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AUTHOR ’S SUMMARY

Quartz oscillators , used for aerospace applications , are subjected to very

severe environmental conditions , par ticularly as far as accelerations and vibra-

tions, which can be periodic or random, are concerned. The main effect of these

dist urbances is to modify the natural frequency of the resonator and thus to

cause frequency instabilities in the oscillator.

In this paper the quartz resonator is studied both by its elf , as a passive

element placed in a transmitting circuIt , and ins talled in an oscillator , whi ch

• is its normal condition of usage.

The accelera tions to which the resonators were subjected were steady state ,

sinusoidal or random. The orientation of the acceleration relative to the quartz

crys tal lographic axis, as well as its direction , are of prime importance.

The same tests were performed on oscillators containing the resonators

previously studied. The results confirm the part p layed by the resonator in the

degradation of the stability of a quartz oscillator subjected to external

disturbances.
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5

I NTRODUCT ION

The primary standard used at the present time for frequency measurement is

the caesium clock. In general , atomic oscillators are used as primary freque ncy
standards. However , recent progress into the long—term stability of quar tz
osc i l l a tors has given them performances which approach, closely, those of quantum

oscillators.

Time—frequency systems have numerous app li cations such as for aerial and

mar i t ime navi ga t ion , anticollision systems , f l i ghts in formation, navigation V

satellites , all of which require frequency standards to be fitted to terrestrial

or spacecraft. The necessary conditions of volume , weight and , also , pri ce ,
allied to their excellent characteristics , lead to a prefer ence for quar tz
oscillators rather than atomic oscillators.

Aerospa ce app licati ons of quartz oscillators necessitate the study of the

influence of the environment on oscillator stability . The main disturbances ,

accelerations and vibrations , mod f y the oscillator characteristics by their

effects on the quartz resonator.

This paper begins by referring to the general , nonlinear theory of an elastic

body subjected to a predeformation. This theory allows us to give an interpreta-

tion of the experimental phenomena observed .

The first part of the experimental stud y deals with the inf luence of

steady—s tate , sinusoidal or random accelerations app lied to the resonator alone .

In all cases a dis turbance of the resonator frequency was seen. The problem of

crys tal suspension is approached from the very particular case of two supports.

The second part is devoted to the use of the resonator in an oscillation

V loop. The oscillator so formed is subjected to the same disturbances as was the

resonator.

V 
All the results confirm the role of the resonator in the degradation of the

stability of a quartz oscillator subjected to external disturbances.

V 
Part I — STUDY OF THE RESONATOR SUBJECTED TO ENVIRONMENTAL CONDITIONS

Chapter I Theoretical aspects of the phenomena

The acceleration applied to the resonator caused prestreses and predeforma—

tions due to the internal forces and surface stresses (these latter being due to

the fixing points). In the case of a steady acceleration these prestresses are

LT purely static. From the mathematical point of view this is almost true , also ,
1897

-
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the sinusoidal or random accelerations since their maximum frequencies (5000 Hz)

are still small with respect to the  n a t u r a l  frequency of the resonator (5 ~ 1z).

This problem is analogous to that of the app lication of an externa l , static

stress to the crystal , as mentioned by P.C.Y. Lee ’ or to the problem of thermal

stresses.

In this study we use the n o n l i n e a r  r e l a t i on s h i ps fo r  quartz developed by

R.N. Th u r s t o n .

Three states of the crystal will be distinguished:—

— the natural state where the crystal is not subjected to any lorce. V

— the initial stale where the crystal is subjected to a static prestress.

— the tinal state where a dynamic deformation , assumed to be of infinitely—

smal l  amp l i t u d e , is superimposed on the static deformation.

The coordinates of a point in the crystal in its three states will be

defined by a., x. and X. , and the correspond i ng d e n si t i e s  by 
~~~~

‘ ~ and p

The static disp lacement can be dofined as:—

u. = x.  — a , .  ( I )
I~ 1 1

The dynamic disp lacement as:—

u. = X .  — x . (2)
1 1 1

and the total disp lacement as:—

U .  = X .  — a . . (3)
1 1 1

In the final state the equilibrium equation can be written as:—

aT ..
= ~~~~ + __?_L (4)

~t

where F. represents the internal forces

and I. . the total stresses.
13

In the natural state this equation can be written as:—

ap ..
= JF .(X~) + (5) LT0 2 1 ~at aj 1897
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where I’ i s the acceleration app li ed.

rile equilibrium equation then reduces to:—

‘c
_
u , / _____ au \

~ 
—---—

~
-
~
- —

~
-‘— I B ,  ‘

~~~
- ) . ( 2 0 )

- ~x i. isk r ~xs ~ r

A parti cularl y simp le case is that of homogeneous deformation. In this

C,isi’ the coefficient B, is independent of x and the equilibrium t’quat ion
tskr s

can be written as:—

~ ~~~u .  
- 

,1 u
= B

2 iskr ~
1x ~x 

• ‘- V

31 s r

T h i s  e q u a t i o n  is analagous  t o  t h a t  f o r  a l i n e a r  s y s tem  w i t h  p r e d e f o r mat i on .

The co ettic ien e s B, simply rep lace the elastic coefficie nts C. . The
iskr ‘ isk r

advantage is that thi ’ equation is of a general form and can thus be appli ed
to any elastic model subjected to prestresses due to acceleration to ex~er na1

forces c ’r to temperature gradients
3
.

It is now possible to consider the problem in two parts. The first part

is the study of the static deformation alone . Since the amp litude of the dynamic
d e f o r m a t i o n  is  v e r y  small (and this is alwa’~’s true , at least in part) it can be

considered I~~ have no i n f l u e n c e  on the  static deformation. This latter can then

be studied using a two— or three—dimension al linear model as needed.

The second part is the study of the dynamic deformation itself. This c-in

be treated with the a i d  of a one—dimens iona l  model u s ing  equat ions  (20)  or  ( 2 1 )

depending upon whether the static deformation is homogeneous or not.

Let us consider the case of a quartz p l a t e  cu t  a long AT v i b r a t i n g  in

shear across the thickness and let us assume the static deformation to be

homogeneous. Equa t ion  ( 2 1 )  reduces t o : —

B 1 , 1 , 1  ~~~~~ . ( 2 2 )
-V

_ _



p.— ‘V

10

The c e c i l  i c i e n t  B 1 2  12 c~ in  be e xpr es s e d  by us i ng e q u a t i o n s  (16) and (17)

J B
12 1 2 

= ~ + ~~~~~ [ + + + 

C
66 1
:1 

+ c
6o2

s

~~
6: 

c663 s.~ +

2 — ——— —~~
- (2 3)

L
66 ~3J

‘.iierc S . and define the deformations and st~itic forces in single index

n o ta t i o n .

The vibration frequency can be written as:—

f = 
l~~~

/
~~~~~~~2 

. (24)

When t h e r e  is no p r e s t r e s s , the frequency is equal to:—

/~ (25)
0 2e 0 1 e ’ 0 V

We a l so  have :—

e = e
~~

( l  ‘f S
2
) (26)

f rom which we obtain:— 
V

f = ~ 
~~~~~~ I2 ~~

( i - 25
2
) 

(27)

The resonators used have electrodes fitted at the centres of the plates.

The p late can then be considered to vibrate mainly about its centre , and of the
distribu tion of forces and static deformations , only their values at the centre

need be considered. It can be shown , easily, that if these deformations are due

to internal forces and if the resonator is symmetrical with respect to its

principle planes (Fig 6), the deformations 
~~~~ ~2 

and S
3 

are zero at the
centre , as is T22 

~~~~ 

1 9 ;
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E q u a t i o n  (2 3 ) r e d u ce ’ s t o : —

/ (‘ S C
= ( I  + 

~~~ - •  
+ 2 ~~

-
~~~~

- —_-_
~

- ) (28)
C6( ~

‘66 ‘a 31

- , u

and since S and —
~~~

- arc proportional to the app lied acceleration F , we
‘a

c d l i  w r i t e : —

k F  ( 2 11)4 I

‘U

= k~~’ . (30) 
V

-V

The r e l a t i ve  f r e c j u e n c v  v a r i a t i o n  is th e~~:—

f 
= 

~~66 
(C654 k 1 

+ 2C~~~k 2 ) F  . (3 1)  

V

This  f o l l o w s  a l i n e a r  1-sw and shows t h a t  i t s  o r i g in is  d u e to t h e effects

of shear. It also exp l ains wi ,  a c h a n i ~e in the  d i r e c t i o n  of the a c c e l e r a t i o n  F

p roduces  a sign change in the t requuncv v a r i a t i o n 5
.

Chapter 2 I n f l u e n c e  of  a c o n s t a n t  acceleration on the resona tor

The acceleration app lied to the quartz crystal produces internal forces and

hence surface forces through t h e  intermediary of reactions caused at the crystal

suppor’s
6’7 by the fixing points. These forces lead to static deformations of

the quartz which modif y its elastic properties and also its dimensions. This

causes a variation in the natural frequency of the resonator.

2.1 Measurement princip le

When the quartz crystal is at its resonant frequency, the phase difference

between the current in the resonator and the voltage app li ed to its terminals is

zero (provided that the effect of the parallel capacitance C
0 

and the parasi tic
capacitances are neglig ible). Any frequency change leads to a phase change, and

vice versa. The principle of the method of measurement is that of detecting this
1897 phase cha nge, using a phasemeter which give s out a dc voltage proportional to

the phase. This voltage is used to servo the synthesiser , ex ternal ly, by means of

L 

its interpolation oscillator. The quartz crystal is excited at its resonant

~ 
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frequency by the synthesiser. However , when the natural frequency of the quartz

is altered the correspondinp phase change , whi ch is detected , allows the I
synthesiser to be servoed to  a new value for the quartz resonant frequency. The

frequency variations can be measured directl y by using the synthesiser interpola-

tion oscillator. The phase changes can also be recorded graphically on a graph—

p lotter.

2.11 Experimental equipment ‘

A c e n t r i f u g e  was used to provide the con t inuous  acce le ra t ion , a l lowing  up

to 100 g (g is the unit of acceleration) to be app lied to the crystal. Because - 

V

of the mechanical strengths of the quartz crystal supports the tests carried out

were  limited to 50 g in most cases.

The t es t  equi pment  is shown schema t i ca l ly in Fig I .  The q u a r t z  c r y s t a l

was excited by means of the synthesiser too close to its resonant L-equency. The

level could be adjusted with an attenuator. The power amp lifi er had a very low

output impedance , of 1 s~, and provided a voltage which was practically constant

at  the quartz crystal terminals regardiess of the current . T h e  rc’s i S t  :111c c

R allowed the current in the quartz crystal to be measured; its value was about

50 ~~~. At the resonant  frequency, the designed resistance of the quartz was of

the order of several tens of ohms. The crystal was placed in a chamber thermo-

statically—controlled at the temperature of its inversion point. The temperature

stability of this chamber was within 0.01°c per hour. 4
This experimental equipment also allows the parameters of the quartz

crystal to be measured. At resonance , the phase difference between A and B is

zero , the voltage V
B 

is a maximum and the impedance of the quartz crystal is

equal to the resistance of its equivalent circuit (Fig 2). 
I ’

Measurement of the bandwidth at 3 dB gives the values of the quadrilateral

frequencies f
1 

and f
2 
. The selectivity coefficient , Q , can be written

as: —

f L w
0 1 0

= 
— ~ 

or Q = 
R

1 
+ R

Now

= ‘~~~~~~~ 
‘

V

and hence LT
189;
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= 
R

1
: R 

(12)

“I 
= 

2~~( f ~ - f
1
) (13)

C
1 

= —~---~~ . (34)
L

1
1~~

C
0 is t lie i u t  crc! e’c t r ode cap ac ’ i t  v and can be measured  di ri’c t I y when the

q u a r t z  i s  a t  a d i s t a n c e  I ron its r e s cc l l a l l t  I r e qu e n c y .  T h e  p a r a l l e l  f r eq u e n cy

can a l so  be used to c a l c u l a t e  C
0 

: —

C
0 

= 
H ~(1

’ — 1 )  US)

where I is t h e series frequency ( I  
~~ f I - V

S V 
~ r

When the  , lc ~c e  ler :it ion is app 1 ied , t h e  in t cr e  led rode c a pa c i t y  C
0 

can
vary w i t h  c r y s t a l  d e f o r m a t i o n.  l’hi s vat -iat iOu Cdl) be r e l at e d  t o  t h a t  of the
q u a r t  I r c qu en cv  -

I f  W e ’ l e t  C
0 be t h e  cap ac i t y  f o r  w h i c h  t h e  ser ies  f r e q u e n cy  i s : —

/ R c
i + _—L...Q

2L
1

and C~ = C
0 

+ ~ be the  capaci ty  f or  wh i c h  we h a v e : —

/ R2C ’
= ~_____ i + __L_Q (37)0 2IiJ1T~~ 

2L 1

.1 new va lue  of the s e r i e s  f r e q u en c v  for a g i v e n  ac’celcration .

1.T ~ = f~ 
— f~ is r e l a t e d  t o  ~ ‘ C (’~ — C

0 
b y t he  equal  io n : —

1 0 87 _ _ _ _

L 1V I~ I C l
1 ~~~ 2 1Sf . (38)



V ~V V • 

V

I 
-

‘4

To satisfy the experimental variations of f
0 

(some tens of Hz), the

corresponding variations of C
0 

must be of the order of several hundreds or

thousands of picofarads. Now C
0 

is of the order of several picofarads. Con—

sequently,  we can exclude the effect of C
0 

as far as the variation in frequency

of a quartz crystal subjected to a continuous acceleration is concerned.

Servo_principle

This equipment (Fig 3) is designed to achieve the quartz resonant frequency

very rap idly and to follow the changes in it. For that, we used the synthesiser

interpolation oscillator which had a linear response as a function of the applied
voltage .

The modulation slope of the synthesised frequency is a function of the

modulation pulsing . We chose a frequency range cf ±10 Hz for a voltage of ±5 V , 
V

and hence for ~f = Sv we have S = 2 Hz/v. The time—constant of the inter— V

polation oscillator is ‘t 1/2ii f , where f is the cut—off frequency relative

to the synthesiser modulation frequency defined at 3 dB.

f = 100 kHz , from which ‘r = 2 his.
C

The phasemeter gives out a dc voltage v proportional to the phase ~
measured at the resonator terminals. To measure the phasemeter time—constant we

applied a reference signal (5 MHz from an atomic clock) to one of the channels

and to the other channel a frequency signal , initially the same but capable of

being varied slowly. The variation in the output voltage , proportional to the

phase , is shown in Fig 4.

The operation of the phasemeter can be represented by the following

differential equation8:—

R’C’v ’ + v = Ki~ (39)

where R’C’ represents the time—constant of the apparatus and v is the signal,

a function of cii

The frequency for which the phasemeter output signal is attenuated by 3 dB

is equal to about 500 Hz. The different measurement ranges for the phase cause

the coefficient K to vary. The range used , ±6° for v = ± 0.5 V is the most

sensitive and determines the value of K

LT
K = V/ rd . 1897
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The servo system evide ntly dues not make an a u t o mat i c  search of the  q u a r t z

resonant  f r equency .  ‘I’hi s must  be star e -bed f o r  by a s low , manual  Sweep,  w h i c h  is

co u p led to the  a p p a r at u s  when t h e  se r v e — t  it,’ Id is entered.

At t h i s  s ta ge , t he t r a n s i t o r y  s t a t e s  are  on ’y a t t r i l ) u t a b l e ’  to those of

quart

2.1 1 1  Experim ental results

The ac c e l e r a t i o n s  we’re applied systema ti cally for all positions of the

q u a r t z  c r y s t a l  ( a l o n g  the ox ’y ’z’ axes) with respect to the direction of the

ac c e l e r a t i o n .  ‘I’he tests w e r e  c:irried ou t  w i t h  d i f f e r e n t  m o u n t i n g s  hlaving 2, 3 ,

4 or 5 s u p p o r t s  f o r  thit’ c r y St a l .  I” ig  ) r e p r e s e n t s  the r e sona to r  in i t s

c r y s t a l l o g r a p h i c  ax e ’s ox ’ y ’~~’ . We indicate the s l i g h t l y  convex l a c e  of the

crystal , whi ch is a piano—convex lens et IS nun d i a m e t e r  and of th icknesses

I nun and 1. 65 mm. ~Ui the r e so n a te  u -s used were  cu t  in the A’!’ form , which is
the one mos t  used  I or  the production c5t ultrastable ’ oscil1atori~. Moreover ,

t h i s  cu t  has the  a d v a n tag e  of b e i n g  o n l y s l i gh t l y  s e n s i t i v e  to thermal  variations .

The p lane f ,u c e ’ of the qua r I ,~ crystal is i n  the x ’ e z ’ p lane and the convex

f , i c e  a long  cv ’ . T h e  s up p o r t s  wer e ’ fixed immateri ally in the z’oy ’ and z ’ox

p lanes ( F i g  6 ) .

lii Fi g t the l i gures i n  circles en each of the arrows refer to the synthesis

curves (Fig 7) ot  the  frequency variation obtained in each case. The experimental

curves , w h i c h  h o l l o w , c a r r y  the same ’ r e f e ren c e  numbers .

2. l l h . l  R e s o n a t o r  with two suj~ports (No.01, No.5048 ENSCMB)

The curves of Figs 8,11 and hO represent t h e frequency variations when the

acceleration applied was in 24 different positions relative to the crystal .

With respect to each of the two senses dcl m e d  by one axis , the quartz crystal

occupies four p o s i t i o n s , d i sp l : i ced  by Q0° in  a plane perpendicular to this axis.

It is established tha t t h e  f r e q u e n c y  v a r i a t i o n s  always  have th e  same si gn

f o r  a given direction and sense of ihe  a c c e l e r a t i o n .

When the sense of the acceleration is changed , whilst keeping its direction

the same (cases 1 and 2, or 3 and 4, or 5 and 6 o f Fig 6) a change in the sense

of the frequency variation is noticed auid in :111 cases it can be stated , defi-

nitely, that t h i s  variation is directl y proportional to t,he a p p l i e d  a c c e l e r a t i o n .
LT
1897
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2.1111.2 Resonator with three supports

This quartz crystal , in a metal box, and of industrial manufacture , shows
(Fig I I )  curves of the var ia t ions  in frequency of which the main characteristic

is their high degree of linearity.

2.1111.3 Resonator with four su~ppprts

This quartz crystal , No.5057, specially made and held by four supports, V

shows a behaviour somewhat different as far as the relative values of frequency

variations are concerned (Fig 12). This effect is due to the increase in the

number of quartz crystal attachment points. V

Fig 13 shows the results from an industrial quartz crystal , supported at
four points, which we subjected to an acceleration of 100 g.

It would appear that the behaviour was similar to that of the previous

quar tz crys tal up to 50 g, but differed above that value. The linearity dis-

appeared and the shape of the curve between 50 and 100 g can be attributed to

nonlinear effects. The different points correspond to increasing excitations of

the resonator. There would appear to be no behaviour peculiar to the large

excitations.

2.1111.4 Resonator with five supports. No.5065 (Fig 14)

This resonator was constructed specially at the ENSCMB piezoelect ric

laboratory in order to study the action of a large number of supports as well

as the influence of the positions at which these supports are attached. It

would appear that the frequency inversion disappears for the oy ’ axis and that

the relative values are changed with respect to the first results. All the

available evidence shows that the anchorage points of the supports p lay a large

part in the quartz crystal behaviour. It seems, from this examp le , that a care—

ful choice in their positioning can give compensation for certain effects.

Remarks

(I) In the case of resonators with two supports — the type least disturbed by

the presence of fixing points — it was noticeable that acceleration along the

ox axis produced the smallest frequency variation. Now ox (or ox’) is the

only axis which keeps to the original crystal symmetry . It seems, then, that
the disturbance effect is the least sensitive when it is applied along a parti-

cular axis of the quartz crystal. 1897

(2) In the case of a quartz crystal with two supports , we take a mean value of

the frequency variations. The variation is reasonably linear, and we can write:—

— - _ V n__ ~~~~~~ C =_ , ~~ rV -
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ki’

and the values of k b r  c u r v es I to 6 ol Fi gs 8, 9 and 10 are :—

= — 3 10~~ }lz/g

k7 = 4 .4 x l0~~ lLz/g

k
3 

— 1 .2 10~~ H z / g

k , 1 .2 IO 3
Flz/g

k5 
= — 1.6 10 H z / g

2 I0~~ H z / g

The maximum value of the coeffi cient k was obtained for a quartz crystal

w i t h  live supports and was 0.04 Hz/g.

2 .llI .S Variation of the anti—resonance frequency

lu orde r to provide a better d e f i n i t i o n  ci the quartz crystal behaviour ,

the same m e a s u r e m e n t s  were  c a r r i e d  out  on the  parallel frequency . However ,

t h i s  is no t  very  pronounced  fo r  a q u a r t z  c r y s t a l  w i t h  a s m a l l  i i it er e le c t r o d e

c a p a c i t y  C
11 

. By p l a c in g  a c a p a c i t y  of about  h o  p i c o l a r a d s  i n  p a r a l l e l  w i t h

the q u a r t z  c r y s t a l , the ant i—r e ’scnan e’e fr e q u e n c y  is  brought close to the resonant

f r e q u e n c y  and , in particular , the minimum current in tile quartz e’rvstal is then

much more eas i l y d i s p l accab i~’ .

The varia tions in the anti—resonance frequency maintain the same character-

is t i c s  as those found  pr e v i o u s l y  f o r  resonance .

Fi gs 8 , 9 , 10 and I I show these v a r i a t i o n s  fo r  the qua r t z  c ry s t a l s

considered.

By using the relationshi ps between the resonance (a
0
) and anti—resonance

