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ABSTRACT

This paper continues the study of balanced treatment incomplete

block (BTIB ) designs,initi3ted- in El]— t~—E2. The definitions of

inadmissibility and strong inadmissibility

generalized . The search for optimal designs is restricted to the

smaller class of admissible designs obtained using these new defini-

tions. Lists of generator designs, the (conjectured) complete class

of generator designs , catalogs of admissible designs , and tables of

optimal des igns are given for p 4 , 1< = 3 and p = 5 , k = ~~~~~~~

Key words and phrases: Multiple comparisons with a control, balanced

treatment incomplete block ( BTIB ) designs , admissible designs ,

S-inadmissible designs , C-inadmissible designs, complete class of

generator designs , optimal designs.
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1. INTRODUCTION AND SUMMARY

This paper continues the study of balanced treatment incomplete block

(BTIB ) designs which was initiated in [1] and [2] .  This class of designs

-

‘ 

- is appropriate for comparing simultaneously p .? 2 test treatments with

F a control treatment ( the so-called multiple comparisons with a control

(MCC ) problem) when the observations are taken in incomplete blocks

of common size k < p+l . The reader is referred to [1] and [2] for

background , motivation , and notation .

In [2] we studied and gave optimal designs for the cases p = 2,

k = 2(1)6 and p = 3, k = 3; in the pres ent paper we do the same for

the cases p = 4, k 3 and p = 5, k = 3. These later cases are

markedly different from the former ones : For each of the six cases

studied in the earlier paper it is known that there are only two (non-

equivalent) admissible generator designs while for the two cases studied

in the present paper there are many (nonequivalent) admissible generator

designs . The full set of generator designs is not known for either of

these two cases , and the optimal designs that we give are optimal relative

to the generator designs which are known to us; however , we conjecture

that we have enumerated all of the admissible generator designs for

each of these two cas es , and that if additional ones do exist the incre-

mental gain that would be achieved by using the full set in place of our

set would be very small. In the present paper it was found necessary to

define admissibility in a more restricted sense than in the earlier paper ,

and some designs which would have been admissible under our old defini-

tion are no longer admissible under our new definitions. The new

- ~~~~~~~~~~~~ -r~~~~-~~~ — —- -- -~~~



_ _ _  -~~~ 
-r

definitions of inadmissibility are given in Section 2; these new defini-

tions permit us to narrow down the number of candidates which are

eligible to be considered as optimal designs.

As in [2] we are interested in making exact joint one-sided confidence

interval estimates of the form

{ct - ct . > a — & .  - d (1 < i 
~~ . 
p)} (1.1)0 i~~~~ O 1 ~~

- —

for the treatment differences ~ - ~. based on their BLUE ’s ~ 
-

0 i 0 i

(1 
~ 

i < p) for given values of (p ,k,b) when ~
2 is known , and d > 0

is a specified “yardstick .” We limit consideration to designs (which

we refer to as BTIB designs ) for which

2 2  .Var {ct0~~~ ct1}~~~~r cy ( 1 < i~~~ p)

( 1.2)

Corr{&
0 

— - ~ (i~ � i~~; 1 
~ 
i
1,i2 ~~

p) ;

such designs can be characterized in terms of two parameters (x 0 ,x 1)

defined in Theorem 3.1 of El]. An expression for - 
~~~
. is given by

(2.1)  of [2]. The confidence coefficient (F )  associated with (1.1) when

BTIB designs are used can be written as

P 7 [
~ ~~ 

+ d/ta~~ ~d~(x) (1.3)-~L\ ~”~ JJ
where • ( . )  Is the standard normal cdf ,



~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~

2 k ( X  -t- X )
= -5 Var{a

0 
- = 

~~ 

(1 .~~~ i ~~. 
p) , (1.4)

0 0 0  1

and

A 1 . .p = Corr{~~ — c & . , ~ — z . } = Ci � i.~; 1 < i ,i~ < p). (1.5)
~) 1.~ V 1 A + A  h — J~ ~~~~~

r.

For this problem we seek an optimal design in the class of all admissible

BTIB designs.

2. THE CLASS OF ADMISSIBLE DESIGNS

In this section we generalize the definitions of optimal, inadmissible ,

admissible , and equivalent designs as given in Section 5.1 of [1].

2.1 Optimal and admissible designs

We start by making the following definitions :

Definition 2.1: A BTIB design is said to be b-optimal for given (p,k,b)

and specified die if it maximizes the joint confidence coefficient P

of (1.3). For given (p,k) and specified die, the b—optimal design

which achieves a joint confidence coefficient ~ 1-ci with the smallest

b-value is said to be optimal for that value of 1-cz.

Definition 2.2: If for given (p,k) we have two BTIB designs D
1 

and D
2

2 2 .with parameters (b
1
,T1,p1

) and (b 2 ,-r 2 ,p 2
) with b

1 
< b

2
, and if for

every d and a, D
1 

yields a confidence coefficient at least as large

as (larger than) that yielded by 0
2 

when b
1 

< b
2 

(b
1 

b
2

) ,  then we

say that 0
2 

is inadmissible w.r.t. D
1
. As in Theorem 5.1 of [1], a

I.  ___________ -- - - .  - --
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necessary and sufficient condition for D
2 

to be inadmissible w,r.t.

D1 is b1 < b
2
, r~ < and p

1 
> p2 with at least one inequality

strict. If a design is not inadmissible then i-re say that it is

admissible. If b1 = b
2, 

r~ = and p
1 

= p 2 ,  then we say that

and D
2 

are equivalent.

If b1 = b
2 = b (say) then Definition 2.2 reduces to the definition

given in Section 5.1 of [1] (since r = n
2ikb and Var{~ 0 - & 1

} = a
2
n
2
ikb).

Our new definition allows us to compare designs with unequal b’s, and

to eliminate as inadmissible certain designs with larger b’s which

would have been admissible under our old definition. Thus, for example ,

for (p , k) = (4,3) the BTIB designs

( O O 0 O l l 2~~ ( 0 0 0 0 1 1 2  3~
D1~~~~~ 1 1 2 0 2 3 3~~~~, D2 =~~~ l 1 2 4 2 4 4 4~~~ ( 2 .l)

L. 2 ‘4 4 3 3 ‘4 4) t...~2 3 3 4 3 14 14 4)

have ~~~ = A~
2
~ 2, 4~ 

= 42) = 2, b
1 

= 7 < b~ = 8 where

(X~~~~X~~~~b )  is associated with 0. (i = 1,2 ) .  Hence = 3/5
0 1 i 1 1 2

and p
1 

= p
2 

1/2, and both D, and 0
2 yield the same P-value : how-

ever , D1 arid D
2 

accomplish this with a total of 21 and 24 observations ,

respectively ,  and thus 0
2 

is inadmissible with respect to D
1
. Usinq

our former definition , both D1 and 0
2 

would have been admissible with

respect to designs with b
1 

= 7 and b
2 

= 8, respectively, and could

not have been compared with each other.

Remark 2.1: Definition 2.2 could be extended to permit comparison of

designs having unequal b and/or k values. Thus we would say that

if D
l 

and 0
2 

are ETIB designs with parameters (b
1
,k
1
,r~ ,p

1
) and

- —
~
--

~
-.

~
- ~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~ — --
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(b
2
,k
2
,t~ ,p

2
) ,  respectively , with N

1 
= k

1
b
1 ~~ . N 2 = k

2
b2, 

and if f~r

every d and o , D
1 

yields a confidence coefficient at least as large

as (larger than) that yielded by 0
2 

when N
1 

< N~ (N
1 

N
2
) then

0
2 

is inadmissible with respect to D
1
; here k

1,
k
2 

< p+ 1. However ,

this generalization has not been pursued in the present paper .

