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SUMM A R Y
This paper develops a finite element method for determining the stress intensity factors

along the edge of a crack in an arbitrary three-dimensional body. A special element is
placed around the crack front and in each special element the stresses and displacements
are derived using the asymptotic nature of the stress and displacement fields near a
crack tip.

The method is based on the authors ’ prei ’iou.s technique for evaluating the stress
intensity factors in cracked sheets, and coincides w ith this method in the case of a through
crack in a thin sheet. As illustrative examples the problems of a semicircular surface flaw
and an internal penny shaped crack are considered. In each case the computed values of the
stress intensity factors are in exce llent agreement with known analytical results.

POSTAL ADDRESS: Chief Superintendent, Aeronautical Research Laboratories,
• Box 4331, P.O., Melbourne, VictorIa, 3001, Australia.
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I.  I N l R 0 D I ( r t ()N

~ircra t t in sersice de~el n p  ~iac ks t rot h a ~.it li.’ t y  ~n I l.i1is,~’. s uch is I . t I i ~ ’iii ’i s iR  ~~. l n i s i n n  ii

In any g isen case there is a requirement to determine ~ hetl ier i n. t . in.k is . n l t en . i i i i ,’ t h e  ‘ t i c  , •per . it itnn
n t  the a ir c r , i t t  Ihe m a i n theoretical tool t~ r ,tntn1r e~sii ie iin.Ii pt n I’ lei iis i’ t:l~ Iiiie ‘ In .n . i i , i i i i n . s

ta c t lire mcchanics is especiall~ concerned s~ it h s t r e s s e s  in t i e  inimedi.iie ~ en i i i t  ‘ ‘ I  a crac k .
ss hi~h, in iii eI, ist ic isotro pic material . are knin~~n to  ha’.e a siiil !t i l .tr it\ pI tnp~~it i n n i i ~iI to the
square r oot n t  the distance trom die crack t r o nt .  I t iese .in.i nr~ oh r~’ lU’! I n , i , i I i t ~ • usu ahls ~ ritte n
.i~ A 1. A :. and A ., and termed the st ress inic f l s ity  , i L t n n t ’  i n . n . i i~~ \ Iii tnport,ini posi i in  ii in f rac t ure
mec hanics and .i great deal of effort has been spent ‘it n.te~e linping t i te thn’ds t n n t  nht~iinine them.
n.,n’t iie nit t hese methods are rex ie~ ed in Reh ’erences I and 2

I he ‘resent paper uses the t inite t’lenient method . ~ ii h a specia l elet iwni sum nu ndirig the
rack f r i  fli t , to  obtain the stress intensit y t , i c t n n r ~. A i. A:. ,iiid A: ’ I he analy Sis is an extens ion iii

t he prex tous ~ nnrk describe d in Ret ’ercnces and 4 and aU ’U -, the special element to he n it an~
arbitrar y shape .

2. STRESS A N D  DIS PI .AC E M F N ’I ’ F IEl DS IN I t I E  CRACKED F :l .EM EN T

I et us consider an elliptical tiass . Sec I igure I. ,ind define a s% stem of v i : co-ordinates

suc h that the xoi plane lies in the plane oh the crack and the v ax is is directed perpendicular to
this plane.

lb t he semimapor and semiminor ax es of the ellipse a ic nt lengths a and b respect isel y t hen
the equation ,n f  t he crack t’ront is gisen ins

I l)
LI

I et us .ilso define a system of cursilinear co—ordinates r . in and / such that

r r sin (2)

a cos n/t • r co’, ii co’, 0 (3 )

h sin nit • r Cos ~ sit i  (4)
where

eos = h cos n/n rr,~ (5 )

sin I! = a sin ~! ~n, i (6)
• and

cos ‘/‘ a~ stn~ nit ( 7)

in the r , t~, and 4, co-ordinate system all points on the crack front have r = 0 and the parametric
equat ion of the crack is

•v — a c o s qS (8)

b sin ç% (9)

