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THEORY OF THE RESISTIVE HOSE INSTABILITY IN
RELATIVISTIC ELECTRO N BEAMS

I. Introduction

There is a large and growing literature on equilibrium and sta—

bility
2_6 

of intense relativistic electron beams propagating in ini a~~y

neutral gas or in preionized plasma.8 The most serious magnetohyiro-

lynamic instability of a team in a resistive plasma ohannel appears to

be the resisti1e hose (m = 1, instability. This paper ievelops a

Vlasov—Maxwell theory of the resistive hose instability in an in f in ite y

long intense relativistic electron beam , propagating paralle to a uni—
A A

form magnetic field 3 e , with axial velocity ~ ce ( F i g .  . A dense

background plasma is assumed to provide space charge neutralization , and

the beam electron motion is taken to be paraxial ~~z >> 
~r 

+

which requires that v/y.<< 1, where ~ is Budker ’s parameter and

is the characteristic energy of the beam electrons. Equilibrium an-i

stability properties are calculated for rigid—rotor equilibria, which

depend on energy H and canonical angular momentum P
0 exclusively

• through the linear combination H - where is a constant , and for

the related cold laminar flow equilibria , where can be a function of

radial position r. Some of the results presented in this paper appear

in the unpublished literature ,9 but are included as required for com-

pleteness.

Not. : Manu script Submitted August 17 , 1979. 
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Equilibrium properties are examined in Sec. II. In Sec . IL~, an

integro— differential  eigenvalue equation is derived , assuming only that

k 
~~~ ~~ b <<0~ 

and that there is complete space charge neutraliza-

tion , where k , i~, and Rb are the axial wavenumber , frequency , and bean

radius . The eigenvalue equation is reduced to an ordinary d i f ferent ia l

equation :~~~~~~~
. (~C) J  in either the ool d laminar flow limit , or in the

:ase of a sq.uare radial density profile . By using a variational tech-

nique , an approximate dispersion relation [Eq. 6~ ) J ,

~ f drr ~(r) (

~~~

)

2 

firr ~~
o ~~bo 

( 

+ ___________

is obtained in Sec. lIlT . :A slightly modified form holds when there

is a conducting wall at ~~~ Here ~ (r) is the plasma electrical con—

-d~ ct ivity , ~~~~ is the betatron frequency , u c is the cyclotron frequency

associated with the field 3 e , f is the fractional current neutraliza—o ~ z

tion of the eauilibri ’~m , and A (r) e and J C r )  are the equilibrium
- o ~ z bo

vector potential and beam current density, respectively. The dispersion

relation , Ic. ( 61.4) , constitutes one of the main results of this paper ,

and can be used to investigate the resistive hose instability for a

broad range of system parameters and arbitrary beam density profile.

Ir~ the special case of a Bennett equillbrium profile , the dispersion

relation can be further simplified to Eq. ( 7 6)

_iL
~
JT

c~ 
::~~f~~~

2
: f~m

)
2 ~: E~ 

-
~:~ ~~ 

( 2
~2)1

where ~~~~~ 
~ is a ~haract er ist io  diffusion time Eq. (~ 8)
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for the perturbed magnetic field , and i~ ~~ (r = o )  is the naximu~

va ue of ~~~~~~~ This is a generalization (to include non—zero and i )

of a result obtained by Lee3 within the framework of a distributed—

artificial—mass model. For a square beam profile , the dispersion rela-

tion reduces to

2 °
~-2 2 

— 

l_R
b ~~c

~~~~~~~ l f  2 2— m I — i~~ T d
(l_R ,

~ 
/ R )

which also includes the effect  of a conducting wall at

In Sec . IV , the stability properties are il ustrated and discussed

at length for a square beam profile , with particular emphasis on the

influence of the applied field (~~ ) ,  the conducting uide (through

Rb /PC ) ,  and the fractional current neutralization It is found

that the applied magnetic field and the finite channel radius strongly

reduce the growth rate, whereas low frequency perturbations are con-

siderably destabilized by even a small fractional current neutralization .

3



II. Eq~ilibrium

We consider the equilibrium oonfiguration i~~’~stratei in Fig. I,

ocosist ing of am intense relat ivis t ic  electron bean propagating tara l le l
A

to a uniform antlici rnaEr.etio field e , throu~b. a back~round niasma- - oz — z -

wnose oond.ucti-iit;r varies with radial position. ylinirioa polar

ccor~inates (r, ~ , z) arc used , with the I—axis along the axis -of

symme try. Path the beam and r asma , in ecuilibr ium , are assume d to  be

azimuthaLlv symmetric (~ /3e = D , infinitaly ..or.g, and uniform axia~~y

= . )  T~’c ceam is c’arac:e~_ze1 cy de-si~-i ore 
__ e , cur-

rent densi ty J, ( r ) , and number of electrons ter unit lerxth N. and
00 -

cffecti-re raitus 9~~, each def ined by

N, = 

~~ 
j  drr ~~~( r)  = r ° 

~~~ ( r  = 0). (1)

:n this paper , we investigate the equilibrium and stability proper-

ties of steady state (~ /~t = 0) beam distributions of the form

~ ? ) = F ( i _ ~u 0 )Ô (~~~P )  (2)
bo ‘ ~~‘ z b~~ z b

where the total energy ,

H = (m~c~ + 
~ 

2 2 ~1 = y me 2 , ( 3 )

the canonical angular momentum,

P0 = r(p~ — 
~ e3~~r/c)’ 

(:~)

and the axial canonical momentum,

= - ~ A ( r )  ( 5 )

S — S



are the three single particle constants of the mot io n .  In the above ,

£ = 

~~r
’ ~~ ~~ the mechanical momentum, and —e and m are the elect ror.

char~e and rest mass. A (r) = .~~ (r) e is the vector ootentia associ—
— c  o —z -

ated with the self—generated azimuthal na;r.etic field ~,(r); from

~mtere ’s Ia’s ,

r r r~~~~A (r) E~~~~— r ~~~ (r)

= 
~~~~

- :J (r) + J (r) (.5)c bo po

— 
m~ 

JbO ( r ) ,

where J (r) is the axial plasma return current . For siz~licity, we

consider in this paper only the case where J is a uniform constant

fraction of as indicated in Ea. (6)~ We note that the distribu-

tion function (2) depends on H and P~ exclusively through the linear

combination H — 

~b~3 ’  where ~b 
is , in genera:, a constant. (In the cold

fluid limit discussed below , each particle is localized to a particular

value of r , and it is possible to allow w
b 

to be a function of r, thus

permitting sheared rotation.) The mean azimuthal motion of the beam

electrons described by Eq. (1) corresponds to rigid rotation at angular

velocity 
~~~ 

It is assumed that the beam is completely space charge

neutralized by the background plasma.

