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The 1, norn his been wide l y studied as a criterion for curve

f i t t ing problems . Thi s pa per presents an al gori th, to solve discrete

approximation probl ems in the L _ norm when the parameters are i’•e—

str icted by linear constra ints . The a4orlthm Is a special-pu rpose

linear progriassing duil method t.~1ch employs a reduced basis and
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1. IntroductIon and Problem Sta tement.

The L , norm problem, also called alnimax and the Chebychev

problem, has been widely studied as a criterion for curve fitting .

This procedure minim izes the maxlmi sn residual, and is particularly

well suited to problems found in ntm~r1cal analysis (Rablnowitz (1968)),

where a typical application arises when values are truncated to a fix&

n~.ter of decimal places ; and the resulting errors dw to round-off

are ascir~ed to have an underl ying uni form distribution . Of particular

Inte rest in n~.merical analysis is the error between the approximation

of a function and the true function . It is desirable to place a

bound on the error, and in the absence of a pr iori k ~1edge of

what the ntrters involved wil l be. it seesis reasonable to allow for

the worst case. Then the goal is to ut 1l~ze a procedure . for approx-

imating the function , which produces t b t ~ min1r~,s maxtusa. error, hence

the m1n1ma~ r’r norm method (see Ralston (1965)).

:d-though other procedures are more popular for “statistical

data ana lysis,” the I ‘norm may be useful in identifying outliers

(Sposito (1976)). Stiefel (1959) developed a method called the

“exchange method” for finding 1. norm estimates, and he later (1960)

established the equivalence of the method to the si~~1ex procedure .

Karter ( 19 7 5)  and Stiefel (1964) discuss the historica l development

of the I norm est ima t ion procedure , and Appa and SmI th (1973) Iden-

tIfy a n~r’ber of is~ortant properties .

It is generally accepted that some form of linear progranmlng

-~~~
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algori thm provides the most efficient way to determine the I norm

estimates . The purpose of this paper is to present a special ized

dual linear progranr~ing algor ithm for obtaining a Chebychev

approximation to an overdetermlned system of linear equations for the

model C • A~8 + £ , w ith linear constraints on the estimates.

Analogous linear progranining approaches for the linearly constrained

norr pr: Hem are given by Barrodale and Roberts (1973) and Arm-

strong and Plultz (1977), The al gorithm given here uses a reduced

basis, mul tiple pivots , and a reduced ratio test. In the absence of

constraints on tPie estimates , ft reduces to our earlier unconstrathed

algori thm (Ar w ~ trong and Sklir (1979)). An alternative algori thm to

so ’
~ve the unrestricted Chebychev probl em Is given by Barrodale and

Phillips (1975).
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‘Li Statement of the problem

The g.Mral L_ norm problem may be characterized in the follow-

Ing way . let Cc 1 , a 11 , a 1~ ,..., a~~) ~ 
a 1, 2....,~ 1, represent

the values observed during n1 repetitions of an experiment, where C

Is a vec tor of observed values of the dependent variable and the a ’s

are the observed values of the independent variables (the predictor

variables). The objective is to determine estimates

f~~ r the parameters B 
~~l’ 

: 9 ,  ..., ~
) which solve the problem:

(1) MinimiZe the va lue of

A • ma*iim,p(~c j - a 11t~1 - af2 132 - ... -

a 1,2 .. * .,n1

It Is a well-known result tha t (1) may be expressed ~n a linear pro-

granrlng for*j latiOn (I. P .) as fo l lows :

(2) Minimize A
in

subject to C 1 - A ~ .. t ~ ~ . Cj + A , I •

j u l

where the optimal estimates of ~ hill minimize the maximu~ deviation

(A ) .

In matrix notation, the constraints of (2) are

(3)  c .eA I A TB I C + e A

where e is a vector of ones and A’
~ is an n1 by • matrix.

The additional linear constraints on the B estimates may be

written as

d < 08 c u

where d and u are n2 - dimensional vec tori of lower and upper bounds,

respectively, on the constraints , and Q is an n2 by • matrix. Note

—
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that the vec tors d and u need not exist, so the algorithm to be present-

ed is general. The constraints on the B’ s may be appended to the

constraints of the L. P. problem (3), whIch together may be written

c - e ~~< A TB c c + e A

d < QB < u

thus ,

C) ( :)A (:5~ ~(:) +C)A ,

which becomes

F ( 4 )  Ct - eA~~. HT8 < C U~~~eA ,

where CI, CU, and e are (n 1 ~ n2 • n)-dlmensiona l vectors end Is an

ii by m matrix. It is asstaned that HT has full colignn rank ; tha t is ,

rank (11T) • a. Rank deficiencies can easily be handled wi thin the

linear prograxming framework ( see, for instance , Ben-Israel and

Charnes (1968)) , and will not be reviewed here . Each interva l constraint

may be written as two constraints which , when c~~~ined with the objec-

t ive func tion , results in the following problem.

