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ABSTRACT

Expressions are stated for the transmissibility and for the driving-

point impedance of an internally damped circular plate of radius with

a clamped boundary that is driven by a vibratory point force at an arbitrary

distance ~ia from the plate center. Expressions are also stated for the

plate transmissibility and driving-point impedance when the plate is loaded

• at the arbitrary driving point either by a lumped mass, by a dynamic vibra-

tion absorber--or , simu ltaneously by a lumped mass and a dynamic absorber.

In al l  cases , representative calculations of transmissibility and impedance

are plotted versus the square root of frequency. These curves clearly show

the dependence of transmissibility and impedance on the plate damping factor,

the value of the parameter ~i, and the extent of the mass loading. They also

show the effec tiven ess of the dynamic absorber , which varies with the value

assigned to ~i .

- 
-
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INTRODU(T ION

The response of circular plates to noncentral forces has not been studied

extensively in the past. The deformation of circular plates statically loaded

off center has bee n d i scussed , for exampl e, in Ret’s. 1-1 1 . The response of a

circu lar p1 at~ when transiently loaded off center has been addressed in Ref. 12.

The response of circular plates to noncentra l vibratory forces h:ts been con-

sidered in Refs. 13-17 , which represent a relatively small number of articles

as compared to those concerned with the vibration response of centrally driven

circular plates.

I. SOLUTION TO ThE Th IN-PL A TE EQUATION

The solution to the thin-plato equation yields the following equa t i on  for

the transverse deflection of the plat e in its kth mode of vibration:

k-O i ’  

(A
k
cos kG + B

k
S
~
fl kO)(P

K
J
k
(n r) + + R~1~ (n r) +

— I 
~~~~~~~~~~~~~ (1)

• and , when the orig in of the polar  coordinates is t aken  as the radial line pass-

ing through the  point of e x c i t a t i o n  of the noncentr al  force (because a solut  ion

is requ i red that  iS symm et r i ca l  w i t h  respect to t h i s  rad ia l  I m e )  it is possible

to write

cos k O[ P kJ k (n r)  + 
~~~~~~~~~~~~~~~~~~~~~ 

+ R~ 1~~(n r) + 
j t&i t 

. (2 )

k”O , l , 2 ,.

- • - -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -‘ -
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Here , t is time and w is angular frequency , hereafter known simply as fre-

quency. Symbols with superior tildes denote sinusoida lly varying quantiti es ,

symbols with a star superscript denote complex quantities. The ordinary and

t mod ified Bessel functions of’ the first and second kinds have the complex

a.bument (n r) where r is the radius of the arbitrary Point to w h i c h  the

noncentra l force is applied (Fig. 1), and 11 is the plate wavenumber given

by the equation

* * ~ -‘ I
n n{ [ l  — (v ~~)/ ( l  — v ’) ( l  + 

~~~~~~ 
(3)

where

4 , -,
n = u~ p(l - v ’)/ r ” E ( 4)

H and

[1 - (v)) = (E /G ) [I - (E
~

/4(
~~

) I . (5)

In Eq. ( 1) ,  A~ and B
k 
are a r b i t r a ry  real constants , and 

~k ’  ~k ’  R h ,  and

are a r b i t r a r y  complex cons tants , where and arc zero for a p l at t ~ tha t  is

complete to the center because “k and e x h i b i t  s i n g u l a r i t i e s  as (n r) 0.

In Eqs. (3) — (5), C is the d e n s i t y  of the p l . i o , a is i t s  rad ius , r is  the

radius of gyrat i on of its cross section , and v is its complex Poisson ’s ‘

ratio; E and C arc the complex \‘oung ’ s and ss~ear modul i of ’ the  Illate m aterial.

If their assoc iated damping factors are equa l , as can real istic all be

18 l~ *assumed , ‘ - then v = v , a real q u a n t i t y .  Fur ther , i f  i t  is assumed that

the frequency dependence of Ii and C and t h e i r  associa ted  damping fac to rs  is

negligible (damping of the solid typo or hysteretic damping ’8), then

(n a) = ( n a ) / ( l  + 

~~~~ 
= ~ j q~

where

$ .
• _ - _ k _ . . .  -- ~~ _ - ._~~~~~__ __, 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
.. • 

~~~
‘-— 

~~~~~~~
-
~

---
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r ( 1 + D ) ~l
p ,q + (ma) E~~~j (7)

L 2 V~E 2 v ’
~~

D
Ej

in t h i s  equation .

z (1 + ,

where is the Young ’s modulus damping factor.

