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PREFACE
The thermally induced mountain-valley wind system and its
interaction with the large or nmeso-scale flow has always inter-

ested meteorologists and other professionals direcily invelved
with the development of the wind svstem. Various analytical and
numerical studies have been pursued and have yielded some inter
esting results. Yet many phenomena in the local wind system have
not really been explored and explained satisfactorilv. For
example, the problem concerning the speed and height of the maxi-
mum wind or local jet along the valley axis remains unclear.
Whether they result from direct influence of the basic background
flow or just the pure local thermal boundary larger effect or from
interaction of both requires a further understanding of some basic
problems of flow over and arcund typical mountain-valley terrain
and the development of a better method to solve the complicated

problem of sophisticated model of boundary layer dynamics.

In the first part, we developed a model to study the flow

over and around more realistic three-dimensional mountain-valley
3 terrain and utilized a multiple scaling approach to obtain

truly three-dimensional flow solutions for the near region, as well
as for a large distance from the ridges in the lee. The theoretical
findings from the lee-wave over the lee-slope are in accord with
some observations and other studies. This investigation is dif-
ferent from many other previous studies in that the flow around
the ridge and along the valley has enabled us to visualize how

interaction between the meso-scale flow and the valley wind system

in the lower layer takes place and to understand better the wind
structure v .der such circumstances. The solution for the wind
component 1a a direction parallel to the ridges or in the valley

R direction explains some puzzling and interesting valley-wind

& phenomena.
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For the second part, studies of boundary layer problems
are presented. The parameterization of the gurface layer and
active soil layer with moisture and precipitation contributions
is made for meso-scale dynamics. It can be used for mountain-
valley circulation as long as the slope of the terrain is not
exceedingly large and some other basic conditions are met.
With this parameterization the boundary conditions for the
governing prediction equations of mountain-valley wind problems
in numerical models can be appropriately constructed. Applying
these improved boundary conditions will facilitate the solution
of the numerical model of the boundary layer and over meso- or
large-scale circulation problems and can also produce more real-
istic results.
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ABSTRACT

The meso-scale flow over and around a finite length of mountain ridge
and typical mountain valley terrain is studied. The present study is dif-
ferent from earlier analytical lee wave studies in that the solution is truly
three-dimensional for more realistic topography. A simple model is developed
and is attacked by multiple-scaling approach. The solutions are not only
valid for large distances in the downwind direction, but are also good for the
near regions. The phase lines of the vertical velocity on a horizontal plane
at a given height have shape of hyperbolas and are concave toward downwind
side in accord with observations. The wind component parallel to the mountain
ridge is found to be diffluent on the windward slope side, continuing to be so
after crossing over the ridge in the lowest layer, and to become confluent at
some distance downwind from the ridge. The intensity of the lee wave over a
valley relates to the separation between the two ridges and the stability.
Just above the valley floor, wind parallel to valley axis is in the down valley

direction and thus raises the height of the maximum down-valley wind much higher

than that of maximum 'slope wind' above the valley sides during the night. The
computation also shows the increase of its intensity and height of occurance
with down-valley distance. In the farther downwind direction of the lee, the
maximum confluent flow along the ridge is found at a much lower level and is
stronger. The intensity and the position of the maximum wind parallel to the
valley or the mountain ridges is closely related to the downslope motion of the

lee wave.
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I. INTRODUCTION

Previous theoretical studies of lee waves are numerous. Most attention
has been focussed on two-dimensional lee wave-waves behind an infinitely long
ridge. Earlier works on three~dimensional lee waves are essentially limited

to simple topography.

Scorer and Wilkinson (1956) studied waves in the lee of both isolated
circular and oval-shaped-hills in a two-layer model atmosphere. In each layer,
the "Brunt-Vidisild frequency over mean wind speed" is assumed constant. They
found that the wave disturbance is essentially confined to a wedge (for example,
with wake angle of 24° in one case) and has the form of a shipwave. Assuming
an isothermal atmosphere with uniform wind velocity, and ground surface as a
stepped plateau of finite width, Wurtele (1957) was able to show the wave
nodal lines in a horizontal plane are rectangular hyperbolas concave downwind,
in qualitative agreement with clouds observed in the lee of Mt. Fuji and lab-
oratory experiments by Abe (1941). Although he cannot use his one layer model
to show the shipwave type disturbance, Wurtele pointed out, in a later paper
concering cloud photograpnies for the lee of San Nicolas Island (Endinger and
Wurtele, 1972) that when a strong temperature inversion occurs, a classical

shipwave disturbance will develop instead of a cresent-shaped pattern.

Palm (1958) considered the case when the basic wind increases linearly
with height in the troposhere and stays constant in the stratosphere, while the
stabilities are constant in both layers. For a circular hill, Palm obtained a
solution for the vertical velocity and found that the lee waves are also confined
to a wedge in the downwind direction, but only for sections at a relatively large
distance from the hill. In extending his method of study of two~dimensional
lee waves, Onishi (1960) sought a solution for three-dimensional lee waves due
to a circular hill in the atmosphere with both zero and constant wind shear in
the vertical direction. As done by Scorer and Wilkinson, Wurtele, and Palm,
Onishi also applied the method of stationary phase to obtain the solution. For
the case of constant shear, he managed to increase the wake angle from a small

wedge to a value beyond which no stationary point can be obtained.
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In consequence, there is no lee wave found ocutside this maximum wake
angle. As for the case where there is constant wind and strong stability,
the disturbance is confined to a strip. Crapper investigated lee wave
problems for a circular mountain first and then a mountain with elliptical
contours (1962). For the latter study, constant wind shear together with
both thermal stability conditions constant and an exponentially decreasing
with height were considered. Under the constant stability condition, he
found that the waves are confined to a strip for the case of no shear,
whereas the waves are confined to a wedge resembling shipwaves for the case
with a large constant shear. For the case without wind shear, the amplitude
of the waves in the central plane in the downwind direction of an elliptical
mountain is greater than that of an infinite ridge. The magnitude of the
vertical disturbance decays in a form inversely proportional to three halves

(3/2) power of the downwind distance. The results appear to be controversial.

Evaluation of integrals by numerical methods or the use of numerical
i models for studies of three-dimensional lee wave problems has increased
recently. A three-dimensional lee wave for an isolated nearly circuilar hill
was studied with the perturbation method but integrated numerically in both
two- and three-layer models by Sawyer (1962). In his model, the horizontal
wind velocity can change with height in direction, as well as in speed. The
computed vertical velccities due to the lee waves have a series of bow-shaped
patterns concave downwind and which are also confined to a wedge similar to
these obtained by others The maximum magnitude occurs just off the peak of
the hill and decreases gradually away from the hill. By being aware that the
lee wave disturbance is essentially confined to a wedge and applying a trans-
formation to an oblique co-ordinate system, Pekelis (1966) developed an
algorithm for solving the non-linear three-dimensional lee wave problem. Com-
| putations show that the height of an obstacle definitely influences the shape
; of the pattern of vertical velocity in the non-linear model. For high steep
mountains where the non-linear process is important, the pattern differs
strikingly from that of relatively low obstacles in that the nodal lines of
the vertical velocity are convex downwind, almost opposite to the shipwave or

bow-gshape wave.
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Vergeiner (1975, 1976) developed a three-dimensional, time dependent,
linearized numberical model to studyv Foehn wind and lee wave flow. For the
circular hill case he produced a more or less similar kind of vertical velocity
pattern as obtained by cthers except that some computing noises are involved.
He also applied the model to study the flow over the smoothed topography of
a part of the Tyrol Province of Austria and selected soundings yielded
interesting results. Some topographically produced features under the inter-
action between orographically forced and free waves are still recognizable in
the computed wind field. The computed results are generally, also, in agree-

ment with other theoretical and observational evidence.

Considering both cross-wind and vertical shear, Blumen et al.,(1975)
attacked the three-dimensional lee wave behind a nearly circular mountain.
The vertical velocity field is obtained in Fourier integeral and evaluated
numerically. One of the interesting results is that when the constant basis
wind velocity is 23 msec_l, the maximum upward vertical velocity is about
2.5 cm sec-1 at height 2 km and distance 2 km downwind from the center of the
mountain which has a peak height of about 570 m. This vertical velocity is a

much lower value than the one usually obtained by other authors.

