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1. Introduction

In the past two decades computational structura l analysis and design

have developed into very extensive subject areas. A major contributing

factor certainly is the evolution of the finite element method into a

powerful tool for the solution of a broad range of Problems.\ In assess i ng

trends for the future of these areas (see eq [1], [2], [3]) need to

take account of some of the questions for which there are~~ yet no

sat is factory answers. ~~~~~~~~~~~~~

‘>jn this article we address two such questions which may be broadly

phrased as follows :

~-i) 
(a) How can we calculate , at reasona b le cos t, reliable estimates

of the error of computed finite element solutions?~~

(1. 1) ~(b) How should we set up the overall solution process so as
to achieve , with reasonable certainty and efficiency ,
a solution for which the accuracy either falls into a
prescribed range or is best possible for the allotted
computational cost? ,—-

In this form both questions need further elaboration.

- 
In practice , the accuracy of a finite element solution is usually

measured in relation to the exact solution of the underlying mathematical
problem , as for instance , an elasticity problem. In many instances there

is interest also in the error of the mathematical model itself. In [11 we
presen ted scm~ conElents on the latter question , but here we shall concentrate

only on the first type of error.

Any measure of the accuracy involves the choice of a norm . Different
norms show up different aspects of the error and in practice it is important
to allow for a choice from among any reasonable collection of norms . This

represents a demanding requirement on the design of the error estimates .

_ _ _ _ _  _ _ _  _ _ _ _ _ _ _ _ _ _  - - - ——- .S-~~~~~~—S,S,.~~S - - ~~~~~ --
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In practical engineering calculations the required accuracy usually

is not very high; in fact , a range of 5-10% is often typical. In that

case , the efficiency index 0 =  error bound/exact error should satisfy , say,

1.0 < o  < 1.3 for the bound to be realistic. For accuracies beyond , 10%

the value of 0 may become worse but , on the other hand , 0 should tend to

one when the accuracy becomes better and better. This points to the possibility

of relaxing the requirement for a guaranteed bound. In fact, we may consider

accepting estimates c of the exact error l e t for which

c/I l e t = 1 + 0(1 l e t 
a

) as E e l I -
~ 0. Here the bound in the 0-term need

not be explicitly known but the exponent a > 0 should be reasonable; for

instance, a = 2 would be rather desirable.

A-priori error bounds , as important as they are for the theory , are

rarely very realistic for practical problems . Thus we have to consider

a-posteriori estimates which util ize information obtained during the solution

process. At the same time , such estimates open up the possibility of an

adaptive control of the solution process itself to achieve the goal contained

in the second question (1.1).

Generally, any overall assessment of the efficiency of the finite

element solution of a practical problem should include not only the direct

S computational costs but also the expenses for data prepa ration , etc. A

particularly costly part is here the construction of the finite element meshes

which should be autoniatized as much as possible. Moreover , a solution with

optima l accuracy within a given range of computational effort can hardly

be achieved without the use of a responsive adaptive mesh-design algorithm .

Any efficient answer to the second question (1.1) can only be achieved

by a complete integration of the error estimates and adaptive controls into

_ _ _ _  - ~ ~ S
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the software. For this , special attention has to be paid to data management

and the overall program design. Here modern developments in computer

science have to be taken into account. Thus a satisfactory answer to (l.l)(b)

will have to integrate results from engineering, mathematics , and computer

science.

In this paper we present some answers to the two questions (1.1). In

[4]-[6] a mathematical theory of a-posteriori error estimates for finite

element solutions has been given . Instead of discussing this theory in

general we present here its pri nc ip a l as pects i n the case of several model

problems . More specifically, in Chapters 2 and 3 we cons ider cer tain

one-dimensional and two-dimensional linear probl ems , respectively, and present

a number of experimental results which show the effectivity of the bounds.

From a theoretical viewpoint there are still various open questions which ,

in Chapter 3,are formulated as a list of conjectures . In Chapter 4 we

summarize our current work on an experimental finite el ement sol ver which

is aimed at answering question (l.1)(b). Finally, in Chapter 5 we give an

extension of the results to nonlinear problems and of their integration with

modern continuation techniques . Experimental results for a particular

nonlinear two—point boundary value probl em show that the combination of

continuation , error estimation , and adaptive mesh construction should be an

extremely effective approach to the computational solution of many practical

problems in engineering 

~~~~:

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2. One-Oimensiona l Linear Problems

2.1 The Model Problem

On the unit interval I = [0,1] ~ R
1 we consider the ell iptic boundary

value problem

- ~ - (a (x) 

~
) + b(x)u = f(x) , x ~ I

(2.1)
u(0) = u( l)  = 0

Specific smoothness conditions for a,b ,f will be given later; but we require

always that

(2. 2) = sup < , a = inf a (x) 0 , b(x) > 0, Vx c I
xcl xci

As indicated in the Introductio n , the problem formulation is incomplete

without a specification of the norm to be used in measuring the desired

accuracy. ~5 an example , we consider the L~-stress-enera~ norms . . 

S

( . 

2 1/2(2.3) II U II E P  = [(a( u ’) ) ]~ dx ) for 1 p <

(2.4) l u ll E 
= sup ( a ( u 1 ) 2 ) l/2

~~.
XCI

Let u0 denote the exact solutio n of (2.1), (2.2) and u(.~) any approximate

solution obtained by the finite element method for a qiver~ mes h .~~ on I.

- — S S-- -S-’-

~
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Then we have the following tasks:

(a) Compute reliable, close bounds of the error Mu0 
- u(

~ ) tl E P
under the norm (2.3), (2.4) with a specified value of p.

(b) Design an effective , adaptive algorithm to compute u(.~) so that

either

(2 5) IU O - u(~~t i ~~p ~ I U~~i E ,p

- - for a given tolerance t 0. or that Mu0 
- u (

~
) tl E p  is 1

minima l for a given total computati onal cost.

2.2 Error Indicators and Estimators - I

Let P(..) denote a family of partitions .~ of I .

\ :  0 = x0 x1 ... < Xm 
= l~ m = m (~), 

S

(2.6) I~ = [x~~1, x~] , h~ = - x~~1 , j=l ,..., m(~ )

[

~~~ ~
(
~

) = max h~ , h(.~.) = mm h~? ,
j j .3

which satisfy the ~-regularity condition

(2.7) h(.~) C j~ ( \ )
K 

, c

wi th a constant c ~ 0 independent of A.  For each .~ c P(~ ) let SA be

the set of all continuous functions on I which are linear on each subinterval

j=l ,..., m (A), and zero at the endpoints x~ 0, x~ 1 . Then , 
S

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ h —— 

-
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as usual , the finite element element solution u(A ) c is defined by the

condition - -e

(2.8) j [au(A)’ v ’ + bu(A )v]dx = J fv dx , Vv S~~.

We use a local analysis to construct estimates of the error e (A)=u 0-u (A)

under any specified norm ILII E p • More specifi cally, from locall y available

information we compute an error indicator for each mesh -interval

I~ , j=l ,..., m (A). These indicators are then combined appropriately to

yield an error estimator ~
(
~

) which , in some sense , represents an approx-

imation of the error:

(2.9) ll e( A )l E p

Fina l ly, again on the basis of the locally available data , we calculate an 1:
error corrector ~‘(A) such that

(2.10) te( \ )I 1 E ,p c ( A )  + ~(A)

Note that in the evaluation of the quantities c(~\) , ~(A) onl y

information is to be used that is readily computable during the computation

of u(.\) itself .

The estimators and correctors are said to be asymptotical ly exact if ,

under reasonable assumptions about the solution and the partitions, we have

(2.11) ~~~, 0, as ~(.\) 0, A r(~).
E,p ec.. ‘E, p

- ... ‘--~~-&-— 
_ _- —
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Furthermore, we call c(s) an upper-estimator , or l ower-estimator if

(2.12) ll e( A ) II E P  ~~~~~~ c ( s)  , c

or

He(
~)H E ,P > K  c (s)  , ~ P (K ) ,

respectively, with constants i~,K which are independent of ~ and u(~), but
which may depend on other input data. Thus ~(~ ) = c(~ ) + ~

(
~ ) always

represents an upper-estimator.

The quotient

‘2 14’ — c (A )
• ll e(~ ) j t ~~

is called the efficiency i ndex of the estimator c(s). As outlined in the

Introduction , we want 0 to be as near to one as possible. Since , in

practice , o is not available this means that we should analyse general

conditions under which ® approximates one.

