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ABSTRACT

Prediction Intervals for future observations in serially
'i : correlated samples from a normal distribution are derived.
; - The results are extended to predict a future observation in

1 a linear trend model. The properties of the prediction

intervals are examined.
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INTRODUCTION

A prediction interval is an interval that conctains a
future observation with a pre-specified probability. The
limits of the interval are functions of known observations
from a family of known distributions with given parameters.
Though prediction intervals resemble confidence intervals,
they differ from the latter conceptually. A confidence
interval covers the value of a parameter of a distribution.
A prediction interval, on the other hand, encloses the value
of a random variable.sg:___

A prediction interval for a single future observation
and simultaneous intervals for independent and identically
distributed samples from N(u,c?) were derived by Hahn [2].
For correlated samples with a prescribed correlation struc-
ture, prediction intervals were developed by Choi [3]. It
was shown by him that many of Hahn's prediction intervals
are valid even for the case where the samples were correlated
with the specified correlation structure.

In this thesis, the observations are assumed to belong to
a multivariate normal family with mean vector

e CRTTIR
nxl

and correlation matrix

X
nxn
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Let Xt(t=...-2,-1,0,L,2...) be a stationary Gaussian

markov process of order one with E(Xt) =y for all t and
the covariance between Xt and Xt+k - ozpk for all t and k.
Stochastic processes of this type are used to model certain
types of oceanographic and metereological phenomena and
some aspects of the stock market. Any finite sub process
will then belong to the above multivariate normal family.
Chapter 2 deals with prediction intervals from a normal
distribution and contains a summary of known results and
a review of general linear hypothesis. In chapter 3 a
prediction interval for a future observation in a first order
markov process is derived and the properties of this interval
are examined. The effect of various parameters such as
variance, correlation and sample size on the prediction
interval are also discussed in this chapter. Chapter 4
contains a discussion of a simulation to generate serially
correlated random variables, which are used to empirically
verify the theoretical conclusions drawn. The results of

the simulation are presented in chapter 5. Extensions of

the results to a linear trend model are discussed in chapter 6.
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II. PREDICTION INTERVALS FOR NORMAL DISTRIBUTION

A. SUMMARY OF KNOWN RESULTS

Consider a random sample of size N=ni+nf drawn from a
normal distribution N(u,oz). The samples n; form the group
of initial samples and ng form the group, called future
samples. Based on the mean Xhi and variance Sﬁi of the
initial samples, prediction intervals for Xﬁ and Si were
obtained by Hickman [6]. Hahn [2] derived prediction
intervals for the mean and variance of the second sample
and also simultaneous prediction intervals tor the variance
of each of k additional random samples of size ng based on
the information obtained from the initial sample. Hahn's

(2] two sided 100 r % prediction interval to contain a

single additional observation X is given by
1.%
Y + t[n-1;(1+r)/2] (l+ﬁ)2 - S

where ¥ is the sample mean, S2 is the sample variance and
t[n-1,(1+r)/2] is obtained from the tables of t distribution
with (n-1) degrees of freedom. A 100 r % simultaneous

prediction interval to contain Xl’ XZ’ B T k future

k)
observations is given by

Y + rR(k,n,r)S
where
R(k,n,r) = U(L+D)*

The value of the function U can be obtained from the special

tables given in reference 2.
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A prediction interval for a single future observation as
well as simultaneous intervals for a specified numter of
future observations have been derived by Choi [3] for the
case where the observations are correlated and belong to a
multivariate normal distribution with mean

L= Gt o 0P,

and covariance matrix,

V =%H+H) +a(l-E)

nxn NXn nxn nXn nxn
h; hy ... hy
where ngh = h2 h2 A h2
hy, h ... h,

hi(i=1,2,...,n) and o are positive constants. E is an nxn

matrix all of whose elements are unity.
B. DEFINITIONS, NOTATIONS AND REVIEW OF SIMPLE LINEAR
REGRESSION ANALYSIS
A brief review of the results and notation in a simple
linear regression model are presented below. These results
are used in chapter 3 in deriving prediction intervals for
a first order markov process. By way of notation, a
capital letter with an underbar represents a vector or a

matrix. Consider the simple linear regression model

I =% B+ g (2-1)
nxl nx2 2x1l nxl

where e v N(Q,GZL)




which in scalar notation can be written as

Yi = a + bXi + €5 s b T (e EMI AT o)

The least squares estimator for B is obtained by

Min Q = (Y - XB)T(Y - XB),

B
that is ﬁ = §'1)_(TX i
where S = ng .
and B~ N(B, 0287 1). 2.9
B is the column vector (a,b)T
It is well known that the random variable
2
Y ~ N(ZB, o°)
ZX? -zX
) & 1 L 1
i et ¥ e 3 »
-IX. n
i
where
. 2 2
SXX = & (X; - X)
. -
i=1
Let 82 be the usual unbiased estimator of 02, given by
- = (SYY - SX)Y/ (v = 2) , (2-3) :
n 2 ;
where SYY = I (Y. - ©)° . 1
j=1 1




Let Q be the predicted value of the random variable at a
specified value of the independent variable x.
A 100(l-a)% prediction interval for the dependent vari-

able Y can be obtained from the relation

o

-y
=7
- 1. (23
°y/1+n+ SXX

<t =1-a (2-4)

Equation (2-4) will be used in deriving a prediction interval

for x in chapter 3.

C. STATIONARY GAUSSIAN MARKOV PROCESSES

Let X, (¢t =...-2,-1,0,1,2,...) be a stationary gaussian
markov process, i.e., an autoregressive stochastic process,
of order one with E(Xt) = m and covariance between Xt and

X R

Xegg =0 P

To derive the prediction interval for a single future
observation X, .4 based on the observations up to X2k’ the
results of Ogawara [1l] will be used. He has shown that
when the values of X2k_1(k=l,2,..,n+l) are fixed, X2k
(k=1,2,...,n) are mutually independent. The conditional

probability densities are given by

1 1 2
f(X .0 g - ) = EXP [- {X - (a+bxi)} ] :
2k 2k-1 2k+1 2k
\/Znoo 200
(2:5)
where
a = m(1-p2)/ 1+

b = 2p/(l+p?)

10




2

02 = o2(1-52)/ (14,°

)

K = Egeey * Xopr1)/ 2

A prediction interval for Xor+1 will be derived in chapter
3 based on this conditional distribution of the even numbered

observations conditioned on the odd numbered ones.

11
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III. PREDICTION INTERVAL FOR A FUTURE
OBSERVATION IN SERIALLY CORRELATED NORMAL SAMPLES

A prediction interval to contain a single future obser-
vation for samples from a multivariate normal distribution
with a correlation matrix of the form defined in equation
(1-1), is derived in this chapter. 1In section A a conditional
prediction interval to contain a single additional observation
based on the conditional distribution of Xy, 1s obtained.
Section B deals with the properties of the prediction interval.
In section C the dependence of the prediction interval on

sample size, p and sigma are discussed.

A. DERIVATION OF THE PREDICTION INTERVAL

Assume a sample of observations, Xl’ X2, X3, e X2k-1’

X2k from a normal distribution with mean zero and covariance
k

PRI e T

matrix V such that Cov (X_, X ) = o
The conditional probability densities, as indicated in

equation (2-5), are

| X1 K1) = = P [- = {sz‘ <a+bxf<)§ z]
2nco 200
with conditional mean
E(Xy |Xp) = atbxy |
and Xi = (XZk-l = XZk—l)/z ’ (3:1)

E(X2K IXk) considered as a function of xk is callled the

regression function of X2k on . Graphically, it represents

12




the locus of the center of gravity of the conditional random

variables X2k| Xi as a function of Xﬂ.

