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A TECHNIQUE FOR STMUIATING MIXED NORMAL AND UNIFORM DISTRIBUTIONS

‘Because of the multivariate nature of personnel problems, simulation of
manpower systems requires techniques for generating sets of variables with
prespeciried joint distribution functions. For example, Sorensonl-', while
studying the imrpact of manpower allocation policies, has used the Joint normal
distrivution tc simulate the enlisted input. Techniques used to generate ’
these scores have been described by Boldt, Wiskoff, and Fiteh™ and by Hillier®
For many problems, the normal approximation will be guite adequate.

For certain problems, however, a procedure which allows the generating
of both uniform and normal variables is desirable. For example, when the
Amed Forces Qualification Test, (AFQT) score is included wita Army Classi-
fication Battery (ACB) scares, the unifcrm distribution is introduced since
the AIQT, being a percentile measure, i1s uniformly distributed. Conceivably,
other percentile measures could be introduced also. Heace the prchlem of
generating mixed normal and wiform distributions can have application in
personnel simulations. Procedwres for generating such distributions are
presented below and their dertivations outlined.

CASE QF A SINGIE UNIFORM VARIABLE

Since procedwres are available for generating Jjoint normal distribu-
tions with speciried means and variance-covariance matrices, it will be
useful to aprly ihkem. A brief review of these procedures follows. Means
will not be considered in thas paper, since they can be easily incorporated
with an additive adjustment.

Suppose it is desired to generate a set of variables Jointly normally
distributed with variance-covariance matrix S..  This is accomplisked by
generating a set of variszbles which are Jointly normally aistributed with
variance-covariance matrix equal to the identity matrix to get the matrix X.
Then find T such that T'T = §. Then tre score matrix XT will contain vari-
ables which are Jointly normally distributed with variance-covariance matiix .
This procedurc depends on the fact that linear sums of Jointly normally dis-
tributed variables are themselves- jointly normally distributed.

"Sorénson, R. C. Optimal allocation of enlisted men--full regression

equations vs. apvitude area scores. U. S. APRO Technical Research Note 105.
a November 190%.
= Boldt, R. F., Wiskort, M. ¥., Fitch, D. J. An allocation technique applied
to current aptitude input. U. S. APRO Research Memorandum ©0-19.
November 1900.
a’llillier, A. A program for computing preobabilities over regions under the
multivariate normal distribution. Teck. Rep. No. Sh, Applied Mathematics
and Statistics Laboratory, Stanford University, 190l
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The procedure suggests the2 possibility that to mix normals and uniforms,
with prescribed variance-covariance matrices, the normals and uniforms could
be generated independently and then transformed linearly to get the pre-
scridbed variurnce-covariance matrices. Such a procedure would indeed produce
variables with the proper variance-covariance matrices, but the marginal dis-
tributions would te neither normal nor uniform since linear camposites of
mixed distributions do not, in general, retain the original distributions.
Hence, such a procedure is not acceptable.

The msthod suggested here is to generate normal variables and transform
them to a distridution whose variance-covariance matrix is consistent with
the variance-covariance matrix desired wken certain of the variables are then
transformed back into percentile measures. Consider, for example, two
variables which are Jointly normally distributed with correlation p. Suppose
one of these variables is then transformed into a uniform distribution to get
a variable which correlates r with the other normally distributed variable.
There is clearly a functiocral relationship between p and r. If the value of
r vere known empirically, then one could find p, generate two normally dis-
tributed variables with correlation p, transform one to the unirform distribu-
tian to get two varisbles, ane normal and one unirorm, with the desired
correlation r. The functional relation, whose derivation is outlined in
Appendix A, has been found and is

rep ./? = p 9772 (1)

Hence, as one might expect, the transformation from normal to uniform has
negligible efrect on the correlation. However, knowing the column vector

of correlations of the normally distributed variables with the uniformly
distributed variable, we compute (1/.9772) times these correlations to get
the desired correlations for normrally distributed variables. We then genersate
all Jjointly normally distributed variables and transform the variable whose
correlations have been adjusted into a uniform distribution. For example,
this procedure is suggested when an AFQT type variable is used with ACB type
variables. y

CASE (F MORE THAN ONS UNIFORM VARIABLE

For many uniform variables, an analogous procedure is suggested. In
this case, though, one also needs to find the relationship between the
correlation coerficients of two percentile variables, R say, which would be
obtained if two normal variables with correlation R were transformed into
uniformly distridbuted variables. This relationship, whose derivation is
outlined in Appendix B, is glven below.

