
A D A 078 729 TENNESSEE TECHNOLOGICAL UNIV COOKEVILLE F/$ 21,8
ANALYSIS OF COMBUSTION INSTABILITY IN LIQUID FUEL ROCKET MOTORS——EIC (U)
NOV 79 K WONG • .J PEDDIESON. N VENTRICE NSR—b3—003—Oj5

UNCLASSIFIEO NASA—CR—159733 NI.



~~~~~ 
NASA CR- 159733

~ I
ANALYSIS OF COMBUSTION INSTABILITY IN

LIQUID FUEL ROCKET MOTORS

y

K. Wong , J . Peddieson , Jr. , and M. Ventrice

Departments of

Engineering Science and Mechanics
and

Mechanica’ Engineering

Tennessee Technological University
Cookevi lle, Tennessee 38501

‘0-
Prepared for

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

C-,

NA SA Lew is Researc h Center
Cleveland , Ohio

Contract NGR L~3— 003—0 l5
R J Priem Technical Monitor

— - - -
J~~~

-” 
-
. 

~~~~~

~~ 
‘—‘

~~ 
--

;~~‘
_
~~
. 

~
.
-.- -.—— —

\ ~ 
.

~

—

79 1.2 31 042
~ ~~~~~~~~~~~~~~~~~~~

~~~~~

- • —

~~

- -  - .  ~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~



f 2 Governrrie nr Accessi o n No ,1 R~ç~ r err t~ Ca og Co 1
NASA CR 159733 — 

/ !
ti tir j i i  S. ot t~~ - 

1
1 A NALYSIS OF COMBUSTION INSTABILITY IN LIQUID FUEL I Nov~~~~~ 1~ 79 j

ROCKET MOTORS ~ 6 Per~~, r r ~ ng Organizat ion Code

8 Perform ing Organ izat ion Report No

K./Wong . J./Peddieson, Jr. .~~~~~ M. ,’Ventrice ‘)
________ — 10 Wor k Unit Co. 

— 
,

9 Prrfor m ng Orga n~rati on Name and Address ‘
i
.— 1~Tennessee Technological University

Cookeville , Tennessee 3850 1 ,
_ _.. ~ 11 Contract or Grant No

( i~ ~— NGR —4 3 -00 3 -O1 5
-i~ . Ti ~L~~~~~~a~~ -P~gti od Covered

12 Sponsoring Agency Name and Address / / Topica l Rep.rt~,
National Aeronautics and Space Administration ‘-~_

Washington , D. C. 205 46 14 . Sponsoring Agency Code

15 Sup~ iementar~ Notes -

Richard J. Priem , Technical Monitor -~~

NASA Lewis Research Center
Cleveland , Ohio

16 Abt~ract

I he primary objective of this study is the development of a new analytica l technique
to be used in the solution of nonlinear velocity-sensitive combustion instability problems. Suc h
a method should be relatively easy to apply and should require relatively little computation
time . In an attempt to achieve this aim , t he orthoqonal collocation method is investigated first .
However , it is found that the results are heavily dependent on the location of the collocation
points and characteristics of t he equations . Therefore, the method is rejected as unreliable.
Next , the Galerkin method , which has proved to be very successful in analysis of the pres-
sure sensitive combustion instability, is considered. This method is found to work very well.
It is found that the pressure wave forms exhibit a strong second harmonic distortion and a
var iety of behaviors are possible depending on the nature of the combustion process and the
parametric value s involved . Finally, a one-dimensional model provides furt her insight into
the problem by allowing a comparison of Galerkin solutions with more exact finite-difference
computations.

_ _ _ __ _ _ _  

H

17. Key Words (Suggested by Author(s) ? 18. Distribution Statement 
—

Liquid fuel combustion Publicly available —-

Combustion instabilit y - 
- .

. .. 
-

I
19. Security Ciassif (of this report? 20. Security Classif . (of this page) 21 . No. of Pages 22 Price S

Unclassif ied (U) Unclassified (U) 118

For sale by the Nat ional Techn i cal Infor mat ion Service , Sp rin g f iel d .  V ir g i n ia 22161
/. ai I 

-

11 J .ç~ / /  ~~~/ f
N-\SA C- 168 (Rev 10-75) - 

-
~~~~



‘I

FOREWORD

This report summarizes a portion of the work done for NASA ‘ I
Grant NGR ~43- OO 3-O 15. It is the Ph. D. research of the first aut hor,
Kin-Wing Wong. John Peddieson was the advisor; M. Ventrice was
the principal investigator of the grant.

S ~~~~~~ - - . 
-S S

~~~ s~~J - —-

~T ,  
~~~

-If

- 

ii 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



- -  ~~~~
— - - 

- 

~~~~

--

~~~~~~~~~~~~~~~

- 
- - —— - -

~~~

-- -  

. 5 ,

TABLE OF CONTENTS

Page

LL~~T flF TABLES V

L:~ T ~F’ F:IURES vi

Oh~~p t e~

1. INTRC~ UCTION 1

2. o~ ::BuSToR EQUATIONS 14

3. A~;ALYTIcAL SOLUTION OF WAVE EQUATION 17

14 . (~O L L O C A T I O N  21

5. ~-i GALER K IN METHOD 28

6. ~~~E-DI~~EN SION AL MODEL 

7. C~ N C L W S I O N S  5) 4

56

;-.ppE::~~: c~~:

A. DERIVATION OF THE COEFFICIENTS 914

B. PROGRAM FOR STABILITY BOUNDARY CURVES 100

C. PROGRAM FOR MODAL AMPLITUDE AND PRESSURE 106

I

I

-Si •1 

~~~~~
C ~i t t  S 

~

,

I-

~~— —-.~‘—----—-- .--S——-



~~~ ~~~~~~~~~~~~~

t~~. l~’

1. ~~~~~~~~~~ ~~~~~ ~~~~~ .~~‘ 1ij ~~~ 1.: W: tv - ~
- ~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~ ~~r

~~~~~~~ ~~~~~~~ 
‘ ::::vr~~

-~~ ~~~~ ~~-i . .~ ~~ .

* 
:-

- :~ 
—

~ : • ‘ - -~ 
~~~~~ r~~~~:’’-’1 i 

‘ -  ¼’ ~I .~ ~ t ~ ~. ~~~ • 
~~~~ ~~~~~~~ . .

I ~~~~~~~ - 

~~~:~ ~~~~~~~~ ~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~r L

: :‘-~
_
~ ‘i . r~~’ I r ’ : .  ,‘ ‘ ‘ i ’  :‘c~ \ :: ~~~~ 

—

7. ‘
~~~r ’ .~~~

’
~~ ~~~~~~~~~~~~ .- : ~~:‘ ‘~~~~~ 

r~~~~. ..

=

C - - C . I 

iv



_ _ _ _  - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 1
S .,

L12? OF F I SU R E S

Page

1. ~~~~~~~~~~~~ F~~n c t  i on s  ~‘or dt a n t  ing  ari d
T:’avelia.~ Waves .

2 .  2~. ~b~~~it j  ~oar ~~ary  for  S t a n d i n g  wave s   58

3. S b ~~I~~ty  B o un i a r y  fo r  Tr ave 1In ~ Waves 5Q

ab ~1~~ty  ~ou n d a r y  for Tt and tn~ Waves 60

2 hi1~~t;~ urdar ,’ f o r  T r a v e l i ng  Waves 61

6.  Th . W a l l  ‘r e ssu r e  W a v e f o r n s  for StandIng Waves  62

The Wal l 7ress n’e ‘ a”e~’o’~ms for a n din  W ave s   63

Th e W:i ~~~ 2 r e~T sure  ~‘a’~e~~cor.s for ~ t .a in~ ‘, laV e S .

) .  The W a I l  7res su re  Wave fo rms  for Stand Ing Waves  .

12 .  The W a l l  Pressure Waveforms for S t an d I n ,~ Waves  66

I I .  The W a l l  P r e s s ur e  W a v e f o r m s  for Stand ing Waves  67

1 2 .  The W a l l  e s s u r e  Waveforms for StandIng Waves  68

13. The Wall Pressure av e f o rm s  for Standing Waves  69

1.. The W a i l  Pressure Waveforms for S t a n din g  Waves  70

1::. The W a l l  Poessure Waveforms for Standing Waves  71

16. The Wal l  Pressure Wave forms for Standing Waves. . 72

17. Thc- Wail Pressure Waveforms for Standir:~ Waves . . 73

18. T~~ Wall Pressure Waveforms for Standing Waves . . 7~

1 .  The ..‘ i l l  P r e ss u r e  Wa y-f orms for Standing Waves.

20.  The W a i l  P r e s s ur e  W a v e f or m s  for  S t an d I n ~ W a v e s .  . 76

21. The W a l l  P r e s s u r e  W a v e f o r m s  fo r  S t and ing  Waves . . 77

S V



I 

-

~~~~~ 
- r 

—

~~~~

2 2 .  ‘he W a i l  I :‘es: -a : ’ e W a v e : ’. -s ::s— fo r  ?~‘av ~~1 I Wa’ .’~~: . . 
- .

I Press ’ .~:’e ~‘‘ e f ’r : - ~s ~:‘ T s - r e l I a ~.- W a v e : .  .

11 Ps e: use W.~ v f .~ ~‘ms ‘o -‘ 1’s a ve  1 1 ; ‘‘.‘ - r:t’: . .

~‘ 5 .  Ihe - a l  1 Psi s s a s e  W a v e ” -~ - - ’ ,.; f o r  Ts-r . e 1 —

1 ;‘:‘r ’ssu: ’e  W -~ve : ’::’ s fo r l s  ~~
‘:.-

~~ W~~vo :  . .

2 . .. I I.. ~~~~~~~~~~~~~~~~~~~ 
• , \i

~~
S S • S : -

~~
, - 

~~~~~~ ~~~~~~~~~ I :-. ‘. a v e :  . .

- .  - - -~ . . . . - -  . • -  . c’S_ s  1 .~~~ ~

2 - . . - . . 1 1 c: • e W. y e  : .s :’c S ‘5 ¼ 1 1 1- . - . . .~ S

1. . .  1 _~~~
- - 

.
- .: e l ,~~’¼ ~~~~~~~ •

~~~
, 1 a . . 3- 1

S . . !  S~, ~~S .  _ - _ -
~~~~ :

‘ ‘ ‘ , ‘
~

- ,- :
~~~

- . ~~‘ • ‘ ~~e a :  h a v e : . .

3 2 .  i. ~ -, .~~ 1 P~’~ :s. . r-~ . - e . -
~~:’ o: -” ~ :‘ o:’ :a~’.o I s  -hi v~~:  $2

-: Th- - .- .a I Sr ~~~~~~~~~~~~ W . . o , ’ ca -- ~~
- :h ’s ~~~~~~~~ - 5 

.; u : o  ..: ~ :e f - _—~ - - .; ~~~~~ • ‘ :~~-. o a ~ . - 5 -s: .:- - -1 , ’

~~~~ 
•..~~~~~

-
:‘

~ . . ‘~~~.u : ’ - ~~~~~~~~~~~~~~~~~~ 
‘‘-:: 

~~~~~~ ‘:;~ ‘. i i a  ‘.- ..,‘ c.’- . .
se I-. h ’es~-~.s ’  ~~~~~~~~~~~~~~ h’ s . . v e l  I n ;  ‘-2 v.- . 

7 . ‘l~~ -I 1 1  i s r ’~~.-a r  1- . av e :’o s - - .~ f ¼ -:’ I’ :5 , t v e l  I ‘ .i’:i -: .



.~ 
f t

I

Chap te r  1

INT ~~3DUCTl 3N

The s t e a d y  o p e r a t i o n  ot ’ a liquld—p ropelisal ~c c I e t

eng tn e  is o f t e n  d i s t u r be d  by t h e  o c c u r ren ce  of l a r ~1e

pressure osslila tto ns in the ccmb ustisn c h a m b e r .  Th ese

oscI  1 1St Ions , w h I ch  can lead to  iama~1e t o c: ’ :‘a ilurc’ of  t :ie

m o t o r , are  cau s e d  by u m p l i t ’lca t  ion  of  m I t  ~~~~~ sma ll

( aco, . _ _
~ to  i t :t u r r a n ce s  du e  t o  t he  criers:; r t i e a s e d  by u : 1 e a . ~~’

b u r n i n z  of he p r o p e l l a n t . Th i s  i~- - i su a l l ’ :  r e f , -r:’e 1 10 55

co: u:~ ion  In st a b i l i t y .  t Is  ~ enera11y a c o e p t e d  t h a t

u n st e s  i~ b u rn I n g  can be c o rr e l at e  ~ w i t h  t h e  gas p r e s su r e

( r s e o s u r e  s e n s I t I v I t y )  and th e  magn~~t a d e  of v e l o c i t y  of ’ t h e

f’ s-c l ir o s o  r e l a t ive to t h e  gas ( ve i o c i~~y sen st t ~~v I t y ) .

This  d l sse :’t at  t on  Is c o n c ern e  ~ w i t h  ma th .caut l o a l  m o d e l i n g

of V e l o c I t y — s e n s i t I v e  c omb u s l  ion In :t , a b t i~~t :~ in li~~~~SS .~

p:’o s e l l i n t .  r o c k e t  m o t o r s .

A su rvey  01’ l i t e r at u r e  d e a l i n g  wi t h m5t hcs .at  I sa l

mo : i e l tn ~ of p r e s s u r e —se n s i t i v e  c o m b ust i on  i n s t a b i l i t y  can

be f o un d  in t h e  d i s s e r t a t i o n  of Powel l  ( 1) .  dne of ’ t h e

C. f i r s t  papers  to  e x a m i n e  n o n l i n e a r  e f f ec t s  Is t ha t of ’  h a sl e n

an :‘Ioore ( 2 )  who consi~ ered on l y  the  f l u i d  me~ h o n I  051

effects In a circular c y l i n d e r .  The p ap e r  by i h cle : t and

~ue at  e rt  (
~

) Is one of t he  f’ I i ’ s t  to Include the et’I’ec~ 01’

v e l o c I t y  s c n s t t I v l t y .  They d i sc u s sed  c o m b u s t I o n  i n s t a b i l I t y

1
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:._ n aa.’¼ 5 _ a s

.‘t nc ’~ : t ~~~
5 , 5 c ’ t numerI cal ~o1u ’. ton of th- ~ soverning

t~~r .s is v ery  t t m - c  cnr~:~ a .tn3 and  d l  fflc alt to extract

I n f o r m - i a  I~~n :‘:‘a m , m -~sy i r iy a t  I 1Stors s u c h  as P ow e l l  ~nd

lan ( .  - , Tore .;  an ~~~~ (~1 ) , an P e d d I - :~sIcn  , Te n a r i  cc- , and

P •: :y Y~ 
‘ e5’e e m a l a y ~ I n e t h a ts of w c~i;I5tod resiiual s such

~s l u l o : - a i n  an ~oll .;’a t. Ian m et h ; i s  .

s- - v t  ~: u r r l t c a t  i ons of the  m e t h o d  of w • o l dh t e d

to :sa.susa  t a n — t a s t a l -  l I t t y  ar’oh Ic-ma have de a l t  w I t h

cc - os  . e — : • .-a:~~t .‘ e c ::.lusal:n . In t a l c  w o r k  t h i s  m e t h o d  will

I c -  ~- x t - c n i - 1 t o  h a n ~~Ie s i t u a t i c a c  in w h I c h  v e l o cI t y  :ens-lt iv ity

I S  . o . rov t  a n t .  30th  t he  c o l lo c a t i o n  .an~ G a l e r k in m e t h o d s  w i l l

so ccn :lies-cd . StabIlity couniarles az-si p r essure wav e fo rms

num er ica l l y  for transverse motion in a

s y I~~a~ :-t:aI ccm:octlon chamber. In addition a finite—

w i l l  b e used  t o  so lve  the  o n e — d i m e n s i o n a l

sr oh l - : -m  of t r an s v er s e  motion in a thin annular chamber .

These resllts will be compared with those obtained by a

m e t h : I  of  w e igh t e d  residuals solution of the same problem

In or-icr to assess t he  accuracy of the approximate solution.

in thIs study, attempts to solve the veloc ity—

sc-nsItIie combustion Instability problem by various

numerIcal methods are considered . The governing equations

that describe the flow conditions inside lIquid—propellant

r o c k et  motors will he derived in Chapter Two . An analytical

so lu t  Ion t o  ob ta ined  in Chapter  Three for  nonl inear  acous ti c

mo t i on  in a c y l i n d r i c a l  chamber .  The co l loca t ion  method  is

I
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of I t a c a c —  :ao:. -:r .t - s - . I n  :o ls- c c - c o a l :

S n -c r ;t ’ -  c - f  - - n s r ~.’ of ’ lla-:- -~ r mc::.--nt um acrom - the ::rface

a la :  ta- ; ~~m of  a l l  e :-:~~-~:-all fo -c e- :- a c a l a l  -on ‘ :~~ v o lu m e

a - a:  ~ — n a ~ - - - x :  : - ‘ssei as

* * * * *
= — (- a .

~ ) i c  + f  l~~iv + / :-:~~~ — / Pad:
— ‘I S V -; -

~ S

The force per u n i ~ v - c l - on e  -app lIe l to tho  das by
*u~~~~l i : ~~~he p:-e :o-o:- .-s Of t he  cc-b .

