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COMPUTER GENERATION OF RANDOM NUMBERS

INTRODUCTION

AN

A randam number is a quantity which is specified probabilistically,
and a random number generator is a device whick outputs numbers under the
constraints of probability laws. The probability laws governing the
sequence describe (1) the statistical properties of the output sample,
and {2) the relationship between successive numbers in the sequence. The
present memorandum reports progress in the development of computer tech-
nigues for generating randam numbers.

Tre probability law governing the output sample often takes the form
of a theoretical probability distribution function which the output as a
whole is expected to satisfy. The usual seguential requirement is that
successive numbers in tze output sequence be statistically independent.
There are, of course, numercus possible rules to goveran non-independent
sequences.

Ap ¥

Random numbers have their greatest use in simulation. A random
number generator is, in fact, a program to simulate sample distributions.
A simulated sample is often very useful in solving psychametric problems,
because its properties can be controlled more easily than can those of
empirical samples. (See, for example, the study of an allocation tech-
nique applied to current aptitude input by Boldt, Wiskoff, and Fitch, 1960.)
However, the real utility of randaom number generators is achieved in simu-
lation of theoretical systems and probabilistic control processes. A
typical theoretical system often studied by simulation is a mathematical
model of behavior. Reasonable models of behavior often turn out to be
mathematically intractable. However, camputer programs may be written
which simulate the functional operations of the model. It would then be
possible, with a Judicious choice of parameters, to run many empirical
simulations of the model. In this way, the model may be tested so
thoroughly that explicit mathematical solutions of the model equations
are no longer needed. Randam number generators are essential in this
endeavor, because most psychological models are written in the language
of prohabilities.

An example of a probabilistic control process is a psychological ex-
periment in which the stimulus presentations (or the administered rewards)
have same chance dependence on other events. Experiments scmetimes re-
quire that stimuli be chosen "at randam", or with some probabilistic
dependence on the subject's last response, or at certain "randam" intervals
in time. For example, studies of multi-person interaction often use a
complicated reward structure in which the outcome administered to any in-
dividual depends on the joint response pattern of the group as well as
upon chance events set up by the experimenter. The probabilistic character
of these contingencies can often be achieved by a randam number program.

In fact, there are many interesting experiments which cannot be done with-
out the computer's probabilistic control.




METHODS

The core of most random number programs is a simple, repeatable
aritmetic operation. In almcst every program, this core operation pro-
duces numbers which are uniformly distributed along tne interval from zero
to one. This is by no means a necessary first step, but it makes possible
a variety of second steps, such as converting uniformly distributed numbers
into other distributions. For example, it is much easier to convert
uniform randam variables into, say, a beta distribution than to coastruct
the beta distribution directly. Therefore, most randam number programs
will have two parts: a subroutine to gersrate uniform random numbers and
a master program to make them corform o same probability distribution.

Of the many camputer metnods for generatirg uniformly distributed
numbers, none are perfect. All produce a repeatd ng finite sequencﬂ' the

a

terms of which can be perfzcily pradicied fram tths initial conditions.
Nevertheless, the sequences may be extremely long (so that, for prectical
purposes, they do not repeat), and they may possess most of the statistical
properties of a truly random seguence. For this reason, the numbers pro-
duced are sometimes called "pseudc-randam". A discussion of alternative
methods for generating uniform random numbers is beyond the scope of the
present memorandum, but the one most commonly used will be briefly

described.

THE POWER RESIDUE METHOD

An arithmetic process that produces a long, erratic sequence can be
invented easily; to make the terms independent and equi-probable is much
more difficult. The power residue method comes close to satisfying all
these requirements. It reliss on computations of the residues (remainders)
of successive powers of a number, x modulo® M, where M is large campared
to x. In particular, if x ard M are rplatively prime®; the sequence

* (mod M), or the sequence u = a. x* (mod M) wrere a is also rela-
tively prime to M, is a repeating sequence with random properties.

L Alternate methods are given in Hamming (1962); IBM Reference Manual
C20-8011; and Meyer (1956).

