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Introduction and preliminaries
An incidence structure is a triple S=(X , ~.A, J) where X and .A are disjoint

sets and 5cXx ..A. Elements xeX are called points and elements A ~ are
called blocks of S. A point x and a block A are incident if (x, A ) G J .  For any
block A, (A) will denote the set of points incident with A.

Let v, k, t and X be integers with v�k�t�O and X � 1. An SA(i, k, v)
(a t-design on v points with block size k and index X) is an incidence structure
D = (X, .A, .5) such that

( i )  IX I=v ,
(ii) (A)I =kfor everyA~~-A,
(iii) for every I-subset T of X, there are exactl y X blocks A E ..A with

T~~(A).

It is well known that every SA(t, k, v) has exactly b =rrX ( 
~ 

)/ ( 
~~) 

blocks
and more generally, for any i-subset I of points (0 � i � I), the number of blocks
A of the design with I c  (A) is

(V — i
b
‘ f k — i \ ’

\t —1)
independent of the subset 1 [2].

Abst7act : We present the generalization (conjectured by A. Ja. Petrenjuk) of Fisher’s
Inequality b�v for 2—designs and Petrenjuk’s Inequality b�(~)  for 4—designs. The f-designs
satisfying the inequality with equality may be considered as generalizations of the symmetric
2—designs (6 =v) and have the property that there are exactly -~~- t possible values for the size
of the intersection of two distinct blocks, these values being computable from the parameters.
* This research was supported in part by ONR N00014-67-A-0232..0016 (OSURF

3430A2).
** This research was supported in part by N.S.F. Grant GP-28943 (OStJRF Project No.

3228-Al).
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An S~(t, k, v), say D =(X, ~.A, J) ,  is simple when the mapping Ai—.(A) from
.A into ~~h(X) (the class of all k-element subsets of X) is injective ; and D is
trivial when the mapping A ~—. (A) is (surjective and) rn-to-one for some integer
m, i.e. each k-subset “occurs as a block” exactly m times. In this latter case,
evidently 

~
.=m (~1) .

The well known Fisher’s Inequality (see [2]) asserts that the number 1’ of
blocks of an SA(2, k, v) is at least v, under the assumption v�k+ 1. A. Ja.
Petrenjuk 141 proved in 1968 that b�( 

~
) for any SA(4, k, v) with v �k+2 and

conjectured that b�( 
~
) in any SA(Zs, k, v) with v�k+s. This conjecture is

established in the following section.
This condition shows the nonexistence of certain f-designs. For

example, Petrenjuk’s Inequality shows that S,(4, 22, 79) do not exist even
though the b ’s (0�i�4) are integral. We might note that a hypothetical
s2 (4~ k, 2 +-~-(k-_ 1)(k — 2)) would satisfy b=( 

~
) (and the b11s are integral

when k* I (mod 4)), but no such designs exist by the corollary of Theorem 5
below. The inequality b� ( ~

) rules out the ent ire family of 6-designs with

v= 120m ,
k = 60m ,
X (20m—l)( 15m---1)(12m—-1) ,

(for which the b1’s are integral).
By a tight t-desigh (t even, say t=2s) we mean an S~(t , k, v) with v�k+s

and b= ( 
~

). As examples, we have the trivial designs SA(2s, k, k+s) where

,,= 

~~~~ 
An example of a tight 4-design is the well known S1(4, 7, 23)

where b=253=(~3). N. Ito [3] has recently shown, using Theorem 5 below,
that the only nontrivial tight 4-desighns are the S1(4, 7, 23) and its complement,
an SH(4, 16, 23). Tight f-designs with t�4 seem to be very rare.

Our proof of Petrenjuk’s conjecture uses only elementary linear algebra and
the observation that the nunber of blocks of an SA(t . k, v) which are incident
with some i points and not incident some other j  points is Constant (i.e., depends
only on i, j, and the parameters ; not the particular sets of points) whenever
i+j �t.

Proposition 1. Let (X, LA, .5) be an SA(t, k, v). Let i and j  be nonnegative
integers with i +j � t. Then for any subsets I , J cx with l I t  i, I i  I =1~

- ‘ ~- ~- - -  
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IflJ=4,, the number of blocks A~~LA such that I c ( A )  and J f l (A)=4, is exactly

(v—i—-i
k—i

f v — t

Proof. By inclusion-exclusion,

= 
~~ (—1)’( )b1+, .

In view of the above expression for 6,, we have b~=Xc where

C = ~~ (_ ly (J  ‘) (v_ i_ r)( k_ i_r) _ 1.r I t—z—r t—z—r

But in the case of the trivial design (X, ~Ph (X), E), x=(~~~ ) and b~= (v~~ tT))

from which we deduce the simpler expression c=( 
z7J)(~~~t) 

1

As a corollary, the complement (X, LA, (Xx LA) —J) of an S~(t, k, v) is an
S~(t , v—k, v) with

= b~ =

(unless v<k+t, in which case the original SA(t, k, v) is evidently trivial).

2. Generalizations of Fisher’s inequality
For any set Y, we denote by V( Y) the free vector space over the rationals

generated by 1, i.e. V( I’) consists of all formal sums a = E,Ey a,y with
rational coefficients a, and formal addition and scalar multiplication. The “unit
vectors” y’ y~~ Y, by definition provide a basis for V( Y).

Theorem 1. The existence of an SA(t , k, v) with t even, say t=r 2s, and
v�k+s implies

where 6 is the number of blocks of the design. In fact , the number of distinct subsets
(A) is itself at i e a s t ( t) .

Proof. Let D = (X ,LA, ~
) be an S~(t , k, v) and put V,= V(~~,(X)), where

~~~X)  is the class of all s-element subsets of X. For each block A of D, define
a vector AE V. as the “sum” of all s-subsets of (A), i.e.



__________ 
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A = E ( S :  S~~~P, (X),  Sc ( A ))

We claim that the set of vectors {A: A ~ ..A} spans I ”,. Since V, has dimension

( ) , the theorem follows immediately.

Let S0~ ~~( X ) . To show S0 belongs to the span of {A: A ~ LA} ,  we intro-
duce the vectors

E,=~~~(S: S~~ P3(X), S f lS ,I=s— 1)
(so E,=S 0) and

F, = E (A: A~~LA, I (A)flS0 I=s—i )

for 1=0, 1, ~~~ s. Now for S,~~~ ,(X) with t S , fl S01 =s—i , the coefficient of
S, in the sum F, is the number of blocks A such that .S,~~(A) and I(A)flS,I=
s—r;  and this number is ( ~ ) b;_~~1 with the notation of Proposition 1. Thus

Fr E ( ~~) b;_r +~Ei (r = 0 , 1 , ..., s) .

The above system of linear equations is triangular and the diagonal coefficients
6; (r=0, 1, .~~•, s) are all nonzero under our hypothesis v�k+s. Thus we can
solve for the E1’s (in particular, for E0=S 0) as linear combinations of the F ,’s.
Since the F,’s are by definition in the span of {A: AELA} , we have S0~~span
(A: A~~J1} for every S0 E~P,( X) , and our claim is verified.

Corollary. The existence of an S~(t , k, v) with t odd, say t = 2s+ 1 and
(v— 1)�k +s implies the inequality

v v—i
_ _ _ _ _  ~ ) + v_ 1 \�2 v_ 1
f k \ ~~~ (k—l \  ~~ S 1  ~\
~2s+ i) ~~2 s )

Proof. Let D = (X, LA, ..9) be an S~(t , k, v) and x~ X. Let LA’ be the class
of blocks incident with x and LA” be the class of blocks not incident with x.
Observe that both D’ (X’, LA’, .Sf l (X’ x LA’)) and D ”=(X ’, LA”, ~~

fl (X’ x LA”)),
where X’= X— {x}, are 2s — designs and apply Theorem 1.

The above inequality also rules out infinitely many parameters for which b,’s
are integers, i=0, 1, ..., t.

Theorem 2. Let D = (X, LA, J )  be an S~(t , k, v) where t=2s and v�k+s.
If there exists a p artition LA=J , U LA2 U U LA, such that each substructure
(X, LA,, J f l  (X x LA,)) is an SA,(s, k, v) for some positive integers X ,, then
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b=ILAI� (V )-f-r_1 .

Proof. With the notation of Theorem 1, the vectors {A: A E .A} span V.
I But observe that

E {A: A~~LA~} = X , E (S:  SE �?, (X)) = x .t, say.

So if we choose one block A1 from each LA1, then {A: A~~LA— {A,, ~~~~ A,}} U
{.~

} spans V. The stated inequality follows.

3. Tight t-designs

Recall that a tight t-design (t=2s) is an SA(t , k, v) with v�k+s and

In view of Theorem 1, tight designs are simple. In this section we extend
the well known result that two distinct blocks of a symmetric design (tight
2-design) have exactly X common incident points (see Theorem 4 below).

Theorem 3. Let X be a v-set and LA a class of k-subsets of X such that for
distinct A, B~~LA,

IAn B I ~~ {~L,, ~~,, 
...

,

where ~~~~~~~~~~~~~~~~ Then

Proof. Let V= V(LA). For each S~~ �F’, (X), define a vector

= E (A : A~~LA , A D S ) .

We claim that the vectors {~: S ~ c?~(X)} span V. Since V has dimension I LA I,
the theorem will follow.

Write p0=k. Let A0 ELA be given. Define

H 1 = E (B:  B EL A, I B f l A O I = 151)

for i=0, 1, ~~~ s (note H,=A 0). For r=0, 1, ~~~~ s, we see that

G, = E(.~: S~~ ?,(X),  I S  f lA ,J= r) = E(’~’)(~~~’~’) H 1~

by comparing the coefficient of each A E..A on both sides of the equation. We
now show that the coefficient matrix of this system of s±1 linear equations is

ii
L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  

j
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nonsingular, so that we can solve for the H ’s in terms of the G’,s. In particular,
we then have H,=A 0Espan {G,, G,, ..., G,} cspan {S: SE5P,(X)}.

So consider the s -
~
- I row vectors

= ((iso)(~~~~ I5
o), (i~ )(

k —i ~i) , ... , (iss)(k—iss))

r=O, 1, ~~~~~ s. Suppose c0v0+c 1v0+.”+c,v,=O. This means that the polyno-
mial

p(x) = ~~ ~
,.( X

of degree �s has s+1 distinct roots 15,,, ~~~
,, 

~~~~ ~~, 
and hence is the zero poly-

nomial. Now p(0)=co(~~), so c0=0; then p(l)=ciC ’~), 
soc,,=O; and, in-

ductively, c,=c,—= ”~ -=c,=O. That is , ;, ~~ v, are linearly independent. This
completes the proof.

Theorem 4. Let D=(X , LA, J) be an SA(t , k, v) with t=2s and v�k±s.
Then there are at least s distinct elements in the set

{I ( A ) f l ( B ) 1 :  A A , BELA,  A 4 B } ,

and there are exactly s distinct elements q and only ~f D is a tight t-design.

Proof. In view of Theorems I and 3, it remains only to show that for
any tight t-design, there exist s integers 15i~ 15~’ ~~~~ ~~, 

with 0�151<k so that
1(A) f l  (B) I E {~

,, 
~~ ~~ 

for distinct blocks A and B. Let D = (X , J , J )
be a tight S4t , k, v). With the notation of Theorem 1, the b=( 

~
) vectors

(A: AELA} must, since they span V,, be a basis for V,.
Fix A0 ELA and for B E  LA, write p

~~
= I ( B) f l  (A , , ) I .  For 1=0, 1, ..~~, s,

define vectors

M1 = E (S :  SE ~~,(X) , I S f l ( Aj I  =

Now given SEcP,( X )  with I S  Ii (A,,) I =i, the coefficient of S in the sum
N,is

BELA, Sc (B)) ,

i.e., the number of ordered pairs (B, R) in LAx ~E’, (X) such that S ~~(B) and
Rc (A0) fl (B). For any r-subset R c (A,,) with I Rf l  S I =j , the number of
blocks B such that (B, R) satisfies the above conditions is b,~,._,. Thus the
coefficient of S in 1Y, is

L - .
~~~~

.-—-- ~~~ 
_ _ _  _
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c~ = 
£ )( k

__
i) 6 and so

‘-° j  r —j

N, = E 4M , (r = 0, 1, ..., s ) .

The s+l vectors N,—c M, are contained in the span of M,,, M,,, ~~~~~ M,_, ;
hence there exist rationals a,,, a,, 

~~~ 
a,, not all zero, such that

E a ,(N,—c M ,) 0 , or

=0.

Now (A: AELA} is a basis for V,, so for B *A,,, the coefficient

of ~ must be 0. That is, for any B4A,,, the intersection number p~~ 
is a root

of the polynomial

f ( x )  =

of degree at most s. Finally, note that the coefficients 4 are (and hence f ( x )  can
be chosen to be) independent of the block A,,: all intersection numbers are roots
of f ( x ).

The polynomials f ( x )  described in the proof of Theorem 4 have been found
explicitly by P. Delsarte [1]. As an example, we consider the case t=4. The
equations of Theorem 4 are

• N,, = b2M,,+b2M,+b,M2 ,
N, = kb,M,,+ (62+ (k— I )b,)M 1- ’-(26,,-f - (k—2) b ,)M ,, ,
N2 = (

~ 
) b,,M0+((

k 
~ i) ~,,+~~— 1)b3)M , +((

k —

Using the relation b,= (
~

) in a tight 4-design, one verifies that

• (b5 —b,)N 3—(k — i)( b,—b,,)N,+(2b,(b,—bj — b,,(b,—b,))N,,
is a scalar multiple of M,—A,,. For a block B*A,,, the coefficient of P in the
above expression must be zero, i.e.,

= 0.

Rewriting the coefficients in terms of v, k, and X , we have
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Theorem 5. The two “intersection numbers” Pt, ,~~ 
of a tight 4-design

S~(4 , k, v) are the roots of the p olynomial

f ( x )  = _____

Application of Theorem 5 yields the well known fact that any two distinct
blocks of an S,(4, 7, 23) meet in 1 or 3 points.

Since f ( x )  has integral roots , it must have integral coefficients , and we have
the

Corollary. The existence of a tight 4-desigh SA(4, k, v) implies v — 3 divides
2(k—1)(k—2), a n d k — 3  divides 4X.

In [1], Delsarte observes that Theorems 4 and 5 arc similar to Lloyd’s
Theorem on perfect codes. Indeed , Delsarte develops a theory of designs and
codes (emphasizing a “formal duality ”) in the context of association scheso~es.
Contained therein are results analogous to the above for orthogonal arrays of

• strength t , the analogue of Theorem I being Rao’s bound.
We conclude with the following remarks.
Let D_—(X, LA, .5) be a tight SA(t , k, v) with t=2s and v�k+s. Let J(s, v)

denote the association scheme whose points are the s-element subsets of X
(see [I]). Let N be a (0— 1)-matrix whose rows are indexed by elements of

~~,(X) and columus are indexed by the blocks of D. At the row corresponding
• to S and column corresponding to a block A, the entry of N is 1 if S c(A) .

The matrix NNT belongs to the Bose-Mesner algebra of the scheme J (s, v).
The matrix NNT is obviously rationally congruent to the identity matrix.
Using the properties of the algebra of J (s, v), it is possible to compute the Hasse-
Minkowski invariant of NNT and obtain some more necessary conditions for
the existence of ti ght 2s-designs. (See also [5].)

THE OHIO STATE UNIVERSITY
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D. K. RAY-CHAUDHURI

UNIQUENESS OF ASSOCIATION SCHEMES (*)

RiAssuxTo. — Sia V un in~icme fin ito.  Una relazione b inari a simmetrica su V é una
funzione R : V~~V —. .fo , i } dove R (x ,y ~ = R ~y , x1 ~ x .y s V. Tale relazione puô essere 0

0

vista come una matrice (v xc) simtnetrica di zen e uni dove v è ii nurnero di elementi
deIl’insieme V. Siano v , rn , 

~~~ ~ , j ,  k = o - . • , rn , int er i non negativi. Un o schema
di associazione ~‘Jcon parametri ~c in , , i .j , k  = 0 1 ,. - , ~e) consiste di un insieme
finito V e di relazioni binarie simmetriche non nu lle R , , ,  R, - . • . R,,, su V tafl che R,, sia
la relazione ident it à e

( i ) E R 1 j  ~

(ii) Yj , k = o , 1 , 2 - - -  m, R, R k ~~~~~~~~~

dove J (x ,y) = 1 , per tutti gli x ,y  cV .  11 presente lavoro descrive van risu ltati ni guardanti
certe fami glie di schemi di associazione che sono caratt erizz at i  da pochi dei loro pararne tr i .

i .  GRAPHS , INCIDENCE STRIJCTCRES AND ASSOCIATION SCHEMES

A graph G is a triple ~V , E , I) where V and E are disjoint sets and I is
a mapp ing from E to the subsets of vertices such that for all e € E , I (e) contains
at most two elements. Elements of V and E are respectivel y called vertices
and edges. For an edge e, the vertices of the set I (e) are called the ends of e.
The edge e is said to be joining its ends together. An edge e with onl y one
end is called a loop. If two edges have the same set of ends p, then they are
called parallel edges or multi ple edges. A graph without loops and multiple
edges is called a simple graph. The degree (or valence~ of a vertex v in a
simple graph is the number of edges e which have v as an end. If all vertices
have the same degree , then the graph is said to be regular. Two vertices are
said to be adjacent if there exists an edge joining them. The complete graph

• K,, is a simple graph on v vertices in which any two distinct vertices are adja-
cent. A pat h P is an ordered tuple ~v0 , , , e~ ,V 2 ,~ ~~, 

e,~ , v~) such that
for i = I ,~~ ~, n , v~_j and v~ are the ends of e~. The path P is said to join
the vertices vO and V~ . The integer n is the lengt h of the path n. The graph

0 is said to be connected if there exists a path joining any two vertices of the
graph. The distance between two vertices x and y is the smallest integer n

(*~ ThiS research was supported to part by O N R contrac t No. N 00014—6?—A--O:32--
0 0016.
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for which there exists a path of length n joining x and y. An incidence struc-
ture is a trip le (P , B , I) where P and B are disjoint sets and I P x B.
The elements of P and B are respectivel y ca lled points ‘or treatments) and
lines (or blocks) . For fr € P and B € B if (.p , 6) c I , we say that the point ft and
the block B are mutuall y incident and the ordered pair (p , 6) is called a flag.
The flag graph of is a simple grap h whose vertices are the flags of ,r and two
flags (ft , B) and (p’ , B’) are adjacent if either p =p’, B ~ 6’ or p ~p’ and 6 = 6’.
Let v , k , X be positive integers. A (v , k, A)-ba lar iced incomplete 1-’lock design
(bibd) is an incidence structure with v points such that every block is inci-
dent with exactl y k points and for any two distinct points x and y, there are
exactly A blocks incident with 1)0th x and y. If moreover the number of blocks
is equal to the number of points , then the b i b d is called a symmetric b i b d.

Association schemes were imp licitl y considered by Bose and Nair in [s].
Association schemes were explicitly introduced by Bose and Shinamato [6].
Let V be a finite set. A binary symmetric relation on V is a mapping
R V X V —~ (o , i} where R (x ,y) = R (y , x) V x , y eV .  Such a relation
can be viewed as a (v xv~—symmetric o — i matrix where v is the number
of elements of the set V. Let v , m,p~k , i ,j , k = 0 , 1 , • . . , m , be non nega-
tive integers. An association scheme d with parameters (v , rn , ft~ , i ,j ,  k =
= o , 1, . . . . m) consists of a finite set V and non null binary symmetric rela-
t ions Ro ,  R1 ,... , Rm on V such that Ro is the identity relation and

in

(1) ~~~ R~ = J  and

‘5

(ii) V j , k = o , t , . .. , m, RjRk=~~~ft~t R~i—n

where 3 (x , y)  = I , for all x , y E V.

Elements of V are called vertices or treatments. If R~ (x , y) = i , then we
say that x and y are ith associates, j  = o , i ,.. ~~, rn. The condition (i) states

0 that for any two vertices x and y, there exists exactly one integer i such that
o � i ~ rn and x and y are ith associates. For two vertices x and y and j ,  k = 

0

= o , i ,. . . , m, let p,~. (x ,y) denote the number of vertices z such that z and x
are jth associates and z and y are kth associates. The matrices R1 ,. . .

, Rm
define an edge coloring of K,,, the complete graph on v vertices by m colors.
If the vertices x and y are ith associates, then the edge joining them is colored
by the ith color , I = 1 , 2 ,. ~~, m. The graph consisting of the edges of the ith
color is called the ith associate graph. The parameters of an association scheme
are not all independent. For instance for a 2-class scheme, it is sufficient to
specify the 4 parameters v , p~ , p~ and p~1 . Graphs of the first associates
in a 2-class scheme are also called strongly regular graphs. A strongl y regular

• graph with parameters (v , f t~1 f t~ , p~1) contains v vertices such that (i)
every vertex is incident with p~1 edges, (2) for any two adjacent vertices x
and y, there are exactly p~ vertices : which are adjacent to both x and y and
(3) for any two nonadjacent vertices x and v there are exactly ft~ vertices 

0

L _  ~~~~~~~~~~~~~~~•_ 
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which are adjacent to both x and y. We give below some examp les of strong ly
regular graphs.

Example i Example 2

parameters (4, 2, 0, i) parameters (1o , 3, 0, i)

Example 3 Example 4

parameters (6 , 4, 2 , 4)

In example 4 vertices are the elements of GF (i 3). Two elements x and y
are adjacent if x — y  is a square in GF(i3).

Association schemes are readily available in nature. We only describe
0 a few infinite families of association schemes. An exhaustive survey of 2-class

schemes (or strongly regular graphs) can be found in [7].
(t) Three class schemes of projective planes. Let be a finite projective

• plane of order n. Let G (j r) be the flag graph of ~ . We define two vertices to
be ith associates if the distance between them in G (~r) is i where i is a non
negative integer. This definition of the association relations satisf y the pro-
perties of a 3-class association scheme d(~t) with parameters

Zn2 ,

I 
ph=n—z , p h = n ,

f t~, = n — i , p~~=n ,
3 8 -~ $ /ft~3 = 2  anu ft~~~~~4i ~f l — I

The remaining parameters of the scheme can be expressed in terms of the para-
meters given above. Conversely it can be shown that for any association scheme
d with parameters given in (z) , there exists a projective plane it of order n
such that .W and d(ir) are isomorph ic. In other words an association scheme

-

~
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.rJwith parameters (i)  is really nothing but the projective plane ~~. It is intere-
sting to note that the association scheme .c/ does not distinguish between points
and lines of the projective plane.

(2) Three class schemes of symmetric balanced incomplete block designs
(bibd). Let v’ > k > A > o be integers. Consider a symmetric b i b d it

with parameters (v’ , k , X). Let G (iv) be a bipartite graph whose vertices
0 0 are points and lines of it and two vertices are adjacent if one of them is a

treatment and the other is a block incident with the treatment. Two vertices
x and y are defined to he ith associates if the distance between x and y in G (it)
is i where i is a non negative integer. The association relations so defined
pr oduce a 3-class association scheme d (ir) with parameters

• V 2i ” ,p~~1= k , p~~=v ’ — 1 ,

• ~h =o , p~2 = k — i  ,ph o ,
(2)

p~1 =A , ftj2 = O , p~2 = V ’ —2 ,

• p~~=o , p~2 = ka n d  p~~= o.

Conversely if d is a 3-class scheme with parameters gi ven b y (a), then there
exists a (v’ , k , A)-symmetric bidb it such that d and d(ir) are isomorphic.

(~) Association schemes of the projective spaces. Let m and d be positive
integers satisfying rn � d/ 2 and d � 4. Let it denote the projective space

• PG (a’— I , q). Construct an association scheme with (m — 1)-flats as the
vertices. Two (m — i)-flats are ith associates if their intersection is an
(m — I — 1)-flat , i = o , i ,

. 
~~, m. The association relations so defined sati-

sfy the properties of an rn-class scheme. This scheme will be denoted by
P (m , q , a’). This scheme can be described in terms of G (n), the graph of the
first associates. Two vertices are ith associates if the distance between them

• in G(iv) is i , I = o , I , 2 , •~~• , m. The graph of the first associates of P( 2  , q , d)
is also called the line graph of PG (d— 1 , q).

(~) Association schemes of the restriction of projective spaces. Let m
and d be positive integers satisfying m � ± a’ Let ii be the projective
space PG (m + d— I , q). Let ~~~ be a (d— r)-flat of it. Construct an 0
association scheme whose vertices are the (m — 1)-flats , which do not inter-
sect E~~ . Two flats are j th associates if they intersect in an (m — — I)-

• flat , i = o , i , . m.,  The association relations so defined satisfy the properties
of an rn-class scheme. This scheme is denoted by R (in , q , d). R (m , q , d)
can be described in another way. Let V be a vector space of dimension d
over GF (q). The vertices of R (m , q , d) are m-tuples (Xi , x2 ,  .

, x,,,) belong-
ing to V x V x  ~. . x  V. Two m-tuples (x~ , X~ , ~~, 

Xm) and (yi ,~~2 ,  • ,y,,,)

are ith associates if the dimension of the subspace spanned by the
vectors X1 — y i ,  ~ , 

Xm — y,,, is I , I = o , I ,~~ 
• 

~~, m. R (m , q  , d) also can be
described in terms of its graph of the first associates G. Two vertices are Ith
associates if the distance between them in G is I , I = o , i ,

. •
, ;p

___________________ •~~ -~ ~• • ~~~~~•
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2. STUDY OF ASSOCIATION SCHEMES

There had been three kinds of investigations about association schemes;
(i)  non existence of schemes with certain parameters , (2) construction of
schemes and (~ ) uni queness of certain schemes.

Bose and Mesner [..fl introduced the algebra of the association matrices.
Let .c1 be an association scheme with association matrices R o ,  R 1, ...
and parameters (v , m , f t~ , I , j ,  k = o , I ,. • •

, m). Consider the set of ma-

trices ~~ t~ R where C
b 

‘s are arbitraril y chosen rational coefficients. From
the defining properties it is easil y seen that this set is closed under addition and
multiplication. Therefore we get an algebra of matrices called the association
algebra. Let P~ = ((fr~z)) be an (m + i)  x(rn ± 1)-matrix whose entry in
the ith row and jth column is the parameter ph.. It can be seen that the para-
meter matrices P0 , P1 , • . 

~ ~~ generate an algebra over the rationals which
is isomorphic to the association algebra. Let R =~~~ c R . and P = c~ P1.
The matrices R and P have the same minimum polynomials and the same set
of distinct eigen values 0~ , 0~ , . . .

, 0,, , u <m. Let z, be the multiplicity
of the eigen value 0~ in the matrix R , I = o , i ,

. . .
, u. For any integer p,

matrix R” can he expressed as a linear combination ~~ c,,~ R~ where c~,, ‘s
• depend on C

1 
‘s and the parameters of the scheme. Computing trace R~ in

two different ways, we get the equation

‘N
• 

~~~~ A~~~... _

~~~ 
a, — , 

~~ 
—

• i~~o

0 In the equations (3), all quantities except ao ,  a i ,  
~~, 

s.,, can be colnputed
• exp licitl y as functions of the parameters of the scheme. Hence a necessary

condition for the existence of a scheme with parameters (v , in , p~~, 1, j , k =
0 = a , i ,

.. .
, m) is that the equations (3) have integral solutions for the unk-

nowns 20 , ai ,~~~~ ~~
, z~- This necessary condition is a very strong condition

and eliminates many parameter sets. Since the association algebra is commu-
tative, the algebra of the parameter matrices is also commutative. Therefore
the parameter matrices commute pairwise. The commutativity of the para-
meter matrices also imply several relations among the parameters. For in-
stance some necessary conditions are

(4) 
~~~~~~~~~~~~~~~~~~~~~~~~~ Vi ,j ,k=  o , ~~, ~~~~

The algebra of association matrices had been used successfull y to prove the
nonexistence of Moore graphs of diameter greater than 2. The diameter of
a connected graph is the largest possible distance between two vertices of the

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
~~~~~~~ 
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graph. The girth of a grap h is the smallest possible number of edges in a poly-
gon of the graph if such a polygon exists. A Moore graph of diameter k and
valence 4 is a graph with valence d, diameter 4 and girth (2k ± i). In such
a graph we can define two vertices to be ith associates if the distance between
them is I , I = 0 , . . .  4. This defines a k-class association scheme. Hoffman
and Singleton [x6] exploited the association algebra to prove that Moore graphs
of valence d > 2 and diameter 3 do not exist . Vijayan [23], Bannai and
Ito [i} and IDarnerell [10] used the association algebra to prove the following
theorem.

THEOREM I.  For d > 2 , 4 � 3, Moore graphs of valence d and girth ‘ 
-

• (2 4 + i) do not exist.

3. UNIQUENESS OF ASSOCIATION SCHEMES

• Stud y of uniqueness of association schemes was started b y Connor [~~]in connection with the triangular scheme. Shrikhande [19] did pioneering
work in proving the uni queness of the L2-scheme and Bruck [8] in a certain
sense proved the un iqueness of the Lr-scheme. Bose [2] generalized the
methods of these workers and proved an important theorem for partial geo-
metries. Let r , 4 and t be positive integers. An (r , k , t)-partia l geometry it

is an incidence structure of points and lines such that (i )  every line is incident
with exactl y 4 points , (2) every point is incident with exactly r lines , ~) two
distinct points are incident with at most one common line and (~~

) given a
point p and a nonincident line 1, there are exactly / lines which are incident
with p and also a point of 1.

It is easy to see that the dual of an (r , 4 , t)-partia l geometry is a
(k ,r , t)-partial geometry. For a partial geometry ~~ , we define a simp le grap h
G (iv) whose vertices are the points of and two points are adjacent in the
graph if there is a line in it incident with both the points. G (it) is a strongly
regular graph with parameters

= kit ((r — i) (4 — i) + t) , p~1 = r (k —

and p h = r t

G (it) is called an (r , 4 , t).geometric strongly regular graph. A strongly re~
gular graph with parameters given in (~~) 

is called an (r , k , t)-pseudogeome-
tric graph.

• THEOREM 2. (Bose [ 2]) ;  Let r , 4 and t be positive integers satisfy ing
4 > .~(r (r — I)  + tf r ±  t)  (r 2 —Zr  H~ 2)) and G Be an “r , k , t~-f tseudo-

• geometric strongly regular graph . Then there exists a unique (r , 4 , t)-par tial
geometry such that G and G (iv) are isomorphic.

‘ 0 The concepts of claw and clique play an important role in the proof of
Bose’s theorem. An s-claw of G is an ordered pair (o , U) where U is a set

_ _ _  - 0 • 0 ~~~~~~~_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —.‘••-0 •-.•~—-~~- •~~~ 0 -
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of s-vertices such that no two vertices of U are pairwise adjacent and o is a
vertex adjacent to all vertices of U.

A clique is a subset of vertices such that any two are pairwise adjacent. Let
(o , U) be an ( r— i )—c law of G and f (i) be the~number of vertices x of G
which are adjacent to o and also adjacent to exactly i of the (r — 1)-vertices
in the set U. Using the parameters, one gets bounds for the power sums E i tf ( i)
for t = 0 , i , 2 which in turn gives information about the frequencies f  (o)

0 andf(i). This method is commonl y known as the method of moments. One
then proves that G contains no (r -

~~ 1)-claw and that every pair of adjacent
vert ices is contained in a maximal cli que of size at least k — ( r — i)2 (t — i).
Such cliques are called grand cli ques . After some simple mani pu lations one
proves that (I) these grand cli ques have size exactly equal to 4, (ii) every
vertex is contained in exactl y r grand cliques, (iii) every pair of adjacent
vertices is contained in a unique grand clique and (iv) given a clique C and a
vertex o not in C, exact ly t vertices of C are adjacent to o. Hence if one takes
the vertices of G to be points and the grand cliques as li nes , one easil y gets
an (r , 4 , t)-partia l geometry with G (~~) isomorphic to G.

Recentl y Bose, Shrikhande and Singhi [~~] 
made an important genera-

lization of Theorem 2. Consider an incidence structure (P , B , I) where P and
B are disjoint sets and I P xB. Elements of P and B are respectivel y
called points and blocks. For two points p and p ’, let m (p , p ’) denote the
number of blocks B incident with both p and p’. For p E P, B E B, define
n (~~ , B) = Em (p , p ’) where the sum is over all points p ’ incident with 6.
Let r , 4 , t and c be non negative integers. An incidence structure it of points
and blocks is said to be an (r , k , t , c)-partial geometric design if (i)  every
block is incident with exactl y 4 points , (2) every point is incident with exactly
r blocks , (~~) 

for an incident pair ( p , b) , n ( p , b) =r ± k — i  -
~
- c and (4)

for a nonincident pair (p , 6), n (p , 6) = t. It is easy to see that an (r , 4 , t , o)-
partial geometric design is an (r , 4 , t)-partial geometry. Define a graph
G(iv) whose vertices are the points of it and two points p and p’ are joined by
m (p ,p ’) distinct edges. The graph G(iv) is called an (r , k , t , c)-geometric
graph and possesses some “ regularity properties “. An arbitrary graph G
with similar “ regularity properties ” is called an (r , 4 , t , c)-pseudo-geo-
metric graph. Bose, Shrikhande and Singhi proves that if 4 is greater
than a certain function of r , t and c, then every ~r , 4 , t , c)-pseudogeometric
graph is an (r , k , : , c)-geometric graph.

0 Bose’s theorem played an important role in the development of the
• subject. A theorem of the present author and a theorem of Alan 3. Hoffman
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also played important roles. Let G be a simp le graph , i.e. a graph without
loops and multiple edges. The line graph L (G) is a graph whose vertex set
is the edge set of G. Two vertices e and e’ of L ~G) are adjacent if the corre-
sponding edges of G have a common incident vertex. For a simp le graph G
with v vertices , the adjacency matrix of G is a (v x v)-matrix A = ((a 1~) )
where a 1j = I (o~ if the ith vertex and the jth vertex are adjacent (not adja-
cent), i , j  , 2 ,. . , v. The eigen values of the adjacency matrix are called
the eigen values of the graph.

THEOREM 3. (Ray-Chaudhuri [i8], Characterization of line graphs).
Let G be a f inite simple graph suck that the number of edges of G is greater than
the number of vertices of G. T/z ~,z the minimum ezgen value of L (G) is — 2 .
conversely ,  let H be a simple graf t/i wit/i tile minimum ezgen value equal to — 2 ,

the minhnum valence not less titan 46 and Mr property that/or any two adjacent
vertices x and y ,  there are at least two distinct vertices z and adj acen to x
and not adjacent to y. Then there exists a sim ple graph G with L (G) isomorphic
to H.

Proof of the first part of the theorem is easy. The proof of the converse
part of the theorem uses some interesting ideas. It is easil y seen that a line
graph L (G) has a class of cliques ~C such that every vertex of L (G) is contained
in exactly two cliques of ~ and every edge is contained in exactl y one cli que
of ‘Z’. Conversel y one can show that if a simp le grap h H contains such a class
of cliques ~C, then H will be a line graph. To build the class of cli ques ~ in H ,

4 first one shows that H does not contain a 3-claw. Since the minimum eigen
value of H is —2, many graphs can not occur as induced subgraphs of G.
To give an example, H can not contain the graph

•<>

As an induced subgraph.

