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s v q t  i ’’ ..~ :~ a t  l i r .  i~~ a i ’~~~~a ’:1. ’i~~t I ~.i t u ~ S ~f & f n ; ’ o i n n t  .‘

h t i t  i~ . t  V . v~~i . .  In  P . r  1 , ~~~. 1e~~t i i  n e . i ; L 1 r t s  01 ~.v s t c t ~
p e r t  or ~nct ’ ~~~~t t  t . i I i t i i . ~ ~~~~ or g . m i r . t I  f.i i l u r e  .Ifl i r e p a i r
d i  s t r  i bu t  i~m .  i s  i n j ’  I I I i n .  i o i i~ .v~.t  Ott ~I V . t i  l ab i  l i t  v .
I n  ~ . 1 • . oh ,i I :s u ‘. ;‘ I I i t  i i  u i  t , ~~O .1~ . .u~~~ • (I) j i  r t

ha l t 01 h I i ‘ :1.~~ 1t I 01 C a ~~ i i ) t ’ f l ( f l  t 2 l ids  e xp o n en t  1.11 4 ~t
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i t  I ‘ . h t :  I -~~~ d F’~~’. : r  1

1 . I N  r~ i ’ I ’Yt T I ’ N  A’~I~ SI’M.”IARY

In  t h is  p .u p t •r we ~ t u d v  s t i s. I i i s t  Ic  p r t R e s ’ . t. . i~t i 1 O t . I t Ott l iv  . i I  l i i i t ’ ~;

dud r ep~u 1 r ’ . of a i ) ~~~~) 0t5 ’ f l t  In  .1 50! l o s  s y s t  e:~i .  A ~~~~ i . .  ‘~v ’ . t e m  i i i  k

c i : ~l;) ont ’nt s  op~~r~t t  ~~ i t  , t i l a I  o n l y  11 1’~i~~h ot  t h e  k t a t n ; ’ ’ l s i u t  ‘p i t .~~ os

, if i ’;’. :’.J in g  i’is t ht~ .~~. i i (  i i t  t i ~i I &  , s n e  ~ i~~ ;’o i i e n t  r s i v  t. e t st i nu t ’

ope r a t e  i. i t  it h sv~.t e~~ d t ~ .;~ . l o x  t ~~.t : : ~; 1. , I a L I n t  a 0 t he ; a ’w m i

;i 1’. ~.i ~. h i  t ~4 . ‘s.’is .u ~ o: .pu i t h i t  t not v i e v O l  ~. . On 1 v I , u t  I t J  c i

,. . t r e  i t ’ p . l  I x . . t  or  i a~~~l I . ( C t ’ ,i  • am a! t ~~ i i  r a t  i t ;  I . m i ~~ s i i t t  . t k i~~ .t t d f l dOCx

Re~~u t r t ’ d  L in , a f I io n t  ; . it i  ,i ’ .,.ini~~ d to I L I S t j
~~~~l l i ~ c i ’n ; a ’n t ’: l t  S

F u r t h er ~ .a ’t ~~~~ ~~~~~~~~~~~~~~~~~~~~ . . 1 1  t : , 1 ’ , i t l t  e I v :;i .i m t  .~ j :n ’ aI  . F , i  t l u r e  .in i r e p a i  i

t 1 ’~e’. d l . ’ S t . i t t ’~t l ~~.i l I v  i t ; . l c ~ 

Wi ’ .ir t  j n t i ’ r i .~~~~~I i n  ~~~~~. ~~~~~~~ t . -~ ~c ~ . t .  t i n .  b ‘ . t - ~~ I n t i n I .’) V . i i l i ’ .

o f  s e t  e a t .  I ~ e.u su re ’ .  o t  S v t t ’
~~~ ; .. r I ‘i ::. . n I a  .‘ . Str~to i t  t t i e  si’ q t x -it s t I t j t ’

re

11 The I in i t I is ,, • .v s t t — i v i  I I . i h  l I l t  ‘a ; h I ’.  • t he I in I t it ’  ~

p r - h t i l l  v t h .i i l i .  sv~.t  on I I un~ ( I o n  I n~

( i i)  I t i .  l i — s i t  i n~ . v c t i ’ r ~s t a j i u r i ’  r . i t . ;

I )  I hi ’ l i — I t  i n  ,~ •m v e  r i  ~;e of sv mrs up t  i n ’  ~ a nd down t imes