~~
1
~~d the same ar~:zm n., the ~- : a a t I o n  h c c c - m c s

* * ** * * *+ I.(:uu) = + wu~ — 1 2 .  (2.3)

Zimll i: ly , the ba l an c e  of m o m e n t u m  I’o:’ t he  f u e l  p h a se  is
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Y .tI s~ (~~.i) in (2.3) ylo l -lo

* * ** * * ** *+ ~jJ~) = + w ( ~i1 — ) — (p~~r .)  £

f o r  t h e  lb - -i p h a s e

PL(- ,%UL + ~~~~.V n ) = - F .  ( p . o

law of c soservat-con of’ ene zd / ct ito: t s at  tao

:~~ tc- of ch- n~ e ~f - -aors~ - 
~n a vo iu :o c V equs l :  t he  r a t e  at

‘ . e n c s -y en te r- : :  t h e  v o l u m e  v p lus  t h e  r a t e  a~ ah t ch

I: I c - r i  ~- c a  t e .1 i n te r n a l ly  ri-os t he  r a t e  at w h i c h  w or k

Is 1 ::-c by ;:-:ternal force: and dives

I
+ ~~~2 ) d v  = - ~~~~~~ + 1~~~2 )  (~~~~.~~~~~~j s  - f ( P ~~) .~~ds

* *  ** * *+ f  r~~u d v  + / w ( e  + ~u2)dv + / Qdvv ~~ V L~ V

+ is the energy of’ das ncr unit volurie , C
1 

+ 1 J~~

is  The en--r.çy of’ fuel per unit volume , :mi ~ is the heat

t:-~& nsc - -r’ x ’ - j ~~ from the fuel to the 
~~~~

i-is 1 low ~~~ ~h’c same ar lument , I he ho i - t i  ton bee clots;
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~ I n t o  ( : 2 . 3 )  to obtain the mechanical ener ~~y

~- q u a t  Ion and s u b t r act i n g  t h i s  from ( 2 . 8 )  and u s in d  ( 2 . 1)  to

de t

PD / f l t *( l o g ~~) + ~~~~~~ - + ~ + -

*2  * 2  * * *
+ (u, — u )/2 + a~~(u  — U

L ) — P/a )  . (2.10)

in a sill l - ~ r way , i t  can be shown t ha t

P L
D

L
O

L~
L a  = — (2.11)

wher e P /Dt~ = 
~ ~ + d.~~ , 

I)  /Dt * -= ~ + ~ .
~~~~ are ther. 

~~* 
L

c o m o v l n d  derivatives for each phase.

F o r  s i m p l i c i t y , gas phase v i s c o s i t y  and he -at

c o n d u c t i o n  were  ne~~lected  in t h e  p r e v i o u s  a n a l y s i s .  S ince

these  p r o du c e  - i i s s I p --ct ion , equa t ions  derived in I -h is  way

olc o-o lil g ive  a c o n s e r v a t i v e  e s t im a t e  of the  s t a b i l i t y  of t he

sys tem .

It appears (see , for instance 
, Powel l  (1~ } that the

o x - m ary  effect of t he  burning fuel Is that of interphaso

mass transfer . Thus,th— balance laws for mass , momentum ,

and th ermal energy for  each phase wJll be f ur t h e r

simplif ied by neglecting all interphase t ransfer terms

oi her t h a n  those appear—in c in the mass—balance equations. 

- - 

-:_5—

~~ 
- 

2



0

lid.; leads to  t h e  s yst em  of equ a l  ions :

* *- I * * ~~~~~~~~~~ *
Ps~~Pt + p V U  = W

+ = -

~ : u - . ’ = —

** *
~ 

= 0

* ** = ~ 
(P /Pt ) ( i o~~~)

** *c (‘ . PT /hI . = 0 ( 2 . 1 2 )

* * * *,- :n e:’e I I i ~ 
5 eu- . t 1’ Ut.  lye equal  t = r i n d  e~

h i ve h - h - n  l:’ - - - i  (w L t  h T denot I n~ t e : n p t- l ’ a t U I ’ e  c-nd C~ , spec 1 f is

hi - a t ) .  The - 4 I i a t  ion  a t ’ s ta t e  I S-z  an 1 1 — a l la ~ I S

* 
*

*
p = ~RT ( P . i 3

w: : -~re R t s t~ he ~;at; ccnstant

C. Th ~~O Ve i ’ f l i f l I t cquz l t .  I -3113 will now tie nond1:iIen: ;Is~nall:i —

-.- ; I i h  r e s p i - t : t -  to  a s teady  r e f - i s - n e c  s t - c i t e , W h I c h  w i  11 he

( h - u s ’ - - 1 by  t h e  sub s-.- : ’ 1 p~ “r” . A l l .  l en q i  -it ; w i l l  b~ i’ef ~- i ’ re~I

t 1 0 s cm- - sh i rio I - - 1- 1 s i e ndt  h L1, , S lIt ’ h as I I i ’  ch ambe r  ‘:~ d I

t o  t ’~ ; t I~~i’  I cr~ ;i Ic veloc liv I:: t h e  sp —e~i 01’ 5 ~uniI  at  l i e

th
— — 

-
~~~~~ L_ _ ....,~1.,. --—~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~
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refere:;ce st a t e , and the  ch ar a c ter ~ stj c  t irfl c is the wave
trav,o l time Lr/Cr. The dimens ionless qu a n ti t~~e~ are
l e f i n e- J  below :

*

~~ =~~~ I L  = Lrt/ C

*
-
~~ = 

UL — C~~i~

* 
*0 

~L ~r c L

*

W = P~~C~ W/ L ~

T = C~ T/(~~~) T - .=  C~ TL/ (y ~~)

2 
2‘r ~~ r”~~r 2r °r 0r 1’~’

The tim-:-n::bonle:s conservation equations become

~-ant :mTlity

Dp/Dt  + w

DPL/Dt + P L~~~
U L = — W (2 .l~~)

:-:o mefl tu m

D~ /Dt = —  

— ‘~~~ - -
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= 0 ( . 15)

= ( -( — I ) P ( 1 / I ~~ ) ( 1  -c i— .~ )

= 0 (II’. 1-

of s 1a ~ e

P ~T . (2.17)

by s o i - .- h ~ ; ( 2 . 1 ( i )  O f lt ’ ob l  alas;

-:‘ = ,— “ — ‘  . ( 2 .

:-I~~u~~t I an ( 2 .  F’) then  bec ome s

p .

I t a t  1a~~; (2 .  1) )  to  ( 2 .  l~-a ) pro du -es

P u / P t  = — V ( 0 ~~~1) / ( ~~— 1) . (2.20)

Tak1n ~; the cur l .  on b o t h  si d es  at’ equa t  ion  ( 2 .  2 0 )  c t v e s

X P u / P t  0 . ( P . 2 l ~

It  can be shown u s I n d  v e st s i ’  I d e n I  l t v  t h a r  ( P . 2 ~ )

Ic a l . — I o the  fo l i o win d  e q u a l - t o n  w h i c h  dc ’scr tb ’~t; I lie

dc n: - r -i t i on  of’ t i- ic v o r t i c i t y  s~ = X u In t I re flow .

i- iS / Pt -  = 
~~~
. ( ‘~ ~) — 

~~~~~ . ( 2 . 2 2 ”

— 
-~~-- - -~~~~~~:~~~~~ 

- - -

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

__ 
~~~~~~~ . —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Thi s  equa t i on  descr ibes  the  va ri at io n  of vor t i c~~t y

f o r  a ~r~~ven  f l u i d  p a r t i c l e .  Suppo se  t h a t  at t = 0, th is

part~ c1e has zero vortic ity and at the point where it is

located the velocity gradients are bounded . Then by (2.22)

t h e  r a t e  of change of vorticity of the particle van±shes.

:t follows from this that the v o r t ic i t y  will be zero at the

n e x t  In st a n t . ~ y inductton , it is seen that as 10n5 as the

-;el:o ity ~rac1Ients are bounded at each point occupied by the -
~~~

sa rt lc e, its vortic~~ty will remain zero for all time. If

all flui d particles in the system have zero vorticity at

t = 0, the vort icity will vanish at all points in the flow

field and for all t > 0 , therefore , as lonq as the veloc ity

drad~~ nts are bounded through the flow fieT.-d ( as they would

not  be , for example , at a shock wave ) .  As suming this

con ditIon to be satisfied implies irrotational flow (~~ = 0)

an’~ allows the definition of a velocity potential ~ def ined

such that

= . (2.23)

Su bstituting (2.23) to (2.20) gives

+ ½~~ •~~4 + p Y h/(y_1) = F(t)

Since the velocity is the space derivative of ~~~, it

Is p e r mI s s i b l e  to add to ~ any a r b i t r a r y  f un c t i o n  of t ime .

Th is is ea at v a le n t  to  a s t a temen t  t h a t  F ( t )  is a r b i t r a r y .

For fu t u r e  convenience  F ( t )  was selected to be l / ( y — l ) .

This choIce yields

4 
-- -

______________________ - ._~~s — - 
~~~~

—— -
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1 — (y—1)(~~~ + ~~~~~~~~ - (2..~ .)

f-a h~~t t u~ (2 .  P~ ) tat o (2. 1 ~~ ) , ( 2 . 1 0 )  a n t  (7 .  1°)  v - - s

— v~~~(l  — 

~~~~~~~~~~~~~~ 
+ k . ) )  + .-

~
(2

~~~~
I -

~

( - -
~~l / ( .  \

+ ~~~
- ; . -;~~~) + (1 — (

~~
_ l ) (

~~~~ 
+ 1 v

~~.v~~) ~~~
- 0

-
‘ = 1 — (~~— 1 ) ( -; + l _ _~~~ ~~~ )

2 = ( I  — (
~~— i )  ;

~~~
-t ~ 

) Y / (  - i — I ” , (P ~~~~~~

I’Ll. .r c - : t ’1I I  ~~ o lu ;i~ ~0 n i -  i l O l i t  a l i ; . - -s_ ar I t n t - s; - -si s

lv: , Is: I t - sms  0:’ all o r d e r s .

- a ’  1 0  I : s - ~~s h i ~~h i y n o n l i n e a r  a n t  : : s ; r ; e m - t t l s r ; l I : :

Ii sate x n~ c axu ’ , he sy:.; s -rI ;  f equat I ens obt ained al- -~v-a

s s s _  i r e  .; o ly c i e x a c t l y .  In O s - I c r  t o  e t t a l u  s i a ~~1t ’~~, b u t

: ox h : d e , e ; ’ s l t  I lls w h i c h  - . n be :‘ ;ex - - - ~- a s i l y  a i - a l y r - s i , a l l

• i - s m :  of  o x -  l i - S  h i  (~
h l s ~~l _  t h i n  t o  - se I c e :  e l .

t h i s  t -s_; I h e  e t ’ :e ct  o f  S i t  0 1 l i e  o l o s t  I r a — s l ’ t :~ :it

:s_ca i at ’ . e f f ec t  , w h i l e  ~~s - . t  i I y s i : :r r  1 1 fy  I n  - I h o  fo : - .,; e f  t h e

- - s _ i t  1 ‘us . ;c S y s  t c:, of  c~~u~~t i - c u. ; I I c t :  h i s _  ~:ra ’ 
~

S = 1 — ( a  + 1~~~ ~ ~) ~ P — ~ (~~~, ~ 2

= — (~~— l~ ~ 

-

~~, ~ ~

I-

- 
- 

- 

~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- ~~~~~~~~~~~~~
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1L

P = I ± c/2~ .-~~) +

~ ~~~~~~ ( 1  — ( -~-l ) a 
~ ) + ~~~~~~~ ~~~~t t  t

+ ( 1 — (~~— 2 ) a )w = 0 . ( 2 . 2 0 )

2 c r  a cylIndrIcal c ceobustor , it Is d e sir e d  to

In-;estigat the stability of t h e  steady—state solation of

( 2 . 2 ~~i ) .  To do this the steady—state solution must be

ot taine-i . It is assumed that the steady—state burnin~ rate

~-~;;en 1s c-n = only (o = v ( z ) )  and that the flo;-: i axial

= j C : ) ) .  Thus ( 2 . 2 6 )  s i m p l i f i es  to : -
-

dci/dz = w (u = d~~/ d Z )

T = 1 — 
~ (y—1)u

2

P = 1 —

= 1 — ½~~2 . ( 2 . 2 7 )

It can be seen from (2.27) that the deviations of the

steady—state solution from a uniform state are 0(u2). To

allow a discussion of orders of magnitude of various terms

rleflne the ordering parmeter E such that

c = max ( u ) .  ( 2 . 2 8 )

-- 

~ ~~~ ~~~~~~~~~~~~~~~~
- - - - .
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~~~~



I ls

Ib is  I n :  l I t - : ;  I

= 0(e), w = C ( e  ) , ~ 
= 0(~ - ) ~ (2 . 2 ? )

Ihe : -ab l lily analysts will new be carr Ie-i out by a : su :r ~t n l

I h - i t

~( )  + ( x , y , :’,t)

w w( :;) + t~~~ w ‘ ( x ,y, ~,t ) (2. 30)

-...h-a r- - :‘ = 2 ( 1 ) , w ’ = 0(1). (2 .~~l )

I: b - I  :;~~ s ;sume  l t h a t  t h e  u n s t e r i  ly r s ; t u r t r~~t i-:n of I he

V~ I-s c Il po t n t  I al fr o m  t h e  st  e~t ~~~~ ~ta
t is of I he r.s_ SOt

~r I c :  o:~ n~~ :;ltui e s_; t h e  ~lcv I~~tIon of the ste- -dr s1~~te

c c l  :-c : -m :rt - ~~ t ’ an . t  t h  ‘- b e  uu s l  cady  h u r n l n - - x ’a t c

t a r .  1 -  :~ 1. 1 0:’ t h e  3:1:-r e- ar:’ t s ~r as t h e  r i n d  c-a iy neal  I n c u s

2 i t —  i’ , n:s -r . c I eras  . The f ir s  I assumpt I on s t;ec ssar~ to

bc- c :i t ;  1s t  - ‘nt ~ i t  ii t h e  qu a d x - -- it  F- a p p l - o x i : a at  Ion  inheren t in

( 2 .  2 - )  ‘cs _ i  icr t h 5 - se cen d  e l im I n a t e s  n c nl  Ine~~s terms I n v o l v i n 1 c

t u t u -  l u - t ~~ ol w ’ -~ nJ •~ . These a s s u m p t i o n s  are :uaict e fo r

t:: .r t i c I t y  and are not  meant  to imply  t h a t  o ther  orders of

u l d i l  i t - o l e  for  t h e  v a x - b us t e r m s  a re  Im p o ss i b le  -or even

; x x - i l  lh~ - ly . The o b j e c t  lye ot  t h i s  work it ; I o p i c k  one Case

w h i c h  i s  m a t  h e n r i t  i ca l ly  t r a c t a b le  and Sub~~cct  I t  to  ex t en s  ly e

-inalys I s .  Wh ile it. is felt that mos t of I-he f ea t u r e s  cut’ t h e

s t - a b i l I t y  problem wIll be reflected t- y this case , I t  I s

:u ’co~~nl  s e t  t t :d t rri~~ny o fda— :’ pos b tilt i-cs r ’mo in 1 a

‘-‘ xp is-:’-’. I



—--~ - - -_ _~ _
~~~~— - ~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

r u : . i t  at ac -  ( P  . 20 l x i

= ~ ~~~~
‘ , P = I + - P ’ , ‘I’ = ‘I + cI’ ’ ( P .~~2 )

-.) ( 1 )  , P ‘ = 3( 1  , T’ = 00)  1n  o ( 7 . 2 6 ) ,  r~’’ I i  ln t i e  oil 1

er:-:: :‘ ~~( t 
3 ) - ~

. l ac e r’ , us_ I l I .  I 11:1 1 all r~’:r: It :- . 0- ;  ~u ’ I c u t;

~ 1- ’ i t:  to

I_ _ I  ~ 

‘ — ~ 
‘ + 7u ‘rut ~ 

‘ +

+ { ( -, — i ) ;  2 ‘ + -~ 
-
~ ‘- 4

. 

‘ ÷ =

‘I = — - . ‘ + . 

~ 

‘ + ( ‘ . ‘ — (p  ~ ) ( ‘ 2 —

F ’  = — 
~ -~ + u~~~~ + ( 1 , ~~ — ( 2

= —(y—l ) ( 3
t~ 

‘ + i~~~~~~’ + ~~~E \ ~~~~ • .~~~~~ ‘ ~ . ( 2 .  °-~~~

‘h ’  - — -~ ‘s_~ t Ions tar ly e  I f r - a m  this ~‘e r c u r t a~ ion a n a l ys i s

~~ :‘-~ c -x~~ ’ - I  c i  10 be vail .1 as 1cn-~ as th ~ amp lit-al e s -s: : to

o 1  a s b a t  I°n -lacnt it icr ; lire f I n I t e  a no sr ; .~ l l o r  I n i x ;  u n I t y

I as 11: 1: v t he srI rues ap pen i ’  I n~ I : ;  t h e  ~ t o V e

- - . ;-a u t -.-n: ;-:lil be d r o s n s ’- t  au - I it wil l he : :x ; . i :- st  o a t  1 h a l

ant - r I : : - . I ~j a . a i t I t  i c s  ;rc  a s s cc  ‘ - i t  c~l ;\ ‘ l  t h pert-n t-i t  to:; from

~~ -s_~ s ’ e 1 1 y  s t a t e .

___________ • ~~~~~~ 
- - 

~~~~~
—- .‘- 

~~
. - ‘



CLri 1- t er’ 2

A : : A I Y T I C A I ,  2-OLPT TIi 0i~’ WAVE i•I~~uATI  P~

I n  ‘h i s  cnoi pt i-r a seccn ~— -s r-t er sol-a t lea ~~~~~~~ fd r e

-.-c-loc It: potent Ir~I assoc Iit -d with t roin:vers- - ac c-u.ut I c - -rave

m o l t  - a of s_n I teal in a c i r c r : I o i r ’  c y lI n d e r  i s  ob taur c-rt

The s - s I - : ’ I :ri I s  f ou n l in the f o r -rn  of  a 7curtc-r—tcs :el

. r - - r ’ I t - .r. ILls p:-cvides a staaia:’J t-o cI~ ap o i r e  t h e  a r - o t - o s c i

w i l l  bc  discusse I In the fell W i t i . ’ c:ra;’ters .

