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Chapter 1

INTRODUCTION

The steady operation of a liquid-prorellant rocket
engine 1s often disturbed by the occurrence of large
pressure osclllations in the combustion chamber. These
oscillations, which can lead to damage to or failure of the

motor, are caused by amplification of initially small

}—

acoustic disturbances due to the energy released by unsteady

burning of the propellant. This 1s usually referred to as
combustion instability. It 1s generally accepted that
unsteady burning can be correlated with the gas pressure

o~

(pressure sensitivity) and the magnitude of velocity of the

o
iue

—

drops relative to the gas (velocity sensitivity).

3

his dissertation is concerned with mathematical modeling
of velocity-sensitive combustion instability in liquid-
propellant rocket motors.

A survey of 1literature dealing with mathematical
modeling of pressure-sensitive combustion instability can
be found in the dissertation of Powell (1). One of the
first papers to examine nonlinear effects 1s that of Maslen
and Moore (2) who considered only the fluid mechanical
effects In a circular cylinder. The paper by Priem and
Guentert (3) 1is one of the first to include the effect of
veloclity sensitivity. They discussed combustion instability

1




Z
in a thin annulus.

Since direct numerical solution of the governing
equations 1is very time consuming and difficult to extract
information from, many investigators such as Powell and
Zinn (4), Lores and Zinn (5), and Peddiesion, Ventrice, and

have employed methods of weighted residuals such
<

as Galerkin and collocation methods.

Previous applications of the method of weighted
resliduals to combustion-instability problems have dealt with
pressure-sensitive combustion. In this work this method will

be extended to handle situations in which velocity sensitiv

Jeie
ot
s

2l

=
e

nt. Both the collocation and Galerkin methods 1
sidered. Stabllity boundaries and pressure wave forms
w1ill be computed numerically for transverse motion in a
cylindrical combustion chamber. In addition a finite-

erence method will be used to solve the one-dimensional

transverse motion in a thin annular chamber.

method of weighted residuals solution of the same problem
in order to assess the accuracy of the approximate solution.
In thils study, attempts to solve the velocity-

sensitive combustion instability problem by various
numerical methods are considered. The governing equations
that describe the flow conditions inside liquid-propellant
rocket motors will be derived in Chapter Two. An analytical
solution 1is obtained in Chapter Three for nonlinear acoustic

motion in a cylindrical chamber. The collocation method is
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imilarly,

ry control volume, ylelds

* -«
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.40 + Ve(pu) = w

the balance law of mass for
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f
« ¥ ¥k * o
» .- < 1 = 2
3 (0.0 ) + ¥:(p.0.0.) = = F - wu_. (2.4)
| L L LLL L
ubstituting (2.1) in (2.3) yields
-
* *
* Py > -*r ;** *q *—*b - -\47*»* -
p(3 _,u + u-vu) = ¥ + w(u; - u) - VP, (2.5)
t L
Similarly for the fuel phase
" @ ¥ X% *
- - - =
o1.(2,_gup, + up-¥up) = - F. (2.6)
The law of conservation of energy states that the
rate of change of energy in a volume v equals the rate at
which energy enters the volume v plus the rate at which
energy 1s generated internally plus the rate at which work
is done by external forces and gives
* *
* ¥ o o* ¥ #* W S
aeef,0le + 5ul)dv = - s op(e + %u2)(urn)ds - f_(Pn)-uds
v 2
* ¥ %
® F et av & 7owle, + Builav + £ 00
9 urdv Vw er, suf )av VQ v
* X, * *
where e + %u? is the energy of gas per unit volume, e + gui

¥
is the energy of fuel per unit volume, and Q is the heat

transfer rate from the fuel to the gas.

Following the same argument, the equation becomes




.
'R * : * 4 )
. > o p R
al.(o(v + wu?)) + ve(ple + %u2)u) = -v.(Pu)
L I
* * » *
+ 15.(11 +w(e, +%uf) + Q. (2.6)

Stimlilarly, the balance of energy for the fuel phase becomes
Yo

O S RN ¢ B (e, + M)
3 e. 4 =y2)) & G.(p. (e + wus)u
B B L i A iy )
¥
: » * l*‘\ * (‘ 'y
# = Rel. = wile, + Usj = Q s A J
R S
Substituting (2.1), (2.2) into (2.6), (2.7) respectlively
ylelds
x % ¥ *
* * * v on R * 5
pla, ule + Lu2) + u.v(e + %u?)) = - v.(Pu)
: o - ® * x X U
+ Feu, # w((vl + Lu2) - (e + %u?)) + Q 2.8)
* * * b
\ -»> g
(9 e. + %us) + u V(e
G nlep L AL
. 5 S
+ ‘:uf)) . = Fel, = Qs 29

1t 1s more convenient to work with the thermal energy

equation for each phase. For gas phase thls 1s done by

R o o

e

e,




dotting U Iinto (2.3) to obtaln the mechanical energy

equation and subtracting this from (2.8) and using (2.1) to

* X % * *
sD&/Dt*= D /Dt*(10gd) + Po(d, - @) +q+ W& - &
X2 %2 L S -
+ (u, = u )/2 + u+(u - uL) - P/p) . (2.10)
In a similar way, 1t can be shown that :
* * * |
D e /Dt = - @ (2.11)
' g "
" x * " £
= 9 *.-‘ = + % . >
where D /Dt t*+ q-v, D, /Dt at* e ¢ are the

comoving derivatives for each phase.

For simplicity, gas phase viscosity and heat
conduction were neglected in the previous analysis. Since
these produce dissipation, equations derived in this way
should give a conservative estimate of the stability of the
system.

It appears {see, for Instance, Powell (1)} that the
primary effect of the burning fuel is that of 1interphase
mass transfer. Thus,6 the balance laws for mass, momentum,
and thermal energy for each phase will be further
simplified by neglecting all interphase transfer terms

other than those appearing in the mass-balance equations.




!
f

9
|
§ This leads to the system of equations:
* *
¥® * * B *
Do/Dt T + p¥ed = w
P Al %
¥ >
Dp. /Dt + p Veu, = = W
L L L
* **
® _+ _® \7
pDu/Dt = - VP
¥
o /W&* 0
G ARG =
% i o e .
; |
i N
% ¥ %
* * L #
pC,DT/Dt* = P(D /Dt")(loge) |
|
* i * {
pC D /Dt = Q@ 2.12)
L VYL L {
|
* * * &% |
where the constitutive equations e = C T and e, = C_,T |
Y L vL L
*
have been used (with T denoting temperature and Cv specific
heat). The equation of state for an 1deal gas 1s
|
P = pRT (2.13) f
where R 1s the gas constant. \\w
] The governing equatlons will now be nondimensionalized

— b

with respect to a steady reference state, which will be

denoted by the subscript "r". All lengths will be referred

to some characteristic length T%, such as the chamber radlus.

The characteristic velocity 1s the speed of sound at the

1




reference state, and the characteristic ti

travel time Lr/cr'

defined below:

*

> >

¢ <V /L £ - L,t/C,,
¥ *

> - +~“v>
u = Cru uL— CPJL

* *

P = p.p PL™* Ppby,

*

*

B PPP w orCrw/ur
* ¥

T = C.TA(R) p

2
C.,= YPP/DP P.= 0pCr/y
The dimensionless conservation equations become
Ccn:inuitz

Dp/Dt + o¥.0

u
=

[}

Dpp /Dt + oL?-JL - W

Jomentum

DU/Dt = - ¥p/y

ime 1is the wave

The dimensionless quantities are

(2.14)

10

~— -

POV
PRPPRE————

b e S s

LTV e




i s
Du,/Dt = Q (2.15) |
s |
Energy
DT/Dt = (y - 1)P (D /Dt)(logp) |
L
DT, /Dt = 0 (2.16) ‘
Eguation of state j
P = oT. (2.17)
By solving (2.16a) one obtains
T w gt (2.18)
Equation (2.17) then becomes
P=of £2.39)
Substituting (2.19) to (2.15a) produces
DU/Dt = =¥(p¥~1)/(y= 1) . (2.20)
Taking the curl on both sides of equation (2.20) gives
v X pu/Dt = 0 . (2.21)
It can be shown using vector identity that (2.21)
leads to the followlng equation which deseribes the
generation of the vorticity @ = ¥ X U in the flow.
Di/Dt = R+(V 1) = §(¥-0) . (2.22)

e T T™ TITATET I 1,7 T 2 AN § NN, e S e £ X,
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This equatlon describes the variation of vorticity
for a given fluid particle. Suppose that at t = 0, this
particle has zero vorticity and at the polnt where it is
located the velocity gradients are bounded. Then by (2.22)
the rate of change of vorticity of the particle vanishes.

It follows from thils that the vorticity will be zero at the
next instant. By induction, it 1s seen that as long as the
velocity gradients are bounded at each point occupied by the

particle, its vorticity will remain zero for all time. 1If

ct
|

O, the vorticity will vanish at all points in the flow
field and for all t >0, therefore, as long as the velocity
gradients are bounded through the flow field ( as they would
not be, for example, at a shock wave ). Assuming this
condition to be satisfled implies irrotational flow (2 = 0)
and allows the definition of a velocity potential ¢ defined

such that

Sy
1]

<t
-

(2.23)

Substituting (2.23) to (2.20) gives

3.6+ %Ue-To +p¥=1/(y-1) = F(t)

Since the velocity is the space derivative of ¢, it
is permissible to add to ¢ any arbitrary function of time.
This 1s equilvalent to a statement that F(t) is arbitrary.

For future convenience F(t) was selected to be 1/(y-1).

This cholce ylelds

el bl o i M.LA./LA blinsd 2,




e

oY1= 1 o (y=1) (a0 + %Vs-To) . (2.24)

Substituting (2.24) into (2.14a), (2.18) and (2.19) gives

2 > > >
3. 0 = V26(1 = (y=1)(3. ¢ + %Vo-Ve)) + V-V (25, ¢
te t ¢

+u0eeTe) + (1 = (y=1)(a, 0 + WVe-Te)) (=227 (=100 g

T=1- (y=-1)(3,¢ + %Ve:-¥s)

This system of equations contalns nonlinear gas
dynamics terms of all orders.

Due to their highly nonlinear and mathematically
complicated nature, the system of equations obtained above
cannot be solved exactly. In order to obtain simpler, but
approximate, equations which can be more easily analyzed, all
nonlinear terms of order higher than two are neglected.