Remark 2.2: For given (p,k,b) a design that is admissible in the old

sense (and which may maximize (1.3) for some die and that b) may be

inadmissible in the new sense, and therefore will not be considered in the

search for an optimal design. The deletion of such a design may lead for

given (p ,k,b) and a particular specified d/e to a “maximum” confidence

coefficient which is smaller than the one that would have been obtained

had this design not been deleted; however , in such a case there exists

another design for (p,k,b’) with b’ <b which yields a maximum of (1.3)

for that d/e which is greater than that obtained for b. As an example

of this phenomenon for (p,k) = (14,3), the BTIB design

(0 0 0 0’~\ (1 1 1 2~ (1 1 1 2~
O 0 0 0~~~u~~~2 2 3 3~~~u ((2 2 3 3~ (2.2)

Li 2 3 14) ~3 14 ‘4 ‘4) L~ 4

I~as A
0 

2, A
1 

= 4, b = 12, and is inadmissible (in fact , strongly

inadmissible as in Definition 2.4, below) with respect to the BTIB

design

(0 0 0 0 1 1 2’~ (1 1 1 2’~
1 1 2 0 2 3 3 u 2 2 3 3 (2.3)

L 2 ‘4 4 3 3 4 14)  L3 4 4 ‘4)

— -t — - 
~~~~~~~~~~~~~~ 

—. ~.k% A.. — —
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which has A 0 2 , A .1 4 , b ’ = 11 since both y ield the same confidence

coefficient for every d and a but (2 . 3 )  requires a smaller number of

blocks. Although (2.2) is inadmissible with respect to (2.3) it actually

maximizes P for 0.1 ~~. d/e < 0.5 among all (k nown ) BTIB designs with —

b = 12; no loss is sustained by deleting ( 2 . 2 )  from consideration

because for 0.1 < d/e ~ 0.5 a BTIB design with b 11 yields a P-value

which is at least as large.

2.2 Strongly (S—) inadmissible designs 
-

We repeat here the definition of a generator design given in [1] and

[2].

Definition 2 .3 :  A generator design is a BTIB design no proper subset of

whose blocks forms a BTIB design .

The candidates for an optimal design for given (p,k )  will be all

admissible BTIB designs that can be constructed by forming unions of

replications of all known generator designs for that given (p , k). It

is possible that for some b-values no BTIB design exists ; it is also

possible that all of the BTIB desi gns that do exist are inadmissible .

(This latter possibility could not occur under our old definition of

inadmissibility.) If two or more equivalent admissible BTIB designs

exist , then it is necessary to consider only one of them for the purpose

of seeking an optimal design . If the union of two or more &enerator

designs yields an equivalent generator design then we will eliminate

the latter design from consideration ( and thus maintain more f lexibil i ty

for cur construction of designs involving larger numbers of blocks).

--



7

This happens , e . g . ,  with D1 u D5 and D7 in Table 3.1 and D 1~ ~

and D
9 

in Table 3.2

Certain BTIB des igns always yield inadmissible BTIB designs when

unions of them are taken with other BTIB designs , and it is desired to

eliminate them in our search for an optimal design. For this purpose

the concept of strong ( s— ) inadmissibility (first introduced in Section 3.1

of [2], and generalized here ) is needed.

Definition 2.’4: If for given (p,k) we have two BTIB designs D
~ 

and

02 (not necessarily generator designs) ,  we say that D
2 

is S-iriadrriissible

with respect to D
1 

if 0
2 

is inadmissible with respect to I . and if j
for ~~~ arbitrary BTIB design D

3 
we have that 0

2 
u D

3 
is inadmissible

with respect to 0
1 

u 0
3; here inadmissibility is in the generalized

sense of Definition 2.2. When b
1 

b~ b (say) this new definition of

S—inadmissibility reduces to our old. definition of S-inadmissibility .

Remark 2 . 3 :  A sufficient condition for a BTIB design D.. to be

S-inadmissible with respect to a BTIB design D
1 

with the same (p,k )

is that b . ~ b2, A~
1
~ = ~~~~~~ ~~~~~ > ~(2) with at least one inequality

being strict; here (A ~ 1),A~ 1),b .)  is associated with D . (1 1,2).

For > ~~
2) 

this follows from the fact that for fixed A
0 

the

parameter -r 2 of (1.4) is a decreasing function of A
1
, and p of

(1.5) is an increasing function of A
1
.

2.3 Combination (C-) inadmissible designs

There are certain BTIB designs which are not S-inadmissible but which

we can eliminate in our search for an optimal design by using a new concept



— ~~~~~~~~~

— 
~~~

-•
~

-—-—‘
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which we term combination (C-) inadmissibility . Recall that for a BTIB

design D to be not S-inadmissible for given (p ,k ) ,  D must be such

that there does not exist another BTIB design D’ such that 0 is

inadmissible wrt D’ and for every BTIB D” we have D u 0” is

inadmissible wrt D’ u D” . Suppose , however , that the BTIB design 0

is such that for given 0 u D” , where D” is an arbitrary BTIB design ,

one can always find for that D” some BTI B design 0’’’ ( where

0’’’ � 0’ u D” for all D” for some fixed D’) having the property

that 0 u D ’~ is inadmissible wrt D ’ ’’ ; we eliminate such 0 usi n g the

concept of C-inadmissibility defined formally below.

Definition 2.5: Suppose that for given (p,k) we have n 
~ 
2 BTIB

generator designs D. (1 ~ I < n) no two of which are equivalent , and

no one of which is equivalent to the union of two or more generator

designs. Suppose further that no D. (1 ~~ i ~~. n) is S-inadmissible .
n n

Consider a design 0 u f.D. and an arbitrary design fl?! = u g.D..
i l  1=1 1

If given D u DT’ one can find a design D’’’ = u h.D. such t:1at
1=1

O u 0” is inadmissible wrt D’’’ , then we say that 0 is C—inadmissible

wrt the set {D
1
,D
2

, . . .  ,D} .

Remark 2.4: If the above definition is satisfied except for some finite

number of unions D u 0” then we shall refer to D as being C-inadmissible

with the exceptions noted. Thus, in particular , if D” is an empty

design (i.e., all g. 0)., then D itself can be admissible .

Remark 2.5: It is to be noted that C-inadmissibility is defined with

respect to the set of designs {D
~ 

0). A design may be C-inadmissible

— -~ -----S - .
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w-rt {D , . . .  ,D } but not C—inadmissible wrt (D ,... ,D , D , } where
1 n — 1 n

this new set containing the one additional BTIB generator design is

such that no two of the designs are equivalent , no one of the designs

is equivalent to the union of two or more generator designs, and no D.

(1 < I < n+l) is S—inadmissible . Thus 0 cannot be deleted unless

it is known that the set contains all nonequivalent and non S-inadmissible

designs. This is in contrast to S-inadmissibility wherein an S-inadmissible

design can always be deleted without any loss.

Remark 2.6: If a desIgn 0. € {D
1

, . . .  ,D }  is C-inadmissible with respect

to that set then we shall say that D. is C-inadmissible with respect

to {D. (j � 1~ 1 < j < n)}. The reason for doing so is that D. is

C-inadmissible implies that for given (p,k) and an arbitrary BTIB

design D there exists a frequency vector (f
1
,... ,f. 1,

O ,f.
÷1

,...

such that 0. u 0 is inadmissible with respect to u f.D..
1 

- 

j= l  ~
We are now led to our final definition .

Definition 2.6: If the set ~~~~~~ ,D }  contains all generator designs

for given (p , k ) , and if {D. , . ..  ,D. } with m < n is the subset

which contains all generator designs which are nonequivalent and non

S-inadmissible then the latter set will be referred to as the minimal

complete class of generator designs for given (p,k).

Remark 2.7: We conjecture that the set {D
1
,D
2,
D
3 ,

D
4,
D
5
} where the D.

(1 < I < 5) are defined in Table 3.1 is the minimal complete class for 
t

(p 4, k = 3) and that the set {D
1,
0
2,

D
3,
D4,D5,

D
6
} where the D

i

(1 < i < 6) are defined in Table 3.2 is the minimal complete class for

- _ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-—-• ~ --
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(p = 5, k = 3). With respect to these sets the concept of C-inadmissi-

bility can then be used to eliminate for (p ‘4, k 3) and

b � 4 , and D
1 

for (p 5, k = 3) and b � 5 ,l5.