The ~ove :-nIrs_- -—a u str Ian Is c-i” a i r t - ’ f r c - - r  ( 2 .  ~~~~ by

t h  t h e  b u r n i n d  r a t e  f un d  ~ ‘a I s  a b s e n t .  Then

the  t:- 45rit Ion . :‘c-~iuce: to the seccrs_i—ord e s form of the one

1 1: - c u s s -c - i  by  Ilas Ic-n and il-oar-s (2) for  pure ~ r s  not ion .  in  a

— J

- V 2
~ + c(2 .

~~~t~ 
+ (

~
_l)V 2

~~~t~~
) = 0 (3.1)

a cyl inder of i’~ dLrs s Lr ,  a set of cylindrical

pola r  c oo r d i n a t e s  (r , o , z)  with the axis being co in cid ent

wIth t he  cy l i n d e r ’ s a x i s  of’ :y m a et r y  is use i .  In sc-chine.

a s e c - c a - I — a : ’  ten tr ansve ;’:r -  wave  s o l u tI o n , one a ssu m e s

= ~~~( r , o , t )  + c~~~(r , e , t - )  + . .. . (~~. 2 )

d : ib st  I~ c : t n ~ (3.2) I n t o  ( 3 . 1 )  and (2 .  3~
) l oad ~o

17
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— - - 2 .  —
• , —

- - ‘  1 1

— 2~ = — (~~~~( ;~ 2 )  + ( . . ~~) 7 2~ r,~~ ) ( 3 . 3 )
2 1 1 ~~~1

F = 1 + ~F + L 2~~ ( 3 . LI)
2

= — y~~~~~~: , ~~~~~~~~ 
+ ~~(~~ 2 — (

~ 
.
~ 

)~~
) )  (

~ • 5 )
1 2 1

= 3~~~I. + ~~:~~/o + ~~~~~~~~~~~~~~ i = 1, 2

2 = ( a  ) + ~~~~~~ 
/r)2. ( 3 . 6 )

1 - 1  - i i

Taree J I f f er~ n.t c s_ s - c : s_ n e  -d I c c u s~~c- I  belur- :. F’or t h e

inItia l ctr.ndltlo ns

:(r , e , O )  = J ( S  r ) cos~~ , ~1~~
(r ,0 ,0)  = 0 ( 3 . 7 )

t a -c s o l- ~ t I a n  o f (3 .  3a)  is

= J (: r ) c o s e co s ( S  t )
1 1 11 1],

:~ubotit-stind t h i s  equatIon to (3.3b ) produces

~t t~~2
_ 7 5 ;

2 o o
+ m o  n~~~ 

Jm(3mn 005(m )d1r
~
(22

11
t) ( 3 . 8 )

;-dcer o j  is used  to  d e n ot e  an n ’th  or- ler P- - ssel  f u n c t io n  of

the  f I r st  kind , Smn 13 used to denote the m ’th root of

th e  e c ua t i on  = 0 , and a p r im e  i ndi ca t e s  d I ff e r e nt i a t i o n

f

— k ~~~~~~~~~~ ., -~ - - - - 

- - - 
- ‘~~~~A ’~’’~~~~ - -‘ - - ~~~ -

- -c~-~ ~~~~~~~~ ~~~~~~~~~~~~~~ 
-. -~~ —— -~—~ - -. -
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‘ a IL .- ir cr ::ft r-tt s-f t h e  i t . - :se i  : ~r- c-t~ c a .

~~ f f t c I eu I s_ n e  t a t  ~-~~n s _ l s o: Fiessel fun..:~ Ic-n:; :-L I

be co ::rute~ nume rIcr1 1~~,’ TIc-’ det a il s of t h i s
s - t I :  • ~tIon ar”- d1sc 055•- I lxi as j ’-n l I x  A .

31- -- I r . u  ( 3 . 3 )  cx ; - - 0 1 - t a m :

= (b / (~~i ) ) ( 2 r :  t - : I n ( : - p  a ) )
• 0 0  ~ 1 1 2  1 1

+ ~ 1 (b / (~~° - :~~~2 ) ) J  (P  r)cos (m-- ~( s I n . ( 2~ ,~~~~~~ ~~= . a

— (7: ,-
~2 ) s I i ; (~~~, 

- t )  ) . ( 3 2 )i i  a:.

The c th - s r b - -:-: :clatI~~a to 1 - - lI ::-j~~~c- s ; : b : e - ; a - - : t l ’ •  l ire

f s~~~i I:. t a -  :-aa-: - cay . i-’cr t h e  inItIal -2sa -I l t I~~n.:

= 0, )~ : ( r ,~~, 3 )  = J (P n)ce:-; (3.10)L 1 1 1  1 1

it t~ f -c a n s t n a t

= J (P  r ) c a ~~O : In ( p  t )  (3 . 1 1 )1 1 1 1  11

s_ n d  t h a t 
~~~2 is ~:Iven  by t h e  n’: l a t i v c  of (3 . o~~. For th e

Is_; It  I s _ i. c ot s_ l i t  bofl~

= •I (d r ) e o s e ,

= J J ( r ) s in - ;  (3 . 1: )1 1 1  11

L - 

he ~o1 ~~



I
- - S

= J1(211r)cos(d 11t — t : , )

2 
= 

n~~l
{2b 2n /~~~~n 1 J 2 2 0 (2~~~~~~ (2 11t)

— C O S ( P 2 n t ) }  + cos(2-0)~~sin (2S,1t )  — (2 2 11/2 2fl ) 7 i . n ( 22 t ) } ) .

4

It can be sec-n t h a t  for these initial conditions

a s : Inn . i n wave but 
~~ 

+ 
~~2 

does riot. Some

l y rL c . : : i r e s u l ts  for  t he  p r e ss u r e  f u n c t i o n s  P
1 and P2 were 4 -

oomrut- :- : asin~ tue solutions f-s_-s in tial conditions ( 3 . 7 )

( 1 ab - - i . -~~: s t s _ n . r f ln~ w a - i c )  and initial conditions (3.12)

( l u be l c i  t s a v ’r l ln d  w a - f e )  fo r  r 1, 0 = 0, s_nd y = 1.2.

i s_ t s _  arc presented graphically in FIpurs- 1. For

thc-:e oom:.ut-atjons the series expansions were ten-minuted at

ri 5. T’h~ re is virtually no difference between the results

fo r a = s _ a d  n = 5 , and even the result s for n = 1 provide 
4

on ably accurate solution .

The :-esults discusse d above were used to check the

aemenicai calculations to be discussed in the next two chap-

ter’s. These  results ~enera1ize those of’ Maslen and 1-b ore (2)

to In.i t ls_ i conditions which do not lead to periodic solutions .

4$

-~~~~~~~~~ _ .- --  
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:-u ’cv l o s _ s  i r ;v ,~s 1- ~~ t I c e : . ;  o :  v t - l ~1 c1t i— - s_ - : : s  I t  I’.4 ’

i . : :  Inst tb 11 i t ( se e , fo r  h u t  nec , ~n. ~~ otnd t I c - -

: e : - - - :;, - - -: I .  - t 4 ~ in t he  m a t - I  w I d c l y  U .’- c I  H: r i  I : : i  c
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+ ( s _ / a- ) ((1 — ~i p ) ( ( 1

+ 
~~~~~~~ 

+ (~~0~~
/i’)2)/u~~)~ - 1)  = 0 . ( I4 ~~~~ )

Il cv n: sa : - c an approx  i n n a t e  solut- I - sn  of the for-n

= t; :i’ J (P  :‘)~‘o:;(r::~~)f (t). (14 .5)
r n = o n = j m n:n mn

I - I - b a  i t  i c - n :  ( 2~ , ~ ) is a sapen’l-o: ; it I r i  of  t h e  n or m al  mode s

s o c  I - c - I  i-i it ~h t he e or ’ne sear ;  I tn~ linear ace-s_s I Ic p se t :  i’m

A :ol;~ I - : ;  of I b I s  f c t ’ r ~ r : i low :;  one  t c  i n v e s t i p s_ t e  the

I s_ fl u-. e:- ’c- a:’ ncnll neanltlc-s on t he  b ch a v io :-  ox ’ m o d a l

H t s _ n . - :- v a l e t ;  wau l-i e x hib i t  am ple b r i r n i e n i c  met  I c- : ; In

he 1 1 :a- -~ :‘ c a se .  Only t; t s_nd I np mode: ; can  ho dc- sc : ’ :  t e l  by

T-c :‘ en-ro : cnt  : p ln nIn ~
-i m odes  a : :ott :e t ’  Ot ’:’i i’:; in v o lv t n p

h i ( a ; )  na u . ; t  be ad l ed .  Th is it ; omit t ed  fox ’  simplic ity in

1 1 : 1: l L ;~~t~s : - I  c-n. It . is c on v e n i e n t  t o  r ewr i t e  (‘L~~) as

I-;
= :: J (P t’)cos(m.O)t’,(’~- )  ( 1 4 . 6 )

= i rn~ m~ nj J .J

w he re  N = (P  + 1)Q

I t o -  c~~uci t L en  I . : now - v n i i u a t t ’~l at- N p o i n t - :; ( t h e  c o i l o c a l - l o n

p e t a l  .— )  t o  y i e l d

= 

1
c-~~~’~ t 1 ,7 ,.. .N

-. -- — - ~~~~~~~~~~~~~~~~ ~~~~~~~  ~~~~~~~~~~~~~~~ 
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( S
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xt ~ ) c o s(r s ~~€i 1
) .  ( 1 4 . 8 )

N e x t , (!i . 7 )  Is Inve r t ed  to o b t a i n

N
r = . ( 1 4 . 9 )l_ j =~ 

1~: j

I he v-irlous der I vative :; of (14.6) c s_ n  b e  ex r r ’e : ; : e-I  i x-:

t e x-’a:~ o:’ -.‘a lu e  of 
~

N ,, N
( _ )

n
,S )~ = 

‘ 
~r’r~~~t

( t ) = s F ~~ . -~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ 

I= l ,...N (14 .1-2)

= 
tk~~~~~~~~’ ~~ =

c~~ = ( c
~~~)c~~~, c~~ = (~~~~~~ C . lc 1 . ( 14 .ii )

Pub stituUi n ~ Into (14. 14) , a set of tI o r - J i n ar y  se c o nd— o r d e r

di :’:’enc-nt-lai e4u:Itions h a v i n e  the following forts is

- : c - n e x - a t c - J .

N , . N N
+ a t .  — II C~ .~~.(l— c(~~—l )~ ) + 2 i~ Y ~ C .1. — 1 j = ~ 

ij •J j = 1 k= 1 15 .j it

+ ( nc /j (  (1_
~~~~~

) ( 1 + 
j;~ k~~1

(
1Jk~ i~~k L

) 1 ) 0 ( 14 . 17)

C~~~~ = (‘
~~~ + C~

’
~~/r 1 + C~~ /x’~

a

L
- - - - ‘0 ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 



25

Clik = C
~~~~J

C
~~~~it + C l~~

C
~~k

/r
~ 

. ( 1 4 . 13)

so l u t i o ns  were o b t a i n e d  by a I ’o u r t h — o r  I cr  i-I u r . p e— l ’Ht t a

mc- - :ho-J t o  the  set of e q u a t I on s  ( I I . ~2 ) .  I t  w a m  f ound  tls~~t

t ae  n c - s u i t s  w en t - ve ry  se n s i t i v e  to the  n u mb e r  and l o c a t I o n s

of cc-liocnt~ on points , especially to the radial -lis tr ihu tic -n

of no into . It  was foninj tin it even In caset en v v s_ s  ~ sua t e I

to  ::cro (no  c o :n s u s t i o n )  i t  was  p o s s i b le  to  f in d  many  ch o I c t - :

a: co llocation point:; which lead to ~he compu t ed m o - t a T

am : l i t~ . .o~s Tn c n~-s: I rc-~ w i t h o u t  bound .

Tn Ci ’ I c :  to illustm ’at e t h e  d L f ’ f~~cu l t I r ’ s i n v o l v e - i  in

: t a t - i c  -c ~‘e , cor e -I de : ’  a O f l e — - i  im~ ns ic -na l r - : ob l e m  of

i a n p t t u  i I . n~~l .-;ave act-lan with ~- 1 , ma = 0 and a = 0. in

t h i s  c-as- - (14 .2) :t-du cc -r ; to

— + 2 c (
~~5

t
~~~~~

) = 0 . ( 1 4 . 1 1 4)

- i r s a  con:: t e en  t h e  b o u n d ar y  c o n d i t i o n

= 0 , ~~~-Tr , t )  = 0 . (14.15)

A o n e — t e r -n r  s o l u t i o n  s a t I s f y i ng  ( 14 .1 5 )  is

~~~ f ( t ) c o s ( 1 .~n ) .  ( 1 4 . 1 6 )

App ly ix i :  t i~e c o l l o c a t i o n  m e t h o - I  w i t h  a c o l l o c a t i o n  p o i n t  z~
n r o d u c c s  an e q u a t i o n  for  = ~~~z 0 , t )  o f t h e  fans:

- - — - -~ - ~~~~~~ 
- - ~~~~~~~~~~~~~~~~~~~~~~~~~~ a— ~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ J~~j~~

_
~~ .~4
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+ + ~,(tan2(z /2)~ ~ 
) = 0. (11 .17)

0 0 0 0 0

The l a l c :-k in  method (to be discussed in -le t s_ il in t h e  r ; - - x t

chap t e r )  when a p p l i e d  to the  sam e p r o b l e m  y ie l  Is s _ r i  e b iTt ion

f o x ’  f of t h e  f’ cm ’si

f + ~ f + 14 f r / ( 3~~) = 0. ( 1 4 . 18 )

~s aac- th c e ’  example cons ide:- (-he b o u nd ar y  c’ond~ t is-na

= 0 , ~~~~~~~~ = 0. (11 .19)

A ‘~~O i S t  t o:; sat -  L : l ’y i n p  ( d . 1-2 ) is

= f ( t ) c o o ( z )  ( 14 2 C )

:‘or -.- :t- I ch I he collocation m e t h o d  l ea ds  t o

~ + ~ 
— 2 ct : i n 2 n -~ ~ = 0 (14.21)

0 0 0 0 0

s_ nj  t h e  J - :lerk i :;  me thod  leads  to

r + i = 0. ( 14 . 2 2 )

Fr -em the above two c-tao s , one can observe  t h a t  t h e

la s t  t e r ra  in each ot ’ the oeu a t  ions obtained by coil oc:nl ion

can 1 s_ i to  on s_ny value b~ t wctcn i  0 and -“ depending on; the

l o c a t i o n  :~~ of t he  c ol lo c at  I o n  p o i n t : . No such  d i f f i c u l t y

is en oou : : t~ere-l  when using the Galerki n n i c t l ;o d  . Fven ~‘ mor e

x’ olmn t :; w4 -re used , t h e  same b eh a v i o r ’  was oht a i x - ic - i .  T h er e fo r e

-‘ _ _ _ _ _ _ _
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t he:”. - : :pp e :ir ’ :  to be no way  l.a r a t  t on a l ly  - I c c  I Wi w h I c h  se t s

of c o t i o ca t  i--o n p o i n t s  can pr ’ c-- i u c e  t h e  c on n e c t  r e s u l t .  I -o : ’

I hIs .‘ C c s _ S ufl , a f t e r  tL~ e x p e f l d t 4  ure of much ef : ’or t  , the

c o l l c - c s _ x - l o n  m e t h o d  was  a b a n d o n e d  and t h e  J a l en k in  rn t c t h c - - I

s_ as a ~onte - I .  T h t s  w i l l  be d isc u s s e d  In t h e  nex t  c h a p t e r .

- -
~~~~ ~~~~~~~~~~~~~~~ -- - ~~~~~~ 
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Chapter 5

THE GALE RK IN METHOD

The Gale rk in  method is a specia l  app l i ca t ion  of the

m e t h o d  of weig h ted  resid uals (usua l l y re fe rred to as M W R ) .

It has been e x t e n s i v e l y  used in the so lu t ion  of var ious

s t a b i l i t y  and a e r o e l a s t i c i t y  problems (see for  i n s t ance

P ow e l l  (1) ) and proved i t s e l f  as a u s e f u l  too l  for  the

s o l u t Ion at ’ both linear and nonlinear problems . A1thou~h

It  Is an appro ximate mathematical technique , it has

nevertheless produced rem’ultm ; which were in excellent

agreement with available exact solutions. These approximate

solutions are usually simpler in form than the exact

solutions obtained by numerical integration , and their

quantitative evaluation requires considerab ly less

computation time . However , this method is known to be

reliable and applied conveniently only to equations

involving nonlinearities of a polynomial type. Therefore ,

if this method is used In conjunction with the varporization—

limited burning rate function of (14,1) the problem becomes

intractable . Thus,the following simpler pure ly phenomenolog—

ical  b u r n i n g — r a t e  f u n c t i o n  was employed fo r  the case of’

In s t a n tan e o u s  combust ion  response .