(5) Minimize A

subject to HT8 4 eA ~
T

H B - eA CU

The linear prograiming dual of (5) may be written as

(6) Maximi ze ciT1. + ~~j
I,,u

subjec t to H 1’ + H t ” • 0

- ;T~. U 1

! > 0  • i ~ 0

. -
~~-— —

~~~~~~~~~ ~~~~
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Problem (6) may . of course, be solved using the traditional

simplex method, wh i ch wil l be discussed in the next section . This

discussiOn is not meant to be a complete description of linear prog-

raiiminy, but rather 1% Intended to establish notation and termino logy.

A short sinnary of the simplex method follows.

Given a basic feasible solution. correspo’iding to an extreme

point of the solution space, a nonbasic variable Is selected to enter

the basis. (In this paper the usual teniiinology will be employed, where

a variable is said to enter (or leave) the basis when, In fact, it is

the vector associated with the variable which enters (or leaves) the

basis, for the vector space R”1.) The variable selected to enter the

basis is a variable whose corresponding constraint in the dual of the

• problem beir~ discussed ~nolates feasibilPv . (In the example of this

paper, for an ~.rt~ r’ng variable of problem (6), ~~ corresponding

constraint of problem (5) would N~ i nfeasible.) The variable to leave

the basis is selec ted by determining the minimi~ of a set of ratios .

where the ~.~iv~ng variable Is the first variable to become infeasible

as the value of the ent’r~ng variable changes.

The new set of basic variables differs by one from the pre-

ceeding set, and a new extreme point (Ignoring degeneracy) in the

solution space is represented by the basis. Since a finite mater

of extreme points exist In the solution space, and an i teration as

described above moves from one extreme point to an adjacent (improving)

extreme point, the algorithm will converge to an optimal solution In

—
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a finite mater of steps. The convergence difficulties that arise

when degeneracy is present will not be discussed In this paper. The

reader Is referred to Charnes (1952) for a discussion of the resolution

to the problem of degeneracy. In the next section, the steps of the

general algori thm described here wi ll be discussed further.

I
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2. General Linear Program ing Approach

Prior to describing the general I. P. approach and the specific

slgorit)~ presented here
, a ‘nirter of terms are defined. (Mote that

the omission of a prime or double prime on a term which 
usually has one

or the other indicates the term appl ies to both the prime and the double

prIme cases.)

The firs t n1 constraints of (5) are denoted as ‘ var l abl e

intervaP (vi) constraints . This terminology arises from

the fact that the bounds on the interval may be expanded by

increasing A .

The rest of the constraints of (5) are the n2 constra ints

denoted as ~fixed interval0 
(Fl), since the bounds on the

interval may not be expanded.

• the mater ~f variable interval constraints in the

prima l problem (5);

the mater of fixed interva l constraints in (5);

~ , the total mater of constraints in (5);

the m-d1senct~ral coltsnr vector for

the j-th coliam of H, where H.~ is the same for

both i; and t;

• the (m+l)-dimenslona l au~uented colia~in vec
tor for

• where a +1 Is appended to the vector H.j If

j~~ n1 , e n d a O l s aPPeflded i f i> f l1 ;

• the au~nented vector for e • where a -l is aPPended

i f j < n l ,
en d a g is $PPeflded lf i ’” 1
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k(1) • the index for the i-th basic variable, I • 1 ,2 , . . . ,

.at4l . That is, if elther w ’ orw is basic at the i-th
r r

position, k(1) • r

F • the (m~l) by (07+1) basis for the dua l problem (6)

b the origina l right hand side for the dual problem (6),

b • (0,

b • the (m+l)-dimensional updated right hand side of

( 6) ,  b U F 1b

an (“741)-dimensional vector of the original objec-

t ive function coefficients for the basic variables

of problem (6)

Ct.~ the origina l objective function coefficient in the

dual probleni (6) for

CU,~ 
the original objective function coefficient for

• the reduced cost for

• the reduced cost for

Y~j 
the r rc t t~3 t ~ On of H j in terms of the basis F,

so that y
~j F

• the representation of . 0 F~~iI’.~ ;

NB • (j )1, is nonbasic) , the index set for nonbasic

variables of the type ‘c ’ ;

$80 • {j f ~~ Is nonbaslc)

NB • MB’UNB

• the value of the ob.~ec tl ve funct ion;

B • the parameters to estimate in the primal problem (5).

___ ---V V--V • • •
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2.1 Steps of the general 1 P. simplex method.

Given a bas ic feas ible solut ion , the steps of the general 1. P.

simplex problem may be stated as fol lows.

Step 1. Compute the reduced costs for nonbasic variables~
a. c • Clj - C~F

1H
J , for , j cN8’

b. • CU,~ - C~F
11~J 

for • JcNB

c. select the variable to enter corresponding to

m a x (~~ , E~~> O  ; -
~~~~~ , E~~~0)

jcN8

ci. if eT~ < 0  and ~~O for al l i terminate with the

optima l solution ;

Step 2. Compute the representation for r~ , the entering variable

a. for it ’ entering the basis

b. • F 1H~ for ~~~~ entering the basis ;

Step 3. C~~ ute the updated right hand side

a. • F 1b

Step 4. Select as the variable to leave the basis that variable

corresponding to the minimiat ratio

V 
a . If w ’ Is the entering variable ,

mm ~4... ‘ 
> 0 • j  . 1, 2. ..., m+1

Yj5

b. if 
~~

“ is the entering variable,

mm - 
.C 0 • j  • ‘I, 2 , ... . Rh

y j 5 Y j5

c. If the minimist occurs for 3 • r , leaves the basis

Step 5. Upda te F 1 
, C~F’

~
1 
, k(r) , P48 ’ and NB’ . Go to Step 1.
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3. Reduced Basis Structure

This section dIscusses how the fu l l tableau da ta may be repre-

sented with a reduced basis. The traditional approach of the prior

section for solving the 1. P. problem (6) may be altered In the follow-

ing ways . fns tead of using the (np+l) by (r+l) matrix F to solve the

system of equations , an a by a basis ~r.ay be isol ated to perform

the usual simplex steps. The primary purpose of this paper Is to show

~~ “s the reduced asis may be efficientl y used to solve (6).

Throughout the paper, a di tinction will be made between two

problem .tructures : the ful l structure which has (n7+l) basic variables,

this structure corresponds to the regular simplex tableau; and the re-

duced structure w ith  a basic .~ riables , which are the first a of the

basic variables in the full s ructure . - v i ~~ i* nt ly ,  there are two

representations for a nonbasic var iable. One representation is in terms

o~ the (m+l) basic variables 
c-f the full structure and the other is in

terms of tb~ a basic variables of the reduced structure.

An additiona l d4stir~c ’ion Is necessary between the variable

Interval constralr ’s and the fixed interva l constraints of the primal

problem (5). in th~ dual problem (6), there are n (or n1 + n2) variables

of each type, it ’ and ~~
“ 
, and some operations wi l l be performed differ-

ently depending on whether a variable relates to the Vi or the F!

constraints . For convenience, It will be assirrd that the first Zn1
variables (n 1 of ,

‘ and n1 of v )  relate to the VI constraints and the

remaining 2n2 variables correspond to the F! constraints .

Several advanta9es become evident when the reduced basis

~

- V - - V  -V . .~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . - -~~~~~~~~~~~~~~
-V —
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3.1 PartitionIng

The proposal Is to construct a reduced basis with which to perform

the simplex operations. Since the basis. F , for the full structure (6)

has linear ly independent coliaiv~s, It may be partitioned 
in the follow-

ing manner:

8 • the a by in basis for the reduced structure. The cohsnns of

B are those coliams of II corresponding to the first a basic

variables of the full structure;

G • the a- -en ional cokam vector of H corresponding to the

-~~‘~~) - c ~ bas ic variable In the fufl structu re , so that

G H k (a# L)

0 • the row -~-~~tor for the (Rhl ) -st  row of F, so that

1 If t
)r~(j) 

is basic and kU)  ~

• -l if is basic and kit) fl1

0 if either ‘k(L) or Is basic and k(i) >

for 1 < I a

f • the (*41)-st ‘-lement of the coliam associated

with the (m.l)-st basic variable in the full structure,

so tha t

1 if itk( I) is basic andk ..n ~~ fl1

f • -1 if ‘k(u~+1) 
is basic and k (.+1) c n1

0 if either or ‘k( l) is basic and k(.41) ‘

Mote that appending 0,~ to 8.~ gives i4 kU)s i • 1 ,2,...,., and

appending f to G give s H ( •1) .

—

- — - V . . - .
- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Then

F •(
~ ~

)
where B i s a  by ., D Is 1 b y m , C i s .  by 1 , and f is a sca ler.

Le t F 1 
•(

~ ~~
) 
, and FF 1 

• 1.

