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20.

A single instruction stream — multiple data stream (SIMD) computer
performs one algorithm (single instruction stream) on vectors of data
(multiple data stream). The model. of an SIMD machine used here consists
of a control unit (CU), processing elements (PEs), and an interconnec-
tion network. The CU broadcasts instructions to the N PEs (where N is a
power of two). The interconnection network is the mechanism that allows
PEs to pass data among themselves .

Four types of interconnection networks are discussed in this work:
the Shuffle—Exc.~ange network, the Cube network, the ILLIAC network, andthe Plus—Minus 2 (PM2I) network. Each type has been discussed in the
literature and used in an existing or proposed machine design.

For each of these four network types, different hardware structures
are considered . A recirculating network consists of one stage of
switches that is reused until the data reach their final destinations.
A combinationa l logic multistage network consists of several stages of
switches and, usually, data is transferred in one pass through the net-
work. In pipelined multistage networks, which are introduced, registers
are inserted after each stage of a combinationa l logic multistage net-
work. The data are divided into segments, and these segments are passed• in a paraltel—pipe lined manner . Hardware implementations for recircu-
lating, combinationa l Logic multistage, and pi pelined multistage net—
works are presented and analyzed.

Some problems may be more efficiently solved if a Large SIMD
machine can be partitioned into smaller groups of varying sizes of
powers of two. The interconnection network must be able to support this
partitioned machine . The partitioning properties of the four types of
networks are presented.

In the selection of an interconnection network for a computer
design, the types of algorithms that must be executed should be con-
sidered. A detailed analysis of various networks is presented for three
parallel image processing algorithms: smoothing, histog ram formation,
and data classification.

The Augmented Data Manipulator (ADM) network is introduced. An
analysis is presented which compares the capabilities of the ADM with
those of a multistage Cube network and with the inverse Augmented Data
Manipulator network.

The Emulator System, a proposed hardware design aid, is introduced .
The flexibility and power of this system is demonstrated by its ability
to simulate many types of interconnection networks and control schemes
that have appeared in the literature.

As the costs of microprocessors continue to decrease, more large
scale muLtiprocessor systems are being proposed and built . This thesis
will aid system architects in designing a partitionable interconnection
iet aork appropriate for their particular needs.
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ABSTRACT

A single instruction stream — multipLe data stream (SIMD) computer

performs one algorithm (single instruction stream) on vectors of data

(multiple data stream). The model of an SIMO machine used here consists

of a contro l unit (CU), processing elements (PEs), and an interconnec-

tion network. The CU broadcasts instructions to the N PEs (where N is a

power of two). The interconnection network is the mechanism that allows

PEs to pass data among themselves.

Four types of interconnection networks are discussed in this work:

the Shuffle—Exchange network, the Cube network, the ILLIAC network, and

the Plus—Minus 21 (PM2I ) network. Each type has been discussed in the

literature and used in an existing or proposed machine design.

For each of these four network types, different hardware structures

are considered. A recirculatin g network consists of one stage of

switches that is reused until the data reach their fina l destinations.

A combinational logic multistage network consists of several stages of

switches and, usually, data is transferred in one pass through the net-

work. In pi pelined multistage networks, which are introduced, registers

are inserted after each stage of a combinational logic multistage net-

work. The data are divided into segments, and these segments are passed

in a parallel—pi pelined manner. Hardware implementations for recircu-

lating, combinational logic multista ge, and pipelined multistage net-

works are presented and analyzed .
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Some problems may be more efficiently solved if a Large SIMD

machine can be partitioned into smalLer groups of varying sizes of

powers of two. The interconnection network must be able to support this

partitioned machine . The partitioning properties of the four types of

networks are presented. -

In the selection of an interconnection network for a computer

design, the types of aLgorithms that must be executed should be con—

sidered. A detailed analysis of various networks is presented for three

parallel image processing algorithms: smoothing, histogram formation,

and data classification .

The Augmented Data Manipulator (ADM) network is introduced. An

analysis is presented which compares the capabilities of the ADM with

those of a multistage Cube network and with the Inverse Augmented Data

Manipulator network.

The Emulator System, a proposed hardware design aid, is introduced.

The flexibility and power of this system is demonstrated by its ability

to simulate many types of interconnection networks and control schemes

that have appeared in the literature.

As the costs of microprocessors continue to decrease, more Large

scale multiprocessor systems are being proposed and built. This thesis

wilt aid system architects in designing a partitioriable interconnection

network appropriate for their particular needs.
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!- INTRODUCTION

Two basic factors influence the speed of operation of a computer

system . First is the speed of the logic circuits. Futur~ technology

prom ises to bring this into the picosecond delay range, hut theoretical

limitations, such as the speed of Light , mean that other methods should

he used-to increase computational speed . The second factor , then, is

t he organization of the machine and the algorithms which it performs.

Inexpensive microprocess ors have made large scale parallel process—

ing systems feasible. Such architectures can be used for problems that

can be bro ken into independent subtasks , wh ich can he done simultane-

ously, thus increasing computational speed. Examples of problems that

benefit from paral lel processing systems are weather forecastinq, imaqe

processing, and air traff ic control.

One tyoe of parallel architecture is an SIMD (single instruction

stream — multiple data stream) system . The main components of this tyoe

of system are

(1) N processing elements which operate in paralle l., all, execut ing the

same instruct ion at the same time,

(2) one control unit (CU) , wh ich sends inst ructions and other control.

information to the processinq elements, and
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(~) an interconnection network, which allows the process-inq elements to

communicate among themselves.

Many questions remain unanswered about the desiqo and use of inter-

connection net~orks. This research formulates design criteria and

analysis techniques for interconnection networks with emphasis placed on

a class of multiprocessor systems which we cat ). partitionable parallel

processing systems. A partitionab le parallel processing system is a

reconfiqurabte parallel computer which can be configured not only as one

SIMt) machine with N processing elements, but also as many smaller SIMI)

machines. If T tasks each require at most N/T processing elements, t hen

this multiple SIMD mode more fully utilizes the system.

Chapter II introduces the terminology of parallel systems and

interconnection networks which wi ll, be used throughout this research. A

survey of the background literature in the field of interconnection net—

works is presented in Chapter III. Some of the networks which are dis-

cussed and analyzed in this work are introduced in Chapter III.

Chapter IV considers various aspects of the structure of networks

-

. 

and the circuits used to build them. Single stage networks and multi-

stage networks of combinational logic are designed. ~y inserting regis-

ters after stages of a multistage network, blocks of data can be pine—

lined through the network to improve the effective throughput of the

data transfer. The effects of pipelining on the cost and data transfer

time of the network are analyzed. Comparisons are made between pipe—

lined and unpipelined (combinational Logic) multistage networks.

The partitio ning of an interconnection network into independent

subnetworks is discussed in Chapter V. This allows a single set of

-
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processors to act as many independent SIMD machines. The partitioning

properties of single stage, multistage , and pipelined networks are

analyzed. The capabilities and restrictions imposed by partitioning are

investigated .

In Chapter VI, an enhanced network, the Augmented Data Manipulator ,

is analyzed. The Augmented Data Manipulat or is a highly flexible multi—

stage network. Its capabi tities are compared with other networks, and

some group theoretic properties of the way in which it passes data are

presented.

Image processing tasks can efficiently uti lize parallel computer

systems. Chapter VII presents three para Llel image processing algo-

rithms , a smoothing algorithm , a histogram formation algorithm , and a

data classification algorithm. For each, the results of Chapter IV and

V are used to analyze the effect of the interconnection network of the

paral Lel system upon the performance of the algorithm.

Little is known about the interaction of interconnection networks

and parallel algorithms. An effective system design aid would he one

which simulates the effects of a proposed interconnection network. Such

a tool, the emulator system, is introduced in Chapter VI!!. Consistin g

of a set of processing elements which interface to a powerful set of

interconnections among the processing elements, the emulator system can

simulate a wide variety of existing and proposed interconnection net-

works. The processing elements offer computation capability to test

schemes to control an interconnection network.

In this research , the interconnection networks presented in

Chapters II and III are studied . The various analysis techniques which 
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are used for this work can be generalized and applied to other intercon—

nection networks. Thus, the significance of this work lies not only in
the specific results, but also in the methods used to obtain them.
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II. DEFINITIONS

~~~~~ 
SIMD Computers

Typically, an SIMD machine (single instruction stream — mu Ltip le

data stream) rFL661 consists of a control unit (Cli), N processors, N

memories, and an interconnection network. The CU broadcasts

instructions to the N processors, and all active processors execute the

same instruction at the same time , hut on different data streams.

processors pass data among themselves through the interconnection

network. The model for an SIMD computer used here allows each processor

a private memory. This combination is referred to as a processing

element or RE. The interconnection network links PEs, as shown in

Figure 11.1, and this model is referred to as the PE—to—PE mode).. The

Illiac IV rBAR681 is configured in this fashion. Another mode l (Fiqurc

11.2), the processor—to—memory model, uses the interconnection network

r to move data from the processors to the memory and vice versa. The

orocessors and memories of the STARAN computer !~~A75T~ are connected is

this manner. The RE—to—RE model can simulate the processor—to—memory

model and vice versa. If processor P(i) addresses memory M(j) in the

processor—to—memory mode l, then in the PE—to—PE model, if PE (i) passes

an address to PE(j) and PE(j) passes the data from its memory back to

- ‘ - 5  --5- - __ _ _ _ _ _
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PE(i), the effect is the same.

Each RE is assigned a unique address from 0 to N—i, where N is a

oower of two, that is, N = 2°, and n = 1092 N. The address in binary of

an arbitrary PE P is denoted by ~~~~~~~~~~~~~ When a specific qrouo

of PEs is referenced, the group can be identified by specifying each bit

of the n bit RE address as 0, 1, or X, where X -is a “don’t care” state

— (this is based on the “RE address mask” notation rSIE75, SIE77a, SM7R1).

Superscripts are used as repetition factors. For example, the set of

all. odd numbered PEs is X~~
11, and the set of all, even numbered PEs is

~
n—l ø It is assumed that each RE knows its own address. Also, let

represent the complement n-f p..

Each RE has special data transfer registers (DTRs) for passing data

to and receiving data from the network. PE5 toad data into DTRin

registers, and the data are moved by the interconnection network to the

DTRout registers, from which the PEs can access the data.

SIMD machines perform certain types of tasks, such as matrix

• computations, faster than conventional single processor serial operation

computers. Consider the elementwise addition of two vectors, A and B,

both with N elements. Let the resultant sum, C, be stored as an N word

vector. Assume the SIMD machine has a RE—to—RE configuration , and that

- - 
A (i), 8(i), and C(i) are stored in PE(i), 0 ( i < N. To compute C, a

serial computer executes the code

for i = P until N—i step +1 do -

C(i) = Mi) + 8(i) ,

arid uses N steps to complete the operation . The STMP computer is a

parallel processor, and earns this name by processing all N elements of

_ _  
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the vector addition in parallel. So, PE( i) performs C( i) = A ( i )  + 8(i),

simultaneously for alt i, C) < i < N. The SIMD computer completes the

operation in one step consisting of reading A (i) and T~(i) from memory,

adding the two, and writing the result into C(i).

In the example above, the SIMD machine completed the task faster

than the serial processor because the data were distributed amonq N PEs,

and no communication was needed among the PEs. For some tasks, PEs must

pass data among themselves, and it is the interconnection network which

supports this data movement .

The next example illustrates the function of the interconnection

network of the SIMD machine. Suppose that the vectors A, B, and C are

stored as in the previous example, and that each is N words tong .

Consider the code

for i = 1 to N—i step +1 do

C(i) = A (i—i ) + 8(i)

C( r)) =

The SIMD computer performs this task in five steps.

(1) Before PE(i) can perform the addition , it must receive A (-i —i ) from

PE(i—1). So, first , PEs P through N—2 move data into DTRin

simultaneously,

(2) Next, the interconnection network is set to move data from PE (i—1)

to PE(i), for all i, 1 < i < N, simultaneously,

(1) Then, PE(i) retrieves the data from DTRout, for all i, P < i < N,

simultaneously,

(4) The addition is done in PEs 1 throuqh N—i simultaneously .

(5) Lastly, PE (fl) stores 8(0) in C(0).
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For comparison, the serial. processor performs this task in N steps, each

of which is a read—add—write step or a read—write step.

These two examples show that, while the SIMD machine has about N

times the hardware of a serial processor, it does not always perform a

task N times faster. In the second example, the overhead introduced by

data transfer among PEs limited the speedup of the task. A more

extensive tutorial on parallel processing is found in rKUC7ll.
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11.2. Interconnection Networks

The interconnection network may take many forms. A bus structure

(Figure 11.1) requires the least hardware of any method. But, only one

RE at a time may use the bus, and so transfers that require all PEs to

move data are time consuming . At the opposite extreme, a crossbar

switch matrix (Figure 11.4) can connect any RE to any other PE and can

allow all PEs to transfer data simultaneously. Since a switch is

required at each switching node of the crossbar, 0(N2) gates are

required . Thus, the network is too expensive for use with a large

number of processors. Benes rBE651 proposed the rearrangeable switching

network, which has the same capability as the crossbar but uses only

0(N log2 N) gates. But the fastest algorithm to set up the network

requires time 0(N log2 N) rOPT711.

A practical interconnection network must compromise the speed of

the crossbar and the cost of the bus. This work will consider networks

that are less complex than the crossbar but faster than the bus.

An interconnection network can be described as a set of

interconnection functions, where each interconnection function is a

permutation (bijection) on the set of RE addresses rSIE75, SIET7a1. When

interconnection function f is applied, PE(i), if active, passes its data

to PE(f(i)) for all i, C) < i < N, simultaneously. To pass data from one

RE to another RE, a programmed sequence of interconnection functions

must be executed. An equivalent definition is that the interconnection

network takes the set of RE addresses as its input and produces as its

output a permutation of these RE addresses, i.e., it transforms (or

maps) input address I to output address 0. For example, suppose that

_
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PE(i) wishes to send data to PE (i+1). The resulting permutation is f (i)

= (i + 1) modulo N, where i is the address of the PE at the input of the

network, and f(i) is the address of the RE that receives data at the

output of the network. These two definitions will be used

interchangeably.

Four interconnection networks are of particular interest here.

The Cube network consists of the n functions defined by

Cube ,(P~,.1...o1~0) =

for P < i < n tSIF.75, SIE77a1.

The Cube interconnection functions can be interpreted

geometrically. Let the RE addresses represent the vertices of an n

cube. For n = 3, the eight vertices of Figure 11.5 are the the eight

PEs with addresses 000 through 111. Let the address at a vertex be P =

The Cube network has the effect of connecting each vertex to

its n neighbors, that is, those PEs whose binary addresses differ in - 

-

only one bit position. In Figure 11.5, horizontaL lines connect ver t ices

whose Labels differ in bit p~, diagona l lines connect vertices whose

labeLs differ in bit p1, and vertical lines connect vertices whose

labels differ ir bit p2. For example, Cube0 connects the following

pairs of processors: 000 and 001, 010 and 011, 100 and 101, and 111) and

lii. That is, Cube0 
(0) = 1, Cube0 (1) = 0, Cube0 (2) = 3, Cube0 (~~~ ) =

2, Cube0 (4) = 5, Cube0 (5) = 4, Cube0 
(5) 7, and Cube0 (7) = 6.

Various types of cube networks have been explored. The multistage

network used in the STARAN is a hardware series of cube functions

tBA76). The SW Banyon with S F = 2 !6L73, G0K761 is a cube type

network. The delta networks proposed in !PAT7Q I include the Cube
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111

000 
001

Figure 11.5: For N = 8, the Cube interconnection functions can be

viewed geometrically as connecting the P vertices of a 3 dimensional.

cube.
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topology. The interconnection network for the CHOPP multiprocessor

system rSuB7-71 employs the cube interconnection functions. In rRATh,

BAU74, PEA77, SIE7Qb, SIE78h1, the usefulness of this type of network is

shown .

The Shuffle—Exchange network 1 ST711 consists of two functions. The

Shuffle function is defined as

Shuffle (P~_1...P1p0) = ~n—2~~~~1~fl~n—i

The Exchange function is defined as

Exchange (p~.1 P~_2...~1Pp
) =

The Shuffle function is analogous to shuffling a deck of cards, as

shown in Figure II.6a for N = ~. The top and bottom cards of the deck

remain stationary, i.e., Shuffle(fl) = I’) and Shuffle (7) = 7. The

remaining cards are intermixed , one from the first half of the deck

followed by one from the second half of the deck. Figure II.6b

illustrates the Exchange function for N = R • Without the Exchange

function, all permutations of input addresses to output addresses which

the Shuffle—Exchange network could form would require that PEs 0 and N—i

be mapped to themselves. Note that Exchange (P) Cube0 (P).

This network is the basis of Lawrie ’s omega network 1 LAW751. It is

also included in the networks of the RAP 1CGY74] and Omen rHIC)721

systems. It has been shown to be useful in !GOL6i , LAN76, LAST76,

SIE7Qb, SIE78b, ST7I].

The Plus—Minus 2’ (PM2I) network consists of the 2n functions

defined by

PM2~ 1
(j) = j + 2 ’ modulo N

PM2_~ (i) = j — 2’ modulo ~1

_ _ _ _  _  
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for  P < j  < N, C) < I < n rSIEY5, SIEl7a). Throughout this discussion, i f

(j  — 2’ ) < 0, then the convention wil l  be that C-i — 2’) mac-kilo N

(N + j — 2 ’) modulo N. For example , (0 — 2) moduto 8 = (8 + ‘) — 7)

modulo 8 = 6 modulo 8. Note that PM? = PM? . A PM?I —

+(n—1) —(n—I)

interconnection function has the effect of adding or subtracting 1 in

the tl~ bi t position . Figure 11.7 shows the P~12~~ interconnections for

N = 8 .

Feng’s multis tage data manipulator rFE74 1 is a hardware series of

PM2I function3. The augmented data manipulator rSIS78J is a multistage

PM2I network with a very general control structure. The usefulness of

the PM2I network is discussed in 1 FE74, SIE79b, SIE7Rb, SIS7R1.

The Illiac network is the network used on the Illiac IV computer

E9AR681. The PEs are configured as a —iN X —IN array, and the

interconnection network has the effect of connecting each PE to its

north, south, eas t, and west neighbors, as shown in Figure 11.8. The

four interconnect ion functions are

It Liac~1 
(i) = (I + 1) moduto N (east)

Illiac ,1 (I) = Ci — 1) moduto N (west)

Illiac C i) = (i + m) modulo N (south)

Illiac _
~ 
(j) = Ci — m) modulo N (north)

whe re N 2°, and m ~ -~I1I is an integer rs!E75, SIE77a~. The Iltiac

interconnection functions are a subset of the P~12I functions, where

Ilt iac~1 
(i) = PM2~0 Ci), Illiac_1 Ci) = PM2_0 Ci ), Il.tiac+m C~~

PM24 1 2 - (i), and Illiac Ci) = PM2_~ ,2 (-i) .
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_  
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-

_ _ _ _  

_ _ _ _

• 

_

PM2~ 1 
PM2_ i

Figure 11.7: The PM2~~ interconnection functions connect PE(i) to

PE(i+2 modulo N), and the PM2 1 interconnection functions connect PE(i)

to PE(i—2 modulo N), 0 < I < N. Here, N = 8.
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0-- 3 2 3

f

_  _  _4 ~~

. -7

10 1-1

12 t3 34 15 — —

Figure 11.8: For N 16, the Illiac network connects PE(i) to PE(i+1

modulo 16), to PE (l—1 modulo 16), to PE(i+4 modulo 16), and to PE(i—4

modulo 16).
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11.3. Network St ructures

A network can be construc ted as either a rec i rc ulating or a

multistage network. A recirculating network is an interconnection

network with a single stage of switches. The stage is reused until data

4 reach their final destinations. A complete data transfer may take

several passes through the network. Fi gure 11.9 illustrates this

arrangement . A multistage network is an interconnection network

composed of seve ral, usually log N, stages of combinationat togic

swi tches. In general., a single pass throug h a multistage network is

sufficient to route data to their destinations. However, when a sing le

pass i s insuff i c ient, mul tiple passes may be used. Figure 11.10

illus trates a multistage network.

For constructing multistage networks such as the STARAN and omega

networks, the interchange box is a useful building block tS1S781. The

interchange box is a two—input two—output device that, in the most

general case, may assume one of four legitimate states (Fiqure 11.11).

Let the upper input and output Lines be labeled I and the Lower input

and output lines be labeled j. The four legitimate states are: (1)

straight — input i to output i, input j to output j; (2) exchange —

input i to output j, input j to output 1; (3) tower broadcast — input j

to outputs i and j; (4) upper broadcast — input I to outputs i and j

CLAW751. A two function interchange box is defined to be an interchange

box capable of either the straight or exchange states. A four function

interchange box is defined to be an interchange box capable of being in

any of the, four legitimate states. 
—
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Figure 11.9: A model for a recirculat ing network for PE(i).
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Figure 11.10: A model for a multistage interconnection network for PE(i).
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I

- 
STRA IGHT INTERCHANGE

,(~ —~~~ —~~~~ — 
-
- -

~1~~
_
~_ 
~~~ 

-A5

UPPER LOWER

BROA DCAST BROADCAST

-

-

-

~~~~

Figure 11.11: The Interchange box is a two—input two—output device that

can be in one of four legitimate states: straight, exchange, lower

broadcast, or upper broadcast.
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The control structure of a network is an important consideration .

For multis tage networks, three types of controls are discussed in

rSIS7R]. Individua l stage control allows one contro l signal for each

stage of the network. Individua l box control uses a separate contro l

si gna l for each interchange box in the network, using hardware tPEA77I

or software (des tination tags) rLAW751. Parti al stage control uses mo re

than one but less than 19/2 control signals at any stage of the network.

The typical control mechanism for a recirculating network assumes

that only an active RE can send and receive data. An inactive PE can

only rece ive data, because an interprocessor data transfer instruction

is executed only by active PEs. Here, a cont rol is int roduced that

di f fers from the usual SIMD cont rol, where the re is a s ing le inst ruc ti on

stream, and all active PEs must execute the same interconnection

function. By providing each RE with its own rout ing control register,

this restriction is removed. Independent function control. alLows each

PE to execute any set of the implemented interconnection functions. For

exam p le, us ing a Cube network, PE(P) might send data to all PEs whose

addresses differ in one bit from P’5 address by executing all log2 N

Cube func tions, Cube0, Cube1, etc. Also, different PEs may use

different funct ions, e. g., PE(0) may use Cube0 while PE(1) uses Cube1.
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11.4. PE Address Masks

In the normal. ‘execution of an SIMD program, all. PEs will respond to

the instructions issued by the control. unit. A masking scheme can be

provided which aUows the user to select a subset of PEs to respond to

the instructions. To select which PEs are active, an n position PE

address mask may accompany an instruction rSIE75, SIE17a1. Recall the

address specification notation of section 11.1. Each position of the

mask can be 0, 1, or X (don’t care). For a given mask, the PEs whose

addresses match the mask are active. For example, if 198 and the mask

spec i fied is

MASK CO1X]

then the active PEs are 010 and 011, and only these two respond to the

instruction which - follows the MASK command.

A negative PE address mask is the same as a regular PE ad fress

mask, except that it activates all those processors which do not match

the mask CSM78]. This type of mask can activate sets of processors that

a single regular mask cannot. A negative RE address mask is prefixed by

a ‘— ‘. Superscri pts are used as repet it ion factors when descri bing

masks. For example for N = 2r~, the command

MASK r:—rl°]

activates alt PEs except PE(0).

Logical operations can be applied to two RE address masks to

specify another sct of PEs. The Logical OR of two masks forms the union

of the two sets of PEs specified by the masks. The logical AND of two

masks forms the intersection of the two sets of PEs. For example, the

command

—- . _ - - _ -_ _
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MASK rxn—l O, OR CX°20l’

act ivates all PEs with even addresses and all PE5 whose addresses end in

01.

Other masking schemes may be used. The general address masks of

the Illiac IV computer use a bit vector of Length N rBAR6R). PE(i) is

act ive if and only if the jth bi t of the vector is one. Data

conditional masks reflect “if— then—else” statements 1 SM781. When a

condit ional statement is encountered in a program, each RE executes the

statement for different data, and so the outcome may be di fferent f rom

one PE to the next. Consequently, each PE sets an interna l flag so that

it will be active for either the “then” or the “else” but not both. So,

each PE is conditionally active based on the results of a comparison.

In describing the simulation algorithms of Chapter VIII, an Al gol—

like language will be used. It includes statements that indicate which

PEs are to be active during execut ion of an algorithm. “for all PEs”

means that all N PEs are to execute the code which follows. “i f A then

B” statements first cause A to be evaluated . Only PEs for which A is

true are active for the execution o-f B; all others are inactive. “if A

then B else C” sta tements cause A to be evalua ted, d isable PEs for wh ic h

A is false, exec ute B, disable PEs where A is true and enable PEs fo r

which A is false, and then execute C !SM781.
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III. LITERATURE REVIEW

The traditional N X N crossbar switch is too expensive for use in a

Large SIMD computer. Other networks have been proposed that can produce

all permutations of RE addresses in one pass through the network .

One such network is the rearrangeable switching network C3E65),

which uses 0(N log
2 
N) gates, but requires 0(19 1092 

19) time to set up

the network COPT71J. Feierbach and Stevenson CFS77] have investigated

this network for use in an SXMD computer with 1024 PEs. Algorithms are

presented which implement a k—shift (PE(j) sends data to PE(k+j)), the

perfect shuffle, and broadcast ing (PE(j) sends data to all other PEs).

Figure 111.1 shows this network built using two function interchange

boxes for N = 8.

Batcher ’s sorting network tBA68, KN73) could be used as an

interconnection network. It requi res O(N (Log
2 

19)2) gates, and

requi res O((tog2 N)
2) time to pass data through the network. This

network is shown for N = 8 in Figure 111.2 rSIE78b]. The building bloc k

for this network compares its two inputs and orders them accordingly at

the outputs.

Both recirculating and mul tistage Shuffle—Exchange networks have

been examined in the literature.
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Figure 111.1: The programmable switching network CFS77] is a Benes

- rearrangeable switching network, shown here for N = 8.
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Figure 111.2: A bitonic sorter for an arbitrary sequence of eLements

tSIE78b].
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Stone CST71~ has published algorithms which show how the perfect

shuffle can be used. Algori thms for polynom ial evaluation, sorting

using Batcher ’s bitonic sorting algorithm , calculat ing the FFT using

Pease ’s algorithm , and matrix transposition are presented .

Lawrie ’s omega network CLAW73, LAW75~ -is an ex panded mul ti stage

Shuffle—Exchang e network. The omega network is an n stage network, where

each stage is a Shuffle followed by a four function interchange box as

shown -in Figure 111.3. A control procedure for the omega network was

presented in CLAW75J where destination tags for each datum determine its

path through the network.

Wen tWEN76] also has presented results for the omega network.

Var ious types of control methods are investigated such as pass ing

destination tags and using read only memory to store contrc.L

information. Also presented are methods of broadcasting one datum to

other PEs and partitioning the omega network into groups of 2
r PEs out

of 2n PE’s. Parallel algorithms for linear recurrence relations and

matrix mut.tip~.ications are presented and analyzed .

- 
- 

Lang £LAN76J has studied the Shuffle—Exchange network. He has

presented a modificat ion of a reci rculating netwo rk whi ch, by adding

queues at the input to the network, can realize any permutat ion in at

worst 0(—/N) time. A simplified Shuffle—Exchange network has been

presented CLAST76J. This network needs less logic to control the

network than the omega network. While it cannot perform all omega

network permutations, it can form many usefu l ones. A method of

partitioning this network has been given which assumes that all

partitions perform the same interconnection function .
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Fi gure 111.3: The omega network is a log
2 N stage Shuffle—Exchange net—

work wi th four function interchange boxes CLAW75].
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Several Cube networks have been presented in the literature. The

CHOPP mach ine CSU877], a multi ple instruction stream — multiple data

stream (MIMD) machine CFL663 design, uses a recirculating cube network

to move packets of information among processors. The flip network of

the STARAN CBA76J SIMD machine is a multistage Cube network which moves

data between processors and memory or between processors and processors.

Two set of controls are provided for the flip network as shown in Fi gure

111.4. The flip controls are individua l stage control for the network.

The shif t controls are partial stage control and allow the network

perform all shif ts of 2’ modulo 2~, 0 < i,j < n. That is, the

permutations of RE addresses where PE(k) sends data to PECk + 2’ moduto

2~) for all k, 0 < k < N. Pease £PEA7fl has also worked with a

multistage Cube network, the indirect bina ry n—cube (Figure 111.5), for

use in systems wi th large numbers of processors. lie has shown how such

a network could be used for spectral analysis algorithms and matrix

operations. In ESIS7&l, a generalized cube network (Figure 111.6), a

multistage Cube network, was introduced and used as a bas i s for

comparing multistage Cube networks .

Feng’s data mani pulator EFE74J is based on the PM2I functions. The

data manipulator network (Figure 111.7) consists of n stages of N cells ,

whe re for 0 < j  < N, and 0 < i < n, there are three se ts of

interconnections from input cell j at stage i : PM2~ ., PM2 ., and

straight to output cell j. Each stage of the network is controlled by a

pair of signals selected from a group of six. Li1 (PM2_,
), D1 (PM2~~

),

and H
1 

(strai ght) control cells whose ~th bit of the address i s 0, and
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Fi gure 111.4: The STARAN flip network for N = 8 C0A761. (a) The flip

control is individual Stage control. (b) The shift control is partial

stage control.
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Figure 111.5: The indirect binary n—cube is a 1092 N stage cube net—

work, shown here for N = 8. The first stage forms Cube0, the second

Cube1, and the last Cube2 CPEA77J.
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Figure 111.6: The generalized cube network, shown here for N = 8, is a

1092 
N stage cube network. The first stage, stage 2, forms Cube2, the

nex t forms Cube1, and the last forms Cube0.
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Figure III.?: Thc data manipulator network (FE74 1, shown for N = 8, -is

a log, N PM2I network.
The dashed lines represent the U control line interconnections.
The dotted lines represent the H control line Interconnections.
The solid lines represent the 0 control Line interconne~~ions.For stage I, U1, D~, and H1 control those cell~hwhose I bit is 0,
and U1, 02, and H2 control those cells whose i bit is 1.
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U2 (P112_ ), D2 
(PM2~ .), and H2 

(straight) control those cells whose ~
th

bit is 1.

The augmented data manipulator 1S1S78, S!E79a~ is a data

manipulator with individua l cell control. That is, each cell receives

none, one, or two of the signals H, U, and 0. Since each cell in

controlled independently, the set of permutations that the network can

perform is a superset of those of the generalized cube network CS1S78].

Siegel has presented comparisons of the Shuffle—Exchange, Cube,

P1121, and Illiac networks CSIE77b]. Lower and upper time bounds have

been presented for each network to simulate any other rSIE77a, SIE79b].

The effects of PE address masks have been related to the number of

permutations on the set of PE addresses that a network can perform

CSIE77a]. Algorithms have been presented which show how a network can

simulate an arbitrary interconnection with the aid of Batcher ’s bitonic

sorting algorithm by sorting destination tags associated with the data

presented to the network CSIE78b]. In CSIS78, SIE79a], it was shown

that some multistage networks have the same topologies and so can

perform the same permutations. This fact will be used extensively in

proving theorems in Chapters V and VIII.
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IV. NETWORK STRUCTURES

lvi . Introduction

Three types of interconnection functions, the Cube, the Shuffle—

Exchange, and the Plus—Minus 2’, are implemented as recirculat ing

(single stage) networks and as multistage combinational logic networks

-~ 
- in section 2. Comparisons are made on hardware complexity and delay to

transfer data. The Shuffle—No Shuffle—Exchange network is introduced in

section 3. This network has all the capabilities of the multistage

Shuffle—Exchange network, but in addition, can perform I to n—i shuffles

in one pass through the network. Section 4 considers breaking a data

- -  - word into segments before passing the datum through the network. Then,

the width of the network is smaller than when the wider data word is

passed all at once. So, more than one pass is made through the network

to pass the data. Alternatively, for a multistage network, the network

can be pipeLined and the S segments passed in parallel. The cost and

delay to pass S segments are compared for these cases.
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IV.2. Hardwa re Implementations

In order to compare these networks, typical circuits for each are

presented. Comparisons of gate count and circuit delay are made for

multistage and recirculat ing Shuffle—Exchange, Cube, and P1121 networks.

For simplicity, the followi ng analysis is made on networks that are one

bit wide. The costs of DTRin, DTRout, and any hardwa re needed to

interface with the network are not included in the network cost

estimates. The delay times presented are intended as approximations and

are useful for comparisons. In practice, the speed of the network will

also depend on the speed at which control signals can be generated and

on the technology of the circuit design. Table IV.1 summarizes the

H notation that will be used in the discussion.

Three muLtistage Cube networks which have been presented in the

Literature are the STARAN flip network C8A76], the indirect binary n—

cube CPEAT7J, and the generalized cube CSIS78]. In C51S78], it was

shown that these three networks and an n—stage Shuffle—Exchange network

are all topologically equivalent.

With this in mind, a circuit for an 8—item generalized cube network

H is presented -in Figure 111.6. At the input and output to each stage,

each line has an n bit binary address, P, 0 < P < N. Stage i compares

input Lines I arid I’, whose addresses differ in only bit i, and

conditionally exchanges data between I and I’. In this way, a Cube.

function is implemented . The interchang e box (Figure IV.1), on which

this Cube network can be based, conditionally interchanges the data at

Its Inputs, thus performing a conditional exchange. So, stage i of the

network forms Cube1, 0 < i < n. The circuit uses n*N/2 interchange
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Table IV.1: Definitions and abbreviations

NOTATION MEANING

dr delay of a register
cr cost of a register
dm delay of a multiplexer
cm cost of a multiplexer
dms delay of the logic for one

stage of a multistage network
cins cost of the logic for one

stage of a multistage network
drn delay of the logic for a

recircuLating network
drs delay of the Logic for a

recirculating Shuffle—Exchange
network

cbr cost of the logic (buffers)
for a recirculat ing network

Cr cost of a recirculat ing network
Cp cost of a pipelined

multistage network
Cm cost of a combinational logic

multistage network
Tr time delay of a recirculating

network
Tm time delay of a combinationa l

logic multistage network
Ip time delay of an n—stage pipelined

multistage network
1k time delay of a k—stage pipelined

multistage network
W width of a data word to be

transmitted through the network
S number of segments into which a

data word is divided
Q the number of passes made through

a recirculating network to
H compLete a desired transfer

N the number of PEs in the system
n log2 N
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Exchange

DO
- out

DO.in

Dl0~~
Dl In

Figure IV.1: An interchange box. If “Exchange” = 0, then DO0~t 
= D0~~

and DI0~t 
D1 1~. If “Exchange” = 1, then DO0~t 

= D1~~ and Dl0~t 
=

DO ,,.
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boxes, or 7n*N/2 gates, and has a delay of dms*n + 2*dr, where dms is

the delay through the interchange box, and 2*dr represents the delay

through DIR-in and DIRout.

As a design example, suppose it is desired to build a multistage

generalized cube network for N = 1024. This 10 stage network could be

designed using off—the—shelf components. An inverting interchange box

made from AND—OR—INVERT gates (S197451) can be used in place of the NAND

gates in Figure IV.1. This circuit (Figure IV.2) performs the same

function as the interchange box, but the outputs are complemented .

Since interchange boxes are cascaded to form a multistage network, if n

is even, these inverting outputs cancel. For example, after stage n—i ,

the data are complemented, but after stage n—2, the data are true. A

design for a 10 stage 1 bit wide generalized cube network would requi re

512*10 = 5120 dual 2—wide 2—input AND-OR—INVERT chips (SN7451) and

5120/6 = 854 hex Inverter chips (SN7404). This is a total of 5974

integrated circuit packages, or less that 6 integrated circuit packages

per bit per PE.

Alternatively, an interchange box can be constructed from two

2—line—to— i—line multiplexers. Let the output of multiplexer zero be

DO
~~~
, and let the output of muLtiplexer one be Di t. If exchange = 0,

then multiplexer zero selects DO. and multiplexer one selects Di . . Ifin in

exchange = 1, then multiplexer zero selects D1~ and multip lexer one

selects DO~~. One integrated circuit (an SN74157) may contain four such

muttiplexers which all respond to the same control signals. So, a 2—bit

wide generalized cube network for N = 1024 can be built using 512*10 =

5120 quadruple 2—Line—to—I—line multiplexers (SN741 57), or less than 3
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Exchange

D

~

L

~~

SN7145 1 
- I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure IV.2: An inverting interchange box using AND—OR—INVERT logic.
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integrated circuit packages per bit per PE.