A graph H is said to be an induced suhgraph of G if V (H) V (G) and every
edge of G with ends belonging to V(H) is an edge of H. Suppose the minimum
eigen value of a graph F is smaller than — 2. If F were an induced subgraph
of H , then by the minimum princi ple the minimum eigen value of H will be
strictl y smaller than — 2. One builds up a list of inadmissible subgrap hs for
H and uses these suhgraphs to prove the nonexistence of a 3-claw.

Disjoint unions of the complete graph K,, is easily seen to be a strong l y
regular graph. The class of these graphs and their compliments is called the
class of trivial strongly regular graphs. Hoffman proved the following impor-
tant theorem.
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THEoREM 4. (Hoffman [13]) . Let m be a positive integer. Then there
exists a f una ion f  (m~ sue/i that for  every non trivial strongly regular graph G
with minimum cigen value — m, the parameter p~ is not greater than f  (m).

Using the theorems stated above , one can prove the following Theorem.

THEOREM ~~. Let m be a posi tive integer and G be a non trivial strongly
regular graph with minimum elgen value equal to — m. Then with f initely  many
exceptions G is either an (m , 4 , m)-pseudogeomet ric strongly regular graph
or an (m , k , m — t ) -p seudogeometric strongly regular graph where 4 is a posi-
tive integer depending on G.

Using the relations (s), one can see that the three parameters P~~, P h
and pj~ determine the parameter v for a (v , P ?~ ~p h ,p~ )-strongly regular
graph. For a fixed parameter tri p le (p ?i , P h ‘P ~i), there are only finitely
many nontr ivial strong ly regular graphs. Using the association algebra ,
one can show that the eigen values of G are p~ , — in and p~1 — P h ± m.
Also denoting b y r the multi plicity of the eigen value p~ —p h  + m, we
get the the following two equations

(6) rn 2 + (P h — Ph) m ± ~~h =

r (ph —ph + 2mn) (m — i )  p~ (mp~1 — (in — i) ph — m ( m  ---

Given in , ~~ and ft~1, the equation (6) determines p~~. Therefore there are
finitely many nontrivial strongly regular grap hs with fixed values for the
minimum eigen value — in and the parameters p~1 and p~1 . By Hoffman ’s
theorem , the parameter p~ of G will be bounded by a functionf(m) . Hence
we need to consider only finitel y many va lues for the parameter P h~ 

Suppose
we fi x m and p~1 and try to find the possible values for p~1 . Let x be the
unknown v alue of p~1 . From the equations (6), we can derive the equation

(
~) p~t V(X _p h~~— 2 m )~’( m  1 ) ( mx — ( m n — 1 ) p ~1+ ; n ) x

( m x— (m — - I ) p ~1+ m ( m± 1) ) .

\Ve use the fact that r is a positive integer. If p 2~ ~ in 2 or m (m — i , the 0

equation (7) leads to finitely many possible values for p~~. Hence if 0

Ph # rn2 or m (m — i) ,  there are finitel y many nontrivial strongly regular
graphs with fixed values for the parameters — in and p~1 .

Suppose Ph = in 2. If we let 4 = 2 — (m — ,)2, then a strongl y
regular graph with parameters (rn , p~1 = m2 

, ft~1) is an (m , 4 , m)-pseudo-
geometric strongl y regular graph. Similarly if p

~ = m (in — t) ,  we let
= ft 1 ± — (m — 

~
) (m — 2). A non trivial strongly regular graph with

parameters (m , p~1 = m (m — x) , p~1) is then an (m , k , m — x)-pseudogeo-
metric strongly regular graph.

• C. C. Sims [20] proved a beautifu l characterization theorem for a large
class of strong ly regular graphs. We define 4 classes of strongl y regular graphs

• as follows.
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( i )  Line grap h of the comp lete grap h on n vertices where n is a positive
integer. This graph is a (2 , n — I , 2)-geometric strong ly regular graph with
parameters v = (

~~
), p~ = 2 (ii — 2 ) ,  Ph n — 2 and p~ =

(2) Line graph of the comp lete bi partite graph on n ± n vertices where
n is a positive integer. This graph is a (2 , n , 1)-geometric strongl y regular
graph with parameters v = n2 ,p~1 = ~~~~it—  i)  

~~~ 
= n — 2  and p~ = 2.

(~
) Line graph of the projective space PG (d — 1 , q) where q is a prime

power and d is a positive integer not less than 4. This is the graph of the first
associates of the P (2 , q , d)-scheme. This graph is a (q ± i , k , q + 1)-geometric
strongl y regular graph with 4 = _______

(4) Grap h of the first associates of the R (2 , q , ~1)-scheme where q
is a pr ime power and d is a positive integer not less than 2. This grap h is a

• (q ± , 4 , q)-geometric strong ly regular graph with 4 =

All the graphs defined above satisf y the 4-vertex condition. Let x and y
be two vertices of a strong ly regular graph G. Let S~, be the set of vertices ;
which are adjacent to both x and y .  Let ~ (x , y )  denote the number of edges
of G with both ends belong ing to ~~~ The 4-vertex condition requires that
there exists two numbers ~ and ~~2 such that if the distance between x and y
is i, then ~ (x , y)  = ; , i = , 2. Actuall y the grap hs of the 4-classes defined
above have rank 3 automorp hism groups.

THEOREM 6. (C. S. Sims [20]). Let in be a positive integer greater than I .

Then there exists a f inite class of grap hs ~ such that if G is a non trivial strongly
regular graph with minimum eigen value equal to —in and satisfy ing the
4-vertex condition , then either G E ~~ or in — i = q is a prime power or i and

• G belongs to one of the 4-classes of graphs defined above .
Sims proved his theorem under the assumption that G has a rank 3 auto-

morphism group. Hi gman [12] and also some other workers observed that
Sims’ proof remains valid under the weaker 4-vertex condition. The proof
of Sims’ theorem depends on the previous theorems. For the case m = 2 ,
the proof comes out fairl y quickly as an app lication of Theorem 3. Using the
Theorem 2 and 3, one can see that G can be assumed to be either an (in , 4 , in)-
geometric strongly regular graph or an (m , 4 , m — 1)-geometric strongly
regular graph where 4 is some positive integer.

_  /~~~~~~~~~~~~~
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Suppose G = G (~~) 
where is an (in 4 , in)-partial geometry . Then

~~ the dual of is a (k , in m)-partia l geometry. The 4-vertex condition for
G is used to show that ~~ satis fies the Pasche axiom , i.e. if l~ , l~ , 1~ and l~ are
lines such that no three have a common point and ~ pairs of lines intersect ,
then the 6th pa ir also must intersect. The condition can be described b y the
above picture.

It is then easil y seen that i~~ is a projective space. If G = G (~~)

where is an (in , 4 , m — r )—p ar t ial geometry, then ~~ satis fies the Pasche
axiom. Sims then essentially shows that ~~ is isomorphic to an incidence
structure (P , L , I) where P is the set of po ints of ~~ 

— ~~~~ ~~ is a projec-
tive space of dimension ii , 

~~~~~~ 
is an n — 2)-flat of 

~~~~
, L is the set of lines

of ~ ,, which do not intersect ~~~~~~~ incidence relatio n is that in ~~ and ii is a
suitab le positive integer~ This result shows that if we assume the Pasche axiom ,

• then the projective space ~~ for it � ~ can be reconstructed from the lines
which do not intersect a distinguished (it — 2)-flat ~~~~~~ This result itself
is very interesting. Unfortunately the proof given b y Sims is very long. For
the case in = 2 , the 4-vertex condition is not necessary and one can prove the
following theorem .

THEOREM 7. There exists afimte class of grap hs ~csuc/i that if G is a strongly
regular grap h with — 2 as the minimum eigen value , then either G ( ~ or G
is a h u e  gra pl~ of a complete grap h or G is a line graf t/i of a complete bipartite
graph .

Let G be a finite connected grap h. For two vertices x and y , and integers
j  and 4 , p~. (x , v) will denote thc number of vertices z which have distance j
from x and distance 4 fro m v. If for all pairs of vertices (x , y) with distance
i, the numbers p~. (x , y)’s are equal , the common value is denoted by p)~
and we say that the distance parameter p)~. exists.

Let n and in he positive integers satisf ying the inequality n � 2m  and X
be an n-set. We can define an association scheme with the in-subsets of X
as the vertices. Two in element subsets V and V are defined to be ith associates
i f their intersection contains exactl y in — i elements , i = o , , . 

~ , in. Dow-
• ling [ii] denotes the grap h of the first associates of this scheme by G~ . Dowling

• proves that the grap h G , (or the corresponding association scheme) can be
reconst ructed from a few of its properties.

THEOREM 8. (Dowling [i i] ) .  Let ii and m be positive integers such that
ii> z in (in — z) ± z. Let G be a connected graph on (,

~) vertices wit/i distance

par ameters p~ = in (it — us) , p~ = ii — 2 and Pu (x , y) ~ 4 for  all pair s
oJ vertices (x , y )  with distance more titan i .  Then G is isom orph ic to G~,.

Alan Sprague and the author in a certain sense generalized the results of
Sims. Our results are about reconstruction of the P (in , q , c/ ’~ and R (in ,q , d)-
schemes for in ~ 3. We can prove that if d is large compared to in and q,
then such reconstruction is possible. We do not need to assume all the 0

• parameters of the scheme. The existence and correct values for the parameters

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .- . •— •-~ .-~~~~~~ • •-~~~~
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in the P,-rnatrix are su f ~ cient for the purpose of reconstruction of these
schemes. The investi gation is not comp lete yet. We think we will be able 0
to reduce the number of parameters considerably. Also we need onl y assume
the existence of the grap h of the first associates with certain properties. For
the case in = 

~~
, ~~ have the following theorems.

THEOR EM 9. (Alan Sprague and D. K. Ray-Chaudhuri [2 1] . Unique-
,‘iess of the P (3 , q , d ,-scheines).

Let q and d be integers satisf ying q � 2 , d �9 and (q , d)~~~ (2 , 9).

Let 4 = q’~ ~ . Let G be a finite simp le connected graph with distanceq3 --q
para meters

p h =~ q2
~~q_ ~~) ( k _ I )  p~~= (k — 2)~~~q2 (q~~~ 1)

ph = (q — and 
~~h = q2 (4 — q2— q — 1)

Then q is a prime power and G is isomorphic to the grap h of the first
associates of P (3 , q , d) .

• THEOREM io. (Alan Sprague and D. K. Ray-Chaudhuri [22 ] . Unique-
ness of the R (~ , q , d)-scitemes).

• Let q and d be integers satisf ying q 
~~ 

2 , d � 6 , (q , d) =i= (2 , 6). Let G
be a fi nite simple connected graph which satisfies the 4-vertex condition and
has the distance parameters P?1 = (q2 q i) (qd — i), Ph = q4 -

~
- q3 — q — 2 .

P ?1 =q sJ ~ q, p ~1 =q d S _ q4 and P h qu (q u ± q ± i) . Then G is isomorp hic
to the graph of the first associates of the R (~ , q , d)-scheme and q is a pr ime
power.

CORRESPONDENCE BETWEEN OB1ECTS IN AND G (
~~)

It Class of aascc~eted flats of IC G (IC )

• 
p lane 

vertex

lin e  A clique of size
thepencil of planes d-2/ ié~c~ containing the Line 

- 
1

point A class of cliques
the penciL of lines containing

7 containing the point qd-t - 1
q - i

~~~~~~~ cliques such that an\
two cliques of the
class r a v ~ exactly
one common vertex ,

_ __ _ _ __ _  _ _ _ _---a
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Theorem 8 and Theorem () are (Ice 1) theorems and their proufs are unfo r-

tunate ly  very long. I try to give below an idea about the s t ructure  f the proof.
Let and G (~~) 

respectively denote the projective spare PG (a’— i , q) and
the graph of the first associates of the P (~ , q , d;-scheme. The we have the
following correspondences.

Given a graph G with the properties stated in Theorem 9, we first prove
t he existence of large cli ques. We prove the existence of a family of cliques

of size such that  every edge of the grap h is contained in exactl y one

of these “ grand cli ques “. Next one proves the existence of comp lexes of
cliques. A complex of cli ques is a class of ~ -~_T~ ~ cli ques such that any two

cliques of the class have exactl y one common vertex. Complexes and cliques
will respectively correspond to points anti lines of the projective space. One
proves that the incidence structure of complexes and cli ques satisfies the
axioms of the projective space. One of the interesting b y-product of Theorem
9 is the fact that the projective space can be reconstructed from the incidence
structure of the lines and the planes. One needs to assume very few properties
of this incidence structure for this reconstruction problem. The proof of
Theorem 10 is much more difficult  than that of Theorem 9. In fact this is not
surprising. It can be easil y ~‘cn tha t the R (~ , q , d)-scheme n a certain sense
is a sub-scheme of the P 3 , q , a’ - — 3~-scheme. Theorem 10 also produces
a reconstruction theorem for projective spaces. Let ~~~ be a f ini te  projective
space of dimension ‘a’ ± 2) and 

~~d—1 be a (d— i) fiat. Let be the incidence
structure of the lines and planes of > . d

~~2 which do not intersect 
~~ d—i ~~ 

It can be
shown that a few properties of the incidence structure are sufficient for the
reconstruction of the projective space.

In the proofs of Theorems 9 and 10, to prove the existence of large cli ques
we app ly the Bose-Laskar theorem. The theorem of Bose and Laskar shows
that if in a grap h G the parameters P ?1 and p~ exist and the remaining numbers
Psi (x , y )  are not too larg e, then one can prove the existence of a nice family
of large cli ques.

• THEoREM i i .  (Bose and Laskar [ 3] ) .  Let r� ’ , 4 � 2 , e �o and b �o
be integers such that 4 >  max (i — b —  e 12 r —  t) ,  I — ~ (r t ’ ( r b — z e ) .
Let G be a graph sue/I that the distance parame ters P?1 amid 

~p~1 are given b-i’
P ?1 = r (k — i ),  Ph = 4 — 2  -

~
-- e and p 11 (x , y~ � i —i-- b /or pairs 0/ vertices

(x , y)  with distance greater than 1. Then every vertex is contained in exactly
r grand cliques and every edge is conta ined in exactly one gray clique where a
maximal clique containing at least 4 — (r — 1)  e vertices is called a grand
clique.

4. NEAR ASSOCIATION SCHEMES

Frequentl y we come across situations where the symmetric relations
defined on a set satisf y many but not all of the properties required of an asso-
ciations scheme. Such structures could be called “ near associat ion schemes “.

0 • ~ ~~~~~~. __ _~~~~~~~~~ W~~~—.,. ~~~~~~~~~~~~~~

L. _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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A ~~~ uni queness theorems have been proved about such “ near association
schemes “. I give onl y two illustrations of such theorems. Let v > 4 > ?. > o
be integers and i~ be a symmetric (v , 4 , ?.)-hibd. Let G (7r) denote the flag
grap h of ~~. The distance relations in the grap h G (~~) 

satisf y many hut not
all the properties required of an association scheme. A theorem of Hoffman
and the present author shows the graph G (~~) can be reconstructed from its
distinct eigen values and connectedness.

THEOREM 12. (A. J. Hoffman and D. K. Ray-Chaudhuri [si]). Let v>k>
> ?. > o be integers and (v , 4 , ~~ (~. ,  3 , 2). Let G be a regular simple
connected graph with distinct ezgen values 24  — 2, — 2 , 4 — 2 -

~~ 
k— - ?. amid

4 — — ( 4—?..  Then there exists a symmetric bibd 7t such that G is isomorphic
to G (

~~
).  Further , if (v , 4 , ?.) = 

~~~~
, 3 , 2) and G is not isomorphic to the graph

dra wn below then the statement of the theorem holds. In the diagram e and e’
represent the same vertex.

e\ ~~~~~~~~~~~~~~~~e

The distance relations in the flag graph of a finite affine plane also satisf y
many but not all the properties required of an association scheme. A theorem
of Hoffman and the present author proves that the flag graph of an affine
plane can be reconstructed from its distinct eigen values and connectedness.

THEOREM 13 .  (A. J. Hoffman and D. K. Ray-Chaudhuri [r ~ ]) .  Let ii be a
f tositive integer and G be a regular connected simple graphs with distinct ez~’en
values 2/ i — I , —2 , 1/2 (2 n—3  -

~
- i(4 n - ) - - 1) ) ,  1/ 2  ( 2n —3 —  ((4 n —i— i)) and

n — 2. Then there exists a f inite a/ inc plane ~c such that G is isomorphic to tile
f l a g  graph of
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I. Introduction

1.1. Designs

Let X be a finite set of points and let C) 3 = ~B1 : i ~ I} be a family of —

not necessarily distinct — subsets B5 — called blocks — of X. The pair
(X. C)3 ) is called a design.

The order of a design (X, C)3 ) is IX ~ (the cardinality of X) and the set
{ I B1 I :  B, E ~~

) is the set of block-si:es of the design .

1.2. Balanced incomplete block designs (B!BD)

Let u ~ k ~ 2 and X be positive integers. A design (X , C)3 ) i s  called a
balanced incomplete block design (BIBD ) BE k . A; u] if

(i) IXI = v (the design is of order u);
(ii) the blocks are of size k;

(iii) every pairset (x , y}  C X is contained in exactly A blocks of C)3.
A well-known theorem states:

Theorem 1.1. A necessary conditio n for  the existence of a BIRD
B[k , X ; u J  is that X(v — 1)E 0 (mod ( k —  l) ) and Xv(u — I )  0 (mod k(k — 1)).

Proof. r = X(u — 1 ) / (k  — 1) is the replication number of every point of the
desIgn and b = Xu(u — 1)/(k(k — 1)) is the total number of blocks.
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For k = 2 the construction o f B I B D B [ 2 , A:u j is trivial : we obtain such
design by taking all the pairsets (x , v} C X, A times each. For k = 3 and
k = 4 it has been proved [16] that the condition of Theorem 1.1 is also
sufficient for the existence of a BIBD B [ k , A; v ) .  For k>  4 the condition
of Theorem I . I is in general not sufficient.

1.3. Known results

Balanced incomplete block designs B [3 , l ;v ]  with k = 3 and A = I were
introduced by Kirkman and Steiner [30] more than a hundred years ago
and are also known as Steiner triple systems. Reiss proved [251 that
usa  I or 3 (mod 6) is a necessary and sufficient condition for the existence
of a Steiner triple system. In more modern period Bose proved [2)  that
the condition of Theorem 1. 1 is sufficient if k = 3 and A = 2. Further it
has been proved [16 , 18] that the condition of Theorem 1.1 is sufficient
for the existence of BIBD with k = 3, 4 and 5 and every A , with the ex-
ception of the design B [ 5 , 2 : 151 .
On the other hand it has been shown by Tarry [32] that BIBD’s

B[ 6 , 1:36 1 and B[ 7 , 1:43 1 do not exist. Later , more general results have
been obtained on non-existence of BIBD ’s with parameters v, k and A
satisfying the condition of Theorem 1. 1. We give here the relevant
lemmas without proof and the intereste d reader may find the proofs in
the book of Hall [141. \Ve start with the well-known inequality of Fisher
[l4 ,p. 1031.

Lemma 1.1. A necessary coizditio n for  the existence of a BIBD RE k. A: v]
is that b = Au(v — l ) / ( k ( k  — 1))~~ u.

It follows from Lemma 1.1 that e.g. BIBD ’s B[6, 1: 161, B[6. 1; 2 1 ) ,
B [ 10, 3 ; 2 5 } , B E 1 2 , 2;34J,B115, 2:36] and B [l5,4:36J do not exist.
As mentioned, b = Au(v — I ) / (k  (k — I ) )  15 tile number of blocks in

B[ k , A; u}. A BIBD is symmetric if  b = u. The following lemma on the
existence of symmetric BIBD ’s is due to Bruck , Ryse r and Chowla [ 5 . 7 ]
(see also 114 ,p .  107]).

Lemma 1.2. If a symmetric BIBD B [ k , X ; u ]  exists, the#z
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(a) i j u  is eveiz , then (k — A) is a square ;
(b) if u is odd , then :2 = (k — X ) x 2 

+ (_ l) ( ~~~~) I 2  X y 2 has a solution in
integers x , y ,  z not all zero.

It follows that e.g BIBD’sB [7 , l;43),B [7 ,2;221,B[8,2;29],
B[l0,2;46),B [ 12 ,4;34J and B [15 5-43 1 do not exist.

Further Hall and Connor [9, 151 (see also [14 , p. 257]) proved the
following lemma on symmetric BIBD ’s:

Lemma 1.3. Let u, k, A satisfy X( u — 1 )  = k(k — l) and  let A = 1 or 2, then
B[k  — A, A, v — kJ exists if and only if B[ k , A. uJ exists.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ and
B[8, 2 ;36] do not exist.

1.4. On this paper

The main purpose of this paper is to determine necessary and sufficient
conditions for the existence of BIBD’s. For BIBD’s with block-sizes 3, 4
and 5 such conditions are already known [16 ,18] and simpler proofs than
the old ones are given herewith. For BIBD’s with block-size 6 a necessary
and sufficient condition is determined for A >  I - At the present state of
knowledge it seems hopeless to find a reasonable necessary and sufficient
condition for the existence of BIBD’s with k = 6 and A = 1. However , a
list of known BIBD’s with k = 6, A = I and u < 2000 is given in Section
5.4. Further , a necessary and sufficient condition is given for the existence
of BIBD’s with block-size 7 and A = 6, 7 and 42. In Section 5.6 a table is
given of all BLBD’s of order u ~ 43.

In order to prove that the known necessary Condition of Theorem 1.
is (with few exemptions) also sufficient for the mentioned values of k and
A, some auxiliary designs had to be introduced , namely, the pairwise
balanced designs, group divisible designs and transversal designs. In Section
2 the most important properties of the pairwise balanced designs and of
the group divisible designs will be found. In Section 3 a more detailed
discussion on transversal designs is given.
This paper is selfsustained and all the existence theorems are proved

in it completely. However , the nonexistence lemmas of Section 1.3 are

I

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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proved by methods different from those used in this paper. Consequently,
they are not proved here and the reader interested in them may find the
proofs in the book of Hall [14].

For designs with block-size 3 some further properties are given in
Sections 6 and 7. In Section 6 a necessary and sufficient condition is
determined for the existence of a group divisible design with k = 3 and
in Section 7 the problems of covering pairs by triples and of packing of
triples in pairs are discussed.

As mentioned before some parts of this paper have already been
published — in different form — before. For the first time are published
the following parts: Section 3.4, several lemmas in Section 4.2, Sections
5.4 and 5.5 , most of Section 5.6, and Sections 6 and 7.

Finally, it should be mentioned a recent proof by Wilson [351 that
the necessary condition of Theorem 1.1 is also sufficient for every k and
every A if u is suffIciently large.

1.5. Notatio n

Usually:
lower case letters (a, k, m, ...) will denote points or integers ;
capital letters (A, K, M, ...) will denote sets of points or sets of integers;
script capital letters (C)3 , ~~~, ~~~~, ...) will denote families of sets.
q denotes exclusively a prime-power (an integer which is a power of a

prime).
151 denotes the cardinality of S (the number of points in the set 5).
I denotes the set of non-negative integers I = {0, 1, 2 , -

1(n) denotes the set of non-negative integers smaller than n, e.g.,
1(5)= {0, l , 2, 3, 4}.

Z(n) denotes the cycle of residua mod n.
GF(q) denotes Galois field of order q.
In general theorems for prime-powers q, the Galois field GF(q) will be

used covering also the case that q is a prime.
Z(p, x) (only when p is a prime) denotes Z(p) with the additional in-

formation that x is the primitive root used.
GF(q, f(x) = 0) denotes GF(q) with the additional information that x

is the primitive mark used. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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In all cases that X = Z(p, x) or X = GF(q. f(x ) = 0). tile points are de-
noted by exponents of x and so the symbol a denotes the point x~.
For the residuum (or mark) 0 the symbol 0 is used.

If X = 1(n) or in other cases that the integer itself is used and not the
exponent , the integer appears with a prime sign , e.g., a ’.

When X = Y x Z, then the points are denoted by a symbol (a , b)  where
a is an exponent of an element in Y and b an exponent of an element
in Z.

In case of group divisible designs and transversal designs, X = Y X Z, Y
denotes t h e  set of poin ts in a group and Z the set of the groups. In
such case a semicolon is used in the symbol (a;  b) .

The brackets 0 are used exclusively to denote blocks.
The words mod (q1, q2) after a block denote that all the elements of the

block should be taken cyclically by adding to them all the residua of
Z(q ) or all the marks of GF(q) .

If S is a set of integers, then S + 1 = {s + 1: s E 5) similarly
mS = (ins: SE  5).

2. Combinatorial designs

2.1. Pairwise balanced designs

Let v and A be positive integers and K a set of prositive integers. A
design (X, ~I3)  is a pairwise balanced design B [ K , A; v] if

(i) IX I = u (the design is of order u) :
(ii) f l B~l : B E~D } C K (the block-sizes are from K);

(iii) every pairset (x , y} C X is contained in exactly A blocks of ~13.
A pairwise balanced design B [ K , A ; u l ,  where K (k) consists of exactly

one integer , is a BIBD B [ k , A : u J .
The set of integers u , for which pairwise balanced designs BE K, A ; u]

exist , will be denoted by B(K, A). Similarly, the set of integers u, for
which BIBD’s BE/c, A; v] exist , will be de no ted by B(k. A).

The following lemmas are evident:

Lemma 2.1. K C B(K, A).

L



- - - - _ - - - -. 
~
- -- - - -— - -

~~
- - _- —

If. Hanani / Balanced incomplete block designs 261

Lemma 2.2. If K’ ~ K. then B(K’, A) C B(K, A).

Lemma 2.3. If A’ divides A. then B(K , A’) C B(K, A).

And more generally:

Lemma 2.4. B(K, A) C’ B(K, X’)C B(K,n X + n ’X’) , where n and n’ are any
non-negative integers.

Further we have:

Lemma 2.5. if u E B(K ’. A’) and K’ C B(K, A), then u E B(K, AA’ ) holds.

The following special case of Lemma 2.5 will be useful:

Lemma 2.6. If u E B(K, I ) and K C B(k , A), then v E B(k , A)  h olds.

2.2. Finite planes

As an illustrative and important example of BIBD’s may serve the finite
planes. Those interested in tile geometric aspect of finite planes may find
full description in the book of Hall [14 , pp. 167—188 1. We deal here only
with the combinatorial aspect of finite planes connecting them with the
BIBD ’s.

A finite projective plane PG(2. q) (projective geometry of dimension
2 and ord erq)is a BIBD E q + l , l ;q 2 + q + l] .The blocks of such designs
are usually called lines. By definition of BIBD ’s (see also the proof of
Theorem 1.1), a projective plane PG(2 ,q) has q 2 + q + I lines and every
point is included in q + 1 lines. Considering any given line, we see that it
intersects in each of its points q other lines and all together all the other
q 2 + q lines. It follows that in PG(2, q)  every two lines intersect. It is known
— since Galois — that PG(2 ,q) exists v~henever q is a prime-power. So far
no projective plane has been constructed of non-prime-power order. We
prove:

Theorem 2.1. if q is a prime-power , then q 2 + q + I E B(q + 1, 1): in other
words there exists a finite pro / ective plane PG(2 , q).

_ _ _ _  
~~~—
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Proof.

X = G F (q , f (x) = 0 ) X G F ( q ,f ( x ) = 0 ) u {(oo ,) : i=0, l ,...,q} .

((0° q )~ (0~0) , (0,0) , (1 , 0), ..., (q — 2,0)> mod ( — , q ),

( (cO q~.. i) , (O , O) , (O, 0) , (O, I), ..., (O, q — 2)> mod (q. — ) ,

( (°°Q), (O, O), (a , 0), (a +l , 1) , . . . , ( cx + q — 2 , q — 2 ) ) mod (q, —) ,

a = 0 , l ,..., q — 2 .

By deleting tile points (cot) ,  = 0, 1 , ..., q, from the described design ,
we obtain a BIBD BEq, l ; q 2 ) which is also called a finite affin e plane
AG(2 , q)  (affine geometry of dimension 2 and order q). I t follows im-
mediately:

Theorem 2.2. If q is a pr u ne-power , then q2 E B(q, I ) ;  in other words
there exists a finite affine plane AG(2 , q) .

2.3. Group divisible designs

Let a design (X . C)3) be given. A parallel class of blocks is a subfamily
~ C ~3 of disjoint blocks , the u nion of which equals X.

We shall consider at 1engtt ~ designs of the form (X,~~, ~), where X is
a finite set of points , ~ is a parallel class of subsets of X called groups
and ~ is a family of subsets of X called proper blocks, or for short
— blocks.

Let k, in , A and u be positive integers . A design (X. ~ , ~ ) is a group
divisible design GD [/c, A, m;u ]  if

(i) IX I =

(ii) IG, l = m  for every G.€
(iii) 1B11 = k for every B1 E ~~;
(iv) I G ,C’ B1j~~~l for every G~ E ~~an d every B1E9
(v) every pairset {x, y} C X, such that x and y belong to distinct

groups, is con tai ned in exactly A blocks of ~P .
It follows immediately that a BIBD B [ k , A; uJ is a group divisible de-

sign GD(k , A, l ; uJ .

— - -
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The set of integers u for which group divisible designs GD[k , A, in: vJ
exist , will be denoted by GD(k , A. m) . Clearl y GD(k , A, in) C ml.
Some of the properties of the group divisible designs are given in tile

following lemmas:

Lemma 2.7. if A’ divides A, then GD(k , A’, m) c GD(k , A. in).

Lemma 2.8. GD(k , A, m) C B({k, in),  A).

Proof. Take the groups of the group divisible design as additional blocks ,
A times each.

Lemma 2.9. GD(k , A, in) + 1 C B({ k, in + 1), A).

Proof. Take as additional blocks the groups of tile group divisible design ,
each A times with a fixed additional point adjoint.

Putting in Lemmas 2.8 and 2.9, m = k and m = k — I , respectively, we
obtain the special resul ts which are m ost useful.

Lemma 2.10. GD(k, A, k)  C B(k, A).

Lemma 2.11. GD(k , A, k —1 ) + Ic B(k , A).

In the case A = 1 we have the stronger result:

Lemma 2. 12. GD(k , 1, /c — l ) + 1 B(k, 1).

Proof. GD(k , 1, k — I) + I C B(k, 1) follows from Lemma 2.11. To prove
B(k , 1) C GD(k , 1, k — I )  + 1, choose any fixed point of the BIBD and
denote it by (oc). Consider all the blocks containing the point (°°), delet e
this point and take the truncated blocks as groups of a group divisible
design. The remaining blocks of the BIBD serve as blocks in the group
divisible design.

Let us assume that in Lemmas 2.8 and 2.9 , respectively, in € B(k, A)
and m + I E B(k, A). In these cases instead of taki ng the blocks having
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in and in + i points , respectivel y , we take the blocks of B E / c . X : m )  or
BE /c , A ;m + I]  and get:

Lemma 2.13. J i m  E B (k , A), th e,, GD(k . A, rn)  C B(k , A).

Lemma 2.14. If m + I E B(k, A), the,, GD(k , A, in) + I C B(k , A).

Further we prove:

Lemma 2.15. if in + k E B(k , 1), then GD(k . A, m) + k C B(k , A).

Proof. Add to the group divisible design k fixed points. On these points
together with each of the groups form a BIBD B [ k , l: in + k]  in such way
that these k points form a block.

Lemma 2.16. if n E B(K , A)  and inK C GD(k , A’, rn) , th e,, mu E GD(k , XX’, m) .

Proof. Consider the groups of the group divisible design as points of the
BIBD B[K , A: n J and form a group divisible design on every block of
BE K.  A : n l .

Lemma 2. 17. If iz  E B(K . A)  and (k — 1) K + I C B(k , 1), then
(k — l) n  + I E B(k , A).

Proof. By Lemma 2 .1 2 , ( k — l ) K C  GD(k. 1, / c — i )  and by Lemma 2.16.
(k — I )n E GD(k , A, k — I) . Further use Lemma 2.11.

2.4. Pairwise group clii ’isible designs

The pairwise group divisible designs are a generalization of t h e  group
divisible designs by allowing both the groups and the blocks to attain
several sizes. Like in Section 2.3 let a design (X. 9, 9’) be given. Further
let v and A be positive integers and K and M sets of positive integers. A
design (X, 9, 9’) is a pairwi se group divisible design GD[K, A, il: vl if

(i) (X~ =
(i i ) {iG~J : G1 E 9} C i t I ;

( i i i ){ IB1I : B1 E 9’}C K: 



-- — --- - - — -—-,- ——.— - - - -— .-_~~~~~~~~~~~~~~
-—------ --— — - - - - -.

~
—----

~
.- -..-—- i~~~~~. .~~~~,l----———--.--— - - ~~~~ ~~~ - - -- - -~~~~ - - - --- - --- - - - -

If . Hana ni / Balanced incomplete block designs 265

(iv) (G 1 C’ B ( ~~ I for every G1 € 9  and every B1 E 1
(v) every pair~et ~.v , v~ C X such that  x anti y belong to distinct groups

is contained in exa ctl y A blocks of 9’.
A pairwise grou p divisible design GDIK . A, ~l J : v] ,  where K = .~k} and

M = {m} consists of exactly one integer , is a group divisible design
GD[k , A, ,n :uJ .
The set of integers v for which pairwise group divisible designs

GD[K, A, ~ll; u~ exist , will be denoted by GD(K . A, M ) .
Evidently we have:

Lentma 2 .18.Mc GD(K .X ,~11).

Lemma 2.19. if .il ’ c JI a,,d K ’ C K, t/ze,z GD(K ’, X, M’) C GD(K , X, M ) .

Lemma 2.20. Ij ’A’ divides A, then GD( K. A’, M) C GD(K. A, M ) .

Lemma 2.21. if v E GD(K, A’, M’ ) a,,d M ’ C GD(K, A, M ) .  then
u € GD(K. XA ’. M ) .

As a special case, when A A’ = 1 , we obtai n from Lemma 2.21:

Lemma 2.22. ff~ € GD(K , I ,M ’) a n d M ’ C GD(K, l , M),  then
yE GD(K, l , i1).

As immediate generalizations of Lemmas 2.8 and 2.9 we get:

Lemma 2.23. GD(K , A, dlI ) C B(K U M , A).

Lemma 2.24. GD(K, A, M)  + I c B(K u (M + 1), A).

- 
-. Further we prove:

Lemma 2.25. 1f n E G D ( S, I , R) , mR C B(k, A) and mS C GD(k, A, in) ,
then mu € B(k , A).