Then,

/ 8  G\ (M N\
~D f~~\E q~

The components of F
1 may be written as

M • (B — Gf 101 1 N • -MGf~ • -(B - Gf ~~0Y 1Gf 1

—l — l — l
£ • -f ON q • f - f  ON.

d — ____________

-V -V ~~~
-V 

~~~
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3 .2 Upda ted Righ t Hand Side

The right hand side values for the basic vari ables In the ful l

structure may be described as follows:

• the value for ‘k(S)’ ~ 
•

where b • F 1b.

To facilitate the partitioning b may be separated as b •(
~~) , where

E is the first a entries of b and W is the (rn+l)-st entry of b.

The goal is to wri te b • (
~ W)T In terms of the reduced basis B. It

has been previously noted that F~~b • b, so Fb • b . Then, using

the partitioning of F from the previous section , and the separation

of b Into E and W

(~ 9) (
~~) ~(q) • b

Perfor~in~ the *jltip llcatlon

BE + GW • Q

+ fW • 1

However, G • 

~~t (m4~1) 
. so that

8 1G • B 1H a
•k ~~ .l) • k ( +1)

where 1k( l) is defined to be the a-dimensional representation for

in terms of the reduced basis B. For notationa l conveni- 
V

k (a+t)
ence , let

To continu e .

• 6W • 0

• 8 1GW • _B !H • -i•k(.+1) .k(.+ I
~~

* _

- - 
-

~~~
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Also ,

0b~~~f~ • 1 .D(-RW ) + fW • 1 • w ( f  -~~
) • 1 .

For notational convenience, defi ne

so W( f - OR) • 1 , W(s~..ur) • 1

thus W • l /sir .

To stspiarize, the right hand side values for the basic variables.

written in terms of the reduced basis B, are

a • 
(-R/ s ,.sir

‘~ W J \ l/s im~r 

—I

-

~ 
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3.3 Selection of the Entering Var iable

The reduced cost, or • for a variable may be described as

the cha nge in the objective function value per unit change In the value

of the entering variable. The convergence of the simplex algorithm

depends only on selecting a variable to enter the basis which MS a

positive rate of change; however, the implementation used here selects

as the entering variable that variable w hich has the largest rate of

change.

The reduced costs may be computed by
_

I • 
-

—
~~ • ~~C w n.

and the largest rate of change corresponds to

max 
~~ ~~~~~ o - ?  ~1 <~~

jcMB 
~~
j ’ j i i i

The optimality conditions are < 0 and 
~ 

0 , for eve ry JcNB ,

in which case the algori thm term inates with the optima l solution . The

optimality condItions for this dual problem (6) are related to the

feasibility conditions for the primal problem (5) , in the sense that

selecting the entering variable with the largest rate of change in

)
~ is tantaa~unt to bringing f eas ibility to the prima l const raint WhiCh

Is most infeasible with the current solution.

_ _
_ _  

- 

_ _
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3. 4 Representation of the Entering Variab le

Suppose the method of the previous section has selected as

the enter ing var iable. The following ntroduces additiona l notat ion.

• the fi rs t a elements in the representation for ,~~~~, which

~ In terms of the ful l basis F ;

V • the (m +l ) - s t  element in the representation for in

terms of the full basis F ;

S • • the rn-dimens i onal representation for in terms of the

reduced basis B, so that 8 1H 5 
.

Since the augn~nted colt,nn vectors for and and 
~~S 

differ

onl y in the last element. which is defined to be g then either y’5

or y
~~ 
(the representations in terms of the full basis F for and

r~y be partitioned as (
~~ V) T 

, Where the sign of g determines

which of H’5 or H”~ is being represented.

Then usi ng the partitioned version of F, and separating
IInto (a 5 V) , we have

l B  G \ I a  ~I i t  .51 •I .S
\D f F \  v /  \ g

so that the element g may be defined as

1 If is entering the bas is and s <

g • -1 if is entering the basis and s n1

0 If either or Is entering and s ‘

- V - - - - --—- -~~ -- -V- V -~~~- - .—-VV - V
~~~~~~ ---V~~~~~ - -.-~~ - 

_
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structure is used. The usual simplex steps may be performed in terms

of the reduced basis.  and a reduced minl* ratio procedure Is pre-

sented which provides a siinpller ratio for ilatlon, a~d Wh ich may result

In fewer ratios computed than in the ful l tab leau. Multiple pivots may

be perfoni~d, where a multiple pivot allows a movement to an adjacent

extreme point wi thout updating the basis.

I 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -~~~~~~~- 

.1 
V V V -V _ _ _ _ _ _
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Performing the multiplication.

+ GV a

a g .  .

Solving the firs t equation for a 5 , 
V

a B 1(H 5 
- GY) • B 1H 5 - B 1GV

~~~~~~~ : ~ B~
l Fl

(m+l) V

.5 .5 k ( ~ +1)
For simplic ity , let 

V

S • I and recall R I
.S k (m4 l)

so • S - R V .

Solving the second of the equations ,

+ f~j  • g

D(S RV ) + fV • g

DS~~ V(f - D R ) • g .

Recalli ng tha t W • l/(f - OR) • l/si r,

then DS ‘ VIW • g

V/W ’ g - D S .
— Def ine s~~s • g - D S .

then V/W •

V • s~sis /s~~r .