( I v )  The 1 i r s i  t Ing  ~t v e r d g e  n u n l ’e  r of sv s t en I .ii I u res  due t o  a
SpOC ted 5 a i t f l j )~ ‘ f l i n t



2

r t e . r s i t r . s  have v ar i o u s  uses . For t•x smplt’, ( iv )  m i g h t  be used

t o  a ’ l i l t  I i  5 ’  t 0 1 e l i t  S t  I ..
~~ 

a . a r  C i i i  a ’ .’ 01 iii I • i a i  it a a l~ ’a ‘fl~~ 5 S S i t t  t I n ’  :. > 5 .  01)

In Part 1 ( 1 ) ,  we computed these measures imp lici t ly , f or systems with two

0 :1;) .On’ :s ,, , I .  t u s 5 t j u t s  ~s~i l t  tUg s~~~s ( a 5 ’ t  .i’. . t j I . t l ’ i l t t , , ~~a m  ( I

notation and related work. In t h i s  part we assume that either component I

or component 2 has exponential fa ilure and repair distributions and give

exp licit formulas for the above measures.

The b as ic results obtained are that :

• A symptot i c rse .msures of sy stem p erformance def ined above depend

on the I.t p l.ice tr .mn sto t’ms of p r o h ab U i t v  distributions at

spec ified values of t h e  argument as well as means;

• Sharp hound s on asymp t “ tic measures of sy stem p erfor m ance can

b e g i v e n  in ter m s of  rIo tti’ ; a ssuming ce rtain distributions belong

to the cl.t ss of ‘new I’~’tte r (w o r s t a ) than used In exp e ctation ”

5ins! “ new b et  t i t  ( v a t !  ‘ .. ‘)  t h an used . Ma r ~ tt:i 11 and Pr osch . in

(19 12) .

• I f  conpa’n. ’nt I is NRI ’~ and we want t o  m ax i m i z e  t h e  long run

. tv t  rag .’ ‘ ‘ a s  en u p t  i r ises , • the :)  we :~~ :. 5~ ‘: s h u t  o f f  I when

-
, l i i i ” , I f  c a ’n ;t o n m nt  I i s  NW1 F. , t h e n  we a~~ ;

‘ shut  i t  o f f

when a t a i l s .

~~~~~~~~~ o f  l i f t ’  d i s t r i b u t i o n s  tj esi.’rj h e d  in Bar low and Proschan ( 1 u 7 ~~)

si re the k.’v t o  obt ai ning h o un d s  on as v rsp t o t ic meas u res of system perform ance.

A l i ft ’ d i s t r i b u t i o n  F with mean t i  is said to be

4- ——-— - S

- -

~

-

~ 

. - ~~~~~~~~ —- --— - -. -~~~~~~ -~~~~~~~~~ -.— --~~~~~~ -~~~~~~- - -



. 1 I~ i a’ i . i : i , , ~ 
O. ’ t a ’ ~~~~~~~~~~~ . 1 , 1 1 5 1 0  t - : o  ~ 1 i R  ~ i ’~ ) t~

log  F (x) 15 . ‘ a i l S  I V  a ’ (~. ~‘iive ~~) I ‘ i X -.

i s  s ‘ x s  s a ;‘ , ) ‘ )  ‘ a lit ri - a i ’. , : .‘ o s 1 I ’ ~ \ ‘ t~

I t  — [ lo g  l & x )  ~/ x  i s ;  I n c r e a s i n .~ a h ’ c r o . t s s : s g~ in x > 0

( i i i )  N ew b e t t e r  ~w~’r s ~e )  t f h I : t  u s i a !  or NB II ~~‘l) i f

F ( x  4 v~ ( > )

f o r  a l l  . , ‘,‘ 0

( i v )  New b e t t e r  ( v o l  . c )  t h , ;ss u sed I i i  ~xp. ’ c t . 1 t  Ion or NRt ~E ( NW1.’F )

( .~ f~’~t + ~~~a t x / l ~~~t )  

a

or a l l  t - 0 0 - s  h t t o t  i~~t )  0

( v )  1 i ’ s a a i i i ! S t , , t  I 1~ e i s  1i ~~~ - (~‘r , ’a t i ’ r )  t h an  t h e  .‘x l ’ a i n t ’is t l a l  or

‘, l l .I .  ~~ L . ’) i~

f - ’t all s ‘ 0

The c ha iii ; I i r’s;~ I I i t  I on c

1}’ R ‘- I FRA ~~~~ NRI ’ —
~~‘ NIi t ’F  -

~~~ 1)1.1.