A multistag e P1121 network can be built from the modules of Figure

IV.3 CFE74). Referring to the multistage network for 19=8 in Figure

111.7, a Logic module of stage 2 has the construction of the left -hand

side of the module of Figure IV.3, while the receiving right—hand side

of the module lies in stage 1 of Figure 111.7. The number of gates

needed for an n stage P112! network is 4*N*n, and the delay -is dms*n+2dr.

A 10 stage 1 bit wide PM2I network could be designed from discrete

components using 3*1024*1014 7680 2—input NAND packages ($197400) and

I1O24*10/3~ = 3414 3—input NAND packages (SN7410). This is 11,094

integrated circuit packages, or less than 11 chips per bit per PE.

Figure IV.4 shows a circuit for a recirculat ing Shuffle—Exchange

network. At any pass through the network, either a shuffle or an

exchange may take place. Referring to Figure 11.9, to accomplish

multiple passes through the network, a recirculating network allows a H

multiplexer to select data from DTRin or DTRout for input to the

network. Q passes through the network may be requi red to complete a

desired transfer of data between PEs. This circuit uses 319 gates and

has a delay of dr + Q( dr + dm + drs ).

The recirculating Cube network can be built using tn —state buffers

with outputs that can be OR—TIED together, as shown in Figure IV.5. A

recirculating PM2I network could be constructed similarl y (Figure IV.6).

The Cube network uses N*n buffers while the P112! network uses 2*N*(n—1)

buffers, since 
~~
2+(n—1) = ~

M2— (n— 1) Both have delay dr + Q  ( dr + dm

+ drn ). For small n, the Cube network could be built using 2 Levels of

NAND gates, where the input to the network is composed of 2—input NANDs

is 
_ 
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PM2 _ 1 PM2~ 1

To cell
k + 2

Figure IV .3: A P112! module for row k EFE74].
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F rom PE(Exchange (~ ))

.1 —

Figure IV.4: A circuit for a recirculating Shuffle—Exchange network for

PE(i), 0 < I < N.
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Cube2 
To PE(Cube2( l ) )

Cube1 
~ jZZ1. To 

From PE (Cube 2(1))

-I.._.>———
FromCube0 — ‘RI PE(Cubej (~)) To —

~~~ rn - 5 ( ;  L,.> PE ( Cu be~ ( i ) )  - 
— PE(i)

-- - From
PE(Cubc~U))

11
CONTROL

INPUT OUTPUT

TRI-STATE BUFFER

Figure IV.5: A circuit for a recirculating Cube network for PE(i),

0 < i < 8.
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PM2~0
To From

i—I )o__PE.~~1 PE 1~~1
PM2 

~~~-O To From

- PM2~ 1 

PE. 1 PE. 1

To From

P112_ 1 

PE.~ 2 PE .~ ,,

PE 1.2 PE i..2
PI42~ 2 

-

To From
- PE 14~ ~~~~ —

F igure IV.6: A recirculating P112! network for PE(i) , 0 < i < 8.
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and the receiving side is composed of n—input NANDS. For large n, due

- - 

to fan—in and integrated circuit package count limitations, the t n —

state buffer design is preferable.

When selecting an interconnection network, the time to compLete a

data transfer is an important consideration . For a recirculat ing

network, this time is proportional to the number of passes made through

the network, Q, 0 < Q < n. In the case of the multistage network, for

any data transfer, all n stages must be traversed, so as the number of

PEs grows, the time to pass data increases.

For some value of Q, a multistage network and a recirculat ing

network will have the same delay time. If dr = 6 ns, din = 5 ns, drn =

4.5 ns, and dms 6 ns, then the two networks will require the same

delay time if Q = .39 (1 + n). This indicates that the choice between a

recirculat ing network and a multistage network shouLd depend on the

number of interconnection functions used on the average to complete a

data transfer, and thus depend on the types of problems that a system is

designed to perform. For example, if skewed storage CST75] is used,

there will be uniform shifts which may requi re all n Cube functions of a

multistage network. However, sorting using the Cube functions will need

only one interconnection function at a time CSIE73b3. Figure IV.7

illustrates this effect for an n—stage generalized cube and a

recirculating Cube network.

In Chapter II, three types 0f controls for multistage networks were

defined : individual stage control, individua l box control, and partial

stage control. The multistage network implementations discussed here

can be used with any of these controL schemes. The recirculat ing
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REC I RCULATING

7

MULTISTAGE N=102’4

_ _ _ _ _ _ _ _  

MULTISTAGE N~6~
s-’ MULTISTAGE N~8

0.0- 1
‘1.00 6.00 LOG 10.00

NO. 0F CURE FUNCTIONS USED

Figure IV.7: Break eve~ points for a multistage Cube network versus a

recirculating Cube network.
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networks designed here can be used with either the conventional control

or the independent function control defined in Chapter II.
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IV.3. The Shuff Ic—No ShuffLe—Exchange Network

For the Cube and P112! networks, any data transfer that can be

accomplished in one pass through a recirculating network can be done in

one pass through a multistage network. This is not true for the

multistage Shuffle—Exchange network. Recall from Chapter II that the

shuffle permutation maps network i nput P = ~~~~~~~~ to network output

Shuffle (P) = 
~n—2~~~~1~ fn—1

From Theorem 2 of CLAW75], it can be shown that the multistage Shuffle—

Exchange network cannot perform the shuffle permutation in a single pass

through the network. Theorem 2 states that for all mappings of source PE

Si to destination RE Di that define a permutation of input PEs to output

PEs, a log2N stage Shuffle—Exchange network can produce this mapping if

and only if

Si � Sj =>

( Si modulo 2k � Sj modulo

OR 
~~~~~~~~ 

modulo 2n—k ~ modulo 2n 1 )
2 2

H for alt k, I < k < n, and for al t  i, j, 0 < i, j  < N, where ~A I is the

greatest integer that is less than or equal to A. Consider two source

destination pairs that occur in specifying the shuffle permutation :

(Si , Di) = 
~°~n—2 ~~~~ ~~~~~~~~~~~

(Sj, Dj) = 
~~ n—2~~~~1~O’ 

pn..2 lPOlh

Then, Si � Sj, but SI moduto 2 = Sj modulo 2 and Di/2 modulo 2~~1 = Dj/2
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modulo 2I
~
1. For k = 1, the two source destination pairs do not satisfy

the criteria of Theorem 2 of ELAW75 1, and so the multistage Shuffle—

Exchange network cannot pass the shuffle permutation.

To rectify this, a Shuffle—No Shuffle—Exchange (SNSE) network is

introduced here. At each stage of this multistage network (Figure

IV.8), the options are staight (do nothing), Shuffle, Exchange, or

Shuffle—Exchange. Data passes through stage n—i, ... , 1, and last passes

through stage 0. Alternatively, the cell i of the network can be

designed as a multiplexer which conditionally outputs the data input to

- —1 . .cell -i , data from Shuffle (i), data from Exchange (i), or data from

Shuffle 1 (Exchange(i)). Assume that at any stage, a shuffle affects all

PEs, and that any exchange signal affects both PE(i) and

PE(Exchange(i)). Unlike Lawrie ’s omega network, no broadcast functions

wilt be allowed . This network can produce all the permutations of the

recirculat ing Shuffle—Exchange network. Thus, it has the advantage over

the multistage Shuffle—Exchange network of being able to perform one to

n—I shuffles in one pass through the network.

Let P = -C (Si , Di) 0 < I < N )- be a permutation mapping of source

RE address Si to destination RE address Di, where the binary

representation of Si is ~~~~~~~~~ and that of Di is d 1...d1d0. A

network passes a permutation P if and only if P conforms to the

acceptable form -for that network, and no conflicts result in the passage

through the network ELAW75). Z P means the network Z passes a

permutation P.

—.5.. 
— -5 -~~~~~~ -  - — -- ——-5-5  - 5 — - .  1

~~~~~~~~~~~~~~~~~ ~~~~~~~~ - 
- ~~~~~~~ . ,~~~~~~~~~~ . :: ~~~~~~~~~~~~~~~~

- - -
~~~~~~~~~~~~~~~~~ 

-



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  - —~~~~%.-~~~~~~

_— — -5--.

55

Shuffle-Exchange
No Shuffle

Exchange

- I 
Shuffle~~ (I)

da ta 
_ _ _ _ _

.- ——.c i — Exch:n;: Sh:f f1e1I~~

Figure IV.8: A ShuffLe—No ShuffLe—Exchange circuit for row i,

O < l < N .
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Theorem IV.!: An n—stage SNSE network can form the following

permutations. Consider two pairs of acceptabLe source—destination tags

pairs, (Si , Di) and CS3, Dj). Then for all i and j, 0 < I, j  < N, the

acceptable source destination pairs have the fol lowing form. For alt t

such that 0 < t < n,

Si n— (t+1) Di n— (t+1)I)(A)— moduto 2 = modulo .2

(B)AND (Si � Sj > ( /\ ( 1~~~~~
-I moduLo 2n—b— 1 

~ ~~~~~~~~ 
inodulo 2n—b—1 OR

1
2

t k 1 modulo 2k+1 ~ 1
2t k ’  

modulo 2
k11 ))) ,

- 
- Or, the pairs are of the form,

2)Si � Sj => (Si modulo 2k � Sj mod 2k

op ~~ moduto 2n—k 
~~~~~~~~ 

modulo
2 2

for 1 < k < n, where

A (ACk ) )

is the logical AND of alt A(k) for 0 <  k < t.

- 

- 

Proo f: An n—stage SNSE network , designated Z, will be analyzed by parts.

Z0 will refer to a network constructed wi th only an exchange function,

i.e., Z0 = E. Z1 prefixes an Exchange—Shuffle stage to Z0, i.e., Z ,1 =

(ES)Z 0 = ESE. Z 2 prefixes an Exchange—Shuffle to Z1, i.e., Z 2 = (ES)Z 1
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= (ES)( ES)Z 0 = (ES)(ES)E. For 0 < t < n, Z~ = (ES)Z t_ l = (ES)tE. The

last prefix creates 2n’ an n stage Shuffle—Exchange network, by

prefixing a shuffle stage to Zn_ Il i.e., Zn 
= S(ES)~~

1E = (SE)n. The

permutations that 2 can pass are the union of the permutations that

z0, z1, . . . , and 2n can pass.

Note that certain cases are not explicitly considered here. For

example, a shuffle followed by k No Shuffles is equivalent to k No

Shuffles followed by a shuffle. Also, a shuffle foLLowed by two

exchanges has the same effect as just a shuffle. The first cases are

not considered in this argument . The second equivalent ones are.

Without loss of generality, it is assumed that if stage i is a Shuffle,

then so is stage j ,  for all j ,  i > j > 0 .

accepts the permutations

~n—1”~1~0 ~~ ~n—1 I~0

A conflict, CO, between two different sources Si and Sj results if and

only if Di = Dj, that is

CO = (~Si/2~ = ISJ/21) AND (Di moduto 2 = Dj moduto 2).

So,

Z0 4’ P (=> (ISi/21 = IDiI2 I) AND

(Si � Sj => NOT(C0)), 0 < i,j < N.

Recall that Z~ (ES)tE. For 0 < t < n, the transition of data is

r
~
n_1

~~~~0 ~~

~~ Pn...2~~~PI
titdt_i

~~~ Pn_3~~~Pi
dtdt_Idt_2

‘ P~_i_t
.pidtdt_i~~~~o.
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The acceptable permutations are, thus,

ISi/2~ moduto 2
n—tt+1) fDi/2 t~

h
! modulo 2

n (t+1)

For Si � Sj, a conflict results after k shuffles and k+1 possible

exchanges, 0 < k < t, If and only i f

Ct(k) = (~Si/2~ modulo 2
n k 1  

= ISj/2~ modulo 2
n—k—1 )

AND ( ,Di/2t k , modulo 2k+I = ~~~~~~~ modulo 2k+1)~

Thus, the expression for a conflict , Ct, is

t
Ct

~ 
V

k=0

Therefore,

n— (t+1) . t+1 n—(t+1)( IS~/2I modulo 2 = ~Di/2 moduto 2 )

AND ( Si � Sj => NOT(Ct)), 0 < ~~,i < N.

The combination of the permutations which Z0 through Z~_1 pass is

equivalent to the above statements I) (A) and (B) in the statement of

- - 

( Theorem IV.1.

Zn is a shuffle stage concatenated with 2n—1 and is an n—stage

ShuffLe—Exchange network. From CLAW75], it is seen that Zn accepts a

permutation P if and only if

Si � Sj >

NOT( Si moduto 2k = Sj modulo

AND IDi,2k 1 moduto 2
n—k Dj/2~ modulo 2

n_k
),

I < k < n .

The expression is equivalent to statement 2) in the statement above of

Theorem IV.1.
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The n—stage network Z passes all permutations that are passed by

ZØ, Z1,. .. , Z~. C]

The SNSE networ k can form alt the permutations of the recirculating

Shuffle—Exchange. If x passes through the recirculating network are

needed, then jx/n~ passes throug h the SNSE network accomplish the same

data transfer. This speed—up has been accompLished at the cost of a few

extra gates per PE, 5*N*n for the SNSE network versus 7/2 N*n for the

multistage ShuffL~—Exchange, and for more control signals, n*N/2 for the

multistage Shuffle—Exchange and (1 (Shuffle) + N/2 (Exchange) +

N/2(Shuffle—Exchange)) * n signals for the SNSE network.
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P1.4. Combinational Logic i~~lt i stage Networks

and Pipelined Multistage Networks

In sec tion 2, networks were analyzed as if they we re one bit wide.

Data words may be sent through the network bit serially, but other

met hods may be more e f f ic ient .

Let the w idth of a data word be W bits. A network may be designed

as W p lanes, where each plane is a one bit w ide network CLAW75]. As an

exam p le, consider the 10—stage generalized cube network for N = 10 24

that was described in section 2. The number of packages required for W

= 32 is 5974 * 32 = 191,168 integrated circuit  packages , or about 187

per FE.

The amount of hardware could be reduced by a compromise . The data

word could be div ided into W/3 S segments of data, the network

cons t ruc ted as a 8 bit wide network , and then the data wo rd passed in S

passes through the network.. In this manne r, if the delay of the network

is then the delay to pass the entire data word through the network is

S*D. If the number of gates in a W wide network is C, the number of

gates in the reduced network is G*B/W = G/S.

In order to show how this division of the network mi ght be done,

three sample hardware designs are presented. Design 1 moves data into

and retr ieves data from the network B bits at a time under software

- , 
control. This method is slow, but requires  no ex tra hardwa re for

control. Design 2 multiplexes the S segments into and out of the

network. The W bit data word is loaded into DTRin. An S—to—i

multiplexer supplies the network with each segment of data at the proper

time. An S—to—I demultiptexer retrieves the segments from the network

-— — _e—.--~——~.----
_ --— ~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~ — “ - -~~-~~~~ - - ~~~~~~~~ ~~~~~~~~~~~ 
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L
and arranges them in DTRout . Since the maximum delay of the network is

much less than one instruction cycle, this design is faster than design

1,. But, it requi res more hardware for the W bit wide DTRin and DTRout

registers and the B bit wide multiplexer and demultiplexer. Design 3

constructs DTRin and DTRout from B S—bit shift registers. DTRin is made

from parallel—in—serial—out reg isters, and DTRout is made from seria l—

in—parallel—out registers. Let d
~
_,...d,dü 

be a data word . The first

register of DTRin stores bits d5_1...d1d0. The second register stores

bits d2s_i~~ •d,.+i
ds~ 

and the last register stores bits dw_i...dw_s+,dw_

Each c lock period, the least significant bit of each of the B s h i f t

registers of DTRin is presented to the network, the DTRin reg isters are

shifted, and the next B bits are ready to be presented . During the

c lock period, these 9 bits propagate through the combinat ional logic of

the network. Each clock period, at the output of the network , each of

the B shift registers of DTRout receive one bit from the network. Af ter

S clock periods , the S bits in each of the B shift registers are

presented as a W bi t  word to the RE. DTRin and DTRout will be treated as

W—bit registers by the balance of the system. This desi gn is faster

than design 1 and requi res less hardware than design 2.

For an extra cost , overlap parallelism may be added to a multistage

netwo rk to reduce the total time to move S segments of data. Assume that

•~-. --.~~wor k is B bits wide, that DTRin and DTRout are W bits wide, and

-..i f~ r interfacing between the DTRs and the network are small

- 
~~ - - -,t  of the network. Let the network be an n stage

• 
- -- r .q j i  ~.rs of delay dr between each stage, each stage

— f -~~i re  TV .~ il lustrates this arrangement .

_TT~-5
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PE ~~~ PE 0
0 
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PE 1
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n—I S I 0

Figure IV .9: A model for a pipelined multistage network of width B for

N PEs and data word DW_I.. .D1DO.
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The delay for the combinational logic multistage network is the

— time to load DTRin, plus the time to pass throug h the network, plus the

time to load DTRout. The cost, n*cms*B, considers only the network and - -

not DTR1n and DTRout. The delay of the pi petined netwjrk is dr -4- n *

4 (dms + dr) to get the first segment from the network, and the remaining

segments arrive at DTRout in the next S—i time delays . The cost of the

pipeLined network is that of the multistage network plus cr*(n—1)*B for

the N—bit registers that are placed between each of the n stages.

The S segments of data may be transferred using a pi pelined network

in time

Ip = dr + n(dr + dms) + (S — 1)(dr + dms)

= dr + (dr+dms)(n + S — 1).

The unpipelined network transfers the same data in time

Tm S (dm s * n + 2 *d r ).

If the last segment is loaded into DTRout as the next segment is Loaded

into DTRin, then

Tm = dr + S(dms*n +dr).

Either formula can be used for the analysis, and the difference in the

analysis is negligible.

Figures IV.10, IV.ii, and IV.12 plot Tp vs Tm for various values of

N and 5, for dr = 9 ns and dms = 10 ns. These time approximations are

based on Schottky log ic according to tTI76]. In all three Figures, for

S > 2, the pipelined multista ge network passes data in less time than

the combinational logic multista ge network. As S grows, this time

difference becomes more pronounced .
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Figure IV.10: Tp vs. Tn for N = 16.
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Figure IV.II: Tp vs Tm for N = 64.
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Figure iv.12: Ip vs Tm for N = 1024.
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IV.5. Equal Cost Combinational Logic and

Pipelined ~taLtistage Networks

Suppose that a combinational Logic multistage network and a

pipetined multistage network have equal cost. Since the pipeLined

network uses more hardware than the combinational logic multistage

network, the width of the pipeLined network is less than the width of

the combinational logic multistage network of equal cost. The

relationship between 5m’ the number of data segments for the multistage

network, and S~, the number of data segments for the pipelined network,

is

(
~ * cms + (n—i ) * cr)f = ri * cms *

or 

p m

S = S * ( n * cms + (n—i ) * cr)/(n * cms) .p m

Suppose cms = cr, that is, the cost of the logic for one stage of a

multistage network is about that of the cost of the register at the

- output of that stage. If the number of gates for a simple flip—flop and

the two levels of NAND gates that can comprise one stage of the network I 
-

(or a multiplexer ) are compared, then cms = cr is a fair estimate of

relative cost. If the package count is considered, since D—type flip

flops are available four (SN74175) or six (SN74174) to a package,

cms > cr may be true. For this analysis, cms = cr, and It is understood

- - 
- that this Is a worst case estimate for pipelined network costs.
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If cms = Cr, then

(n * C + (n—i ) * C) /Sp = n * C/S m# or

(n + (n—I)) * Sm = n * C * S~, or

S (2 * T ) _ l ) Sm / n •  
- -

-

- 
Table IV.2 lists ~~ S,,,, Tp, and Tm for various values of N for

combinationaL and pipelined networks of equal cost , assuming dms = 10 ns

and dr = 9 ns. Figures IV.13, IV.14, and IV.15 illustrate the data

transfer delay time variations for two equal cost networks. In order to

move W bits through a network, for a small number of segments of data,

the unpipelined network completes the data transfer in less time than

the pipelined multistage network. However, as the number of segments

grows, the pipelined multistage network requires less time to complete

the transfer than the same cost combinational logic multistage network.

I
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Table IV.2: N, S~, Sm_ Tm, and Tp for equal cost networks.

N 
~m tS 2

) T P

16 1 58 2 104
16 4 205 7 199
16 8 401 14 332
16 16 793 28 598
128 1 88 2 161 I -
128 4 325 8 275
128 8 641 15 408
128 16 1273 30 693
1024 1 118 2 218
1024 4 445 8 332
1024 8 881 16 484
1024 16 1753 31 769
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Figure IV.13: Cost vs delay for equal. cost pipelined and combinational

logic networks for N = 16.
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Figure IV.14: Cost vs delay for equal cost pipelined and combinational

Logic networks for N = 128.
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Figure IV.15: Cost vs delay for equal cost pipelined and combinational

logic networks for N = 1024.
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tV.6. Average Data Transfer Times

Cons ider the average time to pass one segment of data. Let both a

combinational logic multistage network and a pipelined multistage

network have the same width. The combinational logic multistage network

passes, on the average, one segment of data in (dms*n+2dr) time units.

The pipelined network uses an average of

dr+(n+S—1 ) (dms+dr)
-~ S

t ime units/segment. As S increases , t h is  average time decreases. These

two average t imes are equal for

d m s * n + 2 d r ~~~~”~~ 
(n + S — 1 ) ( d m s + dr)

(n +S— 1 )(dm s + dr)
(dms*n + 2 dr)

dms + d r  dr + ( n— 1 ) ( d m s + dr)
dms*n + 2 dr — 

dms*n + 2 dr

= dr+ (n—i) (dms+dr)
(~ ns*(n—1 )+dr)

For examp le, i f  dms dr and n 1 0, then

— dr+ (10—1 )(2dms) — 19S — (dms* (10—1+1)) —

So, for S > 2, the average delay per segment is less for the pipel-i ned

network than for the combinational logic multistage network, although

the total time to pass one data item may be greater, due to the time to

fill and empty the pipe. This suggests that a plpelined multistage

A-.
_ _   _
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network is most applicable where many segments of data are passed, such

as passing blocks of data at once rather than one data word.
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IV..7. k—stage Pipelined Multistage Networks

An n stage pipeline may not be best for a particular application .

The network can be divided Into a k—stage pi peline, 0 < k < n, where n/k

is an integer. In this case, k—i extra registers are added, and n/k

stages of the network form one stage of the pipeline. The analysis

above can be extended to a k—stage pipeline.

The time to pass S segments of data for the k—stage pipeline is

1k = dr + k ( n/k * dms + dr) + (S — 1)( n/k * dms + dr)

= dr + (k + S —1 )( n/k * dms + dr).

The cost of this network is

Ck n *  cms * B +  (k—i ) *cr * B.

If S is fixed, the value of k for which the delay is minimum is of

interest. By taking the derivative with respect to k of 1k, and setting

it to zero, this minimum can be found.

dlk = d r +
_n

* dms * (S_1)=0

or, k = —/ (n  * dms * (S—i )/dr).

If n = 10 and dms = dr, then the minimum 1k occurs for k =

—/10(S—1). Table IV.3 shows 1k and k for various values of S. As S

increases, the value of k which yields the minimum 1k also increases.

The minimum value of 1k increases with k and S, but for a fixed S, the

value of k in the table yields the minimum 1k for any pipelined network.

Ii~. ______________ _______ ~~~~~ ~~~~~~~~~~~~~~~~~~
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TabLe IV.3: Minimum vaLue of k, the number of stages in a pipetined

multistage network, given S, the number of segments of data to be

passed, and the corresponding value of 1k.

4

S k 1k nearest integer value n/k Tk(n l k)

2 3.16 17*~ns 2 19*dins

1 4 5.5 24*dms 5 25*~~s

8 8.36 33*~~s 10 35*~~
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Suppose that a combinational Logic muLtistage network and a k—stage

pipeLined multistage network have equal cost. Since a one bit wide

pipelined network uses more hardware than a one bit wide combinational

logic network, the width of the pipelined network is Less than the width

of the combinational Logic multistage network. The relationship between

Sm~ 
the number of data segments for the multistage network, and Sk, the

number of data segments for the k—stage pi pelined network is

( ~ * cms + (k—i) * cr) * W/S n * cms * wis
k m

If cms = cr , then

S = S * (n + k — 1)/nk m

for networks of equal cost. Table IV.4 compares Sk and Sm 
for various n

and k.

The average time for the k—stage pipeline to pass one segment of

data is

dr + (dms * n/k + dr)( k+S—1 ) time units
S segment

This average time is equal to the average time for the combinational

logic multistage network to pass a segment when

= 
dr+(dms*n/k+dr) (k—1)

dms*(n—n/k) +dr

If dms dr andn l0,then

k2+lOk—10
lik—lO

—___ — - 
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Table IV,4: For two equal cost muLtistage networks, one combinational

Logic and one a k—stage pipeline, Sk = Sm * C ii + k — I ) I n

N k S Sm k

64 2 4 4.67
8 9.33

6 4 7.33
8 14.67

1024 2 4 4.4
8 8.8

5 4 5.6
H 8 11.2

F . 
. ~~~.-. ____ 

.- . .  
____ . .



1 For k = 10, S = 1.9, which is the result of section 6. For k 5, S =

1.44,and fork 2,S 1 .

Consider a combinational logic multistage network and a k—stage

pipetined multistage network that have equal cost. Let D = dms = dr.

Then, since for equal cost networks, Sk 
= 5m +k 1),’r,

Tm = S
m 

C n * dms + 2*dr ) = S *(n+2)*D, and

1k = dr + (k + S * (n + k — 1)/n — i)*(n/k + 1) * D.m

1k~~~Tm if and onLy if

(n + 2) < 1 + (k + S * (n + k — 1)/n — 1)(n/k + 1),

or

2 2 2
~ 

+~~k
m n2k—n2+n—k 2+k

This relationship implies that, for some values of Sm~ 
a pipelined

network can be designed whose cost is about that of the combinational

logic network, but whose delay to pass one datum (divided into S

segments) is less than that of the unpipelined network to pass the datum

(divided into Sm segments). To illustrate this, consider n i O , Sm=Ip

W=16. Then, for the combinationa l logic multistage network, B = 16, Cm

= 160 C, and Tm = 12 D, where D = dms = dr and C = cms = cr. For k10,

for an equal cost pipelined network, Sk = 1.9. If we choose Sk = 2, B =

8, then Ck = 152 C and 1k = dr + ( 11)(dm s + dr) = 23 D. Here, then,

1k , Tm for two equal cost networks. Alternatively, if Sm=4 and B 
= 4,

then Cm = 40 C, and Tm = 4(10+2) D 48 D. For k10, Sk = ‘ (10 + 10 
—

1)/ID = 7.6. If we choose S 8, then Ck = 2(10 + 9)C = 38 C and 1k

DCI + (10+8—i )(2)) = 35 D. So, 1k < Tm for these two equal. cost

_ _ _  

_ _  

_  
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networks. Using the relation defined above, if Sm > 2.3, then a

pipelined network is a more cost effective design, since for about the

same cost, the delay is less that for an impipelined multistage network.

Consider the following “figures of merit” for evaluating multistage

H I networks. For a combinational Logic multistage network,

Wt*S *(n+2)D*W/S *n*CTrn*Cm 
= 

m 
D*C 

m 
= Wt*W*n*(n+2),

4 where ~rit is the number of words per data transfer, W is the width in

bits of a data word, D = dms = dr, and C cms = cr.

For a k—stage pipelined multistage network,

H 1k*Ck — 
D(1+Ck+Sk*W

t_1)(n/k+1))*W/S k(n+k_l)C

D*C 
— D*C

or,

Tk*Ck —(D*C) —

Wt*W (n/k + 1) (n + k — I) + W/S
k
(n + k — 1)(n + n/k + k ) .

In general, for a given Wt, the smaller the figure of merit , the

better the performance for a given cost. Note that Tm * Cm/CD * C) is

not a function of Sm~ 
since Tm Is proportional to Sm and Cm is

proportional to i/Sm As Sm Increases, the delay-time Tm increases, but

the cost Cm decreases. As Wt grows, the magnitude of this delay—cost

~.,roduct reflects the unsuitability of a combinational logic multistage

network for transfering large blocks of data. Note aLso that 1k * Sk/CD

?~ I 
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* C) is a function of Sk, but is not as sensitive to changes in Ut as is

Tm * Cm/CD * C). As Wt and Sk increase, the delay—cost product for the

pipelined multistage network changes to reflect the usefulness of the

network for moving large blocks of data.

As an example, let n 10 and W 16. For a combinational Logic

multistage network, Table IV.5 shows the figures of merit for various

Wt. For a k—stage pi peLined network, the corresponding figures of merit

are shown in Table IV.6 for various Wt, Sk, and k.

This analysis indicates that an unpi pelined multistage design is

preferable to a pipelined design only if the number of segments per data

word and the number of words per transfer are small. For example, if

large blocks of data are to be transferred between PEs, th~ pipelined

network is a better choice for a design than the combinational logic

multistage network. If, however, the width of the data word is the same

as the width of the network and data transfers occur one word at a time

at infrequent intervals, then the combinational logic multista ge network

is more cost effective than the pipetined network.
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Table IV.5: Figures of merit for combinational logic multistage net-

works for N = 1024 and W = 16.

Vt T m * C m / ( D * C)

1 1920
8 I 15,360

16 I 30,720

I Table IV.6: Figures of merit for pipetined multistage networks

forN= 1024 and W 16.

Wt Sk k 1k * Ck/CD * C)
1 1 10 6992

8 1406
16 1007
1 5 4480
8 1148
16 910

8 1 10 11,284
8 5662

16 5263
1 5 9184
8 5852

16 5614
16 1 10 16,112

8 10,526
16 10,127
1 5 14,560
8 11,228

16 10,990

-
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IV.8. Custom Int~~rated Circuit Implementation Considerations

Custom integrated circuits are attractive for building

interconnection networks since delay times and chip counts and, thus,

cost of the network , can be reduced. Another potential advantage of such

an implementation is the reduction of wires between stages of the

network. The connections that such wires represent can become a major

portion of the system expense . But, some restrictions must be made. In

order to be cost effective, the implementation must use one chip as the

building block for the network, and connect these modutes to form the

interconnection network. If the modules are packaged in dual inline

packages , then the number of pins is limited to about 60. More pins,

and so more flexible packaging, can be obtained using ceramic chip

carriers.

This section wi l t  suggest designs for custom integrated circuit

implementation of multistage Cube (Figure 111.6) and PM2I (Figure III.?

and Figure IV.3) networks . It assumes that the logic on a chip i-s

essentially free and that the guiding factors in any design are the

number of pins per chip and the number of wires between chips needed to

construct the network.

To reduce the number of wi res that are not on a building module,

several means are available. Consider the generalized cube network shown

in Figure 111.6. For any stage of the network, if more than one

interchange box ‘or that stage were placed on the building module, some

wi re Length could be saved. More wi res can be eliminated if two stages

are merged onto one module. That is, given a set of interchange boxes

in stages I and i—I, if the two stages are merged onto one chip, the
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wires out of stage i and into stage i—i can be eliminated .

For a generalized cube network , if each building module is a 
•

complete generalized cube network of size 21, then the number of wi res

between chips can be minimized. One possibility is the generalized cube

for 22 
= 4 PEs shown in Figure IV. 16. This module requires four control

signals, 8W pins for input and output of data, where W is the width in

bits of the data word to be transfered, and two pins for power/ground.

A further savings can be realized by noting that the module is

combinational logic, and so the boolean functions it realizes can be

implemented by two levels of combinational logic. Thus, the data

transfer delay through the module can be reduced from four levels of

logic to two . The four functions can be expressed as follows . Let the

four inputs be ID, Ii , 12, and 13, and the four outputs be 00, 01, 02,

and 03. For two function interchange boxes , four control signals,

c(i ,j ) , I, j 4 C 0, 1 } are available. If c(i ,j) = 1, then an exchange

occurs. If c( i ,j ) = 0, then the straight state is selected . Then,

00 = ~ (0,0)~ (0,1) tO + c(0,0)~ (0,1) 12

+ ~ (1,0)c(0,i) II + c(1,0)c(0,1) 13

01 = ~(1,0)~ (0,1) Ii +c(1,0)~ (0,1) 13

+ ~ (0,0)c(0,1) 10 + c(0,0)c(0,1) 12

02 = 0,OYE(1,1) 12 + E(1,0)c(1,1) 13

+ c(O,0)~ (l,l) 10 + c(1,0)c(1,1) Ii

03 = ~ (1,0Y~(1,1) 13 + ~ (Q,O)c(1,1) 12

+ c(1,0)~ (1,1) Ii + c(0,O)cCl ,1) ID.

For N 2”, stages i and i+1 can be merged . The four input s into

the building module at stage i have addresses

- -- - 
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- 

. 
c(O ,O) c(O, 1)

c(1 ,O) c(1 ,1)

Figure IV.16: A generalized cube network for N = 4.
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~n—1 i+1°°~i—2 ”~ 1~O’
pn_1.. .Pj+lOiP j_2 ...PIPO,

~n—1 j +110
~j —2 ”~ 1~0’ and

~n—i~~~~i+11 i—2 i~0
There are other possibilities for selecting the logic for a

building module for an interconnection network. But, for the generalized

cube network , the module described by the four equations above

represents an implementation which is least expensive in terms of the

number of off chip wires required to build the network.

Theorem IV.2: Let the modules in Figure IV.16 be the chip, Cl , used to

implement two stages, i and i—i , of a generalized cube network. Let C2

be another chip composed of four interchange boxes in stages i and i— i ,

and C2 � Cl. Then, fo r any C?, an implementation of a generalized cube

using Cl is a less expensive implementation of the network than one

using C2.

Proof: In Figure IV.17, two Cl chips implement the circuit. One

implements interchange boxes 0, ~~, 2, and 3, and the other implements

interchange boxes 4, 5, 6, and 7. No off chip wi res are required for

connections between interchange boxes in stage i and interchange boxes

in stage 1—1 . Call these wi res interstage wi res. Consider the eight

interchange boxes of Figure IV.17. Any chip C2 as defined above spans

four of these boxes in one of three ways .

Case 1: Here, C2 groups four boxes as

( 0, 1, 4, 5 ), and (2, 3, 6, 7 ), or

( 0, 1, 6, 7 ), and ( 2, 3, 4, 5 ). 
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• 