Therefo re, the representation for it In te rms of the full structure

is Y~~ 
• (a y) ~ which has now been written in ten~s of the reduced

basis , so that

( .
~~~~~ • 

( s - R v
l~w / \ V — s u a . s / s u r/

‘-V 

—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4. Simplification with the reduced structure

Solving the dual problem (6) us i ng the reduced basis B offers

severa l advantages , which will be discussed In this section .

The original primal problem (4) had n1 + n2 • n interval

constraints which were se parated into 2n constraints , so the dual

problem (6) has 2n structural variables . However , there are n pairs

of v ariables , and , for which the H.~ vector is i dentical , and

the augeented vectors of H.~ H~ and , differ only In the entry

in the (ii~+l)-st (last) element. To exploit this pairing, the algorithm

computes reduced costs for n.(~,+l) rather than for 2n-(.+l) nonbasic

variables . For any pair it ’ and where 3 < n
1 , the reduced costs

differ by 2). , since and H’~ di ffer only In the sign of the l”

in the last entry . For any pair and it where 3 > n1 , the reduced

Costs differ by CU~ - C1~ , since and H’:~ are identical , with the

last entry being a zero.

Additionall y,  select’on of the variable to leave the basis may

be simplI fIed using the reduced structure. The minimtai of ratios of

the form R1/S1 will designate the leavi ng variable, and some of the

ratios may be Ignored, since It may be anticipated they will not be

the rinimim.

Also , a multiple pivo t may be performed , which includes a
apivota where the basis is not changed in the reduced structure

(although in the full structure a basis change would occur). This

exchange of variables does not affect the basis and therefore re-

suiti In a savings in computation . 

- . . V
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The reduced structure has m basic variables but the (m#l)-st

basi c variable In the full structure . it k(m.$.1) b wi ll be treated as a

pseudo -ba s ic vari ab le in the reduced structu re . For convenience , the

variab le wi ll be denoted by it
k ( +l) 

in the reduced structure just as

it is in the fu ll structure . This variab le wi l l  play a role In the

reduced structure as thougr ft were basic, in the sense that a var iab le,

-
, , entering the basis in the reduced structure wil l replace a current

basic variable If possible, and otherwise will replace . If

is replaced by it , no basis change occurs In the reduced

structure, although in the full structure an explicit basis change

would occur. Treating the variable as a pseudo-basic

variable in this fa-.hion enables the same extreme point path to be

followed in the reduced struc ” ur~ as Is followed In the ful l struct~ire.

~
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4. 1 Comput Ing the Reduced Costs

Using the reduced st ructure may result in some si mplification

when determining the reduced costs of the dual problem (6). To see this ,

V 
we consider the primal problem (5). In essence, the procedure will be

to compare the i-th residual from the fitted plane (fo r the current

va lues of 0) to the current value of . This Is analagcus to computing,

in the pri mal problem (5 ) ,  the amount of i nfe as tb il ity of a particu lar

constraint.

To aid in the discussio n of the computation of the reduced

costs, the following terms are defined.

C
3 

Is the reduced cost for the j-th nonbas ic var iable,

Wh ich may correspond to either or , for 3

depending on the sign of the residual;

is the reduced cost for , for 3 ‘ ;

Is the reduced cost for for 3 > n1 ;

• C
3 

- ~~ for 3 n1 , so that h3 
is the j-th

residual from the fit te d line aB a (61 01 + a~~2 
+

+

then,

a. • - jTH.3 I..~ , for 3 < n 1.

• ~ 
h

3 
f -A , for 3 < n 1.

1? ‘ O ,  Is the reduced cost for w ;

If h
3 

< 0 , -cE,~ is the reduced cost for

1. suppose h~ , 0. so only will be a candidate. This

- 

—-V 
~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~
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means that the point (a j
*
j ,a lj ,a23,...,awj)

on the fitted plane (which w i ll be called the fit) Is

be low the observed point (c 3 a 131 a23 1 . . .  ,a~~). If

- A > 0, then the fit is below the bound c3 
- A ;

thus , the prima l constraint c j - A Is infeasible,

and it; is the dual variable associated with this

constra int. If a
3 

- A <0 , the fit is within the

interva l bounds anfl the constraint is feasible.

2. For the case where h
3 

• C
3 

- DTH.3 0, similar

reasoning suggests that Is the reduced cost for

and the reduced cost for may be i gnored , as its

associated constraint in (2) mus t be satisfied .

b. • Cl
3 

- B~H.J , for 3 ) n1
If > 0 , then is a candida te to enter the basis.

C. • CU
3 

- B~H.3 , for 3 >

If < 0 , “ is a candidate.

Then , the variable selec ted to enter the basis is the variable corres-

pondi ng to 
V

ma x {~ 4 for~~3 
> 0 ;E,~ for E~ > 0 ;  -

~~~~~ for E~ cO }
3 cNB (~ N8~

and terminate with the ~ptima1 solution if no maximum exists .

(In relating the reduced costs described above to thcse encountered In

the full tableau, the sign of ë3, when refers to will be nega-

tive In the tableau but positive In this algorithm.)

Note that when Is basic (either it ’ or ~~), the reducedp p p
cost for its nonbasic complement ,” (e i ther ,r or it ’) is not considered.p p p

-~~~~~~~~~~~ - - - - - —V ~~~— ~~~,V—— ~  ~ -V- V V. 
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This wi l l be discusse d in detail in the mu lt iple pivot section , where

the procedure i s given which determines when the complement of a basic

variable should be considered a candidate to enter the basis.

-. 
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4.2 Ratios Using the Reduced Basis

In this section it will be shown that utili zing the reduced

basis may result in the t~~ utatIc~n of f~wrr ratios , and that the rat io

tes t procedure of the reduced structure (computing ratios of the form

R1/S1) is equivalent t-~ the procedure of the full structure, 
in the

sense that both procedures selec t the same variable to leave the basis.

Prior to the discussion of the ratios , it may be helpful to

s~~ arize some -~~~~ the previous results . The following Is a partial

taHeau for the full st r- j ctu rt i ’, where the entries are written In terms

of the reduced basis.

Basis RHS Ratios

A A

‘k(l) S1 R1V -R 1/s,.g~r (-R 1/stanr)/(S1 -R 1 (sums /strr))

k(2) S2 R2V -R 2/sunr 
(_R

2/s~,nr)/(S2-R 2(sum5/St$VIr))

it S~~R~V 
_R
m/sI r (

~
R
*

/ s u m r ) / ( Sm~
Rm (sun5 Isumr ))

l/s~~

5L~ S ~ 0

The i-th ratio in the reduced structure is of the form

and if R t/St is the minimun ratio 
in the reduced structure, then the

corresponding variable , ‘k it) , is selec ted to leave the basis.

Two variables . and , will be said to be the same type of

variable If both are restricted to be ~ 0 (that is, ~
and i t )  or if

both are restricted to be < 0 (such as or w). The following function

U
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is defined to determine the sign of a quantity ~:

sign (~) • 
I if~ > 0

-l if (~ <0

The above si gn function w ill be used to determine which of

the ratios , R 1/5 1 , should be candidates and which may be ignored. (For

convenience, the followinq two statements w Ill be considered equivalent:

(1) a ratio will be considered a candidate... ; and (2) the var iable

associated with a ratio w Ill be considered a candidate...).

Recall the scalar f is the (rn+l)-st element in the vector

and f Is either +1 (for ~~~~~~~~~~ or -l (for w N
k (w4t ) ), or

0. When f Is 0, the type of variable is not obvious, so another function,

f, is Introduced to provide this information . The type of variable

(it ’ or w )  associated with H k( .l) may be known from

1 i f i t ’ is basic
f • k (m + 1)

-l I f Is basic

For s imi lar reasons , a function g Is introduced, which corresponds to

the entering variable

-, I If it ’ is enteri ng the basis

if 7’ Is entering the basis

Then , the i-th ratio in the ‘-educed problem, R 1/S1 , will be considered

a candidate when

a -slgn(R 1 ) sign(S~) • ~~ 0 .

If this condi tion fails , the associated ratio need not be considered —

(nor co~~uted) , sinc e the ratio will not be the minimum. In the com-

puter code, ~~r equivalent condition mu st be sat isfi ed for a ratio to

be considered a candidate:

I 

01g a sign (S1)

~~~~~~~~~~~~~~~~~~ 
~~~~~ 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V.~ V - - -~~~-~~-V —~
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where Is defined

I I if ~~
‘ is basic

D 
k ( s ) (1 1 ‘ m)

if is basic

For con~~n~ence in isolating terms , the rati o
V (-R 1/sumr)/ (S1-R 1sums/sumr)

~~ll be written as

+ sums)), R 1 # 0

— When R 1 • 0, the results whi ch follow concerning the relationsh ip

between the reduced and ful l ~~~~ follow in a trivial manner.