Most recently, Gjevik et al (1978) applied a kinematic method developed
by Whitham to investigate the wake angle of shipwave type patterns of the phase
lines of the vertical velocity. The computed wave patterns under various

conditions are qualitatively in agreement with some satellite cloud photographs.

The purpose of the present investigation is to study the three-dimensional
lee wave above the flow over and around a ridge of finite length and above a
typical mountain-valley terrain, and its effects on the mountain-valley wind
system. The problem is studied based on a simple linearized model and is solved
with the multiple scaling approach so that representative solutions can be
obtained for both the near region and the far region of the mountain terrain in
the downwind direction. From the theoretical study, the basic structure of the
velocity field in the lee of the finite ridge and above a typical valley is

obtained when the thermal boundary layer influence is minimum. Because of our
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interest in effects on valley winds, we direct more attention to the near
field than has often been the case in the lee wave studies. In Section 2,
a general description is presented. The development of the solutions based
on the multiple-scaling method and the numerical results of the solutions

are given in Sections 3 and 4. A brief conclusion and recommendations can

be found in Section 5.
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IT. THE MODEL

Since our main interest is to explore the consequences of mountain
waves for valley winds, we simplify as much as possible the mountain wave
aspect by considering a time-independent Boussinesq, incompressible, stratified
inviscid fluid, and linearize about a basic state with velocity U(2)>0 in the
x-direction, and thermal stratification TO(Z). Thus, our basic equations for

the perturbation velocity u and temperature 8 are:

1
Uu + WUi + - VUp - aglk = 0, Veu = 0, and U8_ + wT' = 0.
—x L = o x o

(a is the thermal expansion coefficient.) Eliminating all the dependent
variables except w amont these equations one obtains
2

2 »

U N 2
w - —_ W o4 =
where Vlz is the horizontal Laplace operator and N2 = aglb' is the square of
the Brunt-VdisZl4d frequency.

We take this equation on 0<Z<vH with the boundary conditions

w = Ulo) % on Z = 0 (2a)

w=20 on Z = mH (2b)

The function h in (2a) represents, on the linear theory, the height of the
mountain as a function of the horizontal coordinates. We are going to assume
that the characteristic scale of variation of h, in its dependence on x, is of
the same order as the depth wH of the layer. However, its characteristic scale
of variation in y is taken to be larger by a factor of e-l, where € is a small
parameter. It is this aspect ratio parameter & which we shall exploit in
golving the problem; the small parameter implicitly already used in making the
linearization may be taken to be the ratio ho/H, where h0 is, say, the maximum

height of the mountain.
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We assume h tends to zero (with sufficient rapidity for mathematical needs)

as x or y»>t», We shall give explicit calculations for the example:

h = ho exp [— K!x/H| - (Ey/H)Z! (3)

(In place of (2b) ome could also consider an unbounded layer, H then being
an appropriate scale height for the velocity and stratification profiles;
if the latter are such as to admit wave propagation at large Z, the condition

w40 would then be replaced by an outgoing wave condition.)

We introduce dimensionless position coordinates temporarily distinguished
by overbars, by

X = §H, y = §H, 7 =zH
and also set e§ =Y. We set

= = - Dewd P
h = hoh(x,Y), U=U()U@E), NU " =H "J@)

and for the dependent variables take:

u = U(o)hon'la, v = eu(o)hou'l\“;,

w=UhH 5, 0 =100 h (agu)'3
2 _=1=

P = poU(o) h H "p

Then the basic equations become, on dropping the overbars;

' =
qu + U'w + Py 0 (4a)
va +py= 0 (4b)
U, =9 TP e (4c)
6+ UJw =0 (4d)
u + ezv +w=0 (4e)
x Y z
@;
s
i ‘ 6
¥,
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and equation (1) for w alone beccmes

o SR L S B
| .d. 2 + ,B. P = % * 3 l _‘_%’ + :,_? §.~2 + J ] g_._;_’. =0 (5)
L 9x 5z S G 3% |3y
The dimensionless form of the boundary conditions (2) is
¢h
- on z = 0 (6a)
w=20 on z = W (6b)

We have used U(o) as the characteristic scale for the velocity profile;
this would of course not be appropriate if U(o) = 0; by in such a case
neither would be the linearization. In the calculations using (3), which

in dimensionless form is

h = exp [—KSxi-Yz] @)
we shall also take U and J to be constants.

In addition to these boundary conditions, we have the conditions of

no upstream influence, meaning that w (and the other perturbation quantities

as well) should tend to zero for X+ -», and downstream boundedness, meaning

that they should bounded for x* +». We also assume that they tend to zero
as Y*t» for any fixed x. Actually, we are considering a family of problems
parameterized by €, and we shall require these conditions expressed in the
above dimensionless form, to hold uniformly in €, as €+o+. We shall also be
concerned to find a representation of the solutions which is uniformly valid
in as large a domain as possible as e+o. If the problem is attacked as a
perturbation problem in € in the most straightforward way, one does not, in
fact, get a representation uniformly valid for large x; in order to obtain a
relatively simple and useful description of the flow a somewhat different
approach 1s needed. We shal) see that there are, in fact, three different
scales in x, x = 0(1), O(e—l), and O(E_Z), which are important in this descrip-
tion; this will be clarified by consideration of the specific example (7),

to which we now proceed.
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IIT THE SOLUTIONS

We now take U and J to be constants, so U = 1; we assume J>0 (static
stability). Let w(n)

0<Z<w:

(x,Y) to be the Fourier sine coefficients of w on

o
w(n) = %L sin nz w dz

We shall represent w by its sine series, but since w does not vanish on

Z = 0, the terms of this series will only tend to zero like 1/n. Thus the
series will not be directly useful for computation; we shall consider later
how it can be improved. More important is the fact that formal term by term

differentiation of the series does not give, for example, the correct sine

series of 2w . Thus, the sine series should not simply be substituted

L

%

z

into eq (5). However, the consequences of (5) for the w(n) are readily

obtained by multiplying it by (2/7) sin nz and integrating from 0 to m. On
2

integrating the term involving 3 w/Bz2 twice by parts, using equations (6)

one obtains:

2 2 2 3
2 (n) (n)
{3’-7-13” Ag™ sl asjin™ . b (8)
| ox ax Ix Ay T ax
roo
Now take the Fourier transform in Y of this equation, setting ;(n) - el‘yy‘“’\v
this gives:
* 2_(n) - \ 3
Ly nfeg]di o B2, +J}G(“) .2l (9
2 m 3
| 9x 9x 9x 9x
For h given by (7), we have ff
3 3 -klxl-k2/4
3 h = -K'yme sgn(x). (10)

ax
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Because of the discontinuity in %g-at x = 0 we shall consider separately

the cases of positive and negative x, applying appropriate matching conditions
at the origin. To obtain these conditions, we look also at the other com-

ponents of the flow, representing u, v and p by cosine series of the form

@ i 1
|
u --%u(°)+-§: u(n)cos nz, u(“) =-% S u cos nz dz{, and 6 by a sine series
1

(o]

as in the case of w. Taking also the Fourier transform with respect to Y,

equations (4) (for the present example) then give:

E(z) + 5(2) =0 (n20) (11a)

6(2) T L (a30) (11b)

‘-'(;:) - 8@ = 0 (n21) (11c)

5™ 4 w™ - (nz1) (114d)

;(n) - iksz;(n) + nG(“) = Z_E (n20) (11e)
X ki X

>
At x=0 we want u, v, w, 6 and p to be continuous. Writing 'f] = f(o+)-£(0-)

we thus get:

[;(n)} =0 (12a)
-

=(n) | _

iLw - ] 0 (12b)

using (1lc). Differentiating (llc) and using the other equations shows that

_-(n).],, [otn) (=) (=) s _ _oanfg
wxx_] léx]+ nlpx]’--J{.w J;—nu - h *

8

L

X w

L
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Similarly l;‘“)] 2 {g(n) e @ oy @ |
XX 1 XX xxj | X - ‘
ol 2f-m) .2 @ _2iz
n -n n n'=-
-n ‘-‘xx' = -ikne 'i_vx +n _wx;—T‘,\hxx
o 2_“’; . |
XK
| 2 |
Since h -ﬁe'kh‘"‘k /4, we thus get i
) 2 |
15(“)5 = Ann-l/ZKe_k /4 (12¢) ‘
L= ]
and {G(“) } =0 il
L xxx |

