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C~~ FrJThR ~ENEBAT ION OF I~ANDCt~1 NU~~ERS

Ir~TRQD UCTI0N
-j
A randczn number is a quantity which is specified probabilistically,

• and a random number generator is a device which outputs numbers under the
constraints of probability laws. The probability laws governing the
sequence describe ( i)  the statistical properties of the output sample ,

• and (2)  the relationship between successive numbers in the sequence . The
prese nt memorand um reports progress in the development of computer tech-
ni4ues for generating random numbers.

The probability law governing the output sample often takes the f o r m
of a theoretical probabilit y distribution function which the output as a
~~~~~~~ is exp”~c~

-td t sat t~;fy. The usual se~ ueu ’.tal requtrement is t~at
su cessive numbers in t.~e output sequence be statistically independent.
Ihere are, of cour~ e~, numerous possible rules to govern non-independent
sequences.

\- ~Fandc*n numbers have their greatest use in simulation. A random
:iuther generator is, in fact,, a program to simulate sample distributions .
A simulated sample Is of ten very useful in solving psychometric problems,

• because Its prope rt ies can be controlled more easily than can those of
~ cpt rical samples. (See , for example , the study of an allocation tech-
ni.~ue applied to current aptItude Input by Boldt, Wiakoff, and Fitch, 1960.)
However , tne real utility of random number generators is achieved in simu-
~~ icr~ of theoretical systems and probabilistic control processes. A

~ypical theoretical system often stitdied by simulation is a mathematIcal
m odel of beha vior . Reasonable models of benavior often turn out to be
mathematically intractable . However , computer programs may be written
wnl ch simulate the functional operations of the model. It would then be
possible , wits a judicious choice of parameters, to run many empirical

u at.ioc.s of the model. In this way, the model may be tested so
ttioroughly that explicit mathematical solutions ol’ the model equations
are no longer needed. Random number generators are essential in this
endeavor , because most psychological models are written in the language
of probabilit ies.

An example of a probabilistic control process is a psychological ex—
pcrlment tn which the stimulus presentations (or the administered rewards)
have some chance dependence on other events. Experiments sometimes re-
quire that stimul i be chosen “at random”, or with some probabilistic
dependence on the subject ’s last response, or at certain “random” intervals
in time . For example, studies of multi-person interaction often use a
cc~plicated reward structure in which the outcome administered to any in-
dividual depend.a on the joint response pattern of the group as well as
upon chance events set up by the experimenter. The probabilistic character
of these contingencies can often be achieved by a random number program.
In f ac t, there are many interesting experiments which cannot be done with-
out the computer’s probabilistic control.
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The core of most random number programs is a s imple , repeatab le
arit~ netic operation. lu almost every program , thIs c ore operation pro-
duces numbers whIch are uniformly d~~ Ibuted along tne interval from zero
to one. This is by no means a necessary first step., but It makes possible
a variety of second steps, such as co~:ve r~ ir.og uniformly dIstributed, numbers
into other dIstributions, For example , It is much easier to convert
uniform random variables into, say, a beta distribution than to construct
the beta distribution directly. Tc~refore, most random number programs
will have two parts: a subroutine to. ger~ rate uniform random numbers and
a master program to make :~:‘n cor,ftr~t some probahility distribution.

Of the many computer me~~ ods for generating uniformly dIstributed
numbers, cone are perfect , All prrAuc~ a repea 4.tng f~nite sequence •,

terms of whL~h can t~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~
- - P’r~~ ~~~~~~~~~~~~~~~ - , •~~~~~~~ ,

~~vertheless, the sequences may be extremely long (so t~at, for practIcal
purposes, they do not repeat), and they may possess most of the sts~~stica1
propert ies of a truly random sequence. For this reason, the numbers pro-
duced are somet imes called “pseudo—random” . A discussion of alternative

• methods for generating uniform random numbers is beyond the scope of the
present memorandum, but the one most commonly used will be briefly
described)-’

TI~ P~VIER RES~~ UE ~~THOD

• An arithmetIc process that produces a long, erratic sequence can be
invented easily ; to make the terms i~dependen•t and equi-probable is much
more difficult. Tc~ power residue method comes close to satisfying all
these requirements. It relies on r omputatlons of the residues ( remainders )
of successi.ve powers of a number, x aodulo~’M , where M is large compared
to x. I~ partIcular , if x and M are relatively prime~~ the sequence

- 

= xn 
(mod M) , or t~~ se~ uen~e Un = a,x r~ (mod M) where a is also rela—

tively prime to 14, is a repeating sequence with random properties.

~~
-‘ Alternate methods are given in Ean~ning (1962); IBM Reference Manual

C20-8011; and Meyer (19%).
1-’The expreseiom u = v (mod M) means that (u - v) is divisible by M. The

operation u.v (mod. 14) is read “multiply u by v, divide the product by M,
and take the least positive remainder ” .

LI TWO numbers, u and v, are relatlvei.y prime if their greatest coimvon
divisor is one.
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The resiJu~ ~e ~~~~ 
1.~’;-~’,’Is o’~ ~~e 1at~ or~s~ Ir between x and M~ if -

= 2~ Lor s i ~~ pO8it ~~VC ~:~~-~~~ r h. 5t:~ :f x is a s . -~~Jiy ~‘rJ,3sen odd
b ~Integer , ~:~-r .~- w ’21 be ~ ~~rms prcduc .~d before ~~~ sequence rep eats .

This fact has s~~~ pr~ r i  ~I i port~:~~ . T~ make ‘~:e sequence as long as

possib le i -  a t~ car-y compu~tng mac~:ne, it is conver~~ it t o  choose M to

be tt~e maximal w~ r d .  I! $ ~~~~ are h “bits ” available , ~‘~e maximal

~omp~ter wi’r~ -~~~, ~~~ “— CE ~~~~~~~~ M 219 , and * i~ maximal sequence

- • :~~
- ~~~~~~~~ 