~~~ 
frequencies it is possible to check that these frequencies are identical.

If
2 I

a
0

and

V 2 
_ _ _ _ _

“a 
= 

L 1
C

0
C

J

LT W C have
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b )  

+ . (40)

Let  w~ be the  new v a l u e  of a d u r i n g  a c c e l e r a t i on .  a ’ is of the  f o r ma a a
- ‘  * ( I  + 6 ), where ~~* is  the  c o n s t a n t  v a lu e  of t i l e  ali t i — r e s o n an c e  f r equency .a a

S i m i l a r l y : —

= 
w~ (I + c )  

V

= 9(1 +

= C~~(I +

and equation (40) is equival ent to:—

w~~(I + 
(I + l

and hence :—

a ’ [~ + ( I  + — + 
~~~ o 

+ ( I  + —

a ’ # ~~ (~ + + w~ - ‘a- I, q  — ‘~) + W~~cS~~ + w~ 6~ 
~~~~~~~ 

~~~ 
+ —

# + 
~~~~~~~~ [(i i - 

~
) + 6

0
(1 + - 

~) 1]
fr om which

(V’*

~a 
~~~~ 

+ 
~~~~~~ [u

1_
~~~ (I + 6 )  +

Now 6
o ~ 5 small with respect to I and n and y are very small with respect

to and also C?/2C
~ 

is of the order of 10 “. Consequently it is justifiable 
Li’to write:— 
1897
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I t  c a u t  be S e t h  t h u a t  ~ i s  p r a c t i c a l  lv equal to t h e ’  v a r i a t i o n  ol  t i l e

- i ~o i i a i c  f r eq u e n c y  and so this eal cu i at  iOI l  cu l l !  irm s  t i le  e x p e r i m e n t a l  r e s u l t s .

A l l  t h ~’ van at  ions j u t t h -  t’escutaii t and ant i~~t~ - i a  h i , l h l ) ’ e ’ f r e q u e n c i e s  sh ow then

t h e  e f I c c  t 01 t i le  a c c e ’ l~ rat c l i  On t i le ’  ~ U~l r t .~ e ’ F V S  t a! is to cause a trans 1 at ion ci

hue ~~~~~~~~~ i tl t i l e  quar t .~ c rv St a! ‘ c U I V e ’  as we! 1 as of t hue phase’ curve ’

~Fi g IS ) .

2. l l l .h LI b e c t  a t  h l V S t e ’r e ’ cj s  0 1 t hi ~ t l t ’ q u e u i c v _ v a r i a t i o n

W h e n  t hu e ,lc cc Ic rat i cii dec rca ccc t hue I r e qu e ’l ie ’ v does n u t  go back to tile s am,

ca l  Ut’s wit  i ch i t  had Wh~’fl t l i e  i lic re’as i ui~i Icc tI e rzi t i O Il  was  app l i e d  . No c o m p l e t e ’

e’Xp l a na  t i on  I or t ~i i  5 1 S g j \ V~.fl he ’ I V & V , b u t  i t  i s  comparal) 1 e Wi th u t h e  phenomena shios

when  a field is ~ij i )I ied . I t  is  p r ob~u b h v  due to  a ~ r c g r c ’sSi v e  d i s a p p e a r a n c e  c i

t h e  S t  res se ’s c a u se d by  t i t e  i:~ ’n~~ry  i f  I cc t of  t I l t ’  c r y s t a l !  Inc  S t r u c t u r e .  When t i l e

icce leration is .-~‘ro once n s ’ u e ’ , ti le ’ ! i f ) c r ’ i i c e  b e t w e e n  l i lt  initial and fiuial

. ea; uc’hl c  ies can reac h  0. I H~ and it is ;cssible’ I or  t h u e  v a r i a t i o n  to change  s i g u

~ur i ui g t h e  course  c i  t he dccc  ic r at  ion ( F i g  16)  . It of  t en  t akes  s e v e r a l  t ens  of

,i ’con eh s f o r  t i l e ’ re’soiiator I r e t u r n  to vu thin ci te  h u n d r e d t h  of  I Hz of i t s  i n i t i

t I e ’))Uehic V .

2 .  Ill . 7 Var i a t  i o n  i n  the  des i ~ned re sistance

In  o rder  to det e r m i n e  t u e  e q u i v a l e n t  res i  St a n c e of th,e resonator it Is

, u f u  ic i ent to measure the vol t,uge at t i l e  t e r m i n a l s , when the resonator is

~xc i ted a t  i t s  rt ’sol la t lt  f r e q u e n c y .  We t h en  have:

R
1 

= 

\‘
i\

\
B

\’
B R

‘th e vol L , l ~~es V and 
~
‘
B 

are measured by means of a phaseme Icr . 11

and 
~B 

arc I hue vi r i a L i O n S  0 )  t i l t ’  C e ’ vol tage s , u’e spe ’e’ t i ye lv , t h e n  ,\R

the variation in t h e ’ d e s i g n e d  r e s i  sl u ice , is such t h a t : —

.\V •\\‘

l~~~~ - t ~~~ - A - 13- L 1 
‘- 0 i t  — — and V t e e  v e r sa .

A B

V -_  ~~~~~~~~ V~~~ V V ~~~~~~~~~~~~~~ VV V V
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2 fl

.\V A AV8Measurements show that in all cases ‘

~ 
— ‘—-- , and front  t h i s  i t  can beVA ‘Bdeduced that the resistance R

1 decreases as the act’e’lcratjon increases Theva r i .11 1011 i n  i~~ Ito t always very l i ne a r  and a mean v a l u e  fo r  i t  i S about0.5 i~ (for a resistance of 100 d) at 50 g.

2.IV Etfects et f uuemljruearjtjes i i t a resonator sub~ e’tcd to an acceIeratien~
This calculation is limited to t h ~ case where t i le a c c e l er a t i o n  1’ is int ile same direction as the shear vibration . The model used is one—dimensionalThe aim of this see’tiolu is to e x p l a in  the effec t of the curvature noticed forlarge’ accelerations .

We use the  fundamental equations (R e f s . 10 , I I , 12 )  amongst  which are:—

— the eq u a t i on  b r  dynamic  e q u i l i brj ~~ j

~
‘ 

~~~~~~~~~~ = div T. + F’. (42)J 1

wh ie re  u . ,  1’ . and F’ . are , r e s p e c t i ve ly  the  d i sp l a c e n i c t u t s  s t r es ses  and thei n t e rn a l  forces .

— the  to r c e ’— de ’to t -nu a tj o n  eq u a t i on :  
V

1’ , c
~~

s. +!t’ s s s _ ~~~~ E + r ~~~~~~L (4 V~~)
1 I i  j 6 tjkt j k ~ ~~~~~ lii 1)  ~t

“ tle ’r e ’ S . and 
~ represent the  de’form ~it  ions  and e l e c t nj 1’ f i e l d s .j m

V 
&

‘
, , C , - , e . and r ~. a r  c the  2nd an d 4 t it order elastic coeffj c icnt s,
ij  ij k ~ mi

he p 1e;~oc le ct  n c  e’Oe t t i c  ien t s  and the  damping e~oe~ tV f icients , respectiviS1~’
— the e l ec t r i ca l  d i sp lacenuent  1) 

V

0 = e S. + c E[ 11 ~~,j ,j mm

whe’re e is the c o e f f i c i e n t  of e l e ’ e’t n j e ’al  p o l a n i s a t i on
We used the m a t h em a t i c a l  mode Is developed by J • J .  ~ a g nep aj n  I d  

and app! iCe ! ~~~~
‘by h im to the de t er i nj n a t  ion of t h e  I n f luence of a cont  i nuoi~~ f i e l d  on t h eV r e sonant  f r equency  of a quart e’rv stal 
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l i i  t h e ’ e’ ,is ’ o t a p I , u t  e c u t  a lon g  Al  , w i t  hI t iii ck n e ss  e’ , o f  ut) j f l  i t  e ’

~~t I e ’ l~~ i t i j a t - l i S l o l l S , ~ i b I , t t  i l i ) . ~ i ll  sh I ej I  , h l o S S  t h u  t h i c k n e s s , L i i i ’  de ’I o r utu . t t  I , ) I ~

- 01 , 10 S , tht i-, L t e s s  t o  I .mel t i l t ’  I i e l d  I’. , i s  .i~tp 1 i t c h ~4 l 0 I i g  ~~~\V

~~t i . a  1 1 u i e ’g I ~ t t h e ’ damp i utg r . ,  wh i  t h u  do t it I l o t  cciUSe ’  , I I I V  11011! ne ’an i  L i e s .