Now, using (10) we can write down at once a particular solution
(for x * o) of (9):

K| x| 1fs e-k2/4

P =Be sgax = 2nr K e-K|x|

sgnx, (13)

(R2-n2+3) - 2% Q+a/K%)

P being defined thereby. Note that (12¢) can then be written as

%G(;Z = 2?o | Kgnzu - €2k2(1+J/K2) ] (12¢)

P satisfies (9) and tends to zero at i<, but is not continuous at X=0.
The solutionszof the homogeneous form of (9) are combinations of exponentials

eﬂx where A 1is a root of the quadratic

2 2
X (2 -n2+J) - e2k2(X2+J) =0
2
When € 1is small, one of the roots is near 0 and the other near nz-J; since
- their product 1is -ezsz, they are always real and of opposite sign.
b
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Let the positive root be called % and the negative one -LZ:

2 2 2 22

g = % [n -J + € k + (n —J+e k ) +ﬁe k J (14a)

SESmE BN =]

1 = % [ = R k +'\V(n2-J+e k) +4ezk J;

2.2

(Which of these is near 0 and which near n2-J depends on the sign of nz-J+e k.)

Then the solutions of (9) which tend to zero for x+ —= and are bounded for

x*> +» are of the form:

) P (XLO) (15a)

=P + Bgzx + C cosLx + D sinLx (x>0) (15b)

The conditions (12) then give the following equations for A, B, C, and D:

-A+B+C ==2P

-2A - 2B + LD =0

—zzA + zzB -tc = 28 Er-n2+J—e2k2(1+J/K2)]E
‘_ J

~3a-3-1h -0

The solution of these equations is

A=-B = Po 1 +s2k2J/K /(L +2 )
C= 2P° { L +e2k2J/K /(L +2 )

D=0

(16)

In principle, this gives the solution to our problem, but because of the
somewhat complicated way that L2 and 12 depend on k2 it does not seem to

be possible to invert the Fourier transform in terms of simple formulas.
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However, we can now use the small parameter € to obtain more tractable

approximations. We have, first,

r Ta
L2+ 22 =‘(n2—J+ezk2)2 + 4£2k2J |2 |n2—J|+22k2(n2+J)/|n2—J|+0(ea),
and so - - -
1 o4’k (-3
22 = —;— nz-‘J+|n -Jl 82 ;(n 2[ { + 0(84) (173)
L L |n®-a] J
] 22 .2 2 .
* k- n"+J-[n"-J] .
12 - l-{J-n2+|n2-J|§ s £X [o7Hlin L 4 oty (17b)
;i J L a3
Also, 2/ o 3
=, -k /4 2
2nm K
P L 1§51§—~ + 0™ (18)
K -n +J K -=n"+J

55

Let us write n, for the integral part of J

, supposing (as has already implicitly

been done in writing down (17) that J is not a square integer. Then equations

(17) become

2123/ (3-nd) + 0(eh)

& J—n2+ 52k2n2/(3—n2) + O(eb)

»
[}

(n<n¥*)

-
]

or
)

0o % 6B 0l =1} + 0(e")

»°
"

: (n>n%*)
= ezsz/(nz-J) + 0(64)

e
|

i
!
Using these and (18) 1in (16) we find, setting

2
20 = 208 e * [ @Pn?ep

2 2 7 I
- -8 = p° K-n+J
A B PelklJ 2 23

K (J-n")

+0 (&Y

2.2 2 \ v

4 2
=<2p° ek (n =JK~J")
C =-2P (1+ 25 2

o + 0(54)
(J-n") (K =n"+J)

12

(19)

(20)

(21)




or

22,4 2 2 5
a=-p=plie SR O D) gt
. (-3 (K -n“+J) ,
L (aon,) (22)
{
2 2
c = -28° e2RT - Kot +0(eh

KZ( n2-J)

In order to obtain a representation of the solution which is uniformly
valid over as large a ranTe of x as possible one should not, however, simply
expand the functions e-z *I' and cosLx in powers of €. It is better to
follow the general idea of multiple scaling, introducing new variables
£ =ex and X = €2x (and possibly X3 = g3x etc., though we shall not use these)
so as to obtain a representation of the form w = wo(x,g,X,Y,z)+szw2  ree
in which the second term is in fact of order &2 compared with the first even
when x is as large as 5-2. Thus in using the above approximations in (15)

we write in the "wave case", n<ng:

2 I
72 o 2% |1ey? l%liﬂ_ +... e lelsgnx
- K -n"+J J
0.2.2 Wttt _-lujlelicaty)®
—POE kJ 5 292 © sgn X + ...
K" (J-n")
Bl [ =
-P°(1+sgnx) 1+€2k2 a -Jg ;J 73 G cos | J—nzx
° (3-n7) (R =n"+J) \
k2n2
+ — X 5 (n<n,) (23)
2(J-n2)3/2 *

and in the "evanescent case", n>n,,

r 2 )
;(n) + Pg l1+t2k2 1+3/K G e_lelsgnx
. K'-n+J 3 2.2
- Stah® r1+e2k2 nl'—JKZ-J2 > Py nz—J|x|+ _E_Eilll3/2
gnxP | ? el 2 2(n"-1)
. (n -J) (K -n +J)
0 2.2 Kz-n2+J 2 %
“P, (l4sgnx)e'k'J —5——5———5 coskE(I/(n"-J)) (n>n,) (24)
- K (n"=J)
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The other components of the flow, for n2l, can also be obtained by using

equations (11); the results are:

@) /1 E43P e"lel 2243, -2|x|
u LA e m === e
}n K 2
* l+s2 X o J-L sinLx !
|
=(n) fk | K54 -K|x| 2243 -2 x|
v = e = P e sgn Ae Sgnx
n 2 o
K 2
2
= .l:_s_gﬂx C J-L cosLx :
2 2 (
L
2 2
=(m) _ _1 K+4J K|x|  25+3 , -2|x|
P - n\l B e g -
1+sgnx J—L2
- ) C I sinlx / 3

|
i
1

=n) _ J1, -K|x|_ A -2|x|
%] = JgK Poe =3 e

]

- ltsgnx C sinLx ’
DR ¥

(25a)

(25b)

(25¢)

(25d)

;(o)’ ;(o) and Eo are not determined by w, but are obtained by solving

the n=o0 cases of (lla, b, e) namely:

79 05 -0
X

2
;(z) -1ke26(°) =‘% Ex = -2'|t;il(e"l(lx|"k /ASgnx

These imply
, 2.,
500 | 2200 | 5 g2 KIx-Kka
XX
80
2 2
560} o 2% e oKIxl=k"74 o= lk]e]x]

K -kze
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(26a)

(26b)

(26c)

(27)
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= -0 " -1 -
(26c) shows that for continuity of v(o) at x=o we have 0° = 41 e k™74 <

L _1 12 « X,
since (27) gives “zl = =47 1K3e k /4/(K2-k2€2) - 2e|k|E we get
R 2 -t 2
o2 ke 1 - — K | -2 x|kle -k/4
elk| K222 R
Thus
5.2 -k%/4 \
-(0) _ 21 %% K|x| elk] -¢|k]]x
u = = e - e . (28a)
X2 2 K ,
K-k e J
-(0) ZW—%‘k.Ke_kZM /-xl | -elk]] ,\'}
v = 1——2———2'—2———— e o -e € x ; sgnx (28b)
K-k e \ /
S(°) i ) . (28c)

et in (28) may be replaced by K_2(1+k282,K2...)

For small £, the factor (K'-k'e")
in the same manner as in obtaining (23) and (24). It should perhaps be remarked

that since these expansions in powers of sz are not uniform in kz - in fact

they should only be used for esz/K2 small - we should not, strictly speaking,

use them in evaluating the inverse Fourier transforms. However, because of

the factor e.k /4 we may cut off the inverse Fourier integral at a finite value

of k, for instance k = Ke
In the truncated integral, the expansions are legitimate, and the

4 , thereby incurring only a transcendatally small

error.
integrals of its terms can then be replaced by infinite integrals again with

only a transcendantally small error. Thus in fact, one need not worry about

the non-uniformity in k2 of the expansions.