~ ~~ t :e  v~~rt~~ ~~.at 
1
~ie dIv~~tor~

opera~~o.~ 
• 

~
- cr’~tJ’ 

‘- :
~ ~,r ’ r ~iu~~’ Is eiinlr~at-en~ ~~~~~~~~~ the computer

- ~~~~~
• 1 - , •  ,,

~~~~~~, 
n + ( n — 1 )  19mu1t~ p: ’,~~ x ~

- 
~~~~~~~~~~~~~ 

::v~~~ lows ~~~~~~~~~~~~~ x > 2 ),

a~~ 1~ a-. ~~~~. L  ~~~~~~~~ ~~~~~~
. 

~~~~~~~~~~ ~~~~

~~ ~ -‘e r r ~~‘~~~ i-- i4~~~~~ i ~~~~ p~cgra~s~ed , ~~‘ei. . an,i ~r~-~~rpo
• r~~ ed ij~ i ’ i r .~- rarui :i ~ i~~- r  ~~~~~~~~~ ~~~~~ versions ex is’t : one -written

in ‘~L ~i~ 5 -~-‘ine Li ~z~i~ i I -
~~~~ ,, , •r. ~r :  —

~~~~ 1x~ F JRTRA.N for the GE. 227,
and o~~ ~-o~-~~- f~:r the ~~~ 7090 , A s’~ tistical
az.a~y~ i~ 