A C-inadmissible design is not as easy to identify as an S—inadmis-

sible design. It is necessary to examine every different elementary

combination of generator des . gns, and in some cases higher order combina-

tions, and show that each such combination leads to inadmissible designs.

Examples of designs which are C-inadmissible with respect to all generator

designs known to us are given in the next section ; proofs of their

C-inadmissibility are given in the Appendix.

With these new definitions of inadmissibility the class of ETIB

designs which are eligible to be considered as contenders for optimal

designs can be greatly reduced , and the optimization problem as posed in

(3.1) and (3.2) of [2] becomes much easier to solve. Only one of each

of the equivalent designs need be considered , and all of the S-inadmissible

designs can be eliminated. The C—inadmissible designs can also be

eliminated except possibly for certain b-values .

3. PESULTS FOR p 4, k 3 AND p 5, k = 3

3.1 Lists of generator designs

The generator designs that we have constructed (by the methods

described in Section 3.2 of El], or by other methods) are listed for

p = 4, k = 3 and p 5, k = 3 in Tables 3.1 and 3.2, respectively.

Generator designs which are equivalent are given only one label as

-~ ~~~~~~~~~~~~~~~~~~~~
— ~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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with the designs labeled 0
3 

in Table 3.1. We have not exhibited

equivalent designs which differ only trivially from those given in

the tables, e.g. ,

• (0 0 0 0~ (0 0 0 O~ (0 0 0 0

~~~1 2  3 ~~~~~~~ 2 3 4 ~~ ,~~~O 0 3 4

Ll  2 3 4) Li 2 3 4) Li. 2 3 4

are equivalent to but differ trivially from D~ in Tab le 3.1. Equiva-

lent designs can be used interchangeably without affect ing their

statistical properties.

For the generator designs listed in Table 3.1 we note that :

a) D
5 

is S-inadmissible wrt D
2, 

b)  D7 is equivalent to D
1 

u D
5

and is S—inadmissible wrt D
3, 

c) D8 is S-inadmissible wrt 3D
5
,

and d) D
1 

is C-inadmissible wrt {D
2
,D
3
,D4,D5

} for all b � ‘4 ;

this latter result is proved in the Appendix. Thus for p = 4, k = 3

we employ D
i 

for b = 4, and it suffices to consider unions of

replications of D
2, 

D
3~ D4, 

0
5 

for b > 4 when seeking the optimal

design for a specified die .

For the generator designs listed in Table 3.2 we note that : a) D
8

is S-inadmissible wrt D
4, 

b)  D
9 

is equivalent to D
4 

u D7 and is

S—inadmissible wrt D2 u D3, c) D~~ is S—inadmissible wrt 20
5 

and

2D
7, 

d) D
7 is C—inadmissible wrt {D

1
,D2,

D3,D4,
D
5,
D
6

}, and since

it contains no control treatments (and thus is unimplementable by itself)

it should never be used , and e ) D
1 

is C—inadmissible wrt {D2,D3,D4,D5,D6}

except for D
1 

u D4. These latter results are proved in the Appendix.

Thus for p = 5, k = 3 we employ D
1 

for b = 5 and D~ u for b = 15, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 3.1

Generator Designs for p = 4, k = 3

L~b~lJ 
Design b . 

~: 
A~~~ ~)

0 0 0 0

0~ 4 2 4 0

(0 0 0 0 0 O~
D
2 ~~i l l 2 2  3~ 6 ) 3

L 2 3 4 3 ‘4 4)

(0 0 0 0  l 1 2 ~ ( O O O O l 1 3 ~
1)
3 ~~1 l 2 0  2 3  3~),~~~~1 1 2 2 2 2 4 ~ > 7 2 2

4 4 3 3 ‘4 4) L~ 4 ~ ~ 3 ‘4 4)

(0 0 0 0 0 0 0 0 1 2~
04 ~~l 1 l l 2 2 0 O  3 3 ~~) 4 1 0  4 2

L2 2 3 ‘4 3 4 3 4 ‘4 4)

(1 1 1 2~~
D
5 

(~2 2 3 3 ~~ 0 2

L3 14 4 ‘4) 
_ _ _  _ _ _ _  

4

0 0 0 0 0 l”\
06 ~~l 2 3 0 0 0 2~~ 7 3 1

L3 3 4 1 2 4 4)

(0 0 0 0 1 1 2 3’
~

D... ~~l l 2 4 2 4 4 4 ~~ 8 2 2

L2 3 3 4 3 4 14 4)

(1 1 1 2 2 2 3 3 3 4 4

08 ~~l l 1 2 2 2 3 3 3 4 4 4 ~~ 12 0 14

L2 3 4 1 3 ‘4 1 2 ‘.~ 1 2 3)
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Table 3.2

Generator Designs for p = 5, k 3

Label Desi gn b1 
A~~~ -

( O O 0 0 0 ~’1
D
1 ~~ O 0 0 O O ~~ 5 2 0

3 4  5)

( o o o o o i 2 ~~
~~ 1 i 3 1 4 0 2 3~~ 7 2 1

L3 5 ‘4 5 2 ‘4 5)

1 1 0 0 0 0 0 u 1 1 2 2 ”
l

D
3 ~ 

1 1 2 3 4 2 3 4 3 3 ?  1 0 1  2 2

~s...2 3 4 5 5 5 ’ 4 5 ’ 4 5 )

(0 0 0 0 0  0 0 0  0 O~ \
D4 ~~ l 1 l l 2 2 2 3 3 4 ~~ 10 4 1

j~~~~2 3 4 5 3 4 5 4 5 5 )  
_ _ _ _ _ _ _ _  _ _ _

4 (0 0 0 0 0 1 1 1 1 1 2 2 2 3~~

~~l l 3 O 0 2 2 2 3 4 3 3 4 4 ~~ l4~~ 2 3

L 3 4 4 2 5 3 4 5 5 5 4 5 5 5 )

( l l l l 1 l 2 22 3 ~~
~~ 2 2 2 3 3 ’ 4 3 3 4 4~~ 10 0 3

L 3 4 5 ’ 4 5 5 4 5 5 5 )
(1 1 1 2 1 2 3

07 ~~ 2 2 3 3 5 5 5 5 ~~ 8 0 2

L 3 4 ’ 4 4 5 5  5 5 )

( o o o o o o o o o o l ~~
~~ l l 2 2 2 3 4 0 O 0 3 ~~

) 11 14 1
• L 2 5 3 ’ 4 s s  5 1 3 44 )

( 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 2 2  3~~
D
9 ~~ 1 1 2 2 3 L 4 0 0 0 0 2 2 2 3 L 4 3 3 4 ~~ 18 14 3

L 3 4 4 5 4 5 1 2 3 5 3 4 5 5 5 4 5 5 )

(1 1 1 1 2 2 2 2 3 3 3 3 ‘4 4 4 14 5 5 5 5~ 

—

~

~10 ~~ 1 1 l 1 2 2 2 2 3 3 3 3 4 4 4 L 4 5 5 5 5 ~~ 20 0 
- 

14

L 2 3 4 5 l 3 4 5 1 2 ’ 4 5 l 2 3 5 1 2 3 1 4 )
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and it suffices to consider unions of replications of D
2
, D

3~ 
D4~ D5

, D
5

for b ~ 5,15 when seeking the optimal design for a specified die.

3.2 Catalogs of admissible designs

Catalogs of admissible designs have been prepared based on the set

of admissible generator designs given for p = 4, k = 3 in Table 3.1

and for p = 5 , k 3 in Table 3.2. These catalogs are given in Table 3.3

for p = ‘4, k = 3; b 6,7,10(1)46 and in Table 3.4 for p = 5, k 3;

b = 5,7,l0,14,l5,l7 ,20,24,27,30,34,37,4O ,’44,47,50,54. For p = ‘4, k 3

and p = 5, k = 3 BTIB designs do not exist for b = 5,9 and 6,9,

respectively . For other b-values for which no design is listed , i.e.,

b = 8 for p 4, k = 3 and b = 8,11,12 ,13,16 ,18,19 ,21,22 ,23 ,26 ,28.

29,3l,32,33,35,36,38,39,L#1,42,43,’45,46,48,49,5l ,52,53 for p = 5, k 3,

BTIB designs (which are S-inadmissible) do exist, but BTIB designs which

