AD=AO78 509

N ACSCSTETEN

CALIFORNIA UNIV LOS ANGE

COUNTABLE STATE AVERAGE COST REG

APR 79 B L MILLER
1l A=WP=2AR

LES DEPT OF SYSTEM SCIENCE F/e 12/1

ENERATIVE STOPPING PROBLEMS, (U)
N00O14=76=A=000%




um =8 i b=

= e g
c b Iro
m“] 1t b
= ¢ - T
L :
=

NATIONAL BUREAU OF STANDARDS
SEIOLUTION TESY CnalY




g Working Paper No 288 -

o

S

o)
e O
e
=

<

?

COUNTABLE STATE AVERAGE COST REGEQERATIVE
STOPPING PROBLEMS

by

BRUCE L. MILLER

1 April 1979
E a.
(e ]
o X u L”.":‘.\‘ T 3 i 10 .’.;L o
' »‘;’ §
(™ . § WESTERN MANAGEMENT SCIENCE INSTITUTE
£ University of California, Los Angeles

5 79 12 17 020

-




S e

/ i
¢ / COUNTABLE STATE 4VERAGE COST REGENERATIVE |

D P—

STOPPING JPROBLEMS |
#

———————— ~

/| Bruce L./Hule:xv.\

Department of System Science

Sl
University of California, Los Angeles
WP
| | Aprfl 979 /) ] :':—_; D D C

DEC 19 1919
APPROVID FOR PUELIC RELSASE

DISTRIBUTION UNLIMITED SOGGUUY
A

fl thank Steve Lippman for reading an earlier draft and

making a number of useful comments. I also thank Arie
Hordijk for suggesting reference [3]. This research
was supported in part by the Offfice of Naval Research
under Contract 14-76~A-0004. and the National Science
Foundation und ntract ENG-76-1225088N0NN

o

{ { A J 3 7, 4 s A4
.1/"/’ 76 = '.: 'y 4/




T R SEroee

stract

Regenerative stopping problems are stopping problems which recommence
from the initial state upon stopping. An algorithm is presented which solves
& semi-Markov regenerative stopping problem with a finite number of continue
actions by solving a sequence of stopping problems. New resulta for the opti-
mal stopping problem are obtained as well as for the regenerative stopping

problem. Two models in the literature are used as detailed examples of the

) algorithm,
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I. latroduction

Perhaps the most interesting result in the theory of optimal stopping from
& computational standpoint is the monotone stopping theorem (Chow, Robbins,
Siegmund [6, Theorem 3.3], Ross [14, Theorem 6.14), Abdel-Hameed [1]). That
theorem, vhich gives conditions for which a myopic policy is optimal, is re-
counsidered in the next section. The main two differences from earlier versions
are a more general cost structure and permitting a finite number of continue
actions rather than one continue action. Our motivation for reconsidering the
monotone stopping theorem is to apply it in solving regenerative stopping prob-
lems.

Regenerative stopping problems are stopping problems which recommence from
the initiasl state upon stopping. They have an infinite planning horizon and
either averaging or discounting must be used. The most important examples of
regenerative stopping problems come from the literature on maintenance models,
and a comprehensive description of maintenance models is available in the sur-
vey paper of Pierskalla and Voelker [16]. The impetus for this study came from
Kaplan's model [14] of the optimal investigation of a production system. There
the problem is to decide, based on reported monthly operating costs, vhen man-
agement should investigate and correct if necessary (stop). Omce correction
takes place the problem recommences from the initial state. In (5] Buckman and
Miller solve the Kaplan model as a discounted regenerative stopping problem and
also obtain some general results for discounted regenerative stopping problems.

Regenerative stopping problems were first studied independently by Brender
[4] and Breiman [3]. Breiman called them binary decision renewal problems.
Both authors proved that regenerative stopping prodlems could dbe solved by
solving an appropriste stopping problem which we will call a A-stopping probles




vhere ) has the interpretation as the average cost per period. The A-stopping
problem is defined by changing the cost associated with a continue action by
sWtracting the amount ) from it. Let V(1) be the expected cost of the A-8top-
ping probles using an optimal policy and starting from the initial state. The
theorem of Brender and Breiman is that 1f A* satisfies V(A") = 0, then the
right A has been used and the optimal decision rule for the X‘-otoppm problem
is also the optimal decision rule for the regenerative stopping problem. For
example, Taylor [21, Section 4) uses ihis theorem to solve an optimal replace-
ment under cumulative damages problem by determining A\* in closed form. In
[11) Feldman has reconsidered a more general version of Taylor's problem and
solved it by a different method. In problems where A\* cannot be determined in
closed form, an alternative would be to solve regenerative stopping problems
by solving & sequence of A-stopping problems ending with the A‘-ctopp!.n‘ prob-
lem, but neither Brender nor Breiman considered this approach. This approach
seems quite promising if the monotone stopping theorem can be applied to each
A-stopping proble=m.

In Section 3 the theorem of Brender and Breiman is generalized by allowing
s finite number of continue actions and letting the time spent in each state be
s random variable so that the problem is semi-Markov. Three further results
are obtained which lead to an algorithm for solving regenerative semi-Markov
stopping problems by solving a sequence of A-stopping problems.

In the last part of the paper the replacement-stockage model of Derman and
Lieberman [9) and the maintenance model with uncertain information of Rosenfield
[18) are solved by this algorithm, and the approach seems quite efficient and

flexible. However the algorithm has not been tested by solving large scale
problems.




II. Optimal Stopping

Our approach is to follow the formulation of Ross [20) and describe the
optimal stopping problem as a Markov decision problem with a countable number
of states 0, 1,... vhere state 0 1s the initial state. Our formulation is
discrete-time and the process is observed at time points t = 0, 1, 2, ... .
When the system is observed in state 1 at time t we choose from a finite set
of continue actions A‘ or decide to stop. If actiona ¢ A1 is chosen, we receive
a cost of C(1,s) and the process goes and to next state at time t + 1 according
to the probabilities PU(.)° If we stop we receive the cost C(i,s) and 8o to
state 4 vhere ve stay forever and C(A) = 0 each period. The artificial state
4 is a notational convenience which allows us to let the planning horizon to be
infinite. An admissible policy 7 is a decision rule which assigns to each
state { and period t an action w(i,t) ¢ A‘u(l}. vhere s is the stop decision.