- •- ~- •~~• -~~~ ~~ ~~~~~~ .ir~ . ”~~ea and w~.ll ti -e reported separately.
Au 1~~ •~.-n- p~r~ n—i ~‘e~~u ~~~ ‘~~~ t E  cr1 c~r.1~urmity and independence.

~~~~~~~~~~~~~~ •.)N

~ -o’~ - i -  • w ’ ‘- .~~ u’ “ci random numbers ar e rare ly ail that
~ ~•~~ -i~•i • .~ ~~~~~

- 
~~ L~ ~ :- -F~. wet. ua~~~’;~ require t~~t the numbers

~ -i ~~~~~~~~ • i~~ ~t •. c;L r ‘t ~~~~ . . . 1 ’
/ La’.. ~~‘r ~ 1 or€ , general methods are

•~ o . - ”~ 
• :ir’~ raridcim :.u~~ ‘.rtD o~~€r more complex p~ob 

-

~ :s’ r i ~. ~~~~~ • ‘~vers1c~ ~ec~~’:~ ues can ~~ distinguIshed:
~i : - ~~~r~~~~:c : .  -:e - d ~- ar~ ~~

- , r i ,o s~ t 1oc.’ ~et’ od,s.

lnteg~-ation Method.s. 1..- f ,x ,~ be a cont inuous prob ability density
function which iB being simulated and. let j u) be a. sequence of uniformly
distributed ra ndom numbers on the unit interval. The u ’ s are interpreted
a~- pe”cent ile scores. For each value of u, we wish to find a number, v,
wLtc~ is at the ut~ percentile of the distributIon f ( x ) .  The v ’s wIll
the n have t~ e required f(x) distribution. For example, if f(x) is 1 :.e
standard normal distrib ution , and. if u is 0.975, t kie r~ t~ e value of v ic~c

is greater tha n exactly 97~* of the normal distr ibu tion turns out to be

v = 1 96. The value 1,96 can be found in t• ’~ usua l table s of the noz~~~l
dist r ibut ion (although , of course . tab les wou ld not be used wit - t 4

~ e random
numbe r generator ). MathematIcally, the example fr om the normal distribu-
tion Is expres sed as follows : If

V V

• ~~~ -x~ /2
0 975 = J~ f .x~d.x ~ ,2 i-r e dx,

• • ~~~~ • ~~~ •— ~~~~~~~~~~~~~~~~~~~~~~~~~ • -~~~ -
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then v = 1.96- More g~~~-’- al~~v~ g:v”~ u ~e mu~~ be able to find v such
that the area under t~ x . 4 r :vi i’~~ 1” - :  ~~~~~ ~-o v , ‘:quals u :

V

r
= J~ ~~~ r~~~~i [ i ]

is this Ir tegratiori  pr~~ :a ~ ‘ r c e  ~~.e method lt s  name.

Whether v Is easily deter~~~~~ de~~~ds on the der.si .y func ’.~ o~ f .
Some fun’. ttors, such as th~ e~pcc~~~~i~

t x) = Xe , X > 0 [2]

or ‘.c .E Laplace

f~x~ ~ ~~- X I x I  A > 0 [~~]

are easily ictegrated , and an exac ’. SCIUthOn to equa~~icn [1] can be prc
grammed. T’:’ts programmci~~ ~cac be~~ dc~e for the exponential and the
laDlace distrIbut Lons. ~a~rc1 s fr .~ ~~~se random nu±er rout ines can be
~uic~ 1y generated. ?e:ause t~~~~- ~~~ur a ’y depends only on the residue
calculat .ion s , ~~e samples ::. or~u well • c taeoret±cal distributions. The

~~pc-ie~tial distrib ut Ion cc curs ot’~,er. in models of latency mechanisms (e.g. .
models for visual search time or detection response time). It is also a
component of more complex distrIbutions, suc~ as the ga~ na, and is likely
t C be one of the most- useful ra -~~ccr r.umber programs.

The generalIty of the ic gr-~~ton method depends on how easily Equa —
tlon [i]  can be co1ve~i. W~~r. ar’ ~w’ solut.ton cannot ‘be found, some•
approximation technique is ofter:. ri~~ fu 1  T~ is is ~~~ case when f is a
normal distribution . The most . convenie nt method for integrating the norma l
distribution on a computer is to use an approximation formula ( WRmnhi ng ,,

1962; Ralston and Wilf, 1962). Usually, use of this formula entails
calculating the first few terms of an infinite series. The normal d ri-
butlon subroutine —-a FORTRAN program for the GE 225 or IBM 7090--cal- uiat.es
the area unde r any cont inuous se~~nent of the norma l curve , using an

• approximation formula. This program is quIte fast, as it must be when
large samples are neede d, and It is accurate : the output agrees with the
tabled normal distribution to six decimal places.

— •. —-~~~~~: - - ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ - _ .  — ~~~~~~~~~~ •, iiI~~
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When “ -sr ~~~~
- a • :. . ~t f l t~

r -
~ ‘~-r~~ formula ~~

avatlable fc r  ~~~~~~~~~~~~~~~~~~ I ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~
- 