~~~~~~~~~~~~~~~~
10

A2I

a

Figure IV.17: Eight interchange boxes from stages i and i—i of a gen—

eralized cube network.
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For this case , the number of interstage wi res between stage i and i—i is

N. Therefore, an implementation of the generalized cube using C2 is more

• expensive than one using Cl, which has no interstage wires between

stages i and i—I .

Case 2: C2 spans the eight boxes by picking one from the set

( 0, 1, 2, 3 ) and three from the set ( 4, 5, 6, 7 ), or vice versa .

Then, the number of interstage wi res between stages i and i—i is four

for each pair of chips C2. So, any implementation using C2 is more

expensive than one using Cl.

Case 3: C2 groups interchange boxes ( 1, 3, 4, 6 ), C 0, 2, 4, 6 ),

( 0, 2, 5, 7), or C 1, 3, 5, 7 ). Because the four interchange boxes do

not form a complete network of size 22 
= 4, as Cl does, interstage wires

must connect different chips of type C2. The number of interstage wi res

is , for N ) 4, 2(N/4 )  Nfl. Therefore, any implementation using C2 is

more expensive than one using Cl.

A multistage PM2I network can be constructed from multiplexers

which select one of several input s as the output from the circuit. For

this discussion, assume that each switching cell of the network (Figure

111.7) receives control signals independent of any other cell of the

network. At stage i, an output line from the stage, ~~~~ for the

switching cell position with address P at stage i, n > i 0, 0 < P < N,

selects data from one of three inputs. These are

(1) with the “straight across ” control, i.e., PM2,.,~ = 0 PM2 1, from

P~~, the line which is for stage i+1,

(2) with the PTI2 
~ 

control, from P + 2 ’ from stage i+l, or

k 
- 
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(3) with the PM2f. control, from P — 21 from stage i+1.

Such a selection circuit can be represented by the multiplexer of Figure

IV.18. This multiplexer uses 4W gates and two inverters for the

controls, 3W data input lines, W data output lines, two control lines,

and two lines for power and ground.

Multistage PM2I networks can be implemented as custom integrated

H circuits by a combination of two methods. One method combines the

circuitry for two lines at stage i, as shown in Figure IV.19. Another

combines the c’frcuitry for line P from stages i and i+1 into one

circuit , as shown in Figure IV.20. In specifying the circuits for a

multistage PM2I network implementation , assume that all mappings of data

from input PEs to output PEs are not necessarily permutations, that is,

broadcasting data from one PE to severa l others is allowed.

One way of decreasing the number of wires between chips is to merge

two or more multiplexers at stage i into one chip. Consider merging two

multiptexers, P and P’, into one chi p with input from stage i+1 and

output to stage i—i .

Theorem IV.3: Suppose two muttiptexers are to be merged into one chip at

stage i. Then, the choices which remove the most off—chip wires and

have the lowest number of pins per chip are

multiplexers P and (P + 2’ ) moduto N, and

mult iptexers P and (P — 21) modulo N.

Proof: Consider the choice of muttiplexers P and (P + 21
) modulo N ( the

case of P and (P — 2 ’ ) modulo N is analogous ). For this discussion,

assume that all additions and subtractions are modulo N. Both

_ 
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DATA FROM P—2 mod N 
_ _ _ _ _

FROM STAGE i+1

DATA FROM P MUX

FROM STAGE IN 

J 
TO STAGE a—I

H CONTROLS I —‘
L~~

1

DATA FROM P’ MUX

H . FROM STAGE i+I p’ TO STAGE a—i
DATA FROM P’+2 mod N 

_ _ _ _ _

FROM STAGE a+l

~~ (~~‘ + 2 modula N

Figure IV.18: A circuit for line P at stage i selects data from line P,

tine (P + 2
1
) modulo N, or line (P — 2

1
) modulo N of stage i+l . The

multiplexer selects some input to become the output P0~~ based on the

set of control signals input to it.
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DATA FROM (P—2 
1
2
a 1 ) mod N 

_ _ _

FROM STAGE a
DATA FROM (P—2 a ~ mod N

• FROM STAGE a
DATA FROM CP- 2 a—I ) mod N

FROM STAGE a MUX p
DATA FROM FROM STAGE a - 

OUT

DATA FROM CP+2 i-I) mod N TO STAGE a—2
FROM STAGE a

DATA FROM (P+2 ~~) med N
FROM STAGE a

DATA FROM (P+2 1 ~2 a 1 ) mod N 
_ _ _

FROM STAGE a

Figure IV.19: At stage i of a multistage P1121 network , two multi—

pLexers , P and P’ can be constructed on one integ rated circui t chip.
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I-
.

DATA FROM P 2  med N _ _ _ _

FROM STAGE a+i

DATA FROM P MUX
IN____ 

_ _ _ _

FROM STAGE a+i P

DATA FROM P+2tmod N ____ 
TO STAGE a—i

FROM STAGE a+i j  -

CONTROLS PM2 AND PM2
‘a —a

Figure IV.20: The circuits for multiplexer P at stage i and multiplexer

P at stage i—I .
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multiplexers have common Inputs from lines P and P + 2
’I from stage i+l

that do not need to be replicated . The chip then becomes that of Figure

IV.19. This chip has 8W gates and four inverters for control signals,

4W data input lines, 2W data output lines, four control lines, and two

lines for power and ground. The total number of pins for this chip is

6W + 4 + 2. Any other choice of two multiplexers with no common data

input lines has SW gates and four inverters for control signals, 6W data

input lines, 2W data output lines, four control lines, and two lines for

power and ground. This gives a pin count of SW + 4 + 2 pins.

Consider merging two multiplexers in adjacent stages, the

multiplexer P at stage i and the mult iplexer P at stage i—i . Figure

IV.20 shows this arrangement . The data which become the input to stage

i—2 can originate in the following positions at stage i+l . Again ,

assume that all additions and subtractions are modulo N arithmetic.

(1) multiplexer P, if stages i and i—i are set to strai ght across,

(2) muLtip lexer P + 21, if at stage i the datum is affected by P112 .,

and at stage i—I by a straight across movement,

(3) multip Lexer P — 21
, if at stage i the datum is affected by ~~~~

and at stage i—I by a straight across movement,

(4) multiplexer P — ~~~~~ if the datum is affected by “straight ” at

stage I and by ~~~~ at stage i—I,

(5) multipLexer P + 21 1 , if the datum is affected by “straight” at

stage i and by PN2_
~ 

at stage 1—1 ,

(6) multipLexer P + 2’ + 21 1
, if at stage i the datum is affected by

PTM2_
~ 

and at stage i—i by P!12_ (j_ 1) , and

_ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

I

_ _  —. •• - . ~~— -  - - - - -- - - .i_I• . -I _ 
- 

-
• .



— —•,— ‘-
~ 

- 
~~~~~ -~

. -~~- -v— 
- ~~~~~~~~~~~~~~ ~~~~~~~~ 

‘
~~~~~

‘
~~‘~~~~~~~~~~ ~~~~~~~~~~~

:1 94

(7) multiplexer p — — 21 1 , if at stage i the data is affected by

and at stage i+l by P112 (i 1).

Figure IV.21 shows the resulting multiplexer for position P. This chip

has SW gates and four inverters for control signals, 7W input lines, W

output lines, four control lines, and two lines for power and ground,

for a total of 8W + 6 pins per chip.

• If s stages are merged beginning with stage i, n > I > s—I, stages

1, i—i , 1—2 , . . . , i — (s—I ), then the resulting chip on which the

network is based needs

—— C 1 + 2 + 4 + ... + 2S 

~ W (2s’~1 — I)W input lines, one from each

of p, p + 2~~, p — 2~, P + 2i—I ~ — 2i—1 ~~ , p + + 21
~
1 

~ —

2 ’ — 2 i—1 ~
• , P + 2’ + 2i 1  

+ ~~~ + 2i (s 1)
, and p — — 2 i 1

— ... — 2~~~
5 1) .

—— (2~~~ — I + 1) 14 gates plus inverters for control signals,

—— W output lines,

— 2s control Lines, and

—— 2 lines for powe r and ground.

This gives a total pin count of 2~
’1W + 2s + 2 pins per chip.

Theorem IV.3 and the stage merging techinque presented above can be

using In combination to meet design spectifications and Limitations.

Stage merging decreases ‘ the number of wi res between stages, but

increases the number of inputs to each bui lding module. Theorem IV.3

reduces the number of input wi res needed by combining multiplexers with

common data input lines.

-

-- ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~



a—iFROM P 2  mod N
FROM P—2 a 

med N FROM STAGE a
FROM STAGE a+j  1 1

FROM 
MUX 

J 

MUX

FROM STAGE a+1 IN 
~ p TO STAGE

FROM P+2 mod N —i I —1 I 1-2
FROM STAGE 1+1 FROM

CONTRO —. P+2~~~~mod NLS FROM STAG CONTROLS

STAGE i STAGE a—I

Figure IV.21: One multiplexer behaves the same as two stages, stages

and i—i, of the network for position P. The equivalent circui t receives

input from stage 1+1 and outputs data to stage 1—2. It selects data

from one of seven places.
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L~L~2~• 
Conclusions

The Cube, Shuffle—Exchange, and P1121 networks were implemented as

both recirculat ing and multistage networks. For each design, the amount

of hardware and delay were calculated . The designs provide a basis for

comparing the cost and data transfer time delays of multistage and

recirculat ing networks.

The Shuffle—No Shuffle—Exchange network was introduced . This

network is a compromise between the recirculatin g and multistage

Shuffle—Exchange networks, since it can perform from one to n—i shuffles

in one pass through the network. For a small amount of additional

H hardware, the Shuffle—No Shuffle—Exchange network can perform all data

transfers that the multistage Shuffle—Exchange network performs, as well

as all the data transfers which can be performed in from I to n—I passes

through a recirculating Shuffle—Exchange network.

Pipelined multistage networks were examined and compared to

combinational logic multistage networks of equal delay to pass data and

to combinational logic multistage networks of equal cost. Both n—stage

and k—stage pipelined networks, where n/k is an integer, were

considered. Insight has been gained into the performance and cost of

H pipelined multistage networks and the trade—offs between pi pelined

multistage networks and combinational logic multistage networks.

H The analyses developed in this chapter can be used to evaluate the

effectiveness of a given Interconnection network for a specified task.

Chapter VII presents three image processing tasks and uses the results

of Chapter IV to compare the times for interprocessor data transfer for

several different networks. 
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!~ 
PARTITIONING INTERCONNECTION NETWORKS

• V.!. Introduction

16Multamicroprocessor systems w ith as many as 2 processors are

being predicted for the future EPEA77, SLE7fl. This implies that it is

important for an interconnection network for such a system to be

partitionable into subnetworks so that the system can be partitioned

into subsystems.

Some computations may be more efficiently executed if the N PE5 of

the SIMD machine can be partitioned into 2n r  groups of 2’ PEs. Each

group may then behave like a smaller SIMD computer, and the system

resources may be more efficiently utilized. As an exampLe, consider an

algorithm that is composed of k independent procedures, each of which

can be executed using 2’ or fewer PEs. Suppose that each procedure

requires at most j time periods to execute. The algorithm could be

performed one procedure at a time, using at most 2” PEs at any time.

The computation would requi re at most j*k time periods, and 2” — 2r PEs

would be unused. If on the other hand, the PEs were partitioned into

n—r r n—r •2 groups of 2 PEs, 2 of the k procedures could be performed in

parallel (assuming that alt groups use the same instruction stream or

I-. —~~ - -‘ k--.-- - - , __________________
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that multiple control units are available ). Now, the computer is more

fully utilized , and if k < 2n r , the algorithm can be executed in j time

periods.

Two classes Gf partitioning for an SIMD machine will be considered :

(1) use the system as one to SIFID machines, each having 2” PEs,

each perfor~ ing the same algorithm (using the same instruction stream),

but each on a different data set; and (2) use the system as many SIMD

machines of varying sizes, each size a power of two, where each may be

performing a different algorithm on a different data set. The first

class wilt, be referred to as ~jj~ Le control partitioning, since only one

control mechanism will serve all of the PEs, as shown in Figure V.1.

The second class wilt be referred to as multiple control p~rtitioning,

since a separate control mechanism wi l t  be required for each instruction

stream, as shown in Figure V.2. Note that multiple control partitioning

includes having, for example, four groups following one instruction

stream, white four other groups each follow their own instruction

streams. Furthermore, it may be the case that two or more groups may be

executing different SIMD programs on the same logical data set, althoug h

each group would have its own physical copy. Examples of machines such

as these that have been proposed are CN1J77, SIE78a, SMSM78, BS78,

BFHP79]. The single contro l class is a special case of the multiple

control class, where all the groups use one contro l unit. Since there

is onLy one Instruction stream, a conventional SIMD machine, with one

contro L unit, can provide this instruction stream.

When processors of the machine are partitioned into groups of size

2”, each submachine must function as an independent entity. So, each

I
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a

1 
CONTRDLJ

T I I _ _  

..•
. 1 1

I 
PE

m I ff~lJ ~PE2~~~11j ...

INTERCONNECTION NETWORK

Figure V.1: For N = 2”, single control partitioning supplies the same

instruction stream to 2n—r SIMD machines of size 2~ .
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- 

L
cONTROL

~J 
- 

[ CONTROL ~~~~~~. . . 
~~~~ 

cONTROL~~~~~

_ _  
_ _ _

[~~~~~~~~
j . . 

[PE
2~~~~~

( [~~~~2
”]  “. 

_ _ _ _ _

- 

- 

I - 
INTERCONNELTICN NETWOR K 1

Figure V.2: For N = 2”, multiple contro l partitioning implies multi ple

contro l units. Each of 2I1~~ control units commands 2r PEs. Two control

units can be linked to form an SIMD machine of size 2~”~
’1.

——--I—--- -— j-.-- -. —~‘-~~~
‘
~ —•-- —~~ •— •—- — — ——-——- ‘ ‘~~~~~~~~ ‘- ——-•. -~~~~ —-•——- — —•- -—-~ —‘-——— — —~~~~~~ 

-
~~~~

•—— — — ——
~~

--

~~ 
MI



___ ___ 

-- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

101

section of the partitioned interconnection network must function as a

complete network. That is, every section must have all of the

capabilities of a network of the given type built for a size 2” system.

This chapter considers partitioning interconnection networks using

both s ingle and multiple control partitioning. Section 2 considers

multistage networks. Recirculating networks are analyzed in section 3.

Section 4 analyzes pipelined multistage networks, and section 5

considers the use of variable size partitions, where all partitions are

of size a power of two.
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V.2. Partitioning Multistage Networks

This section shows how multistage Shuffle—Exchange , Cube, and P1121

netwo r ks can be partitioned.

Partitioning a multistage Shuffle—Exchange network (Figure 111.3)

is discussed in rLAS76J. That discussion is extended here and is

related to the two types of partitioning defined above.

Theorem V.!: Let a system be partitioned into 2n r  subsystems of 2” PEs

each. For single control partitioning , if only a shuffle and no

exchange is allowed on each of the first n—r stages of the network, the

network can serve as a complete r stage Shuffle—Exchange network for

each of the 2”” groups of PEs of the partitioned machine.

Proof: Let the addresses of all PEs in each partition have the same n—r

most significant bits. Let loc~ (P) refer to the location of the data

originally ir. PE(P) after passing throug h i stages of the network

[LAST76J. Let the destination address, the address of the PE which

receives the data from P, be D = d~_,...d1d0. After n—r shuffles with

no exchanges or broadcasts (the first n—r stages of the network are in

the straight state) , the intermediate address of the data that was

initially in F is

loc~_~ (P) = 

~n— n—r — 1~~~ 1~ O~n—1 n— n—r

~r—i i~~fn—i”~~r~
The next stage is the first that allows an exchange. So,

locn_r+l ~~ = Pr 2~~~PiP0Pn 1~~~Pr
dr 1~

where dr_i = 
‘
~r—1 

or pr,. The final address of the data, after r

Shuffle—Exchange steps, is

• 
,
.—_.~~~— . — - ———-•.- - • , 

• —
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b c  (P) = Pn_i••~Pr
dr_i •~ •dl

dO~
where d. or p.,. All PE5 with addresses that have the same n—r most

— significant bits wi l l  be in the same partition of the machine . At stage

i, r < i < 0 , of the partitioned network , any interchange box compa res

data from two lines whose addresses differ only in the ~~ bit position.

If the n—r most significant address bits are ignored, these are the same

two tines which are the inputs to the interchange box in a Shuffle—

Exc hange network for 2’~ PEs. In this manner, a PE can communicate with

any other PE in its partition, just as if it had a Shuffle—Exchange

network of size 2~ . A lso, no PE can disturb a PE not in its partition.

Figure V.3 illustrates this partitioning for N = 16 PEs partitioned into

four groups of four PEs each. U

An analogous argument may be made to show that the PEs may be

partitioned based on any common set of n—r bits of the PE addresses.

Corollary V.!: Let a system be partitioned for single control

partitioning into i~’ groups of 2” PE5. Let aLl PEs in a group have

some set of n—r address bits in common, and Let these n—r bits be the

same set of n—r bits for alt groups.. Then the network can serve as a

complete r stage Shuffle—Exchange network for each of the 2~~r groups of

PEs of the partitioned machine.

Proof: After any stage of the Shuffle—Exchange network, exactly one bit

of the intermediate address of the data can be changed. Stage n—i

affects only address bit n—I, so that after stage n—I,
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0
• 1 GO GO 1

2— ~ 2

• 3 GO 3

4~~~ — 4
5

6—, -‘ 61Vfr~ YAX r’=~YAX r~~ocX r~~~~~ 
7

10 / 10
l1~~~~~ 

61 G3

13 G2

- G3 G3

Figure V.3: For N = 16, a multistage Shuffle—Exchange network can be

partitioned into four groups of four PEs such that for alt PEs in a

group, the two most significant PE address bits are the same.
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locn,.1 ~~ =

H where dn_i = 
‘
~n—1 °“ ~~~~ Stages n—2 through 0 affect the intermediate

address location of the data in analogous manners; stage i affects

V address bit p~ and changes it to d~.

Let the n — r common PE address bits within all partitions be

, ... , p. , where i. 4 { 0, 1, ... , n—i }, 1 < j < n—r. Since
n—r 1 1

there is a one to one correspondence between the stage ni.rber and the

address bits that stage changes, the network can be partitioned on any

set of address bits. If p,~ is one of the n—r common PE address bits,
- • 3

then at stage the exchange function is disa llowed. C]

If the Shuffle—Exchange network employs individua l box control,

both single control partitioning and multiple control partitioning can

be supported by the network. For example, consider a three stage

Shuffle—Exchange network with two function interchange boxes that is to

be partioned into two groups of four PEs each. Let the two groups be Cl

= (0, 1, 2, 3) and 62 = (4, 5, 6, 7). Consider the case where only GI

is using the network. Let c be a control matrix for the network of

Figure V.4, which represents the control signals the interchange boxes

- - receive. c(i,j) controls the 1th row interchange box at stage n—1—j .

An exchange occur s at that module if and only if c(i,j) = 1. (This

argument assumes two function boxes, but can be extended for four

function boxes.) To control the network for Cl, the matrix is
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a

- c (O ,1) c ( O ,2)
_ _  I _ _

0 ‘ 1 — )  — I I  I~~~1 a
_ _  _ _  _ _  

1

• NI ~~~~~~~~~c(1,1)- ~~~~~~~~~c ( t~2)

2 ~ /~~
%
s4 

1 /N 1 2

~~~~~~~~~~~~~~~~~~~~~~~~ 
) 

G2. ~~~~~~~~ ~~~~~1]

‘x~
’ 

~X’ c (2 ,1)
’
Y
’ 

‘5<
’ 

c(2,2)

IV \ ~~~~~~~~~~~ /  ~~~~~~~~ ~~ L~ / ~~ _ _ _ _41/\ 1_ tV\  1G1 r~/’\ lG2 b_—4
\A” •\ ~~—i_~ 1 \~/ ~ 5

c(2 ,1) .~~“\ c(3 , 2) 
\ L

• 
1 1 ’

~~ 1 G2 I~’ ‘1G2 t e
—1 1  L I

Figure V.4: A multistage Shuffle—Exchange network can be partitioned L
into two groups of four PEs each by setting one stage to no exchange.

Group Cl is the four PEs 0, 1, 2, and 3. Group G2 is the four PEs 4, 5,

6, and 7.
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o c(O,1) c(O,2)

0 — c(l,2)

c 0 c(2,1) —

U —

Only the control bits that relate to the submachine that is using the

network need be specified. All others may be ignored. To control the

network for G2 alone, the matrix is

0 — —
0 c(i,1) —

0 — c(2,2)

0 c(3,1) c(3,2)

If Cl and G2 are to share the network under a single control

partitioning scheme, set c(0,1) = c(l,l), c(2,l) = c(3,1), c(O,2) =

c(2,2), and c(1,2) = c(3,2). For multiple contro l partitioning, Cl is

controLLed by c(0,1), c(2,l), c(O,2), and c(1,2), while G2 is controlled

by c(1,l), c(3,1), c(2,2), and c(3,2). Thus, if c(i,O) = 0, 0 < i < 4,

the two partitions can operate independently and asynchonously.

For four function interchange boxes, the same c(1,j) control Gi and

G2. For four function boxes, however, c(i,j) 4 C 0, 1, 2, 3 }, where

c(i,j) = 0 means straight, c(i,j) = I means exchange, c(i,j) = 2 means

lower broadcast, and c(i,j) = 3 means upper broadcast.

Corollary V.2: An n stage Shuffle—Exchange (omega) network with

individua l box control c(l,j) can be partitioned in a muLtiple control

environment, if aLL partitions are of size 2”.
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Proof: Divide the 2” PEs into 2n r  groups of 2”, so that the n—r most

significant address bits, 
~n—1”~~r’ o~ all PEs in group C are the same .

Since, the first n—r stages allow only a shuffle and no exchange, the

entries of the fir3t n—r columns of c are all 0, and

loc~_,, (~~ = ~~~~~~~~~~~~~~~~
Stage r—i is the first to allow an exchange to follow the shuffle. Let

c(A, n—r) be a contro l bit for stage r—1 where A = a~.,,2a~_3...a1a0~

~~1 since there are 2n 1  rows of c. Then c(A, n—r) controls PEs belonging

to C if

A = an,2...an_rpn,I...Pr.

That is, A is the address of an interchange box, 0 < A < n12. At stage

r—l , interchange box A affects PEs of g roup C if and only if the last

n—r address bits of A equa l the first n—r address bits of any PE in C.

At stage r—(1+j) , 1 < j  < r, c(A, n—r +j) controls PEs of C if

A = an..2...an_r+j Pn_I...Praj ..l...aO.

For single and multiple control partitioning, if the group of PEs is

• known, the control signals that refer to that group are given by the

• above expression. The expression can be extended for any ~et of common

n—r address bits used for partitioning and for four function interchange

H boxes. A broadcast function sends one datum to both output s of the

interchange box . The effects are the same as sending data f irst to the

output for the “straight across ” setting, the address of which is in the

partition, and then to the output for the “exchange” setting, which is

also In the partition. That is, for a broadcast, both outputs are part

of the same partition, and no data is transferred outside its partition,
0

A 
_- - ~~

- -
~~ •- - • - ~~~~~~~~~~~~ 

-_ - - - ---——- - - - ---
~~~~~ 

-

- 
.-~~~ 
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In CS1S78], it is shown that the ind i rect binary n—cube and the

generalized cube are both topologicalty equivalent to the multistage

Shuffle—Exchange network. Since these three networks have equivalent

topologies, the partitioning proofs are similar.

CorolLary V.3: The ind i rect binary n—cube network and the generalized

cube network with individual box control can be partitioned in a
• 

multiple control environment if alt partitions are of size 2r

Proof: Corollary V.3 foL lows from the topological equivalence of the

ind i rect binary n—cube, the generalized cube, and the multistage

Shuffle—Exchange network, and from Theorem V.1. The only difference

between these two networks and the omega network discussed in Corollary

H V.2 is the position of the control bits in the control matrix. For

H example, for N=8, consider Cl as defined above. For the generalized

cube, the control matrix would be

0 c(0,l) c(0,2)

c = 0 c(i,I) c(1,2)

0 — —
0 — —

H as shown in Figure V.5. For the indirect binary n—cube , if c ’(i ,j ) =

c(i,n—i—j), then:

c’(O,O) c’(O,l) 0

c’ = c ’(l,O) c ’(i,l) 0

— — 0

— — 0

as shown in Figure V.6. In both cases , the stage which affects address

bit p2 is set to no exchange. So, data cannot be exchanged between a PE

_  
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c(O ,1) 
‘ c ( O ,2)

1~~~~~~~~~ 

__ __ __

- 
Figure V.5: If PEs 0, 1, 2, and 3 use the network, then a generalized

cube network uses the controls above to affect data passage through the

network.