Our objective is to find a decision rule which minimizes the expected cost up

to and including stopping where the initial state is C.

In order that our objective function be well-defined and that the mono-
tone stopping theorem applies to our problem, we need some additional restric-
tions on the cost structure. We will assume that there is a scalar M and a set
S containing 4 which satisfies the three assumptions below. Often s€, the com-

plement of S, will be a finite set of states and it may be empty. If s€ 1s not
empty it will contain the initial state 0. Loosely speaking, the system

starts in S and eventually reaches S, the "well-behaved" set (Assumption

3114 below).

Assumption 1. Either (1) or (11) holds. Condition (1) is that [C(1,8)| <M
for all states i. Condition (i1) is that for all states i, C(i,8) > - N,

and P, (a) > O implies that C(§,s) 2 C(1.6). Purthermore if 1 ¢ s¢ then

3




C(1,8) < M, and P, (a) > O implies C(J,8) < M.

3

Asgumption 2. Inf (min C(i,s)) >- M, and eup (max C(1,a)) < M.
1ea €A, 1ts°a':A1

Assumption 31. There are numbers N and 6 > 0 such that

L
inf P 369
1 ¢ se {jFS ”}

vhere P;‘J is the probability of going from state i to state j in N periods
and depends on the decision rule. We require that the above inequality holds
for all decision rules.

(341). The set S is closed. By this we mean that 1f i € S and § € S°

then Pi (a) = 0 for all a € Ai' The stop action also satisfies (ii) since

]
a¢ s,

(3411). For some € > 0, C(1,a) > € for all { € S\{a} and a € A,.

The Assumptions 1 and 2 imply that the costs are bounded above and below
for states in sc, and Assumption 31 says that there is an N-stage contraction
on the probability of staying in 3. Assumption 3ii assumes that when the sys-
tem reaches the set S it will stay in S. Assumption 31ii states that there is
a strictly positive cost of continuing when the system is in the set S.

Let zt and LR be the state and action at time t. Then the expected return

starting from stat2 i and using the policy 7 is
¢ (1) = l'uu(g c(ze"c”‘o - 1) ).

This expression is well~defined because of

Lemma 1. Let x = max (0,-x). Then for all policies m,

n
:'(m(ti.:o c(z .00 ) |2, = 1))) < (i/8) + M.
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Proof. The lemma follows from the fact that the continue cost per period 1is
only negative vhen the system is in $¢, and the expected time in 5 18 less
than or equal to N/§ for any policy. To MN/§ we add M since - M is a lower
bound on the cost of stopping. Q.E.D.

We let G(1) = inf c'(x) for all 1, so that G is the optimal return func-
tion. We will prove (Lemmas 2 and 3) that G satisfies the equation of opti-

mality

nt:A1

G(1) = min (C(l.l). min (C(i,a) + ZPU(.)GU)))' ()
b

Our formulation differs from Ross [20] in two major ways. Unlike Ross
ve permit a finite number of continue actions. The generalization to a finite
number of continue actions does not complicate the derivation of the monotone
stopping theorem wvhich gives a condition for stopping to be optimal. It does
represent a major complication for obtaining the optimal policy since we must
determine which continue action to use for states where stopping is not opti-
mal. This complication is addressed in the last section where specific models
are solved. It seems possible to further generalize the action space using,
for example, the methods of Fox [12].

The other difference between our formulations and that of Ross is that he
has more restrictions on the cost structure. He requires for all states i that
(a) 0 > C(1,8) > - M and (b) for some € > 0, C(1,a) > €. Although on [20, p. 135]
Ross does not require that C(i,s) < 0, his proof of the monotone stopping theorem
requires nonpositive stopping costs.

The general statement of the optimal stopping problem is given in Chapter 3
of Chow, Robbins, and Siegmund [6]. They assume that a sequence of random vari-
ables 71.72.... having a known joint distribution are observed. 1If we stop at




the nth stage after having observed YyreeoYgr then a cost of xn-!(yl.....yn)

i is incurred. The objective is to stop so as to minimize the expected value of
the cost received upon stopping. If for some sample path we never stop, then
the cost is undefined so that this formulation requires that an an admissible
decision rule stop with probability one.

Beside the limitation of a countable state space, our Markov decision for-
mulation is more restrictive than that of Chow, Robbins, and Siegmund [6]. For
example, Derman and Sacks [10] consider an equipment replacement problem which
fits our Markov decision formulation except that their criterion is to minimize

the expected cost up to and including stopping divided by the number of periods

until stopping. This cost structure can be handled by the Chow, Robbins, and
Siegmund formulation but not by ours. In that paper they also mention the more
plausible criterion of the expected cost up to and including stopping divided by
the expected number of periods before stopping which is a regenerative stopping
problem.

Returming to our model, we want to establish the monotone stopping theorem
under Assumptions 1-3. Our approach follows that of Ross [20]. Although we
admit policies vhere the expected time until stopping is infinite, we begin by
observing that we can eliminate those policies from further consideration since

their expected cost in infinite. This is true using Lemma 1, the fact that the

expected time spent in S\{4} 1s infinite, and Assumption 3iii. In the lemmas
to follow we will implicitly use the fact that G(4) = 0.

Lesma 2. For jes/{4},

(a) The optimal return function satisfies the equation of optimality (1).
(b) The stationary policy which for each state j € S selects the action H
q

vhich minimizes the right hand side of (1) is optimal. 4
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(c) The optimal return function G satisfies C(j,s) > G(J) > - M.
Proof. The set § 1s closed and the states in S satisfy Ross' restrictions
oa the cost structure. Furthermore, as noted above we only need consider
decision rules such that the expected time until stopping is finite. There-
fore Ross' arguments [20, p. 135-136) apply directly to prove (a) and (b) of
the lemma. The upper bound in (c) 1s obvious and the lower bound holds since
the cost of stopping is bounded below by - M and the costs of continuing are
nonnegative. Q.E.D.
Lesma 3. Por j ¢ S,

(a) and (b) of Lemma 2 hold.

