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I. Introduct ion

“Nor, - rnoiu ’touic ” loc~
p al syster i ic are logics in which the introduction of new

ax ioms ca n i i iva l idat e r-ild t h eor em s. Soc h logics are very i m portan t in modeling the
beliefs of i c t  ry e  Pt c ’ & , s c r c  w hich , acti ng i i i  the ,nescnce of incomplete information , must
m ake and smrI ’sr qim ~utlv r pv ice assumptions in tight of new obse rvation s, We present the
mot iv at ion i rid h ictcn v of sr ic  hi logics . We develop m odel and proof theories , a proof
p m ot edur e, and :i~ip lmca t ions foi one no rm nton otn nic logic. In ~ai ticular , we prove t he
comp leteness of t Ime non - r imomrot o ni c  pred icate cakulus and the decidabi lity of the non —
Inonnionic sentential calcu lus. We also discus s characte r is t i c p ropert ies of this logic and Its
relationship to s t r onger logicc , logics of incom p le te info rmat ion , and truth main tenance
SySte ols.

2. TIme Problem of I ricoinp ieti’ K riowledge

l’he relatio n l,ctwceri form al logic and the operation of the mind has a lways
been un clear - . On one hand , logic was originally the study of the “laws of thought ,” and
has t em~unied at least in princip le a prescriptive theory of t he operation of the “ideal”
mind. ON the other hand , many Ioc~icia ns have often been unduly uninterested in
or dinaty “non - i~ical ’ mental phenonwiia. Some of the more striking differences between
propert ies of for mna l logics and mental phienomenology occur in situations dealing with
pet cr pt inn, auirhuc ~m ii ty ,  or,rnion sense , ca us a l i ty and prediction. One common feature of
these inoI. leins is that they seem to involve working with incomp lete know ledge.
Per crpt iorr n-mist arc o t int  fo r tin’ tiot rciiip of overlooked features , coronion sense ignores
myriad special except ions , assi gners of blame can be misled , and plans for the future must
consider never-to-he-rea lized contingencies. It is this apparently unavoidable making of
mistakes in these cases t h at leads to sonic of the deepest problems of the formal analysis of
mind.