As a result of Ogawara's Theorem the following conditional

simple linear regression model may be assumed,

., 7 X2k=a+bxl'(+ek,k=l,2, ke (3:2) '@

where g, = N(O, 02).
The maximum likelihood estimators of the parameters a, b

and 02 are given by

b = SXY/SXX

~

a= x2k - b xk

o2 = (sYY - b% SXX)/(n-2) .

where |
e e e Xor-11%op+1 |
X,k = E< ——2 + 2 + . olls @ + Z ’ ‘

n i
- 2 _|2

k=

S o X' X

XY= % St~ X . J
iy R L R

4

n

SYY = 3 <X2k>2 -n 0 . (3-3)
k=1

At a known value of xﬁ the predictor ;Zk is given by

= a + b Xy (3:4)

X2k
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ig A 100(l-a)% prediction interval for the dependent variable

X,y Can be obtained from the relation

X - X

f- P 2k 2k ctl=1-a. @39 }
*/1+;+("f<'§f<)2
, s n SXX

From the above relation a prediction interval for Xy 41 €D

be obtained noting that xﬁ is a linear function of Xok+1 "

The inequality inside the brackets can be written as

|
+
s
]

%
2
SN—""

N

(Xgp = Eg) < t"y/l*n S e (3-6)

Substituting for ;2k = (izk - b i&) " g xi and squaring both [ f

sides, the inequality (3:6) reduces to

T 2 Az 1 =1 2 2 = 1 <V
(Xgpe = g * B, = BT - lkg- X (g - XY
< 22+ b + %%y - ®DY/sxx

or

< ~2 ~
(82 - €2 ) (xp - 7 )2 - Bexgy - Do - %

LRI §2k)2 - %562 + %) < 0 (3-7)

This is a quadratic equation of the form

Aty - Xl +B(xp - ED +C < 0. (3.8)

14
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where

A= B - ~por
B = -2b (x2k = §2k) )

C = (x2k - izk)z - t202 o+l (3.9)

Thus, the probability statement in equation (3-5) is equiva-

lent to

2

PIAGx; - §)° +B(x - X)) +C<0l=1-a, (3°10)

A prediction interval for xé can now be obtained in terms of

the roots of the quadratic equation (3°8) viz.,

-B+v B - 4AC

(xp - %) = R s (3-11)

the term under the radical sign simplifies to

o 2 o
2 97y <x2k : x2k) n+l (Az 252 )
B - 4AC e 4t g SX'X + o b - W

and hence s
~ = A [RoXg )" o <A2 t282>
b oa gt b(x2k-x2k)it°‘/> 57—t e\ " w/) (312)
e Ty o202
b -
\ m)

SAISE M T MEneq T Eapit

The unknown future wvalue Xyl Can be written in terms of the

known value as

x2k+l = D + E where

15
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2°2

-t o - ~2 t o
D= 2x.k - x2k_1 + 2b (x2k = x2k)/(b - N5 d ) (3'13)
7 I 2°2 s 222
E = 2to \/(;k . EZk)Z/sxx # ’_‘:_1-<b - 55 (bz 4 %—}%(_)
(3-14)

Thus a prediction interval for Xop+l is given by

where D and E are given by equations (3-13) and (3:14) respec-
tively. The properties of this interval are discussed in

section B.

B. PROPERTIES OF THE PREDICTION INTERVAL
The prediction interval in the previous section was

obtained by solving
ax} - D2+ B, - K +C =0

where the coefficients A, B and C are defined in (3:9). The
roots of the equation and hence the form of the prediction
interval will depend on the relative sizes of A, B and C.
The effect of these coefficients on the prediction
interval will now be examined breaking in to four all in-

clusive cases.

Caseé 1. A > Oand B - 4AC > 0




32 > 4AC implies that

2/\
A2 o 2 A2 t o 2 o

)2

tza 2 thAx 2

4 (g - _-S_)fx—) = (n+1)

£ *

(m+1) > - g Gigy = Fyy)”

R
n (Xgp - Xgy)
=T T
ey

n (x2k

L n+l 2

2

To satisfy the conditions A > O and B” > 4AC it is necessary

that

(Xy, = Xopp)2
F>1land F>1 -0y i§ o2 (3-16a)
g

Since the quantity (Xgy - §2k)2/t2;2 is always positive the
conditions in equations (3-16a) are equivalent to the condition

F > 1. In this case the prediction interval for Ko+l will

17
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be of the form

Bn-m,(n+m]

o i This type of two-sided interval is referred to as TYPE 1,

where D and E are as defined in (3-13) and (3-14) respectively.

Case 2. 32 - 4AC > 0 and A < O
o
A<O » B - —pue— <0
A
4 t2c 2

or b < gy

or 92§§§ < |
t o
j.e., A< O » F=<1l (3-17)
2
2 n (g - Epp) :
B - 4AC 20 = F zl-n_H tZAZ . (3-18)
2
(% = Xen )
n 2k 2k
Thus, if F< l and F > 1 - —~=) tzgfz
the resulting interval will be of the form,
(- », D+ E] [D-E, =) (3-19)

and will be callec a TYPE 2 interval.

Case 3. 1f 32 - 4AC < O and A ¥ 0 the interval is called
TYPE 3.

18
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The roots of the quadratic are complex and the predicticn

interval must be taken as (- », + ), This situation occurs

when B2 - 4AC < O .

= 2
2 n (R Xp)

Thus a type 3 interval results when

o
n (Xop = Xgq)

F<l- 0 Kol
n+l tZo 2

A=20 > —21-2—=1. (3.21)

Thus, when F = 1, the interval is of type 4 and is of the

form [G,» ) ,

A X o

where G = 2%, - X5, 1 - P

To summarize the results, the quadratic equation that

leads to the required prediction interval is of the form
AGx - £)% + B(x) - X)) +C =0,

and four different types of intervals can result depending
on the val '~ of

$a DoSDX
g o
€0

The four cases are




when F > 1, the interval is of the form

[(D-E), (D+E) 1. feste
n (B = Xg)

ii) when F < 1 and F 2 1-n+I tzgz , the interval
is of type 2 and is of the form (- =, D+E],[D-E,«)
- 2
' (X9, = X59)
sy iii) when F < l-niI ZktZSZZk , the interval is of
L4

type 3 and is of the form (-«,+x)

iv) when F = 1, the interval is of type 4 i.e., [G,=).

At a given level of significance o, from the relation

(3-5) and the conclusions drawn in this section, the following

relation should hold:

&
£ Pr [occurrence of type i interval]
x Pr i~

interval contains the predicted value]

=1-a (3-23)

The above conclusions are verified with simulated

samples in chapter 5.

Section C examines the distribution of the quantity F

defined in equation (3.16).

C. DISTRIBUTION OF 'F'

The occurrence of any particular type of interval depends

on the value

b2 sxx

L4l

The distribution of F can be shown to be a noncentral F

distribution as follows.

20
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From (2-2), it can be shown that g 1s N(b,02/SXX)

or Y N(otl) )
o/ /SXX
“ 2
P 1 R
o©/SXX
b2. SXX 2
and - i S €. %) (3-24)
o
b SXX
Where A= ’
o

is the noncentrality parameter.
From (2-3) the distribution of

43
-2 45 x* (n-2) . (3-25)

(o

The ratio of (3:24) and (3:25) devided by their respective
degress of freedom results in a noncentral F [5] statistic
with degrees of freedom (1, n-2) and noncentrality parameter

X. That is

2
b™. SXX 2 )

= t°F ~ F (1, n-2, ; (3:-26)

[+

and the noncentrality parameter
) o BT XX
—

g

Substituting for b from equation (2:-5), the noncentrality

parameter )\ can be written as

21




. N dbind ——

§ - __327_2 ’ §§§ (3-27)

: D. NUMERICAL EXAMPLE

The Model developed in section A is tested on the data
obtained from Dow-Jones monthly averages to predict a future
monthly average, based on the averages of the previous months.
In most of the cases, the future value was contained in the
prediction interval. To illustrate an example the data for
the years 1966 and 67 are given below. The prediction
intervals are computed with the help of the APL program

PREDICT, whose listing is given on page 68.

S

1966 1967
Month Ended D - J Ind Month Ended D - J Ind
January 31 983.51 January 31 849.87
February 28 951.89 February 28 839.37
March 31 924.77 March 31 865.98
April 29 933.68 April 28 897.05
May 31 884.07 May 31 852.56
June 30 870.10 June 30 860.26
July 29 847.38 July 31 904 .24
August 31 788.41 August 31 901.29
Sept 30 774.22 Sept 29 926.66 ;
October 31 807.07 October 31 879.74 ;
November 30 791.59 November 30 875.81 1
| December 30 785.69 December 29 905.11 ]
;




The above data are stored in the variable DMA. The pro-

gram Predict is run with different sample sizes and the out-
put is shown on pages 24 and 25.