(c) The optimal return function G is bounded above and below.
Proof. Let u and v be bounded functions on S, v be a policy defined on S°©
and p(u,v) = sup clu(l) - v(1)|. Let T:(u) be the expected return in the
first N porio:u:uitng the policy n where u is the terminal reward vector,
under the assumption that if a state j € S is reached in some period n,
n < N, then the process terminates with a reward G(j). Therefore o(T:(u).
T:(v)) < (1-8) p(u,v) since expected probability of leaving s in N periods is at
least § by Assumption 3i. Also ‘l‘:(-) is bounded if u is bounded since both the
costs of continuing and stopping are bounded on Sc. and the possibility of
reaching S does not destroy the boundedness properly. The latter is estab-
lished by combining Lemma 2c with the implication of Assumption 111 that the
first transition out of S will be to a state with a bounded stopping cost.
Thus we can have the N-state contraction property, and (a), (b), and (c) of
the lemma follow from Denardo [7]). Q.E.D.
Lesma 4. The nonegative term C(i,s) ~ G(1) 1is bounded.
Proof. If Assumption 11 holds the rceult is immediate since C(i,s) is bounded

above, and by Lemmas 2¢c and 3c G(1) 1is bounded below.




If Assumption 1ii holds then for 1 ¢ S C(1,8) = G(1) since the continue
costs are nonnegative and C(j,s) > C(1,s) if P:j 20. Forice s€ C(1,s) 1s
bounded above by assumption, and by Lemma 3c G(1) is bounded below. Q.E.D.

Let G be the optimal return function for an n period problem where we
are required to have stopped after n periods. Clearly ¢ 3,Gn+1 2 G.

Lemma 5. For each state 1, lim G"(i) = G(4).
Proof. By Lemmas 2b and ant;C:. is an optimal policy which can be obtained
from (1). Following Ross [20, Theorem 6.13) we let n be this policy and "n be

the policy which uses the same action as n for periods 0,1,...,n-1, but stops

in period n. Then G"(1) < G (1) and
n

Gy (1) - 6(1) = T (€(3.0) - 6] Plz_=3]
n i=0

vhere Zn is the state in period n. By Lemma 4 the term in brackets is bounded
and since the expected time until stopping starting from any state i is
bounded, P[Z =A] + 1 as n + = which show ‘h“nlf'.c:nm = G(1). Q.E.D.

Lemma 5 has been called a stability condition by Ross [20] and Breiman [3).

Lemmas 2, 3, and 5 are sufficient to establish the monotone stopping theorem.

Let

B={1:C(1,8) < min (C(1,a) +2P:J c,e}.
ac A1

B 1s precisely those states for which stopping {s at least as good as continuing
one more period and then stopping. Clearly is 1 € B we continue, but not neces-
sarily with the action which minimizes C(1,a) + r;jxcu..). Rather than

stating the monotone stopping theorem for the set B we state it for a subset
of D of B. This can be useful since a subset of B may be easier to identify
than B.




The Monotone Condition. A set of states D satisfies the monotone condition if

it is closed and is a subset of B.

Theorem 1. (The Monotone Stopping Theorem). If a set D satisfies the monotone
condition then for i ¢ D the optimal decision is to stop.

Proof. The proof of Ross [20, Theorem 6.14) applies. Using the definition of

B and the fact that DB is closed, Ross' proof shows that Gn(l) = C(i,s8) for
all n and 1 € D. Then by Lemma 5 G(1) -nxi-_c"(x) = C(1,8). Therefore the stop
decision minimizes the right hand of side of eq. (1), and by Lemmas 2b and 3b

the stop decision is therefore optimal. Q.E.D.

II1. Regenerative Stopping Problems

Regenerative stopping problems are stopping problems which return to
state 0 upon stopping and recommence. We will continue with the countable
state space of the previous section except for eliminating the artificial
state A. However the transition times will be generalized so that we have a
semi-Markov formulation. There is no standard semi-Markov decision model
(compare for example Denardo (8], Lippman [15], and Ross [19]) and we will use
one of the simpler versions.

The process begins at state 0 at time 0. When the system is observed in
state { (immediately) after the nth transition, we choose from a finite set A1
of continue actions or decide to stop. If the action a ¢ A1 is chosen the
process goes to the next state according to the probabilities Pij(')' Given
that the next state j, the time for the transition to take place is a random

variable th

<1 - ¢ for all 1 and a vhere rtj.(-) is the distribution function of Tijn'

-
o We will require that for some § > 0, € > 0, go PU(.) F“.(G)

This condition says that for every state i and continue action a there is a

positive probability of at least € that the transition time will be greater

T,




than 6 which, in turn, means that there is & strictly positive bound on the
expected time until the system returns to state 0. For any state i, 1 > 0,
we may choose to stop. Then Pio(l) = ] and the time until reaching state gero
b is given by the random variable Tln' There are no restrictions on 11. except

when 1 = 0. For state 0 we require that for some §>0, € > 0, Prob(T_ > &) > €,

Os
We require that both !lTij.] and ![11.] be finite. The costs for continuing

and stopping are given by the nonnegative random functions C(t.n.Tij.) and

C(1,8,T, ) respectively. They are both incurred at the beginning of a transi-

is
tion. Following Lippman [15] we will let a policy 7 be a decision rule which,
given the number of the transition and the state, says which action is to be
chosen. It would be preferable to have the decision rule depend on the time

of the transition rather than the number of the transition, since in a finite
horizon semi-Markov problem the optimal policy would depend on the time remain-
ing to the end of the horizon dut not the number of the transition (Jewell,
[13)). However, the additional complication of allowing the decision rule to
depend on time does not seem justified for our purposes. For & policy 7 we

let

1
X" = lim sup -y E[U"(t)]

t - =

where Hr(t) is the expected cost up to and including t using the policy 7
starting from state 0, so that x“ represents the average cost per period using
the policy m. The conditions on the ija and TO. and the nonnegativety of the
costs assure that x' is well-defined although possibly infinite. Let x*
- i:f X . Our objective is to find a policy »" such that xwt - x*.