Consider two points P(r, 0, 4,) and Q(r, 0, 4,) with point P lying on the crack front. Then r is the
• distance from P to Q and 0 is the angle between the line PQ and the normal n to the crack at P,

see Figure I.
Let us now consider a special crack tip element which is bounded above by the plane

4, = 4,e (= constant) and below by the plane 4, -= 4,~~ i (= constant). The element is polygonal

4
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FIG. 1. STRESS COMPONENTS NEAR PERIPHERY OF CRACK . n AND t ARE NORMAL
AND TANGENTIAL RESPECTIVELY TO THE PERIPHERY OF THE CRACK A lP
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in i,iii siew and s ur inn unds the crac k front. -ce I gure 2 I he ‘.pcci. l ekni~’ni s hown in I igure 2
is j kin bt.nunn.kd hn. t’~o planes both nit  w hich haxe ~ Coiist. and Is~ t s s , i  pIan~s. w hich at the
planes -!- -/n, and n! .!., .

~~ hase the same minimum distance trom the crack tr nini and which
are per pendicular t i n  the planes i constant . A more detailed description of this element is
gixen in the Appendix

W ithin this clenient w e w ill consider the stress and disp lacement hields to be gixen by the
first term in their asy mpt(it ic expans ions , see Reference I, xii .

tin A’iu~ ,, A’ ’o. ,, (10)

Ki” ii A’~a~1 ( I I )

= A’iui~ - K3u2~ ( 1 2)

= K i r i n y  T’ 2n p tl3)

• ~~- 
A’3,3,,, (14)

• n— A’3r3p~, ( IS )

where we have denoted ai,,, o~ ,,, etc . by

/ pi
am ~

,
3 cos ‘ ~ 2 ) 4~ 2nr (16)

II 5n
= - (7 ~~ 2 sin 

2 ) 4 x 2~rr ( 17)

2~. (I
— cos ( 18)

~~2itr 2

2v l~
— sin , (19)

—
• ‘~~~~ 4

~~~i~r 
(s cos , cos (20)

4~~
I
2ir r ( sin~ sin 50) (21)

cos (1 2
(22)

sin f~2 (23)
~~2irr

— I  / 0 50~
(sin — sin ,) (24) .,.4~~2irr 2

I / 0 50”
r2ay = (3 cos - cos ) (25)

2 2

Here c~, is the coefficient of K. in the expression for ~~~, etc. In a similar fashion the disp laoements
can also be expressed as

U Kim,, l K2u2,, (26)

Us = K3u35 (27)
Up = Kmum~ ~- K2u2~, (28)

where

= 
2G ~ ~ I — 2~) 

(29)

4



i i . ,, s t t i  2 ~ n . n i ’n , i
I-

iii, 

~ 
sin ( 2 n.us ( 3 1 )

u~v 2~. 
L i’  

2 - ri 
2 

h3 2 i

sir]  P

Here ~ is the shear modulus and • is l’uissinti~s ratio. It is interesting to note that the in ,,. ‘n~ 
and o ,,

‘tresSes s a t i s f y  the relationship

‘ n i t o .  ni ,,J 34)

~x hich sh ows that a state of plane strain exists near the n.t ,icL front
In order to ex a luate the “pr m mi tmse ’’ st i f fness matri x for ihis ele m ent we first need to con sider

the strain energ~ of the element which , in the present case is gixen by

t i tn’ , ‘ ,.,t~ ~ 2 ( 1 — n t i ~~,,/ ‘‘ , n’ .,iJ ir . i ’  t tin. ti’ d-f.

• 
- ~, / ) Jj r , i ’ , : n.~r ti t i !  i

where 1: is ‘to ung s mnn dulus and

Jpr , ii, . ! p ,1~~~~,I rC i n s  i l l ’  
~~~

,)  (

c now need to assume .i functional t’orm for the dependence of the stre ss intens ity factors
upon n/n wi thin the e lement Perhaps the simp lest . but by ~~ means the only , suc h approach is
to assume t hat Ki. A ,.  and K3 sars linearl) w ithin the element . i.e