Proof . Consider the set 1(m) X 1(n). On 1(n) form a pairwise group divis-
ible design GD[S, l , R ; n ] .  For every group G of this design , I GJ E R  and



~
--

~~~~~

I

266 1!. Hanani / Balanced incomplete block designs

therefore a BIBD B E /c . A;m IGI] may be constructed on 1(m) X G. For
every bl ock B of the pairwise group divisible design , form a group divis-
ible design GD[ k , A, m ; m I B I J  on 1(m)  x B.

In a similar way can be proved:

Lemma 2.26. If n € GD(S, l ,R) ,  mR + 1 C B(k, A) and mS C GD(k , A, in),

then mn + 1 E B(k, A).

Remark. Lemmas 2.25 and 2.26 may be easily generalized as follows:
(a) If n E GD(S, A’, R) ,  mR C B(K, AA’) and mS C GD(K, A, ,nj then

mn € B(K, AX’).
(b) If n E GD(S, A’, R) ,  mR + I C B(K, AA’) and inS C GD(K. A, m),

then inn + I € B(K, AA ’).

3. Transversal designs

3.1. Introductio n

Transversal designs are a special case of group divisible designs, satis-
fying the additional condition , that every block of?  intersects every
group of 9.

Formally, like in Section 2.3, let a design (X,9, 9 ’)be given. Further ,
let s, r and A be positiv e integers. A design (X, 9, 9’) is a transversal de-
sign TEs. X;r ] if

(i) I G. I = r for every G~ € 9 ;
(ii) I 9 1 s;

(iii) I G~ C’ B1 1 = 1 for every G, € 9 and every B1 E 9’;
(iv) every pairset {x, y} C X, such that x and y belong to distinct

groups, is contained in exactly A blocks of 9’.
it follows immediately that in a transversal design T[s, X;r}, ~Xf = sr,

1B11 = s for every B1 € 9’, and 191 = r2 A. Further , a transversal design
TEs, A; ‘I is a group divisible design GDLs, A, r; r s].

The set of integers r for which transversal designs T[s, A; r ] exist ,
will be denoted by T(s, A).

Evidently we have :

. - - -
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Lemma 3.1. i f s’ ~ s, then T(s, A) C T(s’, A). -
Lemma 3.2. If A’ divides A, then T(s, A’) C T(s, A).

And more general ly:

Lemma 3.3. T(s, A) C’ T(s, A’) C T(s, nA + n ’A ’) , where n and n’ are
any non-negative integers.

Fu rther we have :

Lemma 3.4. If r E T(s , A) and r ’ € T(s, A’), then rr ’ € T(s, AX ’).

Proof. For every block B of T[ s,  A; r J ,  consider as elements of B the
groups of T[s, A’ ;r ’ J and form on them the blocks of T[s. A’ ;r ’J .

For A = 1 the following further results are known:

Lemma 3.5. For every pr ime-power q, q € T(q + 1, 1).

Proof. Consider the projectiv e plane PG(2, q) constructed in Theorem
2. 1. Delete the point (coq )  and consider as groups the truncated lines
which contained this point. The other lines of PG(2 , q) are the blocks of
T [ q + 1, 1 ; q ) .

From Lemmas 3.5 , 3.1 and 3.4 follows the theore m of MacNeish [201.

Theorem 3J. Let r = Ilp~’ be the factoriz ation of r into powers of dis-
tinct primes, then r E T(s, 1), where s = 1 + mm pr’.

In some applications, transversal designs are used in which the blocks
can be partitioned into parallel classes. Accordingly we define:

A resolvable transversal design RT[s, A; r) is a tra nsversal design
TEs, A; r] in which the family 9’ of blocks can be partitioned into Ar
parallel classes. As usually, we shall denote by RT(s, A) the set of integers
r for which resolvable transversal designs RT[s, A; r] exist.

For A = I , we have:
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Lemma 3.6. RT(s , l ) = T ( s + l , l) .

Proof. If RT[s , 1: r J exists, adjoin a fixed additional point to all the blocks
of any given parallel class. Proceeding in this way for every parallel class,
r additional points are obtained. Form a group from these r additional
points and get T[s + 1, 1; r l .  If , on the other ha nd , TE s + I . I :  r j  is given.
delete any one of the groups. The blocks which contained a fixed deleted
poin t form now a narallel class and the design is RTE s , I ;  r J .

In general, we may prove in the same way:

Lemma 3.7. RT(s, A) C T(s + l , A).

We shall now prove the following:

Theorem 3.2. / f r  € GD ( K, A, M) .  ~1l C T(s , A) and K C RT(s, 1) . then
re T(s,A).

Proof. Denote the set of points of a r X s matrix by X 1(r) X I( s) .  where
1(r) is the set of points of GD[K , A, .4’I :r I .  We shall prove that a transversal
design T[s, A: r ] can be constructed on X with 1(r) X ( i } ,  € i(s) as groups.
Let G C 1(r) be a group of G DI K .  X .M : r ] .  Clearly G~ = in € M and by
hypothesis we may form T[s, A: I n ]  on G X i(s). We perform this opera-
tion for every group of GDEK , A, M : r ] .  Further let Bc 1(r) be a block
of GD[K , A , ill: r) .  Clearly IB I = k E K and by hypothesis we may form
RT[s, I ;  k]  on B X i(s). Considering that we deal with a resolvable trans-
versal design we may assume that one of the parallel classes is composed
of the blocks U) X I (s) ,  1€ B: these blocks we omit. Again we perform
this operation for every block of GD(K , A, M : r ] .  So obtained blocks are
all the blocks of T[s, A; r J which is hereby constructed.

Putting in Theorem 3.2 , A = I and M {I}. we obt ain:

Theorem 3.3. If r € B(K , I )  and K C RT(s, I ) .  the,z r E T(s, I) .

The transversal designs are strongly connected with other combina-
tonal designs. We have already seen (Lemma 3.5) their connection with
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the fi nite projective planes and (Lemmas 3.5 and 3.6) with the finite
aff in e planes. Further , the existence of transversal designs T[s. I : r ]  is
eq uivalent to the existence of s — 2 mutually orthogonal Latin squares
of order r and the transversal designs T[4X — I , A; 2 1 are equivalent to
the Hadamard matrices of order 4A. The interested reader may find
these subjects dealt with in the book of Hall [14 , pp. 1 8 9 —2 2 2 ] .

3.2. Truncated transversal designs

Let a transversal design T[s + t , A; r] ex ist . Delete some points from
at most t of its groups. The obtained design is a pairwise group divisible
design

GD[ {s, s + 1, ..., s + t}, A, f r , r 1, r 2 r~} : rs + 
~~~ 

r1] .

where r• are the sizes of the truncated groups. It follows (for A = 1):

Lemma 3.8. I f r € T ( s + r , 1 ) a n d 0~~ r 1~~~r 2 ~ ~~~~~~~~ then

rs+~~~ r~E GD(~s , s + l , ..., s+ t } , I ,fr , r 1, r2 

From Lemma 2.23 and Lemma 2.24, respectively, considering Lemma
2.5, we have :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
{s, s + I , ..., s +t , r , r 1, r 2 r~} C B(K , A), then

rs +~~~ r 1 E B(K, A) .

Lemma 3.1O. 1f r € T ( s + t, l), 0~~ r1 ~~r2~~ ~~~~~~~ and
{s, s + 1 ,..., s + t , r + l , r i + l , r 2 + I , ..., r~+ l } C B ( K , X) , t1zen

rs + E r , + I € B ( K , A) .  

-.- -.~ -~~~- - - ~~~~ -~
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In the special case t = 0 we get:

Lemma 3.11. If r € T(s, I)  and if (s , r} C B(K. A), then rs € B(K, A).

Lemma 3.12. if r  € T(s, l) and  i f {s , r + 1) C B(K, A), the,: rs + 1€ B(K, A).

Tchebychef , Sylvester and others (see , e.g., [10 , p. 4 3 5 ] )  proved that
for every positive s and every sufficiently large intege r d ~ d 0 = d 0(s),
there exists a prime between d and d(s + 1)/s. Using this result we have:

Lemma 3.13. Let s and t be positive integers and let D be a f inite set of
integers, then there exists an integer 00 such tha t for  every u ~ we can
f ind integers r , r 1 r~, satisfying th e following conditions:

~~~~~~~~~~~~~~~~~~~~
( i i) v = r s +~~f , i r~,

( i i i ) r E T ( s + t , 1),
(iv) {r, r r, r 2 r~} f l  D 0 ,
(v)  it may also be assumed tha t for  given a, r a (mod s).

Lemma 3. 13 will be used in Section 5 with r € ~ 1 , 2). In each case the
value of 00 will be stated and it has to be checked that actually for every
u> 00 the conditions of the lemma are satisfied. If s + I ~ 8, upper
bounds for 00 are given by Theorems 3.7 , 3.8, 3.9 and 3.10. For values
of u below these upper bounds usually Theorem 3.1 may be applied.

3.3. Transversal designs wit/i A = I ( Wilson ’s theorem)

It has been proved by Chowla , Erdds and Straus [61 that for every
positive in teger s, the re ex ists an in teger r0(s) such, that for every
r > r0(s), r € T(s, I) holds. They proved that r0(s) ~ (3~)91~ This resu lt
has been improved by R ogers [ 26 ] who proved r0(s)  ~ ~421~ , with e -. 0
ass -+ ~~~. Lately Wilson proved [34]:

Theorem 3.4. For every sufficiently large s, ( f r >  ~17 , then r € T(s , 1)
holds.

This theorem as well as the forthcoming Theorems 3.5 and 3.6 shall
not be used in sequel and are cited here without proof.

_ _ _ _ _ _ _ _ _ _ _ _ _
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Table 5.14 — addenda.

v B L6, 1; vJ

106 See p . 368

306 We prove 305~ . GD (6, 1, 5) . X = Z (5 , 2) x Z (61, 2)

1~= <( •; 6 a + 3 8) , ( •; 6a + 3 8 + 30) , ( 8; 6a + 38 + 4)
( 8; 6a rI- 38~+ 34) , (8  + 2; 6ci + 38 + 26) , (8 + 2; 6a + 38 + 56)’ mod (5; 61)
a = 0, 1, 2 , 3, 4 , 8 — 0, 1

531 Lemma 2. 17 and l06~~ B (6 , 1)

636 Lemma 3.11, 1O6E B (6 , 1) and 1O6 E T ( 6 , 1)

841 X GF (841 , x2 
= x + 26)

< 5 a, 5a + 8, 5a + 280 , 5a + 288 , 5~ + 568 > mod 841, a= 0, 1,..., 27.

876 Lemma 2.15 , 15 1E~ B(6 , 1) and 145~~.T ( 6 , 1)

1236 Lemma 2.15 , 211 € B(6 , 1) and 205 E T(6 , 1)

1416 Lemma 2.15 , 241~~ B(6 , 1) and 235~~ T(6 , 1)

I 1596 Lenmia 2.15 , 271& B(6 , 1) and 265 ( T(6 , 1)

1836 Lemma 3.11 , 306~~ B(6 , 1) and 306~~ T(6 , 1)

1956 Lemma 2.15 , 331eV B(6 , 1) and 325~~ T(6 , 1)
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For specific values of s, stronger results have been obtaine d and so
Bose, Parker and Shrikhande proved [23 ,4,3] ( for a proof see also [14 ,
pp. 194—203 1 or [34]):

Theorem 3.5. For every r > 6, r € T(4, I) holds.

Further it is known [17]:

Theorem 3.6. For ei-’erv r .> 34115 553 , r € T ( 3 1 , 1) /m olds.

We shall now proceed to prove that r0(8) ~ 90. The proof is due to
Wilson [341 and will be given here in full. From this results the bounds
of r 0(s) for 5€  (5 , 6, 7) are easily obt ained . We start with the almost
obvious lemm a:

Lemma 3.14. If r € T(s, 1)  and r > 1 , theit r ~~ s — 1.

Proof. Suppose s ~ r + 2. Every point of the design is included in r blocks.
Any given block B has s points and therefore it intersects s(r — 1)
> (r + 2) (r — 1)> r 2 blocks, but the re are only r 2 — I blocks in addition
to B, which leads to a contradiction.

Lemma 3.15. If r E T(s, I )  and r > s, then in the design TEs, I : rI there
are at least two disfoint blocks.

Proof. Every point of the design is included in exactly r blocks. Accor-
dingly any given block B in tersects s(r — 1) ‘~~ r(r — 1) other blocks. But
the transversal design has r2 blocks and accordingly there exists a block
which does not intersect B.

We shall now describe a truncated transversal design as follows. Let
r E T(s + r , 1) and let t groups be truncated in this design. We denote
the set of points of this design by I = (1(r) X I(s)) U T’, where
(1(r) X I(s)) is the untruncated part and

T’ (I (r 1 ) X ( J ’} ) u  (/(r2 )X{2 ’ })u ... U {I( r~) X { t ’})

is the truncated part. We prove:

_  ________ _
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Lemma 3.16. Let a trans versa! design TI s + t , I ; rJ exist, and let t groups
in this design be truncated , these truncated groups having r~, I = 1 , 2 
points , provided (r e : I = 1, 2 t} C T(s, I ) .  Let T’ be time set of p oints
of the truncated part (I T’l = 

~~ 
r.) and let m be a positiv e integer such

tha t {m, m+1 ,m+2} c T(s , 1) . If for  every b l o c kB o f T[ s + t , I ; r ] ,
lB C~ T’I ~ 2, then p = mr + I T ’ l E T(s, I) .

Proof. Denote the set of points of a (mr ÷ IT’I )  X s matri x by
I = (1(m) X 1(r) U T’) x i(s), where Y 1(r) X i(s) is the un truncated
part of the (existing) design T[s + t, 1; r ] .  We shall prove that a transversal
design T[s, l ; p ] can be constructed onX with (/ (m)XI(r) u T’) X {i} ,
i E  I(s), as groups . For every block B ofT[s+t , l ; r J ,  let B’ B r~ T’ and
B0 = B n Y; clearly lB 0 l = s and 0 ~ J B’ J ~ 2. Considering that
(m , m + 1, in + 2) C T(s, 1), we may form a transversal design T[s, I: in +lB’ IJ
on (1(m) X B0)u (B’ x i(s)) C X. By Lemma 3.14 , m ~ s — I and therefore
m + 2>  s. Accordingly, if IB ’ I = 2, there are in our transversal design at
least 2 disjoin t blocks; we may choose them as j b}  X i(s) , b E B’ . These
blocks we delete . (If lB’ I < 2 , this procedure is trivial.) Further for every
i 1, 2, ..., ( we form T[s, l ;r 11 on (1(r1) X (i’}) X i(s) C (T’X i(s)). All blocks
so obtai ned form a transversal design T(s, 1; p 1.

From Lemma 3.16 follows easily:

Lemma 3.17. I f r E  T(s + 2 , 1), 0~~ r 1~~ r 2~~ r and {m, m+l , m+2 , r 1, r 2}
C T(s. I), f /zen mr +r 1 +r 2 E T(s, I).

Proof. Put in Lemma 3.16, t 2.

Lemma 3.18. If r > ~(r — 1 )(t — 2), r E T(s + t , 1) and (m , m + 1. in + 2)
C T(s, 1), then mr + t €  T(s , 1).

Proof. Put in Lemma 3.16 , r 1 = r2 = ... r~ = 1. In order to apply Lemma
3.16 it has to be proved that under the hypothesis of our lemma the
points of the truncated groups can be so chosen that no three of them
are in a block. This is shown by induction. Suppose we have already
chosen t ’ < t such points. There are exactly ~ t ’(t ’ — 1) ~~~ ~(t — I )(t — 2)

blocks containing two of these points each. However , every not trun-
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cated group has at least ~~(t — 1) ( r  — 2) + I points and therefore an addi-
tional point can be chosen so that no three points of the truncated groups
are in a block.

Lemma 3.19. For any integer n, at least one of t/m e integers
Il , P1 + 1, n + 2 n + 9 is not divisible by any of the numbers 2 , 3, 5
and 7.

Proof. Let n’ be the odd integer of {n . n + 1). Of the integers
n’, n’ + 2; n ’ + 4, n’ + 6, n’ + 8, at most two are divisible by 3, at most one
by 5, and at most one by 7; hence at least one is divisible by neither
3, 5, 7, nor 2.

For integers w, 7 ~~ w ~ 76, define u~ and u,,, as in Table 3.1. Note that
for each w, 7 ‘~~ w ‘~~ 76, we have (u ,,,, v~ }C 1(64), and that by Theorem3.I,
{U~~ , U~~ }C T(8, 1)(if u

~ € (0, 1), u~
€ T(8 , I) is trivial ) .

Table 3.1.

w u
~~ ~~ w u~ u~ W U

~~ U
~~

7 7 0 31 23 8 54 27 27
8 8 0 32 16 16 55 32 23
9 9 0 33 17 16 56 29 27

10 9 1 34 17 17 57 32 25
11 11 0 35 19 16 58 29 29
12 11 1 36 19 17 59 32 27
13 13 0 37 29 8 60 31 29
14 7 7 38 19 19 61 32 29
15 8 7 39 23 16 62 31 31
16 8 8 40 23 17 63 32 31
17 9 8 41 25 16 64 32 32
18 9 9 42 23 19 65 49 16
19 11 8 43 27 16 66 37 29
20 11 9 44 25 19 67 56 11
21 • 13 8 45 29 16 68 37 31
22 11 11 46 23 23 69 37 32
23 16 7 47 31 16 70 41 29

— 
l 24 13 11 48 25 23 71 63 8

25 16 9 49 32 17 72 41 31
26 13 13 50 25 25 73 41 32
27 16 11 51 32 19 74 37 37
28 [7 11 52 27 25 75 43 32
29 16 13 53 37 16 76 47 29
30 17 13 

_______________

L - - - - -~
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Table 3.2

r Pxoof ofrET(8 , 1)

455—516 Lemma 3.20, n 64 , 7 ~ w ~ 68
420—454 Lemma 3.20 , n = 59 , 7 ~ w ~ 41
378—419 Lemma 3.20, n = 53, 7 c w ~ 48
350—377 Lemma 3.20, n 49 , 7 ~ w ~ 34
308—349 Lemma 3.20, n 43, 7 ‘~ w ~ 48
266—307 Lemma 3.20, n 37 , 7 ~ w ~ 48
224—265 Lemma3 .20 , u 31, 7~~ w~~48
196—223 Lemma 3.20, n = 27 , 7 ~ w ~ 34
168—195 Lemma 3.20,n = 23, 7 ‘~~ w ~~ 34
164— 167 Lemma 3 .18 , m 7, r = 23 , 3  ~~ t ~~ 6
140—163 Lemma 3.20, n = 19, 7 ~ w ~ 30
119—139 Lemma 3.20 , n = 16, 7 ~ w ~ 27
1 1 4 — 1 1 8  Lemma 3.18, m 7 , r 1 6 , 2~~t < 6

98— 113 Lemma 3.20, n = 13, 7 ~ w ~~22
91— 97 Lemma 3.20, n = 11. 14 ~ w ~~ 20
84— 89 Lemma 3.20, n = 11 , 7 ~ w ~ 12
83 Theorem 3.1
77— 81 Lemma 3.18, m 7 , r 1 1 , 0~~t~~4

Lemma 3.20. if n € T( 10, 1), 7 ~ w < 76 and u,~,, u~ ‘~~ n, then
7n+wET(8 ,I).

Proof. Apply Lemma 3.17 with in = 7, r 1 = u,,,, and r2 =

Theorem 3.7. For every r> 90, r € T(8, 1)/molds.

Remark. We prove moreover that if r> 76 and r $ {82, 90), then
r € T (8, l)holds.

Proof. By Lemma 3.19 , an integer n may be found which is relatively
prime to 210 and satisfies r — 76 ~ 7n ~ r — 7. I f r >  517 , then putting
w = r — 7n we have 7 ‘~~ w ‘~~ 76, and n >  ~(r — 76) > 63. By Theorem
3.1, we have n E T( 12 , 1) and applying Lemma 3.20, we get
r = 7n + w E T(8, 1). If r < 517, the proof of r E T(8, 1) is given in
Table 3.2.

Theorem 3.8. For every r >  62 , r E T(7 , 1) holds.

I :

~
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Remark. We prove moreover that (47 , 49 , 50, 53 , 56 , 57 , 58, 59, 6 1 )
C T(7 , 1).

Proof (See [17)). By the remark to Theorem 3.7 , it remains to prove
this theorem for the set of integers {47, 49, 50, 53, 56 , 57 , 58, 59, 61 , 63,
64,..., 76, 82, 90) . By Theorem 3.1 , (47 , 49, 53, 56, 59, 61, 63, 64 .67 , 71 ,
72, 73) C T(8, I). For other values of r namely r € (50 , 57 , 58 , 65 , 66, 68,
69, 70, 74, 75, 76, 82, 90) , we shall prove that r E B(K , I ) with KC RT(7 , I )
and use Theorem 3.3.
50€ B({7 , 8), 1). Lemma 3.12 and 7€  T(7 , I).
57€ B(8, I) . Lemma 3.12 and 7€  T(8, 1) .
58€ B(( 7, 8, 9), 1). In T[9 , I;  8) delete 7 points from each of 2 groups;

further apply Lemma 3.9.
65 E B({8, 9}, 1). Lemma 3.12 and 8€ T( 8, 1).
66 € B({7 , 8, 9), 1). In TE 10, 1; 9] delete 8 points from each of 3 groups

in such a way that the remaining 3 points be not in one block (this
is possible , as explained in the proof of Lemma 3.18); apply Lemma
3.9.

68 € B((7 , 8, 9}, 1). I n T [9 , I ;8)  delete I point from each of 4 groups in
such a way that no 3 deleted points be in one block; apply Lemma
3-9.

69 E B({7 , 8, 9), 1). In T[9 , 1; 8] delete I point from each of 3 groups.
not all 3 deleted points from the same block; apply Lemma 3.9.

70€ B((7 , 8, 9), 1). In T[8, 1; 9] delete 2 points from one of the groups;
apply Lemma 3.9.

74€ B({7, 8, 9}, 1). Let G0, G 1, G2, G3 be any 4 groups in TE 9 , 1;9] and
let a0 e G0 and B0, B 1 be any 2 blocks containing a0. Delete the
4 points (B0 U B 1) r~ (G 2 U G3) and one point on G 1 which is not in
a block from which already two poin ts have been deleted; further
delete from G0 two points , none of them in a block f rom which a!-
ready two point s have been deleted; apply Lemm a 3.9.

75 E B((7, 8, 9), 1). Like above, but in the last step delete from G0 only
one point .

76 E B((7, 8, 9), 1). Like above, but delete no points from G0.
82€ B({7, 8, 9, 11), 1). In T[ 12, 1, 111 delete 10 points from each of 5

groups in such a way that 4 of the remaining 5 points be in one

A
Li - .~~~~ . . - -
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block and the fifth point be not in this block ; apply Lemma 3.9.
90€ B (( 7 , 8, 9, 11), 1). InT [9 , 1 : 11)  delete 3 points from one group and

2 points from another one; then delete 4 points from a third group,
none of them in a block from which already 2 points have been de-
leted ; apply Lemma 3.9.

A different proof of Theorem 3.8 — independent of Theorem 3.7 —

may be found in [17 1.

Before proceeding we prove the following lemma [ I l l  (see also 114 ,
p. 203 1):

Lemma 3.21. 12€ RT(6 ,l).

Proof. By C(2 ,a 2 = 1), C(6, b6 = I) we denote cyclic groups of orders 2
and 6 with generators a and b, respectiv ely. As usually we shall use the
exponents of the generators to denote the points of the design.

X (C(2 , a2 = l ) X  C(6 , b6 = I ) ) X i (6) .

= ((0, 0; 0’), (0, 0:1 ’), (0, 0; 2’), (0, 0:3’), (0 , 0:4’), (0, 0:5 ’)> mod (2 , 6; —) ,

((0, 0; 0’), (0, 1: 1’), ( 1, 0; 2’), (0, 3:3’), (1 , 2:4 ’), (0,4; 5’)) mod (2 , 6 :—),
((0, 0;0’), (0, 2; 1’), (1 ,2:2’), (1,0:3’), (0, 1:4’), ( 1 , 5:5 ’) )  mod (2 , 6 :— ),
((0, 0;0’), (0, 3: 1’), (0, 2; 2’), (0, I ;  3’), (1 , 5;4 ’), ( 1 , 4:5 ’)) mod (2 , 6:—),

<(0 , 0; 0’), (0, 4; 1’), ( 1, 1 : 2 ’),(l , 3;3’), (0, 5; 4’),  (0, 2: 5.~)) mod (2 .6 :—),
((0 , 0,0), (0, 5. 1 ),( 0, l , 2 ’),(l , 5.3 ’) ,(I , 3.4 ) ,( 1 , 1.5 ’)) mod (2 , 6. ),

<(0 , 0:0’), (1 , 0; 1’), ( 1 , 3; 2’), (0, 2; 3’), (0, 3; 4’), (1 , 2:5’ )) mod (2 , 6: —) ,
((0, 0; 0’),(1 , l ; 1’) ,( 1, 5 ;2 ’) ,( 1 , 2;3 ’),(l , 4:4’), ( 1, 0; 5’)>mod (2 , 6;—) ,
<(0 , 0, 0’), (1 , 2 , 1) , (0, 4. 2’), (0, 5, 3 ), (0, 2, 4 ), (1 , 3, 5 )> mod (2 , 6, —),

((0 , 0; 0’),( 1 , 3 ;I ’ ) , ( 1 , 4; 2’), (0, 4; 3 ’) ,(l , l; 4’),(0, 1;5 ’))mod(2 , 6 :—),
((0 , 0 ,0 ) , ( l , 4 , I ), (0, 5 , 2 ’), ( l , 1, 3 ’),(l , 0, 4 ), (0, 3.~ ) > m od(2 , 6. ).
<(0,0:0’), (1, 5; 1’), (0,3; 2’), (1, 4;3’), (0,4:4’), (0 , 5; 5’)) mod (2 , 6; —) .

Theorem 3.9. For every r> 52, r E T(6 , 1)  holds.

L — — —S - -- - -~~- - . _t:  - -
. ~
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Remark. We prove moreover that (41 , 43, 45, 47 , 49, 50) C 1(6 , 1) .

Proof. By the remark to Theorem 3.8, it remains to prove this theorem
for the set of integers {4 1, 43 , 45, 54, 55, 60, 62) . By Theorem 3.1,
(41 , 43, 45 , 55} C T(6, 1). Further ,

54 E T(6, 1) by Lemma 3.17 with r = 7, s = 6 , m = 7, r~ = 0, r2 = 5.
60 € T(6 , l ) b y  Lemma 3.4 and Lemma 3.2 1.
62 E T(6, I) by Lemma 3.17 with r = 8, s = 6, m = 7, r1 = 1, r2 = 5.

Theorem 3.1O.For everyr> 42 , r E  T(5 , l)holds.

Proof. By the remark to Theorem 3.9, it remains to prove th a t
(44 , 46, 48, 51 , 52} C T(5, 1). By Theorem 3.1, (44, 52} C 1( 5, 1) .  For
other values of r we have:

46€ T(5 , 1) (see [35]). We prove 46€ B({4 . 5, 7, 8), 1) with exactly
one block size of 4. Take

X Z(7 , 3 )XZ ( 3 , 2 ) X Z ( 2 ) U {(co 1) : i = 0, l , 2 , 3},

~13 = ((oo~ ), (°°~~
), (00 2), (00 3)) ,

((eo 0) , ( 2a , O, O) , ( 2 a +2 . 0, O) , ( 2a +4 , l , O), (4o,O, 0),

(4a +2 , 0, 0), (4a+4 , l , 0)) mod (7 , — , —), ~ 0, 1, 2,
((00 3), (0 , 0, 0) , (0 , 0, 0) , (1 ,0, O)~ (2 , 0, 0) , ( 3, 0, 0) , ( 4, 0, 0) ,

(5, 0, 0) )  mod (— , 3, 2),

( ( 0 , 0, 0) , (0. 0, 0) , (4 , 0, 0), (2 , 0, 0), (0, 1 , 0)) mod (7 , — , 2),

( ( 0 , 0, 0) , (0, 1, 0), (2 ,0, 0), (0, 0, 0), (4, 1, 0)) mod (7 , — , 2),
((0, 0, 0) , (0, 1, 0), (0, 0, 0), (4 , 0, 0), (2, I , 0)) mod (7, —, 2).

Further apply Theorem 3.3. It should be noted that 4 ~ RT(5 , 1) but
only 4 e 1(5, 1). However , it may be easily checked that the existence
of only one block of size 4 (or — by the way — of any number of such
disjoint blocks) does not prevent the use of Theorem 3.3.

4 8€ T (5, l ) b y Lemma3 .l7wi th r I l , s 5 , m 4 , r 1 =0 , r 2 =4.
Because r1 = 0, the condition m + 2 E T(s , I)  is not necessary and may
be omitted.

51 E T(5, 1) by Lemma 3.17 with r = 11 , s = 5, m = 4, r1 = 0, r2 = 7.
Because r 1 = 0, the condition in + 2€  T(s, I) may be omitted.

— -

~

—

~
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3.4. Transversa l designs wit/i X >  1

We prove tile theorem [19]:

Theorem 3.11. For every r> I and every X >  1, P E T(7 , X ) /zolds.

Proof. For r = I the theore m is trivial. Further , it follows from Theorem
3.1 and Lemma 3.4 that it is sufficient to prov e the theorem for r being
factors of 60; also from Lemmas 3.1 , 3.3 and 3.7 follows that it suffices
to prove the theorem for X = 2 and A = 3 and for each of these values of
A, to prove r e T(s. A) or r E RT(s — 1 , A) for any s > 7.

2 E T(7 , 2) .  X = I ( 2 ) x Z ( 7 , 3) .
2 (( 0’;~~), ~t.! .O , . ( 0’: 1), ( 0’; 2) , (0’:3), (0’ ; 4), (0’ ; 5)) ,

(( 0’:0),~0~:2 . (0’:4), ( 1’ :O), ( I ’ : l ) , ( l ’ : 3 ) , ( 1 ’ : 5 ) ) mod (— :7) .

2 6 T ( I l , 3) . X = I ( 2 ) x Z ( I I , 2) .

2 = ((O’ ; O),(O’ : O), (0’ . l), (0’: 2) .(0 ’ :3), (0’;4), (0’ : 5), (0’; 6), (0’ ; 7),
(0’ ; 8), (0’; 9)) ,

(( 0’:O). (0’ ; 2), (0’:4), (0’ ; 6), (0’ ; 8), ( l ’ ; O) , (1 ’ ; 1), ( 1 ’ ;3 ) , ( 1 ’ : 5),
( l ’:7),(I’;9)) mod (—:11).

3 E RT(6, 2). X = Z ( 3 . 2) X (Z(3 , 2) X i ( 2) ) .
2 = ((0 ;O. 0’) , ( O ;O , O’), (O; l , 0’) ,( l ;O, l ’) , ( l ; O , I ’), (O ; I ,—l ’)) mod (3:3, —),

( (0 ; 0, 0’), (O;0, 0’), (0; 1, 0’), (0:0, 1’), (0;0, 1’), (0: 1 , 1 ’)) mod (3;—, —) ,

( (0; 1, 0’), (0; 0, 0’), ( 1; 0, 0’), (0: 0, 1’) , (0; 1, 1’), ( 1 : 0,  1’)) mod (3:—, —) ,
((0; 0, 0’) , (1 ; 1, 0’), (0.0, 0 ), (0. 1, 1’), ( 1 .0, 1) ,  (0 , 0, 1) )  mod (3 , —, —) .

3 E T ( 1 3 , 3) .X = ( Z ( 2) tJ ( ø o } ) X Z ( 1 3, 2).

(co;9), (oo ; l0), (o~; 11)) ,
((oo ;Ø), (oo ; l), (oo ;5), (oo ;9), (O;0), (O ;4),(O;8), (0 :2) , (0;3), (0;6),

(0; 7), (0; 10), (0, 11 ) >  mod (2; 13).

~ 

- - .
~~~~~~
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4 E RT( 8, 2) . X GF(4 , x 2 x + l ) X  (Z( 7, 3) U ( o o) ) .
2 = ((Ø; øø) ,  (0: 0), (0; 0), (0; I) , (0 :2), (0; 3) , (0 ;4), (0; 5)) mod ( 4 ; — ) .

((Ø :øø),  (0:0), (0; 0), (0; 1), ( 1; 2), ( 1; i), (2;4), (2 ; 5)) mod (4 ; 7).

4 € RT(8 . 3). X GF(4 , x 2 = x + l ) X G F ( 8 , x 3 x + l ) .
9 <(O :O), (Ø;0), (a ; l) , ( a + l ; 2 ) , (O ; 3) , ( a + I : 4) , (a : 5 ) , ( a ; 6 ))

mod (4;—), a = 0, 1, 2,

mod (4;—),  a 0, l , 2,

((O;O) , (a ; 0), ( Q + 1 ;  1). (0; 2), (a+ I ;3), (a ;4) ,(O ;5) , (a ; 6) >
mod (4: — ) , a 0 , 1, 2 ,

mod (4 :— ) ,  a 0 , l , 2.

5 € RT (l0 , 2) . X = Z ( 5, 2) x (Z( 5, 2) x / ( 2) ) .
2 = ( (0 :0 , 0’),  (0; 0, 1 ’), (0; 1, 0’), (0:3,0’), (1:0, 1 ’), ( 1; 2 , 1’), (2; 0, 0’),

(2; 2, 0’), (3; 1, 1’), (3; 3, 1’)) mod (5;5 ,—),

< (O ;O , 0’), (O;O, 1’), ( l ; 0, 0’) , ( l ;  I , 1’) , ( l ; 2 . 0’) , ( l ;3 , 1’), (3;0, 1’) ,

(3; 1, 0’), (3 :2 , 1’), (3; 3,0’)) mod (5 ; 5 , — ) .

5€  RT(7 , 3): X Z(5 , 2) x  Z(7 . 3).

9
( ( O ; Ø) , (a ;0 ) , (a ;3 ) , ( a + I ; 2 ) , ( a + l ; 5 ) , (a + 3 ; 1 ) , ( a + 3 ; 4 ) >

mod (5; 7), a = 0, 1.

6 E T(7 , 2). X = (Z (S , 2) u (oo }) X Z(7 , 3).

9 ((oo ;O) , (oo ;O), (oo ; 1), (00 ; ), (~~:3), (00;4) , (oo ;5)> , 2 times,

a 0, 1.

6 € T ( 7, 3). X (Z( 5 , 2) Li (oo}) X Z( 7, 3) .

9 ((oo ;O), (oo ;O), (o o ;l) , (oo;2) , (oo;3), (oo;4), (oo ;5)) , 3 times,

_ _ _  
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((oo;Ø) , (Ø; l ) , (O ;2) , ( Ø : 5) , ( 2 a ;4 ) , ( 2 a + l ; O ) , (2 a + 3 ;3 ) )  mod (5 :7 ) .
a = 0, 1,

( ( °°; O) , ( O ;O) , (O ;3 ) , (Q ;2 ) , ( O ; 5) , ( 2 ; l ) , ( 2 ; 4 ) ) mod (5 . 7).

I O E  1(7 , 2). X =  (Z (9) U {cc}) X Z(7 , 3) .
9=( (c o ;O) , (oo ;O), (o o ; I ), (oo ;2), (oo;3), (oo;4), (oo;5) ) , 2 times,

<(0’ ; 0). (0’: 0), (0’; 1), (0’; 2), (0’;3), (0’;4), (0’;5)) mod (9; —),

(( °° : O) , (0 ’; 3 a) , ( 1 ’ ;3 a + 2), (2 ’ ;3 a +4) , (4 ’;3 a + 5) , (6 ’ ; 3 a + l ) ,
(7’;3a +3)> mod (9;7), a = 0, 1,

<(0’:O),(l’; 2), (1’; 5), (2’;O), (2 ’ ; 3), (7’; 1), (7’ ;4)> mod (9; 7).

10€ T(8, 3). X = (Z(3, 2) X Z(3, 2) U (cc)) X ( Z ( 2 )  X Z (2 )  X Z(2) ) .