2.3 Error Indicators and Estimators - II

For the problem (2.1), (2.2) we assume now that a ’ , b , and f are p—th—

power integrable. Then the residuals

(2.15) r~(x ) = f ( x )  + a ’(x)u(~ )’ (x) — b(x)u (A)(x), Vx c I~ , j=l ,2,..., m ,

— ,L~ 5-5--- -j——--5-———-.
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on the subinterva ls I~ belong to L~(I~). With

a~ = a(~-(x~~1 + x~))

(2.16)

= 
~S j j l j  

-x)dx

I I
~.3

we introduce the following two types of error indicators for the norm (2.3)

with some specified p, 1 < p <

(2 .1 7) ~~(A)= ~
.-(P÷l r’1

~ a
h/2 h~ [ r.(x)I~dx]~~

j l ,..., m(A )

(2.18) ~~. (A )  = 3(p+1 )~~~P a~~
’2 h 2 + i/P

The corresponding error estimators are defined by

m (A)
(2.19) /~~) = [ ~~~ ~~~~P]u/P , 1 < p

j=l

m(A )
(2.20) ~ (A )  = [ ~~(~)P]l/P , 1 < p <

3=1

It is readily seen how to define analogous quantities for the case p=~.

Then the following result holds:

Theorem 2.1: If a ’ .b ,f c L~(I) then c (A) is an upper-estimator and ~~~ a

S l ower-estimator.
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Suppose that the smoothness conditions for a ,b ,f are strengthened to

( I)  a C2(fl, b,f C1 ( I)
(2 .21)

(ii) u~’ has only finitely many simple roots in I;

then theorem 1 can be Improved as follows :

Theorem 2.2: Under the smoothness conditions (2.21) and for A c P(K) the

estimators c (A ) and ~(A )  are asymptoticall y exac t.
5 

With

3. = inf sup a(x)  - t i  + ~~ ~~~~~~~ h . sup fb(x) (, 5

t xte I,~ ~ x cI
i

(2 .22)

= 

~

- 
~ r

3
(x)dx .

we now introduce the error corrector

rn (A )
— = C1 (p,a,~

’,~) [ 
~ ln~

(
~ H P ~P]1/P

j=1
(2.23)

m(A ) .

+ C2(p,a ,~$) [ 
.Y~ h~ ~~Ir~

( x ) - r~l~ dxJ~’~

.3 e
Here C1, C2 are constants dependent on p and the bounds (2.2) which can be

estimated from above . Under our smoothness assumptions (2.21 ) the

quan tities are of order ~
‘(A) and hence the first term of (2.23) is of

.5 

5-5S5 -~~~ _ S _ 5 5 5 ~~~~~~ _5S__ _ _ 5 S S 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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order c (A ) i~(~). With the aid of the basic a-priori relation between

HeM and I t e M 
~ 

and because u ’(~) is constant on I., it can
H
~

(I) H~( I)

be shown that also the second term of (2.23) is of the order c (s) E(~ ).

This leads to the following result:

Theorem 2.3: If a ’ ,b ,f c L (I) then ~ (A )  is an error corrector. Moreover ,
p

if the conditions (2.21) hold , then

(2.24) ll e (~fl~E ,P 
-~ 0 , as E(A) 0, ~ c

These are only some examples of possible error-indicators , estimators ,

and correctors which have the desired properties . There is no unique form

for these quantities and various other definitions are possible.

2.4 A Numerical Example

We consider the problem

-((x+t)~~~° u ’)’ + u = f(x )
(2.25)

u(0) = u(l) = 0, t = -~-
10

where f is chosen such that the exact solution has the form

(2.26) u0(x) 
= (x+t)~~

2 
- [(l-x)t 112 + x(l+t )~~

2], x I.

This allows us to compute here the efficiency i ndex (2.14).

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - S  L - - ;5~~~~~5- - - -~~~~
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Tables 2.1 and 2.2 below show the errors in the L2- and L8-norm ,

respectively, for uniform partiti ons on I with h=l/2 0 , h=1/40, and

h=1/8 0 , as well as for the non-uniform partitions 20A with m=2 0 given

in Table 2.3. The error indicators (2.17) and estimators (2.19) were

used. The partitions 20A are optima l in the sense defined in Section 2.5

below .

le l l E 2I l e t  E 2 c(~ ) T 
~ 

‘ • 100 0
0 E,2

20 .2287(-l ) .2313(-l) 3.22% 1.01168

40 .l156(-1 ) .ll59(-l) 1.62% 1.00309

80 .5796(-2) .5801 (-2) .809% 1.00076

20A2 .1268(-l ) .l270(-l) 1.77% 1.00177

Table 2.1: Errors under the L2-norm

le l l ES S

Il e l t E 8 c(s) n~ i ’ 100 0
‘ ‘ ‘  0 ‘E ,S

20 .6933(-1 ) .7569(-l ) 4.79% 1.09174

40 .3647(-l) .3198(-l) 2.42% 1.04975

80 .l855(-1 ) .l922(-l) 1.21% 1.03632

20A
8 

.1861 (-1) .l931 (-l) 1.22% 1.03778

Table 2.2: Errors under the L8-norm 

_~ S _ SS _ ~~~~~~_ 5 _ _ _ S _ iS __ 5~~_ 55_ ~_ _ __. . _ _ _  S L~~ - ~~~~~~~~~~~~~~
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0 0 0 10 .2 .397 .1705

.1326(-l) .9l55 (—2 ) 11 .2828 .2042

2 .2822(-l) .1942(-l) 12 .3312 .2435

3 .4508(-1) ..~0Q~ (- l  13 .3856

4 .6408(-l) .4398(-l) 14 .4465 .3438

5 .8546(-l) .5873(-l) 15 .5148 .4083

6 .1095 .7547(-l) 16 .5913 .4854

7 .1336 .9456(-l) 17 .6769 .57~13

8 .1670 .1164 18 .7200 .6~ l0

9 .2012 .1415 19 .8800 .8291

20 1 1

_  _  5 _ _

Tab le 2.3:  The non —un i form meshes hA .

These results suggest the fo llo wi ni ot~ e rv a t i onc :

(a) For un i form part itions the asym~itoI Ic tlecre ,ico of the error is linear

in h under both norms .

(b) For the L.1-norm the effic ienC SV inde\ ~ converges to 1 With ej 
~

(c) The efficiency index improves with decre~ising relative error and , in

particular, it is better for the non—u ni form opt ima l t~~rti ions than for

the correspond inti uniform ones.

(d) The error estimators ~i re more of ect i ye under the I ,—norrn than under

the L8-norm . 

~~~---- ‘~~~~~~~~~~~~-~~~~~~~~~S ~~~~~~~~~~ —S~~~~S~~~~~~~~~ S
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Observations such as these are typical for much more genera l problems

than the present one. In particular , as we shall see in the next chapter ,

they also apply to the two-dimensional case.

2.5 Optimal Meshes

We restrict our consideration now to a special class of partiti ons.

For thi s let c C 1 ( I)  be any strictly increasing function with ~(0) = 0

and ~(l) = 1 . Then a partition (2.6) is called a (~ ,m )-partition and

denoted by ~.(~~m) if

(2.27) ~(x~) ~ , j0 ,l 

The set of all (~ ,m )-par titions .\(,,m ) associated with a fixed and vary i ng

m is called the family of graded partiti ons induced by the iradinq function

For such famili es of graded partitions it is possible to show —- under

suitable conditions on u0 and ~. -- that

(2.28) lim m l E e l E = ,t (p, u0. ~)( l  +
‘p

This will allow us to associate with every member ,\(~ ,m ) of the family the

asymptotic error - L~(p, u0, ~)/m. Moreover , it turns out that there exists

a grading function such that for all other gradin 9 functions we have

(2.29) ~(p, u0, ~
) ~(p, u0 , ~).

This means that induces an asymp totica lly optima l family of graded partitions.

- ~~~~~ ~~~~ 
~~~~~~~~~~~~~~~ ~~~ 

S 5
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Our discussion here will be restricted to the case p = 2 . For all

details we refer to [6 1.

The basic result may be phrased as follows :

Theorem 2.4: Suppose that the conditions (2.21) hold. Then there exists a 
S

F grathn~j function such that \ ( E0 r n ) P(~ -) for all iii 1 and that for any

other grading function ~
‘
. 

~ 
for which A(~..ni) c P( k ) for some 1 K ~- 2

we have

(2.30) I Ie (A (~ ~
)) I  

E,2 I le( ,~( ~,rn )) I 1 E .2 vi” ~ m0(~ ).

Moreover , i f  .~ + ~~ is a grading function for all sufficiently small

‘~ then

(2.31 ) I 
~~~~~~~~ 

+ \~ , m )) l [2  ~- I e(.\( ~.0 , m )) I 1 E ,2 
+ O( \ 2 ). ~

for all sufficiently larqe m.

In most practical problems the optima l partition is rather sensitive

to small changes of the data . But (2.31)  shows that the optima l error changes

only with the square of any change of the optima l partition and hence is

considerably more stable than the latter. In other words , there i s no reason

why we should attempt to compute the optima l partition at high cost when

near-optima l partitions produce almost the same error as the optimal one.