Some studies of these problems occur in the philosophical literature , the most
relevant I~ete being Rescher ’s [363 analys is of connt m’rfactual conditionals and belief —
conti av Pni ric~, hypotheses . In a rt i f ic ia l  intelligence , studies of perception , ambiguity and
common sense have led to know ledge irpresenta riot is which exp licitly and Implicitly
embod y m uch information about typical cases , defa ults , and methods for handling
mistakes . [28 , 3S] Studies of ~)ro1,Iem- solving and acting have attempted representing
Predictive and c ausal  krmow lrdpe so that decisions to act require only limited
contemplation , ar id th at actio ns , their vari a tions , and their effects can be conveniently
described and computed. U, ~t , 10, lii Indeed , one of the original names applied to these
efforts , “hir t i r ist i c i~ o~ ammimig ”, stems from efficiency requirements forcing the use of
methods w hich occasion ally are w rong or which fail. The possibility of failure means that
formalizations of reasoning in these areas must capture t he process of revisions of

~~~~~~~~~~~~~~~~~~~ .~L  - - - -
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pet fe 1)t ioi ic , predictions , deductions and other beliefs.

In (act , the mmm cd to me vis e belief s also occurs in certain implentc’ntations of
deduct ive systems wm king within t radit i o na l log icc Much work has been done on
mechanized p nof r.~ hriiques for the f i rst  -01 (h e ’ proJ icate calculus. [2 9, 30 , 38) Incomplete
intormaimon r~ ep ’senresl in these system s ;ms disjunct ions of the several possibilities w here
the individual dic ~I m nct c may he independent of the axioms being used , that is , cannot be
proven or corit i adicted by am f imnwn t c f ,o~ the axioms Thus , proof procedures engage in
( ase -s / ~/ i t f i r r ~ , in wh ic ii c l is ~iincrs are conside red in a case—by-ca se fashion. At any given
t u ne, the proof prodeclimic wi ll have some set of cur rent assumptions , from wh ich the
ciii rent set of for mnt ilac has ber n derived. If failur es in the proof attempt lead to
investigat ing new sp lits , awl so diange time set of un rent assumptions , the current set of
derived for midas m u s t  also he updated , for it is time current set of formu las on which the
proof pnneediire bases i t s  actions.

(‘.lacs icil syn~huhic logic lacks tools lot de~it thing how to revise a forma l theory
to deal wi t h , imu- onc istepi i rs (a itc edl by new information. ‘I his lack is due to a recognition
that the gene ral i t t  ohieni of f uo t mim and selecting among alternate revisions is very hard.
( For an attack oim this prohuiem , see Reccher [361. Qumne and Ulhian [33] survey the
comp lexities.) Although lo~3cias~s have been able to ign~~e thi s problem, pl-m m~osophers
and resear chers in at t i f ic ia l  intelligence have been forced to face it because humans and
computat ic~nal models are ~uh 1ect to a contrnuomis flow of new Information. One imponant
insig ht gained i hto mm g h cnnapiirat ional exper ience is thai there are at least two different
problems involved , what might be cal led “routine t evismo n” and “wor ld —model
reorganization ”.

W or ld - m odel t eorgar iizat ion is the very hard prob lem of revising a complex
mnr’drl of a situation when it turns out to he wrong. Much of the complexity of such
models usually stems (mom pa it s of the model relying on dIesC iipt ions of other parts of the
model , such as inductive hypotheses , testimony, analogy , and intuition, An example of
such large-scale reotganization would he the revision of a Newtonian cosmology to account
for per t rt n-hatio ns in Mercury ’s orbit. Less grand examples ar-c childien’s revisions of their
wor ld-models as discovered by Piaget , and time revision of one’s opinion of a friend upon
discovering his dishonesty.

Routine revision , on the ot het hand , is the prob lem of maintaining a set of facts
w hich, , although expre ssed as u n iv e rs a l ly  trite , h ave exceptions. For exa mple, a program
may have tim e be lief t h a t  all animals with , beaks a ir birds. ‘Felling this program about a

‘I platvp ir~ wi ll ca u se a contrad iction , hut intuitively not as serious a contradiction as those
requii ing total reorganization. The relative simplicity of th is type of revision problem

~tenis from I he ct atem eirt itself expressing what revisions ate appropriate by referring to
possib le excel)t ioIiS. Smith relatively easy cases include many forms of inferences , defau lt
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assumptions , antI obse rv ,r ions .

Class ical Im- us , by lumping all contradictions toget her , has overlooked the
l )Oss ibi l i t v of h u r d ling time easy on es by expanding time notation in which rules are stated .
That is , we could ha ve avoided t his problem by stating t he belief as “If something is an
anim al w t t lm a h~ak , their unl rss / nove n olh r wise , it is a bird.” If we allow statements of
t hri ~ kit md , the proh letrm hrcoiin’s how to coordinat e sets of such ru les. Each such statement
may he seen us pr ovi cimmig a piece of advice about belief revision ; for this approach to
m ake sense , all the little pieces of advice must determine a unique revision. This is the
sub j. ct of ti n s p

~
p
~~• Of coti r se , if we are successfu l, the world —model reorganization

problem will still be unsolved. Rut we hcpe factorIng out the routine revision problem will
niake the more dif lm c iml t l)roh,lemn cleat -er,

3. A pproaches t o Nnri .Mnim ot o i ,ic logic at md time Seinauitk’al Diff iculties

‘I’he st u dy of the prctb lena of formalizing the process of revision of beliefs has
been almost comp letely confined to the practical side of artificial inte lligence research ,
where much work has been clone. [6 , 12, 26, 42] Theoret ical foundat ions for this work
have hero lacking. ‘I’hm is paper s tu dies tin’ foundations of t hese forms of reasoning with
revisions whic h we term non-monoton ic logic.

I’raditiona l lcmgtc s a r e called nrono tonic because the theorems of a theory are
alwa ys a s u bset of t i t i’ theorems of any extension of the theory. (This name for this
property of classical logics was used , after a suggestion by Pratt , in Minsky ’s [28]
discucciot u . flayec LII I has called this the “extension ” property.) In t his paper- , by theor y
we will mean a set of axioms. A more precise statement of monotonicity is thts~ If A and
B are two theories , aumcl A C B, then ‘rh( A) c: ‘l’h( B) , w here ‘l’h( S) (p: SF p} is the set
of tbmr ’nt emc of S. We will he eve n more piecise about the definition of I- in Section S.

Monotonic logucs lack the pherionwnoui of new information leading to a revision
of old conclu sions. We obtain t ion—monotonic logics from classical logics by extending
them wit), a modality (“ consistent ”) well-known m artificial intelligence circles , and show
that t he resulting logics have well—founded , if unusua l, model and proof theories. We
introdtice t he pioposit ion-forming modality M (read “consistent”). Informally, Mp Is to
mean t hat p is consistent with , everything believed. ( See [24J.) Thus one small theory
employing this modalit y would he

1~ 
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in which we can piove

4) c umin —shining.

If we add time axiom

( 5) eclipse

t h en ( 4 ) mc inconci stemn i , so , by (1) , (4) js  not a theorem of the extended theory.

misc of norm - rnonotonuc technique s h a s  some history , but until recent ly t Ime
i mntu i it ions unclei lying these tech n iq ues wet e inadequate and led to difficulties involving the
se m antics of non - nnonotonic inference rules urn cert a in cases. We mention some of the
guises in w hm c h m non-nionotonic reasoning method s arid belief revising processes have
appeared.

Sc’ iven [40 , 411 proposed th at exp lanations , and in particular historica l
ex plana tu orms of rational actions or decisions , are based not on universa l or statistical laws ,
but rather on t rur s ms or more generally, what he uerms “normic ” statements. Normic
sta t ememr ts inc luicle such slateme tmts as “In delicate circumstances , rational men act
cam it iom is ly ,” or “All nnuirdet s a te comnnittcd f ro mn motives of revenge , lust , jealousy, hate ,
gi ced , op feat “ Such statements frequently involve terms such as “natura lly,” “normally,”
“typical ly ,” “tendency ,” “ought ,” “should ,” and others. Normic statements provide
plausible ex l) lanatious of actions oi situations , exp lanations w hich may be invalidated by

~tov rding exceptions , special cases , or ot her mediating cit~umsta nces ; that is , instanc es of
norniic statenw nts are dff ea s il ’k.  In this way , normic statements seem c losely related to
sta t riiments expressib le in no rm - - monotomnic logic. Scr iven pointed out that while in some
cases normic statements could imply statistica l statements and so have some predictive
power , in other cases normic statements can only supply coherent exp lanations , cannot rule
o u t  alternative coherent arguments , and thus fai l to have predictive power. Dc Kleer [4)
amp lifies th is point in considering explanations of the behavior of designed artifacts. As
we sha ll see in this paper , t his circumstance is also highly suggestive of non—monotonlc
logic.

In PLANNER [121, a programming language based on a negationless calculus,
the TIINOT primitive formed the basis of non-monotonic reasoning. TIINOT , as a goal,
succeeded only if its arg u ment failed , a~id failed otherwise. Thus if the argument to
TIINOT was a for mula to be proved , the I’IINO’I’ wou ld succeed only if the attempt to
prove t he embedded for mula Failed. 1mm addition to time muon— monotor m ic primitive TF1NOT,
PL.ANNLR ernpktyed an(e( e(lcint and erasi ng ptocedu tres to update tIne data base of
statemr’ mnt% of beliefs w hen new ded u ctions wri e made or act ions taken ,. Unfortunately, It
was up to t he riser of these procedum cc to make su re that there were no circular 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~~~~~~ 
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i rs on r r m mi t i t n l  oots betw ee n be liefs. cuch c irc t i lar mt ie s could lead to ; for
r’x annt ilr’ , “r pot s ,j f ? !i t I  I less belief (dime to two mu tua lly supporting beliefs) or non —
t e r mnrmn a tum m~ J~t ‘ 4 !  r i m s ( i rilore te ( hmn m kal hut no less i r r i ta t ing  prol lem).

Two me l ~~ d for nns of tw i t  —inomnoton ic deductive systems are those described by
McCai tIny and Ilayrs ( 24 1 a itd Sa ndewal l [39] . McC am thy armd Hayes give some indications
01 bmcn v a I r u m s unic  l it I’~’ d rc  r ulmed usu rp, modal cn lmetato r c like “not rually ’’ and ‘‘consistent ’’,
hut iii ~‘crnt m o  dci i led rn ,id elu t nes on how cuic in operators nught he carefull y defined.
Suimdecs ’all , iii a d r I m i r t  t ye c v c rr n m applied to the frame pu obleni ( wh rc in is basically the
pm (mhlr i !n of c it  u me rri ly m e 1 m m e cr mi t r t t g  tine et feds of actions; see [1 1)) used a deductive
r ept ece im t mt m m  ‘I mi n im - r l m (m noror t  it t mil e s t’ased on a pm inr itive called UN LESS. This was used
ten ,tedumc o co~d nmumm c ‘‘F su mmat ions resuIIm~ f t onn act ions except in those cases where
pi O~Wt tim ’s of the i c? ton i ch anged the ex ta in t conditions. Thus omw might say that things
retain t h i e i i  color mmnd ec s painted.

Sandewall ’s interpretation of U NLESS was in accord with , then current intuitions:
UNLFSS( p) is tine if p is trot d edu cible from the axioms rising t t m e clas sical first —ord er
nnafemen ce r tiles . Unfort umia te ly , t hrs de fu t umt ron has severa l problems , as pointed out by
Sandewa hl . 0mw problem ‘c thm at  it can happen t i nat both p and UNLESS( p) at e deducible ,
since from a rule like “from lJNl FSS(C) infer 1)” 1) can be inferred , but at t he same time
UNLESS( F)) is also dedurih,le s in ce F) is not deducible by classical rules. These problems
a e p

~ 
t ly due to tine dependence of the notion of “deducible” on the intention of

deduction t i t les bacc(l on ‘ ruc, t deducible ’ . This qt iest ion— begging definition leads to
perp lexing qi me stuo uns of be liefs when comp licated relations between U1~JL FSS statements are
presen t. For cx amp it’ , g ive n ti re axioms

.A
A A Ll rt lrss ( R) ~~CA A Llnut rcc( C ) ~ B ,

we are laced with, tine somew hat paradoxical situation that either B or C can be deduced,
but not both s rmii ltanieomicl y. On the other hand , in the axiom system

A
A A Unlecs( B) C
A A Unlecs (C) ~ 1)
A A IIm il ecs( t)) :) F ,

one would cc pect to see A , (~ ;li,(l F believed , ;lim (l B and D not believed.

One might he tem pted to dismiss these anomalous cases as uninteresting. In fact,
such cases arms not ,wi verse ; ral lier , they cm~ ur  natu rally in many al)phiCa ttOflS. The
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COminu,in way tim es ’ ar e inti odui ed is by employing assumptions which require further
ascu imr r ~r 1uo ims to he made.

Spmii ted by Sandewah l’ s presentation of time Problems arising through such non —
mornotoimi( inter n ice r tiles , Km annosil (Ii] ccnmn cid emed sets of rnleretrce rules of the form

“From 1p, Wq, infer Fr ”,

whet e F and l~ a t e  tokens of the n-ucla -l am mgua g e and the nunnber of antecedents can be
~t bitt it v. Km annosil defined time set of theo nems in such a system as the intersection of all
c iri ,c , ’i c of tine h i m  ç ’ u p ~~pe cho~ cI tinder tine um nf c rein ce ru les, lie noted that this set may not
itse lf i ’c  closed uiin mle r tIm e innfe ren ice rules , aimd showed that in t he specia l case in which the
m u  ci cnn e n im les jn t pse rve It ti th v u l ui es ( that  is , are effectively monotomnic) that if the, .cet of
heou em’ cmi the nloinolnnrc inference r tiles alone is also closed with respect to the non —

nronononic inference ru irs , tineni t imis set is t ine set of non —m otnotou nuc theorems. K rarnosil’s
conclusio n was that a set of mm nfc rc nce t itles defines a formahiied theory (one in which all
lom rrnuiias Inave a well-def ined trut h vah ie) if and only if this same theory is that of the
monotonuc inference rules alone, whic h he interprets to mean that the non-monotonic rules
am e eit her useless or meaningless.

As we will show in (Ir is paper , Kramosrl’ s initerpi elation was too pessimistic wit h
egat d to the possibility of for mal iz it ig suic in rules and their utnusual hiroperties. As we

have at p mme d above , the purpose of nmnn - monotonmc inference rules is not to add certain
k nn r ’ c ’ l’’ I i “ m e r e  theme m’ noire , ( mu m ? nat her to guide t Ime selection of tentatively held beliefs
ii , t he hope that f t  i imtf u m i inves tigati ons and good guesses will result. This means that one
sir onm ld riot a / ) riOrl  i ”Xpe ( t  noni-monlotomni c rules to deriv e valid conclusions independent of
t Ine nmomloto rHc r u les . ‘ Rat imer o ne should expect to be led to a set of beliefs which while
pet m aps eventually shown imrc ou reel wilt rocanw lnmir coherently guide investigations.

Non - monotornic infer circe r tries riced not appear in tine explicrt forms discussed
by Kt-amos iI. Manny authors have described a rtificial intelligence programs which exhibit
mon-m cmti otonj c behavior only implicitly. Non -monotormicity in these systems stems
typically from extra-logical devices. For example, one can effect changes in beliefs (as
opposed to inferences) by u sing extra-logical StRIPS-l ike 181 operators. Conflict
resolution strategi es , which use production --rule omdeiings and specificity criteria to
deter-mine the next system action , also induce non-nlomiotornic behavIor. ([15) and (31) in
fact tenm this property of their systems “norn—nuonotoi iicity ”.)

Otne class of non monotonic irn frmem ice s consist of what might be called “m inImal”
mnfem rmmcr s , pi n wh ic h a nrni ni in iai rrmm ,clel fom scmnre set of h,n ’hmcfs is ascurnied by asstr nnl ng the
set c-if beliefs no he a coiriplete desn i i mt mnmnm of a state of affairs. Joshi and Rosenschern [16]
dccci nbc a 1 1a m t ial niatc hmim ig procedure hmace d on tire oJwr-atmon of taking least upper bounds

L _ _ _  
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mu a hmr r  tc ’ c l  rc ,,f tie lme f c l’hi m s has the effect  of acsumm ng just enough additional
mi t t  or l imi t morn to r II’ w .m dr- k im i’ I pa r rial mat ch to succeed. MeCar thy [2S) outlines a

ncr diii c i • ihlr d ‘
i t i  m i m c c t  t h tion ’’, in winch the curr ent partial extension of son-ic

~ t ed icaci ’ u s isc m n u , r r r I  t in iii’ tire conmp lcte exten ioir. Of course , new examples of the
pt e ’Ii a t i on u c m i  m i ’  alud mte pt evmou s wnhp)ete nmess ascunnpti ons. Renter [34] analyzes the
d ated t rch mn uq tie of a c s uuminrmtp, ( a t -c  all clrmerunr 

~ ~ 
ed mrat mons not explic itly known true.

lie omi t iummes connie coo, lit ti - iris uuu t dei w inch data hicr’ s t ennain consistent under this ‘clo~rd
wo n itt ‘i .um nn l In mo i r ’, m m d  shows cet t am Ion n-us of data bases to he naturally consistent with
tin is assut uiipt i ti m i. lb e-~- ’- v r r  , t hme closed w r it Id ass unrIntmon does riot seen-i to allow for any
l oca h i t  v ot dehini t iomn of i te l  a t m t t  s , since tt applies this assumption to all Primit ive predicates ,
and does trot allow def .mui l t  s i~ plied to defined pied ic ates . Cit cunncc riptEon , on t he other - -

han d , womild seem I i i  1w applicable to a iry predicate w inatever. Although they describe
turuls to m non nmom notonrc reacorru ng, flOflC of these authors ’ discuss t he problem of revision
of beliefs.

Thrce I)tobherns w e me mostly resolved in the Tm tm th Maintenance System (TMS) of
Doyle [6 1 and re la ted systems 121 , 231 tin which each statemen t has an associated set of
im ms tif i catm ons , ca chm of wh ic h te pi esents a reason for holding tine statements as a belief.
These J t i sT n fn c a tm om i s a re tm cr d to d eter mimi c tine set c-if cur rent beliefs by examining the
recorded jn ist u(ueatuouns to Find wr it - fo mtt m de d support ( non —circular proofs) whenever
pcmssm hlr for each belief. W hiem n hypotheses chnange , thnes e justifications are again examined
icr rpdatc the set of cur tent bel i e fs.  This s Inenre pmov udes a more accurate version of
-antecedent a m ncl et a c mn ng prcmc rctt r re s of PI.AN NER without the need to explicitly check for
err nriir proofs. T he  non -mc’mnotrinuc nl mah t lmt y a ppeats as a type of ju st rfmc ation which is
the st atic analogue of t ine PLANNER ‘illNQT pm imit uve . Part of the justifucation of a
belief cmi  be tine lack of valid lust ili cat nons tom some otiner possible program belief. This
allows , for- examp le , belief in a stateme n t to be justified whenever no proof of the
mnegat ro nl of t ime statem em - u t is known. ‘ ilmus rep m ’esent atmon n of non—monotonic justificat ions ,
in combination with t ine belief revision algorit hms , pm-oduced t he first system capable of
perfom-miung the rout t m - ic rev isror m of appa r etntly mricor isis ternt tineorues into consistent theories.
Par r of t h i s  revision l)tocess is a backtracking schenne called dependency—directed
bac ktracking. [42) We will analyie thus system in mot e detad in Section 10, but first we
provide some theoretical foundations for this work.

Wey l- irauch 1461 presents a forma l system otgantz rd about a theory! metatheory
distinction in which imon-ruonotonic rules ( among many others) can be expressed . This
system a lso makes the self - refer entia l n n at t m te of suc lm m tiles clear by allowing exp licit sell—
refere n ce , so t hat the (m mml sys tem has a m m m c  for itself , and -can draw conclusions about
itse lf in the theor y of itself tak c ur as mum cdt ted . h oweve r , t he system is its own model of
itself , so these conc lusions r:at i change t ime r eferent of its nan-ic for itself. ‘l’hris means t hat
new de ri vatm nn rs can affect old conclu sions drawn fronn h)rev iouis observations of the
systenn’s state. Mitch work rema min s to Ime done along th iese lines, one detail of which would
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I
be a tot tria l connpam ico rm of We y h iratn e in ’s system wit h non-monoton e logic.

lii outline, our anal ysis of nori—nnonotoriic logic will proceed as follows. We f irst
define a ci aridat d la i mg mr mg e of d isc ot mr se including tine non -nnonotonic modality M
(“consistent ”). The sciwanuec of thi’ imrrs~nage is based on models constructe d from fired
p oints of a ton maltzm’d non —moni oton m ic proof operator. Pt ova huh rty in this system is then
defi n ed , arid a proof of onnhnleteness lou t h is system is presented. Ti-mis is augmented by a
~ii nof pn ocedum e for a n e c t m icted class of theom ics and an ana lysts of some of the structure
of mod els of m on ‘-nrr)mnotonnic t lneor ies.

4. Ii nr g ur  is ic Preli liii nm-aries

We sett le on a lammgui a c ~e L whmi c h will he the language of all theor ies mentioned
ur n tine lollownung. I hm a s air im fin ite ntmmh e m of constan t letters , variable letters , predicate
letter s , and Propos itional co mistant letters. lhe formation rules of the language are as
follows

The atomic fo imi i tas of L a r e  time piopos utio rta l constant letters and the strings of
t t me form - i-u r~

( x i,...,x
~

) for predicate le tr e m g and vat mable s or constants x 1, ... , x~ . The
for mulq of l~ ire eit her atomic formulas ot , (cit form u las p, q and variab le letter x ,
strings of the lot nn Mp, —‘p, pJq , and V x ln . We use t Ine usual ahbrev ia~nons of pnq for

~
[,~~-“i 1, pvq for -~p’~ q, 3xp for ‘Yx ‘p, annc l abbreviate -‘M-’p as Lp. A s tatement is a

for m-nr ila wit h no free variable s . The u i summh cm item ma for de tem n-uitiing fm - ce variables apply
(~~~~e 121]). In addition , a va riab le x uc Fr ee in Mp if and only if x is free in p.

In tint s paliet , the lett ers C, D, F. and F will be used as synt actic variables
r anm ~ mur over lutopos itinmna l consta nt le rtem s. ‘Fhe letters p, q ar- id r will be used for
lot nimil as . lnn~i l m cm t gui - mci — quo ta tmonn is tms rd tint oughcuut. Finat is , if p ar id q are formu las ,
~n.)q us t hmi -’ fot nnnuia obtained by con c atr mtatt ng p, tine iniplicatuon symbol , and q. This
not at morn e~ triids to handle finite sets of Ic-n t midas in the following way:  if Q is a finite set
of lot u n i t is , min d Q appears un a qu a su - q tm ote cl co m’u t ex t , it always stands for tine
co nJmi rmc t io n of its elements . For example , Qip means die formu la obtained by conjoining
all t i m e  ele ments of Q and following the result wflh the tmplication symbol and p. (II Q is
empty , it s tm nndc for Cv-’C). Sit- ice sy nt ax us mint a preoccupation of this paper , the
pmc’sen tati o n is not t igoio us inn s pecifying tine number of arg uments of predicate letters ,
luau ent hes izatnoni , etc.

The infet cu itial system used defit nes a f irst-on der theory to he a set of axioms
inc hid in uc ~ t hte follow nnm~ nil u nite class of axioms:

For all for ninut las j u , q arid r

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - --~~~~~~
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( ( )  ( i )  ‘I~ i u l
( m u )  lj i 1q - ‘ n i l  ‘([ p )q li[ q ~i 1]
( t~u) L - q •~uliE(~q i 1n l iq 1
( i v )  V~~p ( 5 )  ‘~~( t )

w hner e p( ~ 
) us a for u t- iota mm md t is a comis t an i t  (m r a van ma hie free (or x in p( x ) and p( t)

denotec tlue u ec t ult ot citbstt t t mt mm- mg t (or every lice 0cc - urn eu- ire of x in p( x ) , arid
( v )  VxL p : a q l a[ j n iY x q ]

if 
~ 

mc a (or t ’ntm lm ( c - n f l ta i t ) r r t~ no ( t ee  occrn’ re iic e of x .  (‘ I hese axioms are from (21).)
These a te thi-’ Io~ka! a\Iomc , A U other axioms at -c called f r ope r , or non - logical ‘ixioms.

lh m c te n mtn iulogy us nnncle ad mug for as non- is which ate logical consequen ces of the logical
a x uom iic , bt ut  we will ignore this uurelega n e.) lhe theory with no pm oper axioms is called
the i~ r l , al ( alcr i lu 6 ( PC). ( Note th a t this t ineory also co ntains strings containing the
letter M, so it m c ac t ual l y nmo t ~r r ict PC. ) ihu ~ 5Cflt flt ~a! cak ti l us (SC) consists of axioms
w hnm ctm a re instanc es of ( i) , ( i i)  at- id ( i i i )  amn ly. A theory consisting only of the sentential
c at c u t i r is  plurs a f inite uiuunr be r of statenren t s is ca lled a state nnent theory.

In t l , t c  limper , the letters A and R will be used to stan - id for theories.

! Prni-nl-Tlienrrtic Operat or s

The mc,noi cmnic rsr les of infe r em it -c we wdt umse (also from-n ~213) are

7) Mudus Ponens : ltoni’t p mmmd p- )q, infer q
Cenet ahzmt mo n : from p, u tter Vxp.

If S us a set of formulas , an I p follows ft oni S and the ax ionns of A by the rules (7) , we
say 51

~A~ 
We alj htevi ate I-~~-- by I— a lo m me. We del uric T In(S) {p: Sl p).

The pa rticular inference ru les ( 1)  a re not very important. Later In the paper ,
w hen we int iccni tt ate our sta t u- rinent t heot les , the rule of gennera liz~tion wi ll be dropped
w it hout munch fanfar e . A ll t h a t  is important is th at the operator lii have the following
propet ties , wi n ich n tn~ethe r a t e  ca lled niono(onici(y:

(8 )  ( i)  A c Th i (A )
( u t )  II A c~ l~, then Fh( A )  c iIn( i~)

and thre pm oiwt tv (9 ) of nd rrt p o~-ncc -

9) Ih( F11( A ) )  T hn ( A) .

Clearly , any classical inference system satisfies thn e se conditions. Condition (9) can also be

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _
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view ed •is a f ixed point equ natuc mmi , statin g t lra t the set of theorems monotonically derivab le
ft-c-un a them y is a fixed Point of tine ohw ratou which co mm npute s the closure of a set of
form u las uindem the ninniototiic inference m iles. A w ufl — kn own n property of time monotoruic
inlet ence n-tiles ic that Fh( A) is the srunallest fixed point of this closing process ; in fact ,
t ’nat Fh( A )  is tIne inner sectio mn of all S sucln that A c S and Th(S) S.

In on dci to deal withm mnon -rnonotonic logic , we need a new inferenc e rule like this
one (w hich we wull take back immediately) :

(10) “If 
~A -‘p, then 

~A Mp.”

That is , ml a lot minutia ’s mmu’gation is not derivable , it niay be inferred to be consistent. As it
stands , howevrt , this i-tile is of inn va ltte becac-use it Is circu lar. “Derivable” means
“den s’able ( to u mr as ion-is by u nnfc u ence rules ”, so we earn-rot define au-i inference rule in terms
of dci ival~ml ity so casual ly.

Ins tead , we retain tine dr-’( initionm of F as meaning monotonic deruvabi lity, and
defi n e tine operator NM as follows : for any first -order theory A and airy set of formulas
S C L ( I , recall , is the entire lanngtnage ) , let

(11) NMA (S) Th (A u MA (S)) ,

whe n e As A (S) , the set of assmi rn~tions from 5, is given-i by

(12) A 5 A (S) (Mg : q E L  arid -‘q ~~ SJ - ‘ lh(A ) .

— Notice r im - u t  t h eor ems of A of the form Mg ate never counted as assumptions. NMA takes a
set S amid liroduit- es a new set which in clude’s Th( A ) but also includes much more:
evet v ihnm nmg Provable (toni t hne ennlarged set of axioms am-id assumptions which is the
cmi ig i mi a l  theory toget lmr’ r with all assumptions not ruled out by S.

W e would like to define I II( A ) , the set of theo m-ems non-monotonucahly derivable
ft omm r A , by anualo gy wit hr ti re nnonotonuc ca s e as

(13) “ lFi( A)  the smallest f ixed point of NMA.”

Thus “definit ion ” tries to capt ure the idea of mddnng the non— monotonic Inference rule (10)
to a f i r s t  -- n i - rim - tineon y A. This is 1ula umc ihle , slu ice it demands a set such t hat all of its
elc me n rts may he ~m m ove mi f t  inn ax ion-is am id assumptuot is not wiped out by the proofs. Such

L 

fixed points S NM A ( 5) might be depicted nc itt F igtir’e 1. 

- ‘  - - --~~~~~~~~~~~~~~~-~~~~~~~~- -~~~~
-—- -~~~~~~~-—~~~



A As
A
(S) L — S

Th(A) Mp 4— -+ -mp

Figure 1: ‘lIme gr aln iuuc , l l co n iv ou ntu r m u c a te  im ut .’ utded to suggest these (acts : A c Th( A)
(‘ l’ ln( A ) ’  u AS A ( S))  NMA ( 5), Thn ( A ) nA s A (S) 0, (1nS)ONM A (S)

Eimif ort t inately, t lm r’ te is iii gen eral n-mo a lupiopr iate fixed point of NMA . It can happen that
a theory has no f ixed h- mou nt under the oju erato r NMA . Even if there are fixed points ,
t h ere riced nuot ho’ a snna llest fixed point.

Foi cx an-iple , cornsmd et tire theory Ti obtained as
( 14)  TI PC i t ( MCi~l) , MD~ —’C ),
w ime me C m m d  D are prol ocr ti o mlal con ist an uts . NM-ri has two fixed points , wh ich can be
called F) m m md 12. Ii conta ins -‘C hut unot II) , and F2 contains -‘D but not -‘C. Since -‘D is
not in 11, MI) is in El , amid so -‘C is inn V i .  Suiunula t ly , the piesence of —D in F2 keeps -‘C
out mud  MC un F2. l ime problem is t i nat neither FInF2 nor FIuF2 is a fixed point of
NM.1.1. Sin ce mne it hcr -‘C nor -‘F) is in FirW2 , MC aurd ME) are both in NM.1.1( FIruF2), so

-‘C and -‘F) ar -c in NM1.1(FInF2) , so FIo F2 � NM-1-1 (FlrrF2). Similarly, both ‘C and -‘D
are in NM1-1( FhmiF2) , so app lying NM.1.1 to t ime union results in a smaller set. So in this
case there is rio n at u ral status for -‘C ar- id -‘F).

An- i examp le of a t he or y w ith no fixed point of the co ri-espondin g opera tor is the
t heory T2 obtained as
(iS) 12 PC ii MCD~C } .
In this case , NM.1-2 hm a s rio fixed point , since alternate applications of t he operator to any
set produce new sets in w h,ch either both MC arid -‘C exist or neither exist.

