 2/3

and Eq. (43) becomes

(Peff /ay) - C [( / )
2/3 

-li/tan2 0 (~6)
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From Fig. 14 it can be seen that the initial relative density can be
determined from the half angle , 0, as

2
= 

2cos B
l+cos B

The above equation can be inverted to yield
4

~~~ 0 = f...~..... + / f.t\( ‘ 4- (47)

8 /

For the axisyminetric analys is of Fig. 14

p 1 
= 0.780

For the three dimensional analysis of Fig. 12

p. = O.755

The above equations imply that for the three dimensional compacting spheres
analysis the effective applied pressure is given by

(P / a
g
) 6.25 t (p/O.7557)

213
-li (48)

and for the axisymmetric analysis

(P l a y ) = 7.114 [(~/0.78)
21
~-l)

Equations (48) and (49) are plotted in Fig. 13 together with the three dir~ensi~ n~ 1

and axisynunetric compacting spheres results.

The agreemen t between Eqs. (4S) and (49) and the finite element results is

good and indicates that Eq. (~‘6) may he u sed t o mode~ the ear1~’ stages of powder
densif ication where interparticle void space is connected .

From Eqs. (48) and (49), the external pressure necessary to fully densify the

powder is 1.26 
~~~

. However . Eqs. (48) and (L~9) are derived from consideration

- - • - 
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of onl y a sing le con tac t area between two sphere s. In the early par t of powder
densification , each interparticle contact area can be considered in isolation ,
bu t as compac tion proceeds neig hbor ing con tac t reg ions in the sane sphere will
interact and it is expected that then r qs. (4q) and (49) will no longer bold .

In the final stages of powder densification (p > 0.95), the powder is
• almost a continuous mass with isolated pores. Green (Pef. 9) or Eq. (1)

has mode led the contraction of an isolated pore in a perfectly plastic medium
and has shown that

(P/ a~ ) = -2 in [a - p ) 131 (50)

which is also plotted in Fig . 13.

Equation (46) is valid on1 y in the initial stages of densification ,

while Eq. (50) is valid only in the final stages of densification .

Each of these equations can be inverted to y ield

2 3/2
= 

~1 
tan B + lI (51)

t C O y

during initial densification , and

- - ~~
-

~~~
- (52)

p l—e 2
~y

during final densification.

The finite element models of compacting spheres indicate that the slope, dp/d p,
of Eq. (51) is accurate for densities near the initial density and that the
app roach to Eq. ( 52) is relatively slow. Therefore , it is only necessary to
require that the slope and initial density be given by Eq. (51) and that Eq. (52)
is app roached asymptotically fo r large pressures. These requirements can be
satisfied by taking

la l \  ——p = 1 —1 --i e 20y (53)
~-i+P /\Gy 

2 ,

where P1 and P2 are constants determined by specifying the slope and density
when the pressure vanishes, or from Eq. (51).
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• P1 = (1 - p~
) P2 (54)

= ________________

2 

3fl_2~~(l-f- tan 0 ) J (55)

Note that as long as C > 2  (and 0 < P 1 < 1 ) that P2 > 0  and that

—
~~~ 

+ P ~~ > o

for all values of the pressure P.

Equation (53) is plotted for both the axisymmetric model initial densit’-
and the three dimensional model initial density in Fig. 13. In the section on
part ial HIP experiments , Eq. (53) is compared to experimental results with good
agreement.

The plastic work and current void volume fraction are being used as parail-
eters for the mechanical response of partially densified powder metals. The
plastic work , void volume f rac t ion pa th during a HIP cycle , where the powder
metal is subjected to a pure hydros tatic pressure , can be fou nd from

p
W ~~~~~~~~~ (56)

13 13

where W~ is the plastic work
is the Cauch y Stress

D = 1/2 (V . . + V .)ij 1,J j ,1_

is the velocity gradient , and

( )  = d(  )/ d t

For a hydrostat ic  pressure

au = 
~~~~~ (57)

and

•J )  p
W “

~~~kk ~~~~~~~~

at
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From Append ix F, T q. (~T .23)