The optima l grading function .

~~~~ 

depends on u0 and p and is not difficult

to obtain when u0 is known . In fact, the partitions of Table 2.3 are

(
~~

, 20)-partitions for (2.05) and were computed from the exact solution

(2.26). The table clearly shows the dependence of on the value of p.

~ 

- 
- - - 5 - 

5 . - -  -, 0~~ --
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In general, when U
0 

is unknown , it turns out that we may approximate 
~ 

by

means of the following equilibrati on principa l for the error indicators :

S 

Theorem 2.5: Let the conditions (2.21) hold and suppose that for some family
T of partiti ons (2.6) we have

(2.32) n~(A) = 
~i (1 + O (F~(\)°),j = 1 ,..., m ( A ) ,  as ~~( A )  0. ~ T

with ~ = 1/12. Then T c P(~-) and

(2.33) (le(
~

) Il E 2  ~ 
lIe( .\ (

~0
,m )) It E 2  (1 ÷ O ( ) ~), as ~~

) -
~~ 0, ~ c T.

From a practical viewp oint theorems 2.4 and 2.5 suggest the use of

adaptive techniques for the simu l taneous construction of nearly optima l

partitions and their error estimators . This wi ll be discussed in Chapter 4

below .

U--

_  - S_~~~~~~~~~~~~~~
_ - 
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3. Two-Dime nsional Linear Problems

-
- 3.1 The Model Problems

As before, for simplicity of discussion we present the results for

certain model problems . More specifically, we consider the following two

elliptic boundary value problems on the unit square

(3.1) = 

~~i ’ ~, ~
- 0 x1, x 2 1)

with Dirichiet boundary conditions :

(a) Problem L:

(3.2) 
~~ + 

~ 
= ~~~ ~:,

(3.3 ) u q , on ~

Here the function q is chosen such that the exact solution of (3.2), (3.3)

is g iven  by

U
0 

= r~~
2 cos ~/2

(3.4) r =  [ ~-~~ (x1 - ~ + \ ) 2 f l (\ - t -

( r~~~~1 
_ _ _ _ _ _= arc tan )/ ) -5-

~~~ \ 1~~~ t + ~~ .., ) , t — 1

Hence for p zO , r and .~ are polar coordinates centered at (t,O).

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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(b) Problem E:

(3.5) ‘
4 u + l

_i
~ v • v u =  0 on ~:, u =  ( u1, u2 ),

(3 .6)  u =  a , o n  ~ , 0 ~~~ < a= (g1, 
~~~

Here a is chosen such that the exact solution of (3 .5 ) ,  (3.6) is as fol lows :

u1 = !,- r1”2 [(~ - l )  cos - (~ - l)  sin ~~
- - 

~~
- cos ~~~~~~ - ~~

- sin L~ ]
(3. 7)

= ~ ,.
h/2~~~÷~) cos + (~~ l )  s i n  + 1- cos ~ - i-sin 

~~~~~ 1~

where ~ = 3-4~’ and r,~ are the polar coordinates centered at (t,O), t 1.

For t - 1 the solution has a singularity wi th a character typical for a corner.

Both problems have two parameters , namely. t ,p in the case of problem L
S 

and t,5~ in that of problem E. Here t controls the regularity of the solution

while p and ~‘ characterize the degeneracy of the problems .

We use admissible partitions .\ of the unit square (3.1) which are

defined recursively by the foll owing two rules :

(I) The undivided square is an admi ssible partition of itself .

(ii) I f .\ Is an admissible partition of (3.1) and s represents any
square of .\ , then a new admissible partition .Y is obtained if

(3.8) s is subdivi ded into four congruent squares of half the side—
length of s.

On these admissible partitions we use the finite element method with

test function which are continuous on ~T and bilinear on each square of

\. Besides the usual nodal points , here called regular points , these

partitions contain nodal points inside ~ which are not in  the corner of 

~~ —-_ ~~~~~~~~~~~~~~~~ — 5 —_ -- 
_5-j5___S_ 5 -- - - -

~~~~~ S - ~ 5 -— 5 5S~_S_~~~~ ~~~~~
___
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all the squares incident with them . These points are called i rregular

points and are marked by an x in Figure 3.1. Since the test functions are

continuous on ~: . their values at these irregular points are not free

but are specified by continuity . For instance , the value at point B is

the average of the values at C and D.

As usual , with any regular nodal point , say “i’ , we associate the

standard basis fu’~ction and denote its support by ~~~~~ For instance , the

support associated wi th the nodal point A of Figure 3.1 is the indicated

shaded set.

For any admissible partit ion ~ let the irregularity index ~~~ be

defined as the maximal number of irregular points between any two adjacent

regular points. For instance, for the partition of Figure 3.1 we have

= 4. We shall always restrict our consideration to a family P of

admissible partitions with \(,\ ) <
~~~ < for all .\ P.

3.2 Error Indicators and Estimators

For two-dimensional problems the theory of a-posteriori estimates is

not yet as fully developed as for the one-dimensional case. We shall not

go into the details of the theory here but indicate only some of the

typical theorems and present certain representative experimental results.

As in Chapter 2 we shall use the L~-stress-energy norms .

The basic result may be broadly phrased as follows (see eg [41):

Theorem 3.1: Let .‘~ € P be an admissible partition on ~ and u (A) the

corresponding finite element solution. For each regular nodal point i of

.~ define z.  ~ H
1 (~ .) as the exact solution of the given problem on the

_ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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associated support set 5S~~
j 

which satisfies the boundary conditions

z1 
= u(\) on )

~
:i and = g on il

Moreover , set

(3.9) ~ = Hz . - u( .\)ll E 21 1 ,

Then there exist constants K2 K1 
-~ 0 such that

(3.10 ) K1 I l e t ‘ E ,2,~ ~ K21 l e t 
~~~~

where e u0 - u(A ) is the actual error. The constants K1 .K2 depend on the

problem and P, but not on A and u (A ) .

This shows that once again an upper- and l ower-estimator can be obtained

on the basis of strictly local information. Of course , in practice the

are not computable. However , by using appropriate bounds it is possible to

construct computable error indicators for the elements of .~ which

provide estimators that are asymptotically equivalent with the estimate (3.10).

We shall not enter into the details of the construction of these error

indicators . Briefly, if s .~ is one of the elements of the given partition

(see Figure 3.2), then the error indicator associated with s.~ is composed

of h
~ 

and of the values of u(\) and the jumps of the normal derivatives of

u(A ) at the corners of s~. The particular form of n 1 depends only on the

differential equation and the specified norm .

_ _ _ _ _ _ _  - - - - -
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Figure 3.2

The basic asymptotic property of these indicators can be seen from the

following special result:

Theorem 3.2: Let the domain be all of R2. Then , for a family of uniform

partitions with side— length h(s) and for sufficiently smooth exact solutions

the estimator

(3.11) ~ (A )  [ ~~2 1
l/2 

. 

5

satisfies

(3.12) Il u 0 - u(~ ) tI ~~2 
= ~ (A )

2 
+ 0(h(.\)4), as h(A ) 0.

In all reasonable cases we expect that l e t ‘ E,2 ~.. Ch( .~) . whence

IU O 
- u( A )11 E 2  

= ~(A)( l +

(3.13)
= ~(A)( l + O(~ (AY)), as h(.\ ) -~ 0. 

_ - L.. 5 5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Hence the efficiency i ndex (2.14) will converge to one with the square

of the error.

Nearby optim al meshes may now be constructed adaptively as in the

one-dimensional case by means of the equilibration -prin cipal for the error—

indicators. Because a number of general mathematic al questions are still

open , we will not go here into further theoretical details. Instead we

present various experimental results which support a number of conjectures

for which there is as yet no suf ficiently general proof. 
5

Conjecture 1: For sufti cientlv smooth solutions on a bounded domain and for

uniform partitions , the efficiency index with respect to the L2-stress

energy norm converges to one with the square of the error.

This is clearly seen in Figure 3.3 for the solution of problem E in

the two cases

case E1 : t=2 .0 ~ = 0.0, uniform partition ,
(3.14)

cas e E2: t .7.0 , ~ = 0.45, uniform partition.

The figure shows in log/log -scale the square of the error (under the

L2-stress energy norm) as well as the deviation from one of the efficiency

index ~ as a function of the number N~
’ of degrees of freedom of the finite

element solution.

Conjecture 2: For uniform partitions on bounded domains the rate of

convergence of the efficiency index to one is more strongly influenced by

the smoothness properties of the exact solutio’i U
0 

than by the convergence

- 

S 

of the finite element solutions to u0.
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This is supported by Fiqi..re 3.4. It has the same form as Figure 3.3

and shows results for problem E , case E1 and

(3.15) case E3 : t = 1.05 . ~:O.0, uniform partition , N

as well as for problem L in the two cases

ease L1 : t = 1.05 , p = 0.0, uniform partition ,

(3.16)

case L2: t = 1.001 , p = 0.0, uniform partition .

Evidently, the singularity becomes stronger as t tends to one.

The next , very important conjecture concerns the adaptively constructed

partitions. Under suitable conditions it is known that for non-smooth

solutions there exist sequences of properly refined meshes for which the

rate of convergence of the error is comparable to that for smooth solutions ,

provided , of course, the same type of elements are used . In this light the

conjecture is not surprising :

Conjecture 3: For the adapttvely constructed sequences of meshes the

rate of convergence of the error (under the L2-stress energy norm) and of

the efficiency i ndex compares wi th that for smooth solutions and uniform

partitions. In particular, the efficiency index converges essentially

with the square of the error.

Figure 3.5 gives results for probl em L in the two cases 
S

case L3: t = 1.05 , p = 0.0, adaptively refined partition ,
(3.17)

S case L4: t = 1.05 , p = 0.0, adaptively refined partition .

-- S
~~~~~~~~~