~~~IT :11I
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i hen cfo re , we nnuu st acce pt a so n- iew b mat less elegant definituon of T I-I. Let us
dcl m u te • Fh1 as follows :

( 16) Ihl( A ) flUi.) U (5: NMA (S) s}).

Th u is , the set of im mova l ihe lot minulas is time intersect ioni of all fixed points of NMA , or the
cnnt i nc  Im u i r  ii ic - c  if t bet c at-c rio (used p( mi mut s . We will roe the a hbrevua tmon - u A i~’p to indicate
rhat p ~ lhI (  A ) .  ‘~/ u ! lm thu s rhe Imiu it ionn , neither MC riot- MI.) m c a theorem of Ii in (14) ,
but MCvMI) is . lu-i the fol lowing, we will abb reviate (S: NMA (S) S) as FP( A ) , and

son- iewhm t a t n u i c u m u c :  tine te r iris) call Ume e leit - ieunts of t in ts  set [ i i  / ~o i nt s of t he theory A.

‘Fiuic de (uunit uoi n of tine provabk- statemen ts us quite similar in some respects to the
deliu nitionr of con n pat ub i lrt y— rrst ruc t ed em ita t lmn-.-’nt given by Resrher [36]. In that system , a
set S of for until-us is said to CR —e ntail a foi nimutla p if p follows in t he standard fashion
(moon emmin of one or mon-c “preferre d” maxima l con nsus tent subsets of S. In the present case ,
we mbtain the preferred subsets of foi mtdas as fixed points of the operator NMA ( ‘he
“compatible su bsets ”) , but inn contract to norma l deduci bihity where the empty set always
suffic es , there need not he any such su bsets. Tinic ca se Produces the entire language as the
set of provable formu las by vac u ous fullrhlnnent of the condition of deriva hility.

One unnuusu tal conseq u ence 01 t hnus definition of provability is that the deduction
t heorem does mint hold lou mini-i monotonmc logic. For examp le , while ( C } % ‘  M(~C, it is
not t i uue t h a t  F C ‘MIC. Ibis failtnr ~ of tire d e d uctio n t I- ieor en-i is to be expected ,
how ev u-’n , since the non-nnonotom nic pnova hilmty of a formula depends on the completeness
of the ~et of hy1,otlneses , that is , on the fact th at no other axuon is are available. The
deduction thne om emin , inow even- , would ii va lid produce implications valid no matter what
otbner axioms were added to the system , even if these axioms would invalidate the
connp lete miecs coundut iom i used in the derivation of time implication. One should note that
a It hnnug In tin e drd t a ct ion t t icorem does not h old mi general iii n-ron —nnonotoruic logic , t here are
many particular cases in-i whic h it does hold. For urn st an nc e , if some conclusion follows

— c ias cucall y Iron-i some hnypothese s , then the expected iniplication will also hold. In
addition , not all properly non-monoto mnrc t lncc mriec a r e such that t he deduction theorem
fails. It us an iuitet -estmng open l rohiem to characteri ze tine precise cases in which the
dedunctioun theore m is valid in non—monotonic theou tes.

So fa r , we have defined “provabi lity ” wst hout del miring “proof”. For a formula
to hr l)movahle in u theory, it rruutst h a v e  a standai d pioruf from axioms and assumptions
iii cacti f ixed point of time t h eory , amid , as ye r , we have no way of enumerating fixed
J)nints or even- i of dc;, tubin g nine , it us w o muhm n- rote that w inen a theory mac more than one

ax ed ~moint , t inc f ixed points are in accessib le in the cerise that tine sequence Th( A)
- 

- 
NMA (Th( A )) , NM A ( NMA ( lh( A ) ) ) , ... does i-rot converge to a fixed point. We have a
proof , w h ic h we do not present heic , t l rat if NMA has exact ly oune fixed point , then the 
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fixed i-mo unt is the lunni r of d r  m -s s uv e a p~m i i ca t uomn c of NM ,~ to the sequence of sets s iart ing
w it hi A .  W e  w i ll • - v v u m tu t a l l y  utte nd to dcl mirin g norm - monnotonic proof , burt fit -st we tur n our
nt te n t ion to t i re topic of cennaniti cs .

6. Model ilmem iny

l Ine sem ant ics of n-ion-i uuinhmolo t- ruc logic is built on the notion of model, just like
t hip semantics of c l a s s ical  hoc~t c , lii fact , t l-r~ definition of model for a non --monotonic
t heom y depends d m ee tly on time u sual def i t r i t  iou.