This has the effect of retaining the most important
nonlinear effect, while greatly simplifying the form of the

equations. The system of equations then becomes

-
]
b
~~
-~
1
)
g
~~
“
t
<
o
v
7 e
8=
-
%
&
—

roam -— g * v . R T e e

. |

Dt

B i
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Po= 1 -y(a 0 + %Pe-Ve) + y(2 0)2
3 a2 - o - .->
e V%0 (1 = (y-1)3,¢) + 2V¢-v(3 9)
+ (1 - (Y-z)atww = 0 . (2.26)
For a cylindrical combustor, i1t is desired to
investigate the stability of the steady-state solution of

(2.26d). To do this the steady-state solution must be

obtained. It is assumed that the steady-state burning rate

[oh
(4]

vends on z only (w = w(z)) and that the flow is axial

(¢ = ¢(z)). Thus (2.26) simplifies to

du/dz = w (u = dg/dz)

T=1- %(y=-1)u?

|"y
1}
)
|
[ty
-
o
N

g =1-7u?. (2.27)

It can be seen from (2.27) that the deviations of the
steady-state solution from a uniform state are 0(u2?). To
allow a discussion of orders of magnitude of various terms

define the ordering parmeter e such that

e = max (u). (2.28)




that

- . | -
This implie

4]

u=0(e), w=0(), ¢=0(e). (

no
n
O
N

The stability analysis will now be carried out by assuming

that

¢ = ¢(z) + e¢'(x,y,2,t)

w = w(z) + e2w'(x,y,2,t) (2.30)
where ' = 0(1), w' = 0(1). (2.31)

It is being assumed that the unsteady perturbation of the
veloclty potential from the steady state is of the same
order of magnitude as the deviation of the steady state
from a uniform state and that the unsteady burning rate

~

ion 1s of

Ve v

perturbat

turt the same order as the unsteady nonlinear
gas-dynamic terms. The first assumption 1is necessary to

be consistent with the quadratic approximation inherent in
(2.26) while the second eliminates nonlinear terms involving
products of w' and ¢'. These assumptions are made for
simplicity and are not meant to imply that other orders of
magnitude for the various terms are impossible or even
unlikely. The objective of this work 1s to pick one case
which 1s mathematically tractable and subject it to extensive
analysis. Whille 1t 1is felt that most of the features of the
stability problem will be reflected by this case, it is
recosnized that many other possibilities remain to be

explored.

| 4
\
f




16
Substituting (2.30) and
p=p +e€p', P=P+ P!, T=T4+ T (2.32)

fo? = O(1), P* = O(C1), T* = 0(1)} into (2.26),retaining all

5

terms of 0(e3d) or lower,and dividing all resulting equations
by € leads to
Gtt¢' - V46" + ?E-}:t,¢' + '._q.:t;"
+ e{(y=1)V20" 3. 4" + 299" V(3. ") + w'} =0
p' = = (3,00 + ud '+ Ne(To'-Vo' = (2-v)(3,4")2)
P' = = {3, ¢' + ud ¢' + %c(To" Vo' « (35.6")2))
t z £
T' = =(y=1)(3,¢" + ud o' + %eve'-Ve'). (2.33)

The equations derived from this perturbation analysis
are expected to be valid as long as the amplitudes of the
perturbation quantities are finite and smaller than unity.
or simplicity the primes appearing in the above
equations will be dropped and it will be understood that
unprimed quantities are associated with perturbation from

the steady state.
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Chapter 3
ANALYTICAL SOLUTION OF WAVE EQUATION

In this chapter a second-order solution for the
veloclity potentlal associated with transverse acoustic wave
motion of an ideal gas in a circular cylinder 1s obtained.
T'hne solution is found in the form of a Fourier-Bessel
series. This provides a standard to compare the proposed
methods which will be discussed in the following chapters.
The governing equation is obtained frcm (2.33a) by
assumption that the burning rate function 1s absent. Then

the equation reduces to the second-order form of the one

ilscussed by Maslen and Moore (2) for pure gas motion in a
cylinder.
ded = V26 + e(2Ve-Va ¢ + (y-1)V243.4) = O £33 i
For a cylinder of radius L., a set of cylindrical

polar coordinates (r,6,z) with the z axis being coincident
with the cylinder's axis of symmetry is used. In seeking

a second-order transverse wave solutlion, one assumes
¢ & § (r,0,t) * e (r,8,8) ¢ .0 (3.2)
1 g

Substituting (3.2) into (3.1) and (2.33) leads to

3 i
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: _ g2 5
.;ttol @l 0
deed. - 926 = - (3,.(u2) + (y=1)v%¢ 3.0 ) (3.3)
2 1 €71
P =14+ P 4+ ¢2P (3.4) ’«
1 2 d
<
4
N
nere P, = - y2 P = —-y(5, + %(u? - (3 2% €3.5) 1
T2y = d,pdy * 3.04/7 * 3, 4y/r2, 1=1,2
u2 = (3¢ )2 + (8,9 /r)2, (3.6)
1 LS g

Three different cases are discussed below. For the

initial conditions

$(r,0,0) = Jl(Sllr)cose, Bt¢(r,e,0) =0 £3.%3
the solution of (3.3a) is
¢ =J (S r)cosecos(S__t),
1 1 11 11

Substituting this equation to (3.3b) produces

" ngl Jm(Smnr)cos(ma))sin(2sllt) (3.8)
1

. S TN

m
m
where Jn is used to dencte an n'th order Bessel function of

the first kind, S is used to denote the m'th root of

the equation Jé = 0, and a prime indicates differentiation




P with respect to the argument of the Ressel I inetion. The

coeff ents bmq are integrals of Bessel functions which
haa
3 must be computed numerically. The details of this
4
L calcuation are discussed in appendix A.

Solving (3.8) one obtains

¢ = (b (4% Yie2s % - Sinlas &Y
2 00 ] ]

o B L (b /(82 - 452 ))J (s r)cos(ms)(sin(2s..t)
m=0 n=1 mn 19 Tk m mn 11
m# ]
- 25 Q 54 Q o :
(_ull/omn)u;n(umnt)), (3.9)
The other two solutions to be discussed subsequently are

found 1n the same way. For the initial conditions

¢(r,0,0) = o, 3tc(r,o,o) =8 J (S r)coss 3 )
U TR

it is found that

i $ =J (S r)cosesin(s ) (S <31
1 ey 1

and that v, 1s slven by the negative of (3.9). For the
' initial conditions
¢(r,6,0) = Jl(Sllr)cose,
q %¢(r,8,0) =3 J (S r)sine (3.12)
. v o I8 (RS

the solution is




20

¢l &2 Jl(Sllr)COS(Sllt —0)

= = aQl _ho? o o
and ¢2 = n£1(2b2n/(”2n u“ll)}JZ(Dznr)(Sin(2e){COS(2°11t)

- cos(Sznt)} + cos(29){sin(2811t) = (2811/32n)3in(32nt)}).

It can be seen that for these initial conditions ¢,
represents a splnning wave but ¢, + €e¢, does not. Some

typical results for the pressure functions Pl and P, were
=

O
O
o3
'O
=
(o i
D
|9}
=
(&N

us

ng the solutions for initial conditions (3.7)

4

(labeled st

m

nding wave) and initilal conditions (3.12)
(labeled traveling wave) for r = 1, 6 = 0, and y = 1.2

nese d

+
(
U
b

ata are presented graphically in Figure 1. For
these computations the series expansions were terminated at
n = 5. There is virtually no difference between the results
or n = 4 and n = 5, and even the results for n = 1 provide
a reasonably accurate solution.

The results discussed above were used to check the
numerical calculations to be discussed in the next two chap-

ters. These results generalize those of Maslen and Moore (2)

to 1Initial conditions which do not lead to periodic solutions.




Chapter 4

| COLLOCATION

L

I In previous 1investigations of velocity-sensitive

‘ 3 & J

E -

’ combustion instability (see, for instance, (6) and the

E 2 2 E
K

references therein} the most widely used burning-rate

«

equation 15 that assoclated with the vaporization limited

combustion model discussed by Priem and Guentert (3). In

the notation of the present thesis the second-order version
of this equation can be expressed as
w = (Ww/e?)((1 - %ed

1
t~:>)((1 - u"/uL)3+(ut’u,33)"—1) Ch. 1)

>

where u_ 1ls the component of perturbed gas velocity in the

axial direction and ut Is the perturbed component normal to
the axis of symmetry, and u, 1ls the magnitude of the droplet

velocity vector which assumed to be axial. Substituting

T

(4.1) into (2.33a) ylelds

Ty,

dGpé * W3 e+ 2ud ¢ - pegll = wliy=10)d.4) “\\1

<>y

+ 2¢g

se¥a 0 + (Wed((1 - %ea o)((1 - 3 9/u;)?

+ (VoeVe = (3,9)2)/ud)% 1) = 0, (4.2)

&l




No exact solutions are to be expected to (4.2). Fully

numerical solutions, on the other hand, are expectec to be
quite time consuming for multidimensional problems. For
these reasons 1t was declded to attempt approximate
partially analytical solutions using the method of weighted
residuals {see for instance, (6)}. For problems of pressure
sensitive combustion instability Powell (1) successfully
employed the Galerkin method. This method is 1limited in
applicability, however, to equations containing nonlinear-
ities involving only polynomial functlons of the dependent
variable and its derivatives. It is clear that (4.2) 1s not
of this form. The orthogonal collocation method was,
therefore, chosen because of its simplicity and adaptability

"

to equations contalning nonlinearities of any algebraic
form. The application of this method to the problem of
transverse wave motion in a cylindrical chamber will be
discussed below.

Consider the transverse wave motion in a cylindrical
combustor. It is convenient to describe this problem 1in

(r,0,2). Then ™

terms of cylindrical polar coordinates o)
o = ¢o(r,o,t). (4.3)

It will also be assumed that w and u[ are constants. Then
e J

(3.2) becomes




M—'——' e = e -
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4+ D¢ \ + 8 "2 3 1/ e = L“ :
'(‘r° 3¢ 0 Bg® 35 9/ T2%) (w/e)((1 sed,.¢)((1
+ (Ca,8)2 + (3 4/r)2)/u2)® - 1) = 0 . (4.1)
o 6 L
i Now, assume an approximate solution of the form
¥ 5 (s ricostmedr (%) (4.5)
$ = by ) (S S S A.) {‘ 4. -
i mﬁonil m' SpnT/cosime )L (t X

Equation (4.5) i1s a superposition of the normal modes

assoclated with the corresponding linear acoustic problem.