For the mode of order k it is possible to write the following:

Plate Slope

- kG 
~~k-~~ (k÷l) 

- T J K I + 

~k~~
’
(k+l) 

- T
*
Yk J - R

k [I (k l) ~ T I ~~1

+ S~ . ,, . ~ - T K. 11 * e~~~ (9)~ ~ (n r ,g

*where the argument of the Bessel functions is (n r), and

* *T = k/ (n  r) . (10)

Bending Moment/Unit Arc Lcn,~~~

Bk (r) = - D k G k~~ r’~(k+l )  - 

~~~ k 1 + 

~k 1
~~~~( k )  - - 

~~~~r I (k 1) -

+ S
R I K~~~1) + c K

k I}(* ) 
C.

~~~~~ (11)

where

* *ci = ( l - r )  , (12)

~~~~~~ - ‘~~~ ~__ _ _ _ _ _
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* *c a (1 + r ) , ( 13)

• = (1 - v)/(n r) , (14)

and

= k(k-l)~~ /(n r) . (15)

Shear ing  Force / Uni t  Arc Length

Fk
(r) = - k~ ~~k~~ (k+l) 

- T J K ] + 

~k
t
~ (k 1) - T Y K

] + R
k
[I ( k )  + T I

K ]

— S
k

[K
(k+I) 

- T K k
] }
(*~~ ~~~ 

(16)

Shear ing  Force/ U n i t  Arc Length at the P l a t e  Boundar y

I ~~k * * * * * * * —

[F
k(r) - — ~~

— (r ,0)] = - U (n Ycos KG {Pk[(1 + kT •r
)J

(k+fl 
- T c

+ 

~~~~ 
+ kT

~~~~
Y (k l) - T c Y K ]

+ R
k[(l 

- kT4
~

)I
(k+ l) 

+ T a l k ]

- S
k
[(l - kT4 )K (k l) - T c i Kk

]}
( * ) C

(17)

where , in Eqs. (11), (16), and (17),

* * 2  2D = dE
w
r
g
/ ( l  - v ) (18)

in which d is the pl ate thickness and the rad ius of gyra t ion r = d/2 /~

—~~~ L , A
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Finally, the impressed force/unit arc length at the radius r = b ua and

angular location 8 is conveniently represented by the following Fourier

ser ies :

F r
F(8) = ~ + 2 

k=1 ,2,3,... 

cos kG ( 19)

where F is the concentrated (discrete) impressed force.

II. Force Transmissibility to the Plate Boundary

By considering the plate as two plates--a  central p l a t e  plus a surrounding

annu l ar p l a t e - - t h a t  arc jo ined  together with continuity of displacement , s lope ,

and b~ ndi :~.z ~c~ c~ : ~~~ sane radius r b = ~a as that to which  the force is

appl ied , and by considering the sum of the shearing force/unit arc length around

the outer perimeter of the inner circular plate , and the shearing force/unit

arc length around the inner perimeter of the outer annular p late , to he equa l

to the force spec i f ied  by Eq. (19) , 1w equating the displacement and siope

of the plate to zero where it is clamped around its outer boundary . and h

wri ti ng down the force that is transmitted to the outer plate boundary

where r = a, then it is possible  to write down six cquati~’.is for the six

complex conSt ants for the entire plate (two for the inner circular plate

and four for the outer annular plate). When these equations are solved for.

it is possible to w r i te  down the following exprcssio~ for the force trans-

miss ibility to the plate boundary :

T = 
i cNtlM.)
p (DEN.) ‘ ~~~~

- ~~~~~~~ -—
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where

(N1J~’L) = ( [ (J
1 

- T J  
~~~~~~~~~~~~~~ 

- (qt J
1

-czJ )(I
1
+T I )~~[J 1

Y ( I K
1
+ K I

1)

- J
1

K (Y 1
1
+Y

1
1 )  + Y

1
K (J 1

1
+ J I )  + 1 1

J
0

(Y
0
K1-Y 1

K0) - 1
1
Y
0

( J K
1
-J

1
K )

+ 1 K  (J Y - J Y ) + I K J  (Y - T Y ) + K Y  ( J I + J I ) - I Y J  (K - T X ) ]lop o l  l o  l o o p  1 o l o p  o l  l o  l o o p  1 o

+ E(Y -T Y ) ( ~ I —
~~ 

).. (~ 
y -~-~y )(I +T I )][-J I J (K -TK )-J K J (I +Tl )ip ~i op ~ l~i o~ ~ li op lp p op 1 o op 1 o 1 o op 1 o

- I K J  (J -TJ ) - X l i (3 -Ti ) - J K J  (I i-TI ) + J  I J  (K -TX ))l o o p  I o l o o p  1 0 o l o p  1 0 o l o p  1 0

+ ( (~ K +~-K )(I +T I )-(K -T K ) (~ I ~c[ )U-J 3 (Y I i-Y I )+J y (3 I +J I )
~ 1~ op l~i p op ip p op p lp op op 1 0 1 1 o OP 

~ o 1 1 o

+3 1 ( J Y  - J Y ) ]o p l  o 1  l o

+ [(Y —~~ 
‘
~
‘ ) (~ J —