Using 14 monthly averages from January '66 to February
'67, prediction intervals for March '67 are computed and the :

exact value of 865.98 is contained in the interval. 1

Using given values up to April ‘67, the prediction in-
tervals for May '67, also contain the true value. With a
sample of size 18, the prediction intervals for the nine-
teenth month i.e., July 'G7 are computed and they contain the
true value. Though the average of September '67 falls outside
the interval, the average of November '67 is contained within

the interval.

The reduction in the length of prediction interval with
increase in sample size, is supported by the above example.

The data are tested for the required correlation structure
and found to fulfill the requirements partially. The statistics

of the data are

Mean = 870.83
Standard deviation = 55.0
Corr. Coefficient o = 0.82




PREDICT 14+DMA

THE F STATISTIC IS

THE LOWER PREDICTION LIMIT
THE UPPER PREDICTION LIMIT
THE LENGTH OF THE INTERVAL
TRUE VALUE OF THE AVERAGE

PREDICT 16+DMA

THE F STATISTIC IS

THE LOWER PREDICTION LIMIT
THE UPPER PREDICTION LIMIT
THE LENGTH OF THE INTERVAL
TRUE VALUE OF THE AVERAGE

PREDICT 184DMA

THE F STATISTIC IS

THE LOWER PREDICTION LUIMIT
THE UPPER PREDICTION LIMIT
THE LENGTH OF THE INTERVAL
TRUE VALUE OF THE AVERAGE

PREDICT 20+DMA

THE F STATISTIC IS

THE LOWER PREDICTTON LIMIT
THE UPPER PREDICTION LIMIT
THE LENGTH OF THE INTERVAL
TRUE VALUE OF THE AVERAGE

4.132073877
727.1128824
1080,631201
353.5183188
865.98

5.489038103
598.3935849
900.5564036
302.1628187
852.56

5.130517543
708.7039
1009.101896
300.3979963
904.24

3. 1171973921
573.5929826
864.8705316
291.277549
926.66
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PREDICT 22+DMA

THE F STATISTIC IS 6.994239226
THE LOWER PREDICTION LIMIT 633.1176654
THE UPPER PREDICTION LIMIT 899.7280383
THE LENGTH OF THE INTERVAL 266.6103729
TRUE VALUE OF THE AVERAGE 875.81
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IV. SIMULATION OF SERIALLY CORRELATED SAMPLES

To study the effect of p, o and n on the type of pre-

diction interval obtain:d it is necessary to generate random

variables with the required variance covariance matrix.

These can be generated as linear combinations of standard

normal random variates.

A. SIMULATION FROM STANDARD NORMAL SAMPLES

Suppose Zl, ZZ""’ Zn are random samples from N(O, 1).

To get serially correlated random variates X1 X2,...,Xn,

let X1 = Z1

Xn - C121+Cé22+ ..... +CAZ . (4-1)

The coefficients Cl’ ...,Cn are then determined by solving

equations of the form,

Cov (Xt’ Xt+k) = pk for all t and k from 1 to n.

Consider the first equation

X1 - Z1

E(X)) = E(Z)) = 0

e A L A S e e 3, I TR R T, -

Var (X1)= Var (Zl) =1




From the second equation

E(X,) = E(C1Z,%C,2Z5)
= CE(ZH+C, E(Z,) = 0 (4-3)

since Z1 and 22 are independent;

Var (Xz) = Var(Clzl+ CZZZ)

=% var z, + c2 var z,, 1.e.,
2 2 '
& v = (4-4)
COV(Xl, Xz) = E [(Xl = E(Xl)) (XZ = ﬁ'(xz))]

E [Xl' X2]

E [2)°(CyZ+Cy2,) ]

2 '
E [ClZl +C22122] ) L8l
2 o
ClE(Zl )+C2E(lez) = p
5 2 2
Since Z; ~ N(O, 1), Z;% ~ X“(1),

also since Z1 and 22 are independent, the above equation can
be simplified to
Ci=0» (4-5)

+ From 4.4 by substitution we get C2 = 1l -p

or Xz = le + 1l -9p 22 (4-6)

or X2 = pxl + k=5 22 4-7)




Similarly it can be shown that
Xy = pX, + V 1- p2 Zq (4-8)

The result can be generalised in the form

Xi = pXi_l +" 1 - pz Zi (4-9)

1% 2. . <.y 0
i1 s
or X, = ot z + ol 2“ S pZ Zy +....¥ VI - p2 z; (4-10)
il (R e o

The results obtained in (4°10) can be expressed in the follow-

ing matrix notation:

§ = _A_ é . (LI-' 11)
nxl nxn nxl
T SR T TS
nxl
L
& = (e By wesiw gl )

and A is a nxn matrix of the form

1 - 4 - A 0

(4-12
A = p2 o/l - p2 /1 - pz cow s O )

It a random variable Z 1is distributed normally with
nxl
mean y and covariance V and if A is an nxn matrix of rank n,

then the vector
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Gt
nxl nxn nxl

is distributed as multivariate normal with mean vector A u

and covariance A V é?. As a result, the random variable X

(4-11) is distributed as multivariate normal with the re-

quired covariance matrix V. Here
zZ~NQ@, D,

where I is an nxn identity matrix.

Hence, X ~ N(O, A I al)

We now show that A I ér = A _: is a matrix of the required
form (for n = 4)
Bl 0 0 0
i aln e o o0
i p2 pn/l—p2 1-02 0
E p3 02 /1-0 9/1_-? /E’Z ] ;
:
1 o o2 0 '”
AT 0 /{-_pz ov1-p 02/1—-;2 T
i 0 0 /{:;Z oY/1l-p g
Lo 0 S ;
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g g 0’ 03
] o p2+1-p2 03+ (1-02) 04402 (1-02)
£ g8 =] 5 4 2 bi 2, 2 2 5 3,. 9 2
: pc p +p(1-0%) p +p (1-p")+(1-p%) P +p  (1-p")+p(1-p7)
X 03 p%p2(1-p%) 0940¥ (1-0D340(1-02)  pOH(1-0%) (ot 241)

which reduces to

1>
%
|
[}

The above result can be generalized for any value of n.

B. TESTING FOR NORMALITY AND CORRELATION

The simulated samples are tested for normality and the
correlation structure. The simulated samples are tested by
standard Kolmogorov-Smirnov test. The results showed that
samples do appear to be from the specified normal distribution.

The correlation between X and Xj is given by

Cov(X,, X.)
R = e ——— (4-13)
VVar Xi . Var Xj

Confidence limits for correlation coefficient p are developed

using the approximation.

J




1+p 1
ol e

A 95% confidence interval for p is given by

(262950 2 5 ¢ (200N 0P,

The simulated samples are also tested for the required
correlation structure by examining the confidence limits for
correlation between (Xi’ Xj) using equation (4-14). The
results showed that the samples do appear to have the pre-

scribed correlation structure.




V. RESULTS OF SIMULATION

In this chapter, using simulated samples, the probabili-
ties of occurrence of various types of intervals and their
dependence on the value of p, n and o are studied. The pro-
gram PROBS FORTRAN, whose listing is given on pages 63-66
computes the probabilities for the four types of intervals.
For given values of p, n and o the program generates one
thousand samples and records the frequency of occurrenc= of

each type of interval. 1In each case the program tests whether

the predicted value is contained within the interval. Finally,

for a given level of significance o the relation (3-23) is
verified.

Choosing a level of significance o = 0,05, the simulation
was run for values of p ranging from 0.1 to 0.9, for sample
sizes from 10 to 50 and for sigma varying from 1 to 5. For
@ = 0.1 and 0.02 the program is executed to study the effect
of the level of significance on the results.

The computer output is shown on pages 43 to 57, Tables
I to VI show the variation of probabilities of types of
intervals with change in a at different sample sizes, keeping
a and ¢ constant. Tables VII to IX show the variation of
probabilities of types of intervals with a change in p at
values of o = 0.1. Tables X to XII show the variation of
probabilities of types of intervals with a change in p,

keeping o = 0.02.
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In Tables XIII to XV, the variation of the probabilities
of types of intervals are shown at a standard deviation (o)
of 3.0, whereas in Tables XVI to XVIII, the value of standard
deviation is altered to 5.0. Tables XIX to XXVII depict the
variation of the types of intervals with change in sample
sizes at different values of p and o, keeping a at 0.05.
Finally, Tables XXVIII to XXX show the variation of proba-
bility of types of intervals with change in sigma at different
values of p and n.