A solution of this form allows one to investigate the
influence of nonlinearities on the behavior of modal
amplitudes which would exhibit simple harmonic motion in

the linear case. Only standing modes can be described by
4.5). To represent spinning modes another series involving
sin(mg) must be added. This is omitted for simplicity in

this discussion. It 1is convenient to rewrite (4.5) as {

Q rYone B s |
1Jm (um‘n r)d g(mJO)lj(u) (h.6)

J s
where N = (P + 1)Q .

The equation 1s now evaluated at N points (the collocation

points) to yield

|| = 7

$y = ICiJFJ L & 1,& 0N (4:7)

J




'\1“
wher Cij = Jm (Sm A ri)cos(mjei). (L.8)
J J 4
Next, (4.7) is inverted to obtain
N .
f1=3i U""J (5.9)

Then the various derivatives of (4.6) can be expressed in

o

terms of value of @i as

) . : : e
g P Ly = I € s ¢ = D
Capedy 341 2470 re® s T 42y 713%
N N 8¢
= = 3§ C {= .N .
(a °)l J; 1J by (300¢)i e 3 Ly suxi (4,10)
where o e (s )C-l c'T = (., (i )C—l
1 AR T rop. 1k kJ
i 1~ 4
) -1 08 -1
Cirp ™ (aﬁiik)ckj’ Cey ™ (aO{OSLik)ckj. (4.11)

Substituting into (4.H4), a set of N ordinary second-order
differentlal equations having the following form is

generated.

N 4 N N
+ . - b Gy ol -t -1)¢ $ g T % {5y
¢l \51 ot 11)\:)‘)(1 e(y )v'j) S‘j=] ok ‘l\‘b\‘»
3 N N
w/ € =35 + 3 : C 2)%_1y=0 4,12
+ (w/e)((1 hewi)(l J;l kil(ijk 34y ‘ug ) "=1) ( )
v rr R3] A
where Ciy = Cqy + Ci /vy + C t/r‘

NSV {
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I o r ) oy 0 (¢] 2 =
| Cijk = C1jCik * C1yCyy/Ty - (4.13)

Solutlons were obtained by a fourth-order Runge-Kutta
mechod to the set of equations (4.:2). It was found that
the results were very sensitive to the number and locations

of collocation points, especially to the radial distribution |

A s AR o i i

of

o

oints. It was found that even 1n cases when w was equated | 3
to zero (no combustion) it was possible to find many choices |
of collocation points which lead to the computed modal

: amplitudes 1lncreasing without bound.

T A

In order to illustrate the difficulties involved in

P

a simple case, consider a one-dimensional problem of

P longitudinal wave motion with y = 1, u = 0 and w = 0. 1In
this case (4.2) reduces to j
3 =5 + 2e(» 3 = () h.14) 1
tt¢ zz¢ S z¢ zt¢) ( 1

First consider the boundary condition

2,0(0,t) = 0, oCr,t) = 0 . (4.15) 3
A one-term solution satisfying (4.15) is
¢ = £(t)cos(%z). (4., 16) d

applying the collocation method with a collocation point z,

produces an equation for ¢, = ¢(z,,t) of the form




6 + %o + N(tan2(z /2)¢ ¢ ) = O. (4.17)
0 0 0 0 0

The Galerkin method (to be discussed in detail in the next
chapter) when applied to the same problem yields an equation

for £ of the form L

F % kf % U PPACIN) = 0. (4.18)

As another example conslder the boundary conditions
3, 9(0,t) = 0, 3, 0(m,t) = 0. (4.19)

A solution satisfying (4.19) 1is

for which the collocation method leads to

& + 4§ = Betan?e g 4 =0 (4.21)
0 0 000

and the Galerkin method leads to

£ & £ = Q (4.22)

From the above two cases, one can observe that the
last term in each of the equations obtalned by collocation
can take on any value between 0 and = depending on the
location z, of the collocation point. No such difficulty

is encountered when using the Galerkin method. Fven if more

points were used, the same behavior was obtained. Therefore
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there appears to be no way to rationally decide which sets

of collocation points can produce the correct result. TFor

this reason, after the expenditure of much effort, the

collocation method was abandoned and the Galerkin method |

was adopted. Thils will be discussed in the next chapter.




Chapter 5
THE GALERKIN METHOD

The Galerkln method 1is a special application of the
method of weighted residuals (usually referred to as MWR).
It has been extensively used in the solution of various
stabllity and aeroelasticity problems {see for instance
Powell (1)} and proved 1itself as a useful tool for the
solution of both linear and nonlinear problems. Although
it 1s an approximate mathematical technique, it has
nevertheless produced results which were in excellent
agreement with avallable exact solutions. These approximate
solutions are usually simpler in form than the exact
sclutions obtained by numerical integration, and their
quantitative evaluation requires considerably 1less
computation time. However, thls method 1s known to be
relliable and applled convenilently only to equations
involving nonlinearitles of a polynomial type. Therefore,
if this method 1s used in conjunction with the varporization-
limited burning rate function of (4.1) the problem becomes
intractable. Thus,the following simpler purely phenomenolog-
ical burning-rate function was employed for the case of

instantaneous combustion response.

W = wnu? (5.1)
28
- Y et — e PN
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where n 1s a constant which wlll subsequently be referred to
as the interaction coefficient. It can be determined either
by comparison of predictions of the theory directly with
exveriment or by comparison with burning rate laws meant to
apply to special types of combustion processes. As an
example of the latter method consider the vaporization-
limited burning rate law (4.1). As 1t stands (4.1) exhibits
N pressure and veloclty sensitivity. A purely velocity

aw can be obtained by assuming e << 1 to get

w
D
-
&}
(&
ot
o
<
D
b=
oY)

W= we( + (/) - 1) (5.2)

where the v 1s used to denote the vaporization model. If one
equates the slopes of (5.1) and (5.2) at u?2 = 0 and plots

both functions, the graph would look as follows.

L

—

Vo

e
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It can be seen that (5.1) would overestimate the burning
rate. Thus the upper bound for n can be computed. From
(5.1) and (5.2)
d w=wn, d w_ = (w/(le2u?))/(1+(u/u )2)3/u i
u? -2 ne v — L 7 L i i
{
Thus du2w<o) = wn, duzwv(o) = !,,_/(1;82\1[2‘)~ j
;
Equating these results, one gets 4
= 2 2 . .
. S 1/(l4e uL) (5+3)
The phenomonological law (5.1) can be related to other
special burning-rate laws in a similar manner.
If it is desired to consider history-dependent
combustion processes,this can be done through the general
formula
{7
w = n/ G(t-g)di(uz)dg (5.4)
0

where G is memory function and ¢ is a dummy varlable. If
G(t) = H(t) (H being the unit step function) all increments
of change 1in u? occurring in the past are counted equally
and (5.1) is recovered. If G(t) = H(t) - H(t-t1) all
increments of change in u? are counted equally up to t units
of time in the past while those previous to that time are

not counted at all. Substituting this expression into (5.4)

IlI---------------I-liilin--~




and integrating one obtains

w = wn(u? - uz) (5.5}

b ——

where u_=u(:—t) and v 1s called the time delay. Eguation

{

-

W)

(5.5) will be used to account for the history of the burning

process in a rough way. More sophisticated treatments of
this phenomenon could be obtained by employing a more
realistic function for G(t). Substituting (5.5) and (5.1)

into (2.33a) one ¢btalns

3.6 = V2¢ + 2ud__ ¢ + wi d + e((y=1)V2¢3 s + 2V¢-Vo o
{5 7 -t ="T i G
> - > -
T IRV = JVe Vg )] = 0 (5.6)
= T
where §J = 0 for instantaneous combustion and j = 1 for

) -~ ¢ »
history

-dependent combustion.

The most general solution of (5.6) (subject to hard-
wall boundary conditions for the unsteady variables) can be

written in the form of the following Fourier-Bessel series.

¢ = fyolt) + nilFOn(t)Jo(BOnv)
$ T ¢ £ oS Y4 S n J. (S ) ST )
Lk ( mn(t)pOb(m8,+an(t) in(mo)) m(\mn ) (5.7

Substituting (5.7) into (5.6) and applying the usual
P

~
\¥ J

1lerkin orthogonalization procedure leads to an infinite
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set ol coupled ordinary differential equations governing the
functions fmn and gmn’ No solution can be obtained unless
the series-(5.7) 1s truncated so as to produce a finite set ,
of equations. If the terms neglected are actually small,an |
accurate solution will result.

In this thesis attention will be focused on initial
disturbances having the form of the first tangential mode.

The simplest finite series contained in (5.7) capable of 1

modeling the effect of quadradic nonlinearities in (5.6) is

§ = £ ()T (S. ¢} £ £ (&) g + £ (E)T 26
s O( ) 0( a1 ) 1( ) 1(Sllr)cos 2( ) 2(Szlr')cos

+ g1(t)J,(81yr)sine + g,(£)I,(S,qr)sine. (5.8)

The Galerkin method then produces the followlng ordinary

differential equations governing these five variables.

s+ £ 4 32 + : o+ '
of Ufg * Sgyfg * e(Cyfgfg * Colf 8y + g48))

B cf 4 : + 2 + 2+ g2) 4+ 2 + g2
Co(£,f, + 8,8,) + wnlC),ff + C (£ + g]) + C  (f3 + gf)

2
Ciafor * C1a(f1,

=34

+82) + € (F3 +830))) = 0

£ : 2 + P+ £+ C -+ £ f
Fa ¥ BE ¥ Sqpfg P ElORg0y F Cpfaly T CpiegE, * 14550

® O _AF. 5 #*

g.g. + + g.8
+ Coleygy * fpfy) + un(Cyfofy + C (5,1, + g,8,)

2

| | »
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Do 1:3 + sglfz + c(CQIOf) + Cofego + C10(5131'f1 1!
i ‘l'§)<"i—5§)+’:l""ﬂf2 J Cl'S(:‘;r—t;ir) 2 Cl]’:‘Otf‘Lr)))) ok
8, + ug, + SLg, + e(O,f 8, + Cg, Ty + Calfy8, = ByF,)

+ :7(:,.", = :‘2;:1) + wn(C, fog, + C;(f,8, - &7,)
T ANeRe 8y, T OeRE B T By T 080 =0
‘3'3 toHS, * 558, + e(Cgfips, + ng’zéo - 010810
" I‘1“:’1) P HRLE TR, kAT R ey
FC g, 576 8 I =8 50
The coefficients Ci (1i=1,2,...17) are integrals of
Bessel functions which must be computed numerically. The

(o)
(4]
ct
4
i
-
(%}
Q
ct

his calculation are discussed in avpendix A.
he stability boundaries in the (n,e) plane

were determined first. For a given value of W, a value of

€ was selected and solutions were obtained for various values
of n. 1In each case, if the modal amplitudes exhibited

growth with time, the value of n was decreased for the next

run while 1f decay of modal amplitudes was observed, the

b st it ol
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value of n was Increased accordingly. A systematic
iteratlion process was devised so that the computer could
carry out these calculations without analyst intervention.
In this way,one point on the stabllity boundary was
established. Then a new value of € was chosen and the
iteration process was repeated to determine another point
on the stability boundary. This procedure (which consumed
a conslderable amount of computer time) was continued until
enough points had been found to establish the shape of the
stabllity boundary. It should be pointed out that the
amplitude of the 1T mode always 1nitially decreases due to
the fact that purely velocity-sensltive combustion
instabllity 1s always linearly stable. Thus 1t 1s necessary
to continue the calculatlon for a considerable period of
time to determine whether a given set of conditlions
corresponds to nonlinear stability or instability.