S
~~~~~
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A comparison of Figure 3.4 and 3.5 shows the contrast between the solution

of the same problem using uniform-and adaptively-refined partitions. The

behavior of the efficiency index close to one is infl uenced by various

factors and is not fully understood . Some aspect of this is the topic of

the next conjecture .

Conjecture 4: For completely arbitrary partitions of fixed i rregularity

index the efficiency i ndex does not converge to one but has reasonable

bounds . dependent on the reqularity i ndex.

The partitions of Figure 3.6 were randoml y generated. The conjecture

is certainly supported by the results of Table 3.1 for probl em L in the

case

(3.18) case L5 : t = 2.0, p = 0.0, random partitions.

S 

. . No of No ofrartitlon nodes el ements

9 16 .976

2 21 40 .868

3 34 64 .871

4 49 88 .868

5 72 115 .926

6 103 166 .901

7 121 190 .894

8 132 214 .877

Table 3.1 Efficiency indices for random partitions

As before the efficiency index 0 was computed under the L2-stress-energy norm .
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Conjecture 5: The values of the parameters p and a controlling the degeneracy

of the solutions of (3.2), (3.3) and (3.5), (3.6), respectively, do not

significantly influence the efficiency index.

S 

Conjecture 6: The adaptive construction of the partitions is effective both

S for the L2 and the L -energy norms . The efficiency index for the L2-norm is

better than that for the L -norm , but in both cases it is acceptable.

For problem L and the case L3 of (3.17), Figures 3.7 and 3.8 show

the adaptively constructed meshes for the L2-energy norm and the L -energy norm ,

respectively. Tables 3.2 and 3.3 summarize the errors and efficiency indices

for these cases. Here the L -energy norm was computed as the maximum value

over the set of the four Gaussian points in each element, The table headings

are as follows :

(1) Partition identification (5) Square of the exact error

(2) Number of degrees of freedom (6) Relative error in percent

(3) Number of elements (7) Efficiency index

(4) Square of the error es timator
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(1) (2) (3) (4) (5) (6) (7)

1/2 1 4 .697(-2 ) .155(- l ) 19.9% .67

1/4 9 16 .278(-2) .535(—2) 11.6% .72

A 14 25 .158 (-2) .201(-2) 7.16% .89

B 25 40 .919 (-3) .969(-3) 4.97% .97

C 86 115 .3 01 (—3 ) .3 19(-3) 2 .85% .97

0 206 250 .137(-3) .142(-3) 1.91% .98

Table 3.2 Error estimates for the L2-energy norm

(1) (2) (3) (4) (5) (6) (7)

1/2 1 4 . l19( — 1 ) .120 31.5% .31

1/4 9 16 .174(—l) .122 26.3% .38

C 20 37 .9l2(-2) .155(-l) 6.08% .77

E 98 139 . l42( —2 )  . l83 (—1 ) 2.0 1% .88

Table 3.3 Error estimates for the L -energy norm
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4. Adaptive Solution of Linear Problems

4. 1 The Basic Design of FEARS.

In recent years , many, often large , general- and special purpose

software systems for practical finite element computations have been

developed and are used extensively. The same time has brought considerabl e

advances in the theoretical analysis of the method , the development of

efficient solution procedures , and the understanding of modern software

systems. There appears to be a need for utilizing these and related

advances in the design of the next generation of finite element software.

Currently an experimental software system is under development at the

University of Maryland at College Park , MD. It has been named FEARS

(Finite Element Adaptive Research Solver), and has the following principal
S 

design properties.

(i) The system constitutes an applications-independent finite
element solver for a particular class of two-dimensional ,
linear elliptic boundary value problem . S

(ii) The problems are defined by a weak mathematical formulation in
terms of a bilinea r form .

(ii i) The a-posteriori error estimates discussed in Chapter 2 above
are used to control the reliability of the solution . Different S

norms may be chosen by the user.

(iv) Adaptive mesh-refinement , based on the error estimates , are to
provide for near optimal meshes wi thin a prescribed cost range .

(v) The systems-design takes advantage of some of the natural

paral lelism and modulari ty of the finite element method .
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The system represents an experimental prototype rather than a production S

system. Accordingly, extensive provisions for performance evaluation are

incorporated in it. A genera l description of the overall design is given in

17 1.  A f i r s t , preliminary , and , as yet , l uni ted version of the system has

been operational for about a year.

As provided by the second design property , the system i s  based on a wea k

formulation of the given problem in terms of an appropriate bilinear form B

on certain Hilbert spaces H1, H2 and a corresponding (load) functional f on H2. S

In other words , the underlying mathematical problem is to obtain the (unique)

c H1 such that

(4.1) B(u0,v) f(v), vv H
2
.

The finite element method then proceeds to the construction of suitable finite-

dimensional subspaces M1 c H1 
, M2 ~ H2 and the numerical computation of the

solution u(~) c M1 of

(4.2) B(u(.~), v) = f(v), vv M2.

The choice of B and f determines the problem and the structure of the finite

element method . The selection of the spaces H1 , H2 affects the norms used in

the error analysis and hence the adaptive control of the overall solution

process. Finally, the spaces M1, M2 derive from the construction of the

particular meshes and the selection of the specific elements. We refer to

1 8] for the theoretical background of this formulation and to 1 21 for
some of the reasoning behind its use as a basis for the systems-design .

The specific form of B and f used in FEARS may be found in [7]. We

note here only that the selected formulation is fairly general . It includes

- - -S~~~~5~-S5-~~~~~~ 5 5 S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ot only most classical probl ems and finite element methods but also the

elliptic problems of Douglis-Nirenbe rg type , the forms arising in the use

of the least-squares method for first-order systems , various versions of the

Lagrange multiplier methods , and many others . Sui table pre-processing

faci l i t ies can be introduced to simplif y the problem definition.

A natura l parallel process structure for the system derives from the

familiar substructure analysis in engineering design . For this purpose ,

the domain ~ c R~ is defined as the union

(4. 3)  ~~= T 1 U L ) u.. .u

of finitely many compact subsets c R2 which have non-empty interiors

that are disjoint, 
~ 

11 = 0 , i ~ 
j. Each subdomain is assumed to

be the diffeomorph ic image of some fundamenta l figure F in R2, (see Figure 4.1).

On the intersections of the subdomains these d’ffeomorphims ~~. :F -~- 
~~

1 1

have to satisfy appropriate compatibility conditions; for details we refer to

[v].

The finite element meshes on each ~2 .  consist of curvilinear elements

which are first defined on F and then mapped by 
~ 

into 
~~~

. Thus the

mesh-construction takes place in F. In order to support the adaptive mesh-

refinement process , the fundamental figure should admit the definition of

a simple hierarchy of partitions consisting of geometrical figures of the

same shape , and there should be a simple subdivision algorithm which allows

for the construction of the partitions of the hierarchy .

For the design of FEARS the fundamental figure F was chosen to be the

closure of the open unit square

(4 .4)  Q0 = (x R2~ 0 x~ 1 , i = 1 .2}

_ _ _ _  

- :  .: 
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As in the example of Section 3.1 , the admissible partitions ~ on are then

S defined recursively by the two rules (3.8). The current version of FEARS

i ncorporates only bilinear conforming elements on the squares of these

partitions of F which are then mapped into the subdomains c~ . This restric-

tion of the choice of elements was dictated only by limitations of availabl e

programing support . - S

4.2 Computational Aspects

The introduction of parallelism indicated in the design property (v) 
S

appears to be a particularly novel aspect of the design of the FEARS system. 
S -

-
This parallelism is on the procedural level rather than the instruction -

l evel ; that is , it is defined in terms of processes which are autonomous

units with their own programs and data. These processes run in parallel

and communicate asynchronously in a limited and highly structured manner.

A basic design decision was not to store data redundantly whenever possible.

Thus each process contains almost all the information needed for it. The S

use of parallel processes in the design makes it possible to apply multi ple 
. S

processors effectively. But this does not l imit the system ’s use to such

specialized architectures ; the operating system of a typical large computer

s imulates parallel processes , and the data segmentation should provide

significant advantages .

There are four classes of processes in FEARS , namely, the

(i) geometrical processes

(ii) user processes ,
(4.5)

( ii i ) linear systems solvers , and the

(lv) control process.

~

5 5 5

~
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Since the closed subdomains of (4.3) intersect and hence introduce

redundant data , we are led to work exclusiv&y with open subdomains .