It is now relatively easy to invert the Fourier transforms, using the

f' following:
7 © 2
“ 2 B R ¢ /a
o 1 f TRk /4 gy o () e (29a)
%z x J
2
~§'A_
o
£
b




LR T . ———" Tt——

e s ot

1 "t el a-41)" (a+1Y)? ]
In e dk 5 | @ Erfc(a-1Y) + e Erfc(a+iY)
o L
(29b)
L]
v T —akv-k?/a 2 =Y 2. Y% Y%/ (1+16a°)
iy | e cos(ak +b)dk = m “(1+16a”) e 5
= 2
. cos [ % tan 14a o R8E + b (29¢)
1+16a2
and rw
; - o 2 ol Sa2 2
%- e Atk /4cosak dk = ¥ e 2 T cosh 2aY¥ (294)
ﬂ/_m
(See, for instance [Erdelyi et al, Tables of Integral Transforms, McGraw
Hill 1954j ; the integrals are also not difficult to evaluate directly.)
(29b) can also be written in real form as
~ @ & 2 2 2
%} e e la-a!kldk = ﬂ_%e * ea cos2aY Erfca
P —% /Y 2
+ 2m e” sin2a(Y-n)dn (30)
‘o
In addition, for the €2 terms, we need similar integrals with an extra factor
of kz; these can be obtained from the above by differentiating twice with
respect to Y:
5 2 2
2!.1_' ’ e—ikYkZe-ak ”‘dk i ('n'aa)_!i(Z—loYz/a)e-Y /a (3la)
J—W
L ( R g
1 [ 2 ~aaanfienlkl. . ok ) (LaBe2asYT I T 6" vosla¥ Brfes
- ke dk = 7w
2r <
— -
Y 2
L -
+ 2073 e" sfnZa(Y=n)dn - bar %
+0
21 2 . WK

2
+ 8aYe L lea sin2a¥Y Erfca + Zﬂ-kj—en cos2a(Y-n)dn
o

-

(31b)
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ak

%iX k2e etk lAcos(ak2+b)dk = %(1—16a2) B4 e T/ a¥16a7)

-00

2 2 ~
cos|4%tan laa-AaY 5 +b| -8a |1- i sin(%taﬁl4a
1+16a® 1+16a? |

21-16a2
1+16a2

i
. < 2-4Y
i

+b!
i

1+16a?

2 2
L (2-4Y ~-4a?)cosk2aY

L

_Li _aZ_Y
e

. ™ 2 2
%}& e-ikY —k/4 kzcosak dk =

Q0 3

+4aY sinh2aY

-

Using these, and setting

Q= 2%E/(K2—n2+J)

2
(so that pP° = 17!5Qe-k /4)

(o)
82 = 3/|3-n%|
vi o= 4na‘J-n2|—3
o = stanto|X|-v]x|¥2/ 22y + Vi

The inverse transforms of (23) and (24) give:

2 2 222
w:n)- QfEY -le|sgﬂx--(1+sgl'lx)(1+\:2)(2)-'L£e-Y fAE) cosd o (n<nx)
- 2 2 ;.
w(n)_ Q/e_Y -K|x|_e-Y J#v[X]) - Vn'-Jlx (1+V|Xl)-% sgnx (n>n*)

=

(31c)

(31d)

(32a)

(32b)

(32¢)

(324)

(33a)

(33b)
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2 2
wgn) c1+J/K (2- 42 e -Y l<|x|$g“x_QJ K<n +J2 -
x -n 2.3 K (J-n")

i ‘ ‘Yz 1

v2 ' g2p2 3
¢ /(Z-AYZMBZEZ)e * eB £ Erfc(B|E[)cos2BE +27 & e" sin28|E| (Y-n)dn
\ L -0 J

e v2  g2g2
-47 LsBIF,l + 88|E|Ye L Erfc(8|€|)sin26|€|

£ (Y 2 B

+ 2w Jo &" cosZBE(Y—n)dnl‘ > 8gNX
z. JKZ_JZ

(J-n ) (K -n +J)

2
-Q(1+sgnx) = (1+\,2X2)—5/4 o / (14+v2x2)

' el 2
- ;i2-4Y2 Lo cos¢-—2lel~! 1- L sin$ , , (n<n%) (34a)
3 1+v2x2 \ 14+v2x?2 |
2 2
w(;) - q /K @-41%)eY —lelsgn P
K'=n +J
4 2 2 2 |\ FE 2
oD ;Jl( =3 = , _ &Y | (1+v‘X|)-3/2e_\/n “3|x|-YSras (x|
(n"-J) (K -n"+J) 14u| X))
2 2 2 _2_ 2-2 !
i (eagny EEBEL, SR | (2-4Y%-482E2) cosh (2BEY)
2 2 \
K™ (n -J) !
+ 4BE sinh(ZBE,Y)..l (n>n*) (34b)

(33a) exhibits the lee waves seen at large positive x, the function ¢ of
(32d) giving the phase. If X is large enough that vX>>1, the lines of constant
phase are approximately the hyperbolas

+(¢—{—) vX = 0

2.%
2 Q) ((vx)2+1
e?v

which have asymptotes of slope

d dY - 2
-&%- dx-tﬁ(J—n);‘

A—
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A picture of some lines of constant phase computed from (32a) for the
case (J—nz)k/ezv = 10 is shown in Figure 1. Of course, if there is more
than one lee wave mode (n*>1), the asymptotic solution will be a sum of

such terms, and the picture will be more complex.

The inverse transforms for the other components of the flow can be

obtained in the same way from equations (25) and (28). We give only the results

pertinent to u and v up to 0(eg).

2 7 2
u(o)s z-e—Y WEK|X| - {ZeE Erfcg .
w K i
_% Y2
. (Ysin2EY-Ecos2EY) + 27 ‘e

Y 2 | |
-,.;‘ij & Yeos2E (¥-n)-Esin2E (¥-n) | dm,l+°(€z) 35e)
0 ‘ i
2

K'+J

2 2
(n)_Q -Y=K| x| n 22\ % .
U m=(e——=e +(1+sgnx) (1+vex™)
” - QJ—n

|

% 2 292 2_ 2 . 2- 2r2
T/ ORD) g - eptR B T 5B e tale)
K

_% YZ
. (Ysin2g|£|Y-B|E|cos2BEY)+2n “e

-k L
=4 J. e {YcosZBE(Y-n)-BEsinZBE(y—n)] dn +0(e?)
o

(o<nsnx) (35b)
|
| o2 2 2 Vol 1iyioed
o® . %/%ﬂ oY Kl 2 gy % " =3 x|-¥"7Q+v|X])
2

| n=J

22, . _a2:2.y2 ¥
+¢ (14s8gnx) 283 E-o ¥ eB . He B|E|cosh28£Y-Ysinh28‘£|Yi’+0(62)
|

KZ
(n>n*) (35¢)
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P e 2
v(o) = gk e ¥ . Ye le'—egﬁrfclﬁl(Yc052€Y+Esin2£Y)

i
5 (Y2, -
-2% Je "Ysin2 || (¥-n)-|E|cos2E(¥-n) dn: sgnx+0(e?) (36a)
: ] ;

: r
2 {2 2 2
G 2y PR =Kx|_g2 RT-n+J

e Ssgnx | —5—
“\‘ LKZ K2

Y 2
-(Ycoszsgv+sgsinzegv)+zn“’ j e” (Ysin28|&|(Y-n)
o

2¢2
eB & ErfeB|g] .

——

2
n
J--n2

-5/4 ]

-B|£|cosZBE(Y—n))dnJ+ (1+sgnx) (1+v2x2)

2 2
o' / +o?X )(cos¢-v|X|sin¢) +0(e?) f s (o<n<n¥) (36b)

; (m) _2 K>+ -Y2—K|x| n ~Yels |x] -
v = ——Ye sgnx - e

n 2
K n -J

2
QX)W 2y Y/ C#0IxD)

2 2
sgnx+(1+sgnx) 2 5%1—11' .