p
~~~ 

V
D ~~~~~~kk 1-v

where v is the void volume f rac tion
Then F~~. (5S) becomes

1—v

or v f

w~ = _ J  !~~~~~v (~ fl~

v1

wh ich is the pla stic work performed be tween void volume frac tions v~ and

V f~ wher e

v . is the initial void volume fraction , and

v~ is the final void volume fraction.

A relation describ ing external pressure and void volume fraction must be

de rived , since Eq. (53) is d ifficult to invert . Recall that the finite element

anal-~’ses indicate that the relation describing pressure as a function of void

vol ume f r ac tion appr oaches Eq . (52) as the void volume fraction approaches zero ,
and that for values of the volume void fraction near its initial value that the

slope g iven by Eq. (51) is accurate. An expression of the form

= ~ ~ —1n(~! ) — (l_ 
~~ 

)

2 
lnv . + a(!_

~
Xl_ 

~ ) J (~ l )

sa tisf ies  all of these req u iremen ts

when

a
C V i —_l (~~~~

‘
~

(i’ vi) tan20

Figure 16 demonstrates the agreemen t between Eqs. (53) and (61). In the
section on experimental results , it will be demonstrated that both expressions
fall well within the experimental error .
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Equation (61) can now he substituted into Eq. (60) to find the plast ic i:orl
as

_ 2 / 1—vf \
— — -

~~
- f(l_v

f
)_f(1_v

1) + n0
ln 

~i—J (63)

+2~ ln(~~~~~ \~~ (v.~ v -~~~ (v ~ 
2
\ ~~~~ in(~~~~~ \ -(v ,- v )

v
~.

2 l— v~ / ~ 1 f j  2 i f / v1 ~l—v 1
/ 1 f

where

n a—lnv
2 1

~‘1 = a + 2 l n v 1

L f ( x )  =

k=l k-

The function f(x) is presented in Table 2.

In general the effects of plasticity and creep will be separated in order
to describe the material proper ti es . A yield function of the form of Eq. (9) is
presently preferred. Two deformation measures , the void volume fraction and the

plas tic work , will be used to represen t th e dependence of the parame ters in the
yield function. Under these assumptions the small strain elastic—plastic stress—
strain law is given by Eqs. (20), (21) and (22). The effects of large strains ,
using the Cauchy stress , are included in Eq. (25). A nonsymmetric stiffness

• mat rix will  resul t  and the nonsvmmetric terms will be transferred to the loading
side of the equilibrium equations . The effects of creep will be divided into two
par ts, volumetric and deviatoric. A power law creep model will be assumed.

As a result of the three dimensional and axisymmetric finite element analysis it is
concluded that (1) the axisymmetric and the three d imensional analysis predic t
the same pressure versus density result and (2) accurate finite element modeling
of the initial elastic—plastic response and the final stages of comple t ion is
numerically difficult. It is recommended that in any future analysis a weigh ted
finite element mesh he emp loyed which is coarser around the initial contact
point and becomes finer at points close to the sphere surfac~ but removed from
the initial contact point. Based on the finite elem€nt model of compacting
spheres expressions , Eqs. (53) and (62), rela t ing vo id vol ume f rac t ion , or
relative density , and pressure , for a powth r me tal subjected to pure hydrostatic
comp ression have been der ived .  In add i t i on , the pl a s t i c  wo rk done whi le  the
powder me tal is subjected to a pure hydrostatic pressure has been derived .
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General Considerations

A numerical simulation of the constitutive model will be required to
uti lize the model in the analysis and prediction of HIP processes. The numerical
simulation will also be employed in both the formulation and evaluation of the
constitutive model.

There are several available finite element codes that have the large strain
capab ility required to model the HIP process. For example , the MARC finite ele-
ment code (Ref. 3), can be app lied to a wide variety of nonlinear solid mechan ics
problems . However , none of the available codes presently contain a constitutive
theory that would adequately model the HIP process.

The necessity for modeling large stra ins ar ises from the 30 percent volume
reduction typ ically experienced during the HIP process. A finite strain elastic—

• plastic constitutive model the the HIP process was formulated in terms of the
Jaumann rate of Cauchy stress and the symmetric part of the velocity gradient ,
D1~~. Additionally ,  the simp lic ity of an updated Lagrangian finite element fornu—
lation of the constitutive modeled is preferred . Level H—4 of the MARC nonlinear
finite element code uses the McMeeking and Rice (Ref. 18) form of this finite
elemen t formu la tion and permits use of constitutive models of the form Eq. (24).
This code will be modified to permit the modeling of the HIP process.

F In order to numerically evalua te the response of the mater ial each of the
response types will be separated . One common approach in small strain deformation s
(see Ref. 32) is to divide the strain rate into its elastic , plas tic , creep and
thermal pa r t s .  The total strian ra te  could then be expressed as:
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i i

.el .p l ~cr .th+ c~~ f + (64)

where is the total strain rate ,

~e1 is the elastic st rain rate ,i3

is the plastic strain rate ,
13

is the creep (or time dependent) strain rate , and
13

~th is the thermal strain rate.
13

In Fig . 17 the elastic and plastic strain components are presented for a
• uniaxial stress—strain case. rote that in Fig. 16 a second strain rate

decomposition can be considered in place of Eq. 64. For the second
possibility, considering just the elastic and plas tic componen ts of the
st rain rate , Eq. (64) would become

.e11 .elp l
C~~j  

+ 
~jj 

(65)

A small strain numerical iterative procedure based on Eq. (65) for the

evaluation of the elastic p lastic response will be presented in next section.
A parallel development based on analogous additive decomposition of the
st retching tensor is straigh t f o rward .

The finite element code should contain the appropriate element types
to descr ibe the deformation of the powder metal durinr~ ~‘I~’. In the ~AFC

H.4 large strain version , all of the solid and shell elements can be used in
an updated Lagrangian formulation , includ ing three , four and eight node
isoparametric axisymmetr ic ring elements.

The following sections will consider in more detail: (1) iteration
schemes fo r the solution of the resul t ing nonlinear system of equations and
(2) the changes to the cons t i tu t ive  portion of the MAR C code.

Plastic Iteration Procedure

Consider the  ca se of a small strain elastic—plastic response of a typical
structure. Sufficiently large app lied loads will result in permanent or
plastic deformation . P. procedure for calculat ing the response of the

structure undergoing plastic deformation is required . A method analogous
to that  p resented in R e f .  32 will  be discussed .
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To eva luate the response of the structure , the loading hi story may be
divided into a number of incrementally applied loading steps. Each of these

load increments can then be applied sequentially to the structure. An
it erative scheme is then requ ired to calculate the response of the structure
to each ind ividual load increment .

• At the beg inning of a new load increment it may be assumed that the
strain will change in a manner analogous to the previous increment. As an
initial estimate all of the strain change is then assumed to be elastic . The
change in the stresses can then be calculated using Hooke ’s Law or

= C~~~~~ c~~ (66)

where &, is the incremental stress vector
13

~~kl is the incremental total strain vector , and

C.  
~kl is the matrix of elastic constants.• 13

If the resulting total stress is within the yield surface , the matrix of
material constants , Lij kl is simply given by

Ljjkl 
= C

ijkl (67)

If the resulting total stress is outside the yield surface weighted material
constants and s t i f fnes s  matrices will have to be calculated . It should be
noted at this point that if a load increment is exceedingly large and if
there is a sudden change in the type of loading, care must be taken in order
to iterate to the correct solution.

If the resulting total stress is outside the yield surface , the fraction o~ 
-

the stress increment that remains elastic must be determ ined . This corresponds
to ~c~~ 1 in Fig. 17. If the yield surface in stress space is considered to he
given

= 0,

then the appropriate A in

f(0i~
_l 

+ X~ o .) = 0 (68)
ij ii

may be determined where is the stress tensor from the previous incre~r ’nt .
Thc mean mater ia l  matr ix  calculated from
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ijkl ijkl (69)

where ~~~~ is the tensor relat ing ~~~.. and ~ in E q. (20) .ij kl 13 ki

Once the tensor Lijkl has been determined , standard finite element solutions
can be app lied to f i nd the incremental changes in th~ disp lacements , stra in s
and loads. For example, if the strains are given by

= ~~ 3~u~ 
(70)

where ~~ is the vector of incremental nodal disp lacements , and f~] is the
• matrix relating the vector of element strains ~~ to the nodal disp lacements,

the stiffness matrix can be found from

[K ] = f [ O ]
T

{ D ] [ O ]  dv. (71)

The incremental nodal displacements and strains can be evaluated by solv ing
for i~u in

[K1~~u~ 
= P~+~P-I~ (72)

- and then app lying Eq.(70).

• The term t~P in E q. ( 72) is the app lied incremental load . The term
• [p —I ] is de fined as the residual load correction and is added to Fq. (72)

to insu re the total external loads, {~}, and the total internal reactions,
• [I ] ,  remain balanced over all the load increments.  The re1~ition

— ~~ = t0~ (73)

where

I f10TJ dv (74)

continues to hold throughout the loading history.

One iteration cycle is completed each time the stiffness matrix is
formed and the resulting equations solved . At the end of each cycle the
result ing solution must be tested for  convergence. This is accomp lished , by
conside ring the rat io
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r = ~~~ ~E (75)

N

wher e P~E
N l  is the cha nge in energy summed over all elements on the previou s

cycle and E
N is the change for the present cycle.

An accurate solution will usually result if r is maintained less than 0.1

for elastic—p lastic problems .

If the solution has satisfied the convergence, the st resses and strains
can be updated and a new load increment added . If the solution has not
converged then a new guess for  the strains , based on the latest cycle , is
be input and the calculation procedure repeated . When the solution has
not converged after a given number of cycles , the program should exit from
the load incrementing loop.

Figure 18 is a flow chart illustrating the small strain elastic—p lastic
iteration procedure.

For f i n i te stra in plastici ty the sti f fness  ma trix has the addi tional
terms presented in Eq. (25) .

Time Ef fects  I teration Procedure

The metal particles vii]. creep to fill the void space when subjected to high
temperature and pressure . The reduction of void space will depend on the time
that the powder is subjected to the high temperature , high pressure conditions.
The creep strain rate will depend in general on the stress the accumulated creep

• strain , the temperature and time. To illustrate the increment ing procedure assume
that the creep strain rate is normal to the Mises yield surface in stress space ,
then the creep strain rate is given by Eq. (25).

• For a specific time increment the incremental creep strain will be

= t~t. 
(7 6)

• The incremental displacements are

IL~UI = )AP~ + ~
P_I

~ + ~~P*~ (77)

L~•i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where

= 
~~1 1 T (cJ ~~~~~~ dv (7P)

is the pseudo—creep load and {Ac °} is the vector of element creep strain. The
strain increment can be calculated from Eq. (70) and the strains, creep strains,
stresses and displacements can be updated .

A convergence test on the stresses should be performed. If the algorithm
has not converged a shorter time step should be used and the calculations
repeated . If the criteria has been satisfied then a new time step can be added .

Note that for the time dependent effects considered the stiffness matrix ,
generally, has to be assembled and inverted only once with the result used in
each subsequent cycle. Figure 19 is a flow chart illustraing the small
strail creep iteration procedure .

Code Selection , Installation, and Testing

In addition to the MAR C computer code , selected for use in the program ,
several other codes were examined . Table 3 lists each of the codes considered .
The code selected should be able to simulate the response of the powder metal and
the container. The response will be assumed to be axisymmetric and therefore axi—
symmetric continuum and axisymmetric shell elements should be included in the
element library . Four of the eight computer programs listed do nox contain axi—
symmetric shell elements and are therefore unsuitable. These four codes are:
HONDO, FIPAX , PLANS, and NON—NISA . The HONDO code contains a very general con—
stitutive routine that could be utilized for the non—volume preserving plasticity
theory . However, HONDO does dynamic problems only and would be b~ a cost effec-
tive approach. Both the ANSYS and ADINA codes do not have the capability to per-
form large strian calculations and would requ ire extensive modifications. The
NEPSAP code can perform large strain calculations but uses a .lotal Lagrang ian
formulation . For reasons states previously, an updated Lagrang ian formulation is
preferred.

The MARC H.4 large strain code was obtained and installed . The initial test
case modeled a rigid plastic hardening tensile specimen subjec-ted to a uniaxial
stress state. The MARC code successfully simulated the large strain response
of the tensile specimen . Figure 20 shows that at disp lacements as high a 70 per-
cent of the original specimen length the code results were nearly identifical
to the theoretical values.

~ 

• • •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



• -

Code Modificat ions

To analyze the powder plastic flow the plasticity theory described previously
must be incorporated in the MARC code. The MARC code app lies the algorithm of Rice
and Tracey, in Ref . 3, in the subroutine THRUS. Therefore , one approach would be
to modify TI-IRUS to include nonvolume preserving plasticity. The MARC program also
contains user subroutines which the general user writes to incorporate special
features of his analytical model. One of these user subroutines, HYPELA , can be
used for hypoeiastic material properties (i.e., nonlinear elastic material proper-
ties). Subroutine HYPELA has for input the initial strain increment , and the stress
state from the previous increment. The increment number can be brought in through
a COMMON block. A third approach using the user subroutines appropriate to a
specialized form of v iscop lasticity can also be used .

Incorporating the nonvolume preserving plasticity theory into the MARC code
through the user subroutine HYPELA requ ires writing cnly the one subroutine while
modif ications to HTRUS would also require modifications to several connected sub-
routines. Therefore , the presen t p lan is to try RYPELA and use the problem
illustra ted in Fig. 20 as a test case. In Appendix F the small strain elastic—
plastic stiffness tensor is derived for volume preserv ing plasticity with iso—
trop ic hardening. If the test is successful , then adding the nonvoiume preserving
plasticity theory to HYPELA is trivial. If the test is unsuccessful , then the
subroutine THRUS and its supporting subroutines will have to modified .

An algorithm for nonvolume preserving plastic analysis analagous to the
secant method , presented in Ref. 33, has been developed . A flow chart of the
algorithm appears in Fig . 21. The input consists of the latest guess at the
strain increment , the stress state from the last increment and the increment
number. The first guess at the strain increment is taken to be proportional to
the load increment with the proportionality constant determined by the previous
load step and strain increment. In subsequent iterations the strain increment
is refined by an appropriate algorithm , for example, by Newton ’s Method , until the
load increment is satisfied . The ou tpu t from the al gor ithm is the small strain
elastic—p lastic stiffness tensor (see Eq. (21)).

The first step in the algorithm is to decide whether there were any previous
increments. If there were no previous increments , then the elast ic—p lastic pro—
perties must be input as a function of the state variables , and the state variables
must be initialized . In this case, the elastic—p lastic stiffness tensor is set
equal to the elastic stiffness tensor and the routine is exited . If there were
previous increments then a decision on whether the increment is a new increment
or an iteration on an old increment must be made. If it is a new increment , then
the state variables must be updated .

Ill_i - • • ~~~~ 
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The program then proceeds to calculate the stress state that would result
