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ABSTRACT

This report is written on the design , analysis , simulation and
final testing of the phaselocked servo system for the back—up optical film
recorder. The design procedure used is the Bode method and a position
resolution equivalent to 21T/(5000 x 16) radians is desired . The anal ysis is
carried out by both analog computer simulation and di gital computer calculations .
Separate control circuits are used for the reel servos and the tension motors
are supplied with constant current sources. Finally the complete system was
built and tested , giving a performance which met specification .

RESUME

Ce rapport coinprend la conception , l’ anal yse , la simulation ainsi
que les tests f inaux sur un système asservi par accrochage de phase ut i l i s é
comme système secondaire d’enrégistrement optique . La proc~ dure utilisée
est la méthode de Bode et une resolution de posi t ion equivalente  ~ 2711(5000
x 16) radians était desirée . L’analyse a ete executee de deux façons , une
simulation sur une calculatrice analogique ains i qu ’une solution d’equations
sur calculatrice numérique. Des circuits de contr6le séparés sont utilisés
pour les servo moteurs d’enroulement , et les servo moteurs de tension sont
alimentés par des sources de courant constant . Finalement le système
complet fut assemble et vérifié, donnant une performance en—deca des normes.
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I .  INT R ODUCT iON

The purpose of this report is to present the desi0r., analysis,
simulation and final testing of the st rvo system for the back—up optical
recorder. The main emphasis Is on the design of a precision , ph aselock ed
capstan servo system which can tolerate high external torque and elec trical
disturbances. Once the capstan servo system is well designed , the requirement
on the rest of the servo system bcc’~ iues mi:ch less stringent .

The framework of t he  design was originall y set by W.C. Thistle of
DREO . It is a proportional plus integral control , phaselocked posi t ional
servo system . The capstan motor used is the modified PMI type U12M4 with an
internal flywheel and an optical tachometer mounted on the frontface. The
added f l ywheel is used to damp out any high frequency torque disturbances
app lied to the capstan motor. The capstan motor shaft is one inch in diameter
and runs at an angular velocity of half a revolution per second . There are
5000 l ines on the axially mounted optical encoder disc and a position resolution
equivalent to one—sixteenth of a slot is desired .

The design procedure used is the Bode method . The analysis is
car ri ed ou t by two approaches; one is b y analog computer simulation using the
breadboarded digi tal phase detector , and the other one is to solve the S

appropriate transfer function directly on a di gital computer. The latter
approach is used mainly to provide a check on the analog computer simulation.
The /vstem performanc e is evaluated for a step torque disturbance on the
capstan motor with different integrator gains , motor mechanical time constants,
gain and phase margins. The step—input response and the start—up transients
are ~iso given . .\ theoretical analysis on how other motors affect the

~*e rformance of the capstan motor in a symmetr ical  arrangement is also presented .
Final ly the complete servo system was assembled and tested using four
additional PMI type U12M4 motors for the tension and reel servos.

II. CAPSTAN SERVO CONTROL SYSTEM

The general block diagram of the servo system is shown in Figure 1.
rt is a ‘proportional pins integral control phaselock positional servo system ’.
The maximum phase error signil from the phase detector can not exceed ± 2.5
volts. This corresponds to ± 8 slots on the optical tachometer of the capstan
motor. The phase error signal is used to control both the position of the
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motor and the V t ’ F t  I I t h - f l k c t  ion ‘osit ion of c CR’!; Lii latter provides
almost instantaneous correction .

Phaseloek motor svst &-m , like all other positional servos , are
inherently unstable and m u st  be compensat ed  to p - r i t e  in i stable mode. The
veloci ty  control  of DC motors  by use of pI~~sc lock  servo tec’.hn iquer  is w i l
documented (GEIGER , 1973) . This sys t em is des igned to g ive  zero  steady state
velocity error , very little ‘sampl ed da ta lag ’ introduced , and a good noise
rejection capacity. It can handle —in c:-~Iernal step torque disturbance
equivalent to at least 4 Oz—In . The details of the design pr oced ure and
criteria for the ‘proportional p ius -integral control system ’ using the Bode
method are given in Appendix A and an excellent text on this method is given
as Reference 2.

A. GENERAL DESCRIPTION

The reference oscillator is a precision , stable VCO with an output
rectangular pulse frequenc y o~ 80 KHz and an accuracy of ± 0.005% over a
temperature range of 10°— 1CYC . It is divided down by 32 and phase compared
with the feedback pulse tr io Etinerated by the optical tachometer. The
tachometer generates 2500 pulses per second with the capstan motor running at
t teady state of half a revrlu~ ion p :’r second . The phase detector is essentially
an up—down counter and t i  dif f ~n re i - c u mu l a t e d  is the phase error. The
digital error is then converted into .u dog voltage and used to control both
the vertical position of t (‘RT and t h e  position of the motor. The carrier
filter attenuates the h i~ fr - pi ’ney - t - l euents of the error signal and
prevents them from ri-re Ping the ‘- ror . The error signal is then passed
through the lag—lead comp ensi t ion and int 1~r-ito r network for stability purposes.
The integrator responds t n  the low frequency components of the error signal
and supp lies the  necessary  pow r t o  drive t h~ capstan motor at the desired
speed and thus  e l im i n a t i n g  t im ’  need for  .ui ’ t h o y  pow -c source.  The
o u t p u t s  f rom the lag—lead n e t s o r l :  and the i n t e g r a t o r  are summed and applied to
t h e  caps tan  motor  t h rough  the powe r a m p l i f i e r .

(1) CAPSTAN MOTOR

The motor  used is the modified PMI type U12M4 with an
optical tachometer attached to it. An internal flywheel is
added and the motor shaft is extended to a length of 6 inches
with a combined additional inertia of 0.807 Oz—Iri sec 2 . Some
of the motor constants are given below .

