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FOREWORD

This paper is for use by staff and students or

the Naval War College in connection with the Naval

War College curriculum .

“Mil i tary Decision from the Viewpoint of Oame

Theory” is a etudy conducted by Captain R. P Beebe ,

USN I while a student in the Advanced Study Group at

the Naval War College , and presents a new approach

to the problem of military decialon . It is an ex-

pression of the author ’s attitudes and conaidered

Judgment and does not necessarily express the offi-

cial opinions of the President , Naval War College ,

nor of the Chief of Naval Operations.
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INTRODUCTION

The vital importance of correct decisions in military

affairs makes it highly desirable t hat all possible assist-

ance be furn ished to the Coimnander responsible for making

the decision. The Co~~and.r’s Staff was evolved for this

purpose. Manuals are also furnished , suggesting the steps

the Commander should go throug h prior to making his de-

cision to insure that nothing is overlooked or neglected.

The detailed estimate of a situation may indicate the

desirability of one course of action so overiwbelaingly that

the actual decision is a mere formality. However, when the

estimate is not thus clear , the ColEmander must rely in the

final analysis on his own j udgement , past experience , train-

ing , and traits of mind. It is situations of thi s kind that

give impor tance to the  study of military history, formal

study at War Colleges , peacetim e exercises , and the like.

All this is done in the hope that the Commander will , in

times of stress , draw on a].l of his mental resources to

formulate decisions which will prove to be sound after the

event.

Because of their awareness if its importance , the

military services became students of the decision making

process man y years ago. Economic interests and the academic
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world were far behind in realizing its significance. But ,

as their awareness has grown, so has their work on the sub-

ject. Today there is much of value to the military plan-

ner to be found in the work of other social disciplines.

Military decisions are made in what is known as a “Con-

flict situation”. That is, one side has goals and desires

opposed to those of the other aide. The same conflict

exists in politics, business, games, and many other activ-

ities, Students have been studying such situations for years

with th. object of trying to determine what each side can

expect to gain in view of the opposing interests4

Recently these speculations were given a tremendous

boost toward practical usage by the publication of the

monumental “Theory of Games and Economic Behavior”, by

~on Neum ann and Morgenstern in l96~. Here, for the first

tim e , sc~ e of the simpler conflict situations were subjected

to rigorous mathematical analysis and proof of the theorems

which predict the result. Since that time numerous other

scholars have built on this foundation . Pructical applica-

tion of the theory has been made in tactical situations,

weapons system analysis, logistics, and economics. More

important to the military planner, the iz2plicationa of the

theory can be brought to bear on situations more complicated

and less precise than those to which it was originally

iv 
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applied. Many of these concluelons are tentative and

limited in scope . Much work remains to be done in apply-

ing the Theory of Games to military decision. But, much as

we dislike placing another technical straw on the burden

of the present day Naval officer , it appears that the time

s coming, if it is not already here, when he should have

som e knowledge of the way game theory can influence deci—

sion makihg~~ It is the purpose of this paper to give a

simplified explanation of what game theory is, and how it

can be applied in its pure form to various military situ-

ations. We will then discuss the implications that can be

dr awn from the theory and show how the line of reasoning

it advocates may aid in arriving at sound mil i tary decisions. j
f~~..

It should be emphasized at the outset that we are not / \
seeking a magic formula to solve difficult planning situ—

ations. Such a result is far in the future, if it can be

deduced at all. Neither do we offer hope of simplifying

the decision process. If anything , considering an esti-

mate from the game theory point of view requires a higher

degree of analysis and logical thought than does the pre-

sent standard planning doctrine. But it is hoped an under -

standing of what game theory is and the type of reasoning

behind it wil) aid the Commander in marshalling his own

abilitiee to the maximum when faced with a difficult plan-

ning situation.
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MILITARY DECISION PROM THE VIEW POINT OF GAME THEORY

PART I

BASIC GAME THEORY

CHAPTER I

INTRODUCING GAME THEORY

It is no accident that Von Neumann and Morgenstern

titled their book, “Theory of Games and Economic Behavior”.

Economists have long been interested in creating a math-

ematical model to predict the interactions of buyers and

sellers in the market place. Early economists tried to

extend the actions of a single person in the market to

include the desires and results of all. It should be

obvious that this so called “Robinson Crusoe” economy

cannot be projected to predict the actions of numbers of

people. Crusoe can produce the greatest good for the

greatest number — himself. But when a multitude of

people try to maximize thsir desires , their interaction

as they plot and scheme to do this makes it certain that

many will have to compromise on “less than the beet”. As

this ha~ tremendous implications to the 
overall national

economy, interest in the problem is more than academic.

1
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To use an analogy that may be closer to the military

situation, every one is familiar with diagram s of footbal l

playe. They plot graphically how every member of the team

ha. an assignment to clear the way for the ball carrier.

It everyon, does their job , the solid line representing the

ball carrier proceeds up the diagram until it runs out the

top of the page; presumably he crosses the goal line stand-

ing up. In an actual game the situation seems to be dif-

ferent. Occasional touchdown plays do occur. But moat

coaches are satisfied if they can grind out a few yards at

a time. In fact, they know from experience that the play

which looks so good on the blackboard will not, on the

average, realize the maximum gain when subjected to the

counter actions of the opposing team. Is it possible to

deduce the expected return? It is to this question that

game theory addresses itself.

It is important to note at this point the difference

in philosophy between game theory and the mor e optomistic

football coach. The theory recognizes from the start that

it is a rare thing to achieve one ’s maximum desires in op-

position to an opponent with conflicting interests. It

addresses itself to deducing the best return one can rea-

sonably expect over the long run. And it also shows that

this return is the one to be sought in a nonrepetitive

situation a. well. It baa very definite things to say when 

-- 
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no plan of action promises a satisfactory result. The

football coach is lees straightforward. There is reason

to believe that he must be well aware of the fact that his

plays will not always produce the results they are designed

to do. Yet what coach would admit it; would come out and

say, ‘this play might be goo4 for a yard but I doubt it?”.

Of course his excuse is that he must keep up morale among

the players. In its place this is a very good reason.

But if this line of thought is carried over into the plan— —

ning process itself it may have serious results.

Interest in reasonable expectations is not new. Huy-

gens, the great Dutch astronomer and mathematician, while

writing on the theory of games of chance, realized he was

skirting the edges of something bigger. In 1657 he wrote ,

I believe that in considering these things more

closely the reader will soon see that it is not a question

only of simple games but that the foundation is being laid

for interesting and deep speculations”.1 Von Neumann made

one of his first contributions to the theory by writing on

poker in 1928. It is probably for this reason that he con-

tinued his researches in solving the economic problem by

working on “Games of Strategy”; of which poker is the prime

1 Quoted by J.D. Williams in ~~e Compleat Strategyst.
p. vi.
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example. Hence the uss of the term “Game Theory” for a

process that can be applied to the bloodiest battle.

Now just what is the Theo ry of Games? Essentially , it
is a mathematical demonstration that , if opposing interests
act rationally to achieve desired ends th at can be set

forth validly in a numerica l scale of expected returns ,

return s that var y accordin g to ths success of various plane,
the appropriate strategy for each side can be deduced mathe—

matically. It says no more than this. As will be seen,
the limiting words and phrases of this definition will re—

~.w-n to plague us. But to illustrate what the pure th .ory
is , let us turn to some examples in which it does give an
answer , 
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CHAPT ER II

MATCHED STRATEGIES

Before going into Game Theory, it is necessary to

have in mind the definition of some terms used in discuss-

ing it. Other definitions will be introduced later on.

GAME. The word game has several meanings in ordinary

usage. For our purpose a game is the set of rules that

define what. can and cannot be done, the size of the bets

or penalties, and payoff methods . These rules must be

complete, must not change during the play of the game and

must be known to all Contestants.

PLAY OF THE GAME . A play of the game is one complete

run thr ough of th. game, including the paying off of bets

and penalties at the end of play. -;

ZERO— SUM GAME. A Zero-sum game in one in which the

gains of one aide balance the losses on the other. That is,

no outside influence takes a cut of the bets. Poker in

which no percentage is taken out of the pot to pay for the

beer Is an example of a zero-sum game. If a percentage is

taken out it becomes, (not very imaginatively), a non-zero-

sum game. As can be readily appreciated the mathematical

analysis of the two types of game is quite different.

5
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STRATEGY. A strategy is a plan of action that is com-

plete and ready to use before the cormnencement of the game.

It takes into account the rules of the game and all intelli-

genc. available about the enemy. The great value of game

theory to the military is that it analyzes situations of

‘in complete intelligence ”. There is hardly a military plan

that does riot fit this description.

PERSON. A person is one of the opposing interests.

Bridge, for instance, is a two person game; north end south

are out to beat east and west. Poker can be considered a

two person game by analyzing it as you against all the other

players. War , in spite of the millions of persons involved

is a two person game. A fighter versus a bomber is a two

person game. lxi fact, most conflict situations can be re-

solved into two person games and a large part of game theory

treats of this field. All of the examples used in Part I

are two person, zero— sum games.