~~~~~ 
) - (~ Y —al ) (J —T J ) ) [—J K 1 (1 +11 ) —J I I (K —TX )p ou- p ip op p Ip op lp p op 1 o op 1 0 1 0 op 1 0

- K J I  (I ÷ T I ) + I I  (J K - J K ) - K I I  (J -TJ)]l o o p  1 o lo p  o l  l o  l o o p  1 o

+ [(K -T K ) ( ~ 3 -aJ )- ( .
~ 

K ÷EK )(J -T J )][J I (Y I +y I )-Y I (J I ÷J I )lp p o p  p l p  op p i p  op ip p o p  l o p  o l  1 0  lop  o l  l o

— t
l
top

(J
O
Y
l
_ J

l
Y
o

) ] }
(*a) (21)

and

(DEN.) = (Y1 -T V ) ( . T 1
1+ J I K ( ( J  - T J ) ( ~~ 1 -ci ) - ( I 1 +T I )(~~J -  J0~) 1

+ J ( (4 K +cK )(I +T I ) - (K -T K ) (4 ’ I C1 ) ]op p ip op ip p op Ip p op p Ip o~.i

• 1 [(~ K •cX )(J -T i ) - (K -T K ) ( ~ 3 -ctJ ) ]
op p ip op ip p op p op p ip op

- - . ~~~~~~ 4l.~ - 
- 

,~~~.

_J 
~~~~~~~~~~~~~~~~~~~~~~~~~ 

.—,- - -- -‘ —--- .
~ ~

-——
~ 

- --  -
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• (K -T K )(J 1 +3 I ) (Y [(3 -Ti ) (~ I -ci ) - (~ J -c*J )(I i-T I ) J
p ou o 1 1 o op lp p o p ip op p ip op ip p op

+ J ( (~ Y -cay )(1 +1 1 ) - (~~~ 
I - c t  ) (Y  -T V )

op p ip op ip p op p lp op Ip p op

+ 1  [ (
~~

Y — caY )(.J — T i  ) — (
~~

J —~~J ) (Y  - T V  ) ] }  *
op p lp op ip p op p lp op ip p op (n a)

- (J —T J )(J I +J I ) (-Y [(4’ K +cK )(I ~-T I ) — (K . —T K ) ( ~ I -~ l ~)
IL’ ~. OP 0 1 1 o op p Ip op ip p op p op p ip o~

+ K [ ( 4 ’  V - caY )(I +T 1 1 - (V -T Y ) (~ I -c i ) Iop p Ip op ip p op ip p op p 1 op

+ I [ ( 1
~ Y -caY )(K -T K ) - (1 -T Y ) ( ~ K +cK ) J }  *op p ip op ip p op lp p op p Ip op (n a)

• (1 +7 I )(J 1 +3 I 1 {Y [(K -T K ) ( 4 ’  3 -caJ ) - (~ K •cK )(J —T J ) ]Ip p o~. o 1 1 o op ip p op p ip  op p hi op ip p op

- K [(Y -T Y )(~‘ 
3 -cii ) - (

~~~ 
Y -caY )(J -T J ) ]

op lp p ou p Ip op p hi op Ip p op

— J ((4’ V -cii ~~K -T K ) - (Y -T Y ) ( 4 ’  K +cK ~ *

op p I p op lp p op lp p op p ip ~p ( n a)

( 22)

In these  equa t ions , such term s as J * I , K , and V etc., represent the1p op 1 o
Bessel f u n c t i o n s  J

( k l) ( P n a ) .  lk(Pn a). K (k+l) (n a). and Y
k(n a), etc. in

add i t i on .