We propose to solve our semi-Markov regenerative stopping by solving a

sequence of )A-stopping problems where A\, - ®» < A < ® has the interpretation

as the average cost per period. A A-stopping problem is constructed from the

10




data of a semi-Markov regenerative stopping problem by letting the Pij(.) and

the time between transitions remain unchanged, and setting

) = AT

tjal

C(1,8) =3P (a) E[C(1,a,T
3 1] ija

and
C(i,8) = !(C(i.-.Ti.) ~ XT‘.).

Thus we have an optimal stopping problem which may or may not satisfy
Assumptions 1-3, and for which the length of time between transitions is a
random variable. Clearly the optimal stopping problem is unaffected by the
length of time between transitions as long as they are finite with probability
one.

Let G(1,)) be the optimal return function of the A-stopping problem from
the initial state {. The case wvhere i1 = 0 {s important enough that we introduce
the function V defined by V(1) = G(0,A). Let A be the set of A such that the
A-stopping problem satisfies Assumptions 1-3 of the previous section. The set
A 1s a semi-infinite interval since 1f 1A' € A and ) < )' then ) ¢ A since only
Assumption 3iii will depend on the choice of ) and it is easier to satisfy the
smaller the value of ). Unless otherwise stated, we will be assuming that
A € A for any A-stopping problem being considered. Besides illustrating the
notation, the following is an example of a problem where there is no A* such

that VO*) = 0.

Example 1. Consider a discrete time problem where there is only one continue
action for each state, and ’i.i#l(') « ] and C(i1,a,1) = 1 for all i. For
states 1 > 1, the stop action takes no time (T‘. = 0 with probability one) and
C(1,s,0) = 1. For state 0O the stop action takes one period at a cost of 10.
By inspection the optimal policy for the regenerative stopping problea is to

never stop and the average cost per period is 1. If A < 1 then the set S can




be the entire space 0,1,2... and Assumptions 1-3 holds for the A-stopping prob-
lem. If A > 1, the set S must be empty by Assumption 31i{{, but then Assumpticn
34 cannot be satisfied. Therefore A = (- =,1),
The function V(1) for this problem is
V(A) =2 - ) A<l (the optimal policy is to stop after
the transition from state O to state 1).
V(A) = - = A>1 (the optimal policy is to never stop).

Clearly there is no A" such that v(\*) = 0.

Let 7 be a policy for the A-stopping problem wi.ich satisfies E[T] <=
where T is the random time until stopping using the policy m. Let V'(A) be the
expected cost of the A-stopping problem starting from state 0 using the policy
7. Then

V. (A) = E[C] - XE[T] (2)
vhere C is the original (without subtracting the ) terms) cost up to and in-
cluding stopping using the policy 7. Thus E[C] = v (0) = Gﬂ(0.0). Equation
(2) simply decomposes the costs of a A-stopping problem.

We will now prove the theorem of Brender [4] and Breiman [3] in the semi-
Markov case where policies are admitted where the expected time until stopping

is infinite.

Theorem 2. Suppose that A\* ¢ A satisfies V(A*) = 0. Then the policy which 1s
optimal for the X'-otopplng problem is optimal for the regenerative stopping

problem. Also \* = X‘. the optimal expected cost per period.

Proof. Let 7 be a stationary policy which solves the A*-stopping problem.
Such a policy exists by Lemmas 2 and 3J and furthermore !IT'] < ® yhere T' is
the random time until stopping using the policy . The expected cost up to
and including returning to state O using the policy w is A\* E(T,]) from (2)

since v"(x') « v(A%) = 0.

12
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Let Y1 be the random cost in the regenerative stopping problem for the ith
return to state O using the policy 7. We have just shown that E[Y ] =~ 2t ElT ).
By Ross [20, Theorem 3.16] including his subsequent remarks lim %-l["w(t)] . 2%,

Lt * =

Since X = lif. % E[V_(t)) we will have established that A* = x* once we have
ootnbltuhcdtthnt n is the optimal policy for the regenerative stopping problem.
Now let 7' be an arbitrary admissible policy for the regenerative stopping
problem with E(T".] < ®, The expected cost up to and including returning to
state 0 using the policy 7' for the regenerative stopping problem is greater
than or equal to A'E[Tﬂ.] using V“.(A') > V(X') = 0 and equation (2). The same
analysis as above shows that 1lim % l[U“.(t)] > .
Let 7' be an arbitrary lezc; for the regenerative stopping problem with
EIT".] = ®, We consider a modified regenerative stopping problem where
C(i,a,T

[ ®
111) - C(i,l.th‘) - A Tija

$ -\
C(1,s,T, ) C(t.l.Ti.) A Til

is
The proof consists of showing that the average reward of the modified regenera-
tive stopping problem is greater than or equal to zero and therefore that the
average rewvard for the original regenerative stopping problem is greater than
or equal to A",

The expected cost up to and including returuing to state 0 for the modi-
fied regenerative problem is V“.(A.) since the modified regenerative problem
has the same costs as the X'-.topping problem. By using Lemma 1 (X. € A) and
the fact that z(r”.] = ®», Ross [20, Theorem 3.16] can be easily modified to
show that the average reward of the modified regenerative stopping problem is
greater than or equal to zero. Q.E.D.

The following propositions will be used in the algorithm for solving re-

generative stopping problems. The first establishes some useful properties

13




of the V function. The second gives an alternative optimality condition, and
the third shows how the solutions improve as successive A-stopping problems
are solved.