Now to our first example.2 A man and his wife are

planning a camping trip. For reasons that will appear later

the man ’s name is Bill. His wife’s name 13 Rhoda. Bill

likes mountains, the higher the better. On the other hand ,

2The matrices used in Part I are taken from The Cam—
pjeat Strategyst, by J.D. Williams; but the approach used
in describing them has been changed to match the purpose ‘

of this paper.

6
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Rhoda is allergic to heights. She is perfectly willing to

go camping in the mountains but wants the camp set up at as

low an altitude as possible. It so happens that the area

into which they are going is covered with a network of

Forest Service fire roads , four running north and south and

four running east and west. After some argument Bill and

Rhoda decide to compromise. They agree that Bill will se-

lect one of the roads running east and west. Rhoda will

select one of the roads running north and south. Where

the intersection is will be the camp. Of course it will

not do for either one of them to lose face at this game ;

and it is a game by our definition. So they go into deep

thought for a few minutes.

Take first Bill’s problem. Let us list the altitude

of all the road intersections in a properly oriented table.

i
Altitude in thousands of

Bill’s 2 TT  ~~~~ feet of the 16 road inter-
Roads sections.

3 T TV c
~ T T r

Now Bill wantS to go as high as possible and he is led to

the delights of Road 1, where the highest peak of all beck-

ons. However , he immediately realizes that this is dream

etuff. He does not dars to select a plan tFtat might realize

7



the maximum but would lead to disaster if Rhoda is skill-

ful in her choice. He is led to look at all the roads ,

with particular attention to their low points. A little

consideration shows him that Road 3 has a minimum altitude

of three thousand feet . If he chooses this road th. worst

be can do is to get a three thousand foot campsite , while if

Rhoda is careless he can do better , even up to five thousand

feet.

As Bill feared Rhoda is just as smart about these

things as he is. She knows better than to moon over the

table of her road altitudes --

1 2 3 k
Rhoda ’s - 

Altitude of road int er-
Roads 7 ~~ sections in thousands

of feet.

rr  t-~-

thinking how nice it would be to camp on road three or

road four at the lowest points. She is impelled to look

at her roads for their  peaks and her inspection leads her

to select Road 2 with a maximum altitude of three thous-

and feet. If she chooses this road the highest the camp

can be is three thousand feet. And if Bill is careless

it can be lower.

a

~~s__ ~-- .~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---—--- --- - - -  ——S.—— ~~~~~~~~~~~~~~~~~~~~ -ft--— — __________ - -



——-—-~ --—-—---- —~~- - -. - ----S.- - 5--. .5 5— -5.

1

Now note that something of a coincidence has occurred.

Bill has a strategy, Bill Road 3, or Bill 3 , that guaran—

tse~ him a minimum altitude of three thousand feet or more.

Rhoda has a strategy, Rhoda 2 that guarantees her a maximum

altitude of three thousand feet or less. If either of the

opponents is careless the other can do better. But under

no circumstances can they do worse. In fact either of

them can announce their strategy to the other and there

is no way for the opponent to take advantage of this in-

telligence.

This coincidence of guaranteed maximum and minimum

payoffs being equal is called a aaddlepoint in game theory.

If a saddlepoint is present, both persons should follow the

strategy indicated. Their strategies are said to be mat-

ched. If either departs from the indicated strategy he

will suffer unnecessary loss. If both depart from it the

s i tuat ion is fluid -— but one of them is bound to get hurt.

Having gone this far let us turn the example into a

~ amo theory mat r ix ;  for that is exactly what it is.

RED

1 2 3 k
Row minimum

J 7 2 3 1  3.

BLUE ~r T 2

3r r r r  3.

Column maximum 7 3* 5 6

_____ ——S. ~~~~~~~~~~~~~~~ .- --- ~~~~~ - --- - - - - -- -~~~~~~~~ - --
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This Is the way game theory problems are written . Let

us agree for the time being tha t the payoff for each strategy

interaction Is correct. The derivation of this value Is dis-

cussed in chapter 5. Bill becomes Blue , the maximizing

player; that is , Blue is seeking to make the greatest possi-

ble gains. Rhoda becomes Red , the minimizing player; seeking

to keep the payoff as low as possible . From now on we will

consider problems from the viewpoint of Blue . As far as Red

is concerned the result will be the same if he considers

himself the minimizing player or constructs a new matrix with

Red in the maximizing position .

To the right of the matrix we put the row minimums for

Blue to inspect. Blue is seeking the maximum of the min-

imums , or maximin. It Is indicated with an asterisk after

inspecting the figures. Red Is seeking the minimum of the

maximums , or minimax. Below the matrix we put the column

maximums for Red to inspect. The smallest figur e is indi-

cated by an asterisk. It is the minimax . If the max imin

and m1ni~ ax are the same value , a saddlepoint exists and

the strategies are said to be n~atched. We have already

seen what will happen if either contestant does not follow

the matched strategy.

Consider this matrix now as a game that is played

over and over with both persons simultaneously naming

their strategy. The figure at the Intersection to be

paid in dollars to Blue. For it Is another convention of

game theory that positIve numbers represent payments to

10
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Blue . Then in playing this game Red would always pay Blue

something. And it would not tak e long even playing random-

ly for fun for Red to realise that his strategy 2 is the only

one to use to minimize losses. Or for Blue to realize in

this case that his strategy 3 brings the best ret~urn , three

dollars. To make the game fair Red should demand a side

payment from Blue of three dollars before every play of the

game. This then , is known as the value of the ~~~~ a con-

cept that will be useful later on. As described this would

be a very dull game. But Game Theory says nothing on such

a point. Neither does it require that a strategy be sen-

sible providing it is complete and abides by the rules. It

must, however be rational, by the original definition of

game theory. For instance a military strategy might provide

that you run like the devil whenever you sighted the enemy.

This is perfectly valid from the game theory point of view

however repreheneible it might seem to your superiors. In

other words, judgement of the suitability of a strategy

still has to be supplied by the Coemander, game theory will

not do it for him.

Having come this far what have we gained? As far as

the example is concerned it might be argued that any sens-

ible person could come to the same conclusion without

knowing anything about game theory. Without going into a

full analysis , it appears that this is not so. Blue should 

— 
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certainly not use Blue 2; and Red should not use Red 1.

This is taken care of in game theory , as a matter of fact ,

by the concept of dominance, a factor that will be discussed

more fully later . After this there does not appear to be

any further elimination that would be apparent without using

the concept of minimax and maximin.

Th. point is that the solut ion of this problem has

been rigorously proven as a mathematical theorem that applies

under any conditions, under any set of rules , using any

values. This is Von Neumann ’s achievement. And is the

depart ur. point for “interesting and deep speculations ”

that Huygens lacked in his day .3

3Lest the reader be deceived by the apparent simpli-
city of the examples it is well to remember rigorous proof
that the rules of game theory problem working give the
right answer, and only the right answer , required the
genius of the foremost mathematician of the country. The
late Dr. John Von Neumann himself said that he had to use
mathematics “far beyond calculus” .

12
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CHAPTER III

MIXED STRATEGIES

Before going further, it is necessary to become fami-

liar with more concepts of game theory. Von Neumann des-

cribes two variations of the two person game such as was

used for the first example. In one Blue makes his choice

of strategy before Red does and announces it to Red. This

is called the minoran t ~~~~ 
of Blue ; that is , he is at a

disadvantage . The other subgam e is when Red makes his choice

in advance of Blue and announces it to Blue . This is the

majorant game for Blue; that is , he had the advan t age .

Now it can be shown 4 that the doctrine of arriving at

a decision by estimating enemy capabilities is the same as

the solution of the minorant game that is , the maximin.

Similarly it can be shown that a decision arrived at by

estimating the enemy’s intsntione is the same as the solu-

tion of the majorant game, that is, the minima.x. Further,

the maximin may be equal to but cannot be greater than the

miniaa.x. To make deductions from thes. facts we will have

hTh. reasoning behind the etatemente in this  paragraph
is given in Appendix A.

13
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to go stiU further into game theory .

It has alread y been noted in the first example that a

“saddlepoint” was present ; that Is, there was one strategy

which each opponent should follow or suffer unnecessary loss.

This is a special case of the general theory . In a f our by

four matrix such as the example even filling the squares

with rand om numbers would produce a sadd lepoint only about

ten percent of the time. What then is the situation when

there is no saddlepoint?

Consider as an example the following two person, two

by two game ; that is , each person has two strateg ies. Again ,

please accept tha t th. payoffs shown are correct under the

circumstances.

RED

1 3 6 I 3 Row minimums
BLUE

2 5

Column maximums 5’ 6

The maximin is ~+ , the minlm&x Is 5; hence no saddlepoint.

How then to choose a strategy?

Here we enter the most controversial part of applying

game theory to military situations, that of mixed strategies.

And it Is here tha t the d i f f icul ty  of applying the theory
to obtain exact answers to military problems that are not

capable of being expressed mathematically becomes most 

- - - ~~~~~~~~~~~~~~~~~~~ - - -- - - - - -~~~~~~~~~~ , - - --- -



evident . Nevertheless , some useful conclusions may be

drawn .