involve smaller b-values are preferable. It is also interesting to note

that for p = 4, k = 3 only one admissible BTIB design exists for

b = 4,6,7,11,12,13,15,17 and 21, and thus for these numbers of blocks

the given design is optimal for all d and a both for one-sided and

two-sided intervals ; for p 5, k = 3 the same is true for b = 5, 7,

and 15.

Remark 3.1: For p = 5, k = 3 we note that the designs D4 u 05 
U fD

5

and 2D
2 

u D
3 

u fD
6 

are equivalent and admissible for f = 0,1,2 

If we choose to employ only 2D
2 u D

3 
u fD

6 
for f = 0 ,1,2, . . .  then

D
5 

will be used only in the combination D
5 

u gD
6 

for g 0,1,2 , . . .

for which it is admissible; for b = lOt + ‘4 (t 1,2,...) this admissible

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .--— .— -- —~~~~~~~~
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Table 3.3

Catalog of admissible designs~’ for p ‘4, k = 3

0 0 D D 0
1 2 3 ‘4 5

b
1

4 b
2

6 b
3
:7 b4 = l 0 b

5
4 

2of - A 0 A p

A (l)  
= 2 A~

2
~ = = 2 A~

’4
~ 4 ~~~ = 0 

1

blocks o 0 0 0

— 0  A(2) — 1  2 A~
’4
~ — 2  — 2(b) ]. 1 1. 1

‘4 1. 0 0 0 0 2 0 1.5000 0.000

6 0 1 0 0 0 3 1 0.5714 0.250

7 0 0 1 0 0 2 2 0.6000 0.500

10 0 1 0 0 1 3 3 0.4000 0.500
o o 0 3. 0 ‘4 2 0.3750 0.333

1]. 0 0 1 0 1. 2 4 0.5000 0.667

12 0 2 0 0 0 6 2 0.2857 0.250

13 0 1 1 0 0 5 3 0.2824 0.375

14 0 1 0 0 2 3 5 0.3478 0.625
0 0 0 1 1 ‘4 ‘4 0.3000 0.500

- 
15 0 0 1 0 2 2 6 0.4615 0.750

16 0 2 0 0 1 6 ‘4 0.2273 0.400
0 1 0 1 0 7 3 0.2256 0.300

17 0 1 1 0 1 5 5 0.2430 0.500

18 0 1 0 0 3 3 7 0.3226 0.700
0 0 2 0 1 4 6 0.2679 0.600
0 3 0 0 0 9 3 0.1905 0.250

19 0 0 1 0 3 2 8 0.4412 0.800
0 2 1 0 0 8 ‘4 0.1875 0.333

20 0 2 0 0 2 6 6 0.2030 0.500
0 1 0 1 1 7 5 0.1935 0.417

1
~
’For each number of blocks , the number under (1 ~~i ~~5) in the bod~’ of the

table is the frequency f
1 with which D

1 app ears in the d~s:gn 1) U

i~1

— ~ ~~~~~~~~~~~~~~~~~~~~~~~ ~-• -~~~“ — --— i_o~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -
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Table 3.3 (continued)

No. 
D
2 

D
3 

D4 D
5

b 4 b 5 b 7 b :3.0 b = 4
of 1 2 3 ‘4 A A p

= 2 A~
2
~ = 3 ~~~ :2 A~

’4
~ = ‘4 ~~~ = ~ 

0 1

blocks 0 0 0 0 0

(1) (2) (3) — (‘4 ) 
- 

(5.) —(b) A
1 

— 0  A
1 — l  A

1 
— 2  A

1 
- 2  A

1 
- - 2

I
21 0 1 1 0 2 5 7 0.2192 0.583

22 0 1 0 0 ‘4 3 9 0.3077 0.750
0 0 2 0 2 4 8 0.2500 0.667
0 3 0 0 1 - 9 5 0.1639 0.357

23 0 0 1 0 2 10 0.4296 0.833
0 2 1 0 1 8 6 0.1641 0.429

24 0 2 0 0 3 6 8 0.1842 0.571
0 1 0 1 2 7 7 0.1714 0.500 -
o 0 0 0 12 ‘4 0.1429 0.250

25 0 1 1 0 3 5 9 0.2049 0.643
0 3 1 0 0 11 5 0.1408 0.313

26 0 1 0 0 5 3 11 0.2979 0.786
0 0 2 0 3 4 10 0.2236 0.714
0 3 0 0 2 9 7 0.11441 0.438
0 2 0 1 1 10 6 0.1412 0.375

27 0 0 1 0 5 2 12 0.4230 0.857
0 2 1 0 2 8 8 0.1500 0.500

28 0 2 0 0 ‘4 6 10 0.1739 0.625
0 1 0 1 3 7 9 0.l5?5 0.563
0 4 0 0 1 12 6 0.1250 0.333

29 0 1 1 0 4 5 11 0.1959 0.688
0 3 1 0 1 11 7 0.1259 0.389

30 0 1 0 0 6 3 13 0.2929 0.813
0 0 2 0 4 4 12 0.2338 0.750
0 3 0 0 3 9 9 0.1333 0.500
0 2 0 1 2 10 8 0.1236 0.444
0 5 0 0 0 15 5 0.1143 0.250

3]. C 0 1 0 6 2 14 0.4132 0.875
0 2 1 0 3 8 10 0.1406 0.556
0 4 1 0 0 14 6 0.1128 0.300

-— - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~• - • ,  
-~~~~~
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Table 3.3 (continued )

0 0 D 1) 02 3 ‘4

b 4 b = 6  b = 7  b =10 b = 4
of 1 2 3 ‘4 5 2

A~’~ = 2 A~
2’ = 3 A~

3
~ = 2 A~

’4
~ = ‘4 ~~~ = 0 

A0 A 1 -r p

blocks

(b) 
4
1) 0 42) 1 43) 2 44) 2 45) = 2

32 0 2 0 0 5 6 12 0.1667 0.667
0 1 0 1 ‘4 7 11 0.1513 0.611
0 ‘4 0 0 2 12 8 0.1136 0.403
0 3 0 1 1 13 7 0.1126 0.350

33 0 1 1 0 5 5 13 0.1895 0.722
0 3 1 0 2 11 9 0.1161 0 .450

34 0 1 0 0 7 3 15 0.2857 0.833
0 0 2 0 5 ‘4 14 0.2250 0.775
0 3 0 0 ‘4 9 11 0.1258 0.553
0 2 0 1 3 10 10 0.1200 0.502
0 5 0 0 1 15 7 0.1023 0.315

35 0 0 1 0 7 2 16 0.4091 0.889
0 2 1 0 ‘4 8 12 0.1339 0.600
0 ‘4 1 0 1 14 8 0.1025 0.36.

36 0 2 0 0 6 6 14 0.1613 0.700
0 1 0 1 5 7 13 0.1453 0.653
0 ‘4 0 0 3 12 10 0.1058 0.453
0 3 0 1 2 13 9 0.1036 0.403
0 6 0 0 0 18 6 0.0952 0.250

37 0 1 1 0 6 5 15 0.1846 0.75
0 3 1 0 3 11 11 0.1091 0.503
0 5 1 0 . 0 17 7 0.0941 0.232

38 0 1 0 0 8 3 17 0.2817 0 .853
0 0 2 0 6 4 16 0.2206 0.833
0 3 0 0 5 9 13 0.1202 0.59 .
0 2 0 1 4 10 12 0.1138 0.545
0 5 0 0 2 15 9 0.0941 0.373
0 4 0 1 1 16 8 0.0938 0.333

39 0 0 1 0 8 2 18 0.4054 0.903
o 2 1 0 5 8 14 0.1289 0.635
0 ‘4 1 0 2 14 10 0.0952 0.417 - -

1
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Table 3.3 (continued)

D D D D2 3 ‘4 5 - -

b 4 b 6 b = 7  b :3.0 b = 4
of 1 2 3 ‘4 A A 2 p

2 A~
2
~ :3 ~~~ = 2 A~

’4
~ = 4 ~~~ = 0  

0 1

blocks 0 0 0 0 0

• (b) 41) = 0 42) = 1 43) 2 44) 2 45) 2

40 0 2 0 0 7 5 16 0.1571 0.727
0 1 0 1 6 7 15 0.11407 0.682
0 14 0 0 4 12 12 0.1000 0.500
0 3 0 1 3 13 11 0.C972 0.458
0 6 0 0 1 18 8 0.0567 0.308

41 0 1 1 0 7 
- 

5 17 0.1508 0.773
- 0 3 1 0 4 11 13 0.1339 0.542

0 5 1 0 1 17 9 0.C366 0.346

‘42 0 1 0 0 9 3 19 0.2785 0.864
0 0 2 0 7 4 18 0.2171 0.818 

-

0 3 0 0 6 9 15 0.1159 0.625
0 2 0 1 5 10 14 0.1391 0.583
0 5 0 0 3 15 11 0.0581 0.423
0 4 0 1 2 16 10 0.C571 0.385
0 7 0 0 0 21 7 0.0316 0.250

13 0 0 1 0 9 2 20 0.’~024 0.909
0 2 1 0 3 8 16 0.1250 0.667
0 ‘4 1 0 3 14 12 0.C599 0.462
0 6 1 0 0 20 8 0.0308 0.286

44 0 2 0 0 8 6 18 0.1538 0.750
0 1 0 1 7 7 17 0.1371 0.708
0 ‘4 0 0 5 12 14 0.C356 0.538
0 3 0 1 4 13 13 0.0523 0.500
0 6 0 0 2 18 10 0.0505 0.357 -:
0 5 0 1 1 19 9 0.0304 0.321

145 0 1 1 0 8 5 19 0.1778 0.792
0 3 1 0 5 11 15 0.3 99 0.577

- 0 5 1 0 2 17 11. 0.0310 0.393

46 0 1 ~~

0 2 0 3. 6 10 16 0.1)54 0.615
0 5 0 0 ‘4 15 13 0.3536 0.1464
0 ‘4 0 1 3 16 12 0.3520 0.1429
0 7 0 0 1 21 9 0.0 5 2  0.300

_

~

j

~

-&

~

• _ - — -- —i- ~~~~~~~~~~~~~~~~ -
~~~

