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SUMMARY

This paper develops a finite element method for determining the stress intensity factors
along the edge of a crack in an arbitrary three-dimensional body. A special element is
Placed around the crack front and in each special element the stresses and displacements
are derived using the asymptotic nature of the stress and displacement fields near a \‘
crack tip.

The method is based on the authors’ previous technique for evaluating the stress
intensity factors in cracked sheets, and coincides with this method in the case of a through
crack in a thin sheet. As illustrative examples the problems of a semicircular surface flaw
and an internal penny shaped crack are considered. In each case the computed values of the
stress intensity factors are in excellent agreement with known analytical results.

POSTAL ADDRESS: Chief Superintendent, Aeronautical Research Laboratories,
Box 4331, P.O., Melbourne, Victoria, 3001, Australia.
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NOTATION
Young's modulus.
Poisson’s ratio
Stress intensity factors

Cartestan co-ordinate system

Curvilinear co-ordinate system used (o describe the crack

Curvilinear co-ordinate system treating the crack as the plane v 0
Stress components i the #, ¢, ¢ co-ordinate svstem

Coeflicients of Ky, K. and A3 in the expressions for the stresse along the
crack front

Displacements in the n, 1, and v directions

Coefhicients of Ky, K., and K3 in the expressions for the wy., g, and uy
displacements

Jacobian of the transformation from v, 1, = co-ordinates to r. ¢. and ¢.

Upper and lower values of 4 in the ¢th crack tip element

Values of Ky, Ko, and Ky at 4 4,

Linear interpolation functions of 4

Rigid body translations and rotations

Displacements in the v, y, = co-ordinate system

Vector containing the degrees of freedom of the crack tip element

Strain energy

Primitive stiffness matrix

Transformation matrix

Applied stress

Half crack length

Strain energy density function

Direction of crack growth

Distances of the sides of the special element from the crack front




PP TR LY WS L DL R Jrp S e e

1. INTRODUCTION

Aurcraft in service develop cracks from a variety of causes, such as fatigue or stress corrosion.
In any given case there is a requirement to determine whether i crack 1s affecting the safe operation
of the arrcraft. The main theoretical tool for addressing such problems is fracture mechanics
Fracture mechanics is especially concerned with stresses in the immediate vicmity of a4 crack,
which, in an elastic 1sotropic matenal, are known to have a singularity proportuonal 1o the
square root of the distance from the crack front. These tuctors of proportionahty. usually written
as Ay, K2, and Ky and termed the stress intensity factors, occupy an important position in fracture
mechanmics and a great deal of effort has been spent on developing methods tor obtaining them.
Some of these methods are reviewed in References | and 2.

The present paper uses the fimite element method, with a special element surrounding the
crack front, to obtain the stress intensity factors Ky, A, and As. The analvsis 1s an extension of
the previous work described in References 3 and 4 and allows the special element to be of any
arbitrary shape.

2. STRESS AND DISPLACEMENT FIELDS IN THE CRACKED ELEMENT

Let us consider an elliptical flaw, see Figure 1, and define a system of x 1 = co-ordinates
such that the xoz plane lies in the plane of the crack and the v axis i1s directed perpendicular to
this plane.

If the semimajor and semiminor axes of the ellipse are of lengths @ and b respectively then
the cquation of the crack front 1s given by

Let us also define a system of curvilinear co-ordinates r, ¢ and & such that

y = rsing (2)
X oacosd - rcosticost (3)
2= bsind - rcost/sint/ (4)

where
cos " — bcos ¢/my? (5)
sin ¢ — asin ¢/my* (6)

and

mo — b2cosd + a’sind @)

In the r, 6, and 4 co-ordinate system all points on the crack front have r —= 0 and the parametric
equation of the crack is

X —dacosé 8)
z-=bsing )

Consider two points P(r, 6, ¢) and Q(r, 6, $) with point P lying on the crack front. Then r is the
distance from P to Q and @ is the angle between the line PQ and the normal n to the crack at P,
see Figure I.

Let us now consider a special crack tip element which is bounded above by the plane
¢ = ¢ (= constant) and below by the plane ¢ = .1 (= constant). The element is polygonal
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FIG. 1. STRESS COMPONENTS NEAR PERIPHERY OF CRACK, n AND t ARE NORMAL
AND TANGENTIAL RESPECTIVELY TO THE PERIPHERY OF THE CRACK AT P
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in plan view and surrounds the crack front, see Figure 2. The special element shown in Figure 2
s also bounded by two planes both of which have v const. and by two planes, which at the
planes 4 ¢, and ¢ 4,.; have the same minimum distance from the crack front and which
are perpendicular to the planes v constant. A more detailed description of this element 1s

given in the Appendix

Within this element we will consider the stress and displacement ficlds to be given by the

first term in their asymptotic expansions, see Reference |, viz.