1V ,~ L 1 a t j , i i ~ , L - 4 2 ) ,  ~~VI 1 )  and L - . ’ + )  , ai i  h~ v u  i t t e l l : —

‘ii
I) 

+ 
~

, 
I, -’ )

= S + — L  S — c  I-:6 1)1) (1 1) 1 ) 1 ) 1 ) 1 )  () 26 2

1) = e - , a + , I V
-V _ u t )  _V

- u
= ~V_

t o  c b t  i u u  the p r o p a g a t i o n  e’qua t  i o n :—

ci 1) 1 -V
u I 1) I , t~~~~\V 

~~u -= ( -  4 — + ‘~~
‘

t~b 2 2 h b b b  I v J - 2
V u t  ~

-
i y - /

~i u i c l u  t i e  , t s s o c i , t t e d  t h e  t w o  lol i o w t n g  l i m i t i n g  conditI ons:—

u = 0 f o r  y = 0

= (1 I c r v = ‘ . “ I

I f  We ’ l ike a s o l u t i o n  o t  the form:—

u = 
U y ~ v )  + A~~v )  c t ’S ,,~t

0 ) = i)
~ 

+ N
0 

cos ,, ‘t

a n -  pel t  t hu s i n t o  e’q u u a t i o n  ( - 4 9 )  we obtain t h e  f o l l o w i n g  e q u a t i o n s :—

__ ~~~~_ - V _V~~ VV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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d 2u D
r 1 

c
6666 1d

2
U
0 [(du 0~~ 

+ ~~ d~A 
dU 0 dA 1

—

~~~~~ 

+ p = - 

2 D T , 
~~~~~~~~~~ 

~~~ 

+ —i 
~~

— (54)
dy C66 C

66 
1

dy L

D r
d
2
A a

2 
= - ! ~6666 I 2 

d 2u0 dU 0 dA 
+ 

d
2
A fdU0~ 3 d~A (dA+ —

~~ A
2 cD 

~~~ ~~~ T~ ~~~~~ ~~~
—) 

+ 

~~ 

—i . (5 5)
dydy C 

66 [

In each of these two equations the second term is small and allows solutions

to be obtained by successive approximations. Thus we obtain:—

(± ey - y 2 ) ( 56)= 

~~66

which is the general solution for equation (54) without the second term , and is
accurate enough for this calculation.

In the same way we have:—

aA(y) = a sin — y (57)c

and if we put equations (56) and (57) into equation (55) we obtain:—

d
2
A 

2 1 c~ r 2666 pr aw
= 

~ D D
~66 

[‘- 
(~~~) 

— (± e — 2y cos — y

2
ao 

(2
~~~~

2 2 w
— ±e — 2y) sin— y

c

2 w  1 
(58)3 3 w  . a— — a — sin — y cos y4 4 c c jc

whose general solution is:—

D

A = a sin ~ — ! 
C6666 2 sin + 

2
~~y sin ~~~~~~~~~~~~~~~ +~~~c 2 D I c 2 c c ~4~

’ cos
CC66 LT
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where 
~~~ 

= + ~! c_~
L
1)

2

le (60—I)

a , -

~~~

-

~
‘ a~ + a 

(

1

i~j  
~~~~~ 

—

1
3 

= 

~~ (60-3)

~1 , (60-4)
‘66/

a
5 

(.~~
2 

(60-5)

= a d 
. (60— 6 )

The app lication of the second limitin g condition leads to the following
equation : —

c~6
s
6 

+ ~ c~6 6
s3 — = 0 for y = ~ ~e (6 !)

and from this we have:—

S
6 

= -~~~~~ = -i-- 1U 0(y) + A(y) cos

If we put

a = 
D (62)
6 6 2

and

S
6 10

1 (63~
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we can o b t a i n , by i d e n t i f i c a t i o n :—

1M
0 

— 3D~ N
0

0 — 4 N -  = - (64)

- - = = 0 (65)

- 4’
~ - I j I  3

= — C ‘~ • (66)6 6666

13y using equations (59) and (60—h ) to (60—6) equation (64) cart be expressed 
V

~~~~~~3 J M ~~~ - M  = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

L C
66 1 c C]

9 3) 3ae
+ ‘-

~
‘-

~~~~‘ a ‘—~~- cos —
~~

--— fo r  y = ± - ~~e (67)

= 

C
6~~6 

• (68)

The condi tions which affect the field E
2 

must then be applied:—

D e
E = ~~~~~~~~~ * (69)V 2 C 22 c22

By integrat ing over the crystal thickness we obtain:—

~~ 
~ e 

E2
dy = V

0 
cos at (70)

LT
189where  V is the exciting ac voltage .
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Alter identification , two new equations appear:—

— e ,( ‘~‘ —
~~

-— = 0 (71)
C
66

a rid

= 

2 ~~ 
- -~~~ a ~~~ + 

C 
2

C [ (

~~~~~~~~~~
3 )  + e a

3] 

—

C
66 

C
66

C
0 

- 2
3 6666 3~~ - Le

— T~ D 
a sin —

~~
-
~~

-- • ( 7 2 )

C
66 

c

By t ak ing  into  account the orders  of m a g n i t u d e  of the d i f f e r e n t  c o e f f i c i e n t s , V

e q u a t i o n s  (67) and (72)  reduce to :—

0 V

C 4
IA) 7T 3 6666 2~~.= a n — — — —r-— ea “~ (73)

0 c 2  2D6 D

= 

~~2 
M
o 

- a 
[2 

+ 
S :o;:6 e

2 H21 . ( 7 4 )

Since we are not interested in the absence of isochronism , that is to say

in the influence of the level of oscillation on the frequency , the t erms in a3

• can be neglected . The dependence of the frequency on the applied acceleration

will be obtained by lett ing V
0 

tend towards zero . We then obtain:—

2 2 0e e C
10 26 6666 2

= — 2 D 4 (p1’ ) (75)
1671 ~22 C66

r
897



where represents the  relative error between the excitation frequency and the

natural frequency of the resonator , and n the range used in the vibration

(here n = 5).

is clearly a quadratic function of the acceleration.

Chapter 3 Influence of a sinusoidal vibration on the resonator

The problem of vibrations is different from the previous one in the sense

t ha t  it introduces dynamic deformations of the crystal and hence a low—frequency

modulation of the resonator natural frequency .
0

3.1 Measurement princip le

The method used consists of detecting the frequency variations by means of

the corresponding phase fluctuations in the current through the resonator. For - 
, 

4
that , a spectral analysis is carried out on the output signal from the phasemeter.

Since the phase fluctuations are random , it is possible to extract front this noise

the harmonic components in direct relation to the sinusoidal disturbance.

3.11 Experimental equipment

The experimental equipment is almost the same as that used for steady

accelerations , but the manipulations were carried out without the frequency servo—

lOop. I l l  this case we used the voltage output from t h e  p has emete r  connec t ed  across

t h e  t e r m i n a l s  of the  q u a r t z  c r y s t a l .  This  v o l t a g e  was recorded on an FM tape

i l - -o rde r  t hen  a n a l y s e d  on a progranmiable  ana l yser  c o n t r o l l e d  by a computer . The

a ccu r a c y  of the  a n a l y s i s  depended upon t u e  freqiro’ncy range chosen .  To g ive an idea

e li  the o r d e r  of m a g n i t u de , the  i n c r e m e n t a l  accuracy  Was 1 Hz fo r  a 500 Hz range of

uta lv sis. ‘rite a n a l y s i s  d y n a m i c  was 50 dB and each of the spec t rum grap hs was

- u t ’ c ’omp iuut ie d by a t a b l e  showing the  f r e q u e n c y  and amp l i t ude  of each l ine wi th
respect to a reference signal. •

3.111 Method of analysis
It is possible to analyse a certain frequency range in real time thanks to

compression of the signal in time and which also allows the time taken for

analysis to be ‘accelerated ’.

The analysis is carried out in an analogue matter but on the other hand the
signal acceleration is achieved by the use of numerical techniques (shift

register , acoustic delay line).

To exp lain the principle of this analyser , the real acceleration mode is

rep laced by a symbolic acceleration mode. Suppose that a portion of a signal
x(t) of duration At is recorded with a writing speed v on a magnetic LT
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ape—! e~op . The signal can I lIen be read—off by means ot a road —on I h ea d  mt i i i i i  t i ’d

i ’l l  8U l I t ~fll ~IIlei t LI L’Il i ug at  a speed V = av (a ‘- I) . ‘liii’ si gn.i 1 x ’ ( t ) i c , i t h

d u r i n g  t he’ I i r st revo 1 U t  j O U  ot t he’ rt’ad—ou t head wi l l  be’ t lie :Ic ‘ i’l ~ i~a I ed i g u i

and : —

x’(t) — x ( l t )
a

w iue ’r e  a i i  t ile acceleration ratio.

I t  We’ pu t

X(v) ‘l’Fx (t)

w l l e ’u e  ‘I’F is the Fourier transi orm

l ien we have : —

X
1
(v) T;~~’(t)

\ t  /a
r -2 j V t

= / x t , c c t ) e  c it

0

! X ( v / a )  .

Thus t i le  spec I ra I spread o I a pe i’i od ot au i iCe ’t’ ii ’ i’:i ted s i gna 1 an d t ha t i ’ l

1 hu e  i l l  t .11 s i gna I a t o  i n  the’ rat i o a . I n  o i’de’ t’ 1 o oh t a i  Il t i l t ’ s ited ’ I I ’tulll  0 )  1 -

V 
si gna l  x (  t ) w i t  b i n  t he frequency range (B ,NB) by means ot N equi eli St  a n t

I i l t e r u n g  p o in t s , and w i t h  a i ’cso lu t  ion H = I/At , it i s  su f i  U ’ i c u i t  I i ’  a n a l v s ,

X
1

1 v )  w i t h  a I I  Iter of r e so l u t i o n  uB

A g a i n , t i le ’  I i  I te  r and the  :ussot ’ i at ed de t Ce’ t ion syst em have a I’e’sllonst’ I i ~ i

I \ t  • • , • V
o t —

~~~~ wh i cli , for s i gna 1 ana l y s u  s , allows t lie use ot a s 1 i di ulg I i It ci
, i O  a -

wlio st’ e’cflt ra 1 I r t ’que ’ncy v~, takes , sue’ce ss Vt ’ I y , t h e  v a l u e s  tIl , .‘aB . . . Na IL
lu’ t inil ’ ill s l :iuit i ’i  I) , ~~ I )  

At

The : I I I : I  i v si s t i me ‘I’ — N equil I to t h e  s i g na l  (iU1~ lt  i on i n  N a

and the sy st  em oj tc t :i I es as ii t he si gna l x ( t , ot  elurat I on ,\t , hia ~l been

a na l y s e d  h~’ N I l i t  or points • I n  i-es l i t  v , t h e  s i g n a l  x ( I  ‘I i S 1411111

t i l i l l  i 11110415  I v  tel t lie ~i i i~ilvs e’r input , wil i ell g i Ve s  out an t ’l t ’ nue ’ i i t  : 11  V spect  l uin

(“ , j — I to N , t h e s j ’ ’ - t  111111 0111 lii ned diii  i ng Liii ’ kt ii auta 1 v s i  S Set~uI-

i’hi I s s j~e ~ t rum passes I hr o u g h  a quad r ,~ i i e’ t ’ r cu  i t  and t lien it s mean va I i n-  O \  - I

11 ’ I l’eqtie ’fle v r ange  i 5 t ound .
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x ( t )  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S(v
,~

)

C (v.) ~1ec t raL t utic ’ L i u u i  is titus related to X
k (v~) 

2

t,y

K
K k 2

C (v,) = -
~
‘ / X (v•) (77)

3 K~~~ 1
k I

S (v) , t h e  hI owe r s p e c t ra l  d e t u s i  ty  a s soc i at ed  w i t h  x ( t )  is such t h a t

S(v) E [X
k
(~ )~] 

w icu c  ~ is a scaling constant peculiar to tile apparatus. V

Ihe i -~- 5K (~~• )  i s  a c o r re c t  e s t i m a t e  of 1 )10 power spectral d e n s i t y  S ( v )

3. IV E x p e r i t u c u t a l  r e s u l t s

Sc h ave a p p l i e d  to t u e  resonators sinu s o i d a l  v i b r a t i on s  w i t h i n  a f r equency

range 01 h O  I t )  5000 Hz and I rom severaL g to 40 g. The quartz crystals were

p laced in  a speciall y—construct ed , thiermostatically—control led chamber to undergo

t he v i b r a t i o n s  (F i g  17 ) .

l i t’  re S O u l i l  t o rs  t u s c - d  co u l d  u - d i  f e  r en t  son r -cs , t h u s  cn:ib 1 ing t u e  t e s t i n g

~t ~ua~~t z .  c r y s t a l s  h a v i ng  Iwo , t h ree , f ou r  or f i v e  s u p p o r t  p o i n t s .  For low—

t requc cy e x ter n a l  v i i r a t i o n s  the effec t of the supports is due to their moments

of inertia. Only lilOSe resonators manufactured by the ENSCMB laboratory were

suit - jcc t ed to the hi ghest accelerations. The quartz crystals with two supports

formed part of the  normal laboratory manufacture but those with four and five

supports were manufactured especially for this study .

V3 . I V .  1 Mani pulation ol the t requeuicy servo wit h closed ioop

Although frequency servoing was not necessary , a series of tests was

carried out under these con ditions . The vibration frequencies were chosen spon-

tane ously at I i )  suitable values , but different from those of the sector and of

its hirnuoni cs. Fig 18 shows t ue fluctuations in the natural frequency of quartz,

S.,~ , when the quartz crystal does no t  undergo any disturba nce and Figs 19 to 21
0

sL~~ the I l u c t u a t i o u s  f o r  e’X ~ iti li g frequencies and accelerations of:—

12 lIz, 3 g Fi g I~.1
hO Hz , I g Fi g 20
87 lIz , 3 g Fi g 2 1 .  LT
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The appearance of harmonics of the vibration frequency can be seen, which

can only be exp lained as due to the servo ioop. With the ioop open , the harmonic

peaks disappear . In fact , when the loop is closed , the syn thesiser is guided by

a voltage whose harmonic content (fluctuations in the resonator frequency) is

regenerated within the synthesiser. Each spectrum shows the presence of a large

peak of fixed frequency (particularly Fig 18). This arises from the mixing

between the natural frequency of the quartz crystal , shown by the synthesiser and

the 5 Mhz calibration frequency which guides the synthesiser.

This remark allows us to deduce the relative amplitude of the disturbance

peak with respect to the carrier.

_ _ _  l
B V

If we consider the scheme above,

where is the quartz crystal resonant angular frequency

is the reference angular frequency = 2~t x 5 MHz .

V At A we have V = V sin ii t + V1 sin w t
A 1 0 1 r

and at B 4e have V = V sin w t + V ’ sin w tB 2 0 2 r
The resonators have a quality coefficient of 1.5 x 10

6 
to 2 x io

6 
and the

5Mhz component is practically nonexistent at the quartz crystal output , since

this plays the role of a filter, and so V~ can be neglected.

The phasemeter gives an output voltage comparable with that from a 4—diode

ring demodulator.