Km ( 4,) A’i,4,,(~ ) A’i,. (3 7)

w it h similar expressions for K2(4,) and Ai~(ni ) . Here

= I .- 
(4 , 4,4 (38)

~~~~ — 4 , ,

= 
4, .- 4,, 

(39)
4,e’t _4,,

This returns the values of Kt,, K2, and K3, at the plane 4, = nit, and the values of Kit-i, K2,.i,
and K3..1 at the plane 4, = 4,,.

~. Thus in addition to the degrees of freedom Uo, t’o. wo, Wit, Wi,:.
Wi, associated with rigid body motion the special element will have as degrees of freedom the
values of K,,, K2,, K,1, K11~ , K3..2, K~,+i. The vector )~ which contains these degrees of free- “n’

dom we define as

Rie, K1,. 1, K2,., K4,..i. A’s ., K31.1. sin, v0, is’41, WXr. w~~, wj,zJ (40)

As in References 3 and 4 the “primitive” stiffness matrix K’ for this element may now
be obtained by diffccenttat~ng the steam energy with respect to each of its elemental degrees of
freedom, i.e.

(4 !)
C,’

On carrying out this differentiation it is found that each element of the stiffness matrix is of the
form

K , ~ J j j F i JJdrdh9d~ (42)

where for i,j  r~ 2

5
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I n~ 
) p4 ~~~)

Here the t r n f ’ i e  integral is n n~ er t h e .  due n it the special clement arid is . in ~‘enera l. cx iiluated
numerica lly

So t. ir we hase primaril~ beeti ~‘ n nin .cr n~ d ~ t b detet n i i n ine th~ st iff ness matrix for the element
treating the secto r A .i~ the ‘. eetn r c n’ t i t a in l ne the de~t rees n i  t leedmirn m t  the element. How exe r. in
or der to deselop .in element w hich is readily cnnmpati hle xs ith rn n n~ t finite element packages it is
t]ece~sar\ to dense the s t i t i t l e s s  matrix t re . i tine the nodal disp laceme nts . at each nil the nodes of
t he element , .ts t he h,isic degrees of t ree,l nm , Ihis an be dnnne using the procedure developed
in References 1 and 4

Let Us define the displacements in the ~~. i . .itid d irecti .n~ h~ u. u, and in respectixelv.
Then u, r, and in are related to u~. u ,, and u~.a s  fol low s

U = U ,, COS ‘‘ • Un sin t ,nn ~~~~~~~~~~ n ...• I n n ,., (46 )

U U 5 ‘ i n  ‘ :n, V n i , (4~ (

w ii , sin Ut Cn~’s ‘‘ . ii I ni’ •\n~,~ (4~ )

If the special element t s  chosen to hax e ,~ modes then , at the ith node (I i r m) the Cartesian
di~placements u1, i , and ii , are related to u~, i: . and Ut  by the formulae

U = u,,( , 1, ‘/n ) cos 0n • ui (r . “n nini . .,j~ ~~ 
• 

• U~n :on,.- — l,w zy (49)

n. = u,(r , ,  0,, ‘3)  i n  — :no ., S n~~ ’ f ’ /  (50)

• u,,(r1, t i1 ‘3~ sin 0 u,(r,. ~~~ n3~ 
) - cos O~ i i n~ i n ci’’~ 

-. ( 51)

w here r,. 0,, 1n~ are the curv ilinear co-ordinates of the ith node on the boundary of the special
element and xi, n. and :, are t he Cartesian co-ordinates of this node. Substitution of the expres-
n,tons for u,,, u,. and u,, as given by Equations ( 26), ~27), and (2~ ), into Equations (49), (50), and
(SI )  now results in a matrix equation of the form

LA = 6  (52)

where
5T = [Ui. it ,  W~, U.h t’ 2, is 2 t in in.n~ (53)

and L is a transformation matrix of dimensions 3m . 12. Since, for the sake of accuracy, the
special element will be coupled to the rest of the structure at more points than there are degrees
of freedom we use the least squares technique to minimize the discontinuity of the displace-
ments across the boundary of the special element. This procedure is described in detail in
References 3 and 4 and gives

A (L T L)  iL TS ( 54)
so that when the nodal displacements U,, r~, and is’, are considered as the degrees of freedom
then the element stiffness matrix becomes (LrL) 1TK(LTL) iLl’

6