Ty k‘l‘”u 1 K_'”'_‘n
o~ Koy - Ko
ay — Kioy + Keasy
Tny Klf\nu T Tiny
Tut Ksrane
Tty K3ty

where we have denoted o114, 024, etc., by

1} Su
Iin 3co>,, ©Cos ) 4\ 2nr

2 2
( 0 56
Oy = - (7 sin - sin ),‘4\ 2ar
v o
AT} X 27” COsS 2
2, N
e vV 2nr o 2
1 I 5S¢
01,774\’2”r(5c052 cos 2)
1 SRS
asy oy, = (sm 5 sin 2)
cos /2
E \ 27
sin 6/2
T3ntl v p

—1 .0 . 50
= sin . — sin
Tiny dy 2mr 1 ) si 5

| 3 (/] 56
Iy = + €
Tony 4/ 2nr cos 9 0S -

(10)

(1)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

21

(22)

(23)

(24)

(25)

Here o), is the coefficient of K. in the expression for o,, etc. In a similar fashion the displacements

can also be expressed as
un = Kynin + Kauzn
ue = Ksus,

uy = Kuny + Kaugy

i ! 2r 0 20 L
""-26\/,',":052(5"‘ 5! 1 —2»

where

(26)
27
(28)

(29)




| 2r tf t
Win = sin l 2 Ry COs* ) (30)
2G \ m 2 2
| y i i
r .
thy sin ( 2 y. COs? ) (31)
20 \ 7 2 2
| 2r t 1
- 2 2 9
Uzy G \ = cos ‘ | 2y sin 3) (32)
U Jj2r v 3
Uste . sin (33)
O N m &

Here G 1s the shear modulus and v 1s Poisson’s ratio. [t s wteresting to note that the o,. 0, and o,
stresses satisfy the relationship

ay Wy, ay,) (34)

which shows that a state of plane strain exists near the crack front
In order to evaluate the “primitive™ stiffness matrix for this element we first need to consider
the strain energy } of the element which, in the present case, is given by

porer
} oE ‘ ' 'fH v on + ay)® + Al - vXTay® — onay)idir, 0, &) dr do dé

R 3
6 ‘ ‘ "r’nl' riy MW r, 8, &) dr dt d4 (35)

where £ s Young's modulus and
J(r, 80, 4) == r(mp* - rcos @ ab/mg) {36)

We pow need to assume a functional form for the dependence of the stress intensity factors
upon ¢ within the element. Perhaps the simplest, but by no means the only, such approach is
to assume that Ky, K2, and K3 vary linearly within the element, i.c.

Ki(¢) = Kiea(d) + Kie1dha(d) (37)
with similar expressions for Ka2(4) and K3(4). Here
(6 — )
1 — 8
4”(é) er-\ - 'o"r (3 )
é — e
o(P) = 39
hil#) Peir — Pe i

This returns the values of Ki., K:. and Kj, at the plane ¢ = &, and the values of Ky:1, Kae:1,
and K3.:) at the plane ¢ = é,.1. Thus in addition to the degrees of freedom wo, vo, Wo, wrz, wyz,
wyzy associated with rigid body motion the special element will have as degrees of freedom the
values of K., Kze, Kse, Kie:1, K2e:2, K3.+1. The vector A which contains these degrees of free-
dom we define as

AT = [Kie, Kie+1, K2e, K211, K3e, K3e 11, to, vo, Wo, wry, wsz, wy:] (40)

As in References 3 and 4 the *‘primitive” stiffness matrix K¢ for this element may now
be obtained by differentiating the strain energy with respect to each of its elemental degrees of
freedom, i.c.

v
e -
T oA
On carrying out this differentiation it is found that each element of the stiffness matrix is of the
form

“1)

>

' ~
Ky = g J “ FyJdrdfdé @2)

where for i, j < 2

—— -
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tfor all values of 7, ; given above while tor all other values of 1, j

Here the triple integral is over the value of the special element and 1s, in general, evaluated

So far we have primarily been concerned with determining the sutfness matrix for the element
treating the vector A as the vector containing the degrees of freedom of the element. However, in
order to develop an element which is readily compatible with most finite element packages it is
necessary to derive the sufiness matrix treating the nodal displacements. at each of the nodes of

b4 4201 YN Tame" T3¢y~ | (43) g

Fy = Fyy (44) ‘i

Fi 0 (45)

the element, as the basic degrees of freedom. This can be done using the procedure developed

in References 3 and 4.