V V
V = V

A
V
B 

= _.51 cos Ant + g(2n
0

wr +

where Au = — iS the difference between the angular frequencies:

g(2 w
0
wr + w

0
) represents the terms with a frequency of 10 MHz.
V -V

2
consequently, 

~ ‘v - represents the ratio between the voltage at the
1 2
2

quartz crystal terminals and the parasitic peak.

~~~~~~~~~
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‘ihe values current 1 y i n  U S C ’ a r e : —

V = 21) uuuV

= 10 uuiv

= 500 I V

~- l i t c i i  g i v e  ,u r a t io  ut  12 dB.

Since the ana lysis gives t u e error , i n dB , between tia’ par:Ls it i 1 ’ t r equenc y

e,tk ~intd t h a t ot  t ile di 5 turh lug t r equene : y , i t  i s  5 imp h e  to obt  lt It t i l e  r a t  l~ t he twec’n

th e  ~tmp i i  tudc  ci t h e  q u a r t  c r y s t a l  r e sonau i  t I r e qu e u u ~-v and t h a t  ot  t i l e ’ ox t e  r nt z i  I

disturb i itg vi b r a t  i on .

As i i i  t u e  t ,tSc o l  tu ìe steady ,tct ’e’Ie’ u ,it io its , th in -c h n I l V t i e u l , I I  cases  w i l l  be

aiis i di-  r ed .

i . I V .2  1) 1 1 1 - c l  l o u t  o t  v jbn ,u ( j i i u i  p a r a l l e l  to ox

! ‘h t j s  .u l - r-~n l tgeuuueu t L i s  such  t h u e  n a t u r a l  v ib r a t  1011 ci t u e  t-rv stal and the

us turb u ug v i b r a t i o n s  a re  j u t  t he  sauuue d i  Feet  i o n .  F i g s  19 10 2 I show that the

e t I e ci  ci th e vi b r a t  ion d m i  iii sites as the t re eu u en cv  i utc re’ase’s and t lua  t I lid’

l i t t l e  r~t t iout rena i it s  cOns  taut . l i i  I h u e t , L S & ’ whi t ’ rc t lie I requene:y is I i xed :iitcl 1 lie

L i i i  l e u t i o u  v a n V i t ,s  , I it e :tnup l it ude 01 the  peak i ncre :ns e’s wit Ii I lie :teit ’ 1 er ,tt jolt ,

I- i c _ s  $2 t o  ,‘ -~ s h o w , whte ’r e  t h e  ~tc~-elerat i o u t has thi e ’ v a l u e s  o I  2 g, -~ g alit ! S g.

re~~l i V c t [V t  I v , a t  , i  I requenc v ot  30 h1. ~

l i l t  se res ul t s ar t ’ I h ue ’ salute ’ w t u e  t h e ’  r I lie’ ext e u’ u tz t l V i  b r:l I oi l  I S el i  Icc I cii

l on g  the +ox ’ .ixi s or along t h e —ox ’ axis of t I l e ’ C FV St .iI

~~. I V . J  l ) i r e i ’t  i o u  of v i b r a t  i o n  p a r a l l e l  t o  oy ’

In Iii i s  c i ’n I  i gu rat jolt t h e ’  two I ,u -cs  01 t i le’  c I V VS  1:1 1 :iI ’ c’ pei- pen eh iou! :nr to I h ie ’
v t b  t a t  i on .  Agai  ii , t i le’  I t t iS I I i O l t  e) I OUt. ’ par I i c u l  al 1:ice ’ w i t  ii re sl ) c i - I t o  t i l e

d s turbauce is Ot
V 

110 impo r t , t u u t  c . It a p p e a r s , howeve ’ r , t h a t  in  I iii s posi I i o n  t lie

to  r is muc hi less d is I u rbe’d than iii t lie p rev joLts case’ . Mo reove t , t o  r

I t i c ’  reas ing , t t  ce it’ r:i t i on a t  a I I xed )
V 
r e q u c u cy  , t lie’ di  st urbanc e  i p~’ac t i t ’ , u l i v

i t  I t i tge ’d  ( F i gs ‘ and 2h ) . hlowe ’ve r , it thee i~e:use’s whe ’n the t
V re’t lue ’ut t -v I Ut ’ l e a s e ’s .

l~ lv~ h i r e d  ion  of v i b r a t i o n  p ; tu V , t i  Id to oz ’

l i t  I s pos i t i on  give ’s Ic su I t s wh I cli l ire ’ I I I  :tI 1 w ; lv  S c’onipar ah h e  t o  t host ’ I or

t h e ’ t irs I case’ aitd t i l e ’  conc 1 us iouts ,i i~e the’ same ’ • i 1
IS ’ :

hi
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Besides the phase i nio r ma li on , t h e phasemeter gives a measurement oI t h e

signal amplitude. It provides a dc voltage , l)roportional to the amplitude of

the observed signal , and whose I luctuations are r e p r e s e n t e d  by those ci t h e dc

voltage. We have proceeded with the analysis of this voltage without being able

to detect the  presence of the disturbi itg peak , wh iehu has led us to  think that the

phenomenon seen for the whole of the q u a r t z  crystals is a frequency nkhdulat ion

p henomenon without amplitu d e ituodulatio n . Refe’rriutg to Fi g IS , we see that th e’

external vibration phenomenon operates cii t h e Phase’ curve and produce’s a dis-

p lacement of the external disturbanc e I
V
requ ency .  T h i s  eo i tf  i rms the I requency

modulation phenomenon. 
V

Fi g 27 sunnu ar i se ’s  all the m e a s u rem en t s  carried out. Each curve represents

t h e  ratio Asi A
0 

in dB , t h at is to  s ;tv  t h e ’ r a t i o  01 h u e  atuup l i tude ci l i l t ’ di

turbing peak , of frequency u,/2ii , to t h e antp l I t u d e  of v i b r a t i o n  ci the quartz

crystal at its resonant I requency. Th e’ c-I I eel ol  the  d i s t u r b a n c e  i nc rea se s  as

t h e frequency drops and as t h e acceleration i ncr ea se s .  ‘rite ’ p o s i t i o n s  f or wl u i e’h i

the ox ’ and oz’ axes of t h e quartz cryst :il are’ ver t i c a l  ( d e s i g n a t e d  by

vertical positions) give larger disturbances titan arc obtained wh en the oy ’ axis

is vertical (shown by the horizonta l posit ion 01 t h e  q u a r t z  c r y s t a l ) .

The vertical pos i l i o n  oz ’ ap p ea r s to he more’ sensitive t h a n  the’ ox ’

posit ion for low frequencies. ‘I’lt is i s due to t h e  j u t  I uent’e’ ci titt’ s u p p o r t s ,

wh i i cit di sappe.. : rs above IOU liz.

l’echno log ie’al l i m i t a t  ions  in the  exciter d i d  no t  a l l o w  more t i tan -~ g, a t

10 Hz , to be app i jed. Also , tht e d y n a m i c s  of t h e au t a lv s e ’ s (~~0 dB) has limiled

the researchtes to disturbance frequencies greater t h a n  500 i1;~ and for whi c’Ii t h e

ef led is extreme ly small . Iloweve r , we sha 11 sh ow t h a t  I h e y  show up clearly i n

t h e oscillator phase spectrum.

We have tried to obtain a m a t h e m a t i c a l  de sc r i p t i o n  01 h i t ’ curve’s rel~ntjve

to the  vertical position ox ’ by using t h e  method ol he ’ast squares. I n  an

or thogona l  reference t hey  can be written in the lorm:—

A

= a . i  
I 

+ ~~~~~~~

E.T whe re a. b.
1897
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~~~, is fixed for cacti curve and Fig 28 shows the variations in a. and b,1 
1as tuuctiou is of the vibration frequency £~ . The slope of this straight line is

I . Consequently, the variation of the resultant disturbance amp litude
undergone by the quartz crystal obeys a I/f

2 
law. The same results :ure t rue

for t h e vert ical position oz’

.V Cou i c  lus ions

Whilst being subjected to a sinusoidal vibration , th e quartz resonator
gi ves out a frequency w h i c h  is modulated by the vibration frequency. The nuodula—

V 11011 increases as the vibration frequency drops and as the acceleration increases .V 
Fiit all y, th e position of the crystal determines the size of the  d i s t u r b a n ce

i t Iect .

Chapter 4 Vibration of the 
~~~~Ltz  r e sona to r  s up p o r t s

The behav iour  of the  q u a r t z  r esonator  is modifi ed by its supporting elements
wlut chi , by their natural resonance , can induce considerable disturbances in tue
ji : artz crystal.

We shall examine the quartz crystal with two supports , whi ch is the
t raditional method of manufacture , by considering , successivel y ,  the transverse
ht -utdi u tg vibrations and the synunetrical vibrations of an arched structure.

-. . I Transverse bending vibra tion s

Thie model used is sh own in Fig 29. The mass M represents the quartz
cu v stal and the support housing is animated by a sinusoidal vibration l V

~~~
b
.

The general equation for free transverse vibrations of a bar can be
wI i t t e n  —

~~ 2 [E
l 

~~

_

~~J 

= - pS — V

where y(x,t) defines the transverse displacement of the centre of the section
E Young ’s modulus

I the bending moment of inertia

the density

S th e cross— section of the bar.

In the case where F and I are constants , the equation becomes:—

IS ‘I

~~~~~~ —- -~~~~~~ ‘ 
V~~~~~~ V V~ ~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~ - _ ~~~- 

-
~~~~~~~~
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.
~; 

+ •

~ f 
-••-••

~~~~ 
0 • (77)

The use of normalised functions Y(x) gives a solution of the form:—

y(x ,t) Y(x)e~
Ut 

(78)

where Y(x) = a cosh ax + b sinh ax + c cos ax + d sin clx (79)
wi th

4 
~
2 p S  Vcc = — (80)

a, b, c and d are constants of integration defined by the limiting conditions
imposed by the methods of fixing the supports.

In our case, the support housing was excited at the pulse—rate d by a
forced—vibra tion

y = A sin fit 
- 

V

The limi ting conditions are:—

— at the housing V

v(o ,t) = A sin fIt -÷ Y(0) = A (81)

= 0 -
~ Y’(o) 0 for ía + c = A

aX /
0 ~ cu ( b  + d) = 0

L c u # 0  

(82)
— at the free end

Y”(L) = 0 (83)

because the flexing moment is zero .

However , the force T = — E I Y ’ ’ ’ ( x )  is equal to the iner tial force due
to the mass

- 

M(4)

1897
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and hence

ElY’’’ (L) = — M~~ Y (L)

= — 
~~~2 

Y ( L )

Now: —

M~2 
— 

Mu
d’ 

— 
Ma4L — 

M 4
E l  

- 

p8 
- 

pSL 
- a L

where m is the mass of t h e  lamina

and

Y ’ ’ ’ ( L )  = — 
~~~ a

4
L\’ (L)  . (84)

By p u t t i n g  ~u = M/m and taking into account equation (82), Y(x) becomes:—

Y (x) = at , cosh ax — cos cx) + h (sinhi ax — sin ax) + A C O S  ax 85)

and equation (8’~) giv es:—

a(siith \ — s i n  \ )  + h~ c o sh t  \ cos \ )  + ,-\ s i n  \ = ~.\  I a ( c c s h i  \ — cos

+h (sjnht \— sin\t + A co s \J 

(86)

w h e r e  \ = aL

Equation (83) becomes:—

a(cosh \ + cos \) + b ( s i n h t  \ + s in  \ )  — A cos A = 0 (87)

a and b can be calc ulated from equations (86) and (87):—

a = 4 ( 2 ~u \  cos A sinli  \ + sin \ sinh \ + cos \ cosh \ + i i 18~~
)

b = ( + 2~~\ cos A cosh \ + cos \ s i nh  A + cosh A s in  A l  (8- 1)

LT
h8~-)7
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3’)

where A = ~. \~~sit-t \ coslt \ — COS \ s i l t i l  \ )  — 0S \ e’OSll \ — I (LW )

and

y ( x , t )  = ~~ *~(cos c x — ~osI t  ix~~( h  + nm \ s i n h i  A + ~~os \ coshi k

+ ~~~~~ cos \ s i n h  \ )  + (siithi ix — s i n  ~x) (sinhi \ c’os A

+ cosh A s i n  A + -
, 

~~ cos A co si t  A )

+ c-o s a x[~.k (siut A cos i i  A — cos A sinli A ) — cos \ cosh A — 

When the imposed pu l  se— r . u t c  t~ i s  such  t h a t  .\ = U , the l antina be’gi us to

resonate. Tb is h a p p e n s  when ~ co ti c i dc’s w i I l l  O u C  of  its norma l I ree mode pu I s t’—

rates.

We require ’ lii i’ I irst r o ot  of t h t e  t i - t i i s c e t u d c nt  e q u a t ion  1Q0) , i n  w h i c h

= ~-4 , beca use the  mass of t h e  ~u , t r t  ,~ e - r v s t ~il  , N = U .  ;SV V
t g, i s s u p por t e d  by V

two strips of  mass m = 1 1 . 6  mg .

We t i nd

= O ) ~~ -4

and from \- = aL and a
4 

= ~:
2 

~~‘ w e can deduce  t h e i~u l s c— r a t e  f o r  wh i c h t  t h e

5 stem begins t o  r es o n a t e :  —

= [
~
]

1 
.

We- have desi gned ~u nuoultt i :tg lu l l I c’gOUS to the quartz cr~’ s tal  support 4, 1-’ i g 30~
in which th e resonator is r ep laced by a circle of duraluntin . Since their deits it ics

are similar , the c r y s t a l  d i m e n s i o n s  c.tu he nt~uitttaine d. To this ci ri’ I c  is cemented

a miniature accelerometer oh very  l ow mass (1-4 0 mg) and the  who le  i s  equal to t h e

mass ot a partial quart~: crystal 5, that i s  to say 0 . 7 8 7  g. The ac’celerontctcr is

a pietzit e which gives a load variation ~t t t h e  amp l i f  icr input  . An aittonuat ii ’ sweep

of the excitation I requeitev is made and a re’~’ordiiug is made of the  o u t p u t  vol tage’

corresponding to the response’ ~ t t h e  e-lem cutt under st u dy  ,is a I une’ t ion  ol f r e q c u c’ncv .

The system is shown , s c h e m a t i c u l  I v , in Fig 1 1 .

LT
I 897



-

lb

As a numerical examp le , let:—

= 0.54-4

L = 14 l0~~ m

E = 2 x ~~~~~~ N/rn
2

_ _ _ _ _ _  
-41 12

= 8.9 10~ kg/ rn
1

S = h 0 7
m~

—15 , 
V

10 -~

1 2  
4

I and 1
b 

are the momer t ts  oh  inertia corresponding to positions (a) and (b),

respectivel y, of Fig 2d 1 .

For p o s i t i o n  (a)  we have , by applying equation ( 9 2 ) : —

324 lIz

Fig 32 shows the response curve for such a case and indicates the presence

of the main resonance peak at 281 Hz. This is confirmed by experiment. The

dif ference between the two values is easily exp lained by the choic e of an

analytical model which is not an exact counterpart of the real case.

For position (b), -v—- = 33 Hz. This is the position which ofters the

smallest moment of inerti a to flcxiutg. Referring to Fig 27 , we see thtat for 
V

30 Hz , the disturbance IA /A1) htas the greatest value . This shows the direct

i c t  i o n  of  the support in such a case.

The solution y(x ,t) also enables us to find the pulse—rate for which the

di sp lacement of the mass is zero , by solving the equation y(L,t) = 0 . We shall
V 

not do this , here , as it is only of limited interest .

~.II Sytmnetrical vibrations of an arch ed beam

The assemb ly of two supports and the crystal forms an arch ed beam. We have

studied its synmietrical vibrations wltilst neg lecting the longitudinal and trans-

ver se vibra t ions ~ I the stri ps. Als o, th e model used is thia t of aut arched beam

with its load distributed over its horizontal part (Fig 33).

LI’
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met hod s t o  I j iud t h e -  S t  a t  Ic cit I ornua t joits of t h e ’  beanus and to iIl t roduce

these i n t o  t h e  system e n e r g y

4,’ouus  i dt.’ u 0 ,J (F’ ig 1-4 a I

lo  t i ntl t h e ’  S t  at  i c del 1 ex i on  6 in 3 we sup e ’r i uiupos e a fict ioiial force F

on t he d i  S t  r i but e’d I ~‘ , Ic h q .