2/The expression u = v (mod M) means that (u - v) is divisible by M. The
operation u.v (mod M) is read "multiply u by v, divide the product by M,
and take the least positive remsinder".
2 Two numbers, u and v, are relatively prime if their greatest common
divisor is one.
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The residue sequencs depends oo tne relationship between x ana M: if

= Eb for sames positive ist-ger b, and if x is a suiwably chosen odd

integer, thsre will be 2® © % terms producsd before the sequernce repeats.
This fact bas scme practical importance. To make the sequence as long as
possible in a bimary computing machine, it is convenient to choose M to
be the maximal wecrd. 1f theres are b "bits" available, the maximal
computer word is E'b (On the GE 225, M = 219, and the maximal sequerce
length is therefore 217, ) This choice ras the virtue that the division
operation ir the formation of residuss is eliminated: when the computer

n v R ' n+{n -1 1
multiplies x by x , tre produst "overflows" (f.e., x ( ) > 2 9),

and 1s autoamatically set sgual the resique.

The power residue method bas been programmed, tested, and incorpo-
rated 1n largs random nuno=r programns. Lhree versions exist: one written
in GE 229 machine languag- (GAT,, one written in FORTRAN for the GE 225,
and on= written in machinz languaegs for the IBM 7090, A statistical
a.nalysib of tre results las besn campleted and will be reported separately.
All tre programs perform well on tests of uriformity and independence.

METHODS FOK CONVERS ION

Inde=pendert un'fornly distributed random numbers are rarely all that
i3 needed *c sclve a problem, Most simulations require that the numbers
satisfy some additiosal rrobsbility law. Therefore, general methods are
needed for converting uciform random numbers into other more camplex prob-
ability distribubions. Two conversion technigues can be distinguished:

(1) integration metuods and (, ) composition methods.

Integration Methods. Let f(x! be a continuous probability density
function which is being simulated and let {ul be a sequence of uniformly
distributed random numbers on the unit interval. The u's are interpreted
a- percentile scores. For each value of u, we wish to find a number, v,
wibich 1s at the uth percentile of the distribution f(x). The v's will
then have the required f{x) distribution. For example, if f(x) is tze
standard normal distribution, and if u is 0.975, then the value of v whick

is greater than exactly 97%% of the normal distribution turns out to be

= 1.96, The value 1.96 can be found in the usual tables of the normal
distribution (although, of course, tables would not be used with the random
number generator). Mathematically, the example from the normal distribu-
tion is expressed as follows: If

v v
P [ 3 -x° /2
w=0.975 = J flx)ax = J_ (2m) © e™ /€ ax,
- 3 -




then v = 1.96. More ger=rally, given u. one mue® be able to find v such
that the area under fi{x . from ite lower limi* to v, egquals u:
v

:
u = J f£x)ax [1]

It is this integration problsm tnat gilves *ie method its name.

Whether v is easily determined depends on the density function f.
Some functions, such as the exponential,

|
£{x) = \e nx

» >0 (2]

‘ or the laplace,

£{x) = ~Ae”>‘l"‘l ;X >0 [3]

o

are easily integrated, and an exact sclution to equation [1] can be preo-
grammed. This programming has been done for the exponential and the
laplace distributions. Sawplss from these random nurher routines can be
quickly generated. Recause their accuracy depends ornly on the residue
calculations, the samples conform well to tneoretical distributions. The
sxponential distribution occurs often in models of latency mechanisms (e.g.,
models for visual search time or detection response time). It is also a
camponent, of more camplex distributions, such as the gamma, and is likely
to te one of the most useful random zumber programs.

The generality of the integration method depends on how easily Equa-
tion [1] can bte solved. Wren an exact solution cannot be found, same
approximation technigue is often useful. This is the case when f is a
normal distribution. The most convenient method for integrating the normal
distribution on a computer is to use an approximation formula (Hamming,
1962; Ralston and Wilf, 1962). Usually, use of this formula entails
calculating the first few terms of an infinite series. The normal distri-
bution subroutine--a FORTRAN program for the GE 225 or IBM 7090--calculistes
the area under any continuous segment of the normal curve, using an
approximation formula. This program 1is quite fast, as it must be when
large samples are needed, and it is accurate: the output agrees with the
tabled normal distribution to six decimal places.