~~~~~ • ‘ -
~~~~~ •~u’• 

~~~~~ ~~~~

~t € r a t  ly e  pr L V ~~ . .
‘
~

— .‘ - • - i  i : - r t v’— • - - -
~ ~~~

- - - -v f  ~ tgn~ ~d for
con vert1n~ r ’.:’ j r~ rali-ioxr ~

‘-
~~ ~ . C a - rrci ~

• 
-

~~~~~

where A > 3 , I ’ : - ~ 
r-1 -X  

~~~~~~• ~~1 r ~ 3. All ~~~~~~ IteratIve ~~~ b~ds

u~ e a se-n ec of •~uadra~ rco c± - :e ares w- ’I€ - r t~-e ~r~k-~ b : l c~ y curve. At-
each step, an ordInate grid is over .aye -I ‘~~ ~~e area • o te integrated.
This ~rtd dtvldes :c area ir~~~c f o u r- n  I’ied c~c~~ r 1c f igures defined by
:o adja~e’~ cr~~~.’ - n  ~ -

~ -~ ‘ “-
~ 

y ~i n  1~e ’~we~ r ~ “e
ordinates, ~~~ a i1: . -~ ~~~~~~~ near .~~ prc’t ab~i:ty curve crcosen ,c s~mp1if

y
cc~nputa~ l.orn.. ‘

~~~~~~ 
• a ’~~’~ ij ” r - - -e cu-’~e 13 approxtrnat-ed by ‘~~~ sum

of the ~~~~ arid are ’~~. F~~g i ~~ I ~~~ i ’ e s  ~. e r i , - r o d , On ea~
1-~erat 1 :’r. , 4 ’ e ~~~~~~~~~ of ~~~~ 1i~~cn t s ~ - T : r  in”cl , ma~~.rtg i~ e apprc~ ..ma~ion
closer to ~‘:•e ~.rue area ur~ :l ‘~~~: n u ~~~essnve iterat ions give estimates
w~~:.t. d~ fr~~r ty J s s  ~~~ a ~-~~~se~ ~~~~~~~~~~~~ i’i FOFTBAN progr~~i
‘-nt uses • 

~~ ~~~~~~~~~~~~~~ ~ 
r . ) ç  F~~z~i~~- . N r”ct.a r,~1es are used to de~er~ c~ e

V

AN =~~~~ f [ I + ~.) ]~~S0 f~x )~~

on the f~.r st itera t to!. . and ac r e ~~~~ on ~~~ kth iterat .ion ,

The most t ime-cons uming s tep  Ifl c c ~~cu~~1ng l,ua :orA [5] is ca1cu.la~’ ton
of the ordinates , f ( , i ) .  For ~~~ gamma dist r ftution . Equation ~ , the GE 225
computer used about 1.5 minutes to compute 1000 values of f(i). The nuith er
required to reach a tolerance of i% varIe d from about- 100 ordinates to
10,000 ordinates , depending on the parameter r . Iterative rout ines ‘ hat
used Simpson ’ s rule or trapezpoid.al approx imations were equal ly timE c on.-
suming.~

-’ These result s force the conclusion that aithoug n ite rativ e
routine s are useful for integration , they are not- fast enough to provide
random numbers In quantity . Methods are needed w}1t~~i will not require as
many operations. Monte Carlo methods may sat isfy +.

~
- 

~ r requirement.

A Monte Carlo met.~od l.s a procedure by which random proce sses simulate
or approx imate mathema 4Ical func t ions The best -known use of random proc-
esses in computers is Mor~~ Csrlo ir,t e~ ra t ion c to find the area under a

~-‘Ra1ston and Wilt ’ (1962 ) give more ~~.orougi presentations of ite ratIve
quadrature methods.

- . 5 , -
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Figure 1. A step in an integration method : ap~a’oxImating

V
J~ ~

‘(x) dx by a series of rectangles.
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curve , t~~ I:~~’ c~ •~‘ - =~~s ;~~~~~
-
~~ -~~ 