PFR - -s’ I)FRA - .  ~~~~ N\.’i l’

m r . ’ m a c v  i i  i ’, -; t  ;ib l isit . For ct i r i r l , ’t  Cnt ’ s ; S ;  we prove the la st imp l ic a tion

In *‘ , m l t  a h - i i i i .

r
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



!. .‘r ’uss, t I . I

I t  F j 1~ N 4 L L (N’~U E )  w i t h  mean ~s , t h e n

fe~~
L
dF(t ) < ( > _ )

for all a ~ 0

Proof:

For F NB I’F ,

~( t )  ~f i~(t + x )at x - 

f~~( x ) dx

C

a,  ~~~~~~ f -
st 

f~~(x)dxd t

(1 0 t

I n t e r c h i n g  i r ,g o r d e  t a s f I n t e g r a  ion on t i t .  i g h t  and r educ  in g  y i e l d s

f  0~~St 
t ) d t  

~ 1+~~s . But  f  (._ St
i~( t ) d t  - - f  St d F ( t ) 1/ c

s ’  t h a t  I e
St

d F (t  ) 
~

A l l  i n e c i n a l i t  I.’.. ar e  r ever sed  i i  F Is; NWI ’F .U
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. . -, l - 5 , ’ t h i . x t  ,‘ - - - : s ~ ‘, P i - i l l  i i i  a ~, I s - i t :  ( P a t t i  i on  a. I t h x

~t at a - 1/ .1 tid I a s u  ~1 . u t  ; i ’l l  ( a  - s, a t h i  a . S ,  i l l  v / l,$
1 1 I I

I — 1 , 2 . Let  C’ , t ,~ ... • U be s u c c e s s i v e  s\’ s t a ’ :s. u p t  inies u n d e r  our

p t  ‘, : t i ,a :  1 ‘,h it ~ ~ : t 2 ~‘ss ~ s t a t  v i  v a r : , I i . , .

o -~~~~ o

Let

I
I i  1 n

Ii
It

a.’i ia ’ : j  tiii’ ; I j n i t  a ’x i ’ . t .  , I l i I a ’S t  stI r~ l v , In t a r t  1 t I  ) • va shn ’a, .~’~I that

when l s .~~p - ‘t i en t  1 . ;

• 
1 ” ,’

Th I ’ ’ i s  . i I  Sa l t ;n -  t o t  , . , t , I  I I i  ‘.~~ t ‘ s t  1 ‘is’. ) l a I  ( b i t ’  ‘ - t i t i t  a a f  I pol i t  ‘a

o 0

i . e .  • ne t h o r  ( a ’~~5j ’ a ’ 5 5 . 5 t  S l i t . a ! !  t h i a ’ ot h e r .  is a . l  I as t h e  shu t  — o f f  p01 ic~

o _  ~~ e

• • . ; 1 : -~~ I a i t  t i ’  j ~ n ; .  s i - n t  shut  0 1 • the ot  t i e r

A v~.~~j ’ i  t • - - . ; 1  t o t  ~ is  p t ; a ’ i  Is  t h a t  i f  l’
i i s  ~ R 1 ’ f  (Nl.’t F )  and

F., • C , ir e ‘~~ ; ‘ ‘ s i . ’ i s t  I m l  • t h en
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‘ a
’

Au i l  Ia ’ • t P t ’ ’ l n a n ; s t ( l I t  i ‘ii i s .  1 ! ‘ u t  
I I (liL t 1 . P ’ :  a • i n  I t ’ ! 1’.

o 1 l i m I t i n g  ave r age  a t  s~~ :, t e r n  up t  imes . • i t  I ;  b e t t e r  not t o  s h ut  of I 1

when 2 f u l l s  rind F 1 i ’  Nh~ E.

In  b ’ ,it t I 1 ) ,  we showed t h a t  in ga ’ : t i ’ r , I  1

~• -‘1
I ~~~~~,

~~~_ I a l ~~~
- -

~ +

~ 1 0

Th e o r i ’rit l .  I :‘re ’. I d , ’ s  . ‘;‘ I i. It .n’a ;’r e s s  I n ’  f u r  ‘t i ,  anal when F’,

an~l ; , .ir. ’ .’s :;a . .ni’:st P s i. F i ~’’ :r.’ I .  I I s  a g r i p it .‘f ~. ;m ’ . a t u n a ’t ion

o 1 ,~~t e F ft a ’ . t h e  u - i  ~~~~ a a ! C i i ’. i t

‘u - i - i  — ax
~ 