In all these tables the first column indicates the value
of the parameter. Columns 2, 3 and 4 give the probabilities
of occurrence of types of intervals. Columns 5 and 6 show the
probability that the predicted value is contained in the
interval. Since a type 3 interval is of the form (-«,+=)
the probability of Xop41 EO be contained in the interval is
one. Finally column 7 verifies the relation (3.23). The
attached graphs on pages 58 to 62 show the trend in the pro-
bability of occurence of the three types of intervals with
changes in parameters like p, o, n and a.

The outcome of the simulation confirmed the following
theoretical conclusions:

i) The probability of type 1 interval increases with an
increase in correlation coefficient p, all other parameters

remaining constant.

ii) The probability of type 1 interval increases with an

increase in sample size, keeping all other parameters constant.




iii) The probabilities of types 2 and 3 decrease with

an increase in correlation coefficient or sample size.

iv) The probabilities for the four types of intervals
do not change significantly with change in sigma.

v) The probability of a type 1 interval increases with
an increase in level of significance a, all other parameters
remaining constant.

Section 6 deals with the application to linear trend

model.
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VI. APPLICATION TO LINEAR TREND MODEL

In this chapter, the results of chapter 3 are extended
to stochastic processes that follow a linear trend model.

Let {Xn} be a discrete stochastic process satisfying

Xn L ¥ n S
where e, a + Bn , (6:2)
and €. is a stationary process of normal variates that
satisfy the following:
E{en} =0
Var{en} = 02
= g2k .
Cor{en,sn+k} =0p g (6-3)

Such a process is called a model for linear trend. Krishnaih
and Murthy [7] showed that for the above model the conditional
distributions of X2k given x2k-l and X2k+1 are independent

normal with

B [Eon | Ty Bl = Bt Bk + 89Ky i
and Var [X,, | X Xprpp] = 02(1-p2)/ (1+0?) (6-5)
2k | f2k-1" T2kl ° WS
where Xp = (Xopq + Xgpyq)/2
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In section A, a prediction interval for X2k+1 is

obtained knowing the values up to X2k for the above model.

A. PREDICTION INTERVAL FOR X,, .,

Using regression analysis, a prediction interval for

X2k+1 can be obtained for the linear trend model, knowing

the values up to X2k' Equation (6:4) can be written as

Xy = By + Bk + B3Xi + e, B R L S
or in matrix notation,

B = B 3 wicl san, ofD
nxl nx3 3x1 nxl

The design matrix X is of the form:

nx3
r -
i | 1 (X,+X4) /2
1 2 (x3+xs)/2
i 3 (X5+X7)/2
) 4 n X +X 2
I Xon-1"%9n+1)/2

and B 1is the column vector (By, 8o 83)T
3x1

(6-6)

The estimator B can be obtained from the normal equations
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or B = s"1x'x

n in X!
n

= lmm zp% InX! (6-7)

ro
{ '
ZXn Zan ZXn

where S =

Since S can be shown to be nonsingular and of rank 3, §-1

exists and

2o-1

B~ BB a8 . (6-8)

For a given value of X'\ = [lk x. 1,
1x3

the predicted value ﬁ 2k =

X B
1x1 X

x’
1x3%  3%1

o ] 2 [ 'l 1 T
and X, v N {X, B, o"(X )S "(Xg )}

It can be shown that the residual
VIV N{O 02(l+ 2)} (6:9)
2k 2k 1 - ’

where

82 - )_(_'k §'1( X_'k )T
1x1 1x3 3x3 3x

As an example, let X = (%1, Xq, R ST

Here K = 5 and n = 4.

The vector X B (%, X,, X., Xo) .
4x12k £’ &' 76" T8

e




e A ade o ad o 8

I 1

1 2 (xgtxg)/2
and the design matrix X =

}. 4 (x7+x9)/2J

XL = [L 5 (x9+x11)/2]

The value of %1 is unknown. A prediction interval for X1

can be developed as shown below.

From equation (6-9)

X - X
2k "2k N (0, 1) (6-10)

o/ 1 + s

X - X
2k 2k o = t . (6-11)

J 1+ s2 Y n-3

and

The quantity t has a student's t distribution with (n-3)

degrees of freedom, where Rg is the usual unbiased estimator
2

of ¢°.

At a given level of significance a ,

(Xgi = Xgp) v0-3 A
i a/2

Ro /J 1+ ;7

The term in the brackets of the left hand side of equa-

= ]l -a (6:12)

tion (6:12) can be written as,




Xy - Xop € Rtz /1*s’/V/n-3

and
2 ]T'

1+8°=1+[1k xi][S'l][l k x!

k

The expression on the right hand side can be simplified to

the form

\] |2
Yo * Y% ¥ Yo¥ -

The coefficients Tyr ¥y and Y, can be computed since k and

S‘l are known.

Squaring both sides of equation (6-13) and substituting for

;2k and 52, it can be simplified to,
R e | N tg/zRg e R
i e a et LR S T s Y o

2 2 t2 Rzy
u/Z % 1k + 2y -8,k 85 L5
2 2
a/2 0’0 Y <
n-3

(33 ‘YZ xk

+ ((xgp~B1-8,K) -

oo e above - inequality reduces to

A xk‘ + Bxk * G € U

where

/\2
A = 33 “ Yz Q/ZR /(n=3) ,

& i
B B B, - 2 e
Sl T 3 ENE T M




2 RZY

3 s e
The quadratic equation (6°14) can be solved for xéo using

the formula.

Since 2 = %(XZk-l+x2k+l>’ the prediction interval for

x2k+1 can be written as

D-E < Lopr1 D+ E (6°16)
where
D = -X5 1 - B/A

Y(B“-4AC) /A (6:17)

=1
i

Note: 1If A=0, then no interval exists; also when B2 < 4AC
E becomes imaginary and the interval is taken to be (-,+x).
In section A, a numerical example is given to verify the

model developed here, with the help of simulated samples.

B. NUMERICAL EXAMPLE

In order to compute the prediction intervals for a future
value fo; samples satisfying a linear trend model an APL
program LINTREND has been developed. The listing of this
program is given on page 67. Error terms having the correla-
tion structure (6-3) are given as input and for given values

of a and B8, the program develops the vectors Koy and g&.
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For a sample of size 18, the output of the above program is

given below.
g= 1.0, =05, pg=0.2, N=18 .. n= 8§,

R L = (2.094, 3.37, 4.056, 3.7595, 5.984, 7.848,
x1
7.821, 8,388)T

8§12k = (2.94, 3.983, 4.913, 2.685, 5.376, 7.849, 9.017,
X

8.416)T

-i 1 2.094-

: 2 3.37

4 3 4.056
The design matrix X = (1 4 3.759

8x3

I 5 5.984

1 6 7.848

1 7 1.821

1 8 8.388

For the model (6:4),

B=(-0.147, -0.597, 1.566)T
3x1L

The coefficients of the quadratic equation (6-14)

AGD? +BEY +C=0,

are given by
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A= 1.443
, B = 35.801
k. C = -72.382

and the values of D and E are
D = 15.955
E = 28.561
from the equation (6-17) ,
the lower limit = - 12.606
the upper limit = 44 516

The true value of X19 (10.515) is contained in the

interval.