* *T = T = k/in a) , (3)

* *T = T = k/ (p n  a) , (2 4 )  
*p p 

*
(25)

*
(26)

and
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= 
* 

= (1 - v)/ (pn a) . (27)

A much more concise expression for transmissibility can be obtained by

the principl e of reciprocity as the magnitude of the displacement of the

plate at the radius r = pa divided by the displacement of the plate boundary

(r = a) when the boundary is vibrated sinusoidally. The simp le expression

that can be obtained is as follows:

* * * *J (n a )I  (pn a) + I (n a)J (pn a)
T =  

0 1 ° . (28)
(J I + I J ) *l o  l o ( n a)

R ep re s e n t a t i v e  c a l c u l a t i o n s  of t r a n s m i s s i b i l i ty  I are p 1c~tted in Fi gs .

2-6 for value s of p = 0.2, 0.5, 0.75, 0.2548 and 0.379; v 1/3 , and 6E = =

0.01 , 0.1 , and 1.0. In these figures , the horizontal axis is (na)- -a  real

dimensionless quantity that is proportional to the square root of frequency.

On ly the svi~irctrica 1 plate modes (k = 0) contribute to transmissibility . Whereas

it is true that all other plate nodes are excited by the noncentral force , the

net upward and downward transmitted forces that they generate at the clamped

plate boundary cancel one another exactly.

The transmissibility curves of Fi gs. 2-4 (p = 0.2, 0.5, 0.75) exhibit peak

values at the symmetrical plate resonances--the extent of the amplification

depending on the plate damping, the largest value of which is considered as a

hypothetical case since the dynamic Young ’s and shear moduli associated with

such high damping would not be constant , as assumed here , but would increase

with frequency.18 In a l l  ca ses, transmissibility is equal to unity at low

frequencies , as should be expected. Also as expected , the appearance of the

transmissibility curves when p = 0.2  (Fig. 2) resembles those obtained pre-

viously for a centrally driven clamped p late.
20 In Fig. 5, where p = 0.379, 

—— ~ 
__________
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the second plate resonance is not excited because the Impressed force then

lies on a nodal circle of the mode; rather , in its place a broad region of

attenuation where I < 1.0 is introduced ‘etween bounds that differ in fre-

quency by an approximate factor of 4.5. Again , in Fig. 6, when p = 0.2548 ,

the third plate resonance is rot excited because the impressed :~~ co inc ides

with a nodal circle of the mode ; rather, in its pl ace is a broad reg ion of

attenuation that extends between bounds that differ in frequency by an

approximate factor of 2.7.

Should the plate  be driven by two vibratory forces of like magnitude

and phase at two arbitrary points , radii p1a and p2a, then the resultant

force transmissibility is obtained by writing the transmissibility for a a
single force in the form

T = 1(a + ib)~~ ; (29)

so that, for the dual-force excitation , transmissibility is given simply by

the equat ion

I1 2  
= ½ j ( (a + ib)~ + (a + ib) ]f . (30)

Representative calculations of transmissibility T
1 2  

for dual-force ex-

citation with the point forces applied at the pairs of radii 0.2944a, O.490a,

and O.2547a , 0.583a , are shown in Figs . 7 and 8, respectively. These locations

were chosen judiciously to eliminate evidence of the second and third plate

resonances. Rather , in their place, regions of attenuation have been introduced

between bounds that differ in frequency by the approximate factors of 5.0

(Fig. 7) and 4.0--or, discounting the single peak where na = 6.3 (Fig. 8) by

a factor of 10.5. In these, and in all subseq uent calcu lat ions , value s of k

in the range of at least 1-15 were considered.

.1

~~~~~~~~~~~~~~~~~~~~ ‘~~J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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III . P R I V I  N ( ;—POI Nr  lMI’FDA N ( ~ L V I  ARII ITRARY IAR ’A I I  ON ON P LATI~

The d r i v i n g — p o i n t  impedance of t ht ’ p I ;~ e at t h e  a rT  i r a r v  rad~ u-.
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The parameter A0 is g iven by Eq. ( 2 2 ) ,  E i s  g iven by Fq. (33) in which

such terms as Y~ and Y~ represent ing Y ( k + l ) (Pn a) and a) are repl aced bY

a) and Y (pn a ) ,  and such terms as .1 , t~ representing 
~~~~ ~~~ ‘( k + f l~~ 

a)

are replaced by .1 (m a) , l
i 
(n a) . Again , is g iven by Eq. ( 2 2 )  in which such

terms as V and Y now become \ 
(k + 1) (pm a) and (tin a) so that , f o r  exam p le ,

the f i r s t  term of Eq. ( 2 2 )  should  read as f o l l o w s :