W = wnu ~ (5 .1)

I-

_ _ _  
~~~~~~~~~~~~~~ --
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-.- h e r ’e n Is a constant which will subsequent ly be referred to

as t h e  in t e r a c ti o n  c o e f f i c i e n t . It can be determined either

by c onnn ~ar ’Ison of p r e dI c t I o ns  of ’ the theory directly with

e x? e :-I m e n t  or by compar i son  w i t h  burning  ra te  laws meant  to

a t - s l y  to s p e c i a l  types  of c o m bu s t i o n  p rn c e s s es .  As an

-cf  t h e  l a t t e r  method  cons ider  the  v a n o n i z a t l o n—

l imI’ - - - :  hu r n ~ ng rate law (14.1). As it stands ( 1 4 . 1)  e x h I b i t s

h o t t .  sr’es:-sre s_ n i  v e l o c i t y  s e ns i tIv i t y .  A pu re ly  v e l o c i t y

s en s I t i v e  law c s_rn be o b t a i n e d  by a s suming  ~ < <  1 to  get

= (w/ c 2 ) ( ( 1  + (u/u L
) 2 ) ¼ 

- 1) ( 5 . 2 )

t h e  v is used to denote the vaporizatIon model. If one

en uates s_he slopes of (5.1) and (5.2) at u2 = 0 and plots

b o t h  fu n c t i o n s , the graph would look as fo l lows.  

-~~~~ - - - -~~ ~~~~~~~~~~~ - : - - - -a ~~~~~~ ~
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It can be seen that (5.1) would overestimate the burning

rate. Thus the upper bound for n can be computed. From

(5.1) and (5.2)

= Wfl~ d
u 2Wv = (w /( 14 c 2u 2))/(i+(u/u )2)3~~~.

Thus d 2w( 0) = wn , d 2Wv(0) = w / ( 1 4 E 2u~~) .

R~ u a tin g  these results , one gets

0max 
= 1/( 14~~

2u~~) .  ( 5 . 3 )

The phenomonological law (5.1) can be related to other

spe~~tal burning—rate laws in a similar manner.

l t~ it is desired to consider history—dependent

combustion processes ,this can be done through the general

f -arms_ l a

t
w = nf G (t—~~)d (u 2)d~ (5.14 )

0

wher- - C is memory function and ~ is a dummy variable . If

d ( t )  = H ( t )  (H being the unit step function) all increments

of’ ch nng~- i x ; -
~~~~ o c c u r r i n g  In the past are counted equally

an-I (5.1) iS recovered. If G(t) = H ( t )  — H ( t — r )  all

incr’- -m ents of c: i s _ n~te in u 2 are counted equally up to -r units

of tIx-no In the past while those previous to that time are

not c ;u n t e d  at all. Substit uting this expression into ( 5 . 1 4 )

_  
--~~~~~~~~~~~~~~~~~ -— - ---~~~~~~-— - -

~~~ _
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a: : I t ‘ - 
~~:‘ . I m : ~ ~- n le  obtaIns

w = w n ( u  — u~~
) ( 5 . 5 )

— -r

— t  ) a-nd ~ ~ a c s _ I  I c - I  l ie t t~ ic- Ic : iy  . ~
-h’h : h I ‘n.

(:- . c ) ,~ I be u sed  t o  account f o r  t h e  h i s t  o ’y  s-f  t I n e  b u : ’ t : I n - ~ 

- ix; s_ nou ;h w a y  . - 0  :‘e a oph I S t  I s - s _ I  e a rs_ - -~ m ea t  s of

• h i s  - -
~~~. - -n o n  L’OU ii he s -h I  a I n e - I  b y c-sxs b o y  l a g  a m o r e

:‘c~~lls ’ l c  fu n c t ion n’or’ J ( t  ~~. f - a b s t i t  r I t m u ’ ( 5 . 5 )  s _ n i  ( 5 . 1)

i n t o  ( 2 .  ~~ one  ob t  s_ i n c

— . - :  + 
~~~~~:‘t~~ 

+ w h,~~ -4- 
~~~~~~~~~~~~~~~~~~~ +

+ n-. n ( - ~~- . \ 1; — ~~~~ 
. \ ~~~ ) )  = 0 ~~~~~~~— T t

h-c :s_c = 1 :‘c : ‘ it; s t  a :; I an c-ox is  L’ o:::h u s I Ion a:. 1 j = 1 :‘

I s :  - - n : d - - x ; t  c c m b t r . ;t is::.

‘t;e :sos~ .~~‘~ie: ’aI solat ion cr ’ ( 5 . u )  (~~u1c ec t  t o  h ea l —

c ,:: i n : - y  c c : x d t t  i c - x i s  ‘ or ’ t h e  u n x ~t o s _ d y  v a r I a b les ) can  he

S * ‘ c - rn i: t he  :‘er;a of t he “ol low Lng Four l .  en—B esse l  a e:’I cc

= t’
0~~

(t) + 
: i

f0 t)*T0 2 ~~~
)

+ ~ ( :‘ (t. ) coo (mc +- ( t ) s In(mc )A (.t ( 
~ .7

1 si= 1 ran mu .; s_n

- s _ - s t  t ’  ne in g  (5 .  7~ - I n n s  ( 5 . 6 )  rind a pp l y ing  I h e  u su a l

-I il c5- :  i n o r t h o~~on s _ l  I s a t  I on :‘ :‘ocedurc -  1 e s_ l~ s- an  in:’ in I I c- 

~~
.. — ~- - L .~~~~~~~ ~ ~~~~~
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set of c - s _ s_ p led  o r dI n a r y  d i f f e r e n tI a l  equa t ions  g o v e r nIn g  the

:‘-srnctl ns I’ ~j fl~~ ~~~~~~ N o s o lu t t u n  can be ob t a ined  unless

th e ser’Iea’(5.7) Is truncatei so as to produce a finite set

of e~yss_ tIDn s . t h e  t e r m s  neg lec ted  are a c t u a l l y  srs_ all , an

aca-s_ :-s_ te solution will result.

in  t h I s  t hes i s  a t t e n t I o n  w i l l  be f oc u s e d  on i nI t i a l

d I s t ur b a n c e s  h a vIn g  t h e  f-arm of t h e  f i r s t  t a n g e n tI a l  mode .

The s I mp l e s t  f I n i t e  s e rI e s  c a n t - s _ m ed in ( 5 . 7 )  capab le  of

model ing the effect of qua ins _ die nonlinearities in (5.6) is

= f ( t  ) J ( ~~~~ n )  + f (t )J (S r ) c o s O  +

+ g1( t ) J 1(S 11r ) s i n e  + g2 ( t ) J 2 (5 21r ) s in 2 e .  ( 5 . 8 )

The ~ s_ l e r - :I n  m e t h od  t hen  produces  the  fo l l owing  o rd ina ry

d i f f er e n t i al equa t ions  governing these f ive  va r i ab l e s .

+ S~~1
f

3 
+ c (C

1
f
0

t
0 

+ C2 ( f 1f 1 + g
1
g
1
)

+ C
3
(t ’2 1

2 + g2
g

2
) + wn ( C

11
f~ + C

12
( f ~ + g

~~ 
+ C

13
(f~ + g~~)

—~~~(C
11

f
0 

÷ C 12
(f ~~ + g~~~~ ) + C

13
(f’~ + g~~~) ) ) )  = 0

÷ 
~~

‘
l 

+ S11
f
1 

+ € ( C 14 f 0

r

1 

+ C
5

f
1

f
0 

+ C 6
(g

1
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-cc- ~ f : I c i e n t a  C • ( 1 = 1, 2 , . . . 17) ar ~c- L n t e g x - r : I a  of

I as ~i h L c i .  m u s t  he  c o : - : n x a t e l  :; ;im-cnj ca l l \ ’  .

I c - s _ s _ t  of  t h I s  ca i-cu iatjor; s_no dIo s-us~~ed in ar-pen tIx A .

~~~~~~~~ s t ab i l 1 t  b o ; a ; - I x- - i - o s  in s_ h e (n , ~~
) y l s_ ac -

;-:e :’~- ~e~~c:’ - -  Inc i f t ; ’s t  . i~o;’ a give: ;  v a lu e  of xc , a \ ‘ :i luc-  s-f

•~as se no’ ct -c - : ;n I solut ions -sc -ne o b t a in e d  fo r  v xx ’  l o s _ s  v a lue s

a.  In c-a c :;  case , ~: no s_ rods _ i :isrp-lIIe :b. -j  cxh ~ac~~t- e.i

n - c l t h  t~Jr n ’? , t:;e vi a-ic  01 n wia Iccre: se-I t o;’ t h e  nex~
i x ;  ~v : - . 1  to ’ C de c a y  of rio lal s_ -ip ltt u-des s_ - i s  o b s e r v e d , t h e

— - — 
—
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- i i - s _ - - of n s _ x i s  Lnc : ’ ’- ; i . ;ed i~~’ - ’ r ’ - I t  t i c  I~ ’ . A sy:;t ~-mri t 1c

en i t  ~- -ci p ro c  ‘or;  wa r ;  d c v  I _ - I  so h - i t  I h c ’ c s _ i p u t - v t ’  ~‘ -~u I d

car ry O s _ I  I t i c - s c  c r i l o u l : t t  i on . ; w i t h  ‘ s _ t  s i t i - l y o n  i n t e r v e n t i o n .

l x: l i t : ;  s_ r i : ,’ , ont ’  p o i n t ,  on th e  a t  - i t ’ l l  I t  y b o u nd a ry  W s _ : ;

‘ - a t  ; i I c l 1s h , ’, I .  i’l ; -n -~ new v a I u ~’ of  u w i ; ’ Hios ’n a n - I  I -h e

Ite sal - lot: p r o c es s  Wa: ;  n c - p - : t - - I  t o  I t  e r m i n e  ; 1 t i - ~~t h e x  p c - t n t .

c - t i  t he  a t  a b i l i t y  b o un Ia: ’y . Ph I a  : ‘oc ’ c - - i : n ’e  ( w h i c h  cc- :i:;::fl1c 1

- i c ’ - : : -- i d ’  ; - : ib  1’  - m o u n t  of  c o n su l  c -n  I. I r’i~~) w - s _ ; ;  c o a t  I nu ed  nu t  11

- x x - i t O h  ~- o t n t a  i : - t J  been  ~‘ o ; : r : I to e : ; t a b l  1s t :  t I n -  a l i a s - o f  t h e

-a t  0— 1 1 I t  y h o u n d- a ny  . I t .  :~h o x : l  1 he a c - I  n t e d  c - u t  t h a t  I he

s_ ra p 1 I t ~~ I , - c - :~ t . l - iT :n ode ri 1 ways In It I ill y - I c c  r ex :  a - : ;  - h u e  I o

I L ’ ’ f a c t  t h a t ,  ~uI’ely vel oc  t t y— a er ; : -- l t  ly e  c on i b u a t - l on

; r i : ; t - ~i h l  1 i t y  Is ;:lway:; iinc-;ir’ly rn  a b l e .  Thus i t -  I: ; n ece soa l ’y

t o c - n t  Ix : ; : ’ t h e  cs: L - u i a t -  I c - n  f o x ’  a c c - r i s i ’ i e r a b l e  p e r i o d  c - C

t. I ::: ’ to  c I c t - ; - r n x i n e  wh e t ;h e i ’  a g i - c ’n set -  of c o n - l i t -  Ions

c 0 n % ’ ~ - r ; ; ’ u t i l :;  La non] .  1 t i c - r i ’ S I ::l I I i t  y or ’  I n s _ I  ;: h 11 1 t ,y .

F I g x i r ’e : ;  2 and b show some I yp  c-i l s t s_ b  11 I V y

b o un , I a : ’ i’ ’:; i’or  i r i s _ I  a n t s _ n i -o r : ; c c - ; ; ; i c : i a t -  1.01: ii:; i ng I he i n !  t i — i l

i I t .  1 or: ; ;

I ’ i ( O )  = 1 , r 0 ( o )  = i’ , ( O )  g 1(0) = .: ( o )  = (1

f 0 ( 0 )  = t ’ 1 ( O )  = i ’~~( O )  = g~~( O )  = t~~ ( O~ 0 ( . l 0 ~

s _ r i - I  r ’ ( O )  = 1 , t’~~(0) = C ( 0 )  = -- - . t J O )  = 0

1 , i’~~( 0 )  = t ’
i

( c i )  = r , ( 0 )  = t~~ ( O ~ ~~ , ~~~~~~~
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respectively . The region below and to the left of the

s t a b i l i ty  boundary  is assoc ia ted  wi th  s tab le  cond i t ions ,

wh ile the region above and to the right I~ assoc iated w ith

un s t a b l e  condi t ions .

In the case of linear acoustics , the first set of

I n i ti a l  cond i t i ons  would lead to a s t and ing  wave and the

second  set of In i t i a l  c o n d i t i o n s  corresponds  to a t r ave l ing

;-::ve. In both cases ,It can be seen that the stability

bou ndar i e s  have rou gh ly  the  forms of r ec t angu lar hyperbo las .

As e x p e c t ed , i n c r e a sIn g  the  s t e a d y— s t a t e  bu rn ing  ra te  reduces

the  va lue  of n r e q u ir e - i  to  p roduce  i n s t a bI l i t y . This e f f e c t

is s om e w h at  more p ronounced  for  the traveling waves than for

t h e  s t a n d i n g  waves . There does not  appear  to  be a d i s t i n c t

pat tern to the results. Thus for w = 0 . 2  s t a n d i n g  waves are

more  s t a b l e  than  t r a v e l i n g  waves while  for  w = 0.1 traveling

w av e s  are more s tab le  than s t and Ing  waves .

Figu res Lj and 5 show s t a b i l i t y  boundar ies  assoc ia ted

w it h  i n i t i a l  c o n d i t i o n s  ( 5 . 1 0)  and (5 .11 ) ,  r e spec t ive ly , for

h i s t o r y — d e p e ndent  c o m b u s t i o n .  It is apparent  tha t  the

in f l u e n c e  of’ the  t ime de lay  parameter  on the r e su l t s  for

standing waves Is muc h greater than on the results for

traveling waves. Again , no clear pattern emerges fr o m  the

r e s uF s .  Comparing Figures 2 and Lj , and 3 and 5 show s tha t

i n s ta nt a n e o u s  c o mb u s t i o n  can be e i t h e r  more or less s t a b l e

than h istory dependent combustion depending on the value of

L 

the  t .1me--ielay paramete r . Compar ing  F igu re s  LI and 5 , i t

can be seen t h a t  s t a n d i n g  waves  can  be e i t h e r  more or less
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st-ible than standing waves for history dependent combustion.

Figures LI and 5 also illustrate the fact that increasing the

amount of’ time delay can either increase or decrease the

s . a b i l i t y  of the  sys tem . Thus , Cor bo th  s tanding and

travelIng waves ,t = ir cor responds  to a more stable situation

than either r = O .5 1T or t = l.5~ . The lack of p a t t e r n s

e x h i b i t e d  by these  r e s u l t s  emphas i ze s  t h e  need for  numer i ca l

m et h o d s  of the  t y p e  developed dur ing the present  research .

It appears that the only way to find out what w i l l  happen  in

a given situation is to solve the equations for that

p a r ti c u l a r  case .  This  m a t t e r  w i l l  be d i s c u s s e d  f u r t h e r

s u b s e q u e n t l y .

The pressure perturbation can be calculated from the

v e l o cI t y  p o t e n t i a l  p e r t u r b a t i o n  by s u b s t i t u t i n g  e q u a t i o n

(5 .8)  tnt. o (2.33c), expanding the  result-  in a Four ie r—Besse l

ser i e s  and r e t a i n i n g  only  the  te rms  c o r r e s p o n d i n g  to the  1? ,

2T art i 10 modes to  o b t a i n

2 = — y ( ( d
01 f 0 + C (d

02 f~ + d
03

(C~ + 4) + d
04

(f ~ +

+ d
05

f’~~ + d 06 (4  + g~~) + d 07 (f ’~ +

+ ((1 11f1 + c (d 1910
f
1 

+ d
13

( f
1
f2 

+ g
1g2

) + d iLIfo
rl

+ ~i 1 - rl~ 2 
+ g 1g 2 ) ) ) c o s o  

~~~~~~~~~~ 
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+ (d 11g1 + £(d 1:~’0g1 + 013(f 1g1 
— h1f’2

) + d
1~~

fQ~~1

+ d 11 (r
1g~ -

+ ( ( d 2 1r 2 + c ( d f ’ f  + d 2 3 ( f ~ — g~ ) +

+ J ( f ’ 7 — g~~fl)cos2o

+ ( i 2 i i~ i + ~(d~~~l
’
0 t~ + 2d~~~f1

g
1 

+ ‘i 2~~
t
~0~~

+ 2J 25 r 1~~1f l a i x ; 2 o ) J~~($ 2 1r ) ) .  ( 5 . 12 )

The coe ffIcient- a d 0 ,  d1
, d , are calc u la ted  in t he  same

f a s h I o n  as those discussed previously and t he  va lues  ar e

l i s t ed  in table 8 of the a p p e n d I x .

Come t y p  ical  r e su l t s  Cot ’ wal l  p ressure  w a v e f o r m s  are

pres - a r ed in figures 6 through 37.

F it -n- e s 6 through 0 correspond to  i n s t a n t a n e o us

c o m b u s t I o n w i t h  c = .05 , w = .1, n = l7~~, and initial

condItions (5.10). ThIs leads to a stable standing wave

o s c i l l a t i o n  and the p res su re  can be observed to dec rease

gr ’ - : - I u a l l y .  }iowever , by c h a n gin g  the  in t e r a c t i o n  index  to

n = 22 0  (F i gures  10—1 3)  t h e  pr’e :;sure is seen 1 c-

g:’s_ds_ally. This i an unstable situat ion. It; bot h ; cases

I he respOnse is d o m in a t e . t  by t he  iT mode bu t .  LI 1st or t e d  1 s

ao r~ ’ e x te nt  by I he p r esen c e  c-f the 2T s_nd 1i~ compon en ts

Fignr’es l~4 through ; 17 co:’re:~p on d t o hi s t o r y — d e p e n d e n t

I.

,
~~~ 

i__~~_ . ~~~ ~~
- 

~~~~- A -
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combus t io n w i t h  n = 3/ -15, wh i l e  the other parameters  are the

as_ ra e as before. This is a s tab le  s i t u a t i o n  and the ampl i tude

of the  pr essure s lowly decays  w i th  t ime .

Figures  18 through 2 1 are obtained by changing the

i n t e r a c t i o n  index to  n = 352. ThIs is an u nst a b l e  s i t u a tI o n

as i n d i c a t e d  by the growth  of the  p ressure  ampl i tude  wi th

time.  In both  of ’ these cases the presence of the  2T and lR

components is much more n3ticable than it was in the f i r s t

two situations .

Figures 22 th rough  25 correspond to instantaneous

conbustion with n = 180, e = .05, w = .1 , and initial

c o n di t io n  (~~.11). This p roduces  a tr ave l ing  wave . The

p r es sure  is observed to be decreasing wi th  t ime (a s table

sit - a at i on )  wh i l e  changIng the i n t e rac t ion  index n to 210

(Figures  26 through 2 9 )  causes the pressure to increase

(an u n s t a b l e  s i t u a t i o n ) .  Figures 30 through 37 show the

s ign i f i c a n c e  of the time delay func t ion . Figures 30 through

33 are ob ta ined  by se t t ing  T = ~ and n = 197. This is a

stable case. The pressure is observed to decrease .  Se t t ing

n = 199 (Figures  3/-i t h rough  3 7) ,  on the other hand , produces

an u n s t a b l e  s i t u a t i o n  when the pressure  increases  very

r a p i d ly .  ifl both of these  s i tua t ions  the  respons e appears

to be dom inated by 2T c o n t r i b u t i o n  to the pressure.