_v2_p2s2 i
.e T YcoshZBEY-BEsinhZBEY))>+0(ez) , (n>nx) | (36¢)

20




-

o+

b SREE i Sl

/

We now must see how to improve the convergence of the sine series

for w so that it can be used for computation. Since Qv - %% for large n

(See (32a), and vv 2/n, we see from (33b) that

2
() __ 2k -Y°  -K|x|__-n|x|
v, - e (e e )sgn x+
-2 1 —nlxl
+ terus of order n = or smaller. (Of course the series E;e sin nz is

ultimately rapidly convergent if x+o, but the approximation by a moderate

number of terms becomes poor as x»0.)

However, the series with the asymptotic form as coefficients can be
summed exactly, so by removing this part we are left with a series which

converges rapidly enough to be useful. The power series ? Zn/n converges

to -log(1-Z) inside the unit circle in the complex Z plane, the logarithm
being defined as 0 at 2=0 and with a branch cut extending to the right

from Z=1. By Abel's theorem, it also converges to this same sum on the

unit circle too, except at Z=l. Setting Z-e-‘x|+iz this gives
? e~-n|x|einz/n . —log(l—e-lx‘+iz)

LA e_nlx!§3£%93== Im i-log(l—e-|x|cosz-ie-|x|sinz)

-lx
= tan_l e ‘ |sinz - tan‘I sinz
1-e *lcosz e'*'—cosz

In particular, for x=o, we recover the familiar series

f sin.nz_ tan_l sinz

= -1 = L i
T i=coas tan “cot z/2 = %(w~z2)

Thus we have

#leKIxl_eml*l) ginn K|x|r=z =4 1. 8208
: slnt?. e 5= -t
e -C0S8Z

37)
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Let us set | ' | |)
2{ -K|x{ -nix
(n) 2K -Y (e -e (n)
w - L1
5 sgnx ——~ e . a + LA (38)
Then we have
2 E
(o) 2k -Y° | -K|x| -1/ sinz
w b e | e -z - tan sgnx
L 2 e' " '-cosz
+ ? w (m) sin nz
1 ©
ana the series in (39) should converge rapidly enough for direct
numerical evaluation.
Investigation of the asymptotic behaviour of the terms in w(n)
(34b) shows that they decrease like n-3, so the series may there be used
directly. (35c¢) shows that for large n
(n). 2K _-n|x|-v?
u v —e v
m
Thus we set
2
o o C -nfx] @ (n21) (40)
Since in this case we have a cosine series, we use
?e-nIXIggﬁgz = Re{~-lop,(1—e-lxlcosz-ie_lxlsinz)L
= ) log(l-Ze—lxlcosz+e-2lx|)
and so
2 ) .
u= -'§ log(l-Ze lecosz+e 2|x|) : +'§ + fu(“)cosnz (41)

(n)

already decrease like l2 v
n

The terms v




IV  RESULTS AND DISCUSSION

Numerical evaluation of w and v is made for both the single mountain

ridge and the mountain-valley cases, under combination of the following

conditions:
h, =1 Km U = 10 msec”}
e = 0.2 K=1.25
J =2.,0, 7, 13, and 20 H= 3 Km

Based on the formula for a single mountain ridge shown in (3), the correspond-
ing formula for the mountain-valley terrain case can be written in non-

dimensional form as

h
h

2
N [e-K|x—1 .50, e—le-!-l .50 l} =%
0

in which the valley width or the separation of ridges is three non-dimensional
unit of length, i.e., 9 Km in actual distance. For the single mountain case,

the peak of the ridge is placed at the origin. For the mountain-valley case,
the valley head is placed at the origin, and peaks of the ridge are at x=t1.50,
y=0. For the parameters used here, the valley head has the elevation of about
300 m above the horizontal plain. The abscissa x and ordinate y in the

graphs concerning the vertical velocity distributions are dimensionless and
each corresponding unit is equal to 3 Km for x and-% Km for z. The velocities
are also non-dimensional. The vertical velocity w of unity corresponds to
3.33 msec_1 for the value of the parameters used in the present model. For
the figures regarding the distribution of the horizontal velocity component,
v, the ordinate Y is also dimensionless and Y = 1 corresponds to y = 15 Km.
The velocity v of unity corresponds to 2/3 msec-l. The horizontal velocity
component normal to the mountain ridge is not of much interest here and is

thus not calculated.
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Figures 2 and 3 show the vertical cross-section of the vertical
velocity distribution w(x,z), at Y=0 over a single mountain, corresponding
to J = 2.0, and the horizontal cross-section of w(x,Y) at z = % Km for
J = 2.0 respectively. Both clearly show that the flow is down slope in the
lee of the ridge. Above the mountain ridge and in the lee phase retardation
takes place with height. There is very little retardation, however, farther

away from the mountain, as shown in Figure 3.

The horizontal distribution of w for the case J = 2,0 is shown in
Figure 3. The phase line in the horizontal plane at the z = 1.04 Km level
is concave toward the downwind direction. Bow~shaped or crescent shaped
clouds will develop as the manifestation of the vertical motion field where
there is enough moisture. Such clouds were reported by Abe (1941). A crescent-
shaped clear area that developed over an overcast area with low stratus clouds
was recently reported by Edinger and Wurtele (1972). Figure 4 shows the vertical
cross-section of v at Y = 1 (15 Km) from the valley peak of the ridge.

For Richardson number J = 10, the Brunt-Vdis#lid frequency is about 10-2,
which is the approximate value for the case of the normal atmosphere. Thus a
smaller J means that the atmosphere is less stable. As can be seen from
Figures 5 to 8, the phase retardation is more pronounced in the more stable
case when J = 20 (Figure 8) than in the less stable case (Figure 5). The higher
J will allow high wave modes to come into play. This is clearly shown in these
graphs. It is of interest to compare Figures 2 and 5 in which the basic con-
ditions are exactly the same, except for the two mountains. The vertical
velocity distributions for the two mountain case is quite different from the
single mountain case. The superposition of the wave solution for each single
mountain at such a valley width used here leads to the damping. However, the
downslope motions still take place in the lee slopes, and the upslope motion
in the windward slopes of each mountain. The horizontal wave lengths for

Figures 6 and 8 have been shortened somewhat.
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Next, let us look at Figures 12 to 14, which depict the vertical
cross-section of the wind component parallel to the valley or the ridges
at Y =1, These results are reported for the first time. Figures 12 to .14
show different J's, varying from J = 7 to 20. A considerable increase in
J will raise the wave mode. The stronger the stability is, the more difficult
it is for the air to move upward. Consequently strong horizontal motion will
go around the mountain. Above the valley, the upwalley flow (negative v in the
graphs) increases with J and the center of maximum v descends to about the 1.5 Km
level at Y = 1. The wind component v will change from down-valley into up-valley
at about the 600 m level. 1In the daytime near valley floors, wind usually blows
toward the up-valley direction. Because the down-valley flow discussed above
due solely to the lee wave effect persists all the time, it will counteract
the thermally induced up-valley winds so that the resultant wind becomes weaker
than the normal case. During the night, the down-valley wind attributed to the
lee wave effect will strengthen the thermally induced down-valley wind. These
results are in very good qualitative agreement with the valley wind observation
made in Vermont valleys which have about the same valley width besides a similar
wind vector at the 1 Km level as used in the example here, by the New York Univ.
Group (Davidson et al., 1958,1963). They have claimed that the case for existence
of nighttime down-valley wind was obvious and immediately convincing while the

case for existence of its daytime up-valley wind was weak.

Farther in the down-valley direction about 10 Km in the lee, strong con-
fluent flow reaches the surface level at Y = 1. The component of the velocity
v, in the direction parallel to the valley or ridges in the lee is closely related
to the down-slope lee wave motion. Because the flow in general is down-slope
and the horizontal velocity component, u, is maximum near the upper portion of
the lee slope, the flow has to force the v component into the down-valley
direction from the valley head. For a valley width that is twice or three times
the size of the present one (18-25 Km) used for illustrations, the situation may
be just opposite, as can be seen from the distribution of v at a position near x=7.
The maximum up-valley flow is found less than 500 m above the valley floor and C 4
the maximum down-valley wind is found at the 1.7 Km level. Some observations
reported opposite to that by the NYU Group may have been conducted near valley

2
3
center at a site in a wider valley. &
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Some more interesting results can be found in Figure 15, which shows
the distribution of the wind component in the vertical Y-z plane on the
valley axis (x = 0) for J = 20. Note that near the z = 0.10 level (~ 500 m),
v changes from down-valley flow into up-valley flow. The flow becomes
stronger going away from the valley head at Y = O, indicating that the down-
ward flow from the valley slope on the upwind direction (ridge at x = 1.50)
turns toward the down-valley direction and enhances the thermally induced
drainage wind. This indeed has also offered an explanation as to why the
maximum down-valley winds are usually found near the valley mouth, and the
height of the maximum down-valley wind in the valley increases as the down-
valley distance increases. It appears that the results obtained here are in
good qualitative agreement with observations and the solutions have depicted
the basic physics behind these puzzling and interesting phenomena reported by
Davidson et al., (1958, 1963) and studied analytically from another point of
view by Tang (1968).