- T
L’

Y k~L
) 

(n a )  ~
‘1k~~ k # t )  + ‘k”(k+l)~ (n

*a)

+

+ T
kp 1 p k + l ) p  K kp ) (J ( k + I ) p T(lJ kll

) - (K
(k+l)iL~

T
u
K
ktt
) 

~~~~~ (k+ I)~t ~
‘1kp1 1 } 

(~~*~~) . ( 3 4 )

flere. as before , the tei’ms T
L’
. 4’~~ a , and are g i ven Pr Eqs. (2-1 ) — ( 

~
‘
~
‘)

Representat iv e  c a l c u l a t i o n s  of I~~/ i~~i 1J are plotted in  F i gs .  9 — I l  for

values  ot ’ p 0. 2 , 0.5 , and 0 . ~~~~~~ V = 1/3 . and t~~ . 0.01 , 0. 1 , and 1.0 .

Evidence is now seen of every mode of p l a t e  v ib r at  ion— -both symmet n ea l  and

nonsymmet r i c a  I . At low frequenc I e’, • the  p l a t e  impedance i s very large and

spring lik e— — so that the norma Ii ~ed impedance dimini sh es inverse lv in pro 1l o r _

tioi~ to w .  The impeda n ce a 1 t e r n a t e l ~- exhibit. ; m i n i m a  (p l a t e  resonances)

and max i ma (p late ant i re sonanc es)  t h a t  lie almost syinmet ri call V about th e

h e a v i ly  damped imped anc e curve for w h i c h  SE = I . (1 .

— 
JtJLflJ . .- - - ..
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IV . VIBRATION OF ThE MASS-LOADED PLATE

The driving-point impedance and the force transmissibility T~~ of

the plate of Fig. 1 when it is loaded by a mass M at the point of application

of the noncentral force follow directly from the foregoing results. Thus,

since there must be continuity of motion between M and the plate , it follows

that, if the loading mass is y times greater than the plate mass M~.

Z = jtd4+ Z (35)pm

or

z z
lim ii (36)

j(Ai4~

and

(Z /j u~I )
T = T  “ . . (37)pm p y + (Z~ /~wM~ )

Calculations of T
pm 

for a value of ‘y’ = 1.0, V = 1/3, and p = 0.2, 0.5

and 0.75 , are plotted in Figs. 12-14 for values of 5E = = 0.01, 0.1, and

1.0. Now, because the nonsymmetric plate modes are excited due to the presence

of the noncen tra l mass loading , essentially twice the number of resonances are

exci ted than before (F igs. 2-4).

Companion plots of the normalized driving-point impedance IZ m/jwM p t are

presented in Figs. 15-17. Again, essentially twice ‘the number of resonances

(minima of impedance , maxima of transmissibility ) are observed. Notice how,

in all these figures (Figs. 12-17), the pla te resonances are sh i f ted to l ower

frequencies by the mass loading (such a shif t is always observed when a

structure is mass loaded 18 ’20 ) ;  and how , at low frequencies , the plate impedance
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remains springlike in character. Also notice that the normalized impedances

of the pla te at highe r freq uenc ies exhib i t onl y l im ited f luc tuat ions about

the value unity; this is to say , the impressed force is pr imar i ly presented

with the impedance of the loading mass--the impedance of the plate being

negligible by comparison.

V. VIBRATION OF A P LATE DRI VEN OFF CENTER AT A POINT

TO WH I CH A DYNAMIC VIB RATION ABSORBER IS ATTACHED

In this situation , the force transmissibility T
a to the plate boundary

can be written as

(Z /~tal.1~)
T = T  

* , (38)a 
~ (V + (~~ / i~ M~ fl

where T and ( /iwM~) are the force transmissibility and the normalized

driving-point impedance of the plate at the driving point located at the

arbitrary distance jia from the plate center. The complex parameter V is

given by the relatively simple equation

* 
‘Ya E l  + 2j

(39)
[1 — 

~m a ~
”
~~ 

+ j (t
n

)
a
)l
~m
S
R]

where

Ma/M p (40)

and
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w w (na)
2 

2 • (41)
11 m (3.1962)

Here , M is the absorber mass and is the fundamental plate frequency to

which , in th is ins tance , but not necessari ly , the absorber is tuned . [For

example , if the absorber is tuned to the second or third plate resonance ,

Eq. (41) would remain relevant but the number (3.1962) would be replaced

by the numbers (6.3064) or (9.4395).) The quantities (W
m
/W
a
)’
~
’ and are

des ign parameters of the dynamic absorber and they must be chosen carefully

if the full potential of the absorber is to be realized . For example , if

p is small and if the mass rat io ‘y = 0.1 or 0.25, then 
~~a

/’Wm
) = 0.698,

= 0.408, or 
~
“
~a
’
~ m~ 

= 0.465, 0.549, respectively.~~ These val ues

yield near-optimum conditions for which the two maxima in the t r a n s m i s s i b i l i ty

curve take essentially equal values a little to each side of the fundamental

plate resonance. They assume that the plate damp ing factors = = 0 .01 ,

a value that is adopted for the remainder of this section .

Representative calculations of the transmissibility T
a 
are plotted in

Figs. 18 and 19 for a value of p = 0.2 and for pairs of values of

and 
~R 

that differ sli ghtly from those previously specified; namely,

= 0.698, 5R 0.462 , and 
a~
’”
~m

1 = 0.493, 5R ~~~~~ r e s p e c t i v e l y .

The absorbers of F igs. 18 and 19 are seen to be most effective in suppressing

the plate resonance to which they are tuned ; they also suppress , to some

extent , the higher plate resonances-—particul arly the heavier absorber , which

has the larger damping ratio. Thus, at frequencies above the  absorber

resonance , the absorber mass becomes an almost stationary point from which

the absorber dashpot is able to restrain the resonant p la te  motion , and the

force transmissibility across the plate , at hi gher frequenc ies. Compan ion

curves for the dynamic absorbers (mass ratios = 0.1 and 0.25) located at - 

—-~~~ ---~ - - .—.---~--—.—.-w._~__ 
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~ ~~~
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the r a d i a l  d i s t a n c e  0. ‘Si from t he  p l a t e  cen te r , for wh I cli the  p I a te  impedan ce

is a p p r o x i m a t e l y  31) t imes greater t han  at the r a d i a l  distance 0. 2a , are p l o t t e d

in I: i ~s . 20 an d 2 1 , respect  ive  l y . Because of th e la rger  va lue  of the  p l a t e

to a t t a i n  equ al  p eak hei gh t s  near  the fundamei i ta  1 p l a t e  r esonance

p roved more difficult t h a n usua l  . Ot her va flies of the  opt i mun tunin g and

dam p i :i~~ rat ios and the companion va lue s  of maximum t r a n s m i s s i b i l i t y  at the

f u n d a m e n t a l  p l a t e  resonance are p l o t t e d  in Fig. 22 as a fnnc t i on of the para-

meter  ~ .

Sho uld the p late be mass loaded at the poin t  of at t achnent of the dyn amic

ab so r ber , t hen the  for c e  t r ansm i ~ ~ h i lit v 1’ to the p l a t e  boundar y can rea di  lvma

he stated from inspect ion of q . (3$) as

(: / I [,) -

‘1’ = T , ( 4 2 )ma t in 
~~~~ +