Total inertia = 0.831 Oz—In sec 2 .
Torque cons tant  (K T ) 15.6 O z — I n / A .
EMF constant (RE) = 11.5 vclts / 1000 RPM
Damp ing constant (1

~D) 
= 3.1 Oz—ln/l000 RPM

M echan ica l  t ime  constant  (Tm) = 0.509 sec.
Number of slots on the optical
t a chomete r  = 5000.

Regula t ion  @ Constant Voltage (Rn ) = 5.85 RP M/ Oz— In

~
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(2)  PHASE DETECTOR

The phase detector I)erforms essentially three functions
as follows:

(i) It ensures tha t the up—count signal from the reference
oscillator and the down—count signal from the optical
tachometer  do not  occur at the same time .

(ii) It performs the phase comparison using an up—down counter.

(iii) It converts the digital phase error into analog signal
by a D/A converter.

1000 0000 corresponds to zero volt
1111 1111 corresponds to —2.48 volts and
0000 0060 corresponds to +2.5 volts

The circuit diagram of the phase de tector is given in
Fig. 2.

(3) LAG-LEAD NETWORK AND INTEGRATOR

The circuit diagram is shown in Fig. 3. The purpose of
the lag—lead network is to improve the phase margin of the
system to assure stability, thus permitting the use of high
gain , which is essential to minimize the effect of torque and
electrical disturbances on speed . The proportional component
provides direction and stability. The offset due to the
variations in the system parameters , such as the average
friction torque , is eliminated by the integrating action of
the integrator .

B. SYSTEM PERFORMANCE ANALYSIS

Once the design is comp leted in the frequency domain, the time
domain response can be evaluated b y e i the r  solving d i rec t ly  the appropr ia te
inverse Laplace transform or by analog computer simulation . The latter
‘a thod was emp loyed extens !vel y using the actual breadboarded digital phase
detec tor  in the stud y while the former was used merely as a check .

Two slightly different lag—lead compensation networks were chosen
—,nd , for  each desi gn , the capstan servo system was evaluated for the following
c r i t e r i a  -

( I )  The s t a b i l i t y  of the  system.
(ii) The phase error introduced as different step—disturbance S

torques are applied . —

(iii) The start—up performance.
(iv) The system response when subjected to a step input.
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The following par a iue t I - s we r& O a r  i ed

( i )  Overa l l  o p e n — l o o p  gaul .

( i i )  The ga in  of t h e  i n t e p t  at  I~I~~

( i ii)  M o t o r  mk c h a n i  t’al fine —no -: taci t

The magn i tude  and phase p l o t s  of t h e  open loop t r a n s f e r  f u n c t i o n  for
ea’-i h desi gn wi th  d i f f e r e n t  i n t e g r a t o r  gains a t e  shown in  Appendix  B. From the
plo ts , the phase and gain marg ins are illustrated clearly as the overall open—
loop gain is varied and thus give a general  p i c t u r e  of the relative stability
of the system.

(1) ANALOG COMPUTER SIMULATION

The simulation o~ t h e  ca l sta:i servc system was carried
out on the AD Five }i~~l r i u  computer at t ue Communications
Research Centre . The actual breadboarde d phase detector ~as
incorporated with the analog computer. The de tails of the
model l ing  of the si-ry e  s y s t e m  and th  s i m u l a t i o n  of external
torque disturbances on the capsLan motor are given in Appendix
C. The analog computer diagram for rh~ comp lete capstan servo
system is shown in Figure 4 . The ts~o designs are q u i t e  s imi lar
in system performance and thus only the results of design htl
will be presented in detail here . Some of the important para-
meters of i n t e r e s t  given below - -r e  measured and - I  t t e d .

( i )  The phase de tec tor  e r ror  signa l (V i / V im )
~

( i i )  The o u t p u t  signal f rom the i n t e g r a t o r  (_ F / F
m ) •

( i i i )  The combined s i g n c - i (V /V ) applied to the motor .

( iv)  The ou tpu t  angula r  v e l o c i ty  c—~-) .

(a) S t a r t — U p I r a i i ;~~e n t : ;

Shown in Fi gures 5 and 6 I r e  t i * :  start—up transients for
design #1 with two differe IL integrator gains . Using a lower
integrator gain , the system takes longet to reach the steady—
state angular velocity and the phase error decays more slowly.
In this simulation , the average frictional torque is taken to
be zero . If it is taken into ,-o- -Oii flt , the time to reach the
steady—state velocity will be increased further. Two different
mechanical time constants were also simulated and shown in
Figs. 7 and 8 with Tm equals 1/3 tmo and 3 T

m0 
respectively.

(h) External Step Disturbances

The transient responses of the capstan servo system when
the motor is subjected to an external step disturbance for two
different ln tc ’r ito r gains are shown in Figs. 9 and 10. As
expected , it takes longe r for the system to return to its
ori ginal steady—state position with the smaller integrator

$
- 5 - .  - — - - - -~~~~~~~~~ - - - - - ----— - — . -— 5 -~~~~
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TABLE II

External Step Disturbance Response

ANALOG DIGITAL
COMPUTER SIMU LATION COMPUTER CALCULATION

T 5  L~T/ L ~ SLOT TIME (SEC) t~T/L~ SLOT TINE (SE C)
(Oz In/ SLOT) PEAK (Oz In/ SLOT) P EAK

1 1.08 0.145 0.82 0.15

10 1.06 0.168 0.76 0.17

I I I .  THE EFFECT OF OTHER COMPONENTS IN THE COMPLETE
SERVO SYSTEM ON THE CAPSTAN SERVO PERFORMANCE

With the caps tan servo system analysis  completed , the next step was
to analyse how other components affect its performance. To get an Insight
into the problem , a simplified symmetrical servo system was analysed and given
in Appendix E.  The net e f f e c t  is taken care of through the modif ica tion of
the capstan motor constants. The capstan motor thus experiences a bigger load
with a different mechanical time constant given by the equations in the
append ix.

