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( I )  A theory for describing the evolution of the median/radial crack system in
the far field of sharp-indenter contacts is developed . Analysis is based on
a model in wh ic h the com p lex elas ti c/plas tic f ield benea th the indenter i s
resolved into elastic and residual components. The elastic component, being
re vers ible , assumes a secondary role in the fracture process: although it
does enhance downwa rd (median) extension during the loading half-cycle , it
s~.appresses surfece (radial) extension to the extent that si gnificant growth
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PART I. -

ELASTIC/PLASTIC INDENTATION DAMAGE iN CERAMICS: 1.
THE MEDIAN/RADIAL CRACK SYSTEM
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~~STRACT

t:-~ory for describing the evo lution of the median/ radial crack

system in the far field of sharp-indenter contacts is developed. Analysis

is based on a model in which the complex elastic/plastic field beneath the
V 

indente r is resolved into elastic and residual components . The elastic

component, being reversible , assumes a secondary role in the fracture

process: although it does enhance downward (median) extension during the

H 
- 

loading half-cycle , it suppresses surface (radial) extension to the extent

that si gni ficant growth continues during unloadin g. The residual component

accordingly provides the primary dri ving force for the crack configuration in

the final stages of evoluti on, where the crack tends to near-half— penny

geometry. On the hypothesis that the origin of the Irreversible field lies

in the accommodation of an expanding plastic hardness impression by the

V surrounding elastic matrix, the ensuing fracture mechanics relations for

equilibrium , crack growth are found to involve the ratio hardness-to-modulus

as well as toughness. Observations of crack evolution in s o d a- l i m e  glass  
.

provide a suitable calibratioi~ of i ndentation coefficients in these relations.

The calibrated equation s are then demonstrated to be capable of predicting the

widely vari able median and radial growth characteristics observed in other

cerami c materials. The theory is shown to have a vital bearing on important

practical areas of ceram i cs evaluation , including toughness and strength.

L 

_ _ _ _ _ _ _ _ _ _ _

V — - - - 
VV -~~ -- - 

~V - ~~ 
~~~~~~~~

- - -  • V _  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —:~~~~ - —~ - 



- - - ~~~~~~~~ 
- ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V

2.

I. I~T SODUCT iC~

The fracture patterns generated by small-scale contact events relate

strong ly to the genera l mechanical behavior of ceramics . This is particularly

true of contacts wi th ~sharp u indenters , where elastic/plastic stress fields

govern crack development: toughness IC
0, hardness H and stiffness E then all

enter as basic material parameters in the fracture mechani cs.1’2 Apart from

their more direct uses in materials evaluation ,1’3 sharp-contact indentation V

O techniques have important appl i cations in the fields of strength and
2 4 6 6strengthening , erosion and wear.

Cracks induced by elastic/plastic contact may be classified into two

primary systems:~ ’7 those cracks which form on synir~etry median planes

containing the load axis , and those which form laterally on planes closely

parallel to the specimen surface. The present paper deals witi) the first of

these two syste~is, the “median /radial” system . Crack ing of this type has long

been recogn ised in the hardness testing of more brittle materials , by virtue
- of ~harac terist i c surfa ,ce traces emanating radially from the impression

- corners. However, quantitative u~e was not made of such observations unti l
Q Palrnqvis t demonstrated that the length of the radial cracks could be related

empiricall y to toughness.8 Pal mqvis t worked exclusively with metal carbides ,

and his work accord ing ly recei ved little attention in the ceramics

li terature. - 

V 

- 

V 
-

A more fundamental approach to the median /radial problem, based on

Gri ffith/Irwin fracture mechanfts, has- recently been developed.1 Once the

underl ying indentation driving forces for the fracture have been identified
- and form~jlated , this approach provides the , framework for a complete anal ysis

of crack evolut ion : in part icular , specific relations for crack dir~nsion~
as a fur~tion of co - itact load ma y be determi ned , with toughness K and other V~~~ -

V 
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:a-t~ -ia ’ :arameters entering the description in a natural way. The fi rst

s:~:~’ ~~~~ these lines was by Lawn and Swain ,’ who cons id ered the growth

~f su5s~ r-face - rred ian cracks wi thin an essent iall y elastic point—contact

~~~~ ~-arcr~ess en tered the equations via the assumption that some plasticity

would be necessary to remove stress singularities at the indenter tip.

Howe ver , this initial attempt oversimplified the problem by using two—

dimensional f racture . mechanics to solve an essentially three—dimensional

problem . A subsequent study9 took into account the observation that all well-

developed cracks in point loading tend to penny-like geometry~. While noting

that residual stresses about the plastic zone must play some role in the crack

evolu tion , particularly in the enhancement of surface radial extension during

i ndenter unloading, the modified analysis retained the assumpXion that the

prima ry crack driving force derived from the elastic field . Evans and Wilshaw1°

took the analysis a step further by dealing with an elastic/plastic field from

the outset , and thereby maintained that the hardness-to-modulus ratio, fi/E,
should comp l ement toughness as a controlling material parameter in the fracture

mechan ics. However , these workers used a semi-empirical dimensional analysis

~~ to formulate their theory, thus avoiding a detailed descri ption of the physical

mechanisms responsible for fracture evolution . Evans and Wilshaw also extended

the range of experimental observations ,, previously confined almost exclusively

to the “model~ material soda-lime glass , to polycrystalline ceramics. A

princi pal f i nding here was a transition in the pattern of crack growth toward

dominance of the surface radial component relative to the subsurface median

in the earlier stages of loadtng as the ratio fi/E diminished , notwi thstanding
- 

- 
the fac t that the same , near-semicircular profile is almost invari ably attained
upon removal of the indenter. V

• Wh ile these fracture mechanics investi gations provided some ind ication of
of the role of plasti city in c~ack propaga tion , the only quantitat i ve information

- 

- 

-

- 

came fror~ strength-test procedures in which indentation methods were used to emplace
sta r t~rg flaws)1 From these procedures it was found that toughness values
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e-~-a~~a:~~ frcm crack-s ize  measurements were cons istent l y sm e lle r than those

determined by independent means (typically by 30%). This discrepancy could

be removed by- polishing or annealing the indented test-p iece before breaking.
V 

It was therefore concluded that the newly formed p lastic impression in a

contact event must exert a residual openin~ force on the accompanying cracks .

~•1arshal l and Lawn12 duly incorpora ted this effect into a more comprehens i ve

V indentatioi~ analysis , giving explicit recognition to elastic and residual

terms in the stress intensity fo rmulation. The new analysis provided a

quantitative explanation of the evolution of median cracks in glass , and

emphas ised the importance of considering the fracture mechanics during

un Z-oa~.-.ng as well as loading of the indenter. Application of the results

to s trength analysis ’3 revealed the residual component of the indentation -

stress field to be an even more important factor in the growth of degrading 
-

flaws than had hitherto been suspected. However, the approach adopted in this

~•.‘ork ~-~‘as somew ha t ph~enomenological , with certain indentation parameters in the 
-

fracture mechanics equations treated as adjustable constants to be determined

0 erpi r-ically for ~ny g~ven ndenter/specimen system An irr~’nedia te shortcormnng

of this approach is that observations of fracture evolution in one material

are of li t tle value in predicting the prospective performance of other materials;

in particular , the theo~’y offers no explanation of why median cracking appears

dominant in some cases~ and radial cracking in others .

The object ive of the present study is to reexamine the elastic/ plastic

force field responsib le for crack extension more critically, and thence to 
—

establish a rationale for predetermining the mechanics of the median/radial

system for any material whose parameters K , E and E are specified. Although

it i s ack nowled ged that the question of crack ~nit~Lation can have an important
bearing ~n the ensuing fracture geometry ,1 attention will be focussed here on
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~: stage of crack development. Vickers indentations on soda-lime

c l a s s  pr c -v i ~ a a re fe rence indenter / specimen system for cal ibrat ion purposes ;

fc rm~lat ion is then shown to be capab le of predicting all essential

features of crack evolution in other selected materials. In the model developed

here the role of the elasticcornponent of the crack driving force is completely

subord i nate to that of the residual component.

11 . MODEL OF MEDIAN /RADIAL CRACK SYSTEM -

All in centat~on fracture analyses begin with some knowl edge of the stress

fields through which the cracks evolve. If an exact soluti on for any given

con tac t conf i guration is available it is possible , in principl e , to determine

the mechanics of crack development at all points of the loading cycle. However,

the general complexity of elasti c/plastic contact fields makes it necessary

to introduce several simplifying approximations into the description . For

i ns tance , i t is convenient to distinguish between the near- field and far field

a-bout the de for mati on zone. The more complex ques tion of crack initiation ,
so sens iti ve to the strong ly inhornogeneous stress distributions in the vicinity

of the elastic /plastic boundary , can then be separated out from the problem ,

and the ensuing propaga tion accord ingly treated without specifi c considerati on
- 

- 
given to deta i ls of contac t.1 While the initiation stage is certainly important

in determin ing thresholds to fracture)4 and may well be a control ling factor

in establishing the dominance of either a surface radial or subsurface median
- 

- component in the earlier stages of propagati on ,15 ’16 the model developed

here w i ll perta i n only to 11 we ll~developed ’1 cracks . In this way it becomes

possibl e to treat the median and radial extensions self-consistently in

term s of a sing le-plane fracture system.

~~ E~s~c ~f ~~el ,
• 

V 

-

t 
The m aj or simplify ing step in setting up the modal is to subdivid e the

- -
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s-~ t- en m~He use of the a d dit i ve prcperties of s~r~s.z- ~~ns-~ty ~~~~~~ 1/

T h i s  i s  dora a c c o r d i n g  to the scheme of c~arshall and Lawn ,12 in whi ch the eiastic/ 
-

p las t ic fie ld ~f the fully loaded indenter is considered as the superpositicn of 
-

the residual field in the unloaded solid plus the field of an ideally elasti c

contact . Implicit in this scheme is the assumption that reversed plasti city does

not occur during unloading of the indenter , a condit ion which should be satisfied

to good approxi~ation by the hard cerami c materials of special interest here .’8

Figure 1 outlines the model . In (a) the indenter at load P generates a

median -plane crack of characteristic dimension a. The plastic zone is taken

to support the indenter , included angle 2i~, over the characteristic contact dimension -

a, and to extend radially outward over a characteristic dimension b.  Since

the main concern is with crack propagati on in the far-field of the contact it

is not necessary to specify the detailed geometry of the zone. The diagram

shows only the downward dimension of the crack; however , the symbol a may be

used to denote any polar dimension within the crack plane , most notably the

surf~ce radial and subsurface medi an dimensions and ~M respectively. it

should also be bo r ne V 
in mind tha t a Vickers i ndenter wil l  generall y induce

two mutuallyThrthogonal median-p lane. crack systems of comparable dimens ions.

o Separation of the elastic /plastic problem into elastic and residual

components is depi cted in Fi gs. 1(b) and (c). The ~lastic field is taken to

operate outs i de the plastic zone , i.e. in the region where cracking occurs ,*

H 
- 

reach ing its maximum intensity at full loading and reversing completely on

unload ing. Because of this reversibility the elastic driving force may be 
- 

V

characterised by the stress di str i but ion c (r ,~ ) at r ~ b (see Fig. ib) over the

pros c - - ~v~ crack plane ,17 and may therefore be obtained from classical elastic

contact solutions. The residual field arises from mismatch tractions exerted on the

& 
surroun ding matrix by deformed material within r ~ b; this componen t reaches
maxim um- inte nsi t y at full loading, but persis ts as the indenter is removed . 

V

Vi cr os ccp ic cbs e rvat i c n of the rad ial cracks ShO’h~i that fracture d:es not

e- :~e~,d back into the defon~at ion zone. ’° _________ - - 
V
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- V :~ :-~~ ; roxi mst ~on of well-developed cracks , i.e. a >> Z, these mismatch tractions

3 r .if~~: the ms elv es as a net outward force a cting at the crack center (Fig. Ic).