We assume in addition that the motion of the beam electrons is

par axial , i.e.

+ ro
2<< 

~z
2

~ ( 1)5



:ne-oua:ity (~~) ,  which applies to the random contonent of elect ron

mot i on as well as to ordered beam rotation , requires that

L e 4 (I - f )
= S.. - —  

.-

~~~~

- << I , (~~)
Yb y. mc~ 

— ,~~ 0 O ( .  ants

wh~re .~ is ~ciown as ~utker ’ s tar ameter , 7. = ~~c and y. nc~ are the

characterlltio beam el~ctr:n axial velocity ant energy , and :~~ is the

bean current Leas the alasma return current . :~ also follows from ( )

b a t  the axial self—generated magnetic f ie ld  ( due to bean r o t a t i o n)  can

be neglected , since its dynamical influence smaller toan that of tne

azimuthal self— field by order r.
2 ’o~~ . Thus the e:uilibriuz magnetic

field is taken to be

A A
B (r) B e + B - (r) e ,
—o oz —z cc —

~~~~

where B~~(r) is determined by Eq. ( 6 ) .

7sing (j ,  it follows (a f t e r  some s t ra ightforward alcebra)  tnat

H - ~,?~can be approximated by

2

H -u~.?~ Yb 
mc~ + + ; (r), (I:)

where 
,~~ is the random c omponent of transverse mcmentum ,

.1.

+ 9~~ bm2
~~b ,  (1:)

the e f f e c t iv e  potential ~~~( r ) ,  associated with both magnetic and

centrifugal forces , is

~ ~b 
~~2 : 

~~b~~C~~~ b
2 ’

J + w..2( r ) ,  ( 1 2)



2 ( 2~~ , . ( r ) / ( ( bm r )  ( 13)

is the sc’oarei betatran frecuency (the electron oscillation frequency

in the absence of bean ro t a t ion  and of an axial B—fie ld ) ,

e3 /mYbc is the bean electron cyclotron fr equency ,  and the

characteris t ic  axial velocity of the beam is defined by

.1 c ~~. P. /y . n .  ( I I )
o b o c

In (~~ ) we have set A(r = o) = 0, without loss of generality.
M&~inc use of Eqs. (2) and. (13), the beam density trofile can be

expressed as

~~~~( r )  = 2~ d~~ (., mc 4 
+ U ) ,  ( :3)