When neither an aralytis soluticn nor an approx ‘mate formula is

available for Eauation [1] t== i-*egratrn may be rarried out by an
iterative procedure Several iterative teciniques were investigated for
converting uniform random numbers into a gumpa distriburlion,
k A r-1 ~AX
Lix) = v (Ax - . N
() = gpde | , [4]
@
{y I r-1 -X ; 3 3
where X\ > 0, I'(r) = 0 X = dx. and ¥ > 0. All tae {terative methods ]

use a series of quadraturss of the area under the probability curve. At
each step, an ordinate grid is overlayed on the area *o be integrated.
This grid divides the area irtc four-sided geametric figures defined by
two adjacent ordimatzs on the grid. +:e segment of the x-axis between the
ordinatss, and a line seguent near the propbability curve chosen tc simplify
computations. The total arsa under *2e curve is approximated by the sum
of the small grid arsas. Figurs 1 illustrates this method. On eaci
iteration, the number of grid linss 1is increased, making the approximation
closer to the true area until two successive iterations give estimates
which differ by less than a pre-se%t tolsrance. In the FORTRAN program
that uses the method shown in Figurs 1, N rectangles are used to determine

N-1 %
o =47 S0l il s n (5]
i=C

on the first iteration, and “'.°2k'l are used on the kth iteration.

The most time-consuming step in coamputing Equation [5] is calculation
of the ordinates, f(i). For the gamma distribution, Equation 4, the GE 225
computer used about 1.5 minutes to campute 1000 values of f(i). The number
required to reach a tolerance of 1% varied from about 100 ordinates to
10,000 ordinates, depending on the parameter r. Iterative routines that
used Simpson's rule or trapezpoidal approximations were equally time con-
suming}’ These results force the conclusion that although iterative
routines are useful for integration, they are not fast enough to provide
random numbers in quantity. Methods are needed which will not require as
many operations. Monte Carlo methods may satisfy this requirement.

A Monte Carlo method is a procedure by which random processes simulate
or approximate mathematical functions. The best-known use of random proc-
esses in computers is Monte Carlo integration: to find the area under a

4 Ralston and Wilf (1962) give more +tlorough presentations of iterative
quadrature methods.
- 5 -
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Figure 1.

A step in an integration method: approximating

v
J ’(x) dx by a series of rectangles.
0




ari~m in a spacs of known area

8 the regt 2 as a propsr subspsce. The
proportion of points fallling iztegration region is the estimate
of its area. To genera*e probability distributions, we use a variation

of this technigue attributs= ) Vor Neumann, FPairs of independernt
unifore random vuzhers (X x in the darain of the prob-
ability density functicrn f, range. Eact x ‘s a "candidate"
for inclusion in the samrls of random snusbers having %ze f(x) distribu-
tion. If, for a given x, f(x) >y, x is "accepted" in thue sample;
otnerwise x is discarded, ana a rew (x.v ' pair is gerera*ed. Figure 2

1illustrates this procedure. Toe proportion of x values included in the

sample deperds on %ze stape of £. I *:s function is ly peaked, its
range will b= large carpared %o %% probability crdizates at most vamlues
of x, and, becauses a large rcentage of y values will n excesd tiae

ordinates, many x valuss will *t i
depends on the probability that x is 20¢ discarded, whi

Ply < £(x)= 1 - ———gle—— (6

=3

where D is the (izterval) domain of £, 4 Zs iis lengtn, and M is the

value of f at i%s mode.