To show that the reduced ratio test IS equivalent to the

regular ratio test 1’~ the full struc ture, four leainas will be presented.

For each lenma , only the case where Is In the basis and is

the enttr !r~ variable will be considered. 
The other three cases

follow similar logic. Since is basic, and variab les of the

type - ‘ are restricted to be nonnegative, then sumr > 0 , because

a l/sumr ‘ 0 . Since r is the entering variable, only vari-

ables assoc i a ted with negative ratios will be candidates to leave the

basis. FUrther , because 
~~~~ I) and 

~~TM are different types, the i-th

ratio in the reduced structure b .,ill be a candidate only when the signs

of and are the same.

Lenma l

If the 1-th ratio in the reduced structure Is a candida te,

and the corresponding i-th ratio in the full structure Is a candidate,

then the (*41)-st ratio i s not the minimum ratio for the full structure.

r
If the (tit+l)-st ratio In the full structure Is not a candidate

-V-V-V--V - - - - -~~- - _________ ~— - -~ —~~ ~~~~
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the le~vna is satisfied . If the (m+l)-st ratio is a candidate, sums is

negative , since the (m+l)—s t ratio is 1/sims , and only negative ratios

may be considered. If the 1-th ratio In the reduced structure Is a

candidate, the signs of R1 and are the same. Thei the corresponding

I-th ratio of the ful l structure is related to the (irt+l)-st ratio of

the full structure by
1 .

~ 1 , R1 #0 ,
t-~1/R 1)sisnr + ~~ jjp~ sums

since both terms ‘in the denominator of the ‘i-th ratio are negative.

This resul t establishes l enina 1 .

Le~~a 2

!f the f-th ratio In the reduced structure, R 1/S1 , Is not a

c~’~i ’i - t i~ ’ - , but the corresponding i-th ratio in the full structure Is ~

candidate , then the l-th rat i o in triC full structure is not the minimum

ratio in the full structure.

Proof

Since the i-th reduc.’i ratio is not a candida te, the signs of

R 1 and are different, which means the firs t term In the denominator

of

1
(-~ 11R 1)s~~r + sums

is positive , and this requires sums to be negative for the 1-th ful l

ratio to be a candidate. Because sums is negative, the (m+l)-st ful l

ratio is a candidate, so that the i-th and (m+l)-st ratios in the full

problem are related by
1 1 , R 1~~ O .

1-S 1 lR 1Tsumr + ~~

This proves l~~~a 2.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --VI
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Leirna 3

If the problem is bounded in tne linear progranmlng sense
V 

that the value s of the variables have a finite bound, and If the

— i-th ratio In the reduced structure Is a candidate but the i-th

ratio in the full structure is not, then the i-th ratio in the

reduced structure ic not the minim um of the reduced ratios.

P roo f

If the i -t h reduced ratio is a candidate , the signs of

and S1 are the same and S 1 $ 0. For the i-th ratio In the full

structure to not be a candidate , the ratio must be positive , so

that

• ~~~~ 
> 0 , ? 0

The firs t term ‘in the denorrinator is negative , which require: t4~at

sums > 0  . so that

(S 1/R1) sumr sums , and

(R 1/S1 ) > (sumr/sims).

Since the i-th reduced ratio is a cand ida te , and the i-th full ratio

is not, the (m+1)-st ratio , 1/sums , cannot be a candidate because

only negative ratios may be e l igible , and sirs is required to be

positi ve to insure the i-th full ratio Is not a candidate . There-

fore, since the I-th and (*41)-st ratios are not candidates in the

full structure, some other ratio In the ful l structure , cal l it the

,j-th ratio , must be a candidat e . Then

(_5~fR~Jsumr + ~~~ 
< 0, 0 0. 

—- - -V V- - V— V&- ~~~~~~~
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Sin ce sums > 0, the firs t term in the denominator must be negative,

which requires tha t and S~ have the same signs , which means the

j-th reduced ratio Is a candidate. Because the j-th full ratio

must be negative (for It to be a candidate),

I(—S1/R~
)sun1rI > sims ,

(S1/R1)sumr > sums .

(R1/S1) ~ (sums/simr) , 
~ 
S~ ~ siar 0 0.

Thus the relationshi p between the i-th and ,j-th ratios of the full

structure Is

(R ~/S,j) (sums/slar) (R1/S 1)

and this result proves the lemaa. In the event that the problem is

unbounded , le~m~a 3 is not satisfied , and the 
algorithm terminates .

1e~~a4

Suppose the i-th and ,j-th rat ios ‘in the reduced structure

are candidates , and the corresponding 1-th and ,j-th ratios In the

full structure are candidates. If the absolute value of the i-tPi

reduced ratio Is smaller than the absolute va lue of t.he ,j-th re-

duced ratio , then the same relation holds in the full structure.

Proof

Let R j/511 c 1R 1/S1 1 , which means for the case being con-

s-i dered tha t R 1/Sj ‘C Rj/51, since the ratios are positive. For the

full structure , the corresponding i-th and j-th ratios are

1 and 1
(-S 1/R1)sumr + sl (—5 1

/R
1
)sumr • sums

-V - - V- V.~ VV- V~-.-- - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-V -V ~~~~ -V
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Sumr is positive since • 1/sum r is bas ic. Since both the

‘i— t h and j-th reduced ratios are candid ates , the first term In the

denominator of both full ratios is negative (the signs of Rj and S1

are the same). Both full ratios are negative , since both are can-

didates , and it Is which is entering the bas is. Therefore , for

each full ratio , either sums is negative , or sums is posit ive , but

less than t ht~ absolute va lue of the first term in  the denominator .

In either case , sums may be Ignored.

Sthce R 1/S~ ~ ~~~~ . then S1/R1 ~~~~ so that

(-S 1 /R1 )sumr j > I( -S~/R~)simr I

Whi Ch means that

1 
—1T~~17~ 

$~~rr c-s,3/R,~)sumr t

and therefore the i-th and j-th ful l ratios are related by

1 1
(-3 1/~1)sum r~~~s~~ ~ (-S~/P,~)sumr + sirs ‘

which proves the le~una .

Theorem

The ratio test procedure described f r  the reduced Struc-

ture is equivalent to the ratio test procedure for the ful l struc-

ture , In the sense th at both procedures will select the same vari-

able to leave the basIs.

Proof

It follows from lenmias 1 and 3 that the (*11)-st ratio of

the full structure will be the minimir ratio when none of the re—

duced ratios are candida tes and the problem Is bounded. Otherwise,
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fr-cm lenmias 2 and 3 It can be ascerta ined that only ratios which

are condicate s in both the reduced and ful l structures will provide

- the minisirs for the respective structures . Furthermore , lema 4

guarantees that these minimums will occur at the same position In

the reduced and full structures .

I_-V _-V__ -V-V 
—---- -V
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4.3 Multiple pivots

The genera l idea of a mu lti p le pivot Is that when a va riab le ,

say ‘~~, enters the basis in place of a current basic variable , say

the inc rease in the objective function value , A , may be sufficient to

cause the complement of (call it it~~) to become eligible to enter

the basis. The word complement will be used in the sense that the

complement of is and vice versa. (When becomes a candidate

in this dua l problem, this means the corresponding constraint in the

prima l problem (5). which wts binding at one bound becomes infeasible

at the opposite bound.) Si’-ce, for this case , would become a can-

dldate to enter at the next iteration if enters now , the algorithm

brings i~, into the basis i*iiediately in place of • and is still

a candida te to enter in place of some other basic variable. This

results In a computational saving , since the representations of

and are i dentical In terms of t~~ - reduced basis B, thus no basis

change occurs for the reduced structure.

For this discussion , it is assumed that has been selected

to enter the basis in place of ‘ir (where w may be or it ” , and

similarly for w
e
). and that -