-
~~
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Table 3.14

Catalog of admissible designs~
’ 
for p = 5, k = 3

No. 
0
2 

D
3 

04 D5 
D6

b
1

5 b
2

= 7  b
3

= 10 b4
= lO b

5
= 1’4 b

6
:10 

2
• of 

A~
1
~ = 2 A~2) = 2 A~

3
~ = 2 A~

’4
~ = 4 A~

5
~ = 2 A~

6
~ 0 

A 0 A
1 

t p

blocks

- 

(b) 41) = 0 42) = 1 43) 2 A~
’4
~ = 1 A~

5
~ 3 A~

6
~ 3

5 1 0 0 0 0 0 2 0 1.5000 0.000

7 0 1 0 0 0 0 2 1 0.6429 0.333

10 0 0 1 0 0 0 2 2 0.5000 0.500
0 0 0 1 0 0 ‘4 1 0.4167 0.200

14 0 0 0 0 1 0 2 3 0.141412 0.600
0 2 0 0 0 0 14 2 0.32114 0.333

15 1 0 0 3. 0 0 6 1 0.3182 0.1143

17 0 1 0 0 0 1 2 ‘4 0.14091 0.667
0 1 1 0 0 0 ‘4 3 0.2763 0.1429
0 1 0 1 0 0 6 2 0.2500 0.250

20 0 0 1 0 0 1 2 5 0.3889 0.714
0 0 0 1 0 1 ‘4 ‘4 0.2500 0.500
0 0 1 1 0 0 6 3 0.2143 0.333
0 0 0 2 0 0 8 2 0.2083 0.200

24 - 0 0 0 0 1. 1 2 6 0.3750 0.750
0 2 0 0 0 1 ‘4 5 0.2328 0.556

• 0 2 1 0 0 0 6 ‘4 0.1923 0.400
- 0 2 0 1 0 0 8 3 0.1793 0.273

27 0 1 0 0 0 2 2 7 0.3649 0.778
0 1 1 0 0 1 4 6 0.2206 0.600

- 0 1 0 1 0 1 6 5 0.1774 0.455

• 0 1 1 1 0 0 8 4 0.1607 0.333
0 1 0 2 0 0 10 3 0.1560 0.231

~ For each number of blocks , the number under D . (1 ~ i ~ 6) in the body of the
6

table is the frequency f 1 wi th which D~ appears in the desi gn D = U f .D...
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Table 3.4 (continued )

D1 02 D3 D6
No.

b
1

5 b
2

7 b
3

lO b
4

= l 0  b
5

= 1L# b5 =1 0 2of A A 1 -r p

= 2 A~
2
~ = 2 ~~~ 2 A~

’4
~ = 14 ~~~~ = 2 ~~~ = 0

blocks 0 0 0 0 0 0

(b) 41) = 0 42) = 1 43) = 2 4 14) = 4” = 4~ = 3

30 0 0 1 0 0 2 2 8 0.3571 0.800
0 0 0 1 0 - 2 14 7 0.2115 0.636
0 0 1 1 0 1 6 6 0.1667 0.500
0 0 0 2 0 1 8 5 0.1477 0.385
0 0 1 2 0 0 10 4 0.1400 0.286
0 0 0 3 0 0 12 3 0.1389 0.200

34 0 0 0 0 1 2 2 9 0.3511 0.818 -
0 2 0 0 0 2 ‘4 8 0.20145 0.667
0 2 1 0 0 1 6 7 0.1585 0.538
0 2 0 1. 0 1 8 6 0.1382 0.429
0 2 1 1 0 0 10 5 0.1286 0.333
0 2 0 2 0 0 12 14 0.1250 0.250

37 0 1 0 0 0 3 2 10 0.3462 0.833
0 1 1 0 0 2 14 9 0.1990 0.692
0 1 0 1 0 2 6 8 0.1522 0.571
0 1 1 1 0 1 8 7 0.1308 0.1467
0 1 0 2 0 1 10 6 0.1200 0.375
0 1 1 2 0 0 12 5 0.11149 0.294
0 1 0 3 0 

- 
0 114 4 0.1134 0.222

‘40 0 0 1 0 0 3 2 11 0.3421 0.8146
0 0 0 1 0 3 1+ 10 0.19414 0.714
0 0 1 1 0 2 6 9 0.1471 0.600
0 0 2 1 0 1 8 8 0.1250 0.500
0 0 1 2 0 1 10 7 0.1133 0.1412
0 0 0 3 0 1 12 6 0.1071 0.333
0 0 1 3 0 0 14 5 0.10144 0.263
0 0 0 4 0 0 16 14 0.1042 0.200

44 0 0 0 0 1 3 2 12 0.3387 0.857
0 2 0 0 0 3 4 11 0.1907 0.733
0 2 1 0 0 2 6 10 0.1429 0.625
0 2 0 1 0 2 8 9 0.1203 0.529
0 2 1 1 0 1 10 8 0.1080 0.444
0 2 0 2 0 1 12 7 0.1011 0.368
0 2 1 2 0 0 14 6 0.0974 0.300
0 2 0 3 0 0 16 5 0.0960 0.238
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Table 3.4 (continued )

No. 
Dl 

0
2 

0
3 

04 
0
5 

06

of 
b
1

= 5  b
2

7 b
3

10 b
’+

lO b
5
:14 b

5
lO 

2

= 2 x(2) = 2 = 2 = ‘~ = 2 ~~~~ 0 
A
0 A 1 

t P

blocks 0 0 0 0 0 0

(b ) 41) = 0 42) = i 4~ = 2 
44) = 1 45) = 4~ 3

‘47 0 1 0 0 0 
- 

‘4 2 13 0.3358 0.867
0 1 1 0 0 3 4 12 0.1875 0.75:
0 1 0 1 0 3 6 11 0.1393 0.6147
0 1. 1 1 0 2 8 10 0.1164 0.555
0 1 0 2 0 2 10 9 0.1036 0.147k
0 1 1 2 0 1 12 8 0.0962 0.400
0 1 0 3 0 1 114 7 0.0918 0.333
0 1 1 3 0 0 16 6 0.0897 0.273
0 1 0 4 0 0 18 5 0.0891 0.217