Proposition 1. V:A - R is & decreasing, and finite-valued, and concave func-

tion of A. Since V is concave it is known that the right and left hand deriva-
tives exist everywvhere on the interior of A. Furthermore

ViQA) > - E[Tx]‘l VL(X) (3)
vhere V' and V; are the left and right hand derivatives of V and T, is the
stopping time of a A-optimal policy.
Proof. It is clear that V is decreasing in A. Furthermore V > - = for 2 ¢ A
since Lemma 1 applies. To show that V is concave consider points A.akl +

(l-o)lz. and A, where 0 < a < 1. Let 7 be an optimal stationary policy for

2
the nll + (1-2) Xz-utopping problem. If that same policy m is used for the

Al and ), stopping problem then from (2)

2

- av"(xl) + (1-a) V“(Az).

V(Xla + “'°”z) - vﬂ(ul\1 + (l-o)kz)

However

V“(Al) > V(Xl) and V_(},) 2 V(Xz) vhich shows the concavity of V.

The inequalities on the right and left hand derivatives are established
by using a similar approach. Let 7 be the optimal policy for the A-stopping
problem. Then for € > 0,

V(+e) = V(A) <V (O#e) - V. (A) = - € E[T]

where T is stopping time of the policy w. Letting € go to zero establishes

the result for v;(x). The proof for V'(1) is similar. Q.E.D.

Proposition 2. If m is optimal for both a Al-ctopptnc problem and a Az—otop-
ping problem, where V(Al) >0 and V(Az) <0, Al < Az. and Al' Az € A, then 7 is

optimal for the regenerative stopping problem.

14
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Proof. From (2) v'(x) - V'(Xz) - (A-lz) !(T'). By Proposition 1, V(-) i{s con-

cave, V:(Az) > - l(T'). and V;(ll) < - !(T'). Therefore V' (A) = - t(T') - v;(x)

for Xl <)< xz. This together with either vw(xl) - V(Xl) or vw(xz) - V(xz)

implies that V (1) = V() for A, € A < A,. Furthermore since V(X;) 2 0 and V(2,) < 0O,
it 1s clear that V(A) = 0 for some A between ll and Az and that 7 is optimal for

the regenerative stopping problem by Theorem 2. Q.E.D.

Proposition 3. If V(Az) > V(Al) 20 = V(X') then the Xl—optinnl policy is at

least as good as the Xz—optinal policy with respect to the regenerative stopping

problem. Likewise 1f V(X)) < V(A;) < 0 = V(A") the A -optimal policy is at
least as good as the Az-optinnl policy with respect to the regenerative stopping
problem.

Proof. We only prove the proposition for the case V(Az) > V(Xl) > 0 since the

other proof is similar. Let ™ be the Xl-opttlnl policy and 7, be the Az-oyttlal

2
policy.

First wve establish the inequality ![12) < E(TI) where the subscript 1
refers to the policy “l and 2 refers to "2' Assume the contrary. Then
(Xz-ll) ![TZ] < (X2~A1) E[Tll since Az < Al' Also B[Czl - lesz] < E[Cll -

122[11). Adding these two inequalities implies that n, ie strictly better than

2
™ for the ll-otoppin; problem, a contradiction.
Returning to the main argument,

1f we divide both sides by z[rz] and ![11] respectively, the inequality is
maintained and
z[cz] E[C,)

m‘;}' b Xl _>_ i‘ﬁb - xlc Q-‘.D.

From example 1 ve see that for some problems there is no A such that
V(1) = 0. In that example the optimal policy was to mever stop. Proposition 1
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implies that the existence of a A € A such that V(X) < 0 is & sufficient con-
dition that there 1s a A* ¢ A such that V(A") = 0. The existence of such a X
19 often easy to verify. If we have such a X then the algorithm below will
only consider A < X and which therefore belong to A.

The Regenerative Stopping Algoritha.

Step 0.A. Find a Xo vhich 1s less than X*, the optimal average cost of
the regenerative stopping problems. The models of the next section will pro-
vide examples of how this Ao can be found. It is desirable that Ao be as large
as possible. We solve the Xo-otopptng problem and let 7 be the optimal policy
for that problem. Since Ao < V(Ag) 2 0. 1If a mistake is made and Ao 1s
greater than X", then V(Ao) < 0 and Xo can be changed until V(Ao) > 0.

Step 0.B. Set A, = min (X ,%) where 7 1s the optimal policy of the
Xo-ctopptng problea. We solve the Xl—atopptn; problem. Since Al > 5
V(X,) < 0. We check if Theorems 2 or Proposition 2 is satisfied. If not we
continue to Step 1.

Step 1. We are nov in the general case where ve have solved a Ao-ltoppm

problem and a Al-utoppm problem wvhere Xo < x* and Al 2 X*. The new A-stop-

ping problem to be solved is given by A"V a atn (A.x') vhere 7 1is the best
(lowest average cost) policy determined to date, and A = M' + (Q-a) AA vhere
0 <a < 1. The subscript B stands for bisection and the subscript A stands
for approximation. Computational experiences suggests choosing a low value of
a, since the approximation is quite accurate. We have X. - 1/2 Ao +1/2 Al. )

XA is the ) such that v‘(x) = 0, vhere VA(A) is based on the four equations: .

vA(xo) - v(xo) 3 v‘(xo) s 'erol B J

10))
VA(AI) - V(Al) ’ and "“I) . - I[Th) .
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These equations determine the coefficients of the cubic approximation VA(X) =

.0 + lll + lzlz + 33X3. The derivative conditions are based on Proposition 1.
The X“"-l:opping problem is solved and \™V replaces Al if V(A"') < 0 and re-
places ) 1f V(A"®¥) > 0. We check 1f Theorem 2 or Proposition 2 is satisfied.
If not we return to Step 1.

Comments. A value of a > 0 in Step 1 assures that the "interval of uncer-
tainty" goes to zero. Besides assuring that the "interval of uncertainty" goes
to zero there is a rationale for a positive a even if the cubic approximation
is excellent. Suppose that a = 0 and AA 1s close to either Ao or Al say Al.
Then we would prefer that V(XA) 2 0 so that the next interval of uncertainty
18 (0)s})) rather than (Aj,1,). 1If a > 0 then A" < A, and V(A"*") > V()

8o that V(A"*Y) 1s "more likely" than V(AA) to be greater than or equal to
zero. When XA is roughly between Xo and 11 the choice of a is not important.