Accord ingly, a separate process is associated with each one of the 2-subdomains

~~~~~ ~N’ 
wi th each one of the relatively open , one-dimensional intersections

(called 1-subdomains) of two of the 
~~
, and with each 0-dimensional inter-

sections (called 0-subdomains ) of severa l of them . The geometric processes

contain all the information relevant to that particular subdomain. Thi s

includes the bilinear form , load functional , mapping between and the

subdomain , boundary conditions where they apply, as well as the current mesh

data and associated solution. The only data set stored more than once is the

adjacency relation between the subdomains .

A problem is defined by a given domain (4.3), bilinear form 8, and

associated error norms . Each instance of the system is initialized with

a particular problem . It can accommodate several users working simu l taneously

S on this problem , each one with his own boundary conditions , load functional ,

sequence of meshes , and solutions. The user processes contain the data

particular to that user and any information needed for post-processing ,

graphics , etc .

The third class of processes represent the linear systems solvers which

have no permanent data . Finally, the efforts of the various processes are

orchestrated by a centra l control process. It receives commands from the

current user , gives commands to the geometric processes and the system

so l vers , receives reports back from them , and sends reports back to the user.

-
S Basically , after some initializat ion phase , a user gives a command whi ch

tells the system to refine the current mesh , and to compute the corresponding

finite element solution so as to achieve a prescribed error tolerance without

exceeding a given computational cost.
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Hence, if we d I sreq,iri p7ir7i l ~t’l i ty for the moment , a user requests the

system to execute the fol low inq al qorithm :

1. [Inpu t .] ‘ i r i it ~al m esh ’ \~ ‘ tolerances ’ 
~abs ’ “~rel ’

‘ max imal cost ’ 
~niax ’ —

2. [ Ini t ial  1L7lt ion ] ‘ c o s t  :=O ; ‘ cost increment ’ .\~ :0;

‘ error estimator ’ (,~): •
~~ ; ‘ norm ’ v( ~ : ; s s , F

‘ cut-off  parameter ’ ~: -- 0;

3. [Main Loopi

Wh ile ~ ~ inax~ 
d iid (, (~~ \tbs ~ v ( . \ ) )  do

3. I as semnb i t ’ s t i F tne~ s t ’qu ~l t ions; compute so 1 ut ion U ( .~
) ;

compute norm ~~(.\ ‘~ ( u(’~) I ; updat e cost

3..’ for each element .\ compute error indicator n (t );

accumulate estimator (.~); if .~ is not the initi a l mesh

determine the cut—of f  parameter ~

3.3 subdivide each element .\ w i th  n ( t )  n; for the

new elements r ‘ obtained from set ~ 
‘ ) ~( i ) ;

3.4 predict cost increment S\~~ of next solution phase .

I~rief ly , the alqorithm continues until either the maximum allotted cost

will be exceeded or the error estimator Is ‘;utf icient.ly small. Except for the

init ia l  n~.sh the cut — o f f p,~ramneter ,
~ 

i th e maximum value of the quot lent

)~~/ r i~~( ) where ) is the error indicator of the element from whi c h t

was qenera ted by subd iv i ion . Th I c reprecen t.s a s imple procedure to force the

error indicators to be c lost ’ r toqet her.
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In the procedure we should distinguish between the mesh design phase

and the computation of the final solution. During the construction of the

various intermediate partitions \ there is no need to spend too much effort

on the solutions. It turns out that the sequence of refined meshes is not

very much affected if the new solution values are only computed on the newly

subdivided portions of the mesh; that is , if on the other parts of the mesh

the old solution is retained and , where needed , used as boundary condition .

We even found that for two to three passes it is possible to compute the effect

of the refinement on each element separately. Thus in FEARS a combination of

these types of “short” solution passes ~s used consistently except on the first

two meshes , where complete solutions are needed to start the procedure , and

on the final mesh.

So far we disregard the effects of parallelism. Generally, the following

parallel activities take place:

(a) Severa l users perform pre- 7mnd post-processing while one S

user is in the solution phase.

(b) The 2-subdomai n processes compute their error indicators in
parallel . 

S

(c) The 2-subdomain processes refine their meshes in parallel .

(d) The 2-subdomain processes set-up the ir blocks of the stiffness
matrix in parallel .

(e) The 2-subdomain processes decompose their blocks of the

stiffness matrix in parallel and send updates to a system

solver process.

( f )  During short solution passes , “disjoint” solution sets are

computed in par allel.

In connection with the ac tiviti e s (d) and (e) above it should be noted

that the macro - St I t t n e s s  nat r I has the term
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4 1

0

(4.6) ( 0 
~
AN CM

B

where each diagonal block corresponds to a 2-subdomain and the blocks

C11 ... CM . B of the border contain the data for the 0- and 1-subdomains.

S 
Clearl y, each 2-subdomain process may perform the following tasks in

parallel :

(i) Generate the blocks A 1 , C .~ and send the corresponding

contribution for the block B to a separate solver process.

(i i) Decompose A~ . modify C.~ accordingly, and send the resulting

modification of B to the solver.

After all 2-subdoa min processes finish these steps , the solver process completes

the decomposition of B and now the new solution is obtained in an obvious way .

Some modifications , of course , are needed in the case of short solut ion passes.

The efficiency of the refinement strategy depends criticall y on the design

of the data structure for the meshes . A widel y used data structure for finite

element computations is based on a list of the nodes each pointing to the

elements to which it belongs , and a list of the elements which in turn point

to the nodes incident with them . This essent ially static structure is not very

— efficient when mesh refinements are introduced . Instead the recursive defini-

tion (3.8) suggests the use of a tree structure that corresponds to the

refinement process. The tree structure developed for and used in FEARS i s

described in [ 9 ] and we sketch here only the basic i dea .

As discussed before , the mesh construction takes place on the closure

of the square (4.4). Hence the tree structure represents the refinement 

5- S~~~~ 555 5~~~~~~~~~~~~~~~~~~ 5 ~~~~~~~~~ 
~~ 5L~~~~~ _ S ~~~~~~~~~~~~ -
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process on as de f ined  by (3.8). As mentioned in Section 3.1 , in the

resulting partitions we need to distinguish between regular and i rregular

nodal points (see Figure 3.1). The nodes of the tree correspond to a l l

regular nodal points and to the center of all undivided squares of the

partition . The successor relation on the tree represents the subdivision

process. For details we refer to [ 9 ] .  An example of the resulting tree

structure is given in Figure 4.2.

The nodes of the tree carry labels of the form 
~ l’ \ 9) ,

X 1~ ~2 
= -1 , 0, +1 , which permit the retrieval of all needed geometrical

information . In fact , as shown in [91, simple algorithms are available

to perform the following tasks:

(a) For a given tree-node representing a divided or undivided square

s determine -- as far as they exists -—

(al ) the corners of s

- (a2) the midpoints of the sides of s

(a3) the neighboring squares

(b) For a terminal tree node representing an undivided squares

(bl ) subdivide s and extend the tree

(b2) compute the elementary stiffness matrix of s

(c) Decompose the block A 1 of (4.6) def i ned by the tree

using a natura l point order induced by the tree corresponding

to nested dissection . Thus there is no need for any renumbering

algorithms or special strategies.

In connection with (b2) we should note that a particular square s may

have up to three corners that are i rregular nodal points of the partition .

________________ S
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This has to be taken into account in the computation of the corresponding

elementary stiffness matrix. The procedure is particularly simple for our

case of bilinear elements. Let M denote the standard elementary stiffness

matrix of s when all corners are regular. If some of the corners are

i rregular , there exists a -- possibly rectangular -- interpolation -matrix

P such that the actual elementary stiffness matrix of s has the form PTMP.

The matrix P depends only on the geometry of the partition and not on the

finite element problem itself. Thus P can be computed directly from the

tree .

4.3 A Numerical Example

Extensive numerical experiments have been conducted with the pilot

version of FEARS . Here we present only one example involving the

solution of a plane , linear elasticity problem for an isotropic ,

homogeneous material with Poisson ratios ~= 0 and ~=0.45. The domain

is the L-shaped set

~~
= (x R2~ 0 .- x1 

< 1. 0 x2 ~~
-}  Ii ~x c 0 ~ x1 ~ j- . ~- x2 U

5 

The displacements in the x1 and x2 directions are denoted by u1 and u2.

respectively, and the following boundary conditions are used

U
1 

= 0, u2 
= +1 for ~ x 1 < ~~

-
, x2 

= 0

~
j
l 0, u2 -1 for  0 ~ x 1 ~~

- , x~, = 1.

The other parts of the boundary . are free of stresses. Thus

the problem may be view as a two-dimensional model of an asymmetric

-- 
- -S 5555~ 555 5555~5 55 ~~5 

- 

~~~~~~~~~~~~~~~~~~~~~~~



-5— -- - S~5~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ‘&- S 5 S . s  - - ,I

stamp . We note that the singularity of the solution at (1/4, 0), (3/4, 0)

introduces oscillatory behavior in the stresses.