Consider the xample to be a game that is played over

and over. Look at Blue’s situation. If he chooses strategy

1 he may gain three or he may gain six. But if he sticks

~o strategy 1 it would not take Red long to realize It and

limit his gain to three by playing Red 1. If he plays

Blue 2 he may get five or he may get four , but if he sticks

to this it will not take long for Red to limit him to four .

He can , of course, play the minorant game ; choose strategy

2 and be assured of a return of four. Can he do better?

Certainly he should be able to as the average of all the

possible payoffs is 4~ . He might gain this if he is lucky.

But can he gain it with certainty? The answer is that he

can , over the long run. To do this he must determine a

grand strategy , or mixed strategy that tells him when to

use either of his two pure strategies.

The way it is done is this. Recall that in the first

example with a saddlepoint it made no difference if either

of the opponents told the other what he was going to do.

In other words, intelligenc, was not a factor. In our pres-

ent case however, an intelligence service could pay off hand—

somely If it could tell Red just which strategy Blue was

going to use at any particular time. How can Blue insure

that Red will not gain this informat ion by any mean s,

15
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including deducing a pattt~zn oi operation from previous plays

of the game? There Is only one sure me~i~ s of Blue doing

this. He should choose a chance device so that the strategy

is selected ~ :oi iy by chance in the correct proportion. It

he does this properly he 15 assured in th~ long run of

averaging a payoff of 4~ . Neither contestant knows which

strategy Blue will use next. In fact, Blue has restored

the game to the condition that intelligence collection by

Red cannot hurt him. Althou gh Blue cannot tell ~ed which

Strategy ho will use oi~ any particular play, he can tell

Red his grand , or mixed stratefy and Red cannot profit by

this infor~ iti on.

The ru1e~.. for computing the proper odds for use of

each strategy by both playere are quite simr le for games of

this size.5 In the exa~p1a Blue should favor strategy 2

three times out of four; Red should play both strategies

rand~ :~!y but in even 0113. If Red does not counter Iflue’s

mixed ~t rate~y of playing his pure strategies at odds of

1:3 by playing Red’s etratc~gIes ~~t odds of 1:1 it will cost

Red more than 4~ points ~~ r~ame on the average. So if

Red Is carc1e~s Blue may do better than a payoff of 4~ ,

but under no circumstances can he do worse over the long

run.

5The rules for simple games are givi~ in Appendix B.

16
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Recall that Blue can assure himself of a payoff of k

by playing the minorant game, thereby assuring himself of

the maximln. By playing mixed strategy he assures himself

of a payoff of k*, a clear gain of ~ point with no increase
In risk. Recall also that the mlnorant game Is the equiva-

lent of a decision based on enemy oapabllltles. We can

deduce , then , that a doctrine of decision based on en~~ y

capabilities is essentially conservative and does not gain

the max imum possible success. A mixed strategy will always

do better by some factor between the maximin and minimax.

Provided, again, that the play of the game is repeated often

enough to bring the laws of chance into play statistically.

This last statement is the stumbling block, of course.

For many , If not most, military situations are of the non-

repetitive type. The circumstances or the next action do

not reproduce exactly those of the prior one. And for game

theory to give an exact answer the game must be the same on

each repetition . Admittedly this is one of the greatest

barriers to extending game theory Into the broad field or

military decision in general terms. However , we should

note two things. First , that the concept of mixed etrate-

gies can be used as a general guide to the Commander ’s

thoughts in reaching his decision. And second , there are

situations in which mixed strategies will work on a purely

mathematical basis. As a working tool it is finding increased
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application in tactical studies and weapon s system evalu—

ati~,n, Let us consider an example.

Suppose that Blue is flying his bombers in pairs. (Me

bomber carries the bomb, the other carries radar j eamsing

equipment , anti—ciissile missiles , or other equipment. The

bomber in the lead position obtains more defense from the

guns of th. follower than the follower does from the guns

of the leader . Blue is only interested in the survival of

the bomber ; as usual Tail gnd Charlie is strictly expendable.

Suppose t hat weapons system evaluation has shown that in an

attack by a single fighter the lead plane has an eighty per-

cent chance of survival if attacked, while the following

plane baa a sixty percent chance if attacked. If a plane

is not attacke d its survival chances are, of cour se , one

hundred percent. Just offhand a co~~ander migh t decide to

settle for the eighty perc ent chance of survival in the

lead position. An estimate of the situation in the standard

form would indicate that he should do so. But before be

does this it might be well to run through a game theory

analysis of the situation .
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RED

attack attack
follower leader blue odds

1 2

bomber 1 60 100 20 1
follow 

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  
or or 1:2

aLUE

bomber 2 100 80 40 2
lead 

____________ ____________

Red odds 20 140

or

1 2

or

1:2

Value of game 1 x
.. ~~~ / 2 x 100 86 2/3 % (8% more

3 than 6o%)

A mixed strategy In the form of a 2:1 preference for

the bomber in the lead position has increased the average

survival chance to 86 2/3%, a gain of about eight percent

over the chances if the bomber stays in the lead and the

enemy finds it out . Against this strategy Red ’s best

strategy Is a 2:1 preference for attacking the leader. If

Red does not do this the gain to Blue will be higher. Clear-

ly then, the bomber force cormnander should position his bomb

carriers by rolling a di. or using a table of random numbers .

With the di e , If 1 or 2 comes up the bomber shoul d follow ;

if 3,1 ,5, or 6 comes up the bomber should lead . This gives

- 
-

~~~~ 
-

~~~~~~~~~~
-

~~~~~~~ 
~~~~~— 
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the required 1:2 oddi.

Now you may well have a feeling that leaving the choice

of his tactics to a chance device shows irresponsibility on

the part of the commander; that he is abdicati ng his respon-

sibility to make military decisions. But clearly this is

not so. AU. of th. cogent reasoning that the commander

wishes to put into the decision is in it. Th. weighing of

probabilities and the relative w.Ight to be given each

coi~ra• of action is necessary to using game theory on th~
problem . It requ ir es a more precise evaluation and a higher

degree of logical thought than does deriving the decision

by considering enemy capabilities. Deception is aa old as

the art of war. Changes in tactics to thr ow the enemy off

bala nc. often pay off. But , if successive decisions of the

commander reveal a pattern , the enemy may well take advan-

tag e of this intelligence. The random device is delibirate-

ly chosen by the commander to prevent this ha ppening , and

only for this reason .

Other situations where these principles could be

applied should readily com e to mind. The contest between

subm arines and anti-submarine forces for example. Or the

stationing of carriers in a fast carrier attack forc. under

air or sub—surface attack.

Having come this far, a summing up of the conclusions

already drawn may be useful .

20
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We have seen that the old argument between basing est-

imates on enemy capabilities and enemy intentions has a

direct counterpart in the theory of games in the minorant

and majorant games. This correspondence between game theory

and our planning process is most interesting . We will have

more to say about it later on.

We have seen the rather obvious fac t that if two con-

testants have matching strategies, that is, there is a sad—

dl.point in the matrix, both must follow the indicated

strategy or suffer the consequences.

In the field of mixed strategy we have seen that , in

the repetitive situation, the u~e of a mixed strategy will,

in the long run , give a bigger payoff than the use of a

single ~trat.gy. Rules for correct proportionment of the

use of each strategy are available. The Theory of Games

does have application now in the fields of tactics and

weapon system evaluation and this us. should be understood.

But what we have don e thus far must have raised many

questions . Where , for instance , do these numerical expres-

sions of anticipated gains from strategies come from ? What

happens if the two opposing commanders do not use similar

scales of military worth? What about games that are only

played onc e , like most military situations? How. can the

idea of mixed strategies be used in that case? We have

seen how useful intelligence can be in the mixed strategy

21
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situation , can we derive from the theory a useful scale

to judge the effectiveneas of intelligence and the effort

to put into learning the enemy . plans or concealing your

own?

All of these questions and more vii]. be tackl.d in the

next part. But in doing so we will have to, for th. most

part , depart from strict application of the theory that we

hav , followed up to now. And draw inferences from tb.

basic work of Von Neumann that go far beyond what be had

in mind in 191i4.

I
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PART II

IMPLICATIONS

CHAPTER IV

THE ESTIMATE 0? THE SITUATION AND GAME THEORY

Let us consider the Estimate of the Situation form

as laid down in Joint Action of the Armed Forces. The

r~rst part of It comprises a statement of the Cox?Rnander’a

Mi sst-m . The second pert contains the intelligence data

on own and enemy forces, terrain , weather, and so on.

Together with standard doctrine, the work up to now may

be said to compare to the Rules of the Game in game theory .

The next item In the Estimate is to “note all the possible

courses or actlor wItL~: the capabilities of the enemy

which can effec t the accomplishment ~~~~
‘ your mission.”

After this, “note all practicable courses of action open

to you which if successfu l will accomplish your mission.”

This would correspond to a list of the strategies availa-

ble to both •1 iee. In game theory fr~rm , it Is done by

arranging the strate~ iee on a blank matrix form , own

strateg.~es on the left or Blue side , enemy strategies at

the top or Red aide . No values would yet be placed In

-

~ 
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the squares of the matrix.