~~~

r)
0

• 2 .w~ere 1 H — 

~~~~~~ 
Y b

mc is an effect ive  transverse energy var lac_ e

in the rotating frame of reference, and, the lower u nit of integra—

tic~ , ~0
( r ),  is the minimum Dossi~le value of U for an eiectr~n at r.

_o owest crier in + p
9 

)/p  , tne mean ax:au 7e~ ocoty o: toe cean

is appro ximated. by T. ,  -defined in Ic. (l~ ) ,  and is independent of

limllarly , we f in d  bh~ t the mean azimuthal velocity is ap o-raximately

7 . . ( r )  
fi~r •0 Thc/f 

d 3rf , = (: 6)

correspcn-din~— t c  rIgid rotat::~. at :cr.stunt angular vellc ity i. . . From

E~ . (6), and. the constancy of 7b ’  
we obtain the equilibriim azimubna .

~‘.: ~~- •~

E~~ ( r )  = - ~~ (: - f
m

)r
_

lj  ir’r’ ~~~(r’ ).



From Eqs. (6), (13) and (17), ~~
2(r) can also be written

2 r
= ~ue b (i - 

~~ 
f  dr’ r’ ~~~(r

’ ). ( 13 )

YbmT 0

We also consider the case of cold laminar flow , characterized by

i~I
(:~)

for all r. Subst i tu t ing  Eq. ( 1 2 )  into Iq. (19) and solving for

we find

± ~ 2 2
= ~v ( r ) = -~ w ± + w . (r)j2 . (20)

c c

The equilibrium described by Eqs . (2) and (20) is one in which each

electron is localized near a particular value of r , performing a nearly

circular helical orbit . Since r is a constant of the motion (to lowest

2 2 2 2  2 .order in p~ /y
b

m r ~‘ ~b 
can be permitted to -depend on r , caving

sheared cold. fluid rotation , rather than rigid. rotation . The conditions

= .u+(r) and = ~i (r) correspond respectively to fast and slow

laminar rotation .

it will also be useful to re~~’ite Eq. (15) in the forn

~~. 

d 
= 

~~
‘
~b 

m F[Yb
mc2 +

= 2
~~b

m F[yb
mc + 

~ 
(r)][ (r)-

~
iJ
b~ 
:iib~

JJ (r)J. (21)

As a first example , we consider a loss cone distribution ,

= (n
b
/2rT ‘/b

m) ô ( H
~
w
b
PS

_y
O

mc2)ô(PZ_Pb ), (22)

8



woere ‘
~ 

is a constant sa t isfy ing ( 0 >Y ~~. Subst i tu t ing Ia .  (22) into

L . (:5), we find

n. , 0<r<R ,
0 0 ,~~~~. -r = 

~ b< r< ,

w~iere ~~~~ is defi ned by

2 2y. mc r
= ( S ‘2Th )‘1’~

and

2 
2rrne~~ , 

-= . ( m  — 
m ”’

so that  J~~ and ; (r)/r° are constants , indetendent of r.

T~e most ~‘a’-a1~ar examples of beam eq~~.~ _b ria ~iu -i se ‘~ao .a_

r rcf l les  occur when the beam electrons have a -Tibb s d is t r ibut ion  of

“transverse energy” , i.e.

(H-ii~,°~—y mc
2\

Thc~
”’ ? a , ? ) = 2rr y,mT exp / ~ 

~~:~~b ’ ‘

For the case where the axial magnetic field. is absent , = o, or where

its effect is canceled by the centrifugal force of ordered, beam rota-

tion , i~. = ,u , the distribution function of Eq. (25) generates the

familiar Bennett proflle. intense relativistic beam eo~ullibria are

discussed. in many references. 1

9



ill .  Linearized Vlasov—Maxwell Analysis

A. Derivation of the Inte gr o— Tifferent ial Eigenvalue Ecuati- o n

In this section , we use the linearized ‘Jlasov—Maxwell equa-

tions to investigate the resist ive hose (m = 1) instability of intense

relat ivist ic beam equilibria described by Eq. ( 2 ) .  We adopt a normal

mode approach in which all perturbed quantities are assumed. to vary with

5 , z, and t as

~r ( x , t )  = ~ ( r)  exp :i ( e  + kz — .ut) (26 )

with In u > 0. In practice , it is often more convenient to use 1’ and z ,

rather than t and z, as independent variables , where

T~~~t — z / V, . ( 2 ~~)

n this representation ,

= ~~r) exp i(a — 0z/vb — ~~~~ 26 ‘ )

where ~ J.~.-kV~ is the frequency Doppler shifted to the beam frame.

Either -i~ or ~ may be regarded as an externally determined quanti ty,

depending on the situation envisioned. If, for example , a perturbation

is initialized by a deflecting structure at z = 0, then ~ is the real

frequency of the deflector , and 0 , complex in general, represents the

oscillation and growth (or damping ) of the wave as a part icular beam

se~~ient propagates downstream . If, on the other han d , each beam se~~ent

is taken to oscillate at a fixed real frequency ~1, then u represents

the growth of the wave as one moves backward from the head of the beam.

occurs through the dynamics of particular beam se~~ ents , and thus

10



scales with the natural cscillat :cr. freouer.cies of toe beam e ectrons ,

.~~~, ama ii
±
, woo_c ~ occurs borcugn one magnetoc cout_ :r.g of zofferent

bean segments , and. thus scales with magnetic decay t i nes .

We assume that the plasma is col l is ional  to the extent that

it is characterized by a real , soalar cor.ducti--ity :(r). We further

assume that the perturbed beam space charge field is comuletely neu-

tralized by the plasma , which requires that

( 25)

for r ,~ , the beam radius . We consider only wavelengths long and. fre-

quencies low compared to quantities that character ize  the bean radius ,

i.e.

k << , (29a)

~
j << c ; (2 9b )

there fore

P << c . (2 9 c)

It follows that the transverse electric components of the perturbed fields ,

~z’ 
1r ’ 

and E~ , can be neg ected., and the ter turbat ion can be rerresented

in term s of a perturbed axial component of vector potential A e :
A

3 ~r )  = — , (3 0a)

~ ~Jr), ~3Ob )

A

E — ~~- ~~~~. ( 3 0 0 )
z c ~t



4
A fte r sc~~ ~~;ebrai~ mami:u .aticr Antere ‘s law for .~(r) can

be expressed as

A
A .- — ‘ A  ~ 

(
rA + - 

_c_ = — 2 c ’ -or r or

-..-here ~
‘.~~r )  is the rerturbed axial beam :urrent -density,

= — efi~tvf .(r ,p) , ( 32 .

and the perturbed. beam alectrom dis t r ibut i on is given by
A

0 I I — •. I
4 iy :c 3 x ) o:. x ,p

= e J ~~ ext ~- ~i.i ~~~ 
) . ( 3 3 )

—~

Eq. ( 3 3 )  , T— ’ç and x’ (i ’ , v’ (T ’ ) traces the unterturbed. electron

tra.~ectcries backward in time , giver, the initial conditions x’ ~T’ = T

/ i’ = i )  = v. Using ( 3 0 )  to substitute A for  3, and performing some

straight forward algebra , we f i n d

~.(r ,p) = ~~ z ~o 
~~ ( r )  + “

~~b~~f:~~ 
i .~(r’ ~ex~~i:s’~~~~Ti:}. (3-)

We next introduce the polar momentum variables 
~~~~ 

s) in the

rotat ing frame , defined by

+ ‘ib~~b
1 = P~ 

COS $
( 3 5 )

Py
_ Y

bm%X
31

where p,~ is -defined in Eq. (11), and the Cartesian coordinates x , y)

are related to the polar ccord.iriates(r , 5) by x r cos 9 and

y = r sin 5. Substituting Eq. (31) into Eq. (32), and making use of

- S  •



Eqs . ( ‘ )  and ( 3 5 ) ,  the eigenvalue equation (31) for resistive hose in—

stability can be expressed as

I ~ “ 
~~~~~ /

~~~~~r.—~~~--~-— \~~
—)