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I ~~~ i i i  iiul.iii, fl • lie st i t l n i e s ’  t r ial  l i x  i i i ,ts  •c use t ii L n i l  i n S  ii fl ,m~~ Ii ,iii . , nJ t h e  n t , ~ iii,, i t
I iflie etenict it ‘ 1 lie’

cii l e s i n m e r i n e  thc  ,, t l ucs i t  i.e s i t e s s  i i lt c i i s i t\  t a s t n n r s  ~sc I n n S  t i l c i  use he c i s i  sq uates
. s n l U i i , n i t  L’ l . C I I  f t I 5 ) f l i i i i n f l  ‘4 i’ r . , ‘ t e r i i . , t i % c l ,  .me t r i . i , in ‘ i t  i i ,’ I t i C  ‘UCi tes ien i  li .
ft s i t ! ’  t i n t  h i d r i  ‘.i sh t l , S s L . ’ n i,_~. 

, ,
~~ th e s i , n ~~n 1 , t s e  ( i t i t . ‘ m n ’  t he • ippm , ij~ ii ‘U ,L ’ c n s t e m t  i t )

—‘ is 5tIt i.i~ ’s t i n . it . ’ I ‘ i i .n t ,’I t t n i  . t I  1

~ l I l t  5i 1 k . t l l % I  F \ t \ l l ’ l  F’ s

\~ .t lu~ t r . , t . ’.c s m . i t l d . ’ t  t h i s  .~~~ t n l n .ln.li id Us n . n ’ i t ’ i d e t  the t , n i i n , m m i i t  pn rnn bl e nis . \n e t l ~~n n n s ed
pennn. ~iI. t~C i  ~ r . t ~~i i t  radius 4 m i n i . i n n. . n i n . n t  m i i i  i s  n n r , , ’ i ,  it  t in e  n . e n u r e  n t 1 squ a re s ,,f ‘ 1
. i tunu i f i iun t . t t , e leniith ! i e ’ ’ .t e .  . ‘ the h i m  t n ~~~t t ’  — i n n , i i .i s e i t u i — s t i n i . l , i  i l ! Se  Wi ..  n t
r . i n t iu s  2~ 3 m m  eent r .i l’ . n n s . i t e m i  i t t  . n r e e t . n n n s u L n r  h,,7 ~ Ium niuiii ‘ s t i lt ! tt t ie t is i , , r is  •~~ 4 tu tu

t iu t t i  . 2 ’  t rim see I i~ ii In c .isl i s. ise the in .nr 5 u h e s t , n  •i uni fn ’ r m tensile s t r e s s
• I ) \ t l~.

lii .i rt ,, l ,  ‘ t i n . ’ t he i , t ~ i i i i  pcrin~ t i pe d W .  the s~ t t i t une t r ’ . .n n il I i i !,  f ls  etiuhied ii’ I • f lfl ’de l
ne quart e r ‘i the h.,r I 1.e r f l e’f l  n. n n u u s i s i en l i n )  ri nd., t !n t i l t s  w i t h  41  elements nd

speci.iI elet u e,its ~ i~ h n t  ,~ I I n n . } l  is  Ic.. .,ul~’li .,i ill III S iC I  .ut d i.i~ l u  r i n d  po int s ‘l ’his mcxli
iS s n  5¼ i :  it t  I i ,’u r ,  3

I he sa lue nt the s t r e s s  i r l t c t ls i t y  t , , n . i n ’ r  A • it p t n t s  \ and H. as ~t i , n t ~ ii ri l icure ~ :. xm .t~t , ’und i n  b~.- A . i s , a I 2() is .i .r. iit ust lie i n e n ’ r e t i n . , i l  ~.due n t  A ,  n~~s, a I Li. g ixen in
Referen ce in h r  .i n . r . i s k  in .in inf i n i te  e l , t s t t , . h, n n i ~ ut t i e  st i lue , nf  A’ 1 n ’ s ,  a I • l .~ a l i n n nm.

• r i~i !inr .i m.ignutic.itin ’ ri nO the p r ex i nnu s  x .iiue due i n n  u n i t .  xs id t h eff ects hut runt al lowing for
the add it innnal mag n it ica ti n~n due to h.ick s ur i .n.e c ite s I s  Here U is the .ippiied ‘ t re ss  i (n~ 

i~ SIPa
.irt d a is the radius n it the er. ic k 2 4 fl int)

~~ hen ana l~ sing the scnui -n. ircula r surf .iec it . nxm problem use 111.1 .i lsn ’ he made (if ihe sy
metry cn inside rti t i i nt is si n that the mesh used in the pies ious prinhlem may its ,  be utilized t n n r
the present problem

[he satue ‘1 the s t ress  inte nsi t y i , in .t n  ‘r obta ined it p n n i t t t  13. the point nil deepest penetration .
w a~ A’ 1 .n s, = I . 2 2  ‘ is . iO, i i t l s t the due nil I • I ~ eln eri by Sm ith7 for a semi — circular surface
t i.iw in .i se mi—infinite block a f l l  the x ,ilu~ n t  I 20 ,iI I n ’ xmiu i ~ for a magnif ic ation of this salu c due
i hack face etkn,ls The salue ( t h e  stress in t e ns i ts  i , i s tn r inhta ined at point .\, on the free surface .