wlie re / i ~t and I are the  norm a ii  zed d r i~ ~ ~ —~~0 fl t i mpe d aiice an d fo rce- I’ j im

t r ans in i ss  ib i 1 i t v  of the mass— loaded P 1ZL t C  [liqs. (3~) and (37) 1 a t  the

aft i t r a r v  d r i  v i n i ~ p o i n t  di  s tan ce  pa from the p l a t e  center ,  in  t h i s  s i t u a t i o n ,

the p a r a T ~iet tr y (factor by w h i c h  the load ing  mass exceeds the p l a t e  mass) is

equa t ed  to 1 . (1: th e  sane va 1 ties o I (w 1/ )  and ~~ (parameters  t h a t  appear in

‘
~ ) as he fore are i iii t j ail v chosen , and then chaiiges are made in  t ~~ 

j ~ va I ties

to  eqi sa I i  :e t h e  t w o  t r a n s m i s s i b i l i t y  max m a  because , to beg in  w i t h , t hese

max i ma w i l l  on lv  he zippro x i mat el y eqtia I

fle p r e se n t at  ly e  c a l c u l a t i o n s  of T arc P~ 0t ted i n Fi 1’s . 23 and 2-2 f o rma

va I ti es o I = 1.0 , y = 0. 1; and , ag a i n , va i t ies of p’ = 0. 2 and 0.75. Opt m u m

v a l ues of (
~~ /~ ) = 0. 35~~, S = 0. 1 19 , and of (ui / c~ ) = 0. 7~~1 , = 0. 139 ,

a in R a in

respect  i v e l , are seen to  p r o v i d e  equa l su p p r e s s i o n  of ’ the t r a n sm i s s i b i l  i t ~ 
—

peaks at the t’unda m ent a t  1)1 a t e  l’e ;& ’T uI n c e ; now , howeve i’ , t he loa d i n g mass