-
~~~ . c-

~-~~~~
--— a ~~~~~~~~~~ ‘r ~ known area

wtic~r. i-.:L:de -~ r : •~ r— .~~i .  • 
~~~

- ‘ -~.ns - - c  a~ -
~ 

pc-~ r — ’ n ~‘n p-s Tce
proportio- cr p::r.cs r~t1 ~~. •~ 

- r a ~~ o~ ~~~~~~ :s ~e en~~.inate
of Its area. :~ ~ er ~~ r a e  :~~~r i~~~i ~tsc •t ’ :oc.n~ ~~~

- a va rl ation
of t~ is tec:r.:~ ue a t t r ~ b~~. -~ 

‘ N-~~:’..~ .’~:• , Fa ~~-~ cf :sper.len-
un.for~. rar~Iczn ~~~ : &j -s ‘

~~ 
v )  -~~t~-~- .~~

- -- -~~~- i .  x ~- .  ‘~~~~
- -  ~~~~~~ of te

abllPj de-~sity rur :t :c. ~
‘
, a-i y ic. ra -.~ e. Eac: x ‘ a ‘cana~cLa~e- ’

for ~r.’I 1 u s  ‘c ~- 
~~“ oe &ar c~ ~.t r a r i ~~~~-.~c:.t~.r c ~av:nig . .‘- f ~x ) d 1s- .r~~ u-

~ion . 11’, f:r a ~~iv ~~~’ , f ~~x~ > v x :~ “a-cep~~~
” 

~..: ~~~ sample s
o ’-~~rw~ s~ x :.~ i lsrarth- i , a-’: a ~~~~~~ • ‘ ‘  :~~:r cs ~~~~~~~~~~ F.:~~’~~-~ 2

~lius ’~~s e s  ~~ In procedure, T : e  t c -  of x vaiu-~-s t-:u de-d :: ‘ t’
~3 a.npl~ ci~~p~~- ’:i-~ orc ~~~ s i ~r ’ - t ’  - . — :s ::g-. iv pea~eI Its
rarL~e ~~

_ j ‘ ‘ -  I-~cge trlu r - l  - 
- :‘~~~~~~~ r~~ - crd t cc~i~~n -~~~ ~cos -r. value s

of x , ~ c-~ ~~~ i.cs~- a i;~~i~ ~~~~~~~~~~~~~~~~~~ cf -i val.c-f n wc ~~. ‘cc: excee d to

~~~~~~~~~~~~ r~a-y x - ‘sic .~ wc _ ~ - ~~~~~~~~~~ ~~ ~~ of tr~
depe~~I~ r — rr r k- .~l ‘

‘
: . .

~~ 
c c  :~~ c 3~~j :rj , .i~~~~ ’, ‘~,

~

p(~ < - — - - -— - -
~~

-—- -
~~ £6]

w~~r e D  Is ‘— e ~c - ’ -~rva . ’ ion~:.-c:’~ ~ tn 1 s  1. ’2~~ acI M ts t.~c
value of f a~ :-

W:e r. ~n M c - ~ .e Csx - i :  pr c~~~~ r~ ‘~~c used  to gerlera’c tte gamma dis—
r ib~~ i c’: :,n,~’~~a’,tc~

-, tLr ~e ~~~ x .cI ’~x. Lc c’. r — - was de- .reased over the tt..era-
~ Pie ni~~ - c~In t y  a fa c 4 c r  ~i a~ ru ’ c C.: - ~‘o.~e vc-~ for :er a:.’. Par - ‘-sr
v a lu e s .  t~:e ga~~a s u t. - :e ~. y  ;—aa~~~; a:,d~ alt-’ cua~, c~~.putai,.Icr~
t ime is na~ :sfa: orj ,  ~~ e ~~~~~~ ~ .~ 

- as efii: ’..ert, as it could be.
Effic iency is I~~cr ar,4 , o -~-~ un~ c~ n~all d.:t’fereroes In computat-lon
l c.,me , but ca.  a-  f::~~r-r ’. ~~~~~~~~~~~ sr , c  r::~ c-ao~ ‘nay use a largeportion of power r ’estlue ~~~~~~~~~~ -o ~~~~~~~~~~~~ a s~all sample . Gener-
ating large samples may entail f r e~~uc :t. cbange s In t~ e basic uniform
number se~~Ie r.:e ; t :, e se  c arc~es s :ou d t’e avo:.~ed whenever possible-.