1 • 
- 

- 

• 
- I

~~ • _. :. ~~~~~~~~~~~~~~~~~~~~~~ ____ ~~~~~~~~~~~~~~~~~~~~~~~‘—~~~
- 

~~~~~~~~~ 
-
~~~~

- 
~~~~~•.- - -

~~~
-

~~
-

~~~~~
— -



——,,—--..-“—, ,—- -  - •-•-— •-•,— ,•— -• —-•-“ .-——~——-_; —!r”•’-•-• -‘•-• •••--•-•- •• - —---f .-— 
~~~~~~~~~~~~~~~~~~~~~~~!T~

TTT ~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~ 
• --

1 

111

c ’(o ,O) c ’(o ,l) . 0

1

c ’(1,o)
~~~

,
~~T 

c ’(1~ 1)”
\ /“ 0 \,./

4
~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 45 
~~~~~~~~~~~~~~ 

5
0

6

7
. 7

Figure V.6: An indirect binary n—cube network controls data from PEs 0,

I, 2, and 3 using the controls above.
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in Cl with address OXX and a PE in G2 with address 1XX , where, as in the

PE address mask notation (Chapter II), X is “don’t care,” i.e., either 0

o n .  C]

In the STARAN flip network CBA76] (Figure 111.4), stage i can

perform the Cube—type interconnection function Cube.. The Shuffle—

• Exchang e and flip networks are topotogicatty equivalent CSIS78],

and thus the partitioning proofs are similar.

Theorem V .2: The STARAN flip network with flip control may be

partitioned under single control partitioning, but not under multiple

control partitioning.

Proof: The control vector F of the flip network allows the partitioning

of the network. In order to partition the machine into 2”’ ”  groups of - •

PEs, where the addresses in each group have the same n—r most

significant bits, the control vector used is

F = C 0 ... 0 f ... f f ).n—n 1 0
For an arbitrary PE address, P, the first r stages of the network

H produce 
-

loc r (
~~ =

where d~ ~~ 
or p~. If the last n—r stages allow no exchanges, the

address of the final destination of the data is

lOC ~~ =

Thus, all PEs with the same n—r most significant bits will be in the

same partition of the reconfigurable machine. Again, this procedure can

be generaLized to group PE5 that have any set of n—r bits in common. For

exampLe, if the n—r Least significant addresses bits are the same for

_ _ _ _ _ _ _ _ _  - 
t
• •_ _ _ _ _ _ _ _ _ _ _ _
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all PEs in a group, then

F = ( f  ... f 0 ...0).n—I n—r

Since each stage of the flip network receives only one contro l bit,

multiple control partitioning is not possible. C]

Corollary V.4: The generalized cube network with individua l stage

control can be partitioned under single control partition ing, but not

under multiple control partitioning.

• Proof: Since the generalized cube network and the STARAN flip network

are ‘copologicatly equivalent CSIS78], Corollary V.4 follows from Theorem

V.2. C]

The STARAN also allows a set of “shift permutations.” The shift

controls for the STARAN provide i+1 control signals at stage i to move

data at input x to output x + 2m modulo 2~, 0 < m < p < n. This set of

• controls is ilLustrated in Figure III.4b for N8 . In genera l, the

controls at stage i, ci0, cii , ... , and cii, affect g roups of PE5 as

follows . Recall from Chapter II that a set of PE addresses can be

expressed as a string of 0’s, l’s, and X’s, where X is a don’t care,

i.e., either 0 or 1. ALso, X~ is a string of i X’s in the specification

of a RE address.

• n—uciO: X 0

cii : ~
n_i

0i~
li

ci2:  ~
n i 0i 2 i~

n—i i—Icii : X 1X.
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Referrin g to Figure III.4b, cOO = OA, d O  = 1A, cii 18, c20 = 2A, c21

= 2D, and c22 = 2C. Under certain conditions, these controls ca n be

effectively used for single control partitioning . However, they allow

independent use for no groups of PEs if 2’~~” groups of Z’~ PEs,

1 < r < n, mus t use the network at one tim e under multip le control

partitioning.

In general, the STARAN fli p network with shift control cannot

always be partitioned into 2
n r  groups of 2”’ PEs using s ing le control

partitioning. Consider the case for N = 8 and r 2 , where the two g roups

of PEs are GO = C XOX ) and Cl = C X 1X ). Physical stage 0 i s log ic al

stage 0. Since the middle bit position, p1, determines the partitioning ,

phys ical stage I must be se t to stra ight in order to isolate the

partitions. Physical stage 2 is logical stage 1. In a STARAN network

for four PEs, logical d O  affects all PEs in a group whose addresses end

in 0, i.e., PEs {XXO), and log ical cii af fects all PEs in a group whose

addresses end in 1, i.e., PEs Cxxi). But, physical c22 affects all PEs

XIX . It affects some that should respond to logical d O , i.e., PEs

CX1O), and some that should respond to logical cli, i.e., PEs (Xli)’.

So, single control partitioning is not possible for this case.

Theorem V.3: Let a system be partitioned into 2n r  groups of 2” PE5. If

the n—r PE address bits which define a partition are the n—r most

significant address bits or the n—n least significant address bits, then

the STARAN fl4 p network with shift controls can be partitioned under

single control partitioning.
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Proof: If the n—n most significant address bits determine 
- 

the

partitioning, then physical stage i is logical stage i, 0 < i < r.

Stages r throug h n—i are set to no exchange (straight through the

stages) . All control signals affect the same set of PEs of a partition.

For example, at stage i, 0 < I < n, ciO af fects PEs with addresses X11

1
0
1 Since n—i > n—r, all PEs with addresses whose least significant

bits are 0~ in all par titions are affected by ciO. cii af fects PEs X”’
Since n—i > n—n, all PEs with addresses whose least significant

bits are 0
1_l

i in all, partitions are affected by cii. So, single

control partitioning is possible.

If the partitioning is based on the n—n least significant ‘E

address bi ts, then all PEs in a partition have the same n—n least

significant bits. These ri—r bits remain the same at each intermediate

address location of the data as it passes through the network. So,

stages 0 throug h n—r—i are set to no exchange for all PEs. Physical

stage n—n is logical stage 0 for the partitions. One logical control,

cOO, is needed, so all n—r+l controls of the stage are set to cOO.

Stage k = n— r+1 is logical stage I. Note that n — ( n — r + 1 ) =

r—i . Logical control d O  affects PEs X”~
’10 of alt partitions, that is,

PEs ~r l ü~n r  The physical controls that become d O  and the PEs they

affect are

ck0: ~r 1 00n r

ckl: ~r—l 00n—n+I1

ck2:

ck (k—l): ~
r i 0i~

n r l  

-_ —_1
I, .___ —- —~ • - -

-

L - - - - • 
— - -— — __ __ __-__s - - --- -~ _- - —
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Logical d l  affects PEs ~
r h i~

m r , So, logical cli is physical ckk.

For i > 1, Logical stage i is physical stage n—n+i. Let k = n—r+i.

Then n—k = n — (n—r+i) = n—i. Logical ciO affects PEs ~n 1
0
1 of alt

partitions, i. €., PEs xr’i 0i x~~
r. The physical controls that become

ci0 and the PEs they affect are

ckO: ~
r
~

i
0
i0

n—r

cki: ~
r— i 0i0n—n—l i

ck (k—i): ~
r_i

0i i~
n—r— l

Logical controls cii, 0 < j  < i, are similar. Logical cii is physical

control signal ckk.

For example, let N = 8 (as in Figure III.4b) and r = 2. The system

is divided into 23 2  = 2 groups of 22 4 PEs each. Physical stage 6 is

set to straight. Logical stage 0 is physical stage 1, so logical

control cOO is set to physical controls d O  and cii. Logical stage 1 is

physical stage 2. Logical d O  affects the four PEs ‘CXOX). So, physical

controls c20, (which affects PEs CXOO)), and c2i, (which af fects PEs

CXOI)’), become logical control dO. cli affects PEs (Xix), and so

physical c22 becomes logical cii. C]

Theorem V.4: The STARAN flip network with shift controls can not be

partitioned under multiple control partitioning, if 2” ”  groups of 2” ,

I < r < n, use the network at one time. -
‘

Proof: For multi ple contro l partitioning, if all groups are of size 2

and so reqei re only one stage of the network, then 2n I  groups of two

PEs can independently use the network. This is because if two PEs whose

1-
I.. _ _ _ 

_
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- th - .
addresses d i f f e r  in t h e  i bit position exchange data, then Cube

~ 
is

executed. If they do not exchange data, then they need not use the

network.

Consider multiple control partitioning for 2~~r groups of 2” PEs,

I < r < n.

n—iCase 1: 2 groups of 2 PEs (r = n—I).

Here, n—I stages of the STARAN network are needed so that each

group may have a complete network to use. Since stage 0 has

only one control, the n—I stages must be stages 1 through n—i .

Stage 1 supplies one control signal for each group, and so is

log ical stage 0 for each partition . Stage 2, however, has only

three controls, not the necessary four ( two for each

partition ). So, 2 groups of 2” ’
~ cannot use th. network

independently.

n—n r
• Case 2: 2 groups of 2 , I < r < n—I.

Logical stage 0 must have ~~~ independent controls, one for

each group of 2” PEs . Suppose physical stage i is logical

stage 0 for each group of the partition. Stage i must have i+1

F > 2”’ ”’ independent controls, each control affecting 2 ” PEs.

But, cii affects PEs X~~ ’ lX ~~
1, i.e., 2n—i PEs . Since

> 2~, I < r < n—i, stage i does not provide enough

controls so that each group of PEs may use the network

independent of any other group. C] 

-~~—-
• - • - - 
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Corollary V.5: The generalized cube with i+l control signals at stage i

can be partitioned under single control partitioning , if the PE address

bits which define the partition are the n—n most significant bits or the

n—n least significant bits . Also, the network cannot be partitioned

under multipLe control partitioning .

Proof: Since the generalized cube is topologically equivalent to the

STARAN fli p network, this corollar y follows from Theorem V.3 and Theorem

V.4. C]

The data m~nipulaton CFE74J is an n stage network where stage i can

perform PM2~~ CD) , Ptl2_~ (U), and no change (H), as shown in Figure

111.7. Each contro l is further divided into 2 sets as shown. For stage

i, U1, D1, and H1 control those PEs whose 1th bit is 0, and U2, D2, and

112 contro L those PEs whose 1th bit is 1. —

This multistage network may easily be divided into 2Y
~~

1 groups of 2

adjacent PEs (N’ = 2). Let the two PEs be PE(i) and PE(i+1 moduto N’) ,

• for i even. Since N’ 2, the network need consist only of PN2
+0 

(note

that for N’ = 2, PM210 is the same as P112
0
). This can be obtained

using D1U2 on stage U and H1112 on alt other stages. Similarly, PE(i)

and PE (i+l modulo N’), for i odd, can exchan ge data if U
1
D
2 

i s used on

stage 0 and H1H2 is used on alt other stages. This is true for multiple

control partitioning since PEs not exchanging data can ignore the

network.
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As an additional point, consider pairing two arbitrary PE5.

Theorem V.5: For the data manipulator network, for the control functions

given as in Figure 111.7, if only two PEs use the network at one time

(single control partitioning ), then any two PEs can exchange data in one

pass throug h the network.

Proof: For N PEs, let PE A and PE B exchange data, where A =

B = b~_1...b0, and A � B. In order for PE A and PE B to exchange data,

H the destination address of the data from A is a’n_l...a’O 
= bn_i~ •~

b0~

- 
- 

and the destination address of the data from B is b’ n_i~~~
b’ 0 =

an_l...aO. An algorithm to perform such an input address to output

address translation is as follows .

For stage i, 0 < i < n :

If a~ = b~ , then no change (H1H2).

If a~ = 0 and b~ = 1, then apply 
~~

2+~ 
to the

data from A, and apply PM2_
~ 

to the data from

B (D1 U2
). Thus,

a ’ . = a. + I = 1 = b., and
1 1 1

b’ . b. — 1  0 a..

L If a
~ 

= i and b
~~

= 0, then apply ~~~~ to the

data from A, and apply PTI2.,~ to the data from

B (D
1 

U2). Thus,

a ’ . = a . — I O = b ,and
1 1 1

b. ’ = b .  + 1 = 1  = a..
1 1 1

• 
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thFor this algorithm, after the I stage,

b c .  (A ) = b ...b .a . ...a , and1 n—I n—i n—i— l 0

b c .  (B) = a ...a .b . ...b
i n—i n—i n—i—i 0

Finally, after n stages,

b c  (A) b . . .b b , andn n—i 1 0

loc~ (B) = an_l...alaO.

Table V.1 shows the contro l settin gs for stage i that result from

H the execution of the algorithm above. C]

This algorithm may be adapted for both the n stage Shuffle—Exchange

and the fli p networks. Let PEs P and Q exchange data. For the Shuffle—

Exchange, if bit i of the two PE addresses are the same, no Exchange

occurs at stage i, and c(A, n—i—i ) = 0, 0 < A < 2n 1~ If the two bits

• • n—idiffer, then an exchange occurs, and c(A, n—i—i ) 1, 0 < A < 2 . For

- • the flip network, at stage i, if the 1th bits of P and Q are the same,

then f(i) = 0, and no exchange occurs. If the two bits differ, then

f(i) = 1, and an exchange occurs. 
-

If a restriction is made, the data mani pulator network can be

partitioned such that each group has a complete data manipulator network

at its disposal. For example, Let N 8, and let the machine be

• 1 2 .partitioned into 2 groups of 2 PEs. Let one group contain PEs 0, 2,

4, and 6, while the other group contains PEs 1, 3, 5, and 7. The

control structure of this network is not general enough to at. Low

multiple controL paritioning, and so only single contro l partitioning

wilt be considered. If only the straight through path ( H1 H2 ) is

allowed at stage 0, then each group of 4 PEs has a 1092 4 stage data

I

• - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- - . - -
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I

Table V .1: The data mani pulator network can exchange two data item s if

the fol lowing controls are applied at stage i, 0 < i < n.

.th . .th .
i bit i bit Control setting for stage i of

of A of B the data manipulator network.

O 0 H
1
H
2

0 1 D
1 U2

1 0 D1 U2

1 1 H1 11
2

‘I 
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manipulator network available to it. The physical stage 1 now

corresponds to a Logical stage 0 for each partitioned group, since each

PE address differs from the addresses of its neighbors by two modubo 8.

• PPI2~~ moves data from position 0 to position 2, from 2 to 4, from 4 to

6, and from 6 to 0. SimilarLy, the physical stage 2 corres ponds to a

logical stage 1 for the group. Figure V.7 illustra tes this process.

Theorem V.6: Let the data manipulator be partitioned into 2
n—n groups of

• 2” PEs so that all PEs in a partition have the same n—n tow order bits.

lk’ider this restriction , the data manipulator can be partitioned under

single control partitioning.

Proof: Each group is composed such that consecutive PEs within a group

have RE addresses that diffe r by 2~i r
• Then, stage n—n behaves as a

stage 0 for the group, stage (n—r+i ) behaves as a stage 1, and so on,

and LastLy, stage n—I behaves as a stage (r—1 ) for the group of 2
r’ PE5.

Stage i, 0 < i < n—n, must be set in the “H” sta te so that address bits

~n—r—i 
through p

0 
are the same for both the input address and the output

address of the data passing through the network. For alt j ,

n—i ”~~~ 
r n—i j~ j—l i~0~ 

That is, adding or subtracting

one in bit position j cannot affect bit position i, 0 < I < j , of a PE

address. So stage j, n—n < j < n, cannot affect address bit i, 0 <

i < n—n, and the partitions are independent. C]

Corollary V.6: Let the N PEs be partitioned as in Theorem V.6. Then the

augmented data manipulator (ADM) can be used under single or mult ip le

control parti tioning, if alt partitions are the same size.
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T 

STAG E 2 1

Figure V.7: For N = 8, a multistage P1121 network can be partitioned

into two groups of four PEs. Group A is PEs 0, 2, 4, and 6. Group B is

PEs 1, 3, 5, and 7.
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Proof: Follows from Theorem V.6 and the definition of the ADM network.C]

There are means of allow ing 2” PEs with consecutive addresses to be

grouped together for the data manipulator network and sti-t-l havé a

complete network available. However, problem s arise due to missing

connections, such as the 0 to 2 ” — I connection for P112 0.

Let the 2~ PEs be divided into 2n r  groups of 2” consecutive PEs.

Each group no longer has a complete r—stage data manipulator network to

use. For example, let N=32 and r3. Then the partitioning is shown in

Table V.2, where the logical number of a PE is its residue cLass, moduto

2’, and P19 means partition i.

The partitions of the network do not have all 2n logical

interconnect ion functions available for use. For example, 6 + 2 = 0

modulo 8, but there is no physical connection between PE5 6 and 0, since

the network was bui lt for N=32, not N8.  These missing P1121 connec tions

will be referred to as missing end—around connections since they connect

PE5 at opposite ends of a group.

Theorem V.7: The augmented data manipulator (ADM) network can be used

fo r single control partitioning, if the PEs are partitioned into 2~~ n

groups of 2” consecutive PE5.

Proof: Consider the case where the virtua l P112 . interconnection
+1

function, for some 0 < I < r, is a missing end—around connection for the

data item I that is in cell y just prior to stage I (the case for PM2~~

is similar). Let cell y be the b
th cell in the ~th partition of size

that is:

y p 2 + b , 2r _ 2 i < b < 2 r
, 0 < ~~~< 2 n r

•

k 

~ 
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— - I

1$ Table V.2: Partitioning based on consecutive PEs using the augmented

data manipulator network.

Logical Physical number Notes

number P10 P11 P12 P13

0 0 8 16 24 need P112
3
, j = 0,1,2.

1 1 9 17 25 need PM2_J~ j = 1,2.

2 2 10 18 26 need P112 ., j = 2.

3 3 ii 19 27

4 4 12 20 28

5 5 13 2i 29 need i = 2.

6 6 14 22 30 need PM2.,.~.. j = 1,2.

7 7 15 23 31 need ~~~~~ i = 0,1,2.

—
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If P1124,1 is a missing end—around coni~ection, then b > 2” — 2’. P112÷.~

sends this data to cell

• yl = y + 2 ’ (~2r 
+ b + 2 ’) moduto N

= (((p + 1)mod 2n n)~ r 
+ b’) moduto N,

where b’ = b + — 2
r 0 < b’ < 2’.

Thus, the data is in cell b’ of partition p+i moduto 2n—r instead of

cell b+2’ modulo 2r of partition p. Figure V.8 illustrates the errant

data movement for N = 8 and 2 ” = 4. When the PM2~~ funct ion is applied

to PE(2) of partition 0, data moves to PE(4), wh ich is logical PE(0) of

partition I. The correct data movement would be to PE(O) of partiticn 0.

Since 2r — 2’ < b < 2r and i < r,

(b + 2~) modulo 2
r 

= (b + — 2r) modulo N.

Thus,

yl — 2” modulo N = + (b + 21 modulo 2r) modulo N.

If stages i—i through 0 are “H” for data item I, then if the network i s

set so that stage r is “U” for i tem I, the missing end—around connection

will be compensated for before it occurs. Figure V.9 shows the

correction for the example of Figure V.8. The flow of data is from

physical PE(2) (Logical PE(2) of partition 0) to PE(6) PE(P112_2 (2))

to PE(O) = PE (PM2~1 
(6)).

If PM2
~~ 

is the missing end around connection, then an argument

similar to the one above shows that setting stage r to 
~~
2+r for the

appropriate cells corrects any false data movement.

Consider the case where after passing throug h the rest of the

network, data Item I is moved, after sta ge i, from cell yI to yl + d,

-.2’ < d < 2 ’, i.e., stages i—i through 0 are not all “H” for item I. As 
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PARTITION 0

PARTITION I

Figure V.8: ~~~~ is a missing end—around connection for PE(2) of par—

• tition 0. It moves data from PE(2) to PE(4) in partition 1 instead of

moving the data to PE(O) of partition 0.
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‘
~1 PARTITION 0 

• 

-

- 

-

2 
~~2 2 2

3 3 
\ ~~~3 3 3

0 4 \ 4 4 4

_ 
_  _  

7

PARTITION 1

Fi gure V.9: Applying P112
2 to 

PE(2) before applying P1124,1 corrects for

the missing end—around P112,,1 connection for PE(2).
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opposed to the d 0  case above, when ~~ < d < 2r 
— 2’ — b no

compensa ti on is needed, i.e.,

yl + d modubo N = ~~2r + b + + d) modulo N

= ~~2r + (b + + d) modulo 2”) modulo N,

2r _ 2 i
< b < 2 ç i < r .

Fi gure V.10 illustrates the above case. In Figure V.8, the P1124,1

interconnection function moved data from PE(2) to PE(4). If

interconnection function P112 0 is applied to PE(4), then the data moves

to PE(3) of partition 0. That is, the net distance the data from PE(2)

moved was C + 2 — 1 ) = +1, i.e., from PE(2) to PE(3) of partition 0.

When 2r — 2
1 

— b < d < 21
, the only compensation tha t is needed is

a single _2r, as in the d 0  case above. Since

(yl + d — 2”) modulo N = + b + 2
1 

+ d — 2r) moduto N.

Then, 2” — 2 ’ — b < d < 2’, so 0 < b+2i+d_2r < 2
j+1 

— ~r + b.

Fur the rmore, since 2” — < b < 2 r 
then 0 < b + 2” + d — 2” < 214 1,

-• 

where i < r. Thus, b + 2’ + d — 2 ” modulo N = b + 2 1 
4 d moduto 2”. As

an exam p le, suppose that it is desired to move data from PE(2) to

PE((2 + 3) modulo 4 = 1) of partition 0 by applying the virtual

interconnection functions P11241 and P1124,0. Setting stage r to P112_2 for

PE(2) causes the desired movement of data. Figure V.11 illustrates the

correction .

The above techniques of grouping consecutive PEs are limited to

single control partitioning, since data wilt cross partition boundanie~~

In summary, for mult iple contro l partitioning , the data mani pulator
. . . . n—inetwork is adequate to divide the PEs into 2 groups of two PEs where

- 
-
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PARTITION 0

0 
_ _  

_ _ _  _ _ _  

0

1

2 2 2

0 4  
4 

‘

~~~~4 ‘
~~ 4

1 
5 5 5

2 e e e ‘0

3 - . 7 7 7 7

PARTITION 1

Figure V 10: A missing end—around P112,,,1 connect ion for PE(2) is

corrected by a missing end—around P112
0 connection applied to the data

from PE(2).
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PARTITION 0

0 0 0~~ ~~~

-~~ 1 1 1 
•

2 2 2 2

_ _ _ I
PARTITION 1

Figure V.il: Applying PM2_2 to PE(2) before applying PM2~1 and Pfl2~0
causes data from PE(2) to be sent to PE( 2 + 2 + 1 moduLo 4 ) = PE(1) of

partition 0.
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a group consists of PE(i) and PE(i+1 modulo N), 0 < I < N. With single

control partitioning , certain sets of 2~ PEs may have an r stage network

available, but the grouping of 2” PEs is more restric ted than with the

STARAN fLi p and Shuffle—Exchange networks. Like the flip network, the

-- control structure here is not generat enough to alLow multiple contro l

partitioning.

The augmented data manipulator, with its flexible control

structure, can be partitioned under single or multiple control

partitioning , if the addresses of the PEs in a partition have the same

n—n least significant bits.

The transition from a combinational Logic multistage network to a

pipelined multistage network does not change the overall interconnection

or control structure of the network. Therefore, the pipelined network

must partition in the same manner as the combinational logic multistage

network upon which it is based.
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V.3. Partitioning Recirculatin g Networks

Section V.3 considers partitioning the recirculating Illiac , Cube,

and P1121 networks. Both single and multiple control partitioning are

considered.

To control the Illiac network, let us assuc~e that the control unit

broadcasts to all active PEs one of the four functions to execute as

they would any other instruction. Then, some partitions are easily

im plemented with this network.

Theorem V.8: An Illiac network may be partitioned into 2
n 1  groups of 2

PE5, where the two are PE(i) and PE(i+1) or PE(i) and PE(i+m).

Proof: Let the group be PE(i) and PE(i+l), for either i even or i odd.

PE(i) needs only Illiac~1 
and PE(i+1 ) needs only Illiac _1 in order to

move data about the submachine. Let the group be PE(i) and PE(i+m).

Then, PE(i) uses Illiac and PE(i+m) uses Illiac to move data about+m —m

the network. C]

The Illiac network cannot be partitioned into groups of 4 without

some restric tions. If PE(i), PE(i+1), PE(i+m), and PE(i+1+m) are

grouped together, Figure V.12 shows their configuration for N = 16.

Note that if a complete Illiac network was available for a system of

four PEs, as in Figure V.13, then PE(i) and PE(i+i+m) would be

connected, and PE(i+I) and PE(i+m) would be connected. In Figure V.12,

they are not. The partitioned network cannot pass data in the same way

as can a complete Illiac network for N = 4. If, however, by

appropriately controlling the active status of the PEs, we allow PE(i) 

— - - -
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•1

Figure V.12: Four PEs out of 16 grouped by an IlLiac connection. -
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Figure V.13: An Illiac network for N = 4, m = 2.
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to first pass data to PE(i+1), and then Let PE(i+1) pass this data to

PE(i+1+m), the appropriate connection between PE(i) and PE(i+1+m) can be

realized. The transfer of data now requires that the interconnection

network be used twice, and thus the time to pass the data is doubted.

Also, steps must be taken to insure that the data presented to PE(i+1)

is not destroyed while passing data from PE(i) to PE(i+1+m) through

PE(i +1).

In general, for groups of PEs larger than two, this same

observation may be made. For a partitioned machine of size 2”, the PEs

at the side edges of the array ( i.e., PE(0), PE(2”’2 —1 ), PE(2”2 )

PE(2(2r/2 ) — 1), . . . , and PE(2” — 1) ), and the top and bottom edges

wilt not be connected as they would with a complete Illiac network for N

= 2” .

The Illiac network may easily exchange data between two adjacent

PEs. For larger groups of PEs, the data may need to be passed among PEs

to simulate the edge connections of the Illiac. This results in

additiona l considerations for the control of the network, additional

time for the data to reach their fina l destinations, and addit ional

pitfalLs for the programmer. The problem occurs in both multiple and

single control partitioning, since the edge connections for a group can

be simulated using only the PEs wi thin that group.

In chapter IV, a circuit was presented for a recirculating Cube

network. At each pass through the network, any of the n Cube

interconnection functions may be selected to route data.
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Theorem V.9: A recirculating Cube network can be partitioned into ~~~~~~~~~

groups of 2’’ PEs under single or multiple control partitioning, if alt

partitions are of size 2~, 0 < r < n.

Proof: A recirculating Cube may be partitioned in a manner analogous to

that of a multis tage Cube. Let the addresses of all PEs in each

partition have the same n—n most significant bits. In order to

partition the recirculating Cube network, the n—r interconnection

functions Cuber, 
Cuber,,i, ..., and Cuben_i are not ut ilized for any data

transfe r. So, each group of 2’’ PEs has ava i lable to it Cuber,,.,, ...~~~

Cube1, and Cube0. Thus, single and mult iple control partitioning are

possible for groups of size 2”.

The above argument can be extended to group PEs that have any set

of n—r bits in common. C]

Chapter IV introduced a circuit for a recirculating P1121 network.

Any of the 2n — 1 distinct P1121 interconnection functions may be chosen

at each use of the network.

Theorem V.10: A recirculating P1121 network may be partitioned, under

single or multi ple control partitioning, into 2n—r groups of 2” PEs so

that all PEs in a partition have the same n—r least significant bits.

Proof: Theorem V .6 showed how a multistage P112! network can be

partitioned Into groups that have the n—n least significant bits in

common by not utilizing the last n—r stages of the network, that is, the

stages for P112÷j, 0 < I < n—n. In this manner, each group has available

to It 2*r interconnection functions, where 
~
112+(n’r4i) now behaves as

P112,,1 for a group, 0 < i < r. No group can send data outside of its

— —.‘-~~
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~ group, since using these 2*r functions, the n—r least significant

address bits never change. That is, for aLL PE addresses P =

pn— 1...p1p0,

-

~ FM2~. (P) =

n—i < j < n—r. So, each group may use the network independently of any

other group. Thus, single and muLtip le contro l partitioning are
- 

possible for partitions of size 2”. C]
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V.4. Multiple Control Partitioning and Variable Size Partitions.

For multiple control partitioning , partitioning the machine into

groups of PEs of equal size has been considered. Some networks can be

partitioned using a less restrictive multi ple control part i tioning where

the only constraint is that all, partitions be of size a power of 2.

Corollary V.?: If a network can be partitioned using restricted multiple

control partitioning, where all partitions are the same size, then it

can also be partitioned such that groups are of different sizes, where

all sizes are powers of two.

Proof: Corollaries V.2, V.3, and V.6 can be applied recursively to break

Large partitions into smaller ones. Let the network be partitioned into

2
n—r groups of 2” PE5. For any one of these 2” groups, the applicable

corollar y may be applied again to break the group into 2
n—k 

g roups of

PEs, 0 < k < r. Figure V.14 shows a generalized cube for N = 8 which is

partitioned into three groups, GO, GI, and G2. GO and Gi are of size 2.

G2 is of size 4. C]

~~~~~~~~~~~~~~~~~~ •~~~~~
—

~~~~~~~
- 

~~~~~~ ~ .. -~~~~~I~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -.‘“ •- - ,~~~~~~çT” ” -  — - 
~~~~~‘ 

• • 
- 

- 
~~~~~~~~~~~~~~~~ ~~~~~~~~~_________ - . -

140

GO 0 Fl 1~1— GO1N7\ /~~~~~~~~~~~

<

~~4J ~~

2 /~ P1 \ / r~ -~ ~~~
—
~
I_  2Gi 

~~~~~ i i  i i  IG1 I Gi3 \ ~~ I~~~~~~~~~~~~~~~~ / \ /~~~~
I -