I. VARIATION OF TYPES CF INTERVALS WITH ROW

b . SAMPLE SIZE =14
’ SIGMA = 1.0
e ! . LEVEL OF SIGNIFICANCE = 0.05

ROW TYPE 1 TYPE 2 TYPE 3 PRCB 1 FPRIB 2 CCN REG

J.100 0.193 0.066 0.741 0.917 C.576 0. €56
J.30C C.342 0.080 0.578 0. 615 C.775 0.553
0.50¢C C. 269 0. C98 C.633 0. 3883 0.786 0 .949
Je.700 0« 366 0.119 0.512 0.902 0.874 0.549
0.990 0539 0.128 0.333 0.939 J.930 0.c€5¢

lie VARIATION NF TYPES 0OF INTERVALS WITH ROW

SAVMELE SIZE 212
SIGMA = 1.0
LEVEL CF SISNIFICANCE = 0.05

ROW wYPE L TYPE 2 TYPE 3 PRAB 1, PRIB 2 CON REG ;

0.l00  C.452 0.048  C.46C 0.535 (.438  0.541
C-30C C.516 0.C77  0.407 0.924 0,714  0.939
0.500 0.483  0.110 0.407 0.909 0.818  0.536
1 7 0.700  0.79% 0.071 0.138 0.934 0.873  0.$3S
0.900 €.902 0.C50 0.048 0.947 C€.920 O.<48

B e —— - -

CON REG = CONFIDENCE REGION
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IIl. VARIATION 9F TYPES CF INTERVALS WITH ROW

£ : SAMPLE SIZE = 30
4 SIGMA = 1.0
g LEVEL OF SIGNIFICANCE = 0.05

— ———— ——— — — ——— - ————— - — - — ——— — — - - - -

ROW TYPE 1 TYPE 2 TYPE 3 PROB 1 FROB 2 CCN REC
0.100 0.554 0.C36 0.410 0.960 G.722 C. <68
0.30C C. 861 0.033 C. 106 Q. 540 €. 758 C. S40
0.500 C.874 C. C44 0.082 0.952 0.841 0.951
0.700 0.914 0.028 0.058 0.951 0.929 0.653
0.900 0.979 J .008 0.013 J.952 1.000 0.¢52

IVe VARIATION OF TYPES OJF INTERVALS WITH ROW

SAMFLE SIZE 34
SIGMA = 1.0
LEVEL OF SIGNIFICANCE = 0.05

- - - - - - -

ROW TYPE I - PYEE 2 - TYPENZ CPREB LG RRHRE 2 CUNMIREG

- —— - — - ——— - — - — - —— -

0.100 C.585 0.041 0.374 0. 656 C.610 Ce S50
0.30¢C C. 683 0. C66 0.251 0. 943 0.773 0.546
0.500 0.718 0.077 0.205 0.937 0.7606 0.637
J.700 0.950 0.013 0.037 0.942 C. 846 0. S42
0.900 C.992 0.004 0.004 Q. 5438 1.000 C.c48

- - —— — s - - —— - ——— - ———— ——— - —— - —
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Ve VARIATION N= TYPES OF INTERVALS WITH ROW
E o SAMPLE SIZE =38
F SIGMA = 1.0
y LEVEL OF SIGNIFICANCE = 0.05

- —-— . —— ——— ———— —————— — —— — ——— -~ ———

ROW TYPE 1| TYEFE 2 TYPE 3 PROB 1 PROB 2 CON PEG

0.100 C.703 0.020 0. 267 0. 546 Ce467 C. S48
0.30¢C C. 809 0. C36 0.155 0.954 0.80% 0.956
0.500 0.847 0.041 0.112 0.956 0.854 0.957
J.700 C.966 0.015 0.019 0.959 0.933 0. S5¢
0.900 C.994 0.C04 0.002 0. 957 1.000 C.S57

VI. VARIATION OF TYPES OF INTERVALS WITH ROW

SAMPLE 3IZE = %2
SIGMA 1.0
LEVEL CF SIGNIFICANCE = 0.05

ROW TYPE 1 TYPE 22 TYPE 3 PROB 1 PROUB 2 CON REG

C.10C C. 573 0. C47 C.380 0,932 0.723 0.948 !
0.300 0.719 0.044%4 0.237 J.947 0.773 0.552 3
0.500 0.853 0 .047 0.100 0.943 0.89¢4 0. S4¢
0.70C C.980 0.007 0.013 0. 543 C.857 C. <48
C.90C C.998 0. CO1 0. 001 0.947 1.000 0.547

- — —— D — - - — - — - —— - — - —— —— - — -
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VII. VARIATION OF TYPES OF INTERVALS WITH ROW

_ SAMPLE SIZE =14
SIGMA = 1.0
) LEVEL CF SIGNIFICANCE = 0.10

- et - —_— - - — — ——— —————— —————————

ROW TYPE 1 TYPE 2 TYPE 3 PROB 1 PROB 2 CON REG

B A - —— —— - ——— — ——— — ——— —— —— —— ———— T —— —— N —— ———————— o

EL C.10C Ce 269 0. 111 C.62C 0.879 0.468 0.506
0.300 0.441 0.108 0.451 0.846 0.667 0.896
0.500 C.380 0.138 0.482 0.858 C.732 0s'SCS
0.700 0.501 0.138 . 361 0. 858 €. 790 C.<00
C.90C C. 666 0. 114 C.22¢C QJ. 883 0.868 0.507

- -— ———— —— — — — — — - — — ———— —— — ——— —— - — ——— ——————

VIIT<VARIATION O TYPES CF INTERVALS WITH RCW

SAMPLE SIZE 22
SIGVA =1.0
LEVEL 2F SIGNIFICANCE = 0,10

RIW TYPE 1 TYPE 2 TYPE 3 PREBB 1 FPRCB 2 CON REG

0.100 0.524 0.077 0.399 0.876 0.468 0.894
0.300 0.599 0.101 0.300 0.873 0.564 0. €8C
0.500 0.617 0.122 0.261 0. 861 C.754 Q. €84
C.70C C.853 0. C66 0.081 0. 885 0.773 0.887
0.900 0.941 0. 023 0.031 0.891 0.786 0.891

—-— —— - —— —— ——— - ——— - — - ——— - — - -




IXe VARIATION @

SAMPLE SIZE 30
SIGMA =1.0
LEVEL OF SIGNIFICANCE = 0.10

PROB 1

TYPE 1. TYPE 2. TYPE 3

0.335
0.069
0.043
0.027
0.005

0.899
0.891
0. 902
0.902
0.897

€. 070
0 .025
0.024

0.595
0.906
G.933
C.951 0. C22
0.989 0. 0056

TYPES CF INTERVALS WITH RCW

— —— —— ———— —— ————— — ——— —— — ——— —— ————  — ———

FROB 2 CON REG

- - - ——— ——— ——— —— ——— ——— ———— —— —— ——

Xe

SAMPLE SIZE L&
SIGMA =1.0
LEVEL OF SIGNIFICANZE = 0.02

VARIATICN OF TYPES 0OF INTERVALS WITH ROW

ROW TYPE 1 TYPE 2 TYPE 3 PRCB 1 FRIB 2 CCON REG

0.100 0.160 0.028 0.812
0.300 0.254 0.C42 0.704
C.50C C.169 0. C63 C.768
0.700 0.209 0.088 0.703 0.932
0.900 0.381 0.121 0.498 C.S75

0.571
C.738
0.825

0. 582
C.<S76
0.577
0.580

Ce. <82

- ——— —— - - - -




XIe VARIATICN CF TYPES OF INTERVALS WITH R0OW

SAMPLE SIZE 22
SIGMA = 1.0
LEVEL JOF SIGNIFICANZE = 0.02

ROW TYPE 1 TYPE 2 TYPE 3 PRCB 1 FROB 2 CCON REG

0.100 0.464 0.026 0.510 0.970 0.731 0.S7¢
0.300 Ce427 0.054 0.519 0. 9617 (. 870 0.57S
G.50C C.338 0. C76 0.586 0.938 0.987 0.578
0.700 0.691 0.073 0.236 0.965 0.973 0.S74
0.900 0.825 0.073 0.102 0.979 C.986 C. €82

XI1le VARIATION NF TYPES JF INTERVALS WITH ROW

SAMPLE SIZE 30
SIcvA = 1.0
LEVEL OF SIGNIFICANCE = 0.02

- - ——

FYER 25 RYPECS { PROB 2 CON REG

0.Cl9 0.45¢ C. 737 C.S86

0. C22 0.148 0.773 0.S72

0.032 0.158 0.938 0.580

0.051 0.103 C.S561 C. €8C
C.024




by

XIIINARIATION N TYPES OF INTERVALS WITH ROW

SAMPLE SIZE =22

SIGvA = 3.0

LEVEL OF SIGNIFICANCE = 0.05

RAOW TYPE 1 TYPE 2 TYPE 3 PROB 1 PRIB 2 CON REG
0.100 0.067 0.C78 C.855 0. 851 C.500 0.S51
C.30C C.l79 0.125 C. 656 0. 855 0.704 0.537
0.500 0e.445 C.117 0.438 0.899 0.829 0.S35
0.700 0.736 0.083 0.176 0.938 C.898 C. S45
0.90C C.S01 0.051 0.048 0. 548 (.941 C.S50