w ,ts A t 15 a I 4~ as .iO ,tinst the sa lue n it  P • 39 f i r  ,i ‘nemi-inl inute block and the value of 1 41
al lowing for .i magnificatio n due to finite v. idth et tes t

In both cases the . icc uriey ~‘1 the solution is sufficient for most engineering purposes and
the error w as nexer greater than 4 6’ ’ ,,. Furthermore in the case of .i through crack the anaksis
is similar to that ox e n by Hilton ,’ and coinc ides wi th  the ,inal~ xis presented by the authors in
References 1 and 4 in the case nif a through crack in a thin sheet.

One ser y important t~ict . w hich should be mentioned , is that for a part circular crack the
volume integration in Equat ion p4 2 p simp lifies to  the extent that the r and 0 integration may
be carried out ana lytically. This leaves only the integration w i th  respect to ~ to be eva luated
numerica lly. This simplification is primari ly due to the fact that for a part circular crack a = b.
and

J == r(a - r cos (1) (55)

ii = (56)

(57)

Full details of this simplified approach are given in the Appendix for the case of mode I fracture
only.

Here we have specifically concentrated on ellipt ical flaws since this shape is perhaps the most
common encountered in practice. Indeed the geometry of most flaws may be thought of as being
eit her part of a penny shaped flaw or consisting of sections each of which may be approximated
as part of a penny shaped flaw.

7
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4. FR EF SI’ R I ’ A(’F STRFSS CO~ifM1 ’lONS

W hen evaluating the stress inten s i ty factors associated wi th  :i surt ~ice f law i t  is nt con-
siderab le importan ce to assess correctl y the ellect that the surf ace has on the stress inten si t
f , ic tors at the crack f’ree surface intersection , see Jones .’

Indeed in recent years a considerable effort has been spent on exa luating t h e  stress disti
hution at  the intersection of a crack wi th a f’ree surface. The w n i k  m l  l lartranf i titid Sth1° is

pariieu larl~ significant as t hey showed that . in t hree-dimensional elasticit y , the near crac k stress
fie ld is in a st a te of plane strain . i.e.

‘‘: i { m z j  . ‘7 t

w here s , i , and are a system of cartesian co—ordinates , as introduced in Section I. the i s i s

being in t he thickness direction. Hence for surface flaws the stress conditions

ii. ~ T~~ . 0 ( 59)

on the free surf ’ace were t hought hs Sih’ to force the stress i f ltC f l s ity  $~ictor A 1 . in the case of ’
mode I fracture , to sanish at t he free surI~ice. Indeed t h i s  approach has led, in recent numerical
studies by Hilton,’ to enforce A’ = 0. at a free surf~tce . . is a boundary’ condition. This is in
contr ast to the work of Blackburn and Helen 5 w here no resrict ion w a s placed ott the aluc nit

A’1 at the free surface.
Whilst setting A t  0 at the surface may not dramatic ally change the maxi mum salue of

A’ s ,  obtained in t hose problems in which the crack is a through crack and for which the maximum
sa lue of K1 occurs at the centre of the crack front , it t s  nexerthele ss a xer r important point. For
surface flaws the value of A 1 at a free surface mas have .i significant eflèci on the maximum
sa lue achieved h~ A t ,  and in some instances A’im~,, ma~ esen occur .ii the free surface.

Let us now exam ine the implicat ion of setting A t  0 at a free sur f~ice. F sing Sih’ x~cr iter ion for crack growth the onset of crack growt h is determined by the salue of the strain
energy density function S. where S is defined as

rs linut (nr 1( 7 (T 5E 5 •
~~~~~~ *~• - r,,-f ,~ 