9 = ((cc ; 0,0, 0), (cc ; 0, 0, 0), (00 ; 0, 0, 0), (cc ; 0, 0, 0), (cc ; 0,0, 0),

(oo;O, Ø, 0), (°°;0, 0, O), (°°;0, 0, 0)) , 3 times
((0, O;O, 0, 0), (0, O;O, 0, 0) , ( 0, O; O, 0, 0), (0, 0:0, 0, 0) , (0, 0, 0 ,0, 0) .
(0, 0; 0, 0, 0) , (O~ 0; 0, 0, 0), (0, 0:0, 0, 0)> mod (3,3;— , —, —) ,

( (co ; Ø, Ø, O), (O~ 0; Ø~Ø, 0), (Ø, 0:0, 0, Ø) , (Ø, 0; 0, 0, 0), (0, 1; 0,0,0),
(0, 1:0,0,0), (0, 1; 0,0, 0), (1,0; 0,0,0)> mod (3,3; 2,2,2),

((cc ; 0.0, 0) , (O~ 0; 0~ 0, 0), (0, 0:0, 0, 0) , (0, 0; 0, 0, 0) , (0, 1; 0, 0~ 0),

(0,0; 0, 0, 0) , (0, 0; 0, 0, 0), ( 1 ,0; 0,0,0)> mod (3,3; 2, 2, 2),
((cc : O, 0, 0), (0, 0; 0,0, 0) , (0~ 0:0, 0, 0), (O, 0; 0, 0, 0), (O, 1:0, 0, 0),

(0, O;0, 0, 0) , (0,0 ; 0, 0, 0), (1 , 1:0,0,0)) mod (3,3; 2, 2, 2).

((0,0; 0, 0, 0), (0, 0; 0, 0, 0), (0, 1; 0, 0, 0). (0, 0; 0, 0, 0), (0 , 0; 0, 0, 0),
(0, l ;Ø , O, 0),( 1,O ;Ø , O, O), (I ,O ;0, 0, 0)) mod (3 , 3;2 , 2 , 2).

12€ RT(6, I). Lemma 3.21.

15 € RT(7,2). X = ( Z ( 3 , 2 ) x  Z(5 , 2)) X Z(7, 3).

9
mod (3, 5 ;—),  2 times,

((O ,a+3 ;O) , (a,O;0), ( a + l ,O;3), (a ,P :2) , ( a + 1 ,a;5), (a ,~3+2;4),

(a + 1,3+2;1)> mod (3,5;7), a 0 , l , j 3 0 , l .

L.~ ~~- . .  ---- - -—~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -  - - ---- -- - -—- - - - -- - —
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15€ RT(7 , 3). X = ( Z ( 3 . 2) x Z ( 5, 2) ) x Z( 7, 3) .
9 = ( ( 0, 0; 0), (0, 0; 0), (0, 0; 1), (0,0; 2), (0, 0; 3), (0.0 ; 4), (0, O ;5 ) )

mod (3 , 5: —), 3 times ,

((O,O:O),(0,O;a),(I,Ø;a+1),(0,0;a+2),(l, l; a+3),(0,2;a+4),

( 1 , 3 ; a + 5 ) ) mod (3 , 5; 7) ,  a 0 ,1 5.

20 E T(7 ,2). X (Z( 19 , 2 ) U { o o }) X Z(7 , 3) .
9 ((oc;O), (cc;O), (eo ; 1) , (o o ; 2) , (o o ; 3) , (c o; 4 ) , ( o o ; 5 ) ) , 2 times ,

((c°;0),( l Oa + 2;O) , ( l ~~~+ 2;3) ,( l~~~+8 ;2) ( I O a + 8 5) (l~~~+ l 4 J )
( l 0a+ 14; 4) > m o d ( I 9 ; 7 ) ,  a = 0 , l ,

((O;O), (9a ;4 13),(9a+1 ;4f3+3) ,(9a+6;4 f3+2), (9a+7 ;43+5) ,
(9a + 12;4 1 1+ 4), (9 a+1 3;4 13 +1 ) ) m o d ( 1 9 ; 7) ,  a 0.1. 13=0, 1.

20 E T( 7, 3) . X = ( Z ( l 9 , 2) U ( c c ~~ X Z ( 7, 3) .
9 = ((cc ; 0), (cc :Q), (cc ; 1), (cc ; 2), (cc ; 3), (oo ;4) , (cc ; 5)) , 3 times ,

mod( 19 ;7) , p = 6 , 14 , 16 ,
((O ;O) , (2a + 913;0),(2a+ 9f3+I ;3) , (2a+ 9J3+6 ;2) , (2a÷ 9 13+7 ;5) ,

(2a + 9 13+ 12;4),(2a+ 9 13+1 3; I ) ) m od( l9 :7) ,  a 0 . l . 2 , 1 3 0, l.
For r = 30 we make use of the resolvable transversal design RTE 8, A; 4],

A >  I . Deleting 2 points from one of the groups we obtain
30€ GD({7, 8), A, (2 , 4)). Further we apply Theorem 3.2 and observe
that {7,8)C RT(7, 1) and {2,4}C T(7 , X). Consequently, 30€ T(7 , A)
f or A > 1 .

For r = 60 we make use of T[8, 1 ; 8] and delete 4 points from one of
the groups. We obtain 60E GD({7 , 8), 1, (4, 8)). Apply again Theorem
3.2 and observe that (7 , 8) C RT(7 , 1) and (4 , 8) C 1(7 , A), A >  1. Con-
sequently , 60 E T( 7, X) for X > - l .

With the help of Theorem 3. 1 l the following — most useful — lemmas
are easily proved in the same way as Lemma 3. I I  and Lemma 3.1 2.

Lemma 3.22. I f X >  I , k~~ 7 a n d r E B ( k , X),  then kr E B(k , X) .

Lemma 3.23. If A >  1, k ~ 7 and r + 1 E B(k , A), 1/zen k r + I  E B(k . A) . 
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4. Auxiliary designs

4. 1. Genera l auxiliary designs

I f u = q is a power of a prime , then some BIBD’s may be easily con-
structed with the help of Galois fields GF(q). Let x be a primitive mark
of GF (q)  satisfying the equation f(x ) = 0. To shorten the notation we
shall denote a Galois field GF(q ) with f ( x ) = 0 by GF(q, f(x) = 0) (see
Notation , Section 1.5). Further we shall denote by f  (a , b )  the greatest
common factor of a and b.

The Lemmas 4.1—4.4 are generalizations of observations made ori-
ginally by Bose [2].

Lemma 4.-i. If q is a prime-power and f  = (q — I , k) ,  then q € B(k. k(k — 1 ) /f ) .

Proof. Let d = (q — 1)/f  X = G F (q ,f (x )  = 0).
• 

~13 = < a , a+1 ,..., a — i + k/f , a+d , o + d + l  
a + ( f — 1 ) d , a + ( f — 1 ) d + 1 , ..., a + ( f — 1 ) d — 1 + k / f ) modq,
a 0 , l , ..., d — l .

Lemma 4.2. If q isapri ,ne-power a n d f =  (q — 1 , k — 1), then
q E B(k , k(k — 1)/f).

Proof. L e t d =  (q — 1)/f  X GF (q, f (x) 0) .
C13 (O, a ,a + 1 , ..., a _ 1 + ( k_ 1) / f , a +d , a + d + 1 , . ., a + d _ l + ( k _ l) / f ,

..., a + (f — 1 ) d , a + ( f — 1) d + 1 ,...,c s + (f — 1 ) d — 1 + ( k — l ) f )
mod q, a 0 , I , ..., d — 1 .

Lemma 4.3. If q is a power of an odd prime , k is odd and f  (q — 1, k),
then q € B(k, k(k — I ) / 2 f ) .

Proof. Let d = (q — 1 ) /f X = GF (q,f ( x ) = 0).

a + ( f — 1) d , a + ( f — l ) d + I ,...,a + ( f — l ) d — l + k / f mod q,

Lemma 4.4. If q is a power of an odd pri me, k is even and f  (q — 1 , k — I) ,
then q E B(k , k(k — 1)12 1). 
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Proof. Let d ( q — l) / f  X G F ( q ,f (x) 0).

~~=<O ,a,a +l , ..., a — l + ( k - - l) / f , c r + d + l , ..., a + d — l + ( k — 1 ) / f ,
a + ( f — l) d , a 4- ( f — 1) d + 1 , ..., a + ( f — l ) d — l + ( k -- 1 ) f f > m o d q.
a 0 , l , ...,~~d — 1 .

Further, by taking the complement of each block we obtain the follow-
ing almost selfevident lemma:

Lemma 4.5. If 2 ~~ k ‘~ v — 2 and i f v  € B(k, A), then B [ v—  k. X ’ ;v]  exists,
where A’ = X(v — k)  (v — k — l) / ( k ( k  — 1) ) .

Mullin and Stanton [22] proved:

• Lemma 4.6. If both B[ k , A ; uJ and B[k + 1, r — A ;  uJ exist, where
r — X ( u — 1) / ( k — l ) , then alsoB [k +l ,r ; u + l] ex is t s .

Proof. X = 1(u) U (cc). ~13 = blocks of 8[k , A; u]  on 1(u) with the poin t cc

adjoi nt to each block and blocks of B [ k  1-1 , r— A;u ] on 1(u).

From Theorem 2.1 and Lemma 2.12 follows:

Lemma 4.7. J f k — l i s a prime-power , then ( k — 1 ) k E  GD(k , l , k — l ) .

From Theorem 2.2 and Lemma 2.12 follows:

Lemma 4.8. J f k  is a pr une-power, then (k — 1)( k + 1) € GD(k , 1, k — 1).

4.2. Special auxiliary designs

Lemma 4.9. {6,8)C GD(3, 1 ,2).

Proof. Follows from Lemmas 4.7 and 4.8.

Lemma 4.10. ( 12, 15) C GD(4, 1, 3).

Proof. Follows from Lemmas 4.7 and 4.8.

_ _  _ _  . _ —~-~ ~- - --~~~~- - ~~——-- ,- - - - . _ - _ _ • - . . - —-- ,-•• . . . .
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Lemma 4.11. {20, 24}C GD(5, l , 4).

Proof. Follows from Lemmas 4.7 and 4.8.

Lemma 4.12. If q is a power of an odd prime, then 5q E GD(5 , 2, 5)
and 5q € B(5 , 2) .

Proof. We prove Sq E GD(5 , 2, 5). Let d = ~(q — 1).
X Z(5 , 2) X GF(q,f(x )~~0).
9 ((O;0),(0;a),(0;a+d),(2;a+l),(2;a+d+l)) mod (5;q),

a 0 , l , ..., d — l .
Sq € B(5 , 2) follows from Lemma 2. 10.

Lemma 4.13. If q 1 (mod 4) is a prime-power . 1/zen Sq € GD(5 , 1, 5)
and 5q E B(5 , l) .

Proof. We prove Sq € GD(5, 1, 5). Let d = ~(q — 1).
X Z(5 , 2)X GF(q,f(x) 0).

= <(0:0), (0;a), (0;a + 2d) ,  (2;a +d) ,  2;a +3d)  mod (5 ;q),
a = 0, 1, ..., d — 1 .

Sq E B( 5 , 1) follows from Lemma 2.10.

Lemma 4.14. {40, 44} C GD(5 , 1, 4).

Proof. We prove 41 E B(S , I ). X Z(4 1 , 6).

~ (2a , 2a+8 , 2 a+ l6 , 2a +24 , 2 a +32 > mod4l , a = 0 , 1.
45 € B (5 , 1) holds by Lemma 4.13. Further apply Lemma 2.12.

Lemma 4.15. (10, 12} c GD(5, 2, 2).

Proof. 10€ GD(5, 2, 2) follows from Theorem 3.11 and Lemma 3.1.
12 E GD(5, 2, 2). X = Z(2)  X (Z( 5, 2) U (cc)).

• 9 =((O ;co ), (Ø;0), (O;2), (0; l), (O;3)> mod (2;5),
• ((0; 0), (0; 0), (0; 1), (0; 2), (0; 3)) mod (2;—).

Lemma 4.16. If q isa p ower of  an odd prime, then 4q € GD(5, 5, 4)
and 4 q + l € B ( 5 , 5).
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Proof. We prove 4q € GD(5, :, 4). Let d~~ (q—l).
X GF(4 , x 2 x + l ) X G F ( q . f ( i~~~

(
~i.

9 ((0:O),(0;a),(0;a+d),(1;a+l),(l:a+d+1)) mod (4;qI,

<(0; O)~ (O ;a), (O : a +d) ,  (0 :a+ l ) , ( l : a  + d+ 1)) mod (4;q) ,
a 0 , l , ..., d — l .

4q + I € B(5 , 5) follows fro m Lemma 2. 11.

Lemma 4.17. (8, 14, 32) C B({5 , 6), 5).

Proof. 8 E B((S , 6), 5). X = Z (2)  x Z(4).
= ((0’, 0’), (0’. 1’), (0’, 2 ’), (1’ , 0’), ( 1’ , 1’)> mod (— , 4),

((0’ , 0’), (0’, 3’) ,( l ’, 0 ’),( 1’ , l ’ ) , ( l ’ , 2’) )m od (— , 4),
(( 0’, 0’), (0’, 1’), (0’, 2’), (0’, 3’), ( l ’,a ’), (I’ , (a+ 2)’)) mod (2, — ) .

a 0 , 1.

I 4 E B ( {5 , 6}, 5) . X Z( l3 , 2) U {co} .

~ (co ,O, 2, 5, 8, 1 I)m o d  13,
(Ø, a , a + 3 , a + 6 , a+ 9 ) mod l3 , a 0 , l.

3 2€  B ( { 5 , 6}, 5 ) . X Z(3 1 , 3) U (oo}.
C~~~~~~( o c 5 1 1  17 23 ‘9) mod3 l

(0, 3, 10, 13, 20, 23) mod 31 ,
<a , a+6 , a+ 12, a+1 8 , a+ 24) mod 31 , a =0 , 1, 2, 3, 4.

Lemma 4.18. 14€ GD(5 , 10 , 2).

Proof. X Z (2) X Z(7 , 3).
9 <(Ø;Ø) , (Ø;a) , (O ;a+3), (0; a+ l) , (0;a+4)) mod (2 ;7) ,  a 0 , l , 2 ,

((Ø ;a) ,(Ø ;a+ 1), (Ø ;a+3) ,(Ø ;a+4) ,(0; Ø)) mod (2;7 ) ,  a = 0 , 1, 2.

Lemma 4.19. If q 1 (mod 6) is a prime-power , then Sq € GD(6 , 2, 5)
and 5q+1EB(6 , 2).

Proof. We prove 5qE GD(6 , 2, S). Letd .~( q — l ) .
X = Z ( 5, 2) X GF(q, f ( x ) 0).

~ (Ø, a), (O, a+3d), (13, a +d), (13, a+4d) , (/3+2, a+2d) , (13+2 , a+ 5d)>
mo d( 5 ,q), a 0 , l , ..., d — 1 , 1 3 0, 1.

Sq + I E B (6,2) follows from Lemma 2.11.
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Lemma 4.20. 30€ GD(6 , 1, 5).

Proof. Follows from Lemma 4.7.

Lemma 4.2 1. (35, 45, 50,60,65) C GD(6 , 2 , 5) .

Proof. 35 E GD(6, 2 , 5) follows from Lemma 4. 19.
45 e GD(6 , 2, 5). X = i(S) X GD(9 , x2 = 2x + 1).

mod (—;9 ),  a 0, l 7.
Change the notation of X to X = /(5) x (Z(3 , 2) X Z(3 , 2)).

= (( 1’ ; 0, 0), ( 1 ’ ; 0, 0), (2 ’ :O, 0), ( 2 ’. 1 , 0), (3’ ;O , 1), (3 ’ : I , 1)) mod (— ;  3, 3),
(( 1’ : 0, 0), ( 1 ’; 0, 1), (2 ’ : 0, 0), (2 ’ : 0, 0), (4 ’; 1 ,0) , (4’ ; 1 , 1) ) mod (— ;3 , 3),
( ( l ’ :O, O) ,( l ’:0 , 0), (3’:O, 0), (3’:0,O), (4’:O, l), (4’:O , 1)) mod (—;3 , 3),
((2 ’ ; 0, 0), (2 ’: 0, 1), (3’ : 1,0), (3’: 1, 1), (4’; 0, 1), (4’; 0, 0)) mod (— :3 , 3),
‘( 1’ ;O, O),( l ’;O, Q), ( l ’ ;O , o) , (j ’ ;O , O) ,(I ’: 1, Ø), ( 1’ ; 1 , 0)) mod ( — ;—;3) ,
(( 2’;O, 0), (2 ’ ;O, 0), (2 ’ ;O, I) , (2’ :O , 0), (2 ’ ;O , 0), (2 ’ :O , 1) ) mod (— :3; — ),
<( 3’;Ø, 0), (3’;O, 0), (3’ : 0, 0), (3’;O , 1), (3’ ; 1, 1), (3’: 1 ,0)) mod (— : —:3),
(( 4’; O;O), (4’;O, 0), (4’;0, l) , (4’;0 , O), (4 ’; l , 0), (4’; 1, 1)) mod ( — : — , 3),

50€ GD(6 , 2, 5). X = Z(5 , 2) x Z( 10).
9 ((0:0’), (0; 1’), (0; 2’), (0;3’), (2 :5 ’), (3:6’)) mod (5: 10),

<(0 : 0’), (0:2’), (0: 6 ’) ,  (0; I ’), (0; 8’), (3 :3’)) mod (5: 10),
((0; 0’), (0: 5 ’), ( 1: 1’ ), ( 1; 4’), (2: 2’), (3 : 8’)) mod (5; 10).

60 € GD(6 , 2, 5). X Z( 5, 2) X  (Z( 1 1, 2) U (co}).
9 ((0;cc), (0;9) ,(2a :4), ( 2a+ 1;0), ( 2 a+ l :0) , ( 2a+2 :6) ) mod ( 5 ; l l ) ,

a = 0, 1,
((Ø;O), (O; 1), (O ;4) ,(2 a; 7),(2 a;8), ( 2 a+3;2) ) mod( S ; l l ) ,  a 0 . l .

65 E GD(6 , 2, 5) follows from Lemma 4.19.

Lemma 4.22. {35 , 40) C GD(6 , 3, 5).

Proof. 35 E GD(6 , 3, 5). X = Z(5 , 2) X Z( 7, 3).
9 ((Ø;0),(O;2),(O;4),(2a;O),(2a+1;1),(2a+3:5) mod (5:7). a 0 , 1.

((00),(03),O 2),(l~5),(3, 1),(3 4)) mod (S;7).

_ .. --- 
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40 E GD(6 , 3, 5). X = Z(5,  2) X GF(8, x3 = x + 1).

0, 1, ..., 6 ,
((O;O), (O;a+ 5), ( O ;a+ 6) , (2 ;a ) , ( 2 ; a+ l ) , ( 2 ;a+ 3) )mod ( 5 ;— ) .

a = 0, 1, ..., 6,
<(0; 0)~ (0 ;a+3), (I ;a+2),  (1 ;a+6 ), (3 ;a), (3 ;a+l) )  mod (5; — ),

a 0 , l , ..., 6.

Lemma 4.23. ( 18, 2 1 , 24) C GD(6 , 5, 3).

Proof. 18 € GD(6, 5, 3) follows from Theore m 3.11 and Lemma 3.1.
21 € GD(6 , 5, 3) . X = Z(3 , 2) x Z(7 , 3).
9 =< ( a ; O), (a ; 2), (a ; 4), (a+1 ; 1), (a+l ;3) , (a+ 1:5) ) mod (3 :7), a =0. 1 ,

<(0; 0), (0; 3), (0: 1), (0; 4), ( 1: 2), (1 ; 5)) mod (3; 7).

24 € GD(6 , 5, 3). X = Z(3 , 2) X (Z( 7, 3) U (cc )).
9 <(a ;oe), (O ;l) , (O;3), (O;5), (O ;2a+2) , ( l ;2 a+4 ) )mo cj (3 : 7), a = O , 1,

((Ø;co), (Ø; 1),(O;3),(O;5),(o;o),(1;2)) mod (3;7),
((0; 1),(0;3),(0;5),(l;0),(1;2),(l;4)) mod (3:7).

Lemma 4.24. 48€ GD(7 , 1, 6).

Proof. Follows from Lemma 4.8.

Lemma 4.25. (42 , 54) c GD(7 , 7, 6).

Proof. 42 € GD(7 , 7, 6) follows from Theorem 3.11.
54€ GD(7 , 7, 6) follows from Lemma 2.16 , 9 € B(8 ,7) by Lemma 4.1

and 48 € GD(7 , 1, 6) by Lemma 4.24.

Lemma 4.26. If q >  7 is a power of an odd prime , then 7q e GD(7 , 3, 7).

Remark. More generally, if k 3 (mod 4) is a prime-power and q k is
a power of an odd prime, then kq € GD(k , ~(k — I) ,  k) . 

-~~~~~~~~~~~~~~~~ _ -
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Proof. Let d }(q— l) .
X = Z(7 , 3) X GF(q, 1(x) = 0).
9= ((0; 0), (0 ;a), (0;a+d), (2; a+ 1) , (2 ; a +d+ 1), (4 :a+ 2), (4;a+d +2))

mod ( 7 ,q), a 0 , 1, ..., d — 1 .

Lemma 4.27. 49 E GD(7 , 1, 7).

Proof. Follows from Theorem 2.2.

Lemma 4.28. (56 , 63) C GD(7 , 6, 7).

Proof. 56 € GD(7 , 6, 7) follows from Lemma 2.16, 8 € B(7, 6) by Lemma
4.1 and 49€ GD(7, 1, 7) by Lemma 4.27.

63 € GD(7 , 3, 7) follows from Lemma 4.26.

Lemma 4.29. ( 14, l6} c GD(7 , 3, 2).

Proof. 14€ GD(7, 3, 2) follows from Theorem 3.11.
16 € GD(7 , 3, 2). X = Z(2)  X (Z( 7, 3) U (cc)).
9 ((O; co) , (O; O), (O; 2) , (O;4) , (O; l), (0;3), (0;S)) mod (2 ;7),

((0;0), (0;0), (0; l), (0;2), (0;3), (0;4), (0;5)) mod (2;— ).

5. Necessary and sufficient conditions for BIBD’s

In this section we shall prove that the necessary condition of Theorem
1.1 is also sufficient for the existence of BIBD ’s B [ k , X; u J with k = 3,4,5
and every A with the exception of the nonexisting [ 9 , 1 5]  BIBD , B [5 , 2; 151.
Further we shall prove that this condition is sufficient for the existence
of BIBD’s with k = 6 and A >  1 with the exception of the nonexisting

• [9 ,151 design B[ 6 , 2,211, and also for the existence of BIBD’s with
• k 7 a n d X 6, 7 and 42.

In the proof of the relevant lemmas and theorems extensive use will be
made of the Lemmas 2.1 , 2.2, 2.3, 2.7 , 2.10, 2.11 , 2.18, 2.19, 2.20, 2.22 ,
3.1, 3.2, 3.5, 3.11 , 3.12 and of the Theorems 2.1 , 2.2, 3.1 oft en without
mentioning them.

I
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5 1.  BIBD ’s with block-size 3

Lemma 5.1. Ifu 0 or 1 (mod 3), then ii € GD({3,4}, l ,M 3), where
M 3 = {1 , 3,4, 6, 7, 19} .

Proof. According to Lemma 3.13 with t = 1, s = 3, r~ 0 or 1 (mod 3), it
may be checked that if u ~ 21 , then there exists (use Theorems 3.1 and
3. 10) a transversal design T[3+ 1, 1 ; r] such that r E 0 or 1 (mod 3) and
one of its groups can be truncated to obtain 3r + r1 = u. Evidently also
r1~ 0 or I (mod 3) . Further apply Lemma 2.22.

For u < 21 use the truncated transversal designs T[3 +1 , 1; r I as follows:
for 9~~ u~~ l2 , r 3 , for 13~~ u~~ l6 , r 4 a n d f o r u 18, r 6 .

Lemma 5.2. For every positive integer u, u € GD({3, 4), 1, M )  holds,
where M~ — { l , 2,..., 8}.

Proof. According to Lemma 3.13 with t = 1, s = 3, it may be checked
that if u ~ 9, then there exists (use Theorem 3.1) a transversal design
T[3 + 1, 1; r] such that one of its groups can be truncated to obtain
3r+r 1 u.

Lemma 5.3. For every integer u ~ 3, u E B(K 3, 1) holds, w/zere
K3 = (3, 4, 5, 6, 8).

Proof. According to Lemma 3.13 with t = 1 , s = 3, D = (2), it may be
checked that if u ~ K’3 = (5 , 6, 7, 8, 11 , 14, 17 , 23), then there exists
(use Theorems 3.1 and 3.10) a transversal design T[3 + 1, 1; r]  such that
one of its groups can be truncated to obtain 3r + r 1 = u and r # 2 * r1.
By Lemmas 2.22 and 3.9, it follows that u E B(K~ U (3 , 4), 1). It remains
to prove that if v ~ (7 , 11 , 14, 17 , 23) , then u E B(K 3, 1). 7 €  B(3 , 1)
follows from Lemma 4.3.

l i E  B( (3 , 5),  1). X I(2) X Z(5, 2) U ((co)}.

C)3 = < (cc), (0’, 0), (1’ , 0)) mod (— , 5) ,
((0’, O) ,(1’ , a),( 1’, a+2 ) )  mod (— , 5) , a = 0, 1,
((0’, 0). (0’, 0), (0’, 1), (0’, 2), (0’, 3)).

~ 

. ---.-- --- -~~ - .- . -~ 
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14€ B((3 , 4, 5), 1). X = GF(4 , x 2 x + l ) X  Z(3, 2) LJ {(ac~): I = 0, 1) .
= <(co n) , (°°~~), (0, O), (O, 0),(O, 1)) ,

<(oc O), (a , O), (a , 0), (a , 1)) , a = 0, 1 , 2,
( (ec 1), (a ,O) , (a+ 1 , 0), (a+2 , 1)> , a 0 , 1, 2,
((0, 0), (0, 0), ( 1 , 0), (2 , 0)) mod (— , 3),
((0, 0), (a , 0), (a+2,  I ) )  mod (—,3), a = 0, 1, 2.

17 E B({4, 5 ) ,  1). Lemma 3.12 and 4 E T(4, I) .

23 E B({3 , 5} , 1) .X= I ( 2) X Z ( i l , 2) U { (cc) } .

~ Blocks ofB [(3 , 5}, 1:1 11 on (0’}X Z( l l ) , as above ,
((00), (0’, 0), (1’ , 0)) mod (— , 11),
(( O’, O), (l ’, a), ( 1’ , a+ 5) )  mod (— , 11) , a = 0, 1, 2, 3, 4.

Lemma 5.4. If u 1 or 3 (mod 6), then v € B(3 , 1)  holds.

Proof. Let u = 2u + 1, where u 0 or 1 (mod 3). By Lemma 5.1 ,
u e GD((3 , 4}, 1, M 3). By Lemmas 2.26 and 4.9, it suf fices to show that
u = 2p + 1 € B(3 , 1) for every p € M 3. This is done in Table 5.1.

Lemma 5.5. If U 1 (mod 2), then v € B(3 , 3) holds.

Proof. Let u = 2u + 1, where u is a positive integer. By Lemma 5.2 ,
u E GD((3, 4}, l , M ’3). By Lemmas 2.26 and 4.9 , it suffices to show that
v = 2~I + I E B(3 , 3) for every p € M ’3. For p 0 or 1 (mod 3) this is al-
ready proved in Le na 5.4, and for other values of p, namely
p E ( 2, 5, 8), we have u~~ (5 , 11 , 17}C B(3, 3) by Lemma 4.3.

Lemma 5.6. If v 0 or I (mod 3), then v E B(3 , 2) holds.

Table 5.1.

M v 813, 1;uI

1 3 Trivial
3 7 Lemma4 .3.
4 9 Theorem 2.2.
6 13 Lemma 4.3.
7 15 Lemma 2.17 and 7 E B(3, 1) as above .

19 39 Lemma 2.l7 and I9EB (3 , l )by Lemma4 .3 .

I
-

~ 

~ . -,-—- _
~~ _ _  ~~-—----~~ ~~- . 



-

H. Hanani /Balancecj incomplete block designs 291

Proof. By Lemma 5.1 , U € GD((3 , 4), 1 , M 3) and by Lemma 2.23 ,y E  B(M ~, 1). By Lemma 2.6 , it suffices to show that p e B(3 , 2) for
every i.~ E M 3. For is I or 3 (mod 6) this follows from Lemma 5.4 ,
and for other values of ~s E M 3, namely for p E (4 , 6}, we have:
4€  B( 3, 2) by Lemma 4.

6 E B ( 3 , 2) .X = Z ( 5, 2) U {ec).
c~ (oo , 0, 2) mod 5, (0, 0, 2) mod 5.

Lemma 5.7. For every integer u> 3, U E 8(3 ,6) holds.

Proof. By Lemma 5.3 , U E B (K 3, 1) and it suffices to show that
U E 8(3, 6) for every u ~ K3. For u I (mod 2) this follows from Lemma
5.5 and for y n  0 or I (mod 3) this follows from Lemma 5.6. It remains
to show that 8 E 8(3, 6) and this follows fro m Lemma 4.1.

Theorem 5.1. Let A and U> 3 be positive integers. A necessary and suf-
f icient condition for the existence of a BIBD B[3 , A; UI is tha t

A(u — l ) E  0 (mod 2) and AU(U — I )~~ 0 (mod 6).

Proof. The necessity follows from Theorem 1.1. To prove sufficiency
we note that A determines the values of u for which the condition of thetheorem is satisfied. By Lemma 2.3 , it suffices to consider only those
values of A which are factors of 6 and we obtain

f o r X =  1, U~~ I or 3 (mod 6),
for X 2, U~~ Oor I (mod 3),
f o r X = 3 , U~~~ I (mod 2),
for A = 6, every u.

In all these cases the existence of the relevant BIBD ’s is proved in Lem-
mas 5.4, 5.6, 5.5 and 5.7, respectively.

5.2. BIBD ’s with block-size 4

Lemma 5.8. If u 0 or I (mod 4), then u € GD({4, 5), 1, M 4) , where
M 4 = ( 1 , 4, 5, 8, 9, 12, 13, 28, 29) .

- -
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Proof. According to Lemma 3.13 with t = 1, s = 4, r 0 or 1 (mod 4), it
may be checked that if a>  52 , then there exists (use Theorems 3.1 and
3.10) a transversal design T [4+l , I ; r ]  such that by trunca ting one of
its groups, 4r + r 1 = u is obtained. Evidently r 1 0 or I (mod 4). Further
apply Lemma 2.22.

For u ~ 49 use the truncated transversa l designs T[4 + 1, 1; r J as follows:
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for

• 41 ~ u~~ 45 , r 9, and for 48~~ U ~~ 49, ‘ 12 (Lemma 3.21).

Lemma 5.9. For every positive integer u, a E GD({4 , 5), 1, M ’4)  holds.
ivhere M~ = ( 1 , 2, ..., 15 , 26, 27) .

Proof. According to Lemma 3.13 with t = 1, s = 4, it may be checked
that if u > 28, then there exists (use Theorems 3.1 and 3.10) a trans-
versal design T(4 + 1, 1; rJ such that one of its groups may be truncated
to obtain 4 r + r 1 u. I f u <  27 , use for l6~~ u~~ 20 the truncated
transversal design 1(4 + 1, 1; r ]  with r = 4 and for 21 ‘~~ u ~~ 25 , r 5.

Lemma 5.10. For every integer U >  4, u E B(K 4, I )  holds, where
K4 = (4 , 5,..., 12 , 14 , 15, 18 , 19 , 23 , 27 ).

Proof. According to Lemma 3.13 with t = I , s = 4, D = (2 , 3), it may be
checked that if U >  68, then there exists (use Theorems 3.1 and 3.10)
a transversal design T[4 + 1, 1; rj  such that one of its groups can be
truncated to obtain 4r + = v, further make use of Lemma 3.9. For
U 13 and v 31 , 13€ B(4 , l ) and  3 1 €  B(6 , 1) follows from Theorem
2.1. For t’ = 22 we have:
22€ B({4 , 7), 1). X Z(3 , 2) X Z(7, 3) U ((cc )).
C) 3 = ((cc ), (0,0), (0, 0), (1 , 0)) mod (— , 7),

<( 0, 0), (0, 0), (0, 2), (0,4)) mod (— , 7),
( (Ø , 2a) , (0 , O), ( 1 , 2a + 4 ) , (l , 2a + 5) )  mod (— , 7), a = 0,1,2,
(( 0, 0), (0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5)).

For other values of u we apply Lemma 3.9 with t = 1 and choose in-
tegers r and s as specified in Table 5.2.

Lemma 5.11. If U E  1 or 4 (mod 12), then U €  B(4 , I)  holds.

I 
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Table 5.2 .

U P S u P 5

16— 17 4 4 36—40 8 4

• 20—21 5 4 4 1—45 9 4
24—25 5 4 46—48 8 5
26 5 5 49— 55 11 4
28—29 7 4 56—65 13 4
30 5 5 66—67 11 6
32— 35 7 4

Table 5.3.

~A u B(4 , 1;u l

1 4 Triv ial
4 13 Theo rem 2.1.
S 16 Theorem 2.2.
8 25 X GF(25 , x 2 = 2x + 2).

‘~ = ( Ø , 2o, 2a+ 8.2 a + 16>mod 25, c 0 , 1.
9 28 We prove 27 E GD(4 , 1, 3), X = Z ( 3 , 2) x GF(9 ,x 2= 2x + 1).

? =( (0; ~~) ,(0;a+ 4),( 1 ,~~+ 2), ( 1;a+ 6)) mod (3;9 ), a 0 , 1.
12 37 X=Z(37 ,2).

‘~~~(Ø, 12a , 12o+ 11 . 12~a+1 4 > mod 37 . o~~0,1,2.
13 40 Lemmas 2.17 , 4.10 and 13 a 8(4 , 1) as above.
28 85 Lemmas 2.17 , 4.10 and 28 e B(4 ,1) as above.
29 88 By Theorem 2.1 , 21 aB(5 , 1)and by Theorem 3.3 , 21 a T(4 , 1).

Apply Lemma 2.15 and 25 EB(4, 1) as above.

Proof. Let u = 3u + I , where a a 0 or 1 (mod 4). By Lemma 5.8,
u € GD({4, 5) , ! , M 4). By Lemmas 2.26 and 4.10, it suffices to show
that u = 3p + 1 € B(4, 1) for every p E M 4. That is done in Table 5.3.

Lemma 5.12. If t’ a I (mod 3), then t’ € B(4 , 2) holds.

Proof. Let v = 3u + 1, where u is a positive integer. By Lemma 5.9,
u E GD((4 , 5) , 1 , M’4). By Lemmas 2.26 and 4.10, it suffices to show
that v = 3p + 1 E B(4 , 2) for every p E M~. For p a 0 or I (mod 4)
this follows fro m Lemma 5 . 1 1 ;  for other values of p E M~ the solution
is given in Table 5.4.

L -.~~~~~~~~~~~~~~~~~~~~~ - - - .~~~~~ ---- - -~~~- - —
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Table 5.4.

js u B[4 , 2 ;u J

2 7 Lemma 4.4.
3 10 X= I (2) x Z(5 , 2).

~ ((0 ’, ø) , (1 ’,~ ) , (a ,~ ) ,( a , o+ 2) > mo d (— ,5), c 0 ,1,
• . ((0 , 0), (0 ’, 2),( 1 , 1) , ( 1 , 3) ) mod (— , 5).

6 19 Lemma 4.4.
7 22 Lemma 2.17 and 7 a 8(4, 2) as above.

.10 31 Lemma 4.4.
11 34 110B(5 , 2).X=Z( 11 ,2). 15 <0 , 2, 4 , 6, 8 > m o d l l .