When this Mon%te Carlio proczdurs was used to generate the gamma dis-

tribution; coopusation time ner randox puaber was decressed over the itera-
tive methods by a factor of about 100C. However, for certaisn paramster
values, the gamma distribution is nigkly peaked; azd, although camputaticn
time is satisfactory, the method ie not as efficient as it could be.
Efficiency is important, not because of swall differences in camputation
time, but bacause an inefficlert Morniz (arlo program may use a large
portion of tie power residue sejuence to generats a swall sample. Gener-
ating large samples may entail freguent changes in the basic uniform

number segquence; tiese crhangss shbould be avoided whenever possible.

To imcrease the efficiency of the gamma rouiine, a modified program
was written. In this program, the x-damain of f is divided into sub-
intervals of equal lengtk. For each subinterval, values of y are gener-
ated only in the subset of the range of f which is supported by the x
subinterval. This restriction on the y values increases the efficiency,
because “re fartor M-4 (Eqpation 6} ig replaced by a sum of swall rec-
tangular areas whose total approaches J f{x)dx as “heir number increases.

D
With even a small numker of intervals, tze efficiency is improved by a
factor of 2 or 3, Table 1 illustrates the difference between the two
methods.
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Figure 2. A Monte-Carlo method. A pair of independent random

numbers determines a point (x,y). If y falls in the
shaded area, x is discarded; if y falls beneath the
curve, x is added to the sample.




Tatle 1

EFFECT OF REF INEMENT ON MCNTE CARLO GENERATION
OF THE GAMMA D STRIZUTION*

Pairs of Random Accuracy of Fit to

r Nuzpers Needeg® Gamma Listribution®

1.0 24,717 -1.57
Original " I
Me‘:':.od 5.0 1%.521 2.19

5.0 13,810 -0.35

1.0 o,414 -0.03%
Modified

; 6,30 =0,
Metrod =0 = - L&

B30 6,000 0.34

*Eack row of the table represen%e a simulasion run. The parameter r
{aee Equation L) determines "shape" of the distributiorn. When r is
unity, the distribution is kighly skewed, with a mode at zero. As r

2 he A - -
increases, the mode (wkich is at the point ==——) moves to the rizbs, and

T
A

the distribution becames flat*er. In each simulation, A was unity, and

tne same randar number sequencs was used.

Dy

The table emtry 1s thie number of pairs needed to generate a sample of
5000.

“The output was a 100-cell ristogram, eimilar to the one shown in Figure L.
Chi-square goodness-of -fit values ars approximat=ly normally distributed
when the number of cells is 30 or more. Tue table entry 1s the deviatiorn,
in standard deviation units, of the campu®=i chi-square value fram its
theoretical mean. A 95% confidence interval, symmetric about the theo-
retical mean, would have its boundariss at +1.96 standard deviatiors.

Composition Methods. Cccasionally, it is easier to convert one dis-
tribution into ancther by a method ctrer than integration. This would
certainly be the case if we desired tze gamma distribution only for irte-
gral values of its parameter r, because tie sum of r independent identi-
cally distributed exponential randam variables has the required gamma
distribution. There are mary special metlhods which can be characterized
by their reliance oun camposition cperaticns, such as addition, multipli-
cation, or convolution. In the case of 4he normal distribution, the
central limit theorem, which guarantees the asymptotic normality of sums




of independen random variables, sugges

3 s an alternate way to produce
normally distributed numbers. Tizs r

roly distrituted numbers, {x},

(x « =)° dx. If 12 indepeadent
2 2
values of x are added, the distribution of the suw will bave mean 6 and
unit variance. This distribution approximates a normal distributics vary
closely, even though only 12 random variables have been used. Its mal»
drawback is that, being bounded, tae fit to the normal I1s not good in the
tails. Figure 3 shows the output of a subroutine which sums 24 uvziform
variables. Thris distribution ¥as been transformed to approximaze tie uni®

ur

5 1 1

0 < x <1 bave mean = and variance 2= J
0

normal by subtracting 12 fram eack sum and multiplving the result ty:TE’«

The familiar application of the Poisson distribution to "completal:
random" events (e.g., telephone traffic) suggests a special mesnod *C con-
vert uniform randam numbers to a Poisson distribution. Suppose *za* in
a unit of time, the number n of occurrences of an evernt {e.g., telzpsone
calls) is a Pcisson distributed random varieble, i.e.,