&__ *~~~ _ --- --
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causes the force transmissibili ty to fall off quite rap id 1~- at  all hi gher
frequencies. Again , other values of the optimum tuning and damping r a t t o s ,
and the companion values ot’ maximum transm issi b ility are plotted in Fi g. 25.
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FIGURE LEC1iNI)S

Fig. 1 An internally damped circular plate of radius a that is clamped

around its boundary and driven by a vibratory force at an

arbitrar distance pa ‘ii’ the plate center.

Fig. 2 Force transmissibility to the boundary of the plate of Fi g. 1;

plate damping factors = = 0.01 , 0.1 , and 1.0; the parameter

U = 0,2.

Fi g. 3 Force t r a n s m i ss i b i l i t y  to the boundary of the p la te  of Fig.  1;

plate damping factors = = 0.01 , 0.1 , and 1.0; the parameter

p = 0.5.

Fig . 4 Force t r a n s m i s s i b i l i ty  to the boundary of the p la te  of Fi g. 1;

plate dam p ing  factors = = 0.01, 0.1 , and 1.0; the parameter

p = 0 .7 5.

Fig. 5 Force transmissibility to the boundary of the p la te  of Fi g. 1;

plate damp ing factors 
~
S E = 0.01 , 0.1 , and 1.0; the parameter

p = 0.379.

Fi g. 6 Force transmissibility to the boundary of the plate of Fig. 1;

plate damp ing factors = = 0.01, 0.1, and 1.0; the parameter

p = 0. 2548.

Fig. 7 Force transmissibility to the boundary of the plate of Fi g. 1 when

the plate is driven simultaneously by dua l vibratory forc es of

equal phase and magnitude ; plate damp ing fa~tors = = 0.01 .

0.1, and 1.0; the parameters p
1 

= 0.2944a and p~ = 0.490a.

Fig. S Force transmissibility to the boundary of the plate of Fig. 1 when

the plate is driven simultaneously by dual vibratory forces of

:_~~ ~~~~~~~~~~~~~~~~~~~~~
~~~~~ 

‘
~~~ ~ 

. 



FIGURE LEGENDS - - CONTINUED

equal phase and magnitude; plate damping factors = 6
G 

= 0.01 ,

0.1 , and 1.0; the parameters p
1 

= 0. 547a and ‘ i . , = 0.5833.

Fig. 9 Normalized drivin g-point impedance of the plate o~ Fi g. 1; plate

damping factors = 
~G 

= 0.01 , 0.1 , and 1.0; the parameter p = 0 .2 .

Fig. 10 Normalized driving -point impedance of the plate of Fi g. 1; plate

dam p in g factors = = 0.01, 0.1 , and 1.0; the parameter p = 0.5 .

Fig. 11 Normal~~ed d r i v i n g - p o i n t  mpeJ~wce of the plate of Fig. 1; plate

damping factors = = 0.01 , 0.1 , and 1.0; the parameter p = 0.75.

Fig . 12 Force t r a n s m m s ’~i h i 1 i t v  to t h e  boundary of the plate of Fi g. I when

the plate is loaded at the d r iv ing  point  by a lumped mass equa l to

the plate mas s  (~~ 
= 1.01 ; plate damping factors 

~E 
= 

~G = 0.01 . 0.1 ,

and 1.0; t h e  p . I r I : ~ct er 0 . 2 .

Fi g. 13 Force t ran sm i ssi b Llit v to the boundary of the plate of Fig. 1 when

the plate is load ed at t h e  d r i v i n g  point  by a lumped mass equa l to

the plate :nas~: 
~~~ 

= 1.01 ; p l a t e  damp ing fac tors  = 
~G 

= 0.01 , 0.1 ,

and 1.0; the param eter  p = 0.5.

F i g .  14 Force t r a n s m i s s i b i l i ty  to the  boundary of the p l a t e  of Fi g. I when

the plate is loaded at the driving point by a lumped mass equal to

the plate mass (y = 1.0); plate damping factors = 0.01 , 0 .1 ,

and l. Cl ; the parameter p = 0. ~5.

Fig. 15 Normalized d r i v i n g -p o i n t  impedance of the pdate of Fig. 1 wh en the

plate is loaded at the driving point by a lumped mass equal to the

plate mass (y = 1.0); plate damp ing fac tors 
~E 

= 0.01 , 0.1 , and

1.0; the parameter p 0.2. 