if the strain increment were all elastic . The result is designated stress state
two. If stress state two is located within or on the yield surface , the elastic

• stiffness tensor is the appropriate tensor and the routine is exited. If stress
state two is located outside the yield surface , then the strain increment is scaled
so that the resulting stress state is on the yield surface. This is designated
as stress state one. Rice and Tracey in Ref. 34 took the average of stress states
one and two to be the stress state from which the elastic plastic stiffness matrix
would be formed .

The average stress state is now scaled to bring it ot the yield surface.
This scaled value is designated stress state three. Stress state three is used
to calculate the plastic stiffness tensor. Adding the weighted plastic stiffness
tensor to the elastic stiffness tensor gives the elastic—plastic stiffness tensor.
At this point the routine can be exited for classical plasticity theory for the
resulting elastic—p lastic stiffness tensor results gives a stress increment which
will place the updated stress exactly on the yield surface. For the proposed
plasticity theory this cannot be shown to be true and the stiffness tensor will
have to be iteratively calculated so that it is true.

In addition to the modifications necessary to incorporate the nonvolume
preserving plasticity theory a modification to include the nonsymmetric
stiffness term of Eq. (25) as previously discussed is necessary .

It has been decided to use the MARC H.4 large strain computer code to
simulate the deformations induced during a HIP cycle. Several methods for
modify ing the code have been identified and an algorithm for generating the
material stiffness tensor has been selected . A method for dealing with the non—
symmetric stiffness matrix has been selected . Completion of code modif ications
will allow analysis of the test cases, experiments , and a disk HIP to be performed
during the second year of effort.
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MATERIAL PROPERTY DETERMINATION

To predic t the mechanical response of metal powder subjected to the HIP
process it is necessary to know the mechanical properties of the metal during the
HIP cycle. These mechan ical properties can be obtained by removing test specimens
from the HIP facility at various stages in a HIP cycle. The partial HIP simples
would represent the powder at various stages for a pressure—temperature history .
A complete description of the mechanical properties can then be obtained by
postulating yield surfaces, flow rules , hardening laws and creep properties
and comparing these predictions to the results of mechanical tests on the partial
HIP samp les.

Part ial  HIP Tests

The UTRC HIP facility has been utilized to process powder metals through
temperature—pressure—t ime profiles closely paralleli-ig the procedure used to
fabricate full size turbine disks to near net shape. Figure 22 shows a represen-
tative temperature—tim e history detailing the mode of consolidation being used
to fabricate full size disks. Two distinct phases of therma l h istory shou ld be
noted.

In the first phase (preheat) the metal powder is preheated for 3 hr at
temperatures rising from 1500 F to 2000 F and then held at 2000 F for 8 hr. All
of the preheat cycle is done at 1 atm pressure. During the preheat phase some
sintering occurs and the powder acquires sufficient strength to be handled . In
the second phase, the preheated powder sample is transferred to the HIP unit .
During the first hour , the temperature and pressure are raised to 2135 F and 5000
psi, respectively. During the next 1—1/2 hr the pressure continues to rise to
the full 15,000 psi. The pressure , 15 ,000 psi, and temperature , 3125 F, are then
maintained for 3 hrs, to complete the densification .

UTRC facilities allow several part ial HIP samples to be preheated simul-
taneously. Since the powder is init ially weak a container is required to retain
the powder shape for temperatures exceeding 2000 F. Therefore , during the
preheat cycle the powder is encapsulated in quartz. During the preheat the
density changed from 60 to 65 percent of full density initially to 65 to 70 per—
cnet of full density upon completion of the cycle. All spec imens were preheated
at 2000 F and 1 atm for 12 hr.

After the complet ion of the preheat cycle the samples have the quartz con-
tainer removed and a glass container substituted . At HIP temperatures the inside
surface of the glass container fuses with the outer powder metal particles and
forms a gas tight seal about the powder meta l .  The g lass has no strength or - 
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stiffness. Consequently, a un ifo rm hy drostatic stress is transmitted to the
powder metal. The glass container with the preheated or sintered powder metal is
next placed in the HIP facility and subjected to a specified temperature , pressure
time cycle.

In Fig . 23, a specimen is shown in different stages of a partial HIP cycle.
The specimen is shown encapsulated in quartz before the preheat cycle. A sintered
or preheated bar is shown in glass before HIP, and a par tially dens if ied bar is
shown with the end removed fo r  density measurements .

A 100 lb lot of MERL 76 powder , blend 61578, was obtained and samples were
subjected to sieve and chemical analyses. A comparison of the results of the
blend chemical and sieve anal yses wi th a blend used in other program s showed the
two blends to be essen tially identical.

The first three partial HIP experiments attempted to find a pressure at
2135 F, the standard NERL 76 HIP temperature , which induced less than full
powder densification . MERL 76 powder was encapsulated in stainless steel tubes
with 0.75 in. and 0.06 in. external diameter and wall thickness , respectively.
A f t e r  the f i l led tubes were outgassed to remove air , their ends were crimped and
welded shut. The tubes were then sintered in a furnace for 12 hr at 2000 F and
allowed to cool to room temperature. Subsequently,  each tube was reheated to
1200 F , loaded into the HIP unit which was also at 1200 F, and subj ected to a
pressure temperature cycle. The pressure—temperature cycle for specimen 3 is
shown it-i Fig . 24. Maximum HIP pressures for specimens 1, 2 and 3 were 5000 psi ,
2500 psi and 1000 psi , respec t ively. Specimen 1 was held at peak pressure for
20 mm while specimens 2 and 3 experienced peak pressure for only ten minutes.
En all three experiments the powder was completely. compacted .

It can be concluded that densification occurs so rapidly at 2135 F that HIP
pressure and time cannot be controlled accurately enough to partially densifv
MERL 76. Therefore , present experiments are directed towards partially densifying
powder in the 1600 F to 2000 F temperature range. The results obtained must then
be extrapolated to predict densification rates at 2135 F.

Experiments 4 , 5 and 6 investigated the short t ime response of powder to
pressure.  From these tests , it was observed that between 1600 F and 1800 F
l i t t l e  short term densification occurs at 1000 psi. These first six tests
indicated that between 1600 F and 2000 F and between 1000 psi and 15,000 psi
partially densified specimens would result.

The next set of tests were performed at 1800 F and various pressure , with the
maximum temperature and pressure acting for 10 minutes only. These tests were
successful in producing partially dense samples. The test regime was expanded
to include 1600 F, 1900 F and 2000 F at appropriate pressures and again the time
at max imum temperature and pressure was held to 10 m m .  Finally , a set of 
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experiments at various times were performed to determine the effects of creep .
Table 4 is a listing of each of the partial HIP experiments completed .

Some unders tanding of the compac tion process can be ob tained by app ly ing
the f u l l  densi ty range p lastic compac t ion model , Eq. (53) in Section 2.5. In
order to app ly the model the y ield stress of the powder particle material must
be known. This data does not exist and therefore the short time partial HIP
data has to be reduced to determine the y ield st ress. For each of the temperature ,

4 1600 F , 1800 F , and 2000 F , the y ield stress was estimated and Eq. 53 was app l ied
to determine the relative density for various app lied pressures. Figure 25 pre-
sents the results of the calculations and demons tra tes good agreemen t for  the
yield stresses chosen . In Fig. 26 the resul t ing y ield stress is p lotted as a
function of temperature. Figure 26 indicates y ield stresses tha t are somewha t
low for superalloys. Three facts could account for this: (1) the y ield stress
for the pre—HIP powder metal is generally lower than for the fully consolidated
powder , (2) the strain rate during a partial HIP cycle is relatively slow and
therefore produces a somewhat lower effective yield stress, and (3) the creep
rates at high temperatures are relatively high producing an apparently lower
yield stress.

The effects of creep on the density can be examined by app lying Eq. (39),
which was der ived by Wilkinson and Ashby in Ref. 22. The relative density
after plastic deformation , p0. is used as the initial condition in Eq. (39)

and is calculated using (51). The relative density before any plastic
deformation was taken as

p. = 0.70
1

and the condition

p = p0

was app lied at

t = 10 mm .,

which is the minimum time the partial HIP specimens were ma intained at maximum
temperature and pressure.

An analyses of the densities for the partial HIP experiments performed

indicates

N ~~ 2
t0 2 x io 13 mm
T0 73000 R
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when

o0 = l 5 ksi

In Fig. 27, the calculated relative density is compared to their experimental
values with fair agreement .

Photomicrographs of two par tially dense HIP rods at 1800 F are shown in
Fig. 28. The majority of the particles have remained nearly spherical , while a
few particles appear to be severly deformed .

Mechanical Tests

The major objectives of the mechanical tests are to determine the yield
surface arid to measure the elastic properties of part ial HIP metal powders and
to examine hardening flow rules , and creep of hte par tial HIP samples. After
the partially dense HIP material is removed from the furnace it must be machined
into test specimens. The mechanical tests of these spec imens should be performed
at the HIP temperature , which is relatively high. The oxidation rates become
excessive because of the large surface area due to the voids and the high tem-
perature. Therefore, it is necessary to perform the mechanical tests in an

-
• inert environment.

To determine the shape of the yield sur face  several types of mechan ical tests
are requ ired. Each type of test produces one point on the yield surface. There is
one point on the surface that is known : the hydrostatic pressure of the HIP pro—
cess. A compression test performed at temperature will pr ovide a second poin t on
the y ield surface and will ~~so prov ide some informat ion on the elastic , harden in g
and plastic flow of the material . A tension test performed at temperature, when
compared to a compression test performed at temperature , will determine the
symmetry of the y ield surface. In addition , creep tension tests at the HIP
tempera ture will be required to determ ine accura tely the creep properties of the
par tially dense metal powder. In Fig. 29, a compression , tension and creep
specimen of powder metal is illustrated . Two partial HIP bars are required to con-
struct all the test specimens il lustrated in Fig. 28. The compression tests are
the most important tests to be performed since they produce a hydrostatic pressure
which is the predominant loading feature during a HIP cycle . Two deformation
measures will be used to characterize the yield surface; the void volume fraction
and the plastic (nonrecoverable) work. Therefore , the mea surement of the axial
length change will not be sufficient to determine the mechanical response and a
measurement of the volume will also be required . The final volume of a compression
specimen can be measured after a completed test but this does not provide a corn—
plete description of the path to the final state.



A method which might be useful for measuring the volumetric deformation
during compression testing is being developed by the UTRC Optics and Acoustics
Group . The method has been demonstrated in a bench test. The method uses
interference patterns from the optically rough surface of a mechanical test speci-
men , and is referred to as speckle interferometry. Note that in Fig. 40 the
compression sample has a roughened surface. The volumetric measurements must
be made on the MERL 76 test specimens while they are in a f urnace opera t ing at
temperatures between 1600 and 2000 F. In addition, at these temperatures , the
porous nature of the MERL 76 will provide amp le surface area for oxidation to
occur , and therefore  the specimens must be tested in an oxygen f ree environment .
Speckle interferometry allows for determining the displacements of several points
on the sample without actually having to provide extensometry . It is hoped that
it will be poss ible to perform the speckle in terferome tr ic measuremen ts dur ing
some of the compression and tension tests to characterize the volume changes.

To date eighteen compression tests have been performed . Three of these
tests were used to size the compression specimens and determine the test condi-
tions. The remaining tests were all completed in the same manner. Figure 30
illustra tes the typ ical output. The specimens consisted of a right circular
cylinder 0.5 in. long by 0.2 in. in diameter. Each specimen was placed in a
furnace in an iner t gas and brought up to the temperature at which the specimen
was hot isostatically pressed. At temperature the spec imen was subjected to
compression crosshead displacement rate of 0.0025 in./min and the load was
recorded. After the load leveled out , the crosshead rate was doubled to 0.005
in./min and after the load again leveled out , the crosshead disp lacement was
f ixed  and the load recorded as a func t ion  of t ime . The specimen volumes were
measured before and after the tests and do not show a signif ican t change in volume
but do illustrate a significant change in height and radius. Table 5 summarizes
the compression experiments performed and the volume measurements made , while - 

-;
Table 6 presents the average geometry changes.

The test plan also includes about fifteen tension tests , at temperature , for
the purpose of determining the symmetry of the yield surface with respect to
hydrostatic pressure. About ten creep tests are presently planned frr determining
the porous material flow rates at high temperatures.

The partial HIP experiments have been completed and analyzed . The analytical
expressions derived to describe the final density, Eqs. (29) and (53) are in good
agreement with the experimental results. The mechan ical test program has been
defined and initiated . Some preliminary analyses of the mechanical tests have been
completed , and indicate that there is little change in volume after cr’mpression
testing. A method for measuring the volume change during the mechanical testing
is being developed by the TJTRC Optics and Acoustics Group .
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Ver ification Criteria

The constitutive theory developed and supported by th e mechan ical tes ts of
partial HIP samples will be validated through a series of experiments . The
validation test results will be correlated with results of the numerical simula-
tion of the experiment. Although a one—dimensional configurat ion would be the
easiest to model and simulate , a two—d imensional axisvmmetric validation con—
f i guration will provid e conditions analogous to those experienced in the actual
HIP process .

The validation tests must be designed to avoid duplication of the uniform
hydrostatic stress state of the partial HIP tests. The experiments must therefore

result in a nonvanishing shear stress within the sintered material . A nonhydro—
static stress state can be achieved with the application of the uniform external
pressure if the material has nonhomogenous properties . This may be ach ieved by
imbedd ing in the metal powder a different material , for example , steel or fully
compac ted powder spheres or cylinders . Such an experimental configuration will
prod uce a nonh yd rostatic stress state and will make use of existing hardware and
techniques .

The microscopic examination of the experimental specimen will prod uce a
measure of density as a function of the distance from the center of the inclusions .
The density can also be determined by measuring the hardnes s a t a po in t and then
deriving the density from a known hardness—density relationship. The experimentally
measured spatial variation in density will then be compared to the results of the
numerical simulation. This correlation of the experimental and numerical results
will provide a validation of both the constitutive model and the numerical simulation .
Two particular configurations have been identified for possible use in the valida—