~~~~~ ~ 
• 1 t c m , the t-th basic

variab le. The representation for ii in the full structure Is a unitp

vector, but the representation for its complement, w , may be obtain-

ed in a manner simi lar to that used to find the representation for

it , 50 the discussion is abbreviated.

~ (8 C i )  ( )  (H. p) 
where A ..,, ~ (H.p) 
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The results of the nil tlpl ication and solving for and I. are

• (P - RI.)

L • stmp/siar ,

• £ - OP ,

P , the representation for (and ~~
) in terms of

the reduced basis B

1 jf; ~~~L u  _p p

— l i f~ is ir”
p p

Then , a partial tableau for the full problem, written In terms of the

reduced basIs 8, is shown below.

Bas ic s RXS

0 A

P1 - R 1 1. 0 S1 - R1Y -R 1/sumr

~k(t) 
‘p Pt 

- R tL 1 St RtV ~
R
~
/sumr

‘k ( )  P~ - Rj. 0 - R V

it L • 0 V • ~~~ 1 /siar
k( +1) simir S%~~

(l4ote that P~ • 0 , I ~ t , and Pt • 1 , since is the t-th

coli~~ of B and P • I’A k(t )
Since w 1 has been selected to enter the basis In place of

the change in X , 6, whIch will result when enters the basis is

- —  

_~~~~ - V - - V

V - --
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• )c/(_R
~
/sumr)/(St 

- RtV)I

6 R5/sums f

This ,i~vement In A , , may be sufficient to cause to become ap
candidate to enter the basis. The minimLan change In A • 6~ , which

will enable ; to become a candidate may be shown to be

• 2~ ((_R t/siair)/(P t
_ R

tL))

which , with a few sign chan9es and substitut ion s , may be rewri tten

_2AR t/(2R t tsLanr) , for p <

Therefore,

a. if 6 c 5* , this implies that when enters the basis,
*

the change in X is not sufficient to cause it to becomep
a cand date to enter the basis. Thus , it replaces it in

a p
the basis and the usua l uçdate operations take place .

b. if 6. 6 , this imp lies that if it enters the basis in

place of ~t , the change in ~ would be su ffic ient top
cause it to become a candidate to enter the basis at the

P
next i teration . Therefore, ~ enters imediately in

p

place of r and it Is still a candIdate to replace some
p 5

other variable.

(The foregoing assumed was selected to leave the basis

and p . n1 . For the case where p n1 the changes are:

a. in the tab l eau , C1J~ - CL~ instead of V

b. in the computation of 6* CU~ - Cir, replaces V

This multiple pivot strategy will not be employed when the

lea v ing var iab le i s , s ince if the complement of is

- 

.4
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brought into the basis, the algor ithm finds the nonba s ic variab l e

correspond ing to the next min imum ratio, and it then replaces this

next variabl e , an d the basis is updated . However , the wo rk assoc iated

with finding the next smallest ratio and then perfo rming a pivot is

more than for the case where the compl ement of does not enter

The basis, and a multiple pivot Is not performed.

The multip le pivo t strategy may save considerabl e computa tIon.

As evidenced by the results of the conput atlona l experience , the

occasions for multipl e pivots occur between 17% and 42% of the time ,

depending on the problem size.

- - - ~~~~~~~~~~~~~~~~~~~~~~~ - -
~~~
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4.4 Steps for the Reduced Structure

• In this section , the steps of the algori thm discussed in

prior sections are s~.rrv~r1 zed. Initially assiane that a basic

feasible solution is at hand .

a. the parameters to estimate in the primal problem (5)

are the a’s, which are initially computed by B C~B
1

b. the value of the objective function , A , may be Initially

ccmputed by

A •

The in itial situation Is that a reduced basis for (6),

consIsting of m variables is obtained. The full structure

has m+I basic variables and the (m+l)-st variable ,

it , is a slack variable. Recall that the variable
k (a+1)

it is to be treated as a pseudo-basic variable ink(.+1)
the reduced structure , and at this juncture , the variable

to be called in the reduced structure has not

been selected. On the basis of reduced costs, su ppose

it is determined to be eligible to enter the basis.

Instead of replacing a current basic var iable In the

reduced struc ture , it will become the var iabl e called

ir
ki 1) 

and A must be adjusted to make this variable

ubasic .N In the full structure, however, the entering

variable 
~ 

does replace the basic slack (artificial)

variable in the (mi1)-st positio n . Since In i tially the

~

VV -
~~~
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first m basic variables In the ful l structure equal zero

(and 
~k(.”1) 

equals one) , either iT
~~(t) 

or

l < t < m ,may be selected tO be basic. By proper

choice of or as bas ic variables , the ratio

for the slack variable may be forced to be minimum, so

that the ente ring it
1 
will replace the slack itk(_4.1) as

desired . After the slack variable leave s the basis ,

the I terative process begins .

Step 1. Compute the reduced costs

a. • ic~ 
- ~

T H.~I.x fh 3l-A 
for J ~ “1

1. if h~ > 0 . Is the reduced cost for

2. if hj c 0 -
~~~~~ is the reduced cost for

j < n 1

b. • CL,~ - ~~~~ .J ‘ n1

1. If > 0 , is a candidate to enter the basis

c . ~~ .cu 3
_~~

TH.~~.j > n 1

1. If < 0 , 

~; 
Is a candidate to enter the basis

d. determine

~~x (~~~ 
for E~~’0 ;E’

j  
for~~j~~ 0 ; -~~~~~ for ë~~< O }

jeNB’(~NB”

and let the var iable associated with this sti pulation be

it
1 

, the variable to enter the basis. If 0 ,

c 0 , and > 0 , terminate with the optimal solutIon. 