Let us define the displacements in the x. y, and = directions by ., v, and w respectively.

Then u, r, and w are related 10 un, 4, and uy as follows

If the special element is chosen to have m modes then, at the ith node (I < i < m) the cartesian
displacements wy, vy, and wy are related to w,, u,. and u; by the formulae

Un COSH + upsin 0+ wy + Zwz: — yawgy (46)
v Uy + o Swzy + Xwypy 47)
Uy sin &' upcos '+ wy - vy Nwyr; (48)

un(ri, 0i, di) cos 0"+ uri, O, di) < sin by’ + ug + Ziwr: — Viwsy (49) !
uylri, by, i) + vo — Ziwzy - Xjwry (50) |

!

tnlre, O, de) sin " — wiri, O, i) ~ cos i’ — wy -+ Viw:y — Xiwr: (51)
{

where rq, i, ¢, are the curvilinear co-ordinates of the ith node on the boundary of the special |

element and x4, yi, and z; are the cartesian co-ordinates of this node. Substitution of the expres-
sions for us, uy, and uy, as given by Equations (26), (27), and (28), into Equations (49), (50), and
(51) now results in a matrix equation of the form

LA — 8 (52)

87 = [uy, v1, wi, W2, U2, Wa oL U, Wi (53)

and L is a transformation matrix of dimensions 3m - 12. Since, for the sake of accuracy, the
special element will be coupled to the rest of the structure at more points than there are degrees
of freedom we use the least squares technique to minimize the discontinuity of the displace-
ments across the boundary of the special element. This procedure is described in detail in

References 3 and 4 and gives

A - (LTL) LTS (54)

so that when the nodal displacements w;, v, and wy are considered as the degrees of freedom
then the element stiffness matrix becomes (L7L) 'TK(LTL) 'LT.

6




This formulation of the stiffness matrix may be used in conjunction with any of the standard
hnite element routines

When recovering the values of the stress intensity factors we may either use the least squares
clution, given 1in Equation (54), or alternatively we may adopt the procedure suggeested by
Blackburn and Helen® which uses nodes on the crack face. Of the two, the approach suggested in

Reference 5 is perhaps the most strasghtforward

LILLUSTRATIVE EXAMPLES

As lustrative examples of this approach let us consider the following problems. An enclosed
penny shaped crack, of radius 254 mm, located with its origin at the centre of a squire bar of
alumimium, the length of the sides of the bar being 254 mm. and a semi-circular surface flaw of
radius 25-4 mm centrally located in a rectangular bar of aluminium with dimensions 254 mm

254 mm 127 mm (see Fig. 3). In each case the bar is subject to a uniform tensile stress
of 689 MPa

In analysing the internal penny shaped flaw the symmetry conditions enabled us to model
only one quarter of the bar. The mesh consisted of 203 nodal points with 141 elements and 3
special elements each of which is rectangular in plan view and has 10 nodal points. This mesh
is shown in Figure 4

T'he value of the stress intensity factor Ky at points A and B. as shown in Figure 3a, was
found to be K, oy a 1:20 as against the theoretical value of Koy a 1-13, given In
Reference 6, for a crack in an infinite elastic body and the value of K a\ a 1-15 allow-
ing for a magnification of the previous value due to finite width effects but not allowing for
the addimonal magnification due to back surface effects. Here o is the applied stress (— 68-9 MPa)
and a 1s the radius of the crack (-~ 25-4 mm).

When analysing the semi-circular surface flaw problem use may also be made of the sym-
metry considerations so that the mesh used in the previous problem may also be utilized for
the present problem

The value of the stress intensity factor obtained at point B, the point of deepest penetration,
was Koy a - 1:22 as against the value of 1-18 given by Smith? for a semi-circular surface
flaw 1n a semi-infinite block and the value of 1-20 allowing for a magnification of this value due
to back face effects. The value of the stress intensity factor obtained at point A, on the free surface,
was Ky oy a 148 as against the value of 139 for a semi-infinite block and the value of 1-41
allowing for a magnification due to finite width effects.

In both cases the accuracy of the solution s sufficient for most engineering purposes and
the error was never greater than 4-6°,. Furthermore in the case of a through crack the analysis
Is similar to that given by Hilton,® and coincides with the analysis presented by the authors in
References 3 and 4 in the case of a through crack in a thin sheet.