At II , t hit’ I I e’x i t ig fl iO fl ut’l l  t i s : —

M
1

( x )  ( _ ~~~ (l, _ x)# _ F (L _ x)

lf u e ’ deto rm atio ut e I I e ’rgv W i s  ~~l V .  1

= 
~

— ix)dx

~~~V f  

[

~2 
- 4 , f V f ~ h’ (1C L 3 

+ ~ F’L 4 
+

~~~~~~~ ] 

.

~~~~ ider i ug 4, ) 
I ~ 2 

~~ Fig ) V + b  , l e t C be t l i e  coup l e r e s u l t i n g  f r o m  thte

, I e t i . ’lt  oh 0 ) 3 ~~ H
.1

11 ~0) = H
and

C = C — 4 - ~~L — F L

I
ll 

= C _ L ( ~~~~+ F’)
_
~~~t L 1 

- x 4

and

= _ _ _ _ _  (x ) d x
I I I

W = 
~}~~ I 

+ (~~~ 
+ F ) [ l 2 ( ~~~~ + 

r)  
- 2Clj~ I. +(~ (~~~ + F) — ~~~ +
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l V C t  W = W
1 

+ W ~~I~ci  ~
- W is the total deformatioit energy of th e system.

h u e  ,ie~form.u ti olI ot 1) 0
3 

i ’~ syuunue ’trical with rc-spect to J • Hence at t h e

detortna tioii t h e r e  is -l horizont al tangent 3 . This is expresse’d as

= —
~~ 0 , where u r e p r e s e n t s  t tie ang l e- of rotation of the t angen t  to J

L i  k - w t  sc , th t  ls’~ 
V
O t ~~ 1V 4 1  d i s p l a c em en t  of J is zero , from whiich t we itave

-W
ii = 0

I h u s  we - o b t a in  t h e  tot l v  lug system : —

2E
1

1
1 ~L2C - 2L (~~~ 

+ F’)] L
1 

— ~L~~
} 

+ 
~~~~~~~ 

~2CL — FL
2 

— 
~~~ L~ } 

= 0 
- V

2 E 1 ~ ft
L ( ~~~~~+ F’) - L~~L7 +~~~~ :L~~

} 
= 0

w: .ic~i al low s the calculati on of C and in terms c ’t  F . Now F is

i c t  : i . i  I , and lit-n et- e q ua l  to ~e ro : — U

C = 

2 E I L  

2 
(96)

= 
2 q L (  I I  “

\ _ ~~~a~ _ B  ( 9 7 )
L 1 

i~E~~I 2 L
1 

+ 4E
1
1

1 L) 
L1

We can also determiute —

Translator ’s note This equation canno t be read from the copy supp lied (98)
V 

u’ t u- u n s  I at i out a t  t l ie b o t t o m  0 p lgi _’ 38.

We now ca1cul~it c the beam deflections:

r 0
1
02

E 
I Y’

~
’ (x) = — N~ (x )

and

E
1
1

1
y

1
(x) (3 — B — 12D)x

2 
+ q Dx3 . 
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For 0
2
3

E
2

l y”(~ ) = — M
H

(x)

and

E
2
17y1 (x) = q ~~

- - 
~~~~ x

3 
+ (3 - B)x 2 + (B — I ) x

In order to study the vib rat jout s of the arched beam we put:—

dy
y

1 
(x) = ~f 1 

(x) with = 6f
1 

(x)

dy.,
y2 (x )  = 61 1 (x)  ~~—~~- = 6f 7 (x ) .

The kinetic e n e r g y  ot  a section of the beam of length dx is :—

4 S d x
(~~~)

and the total kineti c energy o~ t h e  who l e ’  a r c h e d  beam wi ll be:—

T = 4 S~~~~ / ~~ ( x ) d x  + 2 1 f~~(x)dxJ . (99)

The sum of t h e  total dtI
V
or m a t j on  e n er g y  W = W

1 
+ W~ and the total kinetic

energy T is Constant , since the S stem is not dissipating .

Hence W + T = constant and we slua].j calculate f
1
(x) and f 2 (x)  .

- 
8E 2 1 2 r3 — B — 12D 2 D 31t (x)  = 

~~
—c- I -—— , x +~~~~~~~~~~~~I 

.\L
1
1

1
f. L I

~~~~~ r .+ Vt
2
(x) = 

— __-

~~

__

~~~~~ 

[2~ — Lx~ + 2L3x
AE

1
1

1
L
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On order tel c -a i t ’ uI ii h e t lie cot - I f I c  I c u t  s A , B anti I) w~’ Sila 11 usc t I l t ’  I ol low i uugutunieu i c i i  vat Ut’s: —

4

10
1 )  

4 Ii -~ — 4I 
— ~~~~~~~~~ I — I t) N / i~ , 1. I . -4 h O  in ,

~ f I h o
_ I 2 

ni
4 
, ~

- 
• I f )  

~ /iui , I. = 1 . ‘ I o 

-

ron s-h i  t’h i We ’ oh l~~ i i i : —  
V

p
A = 4 99(~ =

B 1. q~ f q  =

— ‘ 4 4I) = 1(1

l I n u s  w(’ ohita I p : —

1
~~(x)d x = V 4 / ’~~~)

/ ‘ x )th ;~ = -4 .25- ’, ~ 10
8
1. 

V

intl : —

I. ’ 8 1 4 
-

‘I’ - S~-~~ -4 ., ’ a, —4- + -4 .284 h O ~~, — 

-
~~

Sj ii 1 j I , i r i v: —

( I
- I . 2 ’~

W = ~~~ ~~~~~ . (1 ( 10)- , I , 
- ‘ hb~)/

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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By rep l i c  in g  ~S by it s value in  W 1 and W ., we have ’ :—

() II  . “) l . ~ l V ., I V, V - >

W = 1 1 .5 jHj”~~~ E L  
- u ”- , 

I I

and Since’ W + -1- = cons t  a u u t  we I i iit~l : —

1 2 Il
~ ~V = ~ , wh ere  - = — . (11)1)

I ’ I”

Hence:—
I 0) 1 1~ I —

0. 11 ‘ I ‘2 2I I  ) ~~~~~~~~~~~

2 L I  
2 

E 
1

j
1 ~~= 

S,~~~4 .)8”e ~ 10
8

L + ~~~~~~

Calculation g ives

-
) I h I ’  l iz

Coutsequent 
~~ 

i f  th t ~- ar ched  beani I s c x c ’ i t ed at  l i i i  s I re ’qu e ’uc\-  i t w i l l  Start It’

resonate - . We have’ c ’l uc ’c k ed thu is by e-xpc r i uncu t ou t  a mode l win cit Was dvui arni  c’i 11 v

s i m i l a r  to tlte r e s o l i at o u V  (Fi 1’ 1,)

The ma j u t  r e s o n a n c e - ap p e ar s  ,u t al ’oci t 2000 II: ’  as sh own in  1 ig 1t~

The me thod used  to o l t , u j u t  t l u i  s I rt ’qut ’ i i c -v i s  based on thc’ i u y p o t h i e ’s i s t ’ I  i

smal l  , static del o nuu at j o l t , wti i t h i  i s  j u s t  i t  I e’el l ie u c . Oit tile ’ o t i t e r  hand , t i le ’

hyp o t h e s i s  of a put - e l y — s o t  j e t  I i x i t u ~- 1 o i  t h e ’ ~~t u i 1ts i s  muc lt uitore d i l l  j c’u l t  to

sat is fy in p r a c  t ice. l’Ii is wou l d  e x~’ h a i t i  t i l t ’ ti l l fc re’nces be twet’ul t ile’ thee t’e’ 1 i c a l

and expe’rirne’utal values.

Itt lie two cases stud i e’~h tile’ ‘V c - r p  U t OIL re due t c ’ the  re sonant’e v i b r a t i o n

eif the supports is i n  e’ X c e ’ s  s o f  2 ”  eli) , g I v u  05 1 coc I I ~ t I t i l t  o I I S whu ichi mu I t I p hit ’s

the acceleration of t h e ’ app! je ’t I c - h i t - i t  I e , l l . For  sm. i I  h , uc c I e I , i t  j o l t , - ‘ 
~~

example , some’ lb g are’ ( l i l t _ l i  I1e’ th at  t - o , ’ l u , u l ie ’ e - , wi u I c i i  ~- i ui I d  h- ,t ~l to l t u c , u k , i g e - t t i  u I

V least , i  high denree’ oI  ~h e g r . R h l t  i t ’l l  i i i  h O t  Ii t h e ’  st ipp ei l t S . t t i ~h f lit ’ u v s t , i

We hav e, t h e r e fo r e ’ , soug h t  t o  ~‘ h t , i i u i  .1 t y p e  01  s u l t h 4 ~’ l t  t , , u  w h i c h  t in -

LI response shows no o v e r — p r e s s u r e  in t h e  u ~uug e ’ ,71) 2001 1 11 ,
I8~ 7

--
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Our c I to  I ~ e’ huas t ill eti on I our suppt i  r Is of t rape zo i dii prof  ii e , tic ! d by

t h i e t _ Iuue) e C ) I I I I 4 I  e’sscd r iv e ts (Fi g 17). l’h~ i:NSCMhI I ’ i e ’ ,~oe’1ec t u j e  I , i h o r a t o r y  h a v e  r o l l —

s t u u c t t c h  se -c- t - r i l ol t hese ’  r V e, s e i u u a t t , 1V s  whi jt ’hi have  wi ttistood s i n u~ e i d a l  v i b t ’ a t  i ons

s i t  Ii hi ghi , l c  cc I c  r ,l I i ons  Itt1 have ’ e’uah i t ’ d  t i l t ’ uul e asu r ernt ’uu t 5 10 lie ’ c’omh ) I c  t e d .

t h e  v i i )  r i I i o u  expe l- ime’it I s  w e r e  c i  ri - i ee l— o ut  on it a na l o g u e ’ mode l ( F i  g 38)

s - l u  i cli  gave ’ a l V t sp ouse ’ whu i cli was pe’ u I  c - c t  I ~ f l a t o v e r  I lie raltgt’ o I I r equI em ’ it’S

I c  h u g  c , l l u s i d e ,t V e,d (Fig 3 d )  • A t t ~’v 1- 1001) liz  t h e  e x c i t e r  i t st - !  I i s  IV L S O u S u t  ing lit1

t h u r  rcsI’~’Iuse 11 -0111 t i lt’ model i s  f a l s e - , l i l t ’  s l o p e  ol  t lie’ re’sp&tuus e ’ 1-urve’ shows a

si  ig h u t  o v e r —p r e s s u r e ’, equa l t o  I .4 , i t  . 000 l I z .

V 4 •  I I  I C o u u e  Itus joits

l ’hue i n  I l u e u i c ’ e of I hue  j V~~~ sou u a  I 0 t supp et  I-Is I S  no t  neg I i  g i b !  e~ s 1 flee’ I l u c y

i t  r , ’~hii c e n a t u r a l  ns~des of v i b r a t  ion wit  j e’ht can I e’ad to  d e s t r u c t  io~t of Clue q u a r t

c u  s t i l  . Tue r e - s o n a f  or  i s  s e ’u u s i  t i~-e to l ow — I r e ’q t i e ’ l i cY v i b r a t i o n s  and t h e

5L1 I ) I)O~ Is  t hem se’ 1 vt ’s siiou 1 ci 1101 i t tc re -~u s e  liii s ct - feel . f lit’ cite) ice of I our supper  Is

seems c apab It’ of supp 1 v i t t 5  I lie rt’qu i re turn t s ‘ ‘ I  n i e ch iau t  i ca l  51 reng  th u i n  a se’t’t’ re

t -ti v i r oi t n ue -  i l l

Ch ap te  IV 5 1 of I u e t i c ’e t i t  ‘ whi i I t ’ 1 u ’ i  sr ’ v i  b ra t i o n  on t h e  resona t e l l

Fi l e  s t u u c l v is s i n i j i u r  t t l  t h a t  f o r  s i n u s o i d a l  v i b r a t i o n s  bu t , w i t h  ‘w h i t e ’
n - h  se ‘ liii’ du o h  cur l’ uu i , e - ~ovc - rs a l l  I requettc  I t ’s w i lii i n the’ chosen range . l’he

une - , i su r e ’ r n , ’u i  t p r im ’  ip  Ic u 1 hue same’. T h e  d i  s t  u r-baitces app i  led  we l V e in  I hit’ r i l l t ge

2 (1  to 2 ( ) t ) ( )  l iz , adjustable i n  80 s t e p s , each ol  2’ l i z . Th e powe r spc~c I i V a l  d en s i t y

0 t t h e ’  ic c c l  e ’r a t  j olt was c o n st a n t  b u t  the ’ amp i i t ude’ of the  v i  j r a  L i o n  v a r i e d  as a

t u l l u e - I j o l t  o f  I re ’qu e’l iev . The exper  i m e ut t a  1 a p p a rat u s  was ai ta  logou s  to t hat used

I or  Si  nuso ida I v ib r at  i OUS as were also the methods of  u i ica sur e’meitt and ana lys  i 5

The app  hi c a t i o n  of wit i te  I tO Se a 1 lows us tel e!c’ t Inc the’ liiw I e)r the ci 1 cot

ot l i l t ’  d i s t u r b a n c e  as a I u n c t i o n  of f r e q u e n c y .  T h e  ‘ r espoit se’ ‘ of t i it ’ c ry s t al

o t h i s  e x c i t a t i o n  i s  ait ov e r a l l  one’ , wit i i st i tt  t h e  case ’ e f  si IIUS O i dal vii) rat ion

I t was e eli s crete ’ ouw . We skill see ’ t h a t  h it’ re su It s cent  i rm tu ios  e’ e)b t a i iie’d I O F

o i nusoida i vibrations.

1- Vx p e’ r i m e n t a l  results

(lnc t ’ aga it t  we s h a l l  cons i cier t huree’ p ar t  i o u t !  ;ur P~~S i t  i e1~ts I or the  e~u i l r  t

c~ i vs I ii . F I g - 41 ) sh ows t lie spec t rum I o r  t hue uuid is turbed re’ sonator  when tile’ whi I Ic
—I

1144 % Se (2 ~ 10 g~ Il1z) v i b r a t i o n  a c t  s i l l  tite’ same’ di  re’e’ t i c)it as the’ iii t ura I v i  b r a —

t l o l l  o I  t it e  q u ar t z  c ry s t a l  ( ver t  h e - a l  ilt)si l ion ox ’ ) t l t t ’r t ’ i t - c  t ’ i i sj e i c r a b l e ’
- - h u t  c r e t  St ’s ~ tt  a m p l i t u d e’s f o r  th e  V t ’  i~V low 1- r eqt uenc  i es (Fi g 41 4 . l iii-’ powe’ V ~ ~ e c t  u - u I  I ~t

IS’)’

— V _~~~~~~ V - V J ’ ,F ‘- — -
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densi ty of the frequency variations , SAf , satisfies a law in f
4 

, which

agrees well with a law for amplitude decrease as a function of frequency, in
2 

, as we showed for the  sinusoidal vibrations. The same results are true for

the vertical position oz’

In the horizontal positiott , the quartz crystal is less sensitive to vibra-

tions , On the other hand it is true to say that an increase in the vibration

has less effect on the crystal in this case t han  in the previous positions.

Fig 42 shows the frequency fluc tuations for a vibration density of 4.50 x hO
1 
g
2
1’~z

(about 30 g, effectively). It is obvious that the vibration density must be more

than doubled in order to obtain an effect comparable with that of Fig 41. Again

there appears to be an f 2 
law for the variation of the modulation ampli tude as

a function of frequency. This accuracy is important because the slope was less

significan t in the case of sinusoidal vibrations .

5.11 Long— term effect of ‘white noise’ vibration on the natural frequency of
quartz

We know that the vibration causes either a frequency modulation , if the
disturbance is sinusoidal , or fluctuations in the natural frequency of quar tz if
there are several modulating frequencies. It can be asked how the initial

frequency behaves when the disturbance is app lied f or a long time , tha t is to say

if there is a displacement in the initial resonant frequency during the vibration.

For that , it is sufficient to close the servo loop and to use the method of

measurement developed for the continuous accelerations . In fact , no precise law

comes out of it to indicate how this initial frequency develops during the vibra-

tion period. It seems, then, that the conclusion can be drawn that the integral

with time of the effect of sinusoidal or random disturbances on the quartz crystal

is zero. In the same way, there appear to be no sensible variations in the

resistance to motion of the resonator during sinusoidal or random vibrations . On

the other hand , if the frequency of the sinusoidal excitation corresponds to a

vibration frequency of the quartz crystal and support assembly, the voltages at the

resonator terminals show very considerable fluctuations,

All the measurements carried—out for a white—noise excitation of the resona-

tor confirms the previous results.

Conclusions from Par t 1

In this first part we have studied the resonator alone , placed in a trans-

mission mounting so that its parameters could be measured. For continuous

LT acceleration measurements show that the frequency variation depends upon the
1897
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j~~I e - t u S I t y  and dir et’tiort of the app lied acceleration with respect to t h e’

~- u ~~.t~ullograp hic axes of t h e crystal. In the case of sinusoidal vibrations ,

, k u i V S i s  shows t h a t  t h i e i r  e f f e c t  is to produce a low—frequency modulation of the

•~u u rt z natural Irequeitcy. ‘Wh ite noise ’ vibrations lead to fluctuations in the