*
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Figure 1.

Phase lines of the zeroth order vertical
velocity solution for the case (J-n2)%/¢2y = 10.
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v CONCLUSIONS AND RECOMMENDATIONS

Study of the flow over and around 2 truly three—d}mensional mountain
ridge of finite length and typical mountain-valley terrains has been a
difficult task owing to the complicated mathemstics involved. The present
study has utilized the multiple scaling approach to seek representative
solutions converging uniformly, based on a simple linearized model. The
present model is different from previous studies in that the solutions are
valid for large down-wind distances as well as in the near region. The
linear solutions can be superimposed to obtain solutions for the flow over
typical mountain-valley cases. Three-dimensional solutions have been
obtained which enable us to understand better how the three-dimensional
lee wave affects the valley wind system. The solutions explain why a valley
with width of about 10 Km may produce a weak up-valley wind during the day and
strong down-valley flow during the night. They have also provided an explanation of
the increasing of the intensity and the height of the maximum down-~valley wind
during the night as the down-valley distance increases. The results obtained
here are in agreement with observation available and other findings. The size

of the valley width and the height of the ridges lines are important factors.

In this study we have developed a model based on a relatively simple assump-
tion in which a constant basic wind field is used to avoid complication in
addition to the three-dimensionality in the beginning. It is expected a
multiple~layer analytical model with vertical wind shear and different thermal
stratifications can be constructed and can extend into the higher atmosphere to
include the stratosphere. The thermal boundary layer interaction problem can
be attacked in a more or less similar fashion. With the knowledge of truly
three-dimensional flow over and around mountain-valley terrain and, in addition,
the further analytical study to be done, we can understand much better the
interaction between the stratified meso-scale flow forced by the topography
and the thermally induced boundary layer flow. At the same time, an investi-
gation with an improved numerical model based upon the work we have developed
earlier can be revitalized and modified to put it into daily meso-scale

prediction.
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ABSTRACT

Based upon the contemporary theoretical concept and the
incorporation of a model recently developed by Kazakov and

Lazriyev (1978), a parameterization of the atmospheric surface

layer interacting with active soil layer is made by taking into
account of precipitation and soil moisture contributions. A
method for predicting surface layer meteorological variables

is developed and can be realized as a subroutine in numerical
prediction even over non-homogeneous terrain. The development
of the proper heat and moisture fluxes boundary conditions based

on this study will facilitate the solving of meso-scale and larger

scale circulation problems.

ey

v
w

¥ B

3
3
iy




I. INTRODUCTION

In order to study meso-scale atmospheric dynamics and
boundary layer problems, the equations governing the atmospheric
surface layer and the remaining part of the atmosphere, and some-
times an equation of the active soil layer, are usually solved
jointly. Previous works that took such an approach are by, for

example, Estoque (1961) and Physick (1976) for meso-scale dynamics,

and Estoque (1963) and Krishna (1968) for atmospheric boundary
layer studies. Because of the complexity of the problems, it has
been difficult to obtain the optimum realization of the surface

layer model as well as of the main problem, i.e., of the model for

the remaining part of the atmosphere.

Gutman (1954) devoted his work to soil temperature calculation
where a more convenient approach was applied, in which the surface
layer equations are transformed. The effects of the surface layer
on the soil layer are formulated, although the appearance of the
boundary conditions tend to become more complicated. In the present
paper, the advantages of this approach over others is that the
surface layer model and the main problem for the layer above can
be attacked almost independently. Kazakov and Lazriyev (1978) have
recently taken such an approach to parameterize the surface layer
in its interaction with the active soil layer on the basis of

current theoretical concepts and observational data. In general-

o

izing this later model we have taken into consideration the soil

| é moisture and precipitation contributions based upon the development
g by Deardorff (1978).
N
B
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ITI. THE CASE WHEN THE SURFACE TEMPERATURE AND MOISTURE ARE KNOWN

It can be proved that the constant flux concept remains valid

for the surface layer over topographically inhomogeneous terrain

under nonstationary conditions as long as the following assumptions

can be met:
1. Characteristic time-scale of the processes are greater
than a few score minutes, and

2. Characteristic horizontal length scales of the processes

are in the order of ten times the thickness of the surface

layer (i.e., ~500 m) or higher.

Under such assumptions the following relationships

au _ v _
Ku ¢ CDVu, Ku 5 CDVV (1)
BE 5 = 9 o =
Keaz CHV(T Tg), Ke e %{ V(q qg) (2)
c.=¢c2%2 ¢ =cc
> B W H'ue)

(all notations are explained at the end of this paper)
can be used as boundary conditions for meso-meteorological and
planetary boundary problems at z = h, including the problem of
mountain-valley circulation when the terrain slope is not exceed-
ingly large. It is understood that Tg, g and h in this section
are given functions of x, y, and t.

In the paper by Kazakov and Lazriyev (1978) a simple method
to calculate CD and CH as functions of RiB and H,

: Ah('I’h-T ) .

e _h
RlB-_—T—E_ Ho = 2— (3)

———wt W "Y'“i
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was suggested. Although Vh’ Th are not known in advance, one can
either determine Vi s CD and CH by iterations by taking Vh, CD and )
CH from the previous time steps in the actual computation. If one

wants to obtain the continuous fields of turbulence at z = h, one

can use the formulae,

and (u) '
(X.) : >
[ %) i L g ol "’i(‘h)]
b
F) ih h L dgh
/
(i = u,0) .

to determine the coefficients of eddy viscosity and diffusivity

and their derivatives as shown in Eq. (4). Empirical functions |

21

bution of meteorological elements u, v, t and q inside the surface

and fi are presented in Table 1. The calculation of the distri-

layer can be obtained from the following equations:

£ C3,2. 0 £ (tat.)
9 T S u = VvV = V "—‘(———'_5‘“ 2 (5)
u o u o
fe(C’Co)
T - Tg = (Th - Tg) f-m N (6)
fe(c ,CO)
i qQ-4; ° (g, - qg) Toli h_—’r'o) (7

N

B A T
[N
b=
£
=
e
0
=

S

2
%
¢
:i
v
=
3
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where Ly is a function of both RiB and H, and ¢, can be calculated

by formulae as indicated in the work by Kazakov and Lazriyev (1978).

The heat and moisture fluxes at level h can then be simply expressed,

respectively, as

H = pcpCHVh (Tg - Th) (8)

and

(9)

E = chVh(qg - qh)
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ITII. THE FORMULATION OF THE EQUATIONS FOR THE CASE WHERE THE
INITIAL SURFACE TEMPERATURE AND MOISTURE ARE NOT KNOWN

For determining the surface temperature, Tg’ and moisture
q_, the problem has to contain the description of heat and moisture
exchange in the active layer of soil, and the interaction between
the soil and the air. It is essential that these equations are
simple enough for constructing the algorithm which must be conven-
ient to apply to the complicated problems of atmospheric dynamics.

First let us begin the description of the model with the equation

of heat conduction in the soil.