Further use Lemma 2.17 and 16 EB(4 , 1)by Lemma 5.11.
14 43 Lemma 4.4.
15 46 We prove 45 a GD(4 , 2, 3) and apply Lemma 2.11.

X=Z(3,2) x (Z(3 , 2 ) x  Z(5, 2 )).

~

n 0 ,1, i 3 0 ,1,
((O;O,O),(O;0,O),(0;1,n),(0;1,a+2p mod (3;3 ,5), a= 0, 1,
((Ø ;Ø , 0), (Ø;O, 2), (O ;O , 1), (Ø;0 , 3) mod (3;3,5).

26 79 Lemma 4.4.
27 82 We prove 81 aGD(4, 2, 3) and apply Lemma 2.11.

X = Z(3,  2) x GF(27 , x3 = x + 2).
= ( ( O; °), (ø ; ~ -~ 13), (0 ;o+1), (0 ;a-s- 14)>mod (3;27), o = 0, 1 12 .

Table 5.5.

v B14 , 3; u I

5 Lemma 4.1.
• 8 Lemma 4.6,7 ~~B(3 , 1)by Lemma 5.4 and 7 OB(4 , 2) by Lemma 5.12.

9 Lemma 4.1.
12 X Z(11 , 2) u ( ~’}.

~a (°‘,O, 1,9 mod 11,
<o., c+ 1, a+S ,c+ 6) mod 11, ~ =0 , t.

29 Lemma 4 . 1.

Lemma 5.13. ff  v~ 0 or 1 (mod 4), then u E B(4 , 3) holds.

Proof. By Lemma 5.8, U€ GD({4 , 5}, I , M 4) and by Lemma 2.23 ,
t’ € B(M 4, I) . By Lemma 2.6, it suffices to show that v € B(4 , 3) for
every t’ E 1114 . For ti I or 4 (mod 12) this follows from Lemma 5.1 1;
for other values of U E M 4 this is proved in Table 5.5.

I -

I
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Table 5.6.

U B(4 , 6; uJ

• 6 Lemma 4.5 and 6 a B(2 , 1) trivially.
11 Lemma 4.1.
14 Len ’ 4.6, 13 a B(3 , 1)by Lemma 5.4 and 13a8( 4 . 1 ) b y  Lemma 5 .1 1.
15 X ~3 , 2)X Z(5,2) .

~ ((0, a), (0~a+2) , ( 1, o+ 1) ,(1 , c+3 ) > mod (3 ,5) , , a =0 , 1.2 , 3, 4 ,
((ø ,~ ), (0,13),(0,ø),( 1 ,G)) mod (3 , 5), ~~ 0, 1.

18 X = Z ( 1 7 , 3) u

~ ( , 4a+2 , 4a+3 .4o+ 4) mod 17 , a 0 ,1,
<~,a + 4 ,~~+8 ,~~+ 12)mod 17, ~1 0 , 1 6.

23 Lemma 4.1.
27 Lemma 4.1.

Lemma 5.14. For every integ er U >  4, i.’ € B(4 , 6) holds.

Proof. By Lemma 5.10 , it suffices to show that U E B(4, 6) for every
U E K4 . For t’ a I (mod 3) this is proved in Lemma 5.12 and for
t ’a  0 or 1 (mod 4) this is proved in Lemma 5.13. For other values of
t’ E K4 time proof is given in Table 5.6.

Theorem 5.2. Let A and v> 4 be positive integers. A necessary and suf-
f icient condition for the existence of a BIBD B (4 , A; u~ is that

X(v — I ) a  0 (mod 3) and Xu (v — I ) m  0 (mod 12).

- - Proof. The necessity follows from Theorem U. To prove sufficiency
we note that A determines the values of u for which the condition of
the theorem is satisfied. By Lemma 2.3, it suffices to consider only
those val ues of A which are factors of 6 and we obtain

fo rA= I , u~ I or 4 (mod 12),
forX 2, vm 1 (mod 3),
for X~~3, u m O o r l (mod 4),
fo rA 6, every U.

In all these cases the existence of the relevant BIBD’s is proved in
Lemmas 5.11 , 5.12 , 5.13 and 5.14 , respectively.
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1 5.3. BIBD ‘s wit/i block-size 5

Lemma 5.l5. If u a  Oor I (mod 5), then u€  GD({5 , 6, 10, 1 1), 1 , M 5) ,
where M 5 = {l , 5, 6, 10 , 11, 15 , 16, 20, 21 , 31, 35, 36, 40, 41 , 45,46, 50,
51, 70, 71 , 75 , 76, 100, 101 , 105, 106, 151) .

Proof. According to Lemma 3.13 with t = I , s = 5, ra 0 or I (mod 5),
it may be checked that if a >  275 , then there exists (use Theorems
3. 1 and 3.9) a transversal design T[ 5 + 1, 1 ; r]  such that by trun cating
one of its groups Sr+ r 1 = u is obtained. Evidently, r 1 m O o r  1 (mod 5).
Further apply Lemma 2.22. For u < 275 use the truncated transversal
design T[s ÷ 1, 1; r} with values of r and s as in Table 5.7.

Lemma 5.16. i f u  Oor 2 (mod 5) and a # 7, then u E GD((5, 6}, l , M~)
h olds. where M~ = (2 , 5, 10, 12 , 15, 17 , 20, 22, 32 , 35, 37, 40, 42 , 45, 47,
50, 52 , 55 , 57 .67 , 75 , 77 , 80, 82 , 92 , 105 , 107 , 11 0 , 11 2 , 115 , 11 7 , 120 ,
122 , 132, 167).

Proof. According to Lemma 3.13 with t = l , s = 5, r 0 or 2 (mod 5),
it may be checked that if a>  335, then there exists (use Theorem 3.9)
a transversal design T[5  + 1, 1; r] such that by truncating one of its
groups, Sr + r1 = u is obtai ned . Clearly p1 a 0 or 2 (mod 5). For u < 335
use the truncated transversal design T(5 + 1, 1;rl with values of r as
in Table 5.8. It should be remembered that 12€ 1(7, 1) by Lemma 3.21 ,
and that 57 € B(8, I) by Theorem 2.1 and there fore 57 € T(8, 1) by
Theorem 3.3.

Table 5.7.

U P 5

25— 30 5 5
55— 66 11 5
80— 96 16 5

110—121 11 10
125—150 25 5
155—186 31 5
190—210 35 5
211—246 41 5
250—271 25 10

I

~~L . ~~~~.~~~~~~~~~_ _ _  . - -- -~~~~~~~~~ -- -- - — - ~--~~~- . .



H. Hanani / Balanced incomplete block designs 297

• Table 5.8.

U P U P

25— 30 5 165 32
60— 65 12 170- 192 32
70— 72 12 195—22 2 37
85— 90 17 225—240 40
95— 102 17 242—270 45

• 12 5 — 1 3 0  25 272 — 282 47
135—1 50 25 285—330 55
152— 162 27 332 57

1_emma 5.17. For every integer u> 2, a € GD({5, 6, 73, 1, M ’s) holds ,
where M ’~~ (2 , 3, ..., 24 , 26 , 3l , 32 , 33, 34, 36} .

Proof. According to Lemma 3.13 with t 2, s = S and D (1}, it may
be checked that if u > 37, there exists (use Theorems 3.1 and 3.8) a
transversal design 1(5 + 2, 1; r~j such that by truncating two of the
groups, Sr + r 1 + r 2 = a is obtained. For u < 37 use the truncated trans-
versal design 1(5 + 1, 1; rI with r = 5 for
U E (25 , 27 , 28, 29, 30), and r = 7 for u = 35.

Lemma 5.18. For every integer u)  5, u € B (K 5, 1) holds, where
K5 = (5 , 6, ..., 20, 22, 23, 24, 27 , 28, 29, 32, 33, 34, 39).

Proof. According to Lemma 3.13 with t 4, s = S and D = (2 , 3,4), it
may be checked that if v)  40, there exists (use Theorems 3.1 and 3.7)
a transversal design 1(5 + 4, 1; r] such that by truncating 4 of the groups
Sr + r1 + r 2 + r3 + r4 = v is obtained. Further apply Lemma 3.9. For
uE{2 1 , 31} we have by Theorem 2. 1, 2 1EB ( S , I ) a n d 3 l € B ( 6 , 1), and
for other values of u we apply Lemma 3.9 as follows:

forvE{2 5 , 26, 30}, t 1 , s S , r= 5;
foruE{35 ,36}, t 1 , s 5 , r 7;
foru 37, t 2 , s 5 , r 7;and
for 38, t 3, s 5, r 7.

Lemma 5.19. I f u a  I or 5 (mod 20), then t’ E B(5 , 1) holds.

I
_ _  _ _  •-- - ~~~-~• - ..• • 
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Table 5.9.

U B~5, 1;u I
• 1 5 Trivial

5 21 Theorem 2.1.
10 41 Lemma 4.14.
15 61 X = Z ( 6 1, 2).

-$ (2a , 2 a + 12 , 2a +24 ,2 a +36 , 20+ 48> mod6 l , a 0 , 1 , 2.
• 20 81 X = G F(81, x4 2 x 3 +2x 2 +x+ 1) .

~ = (7, 7 +16,7 +32 ,7+4 8 ,7+64 > mod8l , 7 = 0 , 1 , 4,5 .
35 141 X=GF(4 , x 2 = x + l ) X  Z( 5, 2 ) X  Z(7 , 3) u(~ ).

~~ = B ( 5 . 1; 21~ as above on GF(4) X Z(5 )X {i}u{(—)} , iE Z(7),
l ,2cs) ,(0, 1, 2a+3), (9. 3, 2a+ 1), ( O, 3, 2~a +4) > mod (— .5 , 7),

• c c 0 , 1, 2,
(( Ø,Ø ,Ø) ,(1 , 1, 2a), (2 , 1, 2a+ 3), (9, 3, 2~+ 1) ,(1 , 3, 2a+4) > mod (— .5 , 7),

ci 0, 1 , 2,
((1,0, Ø),(0 , 1 , 2ci) ,( 1, 1, 2ci+ 3), (0, 3 , 2a+Z ) ,  (0, 3 , 2a+4) ) mod (— , 5, 7),

a 0, 1 , 2,
((0, 0, 0), (2 , 1, 2a), (0, 1, 2a +3), (0, 3 , 2a+ 1), (2, 3 , ~~+4) > mod (— ,S, 7),

a 0, 1, 2,
((2 ,0,0 ), (0, 1, 2a ), (0, 1, 2ci+ 3), (1 ,3 , 2a+ 1). (1 , 3, 2o + 4 ) >  mod (— .5 , 7),

0, 1, 2,
(( O ,0 ,0) , (2 , 1, 2a), ( 1, 1, 2a+ 3), (1,3 , 2o+1), (0, 3, 2 a+4 )) mod (—.5 ,7),

((1 ,0 ,0) ,  (1 , 1 , 2o), (0, 1,2a+ 3),(2, 3 , 2o+1), (2 , 3 , 2ci+4)) mod (— .5 , 7),
0, 1, 2,

((2, 9, 9), (O, 1, 2a), (2 , 1, 2a+ 3), (2,3, 2ci+1), (0, 3 , 2a+4)) mod (— , 5, 7),
0, 1, 2.

40 161 X=Z(7,3) x Z(23,5).
= ((O,O),(2 a ,1l B), (2a+ 1, 11~ +4), (2ci+4,11p+ 8), (2 a+3 , 11i3+12))

mocl (7 , 23), a 0 , 1, 2 , ~~ 0, 1,
(( 0, 3),(Ø, 14),(0 ,0), (2 ,0), (4 ,0)>mod (7 , 23),
((0,0), (0, 2), (0, 6), (0, 10), (0, 14 )> mod (7,23).

41 165 I.emma 2.l7and4lEB(5, 1)as aboVe.
45 181 Lemma 2.17 and 45 EB(5 , 1)by Lemma 4.13.
50 201 Lemma 2.14 (m =40) and 41 aB(5, 1)as above .
70 281 X=Z(281,3). -

~ —< 2a,2a+56,2a+112 ,2a+168,2ci+224>mod 28l, a 0 ,1 13.
71 285 t.emma 2.15(m S6)and6lEB (5 ,1)as above.
75 301 As above 61 a B(5, 1); by Theorem 3.10,60 a T(S , 1); use Lemma 2.14.
100 401 Lemma 2.14 (m = 80) and 81 a B(5, 1) as above.
105 421 Lemma 2.14 (m =84 ), 84 a T(5, 1) by Theorem 3.10 and 85 EB (5,1)

by Lemma 4.13.
106 425 Lemma 2.13 (m = 85) and 85 a 8(5 ,1) by Lemma 4.13.

I
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= Table 5.10.

A’ U B15 .2 ; ul

37 75 We prove 75 a 00(5 , 2 , 5). ~ = Z(5, 2)  X (Z(3 ,  2) x Z(5 , 2)) .
= <(0;0.0), (0;a ,9) , (0; a+ 1 . ci + 1) , (2; c i, a+ 2), (2; a+l . ci+ 3) > mod (5;3 , S),

0, 1, 2, 3,
• (( 0;0,0),( 1;0 , 0),( 1;1,0),(3; p,p+1), (3 ;p,p+ 3) )mod (5 ;3 , 5), p 0.1 ,

(1;0, 1), (1;O , 3), (3;0, 0), (3;0. 2)> mod (5; 3,5).
45 91 Lemma 2.26 (n 45); 45a GD(5, l , S)by Lemma 4.13, 11 08 (5, 2) by Lemma

4.3 and 100 00(5, 2 ,2)  by Lemma 4.15.
55 111 X Z(3 ,2) x Z(37 , 2).

= <(0,0) , (0, 3a), (0 ,3ci+ 18) , ( l .3 a+ 3),(1 , 3 a+ 2 1)  mod (3,37), ci = 0,1,.., 5,
((G,6p +1), (0,6p+8),(O,6a+19), (O, 6p+26), (0.9)> mod (3, 37), p = 0, 1 , 2.
((0,7+4), (0,7 +16),(9,7+28) , (O, 9) , (1 ,Ø )) mod (3,37), ~ = 0. 1.

115 231 Lemma 2.16 (n 21). 11 a T(5, 1) and 2108(5,1) by Lemma 5.19; further apply
Lemma 2.13 and 11 OB(S , 2) by Lemma 4.3.

Proof. Let v 4u +1 , whereu m Oor I (mod 5) . By Lemma 5.15 ,
uE GD( (5 , 6, 10, 1 13, l ,M 5). By Lemmas 2.26 , 4. 11 and 4.14 , it suf-
fices to show that u = 4p + 1 e B(5, l) for every p E M 5. For
1.IE{6, l l , 16 , 2l , 31, 36, 46, 51, 76, IOl , 15l}we ha veuo( 2 5 , 45, 65,
85, 125, 145, 185, 205, 305, 405, 6053 and by Lemma 4.13, v E B(5 , I).
For other values of v the solution is given in Table 5.9.

Lemma 5.20. if u I or 5 (mod 10) and u * I S , then U € B(5 , 2) holds.

Proof. Let u = 2u + I , where u a o or 2 (mod 5) and u * 7. By Lemma
5.16, u € GD((5, 6}, l ,M~). By Lemmas 2.26 and 4.15 , it suffices to
show that v = 2 i.t + 1 E B(5, 2) for every p E M ~. Forp a 0 or 2 (mod 10)
this folLows from Lemma5.19;for j.t E (17 , 47 , 57 , 67 , 77 , 107 , 117 , 1673
we have (35, 95, 115 , 135, 155 , 215 , 235, 3353 and by Lemma 4. 12 ,
vEB(5,2);forp€{5,15,35,75,105}we havevE {II ,31,7l,151 ,2 l l}

• and by !.emma 4.3, V E B(5 , 2). For other values of v the solution is
given in Table 5.10.

Lemma 5.21. If ~ a I (mod 4), then u € B(5, 5) holds.

Proof. Let u = 4u + 1, where u is a positive integer. For u = I the lemma
is trivial. Foru>  2, by Lemma 5.17 , u E GD(f5 , 6, 7}, l , M ) .  By
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Table 5.11.

A’ v B[5, l0; uI

7 15 X = Z ( 3, 2) x Z(S , 2) .
= ((O,Ø) ,(0 ,o). (0. a+2),( 1,a),(l , ci+ 2)> mod (3 , 5), ci 0,1 ,2,3,

((0,0). (0, 0), (0,2), (1 , 1), ( 1 , 3)) mod (3,5),
( (0, 0),(0, 0). (0,2). (0. 0), (0, 2)> mod (3,5),
((0.0). (0, 1), (0, 2). (0, 3), (0,0)) mod (3,5).

19 39 X Z(3 ,2) x ZU 3,2).
= ((9. a). (9,a+4), (9,ci48), (0,ci+2), (1,a+6)> mod (3, 13), ci 0, 1 11,

(( 0,fi) . (0.p+4). (0,p+8), (0,O),( 1 ,O)>m od (3, 13), 0 0 ,1, 2, 3.
((0 ,0),(0, 27),(O, 27+6), (O, 27),(O, 27+6)) mod (3, 13), 7 = 0 ,1, 2.

31 63 By 9a T(7, 1) and Lemma 3.11, 63 aB((7,9}, 1); further — by Lemma 5.21 —
908(5,5) and by Lemma 4.3. 708(5, 10) .

Lemmas 2.26 , 4.11 and 4.16 (q = 7), it suffices to show that
u = 4 p + l  E B(5, 5) for everyp€ M ~. Forp m Oor I Cmod 5) this fol-
lows from Lemma 5.19; fo rp E  (2 , 3, 4, 7, 9, 12 , 13, 18, 22 , 24, 343 we
have u E (9, 13, 17, 29, 37, 49, 53, 73, 89, 97, 1373 and by Lemma 4.2 ,
o E B(5 , 5); for p C (17, 19, 233, v E (69, 77, 93) and by Lemma 4,16,
o E B(5 , 5); for pe (8, 14, 323 apply Lemma 4.17 to Lemma 2.17 con-
sidering (2 1 ,25} C B(5, 1) by Lemma 5.19 and for p = 33 we use the
obtained result 33 ( 4.8 + I) € B(5, 5) and use again Lemma 2.17.

Lemma 5.22. if U a (mod 2) and v)  5, then u e B(5 , 10) holds.

Proof. Let v 2u + 1, where u)  2. By Lemma 5.17 ,
U € GD({5 , 6, 73, 1, M ’~). By Lemmas 2.26, 4.15 and 4. 18, it su ffices
to show that u = 2p + I € B(5, 10) for every i~ € M .  For isa 0 (mod 2)
this follows from Lemma 5.21 and for p m 0 or 2 (mod 5) and u * 7
this follows from Lemma 5.20. For p e (3, 9, 11 , 13, 21 , 23, 33) we
have o C (7, 19, 23, 27, 43, 47, 67) and by Lemma 4.3, v E B(5 , 10). It
remains to prove our lemma for p E (7 , 19, 313 which is performed in
Table 5.11.

Lemma 5.23. If u a o or I (mod 5), then v C B(5 , 4) holds.

Proof. By Lemma 5.15 , u€  GD((5, 6, 10, 11), l ,M 5) and by Lemma
2.23, v C B(M 5, 1). By Lemma 2.6, it suffices to show that u € B(5 , 4)

I L
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Table 5.12.

u BjS ,4 ;uJ

6 Lemma 4.6, SE 8(4, 3) by Lemma 5.13 and 5 08(5,1) trivially.
10 X GF(9, x2 2 x + l ) u ( ~-}.

~ (~~~0,2 , 4,6)  mod 9,
(0, 0, 2, 4, 6> mod 9.

15 X = (Z(2 ) u {— })x Z(5,2).

= ((=~ O) ,( ~ ,0), (.— , 1), (~=, 2), (.., 3)> , 2 times,
((..,ci), (o~,a+2), (0,0). (0.ci+ 1), (0, a +3P mod (2 , 5), ci 0,1,
((°“,O), (O,G), (O,ci),(O,ci+2), (0,0)>mod (2,5), a 0 , l.

16 Lemma 4.1.
20 X Z(19, 2)u (..}.

-
~~ 

( ,O , 0,6, 12) m od 19,
t o ,6o+2, 6a+4 , 6a+6, 6ci+8 >mod 19, a 0,1,2.

36 By Lemma 4.12, 35 a GD(5 , 2,5); use Lemma 2.14 and 6 a 8(5,4) as above.
40 We prove 40e GD(5,4,5 ). X= Z(5, 2) X GF(8, x3= x  + 1).• 

~ ((O;9),(0;ci), (0;a+1),(2;ci+2), (2;ci+3))mod (5;8), c i 0 ,l 6.
46 Lemma 3.12 (r = 9)and lOaB (S,4)as above .
50 Lemma 3.22 (r 10) and 100 B(5, 4) as above.
70 We prove 700 GD(5, 4,5). X = Z(5, 2) x (Z (1 3 , 2) u

((9;~~),(O;9),(O;0),(0;4),(9;8)>mod (5,13),((9;..), (0;O), (1; 3a), (2;3ci+8 ) , (3; 3a+4 )> mod (5:13), ci = 0,1,2,3,
< (0; 0) , (0;P), (0;p+6), (2; fi+ 3), (2; p+ 9) mod (5; 13), 3 times, p 0, 1 , 2.

76 Lemma 3.23 (r 15) and 16 EB(5, 4) as above.
100 Lemma 3.22 (p = 20) and 200B(5,4) as above.
106 By Lemma 2.16 and 21 aB (5,1), 105 0 00(5 ,1 , 5) . Use Lemma 2.14 and 6 EB(5, 4)

as above.

for every veM 5. F o r u m  1 or 5 (mod lO) and u *1 S  this follows from
Lemma 5.20. For other values of u the proof is given in Table 5.1 2.

Lemma 5.24. For every integer u) 5, u E B(5 , 20) holds.

• Proof. By Lemma 5.18, y E  B(K 5, I) and it suffi ces to show th at
y E  B(5 , 20) for every v e K5. For ua 1 (mod 2) this follows from
Lemma 5.22 and for V a  0 or I (mod 5) this follows from Lemma 5.23.
For other values of U E K5 the proof is given in Table 5.13.

Lemma 5.25. If X a 0 (mod 2) and A> 2, then 15 E B(5, A) holds.

Proof. For A = 4, 15 E B(5 , 4) follows from Lemma 5.23. For A = 6 we
prove
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Table 5.13.

U B[S , 20; u~

8 Lemma4 .1.
12 Lemma 4.6, 11 08(4,6) by Lemma 5.14 and 11 a B(5, 2) by Lemma 5.20.
14 Lemma 4.6, 13 aB(4, 1)by Lemma 5.11 and 13 €B(5, 5) by Lemma 5.21.
18 X=Z(17,3 )u(..}.

-~ (~ ,2ci.2a+3,2a+4,2ci+7)mod 17, c i=  0, 1 , 2 , 3 , 4,
(0,P,l3+4,P+ 8.p +12>mod 17 , 8 0,1 11,
(9,4,7,8, Dm od 17.

22 Lemma 4.6 , 21 EB(4 , 3) by Lemma 5.13 and 21 aB(5 , 1)by Lemma 5.19.
24 X=Z( 23,5)u (..}.

= (~..,Ø, 0, 20, 21> mod 23, 2 times,
<~ , 0,O,19 , 21> mod 23 ,
(..,0, 0, 1, 15> mod 23,
(o.,O, 1, 2, 8> mod 23 ,
<O, a,ci+ 1, a+2 ,a+ 3) m od 23 , ci = 0,1 18.

28 X GF(4,x2=x+ l )XZ (7,3).
= ((0, 0), (0, 2), (0, 4) , (ci, 9), (ci+1, 9)) mod (4 , 7), 4 times , ci = 0, 1, 2 ,

((O , O)~(a .I3 ), (a ,A 3 + 3), (ci+l , p+1 ), (ci+ 1,p+ 4 ) > mod (4 , 7) c i = 0 , 1 , 2, P = 0 , 1 , 2,
< ( G, P) . (G, il + 3),( 0 .0) . (1 , 0) , (2 , 0) > mod (4 , 7) , 2 tj mes, P = 0 , 1,2 .

32 Lemma 4.1.
34 X = Z ( 3 , 2 ) x  Z(11, 2) u {(o. )} .

((~ ),( O, a), (Ø, a+5~, (0, 0),(l , 0)> mod (3, 11), ci 0, 1, 2, 3,4,
( (O ,9) ,( 0, ci), (0, ci+5), (1 , a+ l) , ( 1 , a+6 )) mod (3 , 11),  4 times , ci 0, 1 , 2, 3 , 4,
((O , O), (O, ci), (O , ci+5), (0 , O), ( 1 , O ) ) mod (3, 11), ci = 0 , 1, 2, 3, 4,((Ø~, 0), (9, 2), (9, 4), (0, 6), (0, 8)> mod (3 , 11), 4 times.

I 5 E B ( 5 , 6) . X = Z ( 3 , 2 ) x  Z(5 , 2) .
a

( (O , Ø) , (O , a) , (O, a + 2) , (1 , a + ) ) , ( 1 , a+ 3) )  mod (3, 5), a = 0, 1,
( ( 0, 0) , (0, 0), (0, 1), (0, 2), (0, 3)) mod (3, —).

For other values of A a 0 (mod 2) apply Lemma 2.4.

Theorem 5.3. Let A and u> 5 be positive integers. A necessary and suf-
f icient condition f or the existence of a BIBD BE 5, A; uJ is that the de-
sign is not B(5 , 2; 151 and that

X (u — 1)E 0(mod 4) and X u ( v — l) E O ( m o d  20). . -

Proof. The necessity follows from Theorem 1.1. To prove sufficiency
we note tha t A dete rmines the values of v for which the con dition of

I
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the theorem is satisfied. By Lemma 2.3 , it suffices to consider only those
values of A which are factors of 20 and we obtain

f o r A =  1, y m  l o r 5 (mod 20),
for A = 2, y m  I or 5 (mod 10),
f o r A =  4, ym O or l (mod 5),
f o r A =  5, V a  I (mod 4),
for X 10, V a  I (mod 2),
for A = 20, every v.

In all these cases — with exception of A = 2, v = 15 — the ex istence of
the relevant BIBD’s is proved in Lemmas 5.19 , 5.20, 5.23, 5.21 , 5.22
and 5.24 , respectively . Considering Lemma 5.25 , the theorem is proved
completely.

It has been proved by Hall and Connor (9 , 151 that the exceptional
BIBDB[ 5 , 2 ; 15 ] does not ex ist , see Lemma 1.3.

5.4. BIBD’s with block-size 6

In this section we shall determine a necessary and sufficient condi-
tion for the existence of BIBD’s with k = 6 and A> I . To find such
condition for BIBD’s with k = 6 and A = 1 is at the present state of
knowledge almost hopeless. We mention , for instance , that the nec-
essary condition of Theorem 1.1 in the case of A = 1 and k a primepower
states that y a 1 or k (mod k (k — 1)). However , if k is not a primepower ,
additional values of v satisfy this condition. In the case A = I and k = 6
a necessary condition for the existence of BIBD B[6 , I;  vi — according
to Theorem 1.1 — is that va  1, 6, 16 or 21 (mod 30). So far no BIBD
B[6, 1; v] with u =  16 or 21 (mod 30) have been known and only re-
cently Wilson E 35 ) announced the existence of such BIBD’s with very
large values of v. Moreover , even when u a ~ or 6 (mod 30) there are
still many values of u for which it is unknown whether BIBD B[6 , 1; v]

• exist.
The known negative results are that 16 E B(6 , I) and 21 E B(6 , 1) by

Lemma 1.1 , and further that 36 C B(6 , 1)  by Lemma 1.3.
The known to exist BIBD ’s with k = 6, A = 1 and u < 2000 are listed

in Table 5.14. The BIBD ’s B[6 , 1; uJ with u ~ (91 , 121) have been con-
structed by Mills [21] and those with prime u> 200 by Wilson [331.

• .  - - . ~~~~ -~~~~ -~~~~~~~~~ • - - • •.~ 
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Table 5.14.

v B16,1;u l

31 Theorem 2.1.
91 XSZ(91).

~ (0’, 1’, 3’, 7’, 25’, 38’) mod (91),
(0’ ,S’, 20’ , 32’ ,46’ , 75 ’ ) mod 91,
(0’, 8’,17’,47’,57’, $O’) mod 91.

121 X 2(11, 2)x Z(1I, 2).
= ((9,9), (0.2), (0. 8), (0, 0), (0 , 7), (2 , 9)) mod (11,11),

((0.0).(0, 1),(1 .4),(2 , 7),(3 ,9), (9, 2))mod (11 , 11),
((O ,0 ), (0, 4),(1 ,0) ,(2 , 0). (7, 1), (9 ,0)) mod (11 . 11),
((0,0). (0,0), (2 , 3), (6, 4), (8 , 6), (9, 0)) mod (11 , 11).

126 We prove 125 E GD(6 , 1 , 5). X Z(5 , 2) X GF(25,x2a 2x +2).
= ((0;6a+3p), (O ;6ci+3 p+1 2), (ft ;6a+3p+4), ($ ;6ci+3p+16), (ft +2;6 ci+3 p+8),

(fl+2;6 a+30+20 )> mod (S;25), a = 0, 1, p= 0, 1.
151 X Z(151 ,7).

‘~~ •(30a, 30a+1,30a+50, 30a+S1 , 30ci +100,30a+1O1)mod 151. c i 0, 1, 2, 3, 4.
156 Lemma 2.17 and 31 EB(6 ,1) as above.
181 X Z(181 ,2).

• C8 ~ ((G ,1Sci, 15a+ 36, 15ci+72, 15a+1O8, 15a+144) mod 181, a 0 , 1 5.
186 Lemma 3.11, 3101(6 , 1) and 31 EB (6,1)as above.
211 X Z(211 ,2).

~ ( Sci, 5a+16, 5ci+70, Sci+ 86, 5a+140, 5a + 156) m od2l l , a ’ 0 , 1 6.
241 X = Z (2 4 1 ,7).

‘~ =( 5a,Sci+18,5ci+80, 5a+98, 5ci+160,5a+178)mod 241, a 0 ,1 7.
271 X = Z(27 1 ,6).

‘b (5a ,Sa+ 54, 5ci+90,5a+ 144 , 5a+180, 5ci+ 234)mod 2lj , a 0 , 1 8.
331 X~~Z(33 1 , 3).

( 5ci,5ci +34 , 5ci+ 11O , 5ci+144, 5a+22 0, 5a+254)mod 33l , c i 0, 1 10.
36 1 X=GF (36 1 , x2 = 9 x + 1 2 ) .

~ (5a , Sci+1 , Sa+120, 5a+12 1,5ci+240, 5a +24 1>m od 361 , c i z O , l 11.
421 X—Z ( 4 2 1 , 2).

(Sci,Sa+62 , 5ci+140, Sci+202, Sci+ 280, 5ci+342 ) mod 421, ci 0, 1 13.
456 Lemma 2.17 and 91 E B(6, 1)as above.
516 Lemma 2.17, 103 EB({6, 18), 1) by Lemma 3.12 (r u . s 6), and

(31.91) C B(6. 1) as above .
54 1 Lemma 3.12, 90E 1(6, 1) by Theorem 3.9 , and 91 EB(6 , 1).
546 Lemma 3.11 , 91 ET(6 , 1) by Theorem 3.1 , and 91 E B(6, 1).
571 X—Z ( 5 7 1 ,3).

(Sa,Sa+182,5ci+190, 5a+372 , 5ci+380, 5a+562) mod 571, ci = 0, 1 18.
601 X—Z ( 6 0 1 ,7).

• (Sci,Sci+134, Sa+200, 5ci+334, Sa+400, 5ci+534) mod 601 , ci 0, 1 19.
606 Lemma 2.lland 121 GB(6 , 1)as above.
631 Lemma 2.17 and 126 0 B(6 , 1) as above.
661 X~~Z(661 , 2) .

‘~ •(Sa,5a+131,5a+220,5a+351 ,5a+440,5a+571)mod 66l, ci~~0,1,...,21.
691 X = Z ( 6 9 1 ,3).

a (5~ , Sci+103, Sci+230, 5ci+333, Scc+460 , Sa+5 63) mod 691 , ci 0.1 22.
• 696 Lemma 2.17, 139 0 8({6, 24), 1) by Lemma 3.12 (p 23 , : = 6), and

(31,121) C B(6,1)as above.

I
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Table 5.14 (cont.).

u B(6 , 1;vI

121 Lemma 3.12, 1200 T(6 , 1) by Theorem 3.9, and 121 a B(6 , 1) as above .
726 Lemma 3.11 , 12101(6,1 ) by Theorem 3.1, and l 2 I a B(6,1).
751 Lemma 3.12, 12501(6,1) by Theorem 3.1, and 126 EB(6 , 1) as above.

• 756 Lemma 3.11, 126 01(6, 1) by Theorem 3.9, and 126 EB(6,1).
781 Lemma 2.17 and 156 EB (6,1) as above.
811 X= Z(811.3).

• 5ci, Sci+178, 5ci+270, 5ci+448, Sci+540, 5ci+718) mod 811 , ci 0,1 26.
901 Lemma 3.12, 15001(6,1) by Theorem 3.9, and 151 a 8(6 , 1) as above.
906 Lemma 3.11,~151 E T(6,1) by Theorem 3.1,.and 151 aB (6,1).
931 Lemma 3.12, 155 0 T(6,1) by Theorem 3.1, and 156 €B(6 ,1) as above.
936 Lemma 3.11, 156 01(6,1) by Theorem 3.9,and 156 EB(6,fl.
961 961 08(31,1) by Theorem 2.2 and 31 aB(6 , 1) as above.
991 X = Z (9 9 1 , 6).

= (Sa ,Sa+112, 5a+330,5a+44 2.5a+660 , 5ci+ 772> mod 991 , ~ = 0, 1 32.
1021 X Z(102 1,10).

‘8 (Sa,5a+182.Sa + 340, Sa+522 .Sci+680, 5ci+ 862)mod 1021 , c i = 0 , 1 33.
1051 X=Z(1051 , 7)

‘8 •( Sci,5ci+66 , Sci+350, Sci+4 16 , 5a+700 ,5 ci+766 ) mod 1051 , a = 0, 1 34.
1056 Lemma 2.17 and 211 E B(6, 1) as above.
1081 Lemma 3.12, 180 E 1(6 , 1) by Theorem 3.9 , and 181 E B(6, 1)as above .
1086 Lem ma 3.11. 181 e T(6,I) by Theorem 3.1, and 181 EB(6 , 1).
1111 Lemma 3.12, 185 E T(6 ,1) by Theorem 3.1, and 186EB(6 , 1)as above.
1116 Lemma 3.11, 186 E T(6,1) by Theorem 3.9, and 186 EB (6 , 1).
1171 X=Z (1171,2).

‘8 (Sci,Sa+29,5a+390,5ci+419,Sa+780,Sa+809)mod 1171 , a 0 , 1 38.
1201 X Z(120 1 , 11).

~ (Sa ,5a+ 38,Sci+400, 5a+438 ,Sa+800 , 5a+838 )mod 1201, a 0 , 1 39.
1206 Lemma 2.17 and 241 08(6 , 1) as above.
1231 X Z(1231,3).