tion tests. One configuration employs spheres and the other cylindrical rods
imbedded within the powder .

An additional validation experiment could subjec t a partially dense bar to
uniaxial compression . The bar could then be subjected to second HIP and the
density measured. This test would follow a loading path not previously investi—

• gated and the final density could be used as a measure of the accuracy or limi-
tations of the theory .

t 

Presently the imbedded sphere or cylinder experiment is preferred and will
be discussed in the following sections .
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Sp herical  Inclusions

As an approxima tion to a spherical inclusion in a partially compacted powder
consider the case of a ri gid sphere buried in an infinite isotropic elastic solid .
The compacting powder will have two elastic parameters, for  example , Youg ’s modulus
and Po isson ’s ratio , which will b e func tions of posit ion and will de pend upon the
stress history at the particular point in the powder . In turn the stress history
will be a function of the loading and the boundary conditions. Appendix G presents
the solution for the spatial stress distributions abou t a rigid sphere imbedded

4 in an iso tropic homog enous elas tic sol id of infinite extent and subjected to a
hydrostatic pressure. Figure 31 presents a plot of the second invariant of the
devia tor ic stress tnesor as a func tion of posi tion~ from the center of a 0.5—in .
dia sphere. The radial change in the second invariant will result in every
radial po int exh ibi ting a d i f f e r e n t stress his tory and prod ucing a d if f e r e n t
final density . Note from Fig. 31 that most of the variation will occur in a
d istance 0.25 in. from the surface of the sphere. Accurate measurements of
density as .~ function of position would be required to validate the constitutive
model with this experiment. The powder metal particle size is on the order of
.002 to .007 in., and 0.25 in. variation should be more than sufficient to get
an accurate representation of the density .

Figur e 32 presents a possible experiment which could fit within the existing
furance. It would have three imbedded solid spheres of 0.5 in. dia~ a total length

of about 9.0 in. and a radius of 3.0 in. This should provide enough vol ume for
th e spheres to be imbedded in a solid of apparent infinite extent. Figure 31
again shows that at a distance of 1.0 in. from the center of the sphere , the
effects of the spheres should be neg ligible.

Initia1l~’ the spheres will be buried in a very weak powder and it will be
necessary to consider the effects of the sphere weight on the powder. A simple
calculation (i.e., mul t ip ly ing the frac tional increase in wei ght densiby by the
diame ter of the sphere) shows this effec t should produce a stress on the ord er
of 1/30 psi or 1/500 of an a tmosp here. This is relatively small compared to the

applied pressures.

For par tially dense HIP samples reaching temperatures on the order of 1600 F,
steel spheres could be used initially. For higher tempera tures it migh t be
desirable to use spheres made from the same metal as the compacting powder because

of their  hi gher mel ting point.

_ _ _ _  
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Cylindrical Inclusions

Cons ider th e case of a r igid cy l indr ica l  rod buried in an inf in i te homogeno us
elastic powder in a plane strain situation . The powder itself will have no
resultant axial motion near the rod if it is bonded to the ri gid rod . Append ix i~
is a deriva tion of the respons e of a r igid cyl indrical rod imbedded in a homog enous ,
isotropic elastic metal powder. Figure 33 presents a plot of the second invariant
of the deviatoric stress as a function of posi tion from the cen te~ of a 0.5 in. dia
rod . The variation with posi tion is a func tion of the  square of th e distance
from the center of the rod. The maximum value obtained for the second invariant
of the deviatoric stress is less for the cylinder tIian for the sphere. Most of
the effec ts of the cylindrical inclusion will be negligible af ter a dis tance of
abou t 0.5 in. from the center of the cylindrical rod .

F igure 34 presen ts a poss ibl e conf igura tion for an exper imen t tha t coul d be
performed within the existing furnace . The length would be approximately 9.0 in.

with an imbedded 0.5 in. dia cylinder approximately 6.0 in. long. The pressurizing
gas would be prevented from entering into the center of the rod by a cap of con-
tained me tal powder.

We igh t e f f e c ts are more impor tan t for  the cy lindr ical inclusions and are now
on the order of 0.6 psi or about 1/20 atm . The effects of the weigh t should still
be neg ligible when compared to the app lied pressures.

The cylindrical inclusion problem in itself is not one—dimensional . At the
ends of the rod a two—d imensional stress state exists because of the shear stresses
set up between the powder metal and the initially rough rod . The resulting two—

dim ens ional , axisvmme tric stress distributioi~ can be anal yzed using the modif ied
finite element program.

Note that if the solutions presented in Appendices -G and H are extended to
elast ic  spheres and rod s, the stress distribution in the powder will depend only

on the bulk modulus of the imbedded material. Therefore, if the imbedded material

becomes fluid , it would respond in essentially the same manner as the solid material .
The pressures that would have to be applied at a sufficiently low rate in order to
reduce the shear stresses due to viscosity.

Yield Surface Considerations

Consider the yield function Eq. 9. Figure 35 presen ts the location of thii ~
yield poin t of the various mechanical tests on the yield surface , and includ cs th e
variation of the spherical and cylindrical inclusions near the yield surface.
Note that the reg ion in wh ich the validation experiment will lie is near the pure

hydros tatic stress state where component manufac turing occurs.
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Therma l Effe cts

Two thermal e f f e c ts may be of impor tan ce in the des ign of the valida tion
experiment: (1) the thermal coefficient of expansion and (2) the temperature
distribution in the test specimen . The inclusions must have a thermal coefficient

of expansion that is greater than that of the metal powder in order to retain
con tac t be tween the inclusion and the pow c~er. This will induce thermal stresses
f rom ~he temperature increase. The difference in thermal expansion coefficients

4 shou ld , the re fo re , be kept as small as possible. Completely dens if ied powder
metal incl usions are pref erred to steel inclusions beca use the thermal coe f f i c i en t
of expansion of the powder particles is the same as that of the inclusion . The
only d ifference between the powder metal and the solid metal will be due to
sintering which tends to bring the powder particles together.

Consideration must also be given to the temperature distribution in the sample
test. Consider the case of a solid cylinder subject to a surface temperature that
is a linear function of time . The steady temperature difference between the center
and outside surface of the cyl inder is g iven by (see Append ix I).

2r c T 0 a
LT = ( 79 )

where .T is the temperature difference ,

is the density ,

c is the specific heat ,

K is the thermal conductivity ,

T~ is the rate of increase of temperature at the outer surface , and

a is the radius of the cy linder.

Th~ s-~e~~ifi c heat and the density for the case of an Astrolov powder can be
determined from the material properties of densified powder . The thermal conducti vity
of the powdir must he reduced from that of the mctal since the  powder will ha~’e only
a fin i Ic con t ic t aria b e t w e e n  adjacent particles. Ut will therefore assume that

1/20 of th~ total surface area of each powder particl e is in contac t with adjacent

particl es , thus reducing the thermal conductivit y . This will product- a steady

temni raturo differenc e of ~() F for a 200 F/hr increase in temperature on the out-

side surfac~ for t it confi gurations in Fi :s . 42 and .~4. For the partial i i P  bars

of [I .. 31 the temperature differenc e is oni l2.~ F.
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• At 1600 F, a 50 F difference in temperature represents a 70 percent decrease
in strength . The thermal conductivity of the powder therefore sets limits
on the rate that at which the temperature can be increased in the HIP furnace.
This initial estimate does not include radiation which would reduce the temperature
difference. Therefore a more accurate estimate of the equivalent thermal conductivity
is required .

•

1
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hIP PROCESS SENSITIVITY STUDIES

The objective of this task is to develop a finite element methodology for
the efficient modeling of shape changes in the HIP process. The task has not yet
been in itia ted and will be comple ted dur ing the second year of the effort. Thus
a me thodol ogy for analyzing the HIP proc ess mus t be established and the mos t
important assumptions in the analysis identified . In this section the finite
elemen t analysis of the HIP process is described , variables in the analysis are
ident i f ied , and the anal yses for de termining cr it ical param eters and variables
are reviewed .

The formulation of a finite element analysis requires the specification of
a finite element mesh , material proper ties , external loads histories and boundary
conditions. Additionally , since bo th material and geometric nonlinearities will
be presen t , the f ini te elemen t analysis must be incremental. Consequently an
incrementing procedure must be established.

The geometry of a HIP configuration consists of a metal container which
encapsulates a metal powder. For the applications considered in this
program the geometry will be axisyminetric. The container will be modeled with
axisymmetric thin shell elements and the powder with axisymmetric ring elements.
The MAR C code possesses both ring and shell elements. The axisymmetric ring
elements are the three node tr iangular  elemen t and the four and ei ght node iso—
parametric quadrilateral elements. Thus it is expected that this element will
be employed to model the powder. For the thin shell element model of the con-
tainer a two node axisytmnetric membrane and bending element will be used . The

• axisymmetric solid elements can be generated using the MARC two—dimensional mesh
generator. The thin shells must be generated manually .

The container elastic , plastic and creep material properties will be
modeled using the finite strain analogs of the classical , incompressible
plasticity and creep theories. Thus the container material will be character-
ized in terms of its uniaxial plastic and creep response at HIP temeratures.
These data have been developed separately from the proposed program , in Ref . 2.
The powder constitutive model will be the theory developed in the program.
Pr esen tly the effect of creep deforma tion , on final shape is unknown .

If creep deformations were found to be unimportant , significant savings in the
development of powd er ma terial properties would accrue. It is also possible that
the major plastic deformation is volume shrinkage accompanied by small deviatoric—
strains and rotations. Should this be the case, then savings in computation costs
would be realized through simp lification in stress and strain measure computations .

In the HIP process three load types are present ; gravity, the externall~’
applied increasing pressure field and temperature loads. All three loads must
he modeled . E x p e r i m e n t a l  evidence  f rom the HIP of f u l l  scale disks  has shown

—— —•~~~~•- •—~~~~~—-•
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that gravitational loads produce gross distortion of the HIP containers not

adequately supported around their base. The pressure load applied to the
internal surface of the container is the principal driving force for powder con-
solidation . Finally the effects of possible inhomogeneous temperature distribu-
tions must be considered since container and powder material properties are
temperature dependent. Temperature gradients cause thermal stresses in

• the powder and the container , as well as inducing inhomogeneous compaction in
the powder. Thus the effects of temperature gradients should be investigated .

Displacement boundary conditions must be specified to complete the definition
of the HIP configuration to be modeled . The boundary conditions which model the
HIP container support are simply no motion in the vertical direct ion at thep 
container base. The evolving boundary conditions between the container and
powder are not presently understood . Initially the powder is free to move
relative to the container except on the container lower horizontal surfaces where
the powder weight may be assumed to inhibit motion . As the temperature in the
con ta iner and powder increase , d i f f e r ences  in container and powder thermal ex—
pansion will result in either (1) a gap between the container sides and top , and
the powder or (2) compressive stresses being exerted on the powder by the con-
tainer. Irrespective of which of these conditions hold s, it has been experi-
mentally observed that at the end of the HIP process the con ta iner and powder
are fused together. If there is an initial gap be tween the powder and con tain er ,
the interior surfaces of the container walls and top are initially unsupported .
The pressure loads are carried by the container alone causin g the container walls
to deform before contacting the powder. This nonun iform deformation in the con-
tainer could contribute to nonuniformities in the final HIP geotnetr\’. Thus the
closing of any gaps between the powder and container should be modeled using the
gap element technology in the MARC code. If the container is always in contact
with the powder, an approximation to the container—powder interfac e would be
complete bonding for the entire HIP cycle. Such an approximation can be imple-
mented by specification of multi—point constraints. The presence and size of
gaps between the container and powder can be determined from the thermal expansion
coefficients of the powder and container materials. Even if gaps are present ,
the effect of neglecting them should be determined because of the simplification

• that would occur in the analysis.

After the input data for the HIP analysis have been assembled an incremental
analysis will be performed . Thus increment sizes and increment convergence
criter ia must be established . Incremen t size is controlled by the rate at which
changes in material properties and geometry occur. Typ ically material properties
change faster than the geometry so that it is unnecessary to accoun t for geometry
changes at every incremen t. The frequency with which the deforming geometry
should be updated must be determined .

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ •



An examination of the sensitivity of HIP finite element analysis will be
conduc ted . Parameters which will be examined include :

1. Inclusion of powder creep deformat ions -•

2. The assumption that rotations and deviatoric strains in the powder

are small re la t ive  to vo lumet r i c  s t ra ins .

3. Temperature gradients in the powder

(
4. Gaps between powder and container walls

5. Increment size and convergence criteria

6. The frequency with which coordinates of the deformiri g geometry
are updated .

To assess the sensitivity of the HIP process analysis variables a HIP
geometry will be selected for which documented initial and final d imensions exist.
It  is p re sen t l y  expected tha t  a HIP disk from the present  P ra t t  and Whitney Air
Force Contract (Ref. 2) will be selected. Two finite element breakups could be

generated . The f i r s t  breakup would be re la t ive ly  simple , but s u f f i c i e n t  to model
overall container and powder response. Local deformations caused by con tainer
corners and container powder interaction s would not be included in this model.
Only variables (2) and (4) of the previous list are strongly dependent on con-
tainer  and powder interactions. The effects of the remaining variables will be
inves t i ga ted independen tly using the simp le finite element breakup. Recommenda—
tions for inclusions of these variables in the HIP analysis will be made .

The second finite element breakup would be more detailed and will permit
inves ti gation of the interactions between the powder and container . The effects
of large rotations and shears near container corners will also be investigated

• with the more detailed model. 
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APPENDIX A

TIlE FORM OF THE FINITE ELEMENT STIFFNESS MATRIX
FOR PLASTICITY THEORIES WITH NONASSOC IATED FLOW S RULES

It is shown that  in contradict ion to p las t ic i ty  theories wi th  associated
flow rules , a nonassociated flows rule leads to a nonsymmetric f i n i t e  elemen t
s t i f f n e s s  matr ix .  The per t inent  equations of smal l s t ra in nonhardening e las to—
plastic constitutive theory are:

(1) the yield function

f(o..) = 0 ( A . l )

(2 )  the consistency rule