k
3 Y -V
Po=k)==L— e, (7]
vhere v >0, k=0, 1, 2, ..
I+ follows (Feller, 1962) that, if t1s by, ... are the times at which the
events occur, toe inter-occurrence times, Il = Ia = t2 - tl,
I5 = t; - tg ... are independently exponentially distributed. TIThtus, 1f
w

the computer generates a sequeace of exponential randam varlables,
Yyr Yoo oee and adds them, the smalles® value of n such that

n+l

I oy, >3 (8]

i=1

will be Poisson distributed. This method can be simplified by noting
that by integrating Equation 2, we can express the y's in terms of uniform
numbers ;

-1ln {xi)
¥1° v (9]

“ 10 »
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Normal Deviates

Figure 3. Output histogram of the sum of 24 uniformly distributed random
variables. A normal distribution with zero mean and unit
variance is drawn through the histogram, which represents a
sample of 2000 observations.
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where x1 is a uniform randior number and v is the parameter of the ex-

ponential distributiocn. J‘r-4uality O can oow be written

3] 1o (x )
A .
L —— >
a v
or,

n+l
£ i
i o il [ SR |
v PR d

e

T %, <e” [10]

wiil be Poisson distribtut=d wit: mean and variance v. For small values
of v, relatively few x, 6 's are needed, and tie routiane works efficiently.
A

For larger values of v, tis computation is slow, but because e Polsson
dietribution approachkes the normal distribution with increase in v, 2.e
inefficient part of the routine need never be used.

CORREIATED AND NON-INDEFENDENT RANDOM NUMBERS

One requirement of a simulaticon program may be to reproduce correlia-
tions that are observed between numbers in empirical data. If, for ex-
ample, a matrix of simulated test scores is needed, it is very often
desirable to simulate the row or column intercorrelations as well as tie
distribution propertiss of the scores. Suppose R is the desired matrix
of intercorrelations. If a vector A of numbers generated by the carputer
is uncorrelated {i.e., the expected value of 1/n A'A, where n is the

3
number of sete of values., is the identity matrix), then B = AR is a

transformation of A which has the same distribution propertiss. but its
expected intercorrelation matrix is

L L
B'B = R2 A' AR?

s
i 58 [11]




;’
i
13
g

Thus, by a simple multiplication operaticn--but one +4ast often could not
be done without a higu-spszd camputer--tos random number output reflects
the intercorre=lations of the emprirical data. This mettod, and the adequacy
of the programs using it, are discussed ir Boldt, Wiskoff, and Fitch (1960).

The correlation adjustment leaves successive score vectors statisti-
cally independent, because the parametsrs of the generating process are
left unchanged. When dependent random numbers are reguired, the generating
algorithm must adjust its parameters on trial (or time period) t as a
function of the output sequence through trial t - 1.

Probability mechanisms with time-dependent. parameters~--known as
stochastic processes--are common elements of simulation models. The
simplest sequential adjustments of parameters are those that depend only
on the trial numbers, t, and not on the magnitude of the random numkers
themselves. For exampls, suppose an expcusntlal randam number generat.or
is altered so that the parameter A is proportional to tkhe unfilled
portion of the desired sample. If N is the total sample size, the first

value of A\ is )‘l = kN, for some fixed k. On the second trial, only N - 1

numbers are requiresd, and A, = k (N - 1). Continuing in this way we have,

2

’

A, skE(N-%+1), t =1,2,...N. (12]

Because N\ becames smaller each time a number is added to the sample,
successive numbers are drawn fram exponential distributions (Equation 2)
with steadily increasing mesas (since the mean of the exponential dis-
tribution is inversely related to \). If we identify the randam number
output with, say, response latexncy, the generator is a model of an
organism which responds at a decreasing rate. This program has found
useful application in simulation of visual searck.