3
— - (z= o) (10)

It is well known that the thermal conductivity of the soil depends

mostly upon the soil moisture, and to a lesser extent on temperature,

the structure of the soil density.

concerning the soil moisture changes with depth and also other

aforementioned properties are not available. Thus it would be

appropriate to assume that, for a first approximation, the thermal
diffusivity, v, depends on moisture only at the ground surface

level so that we can apply the empirical relationship to calculate

the soil diffusivity as shown below:

0.001 + 0.0004 wgt/3 P ¢13)

0.27 + Wg

which is adopted from Benoit (1976) and Sellers (1975).
In order to solve Equation (10) we regard it as a two point

boundary value problem. By assuming both the absence of the heat

flow from the deeper layers of soil below and also a constant soil

However, the detailed information

-




temperature at a great depth, we may write the lower boundary

condition as

‘3|Z:_uo = constant (12)

for a given location based on available climatological data. If
we assume that the so-called viscous-sublayer is absent, it would
be quite natural to acquire continuity at the temperature field

at the soil-air interface, 1.e.,

L Tg (13)
It is noteworthy that the inclusion of the viscous sublayer does
not actually complicate matters technically (see Zilitinkevich, 1970).
However, no report in open literature has indicated that the in-
clusion of the sublayer in atmospheric dynamics models has provided

better results.

As for the second boundary condition at z = o, we make use of

the heat energy balance equation, as usual at the ground surface,

4y
H - LE (at z = 0)
& g (14)

('3
1"
~
(]
|
=
he}
Nt
0
+
™
a9
x
1
™
Q
-3
{

where
(15)

0.08] T 4 (16)
a
-

-
= 3
R = t?c + (1 - GC) 0.67 (1.67 x 10 qa)
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and

R
H

0.31 -~ 0.17 W _/W (W < W) !
g k g .

or (17)

0.14 (W > W)

The last two relationships are suggested by Staley and Jurica
(1972) and Idso et al (1975). For the soil moisture equations
we will adapt the force restore method by writing the rate of

change of soil moisture in non-dimensional form as shown in the

following:
i ey LN S > CON< < i) (18)
ot 1 = =
0 dy w
W 2 max
and
, P - E ¥ =V
N - ————— + C, —EB ,(0 < v < 1) (19)
a8 1 2 T = Yg=
[} 1
pwdl wmax
where
W W
2
w = w s Q)g = W_g_ ’ (20)
max max
‘,lu > ( < 0.15)
wg <
C1 = glu—22.5 (p - 0.15),(0.15< wg < 0ul5)
| 0.5, o > 0.75) | (21)
(
\ 8. i
C2 = 0.9 s Ty = 6430 sec ) ;
d‘ = 10 cm b d; = 50 cm .

It is seen from Eq. (18) and (19) that the rate of change of

moisture content is directly proportional to the difference




between the rate of precipitation and that of evaporation. The

inequalities in the brackets indicate that Equations (18) and (19)
are valid only when the values of wg and y are between o and 1.
Beyond these limits the rate change of soil moisture can be nega-

tive after reaching the maximum value of wmax that soil moisture

cannot continuously increase and the extra moisture will be runoff.
In order to eliminate some unknown variables we use the follow-~

ing relationships, based on (6) and (7):

e ) R e T (22)
21 g h g B

Iy ™ 9 7 L9y - g, ) 8 (23)
where

B = fe (ga,co)/fe(ch, go)
and (Z4)

= &
Ca h Ch

From an empirical relationship suggested by Deardorff (1978)

we present the saturated specific humidity at ground surface in

the following form:

qg = an + (1 - a) a, (25)
(u' (qg. < Q)

& =3 g g (26)
i tg_ > Q. )




where (
i W /W (W < 7} )
ot :<J 2 KX, 8 K
(27)
R (W > W)
{ 24 6
\
fr_o0720 | {
LD A T3l 5
)('I) o --»ls-—-— .10 'T—f;l.;" i
& (28)
1
Qg = Q(Tg), p = 1000 mb = const 2

Attention should be paid to the inequalities in (26) and (27).

In case qg in (25) becomes larger than Qg we should put qg equal

to Qg' Thus the possibility of condensation of moisture at ground surface
is taken into account. We come now to the inequality in (27),

which means that after the concentration of soil moisture at ground

reaches a certain critical value wk, less than the wmax, the further

increase of soil moisture will not change its influence on the air
in the surface layer. The pressure in the formula for saturated
moisture and humidity in (28) is assumed constant, quite guarantee-
ing the required accuracy because this formula is used in this
paper only for one level, namely, the ground surface, where rela-

tive percentage changes of the pressure are small.

Next we shall discuss the question of the formulation of the
initial conditions for (10), (18) and (19). In principle it should
be possible to get experimental data about values of soil tempera-
ture and moisture at different depths of the active soil layer for
a certain instant which we may consider to be the initial value.

| 4 However, at the present such data is practically unavailable for
routine calculations. Therefore, we shall assume that after cal-

culations have been made for quite a long interval of time, the
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initial conditions becomes less important, because the amount of
moisture in the soil is changing continuously. The moisture change
will soon begin to vary quickly as time goes on, depending upon the
future development of precinitation and some external factors. At
the same time the influence of the initial condition of the moisture
gradually fades away. In view of the minor role of the initial
condition, the appropriate initial condition under the circumstances

may simply be assumed as

Wg =W, = owhen t =o0 (29)
Considering (10), a parabolic equation, we solve it with the so-
called differential equation with no initial condition (See Tikhonov,
1972). Following such an approach, we can solve (10), (18) and (19).
It may be worthwhile to point out again here that unless computations
have been run for a few hours the results for the beginning time
intervals have no true physical meaning and will not agree with the

observations in the first few hours.

IV. THE DERIVATION OF THE COMPUTATIONAL FORMULAS.

It is important to construct an algorithm that will be simple
enough for practical application. Our problem now is to develop
some mathematical expressions similar to (1) and (2), containing
parameters which are either known or can be computed so that these
expressions can be used as boundary conditions in solving the é
governing differential equations for the atmospheric dynamics above -
the ground. First, we want to obtain the expression for heat flux

from the soil, G, with known surface temperature, Tg' The main

11
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difficulty is that v depends upon soil moisture which changes
with time. However, the indicated difficulty can be overcome

if one can generalize the known expression for the flux

4
8 dOC:o\t') dt‘
_t'

t
a8 = f____._.__. (30)
¢z Z=0 W _Jm d V:::‘
which corresponds to the exact solution for problem (10) with
boundary conditions (12) and (13) when v is constant. When v
is a given function of time, t, (10) may be written in the simpler
expressions below, by absorbing v into & through a simple transfor-
mation.

t

= 2 : v(t)dt) (31)

8_9 .___28 E ;
g Il
a Z A O

The corresponding solution for (31) is then

28 - 4 [rE Pes = g (32)
b ¢ J r I
3uZ='c) n " _mJ dg LlE=gt

By changing back £ into the original notation t, we obtained (33),

which is the generalized equation of (30) for the case v = v(t).

t t
do __ (t") <%
22.L ) — jr veorat| ate (33)
Z =0 \/11 PaE. dt: £

For convenience, we introduce time index, j, and time step, At,

and denote

t) (34)

"
(o]

=4

t




and
¢(tj ) = ¢j (o = B, g, v, ete.)
3 b b * (35)
Furthermore we introduce tJ +1,
g J¥L - op 3L 4D (36)

For brevity, we shall drop the time index hereafter if the time
step is j+1. We should always calculate all variables for the
time step j+ 1, as the predicted result for the first time step,
in terms of the previous time steps. In order to write (33) in

finite difference form, let us replace 6 (t) and v(t) by segments

of straight lines as shown schematically in Fig. 1. As a result of

some elementary transformation we have

., 28 ’ .
G = xgaz S Morg F G 'Ig (cspsv)g (37)
PR S S G N e (38)
1 2
where
= - ] = - . h
B, =8y = B Ny s g =il
Mo . 2N 14
VwAt \/v f (39)
2 X4 1
M, = - — s
. VrAt Aj+v +‘/‘v
M. = E 1 )
- VAt JF_ “Le sy -:£ﬁ + v

The expression for §, generally speaking, is an infinite series,
but we truncated the series at the third term for practical purposes.