~~~~~~~ O = 0  (A. 2)3o i j  1J

when plas tic deforma tion is occurring

(3) an additive decomposition of strain rate into elas tic and plas tic par ts:
.e .p

= C .. + t . .  (A.3)
13 13 13

where superscripts e and p denote elastic and plastic parts of the strain
ra te respec t ively,

(4)  an elast ic stress s t r a in  law

= C1~~~ c1. (A.4)

and

(5) a plastic constitutive assumption

= ~ ~g ( A . 5 )
i j

which assumes the  existence of a p l a s t i c  po ten t i a l  g ( o . . ) .  When g = f f low
rule Eq. (A.5) is called associated and , geometricallv ,3~~~. is perpendicular
to the yield surface. When g ~ f the rule is nonassociate3.

6~
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From substituting Eqs. (A.3) — (A.5) into Eq. (A.2) and rearranging
it follows that

— ~fI~ Oij Cilk i  ~kl 
(A 6 )A — 

~~~~ 0rs Cr s tu  a g / B  0tu

Substituting Eq. (A.6) into the incremental law

= C i i k l  ~~k1 
-

we obtain

~ = L . .  ~ij  i j kl kl

where

L = c — 

Ci jpq ~~~mn Cmnkl 
~~~~ (A .7)

ijkl ijkl 
~~‘~~~rs Crs tu ~~~~~~~

For L i ik l  to possess the symmetry

L . . = L  .. (A .8)
ij kl K11J

we must have

C .~ C ~~~~~~~~~ ! & . \= oij p q mnkl
\
~~o ~~ ~o ~~mn pq pq mn

-
• or , since C and C are invertible

ijpq mnkl

-~~-~ -— -~~~~--- ~~~~~~~ (A 9)
~o ~o ~~ ~omn pq pq mn

If f ~ g then (A.9) is not , in general , true and (A.8) no longer holds. This
in turn implies that finite element stiffness materials computed from Eq. (A.7)
are no longer symmetric and consequently cannot be incorporated directly into
standard finite element codes since the matrix inversion algorithm of such codes
assume stiffness matrices to be symmetric.
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APPENDIX B

VOLUMETRIC COMPRESSION IN MOHR-COULOMB
THEORIES OF PLASTICITY

For Mohr—Coulomb theories of plasticity to model the HIP process a permanent
volume shrinkage must be pred icted for a state of hydrostatic , compressive stress.

4 The following discussion shows that Mohr—Coulomb therories do not admit irrevers—
ible volume shrinkage.

The yield surfaces for linear and parabolic Mohr—Coulomb theories are

= 
~ 

+ 
~~2 

(B .l )

and 
-

= ~ I1T + J2 = T (B . 2 )

respe’~tively, where Ii is the first stress invariant or three times the mean
Cauchy stress , okk/3 ; J2 is the second invar iant of the devia tor ic stress S1.;

1 °kk
J = — S .  . S . . ,  S . . = a .. — — 6 . .  (B .3)2 2 1 3 13 13 13 3 1,]

r is the yield stress in pure shear and S relates yield stress in pure shear
to yield stress in purely hydrostatic stress. In Eqs. (B.l) and (B.2) S > 0 so
that yielding can occur in hydrostatic tension but not compression .

For an associated flow rule

.p
=

13
13

With f equal f
1 

and f
2 in turn we obtain , from Eqs. (B.l) and (B.2)

A (6 + 
2

1

/J 
Sjj) (B.4)

and

= 
~ 

(6 T 6
ij  

+ (B.5)

fo r  linear and parabolic Mohr— Coulomb theories  respec t ive ly .  Clearly f o r  plastic
shear strain to occur in the same direc t ion as shear stress A ~ 0. The volu—
met r i c  p last ic  s t ra in  is g iven by

- 
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= 3A 5 on = 3A 6 T , (B .6)ii 1]. o

for the two theories.  Since X 6  and T 0 are not negative , no plastic volume
shrinkage is possible.

I
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APPENDIX C

PLASTIC VOLUMETRIC STRAIN UNDER
PURE SHEAR STRESS

It is shown that unlike the Mohr—Coulomb theories of plast icity,  the y ield
func tions to be considered in the program do not predict volumetric plastic
strains for states of pure shear. Consider the following yield surfaces:

4

f i~
aij ) = 5 I~ + ~J2 - t = 0 , (C. l )

f 2 (a . .)  = ST
0 

Il + — T
0 

= 0 , (C .2 )

ii,~~2 2
f (a . .)  = F l — I  + J — T = 0 , (C.3)
3 i j  ~~3j  2 o

where the nomenclature is as in Appendix B. Equations (C.l) and (C.2)

correspond to the linear and parabolic Mohr—Coulomb theories respectively,
while Eq. (C.2) is Eq. (3.23) presented in Section 3.1. When an associated
flow rule is assumed , plastic strain increments f or these theories are given
by

.p .
= A (C .4)

13

where f is f1, f2 
or f

3
. Since

~I1 = 6 . . a n d  2 ...~~
n a . .  ~J n a . .

13 1]

where 6 .. is the usual Kronecker delta function and S.. is the deviatorlc stress:
13 13

1
S = o . — — a  6
ij ij  3 kk ij

Thus, the flow rules corresponding to Eqs. (C.l), (C.2) and (C.3) are

P = A  ( 5 6  + _ _2~L )
l i j  

1 ii 2 (C.5)
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2 j ~ 
= A ( S T 6~~. + S .~~) (C.6)

3 2 0 13 13

26
= A (— I 6 . .  + S ..) (C.7)

3 ~j  3 9 1 13 13

where the A ’s are different in each equation . The plastic volumetric strains
corresponding to each flow rule are

l
C
kk 

= 3X 1
6 

2~ kk 
= 3S~~2T 

, 
3
C =

In a s ta te  of pure shear stress 11=0 so t kk = 0 while , when the shear stress is
high enoug h to cause y ield , A1 and 

~2 an~ hence , 
l

6kk and 
2

C kk are nonzero .