~~~~~~~~~~ -3

62 ~ ~~ 
]“

~~~X f G2 G~J 
G2

Figure V.14: A generalized cube can be partitioned into groups of dif—

ferent sizes when all sizes are powers of two. Here, GO and G1 are of
size 2, and G2 is of size 4.
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~~~~ 
Conclusions

Two ways have been defined to partition an SIMD machine consisting

of 2”~ processing elements into two to ~~~~ groups of 2” PEs, each g roup

acting as an SIMD machine of size 2”. One way, single control

partitioning, used a si ng le control to broadcas t ins truc ti ons to alt

groups. Thus, the same SIMD machine prog ram may be exec uted on several

different data sets simultaneously (e.g., multiplyi ng two pairs of

matrices). The other way, multiple control partitioning, ass umes the

availabili ty of additiona l control units so that each 2” PE submachine

may have its own instruction stream. The data being acted on by

different submachines may be copies of the same data file (e.g.,

processing two copies of the same image to find different features).

Under single control partitioning, the Shuffle—Exchange network,

the STARAN flip network, the generalized cube network, and the ind i rect

bi nary n—cube network are readily partitioned into 2
n r  

groups of 2r

4 PEs. The data manipulator network and the augmented data manipulator

can group certain sets of 2~ PEs, but the ab ility to connect sets of 2”

PEs with consecutive addresses is restricted .

The n stage Shuffle—Exchange network, the generalized cube network,

the indirect binar y n—cube network, and the ADM netwo rk have contr oL

structures that are general enough to accommodate multiple control

partitioning . The data manipulator, the fl ip network, the indirect

binary n—cube, and the Shuffle—Exchange network can connect any two

arbitrary PEs in one pass through the network.

A pipelined multistage network can be partitioned in the same

manne r as the combinational logic multistage network on which it is

L __ - 
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based. Recirculatin g Cube and P1121 networks can be partitioned in the

same fashion as the multist age Cube and P1121 networks. Table V.3

summarizes the results of Chapter V.

Chapter V has defined the ways in whi ch certain interconnection

networks can be partitioned . This information is essential for

select ing an interconnection network fur a partitionabl e parallel

processing system. In addition, the results of cha pter V a re relevant

to the theory of the types of permutations from input addresses to

output addresses that a given type of interconnection network with a

given control can and cannot accomplish.

- .  -
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Table V.3: Summary of the partitioning properties of the networks dis—

cussed in Chapter V. N = 2n PEs are partitioned into 2n r  
groups of 2”

PEs, 0 < r < n.

NETWORK PARTITIONING

Multistage Any set of n—r common RE address bits define s
Shuffle—Exchange , a partition for either single or
omega, multiple control partition~ r~q~
generalized cube,
indirect bi nary
n—cube

Flip network, For single control p .rtit “‘ng, ~~ s.~ ~~~~ n—r

fli p control RE address bits defin.s a ~~ - 4 ’ ’  - ‘ .
The fl ip network ~~~i t’ ~ ‘l’~ co ot canno ’ be
partitioned under ,nut ’p I. cc. rot :-~ -~~~~ion ing.

Flip network, For single control, Da oc~~— ’:,, ~• “-v

shif t control significant Pt address --
n—n most significant address b~~a partition.
Multiple control partition i ng ~s 

r~o~ possible.
data mani pulator The n—r least significant Pt ad-4ress b its define

a partition .
Augmented The n—n least signiticant Pt address bits define
data a partition.
mani pulator Also, the n—r most si gnificant address bits

define a partition .
Recirculating Any set of n—r Pt address bits defines a
cube partition.

Reci rculating For N > 2, the Illiac network cannot be
Illiac partitioned .

Recircula tir’g The n—n Least significant PE address bits
P1121 define a partitioning .

T~~~~~~T _ I
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4~j

VI. TIlE AUGMENTED DATA MANIPULATOR NETWORK

!!.i Introduction

The Augmented Data Manipulator network (ADM ) is a multistage P1121

network (Fi gure 111.7) where each switching cell of the network receives

control signals independently of any other cell of the network. This

chapter explores some of the capabilities of the ADM. Section 2

compares the types of data transfers that the ADM can accomplish with

‘l those which can be done by the generalized cube network. Section 3

illustrates how some data transfers can be accomplished by more than one

control setting . Also considered here are some transfers which the ADM

cannot perform in one pass through the network. Section 6 presents some

group theoretic properties of the ADM network.

_ _ _ _ _ _ _  
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VI.2. The ADM and the Generalized Cube Network.

The data manipulator network (Figure 111.7) consists of n stages

with N swi tching cells pen stage. The stages are ordered from n—I to 0,

where the interconnection functions of stage i are 
~~
2+.~’ 

P112
1
. and the

identit y (straight across). The controls of the data manipulator are

limited to one pair per stage. Cells whose 1
th 

address bit is U respond

to one control; cells whose ~
th 

bit is 1 respond to the other control.

Because groups of N/2 cells respond to one control signal, the data

mani pulator network cannot simulate the generalized cube network with

individual interchange box control. Since the hardware cost of the data

manipulator is greater than that of the generalized cube with four

function interchange boxes (Chapter IV), there are many cases when the

data mani pulator is not a cost effective option.

The ADM is a data manipulator with individua l cell control, i.e.,

each cell can receive none, one, two, or three of the signals H

(strai ght across), U (PM2 ), and D (PM2~ .) CSIS78]. The data output

from cell P and stage i becomes the dat input to cell P’ at stage i— i ,

where P’ 4 -CR, (P42’) modulo N, (P—2 ’) modulo N). Each cell passes data

independently of any other cell. The ADM can perform all the

interconnection functions of the generalized cube network with four

function boxes.

Theorem VI.1: The ADM can simulate the generalized cube network with

individua l box control CS1S78).

Proof: Consider simulating the four function box at stage I of the

generalized cube whose upper input is x and tower input is y. Let the
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subscript x denote the ADM control for cell x at stage i. Then, the

four functions of the interchange box can be simulated as follows.

straight — HxHyF

exchange — Dx Dy F

lower broadcast — U H ,yy

upper broadcast — D
~
H .  C]

Recall from Chapter II that data transfers from one PE to another

) can be represented as a mapping from the set of input RE addresses to

the set of output RE addresses. When this mapping is one—to—one and

onto, the data transfer wilt be called a p~rmutation of input RE

addresses to output RE addresses. For a given network, if a control

setting exists which accomplishes permutation f(P) of input RE addresses

to output PE addresses, then the network passes the permutation f(P).

A permuta t ion, f(P), from Pt addresses to PE addresses can be

written as:

f 0 1 2 ... N—I
4 I.

f(1) f(2) ... f(N—1 )

where the top line is the input PE address and the bottom line is the

output PE address to which f maps the input. A permutation can cycticty

permute a set of elements i0, i1~ ••~~ I
n 

suc h tha t

f(i
0
) = I1, f (i 1

) = I2, ... ~ f(ir) = i
0~

Write this cycle as 
~~ 

i 1 ... I). The physical interpretation of this

cycle is that input i
0 
sends its data to output i1, input i

1 
sends its

data to output i2, ... , input In_i sends its data to output 
~~ 

and

input 
~r 

sends its data to output 10. Any permutation can be written as

- -- 
- 

-
~~
- -TI. --

_________ 4 - ~~~~~~~~~~~~~~~~ _~~~~ i L A ~~
_ -~~
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a product of disjoint cycles. For example, if N = 8 and f ( P)  is the

permutation

(a 1 2 3 4 5 6

• 5 4 3 7 1 6 aJ

Then, f(P) can be written as the product of four cycles:

(0 2 4 7)(1 5)(3)(6).

That i s, 0 sends data to 2, 2 sends data to 4, 4 sends data to 7, ~

sends data to 0, 1 and 5 exchange data, and 3 and 6 pass straight across

the network.

- The permutations of input RE addresses to output RE addresses which

the ADM network can accomplish are a superset of those the generalized

cube network of Figure 111.6 can perform tS1S78]. In this section, some

cLasses of permutations which the ADM can perform, but the general ized

cube cannot, are enumerated.

Theorem VI.2: For N > 4, consider an SIMD machine with an ADM network

that is partitioned under multiple control partitioning . Let the PEs be

divided into 2n—2 groups of 22 = 4 PEs such that the addresses of the

PEs in each group are

Q * 2 f l 2 +p;

0 < Q < 4, for some fixed P;

n—2
0 < P < 2  . -

Then, within each group of four PEs, the ADM can form all 24

permutations of four Items.

Proof: Let a control C~ affect cell P at stage I. If C = H, then the

connection is straight across . If C = U, then data is moved from cell P

at stage i to cell PM2 ,.~ (P) at stage I—I. If C = D, then data moves
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from cell P at stage I to cell P~2~1 (P) at stage i—i . Table VI.1 lists

the 24 possible permutations of 4 PEs along with the ADM controls with

produce these permutations for a 2—stage ADM network. C]

Theorem VI.3: The generalized cube network cannot perform alt

permutations of four PEs.

Proof: Let the addresses of the four PEs be 0, 1, 2, and 3. Then eight

permutations cannot be passed by a 2—stage generalized cube network.

These eight are expressed as cyclic permutations, as follows.

(0) (1 2) (3)

(0) (1 3 2)

:~ 
(0 1 2) (3)

( 0 1 3 2 )

(0231)

(0 2 3) (1)

(031) (2) -

(0 3) (1) (2).

For example, the permutation (0) (1 2) (3) cannot be performed by the

generalized cube network. For N = 4, the data from PE(0) and from PE(3)

must pass straight across both stages 1 and 0 of the 2—stage network.

So, the controls for the two interchange boxes which affect PE(O) must

be set to no exchange, and the controls for the two interchange boxes

which affect PE(3) must be set to no exchange. If PE(1) and PE(2)

exchange data, then the path that the data from PE(1) takes should be

from PE(OO1) to position 011 at the output of stage I to PE(O1O) at the

output of stage 0. Since data from PE(3) travels straight across the

$
- —~~~~~ - — -  - -- -- ---- - - 
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~~~~~~~~~
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-1
Table VI.1: For N=4, the ADM forms of all 24 possible permutations

of 4 Pt addresses.

I
-

PERMUTATION CONTROLS
STAGE I STAGE 0 4

(0) (1) (2) (3) ~~~~~~~~ HgH~H~H~
(0) (1) (2 3) ~~~~~~~~ HgH~D~U~
(0) (1 2) (3)  ~~~~~~~~ HgD~U~H~
(0 1) (2) (3) ~~~~~~~~ DgU~H~H~
(0 2) (1) (3) ~~~~~~~~ HgH~H~H~

(0 3) (1) (2) ~~~~~~~~ UgH~H~D~ 
—

(0) (2) (1 3) H~JD~H U ~, HgH~H~H~
(0 1) (2 3) H~JH~H~H~, DgU~D~U~

(0 3) (1 2) H~H~H~I.4, UgD~U~D~
(0 2) (1 3) D~D~U~(4, HgH~H~H~

(0 1 2) (3) ~~~~~~~~ HgD~U~H~
(0 2 3) (1) ~~~~~~~~ UgH~H~D~

H

- -—•~~~ — --- ~ --~~
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~
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Table VI.1. (Cont inued)

(0 3 2) (1) D~H~U~H , HgH~D~U~
(0 2 1) (3) ~~~~~~~~ DgU~H~H~

(0 1 3) (2) H~D~H~14, DgU~H~H~
(0 3 1) (2) H~D~H U ~, UgH~H~D~

(0) (1 2 3) ~~~~~~~~ HgH~D~U~

(0) (1 3 2) H~D~H~I4, H~D~U~H~

(0 3 2 1) ~~~~~~~~ U~U~U~U~

(0 3 1 2) D~D~U~I4, HgH~D~U~
(0 2 3 1) D~D~U~I4, UgH~H~D~

(0 2 1 3) ~~~~~~~~ DgU~H~H~

(0 1 3 2) ~~~~~~~~ H
~D?U~

H
~

(0 1 2 3) ~~~~~~~~ DgD~D~D~

_ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _
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network, a conflict occurs between PE(1) and PE(3) at stage 1. C]

Theorems VI.2 and VI.3 indicate that even for small values of N,

the ADM is a mane complex network than the generalized cube. Some

classes of permutations which can be performed by the ADM but not by the

generalized cube can be defined.

Theorem VI.4: Let P and Q be two PEs such that, for some i, 0 < i < n—I,

Q P + 2’, and the addresses of P and Q dilfer in two or more bit

positions. Then, the ADM can pass the permutation

(0) (1) ... (P Q) ... (N—i).
The generalized cube cannot pass this permutation.

Proof: For Q = P + ~~ set all stages except stage i to “straight.” At

stage i, P emoloys Pf’l21~ 
and Q employs P112 .. That is, P and Q exchange

data at stage i, and so no conflicts can occur in passing this

permutation. For example, if N = 16, I 4, P = 0100, and Q = 1000,

then PM2~4(P) = PM2~4
(Q).

For Q = p — set alL stages except stage i to “straight.” At

stage i, P employs PM2~ and Q employs P112,1. So, P and Q exchange data

at stage i, arid no conflicts result in passing the data through the

network.

The generalized cube cannot perform this type of permutation. P and

0 differ in two or more bit positions, and so more that one stage of the

network must execute a cube function. If this happened, then data from

PEs other than . P and 0 would be affected . C]
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In Chapter IV, section IV.3 showed that a multistage Shuffle—

Exchange network cannot perform a perfect shuffle (Figure II.6a) in one

- pass through the network. Since the generalized cube network is

topologically equivalent to a multistage Shuffle—Exchange network, the

generalized cube cannot perform a perfect shuffle in one pass through

the network. However, the ADM can.

Theorem VhS: The ADM can perform a perfect shuffle in one pass through

the network. 
-

Proof: The control settings for stage i, n > i > 0, are determined as

follows. The address of a cell P at stage i— is P

set stage n—I to straight across;

for i = n—2 step —1 until 0

— ‘~ then

if = 0 then set cell P at stage i to

else if = 1

then set cell P at stage i to P112 1;

else set stage i to straight across;

For the controls calculated from the algorithm , a f t e r  stage i, data

originally from RE P = ~~~~~~~~~ is at the output of cell P’ =

~~~~~~~~~~~~~~~~~~~~~~ 
So, after passing through the ADM network

using the settings calculated above, data from input P is moved to

• output PE(P’) where P1 = Figure VI.1 shows the data

movement through an ADM for N=8 for the perfect shuffle permutation.

At stage i of the network, data from input cell P =

~~~~~~~~~~~~~~~~~~~~~~~~~ 
is moved by the algorithms to output cell

( 
___________________________________

— —• — —•.----—• .— •- 
I 
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N 2 —  2 \  / 2 ’
”

~~~~~ 2 U

P _ _  _ _ _  T

U 4~~~~~(
’
~~~4 4 P

T 5 ~~~~~~~~~~~~ 
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• 2 1 0

Figure VI.i: For N = 8, the ADM can perform the perfect shuffle permu—

tation.
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= 

~~~~~~~~~~~~~~~~~~~~~~ 
For all cells that have addresses

where p.~ = ~~~~~~~ 
the “straight across ” connection is used. Thus, P = P’

and no conflicts of data can occur for these cells of the network. If

� ~~~~ then two cases are considered.

(1) P = 

~n—2 ~~~~~~~~~~~~ 
moves data to output cell P’ =

~n—2 i+1 10~i—1”~~O~ 
The onLy input cell position at stage i

that could conflict with the data from P is cell Q =

~n—2 i+i 10~i—1 ”~~Q 
= P’. But, the algorithm moves this data to

- - output cell P at the input to stage i—i . So, data from P and data

from 0 cannot conflict at stage i.

(2) P 
~n—2 ~~~~~~~~~~~~~ 

is moved by the algorithm to output cell.

= ~~~~~~~~~~~~~~~~~~~~ This case is analogous to case (1).

There is no input cell position of the network that the algorithm

allows to conflict with P.

Since no data can conflict with any other data when it moves in a

straight across path, when it moves in a PM2,~ , or when it moves in a

PM2
~~ 

path, the algorithm generates control settings which allow

conflict free passage of the data throug h the network. C]

I

I
-~~ . — I,’
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VI.3. Capabilities and Limitations of the ADM

For some data transfers, more than one control setting may ex ist

for the ADM network. This is not true for the general i zed cube network,

where stage i and only stage i can change bit p.~ as the in put address is

mapped to the output address.

For example, consider the number of legal control settings of the

ADM, those for which no conflicts occur between data passing throug h the

network. As an illustration , consider an ADM network for N = 8 (Figure

• III.?). Stage 2 performs P11242. Since P11242 
= PM2_2, stage 2 can

pe rform Cube2. That is, data can be cond itionally exchanged by cell

positions whose addresses differ in bit p2. There are four such pairs of

cells at stage 2. So, the number of legal. control settings is 28*’2 =

16.

Stage 1 can perform P112 . From Corollar y V.6, two inde pendent+1 (

groups of PEs pass data among themselves at stage 1. These are the even

numbered PEs, 0, 2, 4, and 6, and the odd numbered PEs, 1, 3, 5, and 7.

Since the two groups are independent, the number of Legal control

settings for this stage is square of the number for one of the groups.

Consider the group of even numbered PEs. There are nine legal control

settings. If the four PEs are grouped to conditionally exchange data

between PEs p200 and PEs p
210 

(Fi gure VI.2), as in the cube network ,

then 22 = 4 legal control settings exist. If the PEs are grouped to

conditionally exchange data between PEs p200 and PEs p210 (Figure VI.3),

then 22 = 4 legal control settings exist. Both of these groups contain

the identity (straight across) setting, and so the two groupings

exlhib - i t 2*2
2 

— I 7 distinct legal control. settings. One setting

— —-____ - —
~~~~~~~~

• - - -
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:~~~~~~~~~~~~<:
Figure VI.2: Stage 1 of the ADM for N = 8 can conditionally exchange

data between PEs P and (P+2) modulo N for P = X00.
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I 
Figure VI.3: Stage 1 of the ADM can conditionally exchange data between

PEs P and (P+2) moduto N for P = X10.
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exists which maps P to P’, where P’ = (P + 2) modulo N, and one setting

exists which P to P’, where P’ (P — 2) modulo N. These 7 + 1 + 1 = 9

control setting s are the only legal settings for the four even PEs at

stage 1. Any other settings cause conflicts to occur. So, the total

H numbe r of legal control set t ings at stage 1 is 9~ = 81.

The number of legal contro l sett i n gs for stage 0 can be sim i la r ly

counted. Data is moved among all 8 PEs at this stage. Data can be

conditionally exchanged between PEs P and P+1 for P even to yield 2~ =

16 legal control settings. Data can be conditionally exchanged between

PEs P and P+1, for P odd, to yield 2~ = 16 contro l setting . These two

cases give 2*16—1 = 31 distinct legal control settings. The fina l two

cases move data from PE(P) to PE(P’) for P’ = (P + 1) modulo N, and from

PE(P) to PE(P’) for P’ = (P — 1) modulo N. The number of distinct legal

control settings for stage 0 is 31 + I + 1 = 33.

The total number of legal contro l settings for a 3—stage ADM

network is (16)*(81)*(33) 42,768. But, the number of permutations of

ei ght i tems i s 8! = 40,320. So, there must be some permutat ions tha t

can be performed using more than one control settings; some control

settings must be redundant. The next theorem demonstrates one form of

these redundant settings.

Theorem VI.6: Consider the interconnection function f(x) = Cube., for

a lt  i, 0 < i < n—i, for a l l  x, 0 < x < N. Then, there are n— i different

control settings for the ADM which realize f(x).

Proof: Cube . exchanges data between P = 
~~~~~~~~~~~~~~~~~~~ 

and p’ =

So, P = CR ’ — 2’) modulo N, and P’ = (P + 2’)

modulo N. ~ube 1 
can be realized by setting the ADM controls such that

-r • • • - - - — -
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at stage i, cells whose ~
th address bit equa l 0 perform P112,1, white

those whose ~
th address bi t  is 1 perfor m P112_1. Si nce, 2’ = 2

141 
— 21,

an equivalent  contro l se t t ing is for PEs P to execu te P1124(141) and

P112 1, and for PEs P’ to execute ~~
2— i +1 and ~~~~~ Si nce,

• 2 ’ = 2 i+1 _ 2 i

.2 i+2 _ 2 i+i ~~~2
i

k ,k—1 i
—

~~~~. 
— ... — 2  ,n < k <  1~~

tnere are n—i different settings for the ADM which accomplish Cube..

Since alt PEs with p. = 0 execute ~~~~ (PM2_~
)
~ while PEs with p .

= 1 execute PM2~~ (PM24~)~ no collis ions occur in pass ing data through

the network. C]
44

Consider the uniform shift permutations that send data from PE(P)

to PE(P’) where P’ = (P + A) modulo N, 0 < A < N, for all PEs. The

generalized cube network can form this permutation of PE addresses in

one pass through the network, due to CLAW75] and the topological

equivalence of the multistage Shuffle—Exchange network and the

generalized cube CSIS78]. However, only one d is t inc t control set t ing 1 
-

exists for a given uniform shift permutation. The ADM has redundant

settings to realize this permutation. Let the binary representation of

A be a~...1...a1a0.

Theorem VI.?: The ADM has redundant control settings for all un i form

sh i f t s  of A, 0 < A  N.

(41
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Proof:

Case 1: 0 < A < N/2. If a
1 

4 -CO, I), then the AD11 can be set according

to the followi ng.

At stage I, if a
~ 

= 0, then set the network to straight

across. If a1 
= 1, the n set the network to PM2.,~ .

Let A be expressed in signed digit notation, where

4 (0, #1, —1). So, A is expressed as the sum and

dif ference  of powers of 21. For example, for N = 8, A = 0111

can also be expressed as A = i00(—1) = 8 — 1, as A 10(—1)1 =

8 — 2 + I, and as A = 1 (—1)11 = 8 —4 + 2 + 1. Thus, the

following are all equivalent representations of A, for N > 8,

where “l...ll” indicates a string of one or more l’s.

a ’ ...a ’ 01...IlOa’....a ’k j 0

a’ ...a’ 10...0(—1)Oa’....a’
n—I k 0

a n l...a klO...(l)iOa J
... a O

a’ ...a ’ I(—1)1...IOa ’ ....a ’n—I k 0
where n < k < j  < 0. Each of these different representations

of A can be used to yield control settings for the ADM network

according to to following algorithm

At stage i, If  a
~ 

0, then set stage i to straight

across. If a1 
1, then set stage i to P112,1. If a

1 
=

—1, then set stage i to PM2_~.

Case 2: N/2 < A < N. The correspond ing uniform shift permutation is

the same as the permutation f(P) = (P—B) moduto N, for

~~~~~~~~~~~~~~~~~~~~~~~~ 1 - - -  - - - -
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1 :
0 < B < N/2. For this case, there are settings of the network

equivalent to that of case 1. For example, for N = 16, B = 0011

= OlO (—1) = 1 (—1)0(—l). Thus, case 2 can be proven in a manner

analogous to case 1. C]

If the stages of the ADM network are traversed in reverse order,

that is, the interconnection functions of the first stage are

. . . . th
the interconnection functions of the i stage are P112+(i), and the

interconnection functions of the last stage are Ptl2+(n 1)~ 
the resul ting

network is called the Inverse Augmented Data Manipulator (IADPD . Figure

VI.,4 shows the IADM for N = 8. Stage i of both the ADM and IADM performs

P112,1, but the first stage of the ADM is labeled stage n—i while the

first stage of the IADM is labeled stage 0.

Lemma VI.!: The ADM passes the permutation f if any only if the IADM

passes the inverse permutation, f
_I
.

Proof: Suppose the ADM performs the mapping from P to

f(P) = (P + I~_12
n l  

+ In_l 2
f l 2  

+ ... + I~2°) rnodulo N,
4 -C 0, +1, —1 ), 0 < j < n, for a l l  P, 0 < P < N.

Each Input PE(P) has its own set of I~ to specify its path through the f
- 

- 

network. At stage j, if  I~ = 0 for a given cell, then that cell sends

data straight across. If I~ = +1, then cell 0 sends data to 0 4 2~. If

I. -1, then cell Q sends data to Q — 2~ ,.

Recall that the first stage of the IADM is labelled stage 0, whi le

the first stage of the ADM is labelled stage n—i. Set the stages of the

IAD11 as follows. If input cel l U at stage i of the ADM is set to

(P112 1
), then set input cell Q+21 at stage i of the IADM to P112_1I

i 
_ _ _ _ _ _ _ _  
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Figure VI.4: The Inverse ADM (IADM ) is a multistat3e P1121 network where

the first stoge conditionally performs PM2,0, the second, P1-12~~, and so

forth, mnd the to~;t ~taçje rl2 ,.(~_1). 
—

t 
_  _  

_ 
_  

_ _

_ _  
_I- _ - 

~~~~~~~~~~~L - - — - -- --- - ••- -—. -

—— — - — — -~~~~~ —k- - — ~~~~-~~—--  ~~~~~ ~~~~~... ~~~~ ~~~~~ ~~~ — - ‘  — 
-
~~~~~~~

- —
~~~



____

~~~~~~~~~~~~~~~~~~~~~~~

: I±—’—---r~ - 
- 

~~~~~~
—--

~~~~ ~~~~~~~~~~~~~~~ 

- 

~
‘
~i ~~~~~~~~~~ 

—
~~~~

-,
~~~

-
~~~~~~~~~~

- •-7~~~~~~~~~ -—

-• 
163

(PM2~1
). In traversing the ADM, if data passes from input cell 0 to

output cell Q+21, then in traversing the IADM, the data passes from

input cell 0+21 to output cell 0. If cell 0 at stage i of the ADM is

set to straight, then so is cell Q of stage i of the IADfI. The data

transfer through the IAD1I reverses the effects of the transfer through

the ADM. The IADM can thus perform

(f(P) — I~_12n-
~ — Ifl_22

’
~~
2 

— ... — I~2~) modulo N = P.

-
~~ The translation from the IADM to the ADM is analogous. C]

Lemma VI.1 can be used to show that the ADM cannot perform some

permutations of input addresses to output addresses. -

Theorem VI.8: The IADM cannot perform a perfect shuffle in one pass

through the network.

Proof: Recall that the perfect  shuff le  is defined as 
-

Shuffle (p 1...p1p0
) =

Consider three consecutive PEs, PE(P), PE(P+l modulo N), and PE(P—1

moduto N). There exists at Least one P such that

P = 
~n—i ”~l~0’ where rn—i �

P1 = P+1 = 
~~~~~~~~~~~~~ 

where 
~~n—1 = p’0, and

P’’ = P—I = p’’~
_
~
...p ’’

~
p’’

~
, where ~~~~~~~~~ = p’’0.

For example, for N = 16, one such set is P = 0011, P+1 = 0100, and P—l =

0010. In general, one such p ~~ 0
n—211 The difference of the

addresses P and Shuffle (P), I P — Shuffle(P)~, is an odd number if and

onl y If ~~~ � p0. Since no combination of PN29~ 
and ~~2—~’ 0 < i < n,

yields an odd number, data from P must use P112~0 at stage 0. But, data

f rom P’ = P+l moduto N and from P’’ = P—i moduto N must use the straight

____  — — •j4:~
— - ________________________ 

- I

-~~~ L- - - -~ - 
‘

-~. ~~-



r’~
’T

~ ~~~~~~~~~~~~~ -
~~~

--
~~ ~

- 

164

across connection at stage 0. Since P112+0 (P) = (P + 1) modulo N = P’,

and PM2~~ (P) = (P — 1) modulo N = P’’ , a conflict occurs at stage 0

between P and P’ or between P and P’’. Therefore, the IADM cannot

,. perform a perfect shuffle in one pass through the network. C]

Corollary VI.!: The ADM cannot perform an inverse perfect shuffle in one

pass through the network.

Proof: Fol lows from Lemma VI.1 and Theorem VI.8. C]

A bit reversal algorithm transfers data from PE P 
~ni~ 

..p1p0 to

PE P’ = p0p 1...p i~ 
Data is sent to the PE whose address is the reverse

of the current location. This permutation is useful in the computation

of fast fourier transforms CSS79].

Theorem VI.9: For N > 8, the IADM cannot perform a bit reversa l in one

pass through the network.

Proof: Assume that all PEs whose addresses in binary are palindromes,

i.e., they are the same read from the left or from the right, such as

00100 and 01010, do not pass data. This frees these positions in the

network to be used by the remaining positions. An argument based on

eliminating the palindromes will give the most optimistic results.

Consider three consecutive binary PE addresses, P, P + 1, and P — 1

such that none of the three are palindromes. P = 
~n 1  p1p0, where

~n—i ~ 
p0,.P + I = 

~~n—l 
p’1p’0, where ~

‘n—i 
= p’0, and P — 1 =

. . . p ’’1p ’’0, where 
~
‘‘n 1  = p ’’0. For example, P could be

~

-

~
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A conflict occurs as follows. The distance between P and its bit

reversal, Pr, IF’ — PrI, is an odd number. Since no combination of P11241

and PM2_1, 0 < 1 < n, yIelds an odd number, PM2~0 or PM2~~ must be

applied to P. Thus, b c 1 (P) = P + 1 or P — 1. P + 1 and P — I are an
even distance f rom the positions of their bit reversals. Thus, neither

or PM2~~ can be applied to data from P + 1 or P — 1. So, b c 1
(P + 1) = P + 1, and b c 1 (P — 1) = P — I. At stage 0, a conflict

occurs between P and P + 1 or between P and P — 1.

For N 8, beginning with address 000, for each three consecutive

addresses, at least one is a palindrome. The conflict situation above

cannot occur. 0

CorolLary VI.2: The ADM cannot perform a bit reversal in one pass

through the network. - -

Proof: FoL Lows from Lemma VI..1 and Theorem VI.9. C)
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VI.4. Some Theoretical Results

Consider all mappings from the input addresses to the output

addresses that are bijections (one—to—one and onto), i.e., the set of

all, permutations of N items. The ADM cannot perform all N! such

permutations in a single pass through the network. The ADM can perform

some subset of all permutations in one pass through the network called

the allowable permutations of the ADM. Consider applying two or more

mappings to data passing through the ADM, that is, making multiple

passes through the network, where each pass realizes one of the

allowable permutations of the ADM. This is called composition of

mappings.

Theorem VI.l0: The set of all allowable permutations of the ADM which

can be performed in one pass through the network is not a group under

composition of mappings.

Proof: Let S be the set of all allowable permutations of the ADM. The

perfect shuffle permutation is a member of S, but neither of its

possible inverses, the inverse shuffle or (n—I ) perfect shuffles can be

realized by the ADM in one pass through the network. So, since S does

not contain the inverse of all its members, S is not a group. C]

- - Consider the set defined by the mappings of Theorem VI.4 and all

compositions of these mappings. These permutations exchange one or more

pairs of PEs, 
~~k’ 

0k~’ 
such that for any pair k, 0k = ~k 

± 21, 0 <

1 < n, 0 
~ ~k’ 

0k < N, and and differ in two or more bit

-
~ positions. Add to this set the identity mapping, and call the resulting 
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set of permutations 1.

Theorem VI.l1: The set T for the ADM is a group under composition of

mappings.

1 
Proof: Any member of I exchanges a pair of PEs by applying only one

interconnection function, either PP12.,~ or P112_ ,, to that pair. The

inverse mapping is attained by applying PM2_~ 
or PM2~ 1 

to these same two

- PEs . So, this inverse mapping is in I.
- 

Let a, b, ar.d c be three mappi ngs in I. Because these mapping s

affect pairs of PEs, the order of their application to the data is

irrelevant, that is,

(a * b) * c = a * (b * c),

where * is composition of mappings. So, T is asscciative.

Finally, the identity permutation is in T, and so I is a group. C]

I 
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. Conclusions

-

~~ This chapter has pointed out some of the capabilities and

limitations of the ADM. The set of mappings of input PE addresses to

output PE addresses which the ADM can perform is a superset of those of

the generalized cube network. Some classes of permutations have been

presented which can be performed by the ADM but not by the generalized

cube network. The ADM also has multi ple control settings for some

mappings, suc h as the Cube 1 functions and the uniform sh ift functions.

If one path through the network is not operating, then an alternate

route can be selected. So, the network has fault tolerant properties

for some permutations. The ADM network cannot perform alt N!

permutations of N input PE addresses to output PE addresses. This

chapter has shown two such permutations, the inverse shuffle and the bit

reversa l permutations.