~~~I I L  tz c r y s t a l  I re-quency wh ose amp litude spectrum varies as f
2 
. The crystal

1) O sj (  ion is still preponderant in the case of vibrations. A model of a crystal

.u ~~, o t i u t g  i s  proposed w h i c h  can w i t h s t a n d  very  large cont inuous  a cce ler a t i ons

I l u I t )  g) or vibrations of thte order of 40 g within t h e  range of f r e q u e n c i e s  used.

Part 2 — OSCILLATOR SUBJECTED TO ENV IRONMENTAL CONDITIONS

i i i  this sccoutd part we go on Co study th e characteristics of an oscillator

subjuctec ! to  the same disturbances as was the resonator , previousl y. We note

- 
~

- iain criteria which characterise the instabilit y of aru oscillator and t h e

ce - -ds -us ed in t h is case.

lii order to carry—out the mattipulations , we built an oscillator of medium

c a l i t y  in which all th e electronics were made compact by moulding in resin.

l t u i s  precaution enabled all the 2ests to be carried out using the same

u l t - c t r c i n i c s  attd severa l  resonators .  In p a r t i c u l a r, and wherever  possible , we

~~~, i t  h i t c h  ou t  the ertvirorumental tests eitlter on ttte electronics alone but associated

a r e s o n a t o r  or  on the  complete oscillator .

Lohllpa risott between the results will enable us to sitow wha t an important role

~~ g layed by t i l t ’  resonator.

Chapter I Notes out the chuaracteristics of an oscillator

1 Representation of a quasi—sinusoidal signal 17

The voltage produced can be represented by:—

V 
v(t) ~A0 

+ a(t)1 cos [~i
0

t +

wh ere a(t) and ~ (t )  are random func tions , which vary slowly with respec t to

~o 
0

t , and which represent the amplitude and phase variations , respectivel y.

The instantaneous angular velocity is:

w (t) = 
* 

f
~~o

t + ~t) 
= 

~~ 
+

I i’
c c 4u° (t) represent the  fluctuations of the a n g u l a r  v e l o c i t y  about I~~~

_  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The ef fe ’ c’ts of t h e  amp l i tude  I l u c tu a t  ions  are  n e g l i g i b l e ’ , for an n it ra—
stable oscillator , in  c o mp a r i s o n  w i t  h u t i l t ’  phuist- 11 uct ulat i ellIs and so we’ call wr ite: —

v(t) = cos 15 5t + 
~p(I)I

The stabilit y of a quasi—siuusoj~~ j sigltiu ! will be studied in t h e  spec t i-al
regiort (purity) and iii the tinue field (iut stab j1jt ~’ 1 (t)),

1. 11 Stability in the  sp~~-Lra! reg ioti

Thu is is charac ten sed by the r,id i~ ’ I u e ~q t t c d l u c v , ph ase’ and f reque’utc’ V Sp ect  ra . V

Th us we de f i ite t he power s p e c t r a l  dens i t  v of Cite 1 re’quettc’v Var i a t  i oiis S
of the random process ~- ( t )  b y the  F ou r i er  t r auu sfo i -n t  of  i t s  au t oc o i - z - e l a t  i on  V

f unc t io n  R ;  (~ ) ~~
— 

- ‘

S (f) = f R °(t)~~~~ 
‘ di

where R °( i)  = 
~(t)~~( t 

— i )  , w i t  Ii t he ba r  I tt d ir a  Ii tug a mean val  Li e’ ii) I iflit ’ .
The ph ys ioul spectral density S~~~1

.
1 ~

f )  , w i t h  o n ly  p o s i t i ve  v a l ue s ,
can be written :—

S ° ( t 4  = f R~
’(~~) cos 2n fi di

The stationary 1)h~1Se’ f l u ct u ~~t 10118 can a l s o  be w r i  t t e u t  a s : —

S (f) = [ R (r)~’ 
I 2 f l I

The phase and frequency Spe’ctr~l are rt’lateei l’V

S ° ( f )

LT
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it is possible to itttroduce t h e reduced variable

0
0 S

y ( t )  = 
4 ( t )  

and d e f i n e  S (f )  = ______

CO y

From the experimental poin t  of view , the  phase s p e c t r u m  S~~( f )  is o b t a i n e d

by a n a l y s i s  ot the output voltage from an ideal phasemeter whose input is the

si gna l  u n d e r  s t u d y .

The s p e c t r u m  S~~( f )  ar i s e s  by a na l y s i s  of Chic output voltage from a perfect

f r equency  d i s c r imina to r  to witos o input is applied Cite si gnal under study.

Radio—frequency spectrum

The power spectral density S (f) of the signal v (t) gives the power

distribution in the spectral region. This spectrum is obtained by direct anal y sis

of the  si gna l from th e oscillator:

V I ~ i 2 f l r  VS~~~f )  = R (t)e d r

For u l t r a — s t a b l e -  o s c i l la t o r s , Chic phase and r ad io—frequency  spectra  are

r e l at ed  by the f o l l ow i n g  equa t ion  when the  approximation to a small modulation

i ndex  is s a t i s f i e d :

S ( t )  ‘ + f
0

) + S~~(f 
— f

0)]

h. ILI Stability in the time field

The instability in the relative frequency I(i) is characterised by the

standard deviation of the frequency variations ~
°(t) measured over a period T

1 (r )  =
C
O

where ( ~
° ) t , r is a stationary, random variable which represents t h e mean value-

of the oscillator pulse rate over a period of observation t , and hence :—
LT

P 

— - _
~V ’ ~~~~~ 

~~~~~~~~~V ~~~~~~~~~~~~ —



- ‘1~VV ~ V -V V ~~~~~~~~~~~~~~~~~~~~ ~~V~V -

47

= ! 17 
~
°( t ’ ) d t ’ = 

~~~~~~~~
_
~~~(t 

-)
~

The var ian ce - nucasures Clue dispersion of Chi c d i f fe r e n t  va lues  of
C , r ab out  it s  mean v a l u e :—

- ,
O ~ 1 1, T I  = [ (~~~) ~~~~~~ 

- t , ,
~~

Now

2 
~ 

0 )  t ,iJ = (~~
° ) t i s i nce  (~~

° ) C , T = 0 . V

1(r) catu be writte n in  the f o r m : —

1(t) = 
o~~~~~ ) t , i J  

= ~~~~~~~ t i

= 
~~~( t + ~~~) _ ~~~( t _ ~~.)]

2 
V

C
O

t-

1.Iv Relati onshi p between the time field and the frequency field

The va r i a nce and power spectral density of a random variable are related
by the autocorrelatjon function,

We have:—

C , T~ = 
~~~~~ IR (O) - R~~( T ) J
T

-V -

~

Now:—

R ~~ = S ( )  cos r‘p 1T~~~) ‘p

______

_ _ _ _ _  V- ~~~~~— ___________
__
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S (,) =

and we obtain:—

_ _ _ _  = 

7 

S °(u) (s in~~~

) 
~~ 

.

The importance of S ° (u) shows up in  this equatiolt since th e iu i st abi l itv

1(i) can be determined from S°(~ )

This equation allows us to c’hange f rom the r ep rcseuta t ion  of the  stability

in the  spectral reg ion to the  r e p r e s e n t a t i o n  in t h e  t ime  field.

In practice , estimations of 1(t) caut onl y be made f rom a L ar g e  n umber of

tuueasur enu ents , independent of the frequency, over a t ime period i . The character-

i s t i c s  in t h e  t ime f i e l d  are easily obtained by us ing  t i m e  or f r e q u e n c y  c o u n t e r s .

Thi s possibilit y has led , in addition , to thieorctical justifications by recoutinend—

ing the use of the Allan variance,

A l l an va r i ance

If we have a sy s t e m  of N m e a s u r e m e n t s  of Clue r e l a t i v e’ f r e q u e n c y , each of

duration T : —

t
k
+T

= ! f v(o) cit

wltere k = N

tk l t
k

+ T ,

where T is the period between the  s t a r t  of two successive measurements , T i s

the measurement period .

i he  var iance of th is  sv s t c w ,  of measurements  i s : —

-
~ l l

= 
~~~ 

— -

~~~ E >
k)

tt=1 k=I 

-~V V~
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w h i c h  is a random variable which can be defiuted by its mean ( i 2 (N ,T,t)) . t i ud e ’r

the best case , ( o2(N,T, r)) is very slowly convergent when N -
~

- . Ver y ol  t en

o(N ,T, t)) diverges (when N -‘-) and i n  prac t ic e ’ It is v e r y  difficult to ,uhl o w

N to increase indefi ltitely . Thus N iu.us to be limi t ed auth adjacent nteasurements

have to be made. The A lIauu variance currentl y used is defined by:—

cicnc’ted o~~~ )

autd corresponds to the ideal variautce calcul ated from an iit fi iti Ce t tumbe r  c’I pairs

of measurements. V

The experimental estimate gives:—

— — 2
2 I V’ ~~k + l  

—

- M L 2
k=h 3.

This variance has Cite a d v a n t a g e  t h a t  it c ot t v er ge s  f o r  thuc t y p e s  of

noise applied , here , to the o s c i l l a t o r s .

.V Noise in the o s c i l l a t o r s

Fi g -43 is a schemat ic  d i a g r a m  ot  ih t c  o s c i l l a t o r .  The n o i s e  a r i s i n g  iu s i d t ’
the oscillation loop is caLled ‘internal ’; that of the output circuits is called

‘external’.

The macroscopic noise  is due to t e m p e r a t u r e  v a r i a t i o n s , to shtocks aut d to

var ia t ions  in thte supp ly voltage. The i r  t, I V
I e c , C  is most  n o t i c e a b l e  in tht e  st u dy

of the long—term stability.

The microscopic noise is due to thermal  e l ec t ron  agitation and to noise in

the semi—conduc tors thleniselvcs .

Internal additive thterma l noise

This arises in the oscillating loop attd forms Chic ultimate utatural disturb-

ance suffered by the oscillator. Numerous stud ie’s have led to thte following

equations:—

LT 2
C kT1897 c’ 0S,(i) = —s-

2PQ~
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1(T) =

where k is the Bo ltzmann constant

T is the effective temperature of the noise source (K)

i’ is the power delivered to the resonator (W)

Q is Cite selectivity coefficient

r is the measurement period (s).

The stability curve for 1(i) has a slope which varies at

Externa l additive thermal noise

The eff ects of this noise are studied by superimposing a noise voltage

e(t) , of therma l orig in , onto the signal from the loop (and supposed to be noise—

free). This noise voltage arises in Cite circuits external to the loop.

There appears to be a component e
q
(t) , in quadrature with the amplitude

signal  A
0 , 

which gives rise to phase variations:—

e ( t )

~ (t)e A
0

and to frequency instabil it ’,- :—

1 (T) = ~~~~_ [
~ 

(
~ 

- e~~~~
)]
~ 

V

and it T >> I
e

I
e
(T) =

where is the fil ter cut—off frequency

~N 
is the power of the noise generated in the output circuits

This noise shows a slope of for the stability I(-r ) . LT
189
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Scintillati on noise

The physical causes of frequency ‘flicker ’ noise are the slow and random

var ia tions , of mac roscop ic origin, of those parameters which define the mean

frequency. The result is a frequency modulation and the observance of a 1/f V

spec trum at very low frequencies. This noise causes an instability I(T)

independen t of -t (i >> I second), which thus produces a limit in the oscillator

stabili ty.

l.VI. Experimental method of measuring the instability 1 (r)

Princ iple (Fig 4.4)

A frequency comparator with error multi plication is used to elaborate a

freq uency whose fluctuations represent K times those of the oscillator being

compared . This signal , of I MHz + KAf controls a ‘standard time interval

generator ’whjch supplies pulses separated by an interval equal to lO
t’ 

periods of

the input signal. These pulses control the starting and stopp ing of a very V

p
accurate chronometer , which thus counts the duration corresponding to 10 periods. V

The var ia t ions  in this measurement allow us to calculate the instability in the

time field for a sampling period of

Frequency comparator with error multiplica tion

The frequency f
0 , considered as a referenc e, is multip lied by a fac tor of

10 and then mixed wi th the frequency f
1 

multiplied by a factor of 9. Each stage

elaborates this operation. The output signal F(t) , therefore contains the

frequency fluc tuations multiplied by the coefficients of four stages .

The pass—band of the comparator input circuits is about 4 kHz. However ,

be tween stages 2 and 3, and between 3 and 4, there are two quar tz f i l ters wi th
narrow pass—band s (about 50 Hz).

The consequences of this band width can appear in the calculation of

V 
stabili ty:— B = —

_ _ _ _ _ _  = ~ [! 7 ~~~O (sin 1wt)
2
dW ~ . 

V

\ 
c
o I ~~~Ir J ~wT

LT B L (1)3
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To o b t a i u u  t h e  n a t u r a l  no i se  ot the  measurement  chain it is sui t i cient to

a p p l y  Ci te ’ same signa l to t h e  two circuits .

Th is system of measurement appears to be sufficien t . Co S I t u c ! V o s c i l l a t o r

dri fts , but its short—term characteristics l imit it to the’ study of m e d i u m —

quali t v  oscillators.

In the ’ t o h  l o w ii t g  p~u r . i g r a p ht s  we s i u a l  1 se’e t h a t  a it o t i t e r  p o s s ib i l  i t v  e x i s t s

t o r  me’asur jug t lie st  i f ’  i i i  t v c i  Si l t  O S e  i i i  a t  or whit’ut t hue  santp l i ng time is i s e c o n d .