The other variations in the system parameters such as average
friction torque , f i lm sticki ng and slippage etc. can he treated as external
torque disturbances on the capstan motor.

IV. TENSION AND REEL SERVOS

Four similar PMI type U12M4 motors were used for the reel and
tension motors . The arrangement of the servo system is shown in Fig. 14 with
the appropriate tensions on the f i lm shown. Tension motors (2) and (4) were
fed with constant current sources and are used to maintain the required
tens ions on the f ilm. Tension mo tor (4) was also used to dr ive the servo
system and to keep the difference in tension across the capstan small. The
variations in film tension due to the change in film radii as it moved from

_ _ _  ~ ,41II~~Z ~~~~~~~~~~.
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on e reel to  anothe r We ri c o m p en s at e d  by c-I)fltrI1I ing  ho e o r r e n  s i s  t h e  c - -el
motors accordingl y. This was done by measuri iiy i n d i r i - c t l v  t n i -  f i l m  radius S
(directl y by measur ing t h e  angular yr-b etty ~ ) ,  r ~) and SII~ )i 5 l yiflg drive
current proport ional to the f i l m  r a d i us  to each r1c) t~- r .  The C i y i - u i ~t
implementation of this function was d e si 4’rj ed hc ~1 .~~~c Mi llan of DREO and t h e
circuitry diagram i,s shown in Fig. 15 . An optical euii -uder was employed
and th e number of pulses generated is proportional to -the angular  ve loc i ty
of the reel  servo . The f i f t y  pe rcen t  d u t y  cy cle  pu l se  t r a in  is then con ’ ’-r t e d
to a pulse t r a in  of shor t  f i x e d  w i d t h  pulses by the monos tab i s.: m u l t iv i b r a t o r .
I t  is then app lied to the  RC i n t e g ra t i n g  ne twork  and t in - output voltage is
propor ti ona l  to the angu la r  ve loc i ty  (w) . F i n a l ly , i t  is i n v e r t c-d by the
divider and used to con t ro l  the  o u t p u t  cur rent  of the  power amp l i f i e r
supply ing the reel motor.

V. TESTING AND EVALUATION OF COMPLETE SERVO SYSTEM

The complete servo system of design ~i was assembled and tested with
the 5 inch wide , 150 ft. long roll of photographic film. The output from
the bipolar power amplifier of the capstan control system was measured and
plotted in Fig. 16. The turn—on sequence was to have the capstan system
runn ing before turning on the rest of the servo system. The steady—state
phase error was measured to have a peak value equivalent to ± 0.3 of a slot
wit h t i l e  capstan servo running alone . The main source of disturbance was
found  to originate from the low—frequency variation in friction as the
c a p s t a n  motor  s h a f t  ro ta ted around its bearings .. The small high frei uency
errors due to the nonuniformities in the disc pa t t e rn  were attenuated by the
loop filter and thus prevented from reaching the motor. When the comp lete
servo system was turned on , the steady—state peak phase error was increased
to ~: 1.2 slots which was well below the allowable maximum phase error of
± 8 slots. The anticipated increase in the phase error was mainly due to the
increase in disturbances coming from other parts of the system such as
friction torque , f ilm stickage , and disturbance coming f r om the reel con trol
circuits. The friction between the steel shaft of the capstan motor and the
film was so great that even with constant currents supplied to the reel
servos , no f ilm slippage occurred.

VI. CONCLUSIONS

The design of the servo system and the analysis of the capstan servo
system using bo th the analog computer simula tion combined wi th the br eadboarded
d i g it a l  phase de t ec to r  as we l l  as digital computer calcula tions have been
presented . A general theoretical analysis on how other parts in the servo

L - -5 - -~~~~~~~ - ’- - -
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svs tern a f ti-ct the ~-aps t an  ~~
- I V I l  r e - I  loin-u - S a iso p i yin . Uo np t o  c I p s Lul l

servo desi gn ~t 1 in t h e  ana log  compu te r  s i m u l a t i o n , i t  n-ui- ;  f o u n d  thI ; It t ile

c a p s t a n  servo motor  could t o l e r a t e  a st e p  to rque  d i s t  u r b a n e - -  up  to 8 O z — I n
and the system would still remain in b r-i-.. It  was a lso found to be s t . ~hlr -
w i t h  at l eas t  ± 27 dB v a r i a t i o n  in t i le  open—loop g a in .  it  o o e r , i t - d  in  a
reasonably  s t ab le  c o n d i t i o n  w i t h  the mechanL i i  t ime c o n s t a n t  v i i  y ing t i ~~~~.

1/3 T mo to 3 t mo . Both methods of analysis ag ree  nell  w i th  ouch o t i -r and
t hus  provi lo a check on each o t h e r .

The complete servo system was built and integr :i i-P with uL~ier s’-s ta-:;~
to fo rm the opt  ical recorder .  The u l t i m a t e  accuracy  of the  ---ontr ol I ~-d o u t p u t
( t h e  p o s i t i o n  on the f i l m  where the i n f o rm a L  ion i s  s t o r e d )  in t h i s  se rvo
system is l imi ted  only by the s t a b i l i t y  of the r e fe rence  VCO , the  p rec i s ion
of the slots on the encoder disc and the eccentricity of the capstan motor
shaft. Tile capstan optical encoder disc has 5000 s:lots on it and a position
resolution equaling one—sixteenth of a slot was obtained. Both tension motors
were supp lied with constant currents and the change in tension on the film
due to the change in film radius was corrected by the reel control circuitry .
the maximum steady—state phase error was found to he equivalent t a  abo- 5t
± 0.3 of a slot with rio load acting on the capstan motor. It ;ncreased t o  ± 1.2
slots with the complete servo system running and it was well below the cInsigned
maximum allowable error of ± 8 slots.