XIVe VARIATION OF TYPES OF INTERVALS WITH RO

SAMPLE SIZE

SIGMA

26
= 3.0

LEVEL CF SIGNIFICANCE = 0.05

RQOW TYPE 1 TYPE 2 TYPE 3 PRQOB 1 PROB 2 CON REG
C. 10C C. 652 0. C43 0.305 0. 936 0.651 0.943
0.300 0.255 0.106 0.639 0.929 0.698 C.S50
0.500 0.561 0.110 0.329 0.938 0.855 C. €46
0.70C C.841 0.062 0.097 0. G541 (. 903 0. %44
0.90C C. 962 0. Clé 0.022 0e 946 0.938 0.547

49
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XV .VARTIATION Q¢ TYPES OF INTERVALS WITH ROW

SAMPLE SIZE 30
SIGMA = 3.0
LEVEL CF SIGNIFICANCE = 0.05

A J\‘v -

ROW TYPE 1l TYPE 2 TYPE 3 PROB 1 PROB 2 CON REG

C.10C G.075 C.C71 C.854 0.8890 0.620 0.564
0.300 0.374 O0.1l1 0.515 0.922 0.721 0.540
0.500 0.674 0.091 0.235 0.942 C.857 C. C4¢
0.70C C.857 0.034 C. 065 0. 65¢C Ce 912 0. S52
0.90C C.979 0. CO7 C.014 0.952 1.000 0.953

 — — — —— —— - ——— ———————————— - —_—

XVI .VARIATION OF TYPES CF INTERVALS WITH ROW

SAMPLE SIZE 22
SIGMA 5.0
LEVEL 7F SIGNIFICAMNCE = 0.05

"

———— ————— - —_—— . —— — — ———— —— ——— ————— —— ——— — —————

R0W TYPE 1 TYPE 2 TYPE 3 PROB 1 PROB 2 CON REG

0.100 0.067 0.078 0.855 0.851 0.500 0.S551
0.300 0.182 0.127 0.691 0.863 C.717 C. €35
: 0.50¢ Ced44 0.115 C. 441 0. S01 C.817 0. S35
0.70C C.716 0. 102 0.182 0. 936 0.892 0.943
0. 900 0.901 0.052 0.047 0.948 0.942 0.S50
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XVIIJVARIATION O TYPES CF INTERVALS WITH ROW

SAMPLE SIZE 26
SIGNMA = 5.0
LEVEL OF SIGNIFICANCE = 0.05

- —— . ————————— ———— —— ———————— ————— ———

ROW TYPE 1 TYPE 2 TYPE 3 PROB 1 FROB 2 CCON REG

- - ——— - ——— - - —

0.100 0.193 0.097 0.710 J.896 0.619 0.543
0.300 0.255 0.107 0.638 0.929 C.701 C.c5C
Q.50C (.560 0.111 C. 326 0. S38 C.856 0.549
0.7CC C.841 0. C€2 C.097 0. 941 0.903 C.S44
0.900 0.962 0.015 0.022 Q.97 0.938 0.S48

- —————— ——_—— ——— —————— —— — — —— - - —— —— -

XVIII.VARIATICN OF TYPES TF IMTERVALS WITH ROW

SAMPLE SIZE 30
SIGMA = 5.0
LEVEL OF SIGNIFICANCE = 0.05

—————— —— ——————— —— - —— ————— ——— ——— - — - — —— - ———

ROW TYPE L TYPE 2 TYPE 3 PRGE 1 FROB 2 CCN REC

—————— - - - ———— - -

0.100 04075 0.075 0.850 0.393 C.640 e S65
0.300 C.350 0.110 C. 540 0. 920 (. 709 C.<40
C.50C C. 664 0. C97 C.236 0.950 0.845 0.952
0.700 0.897 0.034 0.069 04950 0.912 0.652

0.900 0.979 0.007 0.014 0.952 1.000 Ds €52
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XIX«VARIATION OF TYPES CF INTERVALS WITH N

CORR.COEFF. 10.300
SIGMA = 1.0
LEVEL OF SIGNIFICANCE = 0.05

N TYPE 1 TYPE 2 TYPE 3 PRGB 1 FROB 2 CCN REG
4 G.300 0.040 0.660 0.861 C.600 0. 44

é C.342 0.C80 ~0.578 0.SG15 C. 775 0.S553

8 C. 587 0. C57 C.356 0.942 C.737 0.951
10 0.516 0.077 0.407 0.924 0.714 0.S39
12 0.259 0.106 0.635 0. 946 C.698 0.<54

L4 G.861 0.C33 0. 106 Q. G40 C. 758 C.c4C

_—— - - - ——— - — ————— ————

XX« VARIATION OF TYPES OF INTERVALS WITH N

CORRe COEFF. J.500
SIGMA 1.0
LEVEL CF SIGNIFICANCE = 0.05

- - - - - —— . ———— —— ———————

N Y Pe L REPE 2 TYPE 3 PROB L PRI 2 CON REG

- - — - —-——

C.232 0. C49 0.716 0.853 0.694 0x95'1
0.269 0.098 0.633 0.888 0.786 0.549
0.540 0.083 0.377 0.935 C.319 Ge 93C
10 C.483 0.110 C.407 0. 506 C.818 C.<36
12 C. 561 0. 109 Ce33C 0.5941 0.853 0eS51
14 0.874 0. C4% 0.082 0.952 0.841 C.S51




XXI « VARIATION O

CORR .CNOEFF. 0.700
SIGMA =1l.0
LEVEL CF SIGNIFICANCE = 0.05

- —————— — ——— —— —— ——— - —— —

3 C.586 0.095 C.316
10 C.791 C. C71 C.138
12 J0.840 04065 0.095
14 C.914 0.028 0.058

TYPES CF INTERVALS wWITH N

———————————— — — o — —————

——— ——————— ———— ——— — —— ——

XXIIVARIATION OF TYPES JF INTERVALS WITH N

CORR.CCEFF. = 0.300

SIGMA = 3.0

LEVEL CF SIGNIFICANCE = 0.05

N TYPE L RYER 2 YRR g OREE 1 o PRaB 2 CUN REG
4 CeC07 0.050 0. 383 0. €42 C.580 0. G55
€ C. 090 0. C93 C.817 0.689 C.710 0.945
8 0.262 0.085 0.653 0.924 0.718 0.S56

10 0.179 0.125 0.696 0.855 C.704 Cs €3 1
12 Ce255 0.106 C.63S Je G529 C. €98 C.S5C
14 C.374 C. 111 G515 0.922 0.721 04540
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XXIII.VARIATION OF TYPES OF INTERVALS WITH N

E CORR.CCEFF. 0.500
SIGMA = 3.0
LEVEL CF SIGNIFICANCE = 0.05

——— - —— ——— —————— - —— - ——————— — ——————

N TYPE 1l TYPE 2 TYPE 3 PRJIB 1 PROB 2 CON REG

C.108 0. C68 C.824 0.713 0.750 0.652
0.226 0.105 0.569 0.863 0.781 0.546
0.376 0.118 0.506 0.923 C.822 Ce S5€

10 Ce445 0. 117 0.438 0. €SS C.829 .S535
12 C. 561 C. 110 C.326 0.938 0.855 0.549
14 0.674 0.091 0.235 J.942 0.857 0.S48

- ——— — ——— ———— — ——— —— ——————— ———— ———— ————— - -

XXIVe VARIATION OF TYFES CF INTERVALS WITH N

CORR.CQEFF. = 0. 70C
SIGMA = 3.0
LEVEL OF SIGNIFICANCE = 0.05

N TYPE 1 TYPE 20 TYPE 3 PROB 1 PROB 2 CEN REG
4 0.216 0.077 0.707 0.329 C.870 Ge $52
6 C.354 0. 122 0. 524 0. 858 C.885 C.S50
8 C.557 . 118 C.325 0.926 0.864 0.943