R-(6/n)AA_:‘1‘an(§'/Jh-§") (2)

«f =




Hence, for each value of R, a value of R can be found which can be used in
the matrix S.

DISCUSSION

Examination of equation (1) indicates that the correlation coefficients
are not greatly afrected by transformation rrom normal to uniform. Analysis
of equation (2) indicates that the maximum differcnce between R and R is
approximately .027. Hence, one can place good reliance on studies in which
the adjustments were not made. However, to add an extra bit of representa-

tional validity to future simulation studies, it is suggested that the
corrections be applied.




AFPENDIX A

Functiomal Relations:ip between r and p

1"‘: X 2\.!\\1 y o® “ ANTLY nor 4\1 y di. X lb\l(? ‘ wilh means zero luid yarlangees
A < - =
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q & — exp (-2%/2] a4z
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is uniformly distriduted. The expecved correlation of y with Q, 1, is given by
3 _ & :

o
.

r= ?l(‘L;:;l‘)Xl (3
/N1

wvhere E is the usual expectation operator.

. I . x
The figures .5 and 1/ VI2 are the mean and standard deviation, respective 1y,
of 4. Since the mean of y is z=ro,

r =V12 E(Qv).

By definition,

B(qy) = J J — —_— ’ exp [-2°/2] =
- ww o l-pY N

% : . (%) 1
. exp [~(x"-0pxyey® )/2(2-p%) ] ax ay.

The following sequence of transformations ts aprplied.

W =3 - X dw = d¢

u s .l.’:‘-\p.“. Jdu Jl - p.‘ - \“\

i o




Then

E(qy) = T I ? P-’S-«iil—.-}l—ﬁ exp [-w* + 2xw + 27 + u?)/2) aw ax du

- -0 -® (‘_)")5 =
o O S
= J‘ j —g}ﬁ— exp [-(\la + 2xw + X )/2] dw dx
letting
= 3 J—E dx = —l— dV
vexN2+w b
and integrating out x yields
E(qy) = -_?‘ —B exp [-vW*/4] auw
i -~ 24on
Let V2 m = w and dvw =2 dn
ylelds
E(qy) _Of P2 oxp [-0®/2) dm = p —%
= - ~E=- @) -n°/2) dm =
WO 2w

and ‘r-s[rzm\gy)npj%‘.




APPENDIX B

Functional Relationship between R and R

let x and y be Jointly normally distridbuted. Then
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are uniformly distriduted. Thelr corre lation is

R = [B(p - .5)(q - :5))2

« [BE(pq) - 25012

By definition

© © X -Ea _'.".'.a -J___'_‘jvi\l.‘li )
- 1 1 % 8 1 2 e ™
E(pq) = J me— | —— J e dz —_— e 2(1-8*)
= e onWl - R Nan e Jon -»

Applying the following sequence of transformations,

Asg =X da = d=
Ve -y dv = dz
X =y + Q‘\ dx = :‘_d‘\
y=a-p dy = da
a/J_gu o Q) 2R e da = [ 222w
1+4R 2(2) 2(2R)
AR W <3 -n
p g e _‘: + (uev) 1R, R~ = Y ap - 1- ‘: dy
1-R 2(2-R) 2(2-R)
- Z -




to obtain

wies 15
(5a) j} [ b -R A%+
E(pq) = 7o e 2
- - - drde

= 1 + A Arc tan .
k7 2n . M -

Then, using equation (%),

R = %Arc tan —E-—:
b - K