The refinement process begins wi th a coarse regular mesh with step-size

h = 1/4 (mesh(0)) which is then subdivided into a regular mesh of step size

h = 1/8 (mesh(l)). For the case o = 0  the meshes (2) to (6) generated thereafter

by the algorithms are shown in Figure 4.3 and 4 .4 . Moreover , Figure 4.5 shows

the mesh (7) for c= 0 as well as the mesh (5) for the case ~=0.45 which

corresponds to it in the size of the error estimator. (For space reasons the

meshes (2) , (3) ,  (4) for the case ~=0.45 are not included). It is interesting

to note the differences in the effect of the singularities for different

Poisson ratios at these error tolerances. In all cases the L2-energy norm was

-c used .

Tables 4.1 and 4.2 show some of the results of these computations

mesh no of 
~~ 

) 100ident. elements I u(.~)t E,2

1 48 1.073(-l ) lO.8~ 
‘ 

-

2 54 9.890(-2) 10.1%

3 66 9.l42(-2)

4 78 8.389(-2) 8.6.

5 84 7.977(-2)

6 11 1 7.233(-2) 7.4 _ S

7 171 6.07l (-2) 6.3~-

5 - S 
__________ 51 ____________ _____________ _________ _ _ _~~~~ ____

Ta b le 4.1 : “Stamp ” prob lem , Poisson ratio ~ 0. 

~~~~~~~~
S
~~~~~~~~~~~ __555 5— 5 -
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4 ()

mesh no of 
~ ) 100ident elements flu (.~) 1 E 2

1 48 1 .l 1 (- l) 2 5 . 2~
S

2 84 9.43(-2) 2l.8~.

3 129 8.22(-2) l9.3~.

4 183 .29(-2) l 7 . 2 ~
S

5 255 6.60(-2) 15 .7.-

Table 4.2 “Stamp ” problem , Poisson ratio o 0.45

Clearly the relative errors are considerable higher for ~i = 0.45.

- 5,5S~~~ ~~~ ~~~~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~ ~~ - ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~ ~~~~ s~~~
5-
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5. Nonlinear Problems

5.1 Error Indi cators and Es timators

The theory of a-posteriori error estimates sketched in Chapters 2 and

3 can also be extended to nonlinear problems . In analogy to (2.1) we

consider the elliptic boundary value problem

+ b(u) = f(x), x ~ I = [0,11

(5.1)

u(0) = u(l) = 0.

Clearl y a ,b ,f need to satisfy appropriate conditions , but we shall not

enter into any details here .

As before different norms may be considered . For simplicity we shall

use the semi norm Iu~1 = I u ’ I ‘L (I) which is here an equivalent norm on
0

H~ (I) .

Let ~ again denote the partitions (2.6) of I and the set of

continuous functions on I which are linear on each subinterval

S I~ , j  = 1 , . . .  , m(~ ), and zero at the endpoints x~ 
= 0, x~ = 1. Then the

finite element solution u(.~) ~ S
’
~ of (5.1) is defined by

(5.2) J [a(u ’)v ’ + b ( u ) v ] d x  = f(x ) v dx , Vv c

As in the linear case , error indicators of various form may be defined

on the subintervals I~. We use here the finite element solution on I~
’

when a quadratic term has been added to the computed solution u(s). In
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5 

other words , set = u(~ )(x~)~ j=0 ,..., m(~ ) and

(5.3) w(x,z) = y
~~1 

+ 
~~~~~ 

(y~ - y~~1 ) + z (x~~x . 1 )(x~~~x). vx c I~ .

Then, with the solution z c R1 of

S 
x
i

(5.4) J a(wx (x
~

z ) ) ( x j i  + x~ - 2x)dx 
S

xj_1

.x.
t + ( b(w(x ,z ) )  - f(x))(x-x~~1 )(x.-x)dx= 0 .

j— l

we define the error indicators by

(5.5) = Iz~I~ j= l ,..., m (~),

and the error estimator by
S 

1/p
çm(~.) ~~

pl
S I ~ (n j ) .i ~ l < p  < 

~
j=l

(5.6) ~(~) 
=

max n,~
.1

Not unexpectedly, (5.4) represents a nonlinear equation for the error

indicators. In genera l , it is easily solvable by standard iterative processes

starting with the initial approximation z=0 .

The theory of these indicators and estimators is even less developed

than , say, in the case of the linear problems of Chapter 3. But under 
S

suitable smoothness on a,b ,f some of the results of Chapter 2 can i ndeed

by carr ied over to thi s non li near cas e. T hi s w i ll be di scusse d elsew here .

: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5~~ 5S~~~~~~ ~~~~- 5 5 ~5 5 5 • S _S S
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5.2 Continuation Methods

The equation (5.2) determining the finite element solution u(s) c S

of (5.1) represents a nonlinear system 3f n=m( i~)—l equations in the n

unknown y~ = u(~ ) (x~)1 j=l ,..., n. In structural analysis the most comon

technique for solving such systems is the continuation method , (see eg. [10]).

For thi s we assume , for examp le , that the right side of (5.1) depends on a

parameter A , say, f(x) = A f0(x ) w ith a gi ven func tion f0. Then the resul ting - -

system of equations has the form

(5.7) Gy = Ag, y ~ R~

where G:R n 
-~ Rn is given nonlinear function and g ~ R~ a fixed vector. S

This system (5.7) defines a family of curves y = y(X) in R’~, and the standard

continuation approaches numerically trace the solution curve defined by the

initial condition y(x0) 
= y0 where Gy0 = x 0g . For exampl e , if a(0)= b(0) 0

then we may take A 0 
= 0, y0=0.

It is well-known that these methods encounter difficulties when the

Jacobain G’(y) becomes singular. We have to distinguish here between the

potential bifurcation points where rank (G’ (y),-q) < n and the limit points

where rank (G ’ (y) ,-g) = n > rank G’(y). The limi t points do not represent

intrinsic singularities of our probl em. In fact, they loose much of their

significance if the solutions of (5.7) are considered as curves in

For this we add x as (n+l)st component to the vector y and hence consider ,

in general , an “underdetermined ” equation

5
5 (5.8) F y = c
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I, 
~

involving a function F:R ’~~ Rn . A regul ar C 1 -sol ution of (5.~ ) Is then
n+l 1any curve In R represented by a C -parainetri :at ion

(5.9) y y(s)1 s J R 1 y ’ ( s )  / 0, Vs J

such that F(y(s)) ~ c for all s in the open interval J. lor arbitrary vectors

c in the range of F the resu lti nq c o l lec t io n  at curves defines the solution

t i e l d  of F.

An anal ysis of such solution fields w~c given in [lii and was used there

to show that a part I cu I a r con t i nua t ion method i s well de i ned . We shall not

enter into deta I is here but sketch only the essenti al ideas of the pproach .

For each vector y in the requl an ty set

(5.10) R( r ) {5y rank I ‘(y) n

there exists an uniqu e vec t or R° 
t~i such that

(:~. 11) F’ (y)~ ~ 0, II: I .~ 1 . det. 

~ ~
. ) -. (1

Hence the ta oqen t ma ppl nq ‘ 
- -

(5 . 12)  T: R( 1) ~~~~ Tx

Is wel l  —defined . In Ml 1 the foil owi nq resu It was proved :

Theort ’in 5. 1 : Let F:Rhl f i R’~ be twi ce co nt inuously d i f ferent  i~ ble . Then

the tanqent niapplnq I ot ( !~. I ~)) is Li pschi t .  ian on any compact subset of R( F ) ,  S

and for any y0 i~ (F) and c F v 1 t here e~ I st  s a un i que, situp 1 e , requ 1 at .

C 1 -so lut Ion in k ’(I ot  1 y~ c whi ch has no endpoint in R (1 ~ . S

~~~ -_S--.__:_____ _ ’S -55_5 _~~~~~~~ ~~~~~L~~~~~- _________________ —--——.-- -55-—-- -- -—-- --S---
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These C 1 —so lutions in R(F) may be parametrized by the solutions (5.9)

of the autonomous initia l value problem

(5.13 ) y ’ = Ty, y(0) = y0,

in  which  case the parameter is the arclength .

The vector Ty represents the tangent of the solution field at the point S

y £ R(F) and y is a limit point wi th respect to the ith variable if (Ty )~ 0. 
I 

- :

If y is not a limit point with respect to the jth variable then the solution

z c R’~
1 of the linear system

(F’(x)\ +(5.14) T~ 
z = e~ 

1
\
~(e 3) I

is a multiple of ly. This provides a simple means for the computation of Ty.

Essentially all numerical continuation methods now are of the predictor -

corrector type. In other words , information on an already computed portion 
S

of the curve is used to calculate a suitable extrapolation approximating

a further curve-segment. Some point on this extrapolating curve is then

5 chosen as the starting point for a corrector-iteration designed to converge

to a point on the solution curve.