An inter f ’’ ~‘t~1tion V cml for mulas over a iatn gcum ge L as a pair (X , U> , w here X is
a nonempty c r - t , ami d Li us u mu n ictto n w imnclr ass o cia te s m elatioir s an-id values over tine domain
X wit In er c h n Pt cml ica t t ’, s’ ar n al m l e , c r m ti ct nnrt mind ira oposutiona l constant letter in the usual
fashion. That is , lot ra in m u —am v l)t e( hn ( ate letter - P, (i( P) c xrr ; for each variable or
con stant x , U(s ) ‘ X ; and for each puopositio uial connstant letter C, U( C) E jO , 1).
Using thus nra~)~minig fu n ction U we define the value V ( p) of a lormuula p in the
i nte r pret a tuo un V to he ann ek ’mc’mnt of (0 , 1) satisfying the fo llowing conditions: For an
atomic fom nnuula t ’ ( 

~~~~~~~~ 
, time va l tue is 1 ii < 11(x 1) , ..., U( x~ ) > € U( p) , and is 0

otherwise . V( -‘p) I if V ( in) 0, arid is 0 oth erwise. V( pDq ) I if either V ( p) 0 or
V( q) 1 , much mc (1 ottnet wicc’. V( Vx 1,) = 1 if for all y € X , V’( p) = 1, where V’ (X
Iv / x i i i> , w irrte Iv / sill is the mappumig derived Iron-i U by changing its value at the
point x to the va l um e y. V( Vxp )  0 otherwise, If V( p) = 1, we say that V sousf ies p, and
wr ite V~ p.

A ?7107101001 C ‘node! of a set ol lorm iulas S c L is an interpretation V which
satisf ies each lormuula inn 5 , t h at is , V ( p) I for each formula p € S. A non-monofonic
‘node ! of a theo ry A is a pair <V , S> , w lrrre V is a rnormotonic model of S, and S € FP( A).
When tire context makes the intended nwmt-ring clear , we w ifl cisc the term mode! of A to
mean either a rrnn --nnonotonic nnodel , a nnonotonmc model , or an element of FP(A ) for the
t heor y A.

Aklrou ngh uunnmuhod ox , th is clrlinituoui pm ov ides a meaning for formulas Mp
wh ich ref lects t ine imtoo f —th ,eo t etic PmO l) I’mty t lna t “p us consistent with what is believed”.
‘h’ hnc notion us marIe pm o- rc r h y  mn clu ndn nng inn the model a set of “cu rrent assumptions ”

narm rc’ is’ , A ( 5 ) ) -  A model for a them v ontist a c c tc  ii 1 to all of t inese assurnjptions , so t he
eff ect ic t ha t  Mp m~ mc;uc ’ ,ned j in a model ml -‘p is not derivable mind -iMp is not derivable
ft on-u the e mit  mer i t  a c c uun r pt ion s ari d tluu ’ cit r m mml theom y , that us , if p is consistent w it h what
mc “believed ” inn t I m e model. lhunl ot t um nn at ely, Mp may be assigned 1 in some model even
w hen ‘p us det iv able ( Ion cx a m p le , wi- rein no ax ion-i nnentions Mp at a ll). ‘l’his indicates
that the b c-ic is too we ak .

-- -—,———-——-—- ---- --——-—— - _ -_- _— _ _ _ - . 
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We view tine we akness of th is seum i :u urrrc c as th me worst defect of o u r  logic. We
th a u nt we cmii improve it , hunt i t appears t i r a t the Senimu it ics of flout —mo noto nic systems wall
a lw ays he ct m nnew imat uiirou t iuxiox. The pr mblen-i i~ tine failure of a kind of locality In
sen ant K dci u nn i rn om n c . lii co nvenituonn a l In i~~, rime nnm ’unnm ng of a conrpo;ite expression can
a lw ays be def nm ird a im t er ms of (lie nrear rinnPs of ~ts pat ts , even if these meanings au-c infinite
t imin gs la ke f uin ictuo nis on sets of possible wom Ids. In non-nrnnotonic logic , t his is impossible.
Tine meaning of Mp can never be ~ume l v a lumr c rnon nil tire meaning cr1 p, because it
depends on tine ava i lable ax iomir s as well ‘I’hnis “holistic ” property seems inescapab le. ‘I’he
best we can do m c to t a y to exp ress thus depem ndeunce semant ically, in terms of models of p
1- ub sus tine axioms. In the s c nun aum tic s jus t presennted , Il-m r s is n-rot achieved , but we have hope
that it can be ach ieved for a shgl rtly stmongei logic.

With th is ckf rmiition of m ode) , we can jm t st i f v  the definition of provability.

T/ mm ’omn ’t I ( Sonunimiess) It AI im , Uren V1 p lot all unodels (V , S> of A.

Proof : A s s u m e  Ai”p. II th eme are nio models of A , the t heorem follows trivially.
Ot)nem w ise , p is a member of eve r y fixed m ount of A. 8tit sin- ice every model of A is a
monotoiiic model of a fixed poumnt of A , eve n y nnode l assugus I to ~i. i

TA r o, €m 2. ( Conrpletenness) II V 1 p for all models (V , 5> of A , then-i Al”p.

Proof : Assume that it a s not tru ne that A l~p. TImu~ there is a fixed point S of NMA
which d oes ti ot co t m t a um i p. Now ‘l’h(S) S by idcnnpotence , so Slip. Rut t he predicate
calculus is cOrn~)lrtP , so sonne nrr’notonmc nnodel V of S has V ( ~i) 0. ~

It m c  not sur r pi isi nu g that we have completeness , since tine definition of trut h
makes ielenctice to provabilit y . ‘l ime proof was for first-or der theories , but it can easily be
gerwn-ah m,rd n-i airy om~mlcte fo rn a l  logic. For examp le, if we take care not to confuse M
with t ine S~ open atot “possib ly ”, we ca in easi ly get a coml)Iene non—monoton k extension of
SS. h owever , noire of tinece obset-vat iomnc are ve ry interesting unless we have some
assu ra nrce t h at provability m~ decidable. We will shortly present a proof procedure for
n-iou -i -- numnrmtontc statement Uneoues,

7. Fixed Poun mts of Theories

Thus sect morn will t u y o analyze thm ~ str uc w m-e of f ixed points for non—monotonic
t heom mrs . We inve sti ga te tIme nrunrlmc r of fixed points of r hneorics , arid t heir relation to the
inn ova i le stat e irn en utc .

Nnn --mr ,rrotrnn c t heories may iurve varying nummhen-s of fixed I)oints. Classically
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mni c o mr si c ten u t t hen, i rs I u - ~ ye j uct ou r’ f u~ id ~m o umm t (t i re ent m n e lannguage L) amid thus no
- ielc . Tine thie’ ,t s- 12 in ( 1~ ) also has tm nnodels chic to the lack of a fixed point.

T hueon icc for uuunIa~r’d m u  sti icily cl assical Iam mguage have exactly one fixed point , as does the
t lneom s-
( 17) ‘l’3 = PC ia MC~ C ).
Sonic theories have s m’v et ml f ixed Imo init s , e . .  ‘Ii inn ( 14). It is also possible for a theory to
Inave an r ni fntn rt e nt tu t n her of fixed ir c muul t s. I his is exenr1nlilied (we assume equality and an
rnn tu nm t e do mun iun of ti u neq u ra l comn s ta nt t c )  [my
(18) I’4 = PC u ( V x [ M p( x )  {p( x ) AV y(x� y~ -’p( y))]] }.

Fvemn inn nhmm - ’ oa mrs  Imavt n ig only oune fixed point , the .non—monotonica)ly provable
stateulie intc riced not cou nactdc w uh the class ically provable statements. Theory ~b’3 above is
an esann 1’lr’ , for  C c ‘l’H(’ I3) , hut C ~ I’i (T3 ) . Som e statements will be provable in
thme on icc with mn nu lt njmlc f ixed poui~’- , I- mimi will have differ en t proofs in eac h fixed point. For
ex aminp le , MCvM E) ‘lII( Ti) , and 3xM p( x ) € Th4 ( TO.

Ihe clascac ml a esnltc ‘~oncem nmng trut h and provability for logical languages are
h a t , for a given thc-n m v A , a fnn touda is va/ id in-i A ( t rtr e inn all nnodels of A ) if and only

if it u s p~ovaWe in A , and th at time theory has a model if and only if it is consistent
(cannon he used to d emu v e a cc ’ nt t aclm c t io ur ). Inn non - nnonotonic logic , somewhat different
circumctal ncec obtain. As ‘I’hromems I am - rd 2 lmave shown , va lidity in a theory remains
cqi~:valr’nnt to ptov mhmii ty. However - , fronn t he definition of models of non—monotonic
t heories , at follows tha t a niour - rmio rnotonirc tIneot y A has a model only if the operator NMA
has a c lass ical ly cons istent f ixed poin t. Non-motiotorrrc theories can lack fixed points (e.g.
the thn ec m ry ‘I’)) , [ ‘ iii we h ave defined stu ci m theories to be inconsistent.

Tine basic st r u c tu i m e theorcnn states that all fixed points of a non—mommotonic
thi eon v A a te  ( set incl uis ro m n— ) mm n um i umal f ix ed points.

T/u~ r i ’ri 3. II S1, 
~2 ~ FP( A )  and S~ ~ S2 , then S1

Proof : If S1 -- S~, timrnn A 5 A (S 2 ) c_ A S A (S ) ) , so by tine monotonicity of Th,
NM A (S 2) c NM A (S j ). Bmtt sir- ice S~ am- id S2 ane f ixed points of this operator , 

~~ 2 
c S1, so

s 1 :s 2. g

This n-esl u)t stig~cst s t hat strict set - ti neom etic minimnality is not a particularly Interesting
dist inciton among fixed h mo u m nt s . In tine fo llowunrg section - is we will make steps towards more
intet esting class u t icat ion- uc , hm u m t wa il mont a fr illy satislmcto i y solution. Important applications
of t his t lnrom em at e  time fo hlow mni p, two con (dIaries.

Co~olIan y 4. If 1. m c a fixed 1)0mm - it cml A , u teri it Is tIne ourly f ixed poin-it of A.
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Puniof : II S F1’( A ) , theur S c L , so S = 1 (iv Theorem 3. U

Note tim a t if I is a fixe d l)ohnr t of A , then A is classically inconnsistent , tirat is , Th( A ) = L.

(o; o I / a ; ’i  5 . ll~ 1, ~~ ~ •l Il( A ) , linen Tll( A)  I - .

Proof : If A has rt cn f ixed lnonnnt s , h u e  theor em follows by definition. If both p and ‘p
are nnenmhers of a fixed point S of A , then since f m~rd points are closed under monotonic
ded uct nomn , S = I.. Bunt their V b ’ ( A )  (U , so Til( A ) = L. U

With t ines e results , we can sturdy rln~ notibun dual to provability in non—monotonic
t lneou ues. We cay tlmat a fot mula p is angnuibk from A if p e UFP( A ) , t hat is , if some
fixed poi n t  of A contains p. Clearly , all pi-ovable lormutlas are arguable. Our next
theon cnn cinows that inn cor-msisternt th eories , provability an-id argua hihity are almost dual
not ions.

TI,i~c m ri -,7g O. If A is co nc ustem nt and p is puovable iii A , tinen ‘p is not arguable.

Proof : If p is inrovable urn a consiste mnt thnc om -y A , then any S € FP( A)  containing ‘p
would he innconsnstent , winichn is innpossnblr by Com-ollary 4. U

Unfortunately, time com - ive r-se of t Inis t ln eom -cr t is mnot t r u e .  For exan ple , in t he theory with
no proper axio m s , -~C is not argmiah le , hurt C is not provable. We will term the notion
dual to provabi lity OnC iv af ’iF it ~, so t hat C is conceivable if it is not provably false. Thus
all atg uuahle for nnuuias ate conceivable , butt riot vice va’ns a . We say rlomibtless p if and only If
-‘p us not arguable. In PC , C is douibtless yet not arguable , and in the theory
(1fl I5 = PC im ( MC:,C, M-’C~ -’C }
C is argtnahie yet n-rot doubtless. Figure 2 suumnnar uies th ese classifications.

L 11: ~~~~~~~~--  _ _



r ~~~

—--- -- -

~~

— -

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~

19

CONCEIVABLE

DOUBTLESS ARGUABLE

PROVABLE

F igut ne 2. I) imgranm of fom ur cl ass ficat io ns of lormcmlas. Each line connects a set of formulas
with a cuperset. lmncon~ m am able sets an-c not -ont nrcted j un t his way.

ii is won tiny of note t h at time ptova hle mind arguable staten ients of a consistent
t ineom y canmmot be c lassr fmr d as t he monotouiic tlworerns of the theory augmented by some Set
of a c sun nn h nt j o m ns. That us , t he set of am -gu aLmle sta t rnne nts n-may be inconsistent yet not simm to
the enti re lamiguas~u- L , and the set of ptovatde statennents may involve assumptions that
va n y fron- in f ixed pouti t to taxed l mc ma nmt , as in the theory ‘12 above , w here neither the
accu ninpt uom n MC trc ’ m t Ime a s c mnn - i n pt m o nm MI) is p

~ 
eseint inn both fixed t roirts.

An ioth e m ni aturr a l  di sc mluc ~tmoii is t l nat of “decision”. We say that p is decided by a
(O nis ic tem nt t lnr ( mt v A mr an-id only if for all S C FP( A ) , eit her- p E S or ‘p E S. Tine dual to
tlnis m otion is pu s h  n~s nrgatuo mn. In t lnis case we say tl nat A is ambivalent about p if p is not
decided by A.

C~i- o// ~r~ 7. If r~ 
uc dou uht lesc yet decided by A , p is provab le.

Pmoof : For eacin S E  IP (A ) , either 
~ 

c S or -‘p E S ; yet ‘p ~ S, s o p  € S . I

8. The Evohutinrm of Th eories

We now turin to a ni al vzn nm g inter-theory relationships. These at-c important In
de cu ibInnr~ time elfer ts (‘I it l( rei rnen ita l c iranu pes rn time set of axioms , and this is the task of
pt act mcml sysic ’nms like tI me FMS [11, w hnidi hu ms the task of malntalnitng a description of a
model of a cinminp,in m c set of axiom- ins. As we ~Imal I see , t luei-e are many unusual phenomena
w hich oc c uum whirr- i t iuro m iec chan~’e. ~I hie nnuosl st u ik lnng result shows that the analogue of

LI -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 

- - - - ~_ ±LI~I



- 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--

~~~~~

--—

20

tine ((m rtn l~U tne cc theon em of cl~s s mcml model t h eory does not hold for non —monotonic
t u m or n e - c Trnm s Ii as unni pom ta u t n-epei ca usc uo ni c on t ine nncthod c useful in con stm umctung “models”
of t Inro, arc rncueune nt a llv.

T1,,on me t S. hur t  e e~ isi s a cc , ncmc tem nt tIieoi~ wit h a m ma rcon c is tent subthrory.

Pa (mof ( .imu uci de r tine coui s istc pnt t Ineory
(20) F6 = i-u ( MC ’-’C, -‘C J.
l i-ic suu l i t Inrory PC u MC-’-’C ) is incoiusict rnl . U

Note , however , t h at t I-m e tineor v T6 mi (20) m a c  as a thesis the formula —‘MC , which makes
at qu ite chuf fen en-i t t inan sonne l)rrviouis ls’ coi nsider-ed t h eories. We will comnnent further on
t h is type of theory in Section 11.

lii m any ca ses , ti - me c inaurge s in fixe d pomunts induced by changes in theories is less

d r  istic thn zm mn t h ose ap pam emit mit tIne h)i evious thromem. Tine smnnp lest cases are as follows.