Equa tion (c.3) is a spec ial case of y ield surfaces  of the form

f ( I 1, 
~~~ 

= (C.8)

1(11, 
~~~ 

= f ( — 1
1

, 
~2 > ( C .9 )

For an associated flow rule Eq. (C.8) imp lies

= A ~-~S_- o~ + ~.L. S . . ) .  (C . lO)
ii ~~ 

13 13

From Eq. (C. 3) it follows that

(I i, 
~~~ 

= — 

~~l 
(_I l, 

~~~

~~ (0 , J 2 ) = 0. (C.l1)
~
Il

Consequently, for materials whose yield surface satisfies Eqs. (C.8) and (C.9) the
plastic strain corresponding to pure shear stress is given by Eqs. (C.lO) and (C.ll):

= 

~~2 
s1~ (C. 12)

which implies that no plastic volumetric strain occurs.
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APPENDIX D

YIELD SURFACE CONSIDERATIONS

A large strain theory of plasticity with several hardening parameters

based on Eq. (8), can be developed by decomposing the symmetric par t of the
velocity gradient tensor , D.., into elastic and plastic parts , or

D . = D . ~e + D (D.1)
1j 13 ij

‘
F

where D.. = 1/2 (V. . + V .  .)

13 1,3 3, 1

V . are the velocity components , and

( ) ,~ 
= 

~
( ) / 3x .

Parallel to classical plasticity, a yield function ~~~~~ h.,~) is assumed
to exist where a~~ , i,j = 1,2,3 is the usual Cauchy stress tensor and hn i a l ,2,.. n ,
is a set of deforniation dependent material parameters. When

f ( a i~~ h~
) < 0 (D.2)

only elastic deformation occurs and when

f (a i~~ h )  = 0 (D.3 )

both elastic and plastic deformations are possible

Parameters h~ , are assumed to be functions of a set of deformation measures
B = 1,2,.. .n, or

h~ = h~ (n 5 ) (D .4)

and the deformation measures are assumed to be defined in terms the non-recoverable
strain history.

Equation (D.3) holds during plastic deformation and therefore~

= (a f / a a 1~ ) 
~~~ 

+ (ôf/äh )1i = 0 (D. S)

In Eq. (D.5) and all subsequent equations , the usual summation convention is
used with repeated lower case Latin subscripts being summed over the range 1,2,3
and Greek subscripts having the range 1,2,.. .n.

The plastic deformation rate ~~ is assumed to be given by an associated flow
rule

~~~ ~ a f/ ~~~1~ (D.6 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ . A
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where A is a positive , plastic strain history dependent , scalar. From Eq. (D.4)

h = (~~h /~ n )r~ (D .7 )
a a

Assuming that n~~, S = 1,2 , . . .  ,n sa t i s f ies

ii (mD~~.) = m~ (~~~~ ) (D.8)
5 13 5 iJ

- 
- 

for all positive scalars m , it follows that

(D.9)

From Eqs. (D.7), (D.9) and El. (D.5)

= — [ci ~f/ 3c . ] / E k5 ( 3 f / 3 h ) (3h0/~ n
5

) ]

whence, from Eq. (D—6)

= — 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( D . l O)

which is desired flow rule.

The foregoing formalism includes classical small strain , isotropic hardening
plasticity as will now be shown. For small strains the symmetric part of the
velocity gradient tensor is simply the strain rate, or

D . . c (D . l l)
13 3

Equation (D.3) becotres

where j  = 
~ /32 o

2J2 
= S . .  S~~. , S . .  = — (a kk / 3) 6 i . (D. 12)

In Eqs. (D.12) S. is the deviatoric part of the Cauchy stress and cc, is the
material yield stress ~.n simple tension . In the notation of Eqs. (2.10) and
(D.4), only one material parameter and one effective plastic strain are employed :

h1~ ~~ 
= h1(~~1) ,n1, ~ 

~~~~~~~~~~ 
~~~~ C

D~
i dt (D.13)

~~~~~~~~ - -~~~~--- -.-- . --.:-



where is the effective plastic shear strain and

= 

~~~~ 

(D.14)

From Eqs. (D.l2), (D.13) and (D.14)

4 Bh1/~ n 1 ~a 0/dc~~, ~f/ ~ h1 
= -2c0/3,~ f/2c~ =S~~ (D.l5)

= (2 
~~~~ ~~ DLJ ”~~

and from Eqs. ( D . 9 ) ,  (D. l5 ) ,  (D.6)  and (D.12)

1/2
= (2S 1~ S~~~

/3) = 2a /3 (D.16)

Finally from Eqs. (D.l5), (D.16) and (D.1O)

= _{(9 S S )/{4a
2da /dc ’~}}S (D.17)pq pq 0 0

which is the flow rule of classical small strain isotropic hardening plasticity.

To complete the theory the function h1 in Eq. (2.20) is taken to be the 
function

governing uniaxial stress a and elongation,al plastic strain cP in a simple tension

test , i.e.,

a = h
1

(tP)  (D. l8)

It is standard practice in the HIP of turbine disks to preheat the metal
powder to 2000 deg F over a period of twelve hours before HIP. Thus, some
sintering of particles will occur , endowing the powder aggregate with mechanical

streng~h. Additionally , during partial HIP the powder is held at a temperature
between 2000 and 2250 deg F in a partially compacted state for up to three hours.
Thus, a partially dense HIP powder has both compressive and tensile strength .

Since hydrostatic compression increases interparticle contact area , a specimen
of partial HIP powder (1) is stiffer in hydrostatic compression than tension,
(2) has an increasing s t i f fnes s  in hydrostat ic  compression and a fixed s t i f fness
in hydrostatic tension, assuming no interparticle bonds are fractured . Consequently,
it cannot be assumed that a partially dense HIP specimen has, like metals, the same
initial yield stress in tension as in compression; this must be established by
experiment.

Assume for the moment that a partially dense HIP powder has the same response in
tension as in compression , and that the yield surface has no sharp corners. A simple

yield function satisfying the foregoing assumptions is

.
~~~~~

= _ j  68
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~ (~i~+ 
~2 

= (D.l9)

which is an ellipse in I1,V5~ space , (Fig. 5), with process dependent parameters
5 and a .  The surface is also plotted in principal stress space with 03 zero in
Fig. 6. Note that as 5 approaches zero , the Mises yield condition is recovered .

• . In Fig. 3 yield surface Eq. (2 .23)  has been p lotted with the linear and parabolic
Mohr—Coulomb yield surfaces for the case of S equal to one. It will be noted that
Eq. (2.23) predicts a closed yield surface which is smooth where it intersects
the hydrostatic axis. Also, assuming small strains and an associated flow rule,
Eq. (2.23) implies that , unlike the Mohr—Coulomb theories pure shear stress
induces no plastic volumetric strain (Appendix C).

A yield surface of the form Eq. (D.l9) has previously been proposed by Green
(Ref. 9), and Shima and Oyane (Ref. 12). Kuhn and Downey (Ref. 13) proposed a
yield function of the form

~~ - (l~~2v~~) 
1 

= (D.20)

where a is the uniaxial yield stress , is a plastic Poi sson ’s Ratio wh ich app r oa ches
0.5 with full densification and

3 = 33 — I2 2 1

Clearly in I ,s/T~ space this also has the form of an ellipse.

If a partially dense HIP powder has differing yield stresses in tension and
compression Eq. (D.19) is no longer valid . However , it can be easily modif ied
to model this effect by having 5 differ in tension and compression. Alternatively ,

• a yield function of the form

+ 
~2 

= 
c x 2  

(D.2l)

can be postulated . Unlike Eq. (D.l9) , with S differing in tension and compression
Eq. (D.2l) predicts volumetric plastic strain in a state of pure shear stress;
this stems from the term —28a Ii/3 in Eq. (P.21).

In this research program a yield surface must be developed to characterize - ‘

the irreversible deformations that occur during the HIP process. If partially dense
HIP powders have the same response in compression and tension, a yield surface
of the form Eq. (D.l9) or some generalization thereof should be considered . If
this is not the case, then either Eq. (D.l9) will be generalized or an equation
of the form of Eq. (0.21) can be used . The choice of yield surface will be
determined from the results of both partially dense HIP tests and mechanical tests.

- -
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In the remainder of this report Eq. (D.19) will be assumed to hold since it is
the simplest representation possible for the yeild surface.

Consider the two material parameters in Eq. (D.l9)

h
1 

= 5 = h~ (n 5
) (D.22)

and a
h2 

= T
0 

= 

~ 
h 2 (~~5

) (D.23)

the y ield surface  is given by

2 11
2 a 2

f (a . ., h0 ) = 
~ 

(.
~
—) + — _—

~~
._ = 0 (D .24 )

Where Ii = 0kk

J = 1/26 . .6..
13 13

s . .  = 
~~~. .  — l/3a kk 6i.13 13 3

= Cauchy Stress

=

Go = a0 (n1 n2), and

are parameters that depend on the loading history .

Assume normality of the plastic flow in the form

= (D.25)
ij  ~ci . .

13

The consistency condition requires that during plastic flow

f = 0  (D.26)

or

5 ~~~~~~ ~ Ii + ~ ~~~~ 
- 

~~~ ~o ~~ + = (0 .27 )

We assume that the rates Ti
0 are homogeneous in D1~ and therefore proportional

to X , or

~
a 

(D~~ ) = i~~ (.
~

.._ ) 5~ 1c
~ 

(a
fl

) (D.28)
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APPENDIX E

HARDENING PARAMETERS AND FLOW RULE

Take as the two deformation parameters the void volume fraction and the
plastic work , or

n1 = v  (E . l )

and t
Ti2 

= W~ = fa t .  D~~.dt (E .2)
0

In classical volume preserv ing plast ici ty theory using either the plastic work or
the effective plastic strain produces exactly the same result. The plastic
work, or equivalently the inelastic energy dissipation has been used previously
to describe nonlinear material response, for example, in Ref s. 14 and 15.