~~~~~~~~~ 

-

~~~~~~~~~~~~~~~~~~~~~~~
. - - -

- -

~

-_---- ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_
~~~L_J —~~~~~--~~~~~ - - -—--- ~~~~~~~~~~~~~ ~~~ ~~~~~~~ ~~~~~ ~~~• _ ~~~~~~~~~-



- — -_ —p~—-p~ - ~~~~~ - ~~~~~~~~~~ - -,•------•--- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.-- —

- 

~~
_ -

~~~
-- 

~~

169

VII. PARALLEL ALGORITHMS AND INTERCONNECTION NETWORKS

!U.-!• Introduction

In designing algorithms for parallel computers, some rese archers

assume that no data transter time penalties are incurred in the

— computa t ion CSAM77, HEL77, KST73’. Other investigators have indicat -d

that this may not be a reasonable assumption CGEN78]. This chapter

inves t igates the impact of the interconnection network on the

performance of selected parallel algorithms for image processing.

Image processing tasks are well suited to parallel processing

CDS78a, CDL78, S1E78], and many parallel computer architectures have

been proposed for the task CFU78]. Yet, the ef fects of the

interconnection network on the efficiency of an algorithm have not been

explored. This chapter selects several representative image processing

tasks and formulates a parallel algorithm for each. For each algorithm ,

the time required to pass data among PE5 is examined for various

interconnec tion networks . Section 2 defines the pi cture tha t will be

used for all algorithms of this chapter. It describes how the picture

F is distributed among the N PEs of the parallel computer system. Section

3 presents a parallel smoothing algorithm . Section 4 considers formation

of a histogram of the grey levels of the picture. This  h i s togram ca n

p
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then be used to threshold the picture at a specific grey level in order

to extrac t subpi c tures of the image. Section 5 presents a classification

al gorithm which assigns a pixel to one of M classes based on certain

statistics known about each class.
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VII.2. Image Processing: Data Distribution

In the algorithms for this chapter, the data image is a black—and—

white 512 X 512 pixel (picture element) image with 128 grey levels.

Suppose that 1024 processors are available, and that each processor

stores a 16 X 16 block of the 512 X 512 image. Assume that the 1026 PEs

are logically arranged as an array of 32 X 32 PEs, and that the PE

addresses range from 0 to 1023:

PEO PEI ... PE 3I
PE 32 PE 33 . . . PE 63

PE 992 . . PE 1023

Assume that the 16 X 16 blocks are stored in row major order. So, PE(0)

stores the pixels of columns 0 to 15 cf rows C) to 15 of the images,

• PE(1) stores the pixels of columns 16 to 31 of rows C) to 15, and so

forth. In genera l, N = PEs operate on a picture of ~ x 2k pixels,

for k an integer. The PEs are arranged in a 2n/2 ~ 2n/2 array, where

• n/2 is an integer, such that each PE stores in its memory a block of

k—(n/2) k— (n 12)pixels of size 2 X 2

For notational purposes, let each PE consider its 16 X 16 matrix as

H [ h(0,0) . . . h(0,14) h(0,15)
H = I . .

Lh~15,o . . . h(15,15)

Also, let the subscripts of h (i,j) extend to —1 and 16, if necessary, in

order to aid in calculations across boundaries of two adjacent blocks in

different PE5. For example, the pixel to the left of h(0,0) is h(0,—1),

and the pixel below h (15,15) is h(16,15). So, —1 < i,j < 16. Let

h(1, j —, k) refer to the set of pixels h (i,j), h(i,j+1), .. ., h(i,k—1),

h(i,k).



VII.3. Image Process~ !g.: A Smoothing Algorithm

One goal of any smoothing algorithm is to suppress noise in a

picture . The algorithm of this section does this by averaging the noise

over alt 8 pixels ~n a 3 X 3 pixel square neighborhood about pixel

h (i,j).

Problem statement: Smooth an image, h, of size 512 X 512 pixels by

replacing h (i,j) by the average grey level of its 8 nearest neighbors,

h(i,j+1), h(i,j—1), h (i—1,j), h(i+1,j), h (i—1,j—1), h (i—1 ,j+1),

h(i+1,j+1), and h~i+1,j—1).

A general algorithm to perform the smoothing on pixel h (i,j) to

yield pixel hs(i,j) is:

for i = 0 step +1 until 15 do
for j = 0 step +1 until 15 do

hs(i,j) = 1/8 * C h (i+1,j) + h (i—1 ,j) + h (i,j+1)
+ h(i,j—1) + h (i+1,j—1) + h (i+1,j+1)
+ h (i—1~.j+1) + h (i—1,j—1) ).

The approach to this algorithm is to perform 1024 16 X 16 pixel

evaluations in parallel, rather than one 512 X 512 evaluation as in the

sequential algorithm .

At the boundaries of the 16 X 16 array, data must be transmitted

between PEs in order to calculate the smoothed value, hs. For example,

h (—1 ,0) must be transferred from the PE ‘above’ the local PE, except for

PEs 0 through 31, those at the ‘top edge’ of the logical array of PEs.

If a PE is at the edge of the array, and has no neighboring PE at that

edge, the boundary values of h will be set to the value at the edge.

For exampLe, PE(0) contains the first block of data, and does not

receive h (—1, 0 —~ 15). Instead, it sets h (—1, 0 -+ 15) to

Jill JI~~~
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h (C), 0 —+ 15). To take these data transfers into consideration, the

following steps must be executed before the algorithm above. “Set ICN

to PE+j” sets the interconnection network so that PE(P) sends data to

PE(P + j modulo N). “BLOCK TRANSFER : vector” indicates that the

interconnection network transfers the vector of data as a block, as fast

as the hardware can accommodate it. Recall that the data transfer

registers (DTRs) pass data between the interconnection network and a PE.

A PE loads data into its DTRin register, and the network moves the data

to the DTRout register of the destination PE. The instruction to toad

data is

DTRin : data;

and the instruction to retrieve data from the network is

variable : DTRout;

PE address masks are used extensively in the algorithms of this chapter.

Recall from Chapter II that positive PE address masks specify the

addresses of all PEs to remain active for the instructions which follow.

Negative PE address masks specify which PEs are deactivated for the

coming instructions. No mask implies all PEs are active.

Algorithm VII.1 passes alt the data in blocks before undertaking

the smoothing calculation .

The transfers of data needed for Algorithm VII.1 can be

accomplished by many kinds of interconnection networks. Seven types

wilt be considered for the algorithm above. They are:

a) a recirculating Cube network (Figure IV.5),

b) a combinationa l Logic multistage Cube network (Figures 111.3,

111.5, and 111.6),
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** Move alt data before calculations begin. **
Set ICN to PE+32;

BLOCK TRANSFER : h(15, C) -+ 15);

** Turn off PEs on the top edge of the array of PEs **

** and input all, data as a block. **

MASK t—05X5]

h(—1, 0 —
~~ 15) : BLOCK TRANSFER;

MASK r05x~]

h(—1, 0 —, 15) : h(0, U —
~~ 15);

Set ICN to PE—32;

BLOCK TRANSFER : h(0, 0 —
~~ 15);

** Turn off all PEs on the bottom edge of the array of PEs. **

MASK C—15X 5]

h(16, 0 —
~~ 15) : BLOCK TRANSFER;

1 . 5 5MASK ti X 1

h(16, U —
~~ 15) : h(15, 0 —, 15);

Set ICN to PEfI;

BLOCK TRANSFER : h(0 —, 15, 15);

Algorithm VII.1 (continued on next page): A parallel smoothing algo—

rithm .
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** Turn off PEs on the left hand edge of the array of PEs. **
MA SK t—X 505]

h(O -+ 15, —1) : BLOCK TRANSFER;

MASK rX
5o5 l

h(0 —
~~ 15, — 1) : h(0 —, 15, 0);

Set ICN to PE—1;

BLOCK TRANSFER : h(0 -+ 15, 0);

** Turn off all PE5 on the right hand edge of the array of PEs. **
MASK C—X 515]

h(0 -+ 15, 16) : BLOCK TRANSFER;

MASK CX 515]

h(0 —, 15, 16) : h(0 -+ 15, 15);

Set ICN to PE+32+1;

DTRin : h(15,15);

MA SK t—05X5] OR t—X 5053

h (—1,—1) : DTRout;

MASK t05X5 3 OR tX5053

h (—1,—1) : h(0,0);

Set ICN to PE+32—1 ;

DTRin : hC15,O);

MASK t—05X5] OR t—X515]

h(—1,16) : DTRout;

MASK C05X5J OR £X515]

t h (—1,16) : h(0,15);

Algorithm VII.1 (continued on next page): A parallel smoothing algo—

ri thm.
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Set ICN to PE—32—1;

• DTRin : h(0,O);

MASK C—1~X
5] OR C—X515]

h(16,16) : DTRout;

MASK C15X5) OR CX515)

h(16,16) : h(15,15);

Set ICN to PE—32+1;

DTRin : h(0,15);

MASK t—1~ X 5] OR C—X 505]

h(16,—1) : DiRout;

MASK t15X5i OR (X505]

h(16,—1) : h(15,0);

** Data transfer is complete. **

** Do the calculation . **

for i = 0 step +1 until 15

for j = 0 step +1 until 15

hs (i,j) : 1/8 * ( h(i+1,j) + h (i—1,j) + h (i,j+1)

+ h (i,j—1) + h (i+1,j—1) + h (i+1,j+1)

+ h(i—1,j+1) + h(i—1 ,j—1) );

Algorithm VII.1 (cont inued): A parallel smoothing algorithm .
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c) a pipelined multistage Cube network,

d) a recirculating P921 network (Figure IV.6),

e) a combinationa l Logic multistage P921 network (Figure III.?),

f) a pipelined multistage P921 network, and

g). an Illiac network (Figure 11.8).

Assume that the network available is as wide as the data word, and so

• can pass one data word in one pass through the network.

Recall f rom Chapter IV the following formulas for calculating data

transfer delay times. For a recirculating network, the time to pass one

datum is

Trc =dr + dm + drn 4 d r = d m + d r n + 2 d r ,

where dr is the delay of a register, drn is the delay of the

combinational logic of the network, and dm is the delay of a multiplexer

used to select data input to the network from either DTRin or DiRout.

An n = log2 N stage combinational logic multistage network has delay

Tm = dr + dms * n + dr = dms * n + 2 dr,

where dms is the delay of one stage of combinational logic of the

network. A k—stage pipelined multistage network has the following delay

to pass S segments of data:

Tk = dr + (k+S—1)* ( n /k*dms + dr).

The number of passes through a recirculating Cube network that

executes the interconnection function needed for the parallel smoothing

algorithm is given by Table VII.1. Recall that sending data from PE(P)

to PE(P + 2 ’ modulo N) is equivalent to saying that the interconnection

function maps address P to address P + 2’ modulo N. That is, 2’ is

added, moduto N, to P.
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Table VII.1: The recirculating Cube network requires the given nuirber

of passes to execute the interconnection functions needed for a parallel

smoothing algorithm .

function number of passes

PE+32 maximum 5 passes for all PEs, Cube5 through

Cube9, times 16 data items: total 80 passes.

PE—32 similar to PE+32: total 80 passes.

PE+1 maximum 5 passes for alt. PEs, Cube0 through

Cube4 (some PEs are masked off), times 16 data

items: total 80 passes.

PE—1 similar to PE+1: total SO passes.

PE+32+1, at most 10 passes for all PEs,

PE+32—1, for each interconnection function, times 4 data items:

PE—32—1,and total 40 passes.

PE—32+1

k

~~~~— ~~~~~~~~~~~~~~~~~ - ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ . __J
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Assume all PEs know their binary PE address P =

algorithm for the binary addition of 2’ to P is as follows.

p. : p.;

if p.~ : 0 then Cm : 1;

for j = i+1 step +1 untiL n—i

Cout : p. C m ;

p
~ :p ~ I C m ;

Cm : Cout;

A one is added in bit p~, thus complementing p1. Any resultant carry

bit, Cm or Cout, equal to one ripples through the remaining address

bits, chang ing p. = I to p. = 0, until the ripple is stopped by some p.
) ) )

0,i < j < n .

The recirculating Cube network simulates this addition as follows

tSIE77b~.

for j  = i step +1 until n—I

H I MASK CX~~~ O~~ ’X’]

H Cube
s;

The command “Set ICN to PE+32” with a recirculating Cube network

executes this algorithm for i = 5.

The mapping from P to P — 2’ modulo N is similar. The borrow, Bin

or Bout, propagates beginning at p~, changing p. = 0 to p~ 
= 1, until it

is stopped by p~ = 1, i < j < n. A subtraction algorithm is

_ _  -
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p
~ :~~~,;

if p1 = 1 then Bin : 1;

for j = 1+1 step +1 until n—I

Bout : Bin;

p
i ~~ P~~*

Bifl ;

Bin : Bout;

The recirculating Cube network simulates this subtraction of 21

modulo N as follows .

for j i step +1 until n—I

MASK [X 1 1X1)

Cube.~

The command “Set ICN to PE—32” executes the algorithm above for i 5.

Consider the “Set ICN to PE+1” command. PEs X505 do not receive

data, and so are masked off by Algorithm VII.1 after the data transfer

is initiated. So, PEs X515 do not transfer data. For PE+l, the active

PEs that must receive data are PEs X500001, X500010, ... , and X 511111.

So, the active PEs that must execute PE+1 are PEs X500000, X500001,

, and X511110. The maximum number of bit positions that a carry bit

propagates for this addition occurs for PE(X501111), which is a carry

chain of length 5. Thus, the PE+1 interconnection function is simulated

by the recircula’ing Cube network in five passes. The recirculating

Cube uses the following algorithm to accomplish the data movement.

I
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for i 0 step +1 until 4

MASK

Cube,;

The algorithm for PE—1 is similar , where the maximum length borrow chain

occurs for PE(X510000).

The “PE+33” connection combines the algorithms for P+32 and P+1.

The recirculating Cube uses the following algorithm to accomplish “Set

• ICN to PE+33.”

** Add 1 to all addresses. **

for j = 0 step +1 until 4

MASK EX~~~O~]

Cube.;

** At this point, only PEs (X
505) will **

** have a carry out from the first addition. **

** They hoLd the data which began in PEs X
515. **

** For them, p5 will not change, because **

** 1(the carry out) + 1(the addition of 32) + p
5 

= **

** 1 (the carry out of p5
), p5(the sum bit). **

MASK C—X”505)

Cube5;

** Add the carries resulting from adding 32 to the addresses. **

for j = 6 step +1 until n—I

MASK tX” ~~ 
5X5) OR CX”~~0~~

6X05]

Cube
s
;

The PE—33 connection executes a similar algorithm.
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The recirculating Cube uses the fol lowing algorithm to execute “Set

ICN to PE+31.” Adding 31 to an address P adds 1 in all five Least

significant bit positions. Thus, address bits p4, p3, p2, p1, and p0

are all complemented by the addition . The only PE addresses that do not

have a carry out of bit position p4 are the initial addresses

After step five of the addition algorithm , data from these PEs resides

in PE X” 5 l5. Since these addresses now have the data intended for

them, they are masked off for the remainder of the algorithm . The last

five steps of the algorithm continue an addition .

for i = 0 step +1 until 4

MASK lX~~
’
~l~J

Cube~;

** Data that began in PEs (X 505) are now in **

** PEs (X 515). **

** For only this set of PEs, there is no **

** carry out of bit p4. So, they do not **

- ** participate in the last five steps of this algorithm. **

** The last five steps add only the carry out **

** of bit p4 to the remainder of the address. **
for j = 5 step +1 until n—I

• MASK LX” JQJ 5X5] AND t-X515]

Cube
s;

The command “Set ICN to PE—31” executes a similar algorithm.

A total time of 160(dm + drn + 2*dr) + 160(dm + drn + 2*dr) + 40(dm

+ drn + 2*dr) = 360(ón + drn + 2*dr) is required for the recirculating

- 
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Cube network to pass the data. From LSIET9b], the number of passes

shown here represents a lower time bound for the Cube interconnection

functions to accomplish the data transfers.

A mult i stage Cube network can execute any shift permutation, i.e.,

a mapping from PE(x) to PE(x + j modulo N), in one pass throug h the

network. Theorem I of LLAW73] showed this result for the omega network.

In CPEA77), this result is shown for the indirect binary n—cube network.

The network can form any uniform shift permutation. It is shown that

repeated applica tions of the unit sh i f t permutation can be done instead

in one pass throug h the network. A combinational logic Cube network

would requi re the number of passes indicated in Table VII.2. A total

time of 32(dms*1O + 2*dr) + 32(dms*1O + 2*dr) + 4(dms*10 + 2 dr) =

68(dms*1O + 2*dr) is needed to pass the data items.

Let the network be pipelined into 5 pi eces, where each piece is two

stages of the multistage network followed by a register. A 5—stage

pipelined multistage Cube network would requi re the time indicated in

Table VII.3. A total time of 4(dr +20(dms*2 + dr)) + 4(dr + 5(dms*2 +

V 

dr)) = 8*dr + 100(dms*2 + dr) is required for the pipetined multistage

Cube network to transfer the data.

A recirculat ing P112! network passes the data accord ing to Tab le

• VII.4. The total time for the recirculating PM2I network to pass the

data is (64 + 8)*( dm + drn + 2 dr ) = 72(dm + drn + 2 dr).

The multis tage P112! network can execute any PE+j transfer in one

pass through the network, —1024 < j < 1024, i.e., PE 1, PE 31, PE 32,

• and PE 33. Thus, any one of the transfers for this algorithm requires

one use of the network to reach its destination. The time for the

V •
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Table VII.2: A combinational logic cube network requires the number of

passes Listed to accomplish the interconnection functions for a parallel

smoothing algorithm .

function number of passes

PE+32, one pass times 16 data items:

PE—32, total 64 passes.

PE+1, and

PE—1

PE+32+1, one pass for each times 4 data items:

PE+32 1, total 4 passes.

PE—32+1, and

PE—32—1
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I

Table VII.3: A 5—stage pipetined multistage cube network passes data

for a parallel smoothing algorithm in the times shown above.

function time

PE+32, dr + 5(dms*2 + dr) + 15(dms*2 + dr)

PE—32, for each: total 4(dr + 20(dms*2 + dr)).

PE+I, ano

PE—I.

PE+32+1, dr + 5(óns*2 + dr) for each:

PE+32—1, total 4(dr + 5 (dms*2 + dr))

PE—32+1, and

- 

• PE—32—1
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Table VII.4: A recirculating PM2I network passes data for a parallel

smoothing algorithm as shown above.

function number of passes

-
~ PE+32, one pass for each datum:

PE—32, total 16(4) = 64 passes

PE+1, and

PE—1

PE+32+1, two passes for each datum:

H PE+32—1, total 4(2) = 8 passes.

PE—32+1, and

PE—32—1
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combinational logic multistage P92! network to transfer the data equals

that for the combinational logic multistage cube network to pass the

data. Table VII.5 indicates the data transfer times for a 5—stage

pipelined P92! network. To transfer all the boundary values, the

pipelined network requi res time 1k = 4(dr + 5(dms*2 + dr) + 15(dms*2 +

dr)) + 4(dr + 5(dms*2 + dr)) = 8 dr + 100(óns * 2 + dr).

Recall from Chapter II that the Illiac network is a rec irculating

network, where the interconnection functions are

Illiac~1 
(P) = P1’12~0 (P)

Illiac _1 (P) = PM2_0 (P)

IlLlac +m ~~ 
= PM2~~,2 (P)

Illiac _m (P) = PM2_~,2 Ce)

‘H where is = -~JN and n = tog2 N. For this algorithm, is 32, and so the

data transfer time for the Illiac network is the same as that for a

recirculatin g PM2I network.

Compare the data transfer times for the pi pelined multistage Cube

and P921 networks and the combinationa l logic multistage Cube and P921

networks. If dms = dr = D, then:

1k = 4(61D) + 64D = 308D, and

Tm = 68(12D) = 816D.

For this example, the percent difference between the time for the

pi pelined network to transfer data and the unpipeliried network to

• transfer data is ( (!16 — 308)/816 ) = 62%.

Compare the data transfer time for the 5—stage pipelined P1121

• 

• 

network and the recirculating P1121 network. The pipelined network

requi res time 1k 308 D to transfer the data, and the recirculat ing 
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I 
Table VII.5: A 5—stage pipetined multistage P1121 network passes data

for a paralleL smoothing algorithm according to the table above.

function time 
V

PE+32, dr + 5(óns*2 + dr) + 15(óns*2 + dr)

-~ PE—32, I for each:

-; PE+1, and total 4(dr 4- 20(&ns*2 + dr)).

V PE—1. I

PE+32+1, I dr + 5(~~s*2 + dr)

PE+32—I, for each:

PE—32+1, and~ total 4(dr + 5(dms*2 + dr)).

- • 

- • 
PE—32—1. I
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network requires time Trc = 288 D to transfer the data. The pipelined

network is 6.9% slower than the recirculating network, and is more

costly. In this case, the pipelined P112! network is Less cost effective

than the recirculating P112! network.

In summary, if D = dms dr = drn = dm, then Table VII.6 shows the

delay to pass the data for each network considered . The times will vary

according to the size of the picture stored in each PE, since this

affects the size of any block transfer. Fi gure VII.1 shows this

variance.

The results of Algorithm VII.1 showed that when data is transferred

• in blocks, some time advantage is gained when using a pipelined

multistage interconnection network. An aLgorithm can be designed that

does not transfer data in large blocks, but rather transfers data one

word at a time as it is required in the calculation. Consider the

boundary points. First, hs for row 0 of the matrix H is calculated by

transfering the data needed for one point, and then calculating lis for

that pixel. Next, the same Is done for row 15, column 0 and column 15.

- 
- 

Finally, the calculation is completed by determining hs for -those points

not at the edge of H, that is, those that require no data transfers.

Algorithm VII.2 illustrates this approach.

The total number of transfers for this algorithm is

22 + 22 + 12 + 12 = 68. The time for a combinationa l logic multistage

network to execute these transfers is Tm = 68 ( Sm C 10*dms + 2*dr )) =

68 (12 Sm D), where Sm is the number of segments per data word

transmitted by the network, and D = dms = dr. The time to transfer the

data for a k—stage pipetined network Is Tk = 68 C dr + (k + Sk — 1) (nlk
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Table VII.6: Summary of data transfer times for different networks for

a parallel smoothing algorithm.

network time

recirculating Cube I 360(ón + drn + 2 dr) = 1440 D

combinationa l logic I
multistage Cube I 68(cbns*10 + 2*dr) = 816 D

5—stage pipelined I
Cube - 

8dr + 100(dms*2 + dr) = 308 D

recirculatin g P1121 72(c*n + drn + 2 dr) = 288 D

combinational Logic I
muLtistage P1121 68(~ns*10 -I- 2*dr) = 816 D

5—stage pipetined IPM2I I 8dr + 100(dms*2 + dr) = 308 D

Illiac 72(dm + drn + 2 dr) = 288 D
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** CALCULATE hs FOR ROW 0 **
** Move the necessary data into the PE from all adjacent PEs. **

Set ICN to PE+1

DTRin : h(0,15);

** Turn off PEs on the left edge of the array of PEs. **

** They have no PE to the left, and so should not receive **
** any data. **

MASK L—X 505)

h(0,—1 ) : DTRout;

MASK CX505]

h(O,—1) : h(O,0);

DTRin : h(1,15);

MASK L—X 505]

h(1,—1) : DTRout;
5 r

H MASK LX O~]

h(1,—1) : h(1,O); H

Set ICN to PE+33

DTRin : h(15,15);

Algorithm VII.2 (continued on next page): A parallel smoothing algorithm

that does not transfer data in blocks.
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** Turn off PEs on the top row and the left edge **

** of the array of PEs. They have no neighboring PEs **

** from which to receive data. **
MASK L—05X5] OR C—X 505]

V 

h (—1,—1) : DTRout;

MASK t05X5 OR tX5O5)

h(—1,— 1) : h(0,0);

Set ICN to PE+32

DTRIn : h(15,0); V

** Turn off PEs on the top row of the array of PEs. **
MASK E—05X5J

h (—1,O) : DTRout;

MASK L05X5)

h(—1,0) : h(0,0);

** CALCULATE ROW 0 **

for j = 0 to 14 by +1 do

Set ICN to PE+32

DIRin : h(15 ,5+I);

MASK E—05X5]

h (— 1 ,j+ 1) : DTRout;

MASK E05X5]

h(—1,j+1) := h (O ,j+ 1);

hs (O,j) : 1/8 * (h(I,j) + h(—1,j) + h(0 ,j+1) + b(0,j—1)

+ h(1,j—1 ) + h(I,j+1) + h (—1,j+1) + h(—1 ,j—1) );

Algorithm VII.2 (continued on next page): A parallel smoothing algorithm

that does not transfer data in blocks.
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Set 1CN to PE+32—1

DTRiri : h(15,0);

** Turn o f f  PEs in the top row and right hand edge **

** of the array of PEs. **
MASK t—05X5] OR C—X5151

h (—1,16) : DTRout;

MASK t05x 5] OR CX51~]

h(—1,16) : h(O,15);

L
i 

Set ICN to PE—1;

DIRin : h(0,O);

H ** Turn off PEs on the right hand edge of array of PEs. **
MASK C—X 5151

h(0,16) : DTRout;

MASK EX511)

h(O,16) : h(0,15);

DTRin : h(1,0);

MASK C—X515]

h(1,16) : DTRout;

MASK tX515)

h(1,16) : h(1,15);

hs(O,15) : 1/8 * (h(1,15) + h (—1,15) + h(0,16) + h(0,14)

+ h(1,14) + h(1,16) + h (—1,16) + h(—1,14))

Algorithm VtI.2 (continued on next page): A parallel smoothing algorithm

that does not transfer data in blocks.
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** ROW 15 IS DONE IN AN ANALOGOUS MANNER ** V

** TOTAL NUMBER OF DATA TRANSFERS FOR ROW 0 = 22 **

** For column 0, assume that h (14,—1) and h (15,—1 ) **

** have been transferred for calculation for row 15 **
for i = I step +1 until 12 do

Set ICN to PE+1

DTRin := h(i+1,15);

MASK C—05X
5]

h(i+1,—1) : DTRout; V

MASK C05X5J

h (i+1,—1) : h (i+1,O);

hs (i,0) : 1/8 * (h (i+1,O) + h (i—1 ,0) + h (i,1) + h (i,—1)

+ h (i+1,—1) + h (i+1,1) + h (i—1,1) + h(i—1,—1 ))

hs(13,O) : 1/8 * (h(14,0) + h(12,O) + h(13,t) + h(13,—1)

+ h(14,—1) + h(14,1) + h(12,1) + h(12,—1) )

hs(14,O) : 1/8 * (h(15,O) + h(13,0) + h(14,1) + h(14,—1)

+ h(15,-1) + h(15,1) + h(13,1) + h(13,-1))

** COLUMN 15 IS DONE IN THE SAM E MANNER **
** NUMBER OF DATA TRANSFERS FOR COLUMN 0 = 12 **

** CALCULATE hs FOR THE REMAINDER OF H **
for I = 1 step +1 until 14 do

for j = 1  to l4 by+1 do

hs(i,j) : 1/8 * (h(i+1,j) + h(i—1 ,j) + h(i ,j+1) + h(i ,j— 1)

+ h(i+1,j—1) + h (i+1,j+1) + h(l— 1 ,j+ 1) + h(i—1,j—1) )

I
Algorithm VII.2 (continued): A parallel smoothing algorithm that does

V not transfer data in blocks .
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* dms + dr)) = 68 D (1 + (k + Sk — 1)(n/k + 1)), where Sk is the number

of segments per data word transmitted by the network. For example, if

Sk = 1 and k = 5, then Tk = 1088 D. The times for the recirculating and

V combinational logic multistage networks to do the transfers are the same

as the firs t algorithm presented. The pipelined version, however,

differs, since the advantages seen by block transfer of data are not

found in the second algor ithm.

In summary, a pa rallel algori thm for smoothing a 512 X 512 image

requires 0(162) = 0(256) steps to process the image plus any extra time

needed to transfer data to the required PEs If it is assumes that a

recirculat ing network requi res one computationa l t ime unit to pass one

data item, then t l~e data transfer times for the recirculating cube,

• P1121, and Itliac networks is not negligible compared to the time to

perform the smoothing operation. For the pipelined and combinational

Log ic multis tage networks, the transfer of 6. data items is not

neglig ible compared to the t ime for the remainder of the algorithm,

although the pipelined network algorithm wi l l  fare better than the

combinationa l logic multistage network using block transfers. For this

algorithm, the best choice of interconnection network would be a

recirculatin g P112! or an Illiac network.
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VII.4. Image Processing: Threshotding

Segmentat ion of a pi cture ex t rac ts the subpic tures of the image fo r

further study. If a subpicture contains a range of grey levels

different from the rest of the picture (the background), then a

his togram of the grey Level distribution of the pixels will show a peak

which corres ponds to the grey levels of the subpicture . The subpictures

are extracted from the image by selecting threshold values of the grey

levels which are the values at the bottoms of the valleys on either side

of the peak of the histogram . This method is called threshold detection

by mode method tR0K76, CDL77, CDL78]. A parallel histog ram formation

algorithm is defined below.

The calcula tions for this task are based on a technique called

recursive doubling EST75]. A recursive doubling algorithm is a type of

parallel algori thm which, us ing N PEs, combines N it ems in O( log2 N )

steps. As an example, consider forming the sum of N numbers, D(0), 0(1),

... , D(N—1). let PE(i) store 0(i), 0 < i < N, in its memory. The

first step of the algorithm forms NI? intermediate sums in parallel.

Each sum is 0(i) + D (i—1), for i even, 0 < i < N, and is stored in

PE(i). For the first step of the algorithm , then, the PEs execute
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** Al l odd numbered PEs pass DATA, D(i), for i odd. **
MASK CX~~ l 1J

SET ICN to PE—1;

DTRin : DATA;

** All even numbered PEs add the incoming data to the DATA, **
** 0(i), for i even, that is stored in the memory of PE(i). **

MASK CX’~~~0)

SUM = DATA + DTRout;

After each step, the number of intermediate sums is halved . The

last step sums two intermediate sums to give the final sum of N numbers.

A general recursive doubling algorithm to sum N numbers using N PEs wi th

the fina l sum in PE(O) is described below.

sum : D(i), for all PEs i, 0 < I < N.

for i 0 step+ 1 until n — i

MASK

set ICN to

DTRin : sum;

- MA SK

sum : sum + DTRout;

Figure VII.2 illustrates the recursive doubling process for N = 8 items

using 8 PEs.

Problem statement~ The image h is distributed through 1024 PEs, as

described above. Each PE has calculated a 128 bin histogram, HIST, for

its piece of h. Merge the 1024 pieces of II!ST into one histogram

residing in PE(O). The histogram is now ready to determine a threshold
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P E #  P E#  P E #  P E #

E

7~~~~~~~~~7 7 7

TRANSFER ADD TRANSFER ADD TRANSFER ADD

Figure VII.2: A recursive doubting algorithm sums S data items in 3

steps, where each step is a data transfer among PEs followed by an addi—

tion.
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value for h.

For N = 8, the algorithm may be represented as in Figure VII.3.

Until the last step, the histogram is passed ~s two independent halves.

Two simultaneous recursive doubling algorithms sum the two halves, and

the results reside in PEs 0 and 1. The last step merges the two halves

into the final histog ram of 128 bins. Each step of the algorithm is a

data transfer followed by an addition. After step 1, even numbered PEs

hold all of the first half of HIST (i.e., PEs 0, 2, 4, and 6 hold HIST(0

F —* 63), and odd numbered PEs hold all of the second half (i.e., PEs 1,

3, 5, and 7 hold IIIST(64 —
~ 127) . After step 2, PEs 0 and 4 hold all of

the first half of MIST for PEs 0—3 and 4—7, respectively. PEs 1 and 5

hold the second half of MIST. After step 3, PE(0) holds all of the

H first half of MIST, and PE 1 hoLds all of the second half of HIST. The

fina l step merges the two halves in PE(O). Thus, N p ieces of the

histogram, HIST, are summed to PE(0) in ((log N) + 1) * (II bins) /2 data

V. 
transfers and ((log N) + 1) * (# bins)/2 additions, where, he re, (II

bins) = 128.

For N = 1024, Algorithm VII.3 calculates the histogram using the

technique above.

A sequential algorithm for calculating HIST requires 512 * 512 =

262,144 steps . The parallel algorithm described above uses 16 * 16 =

256 steps for each PE to calculate its local histogram . It uses (log

n + 1) * 128 steps to merge the histogram into PE(O), where n = 10.

Each step is a data transfer or an addition. So, the parallel algorithm

uses 256 + 704(additions) + 704(transfers) = 1664 steps to give the same

his togram as the sequentiaL algorithm. This assumes that the time to add
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in all in XOO in OOX in 000

and X01

Figure VII.3: A modified recursive doubling algorithm for histogram
formation.

Let Al be the HIST(O -+ 63) data from PE(i).
Let Bi be the HIST(64 —

~~ 127) data from PE(i).
Let Ai,j be the sum Ai + A (i+1) + ... + Aj.
Let Bi,3 be the sum Bi + B (i+1) + ... + Bj.
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** Step 1: Exchange between PE i and PE i+1, I even. **
INDEX := * 64;

SET ICN to Cube
0; 

V

DiRin := HIST (INDEX —~~ INDEX + 63);

INDEX2 : p0 * 64;

HIST(INDEX2 —~ - IPJDEX2 + 63)

DTRout + HIST(INDEX2 —~ INDEX2 + 63);

** Log N — 1 steps yield HIST(0 —, 63) in PEW) , **
** HIST(64 —

~ 127) in PE 1. **
for i = 2 step +1 untiL ( log N) do

INDEX : * 64;

SET ICN to

1 ‘ DTRin : HIST(INDEX —~~ INDEX + 63);

MASK EX~~
1
O ’]

HIST(0 —~~ 63) : HIST (O —
~~ 63) + DTRout;

MASK CX~~1O1~~1)

HIST(64 —, 127) : HIST(64 —)- 127) + DTRout;

*** Merge the two halves in PEW) ***
SET ICN to PL—1;

DTR1n : HIST(64 —, 127);

MASK tOn)

HIST(64 —
~~ 127) := DTRout;

Algorithm VII.3: A parallel histogram formation algorithm .
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is equal to the data transfer time . Depending on the network

implementation, the calculation time difference between the serial and

parallel algorithms is almost two orders of magnitude. Note that , in

V contrast to Algorithm VII.1, the data transfer times for the networks

discussed are independent of the number of pixels stored in one PE.

Performing a data transfer time analysis similar to that of section 
V.