The next step in the Estimate of the Situation is

“Anal~’sIa of Opposing Courses of Ac tion.” In the Naval

Operational F!annlng Manual it Is recommended tha t the

CorTinander write the opposing courses in two columns end

test each of his own courses of action against each of

the enemy ’s. ~~ each cross comparison he is admonished

to vIsualize the interaction , estimate probable loasee,

and conclude whether the enemy can effectively oppose the

proposed course of action.

Even if the Commander uses the suggested procedure,

it appears that comparing the courses of action and enemy

capabilities In matrix form gives a clearer picture of

the situation than the recommended two columns. The

point by point comparison will usually require a good

deal more text than can conveniently be placed in the

matrix. But , as a final summary and vl3ual aid , display-

ing the Interaction of several strategies in matrix form

lB superior to the column method. Certainly the extra

work to i~ake it o’’ is negligible. And for injecting the

game theo:~ point of view It is essential , as will appear.

The Manual enjoins the Comander to consider all

capabilities of the enemy In order to eliminate the danger

of deception by one that Is overlooked. It then issues a

warn~ng that listing enemy capabilities Is not for the

24

-.

-— .-- — .— —~~ .-~~~~~~~~~~~ -—m~~ 
----- -



~
—--- -- ~~~~ -~~~~ --~~-----~~ ~ -~~~~~ -~~~---~~~ ---~~~~~~~~~---- -

purpose of deciding which one the enemy will actually

employ . “To base a plan solely on what we think the

enemy is going to do Is extremely dangerous.” From the

game theory point of view , this Is a clear recommendation

for the Commander to play the minoran t game.

Later on , however , the Manual note8 that the

Commander may well consider special knowledge of the

enemy in order to determine his intentions. “Such

knowledge may reward the Commander with outstanding

success. ” From the gw:.e theory point of view this is a

recommendation of the majorant game; provided the

Commander actually has ded~ ce~ the course his enemy will

follow.

That this contradiction exists is well known in

military circles. It is not the purpose of this paper

to take aides In the argument. But it can be pointed out

that a game theory approach can well set more realistic

limIts to the gains to be won than the “extremely

dangerous ” if the Commander does not follow the miriorant

game , to the “possible outstanding success” of an accurate

use of the majorant game.

It appears to be unqualifiedly correct that the

doctrine of arriving at a decision by consideration of

enemy capabilities is the equivalent of the minorant game .

However the correspondence of an estimate of the enemy

_ _ _ _  -m 
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intentions and the i .ajorant game Is not as clear cut. The

definition of the majorant game Is, “Red makes his

decision first and announces it to Blue.” If the

Coimnander is estimating what Red will do it becomes a

majorant game only it he estimates correctly and Red

actually does follow the capability seleoted. Further-

more, if Red himself follows a doctrine of basing his

actior~ on an estimate of Blue capabilities, his decision

will be from his point of view the minorant gains, or

minimax, In a matrix from Blue ’s point of view. In this

case the difference in payoff to Blue in a mixed strategy

situation played once in regard to the two methods of

estimatIng enemy act.ion is the difference between the

maximin for capabilities and the minimax for Intentions .

Ordinarily these limIts would be much lees extreme than

the “extremely dangerous” or the “outstanding success” of

the Manual.

On the other hand, it Red doe3 not “act rationally ”,

which from the game theory point of vIew mean s ~sIng a

minimax or maxim.In strategy or a combination between the

two, and the Commander does not correctly estimate the

enemy intentions he may well find himself in a situation

that is “extremely dangerous.” Provided, that i~ , there

is such a result in the matrix.