Flgures 2 and 3 show some typlcal stabllity
boundaries for instantaneous combustion using the initilal

conditlions

r1(0) = 1, £4(0) = £,(0) = g,(0) = g,(0) =0

£5(0) = £300) = £5(0) = g1(0) = g+(0) = 0 (5.10)
’ o - v = \ = @ = @ &
and Ll(o) y 3 to(o) 1‘,(0, 1,1(0) ..‘,(0) 0

é_-_l(o) = 1, 1‘0(0) = rl(n) = f_(0) = g.(0) = 0, (5.11)
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respectively. The region below and to the left of the
stability boundary 1is assoclated with stable conditions,
while the region above and to the right is associated with
unstable conditions.

In the case of linear acoustics, the first set of
initial conditions would lead to a standing wave and the
second set of initial conditions corresponds to a traveling
wave. In both cases,it can be seen that the stability
poundaries have roughly the forms of rectangular hyperbolas.
As expected, 1ncreasing the steady-state burning rate reduces
the value of n required to produce instability. This effect
is somewhat more pronounced for the traveling waves than for
the standing waves. There does not appear to be a distinct
pattern to the results. Thus for w = 0.2 standing waves are
more stable than travelling waves while for w = 0.1 traveling
waves are more stable than standing waves.

Figures 4 and 5 show stability boundaries associated
with initial conditions (5.10) and (5.11), respectively, for
history-dependent combustion. It 1is apparent that the
influence of the time delay parameter on the results for
standing waves is much greater than on the results for
traveling waves. Again, no clear pattern emerges from the
results. Comparing Figures 2 and U4, and 3 and 5 shows that
instantaneous combustion can be either more or less stable
than history dependent combustion depending on the value of
the time-delay parameter. Comparing Figures 4 and 5, it

can be seen that standing waves can be either more or less

gt
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stable than standing waves for history dependent combustilon.
Figures 4 and 5 also illustrate the fact that increasing the
amount of time delay can elther increase or decrease the
stabllity of the system. Thus, for both standing and
traveling waves,t = m corresponds to a more stable situation
than either t = 0.5n or t = 1.5% . The lack of patterns
exhlibited by these results emphasizes the need for numerical
methods of the type developed during the present research.
It appears that the only way to find out what will happen in
a given situation is to solve the equations for that
particular case. Thlis matter will be discussed further
subsequently.

The pressure perturbation can be calculated from the

velocity potential perturbation by substituting equation
(5.8) into (2.33c¢c), expanding the result in a Fourier-Bessel
series and retaining only the terms corresponding to the 1T,
2T and 1R modes to obtaln

)

Poe = ylla,.t, + =(a £2 4 d03(fi + g2) + dou(fé + g2

0 020 =2

+ dos%é + d06(%21 + ég) + dor{(f.‘?z + %)))Jo(so:ﬁq)

-+

((ag9fg + e(@fafy + Q) (F ) + gye,) + gyl

+ dls(flfe + 5152)))coso




t(dyq8y) +oeldyafaey + Ay 5008 - gyf,) + dgfge,

+ dlr)(f‘lg2 = f°81)))SinO)J1(Sllr)

[

ko Py 4 c(deO:‘q +dyg(rf = g]) + dyyfyf,

o

P2 _ 2 e
d25(f‘l gl)))cougo

* (d, .8, + 2td, &

Y
32181 i

052 237189

¥ 20 aF 51))sin26)J2(S r)). (5.12)

2571 21

The coefficients dOs’ dls’ dzs are calculated in the same
fashlon as those discussed previously and the values are
listed in table 8 of the appendix.

Some typical results for wall pressure waveforms are
presented in figures 6 through 37.

Figures 6 through 9 correspond to i1nstantaneous
combustion with € = .05, Ww=.1, n= 175, and initial
conditions (5.10). This leads to a stable standing wave
osclllation and the pressure can be observed to decrease
gradually. However,by changing the interaction index to
n = 220 (Figures 10-13) the pressure 1is seen to grow
gradually. This 1is an unstable situation. 1In both cases
the response 1s dominated by the 1T mode but distorted to

some extent by the presence of the 2T and 1R components.

Figures 14 through 17 correspond to history-dependent

| ——— iz
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combustion with n = 345, while the other parameters are the
same as before. This 1is a stable situation and the amplitude
of the pressure slowly decays with time.

Figures 18 thnrough 21 are obtained by changing the
interaction index to n = 352. This is an unstable situation
as indicated by the growth of the pressure amplitude with
time. In both of these cases the presence of the 2T and 1R
components 1s much more noticable than it was in the first
two situations.

Figures 22 through 25 correspond to instantaneous
combustion with n = 180, ¢ = .05, w = .1, and initial
condition (5.11). This produces a traveling wave. The
pressure 1s observed to be decreasing with time (a stable
situation) while changing the interaction index n to 210
(Figures 26 through 29) causes the pressure to increase
(an unstable situation). Figures 30 through 37 show the
significance of the time delay function. Figures 30 through
33 are obtained by setting v = »# and n = 197. This is a
stable case. The pressure is observed to decrease. Setting
n = 199 (Figures 34 through 37), on the other hand, produces
an unstable situation when the pressure increases very
rapidly. In both of these situations the response appears
to be dominated by 2T contribution to the pressure.

From these figures one can conclude that the pressure
waveforms exhibit a strong second harmonic distortion and
this distortion arises from the effect of the quadratic

nonlinear terms. A variety of behaviors are possible
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depending on the nature of the combustion process and the

parametric values involved.
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Chapter 6
ONE-DIMENSIONAL MODEL

In this chapter an annular combustion chamber with a
gsap width much smaller than the inner radius is considered.
This geometry will henceforth be referred to as that of a
narrow annulus. Whlle this geometry is not of much practical
interest,it 1s quite useful for the purposes of analysis.
This is because only one space coordinate is needed to
describe the problem. This makes a direct finite-difference
numerical solution of the original partial differential
equation feasible and also simplifies the algebra required
to carry out the Galerkin modal analysis. In what follows
three questions will be investigated. First,the effect of
changing the numerical values of certain coefficients
appearing in the governing equations for the modal amplitudes
wlll be discussed. Second,the Galerkin solution will be
checked using a finite difference numerical solution of the
complete equation. Third, numerical solutions of the
complete wave equation using the vaporization-limited
burning-rate law will be compared to similar solutions
associated with the phenomenological burning-rate law
employed in the previous chapter.

The appropriate wave equation for transverse wave

motion in a narrow annulus can be obtained from (5.6) by

4o




[} 5

setting r» = 1 and 3r

0. To further simplify the results
the parametic values y = 1 (isothermal process) and J = 0
(Instantenous burning response) will be employed. For this

situation (5.6) simplifies to
’ . 2 ) s Y2 = IS
Dppd * W 0 Booh * 2€d 93, ¢ + wne (s o) 0. (6.1)

TO carry out the modal analysis, i1t is assumed that

the potential function ean be expressed as

(02
.
n
.~

¢ = fl(t)coso + £ (t)cos2¢ + gl(t)sino +g. . (t)sin2s. (

Then applying the usual Galerkin orthogonalization

procedure leads to
£+ q2p. + £ . .6
T Bt RGBT, e g

+ cﬂnAq(flfﬂ + g gq) = 0

“ 4 11_

fa * a3ty * BT, + clolgg; - 5] + SEnAy(8g =~ £E) =0
81 % 098 Y we) + eh (g, + fog, - 5f5 = T8))
t eunh,(r,g, - 8,f,) =0

282 * WBy = eA3(syfy + rygy) - 2ewnAyfy21=0 (6.3)
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where @, = 1, 2, =2, A; =2, A, =2, A, = 1and A = .5.
The symbols 91, 92, Al’ A2, A3 and Ay have been inserted to

1llustrate the effect of changing thelr numerical values.
McDonald (7) in his analysis of combustion-

instability in an annulus found that for a given value of €

o

the value of

n required to produce instability was approx-
imately twice as high for standing waves as for traveling
waves. The results discussed in the previous chapter for
a full cylinder indicated no such relationship. Equations

(6.2) were employed in an attempt to determine the factors

h have a significant effect on the stability boundary.

(@)

Several calculations were made and a representative sample
of the data thus obtained is presented in Tables 1 and 2.