5 yields the results given in Table VII.7. The transfers of one step —

of the recursive doubling algorithm can be done using one Cube or P1121

interconnection function. Hence, the data transfer time for the

recirculatin g Cube and recirculat ing P1121 networks are less than the

times for the multista ge Cube and P112! networks. Because data is

transferred in bloc ks, an advantage is realized by using a pipelined
11

multistage network.

The data transfer time for the Itliac network indicates that the

Itliac interconnection functions are not adequate to support a recursive

doubling algorithm efficiently.. The “RE —I” connec tion requi res only

one pass through the network per data item . However, the “RE —16” and

“PE —512” connections each requi re 16 passes through the network for

each data item . The total transfer time becomes

64 ( I + 2 + 4 + 5 + 16 + I + 2 + 4 + 8 + 16 + 1)(dm + drn + 2 dr)

= 6 4 ( 63 ) ( 4 D ) = 1 6 ,128 D.

For the histgram formation algorithm, the Illiac network is not a

good choice for an interconnection network. A pipelined multistage

network will afford the fastest algorithm execution time. A

recirculating network Is the nex t best choice, and a combinational logic

multistage network the third best choice.
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Table ‘111.7: Data transfer times for various networks for a parallel

histog ram formation algorithm.

-~ network time

recirculating Cube 2816 D

Combinational logic
mulistage Cube 8448 D

- • Five stage pipelined
multistage Cube 2555 D

recirculating P112! 2816 D

Combinational logic
multistage P1121 8448 D

Five stage pipetined
multistage P112! 2555 D

It liac 16,128 D
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I
Algorithm VII.3 performs two simultaneous recursive doubling

algori thms, and af ter log2 P1 steps half of the bins of the histog ram are

stored in PE(O) and half are stored in PE(1). A modification can be

made to Algorithm VII.3 which further devides the histogram such that 2b

simuLtaneous recursive doubling algorithms take place, and after log
2 N

steps, the f i rs t 2b PE5 each have 1/(2b) of the bins of the histogram ,

1 < b < n. For example, an algorithm designed for b = 2 stores 1/4 of

the bins of the histogram in each of PEs 0, 1, 2, and 3 af ter 109
2 

N

steps. This algorithm reduces the number of items in each block

transfer. If the histgram has 128 bins, Algorithm VIII.3 causes each PE

to transfer 64 data items at a step. A modified algorithm for b = 2

causes each RE to transfer 32 data items at a step to give 1/4 of the

histogram in four PEs after log2 N steps. Since the interconnec tion

functions are the same for both algorithms, the relative performance of

all of the networks discussed is the same for both Al gorithm VII.~ and

the modified algorithm.

L _  _
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VII.5. Image Data Classification

One method of computer assisted interpretation of images relies on

classification. The algorithm presented here is based on a

classification method which is often applied to data collected by the

Earth Resources Technology Satellite , called Landsat. Typically, ground

cover classes of interest are defined having characteristic spectral

properties. If there are 11 such classes, the probability of membership

in one of the 11 cLasses is computed for each pixel. The highest

computed probability determines the class assignment of the pixel.

The LARS algorithm was designed for data vectors X which consist of

four spectraL observations per pixel. Let X be a d—dimensiona l vector

so that for this algorithm , h (i,j) refers to a vector of d spectral

V observations. Such a vector in PE(P) has the name h~(i ,j).

Presented below is a parallel algorithm for image data

classification CSW78]. The clustering algorithm supplies two

parameters, the cluster mean vector and the covariance matrix , for each

of M clusters that are identified for the data. The classification

algorithm then computes the probability of membership of h (i,j) in each

of the M classes. The pixel Is assigned to the class k which yields the

highest probability 
~k 

(h(i,j)). The equation used is

C h(i,j) ) = bk 
— 1/2 C (h(i ,j) — Mk

)T C C~~) (h(i ,j) — Mk~~’

V 
for class k, 0 < k < 11—1. Mk is the mean vector for class k, Ck is the

covariance matrix for class k, and bk is a predetermined value dependent

on Ck. The superscript T denotes vector transpose .

Recall that the 512 X 512 image is distributed among the 1024 PEs

suc h that each PE stores a 16 X 16 pixel portion of the image. Let the
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machine be partitioned into partitions of size M, and for simplicity,

let 11 = 2r Within each partition, the PE addresses are designated PE

0, 1, ... , and M—1. PECk) computes 
~k 

for all pixels of the partition

and has stored in its memory all constants needed for that computation,

bk, Ck, and Mk, 0 < k < M [GR76].

The algorithm computes 
~k 

for all pixels of the 16 X 16 por t ion of

the image in each PE. The first step calls on PE(i) to read h’C0,0)

from memory, 0 < i < 11. PE(O) computes P
0 

for the h°(0,0), PE(1)

computes P1 for the h
1(0,0), and so forth. Assume that the intial class

membersh ip and its probability are zero. The new probability of class

membership is compa red to the current assi gned class probability for

h’(O,0). If the new probability is higher than the old, h ’(0,0) is

assigned to the new class. Next, 0 < k < 11, PE(k) sends its data to

PE(k+1 modulo M), and the process is repeated . h ’(0,0), its highest

associated probabilitity, and the current class assi gnment are passed to

all M PEs until all M class probabilities have been computed and the V

most probable class assigned, 0 < I < M. Thus, the classes for  11 p i x e l s

have been computed. The process is repeated for the remaining pixels.

Algorithm VII.4 describes the classification algorithm.

The algorithm is computationally intensive, since i s calc ulated

for aLt 5122 = 218 pixels, for 11 values of k. A serial computer

algorithm requi res 0( M * d2 5122 ) time periods to compute the

probability 
~k 

for aLL k and for all pixels of the image. (Recall C
k
’

is a d x d matrix. ) The algorithm above introduces parallelism to the

task in several forms. First, it distributes the image across 1024 PEs.

Next, the 1024 PEs are divided into 2n r  partitions of size M = 2’.

IIV~V.V . -- V
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activate all PEs

for i = 0 step +1 until 15

for j = 0 step +1 until 15

class probability : 0;

class : 0;

current : h~ (i,j); for PE(P), 0 < P < 11,

within each partition .

** PECk) calculates 
~k 

for the current pixel that is has. **
for I = 0 step +1 until 11—1

: bk — 1/2 ((current — M
k
)

* (C k~
) * (current —

If C 
~k 

> class probability ) then

class : k;

class probability :=

** Move the data to the next RE for the next ~k **
set ICN to RE +1 modulo 11

DTRin := (current , class, class probability );

(current , class, class probability ) := DTRout.

Algorithm VII.4: A parallel data classification algorithm .
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Within each partition , M probabilities are computed at each step of the

algorithm . The parallel algorithm requires 0( 11 * d
2 162 ) time periods

to compute the probabilities. The speedup of the parallel algorithm

over the serial algorithm is approximately three orders of magnitude.

All networks support this algorithm to some degree. For simplicity,

assume that all d spectral observations of h (i,j) are transferred as one

datum. From Chapter V, alt networks except the Itliac network can

partition the system under single control partitioning , as is required

for the al gorithm . The interconnection function needed is f(x) =

Cx + 1) modulo 11. Assume that the three data items to be passed, the

current h (i,j), the class of h (i,j), and the associated class

probability, are passed as a block of data whenever possible.

The recirculating Cube accomplishes f(x) using the following

algorithm . Assume that all PEs in a partition have the same n—r most

significant address bits.

for 5 = 0 step +1 until r—1

MASK CX~~~X
r )

0)]

Cube.;

V So, the recirculating Cube network requires r passes to implement f(x).

A multistage Cube network implements f(x) in one pass.

The P1121 network can be partitioned such that all PEs in a

partition have the same n—r Least significant address bits. For M =

f(x) is realized by the Interconnection function 
~

12
+(n— r • The

recirculating and multistage P112! networks implement f(x) in one pass

H through the network. The pipelined multistage Cube and P112! networks
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transfer the three data Items as a block.

For M > 2, the Illiac network does not partition into complete

Illiac networks of size M, as was seen in section V.3. If all PEs in a

partition have consecutive RE addresses, then the !lliac +1

interconnection function routes the oata for all PEs except PE(M—1 ) in

one pass through the network. If 0 < M < -s/N, then M—1 uses of Illiac _1

route the data fron PECM—1) to PE(0). The data transfer time is, thus,

M * 2 5 6 * ( d r + dm + drn + dr )

+ 11 * 256 * (M—1 ) * (2 dr + dm + drn ) =

M *256 * (2 dr +dm + d r n ) ( 1 + M — 1 )

M
2
* 256 * C2 dr + d m + d r n ) .

If N > -s/N, then data can be transferred from PE(M—1) to PE(0) in

1 + M/ (—~fN) steps. This requires using one !lliac~ 1 and M/(-~/N)

Illiac _
~ ,N 

interconnection functions, as follows. Recall N = 2’ and M —

1 = 2r — 1. Then,

(2 r 
— 1) + 1 — (—s/N) * 2r/(~~f~1) = 0.

This yields a data transfer ti me of

N * 16
2 ( Trc + (1 + M/(,/N)) * Trc )

= M * 16
2 C C M/(-~/N) + 2 ) Trc 3

= 11 * 256 C ( M/(-~/N) + 2 ) (2*dr + dm + drn) 3.

Clearly, the I~.liac network is not as well suited to this algorithm as

the other networks discussed.

Table VI!.8 lists the data transfer times for these interconnection

networks for the image classification algorithm. The discussion has

shown that the data transfer time for this algorithm is not negligible.

The best choice of interconnection network is the recirculating P112!.
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Table VII.8. Delay times for data transfer for the image classification

algorithm , where M is the number of classes and D = dms = dm = dr = drn. 

r e c i r c u l a t i n g  Cube 3 11 256 log2 N 
( 2 dr + dm + drn )

= 3072 D N log M
multistage Cube 3 M 256 C 2 dr + ~0 dms ) = 9206 D N
5—stage pipelined

multistage cube 11 256 ( dr + (5 + 3 — 1 ) (2 dms + dr))
= 5632 D N

recircula t ing PM2I 3 N 256 (2 dr + dm + drn) = 3072 D M
comb inat ional log ic

multistage PN2I 3 N 256 (2 dr + 10 dms) = 9216 D M
5—stage pipelined
multistage P112! 11 256 C dr + (5 + 3 — 1) ( 2 dms + dr ))

t ~~5632DM
Illiac N 256 (2 ~r + dm + drn)

= 1 0 2 4 D M ,0 < M < — / N .
N 256 CM/C—/N) + 2) C 2 dr + dm + drn)

1024 D N (11/32 + 2), M > —/N.
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The worst choice is the Illiac network with its 0(112) contribut ion to

the computation time of the algorithm . For Al gorithm V!I.1, as the

number of pixe ls stored in a PE inc reased, the block si ze of the data

transfer increase, and so, the pipelined networks transferred data

faster than the unpi pelined networks. For Algorithm ‘111.4, since data

are not transferred in blocks, the phenomenon wi ll not occur.

A classification algorithm can be designed which does not pass data

among PEs. For such an algorithm , each RE calculates all N

probabilities for alt 162 which it stores in its memory. This method

uses more memory than does Algorithm VII.4. Suppose that the data

pixels are compose-i of four spectral observations. Then, the mean

vector N has length four, and the covariance matrix is a 4 X 4 matrix.

If the covaria.’ice matrix is symmetric , as is often the case, then only

10 of the 16 entries need be stored. So, for each class, a RE stores 10

words (for the covariance matrix ) + 4 words (for the mean vector) + 1

word (for bk
) = 15 words. If N = 32, then each PE stores 480 more words

V for the algorithm which does not pass data than it does for Algorithm

‘111.4.
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~~~~~~~~~~~~~~ 
Conclusions

In designing a parallel computer system, the selection of the

interconnection network is dependent upon the types of algorithms the

system will execute. This chapter has formulated three parallel picture

processing tasks, a smoothing algorithm , a histogram formation

algori thm, and a classification algori thm. For each, the i mpact of

different interconnection networks on the efficiency of the algorithm

has been explored .

For the parallel smoothing algorithm , data movement was in a

neighborhood of eight PEs about any PE(i). Thus, the !lliac network and

the recirculatin g P112! network exhibited the fastest data transfer

times. The recircula ting Cube network had the slowest time, since a

bit—serial addition or substraction algorithm was computed in order to

contro l each data transfer.

Due to the recursive doubling algorithm , the data transfers for the

parallel histog ram formation algorithm are more global in nature. The

data transfers are not always among PEs that are neighbors. So, the

Illiac network requi res the most time to transfer the data. The other

recircula ting networks can realize the interconnections in one pass

through the network. Since the algorithm transfers data in blocks, the

pipelined multistage networks pass the data in the least amount of time,

and the combinationa l logic multistage networks are seen to be a poor

choice for this algorithm.

The parallel data classification algorithm illustrates the use of

single control partitionin g. The PEs are partitioned into groups of

N PEs each, where N is the number of data classes. Because the Illiac

_  _  
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network does not partition into smaller, independent, complete networks

for N > 2, this network performs poorly for the classification

algorithm . The interconnection function needed for the algorithm is

f(x) = Cx+1) modulo 11. For M a power of two, t h i s  fu nc t ion is one of

the P112! interconnection functions. Because of this, the rec i rculat ing

P112! network needs the least time to transfer data for this algorithm .

The analyses of Chapter IV were applied to three parallel image

processing algorithms. The approach developed in this chapter can be

generalized and applied to other algorithms. A given algorithm was

analyzed for the data transfer needs, and the effects of specified

interconnection networks on the performance of the algorithm were shown.
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VIII. AN EMULATOR NETWORK FOR

SIMO MACHINE INTERCONNECTION NETWORKS

VIII.!. Introduction

This chapter presents a single stage interconnection network, the

V 
emulator network, for SIMD computers. The emulator network can be used

to simulate many types of interconnection networks in order to make

informed choices for machine designs. In section 2, a hardware design

of the emulator network is presented. A mechanism for defining contro l

signals and transmitting data is discussed. Section 3 uses the design

of section 2 to simulate some multistage interconnection networks

discussed in the literature. These includ e Pease’s indirect binary n—

cube CPEA77], the STARAN network CBA76], the omega network 1LAW75~, and

the data manipulator tFE743. Section 4 considers the simulation of four

reci rculating networks, the Cube CSIE77a3, the Shuffle—Exchange EST7I),

the P1121 CSIE77aI, and the Illiac CBOU72]. Section 5 shows how some

usefu l permuations can be formed, and section 6 considers Benes—type

networks. Section 7 discusses how the emulator network can operate in a

machine that is partitioned into smaller SIND machines, each of s i ze a

power of two. Section 8 shows how the emulator network can be used to

simulate the interconnections in two multiple intruction stream — 
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VIII.2. The Emulator Network V

The emulator network, is a recirculat ing interconnection network

that consists of the 2n—1 distinct P112! functions and the Shuffle

function. Fi gure VI!I.1 shows a design for the emulator network as seen

from PE(i). The emulator network can be built from N (2n+1) tristate

buffers for each bit of network width. Each interconnection function

corresponds to one of the 2n transmission buffers, and one buffer

receives signals at the output . If the maximum delay of a buffer (such

as the SN74240) is 7 ns, then the delay of the data transfer would be 14

ns plus the delay of the transmission lines between the transmitting and

receiving buffers.

~V1 The emulator system can be visualized in two ways. Physically, it

is a set of N PEs and the emulator network. Logically, i t  can be v iewed

as a set of N nodes, where node I consists of PE(i), input position i of

the network (i.e., the 2n transmission buffers), and output position i

of the network (i.e., the receiving buffer).

Each PE supplies the contro l bit s for i ts pa rt of the emulator

network (i.e., PF.(i) for node i) by means of a 2n bit Rout ing Control

Register (RCR). For each pass through the network, each RE calculates

where to send its data, then places the appropriate control bits in RCR.

These bits go to the controls of the buffers at the input of the

emulator network, each bit of the RCR corresponding to a different

:~ 
interconnection function . Figure VIII.2 shows the conf igurat ion of the

emulator system.

A routing instruction is provided so that each RE can load its RCR

with the appropriate controls for the given data transfer. For

_ _ _ _ _  I 
_ _ _ _ _ _ _ _ _  -
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SHUFFLE 

to SHUFFLE (i)

PM2~~~J ~~~
to

PM2~~_ 2 ~
- - data in — 

to PM2~ 2~
’
~from PE(I) 

n

S:
PM2~Q ...... ~

.j, )~
o.___ to PM2~0(i)

to P112_0(i)

from SHUFFLE 1 ( I)
from PM2+n_ i

(1) 
—

data out

from PM2~0(i) L 
to PE(i)

from PM2_0 (i) —

Figure VIII.1: A node of the emulator network for PE(i) for N = 2
n PEs

can be built using N C 2 1092 N + 1) tristate buffers. Control signals

are provided by a register in PECi).
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V 

RCR 
— 

CONTROLS

DATA

I DATA DTR .

-
~ 

ou~

- PE(i)

- 

CONTROL

Figure VIII.2: Architecture of the Emulator System for PECi).
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sim plicity, assume the instruction has 2n one—bit fields, one fo r each

PM2I function and one for the Shuffle function . If a field is 0, the

H function is disabled . If a field is 1, the corresponding function is

enabled. A TRANSFER instruction initiates the data transfer which uses

the controls in RCR.

From these instructions, usefu l macro instructions may be

constructed. For example, a Cube0 function can be implemented by

causing PEs whose least significant address bit is 0 to execute P11240

while PEs whose least significant bit is 1 execute P112_0. Th i s process

can be generalized to attain any Cube . function . For notationa l

purposes, def ine Cube
s 
as the foilowing macro, where is a PE

address.

Define Cube.;
— 

RCR : 0 ;

RCR : p (P112 ) + p. (PM 2~ .);1 1 1

TRANSFER;

where + is a logical OR operation and is a logical AND . This means

that PEs where = 0 execute ~~~~~ and PEs whe re p1 = I execute P112 ,.

Lemma VIII.!: The macro Cube. above causes a Cube . function to be

executed.

Proof:

Case 1: PE(P) , where p.~ = 0. Then, PM2~1 
rou tes the da ta to the PE

whose address is p + 2
1 modulo N = Cube.CP).

Case 2: I.E(P), where p1 
= 1. Then, ~~~~ routes the da ta to the PE

whose address is P — 21 modulo N = Cube.(P).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ VV.~V.V.~VVI- V VIV~ ~~~~~~~~~~~~~~~ V-V..- ~~~~~~~~~~~~~~~~~~~ j  
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Cl

For sim plicity in the algorithms below, the following assumptions

are made:

(1) data to be transferred from PE(i) to PE(j) start in the DTRin of

PE(i) and must end in the DTR1n of PE(j), 0 < ~~, 5 < N; and

(2) the network always takes the data in DTRin as its input .
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VIII.3. Simulation Results: Multistage Networks

The indirect binary n—cube network rPEA773 (Figure 111.5) is based

on the Cube interconnection functions. In simulating this network , t he

PEs of the emulator network can calculate controls at each stage and

apply one of the Cube s macros defined above.

Theorem VIII.!: The emulator network can simulate the n—stage indirect

binary n—cube network in n passes.

Proof: By definition , stage i, P < i < n, of the indirect binary n—cube

network executes Cube . with individual box control and two func ti on

interchange boxes. In CPEA77], it is proposed that a microprogrammable

m icrocomputer called a switch controller generate the settings for the

interchange boxes. Each switch controller provides controls for a “set”

of interchange boxes. Each control is either “exchan ge” or “straig ht.”

The prog ram which the sw it ch controller uses to generate the cont rol s

could be run in each PE of the emulator system in order to simulate the

effects of the switch controller. Since each PE need compute only the

control, c, for node i, the prog ram run is a subtask of the program that

the switch controller would use.

An algori thm that uses the emulator network to simula te an ind i rec t

binary n—cube is

activate all PEs,

RCR :0;

for i = 0 step +1 until n—I do

calculate interchange box control c;

If c = “Exchange” then Cube
~
;
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DTR 1n := DTRout .

Cube s is the macro instruction defined in section VIII.2. Since stage i

of the indirect binary n—cube executes Cube., 0 < i < n, the results of

the algorithm are the same as the actions of the indirect binary n—cube .

The ac ti on of the emulator network nodes j and j+2’ simulate the action

of the interchan ge box at stage i whose in puts are 5 adn

C < j < N, and the 1th bit of 5 is C. Because data in the n—cube travel

through stage 0, then stage 1, etc., the loop of the algorithm goes from

i = 0, to i = 1, etc.

Ban yon networks are a class of inter connnec tion networks wh i ch ar e

defined in terms of graph representations. The graph of a banyon

network is a Hasse diagram of a partial ordering in which there is one

and only one path from any input vertex to any output vertex tGLl3’. F,

the fanout, is the number of arcs inc ident into each vertex at a stage

from the last stage, and S, the spread, is the number of arcs incident

out from each vertex to the next stage. For S = F = 2, each ver tex of

the gra ph represents a 2 X 2 crossba r swi tch, i.e. an interchange box .

One type of banyon structure is the SW banyon, shown in Fi gure VIII.3

with its corresponding graph for N = S.

Corollary VIII.!: The emulator network can simulate an n—stage SW banyon

network for S = F = 2 in n passes.

Proof: From 1 CL733, the recursive defini t ion of a banyon is as follows :

(1) A one level SW banyon struc ture with fanout F and spread S is a

crossbar with F bases and S apexes.
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Fi gure VIII.3: An SW banyon network and its graph for N = 8 CGL73J.
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(2) An L—level SW banyon structure with fanout F and spread S can be

synthesized by interconnecting crossbars and F identical (L—1 )

level SW banyon struc tures, a lt. with fanout F and spread S. The

apexes of the SW structures are connected to the bases of the —

crossbars such that the interconnection graph is a crossbar. Also,

each crossbar must be connected to every component SW structure in

the same way, i. e., if  i t i s connected to the 1th apex of one SW,

i t must be connec ted to the 1th apex of each of the others.

So, an SW banyon with S = F = 2 has the same topology as the n—stage

ind irect binary n—cube network. From Theorem VIII.I, the emulator

network can simulate an n—stage SW banyon network for S = F = 2 in n

passes throug h the network. C)

The STARAN flip network (Figure 111.4) is also a multistage cube—

type network. The emulator system simulates the STARAN flip network

with either flip or shift controls with the aid of the Cube . macros and

the computation facilities of the PEs.

Corollary ‘1111.2: The emulator network can simulate the n—stage STARAN

fl ip network with flip or shift controls in n passes.

Proof: The STARAN flip network E8A76) has the same topology as the

indirect binary n—cube with two function interchange boxes, but has a

different control structure 1 S1S78]. The flip contro l for the STARAN

flip network is individua l stage control. For the flip control , the

STARA N uses the control vector F Cf
1 

... f0), wher e f .  1 causes

stage i to execute Cube.. An algorithm using the emulator network to

simulate the STARM! network under flip control is

‘I
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activate all PEs,

RCR : 0;

CU (control unit) broadcasts F to all PEs;

for i 0 step +1 until n—i do

if f., then Cube~;

DTRin : DiRout .

The shif t controls for STARAN provide i+1 contro l signals at stage

i in order to perform shifts of 2m modu lo 2~ , 0 < m < p < n. Figure

I1I.4b shows the shift controls for the STARAN network for N 8. Each

control signal is one b i t, where 0 indicates straight and 1 indicates

Cube. at stage i. Recall the definition of the shift contro l si gnals

from Chapter V. At stage i, let the i+~ contro l signals be labeled ci O,

cii, ..., cii. Stage 0 has one control, cOO, that affects all PEs. The

signals control groups of PEs in the fol lowing manner at stage i, i > 0.
n—u

ciO: X 0 ;

cii: x~~’o~~’1; V

ci2: x” ’ O’~
2ix;

cii:

Assume that the shift controls can be broadcas t to the PEs as a

vector, c1, 
of length n that is padded with zeroes, as needed. For

example, for N 64, C3 
= C 0 0 0 c33 c32 c31 c~O ). Let each RE

precompute and store an n bit mask for stage i, MAS K~, wh ich has “1” in

position 5 if the PF. is affected by cij, 0 < i ( n. For example, let

N = 64, and n = 6. For stage 0, all PEs are affected by cOO. So,

MASK0 = C 0 C) 0 0 0 1 ). For stage 1, all even PEs are affected by dO.

.J

~ 

~~~~~~~~~~~~~~~~~
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For these PEs, MASK 1 = C 0 0 0 0 0 1 ). All odd PEs are affec ted by

cii, and so for these PEs, MASK
1 

= ( C 0 0 0 1 C ). If the data words
V 

of the system are 16 bits long, then for U < 216 
= 65,536, only n words

of storage are needed. To compute the control at stage i for a PE,

MASK , is ANDed with c.. If the result is not zero (all 0’s), then Cube~

is executed by the PE. An algorithm that uses the emulator network to

simula te the STARAN network with shift controls is

activate all PEs,

RCR := 0;

for i = 0 step +1 until n—i do

CU broadcasts stage i controls, c1, to all PEs;

CNTRL : c. MASK- ;
1

if NOT ( CNTRL = 0 ) then Cube.;

DTRin : DTRout.

The shifts of 2m moduto 2~ could be more efficiently implemented using

the P112! functions of the emulator network. For example, the sh i f ts 2m

modulo 2~ are the P1121 func t ions 
~~
2+m~ 

However, the algorithm above

more close ly simulates the actions o-f the STARAN flip network. As in

the proof of Theorem VIII.i, the action of emulator nodes 5 and 5+2
1

simula te the action of the interchange box at stage i whose inputs are j

and j+21, 0 < j <N, and the u th bit of j is 0. Because data in the flip

network pass first throug h stage 0, then stage 1, etc., the loop index i

in the algorithm goes from 0 to n—I . C)
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The generalized cube network CSIS7B] (Figure 111.6) is defined as a

standard topology for multistage Cube networks, and may be used with

either type of interchange box and any of the three multistage control

structures. The ‘112! interconnection functions of the emulator network

can be used to simulate the broadcast states of four function

interchange boxes. For example, an upper broadcast from PE(0) to PE(1)

is accomplished by saving the data in PE(O) and also rout ing it to

V 
PE (PM2~~C) 

(0)) = PE(l).

Theorem VIII.2: The emulator network can simulate the n—stage

generalized cube network in n passes.

Proo f: Assume the ,iost flexible construction and control, that of four

function interchange boxes and individua l box control. In CSIS78), no

particular method of generating contro l signals was discussed . Assume

that each PE in the emulator system can generate a pair control bits,

ca ll them c, for each pass through the emulator network (one stage of

the generalized cube) . An algorithm which uses the emulator network to

simulate a generalized cube is as follows, where P~ is the 
~th bit of

the PE address.

activate alt. PEs,

RCR : f l ;

for i = n—i step —1 until 0 do

~~~ = 0 and c = (“exchange” or “upper broadcast”)

then PCR := PM2~~.;

if p .~ = 1 and c = (“exchange” or “lower broadcast”)

then RCR : P112 1;
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TRANSFER;

DTRin : DTRout .

After n steps, the algorithm routes the data in the same wa y as the

generalized cube. As in the proof of Theorem V!II.1, emulator nodes 5

and j+2
1 ac t as an interchange box . Since the data pass first through

stage n—i, then stage n—2, etc., the loop index i goes from n—i to 0. C]

Each stage of an n—stage Shuffle—Exchang e network is a shuffle

interconnection possibly followed by an exchange (Figure 111.3),

depending on the contro l settings-.

Corollary VIII.3: The emulator network can simulate the n—stage

Shuffle—Exchange network in n passes.

Proof: The n—stage Shuffle—Exchange network is topologicalty equivalent

to the generalized cube rSIS7R]. Using Theorem ‘1111.2, this network can

be simulated in n steps . C]

Lang and Stone ~LAST76~ have presented a simplified control scheme

for a Shuffle—Exchan ge network with two function interchange boxes. The

contro l bits for the interchange boxes are calculated from those of the

previous stage. For N = 8, Figure ‘1111.4 shows an expanded Shuffle—

Exchange network with this simplified control. Let the first stage of

the network be labeled stage n—i . For i even, Ck(i) is the control for

interchange box for data lines i and i+1 at stage n—k, where Ck(i) = 1 
V

means exchange, and C ’
~~i = 0 means straight , I < k < n. Note that

= Ck (i+l). For i even and k > 2, the control at stage n—k is
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c k n C 1 (Shuffle~~(i)) o C Shuffle (1+1))

where a is a particular boolean operation. The initial condition,

C1Ci), is

• C
1
(i) = D (Shuffle 1(i))

1

for i even, where D(i)~ .1 is the most significant bit of the destination

of data from PE(j). As an example, let N = S and let the boolean
V operation be the exclusive or function . Figure VI!I.5 realizes a cyclic

shift of 3, tha t is, PE(x) sends data to PE(x + 3 modulo 8). The

initia l conditions are

C
1 
(0) = 0,

C1 (1) = C),

C
1 
(2) = I,

C
1 
(3) = 1,

C
1 
(4) = 1,

C
1 
(5) = I,

C~ (6) = I,

C
i 
(7) = 1.

Lang has shown that if the bootean function for the simplified

control is the exclusive or function, then all uni form shifts of PE(x)

to PE(x + j moduto N) can be accomplished by the network. If the

equivalence function C f(x,y) I if and only if x = y ) is used, then

H data can be passed from PE(x) to PE((t — x) moduto N), 0 < x < N, t an

integer.

In CLAST76], it is proposed that the boolean function is hardwi red

into the cont rol structure of the network. The emulator control is not

bound by the hardware in this way, and the PEs can choose any boolean

_ _ _ _  
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Figu re VIII.5: A Shuffle—Exchange network with simplified control can

realized a cyclic shift of three when the specified boolean function for

calculat ing the control bits is the exclusive or function. CLAST76)
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function to be im plemented . Thus, the effects of different operators

may be simulated.

Corollary ‘1111.4: The emulator network can simulate the n—stage

Shuffle—Exc hange network wi th simplified controls in n passes.

Proof: Assume that the control bits at each stage are passed with the

data the y a f f ec ted, as in [LAST76]. At any stage, for each datum , ca l l

this bit C. After a S h u ff l e  transfe r  at stage k, C is either

Ck I (Shuffle l(i)) or C
k l (Shuffte l(i+1)) , as mentioned above (Fi gure

VIII.4), for i even, k > 2. Assume that a destination D. = d~_1...d0 is

initially specified for data from PE(j). Since the multistage Shuffle—

Exchange network is topologically equivalent to the generalized cube

network, the algorithm below is based on Theorem V!I!.2. This could be

done in n passes, as follows. Let each RE keep a copy of the data as

V 

well as send it to the RE that differs in the .th bit position. If the

V 
control bit is 0, the retained data is moved to DTRin. For clarity, the

following algorithm simulates the Shuffle—Exchange network with

simplified control in 2n passes.

activate all PEs,

RCR : 0 ;

DATA : DTR 1n;

*** Initialize controls ***
C : d~ _ 1 ;

if = 0 then DTRin : C;

RCR : 
~
112+cn—i )~

TRANSFER; 

— — 
— ~~~~~ ~ -_-- -V.--—- 

V .•~ 

V.

- _ ‘ _~~~~ . ~~~~-~——-~~~~ . 
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if p
1 1 then C := DTRout;

DTRin : DATA;

if C then Cube ;n—i

DATA : DTRout;

for k = 2 step +1 until n do

*** Pass controls for adjacent PEs. ***
DiRin : C;

Cuben_k;

CI := DTRout;

*** Calculate new control. ***
: c o c 1 ;

c

DTRin : DATA;

if C then Cubefl_k;

4 DATA : DTRout ;

DiRin : DATA.

If the data item and the C bit requires more bits than the network

width, mul tiples of n passes will be needed. C]

The omega network CLAW7S3 is an n—stage Shuffle—Exchange network.