Second met  hod t ,.usu I ’ h~~~) w i l e ’fl i = I st ’~-o nd — d r i f t  m e asu r t ’m e u t t

A se -~-~~ttd uue t ht od u s e d  t o  tn. - u s l u r e  t i t e ’  s t a b i l i t y  of a~t o s c i l l a t o r  over I secoitd ,

as well as to  c- v a l u a t e  i t - - d r i t t , c o n s i s t s  0! d i v i d i n g  th te  r e f e r en c e  and o s c i l l a to r

si g n a l s  to ~‘b t aj i t  a C i  a t  ot  Ill: -u i . l i i i s op er a t  ion  i s  c a r r i e d  out  r u s i  itg

f 1 X e d  d i v i d e r s  ~N S I i i i  ~ lu q u a l  i C v and ~V 
h i g h a c c u r a cy .  Each i  t r a i n  of

pu l ses i t t  i t i a t e S  C i te ’ s:,lr t i ig and s i  ~‘pp 1 t ig of a v e r y  a c -c  ura C e’ chtr onome t er  t it r o u g it

t h e  t t i t e r m e- d i a t  v o a - i t  - i ~- l ogv cc ’u t t r c ~l . The a c c u r a c y of t h i s  me r it e d  i s  l i m i t e d
o n ly  by t l u c t u ~u t i ~ ’ i u s  i l l  Ch i t ’ i t i  e t c - O c r  ¼ a t , ’inic c l o t ’k) and the rt’s e lut  i e t t  c i  Ci te ’

c hro uic ’- j et e r I, I ~~~

The e Itr~- oc L~’~~ ~~‘~~trc L eustur - s  th at  Ord ers  are  g i ven  to r e s e t  t ?e ’ t O  , t O

p la ce itt t u e memo i’- and to r e - c , ’ rd . ‘l’it us , e v e ry  s i’e’ c’itd , we c’b Ca i t t  C i t e  inca sureme’nt
et t h u e  e r r o r , t~ , b e t w e’cit  Clue ’ t r a i n s  01 p u l s e s  from t h i~’ r e f e r e n c e  and f ron t  C i te

OSC i i l , t t ~’ r u n d e r  t e S t  ~~ h~~~l c ~ -~~
-
~ )

Lomparison chain

Fi g -~~~~ shuows , i b l o c k — d i a g r a n u  of t h e Svs te’nu . A l l  Ci t e  m e a s u r e men t s  a re’

ree-orded on magnetic tape to a g iven forma t. l’hte sampi lug time- T
0 

de t e’rnt iucs

the r t ty thm by wit i cIt the utte asu r omen s a re  o b t a i n e d .  Ea ch tneasu re ’men t i s l abe l led
‘*1 th the t ime ( m i n u t e , seco nd , t e t i  t h i  of second)  a t  wit i cli it was made. We a 1St)

k itow the  t ime h u i s C e r v  et  thi e measurements , and th u s enables  t h e  o s c i l l a t o r  d r i f t  t o

be known .

Record ing

Eac h  measurement ‘word ’ i s  tonn e’d f ront  25 c h a r a c t e r s  of w h i c h  two i u t d i c a t e

the start and end of a word. The word con t a i n s  the time as well as the  m - ’as tur ent en t

from the two chronometers  used.  I n d i v i d u a l  r eco rd ing  b l o c k s  a re  formed f r on t
‘) c t words separa  tee 1 b~

V an Inel ica t i ott of t h e  end o j
V the  h i  e c k  , Each t e s t  , c’ O t l Ca i ni  t ti ~

a certain number of bl~~c’ks , c o n s t i t u t e s  one S e t  c’t  da ta  wh ich  is d i s t i n g u i s hed  h~
the  a p p r o p r i a t e  o r d e r s . LI ’

I ~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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liep e u t d i n g  upon Clue-  s n ~ i i  ~tg t u  n i t , T
0 

, the t i m e  t a k e n  t o  r e c or d  a b lock
v ar i e s  t ruin 21) s e c o n d s  t o  3 i t t i i t u  t c s

D ata  an a ly s i s

ihe re - c o rd  i ngs uro atial vsed w i t h t  a progrant on a lu  I R I S  80 c~om p u t t - r .  Rowever ,

~~ t w ~~eu  re - c o r d i n g  autd data at i a l v s  i s  t i t er e  t a k e s  pl u c e  an o p e r a t io n  w i t i c h  t r a n s —

:or m s  Ci te  or  i g i  u i , t l  t ap e  ?— c h ua nne ’ l 1- :B CDI C)  j u t e )  c lue  c on u p a t i b l c  w i t h  t u e  9—c ltann e l
EBCDI C rt-ad l u g — h e -ad of  t iu c  c o mp u t e r .

Ilic ca l c u l a t i o n s  c a r r i e d — o u t  i ; i v e ’ bot it t i u c - i n s t ab i l i t y  1 ( :)  , calculated

I ron the  Al Ian va riance - , and also Cite  d r i l  C cor r e s p o n d i i t g  Co a m e a s u r e m en t  pe r iod
ci t e ’  or seve r a l  re c ord ecf  b l o c k s .

Ci iap ter  o s ci l l a t o r  s u b je c t e d  to a c o n t i n u o u s  a c c e l e r a ti o n

We use the two  tnt- t huds  of me asur en l t -u t  c i  t he  i n s t a b i l i ty  1 ( r )  w h i c h  we
have d e s c r i b e d  e a r l i e r , The t i r s t  g i v e -s 1 ( t )  f or va l ues o f t b c t w~-~-n I ins

and I second , and the  second a l l o w s  the  o s c i l l a t o r  d r i f t  to be found .

2 . 1  M ea s u r e m e n t  of i n s t a b i l i t y , l c L )

Analysis ci Cite o p e r a t i on  of th t e  er r o r  n iu l t i p l i c ~~t i oi t  con tpa ra to r
18 

sh ows
tha t  the i n s t a n t a n e o u s  f r e q u e n c y  w h i c h  i t  g ives  out  is  equal  t o : —

F ( t )  = f
0 

+ K ° ( t )  Vi

where f~ is due nominal  o ut p u t  f r e q u e n c y

and K is the multiplication coeffi cient .

From this the tot~ii phase of rite signal F(t) can be deduced ,

~ ( t )  = c,
0

t + K~~~t )

L 

The phase variation during the time interval ( t ,t + -r) is equal to:—

~ r )  — 
~~ t )  = c~~0

T + K t ~~(t + r )  —

and hence:—

T = t + -~-I~ (t + ~
) — 

~~ t ) 10 C
0

LT
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Noc ~- ( t i e tue -a it  v , i I ue- ci C lie I re’quvlte’y va Ii .11 i cius dii i-i tug (lie t i lilt’ t~~ a i t  be 
. 

-

wi i t t en :  —

- u ) — 4 (t)
= V~~~~~ V_V.iL -

1 ,1 1
1) (1

I i ctut wlu I c h i  we’ hav e

i
~
i

c ) C , i
() 

= 
0 

—

I IV OflI w hiichl , 11% t~iki i tg (li e S t a l u h a I t h  e i ev i a t  t o i l  ci e ’, i c hi I’ X I ) l e s s i t l u u , t~
V ( V i u . t v t - : —

~1 
- 
(1 )

1 ( i )  =

t uu ‘

w i n - u  o ~‘ ( 2 , i , ~~ = ! ~~~
(
~k_ I  —

_
1

k) . ( I D . )

2. 1 1  1V V
~ j~t~riu uu t~u tt 1h l V e S u u 1 t s

We Ii .u ~’ e ’ ~~u c , ,l f lit ’ V~I 1 V i . I t  j o t u s  o f  h t_ ) _ u s  a I h u e : ! iOu c i t  f l u e ’  ~i h i h i h  i t - cl

V ch e ’i~,i i o n  whit- i t  1 .uk  c - n  d i !  I e i• e- i u C c - u  I u u e - s  ( I i  g c 1)  . I C c-an In see uu t Iu : i  I ( h i t ’

c i  C h i c ’  culve s eh i n t i  i i i  sIt , in  u dt ’cl t ’anen . h t wou l d  ap p ea r , t i i e u u , that t he’

s l i t ’  I V !  — t & ’ rifl i l l s !  au i ii C V 5 de’t’. racket I e ss q u i  -k  I V hr  a c-c u l t i l ic iOl iS  ;tece h e ’  I-a t  i on  tItan

i s  h it’ r ne ’d ium —t e ru tu  i n s t a b i l i t y .  TIt i s e c t t t  i i m s  t h e  r -sii l t s t rom t he ’ resc iu ta tor

, t  Lotte’ whi c li give t lie dcvi it ~cll o~ t h e ’ I r e q h l e i i e V  I r eMit I I t t ’  ( h t l a r t  c r v s t  a I tiii elt ’r ( lie

t ’t  t e C t  c i  an oSt ’ ii (at ion . This d e v i a t i o n  e’oire ’sp oi te ls , it t - re , t o  a n ‘ aece’I ~rat ed ’

dr it C c i i  (lie- ose I ha t o t  I re-quency • Iht ’u te ’e’ rite’ I eiuu g—( eriui sI :th i l i t  v is ele’graele’el

mo r e’ (lii i e’k Iv by t h e ’ .n’ c t - It’ rat iou .

~ ~~> shows t ht’ shap e’s ci C u t ’  e’urves ci I I, ) I e lF  a p a r t  i e’ti l i lt  p o s i t  i cil t

ci t he’ q ua r t  t i y st .il ~iiud it )! d i i i  c re ’nt  v a l u e ’ s of  th e ’  . n e e l t ’ r a t  i o n .

Vi ~‘ ~‘u shut ’wt ; (hue iii! I d elict ’ 0! C h i c e I V S  I a 1 pt’S i t  1( 111 w i tli l’e’spcc - I to (lie’

, I c e t ’  h~’ r~t t i on . l’h%e’ unc’asurctueut 1 i me u = 101.) ills S C ite saint - ot -  a I I C hit’ c i t i v e s

i t -  l i l t ’ l ’ l S ’ i i i  I (i ,is a I une’ t ion c i t  i e e e  I c - t a t  ion in n,’ en. V hie ’ v i i i  at i ou t s  of

I (i ) ‘h ’ not show t h e ’  salute’ ~ I op t ’ and C l i i  S c u t  I c ’ t t ’ u i t t ’ c a t i  be ’ u t  C i i l i i i  I eel , ~i t I e ’a St

i ii  p a r t  , ( t i  C lii’ ttit’ t httid 01 mou iu t i lug t in ’ e I V  St a 1 . 
1 1
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2.111 Oscillator drift

Ttue e f f e c t  of the co tu t inu ous  a c c e l e r a t i o n  i s  to cause’ a d isp lacem e ’nt  j ut  t h e

‘p hase — i r equeut cy ’ curve f o r  the r e sona to r .  Au i ‘ ac -ce  It’ ra ted’ i i tcrease ci Cite ’

o s c i l l a t o r  d r i f t  mi g h t  th us be expected , due to Clue v a r i a t i o n s  in  the  re ’soiian C

I requency of t h e  qua r t z  c r y s t a l .  Measurenue tu t s  of the  er ro r P , made as descr i bed

ear l i er (Fi g 46) ,  allow us to know Clue variation of 0 over a known period as

well as its sigit with respect to the initial error , 0
0 , corresponding to Clue

oscillator at rest.

As far as drift is coiucerned , we can le t

y(C) C
0 

+ C 1
t + n ( t )

where y ( C )  is th e in st a t u t a t t e o u s  f r e q u e n c y  d e v i a t i o n

C
0 

is the  f r e q u e it c y  a t  t = t
0

C 1 
is t h e  s lope of the d r i f t

and t t ( t )  i s  t h e random noise  i i i  t h e  o s c i l l a t o r .

For any one pos i t i on  of t h e  q u a r t z  c r y s ta l  and for a given acceleration ,

obse rva t ion  of t h e  v a r i a t i o n s  of (~ over a per iod At a l l ows  C
1

( 1’) to  be

determined. The fi gure gives thue variations in  P (observed every sccou-u d o v e r

a per iod  of 120 seconds)  as a f ut t c t i o n  of the  a c c e l e r a t i o n .  Fig 45 shows t h at

i f  itt’ o s c i l l a t o r  f r equency  increases , 0 dec reases, auud v ic-c—versa , wIt ic -l u

ieads t o : —

C 1 
( r )  ~ 0 i f  AP ‘~ 0

I
c

1
( r )  0 i f  AP “ 0 .

Fi g 50 sunnuarises t h e  r e s u l t s .  The increases in P f o r  p o s it i o n s  ( I ) ,

(3) and (5) of the crystal sh ould be utoted. These correspotud very well wit h a

decrease in the resoutator frequency (Fig 7) and hence ct th at c i t  Clu e  usc i I lator.

j  

Positions (2), (4) and (6), f o r  wh ich  P is  n e g a t i v e , do , i n  f a c t , i n d i c a t e

an increase in the oscillator fre’quene’y and coutf i rut t h e results f o u n d  f o r  Clue

resonator alone .

— We h ave tried to app l y C hic ’ ac -ce I c - r a t  ion t o  Clue ’ e’ I e’ c t r o u t  it :  s a l o n e , whi i i  s t

maintaining the o p e r a t i o n  of rite ose i l l a t  or .  However , i i i  or ele’ r t t i  d o  t h i  s Cl ue

V 
- resonato r mus t he placed at the centre c i t  a rot  at i ng arnu and Clue’ ci e’e’ I ron i s  8t

LT i t s extremity. Thu is requires (hut ’ use t i t  long I eng thus ci cab Ic wit i e’Iu c-Ft -a t e’
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variable , par asitic capacities and upset t h e oscillator frequency. It is not

then  possibic’ to use Chic comparison c’haiu for th e nueasurenueit t of l (t)

Ana lys is  of phase noise

Fluctuations in the o s c i l l a t o r  phase have bee tu analysed by a method

described iii th ic ’ itext ch apter. The a u t a l y s i  s shows tha t t h e r e  is only a sl igh ut.

increase j u t  phase noise for the low f r e q u e n c y  cOnlpt i i idnt s .

Chapter ~ Oscillator subjec’ted to a s i i t u s o id a l  ac c e l e r a t i o n

‘l’hue ’ same v i b r a t i o n s  w h i c i t  were  app i  it ’d , p r e v i o u s l y ,  to the  resoit ator  a lone
were  app lie ’d Co the  o s c i l l a t o r .  A l l  the  measurements  c a r r i e d — o u t  W i l l  c i t ab l e ’ C ite
various results to be t’onupar ed wi Cli Chose f o r  Clue r e sout a to r .  In  order to deter—

mine  Cite i n f l u e n c e  of thue  ex t e rna l s i n u s o i d a l  v i b r a t i o n  in  Cite spectral region

we have e’arried out an ana l ysis of Chic ’ c’st’illa tor phase noise. 
- 

V

3. 1 Measur emen t  of p h ase i to ise  S
4 

(Fi g 5 1 )  19

The ret t-rence osc- il later ( s ynt h e �s i s e r )  was servoed in p h ase wit h Cite

o s c i l l a t o r  under  t e s t .  For t h a t  we used a mixer which gave a vo l tage proportional

to t he phase f l u c t u a t i o n s  ou t s ide  the  p a s s— h a u t d  of Cite  servo sy s t e m .  The t i m e —

c o n s t a n t  ( s eve ra l  seconds) reduced the servo sys t em p ass—band to very low
requenc ies.  A low—pass f i l t e r  (0 to 500 k }lz) c’ i  inu i n a t e d  t u e p o s s i b l e  componen t

a t  Clue oscillator f r eq u e n c y .  A low I t Oj Sc ’ amp l i f i e r , of gain 1 200 , gave d i r e c t

a C c e s s  fo r  the ana l y s i s  of Clue signal i i i  ( h u e - r a tuge  0 to  5000 Hz w i t h  a 1 01hz f i l t e r .