I: sea-n fro m Fig. 1 that adding confi guration (b) to confi c-u rat ion (C )

is ecuiv a lent  to reloading the indenter to the ori g inal maximum load

con figuration (a). 
V .

N -

- 

. 

- 

•

( 2 )  S;ress Intens -~ty Factors . - -
.

In wri ting down expressions for the stress intensity factors appropriate

to the elastic and residual components of the composite elasti c/plastic
- I indentation crack system Marshal l and Lawn made use of two empirical observations:12 I

(i) the indentation field satisfies the-requiremen ts of geometrical similitude ,

(ii) the ful ly developed median /radial fractures satisfy the relation ~~~~3iI 
=

const. appropriate to center-loaded penny cracks . From thes-e observati ons it

was concluded that the stress intensity factors must both be of the form -

3/ 2  
.

X XP/ c , with the X terms constants to be determined for any given indenterf

specimen system . It is pertinent now to exami ne this conclusion in terms of a

more analytical treatment of the mode l in Fig. 1.

(A) ~~~~~~~~ Componen-~: Consider firs t the indented surface in the unloaded
state , F i g .  1(c). To evaluate the residual field component the fol lowing

se qu ence of hypothe tical operations is performed. (i) Beg in with an~.oi.stressed

el astic half-space , and remove a segment of material , charac teristic radius b ,

from the prospective contact site. ( i i )P l a s t i c a l l y deform the removed

segment by inden tatibn over a contact a and pe~ietration d, such that the
i rreversi b le strain ass oc i~ted wi th. cr~atioh of the impression is accorr~odated
by an expansion in characteristic zone dimension , at- constant- volume of material .

Then if ~v is the volume of the -impression and Yis the volume of the zone, the
cor fjcuratjonal strain is of- the functional form 

V

a 2d/ b 3 — (a/h )
3 
cot ~, - 

- (1)

( i i ~~) restore the segment to its original characterist ic radius b
V -

— ~~~
- - 

- _______________
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a ~ -d rost at ic  compr ess ic- r. across the cuter boundaries ,

r. — ~( o ; / v )  E ( a / b ) 3  cot ~‘ 

. 

(2)

wh ere K is the bulk modulus and the Young ’s modulus .* This pressure

is to be distinguished from that which obtains at the impression at load P ,

i.e. the hardness ,

p ?/ a 0 a 2 
E if (3)

0 where a0 is a geometrical indenter constant. ** ( iv) Reinsert the pressurised

segment into the original cavity , restoring coherence at the interface , and

allow the system to relax. It is clear from analogy with the internal spherical

inclus ion prob lem 19 that the const~ainin g pressure exerted on the relaxed segment

wi l l  remain compress ive but w ill reduce to some fraction of the pressure given

in Eq. (2) (to one half in an infinite matrix). Relaxation of the pressure over

the surface diametra l plane must inevitably modify the stresses at the

elastic /plastic interface . Consequently, the plas tic zone can be considered as

a sour ce c-f effective outward res~duèl force on the crack shown in Fig. 1(c);

the mag nitude of this force may be obtained by integra ting the horizontal stress -

* Throu ghout this analysis terms in ?oisson ’s ratio wil l be neglected ,

to avoid unnecessary complication. Empirical justification for this omission

comes from the observation that ‘ universal” curve fits to i nden tation data are

insensitive to the relatively small variat ions in Poisson ’s ratio wh ich occur in

different cerami cs.3 
-

** In this work hardness is defined in terms of the p r odect~d rather than th~

~ ; area of con tact. Thus. for pyrami d indenters ~ = 2, which differs

frcm th~ value used in eva luating the conventional Vickers hardness

& - V 

-

~~~u- 
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9.

~: m - ~~~~ over t~e zo ne cross sect io n w i th in the crack plane , assumin c 
~~~. to

rem ain a ecz~vely ~n-.’~r1ant with crack slze ,*

~ 
~~~~~~~~~ 

- 

- (4)r ~

- 
In the limi t of well-developed cracks , c >> b , the forces in E~. (4) may

be regarded as concentrated at a point. Assuming penny-like crack geometry,

the stress intensity factor due to the residual far-field force may be wri tten20
3/ 2  -

- f ( ~ ) P / ~ (5)

0 where f(~ ) is an angular function introduced to allow for the effects of the

free surface ; general l y f(~ ) is a slowly-varying func tion , of value near uni ty,

with its minimum at ~ = 0 (median orientation) and maximum at ~ + 900 (radial -

L orientation). 20 Eqs . (2) to (4) then combine with (5) to give
- 

K = X P/ c~
1
~ (6) 

. 

- 

- 

-

wi th - -

X - f(~~~~~) 
( a / b ) ( E / J ~) cot 

~
, (7)

- 
- - --- To take the analysis further it is necessary to specify how the ratio a/ b

c 
varies with indenter/specimen system . A detai l3d treatment of the analogous

exp a rdin g cavi ty problem in an infinite isotropic elast ic /plastic matrix , gives

the approximate result**

- (
~ cot~~JH)~~~ (8)

On the assumption that this result remains a good

* This assumption has some exper imental justifi cation .’2 Theoretical analysis (see

— A-~pen dix A )  does in fact show the crack opening force 
~r to vary slowl y with a.

** See A ppendix B. It may also be noted here that the quanti ty H is not a constant ,
- -

- 
but de~en~s itself on s cot ~p. 22 However , the functional depen dence i s much slower

uhan i i re ~ r (iccari :bmi c ), in -hich case H in Eq. (5) may be taken to be suitabl y.

re;: :erte~ by the ‘ ickers hardness. 
- 

-

-: V V
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10.

f : r  tne equivalent half -space problem , substitution i r to Eq. (7)

1/2 V V

= 

~,( )  [ ( .~/ a) cot 
~pJ (9)

where ~~
(
~

) is now a dimensionless term independent of indenter/specimen system.

In accordance with the median /radial dichotomy the two quantities §M and

(with ~~~~~ > > 0) are of particular interest.

- 

- 

- (B) E1cs~ -.c cornpo ner~t: Now consider the contribution to the crack driving

force from the elastic matrix i tself , Fig. 1(b). As indicated in Sect. 11(1), -

this ccmpcnent can be evaluated in terms of the prior elastic contact stresses

ove r the crack p lane , at r ~ b. Since it is the far-field solution which is of

concern here the stress distribution , at r >> a , may be most convenien tly

represented by the point-load Boussinesq result7 -

- g(-~~~) P/r 2

where ~-(c) is another angular function; in this case g(4) appropriate to stresses

norma l to the maci an plane is strongly varying, cha nging from positive (tensile)

at = ~ to re~ ative (compressive) at ~ = ÷ 90 (Fig. lb). The stress intensity

factor for a half-penny crack subjected to radially distributed stresses over

b~~~r~~~c i sy iven by20 ’21

K =  f(~)(2/c)~~2Jr~(r)  d r / ( c 2 
- r 2 )

h 12 
(‘1) 

-

; -

Igrcrin-: effects due to the g(~) furictioral variation for the present , Eq. (9)

may oc s’jbst1tut~d into the integral to yield an elasti c stress intensity factor

of th~ familiar form 
V

3 / 2  
-

- (12)

A, 
_ _  

_ _  

_ _ _
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11.

-1

-
~~~ 

.~ -~~/~ ) { 1  + (1 ~
2 /c 2 ) ’ 1} (1~) 

V

In the required l imi t c >> ~~, Eq. (13) reduces to

X = 

~
(
~

) Ln(2c/b) - (14)

where § (~) i s another global term. Aga in , 5
M and §R (with 0 and < 0)

are identi fied as key constants in the present analysis.

The parameter X~ in Eq. (1~-) warrants further comment. First , it contains
C a logar ith mic term i n crack length , so the stress i ntensity factor in Eq. (12) is

not stri ctly of the simp le centre—loaded penny form assumed in previous studies .

On the other hand , over the typi cal range of indentation sizes encountered in

the testing of ceramics , 1 < c/ b < 10, Xe is not strongl y varying . Second , in

integrating the stress distribution over the prospective - crack plane improper

allowan ce was made for var i ati ons along the ~-coord inate : to regard ~ (~) in

Eq. (14) as be ing ceta rmi nad by the product f (~ ) g (~ ) is a clear oversimpl ification .

~o’-.aver , it wi l l be arcued later that Xe is secondary in importance to x in

~ets rm ining the uit i:ate crack confi guration; in this light the approximation s

U made in d~rivir~ Eq. (14 ) are not considered cr i t ical .

(3) ~~~~~~~ :~ ;~c:- s f o r  1~edia: ’: ~nd Radial Cracks

The condition fcr- equilibrium growth of the cracks is obtained by equating

the net stress intensity factor , K ,  to the toughness , K .  For the system in
- 

- 
Fi g. 1 this conditi on is - 

V

K = K -4- K K . (15)e r c

Bear ing in mind the reversibility of the elastic term , Eq.(12), and the

~~ra- .’ersi bi 1~ ty cf  t r e  res~ d-~a1 term ,. Eq. L6 ) ,  separa te equations nay be wri tten

iO~~~ tre 1-caci nc i- -i: oac ng nd i— cy cl es
-

~~ 

.
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- ± >: ?/c = K (p- s- ) (1€a)

X P ~/ 0 ’ = (p +) - - ( 16b)

where P* is the peak load. If the crack •maintains a semicircular front

th roughout its evolution , i t  fol lows from Eq. (16) that the equilibr i um radius

at maximum load ~-1- = P~ is

0 
c~ 

= 
~~ (X ~~ P*/ 1~~]

2 / 3  
(17a) 

-

and correspondingl y at comple te unload P4- = 0 is

2/ 3
c~. = (XP ~/ K )  . (17b)

However , two factors need consideration at this point. The fi rs t concerns

the p~-ac t~ca i fracture conditions under which the requirements of mechani cal

e qu ilibri um can be maintained. In particular , crack growth is not generally
- V

ra-i -arsibl e , so Eq. (17b) cannot represent an attainabl e equilibrium confi guration
V 

unless c , > c~~. For the med i an componen t, > 0, so the only way of real i sing
-

~ L this inequality is somehow to suppress crack growth during the loading half—cycle

(e.g. by superposing a reversible surface cornpres~ 1~c stress).12 For the radial

component , on the other hand , < 0, so the inequali ty is automati cally

- satisfied. Thus the median crack Is expec~ed to attain its maximum orowth

dur ing the load ing hal f-cycle , wheTeas the radial crack is expected to continue

j t S  g— o - - -th until -unloading is complete . -

- The second factor concerns the an gular var i ati ons inherent i n the X

para me ters . These angular ~iariations are of course manifest in the id~�n ti fication

of th a median and radia l crack components as separate entit ies in the evolut ion.

~irac :  insert ion of Eqs . (9) and (14 ) into (16) cannot therefore b~ e :’ :roctcd

tc ;- - t .- i i ~~a a ~- io ~ly accurate represen tat i on of the growth history at those stages
___________ 
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~ V~~~~~~~~-a ca:a r:~ res from rad ial s~-n:~e:ry wi thin the crack ~lane are most aooar~nt

E~ : :ura:Ci~- , ~r-e prt:lem is min~mal in the confi guration ~-h ich is u~t imate lv  
V

of c o r ce mn . namel ;  t ha t  at fa l l  un load in c .  ~-.-ha~ e the tendor.cy to

ide al penny -like geometry is strongest.

III E\P:RItLE~TAL OBSERVATIONS

The evolu tion of the median/radial crack system was monitored optically.