~~~~
‘ ) •

~ I ——

S t .’  i t  F
1 

h , is~~— .’ i ’ , s I .  1 1 ’  g r a p h  i s  l o t  — 

2 
— ~‘

1 
— 

2 
— 1

it s ! , , (“~ i ’ \ ’s ’: i , ’is is u l  , F
1 In ( P i t s ;  t a’ . .  i s ,  I F L  ( a n ti h ots ;  a’ ,

N it  F ’~ ~- ‘r t ‘ 1 . O Z  0 ‘ I • t~ i s  h~’R and l i en ,  a~~~

F s g - i r .  I . 1 is .m g r a p h  o f  1 irs i t  I ng . iv , i  11 its  11 it v A 
• 

as a f u t i c t  Ion of si

i i ~~. !pr  t h s i ’, ’ . m ’ s ’ . i~ -s~’t  I o n s

o u r s . . 5 a ’ M i i ’ r a ‘ ‘n ’ . id . r i t ton’. si~~h a’. t h e  c os t  of rep a ir it s o

a ‘n;~a ’n. ’ is 1 nay  n .m k ~ ‘ s r sa ’ i I  i on less ii t 1 . 1  C ly e . In gen e r a I • t he

l i ’~ I t  i n ,~ a v . t i l . u P ’ t l i t ’ . ’;. ’.n’- .; ,t i w a ,, a . t o  he ;~r t . l t i ’ ,t f o t  t h e  p o l I i ~~’ a’~~~~~o
1 2

____ _______________ rn - - -L ._~~~ ~~~~~~~~~~~~~~~ - -- -~~~~~~~~~~~~ -~~~~ - a-— -- _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _



t

a. so - 

Wi

a

a, .,.
‘C
Wi
bi

‘C

.,‘

I I I I I I a - A  I I. I I I I r I A I I £ I £ I A  I

0 I 2 3 4 5
A L  P$A

F I G U R E  1 .1
P L O T  OF A V r R A G (  Of S Y S T E M  U P T I M E S

V E R S U S  G A M M A  S H A P E  P A R A M E T E R  A L P H A , F O R  F 1

— -- — -~~~~~~~~~~~~ -- -— ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~— - - — a -~~~~~~~~ -~~~~~~~~~~ -—- -~~ - - - —a - - -—



_ _ _ _

_ _ _ _  -

~~~~~~~~~

• 3 2

- —a--— —-

/

—
_ _

(

£ I I I £ j,,,, L S 1 1 1 1 I 1 S I ,... L... . L I £ I I 1 I I

0 I 2 3 4 5
A L P H A

F I G U R E  1 . 2
P L O T  O F  L I M I T i N G  S Y S T E M  A V A I L A Ø I I I T Y

v E R S U S  G A M M A  S H A P E  P A R A M E T E R  A L P H A , f O R  F1



- - - a- --- - - -

~~~~~~~~ 4

F • ‘ : ‘‘. ~ . I’

In t h t ’ .  ~~,‘ a t  ~~~ ‘:~ • we , u , ~~ t i , ’ t h a t  a ’, h u  I t i  l u r e  and ‘ a i t  d 1 st !  -. , t  1 s t — .

a t  a ’O :t . ’ , : i . ’ s s  a ’ a ’ t ’Xp I t t ~~
’t ’ 1 , . t ’ i  l~~ , ( , . , :  .‘ , . a S e  I ~ u t ’  ~ : ‘ t ~~ st : ,

~ j t h  t a i h t i n t ’ ‘ a l a ’ ’ .  a y )  • ~~~( t )  • t t ’ p . ~a ’ t~~’ h ’ a- ;,, . a ~~~~~~~~~ • . ; a l ; c i t

a~~~ ’~’l,’ ,’. t a ’t t ’.  a !  t h e  st a t  i ’ ’ u . i r v  st a t s ’ ; ‘ t  ob . ib i  l i t  1, ’, 1:: gt n i ’ r . u l •

b r  t l i t ’ I t ’ s s ~ tng a’ .’ , t i l a h t t i t y  in p a r t  i a u l a r .

W~’ a ’ I a L ’j n  busi :: i ’.  on t h e  , i ’ a , , l l u a u  l t v  A(F’1 , (•
1
) f a t  ou s  rna ait l .