~~~~~~~ ~~~~~~~~~~
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FIGURE LEGENDS - - CONTINUED

Fi g. 16 Normal ized  d r i v i n g_ p o i r .c impedance of the plate of Fi g. 1 when the

plate is loaded at the driving point by a lumped mass equal to the

p l a t e  mass (y = 1.0) ; p late  damp ing factors 
~E = 

~G 
= 0 .01 , 0.1 .

and 1.0; the parameter p = 0.5.

Fig. 17 Normalized driving-point impedance of the plate of Fig. 1 when the

plate is loaded at the driving point by a lumped mass equal to the

plate mass (y 1.0); plate damping factors = = 0.01 , 0.1 , and

1.0; the parameter p = 0.75.

Fig. 18 Force transmissibility to the boundary of the plate of Fig. 1 when

a dyn amic vibration absorber is attached to the plate at the

arbitrary driving point . Mass ratio 
~
‘
a 

= 0.1; optimum t u n i n g  and

damping ratios (w/ ~~ 1 = 0.698 , = 0.’i~’2; ~~~ paromet~ r ‘g - 0 . 2 ;

the plate damping factors = = 0.01.

Fig. 19 Force transmissibi lity to the boundary of the plate or Fig. 1 when

a dynamic vibration absorber is attached to the plate at the

arbitrary driving point. Mass ratio = 0.25 ; optimum tun ing  and

damping ratios 
~~a

1
~Q 

0.493, = 0.546. The parameter p = 0.2;

the plate damp ing factors 6
E 

= 
~G 

= 0.01.

Fig. 20 Force transmissibility to the boundary of the plate of Fig. 1 when

a dynamic v ib ra t ion  absorber  is attached to the plate at the

arbitrary driving point . Mass ratio y = 0.1; optimum tun ing  and

damping ratios 
~~a

u’
~
em
) = 0.980. 

~R 
= 0.O~9.

’ The parameter p = 0.75;

the plate damp ing factors = = 0.01.

Fig. 21 Force transmissibility to the boundary of the plate of Fig. 1 when

a dynam ic vibration absorber is attached to the plate at the

• 
-

~~~~~
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FIGURE LEGENDS - - CONTINUED

arbitrary driving point. Mass ratio 1a 
0.25; optimum tuning and

damping ratios (W
a

/W
m

) = 0.950, = 0 . 182. The parameter p = 0.75;

the plate danpirg factors 
~E 

= = 0.01.

F ig. 22 Optimum values of the tuning and damping ratios 
~~~~~~ 

and 6R, and

the companion values of the maximum transmissibility T at themax

fundamental plate resonance plotted as a function of the parameter p;

the plate damping factors 
~E 

6G = 0.01. For the dashed- and

solid-line curves, the mass ratio y = 0.1 and 0.25, respectively.

Fig. 23 Force transmissibility to the boundary of the plate of Fig. 1 when

both a lumped mass and a dynamic vibration absorber are attached to

the plate at the arbitrary driving point. Mass ratios y = 1.0 ,

= 0.1; optimum tuning and damping ratios (w,’w )  = 3.356 ,

oR = 0.119. The parameter p = 0 .2 ;  the plate damping factors

= 6
G 

= 0.01.

I
Fi g. 24 Force t ransmiss ibi l i ty  to the boundary of the plate of Fig. I when

both a lumped mass and a dynamic vibration absorber are attached

to the plate at the arbitrary driving point . Mass ratios y = 1.0 ,

= 0.1; optimum tun ing  and damp ing rat ios 
~~a /’Wm) = 0.761 ,

= 0.139. The pa:ainetcr p = 0.75; the plate damping factors

= = 0.01.

Fig. 25 Optimum values of the tuning and damping ratios (ui /ui ) and &,~, and

the companion value s of the maximum transini~ sibi lity T at the
max

fundamental plate resonance plotted as a function of the parameter p;

the p la te  damping factors  = 6
G 

= 0.01. For the dashed- and solid-

line curves , the mass ra t io  y = 0.1 and 0.25 , respect ively .  For both

curves, the mass ratio y = 1.0. 

. - —— -~~~~~~~ ‘~~~~~~~ — ..—
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