It was determined by McDonald that the terms representing

J
4
|
(%)

dynamic nonlinearities, had a small qualitative effect

on stability calculations. Thus the coefficlents Al and A,
3

were held fixed during these calculations.

my =

[he entries in the first two lines of each table

were computed using the correct equation for an annulus. It
can be seen that the standing wave is twlce as stable as the
traveling wave, in agreement with the results of McDonald.
The third and fourth lines in each table were computed by

changin

A, from .5 to .77 (This makes the ratio A“/A3
he same as the ratio of the corresponding terms in the
soverning equations for the full e¢ylinder.). It can be

seen that thls lowers the stability 1limit in all cases but

loes not alter the fact that an initial disturbance in the




Table 1

Stability Limits for Standing Wave
In Annular Combustor
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Table 2

Stabllity Limits for Traveling Wave
in Annular Combustor
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form of a standing wave is twice as stable as one in the

)

form of a travellng wave.

mi-
Th

e fifth and sixth lines 1n Tables 1 and 2 are found

by restoring Au to its original value .5 and changing @

from 2.00 to 1.66 (This makes the ratio 9,/0, equal to the

associated with the full cylinder,). F
ion 1t can be seen that the standing wave is approx-
imately ten times as stable as the traveling wave. Further-

nmore, the effect of the value of Q> on the location of

stability boundary is much greater for a standing-wave

(@]
[ ]
pe
o
7]
1¢7]

motion than for a traveling-wave motion. The last tw

o

are assoclated with implementing both of the changes dis-
cussed above simultaneously. These results confirm that the

change In A, lowers the stability 1limit in all cases but

ioes not affect the relative stability of standing-wave and

67}

Pl

turb

traveling-wave di

o

nced
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The data presented above indlcate that standing waves
1 be twice as stable as traveling waves only under very
speclial circumstances (Q?/ﬂl x 2). There 1ls no reason to
expect this to be a characteristic of other systems exhibit-
ing combustion instabllity as, in fact, it is not for a full
In this section, a finite different procedure is
employed to generate a set of second order differential

equations. The central difference formulas

Tl L TR W A




3 - 204 +¢1_1)/(A9)2 (6.4)

soti = (4349

are used to produce the following set of governing equations

{
by = ey * (ay4q - 20y *+ ey )(1 - ely=1),)/(se)?2 5
|
|
- - - ) 2
L E P e L by _q)/(280)
- EWy 2 <1 <N-1 (6.5)

where N is the number of points employed. A forward

difference formula
= - + - .
3591 (-3¢, bo, ¢3)/(2Ae) (6.6)
and backward difference formula
38¢N = (¢N—2 - M¢N—1 52 3¢N)/(2A9) (6.7)
are used for the boundary conditions

ae¢(0) =100 ae¢(n) = 0; (6.8)

Hence, along the boundaries, (6.5) becomes

;2 - _3;2 + :(¢3 - ¢2)(1 - c(Y‘l);z)/(3A02) :




L6
- : = 2y -
Belog = 0,000, -¢,)/(9402) - ew,

) . e i EIER o
and ¢y, Wou_1 t 200y 5 = ¢y )(1-e(y-1)oy_;)/(3002)

- Belog g = oy o)Ce

=i 2y - g
e @N_2)/(9ae I e, o (6.9)

-1

For the phenomenological model, the burning rate

function becomes
wy = nwlsy 4 - @i_l)z/(uAez) 2 « 41 < H~1, (6.10)

ng (6.8) and (6.10) one obtains

[

Combin
wy = hnw(¢3 - ¢2)2/(9A62)

" = _ 2 2 g

wy_p = Hnw(ey 1 - ey 5)2/(90882) (6.11)

i

respectively.
For the vaporization model, the burning rate

function becomes
= - 2
Wy w( (1 e¢i/L)(1 + (¢1+1

- ¢i_l)2/(2AeuL)2)% -~ 1)/¢?2 2 <1 <N-1 (6.12)

and,along the boundary, yields
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; W, = W((L - %es ) (1 + (200, - 6,)/(380u0)2)% = 1)/c2

>/<3AeuL)>2>k-1>/ez, (6.13)

=w((1=% : G s -
‘ R A U Tt

Using either the phenomonological or the vaporization-
limited combustion model,(6.5) and (6.9) can be solved by
the Runge-Kutta method to obtain 945 = 2B e N

Then the modal amplitudes can be obtained by using the

' Fourier-cosine transform
it
£ (t) =25 ¢cosiede/n. (6.14)
L 0

These integrals must be computed numerically since ¢ is

1

known only at the grid points. !

Some typical results for standing waves are presented
in Table 3. They are intended to illustrate the
accuracy of the two-term Galerkin solution and to compare
the results associated with the phenomenological and
vaperization-limited combustion laws. The column labeled
PG indicates the results with a two-term Galerkin solution
using the phenomenological model, the column labeled PF
ains the results of a finite-difference solution of
these equations, and the column labeled VF presents results

o

of a finite difference solution using the vaporization-

limited model.
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Table 3

Stability Limits For Phenomenological and
Vaporization-Limited Combustion Model

l
PG PF VF
L € n n U.L
| 1 L6 28 13
( .05 91 56 241
| .01 452 286 5.2

It can be seen that the order of magnitude of the
interaction index n required for instability for both the
finite difference and Galerkin methods are roughly the same
but the stability boundaries predicted by the Galerkin method
are approximately twice as high as those predicted by the
Finite-difference method. It is to be expected that the
Galerkin method will lead to higher stability 1limits than
the use of an exact solution procedure. This can be explained
as follows. The instability mechanism is basically a feed-
back process. Consider the form of (6.3) assoclated with

standing waves 1in an annulus. This is

£+ ufy + £+ 2e(£,0, + £,,) + 2ewnf, f, = 0

. . . g - .
£y ¢ Mf, + U, = efyfy - keunfy = 0. (6.14)
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b

For clarity the gas-dynamic nonlinearities will be neglected

to 9"1 ve

P o
“ “ o

f, + wf  + Uf_ - \(_En!‘i = 0, (6.15)

A one~term Galerkin solution would lead to the

equation

Mis would indicate unconditional stablility. Tnstability
can arise only when the presence of the last term in (6.15b)
causes t“‘ to grow and this then causes I‘] to grow because
of the last term in (6.15a). The growth of f., also produces

the growth of higher modes which in turn causcs additional

T The contributions of these higher modes are

neglected in a two-term Galerkin analysis and thus the energy

Input due to unsteady burning is underestimated. For this
reason the Galerkin analysis will overestimate the stabllity
of the system. This overestimation will decrease as the
number of terms retained is increased. An example of this
can be seen by comparing the one- and two=term analyses.

A one=tera solution predicts that the system 1s always
stable. A two=term solutlon predicts the correct qualita-

tive behavior but overestimates the system's stablility by

Py =Y | P

[ SR —

o Al o




roughly a factor of two. It is to be expected that further
increases in accuracy can be obtained by keeping more terms
in the assumed solution but that this will not seriously
affect the quatitative prediction.

In Chapter 5, it was found that equating dw/dué the
phenomenological and vaporization-limited combustion laws

at u< = 0 lead to the formula
n = 1/(“62uﬁ). (6.16)

Assuming that the actual data can be fitted to a formula of

the form
n = C/(Uczuf) (6.17)

the data give in Table 3 provide an opportunity to estimate

C. The results are shown below.

It appears that a value of C = 2.5 would give accept-
able accuracy over this range of e.

For a given value of u, the n computed from (6.16)

L
will overestimate the burning rate. Thus 1t might be
thought that C should be less than unity. The stability

criterion was, however, based on the magnitude of the modal

amplitudes. Inspection of Tables 4 and 5 shows that the

N Yy




vaporization-limited combustion model involves the higher
modes to a preater extent than does the phenomenological
combustion model. Thus,a given value of up, can be assoclated
with lower individual modal amplitudes in the former case

than in the latter. These two effects interact and calcuvla-

tion shows that C is greater than unity in this range of e.
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1
Chapter 7
CONCLUSIONS ;
The primary objective of this study wss the ;
~
development of a new analytical technique to be used in the E
solution of nonlinear velocity-sensitive combustion i ;
instability problems. Such a method should be relatively |
easy to apply and should require relatively little

computation time.

In an attempt to achileve this aim, the orthogonal
collocation method was investigated first. However, it was
found that the results were heavily dependent on the location

of the collocation points and characteristics of the

equations. Therefore, the method was rejected as unreliable.
Next, the Galerkin method, which has proved to be

very successful in analysis of the pressure sensitive
combustion instability, was considered. This method proved
to work very well. It was found that the pressure waveforms :
exhibit a strong second harmonic distortion and a variety \‘\4
of behaviors are possible depending on the nature of the
combustion process and the parametric values involved.

Finally, a one-dimensional model provided further

insight into the problem by allowing a comparison of
Galerkin solutions with more exact finite-difference p

computations.
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ome major ccnclusions of this research are as follows.
(1) The form of (2.33a) is somewhat insensitive to the
specific assumptions used to derive 1t. This 1is demonstrated
by the fact that Powell (1) developed an equation of a very
cimilar form using a different set of assumptions. (2) The
orthogonal collocation method is unsuilted to solution of
problems of the type under discussion here. (3) The Galerkin
method is well sulted to the solution of such problems. (U4)

Stability boundaries and pressure wave forms appear to be

-

highlj

L

dependent on the parameters of the problem (interac-
tion index, time delay, steady-state burning rate, etec.).
furthermore,there appears to be no clear pattern to the
computed results. (5) The phenomenological burning-rate law
employed in the majority of the work discussed predicts
results which are qualitatively similar to those associated

witn the vaporization-limited burning-rate law used by

previous investigators. The phenomenological law, further-

more, can be used in conjunction with the Galerkin method 4
wnile the vaporization-limited law cannot. (6) The computer :
programs developed in the course of this work can be \‘\T

employed to determine stability boundaries and pressure
waveforms wlithout the expenditure of excessive computer
time. This 1s important because the lack of clear trends

discussed above make an individual analysis of each

situation desirable. 4
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APPENDIX A
DERIVATION OF THE COEFFICIENTS o

In this section, the ccefficients bij’ Cij’ and dij
appearing in chapter 3 and 5 are derived and their numerical
values are presented in Table 6, 7,and 8 respectively.

In chapter 3, for initial condition (3.7), one assumes

o

== 2 = o 2 B og
3, (9o V2o, mEOHm(r)COS(me)°in(““llt)‘

By comparing coefflcient ylelds

Ho(r) = %31,(281198 - (y-1)8§,J] = 45,307,/ + HI§/r?)
Hl(r) = 0

Hy(r) = %8,,(28,3F - (y=1)8{,77 - U4Sq13pJ¢/7)

H (r) =0 for mos 30 dogae o

Then expanding ¢5 in a Fourier-Bessel series and expanding

Hm(r) in a Bessel serles leads to

bij - Qijf H (r)J (q r)rdr/{(sij - 12)3°¢ (q11)

9l




This integral must be computed numerically. For the sake
of brevity only the first five coefficlents 1n each series
are calculated and presented in Table €.