, u l so a a ~~s p , m r •  tb : .  a a ! i ~~ r s t a t  i a ; s . a r a  ;‘r i h . a P ’ I l i t  It’s a’ . a . s ’ l l  ,u ’ .  ;. and

w i t h  I t s , ’ t’ or r- .• . s p a ’t s d i n g  a~~i . a n t  i t  I . ’’. I ’ r  t h e  a i l ’e ’i ; a ’. i i n t i a i l a’,a:~. ,

F s ~t i  I ’ . • _ ‘ ‘:., ,ut • ( P i t  , s i a : i t  t t  i i  . A , , ~~~, ‘. w I it tit. a’aor  t a’’.~~~.s.l t og
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f  P 1 
( t .s~ ~~a i c~~ 

~ ~
‘: ~~ • t 1 ~Jt  + 5 p

1
( !  . a

t
) a i S

i 
1 .

S i t i t O W C . m e  (t i l l ’.’ i n t e n i ’ ’a t Ca! in t l n  s;t at  io n ar v  p r o b a b i l i t i e s 1 assuming

t h e y  e xi s t , we note tb t .at

a~~~ (t ,u)
u r n  - ---

~~~~
--——— - 0

it

1’ t ’!S a ’t I’

a t ::: 
~ ~~ , I~~ (! , u )

.iti d

a!.’ f  ~
a I a l i t

he ‘! a t !  ‘a n t S ’ ’ .’ p s  a I l i t  V ! I s s ’ ~ . a -  fl 
• n • 1 • .
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;l tilt ~~~! -  ~~~a I I! I t: .

— ~ 1 
L u )  ‘- ‘ , );‘ ( i i )  -~ - 

~‘ -- P  , ( t i )

( u P  — ;~) I ( i t )

( 2 . 1 1 )
— ‘ (i i )  — (~~~ (siP ‘

2
)p, ( i i )

p~~(u)  
~~~i 

( i i )  +
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p
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p , (O) - 

f
~~1

(u)P 1
(u)du

p ~L~1) f  ~

.u t : . t  I he t : a t I t a’ is  a S a l t i t 1 , 1 1 1

— ~~~~~~~~ 4 ’  — 1
0 1 a I

Sc I v i n g  t he  1 a : . t  ,‘ - , s , t t  i t t  i s; I a . ’ . P I v 1. -

_ (t

— P a I .  ( I  ) t

( 2 . 1  n 
- B

3 f i  ( u ) p 2 I a i i l d ui

I r - ’~ h . I i  ti t e q i l . m  i t f l  I n  ( 2 .  12 )

A . a ; t i i i n g  S a l  t h e  rrsor at ’fl t  • i . C .  • con~ ta flt repair r a t s ’ .

h .  a l - i  r - t . r  I ‘. t  h e  p - I  V n a ’~~~l ;il of t h e  second nnd f o u r t h  equat  l o t s ’s  in ( 2 , 1 1)

p — — 0
1

p
1 
+ )5

2p 3

( 2 , 1 .  — 
~~~1 

+

I q

I
I
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a 

~~~~ 
a
~~~ .

with r o o t s  , —( t) + ‘ , )  , so S l u t

~~( . - + - ,)t

p
1

( t )  A
1
e +

(.‘ . 15 ) I ii
2

t
— G

1 (t
’I[:\1 + B

1
e

f l u s  is  e , s s I l ’.’ ’,, ’.’’,i t o  i’m t h e  s o l u t io n  in t h e  ca se ~1
(u) 1

(w i t h  t h e  h.a l p s a t  ( 2 . 1 1 ) 1  • and s i h ’ . t  i t u t i n g  tr a ck  y i e l d s  c o nd i t  ions  on

B
1 •

( 2 .  I t t ) 
1 

“ _ I4
i

This f i r s t  , iUal  t h i r d  a’ a~u a t  m a’s:’; i t s  ( .~. l 1 P , t a ’r ~~1
( u)  

1 •

— — Ia 
~ 

‘~

( . l í )

~~~~ 
- +

w i t h  I i i , ’ h: i t a  i ’r  i i i 5 - ’ 1’~ 1 ‘a ’ f l a t :; 1, 11

S 

(x  ~ ‘ I ~ ‘ , )  (x  + 
~ ~ 

‘P 
— — (x + 

~ 
) (x  + 4 ‘

2 
+ ~ 2

)

‘t i a ’ ! l a ’i’ , I . e  c.’’, ia ’r , u l ;~ ‘l u t  ion a t t  ( 2 . 1 7 )  1’.