From these figures one can conclude that the pressure

waveform : exhibit a strong second harmonic distortion and

t hI s  d i s t o r tio n  ar ises  from the e f f e c t  of the quadra t ic

nonlinear terms . A varIety of behaviors are possible

- ~~~~~~ . 
- ~~~~~~~~~~~ “~~~~

‘“  - -  -.) . - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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deper ; ~ing on t h e  n a t u r e  of t h e  combustion process a r i d  t h e

p a r a m e t r i c  values involved.
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Chapter 6

ONE-DIMENSIONAL MODEL

In this chapter an annular combustion chamber with a

gap width much smaller than the inner radius is considered.

This  geometry wi l l  hence fo r th  be refer red  to as tha t  of a

narro ’.~ annulus . While this geometry is not of much p rac t i ca l  - -

In terest ,it is quite use fu l  for ’ the purposes of ana lys Is .

This is because only one space coordinate is needed to

descr Ibe  the problem. This makes a direct  f i n i t e— d i f f e r e n c e

numerical solution of the original partial differential

equa t ion  feas ib le  and also s impl i f i es  the algebra required

to carry out the Galerkin modal analys is .  In what fol lows

three quest ions  wi l l  be inves t iga ted . First , t he e f f e c t o f

changing the numerica l  value s of ’ certain coe f f i c i en t s

appearing in the governing equations for the modal amplitudes

w i l l  be discussed .  Second , the Galerkin so lu t ion  wil l  be

checked using a finite difference numerical solution of the

complete equation . Third , numerical solutions of the

complete wave equation using the vaporization—limited

burning—rate law will be compare d to similar solutions

associated with the phenomeriological burning—rate law

employed in the previous chapter.

The appropriate wave equation for transverse wave

motion in a narrow annulus can be obtained from (5.6 )  by

140
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s e t t i n g  r = 1 and 3 = 0. To further s i m p l I f y  the  r e s u l t s
t h e  p a r ’ s _ m e l i c  va lues  y = 1 (Isothermal process) and .1 = 0
( i n s t an t e n o u s  bu rn ing  r esponse)  w i l l  be emp l oyed . ~or ’ t h i s
sI t u a t i o n  ( 5 . t ~) si m p l i f i e s  to

~ + 
~~~~ + + w n c ( 3~~~ ) = c- . (~~~. l )

To c s_ r u ’ y  out  the mo ha l a n a l ys i s , i t  L: a sr ’ s_ m~ 2 t b ; ; ;
t h e  p o t en t  I s _ i  f u n ct  iOfl can be expr’essed as

= : , ( t ) c o s ü  + f 2 ( t ) ~~Q~~2 O + ~1
( I ) a i n ü  + ( t ) ; m

n Th ( 5 .2 )

: L ~n app ly l n g  the  u s ua l  da l e r kin  o’,t hogona Il ::a~ ic-i ;
rr’oce ~u no leads  to

+ + + 
~A 1

( f
1~~2 

+ 
2~ l 

+ ~~1n 2 
+

+ cwnA 2(t’ f  + g g )  = U

+ ~t ’~f 2 + w f ) + ~ A~~ (g
1~~ 1 

— f
1

f
1

) + cw n A (g~ — f~~~~~) = 0

+ lt
~i~~i 

+ 
~~~~1 

+ 
i~~~2~~i 

+ — —

+ c;~- n A 2 ( t ’
1c- — 

g
1

1
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, ) = C)

+ ~~~~~~ + — 
~~A~~~~(g

1
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+ 
~~j t t 1

) - 2 w r - \ ! 1 C 1~~1 =Q ( b .  ~~
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= ~~ c 2 = 2 , A
1 

= 2 , A 2 = 2, A -. = 1 an-i A 1~ = . 5 .

The s ym b o l s  
~~~ ~~~ 

A 1, A 2 ,  A ,  and A LI have  been i n s e r t e d  to

11 us ro t -c  the  e f f e c t  of cha ngin g  t he i r  n u m e r I c a l  v a l u e s

I’I o Don ald ( 7 )  in h i s  a n a l y s i s  of c o m b u s t I o n —

in: s_ b 1111 v In an an r ; : lu s  f o u n d  t h a t  fe --n a t i  ;‘-~n v a lu e  of’ 
~

h-~ v s _ i . e  c - f  n re — ~-s_ ired to pr-s~Iuce  i ns ’ :~b i I I~~ wa s  a p r n e - x —

t m t e  Ip w i s e  as h igh  f or  s t a n d i n g  wave :  as ‘cr  t ; -rn .’e l in g

The r e su l t s  d t s c us s e  I In the  s r ev i o u s -  ch: pt- e r’ for

-~ f o i l cy~ Is_tier indicated no such r e l s_ t~ o n sn I m . ~qu a t i on s

;c c r -  e :tp~~oye I in an attemot to dete:’m Is_ c the factors

~ significant e f f e c t  on t h e  s ta b i l  it :,’ b o u n d a r y .

C~’’:-~:’a i~ ca ~culat tons wer e  ma de  s_ ni a :‘epres c-nt -at ly e  sample

-of  t h e  dat - a thac obtained 13 presented in Tables 1 an-i 2.

w~ s -~~ - t  er m ir .e d  by ~‘icPonali t h a t  t l-;e terms r e p r e s e n t i n g  - 

-

; :— b y n a m i c  n on l in e or it i e s , had a smal l  qual  T t a t i v e  e f f e c t

s~ oh i i  Y~ ’ c a l c u l a t i ons .  Thus  the  c o e f f i c i e n t - s A 1 an d A ,

:‘e he I I f ix e - I  du t - i n g  t h es e  c a l c u l a t i o n s .

The ent rles in the  fi r - s t  two l ines of  each t a b l e

c-rtg - - u t e - I  s_ s ing  1-he cc-r rect  equat  ion fL :’ an ann t ~~us . It

be se-en  t h a t  the standing wave  is twice as stal-le as the

I r I g  w a v e , In agreement w i t h  the results of -lcflonald.

0 ~~;‘ I m o  f at ;  r ’ t: 0 1 1 n o  in each t u b  I e wei’e c ompu t  ed b y

ohs_ n in. - A 2 ‘not . 5 t o . 7 , ’ (Th is makes  the  r a t  Lo ~~ A
3

‘ h e  . - t r .e a.; t h e -  p a t i o  c-~ t h e  c o rr e s p o n din g  t erm s h; t he

;c ’-’e;’:-i l n . t e-~ut i t i ons  for  t h e  f u l l  cy i l n , -h--r . ~
- . It  c a r ;  be

s~ - - -- r ;  t n - i t  t~~1~~5 lo.-1ers t h e  c t _ a b i l i t y  l i m i t  I n  - -i l l  c a r e - c  b u t

toe - :  not a it e : ’  t h e  I ’s _ c t  ( h o t  t in m i t  l a l  U~ - t u r b s _ n c c  in the

-. — ~~~~~~~~~~~~~ - .  -.- — — 
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— -



Ta b le I

S t a b i l i t y  L i m ( t s  for  2t~ n d i n g  ~~~~~~~~~~~

In Annu lar t’ombustor

n 0 - A2 14 
_________

91 2 .5
2 .5 .1

724 2 .77 .05
37 - 2 .7 7  . 1
735 1.66 .s .c~379 1 .66 .s .1 -
59~ - 1.66 .7 7  . 0~307 ~- 1.66 .7 7  . 1

.

~

- - . -~~~~~~~~~~ - 
I -

Table 2

~ tahIl itv Limits for Traveling m’avo
in Annular  Comb ustor

1424 2 .~~ .0’
22 2 .5 .1
36 2 .~‘7 .0~2 -‘- -

S 1 -
.~~ . c t ~~

- 31 ~ . r  .5 .1 -
oi l , 1.55  .7 7  I .C
25 

- 1. . ~~ .1
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c - f  .i Y i i : ;g  w a v e  is u;c i~-e -m s s t atu e a: one the

f o r m  a.  a t :- L . ’ e - l  In g  w

‘:‘ht - :t : ’(h  a rt  I s I x t h  l I n e:  ~n T ab l e s  1 and 2 ar e  . cnr I

~~~~~ n O  onln A to I t~:~ or ’ I~t i n a l  v - m i n e  . 5 a n t  c t ; - t ~ng ’~r;g

::‘:~~~~~. O - ~ t o  l . 5  (To h- m a k e s  th e  c i t  I a  o~~- ’ c , e — ; u u l  t :  ~he

:‘ . t i c  ‘

~~~~~
‘
~~~~~

- 11 
s_ s so c ; o t c - 1  w i t h  t O o  fu l l  c v l i u - t L ~:’ . ’

10:: I ’  c m:; be seen t h i t  t h e  s t m n d l n g  s_ uiv e  is  ttppP cx—

h~~ t el’ . -n t s_ s_ es  3S : T ’ t : i b l e  as the irs _ v eIls _ s_u-I w a v e .  I - U t ’ t h L t —

s_ c : - ’ , :. -~ e f :’e st  of ’  t h e  VO 1-j e of  112 o r ;  t he-- b oat  I or ; c

ou:i s_n :.- : :  m u c h  g: eot  en fat ’  a ar t s  i m g — s _ a v e

ma: 1 : ;  t h s_ u: - a t ; v c l i n s _ — ; c a~’c- :::at ( or ; . The ( s _ S i  ( m-: s ll:;’:

e I -
.~ it  I ; h tp  l o n e -n t  :;g i— a t  0 of b - e  ch a n g o s  1

s _ - c u e  : h : u t t s_ r , c c u c l~- . T h e- s e  :-c s u l t :  c o n f I r m  t h ; t  t h e

-no :.  let A -  c- ,~e;’s the st - s_ Oi l i t y  l i m it  In a l l  c s_ s o :  bu t

:00 . - nat . :‘f e c t  t h e  r e l at  lye stab ilit y of s t~1n d i : ;g — w s _ v a  s_ ne

t- P s _ n e I l : ;  ~— -s_ n-~e- I t s t u : h an c o s

The 1 a a  p r e s e n ted  above  i nd i c a t e  t I a t  s t a nd i n g  waves

I l l  b e  t - ,-: i ce  as s t a b l e  as 1 :‘ ;-cel lug w a v er  only  i; nJe t ’  V O P I s ’

sn- -c l-~ c i : ’c ’oms: ar;ces (m ~2/ m~1 2) . T h e -n e  is no reason to

o x :-  - - I :; Ic a he- a s hs_ :- s_ c t e:- I ot Ic a:’ at -he : ’  sy s t  ems e x h i b i t —

ing e~~:t - uct ~or; I n S t  a;- l i l t ;  ;~~u- , in f a st , It  is n ot  f a n ’  .~~ f u l l

h i :  s ’s  t t o n  • a I’ let It e - II fi’e:-en t- r :-cc e n ;  so

Ii’ - - ; a ~c r ; e : - i (  e- ~i s e t  a s e c a n t  ar~;en I :~ ~~~e:’~’r i :  ~l -~

I - t n - ; . The c e n t  na l. I I  :‘f c r e r~c e fc: ’mS~ l L :

3 = (~ 
— 4’ ) ,‘ ( 2 s _ c  )

- - -.- -  - - - -  -~~ - - ~~~~~~~ - -~~~~~ ---
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= 

~~i+l 
- 2~~~~~ + ç- 1 1) / ( ~~e ) 2  ( 6 . 14 )

-~r’e- u sed t o  produce the f o l l o w i n g  set of ’ g o v e r n in g  eq uat io n s

= — -
~~~ i 

+ — ~~~~~~ + 
~ i l

) ( 1  — ~ ( y — l ) ; .) / ( ~~~
) 2

- — 

~~~ i— l ~~~~~~~~~~~ i+ l  
— 

~~i_ i
(2

~~~~~~
)2

— 2 < i < N - 1 ( 6 . 5 )

- c h e r e  N is the number  of po in t s  employed . A fc- :”.-j s_ rd

d I f f er en ce fo rmula

= + 
~

4’ 2 -~~3 ) / ( 2 A o )  ( 6 . 6 )

are1 b a c k w a r d  d i f f e r e n c e  formula

= 
~~~N -2 — 14

~~~N—l + 3~~N ) / ( 2
~~

0 )  ( 6 . 7 )

a:’e use d for  the boundary conditions

= 0 , = 0. ( 6 . 6 )

He n ce , a long  the  bou ndar ies , ( 6 .5 )  b ecomes

= -
~~ 4’~~ 

+ 2 (~~~ - ~~2

) ( 1  -

I

— -~~~- .- - -~~~ —~~~~~ - --
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- 8c ( ~~~ - 4’

2~~~~~~~~3 

-~~)/ (9~ e 2) - Lw

a I = 
~~~~~~~~~~~~~ 

+ 2(~~~~ —

— 

~~~~~~~~~N - 1  
— 

~~I J —2 ~~~~~~~ N— 1 
— 

~~~~~~~~~~~~~~~~~~~~~~ 

— c i ~1 1
. (6 . 9 )

For the  p h e n o m e n ol o g t c a l  mo d e l , the  t~u rr ,Ing  r a t e

f u nc t i o n  becomes

= n w ( - ~ 1~~ 1 
— 

4 ’ . 1
)2/ (14t0 2) 2 < I < I l — i .  ( 6 . 1 0 )

C om b in i n g  (~~~. 6~~ and (6.  10) one obtains

= 
~~~~~~ 

—

= 1 4n w ( -~~. 1 
- 

~N 2 )/(9~~
0
~~ 

(6.11)

r e c ; e c t I v c- 1 y .

For the vapor ization model, the burn ing  r a t e

f ’ s_ n o t I o n  becomes

w. w((1 _c~~ /2)(l + 
~~~i+l

— 
4’

I_ 1
) 2~~0u L )

~~ 
— 1)/c2 2 < 1 < N — b  ( 6 . 12 )

ar’.d , a long  the  boundary, yields

~

:: -i~~ : _~~~~~~~~~~~~~~~~~~~~~~~~~~~
, 

i
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- ;S ,
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2

) ( 1  + ( 7 ( ;
3 
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((. 13)

UsIng eIther the p a - o n o m o r t o b o g l c a l  or t he  v a r o r - i s a t i c n —

l i m I t e d  c o m b u s t i o n  m oi el , ( 6 . 5 )  an d ( 6 . 9 )  can  be so lved  by

s _ h e  F~~s_ : e - — I - : ; t t a  m e t h o d  t o  o b t a i n  
~~~

, I = 2 , 3 , . . . ,  ~— l .

The:; s_ h e  m o d a l  a mp l i t u d e :  c a m ;  be o b t a I n e d  by s _ s i n - I  t he

Fo u . n l e~~— c o ~~le-t c- trs_n: fs_nm

f . ( t )  =2 ;~~~o o s i 3 d e / ~~. ( 6 . l ~~)

Th e se  Integrals m u s t  be computed n u m e r i c a l l y  s i n c e  ~ is

know ; ;  c n ;  at t. ;e g r i d  p o i n t s .

2ome t y r  i c al  r e su l t s  f o r  s t a n d i n g  waves  are presente d

In Table 3. Uhey are in t ended  to i l l u s tr a t e  the

a c c u r a c y  of ’ t he  two — term Ga le :’k ir .  s o l u tio n  and to  compar e

th e results s_ ssoc js_ ted w i t h  the phenomenological and

uap :ni:s_tiofl—li: .:ited c o m b u s t Io n  l aws . The co lumn labe led

21 I n d I c a t e s  t h c  r e s u l t: with a two-— t e r m  Galerk in solution

u s i ng  t he  uhenc- :~ -~n o i c g ic a i  model , the  co lumn labeled PF

c o n t a i n s  the  re -s -sIts  of a f I n i t e —  I i f f e : ’e -nc e  so lu t  i c - n  of

t h e s e  e q s _ a t  b r;.; , s_ n d the  co lumn labeled - F  p r e s e n t s  r e s u l t s

of a f i n i t e  d i f f e r e n ce  s o l u t io n  u s in g  t h e  ~‘ ap o r i u a t i o n—

l i m i t e d  m o d e l .