Table 6

BESSEL SERIES COEFFICIENTS FOR ANALYICAL SOLUTION

I

£ !
| b | bOn Yon
0 | 1.11738-0.372467 E
1 | 0.5046240.37912y 0.27181-1.09482y |
2 -0.09246-0.00802y | -0.11390-0.01110y |
5 | 0.05019+0.00184y 0.05479+0.00208y i
4 | -0.03290-0.00067y -0.03451-0.00071y |
5 0.02375+0.00030y 0.0245140.00033y
In Chapter 5, equation (5.8) can be written as
b= b * T0) + a0y + 8105 + 850 (A-1)
where ¢y = JO, ¥y = chose, $5 = JBCOSQG
¢, = J.sing, by = J, sin2s9.

3 1

By substituting (A-1l) Into the governing equation (5.6),

yields

R = D(¢) (A=2)

R ——————

2 AN !



96
where D 1s the nonlinear differential operator of equation
(5.6). If (A-1) represented the exact solution to (5.6), R
would vanish. Since this 1s not the case R has a finite
value. The Galerkin procedure consists of making R orthog-

onal to each of the ¢i's. This leads to the equations

1 27
fofo R¢irdrd =0 L 2 O, %00t (A=3)

arid a set of flve second order differential equations are
generated. The angular part of integration can be performed
in closed form while the radial part of integration must be

computed numerically and leads to the integral

1
Cy = kaoFi(r)Jk(Sklr)rdr (A-U)
T e - 2 2 ) 2 2 -
Where By 2sk1/{(skl ‘ k )Jk(skll}. (A-5)

The numerical values of C1 are listed in Table 7 for

y = 1.2. Also 1listed in this table are the functional forms

of Fi's. In writing these the notation
- Q t 2 2 = -
Ri = °il(Y—1)J£ + SilJi/r it Ji/r 5 4=0,1.2 (A=6)

1s used. Similarly the numerical values of

4
dyy = BifOGiJJi(silr)rdr (A-T7)

PR s e
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and functional forms of G,,'s are listed in Table 8.

1




Table 7

COEFFICIENTS APPEARING IN EQUATIONS (5.9 = 1.2
. | R A T
1 k c, | F, |
l |
1 0 4.137 | RogJq + 25§42 |
|
| |
1 | T a2 ) T2 fr2 |
2 0 | 1.042 {Rlul/’+uI1Ji + Ji/r ‘
3 0 |-0.208 | R,J,/2 + S3,J42 + U4J3/r2 i
|
. B S S ;'
4% A ;—1.93‘: 1\0\11 + cJOlullJ(‘)Ji :
5 1 |-2.312 | RyJ, + 254,853,733} 3
A f " R i a o r T Sah /2 ‘l
c 1 ‘ 1.719 : nlJz/L. + VIIOZIJIUZ + L--JIJZ,I‘ i
{ { |
=7 1 2 I Q Q T /2 i
1 i 1.483 x~2J1/2 + _)“ozlJiué + 3J1J2/- |
|
8 2 }-2.785 | RoJ, + 254,5,,347} ;
9 | -3 3 { q g THPETAY ;
J 2 ! _,-O\, | RZJO + ?_uOIozluodz !
{ i = i
10 2 0 1,132 i Ryd /2 + 83,012 = 33/pe ;
| ; i
13 0 2.586 | S§1J)2 |
|
12 0 0.480 | %(S3,712 + J3/r2) ’
. - 2 2 ) Jon 2 |
LS 0 -0.196 i SZJJE /2 + 2J2/r ;
|
] - Q ] !
14 B | 14.8l$9 2801‘)11J0Jl |
® = a J ! L 2 -+ 2 I
15 1 1.503 “’11321 1J2 JIUZ/I‘ ;
16 2 ~0.576 | %(8%2,J12 - J2/r2) ‘
1 |
[ . ; T
iT §{ 2 3.481 ; 28,8 1Jon

A

T




COEFFICIENTS APPEARING IN EQUATION (5.

12)

1| 1.000 Jo(Sg1r
G 2 | 1.293 1583 ,J 42
0 3 | 0.240 %(8¢,712 + J¢/r2)
0 4 -0.098 B(85,J1%/2 + 27%/r?)
0 5 |=0.176 -%J2
0 6 | 0.061 | -xJ3
0 7 | 0.049 -%J3
1 1| 1.000 J1(Sy1r)
1 2 |-1.212 8518,3491
1 3 1 0.927 %(5,,8,,3}T} + 27,7,/r?)
1 4 | 0,165 | =340,
1 5 1-0.199 -%J1J,
2 1 | 1.000 J2(S5r)
2 2 |-1.741 S015,,9093
2 3 |-0.22 «(S3,912 - J2/p2)
2 4 | 0.237 =JoJ
2 5 |=0.175 -%J3
‘ |
o i |




APPENDIX B

PROGRAM FOR STABILITY BOUNDARY CURVES




(¥
m
-

LIST FREE
KIN=WING WONG JUN 30 1978
COMBUSTION INSTABILITY

METHOC GALEKRKIN METHOD
THIS PROGR AM GENERATE THE STABILITY CURVE.

INPUT INFCRMATION

THE PROGRAM USEC THE FORMAY FREE INPUT OQUTPLT. A
CCMMA SERVES A5 A DELIMITER ANC TRE INPUT VARIABLES
AFE ENTER IN THE FOLLOWING CRCOER

[ INITIAL TIME

TF FINAL TINME

DT STEP SIZE FOR TIKE

na BURNING RATE

TOZLAY DELAY TIME

£l INITIAL EPS

EF FINAL EPS

DE STEP SIZE FOR: EPS

CA ASSUME POSITION FOR N

FAa»FD ARE THE INITIAL CONCITION MCCIFIER AND
AAVING THE VALULE EIThER 1 OR C

ANOTHER SETS UF DATA CAN BE ENTER 3Y ENTERING
EI»EFsDE>DA»FQO AND FD.

OO OOAaOOO OO0 RO N MMM

CIMENSION DY(10),FO(S)H»DF(5)sG(10,500),Y(10)

CCHMMON EP» RX»mBrEPANY

CCMMON /ZSLIST/S0,S1»,S52 4

CCHMMON /BLK1/C1»C2sC3sC4sCS5»CE»C7»C8,C9»C10C»CL15C172 3

1»C13,C14,» ClS,Clé»Cav

LCGICAL PASS»GROM

CATA PAXITR,EPS/CCrel/

CaTA PI/73.14159/

PEADCS»/Z) TI1sTFeDT»wB>TDELAY

FRINTe«//,T1,TFsD T nBe TOELAY

TCELAY=PI*TCELAY

K=TDELAY/DT

Kl=Kel ) .

IfF (K1.GT.5C0) GO TO 105

Ir (‘thOl.ANDONCFOEC‘I) K=1

NSTEP=(CTF=TI)/0T

Az10

HEALF=DT*.5

NFRO3=0
9 READ(S»/rsEND=99S) EI+EF»DEsDA»FO»CF

NFROB=NPFUBe¢1




o0

1C

2¢

icC
L

SC

60

7C

8cC
S0

FEINT*//,NPFQY
FFINT »//5F0,DF
MSTEP=(EF-ET)/DE

Ef=E1l

1F (EP.LT.J) EP=.01
ANV=DA

FASS=FALSE .

CC 10C 1ISTEP =0,MSIEP

CC 80 ITR=1»MAXITR
EFANV=EP*ANYV

1fF (EPANV.EC.C) EPANV=ANYV
CC 10 I=1,K

CC 10 uy=1»N

G(Jrid)=0.

CC 20 I=1.N

Y(I)=Ce

INITIAL CONDITION

Y(2)=FQ0(1)3Y(L)=FC(2)3Y(B)I=FO(3IIsY(B)=FOLLI;Y(L0)=FO
1(5)

Y(1)=CF(1)*S03Y(2)=DF(2)*S15Y(S)=CF(3)*S52
Y(7)=CF(4)*S1,Y(S)=0F(5)*s52

CALL CLYFUN (NsY»GoKoEPS»KL)

=11

Cl 40 I=1»NSTEP
CALL RKDELY(N»T »YsDYrDTroGrKeEP»38110»HHALF»KL)
CC 30 J=2sN»2

IFCABS(Y(J))eGT2Z2) GO TO 60

CUNTINLE

CCNTINUE

GFOW=.FALSE «

1F (PASS) GO TO S0

ANVDRN=ANV

AMNV=ANV+DA

GC 10 80

CCNT INUE

AMVDWA=ANYV

GC T3 70

COCNTINUE

PESS=e TRUE .

GROW=eTRUE «

ANVUP=ANY

CONTINLE

IF CABSCANVULP=ANVDKRN).LT.EPS)Y GG TQ 90
ANV=(CANVUP $ANVD nN) *.5

CUCNTINUE

CINTINUE

NANU=ANY

PRINT #//,EP»NNUSITR




Ly sy B o N M S O e B = I3

i

1CC
1CS

11C
5%¢

1F (ITREQeMAXITR) PRINT //o%2ea RARNING oo« THE
1 ANSWERMAY NOVT CONVERGE?®
EF=EPQE
ANV=ANVUP/Z2,;ANVCWN=0
CONTINUE
¢C 10 9
PRINT //+*DELAY TIME TOO0 LARGE °*»TODELAY
GC 10 999
FFINT o//,%ILLEGAL CELAY FUNCTVTION'
si1oPp
Enp
SUBRQAQUTINE CIFFUN (TrYeDY)

THIS SECTION PROVIDE A SET OF FIVE SECOND ORDER

EQUATIONS
AhERC
Fo=Y(2) Gl=Y(8)
Fl1=Y(4) G2=Y(1C)
F23Y(b0)

CIMENSICN YC(1C)LLY(10)

CCMMON EP» FKowBEPANY

CCMMON /SLIST/SCeS1,52

COMMON /BLRK1Z C1leC2+C3»C4sCS5e(6»C?2»,C8+,C9»C1CeC11,C12
1,C13,Cl4, C1S.C16.C17

0Ye2r=ya)
CY(L1)==S02SCY(2)EP(Cley(2)*Y(1)¢C2e(Y(4L)eY(3)¢Y(B)
12Y(7)) ¢C3*(YCL0 )Y (9)¢Y(6)eY(5)))

CYC(a)=Y(3)
CY(3)=3=S1#S1aY(L)~EP~(ClLeaY(2)eY(3)4CS2Y(L)erY (1) ¢

1 Coe(Y(BIaY(F)eY(L)aY(5))eCTa(Y(b)*Y(3)eY(10)aY(7)))
CY(B)=Y(S)
LY(5)2=52052«Y(6)~CP2(CBeY(2)eY(S)eCIeY(b)eY(1)e (C1Q»
LEYC8)sY(7)=Y(4L)Y(3)))