One method of controlling the omega network is by associating with each

datum the address of the destination PE. This address is called a

destination 
~
j. The omega network considers only two function

interchange boxes for this type of control. Let a destination tag

= d~ _1...d0 
be passed with the datum originally from PE(i),

C < I < N. At stage j , If d
5 

= 0 for the upper input of the interchange

~~~~
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box, the interchange box is set to straight . If d
5 

= 1 for the upper

input, the interchang e box is set to exchange . The jth bi t  of the

destination tags of the lower and upper inputs must be complements, or

else an error occurs.

Theorem V!II.?: Let the data word to be transfered be W bits wide, and

let a destination tag associated with the data word be n bits wide.

Consider an n stage omega network with a width of W+n bits. The

emulator network can simulate an n stage omega network with dest ination

tags for control in n passes.

Proof: The omega network is topologically equivalent to the generalized

cube CSIS7S], and an algorithm based on Theorem VIII.2 simulates the

omega network in n passes.

activate all PEs,
V 

RCR :0;

for i = n—i step —1 until 0 do

if p. = ~~~. then Cube.;
1 1 1

DTR in : DTRout .

If the width of the network is less than the length of D
~ 

plus the

length of the data, mult iples of n passes through the network are

needed. C]

Theorem VIII.~ : The emulator network can simula te the n—stage omega

network in n passes.

Proof: The omega network is an n—stage Shuffle—Exchange network with

four function interchange boxes CLAW75]. In CLAW75], no contro l scheme

H 
_ _ _ _  

_ _ _ _ _ _ _ _ _ _  

~1
:~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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for four function interchange boxes is discussed. Assume the control H

convention used in Theorem ‘1111.2. Since the omega network is

topologicalty equivalent to a generalized cube network with four

function interchange boxes and individua l cell control ESIS7B), the

algorithm to simulate the omega network is the same as the one in

Theorem ‘1111.2. 
V

If 5 passes through the omega network are required to real~ze a

given data transfer, then j*n passes throug h the emulator network

realize the same transfer. C]

The data manipulator CFE741 is an n—stage P1121 network where stage

i performs 
~~~~~ 

PM2~~, or straight. For the control of the network

discussed in CFE74], each stage of the network is controlled by a pair

of signals, specifying two of I-l~, H2, U1, U2, D1, and D
2 
as defined in

Chapter III and shown in Figure III.?.

V 
Theorem VIII.5: The emulator network can simulate the n—stage data

mani pulator network in n passes.

Proof: The control signals for the data manipulator are supplied for

each stage by externa l control. With the emulator network, at pass k,

V PE(j) controls cell j of stage n—k. For each pass, call the two contro l

signals supplied to the stage Ci and C2, and let them be broadcast to

all PEs . To simulate the data mani pulator network with the emulator:

V - V ~~~~~~~ - — -- - -V.-

V - V --

-V - -V -
~~~~

V.——
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activate all PEs,

RCR :0 ;

for i = n—i step —i until 0 do

clear RCR;

DTRout : DTRin;

CU broadcasts Cl and C2;

if p
~ 
= 0  then

if Cl = U then RCR := P112 .;

if Cl = D then RCR : RCR + PM2~~.; 
V -

else if C2 = U then RCR : PM2_~;

if C2 = D then RCR : RCR + PM2~ .;

TRANSFER;

DTR in : DTRout . C] 
V

The augmented data man ipula4or (ADM ) network CSIS78] is based on

Feng’s data mani pulator CFE74). It allows each of the N cells at each

stage to receive its own control signals, any combination of H, U, and

D.

-
~ Corollary ‘1111.5: The emulator network can simulate the n—stage

augmented data manipulator (ADM) network in n passes.

Proof: No particular method o-f generating the control signals for the

ADM is specified in CSIS78]. It is assumed that for each data item the

encoded control information for stage i, C(i), is passed with the data,

and can be any combination of one to three of H, U, and D.

____________________________ ___________ 
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act ivate all PEs,

RCR : f l ;

for i = n—i step —1 until 0 do

clea r RCR;

DTPout : DTRin;

if C( i) = U then RCR := P112 .;

if C( i) = D then RCR := RCR + PM2~ .;

TRANSFER;

DTR in : DTRout .

If the data item and the n C(i)’s require more bits than the width

of the network, mul tiples of n passes wilt be required . If j passes

throug h the ADM are requi red to realize a given data transfer , then j-*n

passes through t~ie emulator network can realize the same data transferD

A CC banyon network can be laid out as a crosshatch pattern on the

surface of a cylinder. CC is an acronym for Cylindrical Crosshatc h

CGL733. Figure V!II.6 shown a three stage CC banyon network for N = R

and S = F = 2.

Theorem ‘1111.6: The emulator network can simulate an n—stage CC banyon

network for S = F = 2 in n passes.

Proof: A CC banyon network C6L73], wi th fanout F and spread 5, is

defined as an L stage network with N = sL vertices at each level. There

is an arc from vertex Vi k 
at stage k to ver tex  Vjk+1 at stage k+1 i f  and

only if j = (i + m * S~~ modulo N for some m, 0 < m < S. For S = 2, m 4

(0,1). Thus, at stage k, since F = 2, each vertex Vi k has connections

V 
- :  - ---~~~~~~

-  
V-~~~~~~~ V.

IILV VV - ~~~~~~~~~~ 
— -.

~~ V~~~~~~~~~~~ VV. : V 
- --—- 
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• 

_ _

/  ~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure V1II.6: The graph of a CC banyon network for S = F = 2 and N S

CGL73] connects Vi
k at stage k to Vik at stage k+l if and on ly if j = i

or j = ci + 2k) modulo N, 0 < k < n. 
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to Vlk+l and to Vj
k+l where j = Ci + 2k ) modulo N. Since the emulator

netwo r k provides all 
~~

2+~ 
funct ions, 0 < i < n, it can simulate the CC

banyon network for S = F = 2. C]

Coro llary VIII.6: The emulator network can simula te any CC banyon fo r

S = F = 2S and N =

S 5
Proof: For S = 2 , m 4 C 0, i, . . . , 2 — 1 ). The emulator prov ides

all P1121 functions, and so the connec t ions from Vi
k 

to Vjk+l for 
~ 
= Ci

+ m * S~~ moduto N can be realized, althoug h multiple passes throug h the

emulator network may be required for each level of the CC banyon

network. For example, if S = 22, then m 4 -C 0, 1, 2, 3 ). The

connec t ion from V i
k 
to Vjk+l 

for j = ( j  + 3 * 2
2 
) modulo N = ( i + 8

+ 4 ) modulo N can be realized in two passes throug h the emulator

network by using the interconnec tion functions P112+3 and PM2~2. Ci

Chapter IV int roduced the Shuffle — No Shuffle — Exchange (SMSE)

networ k. At each stage of this n—stage network, the options are no

change, Shuff le, Excha nge, or Shuffle—Exchan ge. This network can

perform I to n—i Shuffles in one pass throug h the network, as welt as

perform alt. the data transfers of a multistage Shuffle—Exchange network.

Theorem VIII.?: The emulator network can simulate an n—stage SNSE

network in at most 2n passes. V

Proof: An al gorithm which simulates the SNSE network is

L
- -- -

~~

- -  
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VVV_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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activate all PEs,

RCR : 0;

for i = n—i step —l until 0 do

CU broadcasts SNSE controls;

if (Shuffle or Shuffle—Exchange) then RCR : Shuffle;

TRANSFER;

DTR 1n : DTRout;

if (Exchange or Shuffle—Exchange) then Cube
0;

DTRIn : DTRout. C]

The algorithm above requires at most 2n passes to transfer the

data. If the SNSE controls specify no shuffle and no exchange, then the

emulator network need not pass data. If the SNSE controls specify a

shuffle and an exchange at each stage, then the emulator network used 2n

passes to accomplish the data transfer.

I
_ _ _ _  V 

~~~~~~~
__ V ~VV.~ - _ _ _ _ _ _ _ _ _ _ _ _

WV V. — -

- _-•-__ ~~~~~~~~~~~~~~~~~~~~ ~V- ~~ VV. _  —_ ~~~~~~~~ V. ~~~~~~~~



,~~ ~V~_  ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

__ V~~ _VV.V _~ 
:

_
~~

V
~
-VV.V.VV._V.

~
VV.

V V. V~~~~ 
- _ _ _ _ _ _ _

242

VIII.4. Simulation Results: Recirculating Networks

Chapter II defined a recirculating network as an interconnection

network that uses a single stage of switches to route data among PEs.

Cha pter IV presented hardware designs and data transfer time comparisons

for severa l recirculatin g networks, in particular, the thuffle—Exchange, V

the Cube, the P1121, and the Illiac. The emulator network can simulate

these recirculatin g networks.

Theorem VIII.8: The emulator network can simulate a recirculating —

Shuffle—Exchange network. -

Proof: A recirct lating Shuffle—Exchange network allows each RE to

execute either a Shuffle interconnection function or an Exchange

interconnection function for each transfer tSIE77a]. The Shuffle is one

of the interconnection functions provided by the emulator network, and

the Exchange = Cube0. C]

Theorem VIII.9: The emulator network can simulate a recirculating Cube

network.

Proof: In a rec irculating Cube network, all active PEs execute the Cube~
interconnection function that is broadcast by the contro l unit CSIE77a].

The emulator network can execute the macro instruction Cube . (Lemma

VIII.l). C’

Theorem ‘1111.10: The emulator network can simulate the recirculating

P1121 network.

— ---- ~~~~~~~~~ - -V_  - V. 
_ _ _ _ _ _ _
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Proof: In a recirculating PM2I network, all active PEs execute the

single P1121 interconnection function that is broadcast by the CU

V CSIE7Ia]. The 2n—1 distinct P1121 functions are included in the emulator

network.fl

Corollary VIII.?: The emulator network can simulate the Itliac network.

Proof: The four Illiac interconnec tion functions CBOU72] are a subset of 
V

the P1121 functions, where Illiac~ 1 CR) = PM2~0 
(P), Illiac_1 (P) = P112 0

V 

- (P), Illiac4~~~ (P) = 

~~
2+n/2 CP), and Illiac _,/N 

(P) = PM2...~~,2 CP). C)

- - - -  T 
V V. 

—

— — 
I 

~~~~~~~~~~~~~~~~~~~~~~ 
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‘1111.5. Other Useful Permutations

The emulator network can simulate the perfect shuffle of size

and the inverse perfect shuffle of size ~~~~ for any 0 < k < n. Figure

VIII.? illustrates the perfect shuffle and its inverse for N = 8. V

Theorem ‘1111.11: The emulator network can simulate an inverse perfect

n—k .
shuffle of size 2 in n—k—i passes, 0 < k < n.

Proof: For PE(P) = 
~
n i •

~~ O’ at step i, the simulation algorithm has

the effect of comparing bits p~ and ~~~ and, if different, sending the

data to PE 
~~~~~~~~~~~~~~~~~~~~~~~~~

for I = 0 step +1 until n— k—2 do

if p~ � p1~ 1 then RCR : p. (PM2~ .) + 
~~~ 

(P112 .);

TRANSFER ;

DTRin : DTRout.

The case p. (P112 ) sends data from PE 
~~~~~~~~~~~~~~~~~ 

to

P~ ..1” ’0P~ _ 1 ”P~y’ 
The case (PM2~1

) sends data from PE

p
n~I

lOpi_I
~~~~0 

to 
~~~~~~~~~~~~~~~~~ 

Thus, after n—k—i

comparisons, the data originally in P = 
~~~~~~~ 

is transferred to PE

~n—1 n—k~ tPn—k—1”~~ i 
An inverse perfect shuffle has been

accomplished . C]

Theorem ‘1111.12: The emulator network can simulate a perfect shuffle of

size 2,~ k in n—k— ~ passes, 0 < k < n.

Proof: The simulation algorithm -is similar to that of Theorem VIII.11. V

Adjacent bits of the PE address are compared and, if different, the data

A V
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Figure VIII.7: The perfect shuffle and the inverse perfect shuffle for

N = 8.
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is routed as follows.

RCR : 0;

for i = n—k—i step —1 until 1 do

if � p. then RCR := p. (PM2_ (i i)
) + 

~~
.

TRANSFER; -

DTRin : DTRout.

The case p. (PM’ ) sends data from RE 
~~~~~~~~~~~~~~~~~ 

to

n 1 i 2 0 The case 
~~
. (P112 ) sends data from RE

Pni~~~
O
~
tPi..2~~~P0 

to Pn_i~~~
lOPi_2~~ 

.p0. Successive steps of the

algorithm send data from P = ~~~~~~~~~~ to RE 
~n—1

”
~~n—k~n—

k—2”~~0~n—k—1~ 
A perfect shuffle of size 2n—k is accomplished . C)

For the PPI2I interconnection functions, moving data from PE(P) to

PE(Q) can be expressed as addition or subtraction to P of various values

of 2’, n < i <0. Let D = dn_i~~•di
d0i d~ 4 (0, 1, —1) represent these

transitions. D is a base 2 signed digit representation of the

difference between P and Q. Each d � 0 represents an interconnection

function. If d = 1, then Pfl2~. is applied to the data at stage i. If

d~ = — 1, then Ptl2...~ is applied to the data at stage i. If d
~ 

= 0, then

b c  . (P) = b c  . CR).n—i n—i—I
Using the P1121 functions of the emulator network, there is more

than one path from P to Q, and so D Is not a unique number. For

examp le, for N = 16, there are four different signed digit

representations of the path from 0 to 7. They are

- t  

_ _  

_____
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:V~~~~~~~~~~~~~~~~
I V



~~~~~~~~~~~~~~ V V V V V  
~~ V V -~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -V.--—

247

a ) 0 1  1 1

b) 1 0 0 —1

C) 1 0 — i l

d) 1 —i i I.

The number of non—zero digits in each of these representations is called

the multiplicity. Form b has the lowest multiplicity (two ) and is

cat ted the n—di git m inimal form of natural value k, for n 4 and k 7.

Reitwiesner £REI6O] has presented a detailed study of the existence

and generation of minima l forms. These results are summarized here.

Let 0x~~1...x1x0 be an n+1 digit binary number of natural value k.

Then,

i) there exists a unique canonical form ~~~~~~ ..y0 in signed digit

notat ion such that

y * y _ 1 0,Q < i < n,

and,

2) no other form of this natura l value k has lower multiplicity

than the canonical form .

A serial canonical recoding algorithm gives the following rules for

converting X = x~_1..x~ to V = 
~~~~~~~ 

‘

~~ 

4 CU, 1, —1 )-. Beg inning with

i = 0, inspect x1, x +i, and a carry digit c .  Use the results to

generate y~ and a carry out c
~+1 to be used at the next step. The rules

are

V 
- —— ~~~~~~~~~~~~~~ - fr~~ V. - V V

— - _ -  - - — - -~~~~~--~~~~ -V. - V. V. -

V 
-

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~ VV ~~ V.~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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c0 : 0;

Xn := 0;

0;

for i = U step +1 until n

c . := 1 if C (x .  + x.  + c.) > 1)
i+1 i -I-i •i 1

C) otherwise

: x
1 

+ c 1 — 2c
1~ 1;

The symbo l “+“ refers to addition. For example, the algorithm has the

effect of replacing the string 011...1l0 in X by the string l00...0—10

in V.

In order to move data from PE(P) to PE(Q), consider the distance D

between them such that (P + D) modulo N = Q. Let D be a positive binary

number dn_i~ ••d0 that represents a path from P to Q utilizing only the

P1124 interconnection functions.

Lemma VIII.2: Given D, a path utilizing the minimum number of P1121

interconnection functions from P to Q can be found by recoding D into a

signed digit vector in canonical form .

Proof: Apply the canonical recoding algorithm above to D to yield

By tREI6O), this result is unique and has the least

multiplicity of any form of the natural value represented by D. The

path from P to Q is represented by

(P + y~~2
’
~ + y~~_12~~~~ + ... + >‘o2 )  modubo N =

(p + 

~~_i2’
~

1 
+ ... + y02

0) moduto N = Q. C]

Theorem V1II.13: The emulator network performs a uniform shift of

I

I 
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distance A, i.e., PE(P) sends data to PE(P+A modulo N) for all P, 0 < P

< N, in K passes throug h the network, where K is the number of nonzero

digits in the canonical signed digit form of A.

Proof: The distance that all PEs transfer data is A, and from Lemm a

VIII.2 A the can be recoded into canonical signed digit form that has

4 the fewest number of nonzero digits of any binary representation of A.

Let the recoded A be y
~_1

y
~~2...y1

y0. The following algorithm performs

a uniform shift of A.

activate all PEs,

for i n—i step —1 until 0

DTRout : DTRin;

clear RCR;

if y. = 1 then RCR :

-if y1 = —i then RCR : P112 ;

TRANSFER;

DTRin : DTRout; [1

Theorem VIII.i4: The emulator network can perform a broadcast function

in ~n/2~ passes through the network.

Proo f: The maximum number of interconnection functions that must be

applied to send data from PE(P) to any arbitrary PE(Q) can be found by

examining the distance between P and Q. By the canon ical recod ing

algorithm , any distance D between P and Q can be recoded into signed

digit form with minim al multiplicity, and thus the minimal number of

interconnec tion functions. This result, V, has the property,

y 1 * y _1 (i,0 < i < n .

- V
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For arbitrary Q, the maximum multiplicity of V must occur for

V = (0l) ’~~ or (1C)) n/2 for n even, and for V = l (0l )~~~~ 1
~~
’2 

for n odd.

The maximum multiplicity if any arbitrary D is n/2~. Thus, an upper

bound for the maximum number of interconnection functions that must be

applied to move data from P to Q is Jn/ 21 .

From this, then, the emulator network requi res ln/2 1 passes through

the network to execute a broadcast function. At the f irst pass, source

PE(P) uses all 2n — 1 P1121 functions to route data. At each successive

V pass, all PEs that have data use all the P1121 in te rconnec t ion  functions

to send the data. Since many copies of the same datum are passing

through the network , co llisions of data are not considered. In n12

passes, the data las reached PE(Q), 0 < Q < N. C]

~~ V. 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____-V.- V. ____--- .

~ 

—V  - - V~~~V. - - - - V -  V~~~~~~~~~ V~~~~~~~
V - 

- -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V_______________________ V.



- -  - ~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- V 

-- 

-

. — -VVVV.V~~~ V.V. ~ ~~~~~~~~~~~~~~~~~~~~~~~ 
- 

-
- V - 

_ _ _ _ _ _

251 
V

VIII.6. Full Access Networks

Fe ierbach and Stevenson EFS77 ] introduced a Programmable Switching

Networ k (PSN) which is topologicat ly equivalent to a rearrangeable

switch ing network [BE65] of size N = 2~~. Figure VIII.8 shows a PSN for

N 8 with the attendant controls. The 2n — 1 stage netwo r k is built

from four function interchange boxes. The first n stages are connected V

by Cube0, Cube1, ..., Cube~_1. The nex t n—i stages are the mirror image

of the first n—i , and so are connected by Cube~~2, Cube~_3, ..., Cube0.

Theorem VIII.15: The emulator network can simulate a 2n—1 stage PSN in

2n—i stages.

Proof: Let c be the control for the interchange box associated with

PE(i). An algorithm which simulates the 2n—1 Cube functions of a PSN is

—V.—— - - - V. — V - V ~V~V. V 
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activate all PEs;

V RCR : 0;

V for i 0 step +1 until n—I do

if = 0 and c = (“exchange” or “uppe r oroadcas t”)

then RCR : PM2~~.;

if p~ = 1 and c = (“exc hange” or “ lowe r broadcast ”)

then RCR : PM2
~~~;

TRANSFER;

bTRin : DTRout;

for i = n—2 step —1 until 0 do

if = C) and c = (“exchange ” or “upper broadcast ”)

then RCR : PM2~ 1;

if = 1 and c = (“exchange” or “ lowe r broadcas t”)

then RCR : PM2_~;

V 

TRANSFER;

DTR 1n : DTRout . C]

I
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‘1111.7. Partitioning

In Chapter V, two types of partitioning were defined. It was shown

how the rec irculating P1121 network can be partitioned under single or

multiple control partitioning . The P1121 functions of the emulator

network partition in the same manner. For any rec irculating or

mult istage network simulated above that can be partitioned , the emulator

netwo r k can simulate that partitioning.

As an exam p le, cons ider par titioning an indirect binary n—cube

network for N = 8 into two groups of four PEs. Let group A be the PEs

whose hi gh—order address bits are 0, i.e., PEs 0, 1, 2, and 3. Let

group B be the PEs whose high—order address bits are 1, i.e., PEs 4, 5,

6, and 7. Figure ‘1.6 illustrates the needed controls for this

partitioning . To simulate this partitioning, the emulator network must

simulate the netwo rk shown in Figure VIII.9. An algorithm which

simulates this part itioning is

activate all PEs;

RCR : 0 ;

for i = 0 step +1 until n—2

calculate interchange box control;

if (CONTROL “Exchange”) then Cube1;

DTRin := DiRout .
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Figure VIII.9: For N = 8, to simulate an indirect binary n—cube that is

part i t ioned i nto two groups based on the most si gn i f i can t  PE address

bits, the emulator system simulates the two stage network above.
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VIII.8~ The Emulator Network and M IMD Machines

Two recently proposed MIMD (multiple instruction stream — multiple

data stream) systems are CHoPP and X—tree. In this section, the use of

the emulator network to simulate the connection schemes of these systems

is discussed.

The CHoPP (Columbia Homogeneous Parallel Processor) C5U877) is a

proposed MIMD system. Figure ‘1111.10 shows the physical configuration

of this system. Each applications processor has an associated local

memory. All inter processor communication is handled by the —

V 
communica tions processors. The interconnection network is a

recircula ting (single stage) Cube network which connects a processor to

all other processors whose addesses differ from it in only one bit

position . A comn~unications processor views the network as n = log2 N

lines for data entering the node and n lines for data leaving the node.

- - 
Da ta are passed with a destination address, and multiple passes through

the network are made until the data reach their destinations. At each

pass, the comtaunications processor examining the destination address of

the data determines the next routing of the data. Since more than one

data item may need to be routed on the same output line at any one time,

the communications processor provides queues for storing these data.

Theorem VIII.1b: The emulator network can simulate the method of routing

data used in CHoPP.

Proof: Partition the emulator system into two groups of PEs, the

applications PEs and the communications PEs. Let the applications PEs

be those whose beast significant address bi t is 0, and let the

t
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communica tions PEs be those whose least significant address bit is 1.

Data is routed between applications PEs and communications PEs by Cube0.

The communication PEs are connected using the recirculating Cube network

funct ions, which the emulator network can perform (Theorem VIII.9).

The communications PEs have the abilit y to simulate caieues for

V 
storing data and to examine the destination tags to determine the next

routing. Since only one DTRin and one DTRout register are available to

each PE, the emulator network cannot route more than one datum from a

communications PE or accept more than one datum in one CHoPP time

period . Multiple arrivals and departures, then, are simulated as sets

of single arrivals and departures. That is, a set of, say, n

simultaneous departures from a node is simulated by the communications

PE of the emulator network as n sequential departures from the node. C]

The X—tree CDP78] is a proposed multiprocessor system in which the

processors are interconnected in a ti ght l y coup led, hierarchical , binar y

tree structured network. Redundant links are added to the binary tree

of PEs to provide potential fault tolerant communications. Two types of

added links are discussed -in CSDP78). Figure VIII.11 shows a half—ring

structure  where the l inks  added to the b inary  tree at level i are

between PE(P) to PE(P’), where for P even, P’ is the PE to the “left” of

V. P on level i. Figure VIII.12 shows a full—rin g topology, where the

added links connect all PEs to the PE on the “ri ght ” as well as the PE

on the “left”. In the full—rin g topology, for a 5—level tree wi th 2~ —

1 = 31 PE5, the ?E addresses and links for the emulator network

simulation are shown in Figure VIII.i3. The PE at level 0, the root V -

~
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II

c~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J

Figure VIiI.11: The half—ring tree structure has been suggested for

connecting processors in the X—tre e system CSDP78).
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Figure VIII.12: The full—ring tree structure has been proposed for con—

necting processors in the X—tree system CSDP78].
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node of the tree, has address P = 10000. It connects to its left child ,

P — 2~~, and its right child, P + 2~~. Any RE in level 1 has address

P = X1000. A PE in level I connects to its parent node, its two

V ch ildren, and to the other PE at its level. The parent node is P + 2~

if the PE is the left child (p4 
= 0), and the parent node is P — 2~ if

the RE is the right child (p
4 

= 1). The PE addresses at level 1 differ

by 2~~. Note that all connections are P1121 connections for the PEs

selected for the tree .

Theorem VIII.17: The emulator network can simulate the interprocessor

connections of the half—ring and full—ring topology of the X—tree

multi processor system.

Proof: Since the half—ring topology is a subset of the full—ring

topo logy, it is sufficient to show that the emulator network can

simulate the interprocessor connections of the full—ring topology.

For N = 2
n PEs of the emulator network, an n level X—tree can be

constructed that has N—i PEs . In general, at level i, 0 < i < n, any PE

i n—I—iat that level has address P = X 10 . It connects to five other

PEs . Its parent RE is P + 2
n l i  if rn—i 

= 0, and P — 2~v 1~~ ~
= 1. Its left child is PE(P) — 2~~

1 2 . Its right child is

PE (P) + 2n i 2 ~ It connects to the two PEs adjacent to it at level i,

p + 2n’~ and P — 2’~~~’. All the interconnections are P~12I

interconnection functions, and so the emulator network can simulate V

their effects in one pass through the network for each interconnection

function. t)
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V!II.9. Conc lusions

The emulator network, wit h N inputs and output s, can be built from

N(2 log2 N + 1) tn —state buffers, for each bit of network width. It

can simulate the following n = 1092 N stage networks in n passes:

Pease’s indirect binary n—cube, Goke and Lipovski’s n—stage SW banyon

and CC banyon, 9atcher ’s STARAN flip network with flip or shift control,

Siegel and Smith’ s generalized cube, n—stage Shuffle—Excha nge, Lang and

Stone’s multistage Shuffle—Exchange with “simplified control,” Lawrie ’s

omega wi th destination tag control, Lawrie ’s omega wi th broadc ast

capabilities, Feng ’s data manipulator, and Siegel and Smith’ s augmented

data mani pulator. In one pass, t he emulator can simulate an

interconnection function of the followi ng recirculat ing (single stage)

- 1networks: Shuffle—Ex change, Cube, Plus—Minus 2 (PM2I), and Illi ac. It

can simulate the n—stage Shuffle — No S h u f f l e  — Exchange (SNSE) network

in  at most 2n passes and Feierbach and Stevenson’s 2n—1 stage

-: Programmable Switching Network (PSN) in at most 2n—1 passes. It can

V 

- 

simulate a shuffle or an inverse shuffle of size 2
,~~k in n—k —i passes.

The emulator network can also simulate the partition ing of any of the

above networks that have been shown to be partitionabte.

The flexibility of the emulator network is seen in its ability to

simulate many different control schemes for many types of networks.

This flexibility comes from the types of interconnection functions

included and from the independent function control that al lows each RE

to execute any of the 2n intercon~iection functions of the network

independently of any other PEs . Given the logic functions at each node

of a test network to be emulated, the PEs at each node of the emulator

(
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network can calculate these logic functions and control the emulator

network so that i t  responds in the same manner as the test network. The

I emulator network can also be used to test for the effects of faulty

nodes in the network. A given node of the emulator netwo rk can be

assigned to fail in a predetermined manner. The effects of the failure

on the remainder of the network can then be observed. Because of this

flexibility, the emulator network can be a powerful tool for evaluating V

F -I proposed SIt-ID machine interconnection networks and their control

schemes.
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IX. CONCLUSIONS

Th i s work is a study of interconnec ti on netwo rks for SI MD mac hines,

with special emphasis placed on reconfigurable, partitionabLe , multiple

SIMD systems. The results have both immediate practical applications

and t heoretical implications about the nature of mul tiprocesso r

interconnection systems.

The partitioning of interconnection networks (Chapter V) is

essential knowledge for designing partitionable multiple SIMD computer

systems. In exploring this topi c, information was gained about the

types of data transfers that networks can perform and the limits imposed

by the interconnec t ion func t ions of the networks and the type of control

sc heme used. For example, for N = 2
n
, the indirect binary n—cube

networ k wi th individual interchange box control can be partitioned into

2
n r  smaller, comp lete, independent indirect binary n—cube networks when

all PE address bits within a partition have n—n address bits in common .

The STARAN flip network ~ topotogically equivalent to the indirect

binary n—cube CS1578]. The flip control allows the flip network to

part itioned only under single control partitioning, where all part i t ions

must perform the same data transfer. With the more f lexible shift

control, the flip network cannot be partitioned under multiple control

partitioning, where all parti t ions may perform different data t ransfers.
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Under single control partitioning , where alt partitions perform the same

data trans fer , the shift control can only part i t ion the fL ip network

into 2~~’ groups if n—r of the most si gnificant or the least significant

add ress bits are the same for all PEs of the partition . Consider aLso

-
~~ the generalized cube network with individua l interchange box control.

H 
The generalized cube can be partitioned under the restriction that n—n

RE address bits are the same for all PEs in the partition . The

Augmented Data Mani pulator, which is a more powerful interconnection

network than the generalized cube (Chapter VI) can be partitioned only

when some set of the least s i g n i f i c a nt address b it s are common to a l l

PEs in a partition . Future work in this area should consider the entire

computer system and the influence the interconnection network exerts

upon it. A partitionab te system has more overhead in operating system

software than a conventiona l SIMD machine . Also, extra hardware costs

w ill be incurred to control the partitioned network.

The emulator network is prese nted as a prac tic al hardwa re de si gn

• aid. The theorems of Chapter VIII are also theoretical results about

the nature of the interconnection networks that were discussed . The

P1121 functions, together wi th independent f unc t ion contr ol and the

computation facilities of the PEs, can be used to s imulate many

in terconn ect ior~ networks from the literature , as welt as useful

interconnections such as the perfect shuffle, the inverse perfect

shuffle, and broadcasts. When designing a prototype for a partitionable

SIMD parallel processing system, incorporation of the emulator network

into the prototype would allow different network connections and control

schemes to be tested and evaluated . The algorithms that use th€
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emulator network to simulate other networks reveal information about the

characteristics of the networks being simuLated . Thus, this chapter

provides both a practica l and theoretical analysis.

The study of the Augmented Data Manipulator in Chapter VI

enumerates some of the differences between the ADM and multistage cube

networks. Theorems are presented which show how and why the ADM can

perform a perfect shuffle function in one pass through the network, but

not an inverse perfect shuffle or a bit reversa l in a single pass. Some

fault tolerant properties of the network are presented. The Cube

functions and the uni form shift functions are used to show how a given

interconnection may have several different, equivalent paths through the

ADM network. The relationship between the ADM and Inverse ADM is also

analysed.

Chapter IV developed techniques for the analysis of combinational

Logic multistage networks, pipelined multistage networks, and

recirculating networks. Detailed comparisons were made between

combinationa l logic multistage and pipelined multistage networks for

networks of equal cost and networks that requi re equal time to complete

a given data transfer. Examples were presented which illustrate the

behavior of these networks for a given cost and for a given number of

data items to be transferred. These analyses will aid a system designer

in choosing a network implementation which will be cost—effective for

the intended application of the system.

These resuLts were applied in Chapter VII to three parallel

aLgorithms for image processing. For each algorithm, the impact on the

computation time of different choices of interconnection networks was

I
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shown. When uniform shifts of the data from one PE to another are

present in the aLgorithm, the recirculating cube is a poor choice of

interconnection network. A binary addition algorithm must be used to

caLculate each data transfer .. Multistage cube and PM2I networks,

however, can perform such uniform shifts in one use of the network. The

ILtiac network is usefuL for passing data to PE5 in the immediate

neighborhood of PE P, i.e., PEs (P+1) moduLo N, (P—i) modulo N, (P+—IN)

moduto N, and (P—IN) moduto N. When data transfers are among PEs

outside a Limited neighborhood, as in the histogram formation algorithm

presented, the ILLiac network performs poorly. When transfers of blocks

of data are common in an aLgorithm, a pipeLined multistage network shows

its worth. Future work in this area should examine more aLgorithms for

the types of data transfers present. From this, models of data

transfers can be deveLoped, and techniques for evaluation of the impact

of the interconnection network on the algorithm can be applied.

Toots were developed which can be used by the architect of parallel

computer systems to design inteLLigentLy an interconnection network.

Underlying theoretical aspects of interconnection networks presented

here further expand the knowLedge of the types of interprocessor

connections that networks can accompLish. The analysis of the structure

of networks has resulted in criteria which can be applied to determine

the usefulness of a given network for a specific task.

4
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