I 
— 

I 
4, a -t ~~~~ ~

p ( t )  - A e + Li e

( 2 .18) 
15 

a- 
_ ( a  l a a )t l

— F
1

(t ) LI\ + B e  j , n — 0 ,.,’

-I
- -“- — — --—- ‘—a-- -- -‘ — ——‘a-’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — - —~~~ - 

-
--
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‘. ‘ . : a - . T  s t _ i S t n g  ~‘, I a .s : ( 2 . 1 !  I 
• ~ .~~ ‘ a ; . ’ .’ : ,  t a  a . - i P ; , a t  ( ‘ a ,  - . 1  : ‘ i~~:l b r

I 
1

(u )  1 , w i t h  t he  cond it I s a t i ’ , t in  t h e  c o e f f i c i e n t

a- ~ — i i‘ 0 2
( 2 .  19)

+ t,~2
A

2 
— 0

Substituting (2.11), (2 .15), (2 .18) in the initi a l conditions , Equation

( 2 . 1 2 )  y i i s l d s  the ’  f o 1 1a ~’~~ing  r e l a t i o n s  among the constants

A L) + B
0 

— A
1 +

A 1 + - A 0 + 1i~~t 
~ 

( a  
I 

+

( 2 .  I L ) )

+ 5 , — B 1g 1 ( ” 1 )

B — A + ~~~~~~ 1 2

l ot  t ’g r ,; t i is ,: (.! . l ’  ( ,‘ . I ‘: )  • ( ‘
a
. 1~~ ) g i vs ’s f o ur  equ~u I ion:, f t . ’ r t h e

and t o g t ’  t i e r  a. P t  b: I he f a a rins , 1 1 i r I r i g  c a’ t t , h  I t  ion , we 5. V.’

- ( a  
2 + t ’ )

- 

~~ 
+

( ‘  2 1 )

‘2 
- + R 2~~1

(
2 

4 • a )

—

+ 1 
+ 

2 
+ — 1

j e st ’ ;  p 2 .  1’) ) • ( 2 .  2 1 )  , ( 2 .  .‘1)  I ~‘rirs a sv s t  mr of .- leven I inear l y

I al Pa’p .-n It it ‘:pi .mt Ion’; in t h e  i ’ l e ’. a ’n unknown s
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S 
‘y ~5 .t A, S ‘

~ 
‘, S 1)

at ’ ‘ .! ‘ if 0 ’ !’ 1 2 ’ 2 ’ i

S 
Tim e solution o f (2 . 1 9) ,  ( 2 . 2 0 ) , (2 .~~1) t s r  t he  unknown co .’ffich .nts yields

1 - 
~~~~~ 

+ e 2 )8 (0 2) dA0 — -* B0 — — * B
0a

2
G

1
(0

2
) A

2
G
1

(0
2

)

A
1 

— (1 + 
~~ 

d

dA 2 -”-~~~~~~~ B0
2 1 ’ 2 ’

( 2 . 2 2 )  <

+

— — ( 1  + , , ) 
~~~~~~~~~~~~~~~~~~~~~~ 

-

B , —

+ 0
2

)
B

3 
— ( j  + • ,) ~~~~~~~~~~~~~~~~~~~~~~~~~~ B

0‘a

and s u b s t i t u t i n g  I I .  .‘ I)  in ( 1 . 2 1 )  y l e l d c  t h e  expressions for - ‘s in the

theoren , i s  we l l  a’;

— *a ~ ‘ Ia , çt ç, (is )
( ‘  ‘ 1)  B — _a-~) 

1 
- ~ 2 1 2

- 0 
1 ~ A

2 
+ 

~~2 
d

To get , “ i
,, , sp li t the equation s dea ling with p

1
(u) in  (2.11),

( 2 . 12 ) in to

it 
_ _ _  _ _ _ _ _  

— --4
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( 5 )  - O
1

(1 ’ P ’
L~ 

( ; . )

= ,
1

(u ) ; ’
1 , , (u )  4’

p 1 1 I a 0 )

p 1 ,, (O) - 0

so t h a t

— A 11 C
1

( t )

p
1

, (O)  - A
1
, • f a ( t t ) p ( a t ) d u

— A 0 4’ B0f 1
( L .~ + 8

2
)

‘I flal

A 1 , A0 
B 

*
— a ,  — 

a 
t

i
( 1 , + a ’ )

1 ~i I 
‘a

w h i c h , ii ‘a I n~ ( 2  . 2 2 )  . .‘ . I I ) , a : ,  h i ’ shown t a ’  he a ‘a st.-s ted in the theorem.