To incr~ aze the ef • r~~er tc y of ~cs ga~~a rou1~,~e, a modifIed pr ogram
was ~~~~~~~ In this program~ ~~ x—dcinain of f is divided into su~~
intervals of ~~ua]. leng4c~ For ear~ suhinterval, values of y are gener-
ated only P- ‘.t~- nubspt of the rar~e of f w!il:~o i s  supported by the x
subirt-erval, T-tts ~~~~~~~~~~ or . th~ y values t’-~-reases the efficiency9
becaus e ‘~ e fa’”’.or M’d ~

‘E;uat~or~ 6~! ~ c r epla~ed by a sum of small rec-
~~‘i~~ r ar ”a~ w}- rcs~ total appr ca: -~~s J f~~~ dx as ‘ ‘ceir number inc reases.

Wi~~ eve r, a small r,u~~.er of ~~terva n 1 :.:e efficIency is improved by a
factor of 2 cc 3. T9.~.le i 4 -a,-~s t~ .e difference between the two
methods .

7,.

• • • 
• 

~~~~~~~~ . :



r(x)

Figure 2. A Monte-Carlo method. A pair of independent random
numbers determines a point (x,y ). If y falls in the
shaded area , x is discar ded~ if y falls beneath the
curve, x is added to the sample .

— — ~~, ~~~~~~~~~~~~~ _~~_~~ — ‘‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘
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• 5 3 ~ ~~~u

roy c: t:e .at’le r~~u:-.-c~- ’ n a S:~~u i a icr roY . The parameter r
(see ~ ;u .atIc:: L.) ~~~~~ .~~ -ap~” :~ -:

~~
- 
~I~ tr ’I’. : -  - . ~ ccr~ r

u- ::v- . the ~~~~~~~~~ :or :c ~.r~cT .y ~~~~~ -. ‘. ‘
:. a ~tx~ a’ zero. As r

~‘ c rean~-s , t :e it ~I -  ‘ ‘.~c:  c , ~~~ c’- 0.::-- - -- - -— . r :~re~ t.:~e r-:� :t , and
A ’

- -
~~ d~~-t ~~: t u ’: :r. t e: .~r.’-o ~~~~~~~~ ~r -~~~~~~~

- &c ,n u~a’:on A was u~ I~y ,  and
t i e  ~-ir~ ra~oicn~ r u nter  Seou.~- - ~~E t 5  .~se. i .

~T h— ‘eb.e e n~ ry is t •~‘ c irrc- - ‘ ;~~~-~ ‘ced ed  ~-o ~ener a :e a sample of

~
‘
:r ~~ •c~ tpc t  was a 100-cell r :  .~ zra~r s iir:~.ar to t .t& one anow~ Figure L
(IrlI-square go-: ess-o~ -fl ~;a~~-’n sr~ ~~corcx 1ma ’ ly normally distrib uted

- ~ ;~~~rb~~~- of cc~~-.s ~C’ or a. :: Toe tab_e er ’iry is tc~e de vIa~ :0:
‘
~~~ ~~ j aj d ~evlat Icr uc,I’~~, i ::~e c.i~pcr~~: cci i -n~ uare value fr~~ i~ s
theoretIcal mean, A 95% con~:~eoce :.~terva l, sv etrlc about the ~~~~~
ret ical mean , would have Its riar- les a ±1.96 s~ andari devtatlo:s

Cc~position Methods. Cc ’asionally. It is easIer to convert ore din-
tribution into anot~er by a method c .re r than integration. This w~~ ld
certainly be the case if we desired t~.e gamma dIst ribution only for Ir e-
gral values of its parameter r . becaus~ r ’:R sum of r Independent Ider 4 t -
cally distributed exponential r&’rdom varlatles ‘