Th ot ~er 0 If A i s co mn su s t cr nt , ar - id j) is argua ble in A , then A’ A u(p} is consistent , and
FP (A ’ ) r tFP (A )  � 0.

Proof : Simi e p a s arguable , t lnere mc son-re S E FP( A ) such that p E S. But clearly, S Is
t lm r’ mn ahco :~ f ixed poin t of NM A’ •

lh rnf ,m tu uuii t cls ’ , t I-mis ti n-or en-i cannot be sri engmiuenurd to coinclude that FP( A’ ) is contained
inn FP( A ) , cit - ice in tine r heory
(21 ) ‘F’? = PC un ( MCD-’t) , Ml)~ -’C, ‘C~ E )
there a uc Iwo f ixed points , call t h em El and F2 , w utin -‘C E F!, F. E Ft and ‘D € F2 ,
F. ~ F2. Ex t cn ud imng ti- i- ic t ineomy by adding tIu~ axiom E produces a theory also with two

fixed pom unts , or-me of wh ich is Fl, but the other fixed point 13 differs from F2 in that
F. ~ F3 mmm d M-’E ~ F3.

T /u cocm tO. If A arid A’ Au(p) are con sistent and FP( A)nFP( A’ ) � 0, then p is
arguable in A.

Proof : Since t’ ~ A’ , p c S for every S E FP( A’ ) . Thus p € S for some S E FP( A ) . I

Theorem i i .  If A and A’ = Aui(p) are comns isten nt , t hmen p is provable in A if and only if
FP( A ’) FP(A ) .

Pnoof : II p us ~inov mlmle in A , p E S for every S e FP(A ) , so each member of FP( A) is
also a member (if FP(A’ ) . If FP(A ) = FP(A ’) , then since p E S for each S €
p ~ S (ru m each S r FP( A ) ,  ~° P ‘~ pmo va hk in A. ~

~ 
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l ime nnu m ~m ’’ r t rut t i um -s m ’  t hur ri u ruins m c t h at if a n e w  ax ion-i is already mrtup hr c i t in tIne
cur ren t ix ucmm u ns , cii he m n- mo ch an ge of f ixed point is n ecess ary , or a simp le shift uo a
d it ler e nut f i x ed pru miut of time previo us axi onns is allowable. When considering changes
wlnich delete ax uo ntr s (toni t heories , time imas mc picuhlenn is thin’ non --compactness result
mentioured above . Other ur nter e ct ing qnuestion is are of tIne for m “how few axioms must be
added or- nc r-n-roved to t en-move p”. Answers to t imese questions will in general depend on the
si~ecufic t imeom V r im question.

Ano rhei mmportannt pinei- ionnennonn is tine “inier arc hy of assumptions ” [6] , in which
con-rue n -ion -i nnciuio tcm nu c d inner s drpm-nud on ot hers. Ib is n- manifests itself in tern-is of fixed
poin ts as tine addition of new axmo r i ns m r uc ue asi nng tine anuunnber of fixed points of t he theory.
For cx am nn~mle , add i m P  t h e  ax ron n F to t h e  t heory
(22 ) TO = PC u [F.AMC]~ -’D, [EAMD1~~-’C )
u nncm r~use s the m nu umi ihm-i of f ixed l mu u n rtc It onn one to two. li-i this case , F. can be interpreted as
the t m’mcou n for c lnrmr - mcnun g hetw r- i’un -.C mind —‘1). Sin- ice F. itself mught have been an
assu nnptmnn , th en e mic iit t hmu m efone lie a hmierarc ln ica l s tru mct ui re of assumptions in each fixed
Point.

To get a global view of theory evaluation , we consider the set of al l consistent
tineor m m ’ cour t a m ntunig -n consistent t ineom v A as a suu bt hneory. For a formula p, we can
consider time evo lm i t u om n of tIne properties of p of beang arguab le, provab le, or decided over
sequences of exte nsmons of uhe theory A. The evolution- i of arguability is n-mainly a question
of contro l str u ctures ; this is the point of the errcodit g of control primiunves in non—
monnotonmc dependency relationships given by Doyle t61. We have at preset-mt no way of
describing the evo lution of decision. Howeve r , anra lysis of the relationships between the
theor ies and their extensions will shied light on h ow our seman tics for Mp n-matches t i-m e
intuitive niotnon of “p can be added couns isten tly to tine t heory”.

We say th at j n is assumabl e inn a conststen nt theor y A if the theory Au{p ) is also
consist ent. We mnmmc tine dual notion by saying tin at p is uncontro vos ial in a tineory if ‘p
is not assmnm-nahlr in t he tInt-m it y. TIne matchi n g of the sennant mcs of non—monotonic logic
wu th this more standard notion of consistency wil l be apparent umpon examining the
coi r-elation between msc un nnab ihuty of p and the arguahu hity of Mp in a theory, since this
latter cond ition woum ld seen-i to say t hm pnr is a coherent interpretatnon of t ine axioms in
w hich p is consictemfl . Ouar logic is weak , however , and so this correlation is weak. As an

rux irnation , we n-mot e t h at Mp is am r~ua hle if i is at guab le , and so instead attempt to
cor re late an g una h i lm ty of p wit h assum ma bul ity of p. Thus correlation is as follows. By
Theom em 9 the assunn-iali le Iou midas munc lu nc ies tine arguable for midas , but not i ’kc ver sa since
C is asct mun ah ) le hint not arguable j un PC. TIne assuimable formulas are incomparable with
the conceuvable form aulas , since C us conceivable but not assuumab e in
(23 ) 19 PC iu ( C:: IDts[Mfl~ -’D]] },
and -‘C is assumable butt not conceiva ble un-i tIre timeo! V T3 of (1’?). Also , the assumab le

__ __ ___ __ __ _  -~~~~~~~~~~~~~~~~_ _
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t o n nuuul a s a re  mn t con nji a r able wit in t Im e ui r (o rntt ov e rc mal Ion nrulms , since C mc assumable but  not
u uu nc o nit t  os ’et su al iii PC , amid C us um n ncoiut iov m ’ is ia l huit nor assum able in
( 24 )  110 PC e m C:10A[MD:m 4)11, C~ lF.,sl ME:4 i1  ).

We specif y another c lassiI ica t mo u i by savin g t hat a formula p is safe in a
onsnste tnl theot y is if and ouulv if p € TH( A )  lot all consistent A’ suc h that A c A’ , and

t h at p is f~ ceeat / if amid dully if -‘p is not safe. Let SaIe( A )  = j p : ri is sale in A). We
tlren-u can chau actem tie tine set S~fe ( A)  as follows.

Tln eo iem 12. II A as consastent , t hen-i SaIe( A ) is the least set su ch that the following three
cond ition- is hold

( u )  A ~ Sa f e ( A )
( i i) TIa( Safe ( A )  ) Safc ( A )
( imu ) If p E SaIe( A ) , the m Mp € Safc ( A ) .

Proof : l i-ic fu rst two eases a r e  cor rect beca u se all fo rmu ulas c lac c tca l l y deducible from safe
fo r minu las ( inn pan Ekuu l a r t ime axio ms) w ill remain classicall y deducible when the set of
a onns is enla m ged. FIne case of u — me rest r s ( mum ) , which dec lares that “covered ’
assum ptions ate  safe. - h hat mc , if p € Sale( A ) , then -‘p cannot be a member of any
consistent exten simmin of A , so Mp wi ll be a nnennber of ever y consistent extension ; thus Mp
us safe. I -:

It is clean tinat all safe fomnRmlas are both assumab le and uncontroversia l , and
that these inc lusions are proper. Elemeintary considerations show further that the
Ion-seeable fo i mudas include the assumable and uiunco ntrovers ial formulas , buit again , not
vj -e z - #- ; so. Also , the l)rovmble formu las paopea ly innc umde the safe formulas with theory T3
urn ( I’?) -

~c the cx ample, amid tire forsecahle fon mum las proper ly include the conceiv able
formu rlas via tine same examp le.

A wrakemnec i ve rsion - i of assu nnahuhrtv is pmcudui&d by saying that p ms rea l i za bl e in
a ro mi c iste nt t h eory A if th in e is som~ coinsistent thrcmry A’ such that A ~ A and p € A’ .
We i l c r i  cay t h at p is undeniabk if mi-id only if -‘p is nnot realizable. Clear ly, ti - re rea lizable
(or n- iu nlas uiuchade the assu m able fonmrilas , hut t he conver se does not hold as MCD-’C is not
a~cunnima1 , Ie urn PC hu t  us an axiom of tIne cons istent theory ‘16 in (20). The forsecable
for nnuihms obviously incl umde thu- rea lizabl e formuml as , htnt not n’ice vers a since C is for-seeable
hunt non nea)i7ahle mn- i the then, y 19 of (23) . Also , tine realizab le formulas are
incomparable ‘- - n th  the conceivable for mulas , sir- ice C is conceivable burt not realizable in
F’) of ( 2 4 ) , mmd -‘C is realuzab le hut riot conceivable un 13 of (17). The examp le of TlO

mu (2 4 ) pm ru vm rle s m um exannp he of w h at Fnhlow mnng Kripke m ight he called the paradoxical
fo mnnudas of a the rm v , kmr mum las (in th is case C) su ch thu a t neither they nor  their negations
a t e  real i z abl e . ‘11w rx arru plr of 1’) iii (23 ) pm-ovm de s an examp le of w hat might be called
t ime m u  ,n iii fonmn rila c of a theor y , for nru ulas (in th is case ‘C) which are realizable and

- 
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u murdm nr i mI m I c

F u ; m t i  e c n m n rum ii mit ’s all these (mI,srrva tiomrs.

FORSEEABLE
ml

CONCEIVABLE

DOUBTLESS REALIZABLE 
- 

-

UNCONTROVERSIAL ASSUMABLE

U~ DF:NIABLE 
ARGUABLE

PROVABLE

SAFE

Fu~~mu c 3. I) iag rann of the cl as sif ications of formuulas. Each line connects a set of formulas
with a simpen set.

~l’hese u rcuu lts m ll aus i n a rm’ tIne d istinction between argu u mb iluty and assumability, that
mu ‘~ r ’ nh m l uty dines mint ronr plr’mrlv capture the i-motio n- i of ascuam ahulity. This is puobably to be
u-’m pnitrd from u lit C h r le l -h a r  ski resu lts om time itndes c ribab mh ity of consistency within

nuncmc t ,’ul! t ineor icc . It would he int ruec tu nig to see a nnore cat cu rl analysis of this situation.
0mw goal of su ch an a n rmlvsis nrr pht he to connect tine logic of inncomplete information
nn-iplicit in non -n1nr~notonmc logic to ot lien logics of incomp lete information , such as t i-ne S4
interpretation - i of tine u nu t uuu t uo u , u c t i c  m r-educate catctulus [13 , 18) , Kaip ke’s theory of truth (19;
ci. 22 , 44 ] , and I ,u lnsk u ’s theory of inncom~nlete models [20 ; ci. 37 , 4~). The S4
li- item prrtan ion of IPC tr i es  to descn nbc tIm e guadua l accu rnnuulat ion of mathematical truths ,
and seems closely related to om it i- motion - i of saf ety. Kripke ’s theory of truth has strong
simi larities ti’ tine cu rrent theor y , for it develops models for the truth of self—referential 
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mm ci th i r , ’ i  v m e t e ,  u - mutu a l  s tm t s - u iu - um t c  cc ’ims i In a m ’ -  Irxed Fm~ m m t t s  o f a cer ta in  operator our partial ly
( tm ’ f i i im ’d t i  m m t l t  p i m  d m -  m r r c . S mru u- rime acc e ptab le rrnodelc ol t r u t h  are rc ~- t r icted to he f ixed
i~~iu- ins of t ~m is ‘j ucu atom , nIne , u- r u n  he n ie v v u -decided pit adox mcm l st a t cmnr , t ~s. The logic of
Inn n a t t t a ml notions of ~m o c snlmulIt v amid uu e c e cs t ny thus are not dual , hint in stead form a

d u imnnid m e la n ur mn - i c l n u i m cm n inmla r to tine case tot noun - run mlo mon uc assunna buluty and safety.
l u pr~ i~~ t hncot V of nn ncc mn pletu’ models mc conusid et ably cm t np ler and stm onger than either
P~ rupk -’s th u-o r v on iron -nrnnnotoinic logic , for his incom plet e nrodels can be constructed fronn
any I - m t  t u al  extens ions of the predicate s of t Ine la t mg r uage , thus producing a certain
conujm h m-’t rn iecc inn t ime set of possible models . h ints km~LlC is pa rt icu lar l y um rtc tes ti r u g an that it
allows fo n the t ruth va line of fornru lac to cha n ge ar hntrarmly often upon successive
c x te rn c m c ’ m is of ninorlelc