One very important fact, which should be mentioned, is that for a part circular crack the
volume integration in Equation (42) simplifies to the extent that the r and # integration may
be carried out analytically. This leaves only the integration with respect to  to be evaluated
numerically. This simplification is primarily due to the fact that for a part circular crack a — b,
and

J=rla + rcost) (55)
[ (56)
™0 a3 (57)

Full details of this simplified approach are given in the Appendix for the case of mode 1 fracture
only.

Here we have specifically concentrated on elliptical flaws since this shape is perhaps the most
common encountered in practice. Indeed the geometry of most flaws may be thought of as being
either part of a penny shaped flaw or consisting of sections each of which may be approximated
as part of a penny shaped flaw.

T

——— -
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FIG.3. GEOMETRY OF T
Lo OF THE SURFACE CRACK AND THE EMBEDDED PENNY SHAPED
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4. FREE SURFACE STRESS CONDITIONS

When evaluating the stress intensity factors associated with a surface flaw it is of con-
siderable importance to assess correctly the etfect that the surface has on the stress intensity
factors at the crack free surface intersection, see Jones.*

Indeed in recent years a considerable effort has been spent on evaluating the stress distri-
bution at the intersection of a crack with a free surface. The work of Hartranft and Sih!0 s
particularly significant as they showed that, in three-dimensional elasticity, the near crack stress
field is in a state of plane strain, i.c.

o, oy + ay) (58)

where x, v, and = are a system of cartesian co-ordinates, as introduced in Section 1., the = axis
being in the thickness direction. Hence for surface flaws the stress conditions

a; Trz Tyz 0 (59)

on the free surface were thought by Sih!! to force the stress intensity factor Ky, in the case of

mode | fracture, to vanish at the free surface. Indeed this approach has led. in recent numerical
studies by Hilton,® to enforce K- 0, at a free surface, as a boundary condition. This is in

contrast to the work of Blackburn and Helen® where no resriction was placed on the value of

K at the free surface.

Whilst setting K} — 0 at the surface may not dramatically change the maximum value of
K1, obtained in those problems in which the crack is a through crack and for which the maximum
value of K occurs at the centre of the crack front, it is nevertheless a very important point. For
surface flaws the value of K at a free surface may have a significant effect on the maximum
value achieved by K\, and in some instances K, may even occur at the free surface.

Let us now examine the implication of setting K; 0 at a free surface. Using Sih's!2
criterion for crack growth the onset of crack growth is determined by the value of the strain
energy density function S, where § is defined as

{

R limit .'("xfx © Oy€y |t O:€: v TryYry v TreVre U TyeVy:) (60)
re0 «

and where, as before, r — 0 is the crack front.

At the intersection of a crack with a free surface the value of S reduces to

r
S limit "",Q; b ooyey + Try¥Yzy) 61)

re0 ~

which for plane strain reduces to

S anki? + 291Kk ¢ anke? o assKs® o anK)d (for mode 1 fracture) (62)
where
|

an - Ibﬂ(j(3 4 cos Al + cos 2) (63)

2
ar: 16nG sin x (Cos x 1+ ) (64)
ase = l (! 1 COS ) 65)

n = 'l €os x (
F(l+ cosa)3cosa — 1)) (66)
|

asy — 4nG (67)

Here « defines the direction of crack growth. Consequently adopting the requirement that K,
vanishes at a free surface forces S to vanish at the surface which subsequently prohibits the
mathematical requirement for crack growth from being satisfied. Examining Equation (62)
we see that in order for the value of S to be non-zero at the crack front-free surface inter-

10
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£

ey S

section the v, o, and 7., stresses must be non-zero and singular. This 15 possible only if a state
of plane stress exists in the viciity of the intersection. Indeed if a state of plane stress does
exist at the crack front close to the free surface then the o, and 7., 7, stresses are zero whilst a
non-zero stress intensity factor may be associated with the o, o, and 7., stresses. Furthermore,
since on the free surface

o, Tr: Yoz 0 (6X)

Then, provided that the stresses are continuous functions of z, the plane stress approximation
must be sufficiently accurate for a thin layer of matenial adjacent to the crack front free surface
intersection

This now suggests an alternative numerical model to those previously developed for the
study of through, or surface, cracks in which the crack tip element next to the free surface is
developed assuming a state of plane stress within the cracked clement. The other crack tip
elements may be as derived in Section 2 above or as described in either of References 8 or S,