CY(B)=Y(?)
CY(7)2=514S1eY(8)~EPa(CLaY(2)eY(7)4CH5¢Y(F)eY(1)¢ (oo
1CYC4L)eY () =Y(E)@Y(S5))4CTa(YCLIC)*Y(3)=Y(0)*Y(7)))
CYC19)=Y(Y)

CYC9)==520 522 Y(10)=EP*(CBeY(2)eY(S5)¢CTIeY(10)*Y(1l) (10
12 (Y(3)*Y(3)eY(4L)rY(T7)))

[F (RK.EQ. 2) RETURN

THI5 PROVIDE THE COMBUSTICON TERMS

CYCL1)=0YCL)=WBaC(Y(1)+EPANVA(CTIInY(Z)*Y(2)CL2%(Y (&)Y
1(4)e Y(B)=Y(§))¢ CI3«(Y(1O0)*YCIG)I*Y(6)*Y(b))))
LYC3)=DY(3)= a3 e (Y(3)CEPANVA(C 1LY 2)*Y(L)QCLISN(Y(4L)rY
1(E) Y(3)2Y(1C¢))))

CYCS)=DY(O )W @ Y(HDIEEPANVR(CL6e(Y(4)eY(4)=Y(B)eY(8))
1 4C17eY(2)4Y(6)))

Seakid . oo




[aNeNeNe]

oo

1C

2¢

3C
4C

104

CYC7)=DY(7)=WBo(Y(7)CEPANV*(CLL4Y(2)xY(E)+CL5o(Y(4)nY
1(10) Ye8)=Y(6))))
CYCP)ZDVCI)=WB*(Y(IICEPANVE(C17eY(2)*Y(10)42+*C16*Y(4)
1¢Y(8)))

RETURN

END

SLBROLTINE RKDELY(N»T»YsDYsHsGsKsEPS» %» HHALF »K1)

TRIS SECTION PERFGCRM A FOURTH ORCER RUNGE=KUTTA METHGD
MITH TIME DELAY FUNCTION

CIMENSION Y(10)»CYC10),Y2¢10),Y3C10)»G(10»,500)
C(MMOK EP, AK»hBEPANV
CCMMON /BLK1/ C1»C2+C3,C4»CS»C6,C75C85C9»C1CrC115C12
1,C13,C14> C15,Cl6,C17
CALL CDIFFUN(T,Y»CY)
CC 10 I=1»N

Y2(I)=Y(I) ¢ HHALF«(DY(I) + G(l,1))
G(I»1)=(G(I,»1)¢G(I»2))/2.
CINTIANLE
T=TeHRALF
CoLL CIFFUNC(CT»Y2,DY)
CC 20 I=1,N

Y3(CI)=Y(Y) ¢ HHALF«(DY(I) ¢ G(I,1))

Y2(I)= Y2(I) + 2.+Y3(Il)
CALL CIFFUNC T»Y35DY)
LC 40 I=1»N

Y3ICI)=Y(I) ¢ He(DY(I) ¢ G(I»1))
IF(K.LT.1) GO TQ 40
CC 30 J=1,K
G(I»Jd)=G(Iruel)

YZCI)=Y2CLl) ¢ Y3(I)
T=T¢HHALF
CoLL CIFFUN (T »Y3sDY)
CC 50 I=1»N

YCID) = (Y2CI) = Y(I) ¢ HHALF«(CY(I) ¢ G(I»1)))/3.

CONTINUVE

ENTRY DLYFULN (N»Y»GrKsEPSsKL) e

TFHIS GIVES THE FCFM OF DELAY FUNCTION G

IF (KalT.1) RETUGRN
IF (RR<EQe2) RETLRN

G(lrK1)= LR EPANVO(C11eY(2)#Y(2)4C12%(Y(4)*Y
1C4)¢  Y(8)*Y(8))4 C13«(Y(1C)*Y(10)¢Y(B)*Y(6)))
C(3,K1)= WE = EPANVA(CLlu*Y(2)oY(4)4CLSa(Y (&)Y

1(€)e Y(8)*Y(1C)))

G(SrsK1)=WO *EPANVA(CLEX(Y(4)*Y(4)=Y(8)*Y(B))+CLT7rY(2)2Y
1(€)) ;

G(7»,K1)= W3« EPANV*(C14aY(2)eY(8)¢CL152CY (&)Y
1(10) Y(8)*Y(6)))




i

o

10°¢
, G(IrK1)=WB*EPANVe(C172Y(2)eY(10)422Cl6eY(4)eY(R))
RETURN
END
BLOCK DATA
CCMMON /BLK1/C1+C2+sC3sC%»CS»C62C7»C85sC9»C10-C110C12
1,C13.,C1l4>» Ci1csCl6sC17?

CCMMON /SLIST/50,51,52

CATA £00S51,82/3.8317151.8411893.054247/

CITA C1+C2,C3sCh/4e137351.06235=.2084s=1.9394/

CATA (5+C6sC7+C8sCY /~2e3123,1-7187+1.4828,-2.785»
1=1.03¢88/

C2TA C10,C115C120C13/1.1318+2.586+.48Cr=.1967/

CATA C14rC1SoC16sC177=2.4243020e8534445,=obbT7r=3.481/
END
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BSEY LISTUTOBIND

53 INO
FILE

OO0 OO0 OO0 0O0Oa0 OO0 OO0 00

NSRRI |

= FRCOM «FJRTLIB/= FREE
L(KINC=DISK,MAXRECS]I2E=15,BLOCKSI2E=420»AREAS=4

1,ARCASIZE=1400,FILETYPE=T7)

KIN=WING wING JUN 30 1978
CCM3USTION INSTABILITY

METHJOD: THIS PRCGRAM USED THE GALERKIN METHOD TO
GENERATE Flve SECOND ORDER DIFFERENTIAL EQUATIONS.
A FOURTH ORDER RUNGE=KULITA METHOD IS USED IO SOLVE
THE RESULTING EQUATIONS.

THE PROGRAM GIVES TRE MODAL AMPLITUDE AND THE PERTUBED
PQZSSURE IN GRAPHICAL FORM.

TFZRE ARE TWJ TYPES JQF INPUT DATAS. THE FIRST SET OF
INFUT DATA USED FORMAT FREE INPUT. A COMMA SERVES
AS A JELIMITER AND THE DATA ENTCR AS FOLLOw:

TI INITIAL TIME

TF FINAL TIME

or STZ? SIZE FQR TIME

NP PRINT FREQUENCY

NDF 1 FGOR TKHC DELAY TIME APPROCHING O
0 OTHERWISE

IGAS 1 FOR GAS=-DYNAMIC TERMS
0 OTHERWISE

FO» INITIAL CONDITION MOCIFIER

DF ZITHER 1 OR O

R RADIUS OF THE CYLINODER

THE SLCOND SET OF DATA USED THE NAMELIST (LIST)
INPUT QUTPUT JOPYTION. THE DAYA CAN BE ENTERED IN
ANY ORDER. HCwEVER THE FOLLOWING DATA MUST BE
PROVIDED INITVIALLY.

TOELAY DELAY TIME IN MULLTIPLE OF PI
Ee ORDER PARMETCKR
w3 STEADY BUPFNING RATE
ANV INTERACTION PARMETER
PLOT T FOR PRESSURE PLOT
F OTHEFwWISE

IF PLOY IS TRUE, ONE MORE DATA (NUMPT) IS NEEDED TO
PROVIDE THE NUMBER OF POINT wITHIN O AND 2=P1l.

CIMENSION XX(1CO0)»YY(1CO0)»DY(C10)sP(S)»FO(S)»DF(5)»G

1(1G,5C0)»Y(10)

CCuvIN EPs IGASS RK» W3 » EPANYV
CCM¥™ON /SLIST/SC»,S1sS52
LCMMON /8LK1/ C1,C2+C3+sC4srCS»rC6»C7»C8»C9»C10,C115C12

FPNNES § S
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999

o0

4C

lcfl

1,C135C1l4, C15,C16,C17
CCMMON /BLK2/CQ02,C03+C04»C0S»C06+CO7+C12P,C13P»C1l4P
1,C15P>» C22+,C23»C24»C25+,GAMA

CCMMON /BLK3/ 3J0,8J1,BJ42,C058,C0520Qs SINQeSIN2Q
CATA PI/3.14159/

LCGICAL PLAOT

NAMELIST /ZLIST/ TDELAY»ZP»WB» ANV»PLOT

READ(S»/) TI,TF»DToNPeNDF»IGAS»FO,DFsR

PRINT #//+,T15TF +DT2NPoNDF

1F (IGAS.EQ.0) PRINT //»*'GAS CYNAMIC TERM IS OFF? 1
PRINT =//+,F0»DF »R 1
EFS=1.£=6

SALL BESJCSOR,0s8J0,EPS»IER) e
CALL 3ESJU(S1eR»1,8J1-,EPS,IER)
CALL BESJ(S2*R,»2+,8J2,EPSH»IER)
READCS,LISTLEND=99)

REWINC 1

TCLY=PI«TDELAY

EFANV=EP®ANY

IF (EPANV.EC.Q) EPANV=ANYV
ARITE(6,LIST)

N=10

AHALF=DT*.5

K=TDLY/OTY

Kl=K¢1

IF (X1 «GTe S00) GO VO S00

IF (KelLTeleoAND.NDF.EQ.1) K=1
CC 390 I=1,X

CL 39 J=1,N

a(Jr1)=0.

0C 10 I=1-N

Y(1)=9,.