= ~~~ e _ ,  j i~ ~~~~~~~~~ ~(:~ - ~~~~~ ~~~: r)  + - L~~):~ ,

where the orbit integral : is defined by

= 
ij ~~~~~~~~~~~ f  d~~ 1r’ ) exp~ i(5 ’ — S ) — . 

~~~ 
.

The in teg r o— li f fer e n t i a l  ei~ en’r aIue ecuat it r .  ( 36) 200stdtutes one of t:oe

main result s of tois  race r and can be used to  im’resticate s tab il ity

proper t ies  for  a broad range of system raraneters .  We emp hasi ze tha t

E-~. (3 6 ) has been derived. with no a priori assumtticn that the bear. is

c-old , or unifcrm , or that  the perturbation is a rigi d di sp lacem en t . 4 ’3

However , on each of these limiting cases , q. ( 36 )  can be simalified

considerably , as discussed. in the remainder of tois section.

• L  -



B. Cold Fluid Description

The orbit integral I and corresponding eigen’ralue equations

are obtained in this section for the cold fluid equilibrium.

Substituting the identity

~ (r~ = 
j  

-ir~ r’ ~ ~ (r’ 
~ 
f  dx ~ j,(;~~

’ ) ;. (kr’’

into Eq. (36b), we have

i = dr~
’’ r”’ ~(r’”fdx X J,~~.r’’ ) f i d~~ exp ( .-i.l~~ )

f  1$ (Xr’) exp Ei (B’ —

where is the Bessel function of the first kine of order 2 .  De-

fining

F
= 5\.cos m , A. = A. ~in m ,x y

J . ( ~.r’ ) exp [i(3’ — Si] in Eq. (37) can be expressed in terms of the

Cartesian orbits x’ ( T )  = r’ ( T )  cos 5’ (T )  and y ’ ( T )  = r’ (T)sin 5’~~T) as

J,(Xr’ ) exp ~ i~S’ —

exp :~ (m - 3- exp (ix
~
x’ ÷ iX/ ) (38)

In the cold f luid limiting case , the unperturbed transverse

orbits :~ ~ ), 5’ ~~~ of the beam electrons are near circular , i.e.

?~sr. It follows that the deviations from circularity , of order

p
~
2/Yb m

2
~~
2 (w~ - . u ) 2 

<< 1 , (39 )



are simple harmonic , and. the unperturbed orbits are given by
0

D

x’~~~) =

~~i~~ii~ ~bm :s:r .($ +~~~~~) — sin ($ ~~~~~~~

• (-~0a;

+ r~~~~ U ,~~~~~~ j )  cos (5-+ui ’~ ~) — rii ,~~ii~~ cos S+jj

~~ ~ = ÷

:
_ { 

~~m ~~~ (~ +~~~~~~) - ($

( - oh )
+ r~~ ,

..
~i~~)sin (5 + i~~ ~

) — r~~~~~~~~~~~~ ) sin ~S4w i)

+
where the biharmonic frequencies -~~ and. ii , evaluated. at r , are the fast

and slow laminar rotation frecuencies defined. in Ia. ( 2 0 ) .  lubstiout ing

Lqs. (10) into Eq. (3-3 ) ~nd carrying out the integration over ~, we have

J.(Xr’ ) exp Ii (5’ - s)} f ~ exp :i(n~~-~):

r(wb~~~
) 

+~~ -
exp 

~~~

+
_

~~~~

_  :~~ cos (S~~ T) + :~ . sin (54w T~~ (~u)

+
-‘-IL

+ 
~ 

:~~ cos (94w T + sin -: S4w~ T):

where the cold fluid approximatiOn (39 ) has been invoked. Similarly , the

integration over m in Eq. (~ i) gives

J.(X~ ) exp ~i(9
’ - 

- + 

(~ 2)

= ~ [ )~r - x (~~
)] {

b 
~~~ ~~~~~~~~~~~~~~~~~ ÷~~ ~~b 

~~~ ~~~~~~~~
j  x(T )

St



where the effective frecuency difference x~~
) is -defined. by

,~~~ - f  — 2  + 2 ~~~~~~~~ - + — 
~~~~ (

~~~~~~~ 

~~~~ 
+ 

~~~~ 

+ 

~~‘o~~ 
)J ~ 

~~~ 
son .~~~ ~~ ) T ~~~ . -3:

Iowe-rer , the cold fluid limiting -case is characterized by laminar rota—

t ior 0 at either ~ or ~~, i.e.

+
JJ ,~~~~~~,jj , or ,u ~~-JJ ;

b

thus

S + -

-
~~~~~ . (

~~~~
)

Substi tut ing Eqs. ( 12) and (J~5) into Eq. (37), and carrying ou t the in-

tegration over time and r’’ , we obtain

+
A I~~ -~~ ~~~~~~~

I = - A ( r )  + 
÷
~~~ 

s—] 
( 16)

which is inderendent of p .  We note that both terms in ( 16 )  are essen-

tial , even though (11) indicates that one of the terms is much larger

than the other ; the larger term almost cancels out when inserted in (36a).

The integration over p~ in Eq. (36a) is now trivial , sin ce the

term in brackets is independent of p~ . Using Eq. (21) to eliminate F in

terms of J
b
(r), we find (after some algebra) the eigenvalue equation

for the -~~1d fluid limit ,

d 1 -i A .~rr~w c ( r )  L~ 
~~b A (r) I 

d.Jb (1~ )— — r A( r)  + - A ( r )  — ___

~r r ir 2 ‘/ mc - — , ~~~~~~ + , ~, - r drc b ~~~~~~ ¼ r ) ~ L~~~J r )~

where -~~(r) are given by Eqs. (20) and (18), in terms of the radial pro-

file of beam density 
%0

(r) or current density JbO
(r). The treatment of

-- S~4 -



the singularities in Eq. ~~~~ 
is determined by toe requirement that .~l

he in the upper half plane. The boun dary condi t ions  -on Eq. ( 1~~) are

~ (a)  = A = 0 , ( - 3 )

where R may be if the beam propagates in a con duc t ing  plasma of in-

f i n i te  extent , or is f in ite if there is a per fect ly  conduc ting guide at

r = P . c our se , the case of finite P makes sense only if C, (P ) 0.
0 00 0

Equations (~~7) and (~3) determine the hose stability pr ore rt ies of any S

bean current density profile J b ( r ~~~, provided. that the beam electrons

are in a col-d laminar flow equil ibrium .

17



C. Uniform Beam with Sharp Boundaries

In Eq. (36), we have obtained an eigenvalue equation toat is

c-cry generally valid. However the source term in Eq . ‘6) contains an

integral of the unimown cigenfun -otico A( r )  o’rer unper turbed orbi ts , which

makes the equation rather intractable in general . This d i f f i c u l t y  is

fun damental , ref lect ing the fact  that individual electron orb i t s  span

the beam cross—secti on , communicating information about the perturbation

from one val ue of r to another. In Sec . 1113, we avoided. the problem

by considering a cold , different ial ly  rotating beam equilibrium , in

which each indivi du al electron is confined to a narrow range of r ;  Eq.

( 36) then red.uced to the ordinary different ial ecuat ior .  (- ‘ ) .  :n this

section , we begin to explore a di fferent  approach in which the orbit

integral is evaluated approximately by taking advantage of s imr l i f i ca—

tions [periodic orbits , smoothly varying A ( r )  that arise naturally .

:n this section , we consider only the case of a beam with u n i f o r m  den—

sity out to a sharp boundary at r = ?~~, for which this approach is most

straight forward.. (More general density profiles will be considered in

subsequent papers.) We d.c not assume here that the beam is cold; never-

theless , for the uniform densi ty beam , we arrive at the sane eigenvalue

equation ( 17 ) .  For generality, we continue to permit the presence of a

guide field B01
, a conducting guide at = (where 