CONCLUSIONS

The techniques Jjust described are building blocks for a wide variety
of random-number programs. In each case, the method has been programmed
and tested for efficiency and accuracy. A chi-square testing program was
written to evaluate the goodness of fit of the generated data to theo-
retical functions. In the case of the gamma distribution (which involved
the most extensive programming work), typical chi-square values for
samples of 10,000 numbers were significant beyond the 0.0l probability
level. This indicates that Monte Carlo techniques preserve the basic
accuracy of the uniform power residue core program and can therefore be
expected to operate satisfactorily in future applications.

“ 1% =




To evaluate a randam nurk=r progran, “we guesticrs must ke asked:
"Do the data fit tne desired distrivusicr:’' and "Are successive numbers
iciency are secondary

independent?". All consissravions of rrogram effi
to these basic goals, tecaus= in appliczation. no amount of camputation
speed can compensate for error, blas. or wanted sequential dependencies.
Thne independence question i a4 once nzs most difficul*t to ansvwer and the
most cammon scurcs of troubkls. Tns problem may bscome acute when succes-
sive random numbers enter 1nto recursive or progregsive camputations that
waegnify error. Basicallv. trze difficulty stems from systematlc variations
in the uniforw core program. Although the rower residue method is tlhe
best available, it 1is known to bave cyclic and combensatory pProperties
that depsrd on the initial number and multiplier czosen. The effect of
these regularities in a sequence that ought to be irrsgular is not always
easy to detect. Figure L stows one instance wrnen %ae malfunction was
discovered immediately, because the output kistogram was composed of
relatively small class intervals Lf the interval size had been doukled,
the fault could have escaped aotice., Ir principle, the mathematics of
number trsory coull be used to dis ick choices of initial condi-
t.ions produce the "best" randam s2q but the work would ke so com-
plex and tedious that no ome 1 iksly to a“=mo' it., The only reccurse
is to trial and error Attempts to reduce scquential effects by composi-
tion of independent F""lt rators rave bheen sucaessful  Meclarern ansd
Marsaglia. 1965).

ceasionally, randam numbe

o ¢ needed in large quantities;, rather
than one 1»] orne, and the p",'-"j.\al
10

2

requiremznt is that they closely

n. Same integration problems have tris
x-—*u irement. The lm‘-*‘pfm'ie-"'e of successive numbers in thle sequence can
be sacrifi (“d if tze toral sample distribvution can be made preciss, If
tae desired distribution is uniform; or is based on aax underlying uniform
sample, the output of the random numbar generator can be improved a1 this
respect. For example, if a sample of 1000 numbers is desired in a uniform
distribution cver the unit iaterval, it can be achieved by selecting eack
number in the list 0.001, 0.002,...1.000 exactly anze. A program, caiisd
RANPER, ras been written to make such selections in a randam order.
Briefly, this program uses the power residue subroutine to randamly sel=ct
the numbers, one at a time; each selection is then removed from the list
of available numbers and the firnal output is a permutation cf the list.
Because the numbers are selectsd without replacement, the selection r-cb-
abilities change as the list diminishes. Consequently, the output s no
longer random: 1t 1is a haphazardly constructed, but perfectly uniform
sample.

Tre diverse applications of random number generators make it likely
trat new techniques will be found and put to use in future woerk. To dats
there have been more suggecsted aprlications for these programs than the
organization has resources to pursus, The present memorandum thus reports
only the beginning of a growing research field. Whether the new develop-

ments will simply be more efficiszn* refinements of basic techniques or
fundamerntally different approackes i35 & question that will he answered
only with coatiau:zd

investigation.
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Output histogram from the gemma distribution generator.
Each vertical line represents the sample proportion Pi in the ith

class interval. The parameters for this run were A=l, r=3, and

the sample size was 5000. The histogram shows the effect of a
pronounced regularity in the power residue computations for the
basic uniformly distributed random numbers: the sample proportions
should conform to a function that lies between the tall and short
segments.
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