For transparent materials , crac k development could be followed during the

indenta tion cycle , from either the side or below the specimen)°~
”2

-
~ 0 Alternatively , a usefu l record of crack history could , in favorable cases ,

be reconstructed c~-~ r indentation by examin ing fractographic features on

spec imens subseq uentl y made to fail from one of the two mutually orthogonal

hal f-pe nnies (Fig. 2 ) . 12 In all cases the loa ding cycle was carrie d ou t i n an inert

env i ronment (e.g. dry nitrogen gas or paraffi n oil) to maintain near-equilibri um

cond i ti ons in the crack growth , and wi th a Vickers pyramid indente r tà~ ensure

rapro d-jcibility in the crack pattern. - V

Soda-lire gl ass , because of its transparency , isotropy , homogeneity and

~ 1- ~~ ceneral av ailability , was used as a reference material i n the presen t study.

indentat ion-load/crack -size results , suitably norma l ised to produce linear ,

universal plots for all peak loa ds , are shown for med ian and radial components

in - Fi g. 3: the data points represent experimental observat ions made on

several cracks , and the solid lines represent curve fi ts. Under normal te~t

conditions , d a t a  could be obtained for medians only durin g the loading half—

cycle , an d  for rad ia ls only duri ng the unloading half-cycle. The m ed ian data

:1 . at ~ C in Fi g. 3 were derived from a contri ved test arrangement in which a

Cr:  ~~ during 1o:dthg to 

thi~
,

L
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o ~~~~~~~~~~~~ ha-i a -e:~ ired loads in ex C OSS of the m~x~mum used here , in or~ao to.

tf the e >oand inc , subsurface crack to the free surfac~ -

— :,-ea .~c -c .u ;h’ , . The ircen:a: ori coetf icients in ~~~~~ . (~ o~ now ~~ c.~ d~ro::ly from

crc si oces and intercepts of the fitted lines in Fig. 3: for the med iac com7onen t,

= 0. 032 - O .c-0~ and >~~
‘ 

= 0.026 + O .003;12 for the radial component ,

= - 0.045 + 0.032 and = 0.049 + 0.004.— r —

The determi nati on of reference coeffi cien ts i n this way affords a useful

“cal i bration~ of the fracture mechan i c s  equations for the median /latera l system ;

predictions of crack evolution can now be made for any material of specified 
V

parameters K~, E and E. According to Eq. (14), the coeffi cien ts pertain i ng to the

elas tic component of the indentation field involve only spatial factors , -in which

case and shoul d be the same for all materials. The residual component , on

the other hand , is seen from Eq. (9) to be material — sensitive ; evaluation of ~~~ and
- 

. 1 ’

X~ for different specimens according ly require s specification of appropriate §r r
terms in this equation. With the value of E/H for glass taken from Table 1, and

= 74° the characteristic half-ang le for Vi ckers indenters , the values obtained

are = 0.014 ± C . C - -3~ and = 0.026 + 0.002.

- - - indent ation fracture data were collected for two other materials , zinc sul phid e

0 and silicon , to ini estigate the effect of chang ing E/H ratio. The results for zinc-

su l ph id e are shown i n Fi g. 4. This time the solid lines are a prior—i. predictions

from Eq. (16), using the calibrated coefficients above along with Eq. (9) and the

material parameters in Table 1. Of special interest here is the enhanced radial

crack growth during the - loa ding half—c ycle in comparison wi th the glass results

(Fig. 3) .  This follows directly from Eq. (17a): increasing E/H expands X relative

to X , thereby ‘ ‘- a s h i ng  out ” to s c-me extent the strong angul ar factor inherent in

the e last ic  coeff ic ient (cf .  Eqs . (9) and (14)) . W ith silicon , measurements were
-~ 

- 
m~-:e of the crack dir~ans i ons on ly  at full - load and full unload. Table 2 compares

Ye mea su red  dir~rsi:ns with those predicted from Eq. (17), again usino the

~:;uallj , t h e  ela:tic :tre~s fie l d does d e p e n d  on Poisson ’s ratic-! the

e~ f~cts c-f .whi cn have tee n neglec ted here .

— V 
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~ :i~ b~-a ted coefficients. Notwithstand ing certain discrepancies in the earl ier

cra-c~ e. ciuation the theory appears to be consistent with tre calibrated

- :-:::~sSi o~ 
- V

The fracture mechanics model presented here provides the framework for
- 

a qu antitative analysis of the median/radial crack system in elastic /plastic

indentation. Central to the anal ysis is the separat i on of the indentati on

force field into “elast i c” and “residual” components , as characterised by the

X terms . For materials such as soda—lime .g lass at the high end of the hardness—

€3 to-modulus spectrum , i.e. approaching H/E = 1, these two components are of

co mparable magnitude. However , being reversi ble , the elastic driv ing force takes

on a subordinate role in the crack evolution: whereas i t does enhance crack

grc~-,th in the subsurface median orientation , it serves merely as a restraining

inf luenc e on the growth in the surface radial orientation . t4oreover , si nce
1/2

X — (E/ H)  , wh i le Xe remains effectively constant over the load range of practical

indentation testing, the residual component becomes even more dominant as hardness—

co-r-cdulua dimi ni shes . It is evident that deformation processes become a

controlling factor in sharp-contact fracture . -

The fact trat the radial crack configuration satisfies the requirements of

mechanical equilibrium throughou t the entire indentation cycle , app roa chin g

its final crack size on unloading, -i s of spec i al si gnif icance in cerami cs

V testing. Eq. (17b) then applies , so that , in conjunction with Eq. (9),

R 
- 

1/2 1/2 2/ 3  2/ 3

V 
= 

~~r~~0t ~
) [ (E l f? ) / X c ] }  P~ . (18)

This relation provides a sound phys i-cal basis for characteris -ing the

inden ta t ion fract ure from surface-trace measurements alone , an obvious

ad — ia nt a ce for opaque materials. It may be noted that while several indentation

constan t s  need to be specif ie d in the descr i ption of full crack evolution , -

cn i ~’ one , Y , enters in Eq. (18).  It may a lso be noted that Eq. (iS) is of the

f o r m F/~ ~~ccnst . appropr iate to penny cracks in ideal center icadino:

L - - - _ 
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is one a: :ea -
~~~~

-
~~~~~~ ~ t:-.e quan ti: - ’ ~~~~~ in a d d i t i on  to the tOuc hnçs~ .~:,

- -:r~ c - e - e ~’cea a s o r e  ~n in a r ’ ~‘anifestation of m e  e ’ ast ic / p las t i c  f~~- f i c1d

:~ 
The res~hs ~m :c:ied in Eq. (1~ ) have important imp lications in two major

h areas  of ma ter ial : evaluation :

(A) T - ~~~: Prev i ous studies , in recognising that sharp-contact

damage patterns contain explicit informati on on the relative susceptibilities

of any Given mate rial to deformation and fracture , have attempted to construct

“universal” d i a -~rarns for quantify ing mechanica l response in terms o-f characteristic
1

indentation dimen sions . ‘ Evans and Charles showed that such constructions

may be used as a simple yet powe~ful means for determining the toughness of

ceramics . These authors , workin a with materials whose K values had been
-~ C

measured inde pen ce no ly,  found it necessary to introduce an empirical correction

factor i n HIE in order to obtain a satisfac tory “cal i bra tion ” of thei r un i versal

plot. The present analysis serves to establ ish the Evans—Charles approach on - -

a mare f undaman :a ~oot in ;, at least in the limi t of the far-fi&d ap:roximat ion .

Thus Eq. ( iS) ,  :r c cn ~urct ion wi th Eq. (3) at a = a~ and P ?*, gi ves 
-

1/ 2  ~ _ 3/ Z  P(;
~~~~~

/
~~~~~~ 

)~~1 z) = 0.028 (c
~’ / a *

) (c~ > a*) (19) 
-

using the previ-:u~l y ci ted valu es of a~, ~ and appropri ate to Vickers

indenta tions . This differs in form from th~ express ion derived by Evans and

Charles only i n the exponent of ?/E, which they set at 0.4 by curve fitting .

Figure 5 is a replot of their univ ersal diagram in  accordance wi th Eq. (19) ..

Recal l ing  that it is the residual field which determi nes the final length of

Ye su rface r~d- a crack , it becc-~~s imperative to ensure t:nat indentation

measur ements are -a-de under conditions of true equ ilibr ium before atten?ting to

e - ~:te~oo~chnas~ from Fig .  5;  exp osur e of the newl y fo rmed fract ure to a