~~~0 may be allowed

to go to ~), and an equilibrium return current density 
~~~~~

For any given value of 1 (which pl-ays the role of k in the

usual three—dimensional eigenvalue rr blem), there is in general an

infdnite sequence of eigenc-alues ~u , corresponding to different values

18



of the radial quantum number [the number of -oscillations in A (r):. Our

interest lies in the lowest cigenfuroction , which co rr esponds t o a side-

ways displacement of the whole beam , and is expected tc be toe mcst un-

stable mode . :n the low frequency limit ,

~ f t 2 
< <I ,

this cigenfun c t ion  become s

A
A (r) r, ( 5 0 )

representing a rigid displacement of  the uniform beam as well as the

self-generated ~ field.. For -zi large enough that

2 2
-~~~~?~~ j j / c  ~

magnetic diffusion begins to distort the eigenfuncticn A r ) ,  even if

the beam itself were to displace rigidly . Nevertheless , A ( r )  follows

( 5 0 )  closely at the origin and over much of the beam , bending over some—

what for larger r , as illustrated in some examples at the end of th is

sect ion.  As we shal l see , the inecuality (19) holds , but not as a

strong inequality , over th~ whole range of strongest instability.

In view of this discussion , and particularly since the integral

in E q .  ( 36b ) is merely ar averag e over A ( r ) ,  and is not expected to de—

penã strongly or. the detailed. structure of A( r ) ,  we use the assumed

form

A AI IA ( r )  = A~r)r/r (51)

in the integrand of (36b). Equation (51) is correct at r’= r , as well

19



as having the right form at the origin , and. becoming exact for e ther

small r or small ii.

For a uniform beam , and .v are independent of r , and  it is

easy to show that the unperturbed. orbits are g d- re m e:actl:r by the simple

harmonic forms of Eq. (10). Using Eq. (51), Eq. ( 36’c )  r ed u ces  to

I = L~~(r)r
_
lf ~~~ ext (- i5-i~~~~) 

(:2)

= L Z (r )r ~~f i~ ext (—iS +~~T) ( i~ /2ni x’ + i:/ ),

and using Eqs . ( - 0 )  for  the orbits (x ’, y”, ,  the integrals in E q .  ( 5 2 )  are

easily pe rformed.  The result is identical  with E q .  (-6’~. Thus Ic. (- )

als o holds , and explici t ly insert ing the u n i f or m  be am current  densi ty ,

we arrive at the eigen ’ralue equation

~~~~~~~~~~~~~~ ~~( r )  + ~~i~ (r~~ A ( r ) = ~ pb~~ b 
+ 

5 ( r
~

?
~~: 

~(r), (53)
c (~~ ) .

~~~~

where

~pb 
(-.Trr.e

2
/m 

~b

is the beam plasma frequency ; we note that , for a unifcrm beam ,

2 2 2~~- 
~ ~ pb ~b ~ 

-

The appropriate boundary conditions are again those of Eq. (18). We note

that if Eq. (19) hold~ the eigenfunction ~(r) within the beam is indeed

given by Eq. ( 5 0) , as discussed previously .

If ~ (r )  is a constant ~ within the beam , and a (possibly

di f fe ren t ) constant 
~

, outside the beam , the eigenfunct ions of ( 5 3 )

20



are Bessel functions of order :ne , an: a i:s:erzi:n relation connecting

and 1 is easily der iv ed in c L o s e i  fo r m , f rom the boundary conditions

( _ 5 ) as well as toe m atch in g  cond i t i ons  at r = ?~~~ . Ue cons ide r  toe

~~~~~~~~~~ 
~~~~~~~~ ~~~~~~~~

O(const), ~<r<?~~,
I z— 

~l
< <  c~ /-’~ 

~b~~ ’ 
~~~ r < F .

• he condition on :~ in I:. ( 5~ ) insures that ma~neoic diffusion torouso

toe weakly conducting region ? <  r <  P~ is slow comp ared to toe time

scale ~~~ and. thus that terms in the dispersion re la t ion  ~ro~ ort ional

to . are negl igibly small. E tr i ct ly  : reakin€ ,  c annot be zero , since

-o ur assumrt ion of electrostatic neutrality requires that -~t ~~ > w is

easily compatible with (~~), according to Eq. (25). :ases in which

-~r~ fal ls  below ~ for r greater thar. some radius F can easily be treated

by a~plying appropriate boundary condit ions at F , as discussed.  by

— C e.

For a beam of radius  P , v i th  ~ ( r )  civen by Eq.  (5’-),

A (r) = 

~~~~~~ 2 2  

(b a ,

A ( r ) = 2 2 ~~~~~~~ ~~~~~~~~~~ Fc � r � F~ , (5 Th)r c
c b

where

2 - , 2
E ~iT 1 C

• and the dispersion rela t ion is

— +~ 2 2 _~~~~~~~— 
~ 

— ~ 
= 

~pb ~
‘o 

F . (~~) (5

21
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or equivalently ,

2 1.2
— — S1~

3 

= 

~—b ~~~
. c , ~i~) , ~; 

o - j

with

f •:.‘ (
~ ?.. ) ?

2 
+ 

—:

F. w )  = ~~~ - + J . ( 5 c )

The rr cperties o f  the dispersion re lat ion ( 5 )  are i l lus t ra ted  and u s —

cus sed in Sec. ~ T , with particular emphasis on the e f f ec t s  of the S

uiIe field , the conducting guide at R , an-i the plasma return current

C ‘ — )  = — t’ C (5) .
pa ’ m ho
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D. Variational Approximation to the J isrersion Felation

Except in special cases such as the un i form density beam with

a sharp boundary , considered in Sec. III 0 , the eicen’ralues and eic en—

fun c t ions  of Eq. ( 1 )  can only be calculated. numerically . Such solutions

will be presented. in future publications. in this section , we develop

a variational techn ique of approximating the eigenvalues that is widely

applicable .

Beginning with Eq. (1~~) ,  we multiply through by r A ( r )  and in-

tegrate over r , to obtain

jd r~~(r
2(r) 

A

- c 
~~~ 