Al c a ’  ‘a I “ n i l  i n  I v t a t  ( .‘ . I ‘
~ • a.’.’ s:’ ’ I

p 1. , ( t )  - ( t  ){F\~~~~’ .  + R
i~ 

,~~~~2 ]

C) — A 1 ,, + B1,,

Suh stittmtin ~ h.’i.’k i n th ,’ • ,ea ’ond eq uation of (2.24) and using (2.13) y i e lds

B
1

1,  — — B 3

P



~.,
. t I:

A
1

, ,  — *
— - + B 1,  ,G

1
(t ’

7 )

il
l — *

— - [1  — o 1c 1(e 2 ) I

w h i c h , u.-. in , ( 2 . 2 2 ) ,  ( 2 . 2 3 )  c~~n l’~ sho~,s to be as sta ted In the t h e o r em S

R e n . a r k :

F’ r~i .:; t h e  pr . ’a ’ed is:~ t t :e , .r , ’ - ; , a.’t ’ - ‘i :: f i n a l  u ~p 1 Ic  i t  t ’x p r u ’ ’a ’-~ions f o r

t i i t ’ p ( u )  , is 0 , 1 , I , ( a n al ii  — 1’ , 1 ’ ‘ )  . l’h.it is , the stat I o n a r v

:1 i t  r , - - ; .: hi ’ ln + :  i i :  ~ t u t , ’ mm , ,sisd IS . ’ ;i~~ .’ of C a i n s j a s a : 5 . ’ t i t  1 1’,’ sn g

U , I a ’t  0 — .2 , .u: t , I t h e  ~s t , t t  j ’ s .m r v  p t a a l a . a ! t i l  i t  i t ’ s m l  h ta ’ I n - ~ i n s t a t e

n , .‘mnd  ~~~ r . ’~’ . m I r t S’S , ft a s ’” n ) O f l , f l t  P i s. u , I or is — 1 ‘ , 1 ‘ ‘ , I ,

Th i s  c. Is ;  P . ’ , i H , I a ’ ’ ~’ m . P  , - - j - . f  l v  S .  ‘ . ; i ” c ~ r t u t  t r i g  C h . v a l u e : ~ o f Uit’ ca ’: t ’a t a ; i t s

fr om (I. ~~~ i.’ . 2 3 )  i s :  I Pi e a’x ; ra ,’ ’o; i a ’t : : ;  I ,‘r ;~~ ( a n  ) ( 2 .  1 1)  , ( 2 .  15) ,  ( 2 .  18)

S In Pa rt 1 , we sh , ’’.. ’ ,P i t s  T P i ~ - - ’t . ’’n , 2 . ,’ , l t  t h a t  l~~t r  a r h s t r , i r v

t i s t r i b u t  ion ’;

( 2 .  .I~~~)  .~ 
- .  ~

a 
-

1 1 ’
I .--

I1 0

‘a is ’ ’ , i t  l ’ s  1’- r ,a, ’ ~~ n s t h a t

~~ ~~~~~ I 
~ “ 2

f o r  a rb i  t i - s r ’ . d l  St  r i S a i l  I ‘is ’a . I ’ :; in g  Theorem 2 .  1 , ~ e can prove

_ _ _ _  ______________ ______
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‘ i t .,’:’ ~ ‘:‘a , ‘ , 2 :

I t  F 1 
is N1I U I’. ( N’S’l ’ h’ ) , th en , f u a r  a rbitr a ry

( 2 . 2 6 )  ~~~ ( ‘ _ ) ~~~~~~~~~~

‘ 1 2

Proof:

0 1~~1
From ( 2 .  I s ) , we st ’. th .t t we’ iie~d onl y show t h at  (.i) 1

1~ 0

From I l m e ar e s s i  2 . 1 ,

i
:

i
, 

- 

al + 1 - ( ‘~ + “ ) ) F
1

( L 2 + 11
2 ) )  

1

1 0 d e • ) , ( a ~~~~t i - ( i , + “a
, )

i f  .u: t . !  o n ly  F 1
( a 

, + ‘ a , ) - . . l I e  1 . a ’ ; t i n e q u al i t y  is

t ; , ’ t a ’t ’ 1 1 
a~~~~i j~’. ~~.‘s”,;’ - t  l . l . U

f r ’ - - . : i a , ’ a ’r . ’ :— . 2 . 1 . i t  is  s i r  t o  v . - t  i t ’ , I~~it l i m i t i n g  ~v :;t t ’ n a v a i l a b i l i ty