~~~~~~~~~~~ _ _ _ __ _ _ _
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Step 2. Compute the reduced ratios to determine the leaving variable.
— Compute :

sin (R 1/51 } , i • l ,2,...,m

and conside r Pt/St a candida te If ?~ ~
s i gn (Rt) * s ign 

~~~
and S

~~#0.

There are two cases which nay occur:

a. If the m1nIr~.r, rat io I s • ‘k(t) leaves the reduced

basIs , 1 t < a

b. it none of the ratios is a candida te, the enteri ng

variable replaces the pseudo-basic variable

and no bas~s change occurs. In the full structure , of

course, an ex p licit basis change occurs as it replaces

the basic var latl e a .
k (~~* 1)

Step 3. Upda te the va l ue of ~
Let ~ be the current value of A and a has been selected as

the entering variab le. There are three cases to consider. V

a. If the variable leaving the basis (of either the reduced

or ful l structure) is , 1 < t < m • then

~ + t~ 5
(_ R

t)/(Stsiar - R~s~~~)I

b. if the variable being replaced is

. + c5/siasj

c. For the case where a mu ltipl e pivot occurs , the process
for upd atirg A Is more compl icated . Suppose the com-

plesnent of a current basic variabl e enters the basis ,
say replaces (which in the full structure would be

_  _  
-‘ 

_-V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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described by k (t) • p. 1 c t < a.
V 1. When the exchange occurs (~~ replacing it

9
), A Is

updateu by computing

X • I - KR t/(2Rt + tsuar),

I 2~ if t c
where K~ ‘ —

~
CUt - if t >

and c5 Is updated by

~.‘c. - ‘ Istsns - (S t/R t)siairl .

2. After this exchange and updating , the iteration is

still not compl ete since the variable a , which was

to have replaced it • must now enter the basis in
p

plac e of sane othor basic variable. To effect this,

the next smallest ratio is determined (a had the

minImum ratio previously), and the variable associat-

ed with this next smallest ratio Is replaced by a

Then A is further upda ted to reflect this change.

There are three cases to consider.

a) If it
k(t ) • 1 < t < m , is replaced by it

~ R5
(_R

t)/(S
~

sumr - RtSUIPS)I ;

b) If a
5 

replac es the pseudo-basic variab le

in the reduced structure (and in the full

s truc ture a~ repl aces the bas ic vari ab le it
k (m4~1)

in an explicit basis change), then

~~~ i~~i~ —~i ~

- -~~~~~~~~~~~~~ --~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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c) If a multip le pivot occurs here (within a
- multiple pivot) , the process as described above

repeats .

Step 3. Upda te the values of t~ , by computing

• (C~ + i)8~

Go to Stepl .

I



5.0 Computational Results

The special-pur pose algori thm for obtaining 1,,, norm

estimates of the parameters , which may have linea r r~str1ctions ,

for the model C • A~6 • c Is compared to a general-purpose linear

progr~ min9 code. Our algorithm has been coded in FORTRAN as a

callable subroutine , which requires an (n 1+2n2)-dimensi onal array

and an n by a matri x for the i n p u t  data , an a by a matri x for the

LU decomposition , and seven ui-dimens ional arrays .

An LU decomposit ion procedure is used to solve the system

of equations , and since much of the r gin al data are preserved,

the incidence of round-off error is diminished. A ll runs were

performed on a CDC 6600 with a sixty b it word, the tolerance

value for zero was set at 1.E-8 and the runs were made wi thin a

few minutes of each other, so the machine load was approximately

the same. The reported times were from using the RUN compIler ,

although the al gori thms were tested using the FIN and *F compilers

as wel l .  The ZMSL. Library was utilized to generate the (n1+2n2)-

dimensiona l array for the dependent var iable C , and an m by n

matri x A , containing data which were randomly d rawn froui a unifo rm

distribut ion . The results wh i ch are strvnarlzed In table 1 indicate

our code (LFCON ) Is ten to twenty times faster than the general-

purpose code 1P6600.

LV~~~~ V~~~~~~~~~~~~~~~~~ V 
~~~~~~~~~~~~~~~~~~~~~~ VIV~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~~~~~~ - V V



TABlE 1: A s~nnary of con~ut~tional testing using our special-pur--
pose dual algorith” (IFCON ) and 1P6600 is presented . The reported
times are in mi lli seconds , us ‘og a CX 6600 computer .

Problem Execution Time Ratio Ni~rter of Objective
Size (milliseconds ) I~P~~Q~ Itera tions function
m,n 1nf* 1F~”~N LP66OO [FCN LFCON LP6600 

- 
A

2, 50, 1 15 326 21 .7 3 8 .7629
2, 50, 2 16 324 20.3 ~ 2 8 .9234
2,100. 2 28 557 19.9 2 7 .6772
2,200, 2 47 1022 21.7 3 7 .8395
2,300, 2 96 1889 19.7 6 11 2.2014
5, 20, 2 16 282 17 .6 3 11 .8092
5,300, 5 227 3949 17.4 10 20 .8485
5,500, 5 303 5668 18.7 10 1~ 1.6438
10,200, 2 515 ~309 12.3 20 34 .5635
10,200,10 510 7187 14.1 21 38 .7214
10,300,10 689 7842 11.4 22 28 .8317
l~

) ,500,1~ 1078 16415 15.2 22 37 .7860
10,500,15 1373 18188 13.3 33 41 .8145
15,200, 5 1572 12711 8.1 38 51 .6240
20.200, 2 2881 21~~7 7.6 41 10 .484 1
20,300,10 3146 327i1 10.4 40 71 .8663
20.400. 5 4329 ~~~~ R 46 ONR . 5646
20,500, 2 6580 ONR 66 ONR .5465

‘m is the nLa~er of parame ters being estimatedn Is the nLsnber of ~~ri~~ 1e ir ’pr~~ l constraints
nf is the nia~er of fixed interval constraintsOtiR means the prob1ec~ did not run

L 

- 
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Conc lus ions :

In this pape r we have presented an algorithm and FORTRAN

code for determining 1, norm parameter estimates for the curve

fitting model C ATB + £ • when there are linear restrictions

on the parameters. This algori thm is a special -purpose linear

prograsmulng dual method, and the code is shm’m to be ten to

twenty times faste r than a general- purpose linear progr ing

code (1P6600).

We have indicated how to partitio n the A matrix to

form a compact or reduced basis, and h~~ the usual simplex

tableau entries may be written in term s of this reduced basis.

SpecIal rat ios are developed for determining the vector to

leave the basis , which are of a simp lier structure than the

usual simplex ratios. A multip le p ivot is developed, where

movement is made to a new extreme point solution without

requiring the usual bas is upd ate c~~ utat1ons . 

- -~~V~~ -~- - _V ~~ V~~~~ - - - - - - - ~~~ - ~~-VV ~~~~~~~~~~~~~~~~~~~~



r - - - -

- 

44

Appa , G. and Smith , C. (1973). On and Chebyshev
Estimation , Mathematical i~r 1ci~~~~ 

5, pp. 73-87.

Armstrong , R . and Sklar , M. (1979) . A Dual Method
for Discrete Chebychev Curve fit ting, subm itted to
Numerical Functional Analjsis and Optlmizatl on.

Ben-Israel , and Charnes , A. (1968). An Exp licit
Solution of a Special Class of linear Prograi~uning
Problems, Opera tions Research 16, pp. 1166-1115.

Charnes, A. (1952). Optimality and Degeneracy in
linear Proqranir ng. Econometrica 20, p160-170.

Harter, H. 1. (1975b). The Method of Least Squares
and Some Alternatives IV. t nt .  Stat ist .  Rev. 43,
pp. 125—190 and 273-278. 

-

Rabinowitz , P. (1968). Appl icatIon of Linear
Progra’r~ing to Ntinerical 

Analys is, ~~~~~~10, pp. 121-159 .

~-~Iston . 
.~nt~-on~ (1~ t~ ). A F irc t  Coq~rse in Nitnerical

~nii ys i~~, 
u& ;raw Hll • New York , N. V .

Sposito , V. A. ‘1976). MI n irnt zinQ the Maiirnum Absolute
De-.iation , S ~ Ar Newsletter , No. 20, pp. 51-53.

Stiefel , E. (1959). Uber diskrete und lineare
Tschebyscheff - Approxi’~atiOn . ‘~ir~eriSche Mathematic
pp. 1-28.

Stiefel , E. (1960). ‘~o~ ’ on J’— ’ - -~ ir Elimi nation ,
L1r~ ~r Pr~~rar’ring and TschebysCheff 

Approximat ion ,
N~ _4,r, cC h f ~ it~~~~~ . ,  No. 2, pp. 1-17 .

Stie ’~1, E. ~~~~~~~ Methods - Old and New - for
Solv i’~q the Tchebyc )wf’ .~-~roximation Problem,
5~~U V.)our~a1 on N~,’ierical Analj~ is_ 1 , pp. 164-176.

;~r~strong, R. and HultZ , J. (1
977). A Restricted

O~screte Approximation Problem 
in the L

~ 
Norm ,

SIAN Journal on Ntsnerfca l Analys is , Vo l . 14, 555-564.

Barrodale, 1., and Phi lli ps . C. (1975) . Solution
of ar Overdetermined System of Linear Equations ~n the
Chebychev Norm, ACM Transaction s on Mathematical Soft-
ware, Vol 1 , No.~~~ 764-270. 

—

Barrodale, 1., and Roberts, F .D.K (1973g. An Imp roved
A1go ri ’hr~ for Discrete 1. LInear Approximation, SIAN
Journal on Niinerical Ana~y~is, Vol . 10, 839-848.

-“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _

-



_ _