[ ~~~b A2(r) ,
~~ ~ 

I I (~~~)
L 

mcy b (.~~~~~_ ) ( ~~~~~~ +
) 

r or or r or

F • If we ~ sess a trial form ~t ( r )  for the eigenfunction , and

A
t A A

A ( r )  ~ A(r) + ÔA(r), ( 5 p )

where A(r) is the (unkno~m) exact solution , let be the eigenvalue cal-

culated (for given ~0) by using ~
t(r) in Eq. ( 5 8) .  We also let

~. w + ôu~ (6 0)

where ii is the (unknown) exact eigenvalue. We find then , after two in—

• tegrations by part s , that

R

• ~~ ( r )  ~2 ( )

= ~r r 5 A ( r )  - -

~~ 

~ + 
~ 

-

~~~~ r] 
5~~(r), (61)
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provided that the trial eigenfunctlon A~ (r) satisfies the required

boundary conditions (18). Thus the first variation

A = ( 62 )
SA (r)

and the calculated eigenvalue is accurate to second order in the
A

error 5A.

However , the differential operator in Eq. (17) is non—

~ermitian. because In 
~ ? 0; consequently both ~ and A ( r )  are complex ,

and the condition (62) determines a saddle point in the complex plane,
S 

rather than an extremism , as in the usual case of a lermit ian operator ,

where the eigenvalue and eigenfunction are real. As a result, the error

5w , although small , is not positive definite , as would be true for a
At

Hermitian operator , i.e. one cannot simply seek a trial function A that

minimizes w~ . Nevertheless , Eq. (61) is valuable if one can find a trial

eigenfunction that is even qualitatively correct , since the error in

is second order . An obvious choice for this purpose is to use the form
A t

of A ( r )  corresponding to a rigid displacement of the magnetic field ,

A .4.
A ”(r) dA /dr , ( 63 )

0

provided that the outer boundary condition is at B = . [If ~ is

finite, a slightly modified choice of A is required to satisfy the

boundary condition A(R ) = 0, Eq. (~ 8) ,  as will be discussed. We then

find that Eq. (5 8) reduces to the dispersion relation

~~~~~~~~~~~~ (~
) 2 ~~~~~drr 0 bo 

( 1+  :~~~~~~~ )‘ 
(6k)

2L



where the identity

(
~
.
~~~

)(
~~~

+ ) ~2~~~~~~ 2 (6 5)

has been used.

We consider two s~~cial cases ; the first is the beam with a

square radial density profile , also discussed in Sec . III 0. For this

case we consider also the presence of a conducting guide at P0 . The

nat ural choice for a trial eigenfunction is then

r , 0 � r � R .
• ~t ( )  = 

Rb2 2 
b 

(66 )

• 
B 2 —B 2 - r )  , Rb � r � Rb ’

which sat isfies ( 63) for r < R
b , but not for r > R

b~ 
and also satisf ies

(18). Equation (5 8)  then reduces to a dispersion relation that is

slightly different from (6 1) ,

22 2• 1 ~tb~~b 2rr~w I - 3
l-F~

2 /R 2 
+ 

(c~~~) (~~~ ) 
= 

Rb
202 L orr ~( r )

0 C 
( 6 7 )

+ 
Rb B 

~~ (B 2-r2)2 ~~~‘
~~~Rb

2
~

2 j r

Specializing still further to the piece—wise flat conductivity profile

• of Eq. (51), the dIspersion relation (6 7)  can be put in the form

• (~~~~~) ( ç~~~~) =
~~~ b

2
~b

2 F2 ( w ) ,  (68a)
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with

1-B. 
2~~ 2

c c
~ / — — 

2 ‘2 l_
~wT d (1_ Rb~ / R ~ 

S

where 1 , ,  essentially a decay time for the perturbed current , is de-

fined. for this case by

1. = 
~~ ~~~~

2
ic
2 

= — ~ i~
2F~

2
Av , (69)

and K is the cuantity defined in Eq. ( 5 6 ) .  Equation 63a) is in

exactly the same form as the exact solution of  ( -
~~°) for this particular

beam and conducti-rity profile , E q .  ( 5~ ) ,  except that an approximate

function F2 ( w )  from (68’~) replaces the exac t result F 1 (~~) from ( 5 T h ) .

To check on the accuracy of the approximation 
~2~~~~’ we not e that

F
1
(w), expanded in powers of

~
uT ã up to second order , is

o 0

1 + ( —  ~WT~ + 7- i) — ‘b “Rb
We see that F1 and F2 are identical up to a numerically small correction

• of order w
2
Td
2
; thus the dispersion relation of Eq. ( 68) is an excellent

approximation for 1. This is as might be expected , since the model

of rigid displacement is qualitat ively accurate in this regime , which is

expected to include the fastest growing modes.

Alternatively , Eqs. (68a , b) can be written in the forms

= -i (~
_ ~~~~~~~~~ ~

\

l 
~ u)Pb~b (68c )I 

~ 
R~~ / (t) ) (ç

~~~~~~~
+

)
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/ 2 \ — l  • 2 2I P.. ~
—i 1 — —