The quantities k0, Eq. (14) must now be determined from ri~ , Parks, in
Ref. 16 has shown that  the void volume fraction rate from Eq. (14), can be
described by considering a mass of powder m, occupy ing volume, V where

V = Vvoid + Vsolid (E.3)

Then the void volume fraction , v, is given by

v = 
V
void (E.4)
V

The mass can be expressed as

m = V = 
~solid 

V olid (E.5)

Where is the apparent density

~solid 
is the density of a powder particle

Then the relative density (i.e., the bulk density to fully consolidated density
ratio) is simply

• = _______ (E.6)

~sol id

From Eqs. (E.4) and (E.5)

m = 

~solid 
V(l—v) (E.7)

- - ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --
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Since
m 0

then in Eq. (E.5)
= —pD~~ (E .8 )

Also

O = ! (E.9)
k v

. 4
Taking the derivative of Eq. (E.7) and using Eq. (E.8)

= (l_v)[D~~ + solid (E.10)

~solid

Note that
_____ = —D 

solid (E.ll)

~so1id kk

and assume that

0kk 
= 0

kk 
+ D

~k 
(E . l2)

Then substituting Eqs. (E.ll) and (E.l2) into Eq. (E.lO)

v = ( l—v) [D
~ k + (D k — D

k~
0l
~~~)] (E.l3)

It can be demonstrated that

Dkk — Dk~
0l

~~ I < < I D
~k I (E . l4 )

by considering a sphere of outer radius b, containing a central void of radius a.
The outward elastic displacement of the outer radius of the sphere when subjected

to an ex ternal hydrostatic pressure, F, and no in ternal pressure is g iv en b~

= — 
(l—2~~)Pb 1 + (l+v)v (E.l5~-

E 2 (1 — 2 ’.. - )

~~~~~~~ 
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I
where v = -~~~ is the void volume fraction

= Poisson ’s Ratio of the solid material

E = Young ’s Modulus of the solid material

The apparent elastic volume change per unit volume is then given by
4

• = 
4~ b~ u 

= 
-3( 1-2 :)? 

~ + 
~~~~~~~~~~~~~~ ~t 

(E.l6)

~ ~b
3 E 2

3

The volume change of the solid particles per unit volume is

— 3 ( l— 2 v ) P  ~ 
solid (E .l7 )

— - kk ~tV E

then

De D~
°1
~~ 

— 
( l~ D~~

1
~~ ~ 1 ~~

kk — kk 
— 

~ D
e J 

(E.l8)

- kk

Subs titu t ing Eqs. (E.l6) and (E.l7) into Eq. (E.l8)

1+ v

e solid (1_2v + 2 ) v 1 e (E. 19)
- D

kk 
= 

l -2v +(!±~\~ J 
O k,

\ 2  I
The term in the brackets is proportional to the void volume fraction and varies

between zero and one. Therefore, for porous metal subjected to a hydrostatic

pressure

- D~~~~~~)dt  (E .2 0)

where K = 
3(1

E
2 )  is the bu lk modulus

The plastic part is

f  D?~~~ v

4
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For a pressure of 15 ksi, and a bulk modulus of 25 x 10
6 ksi. The ratio of

the integrals in Eqs. (E.20) and (E.21) is about 0.0006 and therefore the error

introduced by neglecting D~k 
— D

~k 
with respect to D

~k 
should be less than

one—tenth of one percent.

Therefore assuming that
D~~
°’
~~ 

(E.22)

-~~~~ Eq. (E. 13) becomes

= = (l_v)D~~ 
= Xk 1 (E.23)

Applying the normality cond ition , Eq. (14)

. . . 2 2
Ti = v A (l- v) ~ S I~ (E.24 )
1 -) -‘-

and therefore 2
= ~~

- (l—v)S I
i 

(E.25)

The second deformation measure, plastic work rate, W~, is simply given by

= = a D~ = ~k (E. 26)
2 i j  ij

and from Eq. (14) = = x (.~
. a

2
)

2 2
k = — a  (E .27 )

2 3 °

Substituting Eq. (E.26) and Eq. (E.27) into Eq. (15) will g1~’e the plastic

part of the velocity gradient tensor from Eq. (11) as

O
p 

= - 

(
~~~5

2
~l÷~2)(~~ B

2
I
l
ó
i j  

+ (E.28) 



Where

2 2 2 2 ~ a
H = — SI — ( l—v)5 I ~~ + — a —

‘ 1 3 1 3 0  r~ (E .29 )

~~~~~~~~~~~~~~ 14 
(l_v )S 2Il 

+_ G

Equation (E.28) can be written equivalently as

D!. = 
- 

~~J 

520kk6ij+5ij
H
~~ 

8
2
6kl + S~~ )

1 
(E. 30)

For an isotropic material the elastic part of the velocity gradient tensor
is g iven by

D~~. = ! [(l-4-v) 
~ ij — “ kk (E. 31)

or 

~~ = 4 [ (1~v) 
(6ik 6jl 

+ 6
il 

6jk~ 
- v 6

ij
6kl j ~kl 

(E.32)

Combining Eqs. (E.29) and (E.30) gives the elastic plastic constitutive law for
small deformations as

Di. = ~;•~~1 ~kl (E.33)

where

= ~ E(~~~
)(6

ik
6
jl + 6 i16 .k ) - V 6ij6kl 

(E.34)

- 
~ 

[.
~ 

5
2
a~~ 6~ j + f -

~~ 

S
2o + S

kiJ

76 
~~~~~~~~~~~~~~~~~~~~~~~ . -~~~_ _- --

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



__
~~~~~~~~~~~~~~~~~~~~~~~~

- - - w ~~zr; 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

APPENDIX F

ELASTIC-PLASTIC SMALL STRAIN MODUTLI FOR VOLUME PRESERVING
PLASTICITY WITH ISOTROPIC HARDENING

In nonlinear stress analysis it is desirable to develop a constitutive
relation describing stress increments in terms of strain increments or

e-p 

~~~ = L~~~ 1 ~~kl (F.1)

where L.. are the small strain e’astic—p lastic moduli.
i jkl

Cons ider a y ield sur face  g iven by

f ( a .., h )  = 

~2 - = 0 (F.2)

where 

= —2 2 1 3 ]3
1

S .. = a .. — — 6 .. a
13 13 3 13 kk

h~ 
= o~~

(
~~ ) ,  and

—p / 2~~.p ~p
c = V 

~ 
is the e f f ec t ive  p lastic strain (F. 3)

Decomposing the strain rates into elastic and plastic parts

(F . 4)

[ and applying an associated flow rule

.p ~~~= A = A 
~~ 

(F. 5)

The elastic part of the strain 4 s simply given by Hookes law or

.e 1+’)
tij 

= 
E °i j  

— 

~ °kk ~~ (F.6)
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_

~~~~~~~~~~~~~~ •

Substituting Eqs. (F.5) and (F.6) into Eq. (F.4)

- l+v V
c .. = — ~~ .. — — a  6 + X S . .  (F. 7~13 E 13 E kk ij 13

We require for consistency that

f o

or

2 do 0 . ~.S ..S .. — — o  — c~~~~ O (F 8
13 13 3 ° d ~ P

Using the associated flow rule , Eq. (F.5) in Eq. (F.8)

/ 2 \ 2 2 do
S .. S .. — 

~
-
~- ) a .2~ A = 0 (F. 9)

Constracting Eq. (D.7) by premultipy ling by ~~ and taking note of Eq. (F.9)

. 3
A = -, 2(l+V) do 0

2o 1 + (F.10)
0 3E dc~

Substituting Eq. (F.l0) into Eq. (F.7)

- 

2 /  2(1+V) da \] 
c kl 

= - 
~~~

2a ~ l +  3E

which can be shown to result in

. E V 
3 S i .S

a . = —  6 . ~~~~~~~~ .6  — ______________

iJ l+V ik j l l— 2V ~J kl C kl (F.ll)
2 2 ( l+ V )  do 0

2o 1+
0 3E ~~~

Comparing Eq. (F. l) and (F. ll)

e—p E V 3S ij S
Ljjkl 

= 1k jl 
+ 

~~ ii ki 
- 

2a 
2 (i 2( l+V) da ’

\ 
(F.l2)

0 3E dZ~ /
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APPENDIX C

RIG ID SPHERICAL INCLUSIONS

Consider the validation experiment consisting of a rigid spherical inclusion
in a powder metal of infinite extent. The final density after a partial HIP, at
each radial location in the powder metal, will be determined by the stress his—
tory at each point in the powder metal. Assume that the powder metal is an
isotropic homogeneous elastic material. The stress distribution can be found by
applying the classical equations of elasticity.

In spherical coordinates for  spherically symmetric problems (Ref. 34) ,  the
strain displacement relations, for small strain elasticity, are:

due dr (c.1)

e0 
= e = (c .2)

where u is the radial displacement .

The remaining equilibrium equation is:

a + a
Cr ~ a )  - = o (G.3)

where 0
0 

= a , and no body forces are present .

For an isotropic , homogeneous, elastic solid only two material parameters
are required which are constants throughout the body. Under this condition the
stresses as a function of the radial displacement are given by:

o = ~~~~~
)
E

( 1 2 )  
{( 1-V ) + 2v ~ 

], and (G. 4)

E u
= a = fv — + — J , ( G . 5 )

( 1+v) ( 1-2u) dr r

where E is Young’s modulus , and v is Poisson ’s ratio. 

_
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Substituting Eqs. (G.4) and (G,5) into the equilibrium equation results
in