- -~~~~ —-5 -5 -5- - ~~~~~~ -----—-- - - -—--~~ -5 ‘--5-- ~~~~~~—--- -
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APPENDIX A

SYSTEM DESIGN USING THE BODE METHOD
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SYSTEM DESIGN USING TUL BOIS E METR O1)

The servo system to be designed is a type 2 , p ropor t iona l  p lus
in tegral con trol , phase lock system. A block diagram representation is given
below :

~ (s) 
K ~V .~~~~~~~~1~V ( )  

~~~~~~
s
~~~~~~~~~~ 1

O( s)

~~~~~~~~~~~

FT -~1~’RE A-i . SERVO SYSTJtM BLOCK [ i~1~7J~-1!P

wher e

— 
1 (1 1’ 12 s) 2 

________ 
IC (s) - 

i + T 1 S (I  + 1 s) ( 1 + T, )

1 
— ca r r i e r  f i l t e r  t r a n s f e r  f u n c t i o n1 + 11s

(1 + 
— lag—lead compensation transfer function

—i-- — integrator transfer function
15 S

1 1 1

(s) — Reference phase input in motor shaf t
radians

U (s) — Motor shaft angle

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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CmCM ———--—-——-—-- — Mo to r  t r an s f e r  f u n c t i o ns ( l  ÷ S I )

The open—loop transfer function

C ~~K C ~~ G M H

With the number of slots on the optical tachometer equal to 5000, the frequency
output with the system running at steady—s tate is equal to 2500 Hz or 15.71
K rad/sec . To avoid ‘sampled data  la g ’ , the bandwid th  of the system must  be-
at least f ive  t imes less than the tachometer  f r c - q u y i i c v .  In o the r  words , the
opt ical  tachometer has to samp le at least f ive times f a s t e r  than the system
response time so that the phase lag in trod uced is neg ligible. If the phase
lag introduced is small , the samp led—da ta system can be approximated
accura te ly  by a con t inuous—t ime  solut ion .

Putting all the specifications in terms of the open—loop transfer
f u n c t i o n , we have

(1) Low—frequency asymptote:

The input referen ce phase is a ramp function and to have zero
stead y—sta t e  velocity error , it must be a type two system;
with two poles at the origin.

(2) Middle—frequency specif icat ions:

(a) Any external dis turbance on the system is expected to be
of low—frequency nature . For a disturbing torque ~tT ,
the mo tor vol tage req uired to counteract it is

K t

“end for  a maximum phase error equivalent to four slots ,
4 x -5-

~~

-

~~~~~ 

radians .

The minimum gain of the open—loop (excluding the motor)
required

ATrAU 5000 aK = 
8 at W 1 rad/sec

0

For this  pa r t i cu la r  motor  design (The modified PMI TYPE
Ul2 M 4 ) ,  choosing

t~T = 2 Oz. — I n .

r a =

k~ 
= 0.11016 N.m/a

-5 - - 5 - - -~~~~~~~~- 5 - - - - - -- 5  - -5-~~~~~~~~~~~~~~~~~~~~~
- -~~~~~~~~~~~~~~~~~~~~~~~~~~
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t h i ~~ gain requir ed

K 25.5 Pd db at ~ = I. r od/ eec .

Tile n ’a> .imu tn p u lse e r r o r  j f l t  r O d r I C - ~d hv - h i s ?  I I r P I I I I - t is
eX ile? i-d t i  he I l luc i l  o i l i e r  O 0 l u u E -  tite speed of response
o f t i l e  s’ - i-’ tea; is not iflstiinL ~. -I -oui-; - K is chosen o he
37 db and the  ov er  i l l  open— too i ,~~~ , i n  T I O S t  1)0 n r - - a t t  r
37 db + 19. 2 l b  = 5e .2  lb .

( h I  To a v o i d  ‘~~impled ia~ a J a g ? , Lb . - h in d--n dt h of the
c l  0 5 - I  - i  f l O l-  sy n t e m  m u s t  be m u c h  ui .he r tha n ~Iie f r equency
genera ted  f rom t i e  - - pt !c~~

l ~Ie I i ,meLc . The cross—over
frl -u lt ’rcv gives a v e r y  ‘oo ’ a pp rox in la t ion  t o  the  c losed—
loop s v s t -  ~~

- b a n d w i d t h .

(c) The m a i n  purpose of t u e  lap — ie -~d Iir-twork is to comp ensate
fo r  t a o  phase of the o’.’ste’n cor stability. To ensure
a I aye’ rub  1€~ p hasc ma r p m , t h ~i s lopo sh ould he — 7 0  db /decade
at  thu cross—over fre~~’ieucv .

(3) Ii i g h — f re q u e n c v  l s vn I p to t e :

It is desirable to design a syssein which can reject the high—
frequency noise go n- - r a t e d  i n  the system . One main source c t

noise  i s  caused by the oc -r ~- - un i f o rm i t v  of the  s l o t s  on t~ie
o p t i c a l  encoder and the block  d i a p n e n .  is g i - -o-n ‘ e-T~~v :

____ 

--w~~ GM~~;l - 

~

— 
~?(s)

.i~’I I ;i iP7, A — - P .  BLO(7~ DIAC!7A.~ WITH -j ( I T. 71 - f l O  Ti Pi ”:’
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By choosing the high—frequency noise rejection requirement
tha t  the  noise at the output is reduced to 1% at w = 1000
rad/sec , we have

IG(iw) I < 0.01
+ G (j w ) ~ to = 1000 

-

or C ( j w) I < 0.01 < 40db at to = 1000 rad/sec.