~~~~~~ — 
~~~~~~ b , 1 68d )

R
C

where

(71 )

Th e dependence of .u on ~2 is given explicitly by Eqs . (68c , a). We note

the following features : (i) For :~ real, ii is rure imaginary . Instabil-

ity (1m w > 0)  occurs only over a bounded range of ~, which is a subset

of the range ii < w~~. (ii) The growth rate 1mw goes to infinity

as •~ 
— w~ from above or ~ from below. This occurs for a flat beam

profile , because all beam electrons are in resonance with the wave at

these frequencies. For rounded beam profiles3, the growth rate is

S 

f ini te  for any value of 2, as will be illustrated . (iii) Increasing the

return current is destabilizing, since W 
b~~b 

itu~
2 

= 2 / ( l_ f m
)
~ 

Proximity

to the wall, i.e. increasing Rb/P. , is stabilizing. The effect of a

guide field is merely to substitute for Q2, as is evident from Eqs.

( 17) and ( 6 5)  for any beam profile.  Thus the growt h spectrum 1mw , for

on the real line, i~ shifted to different values of Q by the presence

of a guide field. However , we shall see that Rb is stabilizing when ~ is

calculated as a function of real w. The stability properties are discussed

further in Sec. Ill, particularly for real w , and with emphasis on the

effects of the conducting guide , the plasma ret urn current , and the f ield .

As a second example , we consider the Bennett profile,

nb
(r) = r~~~(0)(l + r2/Rb

2
Y
2 (72 )

• which is the equilibrium prof ile for a paraxial , nionoenergetic, non—

rotating beam subject to isotropic small angle scattering by a uniform

plasma medium. In this case , the dispersion relation (61) reduces to
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.u 2 f 1 ( 1 — f  ) ~rrF p i

~ 
d~r~(l—r~) 

c ~m 
2 = ( l_ f ~~ )~~ dr o ( r ) ,  ( 7 3 )

J .. -w 1-r1 w 2c
0 C

where the variable of integration is

= (~ + r
2/P~

2
Y~ 

(~~1)

and w is the maximum value of w~~,

= .u~~(r = 3) .

Performing the integraticn in Eq. (-‘3), we obtain

= i ( 1—f r4 :f m + G(~ 2/w~~
2
) ,

where

G ( x )  6x :~ — x + x ( l—x )  (~~~~~~ X
) :  

, ( 76b )

and a magnetic diffusion time is defined by

- 1) ~ 
(r L )  . ( 7 7)

Equation (76) has branch points at ~2 = 0 and ~-2 = To satisfy

causality (:~ ~0 > 0), on the real ~~ axis we define

/ 2~~ 2~~ 2 — 2h i  -~~~ -~~

~ 
( 2 —2 + ig (T8)
‘ c2 /

where
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2 —2 (79a)g 0 , if w

g = 0, if 3 ( equivalent to ~ < w ) ,  (7 9~~)

g — l , if 0 <
~~~~

<
~~~ m

2 , an
~~~~

< 3
~ 

(7 9 c)

g = +1, if 3 < < w~~
°, and 0 ~ (requires w <  0 .  (~ 9d)

For the special case with

= 0, (80a)

= 0 , (Sob)

and

~ ( r )  = (5 + r 2
1Rb

2
r

2 , ( S I )

Eqs. (76) and (77) reduce to the dispersion relation previously dis-

cussed in detail by Lee ,~ who arrived at this result by us ing an en—

t irely d i f fe ren t  zet of plausibility arguments——principally a model in

which the beam is sliced into overlapping rigid disks with an artificial

distribution of particle mass.

The function G(c22/w~ 
2
) is displayed in Fig. 2, for real.

In contrast to the beam with square radial profile , discussed previously ,

the growth rate In ou is bounded (because the natural oscillation fre-

quencies vary for different electrons , and there is no single fre—

quency~~ for which the entire beam is resonant with the wave). Another

difference is that , from Eq. ( 7 9 ) ,  w is comp1.~x in the range

0 < < 
~~~~ 

Equation (76a) also exhibits explicitly the dependence
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on the current neutralization factor f .  For f = 3, only the range
—2 2

0 < ~~~ < 

~~m 
is unstable, but as 1, the entire range

— < ~2 
~ 3.65 w~ becomes unstable . According to Eq. (13), nega—

tive values of .~~~ up to — w occur for ~ in the range 0 < ~~ < w .

Growth rates 1mw also go to infinity as f~~ I. The destabilizing

effect of f is due to the repulsive interaction between the beast cur-

rent and the return current ; it is particularly striking and si~nifioant

that instability can occur even for = 3 , whe n. f > 3 .
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17. Effects  of Guide Field, Conducting Walls, and urrent ~eu tra l i zat ion

In this section , we present an analysis of the hose s tabi l i ty  prop-

erties of the beam with un i form density to radius ?. ,  in the narrow con-

ducti ng channel of Eq. (5L-). The dispersion relation is p lot ted  in a

variety of ways , to illustrate the effects of the applied. Rb f ield , the

fract ional  neut ra l iza t ion  of the equilibriun bean current 
~m ’ and tne

conduct :ng z’ui±e at 
~~~~

. Some of the results in this section are similar

t o ore ’ri:us work retorted in the untublishe d li terat ’ure ,~ but are o r e—

ser t ei  here for  c ompleteness. We concentrat e or. the region ~T ~ I of

parameter space , whe re the approximate ii spersion re la t ion  of Ic .

is essentially iniistinc’uishable f r om the exact result , Eq. ( 5~~~, from

whi co result s are p l o t t e d , an-i where t o e  bean disp laces essential ly

rigidly.

Jerend.ing ur on the way in whi ch a s tabil i ty problem is phrased

(initial value problem in beam or labcratcry frame , dri-ien osci Iat i~ n )

either 1 or w may be regarded as the independent variable , and taken to

be real ; for general understanding of convective properties of  the wave ,

it is necessary to oreat both variables in the complex plane. :~cweve r

most experiments are performe d by “ tickling ” the beam , at real fre—

quency w , at a particular location z.  Im~~ then determines the growt h

of the wave , on a particular beam segnent , as the beam prop agates down-

stream. Our discussion here will thus be in the form ~O ( w ) ,  where w is

real.

We note again , fro m Eqs . (57b), (6b ) and (65 ), that the effect of

the guide fie . :  :s to replace witn ~~ (~ — w~~) in the dispersion
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relat ion. Thus , if w is regarded as a function of real ~, the guide

field does not reduce the maximum growth rate Im ii, but merely shifts

it to a d i f f e ren t  value of 3. On the othe r hand , for a given real value

of w , the replacement reduces the growt h rate In ~O, as will be amply

ill ustrated , and thus can be regarded as stabilizing in this sense.

We consider f i rs t  the case wI . C , i .e .  low frequency or very

high resistivity . The dispersion relation then reduces to

2
-~ii~~ P.

_ _ _ _  
b

w b~~
. 