‘8 •(5ci,Sa+61,5ci+410,Sci+471,5ci+820,5a+881)mod 1231 , a= 0, 1 40.
1261 Lemma 3.12, 2IOaT (6,1) and 21108(6,1) as above.
1266 Lemma 3.11, 211 ET(6, 1) and 211 EB(6, 1).
1291 X=Z(129 1,2) .  -

‘8 (Scc,Sa+1,5ci+430,Sa+431 ,5ci+860,Sci+861)mod 1291 , c i 0 ,1 42.
1321 X = Z(1321, 13),

= (Sa ,Sci+8,Sci+440,Soc +448,5ci+880,5a+888)mod 1321 , a 0,1 43.
1356 Lemma 2.17 and 271 €B(6,1) as above.
1381 X=Z(1381,2).

• ‘8 (Sa ,Sci+3 8, 5a+460 ,5ci+498 , Sci+920, 5a+958 mo4 1381, c i 0 , 1 45.
1441 Lemma 3.12,2400T(6,1)and 24108(6,1).
1446 Lemma 3.11, 241 0 1(6,1) and 241 aB(6,1).
1471 X Z(147 1,6).

• ‘8 (Sci, Sci+77,Sa+490,5ci+567, Sa+980 , Sa+1057)mod 1471, ci =0, 1 48.
1531 X Z( 153 1, 2).

‘8 •( Sa,5ci+ 184,5ci+510,Sci+ 694 , Sci+1020, 5a+1204 ) mod 1531, a 0 , 1 50.
13 36 Lemma 2.17, 307 EB(18,1) by Theorem 2.1 , and 91 a 8(6 , 1) as above.
1621 Lemma 3.12, 2700 1(6 ,1) and 271 a 8(6 , 1).

~ 
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Tabl e 5.14 (cont .).

u B(6, 1;vJ

1626 Lemma 3.11, 271 ET(6, 1) and 271 eB(6 , 1).
1656 Lemma 2.17 and 331 EB(6,1).
1681 X=GF( 1681 , x2 = x  + 7).

‘8 <5a , Sa+12 ,5a+5 60, Sci+ 572,Sa+1120, 5ci+1132) , c i 0, 1 55.
1741 X Z(1741.2).

‘8 =(5a ,5a+9 .5a+580, 5o+589 ,5ci+1160,5ci+1169) mod 174 1, c i 0 , 1 57 .
1801 X = Z ( 1 8 0 1 ,11) .

‘8 = ( 5ci,5a4577 , 5a+600,5ci+1177,5ci+1200,5ci+ 1777) mod 1801 , a = 0 ,1 59.
1806 Lemma 2.17 and 361 EB(6 ,1).
1831 X=Z(183 1,3).

‘8= ( Sc i,5ci+48 1, 5ci+6 10, Sci+1091, 5ci+1220, 5ci+1701) mod 1831 , a = 0 , 1 60.
1861 X=Z( 186 1 , 2).

‘8 • (5 a,5a+ 422 , 5ci+ 620 , Sci+1042, 5a+12 40, 5ci+1662>m od 1861 , c i 0 , 1 61.
1951 X = Z ( 1 9 5 1 , 3) .

‘8 • 5 c i,Sa+3 , 5a +650,5a+ 653 , 5a+1300 , 5ci+1 303)m od 1951 , c i 0, 1 64.
1981 Lemma 3.12, 330 0 1(6, 1) by Theorem 3.9. and 3310 B(6 , 1).
1986 Lemma 3.11, 331 01(6, 1) and 331 EB(6 , 1).

Lemma 5.26. If u a 0 or I (mod 3)and u * 4, then uEGD({6,7,9,10}. 1,M6),
where M 6 = r l , 3, 6, 7, 9, 10, 12 , 13, 15, 16 , 18 , 19, 21 , 22 , 24 , 25 , 27 , 28 ,
30, 31, 33, 34, 36, 37, 39, 40, 46, 51, 52, 58, 64, 66, 67 , 69, 70, 76, 93, 94,
100, 135, 136, 138, 139, 141 , 142, 148, 219 , 220).

Proof. According to Lemma 3.13 with t = 1, s = 6 and r a ~ or 1 (mod 3)
and by Theorem 3.8, whenever u ~~‘ 384, there exists a transversal design
T[6 + 1, 1; r] such that by truncating one of its groups, 6r ÷ r1 = u is ob-
tained. For u < 384 and u a 0 or 1 (mod 3) use the truncated transversal
design T[s+1, l ; rJ  with t = l and values ofr  and s as in Table 5.15. It
should be remembered that 12 E 1(7, 1) by Lemma 3.21 , and that by
Theorem 2.1,57 E B(8 , 1), and therefore by Theorem 3.3, 57 C T(8, 1).

I_emma 5.27. For every positive integer u, U C GD({6 , 7, 8), 1 , 1 (42))
holds.

Proof. Apply Lemma 3.13 with s = 6 and t = 2, Theorems 3.1 and 3.7.

L 
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Table 5.15.

U 7 S U P 5

42—45 7 6 144—147 16 9
48—49 7 6 150—160 16 9
54—57 9 6 162—115 25 6

• 60—63 9 6 177— 190 19 9
72— 75 12 6 192—217 31 6
78—79 13 6 222—224 31 6
81—82 9 9 225—226 25 9
84—91 13 6 228—259 37 6
96— 99 16 6 261—270 27 9

102— 112 16 6 271—301 43 6
114—115 19 6 303—343 49 6
117—118 13 9 345—370 37 9
120— 133 19 6 371— 382 57 6

In a similar way it can be checked:

Lemma 5.28. For every integer u> 2, u C GD((6 , 7, 8), 1, M~) holds,
where M ’6 {2,3,...,43) .

Further we prove :

Lemma 5.29. For every integer v ~ 6, v C B(K 6, I )  holds, where
K6 = (6, 7, ..., 41 , 45,46,47) .

Proof. For v>  66 it is easily checked by Lemma 3.13 with s = 6 and
a’ = 2, using Theorems 3.1 and 3.7, that u C GD({6, 7,8}, 1, (1, 7,8, ..., 65))
holds. For u < 65, u ~ K6 we have :

for 62 65 , Lemma 3. 13 with r 8, s 7, t=  2;
for 60 < u <  61, Lemma 3.l3 witlir 9, s 6 , t 1;
for 58 < u < 59 , delete in T[8, 1; 81, 2 points from each of 2 groups and

• then delete I or 2 points from a third group in such way that non of
them should be in a block from which already 2 points have been de-
leted;

for 5 4 < v <  57, Lemma3.I3 w i t h r = 8 , s= 6 , t 2 ;
for 51< v< 53, delete inT [8 , 1;7J one point from each of 3, 4 or 5

groups respectively, no three of these points being in the same block
(this. i& possible as shown in the proof of Lemma 3.18);

for 42< u < 44 and 48 < u < 50, Lemma 3.13 with r 7, s 6, t 2. 
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Lemma 5.30.Ifoa Oor I (mod 3)and6<u< l30 , t h e n u E B (K ~, I ) ,
where K~= (M 6 u {45 , 57 , 75, 99}) n (6, 7,..., 130).

Proof. We make use of Lemma 5.26 and remark that 45 , 57 , 75 and 99
are the only integers u < 130 in Table 5.15 which correspond tor 1 = 3.
In all other cases either r 1 = 1 or r 1 > 6.

Lemma 5 . 3 1 .ff u a  1 or 6 (mod 15)andv *  21 , then y E  B(6 , 2) holds.

Proof. Let v= 5u + 1, where u a 0 or I (mod 3) and u * 4. By Lemma
5.26, u C GD((6, 7, 9, lO}, l ,M 6). By Lemmas 2.26 , 4.20 and 4.21 , it
suffices to show that u = 5p + 1 E B(6, 2) for every p C M 6. This is per-
formed in Table 5.16.

Tab le 5.16.

M o B(6, 2 ;u J

1 6 Trivial.
3 16 X•GF (16, x4= x+1 ) .

‘8 (0, 0,3, 6, 9, 12> mod 16.
6 31 Table 5.14.F 7 36 Lemmas 4.21 and 2.11.
9 46 Lemmas 4.2l and 2.11.

10 51 Lemmas 4.21 and 2.11.
12 61 Lemmas 4.21 and 2.11.
13 66 Lemmas 4.2l and 2.11.
15 76 X=J(2)x Z(2)xZ(19,2).

‘8 (0’ ,Ø ,O), (0’, 0, 6u+l ), (0’, 0, 6ci+2), (0~, 0, 6a+6), (1~,G, 6ci+~ ), (1’,O. 6ci+13)
mod (— . 2, 19), ci 0, 1 , 2 ,

((0 ’,O, 6a + 13) , (0’, 0,6a+8),( 1’, O. O),(1~,0, 6ci+1),( 1’, 0, 6a+2), ( 1’,O , 6ci+6)>
mod (— , 2, 19), c i 0 ,1,2,

( (0’, 0. 0), (0’, 0,6 ), (0’ , 0, 12), (1’ , 0,4), (1~, 0, 10), (1’, 0, 16P mod (— .2, 19),
(0’ , 0, 4), (0’ , 0, 10), (0’ , 0, 16), (1 ’, 0,0 ), (1 ’, 0, 6), (1’ , 0, 12)> mod (— . 2, 19 ),

((0’, 0,0), (0’, 0,0), (0’, 0, 6), (0’, 0, 12), (0’, 0,0), (1 ’, 0, 0)> mod — , 2, 19 ).
- ((D’ ,O,O),(1~, 0,Ø),( 1’,0, 0),(1’,O,6), (1’ ,O , 12), (1 ’, 0,O)) mod (— . 2. 19 ).

16 81 Lemmas 2.17 , 4.2o and 16€B(6 , 2) as above.
18 91 Table 5.14.
19 96 Lemma 4.19.
21 106 X=  2(3, 2) x Z(5, 2) x 2(7, 3) u

‘8 = Blocks ofB( 6 , 2; 161 on Z(3) x Z(5 ) X {i}L~(( ~ )}, i eZ ( 7) ,
((0,0, 2ci+ 1), (0,0, 2ci+2) , (0, 1, 2a+5), (0,O , 2ci+4),( 1, 0, 2ci+3),( 1,3, 2ci) >

mod (3,5,7), a 0 , 1,2,
((0,0, 2ci+1), (0. 0, 2ci+4), (0, 0, 2a+3), (0, 2, 2ci), (0 , 1 , 2ci+2), (1 .0 ,  2ci+5 )>

mod (3, S, 7), a 0 , 1, 2.

L _ _ _ _ _ _
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Table 5.16 (cont.).

s v B16, 2; u I

22 111 X— Z (5 ,2)X(Z (19 ,2)u {— 1: 1 0 ,1, 2}) u {(—. —)}.
- ‘8 Blocks of 8(6 , 2; 16J on Z(5)  X (..g: 1 0, 1, 2) u {c. . .. }.

• (&. —), (0,0) . (0 ,0) , (1,0), (2 ,0), (3 , 0)) mod (— , 19), 2 times,
( (0, —~

)
~ 

(0.0), (13, 6 c i+ 2—p), (p, 6a+3 ),(p+2 , 6ci+1 +13), (p+2 ,6a+13)>
mod (5 , 19), c i 0, 1, 2, 11 0 , 1,

( (0,0), (0, 9),($,3), (13, 12), (il+2 , 6), ( j3 +2, 15)> mod (5, 19), $ 0, 1.
24 121 Table 5.14.
25 126 Table 5.14.
27 136 X Z(3, 2 )X  2(5 , 2) x GF (9 , x2 = 2x +1) u ((..)}.

‘8 • Blocks ofB[6 , 2; 16J on 2(3) x Z(5) X {i}U {(o )}, 1 E GF(9) ,
((0,0, 2ci), (0,0, 2ci+1), (0. 1, 2ci+4), (0,0, 2ci+2), (1. 0, 2ci+3), (1, 3, 2ci+6))

mod (3,5, 9), ci~~0, 1, 2, 3,
((0,0, 2a). (0,0, 2ci+2), (0,0 , 2ci+1), (0, 2, 2a+6), (0, 1, 2ci+5), (1,0, 2ci+ 3)>
mod (3,5,9), a 0 , 1, 2, 3.

28 141 X=Z(5 ,2)  X (GF(25 , x2 = 2x +2) U {~~1: 1 0 , 1, 2}) u {(— , ~ )}.
‘8 • Block s of B (6 , 2; 16J on Z(5) )( {‘..~: I 0,1 ,2)) U ((‘ , “)},
- ((— , —), (0.0). (0,0), (1,0). (2 , 0), (3,0)> mod (— , 25), 2 times,

((0, “s). (0, 0), (7, 4ci), (y, 4a+l 2), (7+2 , 4ci+2), (7+2 , 4a+14)) mod (5,25),
c i = 0, 1 , 2, 7 = 0 , 1,

( (Ø, 213+l), (O, 2 13+13) , (7.  213+5), (7, 213+17), (-y+2 , 2 13+9) , (-y +2, 2 13+2 1))
mod (5, 25), p = 0 , 1 , , = 0 , 1.

30 151 Table 5.14.
31 156 Table 5.14.
33 166 X 2(3 , 2) X 2 (5, 2) X Z(11 , 2) U {(.” )} .

-~ Blocks of 8(6 , 2; 16J on Z (3 )  X Z(5)  x {i} U {(—)), 102(11),
((0,0, 2ci), (0,0, 2a+1), (0, 1, 2ci+ 5) , (0.0, 2ci+4), (1, 0, 2ci+2), (1, 3, 2ci+8 )>

mod (3,5, 11), o c O , 1,2,3 ,4,
((O,0. 2ci+1), (0,L2a+2), (0, 0, 2ci+9), (0, 2,20+3), (0, 1, 2ci+6),(1,0, 2ci+4))

mod (3,5, 11), a = 0 ,1,2,3,4.
34 [71 X Z(5 , 2) X (2(31 , 3) U {o..

~: 1 0, 1, 2)) U {(— . —)}.
8 ‘ Block s of B I6 ,2; 16) onZ (5) X {..l: i 0 , 1, 2} U{& . . )),

( ( ,  —), (0,0), (0,0). (1, 0), (2 ,0), (3, 0)’ mod (— . 31 ), 2 times,
((0,~~ ),(O,G), (P,5ci), (P,5a+ 15) .&+2, S~ 4~1), (13+2,5a+1 6) mod (5,31 ),

c 0 , 1, 2, 13 0, 1,
((~ , ci+2), (Ø, a+17 ), (ft,ci+7), (fl, ci+22), ($+2 , ci+12), (p+2, ci+27 )>

mod (5, 31), c i ’ 0, 1, 2, 1 3 = 0, 1.
36 ‘âl Table 5.14.
37 186 Table 5.14.
39 196 X— Z ( 3 , 2) x Z(5, 2) x 2(13,2) U((~~)}.

‘8 • Blocks of 8(6, 2;161 on Z(3) x Z(5) x {i) U {(—)}. I E Z(13),
((0,0, 2ci), (0,0 , 2ci+1). (0,1, 2ci+10), (0, 0, lci+9), (1, 0, 2ci+4), (1, 3, 2ci+6)

• mod (3, 5,13), ci 0. 1 5,
((0,I, 2a+1). (0,0, 2ci+2), (0,0,2ci+S ), (0,2 . 2~Z+7) ,(0 , l,2ci ” 11), (1, 0, 2a1lO ) >

mod (3, 5,13), c i=0, 1, ..., S.
40 201 1— Z(S, 2) x (Z(37 ,2) v { ’ j : I — 0,1,2)) u((—. —)).

• Blocks of 8 (6, 2,16J on Z(S) X (.‘~: 1.0, 1,2} U {(... )},
(I.~, ). (0,0), (0,0), (1,0), (2. 0). (3,0)> mod (— .37 ), 2 tunes,

L .I~ _ _  - 
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• Table 5.16 (con t .).

U u Bl6, 2;v J

( (0, .’a~I , (0, O) , (7,6a),(7. 60+18),(74~2, 6a~~7), (7+2 , 60r+25) > mod (5, 37),
c i 0, 1, 2, 7 = 0 ,1 ,

((0, 13+2) , (0,13+20) , (7,13+8), (7,13+26) , (7 +2 ,13+ 14), (7+2 ,13+32) >
mod( 5 , 37), 1 3 0,1, 2,3, 7= 0 , 1.

46 231 Lemmas 2.17 , 4.20 and 460 B(6, 2) as above .
51 256 Lemmas 2.17, 4.20 and 51 EB(6, 2) asa bove.
52 261 X 2(5, 2) X (GF(49,x2 x +4) u{~ 1: 1=0, 1, 2)) U {(o., .. )}.

‘8 • Blocks ofB[6 , 2; 161 on Z(5) X (.=~: 1 0, 1 , 2} U -((.0, ..)} ,
((os , .0),(L0),(0,0), (1,0), (2,0), (3,0)> mod (— , 49), 2 times,
((0, “a). (0.0). (7, 80+ 1), (~ , 8ct+~y +24), (7+2 , 80+7+8) , (7+2, 80+ 7+32))

mod (5, 49), c i 0, 1. 2, 7 0 ,1,
((0,13~ 2), (0 ,13+26), (7, 13+10), (7, 13+34) , (7+2 ,13+18),  (-y+2 ,13+42)

mod (5,49), 1 3 0, 1  5, y 0 , 1.
58 291 X=Z (5 ,2)X(G F(49 , x 2 = x + 4 ) u (_,: i =0 , 1 

• Blocks of B[6 , 2; 46J on 2(5) X f..~: I = 0, 1 8}U( (— , ..)},
((— . ~~), (0,0), (0,0). (1 ,0), (2 ,0), (3 ,0 )) mod (— . 49), 2 times ,
((0, ~s~+13)~(0~ 0)~(7~ 80+13+47), (jr , 80+P+4 7 +24) . (7+2 , 80+ 13+47+ 8),

(7+ 2, 8ct + 13+47+32 )) mod (5 , 49), c i 0, 1 , 2. 3 0 , 1, 2, 7= 0, 1,
((~, 46 # 3), (0. 46+27), (7, 46+11), (7, 46+35), (7 +2 , 46+19), (‘>, ±2 , 45+43)>

mod (5,49), 7 0 ,1, 6 0 , 1.
64 321 X= Z(5, 2) x (Z(6 1,2) u {~~: I • 0, 1, 2)) U ((s., ..)}.

‘8 • Blocks of 2(6,2; 161 on 2(5) x (..~: 1 0 ,  1, 2}U((... .0)),
((— , .0), (0,0). (0,0), (1, 0), (2,0 ), (3,0)> mod (— . 61) . 2 times ,
((0, .0a)~ (0,0). (7. 1Oct44), (~‘, lOoc+34), (‘>‘ + 2, lOa+19), (~ + 2, lOcx+49)>

mod (5 ,61), c i 0 ,1, 2, 7 0 , 1,
( ( 0,5 13 +6) , (0, Sp+5 +30) , (7, 513+6+ 10), (7, 513+6+40), (7+2 ,513+6+20) ,
(.ys2,513 +6+50))mod (5,61), 13 0,1, 7 0 ,1, 6=0 , 1,2,3.

66 331 Table 5.14.
67 336 Lemma 4.19.
69 346 1= Z(3 ,2) X Z(5,  2)x Z(23,5)U{(—)}.

‘8 Blocks of 8(6,2; 161 on 2(3) x 2 (5) x {i} U ((..)}, 1EZ(23),
((0,0, 2ci). (0,0, 2ci+1 ), (0, 1, 2ci+4), (0,$, 2ci+5), (1,0, 2ci+2), (1,3, 2ci+9)>

mod (3,5, 23), a 0 , 1 10,
((0,0, 20), (L0, 20+1),(0, 0, 20+2),(L2, 20+6),(0, 1, 2cz+4), (1,0, 2a# S)>

mod (3,5, 23), u 0 , 1 10.
4 

- 70 351 X • 2(5, 2) X (2(61,2) U {~~: i 0 ,  1 8)) U ((.0, .0)).

‘8. BlocksofBt6,2;46l onZ(5)x (..,:l=0, 1,...,8)U{(d.,—)),
( (.0, ). (0,0), (0,0), (1, 0), (2 ,0), (3.0)) mod (— , 61 ), 2 times,
((0. ~~~~~~~ (0, 0). (i’, 20a+13#2), (y , 20a+13 +32), (742, 20a+13 +17),

(y + 2, 20ci+13 +47))mo d(5 ,61), c i 0 ,1,2, 1 3 0 , 1, 2 , y 0 , l ,
((0, 56 +,~),(O,56 +,~ +3Q), (’~

,, 55+fl+10) ,  (7, 55+~~+4O), (7 +2 , S6+~ +20),
(7 i’2,56+q+5O) > mod (S ,61), 7 0 , 1, 6 0 , 1, ~~~ O, 1.

76 381 Lemmas 2.17 , 4.20 and 760 B(6, 2) as above.
93 466 465 0 GD(6, 2,15 ) by 31 0 8(6. 1) (Table 5.14) and 15 0 T(6 , 2) (Theorem 3.11).

Apply Lemma 2.14 and 1608(6 ,2) as above.

____  -4
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Table 5.16 (cont.).

u u B(6 ,2 ;u J

94 471 X Z(5 , 2) x  ( Z(79 , 3)U- ( — 1: i . Q , 1 14})u {(— .~~)).
‘8 •Blocks ofB[6 , 2;76 J onZ(5)X{~j:f—O,1 

((.u~.0),(0,0), (0,0), (1,0), (2 ,0), (3, 0)> mod (— . 79), 2 times ,
((0, .03+313+6,), (0. 0) . (6, 26ci+p +77), (6, 26ci+p +77 +39),

(6+2, 26u+3Ø +77 +15), (6+2 , 26ci+313 +77 +54)> mod (5 , 79), ci = 0,1, 2,
13•O,1, 7 0 , 1, 6 0, 1 ,

((0, .03+52), (0,0), (6, 26ct+1 1),(6, 263+50), (6+2, 26ci+29), (6+2, 26a#68))
mod (S, 79), ci 0, 1,2, 6 0 , 1,

((0,~) , (0,ss+39), (6 , +13), (8 . U+52), (6+2,p+26), (6+2 ,p+ 65) mod (5, 79),
6 0 , 1, U 4 , 6, 1O.

100 501 Considering 11 C 1(9,1), by Lemma 3.12 , 100 EB((9 ,12}, 1); by Lemma 4.21 ,
Lemma 2.16 may be applied. Further make use of Lemma 2.11.

135 676
‘8 Blocks of B ( 6 , 2 ; l l I J o n Z ( 5 ) x { . . 1:j = Q , 1 21}U {(.0,...)},((0.,.0),(0.0), (0,0), (1, 0), (2 , 0). (3 ,0)> mod (— . 113 ), 2 times,

((0, 
ci+213)’ (0,0), (7, 28ct+213+5), (7,280+213+61), (7+2, 28ct+2 13 +10),

(7+2,283+29+66))rnod (5 ,113), ci 0,1, 13=0,1, 1 = 0,1,((0, .0ci+25+4), (0,0), (7. 280+3 13+23) , (1, 280+3 13+79), (7+2 , 280+ 13+28),
(7 +2 , 28ci+P +84)) snod (5, 113) , c i 0, 1, 1 3 = 0, 1 , 7= 0 , 1,

((0, ‘~~~+~ ) . (0, 0) , (i. 2ci+9), (i’, 2ct+65), (~+2, 23+ 37), (~ +2, 2ci+ 93)>
mod (5 , 113), c t = 0,1 , 7= 0, 1 ,

((0, .0ci÷lo), (0.0). (7.3+24), (7, 3+ 80), (7+2 , 3+52), (y  +2 , a+108 )>
inod (S, 113), c i 0 , 1 , 7= 0 , 1,

((0, .06412), (0. 0) , (~ , 26+2), (7,26+58), (-, +2, 26+ 30). (7+2 , 26+86)>
mod (S, 113), ‘ y O , l, 6=0 ,1,2,

(0, ~~~~~~~ (0,0), (~,6+14), (~,6+70), (‘y + 2, 6+42), (7+2 , 6+98))
mod (S,113), 7=0 ,1, 6= 0 ,1,2,

((0, .0
fl+I5

), (0, 0) . (-y, ,>+19), (~ , ,7+75),  (7+2 , ~+47), (s’ +2 ,n +103))
mod (5,113), 70,1, ‘> 0 ,!,2,3,

((LU ), (Lu +56), (~~~~t +5), ( y, ~i +61), (7 +2, s +14), (‘y +2,~~ + 70))
mod (5 , 113), ~~~0, 1, ~~~3, l3 , 3l , 41.

136 681 Lemmas 2.17 , 4.20 and 136 0 8(6, 2) as above .
138 691 Table 5.14.
139 696 Lemma 4.19.
141 706 Lemmas 2.17 , 4.20 and 141 08(6 , 2) as above.
142 711 X Z(5 , 2)X (GF( 121, x2 *4 x+9) U {— 1: i 0 , l 20})U ((—. —)}.

8.  BlocksofB(6,2;106)on z(5)x{—1:i=O ,j 20}U ((—, —)),
((— ,—),(Ø,~ ), (0, 0). (1,0), (2,0), (3,0)> mod (— , 121), 2 times,
~(O~ “ci+613)’ (0.0) . (7, 103+ 88), (~y, lOci+813+60), (742, 10cc+813 +15),

(7+2, lOci+813+75) mod (5 , 121 ), a 0 , 1  5, 8•0 , 1, 1= 0 . 1,
((O, .0a+U), (0,0), (~ , lOci+9), (‘>‘, tOci+69), (,+2, 10ct+17), (‘p +2 , IOct+77))

mod (S, 121), a — 0 , 1 5, 7 = 0 , 1,

~
0, .06+l8), (0.0), (y, 206 +6), (~, 206+66), (7+2,206+36), (~+2, 206+96))mod (S , 121), 7 0 , 1, 6=0 , 1,2,

- ((0, U), (0,sz+6O), (~ , ~i+20), (7,U+8O), (7+2 ,$+40), (7 +2, u +100) >
mod (5, 121), 7 0 , 1, ~~~~l, 2,4, ll , l2, I4.

—
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Table 5.16 (corn .).

it u 8(6,2;uj

148 741 X Z(5,2) x (Z(127 ,3)U {..g: l O, 1,..., 20}) u ((—, ..)}.
‘8 Blocks of B(6, 2; 106) on Z(5) X {—~: I • 0. 1 20) U

((..,..),(Ø, 0) . (0,0), (1 ,0), (2,0), (3 ,~~)) mod (— .127), 2 times,
((0, —s), (0.0). (7, 3ci), (‘1’, 3ci+63), (7+2, 3ci+14), (7+2 ,33+77)>

mod (5,127)., ci 0, 1,..., 20, y 0 , 1,

mod (5, 127), 13=0,1,..., 6, 7=0,1.
219 1096 X —Z ( 3 . 2) x Z(5 , 2 ) x Z ( 73 ,S)  U ((..)} .

‘8 — Blocks 0(8(6, 2; 16J on 2(3) X Z(5) X (I) U {(.‘)}, 10 Z(73),
((0~0, 2ci), (0,0, 2ci+1), (0, 1, 2a+9), (0,0, 2ci+3), (1 , 0, 2ci+4), (1 , 3, 2ci+15) )

mod (3,5, 73), a 0 , 1 35,
((O,O, 2ci+1),(L0,2a+2).(L 0,2u+3), (0, 2,2ci+16), (0. 1,2a+ 6),

(1,0, 2ci+8)> mod (3,5,73), ci = 0, 1 35.
220 1101 1 Z(5, 2) x (Z (18 1 ,2) U {..,: i . O, 1 38})u( (— , —) }.

‘8 * Blocks of B(6. 2; 196) on 2 (5) X 1~.”~: I • 0, 1 38) U
((..—),(G,0),(0,0),(1,O),(2,0),(3,0)> mod (—.181), 2 thnes,
((0, 

~ ci+~ 13)~ (0,0), (7, 15ci+2 13 +5), (-i’, lSci+213+95), (7 +2 , lSci+213+ 16),
(7+2,153+28+106)) mod (5,181 ), ci 0,1,...,5, 13= 0,1, 7 • 0, 1,

< (0, 
~~&+313+i2 )’ (0. 0), (7.306+213+4), (1,306+213+94), (7+2 ,306+27+49),

(1+2,306+213+139)) mod (5,181), 13 = 0, 1 , -y • 0, 1, 6 • 0, 1, 2,(( 0, 6+ii)+ ts )’ (0,0), (7,306+ q +8), (~, 306+q+98), (7+2 , 306+’t+S3),
(y+ 2,306+rp +143)> mod (5,181), ~ • 0. 1, 6 = 0,1, 2, s> = 0, 1 , ...,6,

(( 0, U). (0, it +90), (7,u +30), (i, it +120), (7+2, u+6O). (7+2 , s+lSO))
mod (5, 181), 7 0 , 1, i t 0 , 2, lS , l7.

Lemma 5.32. If um 1 (mod 5), then u C B(6 , 3) holds.

Proof. Let u = 5p + 1, where u is a posi tive integer. By Lemma 5.27,
U C GD((6, 7, 8), 1, 1(42)). By Lemmas 2.26, 4.20 and 4.22, it suffices
to show t h a t v =  5 p + I E B ( 6 , 3) for everypEl(42). Forp 1 the
lemma is trivial. If u = 5p + I is a power of an odd prime, u E B(6 , 3)
follows from Lemma 4.4. The proof of v E B(6 , 3) for other values of p
is given in Table 5.17.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Table 5.17.

u ii 8(6 , 3 ;v J

3 16 (i i and (14 ,p. 256 1.X GF(16 , x4 — x+1) .
‘8 (0, 0.S,6, 12 , 13 , u ,3 , S, 6,9, 11) , O, 1, 6, 7,11 , 14> ,

(1, 3, 6, 7,10, 12) , (O, 4 , 5 , 7, 10 , 1 L ) , (0, 3 , 5, 8, 11, 13> ,
( 1 2 5 8  10 14 > ( 1 2 4  11 12 13> (2 3 5 7  10 13>
(0, 2, 7, 8, 9, 11) , (1 , 4,5,8,9 , 12) , (0. 0, 1, 2, 3, 4> ,
(0, 2, 5.6 , 9, 14) . 0, 2,6. 8, 10, 12) , (3 , 4, 6, 8, 13 . 14>,
(0, 4, 6. 8, 10.11) , (0, 0, 1, 9, 10, 13) , (0, 4,5, 7, 12, 14> ,
(0 2 3 11 12 14) (0 3 4 9  10 14> (0 1 7 8  13 14>
(2 ,4,6, 7, 9, 13) , (0, 3, 7,8 , 9, 12> , (9 , 10, 11, 12, 13, 14).

4 21 (24j .X — Z (3 , 2) x Z(7, 3).
‘8 • ((0, 0), (0, 2), (0, 4), (1 , 0), (1, 2), (1 , 4)) mod (3 , 7),

((L 0),(O , 3), (0, 1),( 0, 4),( 1 , 2), (1 , S)) mod (3 , 7).
5 26 (24 ~. X = Z ( 5 , 2) x Z(5, 2) U {(..)}.

‘8 — ((..) ,(Ø, 0), (0,0). (1,0), (2,0), (3, 0)> mod (— , 5),
( (—), (0.0) , (0, 1 ), (1, 2), (2, 3), (3 , 0)> mod (— .5),
((..),(Ø, 0), (0, 3), (1 , 0), (2, 1), (3 , 2)) mod (— , 5),
<(*,0),(L2),(1, 1), (1, 3), (3, 1), (3,3)> mod (5,5),
((0, 1), (0, 3), (0,0), (0. 2). (2,0), (2, 2)> mod (5,5).

7 36 Lemmas 4.22 and 2.j l.
9 46 We prove 45 O GD (6,3 , 5). X= Z(S, 2)x GF(9 , x2 — 2 x+1).

— ((0;0),(0;4),(0;3),(0;7) , (2;2), (2;6) ) mod (5; 9) ,
((0;!), (0; 5), (0; 2), (0; 6), (2;0), (2; 4)> mod (5; 9),
((O ;O) ,(O ;4) ,(1 ; 1),(1;S) ,(3;3) ,(3; 7) mod (5 ; 9),
<(0; 1),(O ;S),(1;2),(1;6), (3;3 ), (3;7 )) mod (5;9).

10 51 X =Z (3,2) xZ ( 1 7 ,3) .
‘8 • ((0,ci), (Ø,a+3), (Ø, a +6), (O, ci+9),(O,0),(1,0)) mod (3, 17), ct 0, 1, 2,

((O, l), (0, 9), (O, 2), (0, 10),(1 ,28+3),( 1,213+11)>mod (3,17), 8 0 , 1.
11 56 Lemmas 2.17, 4.2 O and I1 EB( 6, 3)b y Lemma 4.4.
13 66 Lemma 3.11, 11E T(6,1)a ndlj EB (6 , 3) by l..emma4.4 .
15 76 X = Z (4 ) x Z ( 1 9 , 2) .

‘8 — ((0’, 6ci+1), (0’, 6ci+10), (1’ , 6ci+5), (1’, 6ci+14), (2’, 6a+4), (2’, 6ci#13)>
mod (4, 19), c i 0 , 1,2,

((0’,6a), (0’, 6ci+1), (1’, 6a+7), (1’, 6o+8), (2’, 6a+1 1), (2’ , 6a+1 2)>
mod (4, 19), c i 0 , 1, 2,

((0’ , 0), (0’, 1), (0’,4), (1’, 0), (1’ , 1), (1’, 4)) mod (4, 19),
~(P’,*). (p’ ,0), (p’, 3), ((13+2)’, 0), ((13+2)’, 0), ((13+2)’, 3)> mod (— . 19),

0, 1.
17 86 We prove 850 GD(6, 3, 5). X = 2(5, 2) x 2(17, 3).

‘ ((L2ci+13+1),(L2a+p+9), (P;2ci+13+2),(p;2ci+13+1O)jft+2;2a+13),
(fl+2;2ci+ Ø+8))niod(5;17), ci = 0, 1, 2, 3, 5a 0, 1.

18 91 Table 5.14.
19 96 Lemma 3.11, 16 01(6,1) and 160 B(6, 3) as above.
21 106 Lemmas 2.17 , 4.20 and 21 08(6, 3) as above.
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Table 5.17 (cont.).

it u B(6,3;ul

22 111 X Z(3,2) x Z(37 ,2).
‘8 • ((0, 3ci+2), (0, 3a +20), (0, 3ci+9), (0, 33+27), (1, 3ci+16), (1 , 3ci+34)>

mod (3,37), ci = 0 , 1 5, . -

((0,0), (0,60), (0.613+9), (0,613+18), (0, 63+27), (0,0)) mod (3,37),

((0, 37), (0,37+18), (0,37+6), (0,37+24), (1,37+12), (1,37+30)>
- mod (3, 37), -, • 0, 1.

23 116 X•  Z(5,2 ) X  (Z(19,2)u 1:..j: I = 0, 1, 2, 3)) LJ {(.., ..)}. ‘

‘8 = Blocks ofB(6,3;2lJonZ(5) x (s.j :I.O,1,2,3}u{(..,..)),
((.., ..),(0, 0). (0,0), (1,0), (2,0). (3,0)) mod (— , 19), 3 tImes,
((0, ~~~~ (0,0), (13,33), (fl , 33+9), (13+2, 3a+43+4), (3+2, 33+4 13+ 13)>

mod (5, 19), o 0,1, 2, 3•0 , 1,
((0, “s) , (0, 0) . (0, 3ci), (1 , 3a+2), (2, 3ci+t 1) , (3, 3ci+1)) mod (5, 19),

ci = 0, 1, 2,
((0, 

3
), (0,0). (0, 3a+9), (1 , 3a+1 1). (2 , 33+2). (3 , 3ci+10)> mod (5, 19),

((L0), (O, 1), (0, 6), (0, 7),(O, 12),(0, 13)> mod (5,19).
2.5 126 Table 5.14.
27 136 X Z(5,2)x (GF(25,x2=2x +2)U{—1:f=O,1})U{(..,..)}.