If the low—frequency—asymptote , middle—frequency gain and the
high — f r e q u e n c y  a t t enua t ion  speci f i ca t ions  are placed on the Bode plot  as shown
in Figure A—3 , the general shape of the compensated transfer function becomes
fairly well established . Two sli ght ly  d i f f e r e n t  lag—lead networks are
synthesized and they are des igna ted as #1 and #2 respectively. 

_ _ _
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APPENDIX B

THE MAGNITUDE AND PHASE PLOTS OF THE OPEN LOOP TRANSFER FUNCTION



t I

THE ~W ;NlTUDE AND PHASI - . PLOTS OF TIlE OPEN LOOP TRAh SFE R Fi 7iLI-iON

Two sets of m a g n i t u d e  and phase p lo ts  are given in tills appendix
for the tv- designs. For each  set , t wo differ i - l i t p lo t s  a c - e drawn w it h the
integrator gains equal to 1 and 0.1. The program was t- -ritte n by W . C .  T h i s t l e
in the APL language . There are basically five subroutines as follows :

C
MOTOR = j 1  (1 + j u T )

DET = K = A ~detector gain)

SA~~ LE = Phase—lag  in t roduced  by the p hase d e te ct o r

= ‘ FC number of slots on encoder2 x FC

LLI = lag—lead — i n t eg ra to r  = F (T2 , T 3 ,  T 2 ,  T~~, 15)

—FILT = Car r ie r  f i l t e r  = F (T i  ) .

A set of motor constants and system pacameters used in the program
are tabula ted  In Table B—i . The magnitude and phase plots of the uncompens—
—i t-ed open—loop transfer function with and withou t carrier filter are given
in Fig . B—2 and B—I respectively . Figs. B—3 through B—6 show how the gain
and phase margins are improved and modified with the addition of a compensat-
ion and integrator network for the two different designs.
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APPENDIX C

ANALOG CO~~UTER MODELLING
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ANALOG CO~- 1PUTER M ODE T .L IN C

(1) SCALING

— To prevent overloading any component in the analog computer , scaling
is necessary . The angular velocity of the capstan motor is related to the
output from the phase detector by the following trrnsfer function :

u(s )  
_____ 

(1 + T 2 s) 2 
i

V . (s) - T~ - 
~~s (1 + T3s)(l + -

~~

“

~~~) 
~~~~~~~~

V (s)  ( l + T s ) 2
Let 

V .(s) 1 + T 1s ~ (l + T 3 s) ( l  + TkS) 
+

Expanding by partial—fraction—expansion method we have

V (s)
° = _ ~ [ p +  

Q — 
Y

V • ( s )  1 + T 1 5 1 + T3S 1 + T~~S T
5
S

where P = T
2

2 /T
3
T~<

— + T 2 /T T 2
- -r — T  

— — 
T3 T

3

2

— T2 — T
2 /T~~,Lj~~

I. T 3 — T ~

1 Q Vj~(s) Y v1(s) V .( s)
V (s)  = 1 ’ T

1
5 
[p V .(s) + 

1 + T
3
S 

— 
1 + T,1 s 

+ 
T5S

= 
1 + i ~ s 

[~~~ V . (s) + D — E + F]

= -
~~
---

~~
-
~
-

~~~
---— 

[A]

Each term is normalized so that the input and output have a maximum value of
-u i ity. Take for example , the term D

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~~~~~~~~~~~~ —
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D = 
l + T 3 s 

V .

T 3D + D Q V

Q V  V .— _~~~~1 h 1 Ir D
LD J T D  L

V 5-~ Tm 3 m im 3 m

V .
1 Dwhere 

~~
—‘-

~ 
and 

~~
— J  < 1

im m

Carrying out the scaling for each stage , we get a computer block
diagram as shown in Figure 4.

(2) SIMULATION OF EXTERNAL STEP TORQUE DISTURBANCES ON THE CAPSTAN MOTOR

The motor transfer function is given by

u(s)  — 
Gm

V(s) - 
l + T ms

V
For a step voltage V(s )

w ( t )  C V  (1 - e_t/Tm) —-- (1)

The motor equation when subjected to an external disturbance

—+ B -~-~- - T

For a step torque T = 
T

0 /s

w ( t ) = 
T / B  (1 - e

_ t h t m) --- (2)

Comparing equations (1) and ( 2 ) ,  the external step torque applied is related
to the input voltage to the motor  by

T = B C  V . -—— ( 3 )o m o

For t h i s  pa r t i cu l a r  case , due to normalizat ion the external torque (Oz—In)
is related to the input voltage by

I t  

- -- k- - 

~~~~~~~~~

- -- -

~~~~ 

- - - -
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‘II V ‘ It

T = B C ( - --
~~~) 

(— -
°
----)

o m Vm om

= 380.53 
‘Tom 

(4)

1 1 Ox —In
Where ~ = = 5.85 RPM

C = 9.106 rad/vol t
m

V /~ = 160/6.25
om m

.~l lrher approximate approach in relating the voltage applied to the

J - I I ~ I l  d i s t u r b a n c e  torque on the motor is to use the terminal resistance of
t~~~~- mot r t o  : i lc ul a t e  the amount of current  app lied to the motor and then
u s i n g  the mot r torque constant to calculate the corresponding external

‘r q ue.

