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A TE C}LNJ~ UE FOR SIMU LATING MIXE D NORMA L AND UND ’ORM DISTR IBlJ~ION3

Because of the mult .!var iat e nature of personne l problems , sim ulation of
manpower systems r equire s techniques for gene rating sets of variab les with
prespeclf l~~t ~ctht ~.ilstr ibutlon functions . For example , Sorenson~~, while
6tud,y in g ~b i.wp~~ t o~ v~.&npower allocation policies . IE.s used the jo :rit noru~U
distr i t ut ,iLn tc sl~ ula t~ t~Lc enlisted input . Techniques used to generate

-
• 

these scores ba ve ht~en described by Boldt , Wiskof f , and Fitch~’and by liullier~~
For ~~ny probie~~~, t~e norma l approx imatIon wifl be quite adequate .

For certa in problern~ , however , a procedure which allows the generating
of bot h uaifor -~n and nor-iul v~tr t ~thl~~- i~ de~ irahle . 1or exazt~p1e , whe n the
Arned Foree~ Q~aitf i~~ t i~-n ie~;t (AFQ.r) ~;c’ore is included wlt :1 Army Cla~~ l—
fication Battery (A~~1) ~~~~~~~ the unii~~rm diu~tribut ion l~ introduced .~ thc-e
the A?.~T, be i!l~ ~ p~ rcent 1le measure • is uniformly distributed. Conceivably .
other percentile mea~i~u~~ could be i ntroduced aiuo. Ue~ce the ~rcbJ~ xu ~f
generating nixed norma l and uniform distribution s can bave application in
personnel ~; thiulatIo:~~. Procelures io r  generating such d~istribut 1ons ctr~

* presented below and tteir dcrivutiocw outlined.

CASE OF A SINGlE UN IFORM VAR IABLE

Since procedure~ ~re ava L 1.~~-ic fo r ~ene i’atin g j o~~t norna l distrih u-
tion~ with ~; ; - -c if~~’~i :~i’.~n~ a~:d v:u- !ance-cova~ innee rnatric~~~, it will be
useful to ~t p:  ]y t ,l-~m. A bri t rt ’vie ’4 of t-ht~~e procedu~~s follows . Mt:-&x n~;
will not be con~;ld- red in this paper , z thce they can be easily lncorpora t.~d
with an addit .~ ve adju stment- .

Suppose it Is desired to f l -~t t.e a set of variables jointly nor~~ lly
distributed with van 1ce -~ o~:- u-iaI~L-o xn~itrix S. This Is s~-~ cmpllsL~d by
gene ra t ing a set of va r I~ b h s  whi ch  ar e joi ntly no~~i~U.y cist .ribui . cd ~~~i

arian —covarinnc~ ~2Ltr ix eqan! to the Ident ity matr ix to ~~~ t~..c :~~tr  L~. X.
Then i’ir~ T such that r ’r ~~~. Then t.~.e score n~i~;rix XT wii - i c o t ~i:’~ v~tri -
ables which are j oiut.ly z~cr~r~t 1.ly dl ;t,ributed w i t h  v: lance— covarianec ~~~~t t ~~ ~x .