d
2u 2 du 2

+ _ —
~~~ u 0dr2 r dr r~ (G.6)

The solution to Eq. (G.6) is:
4

U = C
1
r + C

2
/r
2
, 

~G.7)

where C1 and C2 are arbitrary constants. The boundary conditions are:

u = 0  a t r = a , and (G.8)

~ — P  as r -
~ =, (G. 9)

where a is the outer radius of the inclusion , and p is the external applied
pressure. Substituting conditions (c.8) and (G.9) into Eq. (c.7)  specifies
the two arbitrary constants and results in

= - ~fi + 2(i-2v) 
(~~~~~) 

~~ 

J 
(G.1O)

0
0 

= 0~~ = _P1l_ (l_2v )(~~) I (G.1l)

The f i rst invariant of the stress is a constant and is given by

Ii 
= _ 3P (c.12)

and the second invariant of the deviatoric stress tensor is

= /~
‘ ( i—2v) P (

~
) ~ (G.l3)



- - APPENDIX H

RIGID CYLINDRICAL INCLUSION S

Consider the validation experiment consisting of a rig id cy lindr ical
inclusion in a powder metal of infinite extent . The final density after a partial
HIP , at each radial location in the powder metal will be determined by the
stress history at each point in the powder metal . Assume that the powder

~ me tal in an iso trop ic , homogeneous elastic material , sufficiently far from the
ends , near the inclusion a plane strain situation will result. The Stress dis-
tribution can be found by applying the classical equations of elasticity .

In cy lindr ical coord ina tes for  plane strain axisymmetric problems
— 

..  w v 0

where w is the ax ial or z d isp lacemen t , and v is the c ircumferen t ial or e
disp lacement. The strain disp lacemen t equa tions , from Ref. 35, are:

U
e
& r (H.1)

due = (14 ’)r dr

where u is the radial disp lacement. The remaining equilibrium equation is

r ~r 
~~ O

r
) ~~~ (11.3)

For an isotrop ic , homogeneous , elastic solid onl y two material parameters are
required which are constants throughout the body . Under this condition the
stress as a function of the radial displacement is given by:

= 
_ _ _ _ _ _  (:- )~~~ +~~~~lr 
(I+v)(~ii~~~) dr r J ‘ (H . -4 )

0 = (~+~)( :-~J) fv ~~~ + ( i -u )  
~~ 

(H . 5)

a = v ( o  +0  ) (H. (’)

/ 
z r e
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where E is Young ’s modulus , and V 15 Poisson ’s ratio . Substi tut ing Eqs. ( H . 4 )
and (H.5) into the equilibrium equation results in

d u  i d u  1
— + —  — —~~~~ u O .  (H7
dr2 r dr r~

The solution to Eq. (H. 7) is

02
u 0

1
r +  (H.8)

where C1 and C2 are arbitrary constants. The boundary conditions are:

u O a t r = a , and _ 
(H 9)

= —P as r -
~ , (H . l O )

where a is the outer rad ius of the inclusion , and P is the external applied
pressure . Substituting condit ions (H.9) and (H.lO) into Eq. (H.8) specifies the
two arbi t rary constants and results  in

2
(1— ~v)a 

—

0 —P 1+r r2 (H.il)

- - (i—2v)a
2

0
~ 

— — 

r2 (H.l2 )

= —2vP (H.13)

The first invariant of the stress tensor is given by

I = —2(i+v)P
1 (H.l4)

and the second invariant of the deviator-ft :~tress tensor is

= (1-2v)p /1 
+ 

(H.15)

3 \ r /  
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APPENDIX I

THERMAL CONDUCTIVITY EFFECTS

Consider a long cylinder filled with powder metal. It is desirable to
know the temperature distribution in the powder metal in order to estimate the
variation in mechanical properties due to their temperature dependence. The
heat transfer due to thermal conductivity will be governed by the well known

4 Fourier heat conduction equation below:

2
- ‘  K V T pC (1.1)

where T is the temperature,
K is the thermal conductivity ,
p is the density,
c is the specific heat,
t is t ime, and

2 1 
~V T = — -
~~

-— (r —
~
_.) for axisyimnetric conditions. Assume that at the outer surface

(i.e., at r=a) the temperature is rising linearly with respect to time, or

T = ~0t ( 1.2)

where T0 is a constant . Equations (1.5) and (1.2) imply, that for a constantly
rising condition

T = R (r) + T t  (1.3)

Substituting Eq. (1.3) Into Eq. (1.1) and (1.2) results in

~~ ~~
— (r ) = peT (1.4)

r dr dr o

and

H = 0 at
(1. 5)

r a
The solution to Eq. (1.4) is

(1.6)

~L .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ .~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The temperature is f in i te  at the center ( i . e . ,  at r equals 0) and ther efo re
C2 is zero. Equation (1.5) specifies C1, giving for the steady temperature

• 2  2
T(r ,t )  = rt t — p cT0a 1 — (L ) ( 1.7)

a

The steady temperature difference between the outer surface and center of
the cylinder

4
. 2

E~T = T(a,t) — T(o,t) = 
~ 

c
0
a ( 1.8)

c
_ I

As an application of Eq. (1.8) consider a metal whose properties are

p = 0.287 lb/ in. 3 ,

c = 0.14 Btu/ lb/F , and

K = 195 E t u — i n . / f t 2 /F.

For a powder of this metal with a 30 percent volume void fraction the thermal
conductivity is reduced by the small contact area of the particles. Assuming
the reduction in contact area and the radiation transfer across the voids combine
to reduce the thermal conductivity to 1/20 of the above value, the steady tem—
perature difference is approximetely 50 F for an outer radius of 1.5 in. and
the outer temperature rising at 200 F/hr .

For the fu lly densif ied powde r metal  the temperature decrease would be
approximately 3 F. The actual temperature difference would lie between these

two extremes during the P.1? process , with the t emp erature di f ference decreasing
as the powder metal compacts.

- 
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TABLE 1

TASKS AND SUBTASKS FOR MODELING THE HOT ISOSTATIC
PRESSING PROCESS

Task 1: Constitutive Model Development

4 1.1 Yield Surface Determination
1.2 Deformation and Time Hardening
1.3 Flow Rule Development
1.4 Creep Effects

Task 2: Code Modifications

2.1 Code Familiarization
2.2 Numerical Strategy Definition
2.3 Code Modifications
2.4 Code Modification Verification

Task 3: Material Properties Determination

3.1 Partial HIP Experiments
3.2 Mechanical Tests
3.2.1 Elevated Temperature Compression Testing
3.2.2 Elevated Temperature Tension Testing
3 .2 .3  Creep Testing -

Task 4: Constitutive Theory Verification

4.1 Verification Design and Analysis
4. 2 Verification Experiment
4 .3  Correlat ion

Task 5: HIP Process Sens i t iv i ty  Stud y

Annual Report

Fi nal Report

R 5
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TABLE 2

VALUES OF f(x), Eq. (63)

X f ( x ) x f ( x )

0.00 0.000 0.50 0.582
0.50 0.051 0.55 0.653
0.10 0.103 0.60 0.728
0.15 0.156 0.65 0.806
0.20 0.211 0.70 0.889
0.25 0.268 0 .75 0.979
0. 30 0.326 0.80 1.075
0.35 0.387 0.85 1.181
0. 40 0.449 0 .90 1.300
0.45 0.514 0.95 1.441
0.50 0.582 1.00 1.645

L
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TABLE 4

Test Conditions for

Partial HIP Experiments

All specimens preheated for 12 hrs at 2000 F and 1 atm

Final
Exp . Specimen Conditions Relative
No. No. Temp., F Time , m m .  Pressure, ksi Densi ty

1 — 2135 20 5 1.000
2 — 2135 10 2 .5  0.994
3 — 2135 10 1 1.000
4 — 1800 10 1 0.74 6
5 — 1600 10 15 0.706
6 — 1600 10 1 0.719
7 1002 , 03 1800 10 4 0.794 ,0.798
8 1004 ,05 2000 10 15 0.990 ,0.9 84
9 1006 ,07 1800 10 8 0. 891 , 0.82 2
10 1008 , 09 1800 10 6 0.809 ,0.86 1
11 1010 ,11 1800 10 10 0.902 ,0.909

12 l012,NG 2000 10 4 0.984,leaked
13 l0l7~ l8 1800 10 15 0.863 ,0 .922
14 1019 ,20 2000 10 2 0.852 , 0.934
15 lO2l,NG 2000 10 4 0.955,leaked
16 1031,32 2000 10 3 0.819,0.949
17 1043,44 l9uO 10 4 0.894,0.905
18 1059 ,60 1800 60 4 0.887 , 0.93 3
19 1061, 62 1600 10 10 0.758 ,0.743
20 1067 , 68 1600 10 8 0.756 , 0.756
21 1068 , 70 1900 10 2 0.767 , 0.832
22 1071 , 72 1800 30 8 0.912 ,0.8 17
23 1073 , 74 1800 30 4 0.881 , 0.883
24 1089 ,90 1600 60 10 0.806,0.812

25 1091 , 92 1600 60 8 0.800 ,0. 763
26 1098 , 99 1800 120 4 0.900 , leaked
27 1100 ,01 1600 120 8 0. 765 ,0.811
28 1102 , 0 1800 240 4 0.881 , 0.9 63
29 1106 ,07 2000 30 2 1.000 , 0.936
30 1108,09 2000 60 2 1.000,1.000
— NG ,NG 1600 10 15 both leaked
— NG ,NG 1600 10 15 both leaked
— Nr~,NG 1600 120 8 both leaked

— Sintered Only — — — 0.707 ,0.6 86 ,
0.705

8~’
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TABLE 6

STATISTICAL GEOMETRY CHANGES FOR

4 COMPRESSION TESTS

Mean Std. Dev. tn—i
Ratio , F ina l / In i tial in S

Height 0.9345 0.029 — 2 . 2 5
Diameter 1.0330 0.010 3.31
Volume 0.9975 0.015 —0 .17

F !
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R79—944374—7 FIG. 1

SCHEMATIC OF HIP PROCESS
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R79—944374 —7 FIG. 2

HOT ISOSTATIC PRESSING CONFIGURATIONS

(a) SAMPLE HIP CONTAINER
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R79—944374—7 FIG. 6

ASSUMED YIELD SURFACE IN PRINCIPAL STRESS SPACE FOR 03 =0
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R79—944374—7 FIG. 7

TIME HARDENING MODEL OF CREEP STRAIN PREDICTION
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R79—944374—7 FIG. 8

LOCATION OF MERL 76 PARTIAL HIP CONDITIONS
ON CREEP DEFORMATION MAP FOR NICKEL
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R79—944374—7 FIG. 9

HEXAGONALLY CLOSE PACKED SPHERES MODEL

(a) GEOMETRIC CONFIGURATION
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1 ONE OF TWELVE FIVE—SIDED PYRAMIDS WHICH CONSTITUTE THE UNDEFORMED SPHERE
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COMPARISON OF POWDER COMPACTION FORMULAE WiTH FINITE ELEMENT RESULTS
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AXISYMMETRIC MODEL OF COMPACTING SPHERE
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R79—944374—7 FIG. 16

COMPARISON OF RESULTS OF POWDER COMPACTION FORMULAE
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R79—944374—7 FIG. 17

ELASTIC—PLASTIC STRAIN DECOMPOSITIONS
FOR BILINEAR STRESS—STRAIN LAW
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ELASTIC—PLASTIC ITERATION PROCEDURE
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CREEP ITERATION PROCEDURE
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FLOW CHART FOR CALCULATING MATERIAL STIFFNESS MATRIX
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1PARTIAL HIP SPECIMENS AT VARIOUS PROCESSING STAGES
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FINAL DENSITY OF PARTIAL HIP SAMPLES
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1.0c

0 1OKSI 1600 F

V 8 KSI

> 0.90 — V TWO SPECIMENS

CREEP MODEL
0
LU

I •

~~~~~~~

1 : 1 L: 0

O

0

4 KSI

~~~~~~~~~~~~~~~~~~~~~~~~~~~

—j 0.80 —

0 8 KSI

CREEP MODEL

~ 0.90 — 
~ 2 KS1

• TWO SPECIMENS
• • _________ CREEP MODEL

• Ui
• •

( 080 I I I I I

10 100 1000
TIME — MIN 79— 07—82—3

117



-‘U ’

• 
R79—944374—7 FIG. 28

MICROGRAMS OF PARTIALLY COMPACTED MERL76 POWDER
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I

SECOND DEVIATORIC STRESS INVARIANT FOR RIGID SPHERICAL

INCLUSION EMBEDDED IN AN INFINITE ELASTIC SOLID
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I

SECOND DEVIATORIC STRESS INVARIANT FOR RIGID CYLINDRICAL INCLUSION
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CANDIDATE VALIDATION TEST CONFIGURATION
USING CYLINDRICAL INCLUSION
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