raa ::-:ya en~Yc~ 
—

~~~~~~~ ~a i  ra~ u lt in cons id era b le ex t~nsion by s b - ,-: cra: ’~: gr:-.-:th ,
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i n wh ich case the value determined will be somewhat less than the tr -u~ ~~~~~~.

(E~ 
-
~~ - :~~ ; :: For any mate r~ai which fails from a flaw lntrctced by

ci t o n ta ct , the resi dual indentac i -:n d’ i  -.‘ir.g fo r c e  :.- -i :c be t-o h~n

int: ac-count in cne assessment of strength . t4arshall , La~-:n and Charti kul~

sic-e d orat this residual term could account for a strength reduction of 30~,

cons i s ten t wit h the observations of earlier workers11 (Sect. I). Working on the

tacit assumption that failure occurs from the subsurface location ~ 0, such

that a relation of the form Eq. (17a) dictates the starting flaw si ze in the

strength test, these authors also showed -that for ma teri als satisfyi ng the

0 inequality ~~~~~ . > X~/3 the cracks must undergo some precursor stable growth ;

i.e. failure is not spontaneous . This result was demonstrated to have

- :  immo rtant repercussions in the design of hi gh-s trength systems . Now in

the p r e s e n t  study , the conclusion that would suggest that failure is

more l ik ely to occur at a surface lo cati on ~~ = + 900 , in which case a relation

of the form Eq. (17b) (more specifica lly, Eq. (l8))should determine the

star ting flaw size . The elastic parameter ,

h~ , does ro t  e n ter  the  anal ysis at all this time , so the condi tion for the

ex~ sterc e o~ an energy barrier to failure is met automatically. Following

the ara lycis by Marshall et al 14 the strength equation corresponding to flaws

induced by i ndenters of given geometry takes -the form

H 
1/ 3  1/ 3  1/ 2  i/ a  1/3

- (f I X ) / p ~ — {x (H/E) J /P~~~ (20)

r-here Ec . (9) has been used to i ntroduce the ~/ E dependence . This does not

repres ent a serious modification to the earl i er analysis: 14 the relat i on
1/ 3  

V

c?~ = const. still obtains for any given material , and toughness remains

Ye co r:roli inc m at er i al parameter .

any a :p l ic a t ~ons of t;ie ind~
-r~tat io n theory in areas such as those just

it is necessary to be aware of some o’f the depar tures from oh-a idealised

:- ::e-n of F~c. I that can occur in practice . For i:istance~ it has h~enV 
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- —‘-~~ ~~~~~~~~~ r- ~~~~~



_____ 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— VV _~~~ _

t -ured tna: r a : er i a~ be~eath the Ycenter def c-—:s ra diall y

a: co~zt ar: ‘ - O ~ u - - e . In ma:e~~a1s wi th  ! O1  v:~ues of ~‘/~? th~r~ is a

ma teria l to c-i 1 — u p ” a ro-j n.d Ye indenter , o : : roa c: -~i~
olas:i c~ conditions exhibited by most soft metals .25 Ocher , hard

— ate rial s w i t h  ‘t c:en ” ne twork struc tures , such as the “an omalo us” si l icate V

glasses , tend to accorrii odate the contact stresses by derisification rather

than by plastic fl ow.26 in both of these cases the i ntensity of the residual

driving force on any median/radial cracks must be sustantia lly reduced .

Compara tive birefring ence studies of indentation sites in normal vs. anomalous

glasses con fi rm th is expected t r e n d ; 27 in deed , the driving force for the

med ian /radial system is diminished to such an extent in the anomalous glasses

that Nertzi an core crac ki ng becomes the domi nan t mode of fracture .26 ’27

Another : rcs pect iv e comp l icat ion that needs consideration is that of

cra ck-interaction effects. It is implicit in the model developed in Sect. II
V that the med i an/radi al crack system genera tes on a si ng le , well—defined

- - 
symmetry plane. The extent to which this picture represents a true crack

- - con f i gu ra t i on  -oe :sn:s in pa r t  on the initiation history . For instance , with

‘.-ick -er s indenYtions at loads just above threshold , rad i al cracks may be seen

0 eme rg ing fro m j u s t  :~-IO , or three , corners ;16 clearl y, develo pment c-f cracking

on one plane imp edes development on a second , mu tuall y orthogonal plane. Also ,

where raeial ard med ian components initiate as separate entities , as they

appear to do i n  z inc su ip hide ,10 coalescence into a sing le system may involve

a mec hanism of step formation where crack overlap occurs , thereby locall y

pinning the ou tward-expanding front. However , these disrup tions

are likely to beccme of secondary importance as an increasing load drives the 
V

cracks outw ard i n t o - a  ~- ie i l-deve loped system .

~ore se’.e re dis ruptions may occur in situat ions where alternativ e crack

Systems become u nu sua l l y ac tive during the i n den tation , thereby int-orfer i ng

ci re c t lv  w i th rad i an / rad ia l growth . Thus in the case of the anom a1o -~s ~lasc~~ ,

V 
_ _ _ _ _  ~~~•V VV V
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d :minan: cone f r act u re prov ides confin ing boundaries for any surfac e radial s

or su bsur face med ia n s that may form.9’2~ ’27 An analogous effect is also SCCn

in ‘ normal ” s-oca-l ir - e glass: Ki rchner and Gruv er28 observed in impact

e\p enimc nts that the median -plane cracking occurs only in a shallow turface

region at elevated target temperatures. Although this observation is

commensurate with a transition from median -dominated to radial -dominated crack

growth due to a d iminishing ratio filE as temperature increases , it is not

immed iately clear why the surface segments did not expand downward into the

familiar half—penny confi guration on unloading. However , Ki rchner and Gruver

also noted that the radial segments were accompanied by particularly large

la teral cracks ; the imp l i cation is that i n thi s i nstance the expansion of the

la terals preceded that of the radials , thus confin ing the surface crack.

Prov ided due allowance is made for such geometrical variants , e.g. by a

suit able recal i brati on of the basi c fracture mec hani cs rela ti ons , the general

appl icability of the indentation method as a tool for materials evaluation

remains intact. -

One p o i n t  not given exp lic it- attention here , bu t wh i ch emerges in a

na tural way from the analysis , is the role of the characteristic indenter

half -ang le ~ as a var iable in the fracture mechan ics . From Eq. (18), for
V insta nce , it i _s seen tha t sharper indenters should g ive rise to larger cracks.

Ho- -~ever , care should be exercised in attempti ng absolu te predict ions concerning

the effects of indenter geometry : issues such as elastic recovery of the

r~sid ual impression , incre ased probability of pile-up around sharper indenters ,

have not been considered in the present analysis. 
V

Finally, a com nen t on termi nology may be appropr i ate here . The terms

“median ” and “rad ial ” used to describe what appears ostensibly to be a sing le

crack system has caused some confu~ i on i n the sci entif ic li terature . The

model outl i ned above prov ide~ a rationa le for distinguishing between the two

terms . It a p pears reason able to suggest that Thjdial” be used in the

_ _ _ _ _ _ _ _ _ _ _  _ _ _  
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:esc ni: t~icn of a - - propert y wh ich relates more closel y to the  surface

c en si en s of ::ne crack pattern . The measurement of t c - uq h r e ss , and anal ysi s 
- I

cf streng th in point contact , as di scussed i n thi s sec ti on , are cases in point.

- 
Conversely, ‘ median ” should be used when the crack depth is the controllin g

dimens ion. Linear contact si tuations , e.g. glass cutting, particle abrasion ,

where the strength-determining crack remains sursurface , afford the best—known

examples in this category. 
V
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:r sec: . : :  (
~

)
~ it was tacitly assumed that the res~ d-jal cra:~-mcu th

::en in c  force ~ (Fig. lc) is independent of crack size c . In real i ty, 
- 

V

:-ecause the co m plianc e of the crack system must increase as fracture proceeds , 
V

the effecti ve out~-~ard residual force exerted by the deformation zone must

correspondingly re lax. -

This relaxation process may be conveniently represented in terms of a

C) simple lin ear spring analogue. According to the model of Fig. 1 the central

deformation zone may be regarded as a precompressed spring inserted at the

mouth of the crack system . The outward force exerted by such an element may

de written as a function of wall displacem ent U ,

P 1 ?  = i - u / u  , 
- (Al)r ro r ro

where is the force in the fu lly compressed state ( i .e. at u = 0) and

~ is the  disp la cemen t in the fully relaxed state 
~~ 

0).

A c -mr pi iance relat ion for the crack system , giving 
~r 

and u~, as a func tion

~ is no’-: r.e~ -d~ d to faci l itate evalua tion of the required function p (c).
“ - ~j  r

h is re la t ion may be obtained from the standard fracture mechanic s equat ions t7

G = x
2
(1 - v2 ) / E-‘-‘ 22

= ¼ P ~~d X/ d C  (A2).

- - with G , and X the crack extension force and stress intensity factor assoc i ated
V 

- .ith the r~si d-j al  s t res s comPon:nt:~ here A = Ur/Pr i& the compli a nce in the

approximation c > 5 and C = ~rc /2 is the - crack-plane area. Inserting Eq. (5)

fo r th~ resid~’al stress intensity factor (with 6 — f(~
) as the proportion ality

constant in this en~uat ion) i nto (AZ) and integrating gives the complianc e relation

:~~ ,‘; ~:n(1 - ~~2
) ~

2
/

.
~~) ( 1~ - b/ c~ . ( : V:)

- - 
& 
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V, C . .- V : • -::n.di c- of :ero com pl iance at c = is ta ’~-en as an a roximate 
~t~~dary

cc r- u i : ion .

The displacement u
22 

may now be elim inated from Eqs . (Al) and (A3) to obtain

- 
~r = + [2~(1 - 

2

) ~
2
P f b E ](i - b / c ) ) .  (A4 )

Th is becomes a relatively slowly-varying function of crack size in the

far-field fracture region a >> 5. Consequently,P may be considered to be

o e ffective ly constant in eq (5)

0
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:- .~~ -~naracte ristic s: Expandin g Cavity Ana logue

Ease d or a :od~fication of Hill’ s elas tic/plast-~c anal ysis of a pressurised ,

expanding cavity in a isotrop i c spheri cal shell ,18 Johnson gives a ~orm i t i

relatin~ the dimension ratio a/b uni quely to the har dness-to-modulus ratio fi/E

and i nden ter angle

= (2/ 9)cot i j { ( a / b ) 3 [ 1  + 2.n (b/a)3]} (1 < b/a < 2.5) (si)

At ~~ < I, the contact  is considered “e last ic~’ ; a t  b/a > 2.5 , i t is cons idered

“plastic ” . Eq. (Bi) is plotted in Fig. Bi. This complex function is seen to be

near ly  I irea r o ,er  a wide range of .b/ a , so that a simple power law relation

b/a (
~ cot~p- /H)~ (82)

affords a reas on-able approxima tion. The plot of Eq. (B2) in Fi g. 82 shows that

= 72 oro ices ccod fit.
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~~~f f-~at snial s Studied

Materia l CcmnVent E/GPa R/GP8 x /;V~pa mJ2 *

Soda-lime glass 
- 

Amorphous 70 5.5 
- 0.75

Silicon ilonocrystal 168 9 0.7

Zinc  sul ph ide Polycrysta l 102 1.9 1.0

0
* Double-torsion data , dry ni trogen gas environme~ L

TABLE 2. ~
V -
~edia q and Radi al Crack Data* for Silicon (111)

Computed 
- 

- Measured

0 ,~ 3 / 2  
0.063 0.064 ± 0.004

2
- 0: ~~~~~~~~~~~~~ 0.014 0.031 + 0.005 -

L c-T ~~~~ 0.059 O~.O69 ÷ 0.006 -

* Fractograph ic -data (cf. Fig. 3), P~ = 10-30 N (13 cracks)
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-e d ~ a n/ r a c i a l  crack sys t - ~m sho~- -i n c (a) elastic/D las tic ccnf icu ’-ctic— . at

lo ad sub d ivi d e d into (b) elastic component at full load pl us (c) ruc idua l

component at comple te unload. In this model the indenat ion load ? determines

the i ntens ity of the crack dr i v i ng forces : the elas tic component is

character isted by the distribution of prior stresses ~ (r ,~ ) norma l to the

crack plane (shown in (b) by means of stress contours in the median plane

itself) ; the residual component is characterised by a residual - center-opening

force exerted by the radially -expanded plas tic zone.

0 2) Half-s ide view and half-schemati c of median /radial crack system in soda-lime

V glass. Ni crog raph shows fracture surface of spec imens broken at inden tation

sit es - crack arres t mark i ngs are i ntroduced to prov i de record of crack

evol ution . flote failure ori gin at surface trace of half-penny .

3) Fracture mechanics plots for median and radial evolution in soda-lime glass ,

dry n i trogen env i ronmen t. Open symbols des i gn ate med i an cracks , closed symbols

de sion at e radial cracks (fractogra-phic data , cf. Fig. 3). Solid line S are fits t
3/ 2

Eq. (16). (t~ote: normali-sed impression size a K0/ P ~ 
= 0.008 at P~ = So N ,

so ohat rad ial cracks ‘contained wi thin the contact zone dur ina load ing half-

cyc Vl e  fo r  all ~~ values used.) 
-

4) Fracture mechanics plots for median and radial evolution in zinc suip hi de , oil

environment. Sol id l ines are predictions of cal ibrated Eq. (16). Data points
- frcrn direct observation of cracks through specimen wall .

5) “Universal” plo t of radial crack data for  toug hness evaluat ion . Solid line is

predic t ion of Eq. (19). (Note: . ZnS and glass da ta in inert environm ent ,

other mater ia ls tested in air env ironment.)

31) Plot showing Johnson function , ~q. (81) (solid curve), and pcwer-law

approx i mation (broken line), for expan ding cavity representation of elas tic !

2~- -~ .~c 1 i ~.c t . c L lO f l .
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I N  COMPOSITES

V by V

C.H. Hseuh and A.G. Evans

Naterials Science and Minera l Engineering
U. C. Berkeley

Berkeley , CA 94720

A 3S TFA O T

Com :ress ’on tests conducted on carbon/carbon composites have m di-

cate~ that kink bands in fiber bundle s initiate at microstructural inhomo —

ceneities. part icularl y interf-i ber voids. Tests c6nducted on model

mor - : .’e-- -31a: s fioer/e:c-xy composites (containin c notcN~s to simulat e 
-

~- re-~ x~stent ‘.-~ids) indicated that kink formation in the composite and

4 s nca~ :anc f:- rma:ion in the epoxy exhibit co mpa rable morpholog ical features.

This result suoc ests that shear band propagation may be a precursor to kink

f~rma ticn . c—o jtaticns of the shear stress field around ar ellio tica l

f lO i C  ioa-:e : at  in finit y indicated that loci of maxi mum shear stress approxi—

rr.a:ei y coincide with the shear band trajectories; thereby providing evidence

for the imo c - -taroc of the shear strength of the material in the evolution

of s raa r  C~c k-~n~ bards.
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at:  V a : ~ ..ials for hi c~ temperature app licat -ion s . The major advan —

cf this class of composites include: maintenance of good hic -h

:em:-e --ature mec hanical properties (at least , in non-oxidizing conditions)

and hic h strength to wei ght ratios . Recent work has been devoted to en— V

na nc i r , a the mechanical properties of these composites; notabl y, fiber

stren:thening by etching, thermal stretching 1 , neutron i rradiati on and

boron dop in G 2: the improvement of bonding (between the fiber and the

matri> :) by surface treatment of the fiber3: void minimization by the intro-

ducti on of several process i ng cycles 4’5: the development of oxidation

~- e s i s t e r t  cc - a t i na s .  One of the remainin c limit ations 0-F carbon/carbon corn-

:csi:a~ is :neir relatively low compressive dearadation resistance; a

ohenomenon related to kink formation in the fiber bundles. Several obser-

vations of kinking have been reported in the literature , encompassing an

a~o~-eci able va r ie t y of composite systems. Bader and Johnson 6 noted the

e
~
is :ence of ~ ir - ks on the compressiv e side of a carbon/epoxy samp le sub-

~
ecte-:  to f i exu re  (a part icularly i l lustrat ive examp le of the inferior

co— :~assi ’~e nronerties of certain composite systems). Weaver and W i l li ams ’

observed extens ive kinking i n a sim i lar system def o rm ed in compression

hi:h hydrostatic confining pressure ; while Rice 8 ascertained that

~
-ink rc V -as invol ved in the compressive response of Kevlar 49/epoxy corn-

~os i tes .  These initi al studies concluded that kinking ~as a consequence of

micr:-5uc~< l in g and i
V
nvolv ed kink initiation concepts based on the critical

for be am ,  buckling on an elastic foundation . More recently, studies

-of ~.ir~ ir c in a g lass f i ber/epoxy system by Chap lin 9 and of carbon/carbon

:y S - an s ~nd A~ier 19 have demonstrated the important influence of initial 
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~~~~~~~~~~~~~ •
~~~~~~~