~as the require d gamma
distr Ibution . There are rne n:, spec~.ai ~etccds wt lci can be c~~ ra oter ized
by t~~ ir relia nce on compoa t t lon ~er a: Ions , suc h as addition . multipl i-
cation , or convolution . In t ,e case cf 5~ norma l distrib ution , the
central limit the orem . wLI::. ~uara’ct -ees t , ,r.e asympto tic normality of sums
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1ndep~noer.’ rar~Ioic var -~~~~ ~ -o , : t ~ze ’,: a: a et’ca — v~ -i 0 p ro-a .’
normally dLzi r~ buted ruiher’~. Th-~- c~~.:’ . t L V c11str1r ..’~~i r~ :ro ’ErE ,

. 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~l.~: ~U
values of x are added , Ire din .rIt u’:~ -. cf ~te ~u’n ~ i i 1  •rsve aca-  6 -‘~co
inI~ variance. I c i s  dl r : c~~t :t ap~ r o~~rna~ es a normal ::st’:tot::r ~‘~rv
oic-eely , eve r, though orly 12 rardcti variab es have beer~ used .  t c~
drawback In tt.ali , being tcoor~r led ,  ‘:~-e fit to toe cccv~~i :5 tic’ ~ :o-~ ~r
tails . 1~ 3 shows toe outp ut of a nubrout Ir~e ~~icIt.. sums ~ c . -
variables, ThIs distrIbutIon ~~s bee: :. cfccx ped ~o aprrox ora’e ‘C

nur r~i , by subtractir~ 
j 2 fr ~~ eacI su~ and muitioiv:.’~~ i te res .~i’ ~~~~~~~~

Toe familiar applicatic :. of ‘ ‘c  Fo ss:: t~:n ’r icutoo ’ci to  “ co~.th-’ ’ s~~
event S ~~~~~~~ t e e  o oe trafi::) s~~gents a si’~c:~~ a~ c .cd ‘c ci- -

--ert uniform random n umler :  to a Folsnot d tribot~ oo. Suppose ‘ : a  or

a unit of t ime , t i e  num’oer n c: occurr ences of an ~vEr7 ‘ e .g,,  te -:’ o’~
call s ) Is a Pclsson dlotrlb’ut .ed random variable , i.e..

P~~~~~k ) = ~~~ -— e~~~~~,

‘~‘oe r e v > 0 , = 3 , ~~~. 2 .

fo l l cw n (Feller , I~ b2 )  that , if t 1 , t2, ... are t.’ce th’nes at wthc: toe

e - - e o t .~ occ ur, ‘- e 2~iI-cr-cc:Jrrence times, I~ = t .,  1~ = t ,. —

1
3 

= - t .. .,. arc independently expor..er.~ 1aliy d:s ’. r ilcu:ed, cus

‘ce computer ~encraoe s a st’o~uco ce of expo.r.ent-la.i random var~ab1~os,

~~~ 
.. arid adds toe~ the smallest value of :isc~. 4 ria-’~

1
~~ 

y1
>l  [8]

i=l

will be Poisson distributed. This method can be s implifIed by riot i_cs
that by int egrating Equation 2, we can express the y ’ s in terms of uriif or-rn
numbers ,

-in (x i)
yi = v [~~~]
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Figure 3. Output histogram of the sum of 214 uniform ly distr ibuted random
variables. A normal distrib ution with zero mean and unit
variance is drawn throug~i the histogram , which represents a
sample of 2000 observations.
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where x~ is a -u :fc’ra : - ~:i ‘~-r ~umber ac-i v is ‘ .e .~~rai~~’er of Yi€ ex-

ponential di r:~~~~icc , ;~~ .u~~ic ’  y ~ .u~ ~ te wr~~~’..--

‘1 1— ‘ x ,
> A

or.

~~~~~~~~~~~~~~~~~ ) 

X I -

an~i , ~~~~~~ ~~x . c s ~c ‘.I.-’j .c.  ~.n- .i -.t ’; ‘.‘-~~~~ s if o ~~~o. ,c.a:

v <. e [10]

~ be Pc ’155C~Y. d I s t r I t i ot~ d w ’ : tiear ar , -~ v~iria:re v. For s~ sii values
of v . rei.s fve ly few ~ r are ~~eded 1 and t:e routo~ie works ~- f t . : c ~-r ’ J ~~.