1RV 0.736 0.088 0.176 0.938 0.898 0.945

12 0.841 0.062 0.097 0.941 0.903 0.<44

14 0.897 0.C34 C. 066 0. 950 C.912 C.c52

- —— ——— — - ———————— - —————— ——————— -




XXVe VARIATION OF TYPES OF INTERVALS WITH N

CORR.CCEFFe. J.300
SIGvA = 5.0
LEVEL OF SIGNIFICANCE = 0.05

—— — — — — —— — " ——— —— —— —— ——— - ———— — ———— -

N TYRE 1 TYEE 2 TYPE 3 PRAB 1  PRAB 2 CON REG

6 C. 088 C. CS4 C.818 0.682 0.713 0.545
8 0.138 0.093 0.769 0.884 0.710 0.557
10 0.182 0.127 0.691 0.363 C.717 C. €36
12 C.255 0. 107 C.638 0. 525 C.701 C. S50
14 €. 350 0. 110 C.540 0.920 0.709 0.940
» XXvl. VARIATION OF TYPES CF INTERVALS WITH N

CORR JCOEFF 0.50C
SIGMA =3.0
LEVEL CF SIGNIFICANCE = 0.05

[]

- - —_— ——— — —— —— —— — — - — — ————— ——— - ————— ——

N TYPE 1 TYPE 2 TYPE 3 PRGOB 1 PROB 2 CON RES

- - — - - — — — — ————— ———————— - ——

4 0.107 0. C63 0.824 0.701 0.739 0.550
6 0.215 0.109 0.676 0.860 C.761 C. S44
8
0

C.363 0. 126 C.511 0.528 C.810 Ce S50
Ce 444 0. 115 Ces4l 0.901 J.817 0.935
12 0.560 0.111 0.329 J.933 0.856 0.549
14 0.664 0.097 0.239 0.350 0.845 C. €52

- ————————— - —— - ——— ——— - —— - ————— —— - ———




XXVII<VARIATICN CF TYPES 7OF INT ERVALS WITH

CORR.COEFF. 0.900
SIGMA = 5.0
LEVEL OF SIGNIFICANZE = 0.05

- ———————— ——— - ———— ——— - ———— —— T ————

N TYPE 1 TYPE 2 TYPE 3 PROB . FROB 2 CON REG

4 0.237 0.103 0.66C 0.873 C.922

6 0.537 0.129 C.334 Ce G377 C.3930
8 Ce777 C. C80 Oc143 0. 943 0.888
10 0.901 0. 052 0.047 0.948 C.942
12 C.962 0.016 0.022 0.947 C.938
l4 C.S7S 0.007 0.014 0. 5652 1.000

——— — —— — ————— — ——— ———

XXVIII.VARIATION OF INTERVALS WITH SIGMA

SAMPLE SIZE 14
CORR.CQOEFF. 0. 700
LEVEL CF SIGNIFICANCE = 0.05

— - — —— - ————— - — — —— ——— — —— —— —— — ———— . ————

0. C€2
C.S57
0.547
0.550
Ce €4 E
0. S53

SIGMA TYPE 1 TYPE 2 TYPE 3 PROB 1 PROB 2 CON REG

1 C. 369 0.119 C.512 0.902 0.374
2 0.352 0.123 0.525 0.901 0.886
3 0.354 0.122 0.524 0.398 C.885
4 C.354 0. 121 0.52¢ 0. €S8 C.884
5 C. 353 C. 122 C.525 0. 398 0.885

0.549
0.951
C. <5C
Ce S50
0.950

- ——————— - ——— ———— - - - - ————
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XXIXe VARIATION OF INTERVALS WITH SIGMA
- : SAMPLE SIZE =18
] CORR.CCEFF. = 0,500
1 LEVEL 9F SIGNIFICANCE = 0.05
-
SIGMA  TYPE 1 TYPE 2 TYPE 3 PROB 1 FROB 2 CCN REG
3 1 Cs540 0.083 0.377 0.935 (C.819 C.S5C
E 2 C.356 0.116  0.488 0.S519 (C.819  0.%47
3 C.376 0.118 C.506 0.923 0.322 0.950
5 0.372 0.118 0.510 0.922 0.822 0.550
5 00363 0.126 0.511 0.928 €.810  0.S5C
XXX «VAR IATIIN JF INTEPVALS WITH SIGMA
SAMPLE SIZE =22
CORC (COEFF. = 0.500
LEVEL OF SIGNIFICANCE = 0.05
SIGMA  TYPE 1 TYFE2 TYPE 3 ORJB 1 PROB 2 CON REG
1 C.483 0.110 0.407 0.505 (.818 C.S36
2 C.446 0,115  C.435  0.901  0.826  0.936
3 0.445 04117 0.438 0.899 0.828  0.535
4 0.446  0.115  0.439 0.899 0.826  0.93¢
5 0.444  0.115 0.441 0.901 C.8l7 C.935
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1. TYPES OF INTERVALS VS p

-

PROB. OF TYPES OF INT.
w

CORR. COEFF. p =~

SAMPLE SIZE = 30
SIGMA - 1.0
SIGNIFICANCE LEVEL = 0.05

1, 2 and 3 on the curves indicate the types of Intervals.
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PROB. OF TYPES OF INT.

2

TYPES OF INTERVALS VS N

CORR. COEFF - 9.5

SIGMA

= 3.0

SIGNIFICANCE LEVEL = 0.05




3. TYPES OF INTERVALS VS N

-

PROB. OF TYPES OF INT.

N -
CORR. COEFF. = 0.7
SIGMA = 1.0
SIGNIFICANCE LEVEL = 0,05




4. TYPES OF INTERVALS VS p
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CORR. COEFF.

SAMPLE SIZE
SIGMA
SIGNIFICANCE LEVEL
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PROB. OF TYPE 1 INT.

o SR s . 5

B i iich o A i

PROB. OF TYPE 1 INT. VS N
(VARIATION WITH a)

6 8 10 12 14
CORR. COEFF. = 0.9
SIGMA - 1.0
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10

30

40
50

60

70

PROGRAM TO CALCULATE PRCOBABILITY CF TYPE 1,TYPE 2,TYPE

3y TYPE & INTERVALS FOR SIMULATED SAMPLES.
PROGRAMMER T S MURTHY SEP 1S79.

LR RS R R S Rt o R L R R e R R LR LR EEEEE RS LSRN

CIMENSION Z(55)4X(55)yV(100455),XI1(E50),YI150),S(55),
LIC(S5)sIR(5),IPC(5),STAT(10,7) yVS(104+10,7),IVS(1C)

CALL OVFLOW
INCEX =1

SIGMA=1.0

READ( 552) K,oT

WRITE (€42)K,T
FIRMAT( 1X, 124 2X ¥5.3)
IF(K .EQ. 0 ) GO TO 460
ROW=0.10

D3 300 I3=1,5

D3 10 J=1,5

B=(1-ROWx%2 )*x%,5
SIMULATIIN IF SAMPLES
ISEED=12345

IPC(J)=0

C3 250 IA=1,10

DI S5C M=1,100

CALL SNORM(ISEEDyZ4K)
X(1)=SIGMA*Z(1)

LY 30 J=2,K
X(J)=ROW*X(J=1)+3 %S IGMA*Z(J)
DI 40 L=1,K

VIM,yL)=X (L)

CINTINUE

D) 60 I1=1,5

IR(II)=0

CJ 200 I=1,10C

D9 70 J=1,K

StJ)=v(I,J)

K=K=5

KK=K /2
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L oddieill ity

g

T

80

S0

100

110

120

D3 E&C L=1,KK

YICL)=S(2%*L)

N=KK-1

D3 <0 LL=1yN
XE(LL)=(S(2%LL-1)+S(2*%LL+1))/2.9
XSUNM=0.0

YSUM=0.0

SXX=C.0

SXY=0.0

SYY=C.0

D3 100 KL=1,5

IC(KL)=0

D3 110 M=1,yN
YSUM=YSUM+YI (M)
XSUM=XSUM+X I (M)

CONTINUE

XB=XSUM/N

Y3=YSUM/N

D97 120 M=1,N
SXX=SXX+( XI (M)-XB)*%*2
SYY=SYY #(YI (M)=Y B) **2
SXY=SXY+( XI(M)=X3)*(YI(M)-YB)
CONTINUE
VRES=(SYY=((SXY*%2 )/SXX))/(N=2)
EH=SXY/SXX

AH=YB-BH* XB

SS=(T*%2 )*VRES

A= (EH*%2 )=SS/SXX
P=§(2*KK)-Y8

B==(2%BH*%P)
C=(0%%2 )~ (SS*(N+1))/N
F=(BH*%2 )*SXX/SS
$SQ=1.0=N*(P*%2) /(SS*(N+1))
IF (F «LT« SSC) GN T3 150
IF(F «EQ.l<0) G TO 500
D=(2.%XB)=S(K=1) + 2. *8H*P /A
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130