. 1’. .,’ - 
~~~~~~~~~~ (60)

i .0 —

and where, as before. r 0 is the crack front.
At the inter s ection of a crack with a f ’ree surface t he salue of ’ .\~ reduces to

r
S = limit (ii

~~~, 
- 0 . T~~~,)’ 15 ) (61)

‘ -0 —
which for plane strain reduces to

S ~ i iA’ i~ 
. 29~ A A . a.~A u33A’32 at A i (for mode I fracture ) (62)

where

ai i = 
I 

~~ ~~
, Cos i$ I . cos ~

) (63)l6~~,
-I

UI~ = - sin (cos ~ I . 2s ) (64)
I 6,r(,

022 = - ~44 I i)( l cos ~) (65)
I 6w~,

(I cos 2H3c os ~ 
.

033 = (67)4,r(,

Here ~ defines the direction of crack growth. Consequentl y adopting the requirement that Ki
vanishes at a free surface forces S to vanis h at the surface whi ch subsequently prohibits the
mathematical requirement for crack growth from being satisfied. Examining Equation (62)
we see that in order for the value of S to be non-zero at the crack front-free surface inter-

- --- .- . ~~~~~~~
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—, s. ’ n . t i n n t t  th~ n ,., .‘ . .iii n.I r ,., stresses must be non—z e ro and singular. I is  Is liniss ible n u i ns  t t .i state
,nt plane stress c S i s i s  in the si c inui\  n i t  the i i t e rsn . ’ c t i n luu  Indeed i f  .i s t , n t c  in !  plane s t r e s s  dues
esi~t .tt the crack t ’ront Jose t im t h e  free surfac e theit the i,..a n d r~~ . ~~~ s t t e s s n .’ s tire / ‘.‘i ’  5¼ hilst a
fi Lm — zero stress intensit y l~ ctor may be associated w i th  the n~j . ‘nj. ,i~~~i T in, St I csses . I unlieu nln ’rn.’ .
since i n  the icc s i i t t t in .C

i n .  r 1. r ,,. 0

I hen, prox ided thi,ii the stresses .iuc c i nt ut i l i u n nus  t ’tinc t io l is  n i :. the p us c . tu . .‘ p p ’ r n n ’ .i u i t . i t i nn f l

t i t ust be sufhc ient ly :iccurate fur .i thin laye r of t i tateri s t l  . td iacc tt t to thc c i . n~~k f’rot ut t r ue ‘u rt . ce
in ter sect iou