-~~~~~~~~~ ~~~~~~~~~~~~~ 
- — 

~~~~~~~~~~~ 
-

-
~~~~~~~~~~~~~~~~~~~~~~~~

- -
- 

~~~~~~~~~~~~~
- ‘?;

~~~~~~~~ 
- - - -‘ ~~~~~~~~~ 

-
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Table 3

S t a b i l i t y  Limi ts  For Phenomenob ogica l  and
V a p o r i z a t i o n — L i m i t e d  Combus t ion  Model

--

~~~~

PG PF VF
C fl fl U~~,

.1 146 28 1.3
- . 05  I 91 56 2 . 1

- . 01 1452 286 5 . 2L I  - _

It can be seen that  the order of magni tude of the

In t e r a c t i o n  index n required for  i n s t a b i lit y  far  both the

f i n i t e  d i f f e r e n c e  and Galerkin  methods are roughly the  same

bu t  t he  stability boundaries predicted by the Galerk in  method

s_ n e appro x ima te ly  tw ice  as high as those p red ic t ed  by the  4

Fin ite—difference method . It is to be expected that the

d a l e r kin  method wi l l  lead to higher s t ab i l i t y  l imi ts  than

the  use of an exac t  solut ion procedure .  This can be expla ined

as follows . The instab ility mechanism is basically a feed—

back  pr -oce ss .  Co nsider  the form of’ ( 6 .3 )  assocIa ted  wi th

s t and ing  waves in an annu lus . This is

+ 
~~~~

‘

. 
+ f 1 + 2c (f1f2 + f 2 f 1) + 2 cwnf 1f 2 0

+ ~~f
2 

+ 
~
‘
2 
- cf ’ 1

f
1 — ½cwn f ~ = 0. ( 6 . 1 2 4 )  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :g~~ - 
- ~~~~~~~~~~~~~~~~~~~~~ 
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a l  i :’ t  v lie ;.;. ; - — - - l v n : m r n  I s  n: - r :  I ¶ n - : r : ’  ~ I ¶ en m~ I 11 be r a - ;-l 1 e a t  c - I

1 0

+ + + ‘~~~~r i I~ 1
t~~ 0

+ w t ’ + i:’ , — 
~.t u - W f l 1’~ ii . ( 0 . 1 , 1

o n ’  — t e Pr - : Ja  I e r ’~ :; s e - I ; :  I I a:: icc- in 1 1  l o r d  I a he

o ~~. I a

+ a: ’
1 + f 1 = ml .

hI  t o  e l i n n e o n i d  I :  t a ; i ; 1  s t  s _ h i  l I l y .  In s :  s_ h 1 1 :

— i:: : i :-  .a’ on 1,  m c : n ’ n l  I no :‘:-~‘ :a- :;~’ -  a f I ; - ,’ s _ u t  t en:-; ¶ n ( e . 1 ~ I ’

es I’ I a -~ POW .1 n I  1; 1;; -H e- - m i t : ;  en t ’ t a g row 0 c c : :  ; m n ; e

o :‘ - s_u - mm: i t t  ( o . ~ a . ru e  raw t I n  of  f , a l : ;  a p ‘odin ce-S

ho n’~ -:1 0 a : ’ h l  gOt - i ’  : : :a- ion ~c l ;  I a l t  .1 n I u n - n ;  ~‘ :n m: , s _ - s  - ;d d  I I a n t s  1

::‘- - - c t 0 c f  : ‘ . TIn ’  c e nt  n i  b i tt  a n : . ; a : ’ I hi’s uit g’nu’ :;no ~h’s :r n ’e

n : - .: l t ~~ ’ e l  I :r - r ;~ e— t errs J - r I c r ’ k  In  - i n s _ i  I ym ’. s s_ r i d  t On.; he- eue:- ; -:y

I i t ; ’u  S a ’ 1 -  i n n : . ; I - - a l v  1 ‘ m n : : )  I a: i s  u n it ’ n a ’s I I ::::-, c I . t - ’on ’  1 1; 1

: ‘ e : r . ; :: : - J c ‘k t n t  - r mis 1 y: ; 5 mc 1 1 1 over t ’:; I r a i l  c ’ I I ;  t ’ st  a t~ i l l  I y

o :‘ I t o  - v .  ‘ 
~‘:r: . TI ; s av ‘r en t  I - i cmi  w 1 1 - h - -s n - c a n e  is I. t i e

n r m n : r n b  - :‘ a : ’ ‘ p :-;.; :- - I - n ’  I ¶ u s  : c  :;sc~I . A r m  ox a tip I c  c - i ’ 1 01 a

- ‘ nm i - -  . - ‘t ’ i i  i - , - ‘~ - a O - a : ’I  !i~- t i e - f l ’ — . r n n ~l I s o — t  t a : ’ : : :  - U : ; l y S e s

\ or ;  - — 1  - r n ;  :a ’. I ni p re I i  a I I I n  - m m  t I e ;;~ st er r ; 1 n a I ;c :iy

rb t o .  - ‘- t w - — I  o n ’ . , s a l  mit I t ;  p r - c d  ¶ t h e  i’ o r s _ ’ ’~ ’I  g i r : i l  I t  a—

I ¶ ‘.‘ ‘ 1’ . ’l ; iv I a n  I t m : t  av  ‘ - r ’e ~~t a C en ; I l : ’ S v 5 i  ea t . ; s I  t h 1  l I t  0

- - — —g’.--L-- —~~~--
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:‘ou~~h I y  s t’act -o r  oC uwo . I t  is to  be ex p e c t - e d  t h at  f i t  ~t h e r

increases in accuracy can he  o b t a i n e d  by keeping mar’e terms

in  t i n -  :mnc :;umed sol ut - I on  b ut  t h a t  t h is  will nat : seriously

: t f : ’e ct  t h e  qu a t ~ Itative prod 1st i on .

I n n  d l r : L p t en ’ 5 , i t  wan found  t h a t  equat  b r i g  dw/ c Iu ~ the

p h e -n n-; - n : a i a i i c a l  and v a p a m - .! . m a t i o n — l  Im i t e d  c o m b u s t  i c-n  law:;

-~~~ u = d l en d  t - o  t O t ’ :‘ormu l;;

n = l / ( 1 4 c u~~) .  ( 6 . 1 6 )

t ’t : , ;am : : : ::.~ h a t  t h e  a c t  us _ I  d a m  a can  be f i t - I  e - cI to a for -mula  of

n = C - ’ ( 1 4 c 5 u~~) ( 6 . 17 )

I n e -  - l i t  g t v e  in ;  Tab I  c 3 provide an oppom-tunity to est ins_ I- c

a:. ‘. - rca ~. i t - s a r e  s i t  ot~ n be low

.1 .0~ ~~ . 0 I~~~~~

C 1 .S9  J 2. 11 7 3 . d q  ]

11 appe ar ’s that a value ot’ C = 2 . 5  wo u l d  i w o  accept-

s_h I e a c c u r a c y ever  t h is range of c .

For ’ a l i v e n  val ue ci ’ u~ 
t h e  n computed  from ( 6 .  16)

‘.c ill ov - n ’ e : r t  im a t e  t i r e  b u r n i n g  r a t e .  Thus i t -  m i g h t -  be

h ou l - I h a t  C should  be l en s  t h a n  u n i t y . FOe S t a b  I l it y

c r 1 1  en ’ l e n w a s  , however , based on t h e  m a gn i t u d e  of’ t h e  r : :ad :r I

amp i t .  t ; r-  t e a  . I nn  p e st  I on  of Tat’ len ; ~- h and ~I a l i c - w a t h a t  t Ire-

0

- - - —~~~~~~~- —. - - 
-
~ 

• ~~~



h i

v s _ p c:’ I s_ ct l a n ; —  1 in Lt e~I combust i c -u model  i n v o l ve s  t he  h tgti~.-n’

a t a - m - lr e a  I or ext e nt  t hs_n de- es t he ph et ionoen o  1 o~ I c r  1

c a n t s _ a t  ion  node 1 . Thus  , a given value of u1 ~‘ s_n 0’ as :~ — as t a t  i ’d

with lower in d i v i d u a l  mod : t  1 a m p  1 t udes  I n  t h e  t ’oi’n ;s ’r ’ c : r :~ e

I h :mr - n In t he  i s_ I  I or .  The s t ’ t w~ f fec  t I n t  en ’s c t at ; -  I c a I c ’. I a —

a howa 1.1 ~r t (‘ I a ~1P~ Hr t er I han u n i t  y In t i n  in ; r ange  o :‘

~~~~. -~~~~~~~~~~~~~~~ ~~~~~~~~~~~
- L ~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 4



T A B L E  4

M O D A L  A M P L I T U D E  FOR P H E N O M E N L C G I C A L  MODE L
IN AN~~0L A R  CO M B t S T O R

T POD E 1 M O D E  2 MODE 3 M O D E  4 MODE 5 M O D E  6 M OD E 7 MODE S

0.C0 l.OC u 0.000 0.OOfl 0.000 Ce .00i) 0.000 0.000 0.000
1.25 0 .337 0.029 0.002 0.000 0.000 — 0.000 0.000 —0.000
2.50 0.691 —0 .018 —0.000 0.000 0.000 — 0 .000 0.000 0.CO0
3 • 75 - 0 . T C u  0.064 —0.00~ 0.001 —0.00 0 0.000 0.000 0.000
n .C0 0.2Cc — 0 .043 0.009 —0. 001 0.OCO 0.000 —0.000 0 .OOC
~.25 0 .751 0.040 —0.006 —0.003 0.OC1 0.000 0.000 0.000
7.~~0 0.237 o.o~s 0.000 —0. 002 —0.001 —C .000 0.000 0.000
9.75 -0.S~~5 —0 .C 60 0.015 0.004 -0.00? — 0.000 0.000 0.000

1 C. C’) 0 5’J 0.106 tJ.023 0.009 0.0C3 0 . 0 0 1  — 0 . 0 ) 0  0 . 0 0 0
11.25 0 .137 — 0 .088 0.024 —0.000 -0.003 0.002 —0 .000 —0 .000
12 .50 0.595 0.062 —0.00 9 —0. 01 1 -0.005 — 0.001 0.001 0.001
13. 1I ~ 0 .153 0.011 —0 .010 — 0 . 0 1 0  —0 .006 —0 .003 —0 .00? — 0.001
15.00 -0.440 —0.065 0.032 0.007 —0 .007 —0 .301 0.002 0.000
1 E . c 5  -3.390 -0 .112 — 0 .043 0.020 -0.010 0.005 — 0.002 0.001
1 7 .50 0.1.3~ 0.105 0.333 0.005 -0.010 0.00- 4 0 .001 0.0-)2
1 - ~.F5 0.4t 3 0.073 — 0 .004 — 0 .011 — 0.013 — 0.004 0.0-31 0.002
?C.C C 0.085 — 0 .009 — 0 .023 —0 .020 — 0 .014 — 0.008 —0 .004 — 0.002
21.25 0.-37 4 —0.050 0.046 0.034 — 0 .015 ij.60i 0.006 0.000
22.5 -3 0.?’~7 0.101 — 0.045 0.028 — 0.01 3 0.311 —0 .007 0 .0-3 3
23. 7 5 0.184 — 0 . 1 0 1  0.025 0.015 —0 .018 0.005 0.004 0.005
2 5 . C 0  0.371 0.0~~9 0.009 — 3.016 —0.019 0.C10 0.001 0.005
?~~.:5 0 . 0 3 0  0. C 3 1  —0 .037 —0. 030 -0.020 — 0.01? —0.006 —0.002
? 7 . 50  0.  3 2 1  — 0 . 0 2 7  0 .052  - 0 . 0 0 5  -0 .021  0 . 0 C 5  0 . 0 1 0  — 0 . 0 0 2
~~~~~~~~~~~~~~~ 0.20t 0.081 —0.044 O . 0 3 ( )  - 0 . 02 3  0 . 0 1 7  — 0 . 011 0 . 0 06
3 C . C d  0.1 91 — 0.1 02 0.013 0...28 —0.023 0.303 0.008 —0.006
31.25 0.3C 2 0.098 0.026 — 0.009 0 . C 2 3  0.01? — 0 .003 3.034
3 2 . Y~ 

-~,.019 —0 .054 — 0.051 —0. 03 9 — 0 .024 —0 .012 — 0.004 0.001
3 h 7 5  -0.297 O.CO C 0.056 —0. 019 — 0.024 0.012 0 .010 —0.005
35.C0 -0.141 0.053 0.034 0.027 — 0.024 0.020 — 0.c-13 0.008
36.25 0.207 — 0 .095 —0 .005 0.040 — 0 .023 — 0.003 0.012 —0.00 5
37.~~C 0.252 0 .tfl 8 0.045 0.004 -0.023 —0 .322 0.0-38 0.001
38 .75 0.061 0.079 —0 .064 — 0 .042 —0.02’ —0 .007 0.00? 0.005
4 0 . 0 0  0 . ? d 4  0 . 0  1 0 .0 5 6  — 0 . 0 3 6 — 0 . 0 2 0  0 . 0 1 9  0 . 0 0 5  — 0 . 0 0 8
4 1 . 2 5 - 0 . 0 8 5  0 . 0  3 — 0 . 0 1 9  0 . 0 1 8  - 0 . 0 10  0 . 0 1 6  — 0 . 0 1 0  0 . 0 0 7
6 �. 5 0 0 . 2 3 6  — 0 . 0 ~~1 3.0 29 0 . 0 5 ?  — 0 . 0 1 ,  — 0 . 0 1 3  0 . 0 1 3  — 0 . 0 0 1
4 3 . 7 5  C . 2 1 8  0 . 12 0  0 . 0 7 0  0 . 0 2 3  — 0 . 0 1 4  — 0 . 0 2 2  — 0 . 0 1 4  — 0 . 0 0 6
45 . CO -0.12? — 0.10 9 —0. 076 —0.0 39 — 0 . 0 1 1  0 . 0 0 6  0 . 0 1 2  0 . 0 1 0
4~~ . 25 -0.292 0.070 0.049 — 0.055 0.O0I 0.0~~5 —0 .007 —0 .0-08
41 .50 -0.029 —0 .001 0.005 — 0.001 — 0.003 0.002 0.000 —0.000
48.75 0.290 — 0 .073 —0 .063 0.058 0.0C3 —0.02 6 0.007 0.0u9
50.CQ 0.19? 0.135 0.098 0.053 0.011 — 0 .008 0.016 —0. 0~ 3
51.25 — 0 .207 —0. 152 —3.08 1 —0.020 0.016 0.026 0.019 0.006
52 .50 0 . 3 2 8  0.134 0.02? — 0 . 0 7 3  0.026 0.015 —0.022 0.006
5 3 . 7 5 0 . 0 5 5  — 0 . 0 6 0  0 . 0 5 5  — 0 . 0 4 4  Q . ) 3 4  — 0 . 0 2 8  0 .022  — 0 . 0 1 5
5 5 . C 0  0 . 4 C 4  — 0 . 0 3 3  — 0 . 119  0 . 0 3 7  0 . 0 4 6  — 0 . 0 2 2  — 0 . 0 2 0  0 . 0 1 2
S t r . 2 5  0 . 1 5 1  0 . 1 4 0  0 . 1 2 5  0 . 0 9 4  0 . 0 6 1  C . u 3 8  0 . 0 1 9  0 . 0 0 8
5 7 • 5 Q — 0 . 4 0 3  — 0 . ? 1 9  — 0 . 0 4 5  0 . 0 5 4  0 . 066  0 . 0 2 5  — 0 . 0 1 3  — 0 . 0 2 2
5 8 . 7 5  0 . 4 1 2  3 . ? 7 o  — 0 . 0 9 2  — 0 . 0 3 6  0 . 0 7 1  t ) . 0 5 1  0 . 0 1 3  0 . 0 12
6 C . C O  0 . 3 2 4  — 0 . 2 4 6  0 . 1 8 3  — 0 . 1 1 7  0 .06 0  — 0 . 0 1 7  — 0 . 0 1 1  0 . 02 2

- 
~
- :

-
~~~~~=.,_ - --  — —  - -~~
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TAt 3LE 5

M O D A L  A M P L I T U D E  FOR V A ~~- i R 1 2 A t 1 - j N M ODEL
IN AN~~JL A R COM 8~~STC ,~

I i’oD ’: I MODE 2 M O D E  3 M O D E  4 MOD E S M ODE 6 MOOE 7 MODE 8
C.CO 1 .3Cc 0.000 —0.000 0.000 —0.000 Q. -~0O —~

) .0- 3 0 0 _ C O O
1.25 3 .33z. —0. 1 93 0 .0 39  — 0 . 0 0 1  0 .002  — 0 . 3 0 1  O . D t -3 ~ t~. O 0 0
2 . 5 0  - 0 . 4 5 5  0.095 ‘0.033 0.009 0.0C2 0.000 0 .00 0  0 . 0 0 0
3.15 — 0 . 5 1 4 — 0 . 1 1 1  0 . 0 4 2 0 . 0 1 8  — 0 . 0 0 7 — 0 . 0 0 3  0 . 0 0 2  0 . 0 0 0

5 . C C  O . 0 n ~ 0 — 0 . 0 3 5  — 0 . 0 3 6  — 0 . 0 2 9  0 . 0 20  — 0 . 0 1 2  — 3 . 0 0 7  — 0 . 0 0 3
~. �5 0 . 4 ’ .3  0.106 — 0 . 0 2 2  — 0 . 0 4 1  0.0 2 1 — 0 . 0 0 2  0 . 0 0 6  t . 0 - ) b
1.50 0 . 2 9 3  — 0 . 2 2 5  0 .3 1 7  0 . 02 0  0 . 0 4 3  0 . 0 1 9  0 . 0) 7  — 0 . 0 1 3
3 . 7 5  -0 . 3 2 4  0 . 1 6 0  — 0 . 1 0 4  0 . 0 7 1  — 0 . 0 4 9  0 . 0 3 4  0 . 0 2 4  0 . 0 1 7

Ic .C ’ )  - 0 . 7 1 7  — 0 . 0 2 9  0.192 — 0 . 0 3 7 — 0 . 0 7 ?  0 . 0 4 ?  0 . 0 2 3  — 0 . 0 3 2
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Chapter  7

CONCL u SIONS

The pr imary  ob j ec t iv e  of th is  s tudy was the

deve lopment  of a new ana ly t ica l  technique to be used in the

solut ion of nonlinear velocity—sensitive combustion

instability problems . Such a method should be relatively

easy to apply and should require  re la t ive ly  l i t t l e

computation time .

In an at t empt to achieve this aim , the or thogonal

co l l o c a tio n  method was investigated first. However , it was

sound tha t  the resu l t s  were heavily dependent on the  locat ion

of the collocation points and characteristics of the

equat ions . Therefore, the method was rejected as unreliable.

Next , the Galerkin method , which has proved to be

very successful in analysis of the pressure sensitive

combustion instability, was considered . This method proved

to work very well. It was found that the pressure waveforms

exhibit a strong second harmonic distortion and a variety

of behaviors are possible depending on the nature of the

combustion process and the parametric values involved.

Finally , a one—dimensional model provided further

in~~i ;ht  in to  the problem by allowing a comparison of

Galerkli-i solutions with more exact finite—difference

comput~~t ions.
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f c :~e ma~ oi’ conclu :ions  of’ t h i s  r e sea rch  are as ~‘o11o,:~~.

( 1 )  Th e ~
‘crm of (2.33a ) is somewhat Ins ensitive to t h e

~:ec t f~~ as sumpt ions  used to  de rIve  i t .  This is d em on s t r a t ed

by the  f ac t  t h a t  Powell ( I )  developed an equation of a very

m l l o r  form using a d i f fe r e n t  set of assumptI ons . ( 2 )  The

c ot h o g o n a l  co l loca t ion  method is u n s u i t e d  to so lu t ion  of

t~oobloms of t. e type under discussion here. (3) The ~alerkin

::- - thod is ~-e l i  su i ted  to  the  s o l u t i o n  of such problems . (14)

ab1~~~t~i b ounda r Ie s  and pre ssu~- e w ave forms appear to  be

:hi Y -~~~ -~n~ ent on the p a r am et e r s  of the problem ( in t e r a c—

t I - n  I n i - o x , t Im e  d e l a y , s t e a d y — s t a t e  b u r n i n g  r a te , e t c . ) .