[s ing eq .  (4) above and referring to Figs. 9 and 10 on pages 13 and
14 r esuI Y - t i v e ly ,  the external  step torque responses fo r  the two cases are
g iv -n as follows :

( I )  For T = 1

V

~T (external step torque app
lied) = 380.53 (~ 2~ ) Oz—I n

= 380.53 x 0.019 Oz—In

= 7. 23 Oz—In.

A s to ts  (maximum no. slipped at t = 0.145 see)

2 . 09V
= 

2 .5 V 
x 8 s~.nts

= 6.69 slots
7.23 Oz—In

11 / A  slots = 6. 69 slots

= 1.08 O z— In / s l o t  
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(i i )  For T
5 
= 10

AT = 380.53 x 0.02 Oz—In

= 7.61 Oz— In

A slots(t = 0.168 sec. )  = x 8 slots

= 7 .2 slots

:. AT/ A slots = ‘T’i ” Oz—In/slot

= 1.06 Ox—In / s lo t

The above results for  the two cases are tabula ted  in Table II on
page 19 .

(3) STEP—Fu NCTION RESPONSE

The step function response for design #1 with T 5 
= 1 is plotted

in Fig. 13(a), page 18. The percent overshoot (at t = 0.068 see) was measured
to be 25% and is tabulated in Table I on page 15. -

— ±..11±I1 _ _ _ _ _ _ _
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APPENDIX D

DIGITAL COMPUTER CALCULATIONS
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DIGITAL C OM 2U TER CALCULATIONS

(1) STEP—FIJN CTION RESPONSE OF THE SYSTEM

The transfer function relating the input to the ou tpu t  motor  s h a f t
ang le is given by

K [
(1 + T2

S)2 

+ 1 -~ 
G
m

8 ( s )  — C(s) — 
1+  T 1s (1 + T3s)(l + T~ s) T5

S~ o(l  + s T )
— 

1 + C(s )  
— 

1 + K 
[

(1 + T 2 s)
2 

~ 1~~ 
tIm 

—
1 + T 1S (1 + T 35) (l + T14s) T5s s(l  + s T )

KG [(l + -t 2 s) 2 T 5s + (1 + T s ) ( J ,  + T 1~s )]  
*

- 
~~5~

’2 ( l + sT
m

) (1+~~l s ) (l + T 3 s ) ( l+ T t, s) + KG [ (l+ T 2
s)’1T 5 s+(l+T 3 s ) (l + T s)1’

For a u n i t - s t e p  f u n c t i o n  response , ~(s) = ‘~~
- 

, the ou tpu t  6 ( s )  is given by

— 

KG [(l4-T2s)
2T

5
s+(l+T3s)(1+T 4s)] 

. i
— 

T s .
~( l + s T ) ( 1 + T s) ( l + T s)( 1+T s)+K G [( l+T s) 2 T s+(1+T 3 s) ( l+ T ~ s ) ]

ann 6 ( t )  =

The unit—step function responses for the two different compensation
desi gns are shown in the following pages . Table D—l gives a listing of the
-:nrn pri ter program written in Fortran IV language . The unit step responses for
the two different designs a r c  p l o t t - d  in Figs. 0—1 through D—4 and tabulated
in Tables 0—2 through D—5 . From Tables D—2 and D—3 for design i~l, the percent
overshoots fo r  the two cases using ex t : apo la t ion  are given below and tabulated
in Table I on page 15.

( i )  For 1

7 overshoot 2 7 . 5  a t  t = 0.065 sec.
p

( i i )  }o r  t~ = 10

7 overshoot = 26 at t~ = 0.065 sec.
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COflPLEX R , -,. R I , A~iUPI ,A .TRES
2.000 D1~~~~ r$S IO$ Z 102 ) . v ( I S  .*CO 7 ) ,R O O T R 6 I .Q~ O T I t 6  .R ’ ,A - ’
3.000 Z ( t ) - 1 0 1 . S  ‘( 11.101.0
4.000 Il.~ 

—

5 00l AP~•69 l2
6.0*0 GI~~9.1I~1.111 t i .  .Ili
3.0*0 72. . j 4~9
9.000 13. .509

Fl .  .01
11.530 04) ¶0

TS. j - l li . •J
12.00* ~~~ 5.9
13.00* XCO~ (1)-A1 *G4~14.0*0 XCO~~( 2 ) - A ~~ G~ * ) T 3 + T 4 + ’ 5 )

XCO 3 .TS+A ~ z CM4 (2 t 72115eT30T4 j
16.00* *CO~(4 ~

.754 tT1 .134T4+Th .~~( * * 1~~* 12 )
j 7.S1 XCO t5 ).13* 14*TS+T1IT * 7 S + ( T 3 + T 4 ) Z v T 1 + T ~~) * ’ S
13.00* X C O r (6 t . 1 1* 1 5*TPIZ( T3+74 ) •T3*T4* rSz T i+ 1 P1
19.00* XCOF (~~~- ’T1lT 3ZT4Zr5$TP ~20 .111 CA L L POL’$QOC T (xCO~ .COc~~~.ReoT~ .RooTI .1ER~23.00* DO 30 1-1 .6
a4.0** RU4 I ~~~~~~~~~~~~~~~~~~~~~~~~~~~
25.0*0 3* COPI1~I NU(
26 .00*
27.11 * DO 31 ~i-1 . 7
21.00* R 1 • R I N )
29 .0lI W P l ) . R ( 1 )
30 .000 S.Rt
31.000 ~‘J R .

~~~44~~S I ( j . +T2*S )*~ 2IT 5* S,(1 ,T 3 0 S ) * ( j + 7 4 Z S ) )
32.000
33.00* 1 ~~( S - R ( 5 1 *( S - ~~( 6 ) t * S - R ( 7 ) ) ,’XCO~~( 7 (
34 0*0
37.00* 31 C0~4TINU(

DO 32 K i .1~~j4 1.0110 T~~ ( K — j
~~ t 100 ,

42 001 TPES ’A : ) t c E x P R- ~~ I*T ) •A ( 2 ) * C E X P ( P 2 ) I ’r ) • ] * ~ E’~P P - J ) IT
43.000 1 + 0 1 4 ) t C E X P ( P ( 4 ) Z ’ ) •~~( S  CEXP~ R 5 - 1  •A ( 6 * C E X P ( R ( 6 ! )
44.000 2 .~~ - ? j z C F X P c 7 - I ’
45.04$-I Z~~~+ I r . 7
46.dOl  11!’ ! ) .CA RS(T R(S c
47 000 (.1RI?E(2. l 1)  ZU~ - . 1 ) , V ( K ~~I) .TRES
43.00* i i  ~ORr~~r r 4f:2(l.4)
49.000 32 C OI4’~ IMLf
50.00* C4 LL IN1Tr 24~~
51.00*  CALL 01N1T 7
52.00* CALL C4-E C~~ 2. V
53.00* CALL DS~ LAV Z .~fl53-~~00 SI CO~cTl~~uL

CALL FIN11’(e. 7#e~ 4 i J _ -4, -
- - 

- - - -
~~~