This procedux ’ depends ¼ f l  ~-~ c L Lct ~~~~~~ tt lincer &,u~L of jo intly norn~illy J i ~-
tributed va r iabies ar c t~~~~ ’t’15~~’ Lves- jointly normally distributed .

~~~ orenson , H . C. Optimal allocation of enlisted men--full regressIon
equation s vs. apt~itaJe area score s. U. S. A~~ O Technical Resear ch Note 1t5 .
November ~~~~~

~- Bo1dt, R . F . ,  W i~ ko~I , M. F . ,  Fitch , D. J. An allocation technique applied
to cur rent aptj t.udc th~ut. U. ~~. AFR O R esearc h Memorandum t~3-l9.
November l’~~J .

1’IIillier , A. A pro~;r~uu lo r  cornpu tLn~ proh z~b i i it ies  ~we r regions under t .~ -.’
mult ivariate norma l ~~stt -~~ utiou . TeeL. Rep. ~o. ~)14 , Applied ~ktthe:a~tics
and Statistics Lttboratory , Stanford University , L9i~l.
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The pr ocedure suggests the possibility that to mix normals and uniforms ,
with pr escribed v r a n c c -~ ovariance matrices , the normals and uniforms could
be generated indepe ndent ly and then transformed linearly to get the pro-
scribed arILtLce-covariance matric es. Such a procedure would indeed produce
variables with the pro~er var1~ nce -covariance matrices , but the marginal die -
tributions would b~ neither normal nor uniform since linear ccviposites of
mixed distributions do not , in general , retain the original distributions .
Hence , such a procedure is not acceptable .

The method su.~gested. here is to generate normal variables and transform
them to a distribution whose variance-covariance matrix is consistent with
the variance-covariance matrix desired. when certa in of the variables are then
transformed back into percentile measures. Cons ider , for example , two
variables which are jointly normally distributed with corre lation p. Suppose
one of these variables is then transformed into a uniform distribution to get
a variable which corre lates r with the other normally distributed variable.
There is clearly a functional relationship between p and r. If the value of
r were known emp irIcally , then one could f ind. p, generate two normally dis-
tributed variables with correlation p, transform one to the uniform distribu-
tion to get two variables , one normal and. one uniform, with the desired
correlation r. The functional relation, whose derivation is outlined in
Appendix A, has been found and is

r~~~p p .9772. (i)

Hence, as one might expect , the transformation frciu normal to uniform has
negligible effect on the correlation. However , knowing the column vector
of correlations of the normally distributed variables with the uniformly
distributed, variable , we ccznpute (1/.9772 ) times these correlations to get
the desired correlations for normally distribu te d var iables • We then generate
al.]. jo intly normally distributed variables and t ra nsform tbe variab le whose
correlations have been adjusted, into a uniform distribution. For example,
this procedure is su~ggested when an AF(~.11 type variable is used with ACB type
variables.

CASE ~~ MORE THAN ONE UNTh’ORM VAR IABlE

For many uniform variables , an analogous procedure is suggested. In
this case , though, one also need.s to find the relation ship betwee n the
correlation coefficients of two percentile variables, B say , which would be
obtained if two normal variables with correlation B were trancfoniued into
unif ormly distributed , variables. This relationship , whose derivation is
outl ined in Appendix B, is given below. 

-

R - ( 6 / T T ) A .~~ Tan (~~/ ’ / 4 -~~~~ ) (2)

- 2 -  
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Hence , for each va lue of H , a value of R can be found, which can be used in
the matrix S.

DISCUSS ION

Exaniiriatlon of equation (1) indicates that the correlation coeffieicnts
are not gr~atiy t’e~.’t~’~i by t ran~1’ormation fr om normal to uniform. Ann 1y~ is

• of equation 
~~~ ) indicates t t t  the x &ax inum 1i:’ioi~~nee between X and H 13

• approx imately .0.2 ’ . !knce • one can place good reliance on ~tud ie~ in which
the adju s tments were not m.t to . However , to add an extra bit of repre~;enta-
tional validity t o  fu’.u rt ’ ~ir~ulation studies , It i~ suggested that the
corrections be applied.
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Then

E(qy ) — 
~ J’ S ~~

--

~~~ 
~~~~~~~~~~~~~ exp [-w 2 s 2xw + + ua )/2] dw dx du

-~~~ ~~ -w (2n)

• 0
a f S -~~~~~~

— e~ p [-(w2 
+ ~hw + 2x~)/~ j  dw dx

Letting

v x + w/ ‘J~~ dx = —i--- dv

and integrating out x yields

E(qy ) = - 5 —~~~~~~~~ exp [~~ c/ I ~] dv
-~~ 2~/~T’

Let m - w and dv - “J~
’ din

yields

0
E(qy ) - 5 ~2 exp [-ni~/2] din p

2~ 4tT 2~ in

and ‘ r a f T h  E~~j r) - off .
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AF}’t~NDIX 1’

Funct iO t l~~~ ’ t t ~’ !~LJ’t I~n~t H

let x and ~v I~t’ j oint ly ~~t 1 1 ~ dia t r t h d t c~t .  T~~n

X ~~ 
-

~~~

~~~u _ ’ ~~” $ e  d: and p~~~
_ J C

-

~~~

are uniformly di~ tt’ ft1t ed. Their oorr..’ lat ion i~
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By d~~t’int t i ~~n
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Apply in~ the t’o 1.1ev tn~, ~eq enoe of t ,r~ n-~ t

’
~~~~~~t~~~ ’~ t -  1.otn~

u — . — x du —

v — ~~~ — y  d v — d : .

X — y + .~~~~ dx —

y - ( ~~- f ~
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a a u J ~~~~~~ du = d a J ’~~
’
~~’

1iL~ I~ ~~dv~~~ db 4 2

and t-e~’r~t t ”  ou t. w and ‘
~~ to ~~ t.

0 0 - ~~

E(p q) - J 5 — e d,a db .

L e t . O = b -~~~ a d e = d h

2 
dX

to obtain

H
o 4,/ it - I~~ , ____

e 1

~~

+

~~~

-A r

~ 

tan-~~~.~—t-

* 

Then, us in~ e~~u~t t ion (p’),

6 
_ _H - — Arc tan

11
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