For larger values of v, ‘ c t ’- c ampu:atlor Is slow . ~ut becaus e :~ Fc:s-i-or.
o:,:trlbut IOr, approacben th.e- r~ rmai dtntr:but;ion with increase oi- -

1c-~ ff1cIert par of t.~ e rou’ ~~ reed ncv~~~ be used .

CORRElATED A~D ~O1~- 1~LEPEN~ENT RA 1’~DC14 ~1J~~ERS

One requIrement nf a s ’L’rula4clc : pr ogram ms.y be to  reproduce rorrela-
tjo~g that are observed between numbers In empirical data . if , for cx
am~1e, a matrix of si~ulat~ed test scores is needed , it ls very ofter
desirab le to simulate th’ row or column izitercorrelat~ ons as well ss
distrib ution properties of the scores. Suppose R is the desire d matrox
of Ir,t,ercorrelattons , If a \r ect .or A of nu~~ers generated by the
is uncorre lated. [ I . e . ,  t~e expected. value of 1/n At A , where r. is fte-

1
number of sets of values, Is  the ident Ity matrix) , then B = AR2 is a
trar~sformation of A wh Ich has the same distribution properties , but ~t s
expe c ~ed inte rcorre 1a~ ~.c’n matrix is

1
B B = R~ A~ A R2

= 
- [ui

=

-, ,-.,
‘S.—

hiiL1.~ - ~~ . _. 
—

— — —  --. ‘ , o ’ .



Thus , by a simple muIt.tp. s :cn operatIon--but one ‘~~~~~~~ - often could not
be done wIthout a high-soeei romputer---tte random number output reflects
th e  intercorr-lations of roe einr irlcal data. This method, and the adequacy
of the programs using it- . . are discussed fr boidt, Wiskoff, and Fit: t. ( 1960).

The correlation ad justment leave s successive score ve~tors statIsti-
cal ly independent , because tbe parameters of t.i.e generating process are
left unchanged, When dependent random numbers are require d., the generating
algorithm must adjust Its parameters on trial (or t ime period ) t as a
function of the our put sequence through trial t - 1.

Probability mecbanisms with time--dependent parametere--~~iown as
stochastic processes--are cc~~on elements of simulatIon models. The
simplest sequent ial adjustments of paraniet.ers are those that depend on ly
on the trial numbers, t , and not on the ma~~iitude of the random numbers
themselves. For example , suppose as. expc:.-c~ lal random number gene:arc.r
is altered so that the parameter A is proportional to the unf illed
portion of the desired sample . If N is the total sample sIze, the first
value of A is A1 = kN , for acme f ixed k. On the second trial, cx~ly N - 1

numbers are required , and A2 = k (N - 1). Continuing in this way we have,

= •— t -s- 1). -t- = lç2,.,.N. [12]

~e: ause A becomes smaller each time a number is added to the sample,
successive numbers are drawn fran exponential distributions (EquatIon 2)
w~ th steadily increasing means (sioce the mean of the exponential dis-
~rIb ution is inversely re lated to x) .  ii we identIfy the random number
output wit s., say , response latency, the generator is a model of an
organ ism whIch responds at a decreasing rate, This program has found
useful applicat ion in simulatIon of vIsual search .

CONC LUS IONS

The techniq,ueB just described are building blocks for a wide var iety
of randan-number programs. In each case, the method has been programmed
and tested for efficiency and. accuracy. A chi-square testing program was
written to evaluate the goodness of fit of the generated data to theo-
retical functions . In the case of the gamma distrib ution (which involved
the most extensive programing work), typical chi-square values for
samples of 10,000 numbers were significant beyond. the 0.01 probab ility
levEl. This indicates that Monte Carlo techniques preserve the basic
accuracy of the uniform power residue core program and can therefore be
expected to operate satisfactorily In future applications.
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(.r Pro~zress:ve c cvY~pu ’atLo~~ ~~~~~~~~
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Figure J~.. Output histogram from the gpunm~ distribution generator.
Each vertical line represents the sample proportion P~ in the ith

class interval. The parameters for this run were A— i, r—3 , and
the sample size was 5000. The histogram shows the effect of a
pronounced regularity in the power residue computations for the
basic uniformly distributed random numbers: the sample proportions
should conform to a function that lies between the tail and short
segments.
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