‘8 • Blocks ofB [6 ,3 ; 11)on z(5) x {..j :j =o , 1)u{(.., ..)}
<( ‘ , ),(0,0), (0,0), (1,0). (2,0), (3.0)) mod (— . 25), 3 times ,(( 0, ‘ a). (0.0). (0, 12ci+43), (1 , 12ci+43 +7), (2, 123+413+13), (3,12ci+43+5))

mod(S,25), c i 0, 1, 3 0 , 1, 2,
((0, 4-~y+ 1), (0. 47+13), (0,47+ 2), (1,47+16), (2, 47 +5), (3 , 47+3))

mod(5 ,25), 7 = 0 , 1 5,
(( 0, 0) , (0,4), (0, 8). (0, 12), (0, 16), (0, 20)> mod (5, 25),
((0, 0), (0, 1), (0, 8). (0, 9), (0, 16), (0, 17)> mod (5,25).

28 141 X 2(20) x 2(7, 3) U ((..)).
‘8 Elocks ofB( 6,3 ;2 1J on Z(20) X {i}U{(..) }, I E Z ( 7 ) ,

( (0’, 2ci), (0’, 2ci+3), (1’, 2ci+4), (4’, 0). (6’, 2a+2), (8’, 2ci+5)> mod (20, 7),
ci = 0, 1,2,

((0’, 2ci), (0’, 2ci+3), (3’, 2ci+j ), (4’, 2ci+5), (9’, 0). (15’ , 2ci+2) mod (20,7),
ci — 0, 1,2,

((0’, 2ci), (0’, 2ci+3), (2’, 2ci+2),(5’, 2ci+5), (6’, 2ci+4), (13’, 2ci+1))
mod (20, 7), c i = 0, 1, 2,

((0’, 0), (1’, 2a), (3’, 2a+4), (10’. 2ci+5), (11 ’, 2ci+3) , (13’ , 2ci+1))
mod (20,7), c i 0, 1, 2.

29 146 We prove 145 e GD(6 , 3, 5). A’ • Z(5, 2) X 2(29,2).
= ((O ;23+ 13+1), (0; 2a+Ø+15), (13; 23+3+2) , (13; 2ci+ 13+16), (13+2; 2ci+3),

(P +2 ;2ci+ p+14)> mod (5, 29), a 0 , 1,..., 6, 13=0 , 1.
31 156 Table 5.14.
32 161 We prove 160EGD(6 ,3, 5). X =Z (5 , 2)x (Z(31 ,3) v {..)).

= ((Ø;=’). (0; 2ci), (0;2ci+24), (1; 23+18), (2; 23+6), (3; 2ci+12)> mod (5; 31),

((0 ;0). (0;613+27 + 2), (0;6 13+7),(1;68+47+10),(2;613+14,+18),
(3;63 — 2’y+28p mod (5;31), 13=0, 1,2,3,4, 7 0 , L , 5

A
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Tabl e 5.17 (coist.).

it a B(6,3; ul

((0; -y +4), (0 ; 1 ’+1 0). (O; 7 +1 6) , ( 0;y +22) ,( Ø ; -y + 28) , ( 7; 0) > mod (5 ;3 1) ,
7 0 , 1,

((0; 0), (O; 0), (0; 6), (0, 12),(0, 18),(0,24) mod (5;3 1).
33 166 1 Z(5, 2) x (Z(31, 3) LI (..~: i = o, 1}) u (

~
.=, —>}.

‘8 = Blocks ofB (6 ,3 ;11~ on Z(S) x {..j: I ’. O , l}u {(... ..)},
Blocks o(B(6, 1;3 11 on {J } X 2(31), /EZ (S),
Blocks o(GD(6,1,5; 1551 (exist by Table 5.14 and Lemma 2.12) on

Z(S ) x 2(3 1), 2 times,
((.., ..), (0,0). (0,0), (1,0). (2 ,0), (3.0)) mod (— , 31), 3 times ,
((O,..~), (0, 3a+3) , (0, 3ci+3+6), ( 1, 3a +3+ 12), (2 , 3ci+p+2 4),

(3, 3a+3+18)>mod (5,31), c i 0 , I, 3 = 0 , 1, 2.
34 171 1 = 2(9. 2) x Z(19, 2), in the cycle Z(9, 2) the powers of 2 will be denoted by

exponents, but the multiples of 3 by 0’, 3’, 6’ respectively .
‘8 ((0’, 3ci+7), (0’, 3ci+16), (ci+33, 3ci+4), (3+3 13+1.33+5), (ci+33 +3, 3ci+9), -~ -

(a+33+4 ,3ci+l7p mod (9, 19), c t O , 1, 2, 1 3 0, 1,
((0’, 3ci+2), (0’, 3ci+L 1), (ci, 33+16), (ci+3 , 3ci+16), (3~, 3cx+3), (6’, 3ci+3))

mod (9, 19), c i 0, 1, 2,
((0’. 33+2), (0’ , 33+11), (ci, 3ci+1 ), (ci+1, 33+8), (a+3 , 33 +1), (a+4 , 33+8)>

mod (9, 19), c i 0 , 1, 2,
((0’, 0), (0’,9), (ci,3), (ci, 12), (a+1 , 6), (341, 15)> mod (9, 19), ci = 0,1,2,
((0,3 +1), (0,3+10) , (2 ,3+4), (2 ,13+ 13), (4,3 +7), (4,3+ 16)) mod (9, 19),

3 0 , 1.
35 176 Lernma 3.11, 16 0 T(11, 1)and {11, 16}CB(6 , 3).
37 186 Tab le s.iC
39 196 X 2(5 , 2) x (Z(37 , 2) sj {..1: 1 0, 1)) u ((‘s , ..))

‘8 — Blocks of 8(6 , 3; 11) on Z(5) X I = 0, 1) U
((SS ,’s), (0,9), (0,0), ( 1,0) , (2,0), (3,0)> mod (— , 37), 3 times,
((0,”3). (0.0). (0, 18a+63),(1 , 18ci+ 63+1 3) , (2 , 18a+613+22),(3,18a+63+6 )
mod (5,37), ce O, 1, 1 3= 0 , 1, 2,

((0.63+ 37+10), (0, 613 +3-y +28), (1,6 13+37+5), (7, 613+37+23),
(7 +2, 63+37), (7 +2, 63 +37+18)) mod (5 ,3 7), 13 = 0, 1, 2, ~y = 0, 1,
((23— ’y+1,37),(23—7+1,37+12),(2ci—7+1,37+24),(2ci — ’y+3,37+2),
(23—7 +3,37+14),(23—y+3,37+26))mod (5,37), 3=0,1, y = 0,1,

<(~ , 33+7), (0. 3ci+25), (y, 3ci+13), (y, 3ci+31), (7+2,33+1), (7+2, 3a+19))
mod (5,37), c i 0 , 1, ~‘ 0 ,1.

40 201 X Z(3,2) x Z(67 ,2) .
‘8 = <(Ø, ci), (Ø, ci+33) , (0, a+1 1), (0, a+44), (1 , ci+22), (1 , ci+55)) mod (3,67),

((0 113) (0 113+33) (0 11341) (0 113+34) (1 113+16),(1 , 113+49)>
mod (3,67), 3 0 , 1, 2.

<( 0,5 7+2), (0,57+35), (0, 57 +13), (0, 57 +46), (1 , 57 +24). (1, 57 +57)>
mod (3 , 67), )‘ O,l,

((0, 2 ) ,  (0,37+1), (0, 27+22), (0, 37+23), (0, 27 +44), (0, 37+45) >
mod(3 , 67), 7 0 , 1, -((0,3), (0. 19), (0, 25), (0, 41), (0, 47), (0, 63)> mod (3 , 67),

((0, 6), (0, 28), (0,50), (1, 6), (1 , 28), (1 ,50) > mod (3 , 67).
41 206 Lemmas 2.17 , 4.20 and 41 0 B(6, 3) by Lemma 4.4.

_ _ _  
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Lemma 5.33. If uo 0 or 1 (mod 3) and v> 6, then v E B(6 , 5) holds.

Proof. Let u = 3u + e, where ii> 2 and e = 0 or I. By Lemma 5.28,
U C GD({6, 7, 8), l ,M~). By Lemmas 2.25, 2.26 and 4.23, it suffices to
show that U = 3p + € C B(6 , 5) for every p E M~ and e C (0, 1). By defi-
nition of M~, this means that we have to prove v C B(6 , 5) for y E 0 or
I (mod 3) and 6’( u ‘~~~ 130. By Lemmas 5.30 and 2.5, it is sufficient to
prove our 1emma f or v e K~. I f v o  1 or 6 (mod 15) andv *  21 it follows
by Lemmas 5.31 and 5.32, that both D C  B(6, 2) and DC B(6, 3) hold and
consequently by Lemma 2.4, u C B(6, 5). If u I (mod 6) is a prime-
power, u E B(6 , 5) follows from Lemma 4.1 , and for u = 6 the lemma is
trivial . Accordingly it remains to prove the lemma for u E {9, 10, 12, 15,
18, 21 , 22 , 24, 27 , 28, 30, 33, 34, 39, 40, 45, 52, 57 , 58, 64, 69, 70, 75, 93,
94, 99, 100). This is performed in Table 5.18.

Table 5.18.

u B(6,5;uJ

9 Lemma 4.5 and 90 B(3, 1) by Lemma 5.4.
10 Lemma 4.5 and 100 8(4,2) by Lemma 5.12.
12 Lemma.4.6, II OB (S,2)by Lemma 5.20and 11 GB(6 ,3)by Lemma 5.32.
15 (24 1 .X Z(3 , 2) x Z(5,2) .

‘8 — ((0 ,0), (0, 1),(0 , 3),(1, 0),(1,0),( 1, 2)) mod (3,5),
((0, 0),(0 , 2),(0, 0), (0,2) ,(1 , 1),(1 , 3) mod (3, 5),
((0, 0),(L 1),(0,0),(0, 1),(1 ,0),( 1, 1)>mod (—.5).

18 I=Z ( 17 , 3) u {=.}.
‘8 a (..,O,0, 4, 8, 12) mod 17 ,

(O, 4ci,4ci+3,4a+7,4at+10,4ci+ 15)mod 17 , ci • 0, 1.
21 X = Z (3 ,2) x Z(7 ,3) .

‘8 = ((G, 0),(L3),(0, t),(0,4),(1,2),(1,S)>mod (3,7),
((0,0), (0,0), (0, 1), (0, 4), (1 , 0), ( 1, 3)> mod (3 , 7),
((O, I), (0, 2),(O ,4),(0 , 5),(1, 2),( 1,5)> mod (3, 7),
((0,0),(0,3),(0,0),(0,3),(t ,0),(1,3)> mod (— , 7).

22 X—Z (2) xZ( i1,2).
‘8 = ((0.0), (Ø, ci), (0, c’~~S),(0,0), (0, ci*1), (0, ci+6)) mod (— , 11), ci • 0, 1, 2, 3, 4,

((0,G), (0, 0),(0, 2) ,(0, 4), (0, 6),(0 , 8)> mod (2 , 11).
24 X Z(23 ,5) U {—} .

‘8 <s.,Ø, Q, 10, 19, 20) mod 23 ,
(0, 0, 2, 6.9. 18) mod 23,
(L0,3,4,6, 14)tnod l3,
(0,0,8, 9, 16, 19) mod 23.

27 X = Z (2 ) x Z ( 1 3 , 2) U {(s.)}.
‘8 = ( (..),(O, 0). (0,0). (0, 0), (0,4), (0. 8)) mod (2, 13),

<(0,4a+1),(0,4ci+5),(0,0),(0,0),(0,4),(0,8))mod (2,13), ci 0, 1.2 ,
((0 .0), (L4),(L8),(0,0), (0, 4),(0 , 8)) mod (— . 13) .
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Table 5.18 (cont .).

u B(6 , 5 ; u J

28 X Z(4) X Z(7 , 3).
‘8 = ((0’,2ci),(0’,2ci+3),(1~, 2ci+2),(1’, 2c~+5),(2’,0),(3’,0)> mod (4, 7), ci = 0,1,2,

((0’, 0), (0’. 0), (0’. 2), (0’, 4), (1’, 0), (3’, Ø) mod (4, 7),
((5,0), (f,2), (5,4), ((ft +2)’, 0), ((fi+2)’, 2), ((~ +2) ’,4) > mod (— , 7), 3 = 0, 1.

30 X Z(29 , 2)U {~.’}.
‘8 (..,0.0 ,7,14 ,21)mod 29,

(0, u,u +1.M +3 .u+15 ,s+1 7) mod 29, ~i = 0, 3 , 7, 10.
33 X Z(3 ,2) x Z(11 ,2) .

‘V ((0,0), (0. 1), (0,6). (0, ci+3), (0,ci+8),( 1,0)>mod (3, 11), c i = 0, 1,
((O, 1), (O, 8) ,(ci, 2), (a, 7), (ci+1, 0), (ci+1, 9)) mod (3 , 11), ci = 0, 1,
( (0,0),(0, 0), (0,2), (0, S), (0, 7), (1 , 0)) mod (3 , 11),
((*, 2), (L 3),(0,2), (0, 3) ,(1 , 2),( 1, 3)> mod (— .11).

34 X ’.Z(3, 2) x Z( 11 ,2) U ((..)}.
‘8 — ( (‘.), (O, 0), (0, 2), (O, 4),(0, O), ( 1 ,O )> mod (3, 11),

((0 ,0) , (O, 1) , (0,2) , (O, 3) , (a , 0, ci+1 ,6) mod (3 , 11), a 0 , 1,
(( 0, 6),(0, 7), (0,9),(ci, 3),(ci, 8), (ci+1,0) mod (3, 11), c i 0, 1,
((0, 1), (0, 5c+2), (0, 1), (0, 5a+2), (1, 1), (1, Sci+2 )> mod (— , 11), ci = 0, 1.

39 X Z(3,2) X Z(11 ,2) U {(..g : i 0, 1 s}.
‘V — <(‘so), (‘ j), (“ 2), (‘si), (‘si), (..~ )> , S tunes,

((..~),(O,0),(0,O),(0,4),(a,6),(ci+1,7)) mod (3,11), ci = 0, 1,
<(‘sci.I~2)’ 

(0,0), (0, 6), (0, 8), (ci, 3), (ci+1, 4)> mod (3 , 11), c i = 0 ,  1,

~(‘~++), (0,5), (0, 2ci+1), (0. 2ci+7), (0,0). (1,0)> mod (3 , 11), ci 0, 1,
((0, 0),(0,0),(0, 5),( 1,O ),(1 , 2),(1 , 7)> mod (3,11),
((0,0), (0,0), (0,0),(0,0),(1,0),( 1,0)> mod (— , 11).

40 1 Z(3,2) X Z ( 1 1, 2 ) U ( (—j ) : 1 0, 1, ..., 6}.
‘8 = Blocks o(B (6 ,S ; 7j  on ((‘se): 1 0 , 1 , ...,. 6},

((—~), (G,0). (0, 0), (0, 8), (ci, 1), (ci, 3)>mod (3 , 11), ci = 0, 1,
((‘s3+2),(0 , 0),(3,0), (0,2),(ci, 5) ,(ci+I , 7)) mod (3, 11), ci 0, 1,
((‘s~+~),(0,0),(O,1),(0,9),(ci,3),(ci+1,6)) mod (3,11), ci 0, 1,
<(“6), (0, 0), (0, 1),(0, 2),(0,0), (1,0)> mod (3, 11),
((0.0). (9, Scs+4), (0, 0), (0, 5ci+4), (1,0), (1, Sa+4)) mod (— . 11), ci = 0, 1.

45 X Z(2) x Z(19 ,2) u{(.-1) : i 0 , 1,..., 6}.
‘8 Blockso fBl6, S; 71 on ((— 1):i .O, 1 6),

<(‘se), (0, 6a+5), (0,0), (0, 0), (0, 6), (0, 12)> mod (2 , 19), ci 0, 1, 2,
( (Sl~~ .f3 ), (0, 3ci), (0, 33+9), (0, 2), (0, 8), (0, 14)) mod (2, 19), ci = 0,1,

— <(‘s6), (0,0), (0,0), (0,0), (0, 6), (0, 12)) mod (2,19),
((0, 1), (0, 7), (0, 13), (0, 2), (0, 8), (0, 14)) mod (2, 19),
((0,0), (0,6), (*, 12), (0,0), (0, 6), (0, 12)) mod (— , 19) .

52 X. ’Z(43,3) U{ ’s 1:1 ”0, 1,...,8}.
‘V Blocks ofB(6,5;9Jon {’=1:i=0,1 s},

(‘se, 0, 7ci+1, 7a+20, 7ci+22, 7a+41) mod 43, ci 0, 1,2,
<‘s34.3,0, 7ci+2, 7a+3, lci+23 , 7a+ 24) mod 43, ci = 0, 1, 2,
~~~~~~ 0,7a+4 , 7a+19 , 7ci+25, 7ci+40) mod 43 , ci 0, 1, 2,
<0, 7, 14, 21 ,28, 35> mod 43.

57 Lemma 3.12, 8o T(7 , 1) and (7, 9) C 3(6, 5).

~
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Table 5.18 (cont.).

v B(6, 5;uJ

58 X GF(49 , x2 x +4 ) U (..j : j a O ,1 a).
‘V Blocks ofB[6, S;9 1 on (..1:j = Q , 1 8),

(‘s~ .33.0. 8a+23, 8ci — 6p+ 17 , 8ci+23+24, 8ci — 63 +41 > mod 49 , ci — 0, 1,2 ,

(7+6,7+l4 , -y+22,~y+3O ,7 +38,7+46) mod 49, 7 0 , 1.
64 Lemma 3.12, 901(7, 1) and (7, 10) C B(6 , 5).
69 X Z(3,2) X Z ( 1 9 , 2)U( ( ’sg): j ’. . O, l ii).

‘8 = Blocks of B(6, 5; 121 on {(.‘~): I = 0, 1 ii),
((..

~),(0, O), (O,2), (O, 12), (a, S) ,(ci+1,9) > mod (3 , 19), ci 0.1.
<(“a~I2 )’ (0.0). (0, 1), (0,8), (ci, 5), (ci+1, 12)) mod (3,19). ci = 0, 1,
((~~~~.4), (0,0), (0. 0). (0.16). (ci, 6), (ci+1, 2)) mod (3 , 19), ci =0 ,  1.(( 0+6 ) , (0,0) , (O, 8) , (O, 13), (o , 7),(ci+1 , 17)) mod (3, 19), ci = 0, 1 ,
<( ‘se), (0, 3), (0, 7), (0, 14), (0,0), (1 , 0)) mod (3, 19),
((“9), (0, 5) ,(0, 9),(0, 11),(0,O),(1,Ø)) mod (3, 19),
<(‘.~o), (0~0). (0, 5), (0, 14), (0, 8), (0, 17)> mod (3, 19),
((‘s)~), (0,0), (0, 7), (0, 16), (0, 1), (0, 10)> mod (3, 19),
((O,0),(0, O), (0,9), (1,O),U, 3),(1, l2p mod (3, 19),
((0, 3), (0, 12), (0, 3), (0, 12), (1 , 3), (1, 12)) mod (— , 19).

70 By Theorem 3.1 , 1( 7, 1; 111 exists; delete in this design any block and GD [(6, 7}, 1 ,10; 701
is obtained; apply Lemma 2.23 and (7,10) C 8(6,5).

75 By Lemma 3.l0 w tthr= 11 , s 6 , 1 1 , 750B((6 , 7.9 , 12}, 1); ft uther (7, 9,12) c 3(6, 5).
93 X Z(7,3) x Z(11, 2) U ((’s1): f O ,~ 15J .

‘8 = Blocksofft(6,5;16) on {(=’1):i=0,I is),
<(‘s3ci+3)’ (0,0), (213, 2ci), (234~2, 2ci+8), (23+3 , 2ci+I), (23+5, 33+ 9)> mod (7, 11),

c i = 0, 1, 2, 3 , 4, 3 — 0 , 1, 2,
(( ts),(G,O),(O,2),(9,4),(0,6),(0 8)) mod (7,11),
((0.0), (0,0), (0, 2), (0, 4), (0, 6), (0,8)) mod (7,11),
((0,9), (1,9), (2,9), (3, 0), (4, 0), (5,0) ) mod (7, 11).

94 X Z(S,2) X Z(17,3)U {(’s1) :IaO,1,...,8}.
‘8 Blocks ofB(6 ,S;9J on f(.=,) :j = O , I a),

<(“s). (0.0), (0,ci), (0,ci+8), (2 ,ci+4), (2,ci+12~ mod (5, 17), ci 0, 1 7,
((“s), (0,0), (O,O),( l ,0), (2 , O), (3, 0)>mod (5 , 17),
((0 ,ci+2), (0, ci+10), (cx,ci+5), (ci, ci+13) , (ci+2 , ci), (ci+2, a+ 8)> mod (5,17), 

7.
99 X = Z ( 3 , 2) x Z(3 , 2) x Z(11 , 2).

‘V = Blocks of B(6 , 5; 91 on Z(3) X Z(3) x (i}. 10 Z(11),
((0 ,0, 33) , (0, 0, 2ci+1) , (0,0, 2ci+2), (0,0, 2ci+3), (0, 0, 2ci+5), (0, 1 , 2a+ 7)>
mod(3,3,11), ci 0,I,2,3,4,((0,0, 33), (0,0,33+5), (0,0, 33+1), (0. 0, 33+6), (1 , 0, 2ci+4), (1 ,1, 33+9)>
mod (3,3,11), ci 0,l,2,3,4,

<(0 ,0, 2ci), (0,0, 2ci+1), (0, 1, 2ci+2), (1,0, 2ci+4), (1 , 0,33+5), (1, 1, 2u+3))
mod (3, 3, 11), c i 0 , 1, 2, 3 , 4.

100 Lemma 3.12 , I1€ T ( 9 , 1) and {9, 12} C B(6 , 5).
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Table 5.19.

u B(6 , 1S; u)

8 Lemma 4.5 and 8 oB(2 , 1) trivially.
14 Lemma 4.6 , 1308(5 ,5) by Lemma 5.21 and 130 B(6 , 3) by Lemma 5.33.
20 X Z(19 , 2)u( ’s) .

‘8 = Blocks of 8(6, 5; 191 on Z(19), 2 times,
(‘s,O, 60,6ci+1,6ci+1O,6cif14) mod 19 , ci = 0, 1,2 ,
(0, 3,6,9, 12, 15> mod 19.

32 Lemma 4.6, 31 08(5,2) by Lemma 5.20 and 31 E 8(6 , 1) as in Table 5.14.
35 X = Z (S ,2) x Z(7,3) .

‘8 = ((0,0). (0, 2), (0, 4), (ci , 0), (ci+1. 0), (ci+2, 0) ) mod (5, 7), ci — 0, 1, 2 , 3,
((0,O), (O, 2), (O,4),(a, 1), (ci, 3),(a,5)> mod (5, 7), ci = 0,1,2,3,
((0,0), (0, 213), (0. 213+1), (1, 213+4), (2,213+1), (3, 23+4) > mod (5 , 7), 3 times,

3= 0 ,1,2.
38 X Z (37,2)u (’s}.

‘8 — Blocks of 8(6,5; 371 on Z(37), 2 times,
(‘s,0,6a , 60,+2,6a+ 4, 6a+6) mod 37 , c i = O , 1, 2,
(2ci +1,2ci+7,2ci+13, 2ci+19, 2ci+25, 2ci+3 1>mod 37, ci = 0,1,2,
(4, 10, 16, 22, 28 , 34> mod 37.

Lemma 5.34. For every integer U) ’ 6, D C  8(6 , 15)  holds.

Proof. By Lemma 5.29 , u C B (K 6, 1) and it suffices to show that
y e  B(6 , 15) for every D C  K6 . For u~ 0 or 1 (mod 3) this follows from
Lemma 5.33 and for uE 1 (mod 5) this follows from Lemma 5.32. If u
is a power of an odd prime, u C B(6, 15) follows from Lemma 4.4. For
other values of u the proof is given in Table 5.19.

Lemma 5.35. If X >  3, then 21 e B(6 , X) holds.

Proof. For X = 3, 21 C B(6 , 3) follows from Lemma 5.32; for X 5,
21 C B(6 , 5) follows from Lemma 5.33. For A = 4 we prove 21 C B(6 ,4).
X = GF(4 , x2 = x + I) X GF(4, x2 = x + 1) U {(oo~); I = 0, 1, 2, 3, 4~.

= Blocks of B[6 , 2; 16] on GF(4) X GF(4),

• <(°°c i )~ (°°a+3+1)~ (0, 0) , (0, a), (1, a+l) ,  (2 , a+2) mod (— ,4),
a = 0 , 1, 2, ~ = 0 , l ,

( (00 3), (004p ), (0, 0), (0, 0), ( 1, 0), (2 , 0)> mod (— , 4), ~ = 0, 1 ,
((00 4), (003 ) , (0, 0) , (0, 0), (0, 1), (0, 2)) mod (4, —), ~ = 0, 1.

For other values of A )  3 apply Lemma 2.4.
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Theorem 5.4.Let A> I and v) ’  6 be integers. A necessary and sufficient
condition for the existence of a BIBD B [ 6 , A; u] with A >  1 is that the
design is not B[6 , 2; 21] and that

— I )  0 (mod 5) and Xv( u — 1) 0 (mod 30).

Proof. The necessity follows from Theorem 1.1. To prove sufficiency
note that A determines the values of v for which the condition of the
theorem is satisfied. By Lemma 2.3, it suffices to consider only those
values of A which are factors of 30 and in our case — because k = 6 is
even — only factors of 15 and A = 2 and we obtain

forA 2, v—  1 or 6 (mod 15),
forA 3, u~ ( (mod 5),
forA S, u o 0 o r l (mod 3),
for A = 15 , every v.
In all these cases — with exception of A = 2, v = 21 — the existence

of the relevant BIBD’s is proved in Lemmas 5.31 , 5.32, 5.33 and 5.34,
respectively. Considering Lemma 5.35 the theorem is proved completely.

It’has been proved by Connor and Hall .[9 ,151 that the exceptional
BIBD B[ 6 , 2; 21] does not exist , see Lemma (.3.

5. 5. BIBD ‘s with block-size 7

Only partial results are given here , namely necessary and sufficient
conditions are obtained for BIBD ’s with k = 7 and A = 6, 7 and 42. How-
ever, whenever available, constructions of BIBD’s with smaller values
of A are performed.

Lemma 5.36. For every positive integer u, u E GD((7 , 8, 9), 1 , 1(49) )
holds.

Proof. Apply Lemma 3.13 with t = 2, s = 7, but for 49 ’~ u < 56 with
t 1 , s 7 , r= 7. Check with the help of Theorem 3.1. Foru) ’  630,
U E GD((7, 8), 1, 1(90)) follows by Lemma 3.9 and Theorem 3.7 and
needs no checking.
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Lemma 5.37. For every integer . ) ‘  7, u € B (K ~, 1)  Izolds, where
K7 = ( 7 , 8, ..., 48, 51 , 52 , 53 , 54 , 55, 59 , 60, 6l , 62} .

Proof. Apply Lemma 3.13 with D = (2 , 3, 4, 5, 6) and other parameters
as follows: for 49< U < 50 , : = l , s = 7, r = 7; for 56< ii < 58 , : = 2,

• s - 7 , r = 8 ; f o r 6 3 < u < 6 6 , t- = 3, s 7 , r = 9 ; f o r 7 O < u < 7 4 , t = 3 ,
s = 7 , r 9; f or 7 7< u <  78, t =  l , s 7 , r = l 1 ; f o r 7 9 < v <  82 , r 2 ,
s 8 , r = 9 ; f or 8 4 < u < 9 0 , r = 3 , s 7 . r = 9 ; f o r 9 l < u <  12 1 , t 4 ,
s = 7, r = 11; for U ) ’  122 the checking may be done easily with param-
eters t = 3 and s = 7. We have shown that for the mentioned values of
U, y E  GD({7 , 8, 9, 10, 11), 1, K7) , and by Lemma 3.9 , u€  B(K 7, 1). It
remains to prove the lemma for v C (67 , 68, 69, 75 , 76, 83}.

If y E  (67 , 68, 69}, consider a transversal design T[9 , 1; 8] and delete
1 point from each of 5, 4 or 3 groups respectively, in such a way that
no 3 of the deleted poi nts be in a block. This is possible according to
the proof of Lemm a 3.18 and we obtain v C B({7 , 8, 9), 1). For
DC (75 , 76) delete 2 points from each of 3 groups in T[9 , 1; 9] and
regarding V = 83 consider in T[9 , 1; 11] any two intersecting blocks ,
and delete all their points with the exception of their intersection;
clearly 83 E B(( 7 , 8, 9, 11), 1).

Lemma 5.38. If u ( (mod 6), then y E  B(7 , 7) holds.

Proof. Let v = 6u + 1, where u is a positive integer. By Lemma 5.36 ,
U E GD(( 7, 8, 9), 1, 1(49)). By Lemmas 2.26 , 4.24 and 4.25 , it suffices
to show that u 6p + I E B(7 , 7) for every p E 1(49). For p = 1 the
lemma is trivial , if u is a power of an odd prime , then v E B(7 , 7) by
Lemma 4.2. For other values of u see Table 5.20.

Table 5.20.

s u B(l , 7;u J

9 55 Lemmas 4.25 and 2.11.
14 85 Lemma 3.23 (r = 12) and 1308(7 , 7) by Lemma 4.2.
15 9 1 We prove 91 a GD(7, 1,7). [241. X = Z(7 , 3) x Z(13, 2).

= ((0,0), (0, 3a), (0, 3ci+6), (2 , 3a+4), (2 , 3ci+ 10), (4 , 3a+2) , (4 , 3o+8)>
mod (7 , 13), c i = 0, 1. 
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Table 5.20 (cont.).

ci 8( 7 ,7; o)

19 115 We prove 114 EGD(7, 7,6). Xa (Z(5 , 2) ~i (‘} x 2(19,2).
Blocks 0(8 (7,7; 191 on {..} X 2 (19) .

mod (5;19), c c 0,1 5,

mod (5;19), 2 times, ~~ 0,1,2, i= 0,1,

inod (S;19), ~~ 0,l,2.22 133 Lemma 3.11,19ET(7,1)and 19~~B(7,7).24 145 Xal(3)x t(6)x l(8)u{_},
BtocksofB(7,7;19) onl(3)x I(6)x {i}o{..}, ie1(8),
Blocks of T(7, 7; 3) (exists by Theorem 3.11) on 1(3) X B for every block B
of GDf7, 1, 6;48J (exists by Lemma 4.24)on 1(6) x 1(8).

29 175 Lemma 3.11,25E1(7,1)and 25E8(7,7).
31 187 We prove I86EGD(7,7,6).X=(Z(S,2)u~..})xZ(31,3).

Blocks 0(8 ( 7 ,7; 31J on {..} x Z(31) .(
~..;Ø), (Ø;cc), (Ø;cc+15), (jl ;cc+5), (P;a+20), ~ +2;a+l0), (p~ 2; a+25))
mod (5;31), 2 times, cc O,l,2,3,4, 0.0,1,
((.=;Ø), (G;3ac+1O), (Ø;3cc+25), (1; 3cc+S), (1; 3cc+20),(3; 3cc), (3; 3cc#15)~mod (5;31), a 0 ,1,2,3,4,

mod (S;31), , O ,1 9.
34 205 X Z(6)XZ(31,3)u{(.s,);ia0,1 18}.

~~~= BlocksofB(7,7;19) on ((..1): 1.0,1,..., 18},
t(
~cc)’ (0’,cc), (0’,or+l S) ,  (ic cc+5), (1 ’, cc+20), (3’,cc+lO), (3’, cc+25))
mod (6,31), cc 0,1 14,

~~~~ 
(0’, cc), (I’, a +5) , (2 ’, cc+10), (3’, cc+15), (4’, ac+20),(5’, cc+25))

mod (—,31), cc 0,1,...,14,
t ( ’ n+is~’ (0’, 7~+ y  +15), (1’, 711 +~ +20), (2’, 713 + ‘y + 25), (3’, 713+7),
(4~.713~ 7~ 5),(5’,7p+i+1O))mod(..,31), ~=0,1, 7= 0,1 6,

( ( ‘~7), (0’, 29), (1’,4), (2’, 9), (3’, 14), (4,19), (S’~24)) mod (— .31.),
((~~~7), (0’, 0), (0’, 3), (0’, 10), (0’, 13), (0’. 20), (0’,.23)) mod (6.31),((o.~ ), (0’, 0), (1’, 0), (2’, 0), (3’,Ø), (4’, 0), (5’, 0)) mod (-- , 31), 7 times,
((0’, 2cc), (0’, 2cc+tO),(Q’, 2cc+20), (1’, 2cc+21), (2’, 2cc+2), (4’, 2cc+1 1),
(5’,2a+l))mod (6,31), cx~~0,1,...,14.36 217 Lemma 3.11, 31 € T(7,1)and 31eB(7,7).

39 235 X Z(7,3)x Z(3I,3)~J{(osj): i O,1 17}.
‘~$ BlocksofB(7,1;49J on {/}xZ(31)u{(.P,)~f.Q1 1 7}, / € Z (7)

((“cc),(O,O),(O,3),(O,lO),(0, 13),(O,20),(0,23) mod (7,31), cc 0,1, ...,S,
Form a resolvable transversal design RT(7, 1; 31) on 2(3 1) X Z(7), adjoin each
of the points 

~~~~~ 
a 0, 1,..., 11, to all blocks of a parallel class of blocks;

so axe obtained blocks of size 8; by Lemma 4.1,8 E 8(7,6); further take once
the blocks of these parallel classes without the ad joint point 

~‘ a46)’ Blocks of
other parallel classes take 7 times each.

41 247 By Lemma 4.1, 41 E 8(8, 7); apply Lemmas 2.16,4.24 and 2.11.
42 253 Lemma 3.23 (r - 36) and 31€ 8(7 ,7) by Lemma 4.2.
43 259 Lemma 3.22 0’= 37).
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Table 5.20 (cont.).

M v B(7 ,7 ; u J

44 265 I— Z(6) X 2(37,2) u {(..~): 1— 0, 1 42}.
— Blocks 0(8(7, 7;43j on {(—~): 1— 0,1,...

• 
((sS~~+7

), (0’,a), (1’, a+6), (2’, a+12), (3’, a+18), (4’,a+24), (5’, cc+30)>
mod (—,37), 7 times, a c O ,1,...,3S,

( (— a) , (0’,13), (0’,$+2), (0’,13+12), (0’, 13+14), (0’, 13+24), (0’, 13+26))
mod (6, 37), p 0 , 1 6,

• ~~~~~ (0’, 0), (1’,Ø), (2’, 0), (3’, 0), (4’, 0). (5’ , 0)> mod (— , 37), 13 0, 1, ..., 6,
((0 .0), (0’, 4), (0’, 7),(0’, 16), (0’, 19), (0’, 28), (0’, 31)> mod (6,37).

Lemma 5.39. If usa  0 or 1 (mod 7), then v € B(7, 6) holds.