I his now suggests sin a lter nai isc numerica l model I nn those p u u ’ n usln dcsc i i npe d h r  the
study i t  th roui.rh , nnr surface, cracks in w Inch the crack t ip clement next to the free su rl: icn.’ ‘n
dcx eloped ,tssunui ng .i s t a t e  of plane st ress xi. ithi n the cracked clemct it . I n .’ ot tier crack ti p
elements t i i s i y  be as derixed itt Section 2 i bm. .’ or as described itt  either n Referenc es ~ n t  5.

l e t  us now examine the procedure. xs liictu Sm .is adopted in Reference “ w here the stress

intens ity t ,icti ir was 110 1 forced to be zero at a free ~ut face. This approach appears tn t  he in
agreement sm ith the ex perimenta l results of .\ larrs and St i t i t h .  I ltc~ used t h e  inet ti(td ni l tm ’ ‘en
slices and found that . ri the thin slice adjacent to the free surface, the ‘, a lue n i t  s t ress  i u i t e t t s i t
factor was  non-zero. they subsequentl y conc luded that if the stress inte ns ity factor is zero ,it a
free surface then the lay er in w hich it shrinks to zero must he sc ry t Itin indeed it must be too
thin to afTec t their experimenta l results . Hence when using a numerical m e t hod. in .m Inch the
crack t ip element is in a state of plane strain , this would impl~’ th at relatively l i tt le error xx ill
occur it t h i s  layer is neglected and t he value of the stress intensit y factor is al lowed to he non-
zero at the free surface . . ~~ f’urt her increase in the accurac y m t  be plane st rsi in solution mm ill occur
if, has ing calculated the surface displacements using the plane strain assu mption . the s t r ess

tn te ns i1~ factors , at the surface n nt t l y  s ire derived from the surface displacements using the plane
stress re lationships. If ’, for examp le, t his approach is applied to the semicircular flaw’ problem
discussed in t he presious section then the value of A’i ins ,  a at the surface, eva luated using the
plane stress assu mption reduces from I 4$ to I - 33 and ditl’ers only slightly from the value of

22 obtained at the point of maximum penetration.

5. (‘ONCI,t SION
In this study wt  hase deseloped a simple finite element method for analysing flaws in a three-

dimensional body , w hich in the case of a semicircular surface flaw, or an embedded penny
shaped crack , tinder tension yields values for the stress intensity factor which are sufficiently
accurate for most engineering purposes. The special element may be of any shape and for
circular , or part circular flaws , requires little reliance upon numerica l integration routines.

The special element tnay also be readily incorporated as a routine in any standard finite
element program.

Although, wit hin an element , t he present analysis assumes a linear variation of the stress
intensity factors along the crack front the analysis is sufficiently flexible so as to allow this
assumpt ion to be replaced h~ any ot her prescribed functional var iation along the crack front.

I I  
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API ’FNt )IX

I nn r ntonle I tract Lire t he i nt ~ Iy nmtn- ,ero ‘,su l uc s n i t  the st re s s intensity factors are A’1, s.nd
A 1 . . so tha t  the only malu es n t  A .~ which are required a re  for i ,j  ‘‘ 2. In this case substitutin g
for  n’ i  ,,, 0 1 ~~. sitt d ~i ,. nj u t i t o  I’qu.iiion 42 1 gi x es

A. ) ) n ,~, n,’. ; t3  4i ci ’ s ~fl I e m s  (to r c ’ s  ) : d r r l u ,k (a)

On the sur f ace n i t  th e special element , shown in I igure 2 . t he radius sector r t a ke s die sulue

r rr t ’ .~. n!,,, rr , t cos ii ~1uf

f u r  f t  ‘ in . ~i and

r I n n  S i t)  ( c)

for ~
‘ mm n and

r r im .’ , .i, . r/, I en ’s (ci )
for ‘ ‘ 

~~ . Here i n  is the thickness of the element in the i direction . rr r and rlr are the dis-
tance s n it  the sides of the s pecial element from the crack front on the plane nf.~ = i!n~ and rr and ri
.ire t he diststnc es of the sides of the special element from the crack front n.m the plane “n =
while n~ and ~~ are t he singles at which the sides of the special element intersect. The functional
form of rr and ri is given below, ‘n i l .