. ::u~ - d a r -  - : -~~~~t y ~ ~~~~~~~~ ~~~~~~~~~ ta- :~:~~V e V ’ t : . ::~~~

n - i r imi :ir c :r.e p ia~tic -O r h and the elast ic strair. ererqy , re c : e c t i- ;ei y .

ccm~nan: ce:erdence of Kink init i ation or tne sneer properties of the

ma:r x ~elas t ic and/or plastic) could be readily deduced from- the shear

mod e of matrix deformation that accompanies kink irg . However , littl e

~rccress ~as achieved in developing quantitative relations between the

kink initiation stress , the magnitude of the initi al perturbation and the

properti es of the composites.

Deliberati ons of the kink ing process in fiber composites suggest two

princi pal mechanisms . An instability in fiber rotation may initiate at a

ra c i c o  of p’-e -ex i s ten t  fiber curvature , leading to ia r~e matrix shear

strai r- s and a entua l fiber fracture (Fi g. la). This me chanism has recently

been anal yzed by Budiansky and Drucker 11 ; an analysis that emphasized the

importance of the (inelastic) slide modulus of the composite and of the

~a :nit u-d e of :he initial fiber misorientat ion . Alternativel y, a shear band

m a- .’ i n i t i a te  in the matrix at a matrix inhomccenei:y , suc h as a n-oi d. and

~~::a:1y acr oss the fiber bundi~ . The ar ;e s hea r ang les at the

sh e a r  den -: 5 c V . n d a r j e s  ~-.‘i ll inevi tably produce f iber  fracture at the bound—

ar ies (Fia. 15).  The intent of the present stud y is to examine the via-

5 i i ~~t~- of t h is  la t ter  mechanism of kink ing : both in ceneral terms and , in

:a r :ic~~.ar , f:r carbon / carbon compos ites.

The stud y cons is ts of ob s e r v a t i o n s  o f k in ks in carbon/carbon and

b:;b - i n ~~ a - d  ~~~~ 5~ nds in i la s s / e ~ oxy s - .’s :e r’-s. i n  ~- c ~er to aSc e r :~ ifl

the :ha ractar  of the inho rnoge neio ies at ty n i c a l i,V
. :t i a : i o f l  s i t es . T h i s  ‘-~iil

J - 
. 

es :aoiish a basis for the comparison of shear band and kink norp holog ies.

V 2
? c a ~~~~~~~:n V .  :-f t he shear stress distr ib uti on s arc-m d inb -omo gereities are
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Z .~~C V  ~~~- : :: ,Ve icnal iz e tne observed shear band characteristics. ~~~~
cc use c- t relate one s re ar  Dar~d (or ~in~-.)

i ri :iati cn st~’ess to the shear propertie s of the matrix.

2. 
_ _ _ _ _ _ _ _ _ _ _ _

2 . 1  Test Sa no les

Ex erimen:al studies have been conducted on both carbon/carbon and

-~ 

- C iC 5 S / C ~~OX ~ composites. The carbon composites of the type considered

i n  this study consisted of bundles of carbon fibers , arranged in an ortho—

gona l  in t e r ~enetrat ing network disposed in a matrix of graphite . Compres—

s i a n  samples with dimension s 1 x 1 x 4 rn3 were prepared from larger - -

o~::~:s , ~u C -  that each sample contained a central fiber bundle (dimensions

2.
~ ~~ x 4 mm

3
) oriented d ana the compressive axis. A low melting

~ci n t Si alloy ~‘ith elastic properties comparable to that of the composite

-
.V a s  then me ed to confine the sample within a cylindrical compressive fix-

t —- e - F c . 2a~ . Sam ples 2 x 2 x 12 mm3 were also prepared for flexure

-~ - - tesoin: .  The samn ies contained two longitudinal fiber bundles , cne on the
::_:~ c a s i .e and the other on the tensile side (Fio . 2b).

- 

- 
- 

M:del cc r-:osites suitable for direct optical observation were also

p re par e d . These con si sted of a monolayer of glass fiber embedded in epoxy .

-onc e of the epoxy permitted direct observ ation of the gl ass

The se composites - ,V .Iere prepared by firstly mix ing the epoxy con—

st it ents ir . a vacuum chamber in order to eliminate interna l voids. Glass

fibers - --7O~m i n  diameter were then p l aced. on the epoxy surface. A second

1 a~ a~- of e~oxy .--as subsequently poured onto the first l ayer (Fi g. 3). An

t i m e  for superimposin g the second l ayer (n~1hr) occurred ~-.nen the

f i rs :  l~~- e -  na -d suf f ic ient l y  hardened that disturb ance of the a l e ss  fiber
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cc-m l~ h~ averted , bLO snort enouch to prevent poor ac .- er e nc e

a . -ers . Compression samp les t-.’i;n dimens ions 5 x 5 x E

0 rC~ :reparec. Notches and/or holes were introduced in the samples (Fi g.

4 ) ,  in order to simulate pre-existent matrix inhornogene ities.

2.2 V!echanjcal Tests

All tests were conducted on an Instron mechanical testing machine ,

usuall y at a crosshead speed of ~~~~ mS~~. Failure of the compressed

sam ple occurred primari ly by fi ber splitting in the absence of latera l

constra i nt (cf ref 7); while kinking was the preferred damage mode when

constraints were introduced . A constraining medium consisting of a low

me lting temperature Bi alloy was thus invariably used , as noted above .

evia: ions f ro m linearity , corresponding to the onset of kink ing , occurred

in the carbon/carbon composites at ~50 MPa ; the ultimate compressive

strength was -u70 MPa. Similar mechanical tests have been conducted on

the glass/epoxy composites. The devi ation from linearit y in these materials

cr resp - cnd s -d i rec t ly  with the onset of shear band initiation. The yield

stress l evel depended upon the m acnitude and morphology of the initiating

n o t c h , and - V V ; C S  typ i c a l l y in the range 55 to 70 MPa.

4 2.3 Damaae Observations 
-

After m echa nica l testina , t he  alloy used for constraint was melted ,
— 

- and the sample removed . The carbon composites were then vacuum impregnated

with epoxy and mechanicall y polished before observing the damage. In the

-mni- : irectic r compression tests , kinking was always determined to init iate

from , a vo id , occurring either between the fiber bundle and the matrix (Fic.5a) or

-
V Vn z h~~~ rI the fiber bundles (Fi g. Sb). In the flexure tests , kinkinc invariabl y

_ _ _ _ _  
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a: a: :-a ::o: :n :f ma .- i— ~— :cm: re :sive :t~- ess  (F ic .  -..- i:n

ama-n o :-
~ a mi:r:s: -~ c :ural inhon c-caneit , . The

c~ :- e kir~s ~e- -e V
~~ I 4  end the s nee r strain w i th i n  the kink (defined as

• . :re : is : ls :a— e n :  of a fiber normal ized by t he k i n k  t h i c k n e s s ) was ‘~l. Th~

~:in ks .-,-ere ~i:ber in-p lane or out-of-p lane on a specific section 10
. The

do - mn :anies i r -~ lane k inks were re lat ivel y we ll def ined , such that the

anç ie bet~-.ee- the Kink boundary and the compressive axis was n.45~ to 55~.

Part iall y fcrred Kinks were also detected (Fia. 7).  These observations

can provide ir~’aluable information about the kink formation mechanism .

In tb.e c ias s / e : - cx y  co m posites ~Fi gs . 8,9) both the kinkina and the shear

be’-ds ~~~ c b ~ erv ed to in i t ia te rear the notch tip. The shear band cam -

:r ~~se: ~- --c - V. :~~ se :~ ir~ orthoc~na sli p vines , as prev~ouslv noted by Li

at a l 4 . The a na le , 5 , bec~.een the shear band and the compressive axis was —

~33~ to - -hen the  notch was aligned norma l to the compression axis , and

3-~ 
—.:ith o~-e rotch ma rall el to the comoression axis. The shear strain in

no v - as deter m ined to’ be ~0.7.

~T~E$S 
O n  5 S V

The in :e - t cf tb~ a n a l y s i s  is to ascertain the distribution of elastic

shear stresses in the vicinity o~
c elliptical holes , in order to identify

of a::’-ecieb le stress concentration as potential shear band initia - 
V

titn sites . 4ls~ , sneer stress trajectories through the locations of maxi-

mum stress intens ification will be deduced , to provide a comparison with

t~e o:ser’.-ed s~-ea r h ard traject ories. For this purpose , consider the

s neer  s t r ess  a rc - r- d ar e l l i p t i ca l  hole in an infinite body subject to

~f l i d i r e c t i O r e l  loa d inç .  The ceo~- etry of the problem is simplified by
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a ~-~n ’--:ai transfcrn ~t i o n  approach . A f V .r ct io n  that ~~-~~i t ~ an.

a - 

~:sa. •~~~~~t~~ sem i -major a -: :a~- i~ ’~,inor axes  a a- - :  : res pec t i v e . . 0: cc

a u n i t  circ le (Fig. 10) is niven H
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= R(~ +~ -) (1)
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- h e re = (a+b) / 2 , m (a-b) / (a+ b) .  The~stre ss function is thus
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V~~n~e r C  i s  oh~ ang le between the loading axis and the b axis of the ellipse

en d P is the loading. For loading p~ral1ei to the b axis (a=O).
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The rd a O i OV S T ~~~~: between the stress function and the stress , der iv ed ~y

i s hv i  1 i s :
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:ed -t-~s c~1cu1azic n in- .’olv ir. g Eqns. (3) and (d) gives ;
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The i m aoinC- -v pa rt  of Eon . (5)  then yields a relat ion for the shear
st ress , as :
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~~ich coincides with the solution for a circular ho le with radius ~~ = 
~~~

thereby prov iding confirmation of the solution. The stress at the

bcundary of the e l l ip t ica l -  hole , p = 1 , simp lifies to c~ ~Q: ccnsistent - -

with the boundary conditions . The real part of Eqn. (5) for the condition

(7)
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fiance ,
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•- .-b~~h is the circular hole solution for a hole radius H ~~~ Insertinc