- lii the aho - e we h ave bernu uflrc”i ited only wi t h cc my s of desc n it - mang the evo lution
of t bent icc umpon t I e  addition of new as ionic . One nnc -h t also define descriptor s for t lae
c - i cc  of t rnnrnvrr rc ~ ax m oons , or Ion time pact inist o ry of pm ov ahu lity. For examp le , assuming
th at a ll c ;mt ,tlieo , ui- c of A mu” cnunsmstent , we nnnrit t say that p us uur tei tr d if p ms conceivable
inn cci’: v sunhtl ,er i, y of A. (Cf. 113, p. 115]) A te  th ur -c otbret interesting descrmptors of this
k mid? If c i , , wh it a r e t imu’ ir h r r 0 f ~e nt nec ? We h a v e  not i r rve str gated these questions , but
c nmcp u ’ tt t Inr~’ m ima y he ~r nui t ful.

n A l’roof Proceduire for Nou,.Mnuiotoi,j c Sta re ru icui t il me o nj ec

in m I nis cmx tmon , we den-ronsti ate a inroof pm oced nire (i-mr t ime non —monoton ic
~t 1’euit ’ mi t logic. ‘h’ l nms f’t ricedure mc based on time sema ntac tableau, method for t i-ic ordinary
se n iten u t im I u lc umlu c . lii Inn t h us method , a syste matic attennpt is made to (nnnd a falsifying
inner pr ct at morn lou a for mum Ia uinuder test. l ine for mini Ia is labeled “false ” or “0”, and
:.eniauutuc ru les guide ( r u m tinci lahelunig, inn an ohvmou is wa y . For ex a m ple, to sinow

[C ~ Dl ~ ( -‘C v Dl,
stat  t t iv labeling tim e for n- ruu la false :

IC ~ Dl :~ i—C. v Dl

For it to he fa lse , its mnnt ece dent must he t m inn arid its consequient false:

[ 1  
~ Dl D i—C v fli
1 0

and su m mim i lv for tl nc j uunn rt ron and negatio n . Inn rim drr to proceed further , the tab leau must
sp lit into two  ca c ec to handle the embedded Implication :

-~~~__ _ _  _ _



- 
— --- -~~ -- - ____  L~~~~~~~~~~~~~~~

-
~
---  —--

~~~~
-

~~
---- --

~~~~~~~~~~

25

I . I ~ [11 D I- -C ~ in
13 1 0 I f l O

I t .  (1 ~ ill : I-{ ci fli
1 1 1  0 0 1 0 0

lii case I., C us hahc- Ird Imoti , 1 and 0. lii ci~e II., D us labeled both 1 arid 0. Thums there is
no la lc uf viri g noodel , mmnci time for ri m u m fu us va lid.

Oun tine other it an md , nuts i de, thue rabIn-au for [C v Dl i [C A Dl:

(2 5?  (C v Li) ~ IC DJ
1 0 0

-m~ in ~ ic A in

1 1  0 0

(C v UI :‘ (C n Dl CLOSED
1 1  0 0 0

(C v Di (C A It) OPEN
- 1  1 0 0 1 0 0

[C v 0) ~ (C A 0)
1 1 0  0

(C v O l  :-‘ (C A D) OPEN
0 1 1 0 0 0 1

(C v Di (C ~s Di CLOSIJ)
1 1 1  0 1 0 0

This tableau has been-i split twice , for a total of fonmr br annc h e s. Two branches are closed as
before , t inat mc , some (cm i muula as labeled both t a Lie ( 1)  and fa lse (0 ) .  But two are O/) f f l ,
t h at nc , . the re is an exha u stive co m rsr st c r m t labeling of for nnulas. This means that there are
two falcalvnni g models , so tine fo r nniila is riot valid. (Notice that we could have been nnore
clever inn labeling tine limit’ s of t h u  ta bleaun. lun the second line, for ins tance , we cou ld have
Imbeledi both C’s at our u r , fotc mni g the D’s to hr labeled 0, and arr ivunng a t an open branch
innmc’d lately.)

We will extend this procedurme to handle noui—monotonuc statement theories.
Without com ing ir it mn deta ils , we assume ani im~nhennenn tat ion of the algorithm just a llumded to, 

~~~~~—- -~~~~ --~~~~~ - -~~~ 
-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘— 

~~~~~~~~~~~~~~~~~~~~~~~ 
~~

26

c-- t i m  i - u m c  - ‘  ~~- z/ ari t g eimm i ates the conun i m leti ’ t mt , Ieau u but in. ( Eg. , the goal of ( 25) is
Cv( ) I 1 f ~l) h.) A tahl e mu m h a s  s i - v et mI i t t  i,nhes , each a (otnsi ctenn t labeling u-if

sul)f ( iu m iu mi l i s  if nume u’\ m c t c ( w i ncmn tine ir ra nachi us open ) , else a pa i t ma l labeling ( wlnenu it us
knced ) . I l - un t ihleau us tine a csult of a I r i m lym t r t ~ afl r :t rs to t he goal. ‘I wo tableaux ate

equ ual if arid only if they have tine same goal. l ine ta blea u of a formula is obviously
ron upu m niub le , s utu r e t ime nunrher of hr annci mec us ru n gte it e u thai - i 2N, where N is the number
of sam hl om ulru i)as of its goal.

We state without proof ti me following ptope rtu cs of the tableau method :

Ihe inn on- du n-c us corn/ i/e te mu tire sen se that a formula is prov~hle if and only If
its tablea u h i s  all c l rmsrd branches .

l im e proceduu e is ~- u-lenui s (itme am - i the mollowluig sense : ml X and Y are set s of
forn -ut ulac ~nncl n that X ~ Y and Yl

~scp hunt Xil~~p, their in the tableau for p, in every
open h-it much ther e is son- re elerrnent of Y — X labeled 0.

For miot u —nronotonuuc logic , we need to ge nie nalnze to tab leau structures. If A is a
statement theory , anrc i i us a formula w hose provability is to be tested , then (A , p, t , X>
is an A —tableau st ructure if and only if is the tahi-eat i with goal A ~p; and X is the
sma llest set su ch t inat t € X , amn d if t ’ E X , then- i af Mq appears labeled 0 in some branch b
of t ’, tir r’n t” ~ X , w here t ” is the tab leau withn goal A -iq. In this las t situation , we say
t In at t ’ ‘?re nhions C’ in br-a r-unit h,

In the h c s n c it procedutn-e , u tableau is c losed ii all its branches are , and this can
I,p dete n mnmi rd u nn anii i m u c - u uo ur c ly. In tIne case of a tableau structure , we can’t tel l whether a
a hiram, i~ ci ’ mcc l u minim I we lu ave ch teu rniricci tire st a t u ms of tire tab leaux it mentions, and

tIme r - n ni-i~ I i-  fr,r,1, ri-i r i i uu ! c m r : j  - vu t ln.

l Ire me lor e we mu nt roduc e the notion of an admissible labelin g of a tableau
~t i u me t u ur e , itt asc ngumn-me int of one label , enthre r OPEN or CLOSED, to eac h tableau in the
stn um ctu mu e , c m m cl n t lna r

( n )  If the tableau , with goal A~~-’q is labeled OPEN , t hen every occurrence of Mq Is
labeled i in every tableau , an-md

(h) A branc h is labeled CLOSED if an-id only ( some formula is labeled both 0 and 1
in t h at branc h .

TIne hunno f I ’ m rmm ed uin e C iea t t ’ c  nuhh eaui stu tuct unie s and labels t he m , as fo llows,
Cu s ’ rnn A arid p, tI nt ’ ( in s t stq m is to r~ntcti m ut t t ln r’ ual,Ie,nui w ut ln goal A :ip. All ot h er tableaux
n~r’utu’ m1 a u- i’ t l ner n nmi mc t u tuded. l’Iuat is , if ~u mule u-ou st runcted tableau has a formula Mq
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l - i i ’ r l r d  1) i nn ar m (‘penn h u t  umdm , t h e n  cm , nmcr r uudt the tab leau with goal A 3—’q if t h at tableau
w ic uncut p ;r~ n un isly i- u m ist m i n ted. l Ine ta I,iu’ati st I ucture is t h en c iucckeci Ion adnirnscible

I ~
- i’. i t i m u m u m u  mc- ill i’ misc n hn )c ) miut- lmn f’ s of t hur t mb , leaui x for labelnnr’ c sa t isfy nu n c, the

a dur usc ul mmii i  v tes t .  Fhu m c test ou ns iSts of f i r s t  lah,e lrrng with 1 each occumr -n ermce of Mq in time
t i l l, mm n st r u i — urn C t ’~ 

ii’! ii ICtI that the san t ic t um n e co inta rans tIne tablea u wuth goal A ~-~q labeled
() PIN. li m u ’ n n t ime lii mu ’ lmnn ,~ m c ,idumrucsu t ,le if all t biuau x labeled o PEN have coinne open
i- un n nn c Ii, ann d all t rblr :i mnx lnhm’lrd Cl OSED have evet y hr anacin closed. If mn all adninssible
lai )el nnn gc the i n tu t n i  I n a hulr , n nm wit  It goal A - il, us labeled CLOSED, then p us pa ovable , and
other w ise is unm pnov mhl e . We w ill shortly i imov e time cot nect uness of this algoritl-nn-i.

We first ~j t  eseunt some examp les. u n  tine t lneory

(26) ‘Ii! SC u MC-~~D, MD~~’E, ME’-~F }

( see [39]) tine ‘I’ll -tableau stu u u c tture for -‘F has only one admissible labeling :

T i)  t1C~ —-D t -F I t ’ —E I t ’ -‘0 I t ’ ‘ ‘ -‘C
1 I 01 I 01 I 01 1 01

MD:,~,E I I iF MD I MC I
1 I 0 1  0 1

tlI- j---’i I I I -

1 CLO~~it~~fl I OPEN 1 CLOSED I OPEN

Notnce t i - imt we don’t bot iucr to copy the axioms in each tableau , bu t only those par ts that
becon-ine re le va n t. ‘l’ ine tahleaui ctr nic t t mr c ’ shows thn at -~F € TH(Ti1) , but -~C ~ ‘t l-fl ’i’Il).

Another examp le is the ‘i’ l2—t ab iea u str u cture for -‘C, where

(27) i’12 SC u ( MC~ -’D, MD:,~C ).

112 t1C~-1) I t --C I 1
’ -‘0

I I 01 I 01
Il0~ .r II I) ( MC

1 ~~~ I 0

‘Fimis ta bleau r structure has Iwo admnnssihlr’ habeiings. If t ’ is labeled OPEN, t is labeled
CLOSED , anad r ice r ’ rsa . So there is ann admissible labeling In which t is labeled OPEN,
and -‘C us not provab le.

On the ot m e t  hanid , time ‘I’12 -tab leau stru nct ure for MCvMD looks like this:

- 
~~~ 

- - _

--- ~~~- - ----~~~~ ~~~~~~~~~~-~~~ - - - -_
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ii. —
~ I11 - --U I t liCcitlit I t .  I ( t ’’  - f l

1 I 000 I fli I 01
t I l l ~- -i: I Ill) I MC

1 I I I 0

A~:nin , t i n e me ar- n two adn nmssih le labelmnngs , hut inn both of hcm t is labeled CLOSED, so
MCvMD is a theo rem of ‘112 .

‘l’he tablea u structures ~ist guvcrn are riot really corn 1-lete It as left as an
e ’e rc a s e for tire u cadet to show that t m sun m c ~ t Ire ax ioms to sp lat each tableau into branches
will riot ( lua nn em- ’ tine ouut onne.)

“t / Fine pm ou mi ~r ,:uccri umi e alw ays limIts arid funds all adm issib le lahelangs of the
tablea u sIt mmc m r um u fo~ i ts g, iah.

Proof : ‘l’hte then: u-ti n mc eas ily sr’eir in tie by nn o tnni p, t iuat becauu sc the set of proper axioms
~ the th u--on y is Imn u mr e , ru un ly a finite set of tableani x c , uu m be con stu ucted. Once thu s is done,
the re Zi iC only f m urite ly ma mm y lmhelinngs to c v’ he tint ougln , wi t In tr ivial checks for
adi n mc cihml r t s’ anid pm ovabihi ty . ~

FIne next two leuinnnas guna rannte e tine correctne ss of the approach.

I u-”neii-i 14. if S is a f ixe d iiounut of NM A , there is au adnn issubbe la helang of the tableau
cr m u i r : :? r for A -‘p sunc in t h at p ‘~ S mf mind only if t ine tableau is labeled CLOSED in that
i , t , r lmn i ç

Proof : le t  S ~ FP( A ) .  We will :n m icr n uact the adm rcsm ble labeling. In the tableaum
cit uurnu mt e  lou A ‘h’~ 

libel -m tab leau OPEN if the goal of the cahteat m as A )q mind q ~ S.
C mini c m r ler - i-uric of time neon , mn mmmi- imiml e mu is , wit h goal \ ‘r. ‘l iner e m ust he a n-minimal set of
cle nirrnn tc X {Mq1, , Mq~ ), s unc in t im at X t A S A (S) and XI’ A n. ~f X 9t , t hen the
t ih i e m mu to;  A ‘t a s c lr-uo d no matter hi-mw mss uurnptuo ns a t e  labeled. Otherwise , by
ex i u u u t  - r mvr n,csc , ever y hr a uu chu of time t ai m lr i m i has si -imp Mq~ ~ X lat,rlcd 0. So there will be
-i tabl eau lou ea c h surci n A :~ ‘a n ’ I~umt t h ese tablea u x will be labeled OPEN ( because

~ S) , so tIne co m m esponnctmng hi ancin of tine tableau Ion A ~r wm ll be CLOSED. So the
w holu-’ rahiemu m for A:,, will t,r’ CLOSED. Further , no open tableau will be labeled
CLOSFI) , 1m m - u nu ism ’ f iner- i theme wou ld be a pnoo f of its goal from assuunnption s . Thus, If the
tnt , lea nm for A ~p m c labeled CI.OSEP, it i-an he hinoved From assu umptmons in AsA ( S) 

‘

S. II it us OPEN , 
~
, 4 S by co nct rnm ctno nn .

I ‘ ‘ c  “ :c  I “. Ii thou e is air admissible lal melun ip, lou t ime tableau , structure For A Dp, there Is a
Ii \ it  m m nu m S cii NMA suic hn thu , m i , for even y iah iea uu wit ii goal A ~q , tit e tab leau Is labeled
( i .~~Sf I) ml arid tini ly if q c S. 

-

_ _ _ _ _ _ _ _  
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Proo f W e (, , nm ct n  nirt 5 f t  i-run t lie la t u r hm nw , Let Bo be tIne set of formu las Mq such tinat the
t ublea um fur A ‘q us libeled OPEN. le t  ‘l’hu ( A m mR 0) , arid let Mq1 , Mq2, . be an
m’ int unrr v u au to rn uit all t I m e lou m mm I. , c of tIme l rut run Mq an I. — B0, with the pm-opeu ty t hat if Mq1 Is

a s u uh - ue xp m esc uo nn 01 Mq 
~ 

hemr u ‘ 

~ 
( E.g., MC is a suhexp ressuon of M ’MC.)

Delimne R 1~1 amid S~, for u 0, 1, ... as follows:

R
~+i = R m i f -‘q~~ 

C else R~u{Mq 14 1 ), and

~m~1 ‘I’h( A uu R
~4 i ).

Now let S 
~~~~~~~ 