56.000 END ~~~ ~
-U-~ ~~~,

- - ~- - •57.00$ IC - - - 
~~~~~
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L. . - - - -  - - - — -  
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TABLE 0-2 UNIT STEP FUNCTION RESPONSE (DESIGN $1,  T~ = I)

T M E ( S E C )  MAGNITUDE ( A E S )  ‘-~EA L IMAGI NARY
- 0000E OO -447 5E -07 - 0000E 00 - - 4415 [-07
- I 000E-Ol 15 4-4 -  00 - 154 F 10 - 1825E-06
.2000E-0l -50 14E 00 ~50l4E 00 -17 13E- 06
- 3000E-0l 840 ’r 00 -8407E 00 -1005E-06

- I 0 8 ~ E 0 1 -1085E 01 -2 975E ’0 7
- 5000E’OI - 122 1E  0 1 - I 2 ~? J E  0 1  - -3730 E- O7
- 6000E-OI - 1270E 01 12’TOE 01 -. OBIE-06
- 7000E-0I -1263E 01 - 1263E O P - . I155E-06
- 8000E-0l ‘ 1230E 01 - 1230E 01 -- l 379E-06
- 9000E-0I -l18 9E 01 -11 89 E 01 --I453E-06
- I 000E 00 - 1152E 01 - 1I5 2 E 01 - ‘  14 91F2 -06
— I I O O E  00 - I 1 2 3 E  01 - 1123E 01 - -  1433E-06
- 1200E 00 — h O l E  01 - H O l E  DI - -  I491E-06
- I300E 00 - 085E 01 - 1085E OP - - 1 565E—06
- I400E 00 - 1074E 01 - I074E 01 -- 1565E-06- I500E 00 - I 065E 01 - 1065E 01 - - 1640E-06
- h600E 00 - I057E 01 - 1057E Oh -. 1677E-06
- 1700E 00 1050E 01 -h0 ~0E 01 -- 1714E-06
- 1800E 00 -1044E 01 - 1044E 01 -. l75IE-06
- 1900E 00 - 1038E 01 - 1038E 01 -. 1789E-06
•2000E 00 1032E 01 - 1032E DI -- I789E-06
2100E 00 - 1026 E 01 - 026E 01 - . 1826E-06

- 2200E 00 ~l02lE OP - I02~ E 01 -- - 863E-06
2300E 00 - 10 17 E  OP - 1 0 17 E  01 -. 1863E-06
2400E 00 ‘10 13E 01 - 10 13E 01 — - 1900E-06

- 2500E 00 - IOIO E OP - IO IO E 01 -. 1938E-06
- 2600E 00 ‘1007E 01 - 1007E UI  - - 1938E-0G
- 2700E 00 - hOO4E 01 - 1004E 01 -. 1938E-06
- 2800E 00 -1002E 01 - 1002E 01 -- 1975E-06
-2900 E 00 - I000E 01 - I000E 01 - . 1975E-06
- 3000E 00 ~9985E 00 - 9965 E 00 --2012E-0G
-3 1 0 0E 00 - 9971 E 00 -997 1 E 00 - -2012 E-06
• 3200 E 00 -9959E 00 - 9959E 00 - -20 12E-06 --
‘ 3300E 00 9950E 00 -9950E 00 - -2 012E-06
-3400 E 00 -9942E 00 -9942E 00 - ‘20 12E -06
• 3500 E 00 - 9936E 00 - 9936E 00 --20 12E-06
- 3600E 00 - 993 1E 00 - 9931E 00 —- 20 12E - 06
• 3700E 00 ~9927E 00 ~9927E 00 —- 20 12E-06
- 3800E 00 - 9925E 00 -9925 E 00 --2049E-06
- 3900E 00 - 923E 00 - 9923E 00 - - 2 0 12 E-06 ~ 

-

-4000E 00 -9923E 00 -99 23E 00 --2049E-06
- 4 I O O E  00 -9923E 00 ~9923 E 00 --2049E-06
-4200E 00 - 9923E 00 - 9923E 00 - -2 0  2E-06 -~~ ~~
- 4300E 00 -9924E 00 -99 24E 00 - - 2 0 ’~~~-06
- 4400E 00 ~9926E 00 - 9926E 00 —~20~ 2E-06
- 4500E 00 - 9928E 00 -99 28E 00 --2049 E-06 -
-4600E 00 -9930E 00 -9930E 00 --2038 E-06
-4700E 00 ~9933E 00 - 9933E 00 --2035 E-06
- 4800E 00 - 9935E 00 - 9935E 00 -~2035E-06
- 4900E 00 - 9938E 00 -9938E 00 --2035E-06
• 5000E 00 -994 1E 00 -9 94 1E 00 — 2033E-06
-5100E 00 - 9944E 00 - 9944E 00 --2053E-06
- 5200E 00 - 9947E 00 - 9947E 00 --203 1E-06
-5300E 00 -99 50E 00 - 9950E 00 - -2033 E-06
- 5400E 00 - 9953E 00 -9953E 00 --203 1E-06
5500E 00 -99 55E 00 -9955E 00 --203 1E-06

- 5600E 00 - 9958E 00 -9958E 00 --2028E-06
- 5700E 00 -996 1E 00 ‘996IE 00 -~2O28E-06
- 5800E 00 - 9964E 00 -9964E 00 - - 2 028E-0G
‘ 5900E 00 - 9966E 00 -9966E 00 --202$E-06
‘ 6000E 00 - 9969E 00 ~9969E 00 - -2 026E-06

- 5- _ liz: ~~~, -~
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(2) SYSTEM RESPONSE WHEN SUBJECTED TO AN EXTERNAL DISTURBANCE ON THE MOTOR

Re—drawing the system block diagram with the disturbance as the
input and the phase error as the output , we have

d(s)~~~~~~ ~ CM(s) ] H(s) 