~~~~~~•-- - 

~~fti4 
______

— •~~ .ø ,p. V~~

~~r’.- ~~~~ ~~~~~~~~ ~~~t$ S I
~~~~ — •*N VØ  ~~~~~~~~~ •.4 -~~~~~U4 ~~~~~~~~•*~~ ~~~~. 

~~~~~~ ..~~~~. *~~~~~ l _ ~ 
.— .T- - iTW~~

• ~~ ~ ~~~ 4~
., ... * •.S - ~~~~~~~~~ 

-- 
~~~~~ ~~~~~~~~~~~

. Sfl.) V~ bc Cy~ma~~~~ ~~~~ •
, 

-

3~~~ ~~~~~~~~~~~~~ .-s~ T ~~
- V 

- -: V— V - —

* . ~~~. ~~c ~~
g 

~~ &-e.~~ C~~~~~~~~~~~ ’~ C~a-.~ .
~~~~~I ~~~ ~nw~~ ~~~~~~%cfX1~*$ ~m

_ _ _ _ _- - -

4. — ,~ - 
~ 4 - . ~~~ V

~~~~~~~ •,l- ’ 
-
~~~~~~~ ~~~~~~ .. ~~~~~~ ~~~~~~~ 

~~~~~~~~~~~~~~~~

lAY 
~~~~
7’

~~~~~~ ~~

-
~~~~~~~~~~~~~~~~~~ x~ ~~~~~~~~~~~ ~~~ W*.~4~~

- 
~~~ - M~*~~ I )  I

1 !;
1~
—— ---V-

~~~~
... .q~ - .‘ ~~~~~~~~ .. .. -

~~~ ~~~

-

. —.*4 ,s~ 
- - ~~~~~~~~ m~~

~~~~ .~~~~ .- . - 
- - - ____________________________

~~~* AW~JT~N1t’~ ‘h~~ ~~~~~~~~~~ ;~ •~
‘ ,‘

~~~~ ~~ I ~~~ r ~~~~~~~~~~~~~ ~~

____________________ — V — -V~ ~~~ 
VV •~~~ ~ ~~~ - — ~~ V

~ 
‘ 

— ~~~~~~~~ q~ ‘i.,~~~ ~~~~~~~ ~~~~~~~1 -, ~~ ‘ ~~~~~~~~~ r..-” , ~~
- 

~~~~~~~~~~~~~~~ 
_~~~~ V~~~ k~ _ _ _ _ _ _ _ _ _ _ _

- 

~‘t $~~~~ ~~~ ~~~~~ ~~ 
- , 

~ ‘ui iS.IuI ~~~~ ~~~~~ ~~~~~~ ~~~~~~~~~~~~~~

- . ~ ‘h* ~~~~~~~~~~~~~~~~~ ~~~~~~~~ ¶~1t ~~ i ~~~~~~~~~~~

~~ t~sr.~ ,JL~~ ~~ ~~~~~~~~ ~~ ~~
t~ p,~w~~~~i 7~~

U
~~~~I ZSIwi~~ ~~~~~~~~n$nIfl ~~ ~~~~~~~~

• ,I .•~~~~ .LwI. — p  -_~~~~~~~~~~~~~~~ ~~~~~ ~~ ~~~~~~~~~
.Jm • a,*V-.ia~ -~~~~~~~ -~~ ~~~1. ~~ t ~* .~~.e~-a- ~~ 

V

-

4
4 —a

DO .‘~ J473 ‘
~~~
‘

~~ ~
-, 11 41 - —

a

-U-

-- ~~~~~~~~~~~~~~~~~~



r , V V
~~~~~~V~~~~~

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V - — ~~~~~~~ ~~~~~~~ 

~~~~~~~~~~~~~~~ 
- V - ~~ V

UnclassifIed
• s.. ~~ ~~~~ ~~~

~~~~~~~ A l. ,N. S L~~ N~~ CI. as. •050$ ______ _______ _______

_______— ________

~~~~ 

~ O L U  *~ ao~~i ~ ,

Linear Programming

Chebychev Norm V

DD ‘..~‘..1473 ( 8ACP~I Unclassified
~~~ S’~~,-~~, . - s . sc 

~~~~~~~ CIssu ~tic.~,e,.

- - — — —  - - 
_~_ V__  

- -

_ _ _ _  
-- V ~~~~~~~~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—- -
~~~~~- V — -

~-.-----V~~ ~~~~~~~