Let us now examine the procedure, which was adopted in Reference 5. where the stress
intensity factor was not forced to be zero at a free surface. This approach appears to be in
agreement with the experimental results of Marrs and Smith.!? They used the method of frozen
shces, and found that, in the thin slice adjacent to the free surface, the value of stress intensity
factor was non-zero. They subsequently concluded that if the stress intensity factor is zero at a
free surface then the layer in which it shrinks to zero must be very thin: indeed it must be too
thin to affect their experimental results. Hence when using a numerical method. in which the
crack tip element is in a state of plane strain, this would imply that relatively little error will
occur if this layer is neglected and the value of the stress intensity factor is allowed to be non-
zero at the free surface. A further increase in the accuracy of the plane strain solution will occur
if, having calculated the surface displacements using the plane strain assumption, the stress
intensity factors, at the surface only, are derived from the surface displacements using the plane
stress relationships. If, for example, this approach is applied to the semicircular flaw problem
discussed in the previous section then the value of K)/oy a at the surface, evaluated using the
plane stress assumption reduces from 1-48 to 1-33 and differs only slightly from the value of
1-:22 obtained at the point of maximum penetration.

5. CONCLUSION

in this study we have developed a simple finite element method for analysing flaws in a three-
dimensional body, which in the case of a semicircular surface flaw, or an embedded penny
shaped crack, under tension yields values for the stress intensity factor which are sufficiently
accurate for most engineering purposes. The special element may be of any shape and for
circular, or part circular flaws, requires little reliance upon numerical integration routines.

The special element may also be readily incorporated as a routine in any standard finite
element program.

Although, within an element, the present analysis assumes a linear variation of the stress
intensity factors along the crack front the analysis is sufficiently flexible so as to allow this
assumption to be replaced by any other prescribed functional variation along the crack front.

of
|
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APPENDIX

For mode | fracture the only non-zero values of the stress intensity factors are K, and
Kie1 50 that the only values of Ki; which are required are for i, j < 2. In this case substituting
for oy, o1y, and 71, 1nto Equation (42) gives

.

Ky 3G ' ' l:,’;,:./,":(_'{ 4 cos )1+ cos t)a - rcos t)drdOdd (@)
177

“ e

On the surface of the special element, shown in Figure 2, the radius vector r takes the value

r— rr(¢, de, rre)/cos 0 (b)

for0 < 0 <6, and
r v sin (¢)

for# < 8 < &, and
r— rl(¢, be. rle)/cos v (d)

for ' < # < = Here yg is the thickness of the element in the y direction, rr. and rl, are the dis-
tances of the sides of the special element from the crack front on the plane ¢ — &, and rr and r/
are the distances of the sides of the special element from the crack front on the plane ¢ — ¢,
while ¢ and #" are the angles at which the sides of the special element intersect. The functional
form of rr and rl is given below, viz.

rr— (a(sin ¢, — sind) + 1(cos de — cos ¢)) + rre(sinde + tcos de)/(sind i tcosd) (¢)
and

rl = (a(sin e — sin ¢ + t(cos de — cos $)) — rl(sin ¢, | 1 cos ¢e))/(sind + tcos d) f)
where

sing, — sin ey
COS dei1 — COS de

(g)

-

e il e sl S




Crack front

FIG.5. ELEMENT GEOMETRY.




Consequently after integrating Equation (a) with respect to r we obtain

| “-/‘f-l Y
Kij —— ity 1(0)didd h)
8,
. '-“4‘ 1 it 0
where tor 0 < 0 < ¢
rr »
1(t) ( 3 4 cost )( I+ cost )( a ) 1(1) (i)
CoOs ¢/ :
forty < v < ¥
Vo ) I'pcot v
it ( 3 4 cos ¢ )( [ + cost )( a ) 1.(t) (i
sin ¢/ 5
fort < # < »
rl =
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Here the integral with respect to ¢ may be considered as three separate integrals, i.e.
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Substituting into Equation (/) the expressions for /y, /., and I3 as given by Equations (i), (j), and
(A) we find that
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Equations (m), (n), and (0) contain several terms in integral form. These can be readily evaluated
using the formulae
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These formulae, and several other useful formulae, may be found on pages 96 and 97 of
Reference 14,
Having thus evaluated the integrals 7y, /2, and /3 then, in order to compute the values of
Kij. 1t is only necessary to perform the integration with respect to ¢. Because of the complexity
of the integrand 1t is not possible to perform this integration analytically so that the integration
with respect to ¢ s performed numerically.
As a result of this analysis we see that when the crack front forms part of a circle, then in
order to calculate the stiffness matrix, only the integration with respect to ¢ needs to be carried
out numerically.
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