If we stop before optimality Proposition 3 says that either the current
Ao-opttanl policy be the current Al-optinnl policy will be the best policy de-
termined to date, and that earlier efforts can be forgotten. The higher of
the average returns of these two policies can be compared with the current
lower bound on X", Ao.

An alternative to Step 1 would be the policy iteration approach where
e x'. vhere 7 is the most recently considered policy. In this case the
sequence of ) would be decreasing to =

Finally, let 7 be the optimal policy of a A-stopping problem. It is in-

teresting to observe, using the notation of (2), that

Eic) E[C,) - A E[T 1765 BRPR 10))

vhen V'(1) exists, the last equality by Proposition 1. Therefore l‘ equals
the point where a supporting hyperplane at V(\) to the concave function V




would equal 0. This is reminiscent of Puterman and Branelle's result [17)
relating Newton's method and policy iterstion in the finite state finite

action Howvard model.

IV. A Replacemant-Stockage Model

Derman and Lieberman [9) consider a machine which requires one transistor.
When a nev transistor is installed there is a probability f. that it will per-
form at service level s, s = 1,2,3... . After each period the service level
either stays at the same level or the transistor fails with probability p, in-
dependent of the length of service. When the transistor is in service, at the
end of the period one may either leave it in service or remove it if the ser-
vice level is unsatisfactory. Spare transistors are kept in a bin according
to the rule that, vhen empty, the bin is restocked with N new transistors and
the machine is shut down for one period. The objective is to minimize expected
average cost per period over an infinite horizon. The problem is to determine
a restocking level N* and a rule for replacing a transistor in service which
meet this objective. For simplicity we will assume a less general cost struc-
ture than they did, but one which does include their example prodlem. We assume
an ordering cost of K + cN vhen N > 1 transistors are ordered where the constant
K includes the cost of operating with zero transistors during the one period it
takes for the order to be received. The operating cost per period is hn + u.
vhere s is the level of service and n is the number of transistors available,
0<n <N, and h is & positive holding cost. We also want v, nonnegative and
increasing in s.

Derman and Lieberman [9] formulate the problem as a countable state Markov
decision problem with states (1,8) 1 > 1, # > 1, and a state 0. When the sys-
tem is in state (i,s) they mean that 1 units of stock are on hand of which one
is installed at operating level s. The possible decisions in state (i,s) are
to replace the unit in service at the end of the period or mot to replace the
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unit in service. At state O they decide how many units to order. On page 615 1

S Bl AN RS

of [9) they outline their algorithe wvhose overall plan is to decompose the

replacing and the ordering decisions. Pirst they determine an upper bound N
for N, and for N = 1,..., N, calculate by policy iteration the optimal policy
for the problem of determining for which service levels the transistors should
be replaced with a new one. Derman and Lieberman develop several tests to
speed up the calculations. Bell [2] reconsiders the problem and applies the

monotone stopping theorem to obtain some new tests to speed up the calcula-

tions, but the overall approach is that of Derman and Lieberman.

We will reformulate the problem by simplifying the state space at the

price of enlarging the action space. We let the state space be the integers
i, 1 > 1, vhere state { means that i units are on hand including any in ser-
vice. In this formulation 1 i{s the initial state. For any state i there are
& countable number of continue actions a = 1,2,3,..., ® vhere taking action a
means that the installed unit will be replaced if it is operating at level a

or vorse. The expected cost for state i and action a is

1
C(1,8) = Y (hiw ) £ =+ ¥ (hitw) £, )
4 o er s s
The expected length of time in state { is ) f -:;4' b » f,. For convenience
s<a s>a

ve have assumed a highly plausible form of the nplac;cnt rule. This assump-
tion can be justified from equation (6) which follows. Because of the simple

way in vhich the costs and expected transition time vary with the action a, the
countable number of decisions does not cause a computational difficulty. Since
the best action can always be determined there is no theoretical complication ;

from going from a finite number of continue actions to an infinite number.

We make a second major alteration in the formulation by assuming that
P:’-lifj-1+1tcthot than for § = £ = 1. Thus 1{f N ie the reorder level
we will perceive the stock level as going from the states 1 to 2,..t0o Nto N + 1
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to 1, rather than as they do physically from N to N-1,... to 0, to N. In
the averaging case this reordering will lead to the same average cost per
period. The purpose in this reordering is to allow a stop decision with each
state 1, { > 2, and so that for the A-stopping problems the set B will satisfy
the monotone condition and Theorem 1 can dbe used. The cost of stopping,
C(i,s), 18 K + c(i-1), 1t takes one period, and the system returns to state 1.
We multiply ¢ by { ~ 1 since if we stop at state i the reorder level is { - 1.
For each A-stopping problem the smallest state wvhere we stop, and hence the re-
corder level, will be determined by applying the monotone stopping theorem.
To see that this reformulation is justified consider the policy which in
the Derman and Lieberman formulation orders two units in state 0, replaces in

state (1,s) if s > 3, and replaces in state (2,8) if s > 2. The expected cost

1 1
per cycle is K + 2c + 3 (htw ) £ A D (htw)) £+ @htw)) £) =+
8<2 8>3
T (2b+w)) f_ and the expected length of the cycle 18 1 + 3. £ 24 ¥ £ +
s’ s s p &

8>2 8<2 8>3

’1 -:- + .;2{.. In our formulation that policy is: choose action 3 when in state
1, sction 2 vhen in state 2, and stop when in state 3. It can easily be seen
to have the same expected cost and same expected length per cycle as those
just given.

In order to apply the Regenerative Stopping Algorithm, we first check
Assumptions 1-3) for the A-stopping problem in order to determine A. For any A
let S = {1:h1i > A}. Assumptions 31, 311, 3111 are satisfied. Assumption 2 is

satisfied. Assumption 1i 1s not satisfied but Assumption 111 is satisfied.