I t  was ~il Sc) ~~0S5  i hi e to record thte noise and Co anal yse’ i t  by nieauts of a prog ran l—

mable s p e c t r a l a n a ly s e r .  B o t h  n ie th i ods  gave t h e  same r e s u l  Is and t I tus  t h e  P It itSC

s p e c t r u m  S
4 

was ob ta ined .

3.11 Experimeittal results

h ue oscillator was subject ed , in success ion , to the  same s inuso ida I v i h r a —

tions as was the  resonator. The very low frequencies appeared very clearl y i n

the phase spectrum. With respect to Cite S
4 

spec C runt whc’n Chic ’ ose ’ i i  l:i t ioi t  i S

not disturbed (Fig 52), it can be seen thtat the 80 IL:, hO g ( F i g  5 h )  v i b r a t i o n
not o n l y  appea r s , hut thu~it it increases the’ noise level liv about 30 dB. A 180 lIz,

20 g vibratio n (Fi g 54), sh ows a s m a l l e r  c ’ f f e c t  on C ite o sc i  I l z t t o r  p hase’ no i se .

WIie ’u Cite v ibra C jolt f requettcy is i itc reaseel , t h e  d i  s t  it rb;int’e pt ’zik s au- c aga i t t  p re seit

u t  Clue osci 1 l a t e r  p h a s e  s p e c t r u m .  F i gs 5 5 , S~~ and 57 show the  e f f e c t  of

frequencies equal to 1750 lIz , ‘700 Hz attd 408() liz , r e ’sp e ’c C i c clv , a l l  I o r  Ci t e ’ same -

20 g c_x e i t i  t i on • For a I requency of around 4000 i i , - 
, C l u e ’ nat  iira I r e s ou t . i t t c - e’ of t h e

cxc i te r ifltervettes to  gene’ r a t e ’  o t h e  t- ~ r o qu e n e ’ i c s  , whi i e’li t’xp I ai uts t Itt’ c ’t lie u peaks 1T
IS ~

- -
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c lose  to the c-xe i t a t  ion I r e que t t cy .  ‘l’lic decrease in a m p l i t u d e  of these d i f  I erelu t

peaks should be noted.

in order to obta it t  a d i r e -c t  auud cci t t  i ituous  measureutu e ii t  of the  c -i  I eeC of Clu e

external vibr atietut i requeitcy we used the system showit in Fig 58.

The vibratio tu geluerator was couttre)llcd itt frequency by the spec’trum aita lyser

itself witich disp laced its ana lysis filter at a given velocity. There was also

synchronisation between Cite external v i b r a t i o u t  frequency and the central auual ysis
frequency. Hence we were able to obtain rite oscillator phase no i se and i Cs

response to a siuteusoidal vibratio it itt t h e raitge 20—2000 Hz (Fi g 59)

The decrease in noise obeys a 1/t
a 

law . The position cii the crystal

Clue d i s t u r b a n c e  is a l s o  c’r i t i c a l .

I t  is i n t e r e s t i n g  to note  tha t Clue v i b r a t i o n  f r e q u e n c i e s  appear , lucre , very

clearl y superimposed out t h e n a t u r a l  noise of the o s c i l l a t o r .  In the s tudy cit

the resonator , Clue atual ysis did not per-unit frequencies above 500 Hz to be detected.

In Clue p r e sen t  case we see tha t the c r y s t a l  is e f f e c t i v e ly sensi t i v e  to v ib ra -

tions greater titan 500 lIz and their det e-t ion i s  f~u c i l  i t a t e d  b y Clue opera t  ic )u t of

the oscillator.

It can be stated th at the ose-ill ator , di sturbed itt th is way, sees its

f r equency  modula ted  a t  Cite f r e q u e n c y  of Chic extertual vibration .

Chapter 4 O s c i l l a t o r  s u b j  e’c ted to a p secue lo—ra nci onu ‘w h i t e  noi se’ v i b r a t ion

The external vibratiot i app lied Ic) Cite o s ci l  l a t e r  is contained within (Lie

range betweetu 20 autd 2000 Hz. The oscillator used was Chic ’ sanue out as was used

previously and the resotta Curs used  were Chase’ al read y studied jut Part I

Ana lysis  of app lied noise ’

The vibrations were maintained , i t  a c on s t a n t  power spec t r a l  d en s ity  w i t h in

t h e  range of f r e q u e n c i e s  chuos cut . Sp e c t r a l  ana l ysis ci Chic applied noise sluowed

a climbing of the  s p e c t r u n u  beyond 2000 lIz autd some pc-aks about 3500 Hz. Thuese

latter frequencies correspouid to Cite r e so t t ance  v i b r a t  iou i s  of  thue  e x c i t i n g  e lenuent .

4 . 1 Instability 1(i)

I~ i g 60 shows a comparison of Chic ’ Fe’ set I Cs oh t ai ned when t h e  ose’ i l l  a t  or i s

subj ected , successi vc’h y ,  to  1 J O 3 g~ / lIz at  2 . 5  g - - ,  5 g - - and 10 g f o r
e lf elf eff

Cite three  usual  pos i t  iout s .  T h e  ar r a itgem et i t  w h i c h  corresp ouu d s  to  Chic h o n  z o t i t  a l

pos i t i on  of the  quar  z c r y s t a l  has at u  i t u s  t ah i I i  Cy curve  whose ’ s lope is a lways  j u t

LI t and va lues  g r e a t e r  tht at t  Chose I or whu i e’hi Chic  c isc i l l  a t o r  i s  uto t d i  s tu rb c ’d .
1897 Thue inc rease in C lit ’ di s turh .-ince scents Cc e ’ i i l u a u t c ’c’ C hu e s t a b i l i ty  degrada Ci  out .
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The two o t h e r  v e r t i c a l  p o s i t i o n s  ci Cu t ’ q u a r t z  c r y s t a l  sitow a very  h ig hu

range ~~ i n s t a b i l i t y  va lues  whose mean s l o p e  is sen s i b l y m o d i f i e d  to the form
— 0 . 6

-t

This  m o d i f i c a t i o n  of the slope is it o doub t  a t t r i b u t a b l e  to t h e  increase  in

the in te rna l n a t u r a l  noise  of Cite r e s o n a to r .

On the o t h e r  h a n d i t  would  appear  to be d i f f i c u l t  to r e l a t e  each i n s t a b i l i t y

value to a leve l of app l i ed  d i s t u r b a n c e .

We have measured the instability ol C lue same o s c i l l a t o r  placed under the

same v i b r a t i o n  c o n d i t i o n s  bu t  w i t h  the resona tor  screened f rom Cite disturbance.

The measurements gave the instability curves shown in Fig  61 , fo r  which  we see

a slight incrc’dse , but , however , less ticauc the smallest instability recorded when

V the resona tor  was a l so  disturbed. 
- 

-

This  i n s t a b i l i t y  appears , moreover , to be independen t  of the v i b r a t i o n

app lied to the oscu lati n g electronics alone.

4.11 Oscillator d r i f t

Us ing  the second method of measuring 1(i) when -r = 1 second , we c a l c u l a t e d

the v a r i a t i o n  of t h e  i n i t i a l  d isp lacenu ent  as a f u n c t i o n  of t ime passed and

app lied acceleration. The r e s ult s  sh owed a drift which was always nega t ive  (Cite

oscillator frequency increased) and the hi ghest values were obtained for the two

v e r t i c a l  p o s i t i o n s  of the q u a r t z  c r y s t a l .

4.111 Phase spec t rum of an o s c i L l a t o r  d i s t u r b e d  b y ‘w h i t e  noise ’

We used the same experimental apparatus as h a s  a l ready  been descr ibed fo r

the s inusoida l  v i b r a t i o n s .  Fi g 62 shows the  phase spec t rum S~ for  the  undis-

turbed o s c i l l a t o r.  When the q u a rt z  c ry s t a l  w~us in t h e vertical position the

s p e c t r u m  S was very c l ea r l y d i s t u r b e d  (F i g 63) w i t h i n  the f requency  range

O to 2000 Hz.  The e f fe c t  was sl i g h t l y  less fo r  Cite h o r i z o n t a l  pos i t i on  of t h e

resonator. The phase noise returned to its normal leve l above 2000 Hz , and this

phase noise was recorded for analysis by means of a program . The slope of the

noise appeared very strong ly (Figs 64 and 65) tc) he of the form I/f
3 and we

have i d e n t i f i e d  i t  w i t it  a f r e q u e n c y  f l i c k c ’ r n o i s e .  Th e curves have been super—

imposed in order to f a c i l i t a t e  c o m p ar i s on  hc [wc ’eut t h e  s p e c t r a  when the o s c i l l a to r

was undisturbed , (curves 1 of Figs 64 and 5 of Fi g 6 5 ) ,  t lieut d i s t u r b e d  in the

h o r i z o n t a l  position (5 g curve 2 , 10 g cu rve  3) antI , f i n a l l y , i t t  the v e r t i c a l

position (5 g curve 6, 10 g curve 7).
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Oscillator noise was measured when the e l e c t r o n i c- s a lone were sub jec t ed  to

vibra tion withou t the resonator. This analysis (Fig 66) shows that Cite vibration

has a slight effect on the electronic ’s by itttroduciitg a noise whose slope is

again of the form h / f 3 
. However , Clue noise level is much less than when CIte

quartz crystal was affected by the external vibrationt along with the oscillator .

In par t i c u l a r , f o r  the  oscillator alone , the phase noise r e t u r n e d  to the 
V

normal leve l above 1 000 Hz ( w i t h  v i b r a t i o n  app l ie d  w i t h in the range 20—2000 Hz) ,

wh i l s t  in Cite case where  Ch i c o s c i l l a t o r  was comp l e t e , the  appl ied  wh i te  noise

acted , effectivel y,  over tlte wiuole range , t h a t  is to say up to 2000 Hz.

Conc lusions from Part 2

A quartz oscillator disturbed by a c o n t i n u o u s  a c c e l e r a t i o n  shows a long—

term f requency  v a r i a t i o n  which  is a f u n c t i o n  of the i n t e n s i t y  and direction of ‘

the app l ied a c c e l e r a t i o n .  When subjected t i  a sinusoidal vibration , its frequency

is modula ted  by the  v i b r a t i o n  f r equency  found in i t s  phase spec t rum.

The eftect of ‘white noise ’ is to pr o duce  a phase noise in the accelerator

of fo rm  f , t h a t  is to say a f r e q u e n c y  noise  f l i c k e r .  Measurements of the

instability, 1( r ) , sh ow the variations as a fuutction of the app lied accelera tion
and of the position of the oscillator with respect to the direction of the

disturbance.

It is interesting to note the presence of frequency f l i cker noi se when the
oscilla tor is excited wit h ‘white noise ’. It caii be said , then, that the random

vibra tions are one of  the ori~-itts of this noise , and are very important in the

stud y of oscillator stability .

General conclus i ons

In the first part of t h i s  s t u d y  we ’ were  in t e re s t ed  in quartz resonators

alone , subjected to steady—state , sirtusoid al or random accelerations. From both

the theoretical aspects and the experimental results we have been able to describe

the behaviour of the crystal in each case. When it undergoes a steady accelera-

tion, six positions determine the variation in the crystal resonant frequency

perfectly, and show it to be linear , to a first approximation.

Sinusoidal or random vibrations modulate the natural frequency of the

resonator at very low frequencies , or create fluctuations in the natural

f requen cy whose spec tral dens i ty varies as f

The d i f f e r e n t  r e s u l t s  a r i s i n g  f rom measurem en t s  out the oscillator , subjec t

LT to the same disturbances , showed t h e importance of the contribution from thte
1897
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resonator in the oscillator frequency fluctuations. It would appear , then , th at

the frequency fluctuationts of a quartz oscillator , wh en subjected to severe

environmental conditions , are essentiall y due Co t h i e  effects ci  t h e  d i s t u rb a n c e s

on the quartz resonator.

In p a r t i c u l a r , random v i b r a t i o n s  gave a phase spec t rum in f 3 
, t h a t  is

to say a frequency noise flicker whose ori gitt is shown in this paper.

These results should have a beneficial result in de termin in t g the best

conditions for the production of quartz oscillators desi gned for aerospace

app lications.

The next studies should bc’ orietutated towards seeking new ways of cutting

the quar tz which might decrease the effects at the environmental conditions .

1,1
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Figs 2-5

Fig 2 Layout for measuri ng the
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Fig 8 Variations in resonant and anti-resonant frequencies
for acceleration directions (1) and (2) (cf Fig 6)
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Figs 43&44
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I Boucle d’ o s c i ll a t i o n  = os c i l l a t i on loop
amplificate ur = amplifier
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OS C•• I . ’, O fl  

~~~~~ 
. $ g n O I  circuits de sortie = output circuits

-- Fig 43 Schematic diagram of osc il lator
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Key:
• Référence = r e f e r e nc e

Oscil lateur = osci l lator
Comparateur a multiplica-
tion d’erreur = comparator with error multiplication
Générateur d’interva lles
de temps etalons = generator of standard time intervals
Chronom~tre = chronometer
Mémoi res = memory
Enrégistreur = recorder
Remise a zero = re-set to zero

N. Mise en memoi res = store in memory
Coninande d’enregistrement = recorder control

Fig 44 Apparatus for measuring I (-r )
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comande de chronologie = chronology control
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chronometre = chronometer
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Fig 46 Block diagram of system for drift
measurement 

— —



AD AO7 S 733 ROYAL AIRCRAFT ESTABLISHMENT FARNBOROLJGH (ENGLAND) F/s 9/j

P 

# INFLUENCE OF THE ENVIRONMENTAL CONDITIONS ON A QUARTZ RESONATOR—ETC(IJ )
MAY 78 M VALDOIS

UNCLASSIFIED RAE—LIBRARY TRANS—1897 ORIC—B R—lOfll NL

2 iflflUfln hI~~OrB,as

END 

I
-80

t
t

C



Fig 47

lIT)

K) psiat ,,, (
~
)

IO~

0 I() 20 30 44) 50

Fig 47 Variations of I(r) as a function of the applied
— acceleration and of ~r

~~~~~~~ 

_ _ _ _ _ _ _-

~

-—______ J



- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
fl~~

Fig ~R

0 0 0 00  ~-
0 0 •  — •

C
0

U,
0
0~
L

- 0

17/7 /
•~ - f i

-— I

_
_ _  

_A.



7
Fi g 49

1(T)

U)

~~~~

I’)

i:

U) ’’ I 

I’g)0 1(1 
~ ) )()

Fig 49 I(r) as a function of quartz crystal posit ion
and of r

‘—I



Figs 50&51
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• Key :
excitateur sinusoid al = sinusoidal e\citer
oscillateur = os cillator
melangeur = mi xer
reference = reference
constante de temps = time constant
filtre passe bas = low-pass filter
ampli faible bruit = low-noise li~~ ir
analyseur = ana r
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