~LI~III!— y(s)

L G (s)~~

= 
GM(s) H (  K 

-where H(s) = 1

For a step input d(s)  = -
~~

— GM (s) K 1 — 
K G T S ( l 4 ’ T 1s) ( l+T s) (l+T~ s)

y(s )  - 
i + G(s) S 

- 
T5s~~(l+ST )(l+T S)(l+T

3
S)(1+T~~s) +

1
KG [(l+T 2

s ) L T 55 + (l-f T 3 s) ( l+T s ) ]

y(t) L
1
ry(s)]

A listing of the computer program is given in Table D—6. Two sets
of grap hs for y(t) are plotted in Figs. D—5 through D—8 and tabulated in
Tab les D—7 through D—lO for the two different phase compensation networks
with different integrator gains. The input step applied is of magnitude
volts. Using eq. (3) given in Append ix C , the equivalent external torque
app lied to the capstan motor is given by

-~.T BGmV0

= BG -
~
-

60 1
= 

5.8 5  ~~~~ x 9 .106 X 
69.18 

Oz—In

= 0.22 Oz-In 
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The actual digital phase deti- ctor has a higher gain than the one
used in the digital c o m p u t er  anal ys is  and tIft- rc are 5000 slots on the actual
tachometer used in the analog computer simulation. For the purpose of com-
parison , the phase error from the di gital computer analysis must be converted
to the number of slo ts sl ipped as would be registered by the di gital phase
detector.

(i) For design #1, T5 
= 1 (Table D—7) , the number of slots slipped at

t = 0.15 sec.

8 slo ts digital phase detector gain
= 0.0235 volts x x2.5 volts gain used in analysis

8 248.68
= 0.0235 x ~~

—
~~

- x 
69.18 

slo ts

= 0. 27 slo ts

0 .22  Oz—I n
tNT/A slots =

0.27 slots

= 0.82 Oz— In/s lo t

(ii) Similarly f or desi gn #1, T5 = 10 (Table D—8), the number of slots
slipped at t = .17 sec .

= 0.025 x ~~~~~~~ x 3.6 slots

= 0.288 slots

AT/A slots = 
0: 288 = 0.76 Oz—In/slot

The above results are tabulated in Table II on page 19 along with
the results from the analog computer simulation.
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ThE EFFECT OF OTHER MOTORS ON THE CAPSTAN MOTOR SERVO SYSTEM

With the servo system connected as shown in the diagram below, the
effect of other motors on the capstan servo will be analysed as follows :

F~ ~~~~~~~~~~

_ _ _ _ _
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The system dynamic equations are:

F1r 1 — T
1 

= f w  + (1)

(F 2 
— F

1
)r 2 — T

2 
= f 2 w2 + (2)

T3 + (F 3 — F2)r 3 = f 3w 3 + (3)

(F~ — F 3 )r k 
+ Tk = f ~w + (4)

T 5 — F 14r 5 
= f~~~5 + (5)

The link equations are given as:

w 2r 2 = 1i1 3 r 3 = ui~~r~ = w5r 5 (6)

With the system running at steady—state , all the forces acting on
the system are balanced . Now a disturbance t\T3 is applied to the capstan
motor and the effect on the system is to be analysed . Using the same symbols
as above for the variations from the steady—state condition we have the
following set of equations :

i~F 1r 1 
= f 1

&i 1 +

(~ F 2 — 
~F1)r2 = f2~~

W
2 
+

L~T3 
+ (~ F 

- ~F2 )r 3 = f 3Aw 3 +

(L~F~ — AF3)r1, = f~~ w~ +

—~ F~~~5 = f 5&5 +
- -

= Aw 2r 2 Aw 3r . = ~~~~~~ = Aw 5r 5

Solving the above equations for ~~J 3 , we have

= 3w 3 sc 1 + C2

where
r 3

2 r 3
2 r 

2 
r 2

C1 = J ) + J l ~~~~
J 2~~~ T +  J 1 _

~~~ + .J 5 —.!r

r 2 r 2 r 2 r 2
C2 f 3 4 f

1~~~~~ k f 2~~~~~ + f ~~~.L+ f ~~~~_...

or AT /C
= 

1 + s C 1 /C2

I 
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For a step AT 3 = T3 /s

A w( t)  = AT 3 /C 2 (1 - e~~2~~ 1t) 
-
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