— ‘ a ,- F • 1 ~ c - is !‘i ’ ,‘ ‘
~~ 

r .‘ ,, ‘ a ’ ,! a ‘a

1 ~~~1 ~ —

( 2 . 2 ’)  
-*  - ‘ A  i ~ \ .~

-l  
r 1 ’ , ”- 2 ) 

~ , i.
1

t~~~~~~~~~2
+

1 
_______

( 1 ’  
~

) 1 + , 
, 

- * 

, ,  

- * 

-- 
k

2 \~~ 
- 

- *
+ 

~~~~~
i

2 

(.
l

(’
~

2 )_ k) l ,_ X
1 ,,

- - -,~
_
~~ ;v 1

( k 14~~1)(:
1

(e
2

)
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2 .  i n

is  in ic t ’ t ’ . t c i t s : . ’, in  b a ’ t P t  ~~~~~~~~ + .a ,) s ind  t 1
(0 2

) f o r

1 1 , 2 ( 5 . . ’ . ,  I :,. ’ ; w  a : ; ’ . o t  .a ’s 1 ~l i s t r i b u t ,  ia ’nss .m r e

held tix e d).

P r .~o f :

Fr om (2 . 1 ) , WC see t hat  we need o n ly  ‘.‘erit’.’ t h a t  h a s  the req u ir ed

prop erty. But

- ‘ + ~1~ 2 F 1c~1 / t ( ,, 4 ~~~~~~~~ 
~2~~i 

- 

~~~~~ 
+

wh i~ Ps a ’S’. ’ i a ’s’; 1’.’ t ’. in :’ n e s ’ . t n ~; i n ;  I ’ a t  P .  a nd C
1 

. 5

The m r t ’:’n I . - ‘. : S

( I )  i :  F 1 ~~~- NS~’E ~.
‘,~:F1 ) w i t h  re in , ,

~~ 

- a~~ , t he : ;

-* a- hr 1

( 2 . 2 8 )  Mr 1 .
);

1) - I a . )  ‘ 1~~~ 
,- , ( 1 + ~~~~, 1 )~~I

I or . t : s v  
~~

, w i t h  r , , % 1  ‘a 1 
, The i ne qu i l  I t  i es ‘ire s h a r p .

( i i )  I t  F 1 is IF RA a.’i t h t me an • then

( 2 .  .“a )  , ‘a (F
1 ~~~~~~~ 

“I )

f o r  any  (~~ with me.in .
1 

and D is the  deg e n ser a t e

d i ’ ;  r I h i l t  i ’s; wi lls n’s: 
~
‘ . The unequal i t  a’ is  s h a r p .

S Fr ’

( 2 .  2 ~) i s  sh ar p  s i n - c  ~~~.‘ h i v e ’ .‘qua l i l y  when F
1 

i s a  e xpo nen t  t al

The in ’ ’ ; u l  i t ’ . ’  follows I ron Lemma 2 .3 .

_ _ _ _ _  -- - . ~~~~~~~~~~ - ~~~~
a - —

~ 
a-_-a- . a- a-~~~~~~~~~~~~~~~
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I ’  I . 
- - 

~~~~~~~~ 
a ‘ . I i  ‘ ‘ a  i i i  - i  1 t ‘ , t t a ’ 5- ’t ’ l l S , a ’ , ‘~ 1 a l ,

F 1 
IF ’RA i ; ’:;~ 1 t e s

..1 ~ i
(x)t. ~

X
dx

Theorem 2 ,5 :

( i )  it ,
~ 

I s  NBt ’E  ( NW1J }.) w i t h s  sss .’ .an — , th en

1’ , 
~~ — l

-1 
+ (~ 

- 

1 A 2 
-,,-a-)F 1

( A 2 + 02)

A F  , ;. )  ‘ ( ‘ i  1 1 + ,— 1 1 + , , - - — — — - - a - - a - — — - - . a - — - — - —  
1 1 1 

2~~~ 2 
4’ (i~ ~ 

~ 
,

, +~~~~~) F 1
( ~~ 4 f’

2
)

s u n : ’ .’ I ’~ ~.‘ i n P i  a a : ;  , . i i : . ’  E n u ’ q u a l  s t i t ’ s  . i V u  s h a r p .

(~~~i )  ( t~, I F  \ w i s h  n . m  a,~ •

\ (F
1 .

m:
~ 

1 -‘a (~ 
I S ’ .

‘. .P 5 ~ , ‘ . , l S  , , au lld 1)  I s  t h e  (1e~’ e n m • ’r , l t  I ’
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