A general system has been developed for the computation of the C~ -solution

of (5.8) through a given starting point. It uses an Euler predictor and

Newton ’s method as corrector. The genera l scheme of the process may be

described as follows :

1. [Input] ‘starting point ’ y ~
j:= ’in dex such that (Ty)~ ~ 0’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
S _~~~~~~~~~~~
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1’

5’ )

2. ‘From (5.15) calculate tangent vector ’ Ty

3. j := ‘index such that I(Ty)i -max I(Ty )1 1 ’
i= l ,..., n+l

4. ‘predict steplength ’ h

5. ‘compute Euler point’ z:=y + hTy ; ‘ right side ’ 
~ ;

j T6. apply corrector ~teratton to Fz~~c, (e ) z t~

norma l return: y:= ’final iterate ’ ; go to 7;

error return: h:=h/2; go to 5;

7. i f  ‘ further step required ’ then ~~jo 2

S Let y
1 
~ y(s~), i = 0 k , k ~ 1 , be the approximations of the desired

solution y=y(s) computed by this process. For the steplength estimation at

~k we consider the quadratic interpolant

k k 2 k
- 

- 

p(s) y + (s - s~~)Ty + (s — s k ) w

(5.15)

= 
1 (~k 1  - ~k + hkTy

k ),h k 1~
h 

- yh~
l t l

with p(Sk) = ~k ~ (s) Tyk 
~~~~~ 

~h~l Then it can be shown that

(5.16 )  Iy (s~ + h )  - p (sk + h) I1 2 h2 Hw k H, + 0(h3~. as h 0.

For a given tolerance ~ 0 this suggest the use of the asymptotic steplength

formula.

(5.17) h mm ( 
~~ IW k I I : 

, hn i )

In our sys tem , ~ is adaptively computed as 1 ~c uSin l  a “safe” conver gence

- ~~~~~~~~~~~~~~ 5j ~~~~~~~~~~~~~~~~~~~~~~ ,~ 55~~~~~~~~~~~~~~~~~ 5 S ~~~5 ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 55 S5..~~~*- ‘ - 
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radius p of the corrector iteration and a suitable factor 0 < 0 < 1 ,

(see eg. [12]). Figure 5.1 shows this schematically. For further details ,

we refer to [11].

5.3 A Numerical Example

We consider the boundary value problem (5.1) with the coefficient

functions

a (s )  = ~-~~- , — 1 s < ; b(s) 0, s R1,

(5.18) 1 3(x for

I~ 0 otherwise

This may be viewed as a model of a one-dimensional rod of lenght one which

is clamped at the endpoints and subjected to a load in the direction of its

axis. Then -‘ represents a measure of this l oad .

In this special case , the exact solution of (5.1) for x 0 turns out to

be

c t X  ,

(5.19) u(x) ~~~~~ 
- x + ~- ln( l + x ( x  - i-) ) , ~-~~ x < i- ,
- 1A )x + 1 (1 - ) + tl~~(i + t x ) ,  ~~< x  < 1 ,

where l/(l - ct) and l~ 
= a( u ’(O)) is the solution of

(5.20) (1 + ) + ~-ln( l + ~~x ) = 1. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~,SSSS-5 ’S
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Thus we have here

(5.21 ) 0 < u(x) < u *(x), 0 < x  < 1 ,

where the limiting funct ion u’~ is g iven by

(3x ,
(5.22) u*(x) = 

i 
— —

I~l-x ,

Now let ~ be any partition (2.6) of I and n m (~ )-l . As in the previous

section we introduce A as the (n+l)st variable and hence write (5.2) in the

form of the undetermined system (5.8) (with c=0). Now starting from

s= 0 , y 0  the continuation process described above was run up to values of

the load A near 30 where max{u(x), x £ 1.1 ~ .8 max (u*(x), x ~ U . Some
- of the results for uniform partitions with stepsize h = 1/12 , h = 1/24 , and

h = 1/48 are give n in Tables 5.1 and 5.2 for the I. I
~~z and 

~~~~~~~~~~~~ 
norm,

respec tively. The tabl e columns are as follows :

(1) Parame ter s

(2) Load A

(3) Exact error

(4) Error estimator c(s)

(5) Rela tive error in perant , 100 . e L 1 ,~ /~u0l 1~~

(6) Efficiency index 0