Thus, by using the game theory point of view the

26

-

~

-
- - - - -

~ 

_ _



F . - - ----- 

~~

—--

~

- - -

~~~~

--- -— —-.-- ---‘--

~~~~~~~~

-
—

~~
— - -—-- - -——-- —

~~~~
-

~~—----- 

Commander is provided with a more accurate aid to

exercising his judgement than the remarks in the Manual.

For Instance, suppose the difference in results to be

obtained by estimating enemy capabilities on the one hand,

and enemy intentions on the other If the enemy makes a

“rational decision”, Is small. But a strategy selected

on the basis of enemy intentions ~howa a possibility of

a very unfavorable result if the enemy does not, in tact,

use the intention estimated. The Commander then would

prc )ably deem It unwise to base his estimate on enemy

intentions. The reverse of this situation might make an

estimate based on intentions r~ re attractive.

Opposed to the --liecuasion above is the fact that an

estimate based on enemy ~a~a~~litiee protects against

“irrational” acts by the enemy. Any failure by the enemy

to fQllow his beet capability may result in a larger

return to Blue. This feature does seem attractive, and

will be discussed further In Chapter VII. But, it the

enemy deduces that our estimates are based solely on

capabilities, his course of action becomes clear. That

this point is more than academic can be seen rrom the

following quotations:

27
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B~ General Westphall of the Whermacht “TheirLthe Allie~7 desire to undergo as little risk aspossible prevented them from s~izing their chancesof bringing an early declsion.°”
By Field Marshall Keaselrlng: “I believe this
development Cot new tactics at Anz IoJ was due to
a cardinal error of our German Propaganda, which
could not do enough to taunt the enemy for their
lack of Initiative, thereby goading them into a
gradual change of operational principleB. The
method of cautious and calculated advanoe accord ing
to plan with limited objectives gave place to an
inspirational strategy which was perfected through
the months remaining till the end of the war.~ ”

Implicit in the diecuesione of_ this chapter ha. been

an assumption that a value scale for the interactions of

strategies can be placed in the matrix to provide the

guidance needed. It is to this problem tha t the next

chapter is addressed.

6Qeneral Siegfried Weetphall. The German Army in the
Wes t, p. 167 —

7Field Marshal Albert Kesseiring. A Soldier’s flecord,
p. 238
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CHAPTER V

THE VALUE SCALE OF MILITARY WORTH

In our opening examples of how game theory operateB

several matrices were uses in a form that presented the

strategies ’ worth in numerical terms . In the first

example , about the altitudes of various road inter-

sections, there was rio doubt what the values should be.

In the third example , about bombers in formation, the

values were derived from separate work. Presumably, the

ftgures on vulnerability were the best available from

tests. It Is Importan t for the Commander to keep his eye

on whether this Is actually so. Are the figures on the

same type of aircraft ani armament he is using? Are the

weather conditionS the seine? Are the tactics the same?

Plainly there is a field here for the exercise of the

Corinander’s judgment. lie or his staff should not be too

impressed with the data available to him unless it has

pase’~I every test for applicability .8 Only after the

value has passed this test is it suitable for inclusion

in a matrix for determining strategy.

8Colonel Haywood, USAP, in his thesis, Milita
Doc’r1ne of Decision and the Von Neumann Theo~~ of~

’
~ames,

T , Ti~is an exampT~~a~~~m~~
i to rma t I on anal ylTs on a

mathematical basis which was found not applicable to
actual service.

~
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In the second example of the first part we used rour

arbitrary strategies, values 3, 4, 5, 6. AssumIng this

was a military situation where would one find these values

to represent the military worth of various courses of

action?

The plain truth is , there is no such scale of

military worth. The moat that can be gotten out of

manuals on military planning is the Instruction to rank

enemy capabilities in their order of probability , and own

courses of action In order of desirability. It Is the

lack of such a scale that prevents the use of game theory

as a formula for calculating the proper decision. In

view of all the imponderablea in military situations the

development of’ such a scale would be moat difficult,

particularly in view of the range of decision situations

wIth which military Commanders are faced. It would

appear, however, that useful work can be - i - ne on the lower,

or tactical ,, end of’ the scale and extended further as

experience with the subject grows.

If game theory points up the necessity for a scale

of military worth, it also points up the fact that In

making a decision the Commander actually does express a

preference for various outcomes. If he baa three courses

of’ action, A , B, and C, and pre fers A , he has decided

that he values A more highly than B or C or any combination

30
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of A , B, and C. Such relationships are the first step in

deducing a value scale.9

That a value scale is desirable may be one of’ the

reasons ror the development of such organizations as the

Weapon System EvaluatIon Group, though its charter does

not express the Idea in such a form . In tact, it can be

seen that a value scale Is really required for logical

usage of current doctrines ef decision quite aside from

any questions of game theory analysis. Game theory only

potntB up the fact that such a development has been needed

riCht along .

~{owever , it is not necessary to have a scale of

numerical values for opposing strategies to use the aid

of came theory I:’~ arriving at a decisI~r.. As we have said, — 

-

-

in considering his own courses of action the Commander

must end up with a preference scale of some kind for them.

This preference may be expressed in words or phrases, or

might simply be the position of the courses on a list.

In either event the preference ordering can be used in

checking the comparison against the matrix form . As an

example consider this student estimate for a Naval War

9Von ~eumann and Morgenstern, ~~~~~. cit., pp. 16-20,
have considerable discussion of the~~evT~pment of a
nur-icrical scale of utility from preferences expressed.
They point out that the problem has been solved in other
cases where it did not appear possible to do so.

31
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College exercise tn which air’, sea, and amphibious

forces were available to control an area. It has been

suitably paraphrased to remove its security classi-

ficat ion .

_ _  
RED

_ _ _ _ _ _

Deny alue entry Destroy Blue forces
into the area by in ground action
offensive air, after Blue landing
sub , & mine
warfare

_ _ _ _  
1 2

Destroy fled forces Stands up well Stands up reason-
which threaten con- ably well

B trol of’ the area by
air , sea , and

L amphibious assault

U 1 
_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

E Destroy Red ~~es not give Will not control
forces which con- posItive
trol area by air control
attack.

2 
__________________ ________________________

The phrases used in the matrix boxes are extracted

from the discussion of each comparison in the estimate.

Blue selected strategy 1, and properly so. It Is the

only way to accomplish his mission; and It can succeed

against either of the enemy capabilities. It is also the

solution to the minorant game of Von Neumann, the maximln

Is “stands up reasonably well.” Further inspection of

the matrix will show that the niaximin is also the mlniina.x

and Red ’s best strategy is 2. A saddlepotht is present

32
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and the strategies are natched.

But recall that we are not attempting to deduce a

fo rmula for solving trie decision situatIon . The matrix

is only an aid to the Commander in ensuring the best

possible decisl.on . Let us inspect it a bit more .

Blue 1 clashes directly with the sea and air forces

in Red 1. The favorable result is predicated on Blue

feeling his forces are capable of doing the job . The

somewhat less favorable result for Blue 1 against Red 2

Is based on the difficulty of countering Red ground re-

inf- - rcement by air attack prior to the landIng . Suppose

fled thought his strategy 1 could hold off Blue; would he

nc~t use ~h4 s Instead of Red 2? Yet the Blue estimate

shows Red 2 as Red ’s best strategy. Since there appears

to be no reason why Red cannot implement both of his

strategies should not there be a Red 3 that does this~

It would appear that the estimate Is somewhat incomplete

and consideration should be given to a third course for

Red , combining Red 1 and 2.

The significance of the ~~~~ paragraph Is this. The

Idea that a third capability for Red should be incorpo-

rate-.~ came from an inspection of the matrix and not study

o4’ the Estimate’s text. All of the information was in

t he EntI’;at,e. But it was easier to spot this discrepancy

while “playing” with the matrix and varying the relative

33
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values given to the interactions.10

An analysis of five other strategic war game

estimates shows that three of them chose courses of

action that did not correspond to the strategy indicated

by applying game theory to the matrix with even the moat

casual scale of values. There may be sound reasons ~hy

this wa~ done. Again we are not advocating solution by

formula. But , at the tninimuin, Buch a result on the

matrix should make the Commander pause and consider; the

text of his estimate should reflect the reasons for such

a preference. It does not appear this was done In these

cases.

To sum up, construction of a matrix to re~rc:~ent

the interaction of opposing strategies may lead a

C ~a~t~~r’ to a clearer In~;1ght into the problem with

whIch he Is faced. Its use for such a purpose Is

rccor’~riended.

101t is iriLeresting to note that in the play of
th’R war game Red actually used Red 1 Instead of the
I r P ~.>sed Red 3. Due he did this because )ta own estimate
rave Blue a greater capability f r  landing at widely 

—

separatci points than Blue thought he possessed. Hence
Red held his troops back for use when the landing lolnt
becar.e clear. From the Blue point of view this was an
“irrational” act by Red.
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CHAPTER VI

DOMINANCE

In considering enemy capabilities and own courses

of action , a detailed analysIs of’ each coupled with a

comparison of their tht~raction can lead to a great deal

of unnecessary work when the Coni~ander is sure he will

not use some of the suggested courses of action and

becomes convinced that the enemy wil l  n o -  use some of

hIs possible capabI1itI~ a. Game theory provides an

accurate method of eliminating such strategies from the

matrix by the concept cailci dominance.

From the Blue point of view , dominance exists if

the e1~-menta of any row are equal to or superior to the

corresponding elements of any other row. It this is the

case the dominated row can be elIminated from the matrix.

Such a c ’--ra~egy can only offer equal or inferior results

compa~~d to the strategy row that is dominant. Similarly

Blue can estimate that, if Red acts rationally, Red will

not use any column in which the values are equal to or

greater than those of another column.

For example consider the first matrix presented , the

selection of a campsite.

35
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I..

Rhoda

1 2 3 4

1 7 2 5 1

Bill 2 2 2 3 4

3 5 3 4 4

4 3 2 1 6

Bill 3 is I~~inant over Bill 2, consequently there

is no reason for Bill to consider Bill 2 further. In

Rhoda ’s case every element of Rhoda 1 is equal or superior

to the corresponding box in Rhoda 2. Consequently (as

Rhoda is the minimizing j ia~~r) she would certainly not

select column 1, whatever else her decision might be based

on. The reason f~’r writlRg, “Bill is led to thc delights

of road 1, but he io~T~eJiately realizes that this is dream

stuff”, is, in fact, domina:~c e .

Having eliminated Rhoda 1 and Bill 2 the game reduces

to:
L Rhoda

2 3 4

1 ~~ 5 1

BIll 3 3 1$ 11

4 ? l 6

36
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None of the rows or columns are now dominant and

attention can be focussed on solving this smaller game.

Let us take a hypothetical estimate of the situation

in which the Commander has made up a matrix to aid him

in visualizing the interaction of strategies. He uses

a value scale words descriptive of the result from his

point of vIew.~~
Red

1 2 3 4 5
1 Failure Excellent Excellent Superior Excellent

Blue 2 Good Pair pair Fair Excellent

3 Excellent Defeat Superior Superior Fair

4 Good Fair Failure Failure Superior

None of Blue ’s strategies are dominant. But Red 5

is dominant over Red 2. Hence Red can be expected not to

use Red 5. It should be emphasited that Blue does not

3c~ow Red will not use Red 5. But if Red did so It would

be an Irrational act trom game theory viewpoint. In view

of the tact tha t strategists are constantly being ad-

monished not to underestimate their enemy, the Conm~ander

may well feel justified in concluding that Red will not

use Red 5. When this column is eliminated it is found

that now Blue 2 dominates Blue 4. Blue 4 can then be

11Th. matrix is taken from Colonel Haywood’s thesis ,
22 cit.
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eliminated. When this Is done Red 4 dominates Red 3 and
can be eliminated. And Red 3 in turn dominates Red 2 and

can be eliminated. The matrix then becomes

Red

1 2

1 Failure Excellent

Blue 2 Good Fair

3 Excellent Defeat

It is, of course, much too easy and arbitrary to

cut down a list of courses of action or capabilities by

such a mechanical method. Many other things should be

considered; such as the effect of an irrational act by

the enemy , possible comblna t ions of strategy, the

precision of In telligence. Nevertheless, If the Commander

uses the matrix as an aid , dominance or the lack of it

can be a guide to his decision. Again , as in the

selection of a course of action, lack of correspondence

between the matrix and t~e estimate is a clear warning

to pause and reconsider.

Incidentally, the reader might find it profitable to

look at the reduced matrix above and ponder the impli-

cations to be drawn fro m it in regard to bas ing hia

strategy on intentions or capabilities.



c~ rr~n vu

IRRATIONAL ACTS ON TItE PART OF THE EN~ ’1Y

Return ing to our origina l definition of Game Theory ,

it was described as the selection of a strategy by

opponents that make “rational” decisions. From the point

of view of von Neumann and Morgenstern, working on

economics, a rational decision was one in which a player

sough t to make the greatest feasible gain over the long

run. Anyone that engages in business without such an

ambition Is driven by forces outside the realm of

economics. Game t~ eory completely falls apart without

such an aasumpti~ r-~. At least one of the opponents must

make rational decisions. In the corresponding military

sit~ation, the Commander of Blue undoubtedly considers

his eat ~nnt~ of the situation as the height of ration-

ality . So this condit’:”; is satisfied; at least untIl

the battle startai What then is the effect of Irrational

decisions on the part of the enemy?

We have noted prcvlously the minorant game has the

advantage that If the enemy does not play his best

strategy the gain to Blue w~l1 be even further Increased.

A decision based on ‘~~timate of enemy capabilities 1~ the

san e course of action as the minorarit game, except Blue
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does not announce his decision to Red. It would appear

that the theory and reality part company here. For this

reason. In game theory a strategy is a complete plan of

action, prepared before the commencement of play, and

taking into account all intelligence of the enemy and the

physical environment, as well ~s the rules of the game.

Nothing unexpected in the way of weather, terrain features,

material failures and the like can come up. For by

definition these have been anticipated in the formulation

of the strategy. Furthermore , Red has anticipated all

possible strategies of Elue and has only to pick one to

counter the one selected by Blue.

— While such a sItuatIon ::;~.ght exist in real life, it

Is more probable that some one of the ractors mentioned

would be t~p~-’rfectly known or improperly estimated . We

can say then, as a practIcal matter , 4
~n the use of a

~~~~~ of action chosen on an eat - Imate of enemy capabili-

ties an Irrational act on the ~.nr t  of the enemy will

probably result ~n-. benefit to ~1ue but it ~c not as

certain a~- pure theory w- ’uld have it. It follows that

the better and more detailed the est1~ate, the greater

chance that mistakes on the part of the enemy will benefit

the Commander.