~~~~~ v a l u e s  of m into Eqn . (5) permits the shear stress distribution

to be der ived for any sha: -e of e l l iptica l hole. For examp le , 1 refers 

V.V.~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



__________ 
V~VVV_V ~ 

~~~~~~~~~~~ ~~~~~~~__..~_2’~~

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ — L~~~~.

a :T h :  par pendicul a ,-  to the loadin g d i rect ion , 0 is a c i r c u la r
= -l :er;.ains to a s l i t  paral lel to one loading dire ct ion .

T~- determine the locati on of the stresses with respect to the

e l l i pt i ca l  hole , the coordinates pertinent to the circular hole must be 
- 

-

transformed ta the appropriate ell iptic geometry , using the following

re lat io ns :  
V

V 
z = R(~e

1
-5+ ~ ~~~~ x = R(~+ ~i )cosê, y = R(p-  ~ )sin9 ,

2 2 ½ - 2 -

r = R[0 + ~~ +2mcos2eJ , = tan~~ ~~~~ tane ) (10)
p +m

.4 o c i n t  x-i th colar coordinate (p, 5) referred to the circular hole will

correspond to a point (r ,e ’) with respect to the ellipti cal hole. The

shear stress maxima determined using the above procedure can be connected

to cenerate loci of maximum sheer stress. The results are summarized

in Tables 1 and II. The resultant shear stresses and maximum shear

stress tre jectories are plotted in Fi gs. 11 and 12 for m values of 0.7

and -0 8. These loci extend outward from a locat ion adjacent to the

extremity of the major axis. The loci are inclined to the loading

direct ion at 30° for positive in (axial compression) and at ~3O° to
H ~C for neoctive m (normal compression). - These ang les compare quite

favorabl y with the shear band inclinations determined experimentally,
- - 

V 

15 16 ,17
V 

and wi th th~ measurements of other authors

4 . SHEAR EVA ~~~ D NUCLEATION

The propa gation of she~ r bands in pol ymers has been most plausibly

ana~ vze-d b v Arcon 18 , usina a notion oria~na 1ly proposed by Bilby , Cottrell

a -md S-V -.- i n - d C n  
-

. The model ecui re s that the stress , strain relation for
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- - :V: i ~- i t h i n  the shear b~n-d exhib ic an accer and l ower -‘ieic

— c - :- T ni ,c - rk s~ ft ~nir~a ch a racte ’ - i ~ t i -c could result f rom s l i t

:n c- - in i t ia l  s hee r car r ie r s  or ~~o c- :iaha :ic h~aao inc . —
~~~~~

t r :;~ o a t i o 1  cf  a shear band with thi s character isti c occurs unstabl y (ur~ er

c c -~-:~ :ions f constant applied shear stress T). The consequence of thi s

f -c - bena’.’ ior is the existence of zone s of relativel y hi gh shear resistance

(:re upper yield stress) within a zone , distance R0, from the shear

ci:. I f  such a band extends without an increase in width , the ex-
tens ion is unstable , in accord with the followi ng relation ;

S I T  T
= 1 - s i n  —fl-- 1~-_Y_

~ ~ (11)c 2

•-.~~e~
-e 2: is the shear band lengt h and o~ is the shear res istance in the

F - -.:~~~ : : :V : a n e :  state.  When the high resistance zone is small (R << c ,~~ < r ) ,

Eon . (11) reduces to;

2
R 2 

~~ 
T u

:T ; 
) ( 1 2)

if ~ is small
i- -

~ 
(
~ fl:::~~~~~~: 

]: (13)

T h s  re sult is eauiv alen t to that for a mode I I  crack , wherein the nomi nal

c r i t i c a l  mode I I  stress inten sity factor is ;

h I 1 T/~C V (14 )

Ar approximate treatment of shear hand evolution can thus util ize

;h~ •-,el l -~:rc- ,.-n so luti ons for crack growth . ‘-~ore detailed analy ses will

• 
~~~~~~~~~~ a n - ~~l-i:~~Y~~r~ of Eon . ( 11) to cor ~ i~~ons of non-unif~--m s L c~r
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s t — a s s  i n t e ns i t ’ .’ fcc:: - - cr s h ear  :~ s-c~ :-
~~:-~~~::

f  c (x) (a o+x) dx

~-.-ne r e  2a 0 is the length of the s hear crack . Consider , therefore , tha t a

smal l -  she a r inhomogeneity of macnitudé 2a0 pre-exists near the ti p of the

major (void) inhornogeneity associated with shear band init iation (ana-

logous to crack init(ation in brittle materials at voids or inc1usi.ons 2~.)

The min imum p ossible shear band nucle ation stress will evidentl y pertain

- - -o ar the s nc a - inhorocer e ity cc ir ic~des with the location of the maximum

she -a r s: ess c c - rce :ra: io-n rCa r the void ti p. An proximat ino the shear

stress in this loca tion by;

V 

~ccs(~x/2x ) 06)

is che rea k st re ss ~nd x 0 is the seca ra:ion bet\ .ee n ~ and the

- c i d  sur~a c e (Fi g. i2~ , t h e  mode II stress intensity fact o r becomes;

1 ½
= 

: 
f  cos~ (m /2)~ja Jx~~ (

~
-
~~) 

d~<

— l

(17)

a A (~~/x ) 
-

Sea r ra n: in o 0n . ( 17)  g ives ;

V 

____ 4 (a /x ) (18)
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of ~-~a norm alized stress int ensit Y factor , (Fig . 13) inc ic a tas

a b r oa d  maxir -~~m as a f u n c t i o n  of hC r~ l a t i ’ e

s::e a /x . Tne stress intensity factor is thus re~ativ~ l-i- 0

ir~~ V e r V s i o - ve to the magni t L of the initial shear inhomooeneity . (This

is  t yc i ca l  of inhomogene ity r ob l ems i n non-uniform stress f ields.) The

;re-.aleno stress intensity factor for shear band evolut ion is thus the

nec’. v a lue .  Equating this peak value to the critical stress intensity

f ac to r Kijc (see Eqn. 14), the shear band formation condition becomes;

~~t /ç  K ii~ (18)

-- a - c  is —~l . l. The pea~ shear stress is re la ted to the aonl ied stre ss
cc :ne V O -~d s oap e  m b y ;

• p~M1 (m) (19)

~~~~~~~~~~ ~~~~(r- ) is g i v e n  for the inhomo gene it ies of princi pal interest (mm- I)
th~ ap:~-ox icn~te re lation;

~-~1 (r~) ~(7m
2+4m)

is a constant. The location of the peak , x0, is determined by the
.-; ic a - -- e race  radius R and by the shape m

RM2 (m) 
V 

(20)

- V V b a ~~-c 
2

(m)  i s  g iven for the same approximation by;
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: V V
5 S V .:~~~~1C Eons. (19) and (20) into Eqn . (18) a critical a~p lied stre sc

- : -  s c a -  ~ar -d f:rm.aoic- n car- be ~boain e-d a s ;

-z ,18R~
VVV-VF

u ~ (21)
m /R(1~~) (7m+4)

Thi s value for pA
C if the minimum possibl e value , and could be exceeded

i-f a shear inhomogeneity within the requisite range does not occur at

the location of pea k shear stress around the void . Once initiat ed , it is

presumed that the shear band will continue to propagate under the influence

of the general level of shear stress (p/2) in the system . The important

characteristics predicted by Eqn . (2 1) are the effects of void size R and

s c-c , ro. These predictions are amenable to experimental investi gation .

1: shou ld be noted , however , that more ri gorous analyses (not subject to

the requirements that R0 <<c , T~~<< T << T~~, and involvin n shear band thickening)

m a y  yield si gnificantl y reduced dependencies on the void size and shape.

4-Iso ap orec iable probab listic influences based on the a priori size and

s pat ia l  d istr ibut ion of shear inhomogene ities are to be antici pated .

~ D TS C U S S T Q AND CONCLUSIONS

Observations - of kink band formation in composites and of shear band

fc,-~atjor in epoxy indicates appreciable morp holog ical similarity ; sug-

cE~ t inc that , at least in some instances , kink band formation is preceded-

by the devel opment of a shear band within the matrix p hase. The si gn ifi ~

ca nt role of pre_existent inhomoaen eities , particularl y el li ptical voids ,
V 

in the initiation of kinks and shear bands has also been demonstrated .

-: ctabi y, both types of band s tend to initiate preferentiall y at elli ptical

(~ac- V - a r ohan sp heric al) voids in a zone adjacent to the ends of the major

V 
V
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a~ a - c ~ s 0_ V toe e ’as :ic shear s t r e s s e s  : c n eV a :ec  a r c - ~r.:

- :- e ~ ~ :~e-:: C V ’
-
. a  _ : r. p V a s : i : s  i r~ i ca:a s l:c~titrs

c~le st~-css 0000enc ra:icn (cepending upon th~ clIi: -ticit y ) that closel ,’

c o inc ide - - . : n  to e  io ca z ic ~-s c-f shear band and ~in~ init ia t ion . Fu— t er ,

crc t ra~ec c- —:es of m aximum shear stress are sim ilar to the shear band

tra~ec t c r~es . -~~ sh ea r han d model based on th~ shear stress conoentratior

ie- .-ei s arcjn: crc-existent inhomo geneities would thus appear pertinent .
V 

pre liminary model has been proposed based on a concept that

t reats th~ shear band as an entity comparable to a mode II crack . This

con c eo t  is based on a notion proposed by Bilby , Cottrel l and Swinden and

su b sequen t l y utilized by Argon . The model considers that a distribution

ir homo9 enaities in the mate r ial  in teracts w i t h  th~ con-

• - centre tec stress field ar ound the voids to establish a critic al condition

for shear band formation . Ar approximate result (obtained by requiring

a shear i r ho— ocene i ty  of appropriate size to exist at the location of

:ea~ encar str~ss~ I~ c icac es effects of vn id size an d sha:e. ar- d of the

mater ia l s snee r band resistance , on the critical app lied stress for shear
V 

- :0 0: for~V .a : ion . This ~esu : is am enab le to airec: experimental investi-

car. i c- rn
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1 schematic cia~ram of kin~n formation from <a> f i ner rotat ion
~rstabi 1ity at location of initial curvature <b> shear band .

2: 4- schematic diagram of (a) constrained compressive tests and
:b~ flexure tests,

Fic. 3: 4- schematic diagram indicating steps of fabrication of glass!
ecoxy composites.

F i ; .  4- : 9iass/epoxy composites with (a) notch parallel to compressive
direction , (5) notch. perpendicular to compressive direction
and Cc) a central cylind i ca l hole .

Fic. 5: A kink formed (a) between the f iber  bundle and the matrix and
(b) within the fiber bundles.

Fin . 6: A kink formed at the location of maximum compressive stress in
flexure tests.

7 :  °a rt ia l ly  fo rme d kink . - 
-

F c .  3: ~inks and shear bands in glass/epoxy composites (Fia . 4).

Fic . g: Kinks and shear bands in glas s/epoxy composites.

F c .  10: A schematic diagram of conforma l transformat ion Z =

- :  re resultant shear stress and m aximu m shear stress trajectory
from an el l ipt ical  hole (in = 0.7), diagram shows only quar ter
of the whole diag~’am~ -

am e as Fi ç. 12 with m = — 0 .8.
K

Fi 5. 13- : 4- plot of normalized stress intensity factor as a
V Tv ~~~

function of the relative inhomogeneity size
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:les for some f ixed c ,  toe mexim ur _ s h e e r  S t r C S S  n V  and t r ~e

~c — r e s : :n:eo: ~~, value.