50 0 0 1 0 0 4 2 l’4 0.3333 0.875
0 0 0 1 0 14 14 13 0.1848 0.765
0 0 1 1 0 3 6 12 0.1364 0.657
0 0 2 1 0 2 8 11 0.1131 3.575
0 0 1 2 0 2 10 10 0.1000 0.500
0 0 2 2 0 1 12 9 0.0921 0.425
0 0 1 3 0 1 114 8 0.0873 0.36L
0 0 0 4 0 1 16 7 0.0846 0.30k.
0 0 1 14 0 0 18 6 0.0833 0 .25C

514 0 0 0 0 i 14 2 15 0.3312 0.882
0 2 0 0 0 ‘4 ‘4 114 0.1824 0.775
0 2 1 0 0 3 6 13 0.1338 0.68—
0 2 0 1 0 3 8 12 0.1103 0.603
0 2 1 1 0 2 10 11 0.0969 3.52-
0 2 0 2 0 2 12 10 0.0887 3.455
0 2 1 2 0 1 114 9 0.0835 0.391
0 2 0 3 0 1 16 8 0.0804 0.333
0 2 1 3 0 0 18 7 0.0786 0.283
0 2 0 14 0 0 20 6 0.0780 0.23. 

~~~- - -  • ~~~~~—~~~~~---~~~~~~ I
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design is then associated with the largest p-value for that b , a~•d thus

is a w a ~ s optitlãi if d/o  is su f f i cien t l y  sma:i.

3. 3 Tables of optimal designs

Optimal desi gns for p = 4, k 3 are given in Table 3.5 for

d/e = 3. 1(0.1)1.0 and b 4 — 47. If no design is given for a

oarticular (b ,d/e)-combination , then either no OTI S design exists

for that b-value or one or more OTIS design (all of which are inadmissible)

do exist , but 3T13 desi gns which involve smaller b-values are ~referad 1e.

Similarl’~ , c~ ti~ a1 designs fcr p = 5 , k 3 are given in Table 3.6

for d/e = 0.1(0.1)1.0 and b = 5 - 67.

Remark 3.2: For ~ = 5. k 3 we have checked for all 5 < 5~ that

every admissible design in Table 3.4 is optimal for some die; whether

or not this chenomenon is true for all 5 for p 5 , k 3 is unknown

to us. On the other hand , we know that this phenomenon is not true for

all b for p = 4, k = 3: in fact for p 4 , k 3 every admissible

design in Table 3.3 is optimal for some d/e for b 
~~. 

26; but , e.g., for

S = 23 ,3O ,c~ the admissible designs which are not oozimai for sn:~ d/:

are given in Table 3 .7 .

• :- ~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —
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Table 3.7

Admissible Designs for p 4, k 3

which are not optimal for dny die.

No. of blocks D D D D D
(b )  1 2 3 4 5

28 0 1 0 1 3

30 0 2 0 1 2

32 0 1 0 1 I.~

The following table exhibits for p 4, k = 3, b = 28 the behavior

of the confidence coefficients for three admissible designs (the one

that is not optimal for any die, and the two that are “adjacent” to

it in terms of 2 
and p) as a function of d/e.

Table 3.8

Confidence Coefficients Associated with Three Admissible Designs

for p = 4, k = 3, b = 28

2 
d/~

Design -r p
0.394 0.395 0.396 0.397 0.398 0.399

/0 .2,0\
1 0.1739 0.625 0.63746 0,63876 0.64005 0.64134M 0,64263M 0.64392M

\ 0~4/

fo ,i,o\
1,3 ) 

0•l595 0.563 0.63788 0.63894 0.64000 0.64106 0.64212 0.64317

fo ,4,o\
o ,~~. ) 0.1250 0.333 O.63832M 0.63932M 0.64032M 0.64131 0.64230 0.64329

~The maximum confidence coefficient in each column is marked with an M ;
the associated design is the optimal one for that value of die .

L ____ _  _ _ _  
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Optimal designs to achieve a specified confidence coefficient

l—c~ are given as a function of d/o for 1-cC 0.75,0.80,0.85 ,0.90,0.95 ,

and 0.99 , and die 0.2(0 2)2.0 for p 4, )c = 3 in Table 3.9 , and

for p = 5, k 3 in Table 3.10. These designs were found by a complete

computer search among all admissible designs ; the entry in Table 3.9

for 1-cC = 0.99, d/o = 0.2 was too costly to obtain .

Remark 3.4: We note from Tables 3.9 and 3.10 that for fixed small

d/e and l-c& -~~ 1, the optimal design for p = 4, k 3 essentially

employs only replications of D2 and D
5 

while the optimal design

for p 5, k = 3 essentially employs only replications of D
4 

and D
6
.

Both 0
2 

and 04 are BIB designs among the p test treatments aug-

mented by a control treatment in each block , while both D
5 

and D
6

are BIB designs among the p test treatments with no controls . Recalling

that BIB designs have the property of maximizing the X-value (for given

parameters of the design) we note that the optimal designs used here

tend to be those with large values of A1.

4. CONCLUDING REMARKS

As mentioned in Section 1, the key unsolved problem relating to

BTIB designs is that of the enumeration of all generator designs for a

particular (p ,k). For as can be seen from Definition 2.6 , it is only

when the full set of generator designs is known for a particular (p , k)

that one can construct the minimal complete class of generator designs.

And the designs in that class must all be known in order to verify that

a particular design is truly optimal for a given (p,k )  and specified
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Table 3.9

Optimal Design-i-” to Achieve a Specified Confidence Coefficient

as a Function of d/e

for p 4 , k 3

Confidence d/o
Coefficient 

~1~
(1-cC) 0 2  0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2 0

b=168 b=76 b 42 b=28 b22 b=16 b=l2 b=lO b=lO

0.99 0,28,0 0,12,0 0,7,0 0,4,0 0,3,0 0,1,0 0,2,0 0,0,0 0,0,0
0,0 0,1 0,0 0,1 0,1 1,0 0,0 1,0 1,0

b=420 b l06 b=48 b=28 b=l8 b=12 b=lO b=lO b=6 b=6

0.95 
0,68,0 0,17,0 0,8,0 0,4,0 0,3,0 0,2,0 0,0,0 0,0,0 0,1,0 0,1,0
0,3 0,1 0,0 0,1 0,0 0,0 1,0 1,0 0,0 0,0

b=312 b=78 b=36 b=22 b=L3 b=1O b=1O b=€ b=6 b=6

0,48,0 0,13,0 0,6,0 0,3,0 0,1,1 0,0,0 0,0,0 0,1,0 0,1,0 0 ,1,0
0,6 0,0 0,0 0,1 0,0 1,0 1,0 0,0 0,0 0,0

b=248 b=62 b=28 b 16 b=12 b=l0 b=6 - b=6 b=6 b=6

0.85 
0,36,0 0,9,0 0,4,0 0,2,0 0,2,0 0,0,0 0,1,0 0,1,0 0,1,0 0,1,0
0,8 0,2 0,1 0,1 0,0 1,0 0,0 0,0 0,0 0,0

b=202 b=5l b=24 b l 3  b=l0 b~6 b=6 b=6 b=6 b=4

0.80 
0,29,0 0,6,1 0,4,0 0,1,1 0,1,0 0,1,0 0,1,0 0,1,0 0,1,0 1,0,0
0,7 0,2 0,0 0,0 0,1 0,0 0,0 0,0 0,0 0,0

b 167 bz42 b19 b l 2  b l O  b=6 b=6 b=6 b=6 b=4

0.75 
0,22,1 0,5,0 0,2,1 0,2,0 0,1,0 0,1,0 0,1,0 0,1,0 0,1,0 1,0,0
0,7 0,3 0,0 0,0 0,1 0,0 0,0 0,0 0,0 0,0

1’ (f ~f2~
f
3
’1 a. a.

—‘The “matrix” in each cell is ~f - ) where D u f.D. with

~~

f4,
f
5 ) i=l ‘~~~

b ~ f.b . is the optimal design for the given value of 1-cC and d/o-
1=1 

-~~~~~~~-~~ 
—-—- --- - -

~~
—-- 
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Table 3.10

Optimal Design~~ to Ach ieve a Speci1~ ed Con f i der ~ce Cc~ ff ic ier t

as a Function d/e

for p 5 , k = 3

Confidence die
Coefficient

(1—cC) 0.2 0.~4 0 6  I 0.8 LO 1.2 1.4 1.6 1.8 2.0

b=857 b=2l7 b=97 b 5 7  Tb=37 b=27 b=20 b=17 b=14 b=l0

0.99 0,1,1 0,1,1 0,1,1 0,1,0 0 ,1,0 0 ,1,0 0 ,0 ,0 0 ,1,0 0 ,2 ,0 0 ,0 ,0
79 ,0 ,5 19 ,0 ,1 8 ,0 ,0 5 ,0 ,0 3 ,0 ,0 2 ,0 ,0 2 ,0 ,0~ 1,0 ,0 0 ,0 ,0 1,0 ,0

b= 550 b= 140 b=64 b 3 7  b=24 b= 17 b=1~ b= 1O b= 1O b=7

0.95 0 ,0 ,1 ~ ,0 ,l 0 ,2 ,1 0 ,1,0 0 ,2 ,0 0 ,1,0 0 ,2 ,0 0 ,0 ,0 0 ,0 ,0 0 ,1,0
49,0,5 12 ,0 ,1 4 ,0 ,0 3 ,0 ,0 1,0 ,0 1,0 ,0 0 ,0 ,0 1,0 ,0 1,0 ,0 0 ,0 ,0

b 4 17 b=107 b=47 b=27 b=l7 b=l4 b=lO b =7 b 7  b=7

0,1,1 0,1,1 0,1,1 0,1,0 0,1,0 0,2,0 0,0,0 0,1,0 0,1,0 0,1,0
35 ,0,5 8,0,1 3,0,0 2,0,0 1,0,0 0,0,0 1,0,0 0,0,0 0,0,0 0,0,0

b=337 b=87 b 40 b~24 b=l7 b=10 b=l0 b=7 b=7 b=7

0.85 
0,1,0 0,1,1 0,0,1 0,2 ,0 0,1,0 0,0,0 0,0,0 0,1,0 0,1,0 0,1,0
27,0,6 6,0,1 3,0,0 1,0,0 1,0,0 1,0,0 1,0,0 0,0,0 0,0,0 0,0,0

b 280 b=70 b=34 b=20 b=14 b~ l0 b=7 b=7 b=7 b=7

0.80 
0,0,1 0,0,1 0,2,1 0,0,1 0,2,0 0,0,0 0,1,0 0,1,0 0,1,0 0,1,0
21,0,6 5,0,1 1,0,0 1,0,0 0,0,0 1,0,0 0,0,0 0,0,0 0,0,0 0,0,0

b=237 b=60 b=27 b~17 b=lO b=7 b 7  b=7 b 7  b=5

— 0.75 
0,1,1 0,0,1 0,1,1 0,1,0 0,0,1 0,1,0 0,1,0 0,1,0 0,1,0 1,0,0
16,0,6 ~4,0,1 1,0,1 1,0,0 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0

(~ , f~~~,f 
‘

~ - 
6

matrix in each celi is 4 — ‘ -~~ 

~ where D = u f D .  wi th

6 
~~~4,