I~ might be well to interject at this point the idea

t hat , in real lIfe , the situation represented by the

40 
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2 matrix of strategies is in reality three matrices; the

matrix as estimated by Blue, the matrix as estimated by

Red , and the matrix as It actually works out in play)’2

The c loser a Commander ’s e~t1mate comes to matching the

situation in real i ty the better he is prepared to play

.e game . This leads to the same conclusion as the

previous •)aragraph; the better and more detailed the

eet-~nate, the greater chn nce that mistakes on the part

of the r.erny will benefit the Cor~mand~r.

In real l!fe, when play Ing the majorant game, Red

does not actually announce his decision to Blue. (Though

It would be well to re:nember that a leader called Hitler

did It with outsta :i-~~ng success -- for awhile.) Blue

esti:-~ntee Red’s t:~tentIons . If’ he i8 right Blue ~-‘atns

over the result to be obtained by estimating enemy

capabi l i t i es .  ~ it he n:ut~t be right. At Pearl Harbor Blue

was wrong, with devastat I ng e f f ec t .  M i l I t a r y  hI s tor ians

are now generally agreed tha t - the attack on Pearl Harbor

was an “ irrational” act on the part of the Japanese. In

No rmandy 0~neral Bradle~’ W&3 faced with a decision in the

Avranches Gap situatIon)3 He chose to station his

~
2pootnote 10 of Chapter V notes the effect in a war

c~a-~e of the opposing commanders using different matrices.

Qeneral Ornar Bradley . A ~~ld ier ’s Story. p. 369
ii]

___________

- - — ~~~~~~~~ —— S--V— -- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . .. . ~~~~~~~ ,. - _..



V. “~~~ -

reserves to support the Gap although he believed the

enemy’s best strategy was to withdraw. In an analysis or

this battle from the game theory point of view Colonel

Heywood discusses the stx’ateglea available to the American

and German C r ~anders.~~ Von Icluge could either attack

the Gap or withdraw . ~ 
- decided to ;~ithdraw . Game

theory’ analysIs supports thIs conclusion. 3~t Hitler

-ordered him to attack the Grp at all COats. The attack

tailed, his army was enr~ircled and Von Kluge committed

suicide . Bradley was well advised not to base his

estimate on enen .y intentions. Furthermore when the enemy

con~ i tc-d his “irrational ’ act the payoff to Bradley was

greatly increased, as the analysis shows i.t would be.

Failure in this ba-tle actually coat the Germans Prance.

Although Pearl Harbor Is still a subject of much

controversj, from the c-amc theory point of vIew it does

not açpear that bas~ng American dispoattl ne on enemy

Intent’ )ns promisel any particular advantage to offset the

enemy ’s gain by IcIng the unexpected. Hence the decision

could not be r’commended. In General Bradley ’s case the

ll4Colonel 0. 0. Haywood. “Militai’~ Dcci~
;Icwi and Game

Theor; .” Journal of the Operations Research Society of
Ar~rIca, VöTure 2, u~~~ r 11, September, l95’~. 
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Increase in payorf If the enemy acted “Irrationally” was

very great if he based his estimate on capabilities as

compared to the gain if he based his estimate on

t r~tentions; plus the tact that he could be in serious

trouble with the Gap cut it he did not estimate enemy

...ntentione correctly.

It appears that game theory analysis of the opposing

otrategles can be useful In such situations by indicating

more clearly the limita of advantage and disadvantage if

the enemy makes a mistake, acts stupidly, or uses a

markedly different matrix than Blue.
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CHAPTER VIII

VALUE OF INTELLIGENCE

In theory the limits set by game theory analysts of

opposing strategies give precise measure to the advantages

to be gained by obtaining information about your enemy , or
nis succeeding in gaining it about you . In practice the

uncertainties of the situation , the “fog of War , ’ d i f -

ficult ies of communIcat ion and the like , wil l  make these

measur~ements less susceptible of calculation . Nevertheless ,

a game theory point of view can again furnish the Commander

with guidance which may be useful .

Recal l that the minorant game 1.s the equivalent of the

enemy , Red , gaining complete information about Blue; while

the maj oran t game is the equivalent of Blue gaining

complete information about Red . If both play “rational”

strategies , which we as Blue certainly expect to and which

the enemy will m ost probably do , the difference In gain in

the two situations is the ~~t’ferenoe between the maximin

and the minimax. Even in a matrix made up of descriptive
phra~~s it can be expected that the result will not vary

more than the expected difference in return between one

phrase and the next as to the actual return of the mtntmax
or na.xlmin.

:—_---- 
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It follows then that if the difference between the

minimax and maxirnin is smal l the gain due to intelligence

cannot be large . In this case the expenditure of large

forces and resources in gaining this intelligence would

not be justified . The converse is equally true .

These theoretical limits on the value of intelligence

may not be applicable in actual practice , but they could

furnish guidelines tn doubtfo~. cases. They might also be

useful tn confronting overzealous subordinates with the

necessity of justifying a larger i~ ’elligence effort .

It will be seen that the philosophy of the game theory

approach recommends choosing a strategy on the bo~;Is that

the enemy will find it out . In the matched strategy

si tuat ion the re Is , Ira theory , no way for the enemy to t ake

advartage of knowledge of what strategy Blue will employ .

In the mixed strategy situation , when repetitive , the use

of a mixed strategy on an odds basis using a chance device

to deterr~tn .~ the exac t pure strategy to use at any one time

restores the game to the same situation ; that Is, the enemy

cannot profit from knowing the mixed strategy . He can, how-

ever profit from knowing the pure strategy that Is proposed

to be -~sed .

It can be used as a guide , then , that If the commander

is using a mixed strategy , preparatory actions which are

essent ’ — il to all of the strategies to be employed can be

45
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undertaken without undue security precautions . This is

often the case in large undertakings. For instance , there

was no possibility of concealing from the Germans the build-

:p of American forces ira England during the first years of

World War II. However , the use of these forces , first th

Africa and then in Normandy was guarded with maximum

security .

It should be noted th~~ the gain from intelligence of

the enemy is limited to the difference between the ma.ximtn

and the minimax only 1~’ the enemy follows a rational

strategy . If he does :~ct , that is , if he is stupid or make s

a ~~~ -ikc , a Commander finding it out must be prenared to

depart from the st rategy indi-:~~’~d by game t?i~ory ~~j~~y~~~3

In order - - c - t t a i n  rnax tn -~r advantage of the intell’gence .

Von Neumann says, “All thL’ may be summed up by saying that

while our good strategies are perfect from a defensive point

of view , they will (in general) not get the maximum out of

the opponents (possible ) mIstakes.”13

13von Neumann and ~1c ,-rn~1tern , ~~~~~~. c i t . ,  p.  1614 .
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CHAPTER IX

SUPERIOR AND INFERIOR STRENGTH

In his remarks on poker, von Neumann points out some

facts that may be useful in planning. He shows that a

player who never bluffs will lose in the long run. Bluffing

should be done for two reasons ; one , the gain if it is

successful; and second , the gain that is obtained if it Is

riot successful . For, by bluffing and being called , a

player 3ains ~y introducing uncertainty into his opponents

mind . The bluffer is then In a position to collect when

he has a real ly strong hand . Whereas If he never bluffed

a high bet would cause the opponents to drop and his gain

over the long run will be decreased .
- - - - - - 

From v - -n Neumann ’ s point of view intellIgence in a

game consists main ly of deduct ions from the opponents

prev iou s plays. Random bluffing will prevent the deduction

of a pattern in this manner. A bluff can be one component

of a mixed strategy . It a player never bluffs he Is in

effect lintted , at the maximum, to the payoff of the

minorant game . But in a game in which strategies are not

matched , such as poker, the payoff of a mixed strategy will

be ~;reater than th i s  by some fraction between the maxirnin

and the minimax . ThIs va lue is also the value of the game

~
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which was previously referred to. In effect the value 0: 
- 

-

the same is the bre akeve~ point at which two eq 1a~ 1:, st ror .,~
and skillful opponents would arrive in the long run . So if 

—

one of s~z~ h opponents play s the minorant game he wi l l  on

the average gain less than the value of the game and wi l l

eventua l ly  be the loser. It can be seen , then , that

pl aying the minorant  game , th tt  is playing capabili t ies ,

wi .l eventually lose against an opponent of equal strength

but superior strategic sense .

The correspondence between the poker sItua~ ion , which

has been proven to be mathematically correct , and the

mil t’- ary s1t - ~ i t I on , depend s of course on the degree of

correlation between this game of  s trategy and the type of

situation with which the Commander 18 faced . As a game of

strategy poker does have some relation to war , though it Is

not contended that in the usual s itua ’  Ion t h . s  correlat .on

will be very close . Nevertheless , It can be seen that the

closer a military situation comes to resembling poker the

more surely will the r~~~~~~~ -n -iti cal r”~dictions of von Neumann

operate in the long run.

This being so we can say , as a guide’, that a Commander

who bases h~ s est imates  on o - i ! - i~- 1l i t ~ es in a situation

which resembles that of mixed strategies will probably lose

in the long run if an equal strength opponent plays a

mixed strategy . The only way to  avoid this is to be stronger

4-8
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than the opponent . By and large being stronger than the

enemy at the point of contact and playing capabilities has

been the course followed by the United States in i~s

-littary history . That it has produced a good record Is

unquestioned .