T a b l e  1 m = 0.7

8 P8(max)R j
1.05 9° 2° -0.25

1 .1 11° 3° -0.37
V 

1.2 16° 6° -0.46

1 .5 25° 14° -0.54

2 34° 25° -0.545

3 40 ° 36 ° -0 .53

4 43 ° 40 5° -0 52

44 .5° 43° -0 .52

Th:le 2 rn = -0 .8  
-

0 ( m a x ) / P

1 .05 85° 89° -1 32

1. 1 83° 88 6° -l ~5

1.2 79° 87° -1 35

1.3 77° 85° -l 2

1.5 71 ° - 81° -1

1 .7 65° V ~~ -0.85

2 60° V 70° —0.8

3 - 51 ° 
- 

56° -0.65

- 
50° —0 .6

~~~~~~~~~~~~~~~~~~~~~~ ~~~T 
_ _ _ _ _

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



V - 

- 

~~cnc-mic-:-- ---~ -~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~ 
______

V

-
~~~~ 1 I I ~ .~ — Fib~r

-
~ Rotc~ion I

Irn~moqeneify~~~~~ 

Fract1
~~ H

Fibers 
- 

P

c )  Fiber Rotation Instab il i ty at Loca t ion of
I n i t i a l  Curvat ure

I J L ~I ~(X~
:::./

~~~~~~~ — Shear
- Band

-,

- ~~~~~~~~~~~~~~~~

. 
- V

— - I omc~en3ity1~~ 
- 

-

- 

- 

‘ft’pA

b) Kinking at Shear Band
- 

V V X6L79~O-7244

~~~~~~~~~~ V ~~~~ . ~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — _ _ _ _ _ _ _ _ _ _ _

- r— — — — — — ~~~~~~~~~~~

_____  ~~~~~ ~~ 
. 

- - - ±~~~
—

~~~~
- ~~~~~~~~~~~~~~~



1-V -V - -  — V — -V.--——- 
-

~ ~~~~~~~~~~~

- 

V

~~~~ Cyjj ndrj coj
) COntOIn~ r

- -~~~~~~~~~~ Upper piotten

Sample 
- . 

- - 

-

- - II:: }
~~~ 

Low melting point
- 

( 
- 

. alloy

Lower plotten
- 1?

Vi I I

P

X 8 L 7 9 I O — 7 1 7 4

1 ’  

.

. 

V

11 . 
~~~~~~~~~~~~~~~~~~~~

________________________ - ~~~~~~~~~~~~~~~~~~~~~~~~ ~ 
- - —* 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V - -  — — -— V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V. ~~~~~~~VV.V V - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ..- 

V



-V V— -V- V — —--
~ 

V. ~~~~~~~~~~~~~ ~ -~~ _______

Ii

1-

H 

~ V

__________ 
V V. ~~~~~~~~~~~~~~~~~~~~ V 

~w
-
~- -~

- --” 

V
~VLV~~~~,. ~—..--~~V~~’-V—-.V ~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~ 

—



V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~

fl
First epoxy layer

- 

vacuum treatment

r 

— 

S t e p 2

o p Fiber arran gem ent

V V Step 3

Second epoxy layer

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ vacuum t reatment

XBL 79IO-7176

- ;  .

-~~~ ---~~-~ —~—~~-~ ~~~~~~~~~~~~~~~~~~ L. _-_.-



- - 
- 

- _
_ j 0~~~~ ~~~~~~~ - 

-

—

( 0)  Notch pc rc f l e l  to V

- - -- 

compress ive direction

11
-

~~

(b) Notch perpendicul ar to
compressive direction

~
L

~r
i

- -

(c) A centra l cy li n drica l hole

in the sample
0

- 

- XBL79IO-7~77

~~~~~~~~~~~~~~~~~~ 

—---— V.-_ _ _

-, — V ~~~
V. V—~

V
~
__

~~
V_ - - 

V V.V~~~~~ r~ 
V

—V.’-— ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

_
~ - V - -  ‘ - -



F V_ V V VV V V V -
- 

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V.~~~•V•_V ~~~ _ 
V.

_

~ 
.
,~~

V ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

• 
~~~ 

V I  ‘ : ~~~~~~

~~~~~

r 
V~

I . ..
‘

~
-.i 3 

_ ~
‘I -  

~~~~ 

.y,~~- . ,_

V _ 
V 

~~~~~ g ~ • I ~~~
V. ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V

~~~ ~
. 

~~.~~V VV~S V !~~~~~
V C ,. ..~:‘ - - ~

. . ~ ‘S ~ ~~
• - V —~ ~~. - — 

V - ~V 
- 

- r - ~~~~ 
-

V 

1~ 
V ~~~~~~~ ~ ~~~~~~ 

V
V W V ~~.V

V
~~~L~ ~~~~ ~~~~~~~ - . V

cr?1

k

— 
V

Jj ~~ 

I 1P~~~ _.
~~ 

,
~

: ~~~~ 1 — ~ 
‘ Z4~~ ~~ -~~‘1j~ ~i\t )~-~ 

~~~~~~~ 
~ q~~,r i  

~~ V 
~~~~~~~~

\ -~2~i ~~~~~~~~~~~
I 7 I b

r 
~~

‘-
~ I 

.(~~~

V~~•g
1 _ VV V~ • j~~~~~~~ 

~~~~~~~~V ’ V 
~

V 
- --

‘ ‘ V~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V

,,

~~
- •

~~ 8 0 “ m  -
‘
~~

b ~~~~~~~~~~~~~~~~~~ 

- 
. ‘~ r’~~, . ~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

- V

: - :  •
~

- ~~~~~~~~~ 

~~~~~~ ~~~~~~~ 
- 3

.-, .
~
- - ,  - - . 

• -. - ‘ - .
~~~~

- - V

~~1 
-- - I V •~’•  

~~~~~~~~~ ~~~ ~~~ V - 
- - . - - - -

- 
- ‘

V. 
~~~ ~ ~~~~~~~~~~~~~ 1~

, V

~, ~~~~~~~~~~~~~

- - ,~V.; V.~~~ • (_
~ .— ‘ 

-

~~~b V l  1~ ~~~~ IV~V
- 

V . 
~

- •-‘r:~ 
- .‘‘c; _ ~

~ 

— 

i-.

~ 

L
V 

- ~
- r ~

sv
,l ~~~~~~~~~~~~~ ‘r ,j~~r. 

- - 
.

I f ~ ~~ .
V • V

: ,
~~ 

V 
~~ 

- 

~~~~~~~~~~~~~~ V ~~~~~~~~~ ~~~~~ 

- 
‘
~~
‘

1 ~~ ~ 
‘ I  -,--.c ~;t, 

~~~ 
~~~

Vf
t. ‘P

SI
’

I I ‘ ~ 3 t .V’f~ ¶~
- 

V~ 

~: - •
~~~~~

....

- V - V V V r .
II IV V V . . -

: - 
- . ‘ •~ .~ - 

.-‘-? - - 
- V

- .‘ . • (  ,~~ 
I~~ . - .,~~ - . ~~~~~~~~~~~~ V

V VH -~~ :j t ,
V V~~ .V - -  VV . •~ 

V~~ -

I ~~~ ~~~
V V r I• V V .4 V - 

-
‘ 

~~~ - 
V

I)

:- . - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

3 ~~~~ 1 0

- - 

. 

- 

- 

.

V

V -V - - - - 
V V - - V - - V. - 

- - V -~~~ 4

~~~~ —~~~~~
V.’-’ ~~~~~~~~~~~~~~~~~~~~~~~~~ - I 

- 
-~~~- - ~~~~~ 

- -  —‘
~



- , —- - --~~~ .- _—— V 
V V V . V V ~~ _ V.V.V~ V~~ V

•~ ~~ 
V ~~~~ :t ~~~~

- _

~ 

,
. 

~~ 

~ ,~

t~~\ - -; V •
•

• •
-
~
-
~.‘-. ~~~~~~- 

~~

‘ ~1 : ~, ~ 
-. ~~~~~~~~~~~~~~~~~~~~~~~~

t 5i ;. -- ,.~~~V.t-

I t -  ~t ( f - . ~1V :IV..~~~~
.
~~~

V
V ! V i ‘f4  , I ’ :t V : i I 

~~
.. -:‘ :ri

~ ~~

~~~~~~~~~~~~~~

~I 1~ f ~~~ct , ~~~~I j .

’V

~~~~

I f j V 
I I ~~~~ ,j lt)

- -  - 
- 

~l • V t ~~~~~~~~~~~~~~~~~~~~ ~~~ ~j’.’ i-
•—,

“‘ t 41 

‘ “ i  ~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~ 
4r

~~~ ‘ IV ,’ l~~ ~~~~~ 
.
~~‘ i

- 
V I 

I .: 
l~~ ~

- • •f ~~~_ 
- I , 

~~~ .- .‘ . . - I •  ‘ - V .... .-
I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,~~~ } ,,. .V V _,_~~~
- - - •~~~~~~~~ • VI~• • ~ ç-~ 1 V .  ~~~~ • V ~~

~r 1 f~ ~
‘
~

‘

~~
- I 

_J.

- 

V 
• • , 

~, 
, 

V
..:?

r C .  ‘ ‘ ‘ 
~~~

~~

- -~i’.’~.i~1:a , -~ ~~~~~~~~~~ ,‘. . 1 ,. ~~- . ._ — I _
~ • U  - I — • V V ( • - ~~~~~~~~~~~~~~~- 

V V V~~~V~~~~~~~’ 
• I;’ I 

~ 
- ~~~~~~~ ~V j V V VV V 

~ S . - I~ ‘~ ‘ ~~ ‘ - f -  
~, 

-
~~

~ ‘

~ 

~~ 
~ 

“

~ 

V

~

V

VV 

~~~

~~~~~~~~~~~ • 
1 ~ ¶ I -  ~~~ [I . C S V . .._ .,..~~

~~~~~~ __ __
~~~~i) ~~~~~ ~ 

, ._
~
, ,

V V I  - V V V I~ 
V I L I .I ( V

~~~ ~
: . , V - . — I~ — ‘ - j — — ;

- - •_  ~~~~~~~~~~ i .,.
— V • ~~ - - ‘  ! i 

~~~~~~~~~~~~~~~~~ V 1 14 .. - - V
• —

I C • 
I’  I l l  

L c 1 ~

r 
~

-
~: 

;
~~~r. 

, A
V ~~ . VI! ~ ~,

, ‘
~~Ii~ - ,•V • . ~~~ I

~ ~~~ 
~
I’(

~~~~
V•

• ~~~~~ 
I

-- 
- - 1  ‘ - - I • V~ 

V 

~ 
‘I I  .

• 1 , 1 , - ‘ ‘‘•
~l I . _ !~~

I 1
, 

I : V

: 
~~~ . - 

* ~J ~~ t /f~ .; ~~~~ . 
- :

V • •
• 

:
*~~~~:V : );S~i’ ~J ~

~ l
~I 

~~~~~~~~~~~~~~~~~ ? V~ ~~ ~~~. ~~, /

~~~~~ ~~~~
‘
~~~

-: 
~~~ 

I - ~ If ~
•
~~~~~ 

~~~~- . ~: ~~~~~~

•_V I I

~
(, 

I - 
V~~~~~~

1

j .

cci

— -— 
_ _ _ _ _ _  _ _ _  

-— - 
_ _

bib.. -. V-V V_V~V~ 
V. VV IIVI~~~~~ ViV VVVVVV.~V ~~~~~~~~~ ~~~~~



— 

4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 
— —  

~~~~~~~~~~~

—

~~~~

----—

- V - I

— —.

V -:
~~~

-
‘ 

.• .~~~~~~. I
I — —

V 
:~~ t ’  ~~~~~~~~~~ V - 

V .•
V~~ V~~ 

~~~~~~~ ~~~
. . V 

~~~~~ 
V 

- 
V
~~ V • )

V ~_ • V~~ - 
- 

V~~ • V 4
— - s- . •~~~

- - ,~~
-
~ 

- - ,~_ 
• V ~~~~~~~~~~~~~ —~ 

. ‘ - - - - - V 1
. ,• —

~~~~, 
. -. t e l  ‘ V V - - - V
I - ~~

. • - V 1 - 
- I

V - V - - V 
V 

V - 
V~ V 

I~~~~~~ I
VV ~r, - - . ‘ C V V V  - - _ .  - V V

~~~
V. •

V 
— - Vi

I, — ~~~~~ ‘ 
V’ 

~~~~ 

\~;
‘
~ 

— 

— 
—

C .• 
ç ~‘t  ~ ~~,.