f
5
j
6) i=l 1 1

b = ~ ~ .b. is th~ ~~~ina1 design for the given value of 1—cC and die.
i=l

~~~~~~~~~~~~ 
~_ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -
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die. As stated in Remark 2.7 we conjecture that we have indeed found

the minimal complete class of generator designs for p = 4, k = 3 and

p 5, k 3, and hence that the desi gns which we give in Tables 3.5

and 3.6 are the optim al ones. However , our conjecture remains to be

proved, and we ~uspect that the proof will be difficult . In any

event , we believe that if one or more designs are missing from our

conjectured minimal complete classes for (p = 4, k 3) or

(p 5, k = 3) ,  then the incremental gain that would be achieved by

using the full set in place of our set would be very small.
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APPENDIX

- . Proofs of C-inadmissibility of certain designs

A.l Proof for p = 4, k = 3 of C-inadmissibility of 0~ for all b ~ L

We note that D
1 

is admissible for b ~~ . We now cor~siler ~nions

of D
1 

with the designs D1
, . .  ,D~ of Table 3.1. From Table A .1 we s€e

that (1) D
1 

u Dl is inadmissible w r .t. 03 
but not S-i dmlssible ,

( i i)  D1 U D2 is inadmissible w.r.t. D4 
but not S-inadmissible .

(iii) 0 U D is S—inadmissible w.r.t. 0 , ( iv)  0 , u , is S-~ n nissi
1 3 4 -‘

w.r.t. D
2 

U D
2
, and (v) D

1 U D . is S-inadmissible w.r t. 0 .  W~

need only consider further cases (i) and (ii) since these do not Iced

S-inadmissible designs

Table A. l

~TKY A) 2 2
D
A 

A0 
A
1 bA A ~A 

D
8 

A0 
A
1 

b
3 

T~ 03

D1
UD

1 
4 0 80.750( 0.000 D3 2 2 7 0.6000 0.500

D
l 
u D

1 
U 03 6 2 15 —- —— 02 u D8 6 2 12 - —  — —

D1 U Dl 
U 0 4 2 12 -- —— D4 4 2 10 -- --

D
1
UD

2 
5 1 10 .4 0 0 0 0 . 250 04 4 2 10 0.3750 0.333

D
~ 

u O~ u D
3 

7 3 17 —— —- 02 U 04 7 3 16 — —  -—

u D~ u D~ 5 3 14 -- -— 02 u 03 5 3 13 —— ——
D
1 u D3 4 2 11 -- - — D4 

4 2 10 -— --

6 2 14 —— —— 02 U D2 6 2 12 —— — —
U D

5 
2 2 8 —— —— D3 2 2 7 ——

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~ ~~~~L I ~~~~~~~~~~~~
_ _ _ _ _ ._

~~~~~
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We first consider case (i) and characterize the class of BTIB designs

D for which 
~
0
i u D1

) U 0 is inadmissible w .r . t .  03 U D. Let (A
0,A

,~)

be the parameters associated with D; for D
l 

u D
l 

we have A
0 

14 ,

A
1 

= 0, b = 8 while for D
3 

we have A
0 

= 2, A
1 

2, b 7 . For

( D
1 u Di

) U D to be inadmissible with respect to D
3 

U 0 we must have

U D
1
) U D} < p {D

3 
U D} (A.l)

and 

2
~(0 U 0

i~ 
D} > -r

2
~ D3 

U B) . (A.2)

For case (1) we see that (A.1) and (A.2) become

A
1 

A
1
+2 

-

~ A~÷A 1+4 
(A.3)

and

A + A i-4 A + A -s-4
0 1 0 1 (A 4a)

(x
0÷
4)(A

0
-~-4A1

+4) — (A
0
i-2)(A

0
-+-4A

1
-s-10)

or

A 0 
— 2A

1 
+ 1 ~ 0, (A.4b )

respectively . Now (A.3) always holds; (A.4b ) holds for 0~ . 0,,, D~ (or

any unions of their replications) but not for 0
3 

and D
5
. However ,

(D
~ 

u B1
) u B

3 
is S—inadmissible w.r.t. 0

2 
U 0

2 
while ( D

~ 
u D

1
) u D~

is S-inadmissible w.r.t.