T a - t her mom ~ , tn c -o appea r s  to  be no clear  pa t t e rn  to the

c . ~~s te i  :‘ - s s lt s .  ( 5 )  The phenomenologlcal burning—rate law

- -~ a1-~-~-~~ in t h e  m a j o r it y  of the work discussed predicts

:-~ z -~1ts ;‘;i lch ar-c qualitati-iely similar to those associated

;-~p o r - I s a t t o n — l 1 m i t e~1 b u r n i n g — r a t e  law used by

~2e~’i~~~s i n v c st i ~~a tor s .  The phenomenological  law , further—

m c r - e , con he so-a d in c o nJu n c t i o n  w i t h  the Gale rk in  method

le h-: vipe r izat 1cm— limited law cannot . (6) The computer

~r-o~ r-am: d-~-veloped in the course of this work con be

e mp ioy e i  to  d e t e r m i n e  s t a b i l I t y  boundaries and pressure

-.-;a iefcrms w it h o u t  the exp end i tu re  of excessive computer

t Ime . T r — i s  is impor tan t  because  the  lack of clear t r ends

-d i s c us s e d  above make an i n d i v i d u a l  ana lys i s  of’ each

sItuation des i rable .
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A P P E N D I X  A

D~~~IVATI0N OF T~iE COEFFI~~I~~NTS

n t h i s  s e c t i o n , the c c e i ~f i c t e n t~ b r , ,  C1 ,  ant  d 1~

app e3r1n~ ifl chapter 3 and 5 are derived and their numerical

va l~~~s :ir” presen ted  in Table 6 , 7 , an~i ~ re 3p ect  iv e ly .

In c h ar t e r  3, for  In i ti a l  c o n d i t i o n  ( 3 . 7 ) , cne assu~~es

— = ~: H (r)cos(m ~~~~n(2.: ,t~~.2 : n o m 1..

~~ c~~~~~~~Ln~ coefficient yie1J~

= 1 ,~~11(2S~~1J~ — ( ‘1- — l ) S ~~1J~ — ~4S ,1J~~J 1/r +

H 1(r )  = 0

= ~ 11(2S~~1~~ — ( y — 1 ) f ~~1J~ — 11S11J0J 1 ’r)

~jr) = 0 for m 3, LI , . . .  ,~~~~.

Then expanding 
~2 

in a Fourter—Bessel series and expanding

H (r )  m a  ~essel series leads to

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - i2)J~ (S11
)}.

914

.1

~~~~~~~~~~~ I— ~ - -~~~-- - ~~~~~~ ~~~~~ ~~~~~ TLT~ ~~~ ~~~



95

~~~~ ~n t c~~r~ t l  mu s t  be c o m p u t e d  n u m e r i c a l l y . For the s a k e

0:’ brevity only the first fIve coefficIents In each serIes

are c~ lcu1~ ted and presented in Table 6.

Table 6

~-Eff:: . SERIES C OEF F IC I ~~NT 2 FOR ANALYICA : .  SOL~ T I ON

r~ ~TI~ ~~~ b2n

O l . 1 1 7 3 B — O . 3 7 2 ~4 6 y
1 0. 5 0L 162 4- O . 379 12y 0 .2 7 1 P 1 — 1 . 0 9 1 4 8 2 y
2 —O .092146—0.00802y —O .li39O—O .OlllOy
3 O.050l9+O.001~~ ’r 0.05LI79+0.00209y

— O . O 3 2 9 O - - 0 . 0 0 0 6 ’y — 0 . 0 3 1 4 ’ 5 1 — O . 0 0 0 7 l y
5 O . O 2 3 ? 5 + O . 0 0 0 3 O y 0 .0 2 14 5 1+ 0 .0 0 0 3 3y

In ‘hap ~~’~’ 5, equatIon ~~~~~ can be written as

= ‘o~o + f
1

i~ 1 
+ ~~~~ + + ( A — i )

where 4~-~ = J0, 
~~ 

= J1cosO , 
~2 

J2cos2O

= J
1sInO , 14 =

ftj substituting (A—i) into the governing oquarion (5.6),

R = D(~~) ( A — 2 )

- ~~~~~~~~~ - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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where D is the nonlinear dIfferent tal operator of equation

( 5 . 6 ) .  11’ (A—i) represented the exact solution to (5.6) , R

w o u l d  v a n I sh .  SInce th is  is not the case R has a finite

~~~lue . The ~aierkin  p rocedure  consIs ts  of making R o r t h o g —

onal to each of the ~~ ‘s. This leads to the equations

I 2ir
I I R~ rdrd = 0 I = 0 ,1, . . .  ,14 (A—3)

0 0  I : -

~nd a ~~:-t c~f’ f i v e  second order d I f f e r e n t i a l  equa t ions  are

~ener it -~~. The angular part of integration can be performed

:~ c~~~~o I  f or m  while the radial part of integration must be

oo~ puted numerically and leads to the in tegral

C i = 
~k;0

FI (r )J k (Skl r ) rdr  ( A — L I )

.‘.~here 
~k 

= 2S~ 1/{(S~ 1 
— k 2 ) J

~~
(3kl ) } .  (A 5)

The r . u ner ic al  values of C1 are listed in Table 7 for

-i = 1.2 .  Also l isted in th i s  tab le  are the f u n c t i o n a l  forms
I

of F1 t s. In writing these the notation

= 3~ 1(1—i)J~ + S11J~/r — i2J~/r
2, i 0 ,1,2 (A—6)

Is used. Similarly the numerical values of

= ~j ?G 1jJj (Sj 1r) rdr  ( A — 7 )

L -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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an J  :‘u :~ ~ I f~ r~~: ): ure listed ~n Table 
‘
~
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7

~~~~~~~~~~~~~~~ A 2 ~~2A F ’:d :~: 29~~A TIO~2~ ( 5 . 9 = 1 .7  —

1 k C , F ,

1 C 5.177 R 0J 0 + ~~~~~~~~
2 I 1.0 142  R 1J 1/2  + 2~~1J 2 + ~/ ~~2

3 0 — 0 . 2 0 3  ~~2i ~ 2 2 + +

1 — 1.939 R oJ~
I ~~~~~~~~ 

~~~~~~~~~~ o i~~n~~o~’ i

1 1.719 + 2
1 1

3
2 1

J J ~ + 2J 1J~~/r 2

1 1. 583 R 2J 1/2  + 
~~1 l ~~2 l ’~

’ 1’~ 2 + 2J 1J 2 . / r 2 ,

3 2 ~-2 .785 ~~O~~ 2 +

2 — 3 . 0 3 9  R 2J 0 + 22 Q 1 S21 J~ J~

12 2 1. 13 2  i~~J 1/ + 2 2 J ’2  — J~~/r
2

11 0 2.586 S~~1J~
2

12 0 0.1480 ½ (S~ iJ12 + J~~/r 2 )

13 0 —0.196 S~ 1J~
2/2 + 2J~ /r

2

1 -14.8149 2S
01
S

11
J~J

15 1 1.503 s
11
s

2 1~~;J ’ + 2J J /r 2

2 -0.576 ~(s~ 1J~
2 - J~~/r 2 )

17 2 -3.1481 2S
01
S

2 1
J~ J~

- - ~~
- -~~ —~~~~——~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — - - ~~~—~~~~~
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T~~~le 8

‘-~
‘
~ l ‘I~-:~~T3 AP 2~~. ’’ ~~ r~: ~QUATT~~ (5.12)

________________________ — 1

C

t ~~U - “- -, -
~ 

.
~
.‘ 0 1 ” 0 •_ 

I
-

o 3 C .250 ~• ( ~~~~ ~~ 
2 +

O 5 — 2 .0 5 8  ~ (~~~ 1J Y/ 2  + 2J~

0 :~
1 1.000 J i ( o 11~~

• 1 ~~1’) ~‘ ~‘ T ? T t• — ‘~~~~-~~~ O 1 U 1I~
)

U~ 1

1 3 0 .~~27 ~ (s1 1 2~~1J~J~ + 2J 1J 2 1’ r 2 )

5 J J

5 — 0.19) — ‘
~J 1J .-,

2 1 1.000 J~~(O2 1 r )

2 2 —1. 751 S0 1 S21 J~ J~

2 3 —2 .22 3 ~~(0~~~1J~~ 2 — J~ /r
2)

2 5 0 . 2 3 7

2 5 ~-0 . l7 5  -¼J~

____________ T1:2i~~ 
• -

~ 
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I
C I~~PUT  IN F C r ~w A T I 0 P ~
C
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F l  I M T ~~/ / .hPF 0H
F l I NT  */ / ,FO,OF
MST EP ’ (E F (! )/DE
[f ~

[ I
11 (EP .LT. 0) £P~~.01
AN V 0A
F A SS~~.FALSE .
EL 1OC Z ST E P ~0 ,NSIEP
CC 80 I TR =i ,M A * I TR
E F  AN EP* AN V
IF (EP AN V.E C .C) E PANv A N V
C ( 10 I=1 ,K
CC 10 -j 1 . N

1C G (J ,i ) 0.
CL 20 I= 1.N

2 C  ~( I ) : C .
¼.

C I N I T I A L  CONDITION
C

Y (2) ~FO (  1) V ( 4  = F C (  fl ; Y (  6 =F0 3 ;Yc 6)~~Fo ( 4) ; U
1 ( s )
‘t ( I ) = C F ( l ) * S 0 ;Y ( 3 ) = D F ( 2 ) . S 1 ;Y ( 5 :cF 3 .S2
Y ( f l = C F ( 4 a 5 1 ; Y (  9 ) : C F ( 5 ) * S 2
C A L L  CLVFIJN ( N ,Y ,6 , I ( . E P S. Nt )
T : T I

C
~L ‘ .0 1 1 . N S T E P
C A LL cDELY (N,T,Y .DY.DT.G .lc .EP.&11o.HHALF ,Ict)
CC 30 .J~~2 .N ~~2
1 F ( A B S ( Y ( J ) ) . G T . 2 )  GO TO 60

3C CCNTINt . . E  4,
A C CE N T I N U E

~ lO W : . FA L S E .
IF ( P A S S )  GO 10 50
A N  $10 W N AN V
A A V A N V • D A
GE TO 80

SC CC N T I N UE
A P V D W N AN V
CC TO 70

60 CENIINU E
P A S S = . IRL.E .

OW I RUE
A I~ V U  ~ AN y

1C C C N I I N L E
IF (A B S(A N$1L P— AN $ 1DWN ). LT.EPS ) CC 10 90
A N V ( ANVUP. A NVD sN) * .5

8C C E N T I N U E
90 C E N T I N U E

\ N ~~~AN V
P R I ~4I *// ,Ep,NNU ,ITR

— 

- 
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IF  ( I T R . E Q . M A X I T R )  P R I N T  1/.’... ~4RNI N& • . a

1 A N S W ( R M A Y  NOT C O N v E H i ~E’
E F: [ P 4  

~
(

A N ~~~A N V U P / 2 , A N V C W N = 0
I C C  C ( NT I N U E

C C  T O  9
ICS  P l I N T  / / . ‘ O E L A Y  lIME TOO LA R GE ‘. T O [ L A Y

CC 10 999
I 1C F R 1 N T  •//.‘IL L EG AL C E L A Y  F U N C T I O N ’
5c r sio ~’

(NO
R O U T I N E  C I F FU N ( T . Y . O Y )

¼.

0 T~~IS S E C T I O N  P R O V I D E  A S E T  OF F I V E  S ECOND O RD ER
r t %~~

C
C F0 :Y (/) G1 = Y (8 )
C 11 :Y (4) G 2 = Y (1 C )
C F2~~Y (6)
C

C IME NS I C N  Y ( I C ) . C Y ( 1 0  )
C C M M O N  EPa FPc .~.B.[PANV
CCMM~1N /SL IST/SC .S1.SZ
C CMM ~)N /E3Ls ~1/ C1.C2 ,C3 .C 4.C5 ,C6 ,C1 ,C8,C9. C IC ’C 1l .C 12
1.~.13.Cl4. C15.C16 .C1~

¼.

C ‘t ( ~ ) S0~ S C ~Y ( 2  ) EP.(  C l  •v  (2 )  •Y (  1)4 C !.( Y (4 ) ’  Y (3  )• Y (S )
1’~~(~~)) •C 3* (Y (10)*Y (9)4Y (6) .Y (5)))
C~~(4)~~Y (3 )
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C ) ( 5 ) ’ S 2 * S 2 ’ Y ( 6 ) E P * ( C 8 a Y ( 2 ) * Y ( 5 ) , C ) Y ( b ) ’ Y ( I ) .  d O ’
U Y ( 8) • Y( fl — Y (4 ) • ~~ 3 ) ) )
C~~(~ ):Y (7)
C ) (T )a— Sl’ S 1 ’Y (8 )—E Pa (C4 aY (2 ) .Y (T ) ,C 5*Y (~i ) ’Y (1)4 Cb .

it ‘,( 4 ) • Y ( 9) Y ( ~ 
) • Y ( 5 ) )  • C? ‘ V ( IC ) * y ( 3 ) — y ( 

~ • 
y ( ? ) ) )

CV ( ~)):y( 9)
L~~(9)- —s~ .s 2*V (1O ) •~Ep * (Cd .y (Z).y(c) ,c9 .y(lO)~~y( I ) d O

1 • (YC d)’Y ( 3 )4Y (4 )‘Y ( 7)))
IF (Ric .EQ. ?) R E T U R N

C
IP - 1 P R O V I D E  T H E  C O M B U S T I O N  T E R M S

C
CV (l ) :OY (t ) .WA , (Y (1 ) ,E PANV , (C 11*Y~~~)*Y (2) ,C12 .(Y (4)*Y
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CY (9)~~OY (9) W 6* (Y (9).EPANve(C 11 .y(2 )*y (1O ) ,2eC16*y (4)

1’V (8 ) ) )
‘~ ETL.RN
EN D
SL dROI. T INt R IcDELY (N.T,Y,DY,H,G,Ic,EPS . ‘.HHALF,Icl)

C
C T I- IS S E C T I O N  P E RF CRM 4 FOURTH ORCER RUNGE M UT TA METHOD
C ~.IT~i TIME DELAY FU NCTION
C

C I M E N S I O N  Y ( 10 )  .CY ( 1Q ) . Y2 ( 1 O) ,Y 3 ( 1 O) .G ( 1O .5 0 0 )
C C M M O P i  ER, R K P ~~B , E PA N V
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1C C C N T I N L ~E
T :T+ HI -ALF
C A L L  CIFF LN( T ,Y2 .DY )
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20 Y2 (I)~ Y2C 1 ) ‘ 2.’Y3 (I)

C A L L  C IFF UN ( T .Y3 ’CY)
CC 4 0 I~~1.N
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CC 30 J 1.K

3C G (I .J)=G (I .~i.1)
AC Y2 (I) Y2 (L ) • Y3 (!~i

T :T ‘HHAL F
C A L L  C IF F~ N C T ~Y3~ OY )
CC 50 1 1.N

Y C I )  = ( Y 2 ( I )  — Y ( I )  4 I 1 R A L F * ( C Y ( I )  + G ( I . 1 ) ) ) / 3 .
CON T I P O~1E

E N T R Y  D LYFLM (N ,Y .G .PC ,EPS .P (I)
C
C I l l S  GIVES THE FO R M OF DELAY FUNCTION C
C

IF (l~.LT.1) R ET U R N
IF (R $.E Q .2 )RE TLR N
G (1 ’K1 )~ W d* EPA NV* (C 11 eY C2) *Y (2 )+ C 12 ’CV (4 )*Y

1(4)+ Y (8)~~Y (8))4 C13 * (Y (IC )*-V (1O )4Y (6)*Y (6)))
C (3 .l~ 1 )= we ’ E PANV ’ (C 1 4 ’V C 2 )* y (4 ).C 15* ( Y( 4 )*y
1U)’ Y (8)*Y (1C )))
G c s ,K l )=w a*E P ANV a (C 1e* (y(4) *y( 4 )—1 (8 )*y (8 )) ,C 17*Y (2 )*Y

l (€ ))
EPA N $1’ CC 14 ~Y (2 )* Y C 8 ) ,C15’( V (4

1 (1 0) Y (8)’Y (6)))

. ~~~~ —.~~~~~~~~~~~
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10 ~

G ( 9 , K 1 ) 2 W 8 * E P A N V * ( C 1 ? * y ( 2 ) * y C 1 o ) , ~~.c 1 a . y ( 4 ) . y c e ) )
RET UR N
END
BLO C I~ DATA
CCMMON / B L K I / C  l . C 2 . C 3 . C 4 , C 5 , C 6 , C 7 , C 8 , C 9 , C 1 3 , C l j , C 1 2

1 . C 1 3 . c 1 4 .  C l ~~. C l 6 . C 1 l
C EM MO N /SL IST / S 0 .S 1 .S 2
C A T A  50.S1 ‘52/3.83171 .1.84118.3.05424/
C A T A  C l ’ C 2 .C 3 .C4 / 4 . 1373 , l . 0 4 23 , — .2034, — 1. 9 3 9 4 /
C A T A  C 5 . C 6 . C ? . C 8 , C 9  / 2 . 3 12 3 .  1— 7 1 6 7 . 1 . 4 8 2 8 . — 2 . 7 8 5 .
~ .0 3~~8/

LI l A  C b . C  1 l.C 12 .C13/I.1318 ,2.586 ,.480,— . 196/
C A T A Cl 4’C1’~.C16.C11/ 2.4243,l.85~~4445,— .44r,— 3.4ej,
END
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s~~€ :i L I S T U T O B I N J
• ~~ I~~O FRCM •F3RTLIt3 /~ F R EE

FILE UIcIN C= DIS~~
,MA X REC SIZE= l5.B LO C~ 5UE=4?O .AREA S= 4

l,A REA S I2E ~~140O,FILETYP [=7 )r
C ~(I~~~W ING  N 3t~G JUN 30 1978
C
C CCM4USTZON INS TA ~3IL ITY

C M E T H O D :  T HIS P PCGR AM USED THE GALERI (IN METHOD TO
C GENE RA TE F1~~E S E C O~~O ONO ER DIFFERENTIAL EQUATIONS.
C 4 F O~ RT H O~ D E1S R U N G E—Pc L . F I A  M ETH O D IS USED T O SOLVE
C T~iE RESULTI NG EQUAT IONS .
C
C T HE ~~U GR&M G 1 V F S  THE MOD A L A MPLITUDE AND THE RERTUB [D
C P~~E SS ’J PE IN GRA P ’ II CAL F O R M .
C
C Th~~~E AR E T W O  T Y P E S  OF I NPUT D4TAS. TrI E FIRST SET OF
C IN PU T D A T A  U SED F O R M A T  FREE INPUT. A C OMM A S E R V E S
C A S  A J E L I M I T E R  AN D THE D A T A  ENT E R A S FOLL OW :
C T I I N I T IA L  T I M E
C TE F INA L TIME

• C Dl S T ?  S I Z E  FOR TIME
C NP P R I N T  FREQUE N CY
C NDF I FO R T RO D E L A Y  T IM E A P P R O C H I N G  0
C 0 OTHERWISE
C IC A S  I FOR GAs —DYNAMIC TER.’tS
C 0 O T H E R w I S E
C FO. IN I T iAL CONDITION MODIFIER
C OF EI THE R 1 OR 0
C R R A D I U S  OF THE CYLINDER

C T h E SS C D N D SET OF D A T A  USED THE N A M E L I S T  (LIST)
C I~4 PUT OUTPUT O PTIO N. THE DAT A  CAN BE ENTERED IN
C A N Y  O R D E R .  H C w E V E R  THE FOL LO i4IN G D A T A  M U ST BE
C ~R DV I D E D i N I T IA L L Y .
C T O E L A Y D E L A Y  TI M E I N M U L T I P L E  OF P 1
C [P ORD ER PA R M E T t 2~C w~ T E A O Y  B U R N I N G  R A T E
C AN V IN TERACTION PAR ME TER
C PLO T I FOR PRESSUR E PLOT
C F OTHER w ISE
C
C IF PLCT IS TRUE. ON E MORE DATA (NIJMPT ) IS NEEDED TO
C P R OJID E T P4€ NUMBER OF POINT wITHI N 0 AND 2aP1 .
¼.

C I M € : N S I O N  x x ( l O O ) , Y y ( l 0 O ) , D Y ( l O ) , p ( 5 ) , F O ( 5 ) , D F ( 5 ) , G
1( 1G , 5 C 0 ) .Y ( 1 0 )

CCM M ) N E P . I G A - ~ RPC , W 3 , EPAN $1
CCM ~~0N /,L I S T / S C . S 1  .S2
LC~ MJN / ‘3LK 1/ C l,C2,C3,C 4.C5,C6,C7.C~~,C9, ClO .Cl 1.C12

3