We have performed many numerical calculations, under the assumption
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Figure 1. Schematic Diagram of the Variation of Thermal
Diffusivity of Soil, v, and Surface Temperature,
60 with time t.
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that v = constant, which have shown that the first three terms
can provide the accuracy as required if the time increment is

not more than 25 - 30 minutes. Thus to use (37), it is necessary
to have information of temperature at ground surface for the time
steps j - 1 and j in order to calculate the value at time step

3 F E.

As to the computation of humidity or moisture at ground surface
for the time step j + 1, it can be obtained by solving (18) and
(19) by forward time difference method in terms of values at time
step j. Having G, one can begin to transform the energy balance
equation (14) at ground surface. Prior to the transformation, we

want first to linearize the terms contain Tgu and Tau and Qg, by

making use of small time step, At, in the usual fashion, i.e.,

4 _ 3j y J U I3
T = + = (T + 4(T (40
g (Tg Tg) ( g ) ( g ) Tg )
(VIS J U 343
Ta (Ta ) o+ N(Ta ) R (41)
and } :
R
Ve TN iy
j _ 4dQ(T)
(Pg = a—.IT——) (’42)

Note that because of the linearity of relationships (22) and
(36), the following relationship takes place.

i
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¥ # (1 - B) Tg + BTh . (43)

Furthermore, if one solves the system of equations (23) and (25)

for unknown variables qg and qa, we have then

q -
q, - B8 *ht a(l 8) Qg (44)
B + a - af
and
aQ_+ (1 -~ a) Bq
qQ_ = £ h (45)
& a + B - aB

Substituting all necessary parameters H, E, G, qu, Tau, and R

from (8), (9), (37), (40), (41) and (16), respectively, in addition
to the estimated downward short wave radiative flux near the surface,
h S, into the energy balance equation (14), and solving for the tempera-

ture increment Tg, we have finally, after rearrangement,

S
Tg * X (AT L + Aq q, + AT) (46)
where
" j 43 3
Ar pcPCHVh + 4 (Tg ) egRuR
LpC,V. a
et

a a + 8 -aB

>
11}

1\l £ 4
(1 -a ) S+ (T3 )" ¢+ 8 - (T3 )" + | (u7)
T ag E‘.go’ a ego

R g

+ pcPCHW‘ (Th Tg ) Aq Qq ;

and

>
I

. i 7 43 -
Mo + pcPCHVh + ch g + 4 (Tg ) osg

L —

(u8)

- w(Thop e, (1 - B)




With (46), H, at level A on the top of the surface layer at time

S
step j:I + 1, can be obtained from (8) as

H = B Hq q, + Hp ’ (49)

H_ = pcpCHVhAT/A

>t
"

pe, CyVpAy /A : ) (50)

. j
Hp = (ocp CoV AL/A) + H

A similar expression can be obtained for E through a somewhat lengthy

manipulation, which is shown in the appendix, to yield

E = ET T + Eq qh + ET 3 (51)
where
E = fh5A /A
T T s

Eq = f£(BA /A-1) ’ i

o ; (
Ep (fbAT/A) + Q i (52)

I~ a
f - pCHVh (m) ’ ’:

/
= 3.80 ,.7.63 |4.29 x 10°
b = —p— 10 . ; 3
| 11-86x10°/1, J

Except for the coefficients, variables in Equations (49) and (51) are

:
d
;
:

for the time step j+1 at level h and are to be determined. These
two equations will serve as boundary conditions for the prognostic
equations of diffusion for temperature and moisture in the atmos-

pheric layer above. This set of equations can be solved iteratively

i 4T
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in addition to the momentum equations and their associated

boundary conditions, until the solutions converge to a desired
accuracy. When ay, and T, are determined, the values of q and T
at the surface and the intermediate levels in the surface layer

The proposed more explicit step

can also be easily determined.
by step procedure will definitely facilitate the numerical pre-

diction of meteorological variables in meso-meteorology.
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V. DISCUSSION

The horizontal wind components, potential temperature, and
specific humidity in the surface layer can be simply written in
terms of a set of appropriate functions and corresponding specified
boundary values, when the time and length scales in consideration
are not very small. Their fluxes at the upper boundary can also be
expressed in terms of the appropriate boundary values and transfer
coefficients which depend upon the Richardson number and the depth
of the surface layer. Thus this formulation and parameterization
is convenient for studying meso-scale boundary layer problems where
the surface layer effect is important. The model can be used to
determine the surface temperature and specific humidity at the sur-
face by including the precipitation and soil moisture when the values
at the top of the surface layer can be obtained by solving the
governing equations in the layer above. Prediction formulae for
heat flux are also developed by using finite time difference formula~-

tion.

This model and parameterization can be applicable to planetary
boundary problems as well as to meso-meteorological problems over
mountain terrain (Tang and Peng, 1977). Since mountain-valley
circulation results from the interaction between the air in the
atmospheric surface layer over the sloping mountain-valley surface
and that of higher layers and the ambient atmosphere, the determin-
ation of the meteorological variables in the surface layer is
essential. The formulation and parameterization developed here will
facilitate the numerical experiments of three-dimensional, non-
stationary, meso-scale mountain-valley circulation and interaction

with the layer scale flow.
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Note that the earth's surface, in particular mountain or
valley surfaces, is usually covered by forest and vegetation.
Based on Deardorff (1978) we made estimations which indicate that
the vegetation layer greatly influences the meteorological processes
in the boundary layer. Therefore it is our intention to consider
the above concept and take this more sophisticated approach to
improve the present model of three-dimensional flow over mountain-

valley terrain step by step in the near future.
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NOTATIONS

Arabic

a

(o]
S

%

anemometer level over the earth surface

specific heat of soil

specific heat of air at constant pressure

drag coefficient

heat and moisture transfer coefficient

soil depth influenced by the diurnal soil moisture cycle

soil depth influenced by seasonal moisture variations
evaporation rate

the subscript g refers to the variable in question at ground surface
soil heat flux

surface layer height above the ground surface

sensible heat flux from the ground (positive when it is upward)
time step index

thermal eddy diffusivity

momentum eddy diffusivity

latent heat of vaporization

mean value of pressure at the ground

precipitation rate/mass per unit time and area/specific humidity

specific humidity at anemometer level

qQ(T) saturation specific humidity at temperature T

RiB bulk Richardson number

R
S
t
At
T
u,

u,v

Dowrsward longwave radiative flux

influx of shortwave radiation near ground
time

time step interval

temperature

friction velocity

velocity components in x- and y- axes direction, respectively
21
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total wind speed
volumetric concentration of soil moisture

vertically averaged value of volumetric moisture concentration in
the majority part of di below which the moisture flux is negligible

horizontal coordinates

vertical coordinate/positive upward
roughness length

critical or saturated value of w

maximum value of w

degree of soil surface water saturation
fraction

ground surface albedo
thermal diffusivity of soil
ground surface emissivity
soil temperature
temperature at z = o

air density

soil density

water density
Stefan-Boltzman constant

cloud fraction

buoyancy parameter

g W,



Appendix
Derivation of the working formula for moisture at the top of

the surface layer, E.

From (8), (25), and (28), E may be written as

= PR S i 4 !

E = pCHVh poorio iy ng q A.1l
L

Because of the non-linear expression of Qg in Tg’ linearization was

made from (28), i.e.

=
3.80 7. 63| T8 =273

Qoos == L8 Vopg e 312°
f 242, 9%
. 3.80 ,,7.63 ‘1 ot
P
/ l l
= ‘ Tg A.2
— b. -———-———3-
\ 1oL-86x10 )
where b = 3;80 107'63- Let
£ = s m2 B A.3
101.86x10
1
Expanding e into Taylor's series at x = X, yields
e . 1
X X X | 2 X |
A o 5 ¢ 1 § 2
e e + T \E Iz (x-%x0) + e ;—2 € leew (x-x0)" +
. X 3 O

A.4

For Tg = 300°K and time interval of 20-30 minutes, (x—xo) will be

The higher order terms are much smaller

—

about 5°C. in extreme cases.

than the first order terin and can be neglected. Then

1 o L

% o= _¢g¥o lﬂ; A% A.5

€ ol
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Set x = Tj+1 and x = Tj .  Then
g o g ¢

| o
' ] i j 341 .
j+1 j 2 Tj T 3 ;
i e - =bb, [T - T
A.6
e b AGEI pet RRE s
i (pd) 2
Tg]
and
B 3.20 107,63

Writing in the proper notations defined in this paper and using
(46), we have

b b A bb.A bb.A
= i 1 g I X + 0l
o T Th + A 9 + = Qg AT

Then finally we may write, by using (A.1),

E=Er, *Eg *E .
where

E_ = gbbyA /A )

B, = £(BbyA /A - 1) g, A.9

5 3
Er = abblAT/A + Qg .

and

= .—-—u'v-——
£ = pCyYy, GFEOP
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