5~’ 
arid B U~~ ~~~~

• Clearly, S~ ~ S~~ and s Th( AuiR).
Sance NMA (S) ‘I’h( Au m As A ( S )) , we cami sh ow that NMA (S) S by showing that
B A S A (S) .

Furst ~ to show AS A (S) c B. Let -‘q 4 S. We will sinow Mq C R. II Mq € R0, then
since B0 c B, Mq ‘ B. Otherwise q itnaist be some q 1. If -‘q 4 5 , then -‘q 6 S1_ 1, so

- Mq E B,, so Mq r B.

Seumnd , to show R c A 5 A (S) , tim a t is , uf Mq c B, then -‘q 6 S. ‘Fhere are two
cas es . If Mq E B0, themi t lnr-ie is au-i OPEN tableau for A3- ’q. Assume that ‘q E S. Then
th e re mutt hr a k>l su ch t h at -‘q € S k and -‘q 4 Sk_ 1. So R~I-~ -~q and ~~~~~~~~ But
uh n c ’n n by exl iau ust uve n ess , Mq k us labeled 0 in - i the tableau for AD’q. So th ere us also a
ta h, leai u Ion A ~ ~~ if tints tableau is OPEN, then Mq~ E B0. If thus tableau is CLOSED,
Mq~ ~ arid hrturc Mq~ ~ 5k- 1~ 

Eithci way, Bk ~k 1 ’  which is impossible.

In tine othen case , q will h’e some q
~
, so Mq E B

1, 
and ~q 4 S~ 1. Assunne that

€ S , that us , -‘q is anr elennent of son-me Sk, k?i , mm d —q 4 Sk_ 1. ‘h’ hen Rk ~A -‘q but
Bk_ i  

~A -‘q, so {Mq~ )iuR~ _ 1 1’A -‘q.

Now , Mq~ does riot occuir as a smnbexpr rssion of q q. (since k?i) , so Mq~ must
occut un- n tire ax ioms A. So in-u some bran ch of Wie tableau for A~~-’q, Mq~ must be labeled
0. But this means that Mq~ must be labeled U in sonic branch of the tableau for A~~p, for
any p. So any tableau struc tu ime must have a tableaur for A D~q~. l’his tab leau must be
OPEN, or -‘

~~~~ 
wou ld ti e a nnemnhet of S0, amid hennce a n-member of Sk 1 .  So Mq~ E R0, so

Rk Bk_ I ,  whir — in us a m onituadictnoni .

It remains to show that tine labels agu ce wath the fixed point. if tine tableau for
A ~-‘q is OPEN, tim e r - i M~1 S by co nstm unction. If it is CLOSED, there is a proof of ‘q
fronn B0, so ‘q € S

~
. But S0 ~~- 5 , so tine f in al labe imng agrees as well. U

j
—--—. ---- --— - -— —- — - - —- — 5
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T i-~~’ r , , r ~ 1, . II A mc n ct. n ten neumt t hnrot s (a f m nn ut e ex tennsmo nn of t ine sententia l calculus ) , t hen
m o m  m rnnnn o ton n id in ov ilin lnty urn A is d.’cimi m imi c ,

Pm ti— m i : Let <A I’ . n , \ ) 1w t Ine t - il ’ Iu - m um s i n ni ç tu ur e for a fornrum la p. If tire pm oceduire lah,els
( 1(  ‘~S 1 1) mim cv ’  t ~‘ a , i m rr m cs , m ,lr Iatmr ’ hmmi p , theni t heme m c no f ix ed point of NM A wh nicim does

m o m  wilt m iun ~i , ‘~mm i ce linen P m iu ’ u m w om i lcl hr mum OPEN labelin g. So p is in all fixed points ,
and inr uu ce ~i n oval  mle . If aIim ’ 

~~ 
oc r-dna e labcl~ t OPEN in some admissible labeling, t h ere is

a I,’~ed poi nt iii NMA w i mic i n does Inot co n t a i n u ii , so p us im provable. U

Flue pr of him oceduir e •‘~, t ends a i i r rv nou i s p roced t m ue due to Hewitt 1123, and
emnt,rmdued in- i Mnu- ui- i Pl ANNE R I 4:4 1, a co ni rp iu rter ~irograrnnming language for ( among other

huur cc )  unec hint mi nI th erm eon pm ovi nug . A i~n a ctmca l mnnplennenntat ion of this procedure would
m n r em lea ve t lie hum I I mim i - nmr d lahel m nnp of ta hlean mx , and wou n d avcmid hunilding a complete
tahle~m ui c u t  n nctnmm e w lirnn uuumu iece ss a rv. We invite you to compare this piocedure with , for
uirstmnl c r , Fl m~ rmtnle ~m u m -  s t r - uuru uure mun et in od fc ’r SS. [14) One daIfe remnce between these
p
~ 

ocednnec is that the present pmoc.- ’dtu u-e sp lits ta l ,leaumx in to branches before generating
a lt ru nar mv rc , w h i l e  thin - ’ S~ j m n oc cml un ne sp lits tin e w h ole set of alternatives into branches.

10. ‘l Ime l’ruulh u Ma imnt eu iau uce System

I’ime ounly I m own adeq u ate so luit ionns to time handling of noun—monotonic proofs are
Dc m~- l r c r t - I ‘FMS ~im ogn ann and its re latives [21, 23]. With o u r theoretical results in hand ,
se-c c a mu 1it ecen it a cln’ccript ioru of w h at thus program - in does. ‘rime TMS inas two basic
i (‘5 p(’Ii ibm latirs

( n) It rurm unr un iu n s a data base of proofs of formulas generated by an in dependent
Pt oof pn o eduir e ot perce ptuual program. Inn our terms its goal is to avoid the presence of
bot h ‘q arid Mq mi  thn e data base simulta n eously.

b) it detects mncomis mste nc irs , and adds axioms to a theory in order to eliminate them.

‘Fine ‘l’MS keeps track , for eac h lorm uml a mn- a the data base , of tine formula’s
flu St  ifn m l t l u ’m l 7S.  A ju stification of a formula p us a set 

~~~ 
P~1 of formulas which entail

p. Su ch a jumstif ic mti on may he v iewed as a Iiagnrent of the tableau for A ’p ; that is , for
eath bran ic- hi of p’s tablea u , tIne j unst ific ationi con - mt a ins a formula p1 labeled 0 in that
hi .in i- in.

i’ine h ,a c ic ‘h’MS algorit h m se a mci ncs For a labeling n-if fornnu.ias involved in
J u is t i f u r a r n o n u c . It oi iuvc two ir rm nic i, nles ; i is labeled I if and on ly II all the formulas in

— son-me ju st if mi - u t  rci nr cii 
~
i ire liheI~d I , mind Mp is labeled 1 if and only if -‘p is labeled 0.

W hen-n the ‘l’MS f mn dc a labeling s auu sf vm nn g th in-ce conditions , it arranges tine d ata base so
t im a f only lot mnu ml as labeled I are “visible ” to t he higher—l evel proof pmoceclure on program.
~l’huc , Incm un tire Intnuuu t of view ‘ f  a ~niog u ann ums iumg line ‘EMS, it chooses a subset of formulas

I ~ 1 T’TI~~ ~~~~~~ ~~~~~~~~~~~~~
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to “be lieve ” ‘I iir- ;r- fin nunm u l a c a te  said to Im e in  ; time ot h ucu for m ulas are out.

h’ hin c us re n- iuu nuc ce mt t of our I’ m nof pm ocedut c’s searc h for admissnble tableau
laimeim nn~ s , lo ut t i r et e .i m e ~u mi m c u mu u ~nor taint d mlIe ierures . Tine ‘EMS open ates on partial sets of
table , m ui Ii iu : m i i uuut  s , ~~ its des m ci — m is n- may m cq u rmue re vm smo fl as n-mew fragments ( ju stifications )
ai r dic ove t ru . E nm t diet e us a mom e s i r IL m u g  duf fe renice between our proof procedure and
tine ‘I MS. l ime ‘IMS sm ’m u- ci ips lot j u is t i-mine ad nnisc ih le labelm nng of its tahlr aun ft mgnnents , not
nil su a In i i i m ein t i c s . ‘l ine ui- mu st it mu m hope to I imrd is on-ne fixed point ( actuall y , a finite
suibc ,- t of orw ) , nu ot all of u Inert - i, It t nine net mu nu uuulogv we dcvelo1ned earlier , it funds sonne of
tine it pu n ihn le Ion un n u ml a s ra t  m u m  t ine tha n ~‘t ov ,-uliIc Iornrtnias , F’or cx amp le , consid er its
bel navar in our ti re tir eor ~

- ‘ 112 nun (27 ) . In - u t i mi ~ theory, MC is argurab le , and so is MI), hut
nemti ien mc pr uvihie ( n- un iv MCvMI) us i- un ova ble). Ncmnn et imel ess , tine ~I’MS , given the
l u u st mui c a t ucmmis j MC) of ‘D amid ~MDJ of -‘C, will puck on- me of (MC, MIJ} to be in , and the
other to he ou t.

Thner e ate several reasons for su ch Jumping to conclusions. One is that since all
anguuah le formulas are also asc m m mai ) ie 1 these deci sion - is may at worst lead to later shifts in
f ixed poa nrtc . ‘[hat us , since arguuahle lot urnm las nnughnt be added consistently later on, it
cannot huur t mmcli to act our the ms su m n u n p nt mo ru tinat they will be added. A more pressing
rationale for t his beh avior is t hnat tine p u (mg t arm i or proof procedure using tine TMS typicah ly
depends on hi,’ Ime(s of cen tai mr types to decide w h at to do, arid cannot abide by suspended
;ua dgen-wuu ‘, even if there us a choice of li0sdiI ~ n-’ circumsta n ces , tIne program expects the
EMS to decmdr’ on-n n-nip so t h at ar-tio n i nray he tak e nn.