rr (a(stn !~ -‘ sin 4~
) t (cos n/~ - cos ‘ I f )  rr~.(sin n~~ ‘ I cos nu n. ) (sin ~ ‘ t Cos u/n) (e)

and

rI = (a(sin ~~ sin ~ t(cos ~ cos ~ )) — rle (sin 
~ I cos u/.~4) (sin ‘~ ‘ I ~OS u/’) (1)

w here
‘,

~~sin u/~ 
- - sin ~~.1= (g)

cos~~ .t - cos n/nr 
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unnse quent l~ si f ter integrsiting Fquati ut n (a) w i th  respect to r we mmh t si i n

An ,  , , i~n i/mj I~ i i ) d V l d ,/, (Ii )
• 

()

w h ere for U . ml

( 3  4~ cuts mm )( I . c uns m~)( rr 
(I)

1, nr n

i n )  , i n n  em itIt i t  ( 4u’ c m ’s i n  I . i )( a / ,) )
sin I’ 2

f u r  ~‘
‘ ml

ri / r/
.~ 4i’ ci’s n’ I . cos a 1: 11 ’ ’) (A

cm ’ s  0 2

Here the integrsih wi th  respect to 0 rnsi y he considered as three sep .irate integ rs ils . i.e.

/t ’ m,l’ / 1d’’ / .d’ ‘ / id(1 (1)
* 

m m  
• 

0 in in

Sub stitutin g into Equation U) the expressions ( i i i  I t .  L . sind 1:1 .is iii’,en by Equations ( i t .  ( i f .  and
f in  i w e find thsi t

rr 11 , f n n 1a ) rr I I  3 4i’ ) sin nu n , 2 ( I 2~ 
mm (in)

o 2 o c m s  ‘‘

1 d m ’ — ~
i.
i[( 3 4~)j 0  ~~~~~~ 

. 2 ( 1 2v )  ~( :~ 
;~ ) ~~ ~:~: 

dtl
]

~ [(3 41)L ii ~~ ~.) 
2( I 2~. )j

0 

~~~~~~~ 

dli j c o ~
i 

dli] (n)

/~ d0 = r l (a  . 

~ )[(3 4i.)
j 

do 
sin ‘ 2(1 2c

)(
7T - ~‘)]

Equations (n i) ,  to). and to) contain several terms in integral form. These can be readily evaluated
using t he formulae

J COS 11 
= in tan (

~ ~
- (p)

In tan (~ ‘2) (q)

CsinZ I)I . dO tan 0 -- .  1)
j cofl- 0

t’cos2 0
I , , dO -= -- (cot i9 ~ 0) (it)., stn2 0

1co~
)
dO=~ 

I 
(i)J 5j~ 2 (1 sin 0

f
eos O 

dO~= — (sin O ,
~ 

‘

~ (u)j si n~ 0 s in Oj
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These formulae , and seseral m u t her useful f ’unrmu lae. may be found on pages 96 and 97 of
Reference 14

I Ia’. ing thus es ,ilustted the ntei ’ rals I~. / .. and l~ t hen , in order to compute the alues of
A. . it is  only necessary t im  p~rt~~rn~ t he integration wi th  respect to n!. Because of the complex ity
of t he intec’rand it is not pmnssih le to perform this integration sinaly t icaIl~ so thst t the integration
wi th  res pect t i m ~! is pcrf ~mrnied numericsiil .

As a result m nf ’ t his anal y sis we see that when the crack front forms part of si circle , then in
order to calcula te the stiffness matrix. m un l \  the integration with respect to ‘I needs to be carried
out numericaIl~

. .
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