~~~~~~
• • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ L~~
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l.CI 3.C14. CIS.Cl6.C17
CCMMON /BL,c2/C32,C03.C04 .C05,C06,CO?.CI2P,Cl 3P.Cl 4p

1.CISP. C22.C23,C?4 .C25.GAiI A
CO MMON /BLPc3/ dJO.UJI.8J2.COSQ.COS2 Q. SINQ.SIN2Q
DATA P1/3.14159/
L C G I C A L PL O T
N AMELI S T /LIST / TDELAY .EP .WB.ANV. PLOT
READ (5,/) TI .TF.DT,NP .NDF .IGAS ,FO,OF .R
PR INT •//.TI,TF,OT .NP .ND F
iF (IG AS.EQ .0) PRINT //.‘GAS CYNA M IC TERM IS OFF ’
PRI NT ‘~ /,FO,DF,RE FS~ 1. E 5
C A LL ~3ESJ (SO*R,O ,3J0.EPS.IER )
C A LL ~ESJ (Sl*R .I.BJ1.EPS.1ER)
C ALL BESJ ( S2.R~~2.8J2.EPS~~IER )999 R€.AD (5.LIST,END 99)
R(~~INC 1
T C L Y ~~PI’TOEL A Y
EFA NV :EP *ANV
IF ( E PA N V . E C . O )  E PANV A NV
• F T  T E ( b , L I S T )
P1:10
r4HALF :DT* .5
c:TDL Y/DT

~ t :~~4 1
IF (~~1 .GT . 500) GO TO 500
IF (I~.LT.1.AND .NDF.EQ .1) c~~1
CC 30 1 1.K
CC ~ ) J=1.N

30 u(J.I) 0.
DC 10 I:l,N

10 Y (I):~~.
C I N I T I A L C O N D I T I O N
C

T = 11
Vt? ) F 0( 1) ;  Y ( 4 )  F 0(  2 ) A  Y ( 6  )~~F0 (3  ); Y C S )  ~F O ( 4  ); Y ( 1 0  )~~F 0

1 ( 5 )
Y c 1) ~~’ ) F C 1 )~~s o ; Y ( 3 ) = o r ( 2 ) ~~s 1 ; Y c 5 ) ~~c F c 3 ) * s 2
Y ( ? ) : D F ( 4 )  e S I ; V C 9 ) = D F ( 5 ’S?
P~S T E P ~~( T F T I ) / D T
IF (.NOT.PLOT) GO TO 40
C ALL PRE3UE (Y.P)
sF~ITE (1) T.P

‘.C CC N T INUE
PRI NT //,‘F U N C T I O N”
w~ I TE (6.103) T.(Y (I ).1 2,N,2)
C C N T I N U E
CALL OLYFUN ( N . Y, G ’K . E P S . I U )
CC 2’) 1 1 ’ MSTEP
C ALL RKDELY (N , T. Y.DY.DT.G.Ic.EP, 1400,HHALF.l (l)

- 

- CC Si J 2.N.2

I’
~~~~
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IF(ABS (Y(J)).LT.2) GO TO SS

¶ 5  CCN T 1N U[
IF ( P400 ( !,NP).NE.O ) G~3 TO 20
IF (.NOT .PLOT ) GO TO 60
CALL PRESUE (y,P)
WRI TE (j ) Ta P

60 mRITE (6.100) T,(Y(J),J 2,N.2)
65 CONTINUE
2C CCN T IN L,E

IF (RK .GT.0) PRINT //.‘UNSTABLC’
IF ( . N O T . P L O T )  GO TO 70
E NDEILE 1
R E r ~I11C 1 - -

PRI NT //.‘~~PE 5SURE ’
RE*D (5./) NUMPT
DG=~ I * 

2./NUMPI
NLM~~NUMPT +1
T EM °~~C ; X X C 1 =3;
CC 75 I~~2 .NU~4
T E M P = I E M P 4 D Q

7 5  X X ( I ) T E M ?
9~ E AQ (l,END=TQ ) T,P

PHINT //.‘TIPIE = ~‘T
SLM Y C.
CC 80 I=1~ N U M
.
~~~ X X ( 1 )
Y T ( I): A MA* (P( 1)+P (2 )~~C GS QQ)4P (3i ’COS (2*QQ)4P (4)

I’S IN( Q). P ( 5 ) * S I N ( ? * Q Q ) )
SU” Y SUMYIYY(I)

BO CCNT INUE
IF (SU MY.NE.0.) CALL PLQT2O (XX ,YY ,~~~

14,IDQ,1OO)
G C  T O  98

7) CC ’~T IN U E
R P - 0
GC r) 999

400 PR INT •//.‘ILLEGA L DEL AY FUNCTION ’
GC TO 99

SOC PRINT *//,‘DEL A Y TIME 100 LARGE’
99 STOP
10’~ FERM AT (x.8E12.5)
ti C FC PMAT(1 3X .7E12.5)

SU 3ROUT INE DIFFUN (T.Y-rOY)
CI MEMSION Y (10),DY (10)
CC M M ~Th EP ,IGA S . R tc.W9 .[PANV
CC MMON /SLIST/SO.S1 .S2
CCMMO % /SLlcl/ C1,C2,C 3,C4.C5.C6,C7.C8,C9,Cl0,C1l,C12

l.C1 3,C14, ~ I5.Ci6.C17
C

C V (2  ) : y ( j )  

-__
,4,_~~~~~~ . ~~~~~~~~~ ~~~~~~ ~~~

. ~~~~~~~ .
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C ‘i (1 —SO . SO • V (2 )—EP ’ I ‘ A S ’ (CI • Y C 2) * V t  I)’ C 2~~ V (4)’ V C 31 . V ( 3 ) ~~Y ( 7 ) )  •C 3 ’ ( Y ( 1 0 ) ’ Y ( 9 ) . y ( b ) * y ( 5 ) ) )
O V (4)=Y( 3)
C V (3 ) S1.~~t.Y (4 )—F Pe IGAS* (C4 ’Y (2 )’V ( 3I~~C5’Y (4)’Y ( 1) 4

1 C 6 * ( Y ( 8 ) ’ Y ( 9 ) G Y ( 4 ) ’ y ( 5 ) ) . C 7 * ( y ( 6 ) * y ( 3 ) . y ( j o ) . y
2(1)))

C V ( 5  )~~Y (5)
D y (5): S2.s2.Y (6)_Ep.IGAS* (C8.y (2).y (5),C9,y (6)aY (1),

1 C 1 0 ’ ( Y ( 8 ) * Y C 7 ) — Y ( 4 ) * Y ( 3  ) ) )
O V t  ~ 

) V t ? )
C V ( 7): — S I ’ S  1 ‘V C ~ 

) FP’ I G A S  •( C4 • Vt 2 )‘ Y( F )+C 5* V (~ ). Y ( 1) ,
1 Cb .(Y (4)*V(9)—y (5)’Y (5))+C7* (y (1O)*y (3)—y(6)ay (7 )))

C V ( l 3 ) ~~Y ( 9 )
O V ( 9 ) : S2.~~2 a Y ( 1 3 ) ~~E P . I G A S a ( C 8 . Y ( 2 ) * Y ( 9 ) , C 9 * y ( I Q ) * y ( 1 )

1 C 1 O ~~( Y ( d  ) e Y (  3 ) + Y ( ’ . ) a Y ( 7 ) ) )
IF ( R~~.EQ. 2) R ETURN

1(4). Y (R)*Y (8)). C13 ’ Y (1O )eY 1~~).Yb )*Yu,~~~~
C V (3 )~~DY (3 )—w ~ a(y (3).EpANV ’ (Cj4ay (2)*Y (4),C15 .(y (4)eyi t  ~ ) . V t  8 )  ‘Y( 1 0 ) ) ) )
CY (5)~~JY (5)—W3a(Y (5)’E~’ANVe(Cl6* (y(4)’y (4)—y(3)’y (8))

1 •C1 7.Y(2 )*Y(6)))

it :0) Y(8)’Y(E))))
CV (9 )~~i)V (1 ) — W 8 ’  (Y (9 ) . E PA NV . IC  lF.Y (2).Vt 10). 2’C 16 ’Y 4)

1 * 1 ( 8 ) ) )
RETUR N
EN)
SUr3ROL T I N E RK~)E Ly ( N .T ,Y . D Y , H , G . K . E P5 ,  ‘. H H A L E . p ~l)C I M EN S ION V (1~~).DY(lO).V2 (1O),Y3 (10).G( 10.s’)O)
C C M M O N  EP .1GAS. R t ( . w H . E P A N V
CCMM!Th /8LK1/ Cl .CZ.C3.C4 .C5 .C6,C1.C8.C9 .C10,C11.C12

1.C13 .C14, Cl5,C1b,Cl?
CA L L DIFFUN (T.YSDY)
CC 1 1 1 . N

YZ (I):Y (I) 4 HHALF’ (DY (I) 4 11(1.1))
G (I.1)= (G ( I.l).G (I,2))/2
CC N T INU C
T : T . H N A L F
C A L L  O I F F U N ( T .Y 2 . O Y )
30 2 1:1,N

V3 (I ) :YU ),HHAL F* (DY (I ),G (1 .1))
2 Y2 (I)= Y’C I ) • 2*Y3 (!)

CAL l.  CIFFUN ( T . Y 3 . D Y )
D C ~ I: 1.N

Y T ( I ) Y ( f )  • I l * ( D Y ( I )  • CC 1.1))
I F ( ~~. L T . 1 )  GO TO 3
DC 10 J:i,Pc

1’ G( I .J )=G( I ,J . 1 )
3 Y 2 ( I ) = Y 2 ( I) • Y 3 ( I )

T : T , H H A L F

1-c

L —_ — — — —s-. ~~~~~~~~~ 
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~ & L L C I FFUN (T . Y 3 . O Y )
C C 6 1 - l.N

Y ( i)  t Y 2 ( I  ) — Y C I )  • H H A L F ’ t D V C I )  • G (I,1)))/3.
4 CC NTINUE

•~~Ti~Y O LYFU N (N,Y.G .?c.EPS,rcl )
IF (~~.LT.1) RET URN
I F (9lS.EQ .2) R E T U R N

E P A N V . ( C 1 i ’ Y ( C ) ’ Y ( f l + C 1 2 . ( V ( 4 ) ’ Y
1(4). V (S)’Y (8))+ C13’ (Y (IC)’V (LO )sY (b)’Y (à)))

W t 3’ EPANV’(C14’Y (?)eY (4).C15’(Y (4).Y
1( E) .  Y ( - 5 ) ’ Y ( I O  ) ) )
G(5.’(1)-~4tjeEPANV* (C1&’ (Y (4) Y (4) V (8)’Y (8))+C17’V (2)’Y

iCE ))
EP AMV* (C14’Y (2)*Y (8)4CIS* (Y(4)*Y

1( 1 0)  Y ( 3 ) ’ Y ( b ) ) )

)Lt~~1UTiNE PRE~~U ((y,P)C
T h I S  S E C T I U N  P E R F O R M  TH E P R E S S ~,hE C A L C U L A T I O N

D I M C N S I O N  Y ( i O ) . P ( 5 )
C C M M O ? ~ EP .IGAS. ~~~~~~~~~~~~~~~~~
C C M M O I  / r~L ( 2 / C 0 ? . C 0 3 , C O 4 , C O 5 , C O 6 . C D 7 . C 1 2 P . C i  3 P.C 14P

C~~2 . C Z 3 . C ? . . . C 2 5 . G A M A
CC MM O\ /~~L.~3 /~3 J O . 3 J l . R J ? . C O S ~ .C O S 2t ~. S I NQ ,S 1 N2 ~- J F)~~Y i. l) ;bF1~~V ( 3); O r 2 :Y ( 5 ) ; D G I = Y ( 7 ) ; ) G 2 = y ( 9 )

F 0 — Y ( 2 ) ;  FI~~Y 4 ) ;  r~~~y(s); G1=Y (a ); G 2= YC10
P( 1) :~~J O * ( D F O . E p ’ * ( C O 2 * F O * F 0 4 C O 3 * ( F 1 * F 1 + G 1 * G 1 ) 4 C O 4 * ( F ’

• C0 5 ’ O F O’ D F O s C O 6 ’ ( C F I ’ O F I + D G 1 ’ DG I ) .C O 7 .
‘ ( C F~~e EF2 .  0 G 2 ’ D G ? ) )  )

( ‘  ) 
~ 3J I.( or l ,EP  ~ (C l  ? P* FC .F  1• Cl 3P’( 11 ‘F2. Cl eG? ) •C 14P

C i 5 P a 3 r I e O F 2 , O t t . O G C ) ~~~
P ( ~ ) : t 3 J 2 * ( D r 2 4 E P * ( C 2 2 * F O * F 2 s C ~~3 • ( F 1 * F 1 - Lj 1*G1 )4 C 2 4 ’ D F O

~~~~~~~ C 2 5 ’ ( Q F 1 * O F 1 D~~1* D~~1) ) )
P ( 4 ) ~~~ J I ’ ( D G 1 , E P* ( C 1 2P ’ F Oe G 1 ,C I3 P~~( F 1 ’ G 2 — G I * F 2 ) . C 1 4 P

I * C F 0 * C ~~1. C I S P a ( D I 1 a D G 2 - C F Z ’ C G l ) ) )
P ( 5  3 ~bJ2’( 0G 2 .E P.&C?2 .F 0* G 2 . ? . .C-23 .U1 ‘Gb. C24’ DFO’0G2 ,

1 2 . ’ C 2 i . 0 F 1 * O G I ) )
R E T U R N
EN)
3L JC~ DATA

C C M M ) ? ~ /BL~~1/ C 1 .C2 . C~~.C4 ,C 5 ,C6 ,C7 ,C8 ,C9.C 1O ,C l l ,C 12
1.C I~~.Ci4. C15.C16.C17
C EMM1PI /SLIST/S0.sl.S?
C C~”4’)N / RL ,c 2 / C O 2 , C 0 3 . C 0 4 , C O 5 . C 0 6 . C O 7 , C 1 Z P . C I 3 P . C 1 4 P

1.C 15~~. C 2 ? . C ? 3 . C 2 4 . C 2 5 . G A M *C MA S D ,S I . 52 / 3 . 8 3 1 T 1 . I .~~.1l~3 .3 . O 5 6 2 6 /
C AT A C l .C~’, C J . C 4 / 4 . 1  3 73 . 1 .04 ’  3. .2 384 , — ~.~~394 /
C A T A  C 5 . C 5 . C 7 . C ~~,C9 1— 2 . 3 1 23 ’  1.7 187,1 .4 82 8 . — 2 .755 .

_ _ _ _ _ _ _ _  -~ ~~~~ .
~~~~~ _ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1 3.0 C8/
D A T A  C 1O.C I 1.C17 ,C1 3/I.l ~I 8 . ? . 5 8 6 . . 4 R D  • . 196/ -
C A T A  C14 .Cl 5,C1 6.C~ 7/—~~.~~24~~. t 85344’~S.— .44j,— 3.481,
CA TA C02.CO3,C34,co5,r~~c,,cor, 1.Z950.O.2400,— .0952, 

I1- .17~~ ..OuO7, .0494/CI2P,C13p ,C14p ,CISp,—1 2121

3’.?371,— .l?54/ .1
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