+ ~~ — —
~~~ = 0, . 82)

whence a necessa ry and sufficient condition for instability is

Rb
2 

_ _ _ _

~~ > —  + 
C (8~)~ 2 2 ’  -)

U) ~~c pb b

a result that is illustrated in Fig. 3. It is indeed remarkable that

instability occurs even in this limit . The reason , of course , is that

the beam tends to be expelled from the highly conducting central region

of the channel by the return current . This effect is particularly

strong when the highly conducting central channel , which responds to

magnetic perturbations , is narrow , as in the present example. The

external magnet ic field , and proximity of the conducting guide at

are seen to be stabilizing .

To further illustrate the dependence of stability properties

on the fractional current neutralization 
~m ’ plots of ( a )  the growth

rate an d (b )  the real frequency 
~r ’ versus 

~
1d ’ are shown in Fig. I ,
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for w = P.. lB = 0 and various values of f . It is evident that as the
L 0 C m

fractional Current neutralization increases to unity , the gro~~h rate

increases rapidly (for reasons discussed Previously), while the real

oscillation frequency decreases (because the magnetic resto rin g force is

being canceled. out). We note also that in all cases the maximum growth

rate 2. occurs for wT . < .,  which is the reason we are mainly interested

in this regime. For f < ~ I, the instability is driven mainly by a phase

lag between the oscillation of the beam and that of the magnetic re-

storing force , and the growth rate peaks for &T d only slizhtly less then

unity, but f o r  f ~ o•I, instability is iri-ren mainly by the simple

rerulsion of the ‘seam current and the equilibrium current , and the

grc~~h rate is remarkably flat for wT d ~ 0.3, actually reaching its

maximum at wT. = 3.

In Fig. 5, 
~~~

. and 
~r 

are plotted against is , for f = 0, Rb/P. = 2. 1,

and several small values of isT . We note that increasing the guide- - oz

field i.e. ssc ) reduces the growt h rate L~ considerably ~but never to

ze ro) .  .~s shown in Fig. 3 , as well , the growth rate 
~~~

. increases with

U T~~ in this range , but is ery insensitive to SYT i .

The influence of the conducting guide at illustrated in Fig. 6 ,

where 
~~~

. and 
~ 

are plotted against LU for f = 0, Jfr d = 0.5, and

several values of the parameter Rb/P. . As shown , the growt h rate 
~~~

.

falls rapidly to zero , while the oscillation frequency increases , as

Rb’Rb increases to unity. The reason for both effects i~ -of course ,

the increasing s t i ffness of the magnetic field trapped between
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:r. Fig. ‘
, ~O . and 

~ 
are plotted against 

~ 
fcr a fully current

neutral ized case , f  = , with Rb”Rb = C . — and. irr . = 0 . 5 .  The growth

rate , due to repulsion between the beam and the -opposite plasma current

is very strong for w~ < 
~rb

3b’ 
but falls off when s~ ~ ~pb~b~ 

For = I,

-‘ and the beam is essentially confined. only by the Rb5 external

field , hence the linear dependence of . on w~ for w~~ ~~~~~~ as well
r

as the scron: s~asi_ .z~~~ e~ ”ect o: c’eas_ ’.z is aco~ e is ,~- - - c oo:

We summarize this section by noting that resi st i-re  nose instabi l i ty

can be driven either by a phase lag in the restorin; force due to non-

zero ~~ or by the presence of a plasma return current ; tb-us increasing

is destabilizing . :ncreasing the applied. field is reduces tne growth

rat e , but never to zero. Proximity of the conducting gui de , i.e.

Rb/P. 1, also exerts a strong stabilizing influence , ‘out ohe growth

rate remains positive unt il P . . ’P. = I. These general features of the

behavior shoul d arply to a beam with diffuse p’~ofile as well as to the

uniform beam discussed in this section . ~diiti:nal e f f e c t s  of creat

interest occur in a diffuse  beam , due to  mixing of e l ec t rons  wot h

erent resonant frequencies. These effects nave been discussed by

within the context of his mulciple—ccmpcr.er.t rigid bean mc ±el ,~

be investigated further in subse~~ent papers , using the formal framewo:k

developed in this paper.
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7. Conclusions

ir. this paper we have formul ated. a Vlasc’r—Maxwell cneory of the re-

sistive hose insta ’silitv in an infinitely long relati-risitc electron

beam tro~ ag ating parallel to a sziiform ap;lied. axial magnetic field. A

tense , resostove cac~grcuno plasma rrov:ues orace coarge neutra :zat :on.

The equilibrium con fi gurat ion and basic assumptions were summarized in

3cc. ::. A fo rmal ei genvalue equation (3 6~~ was obtained in 3cc. A ,

and was red.uce-d to an ordinary differential ea uation (~~) in the cc li

f lu id  limit in Sec. ~~I 3 , and in an approximate treatment of the special

case of a scua re ‘seam nensity profo e~~ r~~ ec .~~~~_ .  ~s:ng a ‘rar:at:ona_

tecnr,icue, an arrrox :mate a :srerszon re la t oon  was octa :neo on ce-c .

for arbitrary beam density prof i le , Eqs . (6 -i ) and. (60). The dispersict

relation was evaluated explicitly , in closed f orm , for either a Eer.nect

orofile or a square Drofile , including the effects of fractional current

4 -e~t~ a__zation , ~ne aot__ed. _e_d , am ~~~m 
~‘e 

_a”e~ case)

outer wa__ . ctacil:ty pro~ertoes were :__ustrateo anu d:scusseo on

Sec. ~7 , for a square profi le  over a broad range of system p arameters .

:t was found. that the aprlied magnetic field and proximity to the con-

d uct ing guide reduce the growth rate of the resis t ive hose in s t ab i l i t y ,

whereas even a small amount of current neutralization is s t rongly  desta-

bili zing , part icu larly at low frequencies.
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Fig. 4 — Plots of normalized (a) growth rate and (b) real Doppler-shifted frequency
versus 

~~~~~d for (&c /(~m) pbJ3b — 0, R~,/R~ 
= 0 and values of 

~m

41



(a)

—0.6 
(b)

C~c~
’W pbPb

Fig. 5 — Plots of normalized (a) growth rate and (b) real oscillation frequency
versus ‘~cI’~pb~b for 

~m — 0, Rb/R o 0.4 and several values of W1d
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Fig. 6 — Plots of normalized (a) growth rate and (b) real oscillation frequency
versus ~ic /C~ipbI3b for 

~m 0, ‘
~~ d 0.5 and several values of R b/ft C
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