It would appear possible , however, that in the future

we migh t not be able to assure this superiority at all

time s and in all places. Essential ly it has depended on a

long and careful buildup of our forces and those of our

all ies.  That this w :ll always be possible is being

questioned by many . It is not the purpose here to t ake

sides in this argur~ent . But from the game theory point of

view It can be pointed out that an equal strength force

can only break even in the long run by play ing r~i 1x ed

strategy; and an inferior force can only save Itself by

playing 4.ntenttons if such a re sult Ia possible at ~~
Commanders who have always based ~~e -1 r  estimates on enemy

capabilit~ee will be ur-oler a distinct mental handicap in

these situations . ~~ r1ng the f i r s t  months of the Korean

War the United States forces were in a distinctly inferior

po stti— n . Col . Haywood describes how at least one of the

commanders met this situat ion.

The fame attained by General Michaella in
the first year of the Korean striggle rested to a
large extent on his ability to estimate the
pattern of thought of opposing North Korean
generals. Ttm e and again he left his front

49
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rn~ r~a~d by a ske le - -on !‘
~ rce becau~~ he e s .  t mated

that the  1~ -ds - -:-o~iLt t~c;~ ~~~~~~~~ the i ~~~~~~~~~ - or
rear; ~n 1 h~ -s rt~ ht . fl~s act1 ~~s --:er~ not
baaed on un ~~31dert d raohne8s .  Rather he
roe -~ r~ ‘ .~e1 nat h t r~~ps were so out —

- t o n ed that he had to - t - j  b y  ~ t rength
or. :j o areas wh e re h~~~ expec t- f d at tack.  He
c o i - .~ n~~- _~\t the x i r ;  of a ‘-: -nserv~ t ~ve
~1 - ~~~~ton . l~

If th e re  m.v t h tng  t o  the ~ea tha t  we may not I~e

as .mle to assure f--.’. i t t i r -  ~n;-e~ -t  — :-~ty in the future a~ we

h~~v -  ~n the ~ a::t- It m~ - - be well  to give r.iore a t t en t ion

o t~uch ~ t t ~~~tt  o:.s Lan is pr esent ly  found in ~~~~ it any

manuals. O r-ic theory can make it .— tnct  c ntr~L-it1ons to

he d 8C~~~ 5~~; Dfl .

1~e’ ’~~i~~n and (~~~~~
-t  Th . ory , p. 39.
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CHAPTER X

THE NON-ZERO-SUM GAME

It will be recalled that all of the examples given in

Part I were zero-sum-games; that Is , the gains of one side

were balanced by the losse s of the other. This same

cr i t e r i a  applies to the more gene ral t i scussions in Part

ii up to this  point . This assumpt t on appears to be

valid or nearly 80 , for rn :;t m i l i t ary  si tua t ions . However,

It Is quite post~ ble to have conflict situations ta which

the zero -sun assumpt ion does not apply. Examples can be

found in several fields . If the Commander was told , “win

If you can but under  no circumstances lose , h io  scale of

value s would have to d i f f e r  fron those of’ an opponent who

lid n— t. h ave th t ~ ltmt t a t Ion . Determining the gain or

loss fron military action w l l  also ~nclude the relative

worth ~“ven 
- variou s components of t~ e force . The Un l ted

Status with its ‘ rali tional regard for human life would

look on the -u -’ome of a battle In a different light than

an opp :nent to whom losses of troops were of alight con-

cern . We have already expe~ ’ - ~~~d thI~:. in Korea.

Forester ’s novel , The Gun, gives an extreme example of

the relatLe valuing of materiel over the humans I nvolved .

With  a sat~ sfactory result to the pat t~tcIpants,

51
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incidentally , though many of us would be Inclined to

question It. What , then , l.a the errect if the players

dL -’ not use similar scales of worth?

N n-zero-sum gaines lead Into mathematical complexities

that are still being worked upon . In general , the solution

I n simple cases is to consider that there is a third

player , called Nature , that supplies the difference in

payoff required to balance the books . This is not the

same as a Three Person game . For in this type , which we

shall not consider at all , it is interesting to note the

theory leads to quite positive indicat ion that tt . only

proper course in a game with more ‘~~an two players is to

fo r ~~ coalItions against one player. It then becomes a two

person game again at~ long as the mutual payments to keep

the partners satIsfied hold the coalitton t ogether.

(NATO?). However , when Nature is the third player forming

a coalition with her Is n~t possible.

That t h i s  concept of a third player , Nature , is usable

can be seen from the 5ttufttIon in which two opposing Corn-

manders each decide not to engage, but to decline battle .

Pre sumably both get s&t i. sf& ct i~ -n from th i s  course of action ,

a payoff . Where does thIs come from? The concept of Nature

provides an answer. In effect the two opponents have

formed a coa] i ion .

52
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It can be seen that a Commander who plays capabilities

doe s not have to worry abou t the opponent s scale of

values. Any deviation f rom the correct strategy for the

opponent as determined by the Commander can only increase

the payoff to Blue ; provided the estimate is correct and

~n nplete . Any deviation from the correct strategy by Red

on account of Red using a different scale of values , will

frc~m the Blue point of view be the ~uem’ as an irrational

-1.c t .

In the rntxe-l strategy situation the foregoing still

applies , though the payoff may not be as great as it could

he na~1e by knowing the oppo st n ,g e n n a n i e r~ mind . The

pr act i ca l  so lu t ion  of such a problem I~~~ n ot  yet available.

~~zt as long as we play a mixed strategy based on our own

scale of value we are assured at least ~I’ the expectancy

which would re sult if Red lid , in f act , use the same scale .

It is only I n  playing intentions that the enemy ’s scale of

values enters Into the solutIon of ‘he game . Again, there

is no formal method of solving t h i s  problem . But It should

be obviou s that a Cr-&mander playing Intentions must , if he

is to be successfu l , be fir st  cf  all th orou~ h 1y grounded

in the manners, morale , and p ar t  h l r t o t ’y  of h a  opponent .

Cer ” a tn ly ,  est imating what an enemy w i l l  do using , even

subconsciously, ones own scale of values wil] inevitably

lead to disaster. It would appear that a good deal of
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present day talk on the possible nature Lf future war falls .

into this error.
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CIIA?f ER XI

SOME FURTHER THOUGHTS ON MIXED STRATEGIES

We have noted In the f i r s t  discussion or mixed strate-

gies (Chapter III) that the result is assured only after

sufficient repetition t~~~ bring statistical probability

into play . Also , successive actions in military affairs

~tll , In general, not exactly reproduce the circumstances

of the first play of the game. It would appear that this

is a stumbling block to using the concept of mixed strate-

gies.

However, it is tntere s~ ing to note that von Neumann

and Morgenstern , tn deducIz~- theIr theories on mixed

strategy , solved the problem specifically for gaines played

only once. 15 They show that the course of action in the

mixed strategy situation played once should be selected by

an odds measured random choice in the same manner as was

indicated for repeated plays of the game . In fact a mathe-

matIcal purist can well object that the theory is proven

for the single play only . It has not been extended to

include games played n time s. Williams, in The Cornpleat

l5~~ cit . pp. 114_14 5 & l46-11e8 for discussion of this
p oint .
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5trate~;y~ , devotes considerable attentIon to this potnt )~
6

He ci tes  as part of his discussion the following situation :

Consider a non-repeatable game which is
terr ibly Importan t to you , and In which your
opponent has excellent human intelligence of
all kinds. Also assume that it will be
murderous if y our opponent knows which
strategy you will  adopt . Your only hop- o is to
select a st rategy by a chance device ~~icn th e
enemy ’ s intelligence cannot master--he may be
lucky of course but you have to accept some
risk. Game theory simply tells you the
characteristics your chance device should
have .

V— i  may also adopt the viewpoint that you
will pl ay many one-shot game s between the
cradle and the grave, not all of them being
lethal games, and that the use of mixed
strategies will Improve your batting average
over this set . - : ‘ games.