~~~~~~~~~~~~~~~~~~~~~~ 
—______ 5—

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
S5S5_S5S ~.55 . 5 _ .&~ 4 ~~~~~~



~~~~~~~~-- - —~- 
~ 

S~~~~~ 55~~~~~~~~~~~~ 5 5 5
S~ 5S~~~~~~~~ S -

59

h = l /2

(1) (2) (3) (4) (5) (6)

0 0 0 0 0 0

.5000 .4880 .8336(-2) .8334(-2) 8.41% 1.00

1.996 1.955 .3502(-1 ) .3462(-1) 9.39% .989

3.997 3.936 .7339(-l ) .6854(-l) 11.3% .934

6.000 5.931 .1077 .9102(-1) 12.9% .846

12.02 11.94 .1695 .1030 14.9% .608

18.02 17.94 .1936 .9133(-1 ) 15.1% .472

24.02 23.94 .2018 .7880(-l ) 14.8% .390

30.02 29.94 .2032 .6848(-l) 14.3% .337

h = 1124

(1) (2) (3) (4) (5) (6)

0 0 0 0 0 0

.4997 .4767 .4072(-2) .4073(-2) 4.20% 1.00

1.993 1.912 .1720(-1 ) .1715(-1 ) 4.70% .997

3.994 3.873 .3715(-1) .3645(-l ) 5.78% .981

6.000 5.863 .5695(-1) .5387(-l ) 6.84% .946

12.03 11.88 .1014 .8049(-1) 8.92% .794

18.04 17.89 .1260 .8359(-.l ) 9.86% .663

24.04 23.89 .1395 .7931(—1 ) l0.2~ .568

30.04 29.89 .1469 .7332(-1 ) 10.4% .499

555- —‘5-—-—
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h=T/48

(1) (2) (3) (4) (5) (6)
— 

0 0 0 0 0 0

.4996 .4564 .1934(-2) .l949(-2) 2.08% 1.01

1.987 1.835 .8231(-2) .8225(-2) 2.33% .999

3.986 3.753 .1809(-1 ) .1801(-1 ) 2.88% .995

5.997 5.730 .2846 .2804(-1) 3.46% .985

12.07 11.77 ,.5504(—1) .5065(-1) 4.86% .920

18.08 17.78 .7331(-1 ) .61 33(—1 ) 5.74% .837

24.08 23.78 .8581 (-1) .6503(—l ) 6.30% .758

30.08 29.78 .9446(-1 ) .6520(-l ) 6.66% .690

Tabl e 5.2: “Rod” Problem , L~~1,2 
-norm, h 1/l2 ,h 1/24, h 1/48

h = 1/12

(1) (2) (3) (4) (5) (6)

0 0 0 0 0 0

.4999 .4880 .2513(-1 ) .2465(-l) 19.9% .981

1.996 1.955 .1663 .1488 31 .8% .895

3.997 3.936 .4793 .3571 48.9% .745

6.000 5.931 .8323 .5047 63.3% .606

12.02 11.94 1.679 .5974 89.7% .356

18.02 17.94 2.195 .5343 103% .243

24.02 23.94 2.527 .4627 110% .183

30.02 29.94 2.755 .4029 114% .146

L± 5 5 - 5 - 5 -  SS -S - -S 5 5 55 5 5 5 5 5~~~~~ 55 ~5
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h = 1/24

(1) (2) (3) (4) (5) (6) 
. 

S

0 0 0 0 0

.4998 .4767 .l237(-1 ) .1226(-1) 10.0% .991

1.993 1.912 .8539(-l) .8088(-1 ) 16.7% .947

3.994 3.873 .2677 .2308 27.6% .862

6.000 5.863 .5024 .3860 38.5% .768

12.03 11.88 1.184 .6401 63.4% .541

18.04 17.89 1.685 .6806 78.8% .404

24.04 23.89 2.045 .6517 88.9% .319

30.04 29.89 2.310 .6054 96.0% .262

h= 1 /48

(1) (2) (3) (4) (5) (6)

0 0 0 0 0 0

.4996 .4564 .5906(-2) .5879(-2) 5.01% .996

1.987 1.835 .41l9(-l ) .40l5(-l) 8.39% .975

3.986 3.753 .1367 .1273 14.5% .931

5.997 5. 730 .2732 .2397 21.2% .878

12.07 11.77 .7398 .5308 39.8% .717

18.08 17.78 1.148 .6795 53.8% .592

24.08 23.78 1 .478 .7371 64.3% .499

30.08 29.78 1.745 .7478 72.6% .429

Table 5.2: “Rod” Problem, .1
~ 

norm, h 1/12 , h = 1/24, h 1/48
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For small A the error decreases again linearly wi th h. For larger A

the errors are still very large and the asymptotica lly expected convergence

has not yet set in. As in the li near case , the efficiency index improves

with decreasing relative error and 0 is close to one already for errors of

the order of 5%. Not unexpectedly, the errors in the norm are S

much worse than in the I~ I l 2  norm but for reasonab l e errors the eff ic iency

index is again close to one.

Clearly the results in these tabl es are practically useless for higher

values of x . We would need considerably smaller step sizes h to get

acceptabl e relative errors for large X . In order to reduce the resu lti ng

very heavy computational cos t, we need to use once again adapti ve mesh

cons tructions. -

For this we apply, as in the linear case, the principal of equilibration

of the error-indicators . Thus , for any fixed A all those subintervals

are subdivided for which the error-indicator exceeds a certain cut-off

value ~ 
. On the new partition an approximate solution is obtained by 

S

interpolation and then corrected by means of a few Newton-iteration steps.

Now the continuation process i s applied aga i n until a further refinement
S becomes necessary.

There are as yet numerous open questions about this combination of

continuation and ada pti ve mesh refinement. But as Ta ble 5. 3 and Figure 5.2

show , the process is highly effective. 
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le I l 2fl 5 A eL ~ 
c(~ ) lO0~ ~~

‘ 0
U0 1 1  2

3 0 0 0 0 0 0

.5000 .4959 .2535(—l ) .2524(-1) 25.2% .996

1.999 1.985 .1016 .9331 (—1 ) 26.9% .919

3.999 3.977 .1887 .1358 28.8% .720

5 3.999 3.977 .7371(-l) .6952(-l) 11.3% .950

5.996 5.967 .9464(-1) .8463(-l ) 11.3% .894

7.997 7.966 .1138 .9400(-l) 11.7% .826

7 
- 
7.997 7.966 .6137(-l) .5658(-l) 6.32% .922

9.996 9.962 .6188(-l) .5690(-l) 5.81% .920

12.00 11.96 .6297(-1) .5764(-J) 5.53% .915

18.00 17.96 .6863(-1) .6052(-1) 5.36% .882

8 18.00 17.96 .5205(-1) .4748(—1) 4.07% .912

20.00 19.96 .5177(-1) .4717(-1) 3.95% .911

22.00 21.96 .5172(—1 ) .4702(—1 ) 3.89% .909

28.00 27.96 .5256(-l ) .471l(-l) 3.75% .896

S 9 28.00 27.96 .4244(-1) .3855(-1) 3.02% .908

30.00 29.96 .4184(-1 ) .3803(-1 ) 2.95% .908

S Table 5.3: “Rod ” Problem , Adaptive Mesh Construction , I • 1 1 2  norm.
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6. Conclus ions

Al though much work stil l needs to be done , we bel ieve that the approaches

presented here can provide satisfactory answers to the two questions (1.1)

raised in the introduction. We sumarize briefly some of the conclusions

that can be d rawn from our resul ts: 
-S

a) The a-posteriori error estimates provide reliable informati on
for a wide class of problems and under a variety of different
norms.

b ) In all our exper ience , the estimates are acceptable even for
rel ative errors ol~ about 5-10% and they improve wi th decreasing
errors.

c) In the one-dimensional case the theory of the a-posteriori
estimates is rather well established but in the two-dimensional
and even more so in the nonl inear case there are still a
number of open theoretical questions.

d) The error estimates prov ide a very effective means for control li ngIt; the adaptive construction of near-optimal meshes.

j e) Experience has shown that the errors for the adaptively constructed

II meshes show near-optimal character even in the presence of severe
singularities.

f) Adaptive mesh construction generally provides an overall savings in

S 
computational cost and improves the efficiency i ndex of the error
estimates.

g) For an effective implementation of the adaptive mesh construction 
S

special attention needs to be paid to all aspects of data
management. A tree structure for the representation of a
hierarchy of meshes has proved itself to be very advantageous in
this connection and allows also for natural pivoting by nested
dissection.

h) Our experience with the FEARS project confirms that general—purpose
finite element solvers can be constructed which provide near-
optimal solutions wi thin a given cost range.

5 5 ~~~~~~~~~~~~~~~~~~~ S -  —-~~~~~~~~~~~~~~
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i) In the design of such finite element solvers it is possibl e to
S utilize natural parallelity features of the finite element method
- and to ac hi eve a natural data segmentation.

S 
j ) The a-posteriori error estimates are al so very effective for

S 

nonl inear probl ems although the corresponding theory is as
yet far from compl ete.

k) For the solution of nonlinear equilibrium probl ems of the type
arising , for instance , i n structural analys i s stable continuation

-
~ processes can be designed which are not affected by limit points . 1-
51 1) In the case of nonlinear problems , the a-posteriori error estimation

and adaptive mesh-construction techniques can be combined with the
continuation process with highly advantageous effects on the
computational cost and the efficiency indexes of the error estimates.

H



i) In the design of such finite element solvers it is possible to
utilize natura l paral lelity features of the finite element method
and to achieve a natural data segmentation .

j) The a-posteriori error estimates are also very effective for
nonlinear problems although the corresponding theory is as
yet far from complete .

k) For the solution of nonlinear equilibrium problems of the type
arising, for instance , in structura l analysis stable continuation
processes can be designed which are not affected by limit points .

I) In the case of nonlinear problems , the a-posteriori error estimation
and adaptive mesh-construction techniques can be combined with the
continuation process wi th highly advantageous effects on the

computational cost and the efficiency indexes of the error estimates .

- 55 5--S-~~~~~~~~ SS -S- S - -~~~~ - 5- - 1



- 5 55__~~~~_S55 - SS~SS55 5 5 5 5 S_5S555SS~55555S’5S-55-555_S_S55S’5 S555S_55_S •55 5~~ _________ - -

67

7. References

[1] I. Babuska -, W. Rheinbo ldt , Computational Aspects of Finite Element
Analysis; in “Mathematical Software-Ill” , ed. by J. R. Rice ,
Academic Press, Inc., New Yor k , 1977, pp. 225-255.

[2] I. Babuska , W. Rheinboldt , Mathematical Problems of Computational
Decisions for the Finite El ement Method in “Mathematical Aspects of Finite
Element Methods ” ed. I. Gall igani , E. Magenes , Lec ture Notes i n
Mathematics , Vol . 606, Springer Verlag/Germany 1977 , pp. 1 -26.

[3] R. H. Gallagher , Computerized Structura l Analysis and Design -- The
Nex t Twenty Years , Keynote Lecture , Second National Symposium on
Computerized Structural Analysis, George Washington University ,
Washington , D. C., Marc h 1 976.

[41 I. Babuska , W. Rheinbo ldt , Error Estimates for Adaptive Finite S

Element Computations , SIAM Journal on Numerical Analysis 15,
136-754, (1978).

[51 1. Babuslca , W. Rheinb oldt, A-Posteriori Error Estimates for the Finite
Element Method ; International Journal for Numerical Methods in
Engineering 12 , 1 597-1615, (1978).

[6] I. Babuska , W. Rheinbo l dt , Analysis of Optimal Finite-Element Meshes

in R1 ; Mathematics of Computation , 33, 146, 1978, in press.

[71 P. Zave. W. Rheinboldt , Design of an Adaptive Parallel Finite
Element Systems; ACM Trans. on Mathematical Software, March/June 1979,
in press.

[8] I. Babuska , A. K. Az iz , Survey Lectures on the Mathematical Foundations
of the Finite Element Method, in “The Mathematical Foundations of the -:

S Finite Element Method with Applications to Partial Differential Equations ”
ed. by A. K. Aziz , Academi c Press, New Yor k , 1972, pp. 3-359.

[9] W. Rheinbo ldt , C. Mesztenyi , On a Data Structure for Adaptive Finite
5 Element Mesh Refinements , University of Maryl and , Computer Sc i ence Tec hnical

Report TR-660, 1978; ACM Trans. on Mathematical Software, submi tted.

[10] W. Rheinboldt , Numerical Continuation Methods for Finite Element
Applications , in “Formulations and Computational Algorithms in Finite
Element Analysis ” ed. by J. Bathe , J. T. Oden , W. Wunderlich ; MIT Press,
Cambridge , Mass. 1977, pp. 599-631 .

[11] W. Rheinboldt , Solution Fields of Nonlinear Equations and Continuation
Methods, University of Pittsburgh, Institute for Computational
Mathematics and Applications , Technical Report ICMA-79-04. March 1 979,
SIAM Journal Numerical Analysis , submitted.

____________ S - S - S  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘55~~~~S55~~~~~5_ - ~~~~~~~~~~~~~~~~ ~~_ -~~~~~ -~~~‘~~~- - ~ 
S



- ~55 5 S~~~S~~S5S5 ’ 55s 5 5- - - ~~~~~~~~~~ 5 - -S  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S S S S

68

[12] W. Rheinboldt , An Adaptive Continuation Process for Solving Systems
of Nonline’ar Equations in “Proc . of the Semester on Mathematical
Models and Numerical Methods ” , Stefan Banac h Ctr. Publ . Vol . 3,
Polish Academy of Science , Warsaw , Poland 1977 , pp. 129-142.

_ _ _ _ _  55 ~555 55 55-55555 5-SS_S~~ S S S~~~~~~~~~~~~~~~~~~ 55555555~~~~ 5 S S S L5 5 5 ’ - -~~~~~~~~ S~~~~~~~~~~~~~~~~~~~~~~~~~~~~ : ~~~~~~~~~~~~~~~~~~