V I -

I . 4. .11 •
1ç: 4- —

— 
~~~~~~~~~~~~ 

1 
I

’
~~ I

I I. 1 1,1 5  
ç1, — .. I

4 
• r 

I A 
I

- 
V 

. - - ‘ : _ . . •~~ - - • — 1 ’
V 

- - V - _ , - ‘ - - . - -  -.t V - 
~~~~~~~

- - -  V — - - - 1 1 1 V V _ V~
- . V 

V I
- 

- 
- V ; .  V - — - - . •~~~

• 
~~~~~~ ~~~~~~ V -

- 
• - . • . - 

-
~~ I - - , V . - V~~ 

V

- - : . - - 
~: .  ‘ - _ .

~ 
• ‘ : .  V V

, . V V V  
-

‘ ‘  ~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~ - - V

p 
•

—
~ : ‘ 

~: 
r’~~~ ‘~ ~~~~~~~~ 

~ ~~~~~

-

-
~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~ i~~~~~~~~~~~~~

’
:V.~~~~~~~ _ 

- t
- . ‘

~~~~
-
~~~ 

:- .
- 

~~~~~~ 
~~~~~~~~~~~~ . . . _ I ..r .~ 

SV~~V
• , V~ 

V V V~~f ~: ~~~.I 
/ 

t .~~
‘

/ , 
. ;. :~ 

~~~~~ 
‘ 

4 - 4
r ~ 

I 
~~~ . —

‘•~~ ‘“. r — ~ 
-. 

—
V

I~~~~~ * ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,~~~~ V V p •  ~ ~ V 
V 

~V .‘;t~ 
‘ ~~~~~~~ 

~~~~ 
~ ~~~.- .-

- - - V -~

- • I  V . • V ~~ t~ V t I 1 ~~~~~~• V - ~~~~~ - ~V V~ ~~~~~~~~~~ ~~‘: 
V V .

I I S I I
- V. )

- . •
~V - - ~~~~~~~~ ( • . . 

V

-~~~~ 
‘

V ; .  I V~~~~~~~~, V -. ~~ V V . •V
•

..•~~~~~~~~~~ ••V•~~~~~~~~ - 
V .

I I 
V

1 “ 
I I ~ -C •

~ V
5~V I — ‘ I ‘ ( I
V~~~ V F ;  ~~~~ I - ”~ ‘~~~~~~~~‘ ~~~~~~~ I V V I I V I V  V •

5. — I e I 1
•~~~~ 

:~~~~ -
_ V 

, 
- . •~~~ ~. ~V • V~ ~ - \ : — - - - I~ -

& • V - - 
V - - 

V

• ~~~ 4 
_
~ 

•.
~ 

• V — V
• - • - V

I I ‘I
- • - .-. V V 

~ ~ 
• , V • 5 1 1  - 

~V V V V

- • , 1 VV~ V4 .  I 5 V I S • -

V ‘. •V t ‘ - 
. V — 4 -. ~ ~~~~ ~~~ 

V~ - • - — - V • S - V V

I f ~~~ ‘ I

I — I~~I r 1• 
~
-‘ 

4 •
- ~•

V V ~~~ V. - 
• ‘ V _~~~~

• ’ I V 
- ~~~~ ‘~~ V

V - I, 
V~ • ~• (  V

~
t_ (  •

V .~~~~ • - . - , , 
• - I V V V_ V_ _ .V _ . __ _ _ V_. V 

V

£ V I. V V • 
~ • ‘ ‘ • I

- - V •; , V 
- 

- ‘~ 
- 

V f” - - V

- 
V ‘‘

~ 
?- - 

- I.. 
~~~ 

- — -  £
V 

- :.-. - I
, . 

- V V , 
~~~~ ~~~~ ~~~~ ~. - ~~~~~

-~~ 
V V~~~~~~~~~~~~~ .~~ V V . V  ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 

- V. 
~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ‘—- ~~~-- ~.. ~~~~~‘ V V~~VhVS ~~~~~~~~~ — 
-~ ________________________



-
. 

-- - —V. -—~~~~~~~~~ —V- V~~ ~~~~~~~~~~~~~~~~~~~~~~~~ V 
- - _____

a 
,

‘ —, 
— r ‘~ ~

F 
~,iI I

~ ~~~~~~~~~~~ ~ 

• 

~~ J ..; ~~

~ 

~~~~~~~~~~~~~ 3•/ ’
- - fi - 

V -
~~~ 

. - 
V
.
. V :

!l - V -cl . V
• 

- - ‘~ f s..- ’-c. ! ~~~~ V : ~~~
V 5 ~ V~~~• V V • ~~~ 

V 

V I4 !V,~~; V 
I 

- -‘ -

-
~~~~

I 

.F ~ ,.i ~~~~~~ L’ 3mm

ç
C~ 

~ P 
~ 

(1
I I 

I 

H 
‘

~~

- I: )~ 

I

I 
\~; 

U 

-~~~ 

‘ 

‘

~~~~
. 

.1 -

~ 
s
c— — Ii

f t ‘ —
~
‘-

~~~— — ~~~
-.-

~~~. I .
~ ~~~

-
..~~~~

------- .. ,‘
V
~~~~

: :
~~

- . .
~~~~~~ l V  V V

~~~
V

V V . 1 
‘~~~~~~-•-~~~~ 

~~~~~~~~~~~

“ r
I~ II II ~~~~~~~~~~~~~ 

Li 

~
~ V

~
‘

j 

‘~

r
;

.l I

,V g  
- ~~

V 

- - 
_______

V 

~~~~~~~~~~~~~~~~~ - V V~~ - V . & V ~~~~~~~~~ V

- -V — - ‘-V 
I 

~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
—

~~~~~~



V_V VVr.,V.~V~
_ V~ _- VV- VV~~V.V -V~V. - - ‘V.5~~ V

.
2

-

s 

~~~~ : V
V

~~~~,

VV

~~

J~~~ I
V V V

D . i \. V& V~., j~ 
- . —

V.
’ • ~ .3’ k”~

T1~ 
D

k 
-~~~ I ~ -

-S C, I I
10 -  ‘~ 5 ’ ~

- .;t~ ~~~~~. - V ~~~~~~~~~~~~~~~~~~ 
‘ 

V

-

3 
3~ 

V V 

- 
- D - 

,
- -_ -.

-~~~ ~~~~~~~~~~ . 
~~~~~~ - - -‘ ,~~. ~, , -.

- ~ 
~- !-  -

~~: -~ - 
“; t i-  —- 

- - 
~~~~~~~~~~~~~~~~~

- 
- 

V 
- 

~~~ 
I .  

- -

~~~~ - -‘- - - ‘ - .. 
S . . - 

~z V ~~~~ ç - ;
: V

- 

-V 

~~~~~~~ j ‘
~

— .~~: : - - . - V~~~ - •~~~~~V V  V 
V 

- 
I-

V : •
.~ -~ 

- V -V

I 

L

. V~~ V V~~
V S VV VV _ VV

~~V I .  - ~~~~ ~~~ ~_

— -
‘ - 

:~ 
-:-
‘

~~~~~~~.~~~~~~~~V : -

- ~~~~ ~V VV~~~~~~C _~ • - =— — ,_ V IV-.V - ; , -:

- ~~~~
V-V V V ~~~~V =  

V V

4 
— 

I) 
-‘

I - ~~~~~~ Vj

— V .  
VVV

,_ \ ~
• V)

V. 
— 

-
~

-; 4 
~~~ V &~~~~ V ~~~~ V ~~~~ - - V~~~_V5~’ - -~

& “ c. V) ~~~~

j  - : - ‘  ‘ -~ SI .~ 
- - - 

-,  • “ :‘) - 
-

— I I\\ ‘
- 

~~~~~~~~~~~ 
~ C

I ‘~~ pJ. .
~~~~

,

- - 
~~~ ~~~~~ - ~~~ V V ’.:~~~~~~~~~~

- - : V V ! - ~~.

N

V 

V 

‘~~~ ‘ 
- V

V V - - V --  
~~~~~~~~~~~~ I l~~~ -VV.~ ~ VV.~ -~~ VS_V-V ~~~~~~~~~~~~~~~~ ~~ .- V-.. ~~~~~~~~~~~~~ V.V - V V~~~~- __ V~V~~ _~V- V -

—~~~

--- 

~~~~j :~~~~



______________________________________________________ ~~~~~~~~~~~~~~~~ ~~~~~~
—-  

~~

rP,r ~~~~~~~~~~~~~~~~~~~~~~ 
- - ______

I

N-

o
II

QC
c~
.

V 
-~~ -

~~~ ~~~~~~
- I

“ 7
V 

/ 
C\~J 2

/

/ 5— C

I , C’;J 
- I 0 N- , I V (_)

V 

0

- V

V 

uJ

• 

• 
V 

-

~~~ :II..JT~EE~



___________________________ - ~VV -_ - V~~~~~
. •. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C —~ 2
— N.

c; ~~~~> j r ~ C

f—.
-j

V 
x

-
~~~~~~ 

V

I: -~~~~~~

r)
~~~ I - N

~~~~~~~~~~~

‘
V 

~— C

~ / / ‘V

C / / / ~~~~~~~~~~~~~~~~ 

_____

- c 
~ / / - - ,/ j Cf)

- - / / -,- // ~~/ / / 5IV / / /
V 

~~~~~~~~~~~~~~~~~~~~ / 
/ 

- 

Eo / / / (0 o
(_.) / / /

r~
) V~~~~~~~~~~~~~~~~~~~~~N Q

(

sixV J O U I~~ buo~~ 
tia~u.a~ P~°A 

wo~j 33u0~SLcJ ~ —

I 

- 
V 

- 
~ V V

3 V.~~_ V .~~~ V~ V-V - - - - -V. - - 
- 

~~~~
_
~~~~~-~ v_ - -- -V I 

~~~ - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~VV.I 
~~~~~ ~~~~~~~ -~~ - - V-k ~ V V . V .~~~~~~ - ~~~~tIVV~~~V.5



________ V • ~~ ••~~~ ~~&__5-VV._____V~~~~ __  
V.V.S~ VV~VVVV~VVVV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a

-~~~~~~~ I

1

/

p 

..
~~~~~

. V

- N )

c,-’ 1,,
~~~~~~~~~~~~~~~ 

V 
—

< 1-’ 
I -N

- 

—

Y /K Ii~~~~~~~~~~-
~~~~ 

/ /
/ ~7o ~

4_
0

/

1 / - /  / 
N c  

V

~ / / V / / - 

-1 
_ _

I I I 
- 1 1  1 ~~~~~~~~~~~~~~~~ 

‘
_

- 

~~ ) 0- N 
V

S?XV ~~f~V.I §tiOiv ~~~~~ P!oA 
WW~ 9~UD4SI Q T

H: - -

_______ 
- 

V

— 

- 

— 
_ _ _  ~~~~~~ ~j~ i~j 

—
~~~~

—

, 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r ~~~~~~~~~~~~~~~~~~~~~~~ - 
VV.V-~~~V rVV,,V-V-V.,IV ~ S 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
VSV__IVVIV._ ~~~~ ~~~~~~~~~~ ~~~~~~~~~~

Ve

I — ‘
~~~ 

I,’—

~~(0o
I 1 0 0

- o x

0

N
V o

I I I ~I I
0

( 0  -

.~~~~~~~
V.-.S

V 

V

- __ 
:~V.V.V.-V 

V~~~~~ V 

- 
- - - 

-Vr

L~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ___-V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