There are several roasc-ns why a military Commander

faced w it -h a ~~ strategy ;--Icture In his  matrix , in a

stn~le play situation , wc-uld be under pressure to follow

the conservative course--play the minorant game on an

estimate of enemy capabilities. In the first pl ace ,

present doc ’Hne favors this course ; the training t o  which

he has been subjected lead s to th is  conclusion except in

clearly exceptional circumstances. The usual pattern of

superiors Is to . I v e  the subordinate enough forces to

accompilab the  ob ,~eot 1ve  and then hold him strictly

ac~oun
t ab1e f—r the resul ts.  Defeat can have a shattering

1’

~~~~~L 
c~ t ., pp. 206-207.
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effect on a leader’s career. Conservatism is thus rein-

forced . In addition the American tradition frowns on

sacrificing men and materiel to set up a sltuatic-n of

success in the future . We even have trouble justifying

such expenilturee in training. All of these things rein-

f rce the tendency to conservatism , of proceeding by

~assirig superior forces and grinding out a victory . It has

been 3UcceSBtU l In the past .

I L  should be evident by now that such a doctrine is

not su f f i c ien t  for situations of equal or inferior strength .

And there Is grave doubt that It accomplishes the result

dee t red at minimum cost and time even when the force Is

superior . How can we change our doctrine to take advant age

of the gains of mixed strategy ?

C d .  Haywoo~ makes several sound suggestions In his

thesl. s on th i s  mat te r . 1? In the first place , It is not

mean t - to press the super ior i ty  of mixed strategy unduly .

The “fog of war ’ wi l l  have some ef fec t  in randomizing our

(and the enemy ’s) strategies. He suggests, in lIeu of a

fully determined mixed strategy , that superiors in control

of a number of subordinate units direct In a random fashion

~
7Op. cit., pp. 79 rr.
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that these subordinates base their actions on capabilities

for  a certain period and intentions for another. The

dtrecttve should not be stereotyped , but made by a random

device . The more weigh t that is given to intentions, the

bolder the strategy . This would lead to defeat in some

areas and better than average success in others . A sub-

ordinate must be judged only on the execution of his -~ 
-

strategy , not the results. In the long run this course

should show a more favorable result than following a

doctrine of capabllttles . At the vei~ least it would keep

the enemy from being able to count on our cour8e of action.

Hence I t  would force him to a more conservative strategy .

It is precisely th is  method which von Neumann recommends

t~ tu:: the overaggressive poker player.

The difficulties of implementing such a doctrine can

be set-n . Nevertheless , the gains to be found in tt are

real ; and justify Couinanders devoting considerable thought

to the preblem . If this chapter st~~ulates such though t

it. will have served its purpose .
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CHAPTER XII

SUMMARY A.ND CONCLUSIONS

As stated in the Introduction, the purpose of this

‘ aper Is to give a simplified look at what game theory is

in the hope that military leaders will become Interested

erDugh to pursue the subject 1’-
~ rt h e r .  Game theory gives a

dit : r e ~n point of view on the subject of military

decision . The fact it Is different makes it desirable

that Commanders become familiar with it . on the chance that

It may a l l  the i r  th inking by Injecting a new and fresh In-

~1~Tht . This is the rno~ t valuable c o n t r i b u t i on  t hat game

theory can make at the present t 1:~~~~~~. For, ox ..-”~-t in a

limited range of problems, it is not available for actual

solutions of military planning dilemmas . “ . . . the theory

-f games is spectacular , if that is the word , only in an
1 ’ ellectual sense , and only in that sense can it be ap-
preciated .”l8 Yet who would deny that planning for the
world s i tuat ion In which we find ourselves today places a
greater emphasis on rational th ink ing  than on piling up
weapons ? To such a planner game theory has much to say.

~~M~Min, i ld , John . 3t rate~gy in Poker, Th .aatne sa and
War. p. IA . —
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Although this paper is preliminary , there are certain

conclusions which appear to be acceptable at the present

time .

1.. The - ~se of the matrIx form for representing the inter-

action of strategies is superior to that recommended in the

‘t .val PlannIng Manual . It should be used now as the Corn-

~RdL’r~3 summary and - -lsual aid in place of the Manual

recumr~’niatIon .

2. Famlliar ty with the c~ncepts of maximin , minimax ,

ma ched strategy , mixed strategy , majorant and minorant

gaine s wi l l  enable the Commander to use his matrix as a

test and cheek of hi.~ e~ t ’ m a t e .  It l a not recommended at

the es’imate . ~‘‘;ertheless , I t  is believed that Col .

Haywood ’s ma’~1r: holds good ; “If the Commander Is n~~ pre-

pared to make a matrix of the ~i ; - - -~;ing strategies for the

situation , he is not- prepared to make a decision .”2’9

3. If mathematical expres ‘iona of the worth of a strategy

are avaIlable for in~lus1on in a matrix the theory will ~1. ve

the proper stra~~ --y to fo l low or Ind ’~~ate the range of

cho i ce .  Th,ze to the lack of such a scale of values to cover

a l l  the fac t s  of the mili tary problem this solution cannot

be used . However , by using a qua1i’at~ve scale satisfactory

to himself ~he Commander can gain f rom the matrix relations

~
9MIlitary Decision and Game Theory. p. 1~6.
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indications of the proper strategy subject to the range of

uncertainty contained in his scale. These relations can

be useful as a check against the body of the estimate. If

they do not corre spond he has a clear warning to stop and

reconsider .

~1. The matrix oan provide , subject to the range of unoer-

tainty of the scale of valu es , a measure of the worth of
intelligence effort and the difference in payof f between

basing an estimate on enemy capabilities and enemy inten-

tions .

5. Game theory clearly points up the essential conservatism

of our present doctrine of basing estimates on enemy cap a-

bi li t ies.  Unlike such a doctrine , it indicates a course

of action if our own forces are equal to or inferior to

those of the enemy .

6. SInce the scale of values Is the crux of the matter ,
game theory Indicates in certain circumstances the importance
of “knowing your enemy .” It thu s reinforces thi s mil i tary
maxim.
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APPENDIX A

CORRELATION OF ESTIMATES BASED ON INTENTIONS

AND CAPABILITIES WITH GAME THEORY

The correlation of the rnajorant and mthorant games

with the mili tary doctrine of basing decisions on enemy in-

t’ntions or enemy capabilities was first pointed out , in

unclassified form , by Ccl. Haywood In his Air War College

thesis , Military Doctrine of Decision and the von Neumann

Theory of Games.2°

— The l ine of reasoning for capabilities is as rollows:

It is based on the assumption that there is at least one

course of action which promises success. This does not

appear unreasonable. The Commander must apply the criteria

of a i lt a b i l i t y , f easib i l i ty ,  and acceptability t o  hi s

courses of action. If none of them pass these tests--which

simply mean , in effect , that he can lick the enemy at ac—

ceptable cost--he is enjoined to return to his superior

and present hie conclusions. The superior may change the

mission ; or he may direct that the subordinate carry out
the mission as given , being willing to pay the price in

view of other considerations . In this case it becomes

2O~~~ cit., p. 20 ff.
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suitable , feasible, and acceptable , “by direction.” With

one course of action available against any enemy capability —

it is obvious that It must be the m-aximin ; i . e .  the solu-

tion to the ml-noran t game . It there is more than one
action which will be suitable , etc . the one which has the

higher maximum of the row minimums would be the choice;

again the solution of the minorant game . Thus a decision

based on enemy capabilities will counter the worst he can

do to you .

In the case of the estimate based on enemy intentions

corresponding to the majorant game , t h i s  is true only if

the Cocm~ander doe s actually est imate the enemy intent ion

correctly . In th is  case it fills the definition of majorant

gam e just as well  as if the enemy sent a message saying

what he was going to do as the defini t ion calls for .
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APPENDIX B

T~E COMPUTATION S OF ODDS FOR USE WITH MIXED STRATEGY

The following is taken from the Compleat Strategyat,

by Williams . This book , by the Head of the Mathematics

Department of the Rand Corporation , I.e a condensation of

game theory stressing the mat h~~ at I c a l  approac h simplified

to the point that no higher mathematics are involved . It

is the most understandable source for the average person.

Anyone wishing to become reasonably conversant with basic

theory would do well to study this book and work all of

the sample problems It contains .

Step 1. Look for a :‘~t -iI lepoint . It there Is no

saddlepoint the best grand strategy is a mixed etrate~~~.

If there is a saddlej — -~int , computing the odds will only

lead you to a wrong conclusion .

Step 2. If there is no saddlepolnt , compute the proper

odds an fol lows.  (Using the same matrix that illustrated

the Idea of mixed strategies.) Take Red ’s odds first .

Red

1 2

3 6
5 4
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Subtract the numbers in the second row from those in the

first and put the answers in two new boxes.

Red

1 2

~~en the oddment (a manufactured term for a single component

of sri expression of odds; thus, odds 4:5,  4 and 
5 

indIvid-

ual ly are oddmenta) for Red 1 is In the Red 2 box ; thus

Red

1

I 1 2 1
and the o4dxnent for Red 2 Is in the Red 1 box, thus

- Red

2

I _ 2 1 I
One of these numbers wi l l  be negative , always. Disregard

the m~nue sign . The odds then are Red 1: Red 2 — 2:2 or

1:1 Red should mix his strategi.s using a chance device

with even odds; like flipping a coin.

Blue odds are computed similarly with everything

turned 90 degrees. - 
-

1
P1T

Blue
2 [

6~
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Subtrac t the second , or right hand column, from the ttr~t .

Blue _ _

2 1

Then the oddment of Blue 1 is:

Blue 
1 1.ii

And the oddment of Blue 2 is:

—3
Blue ____

2

Blue ’s odds are Blue ].:Blue 2 — 1:3. It would be easiest

to take this from an electronically calculated table of

random numbers . ( Urger no circumstances manufacture your

own - you r method of thought w i l l  appear in it somewhere.)

The method or doing th is  Is in the book , it is too long to

reproduce here .

Proof that the odds calcu lated give the right answer

can be seen by calculating the value of the game for all

four possible strategies, or more simply , one for Blue and

one for Red . Thus:

Red play s at odds of 1:1. His average against Blue 1 is:

1 x 3 + 1 x 6
1+1 — 4 l~2

Blue play s at odds of 1:3. His average against Red 1 is:
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