Thus A = (- ® 4 @) and clearly there 1s a large X € A such that V(X) < 0. Next

ve look at the set B = {1:C(1,8) < (min C(1,8) + C(i+1,0)), 1 > 2} =

a €A
i
{1:0 < min C(4,8)+ c, 1 > 2) where C(1,8) 1s the cost of stopping for the
ac A‘
20
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A-stopping problem and equals K + c(i-1) - A. The C(i,a) are the continue

costa for the A-stopping problem and equal ¥ (hitw -)) f =+ T (hitw -)) £ .
a<a 8 s p .z‘ ) 8

Since C(1,a) is increasing in { because of the holding costs, B 1is of the form
{1:4>1"} for some integer 1" vhich 1s a closed set and Theorem 1 can be ap-
plied. It turns out that the best continue decision is easily determined for

the A-stopping problem since Pit#l(') = ] regardless of the choice of a. For any

state i the best continue action, a*(1), is
a*(1) = inf {s:hivw >}, (6)

It is precisely (6) that Bell [2] exploits in his approach to this problem. We
are ready to apply the algorithm once wve have determined Ao. the lower bound on
X*. This lower bound is obtained by assuming that tl = 1, that we alwvays go to
the most favorable operating state. This assumption eliminates the replacement
decision and

N
1
10 - ::,1, {(x + 12:1 [c + (vlﬂu) ;])/(lﬂilp)). (7

Example 2. The first problem we consider is one that is presented ia both Derman
and Lieberman (9] and Bell [2). The data are p = .1 f. - (1/2)%; 8 = 1,2,3,... .
hed, v =100 (1.4 = (.2/2°7)) - 4, K = 140, and c = 20. In this example

ve will let a, the weighting factor of the Regenerative Stopping Algorithm be

1.

First eq. (7) 1is solved and )\, = 123,63 with the minimizing N = 1. Then

0
the Xo-otopptng problem is solved. For state 1 a*(1) = 2 using (6) since
4 + 116 < 123.63 but 4 + 126 > 123,63. The value of C(1,2)= (4+116 - 123.63)

(1/2)(10) + 22 (44w -123.63) £ = = 13.29. For state 2 a*(2) = 1 and C(2,1)2 0
o3

80 that 2 ¢ B. Since we stop at state 2 the reorder level is 1. €(2,123,63)
= 160 - 123.63 = 36.37, and G(1,123.63) = ~ 13.29 + 36.37 = 23,08 = v(123.63).
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We do not determine a value for X, and ‘x = 123,63 + (23.08/6.5) = 127.18, the

&verage cost per period of the above policy n. When we solve the 127.18-stopping
problem, the policy m is again optimal and V(127.18) = 0 so that n is optimal by

Theoren 2.
In order to gain more experience with the algorithm the following problems

vere solved: As before p = .1, f. - (1/2)*, 8 ~1,2,3,... K = 140, ¢ = 20, but
b= .1andv = H(1-(15/16)*") - .1 vhere H s & scalar. These problems had
optimal order quantities N* of between 10 and 20. Recall that the algorithms
of Bell [2) and Derman and Lieberman [9] must solve N* policy iteration prob-
lems.

Different runs were made by using different values of the weighting factor
a and the parameter H. The computational results in terms of the number of

A-stopping problems solved were

a=0.0 a= .02 a= .10 as= .25

H = 4.6 & 5 6 6
H = 4.8 5 5 5 6
H = 5.0 5 5 5 6
R = 5.2 5 5 5 5

V. Markov Deterioration with Uncertain Information

Rosenfield [18) considers a maintenance problem where the underlying Markov
process has actual states 0,],...,N, vhere 0 is the best state and N is the
vorst state. The actual state is not known except at certain times and the ob-
served state is (1,k) which means that k periods ago the system was observed in
state 1, where 0 < { < N, and k > 0. Each period the actual state of the system
changes according to a Markov transition matrix P. Thus if the process is in
state (1,k) the probability the actual state is j is r:j. the 1] element of the

matrix P to the kth power.
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Each period there are three available decisions for state (1,k), repair,

' no action, or imspcct. If the repair decision is selected, the cost is R and
the sv/stem moves tu ontc (0,0) the next period, With the decision no action
the expected cost is Z Pi.‘l 3 and the system moves to state (i,k+l) the next

i=0
is interpreted as the one-period operating cost when the ma-

period, where Lj

chine is in state j. The expected cost sssociated vith the inspect decision

N
is M + 2: P‘JL’ where M is the cost of inspection, and the systems moves to
j=0
k+l

state (J,0) with probability Pij 5

This 1s che Rosenfield model except that we have not permitted the cost of
repair to depend on the actual state. Like Rosenfield we will require that the
matrix P satisfy Pij n'g 3l s, P 1 < 1 except for § = N, and jg; P 14 is non-

decreasing in 1 for k = 1,2,...,K. Rosenfield cites results which show that if

P satisfies the above conditions then so will Pk. We will assume that the Lj
are increasing in j. From Rosenfield [18,L¢l-n 1) we have the results that for

any increasing function Wy 0<j <N, 2 P“ W, is increasing in 1 and in k
3=0

vhen P satisfies the above conditions.

As with the replacement and stockage model of the previous section we will
reformulate the problem and simplify the state space by enlarging the action
space. In our formulation the states will be the actual states 0,1,...,N. For
each state i there will be both a countable number of continue actions and a
countable number of stopping actions. The continue actions are of the form
a-inspect, a < 0, and have the interpretation, "inspect after a periods have
passed.” The decision takes s + 1 periods and the associated coat vhen in state
t1s (1, + 21’“1., $ o4 zrunj +M). TYor a =0 this cost ia L + M. The
systenm then -ovu to state J wuh probability r“ The stopping actions are

of the form a-repair, a > 0, and have the interpretation, "repair after a
periods have passed.” This decision takes a + 1 periods and the associated cost
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R, and for a = 1 this cost 1is L1 + R. The system then returns to atate 0. More

than one stopping decision does mot conform with the formulation of Section 3.

vhen in state 1 is (L +TP L o+ ...+ TP +R). For a= 0 this cost 1s
] ]

However, this will cause no difficulty since for each A-stopping problem we can
identify the lowest cost stopping decision.