INITIAL CONDITION

T=T1
Y(2)=FO0(1)5YC(4)=FOC2)3Y(6)=FOC(3)3Y(3)=F0C4)5Y(10)=FO
1¢5) ;
YC1)=0F(1)*S03Y(3)=DF(2)*S13Y(S5)=CF(3)eS2 ]
Y(7)=CFC4)«S13Y(9)=DF(S)*S2 \“1
NSTEP=(TF=TI)/DT

IF (<NOT.PLOT) GO TO 4O

CALL PRESUEC(Y,P)

WRITECL) TP :
CCNTINUE

PRINT //»"FUNCTION®

WRITE(6+,100) T (YCI)s1=2,Ns2)

CCNT INUE ]
CALL OLYFUN (NsYsGoKsEPSeKL)

CC 20 1=1,NSTEP

CALL RKOELY(NsY» Yo DYsDTsGeKoEP» 2400,HHALF»K1)
CC 55 J=2sN»2
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IFCABS(Y(J))eL T22) GO TO SS
RE=2
S5 CCNTINUE
1F (MOD(I»NP)eNE.O) GO TO 20
IF (<NOT.PLOT) GJ TO 60
CALL PRESUE(Y»P)
MRITE(L) T»P
60 ARITE(6,100) Tr(Y(J)»JI=2sN»s2)
€95 CONTINUE
2C CCNTINUE
IF (RK.GT.Q0) PRINT //»*UNSTABLE"®
IF (.NOT.PLOT) GO TO 70
ENDFILE 1
REnwINC 1
PRINT //»,'PRESSURE*
READ(S»/) NUMPT
0&=P I %2, /NUMPT
NUM=NUMPT+ L
TEMO=(C3XX(1)=03
CC 75 1=2»NUH
TEMP=TEMP+LQ
S XX(I)=TEMP
98 REAQ(1,END=7Q) T,P
PRINT //»"TIME= "»7T
SUMY=C.
CC 80 I=1,» NUM
IC=Xx(1)
YYCI)= =GAMA®(P(1)¢P(2)*CGSC(QAQI¢P(3)*COS(2«QQ)+P (&)
1#SINCSQ)e P(S)*SIN(2+QQ))
SUMY=SUMY+YY(I)
g9 CONTINUE
IF (SUMYNE<O.) CALL PLOT2D(XX»YY»NUM»100,100)

GC 7O 98
79 CCNTINUE
RK=0
GC T3 999
400 PFRINT *//,°*TLLEGAL DELAY FUNCTION®
aC T3 99
5CC PRINT «//,°DELAY TIME TOO LARGE®
99 S10P

100 FCRMAT (X»B8E12.5)
11C FORMAT(13X»7E12.5)
END
SUSROUTINEZ DIFFUN (T,Y»DY)
CIMENSION Y(10),0YC10)
CCMMON EP»IGAS» RKsW3,EPANV
CCMMON /SLIST/SG»S1»S52
CCMMON /8LK1/ C1»C2»C3,C4»CS5»C6»C7»C8+C9»C10»C11,C12
1,C135C14>» €15,C16,C17

Cy(2ry=v(1)

1 J o
™ - - e o i S
L § i v st h | - it




19

CYC1)==S0«SOeY(2)=EPw[GASH(CLaY(2)*Y(1)e¢C2e(Y(L)eY(3)
1+¢Y(3)2Y(7)) eC3e(Y(10)2Y(9)eY(B)eY(S)))
DY(6)=YC(3)
CY(3)==S1e31aY(4L)=EPeIGASe(CL*Y(2)*Y(3)eCSeY(L)eY(1)
1 Coe(Y(B)OY(9 )Y (L)Y (S))eCTo(Y(E)*Y(3)eY(10)eY
2(7)))
SY(s)=Y(5)
DY(S)==52¢S5S22Y(6)~EP*IGAS«(C3eY(2)*Y(S)eCItY(H)2Y(1)e
1 ClO02(Y(B8)*Y(7)=Y(4)eY(3)))
DY(R)Y=Y(7)
CY(7)==5S1e510Y(R@)~FPalGAS*(ClheaY(2)*Y(T7)4CSaY(3)eY(1)e¢
1 CO(Y(L)OY(9)=Y(B)®Y(S))I4CT*(Y(L10)2Y(3)=Y(6)*Y(7)))
CY(10)=Y(9)
OY(9)==52¢52eY(10)~EP*#IGAS*(CECY(2)eY(9)¢CO+Y(1Q)2Y(])
1 ClO~(Y(d)eY(3)eY(4)2Y(T7)))
IF (RX.E£Q. 2) RETURN
CYCL1)=DYC(1)=WB3«(Y(1)EPANVA(CLLIoY(2)*Y(2)eCL24(Y(4&)eY
104)¢ Y(8)*Y(8))e Cl3«(Y(10)2Y(1D)eY(H)*Y(H))))
CY(3)=DY(3)=W3e (Y(3)EPANVA(CLE2Y(2)*Y(4)eC15aC Y(&)rY
1(e)e Y(5)Y*Y(10))))
CY(S)=0Y(S)=HWB* (Y(S)eEPANVH(C 10 (Y( &) *Y(4L)=Y(3)*Y(8))
1 +C17«Y(2)2Y(6)))
SYC7)=0Y(7 ) =wBe(Y(7ICTCOANVH(CLGOY(2)*Y(B)CIOSH(Y(4)ey
1C19) Y(8)+*Y(€))))
CY(2)=DY(P )=WB* (Y(9)CEPANVe(C L7V (2)aY(L10)e22CLlErY(4)
1+Y(8)))
RETURN
END
SUBROUTINE RKDELY(N»ToY»DYsrHrGoeKreZPSse #sHHALF»K1)
CIMENSION YC(12),0Y(10)eY2(10)»Y3(10)+,GC(105570)
CCMMON EP»1GAS, RK»wBes EPANV
CIMMON /BLK1/ C1+C2+C3+sC4rCS5¢eC6»C7+CB»C9»C10,C11,C12
1,C13,Cl4>» C15sC16»C17
CALL DIFFUNCT2Y,DY)
0C 1 I=1.,N
Y2CI)=Y(I) ¢« HHALF«(DY(Y) + G(1,1))
GCIP1)=(GCI»1)eGCIA2))/2
CONT INUVE
T=TeHHALF
CALL DIFFUN(T»Y2,0Y)
00 2 1=1,N
Y3ICID)=YC(I) ¢ HHALF=(DY(I) ¢ G(I-»1))
Y2(I)= Y2(L) ¢ 2e¢Y3(1)
CALL OJIFFUNC T,Y3»DY)
DC 3 I=1.,N
YI3CID=YC(I) o He(DY(I) ¢ G(lsl))
IF(X.LT.1) GO TO 3
0C 10 J=1,K
GCI»J)=G(1,rJe1)
Y2CI)=Y2C1) ¢ Y3(I1)
T=TeHHALF

P
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CaLL CIFFUN (T »Y3,0VY)
CC & 1=1,N
YCI) = (Y2CI) = Y(I) ¢ HHALF#(DY(1l) ¢ G(I,1)))/3.
CCNTINUE
FANTRY  OLYFUN (N»>Y»GoKsEPSH»K1)
IF (X.LT.1) RETURN
IF (RK.EQ.2) RETURN

G(l»,K1i)= wie EPANVH(C11aY(2)wY(2)4C120(Y(4)nY
1(4)¢ Y(8)=Y(8))e Cl13«(Y(1C)®Y(LO)4Y(H)I*Y(D)))
3(3.X1)= W3+ EPANVA(CLl4aY(2)eY(L)4C15«(Y (L)Y

1(€)e Y(83)+Y(10)))
G(S»XK1)=dBwEPANVH(CLOe(Y(L)oY(L)=Y(B)*Y(B))¢CLT2Y(2)nY
1(€))

3(7.,K1)= Wi« EPANVE(CLl4eY(2)oY(B8)eCLIS2(Y(4) Y
1(10)  Y(3)~Y(B)))

G(I9»XK1)=wB *EPANVH(C172aY(2)*Y(10)42¢Cl60Y(b)*Y(8))
ReTURN

ZAND

SUBROUTINE PRESUE(Y»P)

THIS SECTIUN PERFCRM THE PRESSURE CALCULLATION

DIMENSION Y(10).P(5S)
CCMMON EP» ICAS, RK»s w3, EPANYV
CCMMON /8L K2/C02,C03,C04»C05,CC6»CO7+C12PeC13PsCl4P
1,C1572, C22»C23+sC24+,C25»GAMA
COCMMON /73L%3/8J0,8J1,8B32,C0S52,CCS2Q0»SINQPrSINZ2]
OF)=YCL)50F1=Y(3)3DF2=Y(S)sDG1=Y(7)72G62=Y(9)
FO=Y(2)5 F1=Y(4)5 F2=Y(6)s G1=Y(C); G2=Y(1Q)
P(1)=8JO0«(DFO*EP*(CO2*FO*fO+CO3I*(FLeF1¢CLleGY)COL*(F2
12F2¢G2¢(32) +CO0SeDFO«DFO+CO6*(CF12DF1¢DG120GLl)¢CO7
2(LF2«CF2e DG2+DG2)))
P(2)=83J1e(DF1+EP«(C12P*FCoFle¢Cl3Pa(FleF2¢GLleG2)¢C14P
1a0r0e«0F le CIS5P«(DF1«0F2+40G1*0NG2)))
P(3)=BU2#(Dr2¢EP*(C22#FO*F2+4Cc3*(FL*F1=Gi*Gl)4C24*DFO
LeCF2e C25«(0F1«DF1=-DG1+0G1))) 3
P(4)=eJl1*(DG1¢EP«(C12P *FO0GleCLlIP*(FLl*G2=-GleF2)eC1l4P 1
1aCFO+0G1e C15P#*(DF140G2=0F24DG1))) \
P(5)=6J2*(DG2¢EPC(C22«F02(G2¢2.2C23«F14G1eC24*DFO*)G2¢
1 2+*C25+DF1+0G1)) }
RETURN
END
JLICK DATA
CCMMON /BLXY1/ ClsC2+C3,ClspCS»CH2C7»CB»C9»C10,C11,C12
1,C13+C 14 C15,C16.C17
CCMMIN /SLIST/S0s51552
CCMMON /BLK2/C02»CG3+C04»C052C06»C075C12PsC13PsC14P
1»C15P, C22,C23+C242C25oGAMA
CATA SO,S15352/73.831731+51.86113+35.054247/
CATA ClsoCCrC3oC4/64a137351406230~a2084s=1.9394/
CATA CS5»CS5sCT7»CB,C9 /7=2.3123,1.718751.48285=2.785>»




1-3.03€87 4
DATA C10sC11oCI?sC13/ 10131802 586004830 =01967

OATA C14,C15,C165C17/=2.626301.8534465r=0 447032481/
CATA C02,C03,CC4sC05»CG55C07/1.293000224000.09825
1-.1762 220607 ,.0494/7C12P»C13P,C14P sC15P/=1.2121
20492675.1651,=.1987/C22+C23+C242C25/1.74060s.2235
352371021754/

OATA GAMAZ1.2/

ENC

o e