01 cow se , j umm puung to coanc lrusao ns in this runanner luntroduces the problem of
having to choose lietweenr fixer l pouuits of t inC t h eory. In many cases this pioblem solves
itself hec am mc r of t ine way tIne IMS is typica lly used. Usually a program using the 1’MS is
atrenipting to d iscover  wh ich f ixe d iuoit nt of a t he ory  cor responds to ti-ne real world. The
best w ay to do tin ,; is to pick onto model an-r n-i st ick wit i n It until trouble arises , and then
sa lvage as much mnfci t mati onn as pocsnhile by makinig as few changes as necessary.
“Trouuhle” an take the b u m  of new mni fo tn ration or new deductions from old information
‘ronuinc t nnig wit h cmlii in fo manuonn or acst unnptioti s . E i t h er  way, tine responnse is the same ; to
switc h to -m new faxe d point. Progn-ams fm cqw ’ m utl v m y  to organuie their use of the TMS so
m c to en~um c tho r i se  of a s m u- ig le fixed h onnt being t ire usual case. However , It is not
possible to ornrp ietc ly — hew n nninie urn i h m ic fas hnioun how the ‘EMS sh ould decide between
alter m ate fu xc ’d poin ts. One way even twin-c iuilormation of this sort might be used would
he to rnnploy Rec her ’s 13~J sun g c’,r’st mo rn of modal categories as a nnethod for selecting among
I hr v a n toni c f ix e d ~f fu utnts c :eunrr atec l by a t inc-nary. him at is , suppose t he formulas of the
ian- igunas~r are seg on eu mied in to nn~l modal catrgon ies ~ M0m_P...niMur. Then given fixed points
of a th in- na n y A mc S~, ... , S0 ,  wit in con rspnoui dit rg sets of assuniptionis A 1, ..., A m, we can
segnrenut tIne A n mnnto cc mnrpnnneuntc A 1 0’ A 1 n’ ~~~ 

A m 0’ ,••
~ 

A m n in conncordance with
the mnoi-lai cates ~unn mr s . We Ca in tinen ; mink lIne fixed poum nts by schemes involving orderings
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oiu di n-’ c m i  0 mm (m f n c cu u n ln f i tm ( m m I 1 um n m jr ( mna r rmt c A d dmm uu - sun hi devi ce s to ‘IMS - hike syste nns mc an
uni t er  es t u um r u m l’ ic f r mt f n mtu m n r ’  ne s rauc i n.

l imp two  c- o i ls  cm l tIme ‘I’MS, to ~m m even-ut hot hi -‘p a rid Mp hem , ~
- i n , an - md to pm event

both p arid ‘
~ 

m hieing in, g uve rise in two d iffet en - mt types of ac t iv i t y .  Inn the burst case , w hen
a new jumst u f uc at ioun us disc cmv en cii for som e lot rm n mula cei mi c h then in nv ahu dat es some current
as c un n ln f nt moni , t ime ‘EMS nrums t n ccx amine tine uun nc - n t labe lun- ug to fin - md a n-mew labeling
consu-manit w ith ti - me enla m grit ser of j usni licafi onis. ‘l’inms pnoce ss is fa i r ly  s tramg h n t fon ward ,
althcn ug h there a te unnporta unt speci a l cases mm uuce r m n in g circular proofs whicii require spec uah
care. ‘l inu s pn ocess thums takes cnn the ap pearance of a rela ~ a tio nu procedun-e for finding an
accep ta ble l;uhelnni g , an - m d t m cii de te run n mn na t mon of noun — c ircu la r proofs for all formulas
labeled I.

l ine s” rrmrnc l type (‘I mni ounsis tenn rv ina ud led by t h e  I’MS , that of p amid -‘p being
in , req im ni n - s  eooiew h na m ci i f fen eunt tr r ’ ar umr e nrt. In tIne fm rst type of process just dr-scribe r], the
‘I’MS i t  ~c~- l ui c t ifn - i m e nus inn a u uunm d ut ect ionn al nun mu m ner , deter mrnung lahelaings of formulas from
t ine I I u-h un ngs cii r I m e  I ‘mu n mi uu la s of th c mr j uis t ub ica rrons , arid riot l ’ii ’ i n -  ci In the second case ,
tine I’MS mi - mum ~t t t n  ver se the se j uis tmlucat io m n s m u  tIne opposite dun rUlt,ui , seeking the
a ss un u n r p t mon us umnc hu ’r lvrnig tI ne cc mm f li tann g fo rm ircnlac . 1cm n eso lve the inconsasteuicy ol these
.iss uunrj -m m m m m c , n lie ‘l’MS coin vent ’  the piohlenmi to nam e (‘1 t iue f i n st type by producing a new
j uis tm fi at mc mn for tine dn’ niia l of omne of ti - me as s um nrp tuo ns in tern - ms of the other assumptions.
Th ins nnnghr he viess’ed as tire ~I’MS sharing the w eakuaess of our logic; nt cannot rule out
an a~ctuu1npnioni Mp by de rivi n g -‘Mp, hunt nnrtst inm ~tead produce a derivation of -‘p. ThIs
second pnocecs is called depenndenicy-direcfed hac ktn mi-king 142].

For examp le, the exi s t m nug t u m m y  may he ( M(;~ E ) inn whmchn both- MC and C
are believed. Ad d mnc~ thur axm c un n Ml)~ -’F leadc no air iuuc onn sisue nt ilmeom y, as ML) is assumed
( t h e r e  hr’inug no pmool of -‘U) , w hmirh li’uds to ptua vim i g -‘F. ‘l’ine deper ndr’ncy—d nrected
h, ,ick r , -ui - I u mu p i mn oces s wriumud trace die pmorni s of F’ mmm d --‘F, fau n d that two assumptions , MC
annd MD, c”eue res l icm rmc nh le . Ju st connc ludnu ng -‘MCv-’ ME) does no good , since thus does not
a iule (mull any -ass unmptu c um ns , sn- n t l n c ‘l’MS an-tic tine n- mew axio m E~ -’D which invalidat es tine
a s c u mnrj nt r rmn MI) annd so rect unt ec conc ist rmicy . ‘l’hm en e arc n- many sum lril e r mes involved , as
di scuic ced inn liii

Of coin , cc , in-i rnonr—un ronnotonii c hrit~nc t iren e us also anot her kim-id of anconsusten cy ,
th i t  cl ime to t h ere hieing n-mo fixed j -nninrt at all. ‘l Ine ‘l’MS c-ann loop forever in some cases
wl nem r pnecrn mr’rl w ith a lhrerm u y u o n ita ntm uni c : an mu nco nc istcnt suibt ineor y of this sort. Normally,
however , t hmis d oes muot ) - map~ien. 13] dpscni hnec sourne co ircl utions on tine st n ucture of the set
of j us nul ic a t ir uu ic uun ndr ’ i which a snn phihied variant of tin e ‘EMS can - n he shown to always halt,
MrAfl r’stet- ’ s t 23] ‘l’MS t i umoum p h i a diff e r riut orf a ni7 at ior n , appanent hy a vo mc u~ t hrese problems.
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I I  I) ict u u cc j o i u

Inn ( u ni t  u ‘st  no Ias~i ml I ’ m - nc ; , tine umon n -muourotonuc log ucs cx an-mined mn this p~tprr
hi m y e t ime h’ u opet t c ( h i n t  cx rrnudu nu r ~ a ( item - mm y (hoes riot always leave all theo ren’mns of tine
mi t nu~m uu , r l uh ico n v m i nt n t ,  S ua ci n in- C us s a te  cii grea pm a m:tu cal muici est in antr f uc ia l mtntell igence
mec r’a ud i , l~ m t i u - m c e  s u u f t r m - !  fnont n f c m t m n nda t ion ua l weakn ess. We h a v e  tried to repar r t h is
weakn ess I,y in n- mv iultum ~, ,nna%~-sr s of mom mnaunnolounic iii livability miii semantics. Our
clef m u m  un- ins hu ’ n d t n pr o mi ts  n-if tIn” ci’muinp k’teuir ’cs of norm —nnornotonnic logic and time decuda hil ity
cml the noun muumot omn ac sn- ’ ut t cn u m ml ca Ic~ulu ic ,

‘I’ he - mr i’m of nm c’n - nmom n(mto nlc l i- ic-m i- is ripe for fuur ti ier research. Son-ne open
puoblems have been nwmmtmotwcl in the J)t rdu-’diuig sections. In time following, we lust some
furt h er inrtct e ct m mi g to pics ~

Tine majo r ptourlr ’m for noni-n-mom rotonic Ioc,uc is deciding provability for more
t~enieu m l cas es thian statenn c nnt thwoniec, hl nn lmke cl a cc ucal logic , it appears tinat t he non—
nnonotonmc pm ed ucmtm -’ ca kum lu n ; i~ nut eveun seum-ite rudable. That is , t here seems to be no
procerlune wIn c h will t~h l youu wh uc un sonn eminiung us a t imc-orer n. If there wei-e , then we could
use it to clecirli w hnethn em p w a s a thr’orenn of n u m ber’ thneory by trying I-i prove p and M-’p
smnru ltanrou isly , since onme of thnese must he a theom -em (as there is only one non—monotonic
fixed pomnt n--if n niminu’r I hmeor v ) .

Are t inen e spc m ah nsrs inn wiudn Provability iS decidable or semi—decidable? We
coin lecture that mauny tl rrot me; of m nte m e s t to art i f icial intelligence are as ’pn/ -mtotically
i?e C,ilaI ’Ie , in tI me fo lhnwnru c~ senncc the re mc a procedure wh ich is allowed to change its
answe n- am inn d e f unn m t c nuinniic’ u of tin - icc about wh eth en a fornnui lm is provable , bunt changes
it s answer o ual y a fan - mite t umbeu of tarr ies on each pam t icu ar formula. ( See for examp le the
piobleni solving procedures given 1mm [Si Note also that classical first—order provability is
asYmptot ically decidable by a proceduire Gmat c-m an ges its answer only once ; answer
“ aitn p n’ ov ab le ” ann-i thr u’ni call any complete proof procedum uc , chan ging the answer if the
proof procedunie succeeds. ) Asymptotic dec ic lahn litv is a fairly weak property of a
predica te , b u t it isun ’t vacuous sumice theme a t e pa ed uc at es (s u ch as tota li ty) wh ich are not
decidable even in t his sense. Furt hmcrnnome , a ~roccchnn re of t his kind could be useful in
spite of tine provisronnal nature of its outputs , slm nce a robot always has to act on the basis
of incomp lete co g itation . Unfort u nately , it appears tinat even for some finite first—order
theories , pro vabili ty is not asymptoticall y decidable. We must look for useful special cases.

We have presented a fonn naluiat ro nn of nuoui nnonnotonic logic which, although very
wea k , ca l- ituutes most of tire mmpor taint Inrolnel ties desired , especial ly with regard to the
st i- udt ui re of models cml ni-mr-n -moruotounic t imeo r iec arid ilneir behavior unpon extension by new
axioms . ‘I’ he Iogmc seems In hr’ adequat e for describing the ‘EMS, an ability following
n at u ral ly from thi n’ snu n ic tnun e mmmd evolution properties just mentioned. The logic also 
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ad rm n itc a u n  m uo f cii i. mn uijn le te niecc arid a lii ccl lii oced mure ion tine case of suaten ient theories.

I, li - m ie n t um m mm t ci y , the wca k mn n’ sc (it t ime inmgic nnmun uf. ’slc itsel f in son-ne disconcerting
exc el n t m o n n al ac es w im ic It , w imm h c ecce unt ia lly m u m  eleva unt to thi n-’ str t ic - t n - nt c aund evolutnon
h~ 

open tie s , mmii if itr’ th at tine lomc faa ls to c - m i ) n um n e a cohen cut notion of conns isten ncy. For
cx amample , tIne theory
(28 ) 113 PC t u ( MC_ ’E) , -1) }
is in consiste n t mi - n ouir logic because mlt ho n mc :tr -‘MC follows lronn —D and MC~ D, ‘C does
riot follow , t ii ums allowin g MC to he as sunn , rcd ; aird so the theory fails to have a fixed
point. This can he remedied by ext endum ng time t inrou y to include “C, the approac h taken
by the T MS, butt this ex tei ncm on seen-ms mrhi tn an y to ti - me casuna l observer. As it happens ,
axio m s like MC~,D ate much less connnnoui inn a~’plica tuo nt s than tine unp roblema t ic MC~ C,
h ut  it wou ld i)c u- mire to get t in- I of lI n us prolmiem. Anuother incoherence of our logic is that
ceu ncustenc y mc not d m st tu bum umv e ; MC does n-not follow from MECAD). Our logic tolerates
ax icnunns whfr h fun-cc mn- i incohcn-emnt notion of co imsust e n cy , as iii
(29) ‘I’14 PC u { MC, -‘C }.
A s~ronget logic might n-not allow this by forc ing such theom ies to he inconsistent. We think
h u t  c u — i n  kigars are avau la b le , mind will r epor t their details in a fort hcoming paper.
Ron-mboc’s 12) Sysr emn n C p uve s scone m i n ts al’ouit time lot or of logics of provability.

There a ne seven -al pnohlerm ns of a nn mt hne uim atuc ml n at u re raised by non—monotonic
logic. Wi - mat au-c t i-m e detai ls cml t h e  relatiomn s innp between non-m-monrotonmc logic and the logics
of incomlilete mnfor ui- matmo n? What are t hn~ effects of differ -cut rules of inference cnn the
cor ustr uuctio ni of nioui—rn ronotonic models? What auc t Ine deta ml s of the evolution of the
propem- nc’s of decision arid j nrovahility? Are  th ere interpretations of non—monotonic logic
withirm classical logics ? Are there connections between non-monotonic logic and logics with
statements of ininmnite lr’nngthn ? Is t inere a topological interpretation of non - nionotonic logic
in analnc~y to the to~iologmcal inlet pm elation of the inituitioniist ic calcumluis?

‘Fl-mere are also a nrun’mher of more speculative and long range top ics for
investigation mai ced by noni-mounotonic logic. ‘l’he revision of beliefs performed by
art i f ic ial  initelhigence piograms can be viewed as a microscopic vemsuon of the process of
ch ange of sc ie nnt rfi c theories. ( For a fngunratmv e descrip t monn of such processes w hich is very
close to a true description of u oru-monotonic logic and the ~I’MS, see t he beginning of
section 6 of Qunmnie ’s Two I) ogma c of F on/ ’i t i dc n- u . [32]) Can the ideas captured in non —
monr cntoniuc logic he n- iced to clescnmhe tine genneral proces s of scnenti lic discovery, or
pn .ngmatic beinaviot in-n genera l? How are the h olist ic semantics of non-monotonic logic
re lated to ch anges in-n nnranuungs? (Cf. ~ia ,t icanla rly 17].) W inat are the trade—o Ils involved
in jumpiung to conc hisaonc? Ilow costly is the sinspension of ,judgrment? Can non —
monotonnic logic he u sed to effectively c lesc rm hc mind reason about actions , conmmands ,
co,un te r f a r t u na l s , an-mi caunsa lity~ -
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