We next consider case (ii), and proceed as above. For D
1 

U D
2 

we

have = 5 , A
1 

1, b = 10 while for 04 we have A
0 

= 4 , A
1 

= 2,

b 10. For (D
1 

U D
2
) U D to be inadmissible w.r.t. 04 U 0 we must

have

-— ~~~~~~~~L1iE -
’ 

~tJLt
_

~
L 

~~~~~~~ 
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U D
2
) U 0) < p{D

4 
U D} (A.5)

and

r
2{(D

l 
U 02

) U 0) > t
2{D4 U 0) ( A . 6 )

with at least one inequality strict. For case (ii) we see that (A.5)

and (A.6) become

A
1
i-l A

1+2
> (A.7)A

0
+A
1
+6 -= A

0
-t-A
1
+6

and

(A
0
i-5Y(A

0
-s-4A

1
+9) ~~

‘ (A
0

-s-14)(A
0
÷4A

1
÷12) (A.8a)

or

2A
0 

— 4A
1 

t 3 ?. 0 , ( A . 8 b )

respectively. Now (A.7) always holds ; (A.8b) holds for D
1, D2~ 

D
4 

(or

any unions of their replications) but not for 0
3 

or D
5
. However,

CD1 u 02
) U D3 is S—inadmissible w.r.t. D

2 
U D

4 
and (D

l 
U D

2
) u D5

is S-inadmissible w.r.t. 0
2 

U 0
3. This completes the proof of the

C—inadmissibility of D
1 

w.r.t. {D
2,

D3,D4,
D
5
) for p 14 , k = 3.

A.2 Proof for p 5, k = 3 of C-inadmissibility of 0
7 for all b

We note that 0
7 is unimplementable by itself. We now consider

unions of D7 with the designs D1, . . ,D6 . From Table A.2 we see that

Ci) D
7 u Di is S—inadmissible w.r,t. D

3
, (ii) 0

7 u D2 is S—inadm issible

w.r.t. D5, (iii) D
7 

u 0
3 is S—inadmissible w.r.t. 0

2 
U D6,

(iv)  B7 u 04 is S—inadmissible w .r . t .  02 U D3, (v) B
7 U D~ is

S—inadmissible w.r.t. D
3 

U 0
6, 

and ( vi) 0
7 

U 06 is nonimplementable .

Thus D7 is C-inadmissible w.r.t. {D
1
,D2,D3,D14,

D
5
,D
6
} for all b.

~~—~~~ -- ~~~ . 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~
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Table A.2

D ~~~ ~~~ b D ~~~ A ’
~~ ~~~~A 0 1 A B 0 1 B

D7 u D
1 

2 2 13 D
3 

2 2 10

D7 u D2 2 3 15 D
5 

2 3 114

0
7 

u 0
3 

2 4 18 D
2 

U D
6 

2 4 17

U D
4 

14 3 18 D
2 

U 0
3 

54 3 17

D7 U D5 
2 5 22 D

3 
U D

6 
2 5 20

Note that 0
7 

U D
6 

is nonimplementable since it

contains no control treatments .

A.3 Proof for p = 5, k = 3 of C-inadmissibility of 
~l 

for all b � 5,15

We note that D
1 

is admissible for b = 5, and D
l 

U D1~ 
is admis-

sible for b 15. We now consider unions of D
1 

with the designs

D
l. 

D
2
, D

3
, D5 , D6, 

and unions of D
l 

U 0
54 

with designs ~~~~ - .  
~
D
6
.

From Table A.3 we see that (i) D
1 

u D
1 

is S-inadmissible w.r.t.

(ii) D
1 

U 02 is S—inadmissible w . r . t .  D4 , (iii) D
1 

u 0
3 

is S—inadmissible

w.r.t. D
2 

u D
2

, (i v ) D
1 

U D
5 

is S—inadmissible w.r.t. D
2 

U 03.

Cv) D
1 

U D
6 

is S—inadmissible w.r.t. D
5

, (vi)  (D
l 

U D
4
) U D

l 
is

S—inadmissible w.r.t. D
4 U D4, 

(v ii)  ( D
1 

U D4
) U D

2 
is S-inadmissible

w.r.t. 0
4 

U D54~ 
(v ii i)  

~
0
i 

U D54) u 03 is S-inadmissible w.r.t.

D
2 

u D
2 

u D
4

, (ix) ( D
l U D54

) U D54 is inadmissible w.r.t. 0
2 

u 0
2 

U 04

but not S-inadmissible , (x) (D
~ 

U D
4
) U 0

5 
is S-inadmissible w.r.t.

0
2 

U 0
3 

U D
4~ 

and (xi ) (D
l 

U B
54

) U D
6 

is S—inadmissible w.r.t. 0
54 

U D
5
.

We thus _eed consider only case (ix) since it is the only one that does

not lead to an S-inadmissible design. Proceeding as in Section A .l. for

-

~

-- - -  - -
~~~~~~

-._-- -~~~~~~~~~ - -  -
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Table A . 3

(A )  ( A )  2 ( B )  ( B )  2

_________ 

A~ A
1 

bA A 0A 
D
B 

A
0 

A
1 

b
B TB 0B

U D
1 

54 0 10 —— -- 0
4 

4 1 10 -— ——

D
1
UD

2 
54 1 12 —— -- D54 

4 1 10 —- ——

D
1
uD

3 
5 4 2 1 5  -- -- D2

u D
2 

-- --

U D
5 ~ 3 19 -- -- D

2 
u D

3 
4 3 17 -- --

D1 U B6 2 3 15 —— -— 0
5 

2 3 154 —— --

D
1
UD
4
UD

1 
8 1 20 -— -— D54 uD 54 

8 2 20 -- --

U D
4 
U 02 8 2 22 -— —— D54 U D4 

8 2 20 - —  - —

D
1 
U D

54 
U D

3 
8 3 25 —— —— 02 U 02 U D4 8 3 24 —— — —

D
1
uD 54 UD4 10 2 25 0.1800 0.167 D

2 
uD

2 
UD
4 

8 3 254 0.1793 0.273

D
1 

U ~~ U D5 
8 54 29 —— -— D

2 
u D

3 
U 0
4 

8 4 27 -— -—

B1 U D4 U B6 6 4 25 -— —— 1)
4 

U 0
5 

6 54 254 —— ——

(D
1

u D
54
) U D

4 
we have A

0
10, A1

2, b 2 5 while for 
~2 

U D
2 

U D
4

we have A
0 

= 8, A
1 

= 3, b = 24. For CD
1 

u 0
4
) U D

4 
U 0 to be inadmis-

sible with respect to D
2 

U D
2 

u D
54 

U D we must have

p{D
1 u D54 U D54 U D} < p {D

2 U 02 U 0
54 

U D} (A.9)

and

u B54 
u D

4 
U 0) ~ T 2 D2 u 02 U 04 u D}, (A.l0 )

For case (ix) we see that (A.9) and (A.lO ) become
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X + 2

A
0

+X
1

+12 ~ A
0

+A
1
+l1 (A.11 )

and

A
0
+A
1
i-12 A

0
+A
1
i-ll

(A
0
÷lO)(A

0
i-5A

1
÷20 ) ~ - (A

0
÷8)(A

0
÷5X

1
-i-23) , (A.l2 )

respectively. Now (A.ll) always holds; (A.l2) holds for D
1 

and 0
54

(or any unions of their replications) but not for D
2, 

D
3~ 

0
5 

and D
6
.

However, CD 1 u B4
) u D54 u B

2 
is S-inadmissible w.r.t., 1)

54 
U 04 U

U B
4
) U D

4 
U B

3 
is S—inadmissible w.r.t. D

2 
U 0

2 
U D54 U

(D
~ 

u 0
4
) u D~4 

U D
5 

is S—inadmissible w.r t. D
2 

U D
3 

U D
4 

U B
4,

and (D
1 

u 0
4
) u 0

4 
U D

6 
is S-inadmissible w.r.t. D54 

U 0
4 

u B
5
. This

completes the proof for p = 5, k = 3 of the C—inadmissibility of D
l

w.r.t. {D
2 ,
B
3
,D4,

D
5
,D
6
} for b � 5,15.
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