There is some loss of generality with our formulation of the state space.
Once the system is in state (1,0), 0 < 4 < N, in the Rosenfield notation the
formulations are the same. However, if the initial state is (i,k), k > 0, then
our policies do not apply until che first inspection or repair takes place.

In order to apply the Regenerative Stopping Algorithm, we check Assump-
tions 1-3 for the A-stopping problem in order to determine A. For A < LR

let S = {N}. It is easily seen that Assumption 3 holds. The assumption that

sup (max C(1,a)) is bounded does not hold since a can be arbitrarily large.
1CSC.CA1 N
However, we will see that only actions satisfying 2: l":Jl..1 o, LN need

j=0
be considered, and for this finite set of actions the assumption in question

does hold. Assumption 11 1is satisfied by the stopping decision O-repai:x

whose cost 18 R - A, Thus A = (- .'LN)' It will not necessarily be the case
that there is a X ¢ A such that V(1) < 0, and for certain parameters it is
optimal never to repair. For these problems the Regenerative Stopping Algorithm

does not apply.

For any A-stopping problem the set B = {1:C(i,s) < min [C(4,a)
a €A
i

+ ZP:jC(j.n))) vhere C(j,s) is the cost incurred using the minimum cost stop-
pin: decision wvhen in state j for the A-stopping problem. The C(i,a) are the
continue costs for the A-stopping problem. The set B is rather difficult to
determine, 8o instead ve consider D = (1’L1> A}. This set is closed and is a

subset of B since 1f L, > ) then C(1,a) > 0 and JJ P{,C(§,8) > C(1,8) by
b

e




Rosenfield's lemma as the C(j,s) are increasing in j so that { € B.

As a preliminary to solving the A-stopping problem we determine the mini-
sum cost stopping decisions C(i,s). Let a(i) be the largest a, a > 0, such
:hatz:P <A, IfL, >) then no a satisfies the previous inequality and

133 1
by conv-ntlon wve set a(i) = - 1. With this convention the minimum cost stop-

ping decision for state i is a(i) + l-repair. The cost incurred using this
dectsion, C(1,8), 18 (L+...4 °J“)LJ +R- (a(1) +2))). If a(d) = - 1,
then C(4,8) = R ~ A, :

The A-stopping problem is solved as follows. For 1 ¢ D = {1:L1> A},
Theorem 1 applies and we stop. For these states a(i) = - 1, and G(1,))
= C(1,8) = R- 1. For i ¢ D we compute G by the standard equation of opti-
mality starting with the largest state and going down to 0. Thus we have

G({,0) = min (C(i,8), min (C(i,a) +29'”c(j.x))). ()
O<a<a(4)

The C(1,a) in (8) equals (L + ZP” 3

> 0 are ncceoonrily larger or equal to i, and G has

.+ EP;L_ + M - (at1)}). The
j -

states j such that Pii

previoysly been evaluated for those states. We only need to consider action

a-inspect such that a < a(i), since C(4,a) 1s increasing in a for a > a(1)

and by Rosenfield's lemma, P;Jc(j,x) is increasing in a.
3

The initial lower bound AO on the optimal average cost is obtained by

assuming that an inspection brings the system back to state 0, so that our
costs are as with an i{nspection, but we get the benefit of a repair. In this

case

a-
a>0 [l
Example 3. We assume that there are 3 states O, 1, and 2. The cost R of re-
pair is 40, and the cost M of inspection is 5; Lo -0, Ll = 10, and Lz = 20.

The transition matrix is

A O S AT PR




0 0 1.0

We vill not try to determine a X € A such that V(X) < 0 and vill address
this problem at step 0.B. of the Regenerative Stopping Algorithm. We calculate
Xo by (9). The minimizing a 1s 1 and Ao = (045)/2 = 2.5. The 2.5-stopping is
solved. The set D = {1,2) so that G(2,2.5) = G(1,2.5) = 40 - 2.5 = 37.5. For
state 0 we determine a(0) which is O eince O < 2.5 and [.8,.1,.1] times
[0,10,20) = 3 > 2,5. Therefore G(0,2.5) = min (40 - S, 0 + 5 - 2.5 + .8 G(0,2.5)
+ .2(37.5)) = 35 = V(2.5). The first term in the parentheses is the cost of

the decision l-repair and the second term is the cost of the decision O-inspect.

The minimum is achieved with the decision l-repair and the average cost period
is 2.5 + 35/2 = 20. This presents a difficulty since 20 ¢ A and cannot be used. )
We arbitrarily choose a ) ¢ A and hope that V(1) < 0. If V()A) < O does not ob-
tain, wve vill try a larger A ¢ A . This arbitrarily chosen A is 17.5 and we
solve the 17.5-stopping protlem. D = {2} so that G(2.17.5) = 40 - 17,5 = 22.5.
Por state 1 a(l) equals 13. The minimizing action for state 1 is to inopect
after 5 periods. For state 0 a(0) equals 14. The minimizing action for state
0 1s to inspect after 5 periods. V(17.5) = G(0,17.5) = - B84.816 and the ex- ;
pected time until stopping is 12.805. Thus 17.5 can play the role of 1.
The next A used vas a weighted average of .9 AA and .1 A‘ and equaled
9.481. This was lower than the sverage cost of the Al-ctopping problem, 17.5 3
- (84.816/12.805). This stopping prodles is solved and V(9.481) = G(0,9.481) ‘
- - ,107.
The next A used is 9.448. The etopping prodblem is solved and V(9.448) {
= G(0,9.448) = .1327. The optimal policies for the 9.481 and 9.448 stopping
problems are the same so that Proposition 2 can be used to confirs optimality.




This policy is O-repair for states 1 and 2 and 2-inspect for state 0. For

A = 9.448, G(2,9.448) = G(1,9.448) = 30.552. For state 0 a(0) = 4 and the

=
€x

optimal decision is 2-inspect. The value of G(0,9.448) = .1327 was obtained

by solving G(0,9.448) » - 19.8445 + 5 + .488 (30.552) + .512 G(0,9.448).
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