150
160
170

200

220
250

275
280

285
290

E=( 2o /A) R (((SSX(P%%2) /SXX)+ (N+1)%A%SS/N)%*,5)
PIL=D-E

PIR=0+E

PVAL=S(K+1)

IF(F .GT. 1.0) 50 TQ 130

IC(2)=1IC(2)+]

IF(PVALLLELPIR 4ORs PVAL,GE.PIL) IC(5)=IC(5)+1
G3 TO 160

IC(1)=1IC(1)+1

IF(PIL.LE.PVAL.AND.PIR.GE.PVAL) IC(4)=IC(4)+1
GJ TO 160

IC(3)=IC(3)+]

D7 170 J=1,5

IR(CJI=IR(JI+IC(J)

K=K+5

CONTINUE

C3 220 J=1,5

IPC(J)=IPC(J)+IR(J]

CONTINUE

PRINT STATIST ICS

STAT(IR,1)=R0Oh

STAT(IB,2)=IPC(l)/1CCO.C
STAT(IB43)=1PC(2)/1000.0
STAT(IBy4)=1PC(3)/1000.0

IF(STAT(IB,y2) .EQ.0.C) GC TO 275

STAT(IB 45)=IPC(4) /(STAT(IB,y2)*1000.0)

Gg TC 280

STAT(IBy5)=1°PC(4)

IF(STAT(IB,+3) .EQ. 0.0) GO TO 285
STAT(IB,6)=IPC(5) /(STAT(18,3)%*1000.0)

GG 7C 290

STAT(IBy6)=1PC(5)

SIG=STAT( IB 42 )*STAT(IB45)+STAT(IB,3)*STAT(IB,€)
1 +STAT(IB 44)

STAT(IBR,7)=SIC

RIW=RIW+0 .2

g e




CONTINUE
DO 305 1IQ=1,5
CJ 305 JQ=1,7
VS(INDEX,1I0,J0)=STAT(IQ,JQ)
CINTINUE
IVSCINDEX)=N
INDE X=INDEX+1
I1SZ=K-5
WRITE(E65310) ISZ) SIGMA,N
WRITE (64325)
WRITE(6+350) ((STAT(KyL) 9L=1+7) +K=1,5)

FORMAT(1X ' SAMPLE SIZE = ', I5,' SIC4A = ',FE.0, '
IN = ',15,7)
FORMAT(1X," TY.RPE 1 TYFE 2
1FRCE.1 FRCB.2 CCN.REG 9/ 470('=1))
FIRMAT ( T(F8 43y2X )4/
WRITE(6,485)
G) 70 1
CCRF=0.1
INCEX=INDEX-1
CY 470 J=1,+5
WRITE (64472) CORR, SIGMA
WRITE(6+475)
OC 471 I=1,INDEX
WRITE(64480)LIVSII) yIVSIIJdsK) sK=2,7))
CINTINUE
CIRF=CIORRH] &2
CINTINUE
FORMAT( ' CORR.COEFFs = ',F5.3,' SIGMA = ',FS5.0,//)
FORMAT (' SAMPLE SIZE TYPE 1 28 o ) TYee 3 PRQ
18.1 PROBG2 COMPEG '4/,70("'=1"))
483 FIRMAT(I 545X s€lF84342X) /)

STQF
ENC

HYEE 3

R0W




C11]

£21

€31

(i

€Sl

Cé61

L7131

£81

L?]

£101
E113
£121]
L1331
C143]
£151
[161]
£171
£183]
191
C201]
£211]
€221
€231
£24]
£251
£261]
L27]
£281
€291
£301]
L3131
L3231
£331]
C34]
£351
£361]
€371
£381]
L3913
C401
£411

v

A4

APL PROGRAM LINTREND

LIMNTREMD X

Hel+ (440, 5X (1Mepi))

HFeH[[M-1]

He(MH=2)4H

Ke(pHR)X0.5

“IenQ

Me]

211X\ K(MeME]

HI(HRLO(2XM)=F) J+HL((2xM)=1)])X0.5
HIENI g

»7

TIERL2X1K]

NeK-1

TIEHATI

' THE VECTOR XI IS !'jHI

' THE VECTOR TvI IS ';3;7I

' THE VALUE OF XKF IS ! 3XF
Clerpy

CRe\

C3eI

DMT&(J9H)FCL,C2,4C3

IMeQDMT

SEDMT 4, xD'M

SIegs

BHe(ST4 , XDMT )4 XTI
SHS&(+/((TI)R2))~((QTI4, XDM) 4+, XEH)
AROESICI 11+ (H+LIX((2XxSILL52])+(MF1L)XBI[252])
AQ+AQ+1
RIC(2XSIL153)+2xSIL253Ix(M+1)
ARESIL3;3]

CFe4xSHS = (M-3)
Ae(BHL 3 ]2 ) - (A2XCF)

Be(2XBHEZ I XxWe (HKE2XK]=-BHL ] J-BHLD2]XK) )-A]1XCF
Ce(WaD)-AQXCF

FIMx | (Ex2) (4xAXC
Ec((BEx2)-4xAXC)I%0,.5

E+E-A

D1 xX[(2xK)=-1]~-B=-A

' THE LEFT LIMIT IS ';D-E

' THE RIGHT LIMIT IS !'jL4E

40
IM}' MO IMTERVAL EXISTS !




APL PROGRAM PREDICT

v OFREDICT H3AEC505EFi03HGF§SSA58EN S0 SXT jSTT §HIG 7k

' C11 A X IS ASSUMED TO EE A VECTOR OF EVEH HO OF EMTRIES
E2] Ke(PHIX0 5
& [31  HIerQ
£C41] Me 1
LS FPX VK (MEM4 ]

[61  H1e(HL((2xM)=3) I+XL((2xM)=1)1)1x0,5

[7] )‘(I(-P-(I,}(i

[81 +5

[91  TIeX[2x1K]

101 Hek-1

C11] TrIedarI

[12]1 TEe(4+/TI)=n

C13] MEe(+/XI)=NM

[14] SHYe+/((HI-MEY)X(TI-TE))

£15] SHMe+/((HI-NKE)x2)

£16] STTe+/((TI-TE)x2)

[17] BHESHTEGXRM

[18] AHLTEB-EHYXME

[19] VF:ES(-(S'Y"!’+("1 X ( (5:-:'1‘.;3)+s>~<>-:) ) )-:—N»—?_

E201 Ge 12.706 4.303 3,182 2.776 2,571 2,447 2.345 2.306
£211 GGy 2,201 2.179 2.16 2,145 2.131 2,12 2,11 2.101 2.09
[22]1 G¢G, 2,08 2.074 2,069 2.064 2,06 2.056 2,052 2,048 2
[23]1 6«6, 2,041 2,04 2,04 2,04 2,035 2,03 2,03 2,03

[24] GG, 2,025 2,025 2,02 2,02 2,02 2.02 2,015 2,01 2,01
[25]1 TeGLH-2]

[26] Ae(BEHAD)=( (+55X)xSe((Tx2)XVRES))

[27] Be™1xX(2XBHXFe(HL2XKI-TE))

[28]1 Ce(FR2)=SX((H+1)+H)

[29] Fe(BHxD)xXSHN-S

[30] ' THE F STATISTIC IS G E

[31] SSQe1-(H:(H41))IX(Fx2)+S

[321 +T1ix\F>1

£331 4T2x\F=1

[34]1 +T3x\F(sSs@

[35] ' THE IMTERVAL IS OF TITYFE ‘2 '

£361 =0

€373 T13410

[38] De(2XXB)=X[(2xK)—1T+2xEHXF+A

[39] Ee(+A)X2X(SX(((FA2)+SMO)+((M+1)=1)IXA) ) X0, 5

L4071 ' THE LEFT LIMIT IS S 1
£411 ¢OTHE RIGHT LIMIT IS ' S L4E 3
LA2] ¢ THE LEMGTH OF INMT IS 'S (2XE)

L43] ~0

L44] TR23' THE IMT IS OF TTYFE 4'

L45] 0

[46] T3:' THE INT IS OF TTFE 3 '
v
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