Proof. Let u = 7u + e, where u is a positive integer and e = 0 or 1. By
Lemma 5.36, u E GD({7, 8, 9), 1 , 1(49)) . By Lemmas 2.25, 2.26, 4.27
and 4.28, it suffices to show that u = 7p + € E B(7 , 6) for every
p E 1(49). For u = 7 the lemma is trivial , (8, 64) C B(7, 6) by Lemma
4.1, {29, 43, 71, 113, 127, 169, 197, 211 , 239, 281 , 337) C B(7, 3) by
Lemma 4.3, (63, 77, 119, 133, 161, 175, 189,203, 217 , 259, 287, 301, 329)
C .8(7, 3) by Lemmas 4.26 and 2.10, (50, 78, 92, 120, 134, 162, 176, 190,
204, 218, 260, 288, 302, 330} C B(7, 6) by Lemmas 4.26 and 2.14, con-
sidering 8 E B(7, 6). For other values of u see Table 5.21.

Table 5,2 1.

ci 8(7,6;vJ

14 X.Z(13, 2) U (—) .
~ (~ ,0,2,4,6, 8, 10>mod 13,

(0, 0,2,4,6, 8, 10> mod 13.
15 1SEB (7 ,3) . ( 1 2 1 .X —Z ( 3 , 2) x Z(5 ,2) .

• 
~~ 

((0, 0), ( 0, 0), (0 ,0) . (0 , 2) , (1 ,0) ,( 1 ,1), (1 , 3)) mod (3 ,S) .
21 21 EB(7,3). ( 12j .X — Z ( 3 , 2) x Z(7,3).

• ((0,0), (0, 2), (0, 4), (0,a), (0, cc+ 3), (1,a +1), (1,cc s’4)) mod (— , 7), cc =0, 1, 2,
((g ,Ø),(0, 1), (0, 3),(0, 5),(1, 1), (1,3), (1,S)) mod (— .7),• ((P,0), (P, 0). (13, 1). (ft. 2), (13, 3), (13,4), (13,5)), 1 3 0, 1.

22 X•Z(3, 2) X Z(7,3) LI((..)}.
‘
~~ ((—), (L0), (L3),(0, 1), (0, 4),(1 , 2),(1 , S)> mod (3,7),
((0,0), (0,0), (0, 2), (0,4), (1,0). (1,2), (1,4)> mod (3, 7), 2 times,
((0,0),(0,0).(0, 1),(0,2),(0,3),(G,4),(O,5)) mod (3,—).

I

_  ..
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Table 5.21 (cont.).

8(7, 6; cii

28 28E8(7,2). [121. FormB(9,2;37) withX—Z(37,2),and
— 0,4,8, 12, 16, 20.24 , 28, 32) mod 37, and delete any one block and all its points.

35 I — (2(4) u {—} ) x 2(7,3).
‘$ ((— ,O), (— ,0),(— , 1),(— , 2) ,(— ,3),(..,4) ,(— , 5)) , 2 times,

((— , 2ot), (’., 2~ + 3), (0’,0), (0’, 2cc), (0’, 2cc+3), (1’, ~ ), (2’ , ~ )> mod (4, 7), cc
((— , 1), (— ,4), (0’, 0), (0’, 1) , (0’, 4), (1’, 0). (3’, 0)> mod (4,7),
((.,0), (0’, 2a+2), (0’, 2cc+5), (1’. 2cc), (1’, 2cc+3), (2’, 2cc+1), (2’, 2cc+4)) mod (4,7),
a 0 , 1,

((0’, 0), (0’, 3), (1’, 1), (1’, 4), (2’, 2), (2’, 5). (3’, 0)) mod (4,7).
36 X—Z(5,2)X Z(7,3)u{(..)}.

— ((—). (0,2),(0,5),(0, 1),( 0, 4),(1,0),(1,3)>mod (5 ,7),
((0, 2cc), (0, 2cc+3), (0, 2a+ 2), (0, 2a+5), (1,0), (3, 2oc+1), (3, 2cc+4 )> mod (5, 7),

cc —0,1,
((0,0), (0, 2), (0, 4), (0,0), (1,0), (2, 0),(3, 0)’ mod (5,7), 2 times .
((L0),(0,0),(0, 1),(0,2),(G,3),(9,4),(0,S)) mod (5, —).

42 I • (2(5, 2) U (1.)) x Z(7, 3).
• ((‘—.0), (— 0), (— . 1), (— , 2), (— ,3), (‘-,4), (— , 5) > ,
((~,cc), (— ,cc+3), (0,0), (0. cc+2), (0, a + 5), (2,cc), (2,cc+3)> mod (5,7), cc = 0, 1,2,
((..,0),(L2),(0,5),(p, 1),($,4),($+2,0),(fl+2,3)> mod (5,7), 13— 0,1,
((0,0), (0.2), (0.4), (0,0), (1,0), (2 , 0) , (3,0)) mod (5 ,7), 2 times.

49 .49 E 8(7, 1) by Theorem 2.2.
56 Lemma 3.11, 8 ET (7 , 1) and 8 €B(7,6)
57 57 E 8(7,3). I = Z(3, 2) x 2(19, 2).

~ ((Ø,Ø), (0,2cc), (0, 2a+6), (0, 2a+12), (1, 2cc+2), (1, 2cc+8), (1 , 2cc+14)) mod (3 , 19),
a~~0, 1,

((0,O),(0,0),(0,6),(0,12),(1,0),(1,6),(1, 12)>mod (3, 19),
((0,Ø),(0,4),(0, 10),(0. 16),(1,1),(1,7),(1,13)>mod (3, 19).

70 X’Z(2)X Z(31,3)U{(—1):i”0,1 7}.
~ a BlocksofB(7,6;8)on((~1):i—0,1 7),

<( cc~’ 
(0.0), (0,0), (0,5cc), (0, Scc+4), (0, Scc+15), (0, 5cc+19)) mod (2,31).

a 0,1,2,
<(“cc+3~’ 

(0, Scc+13) , (0, 5cc+28), (0,5cc), (0. 5a+3), (0, 5a+15), (0,6cc+18))
mod (2,31), a 0 , l , 2,

((~~~+~)~ (0, 0). (0, 10), (0, 20), (0, 9), (0, 19), (0, 29 )> mod (2,31), 3 0, 1,
((0 ,0) , (O,5cc+2), (0, Scc+17), (0, Scc+4), (0, Sa+7), (0, 5cc+19), (0, Scc+22)>
mod (2,31), a 0 ,1,2.

84 We prove 84EGD(7 ,6,7). X. ’ Z(7 ,3) x Z(11,2)u ((— j ) : l — 0 , 1,...,6} .
— ((‘~~~), (0;cc+2), (0;cc+7), (2;cc+1), (2;cc+6), (4;cc+3),(4 ;cc+8)) mod (7; 11),

0, 1, 2, 3,
((~13+4). (0; 0), (I;513+2), (2;513), (3;Sp+8), (4;5$+4), (5;5 13+6) mod (7; 11),

((—~ ),(0;0), (0;S),(2;2),(2;7),(4;1),(4;6)) mod (7; 11),
((O;O), (0;cc+1), (0;a.6), (2;a+3), (2;a+8), (4;cc+2), (4;cc+7)) mod (7; 11),

0, 1, 2, 3,
((0;0),(0;1), (0;6),(2;0),(2;S ),(4;2),(4;7)>mod (7;11).

85 Lemma 2.14, 8 e B(1, 6) and 84€ GD(’7, 6,7)as above.
91 91 EB(7, 1), see Table 5.20.
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Table 3.21 (coat.).

ci B(7,6;uJ

98 Lemma 2.16, 14EB(7 ,6) and Lemma 4.27.
99 99 E 8(7, 3). Lemma 3.23 (‘a 14) and 15 E 8(7,3) as above.

105 1OS E GD(7,3, 7) by Lemma 2.16, 15 e8(7 ,3) and Lemma4.27 .
106 Lemma 2.14,8 €8(7,6)usd 105 EGD(7,3,7) as above.
112 We prove 112 EGD( 7 , 2, 7). X Z(7 ,3) x GF(16, x4 x + 1).

) ((0; 0), (0; 3cc), (0;3 cc+3), (2;3cc+5), (2; 3cc+8), (4; 3cc+1O), (4; 3cc+13) mod (7:16),
0, 1, 2, 3, 4.

126 We prove 126 €GD(7 ,6.7). X 2(7, 3) X 2(17, 3) U{( 1): 1 0 ,1 6).
— ‘(‘cc)’ (0;a), (0;cc+8), (2;a+3). (2;a+11), (4;a+4), (4;cc+12)> mod (7; 17),

cc. 0, 1, 2, 3,

mod (7;17), 1 3 0, 1,
( (e’~) , (0 ; 7), (0; 15) ,(2 ; 5),( 2 ;  13), (4;3) ,(4; 11)> mod (7; 17),
((0;0),(0;7),(0;7+8’,(2;v+6),(2;7+14),(4;7+4),(4;7+12))mod (7;17),

((0:0). (0;cc+4), (0;cc+ 12), (2;a+7), (2;a+15), (4;a), (4;a +8)> mod (7; 17),
cc 0, 1, 2, 3.

140 We prove 140€GD(7 ,6, 7). X— Z ( 7 , 3)x 2(19,2) U((—j): I = 0, 1 6).
— ((‘. ) (0;cc+6), (0;a+lS), (2;cc+ 1),(2;cc+ 10), (4 ;a+3), (4 cc+1 2) > mod (7; 19).

cc —0, 1,2,
((~ 13f3), (0; 0), (0:13+ 9), (2; 13+3) , (2; 13+12), (4; 13+8), (4 ;13+17)) mod (7; 19),

13 — 0, 1,
((—~+~) .(0;913+6) . (1;9 13+8),(2; 9 13+7),( 3; 9P+11) . (4; 9P+9) . (5 ; 9P+10))

mod (7; 19), 13 = 0, 1,
<(0;0), (0; ’y+2), (0; 7+11), (2; 7+5), (2:7+14), (4 :7+1), (4; y+lOp mod (7; 19),

((Ø;Ø), (0; 6), (0; 6+9), (2; 6+4), (2; 8+13), (4; 6+6), (4; 6+15)) mod (7; 19),
6 — 0 ,1 5.

141 141 E 8(7,3). Lemma 3.23 and 21 EB(7, 3) as above.
147 147 EGD(7, 3,7) by Lemma 2.16,21 EB(7, 3) and Lemma 4.27.
148 Lemma 2.14, 8 EB(7, 6) and 147 € GD(7 , 3, 7) as above.
154 154 E GD(7 ,6,7) by Lemma 2.16, 22 € B(7 , 6) and Lemma 4.27.
155 Lenuna 2.14, 8 EB(7,6) and 154 € GD(7,6. 7) as above.
168 X•1(8)xI(2 1).

‘6 Blocks of B[7,6;8) onl(8)X (I), 1E!(21),
Form 8(7,3:21) en 1(21) and for every block B of this descgn take 2 times the blocks
ofT(7,1;8J on I(8)x B.

182 lemma 2.25 (with m — 2), 91 E GD(7, 1,7) as in Table 5.20. 14€ 8(7,6) as above and
14€ GD(7, 3,2) by Lemma 4.29.

183 183 E 8(7, 3) by Lemma 2.26 (with m = 2). 91 €GD(7, 1,7)as in Table 5.20,
15 E 8(7,3) as above and 14 E GD(7, 3,2) by Lemma 4.29.

196 196EB(7 ,2)by Lemma 2.16, 28e8(7,2) as above,and Lemma 4.27.
210

Lemma 3.9,s 7 , t 1 ,r — 2 9 , r 1 u—2 03 ; r 1 hasthevalues 7, 21,22, 28,29;
231 further {7, 8, 29. 21,22, 28) C B(7, 6).
232

. 
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~~~~



_ _ _ _ _ _ _ _ _

326 H. Hanani / Balanced incomplete block desjgns

Table 5.21 (cant.).

ci 8(7 ,6; cii

238 X Z(7,3) X Z(31,3)u{(~j ) :i 0, 1,...,2O}.
~$ • Blocks ofB(7 ,6;2 1J on {(~ j ) : l — 0 , 1 20).

t( cc)’ (0, 0). (0,3), (0, 10), (0, 13), (0, 20), (0, 23)> mod (7.31), cc — 0,1,..., 5,
Form RT(7 , 1; 31) on Z(31) x Z(7); for 1 3 0 , 1,..., 14 adjoin the point (—~~.~)
to all blocks of a distinct parallel class of blocks and form 8(7,6:8) on eacb so
enlarged block; the blocks of other parallel classes of blocks take 6 times each.

245 245 EGD(7 ,6, 7) by Lemma 2.16, 35 E B(7,6) and Lemma 4.27.
246 Lemma 2.14, 8 E B(7, 6) and 245 E GD(7 , 6, 7) as above.
252 252 € GD(7. 6, 7) by Lemma 2.16, 36 e 8(7,6) and Lemma 4.27.
253 Lemma 2.14,8 E 8(7.6) and 252€ GD(7 ,6, 7) as above.
266 We prove 266 € GD(7, 6, 7). I • 2(7,3) x 2(37, 2) U {(i.~): I = 0, 1, ...,6}.

* ((~~~), (0; 2cc+12), (0; 2cc+30), (2; 2cc+15), (2; 2cc+33), (4; 2cc+16), (4; 2cc+34))
mod (7;37), a 0 , 1, 2,

((‘-p+~).(0; 2P).(0; 2a+l8) .(2;2 13+3),(2;2p+2 1),(4 ;2p+6),(4 ;2a+24)>
mod (7;37), 1 3 — 0, 1,

(( p+s ).(0;180+4). (1;1813+8),(2;18136).(3;1813+14).(4; 1813+10),(5;1813+12))
mod (7, 37), 1 3 — 0, 1,

((0;0), (0:27+1), (0:27 +19), (2; 2~ +4), (2;2~ +22), (4;27 +213+5), (4; 27+20+23))
mod (7,37), 1 3 0 , 1, ‘v O, l 8.

( (0:0). (0; 26+4), (0: 26+22), (2 :26+7), (2; 26+25), (4; 26+10), (4:28+28))
mod (7;37), 6 0 ,1,...,6,

((0; 0), (0; 2q), (0; 2~+18), (2; 2ii+3), (2; 2n+21), (4; 2~+4), (4 2~+22) mod (7; 37),

261 Lemma 2.14, 8 E 8(7,6) and 266 € GD(7 ,6,7) as above.
273 X Z(7,3) X Z(37 ,2)o {(—1): 1 0, 1,..., 13}.

~8 ‘BlocksofB(7,6;14Jon ((~j):f—0,1 13),
((0,0). (0,0). (1, 0), (2,0), (3,0), (4 ,0) . (5.0)) mod (—. , 37), 6 times,

The family s of blocks as below.
• ((‘s), (0,2cc). (0, 2cc+18), (2, 2a+3), (2, 2cc+2 1), (4, 2cc+4), (4, 2a+ 22)> mod (7 , 37),

t( 2 13+y+a)’ (0,613+27+6), CO. 6a +27 + 24), (2,613+27+9), (2,6 13+27+27),
(4,60+2, +12), (4,613+27+30)> mod (7,37), 13~~0.1, ~ = ~, 1,

<(‘2Ø+7+ao)’ (0, 1813+67+10), (1, 1813+67+14), (2, 1813+67+12), (3, 1813+6’v +20).
(4,180+67+16), (5,1813+67+18)> mod (7, 37), 13— 0, 1, ~ =0, 1,

((0, 0), (0, 26+1), (0, 25+19), (2, 26+4), (2, 26+22), (4, 26+ 20 +5), (4, 214213+23))
mod (7,37), 1 3 0 , 1, 6 0 , 1,..., 8,

((0 ,0), (0, 2,~+12), (0, 2n+30), (2, 2~+15), (2, 2q+33), (4, 217+16), (4,2~+ 34)>
mod (7,37), 17~~0,1,2,

((0, 0), (0, 2u), (0, 2p+1S), (2, 2ii+3), (2, 2ji+2 1), (4, 2s+6), (4, 2~i+ 24)>
mod (7,37), ~~~~~~~~~~274 X Z(7, 3)XZ(37 , 2) u {(—j ): iu ’ O,1,..., 14}.

~ •Blocks ofB( 7 , 6; 15J on ((~j): I 0, l , ..., 14},
Blocks ofB [7 ,6;8) on Z(7) X (j}u((’=14)}, /E Z(37),
The family it of blocks as above.

280 I — 1(8) X 1(33).
‘6 — Blocks of B(7 ,6;81 on !(8) x {t}. 1E1(35),

Form B(7, 6;351 on 1(3 5) and for every block B of this design take the blocks of
T(7,1;8)onl(8)xB.

~ 

,—,- .. 
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Table 5.21 (coat.).

ci 8(7.6; vi

294 294 € GD(7, 6, 7) by Lemma 2.16 , 42 € 8(7,6) and Lemma 4.27.
295 Lemma 2.14, 8€ 8(7,6) and 294€ GD(7, 6,7) as above.
308
309
315 Lemms 3.9, s = 7 , t = 1 , i’ 43, ,’1 v — 301;r t has the values l,8, 14, 15,21,22,35;
3~2 further (7, 8,43, 14, 15, 21 , 22.35) C 8(7,6).
323
336

Lemma 5.40. For every integer u )  7, u G B(7 , 42) holds.

Proof. By Lemma 5.37, it is sufficient to show that v E B(7, 42) for every
u E K7. If u sa I (mod 6), v E B(7, 42) follows from Lemma 5.38; if
u sa  0 or 1 (mod 7), v € .8(7, 42) follows from Lemma 5.39, and if u is a
prime-power this follows from Lemma 4.1. For other values of u E K7,
v E B(7, 42) is proved in Table 5.22.

Table 5.22.

ci B(7, 42;u)i

10 10 EB(7, 14). Lemma 4.5 and 10€ B(3, 2) by Lemma 5.6.
12 Lemma 4.6, 11 e 8(6,3) by Lemma 5.32 and 11 €B(7, 21) by Lemma 4.3.
18 X.Z(l7,3)u{~).• (s.,cc,cc+4, cc+5,a+8,cc+ 12,cc+ 13) mod 17, cc — 0. 1,2,3.

( ,2, 3,6, 10,11, 14> mod 17 , 2 times,
(— ,0, 2,3,8, 10, 11> mod 17,
(O, 13+1j +3,13+4 ,13+9,Ø+ 11 ,13+12>m od 17, $ — 0 ,1,..., 6,
(O, cc,cc+1,cc+4.cc+8,cc+9,cc+ 12) mod 17, a — 0, 1, 2,3.

20 X.Z( 19, 2) U( ~}.
‘~~ (— ,cc, cc+3, cc+6, e+9, cc+12, cc+ 15>mod 19, 2 times, a 0 , 1,2,

( — 2 3 8 9  14 , 15)mod 19,
(O, cc, cc+3, cc+6, a+9, cc+12, cc+15) mod 19, 4 times, cc 0, 1,2,
(O, 0,l, 6, 7,12 , 13>mo d l9.

24 X.Z(23 , 5) u{~).
— (,gs,is+1,s+3,M+l1, M~l2, >s+14> mod 23, M — 2,5, 7,8, 10, 18,

- (— ,1,3,6,12,14,17>mod 23,
(0, cc+2, cc+4, cc+7, cc+l3 , cc+15, a+18) mod 23, cc 0,1 , ..., 9,
(0, 313,313+1,3 13+3, 313+11,313+12, 3 13+ 14>mod 23, ~ =O , 1, 2, 3,
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 7 0 , 1,2.

_ _ _ _  _ _ _  _ _ _ _ _  _ _ _  
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Table 3.22 (cant.).

ci 8(7,42; vi

26 XSGF(25,x2.2x+2)u{_}.
‘8 — (s.,~ ,j j +4 , M+ 8, js+12, S5+16, g~+2O) mod 25, once for u•  0, 4 times for ~ = 2,

2 timesfors 3,
(O, cc, cc+4,çi+8, cc+12, a+16, a+20 > mod 25. 4 times, cc —0, 1,2,3,
(0, v, p+4,p+8,y+12, v+ 16, v+20 mod 25, once for ci 0, 2 times for v 1.

30 X Z(29,2)U{~}.
‘8 — (“ , ~s, j& +4, ~+7, ~+j 4 , ~+18, is+2l > mod 29, u — 2 ,8, 10, 12,

(— , 2,6,10, 14, 18,22) mod 29, 2 times,
(— ,0, 8, 13, 14,22,27) mod 29,
(0, cc, cc+1,u+9, cc+14, a+15,cc+23)mo d 29. cc — 0,1 12,
(0, v,v+4,v+7, v+14, v+18, v+21) mod 29, ci = 0, 1,3.4,5,6,7,9, 11.13.

33 33 E B(7,21). X Z(3,2)XZ(11,2).
‘6 — ((0, 0). (0. 2), (~,4), (0. 6), (0.8), (0,0), (1, 0)> mod (3, 11), S times,

((0, 2cc), (0, 2cc+2), (0,2cc+4), (0, 2cc+1), (0, 2cc+ 3), (1, 2cc+1), (1, 2cc+ 3)) mod (3,11),
cc — 0, 1,2, 3, 4,

((O, 313),(0, 213+2),(0, 213+4),(0,O),( 1 ,O),(7, 1), (7+1,9)) mod(3 , 11), p 0 , 1,
7 0 , 1,

((O,O),(0, 7),(0,8), (0,0),( 1,O),(y, 3), (7+1,5)> mod (3, 11), 7 — 0 , 1.
34 34€ B(7, 14). I — 2(3,2) x 2(11, 2) U

‘6 ((‘s),(0,0),(0,u),(O,0).(O,s),(1,0),(1,u)) mod (—,11), once for u — 0 .2 times
for~i 2 ,3,4,

((0,0), (0,u),(0,u+ 2), (0,a+5),(0,a+7),(1.a+ 1),(1, a+6)> mod (3, 11),
cc 0, 1, 2, 3, 4,

((0,0), (O,v), (O, v+1), (O.v+5), (0, v+6), (1,z’ +3), (1,v+ 8)) mod (3, 11), 2 times
for ci — 0, once for v 1.

((O,O), (O,O), (O,3), (0, S),(O, 8), (1, 4),( 1,9))mod (3, 11).
38 X Z(37,2) u {—}.

‘6 (— , p ,p+&, ~+12, M~ IS,U+ 24 , u +30) mod 37, 2 times for ~i — 2,4 times for t&s4,
once for M 5,

(0, cc,cc+6, cc+12, cc+l8 , a+ 24, cc+30)mod 3l, 4 times, c c 0 ,1 5,
(0,v,.s.+6, p4 12 , p418, p424 , p4 30) mod 37, 2 times for ci 0,1, 3, once for v— S.

39 39 E B(7, 21). X Z(3, 2)x Z(13, 2).
‘6 — ((0,~ ), (O,a), (0, a+4), (0,a+8), (1,a+1), (1, cc+5), (1, cc+9)> mod (3,13),

cc 0, 1, ..., 11,
((0, 0), (0, 3~), (0,313+4), (0,313+8), (1,313), (1,313+4), (1,313+8)) mod (3, 13),

0, 1, 2, 3,
((0,0),(0,7), (0.7+3), (L7+6), (0,7+9).(0, 0),(1,0)) mod (3, 13), ~ 0, 1, 2.

40 4OEB(7,14). X”Z(3,2) x Z(13,2)u ((~)}.
‘8 — (( ), (0,0), (O,u), (0,0) , (O,M), (1,0), (1,~)> mod (— .13), once for M = 2,3,4,

2thnesfor>s 5,6,
((0, 0), (0, a), (0,cc+3), (0,a+6), (0,cc+9), (1,cc+1), (1,cc+7)> mod (3,13),

c c 0, 1,..., 5,
((0,0) , (O,13+1),(0,P+2), (0,13+7) . (0,13+ 8), ( 1,2 13+3). (l ,213+9)) mod (3,13),

((0, 0),(0.~ ), (0,y+1),(0, ’y+6),(0,~ +7),( 1,~ + 2),( 1,y+8)> mod (3. 13). 7 0 , 1.

________ ~~~~~~~~~~~~~~~
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Table 5.22 (coat.).

ci B(7 ,42 ;u~

43* 43€ B(7, 2). I — (Z(5, 2) U {—}) x Z(7, 3) U {(.., ‘)}.
‘6 ((~, —), (— , 0), (0.0), (0, 0), (2,0), (3,0)) mod (—.7), 2 times,

((— ,0),(— , 0),(— , l), (— , 2),(— , 3),(.. ,4),(~~, 5)) , 2 times,
((.,O),(O,0),(O,3),(cc,2),(cc,5),(e+2, 1),(a+2,4))mod (5,7), cc —0,1.

44 Lemma 4.6, 43 € 3(6,5) by Lemma 5.33,43 € B(1. 2) as above and 43€ B(7, 3) by
Lemma 4.3.

45 45E B(7,21). X~ Z(5,2) x GF(9,x2 — 2x +1).
‘8 “((0,0), (13,0). (13,cc), (ft,cc+4), (13+2,0), ($+2,cc+2), (13 +2 ,cc+6)> mod (5,9),

a O , 1,2,3, p 0 , 1,
((0,0), (.3,P+27), (P,P+2.)r+4),(5+1, 13+27+ 2), ($+1,p+27+6) , (13+2,13+27+ 1).

(13+2 $+2~ +5)) mod (5 ,9), 2 times, 1 3 0 , 1, 7 — 0, 1,
((0 ,0),( ft, 13), (13,13+4), (ft#1, 0), (13+2,13+2), (13+2,13+6), (13+3,0)> mod (5,9),

3 tlmes, 0— 0 . 1.
46 X Z(3,2) x Z(13,2) uC(—1)~Iao, 1 6).

‘8 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 42 tunes,
(0, 0), (0, 6 13), (0, 6a+ 13+4), (0. 6cc+p+ 8), (1, 6cc+p), (1, 6cc4.13 46))

mod (3,13), a 0 ,1,...,5, 13— 0,1 5,
t(’a)’ (0, cc+1), (0,a+5), (0,a+9), (1,a), (1,a+4), (1,cc+8) mod (3,13),
a” 0,1 5,

<&~ ), (0,13), (0,13+4). (0.13+8), (1,13+1), (1,13+5), (1,13+9)) mod (3,13),

((— i), (0,0), (0,4), (0,8). (1,0), (1,4), (1,8)> mod (3, 13),
<(0,27), (0,27+1), (0.27+2), (0.27+4), (0.2745), (0,0), (1.0)> mod (3, 13),

7 0 , 1,2.
48 X ’ Z(47,S) uC—},

‘6 — (~~,M, $42 , p44 , $4 23, M+2 5. p+27)mod 47, p — 0,2,6,
(.s,v,p+2,v+3,v +23,p+25,v+26>mod 47, v 8 ,11,
(— .S,18, 19, 28,41,42> mod 47, 2ti mes,
(0, ~, p42 , p44, ,s+23, p4 25, p+ 27 > mod 47, p — 1,3,4,5, 7, 8 22,
(O, v,v+2 ,p +3 , v +23, p +25, v+26) mod 47 , v 0 , 1 7,9, 10, 12.13 22.

51 X”Z(4 3,3) U {— 1:isO, 1 7).
‘8 * Blocks of B(7,42; 8) (exists by Lemma 4.1) on {—~: I —0, 1,...,7},Blocks of 8(7,2; 43) (as above) on 2(43),

cc = 0.1,..., 7~ 9 0,1,...,6.
52 52€ B(7, 14). I— GF(4, x2 * x +1) x Z( 13 , 2).

‘8 = ((0, 0), (O,a), (0,cc+4), (O,a+8) , (0,a+1), (1,cc+S), (2,a+ 9)> mod (4, 13),
a”  0, 1, ..., 5,

((0, 0), (0,a). (0,cc+6), (1,a+2) , (1,cc+8), (2, cc+4), (2 ,cc+lO)) mod (4, 13),

((0,13),(0,13+3),(0,13+6),(0,13+6),(0,13#9),(0.Ø),(1,0),(2,Ø)>mod (4,13), 1 3 0,1,2,
((0, 0), (0,7), (Ø,~ +4), (0. 7+ 8), (0,0). (1,0), (2,0)) mod (4, 13), y — 0,1.

54 X .Z (S3, 2) u{ ~} .
‘8 * (.., p, p45, p+l , p+26, p+ 31, p+33> mod 53, p — 10,15, 17, 25,

(— ,3,S,9,29,31,35)mod 53, 2 times,
(‘s, 20, 24, 25,46, 50, 51> mod 53,

• For further reference.
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Table 5.22 (cont.)

ci B(7 ,42;u I

(O,u ,p+5 ,p+7 ,p +2 6,p+3 1,js + 33)mod 53, p 0, 1,..., 9, 11, 12, 13, 14, 16,
18, 19, ..., 24,

(Ø, v, v+4 , v+ S, v+26 , p+30, v+ 3 1)mod 53, pa  0,1 19.21,22, 23, 24, 25.
60 X— Z(3 , 2) x Z(17, 3) t_J {(— ,):i.0, 1 8).

‘8 = Blocks of B(7 , 42;9 } on {(— g): j  0,1 8},

~~~~~ 
(0,0)’ (0,a), (Ø, a+8) , (0,a+4), (O,a+12), (ji, 0)) mod (3, 17), a —0,1 7,

13— 0, 1,

mod (3, 17), a 0 , 1,...,7, p O , 1,

~&a), (0, cc+813), (0,a+813+1), (0, a+813+2), (1,cc+813 +8), (1,cc4813+9), (1,cc+813 +10))
mod (3,17), a 0 ,1 7, $ 0 ,1,

<&~ ). (0,ai), (G, a+8), (0,cc+ 1), (0,a+9), (l ,a+2), (1,a+10)) mod (3.17), 
7,

mod (3,17), 2 times,

<(~~),(0,0), (0,4P),(0, 4fl48), (1,0),( 1,4a),(1, 413+8)) mod (3, 17), p 0, 1,
((..~),(O,O),(0, 1),(0,9),(1,O),(1,5),(1, 13)> mod (3, 17),
((0,0),(O,0),(0,413+1),(0,413+7+8),(1,0),(1,41J—7+7),(1,40—7+15))

mod (3, 17) , 1 3 0, 1, 7 0 , 1,
((0,0).(0,0).(0, 1) ,(0, 9),( 1,0), (1,5),(1, 13)>mod (3, 17) .

62 X.nZ(61,2)U (~ }.
‘8 — (— , p, p410, p420, p+30, p440, p450) mod 61, 2 times for p * 0,4 times for

— 2, once for )L — 3,
(0, p, p410, p420, p+30, p 440, p450) mod 61, once for p • 3, 2 times for

p 1, 4, 5, 6, 7,8,9 ,
(0, cc, a+1O, a+20, a+30,cc+40, a+ 50) mod 61, 4 times, a = 0, 1,...,9.

Lemma 5.41. f f u ~ I or 7 (mod 42), then y E  B(7 ,X ) for every A)  30.

Proof. If u I or 7 (mod 42), then by Lemmas 5.39 and �38,
u E B(7 , 6) Ct .8(7, 7). If A) ’  30, then clearly A = 6n + 7n ’, where n and

are nonnegative integers. By Lemma 2.4, o E B(7, A).

Theorem 5.5. Let v be an integer v)  7. A necessary and sufficien t con-
dition for tile existence of a BIBD BE 7, A; u] with A 0, 6, 7, 12, 18, 24,
30, 35, 36 (mod 42) or with A> 30 which is not divisible by 2 or by 3
Is tha t

• 
. 

?t(v —1) 0 (mod 6) and Av(u — I) 0 (mod 42).

Proof. The necessity follows from Theorem 1.1. The sufficiency follows
from Lemmas 5.39, 5.38, 5~40 and 5.41 , with application of Lemma 2.3.
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5.6. BIBD ‘s of small order

In August 1973, Collens prepared (8~ a computerised list of BIBD ’s
arranged by their order. It appears that already for small values of v
there are parameters k and A for which the existence of the respective
BIBD’s has been unknown.

In Table 5.23 a complete list is given of parameters 16 ~ u ~ 43,
• 8< k < ~v and the smallest A for which the condition of Theorem 1.1

is satisfied. Whenever for such value of A no BIBD exists, or if it is un-
known whether such design exists, the multiples of these values of A are
listed. Also BIBD’s are listed with k = 7 and A ~ (6, 7, 42). BIBD ’s with
k < 7 and with k = 7 and A E (6 , 7, 42) have been dealt with in Sections
5.1—5.5. The discussion of BIBD ’s with k>  ~ v may be omitted by Lem-
ma 4.5.

Some of the designs constructed in Table 5.23 are well-known and
appear in existing tables of BIBD’s. Others are new. There is a number
of parameter sets v, k, A for which the existence of BIBD’s is still un-
known.

• Table 5.23.

ci k A B(k,A;uJ

15 7 3 Table 5.21.
16 7 14 Lemrna4.6, IS € R(6,S) and 15 EB(7 ,3).
16 8 7 Lemma 4.6, 15 E 3(7, 3) and 15 € B(8, 4) by Lemma 4.5.
17 7 21 Leinma 4.2.
17 8 7 Lemma4.1.
18 8 28 XSZ(17,3)U{—}.

<6 (— ,2a,2a+2,2a+4,2a#6,2a+8,2a+1O,2a+12) mod 17, cc 0, 1, 2, 3,
(1,3,5,7,9,11,13,15)mod l7, 4t i nies,
(0,2,4.6,8,10,12,14)mod 17.

18 9 8 (22 ) . X— Z(1 7 , 3)u {—} .
‘6 — (—‘.0,2,4,6,8, 10, 12, 14) mod 17,

(0, 0, 2,4, 6, 8, 10, 12, 14) mod 17.
19 8 28 Lemma 4.1.

• 19 9 4 Lemma 4.3.
20 8 14 X—Z(19,2)U (~}.

‘6 (.-,Ø,2a,2a+3,2a+6,2a+9,2cr+12,2a415)mod 19, cc 0,1,
(313,313+1,313+4,313+5,313+9,313+10,313+13,313+14)mod 19,
13—0,1,2.

20 9 72 Lemma 4.6, 19e8(8,28) and 19e8(9,4).
20 10 9 Lemma 4.6,19 €B(9,4) and 19 EB(10,5)by Lemma 4.5.

_ —-—‘~~~~•-‘ ~-•—~~~~-•~~~ 
-• ..

~~~~~~~~~~~~~ ~~~~~~~~~ --
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Table 5.23 (cont.).

ci k A B(k, A; v I

21 7 3 Table 5.21.
21 8 14 I — Z(3, 2) x 2(7, 3).

‘6
mod (3,7), a 0 , 1,2 ,

mod (3, 7), 13— 0,1.
21 9 6 f 12 1.X ” (Z (2 ) u (—} )xZ ( 7 , 3) .

‘6 ((.., 1), (,2), (is, 3), (is , 4), (0,0), (0,0). (0. 1), (0,3), (0,5)) mod (2,7).
((‘—.0), (,2), (‘s, 4), (0,0), (0, 2), (0, 3), (0,0). (0.1), (0,4)) mod (2.7),
( (is, 2), (0.0), (0,0). (0, 2), (0,4), (0,0), (0,0), (0,2), (0,4)) mod (— ,7).

21 10 9 (31). X=Z(3,2) x Z(7 ,3).
‘6

mod (3, 7),
((0, 1), (O, 4),(0 , O), (0, 2), (0, 5),( 1, O),( 1 ,o),( 1, 2) ,( 1 , 3),( 1, 5))
mod (3,7).

22 7 2 Non-existing by Lemma 1.2.
22 7 4 (24). X Z(22).

‘6 — (0’, 1’, 2’, 6’, 12’, 15’, 20’ ) mod 22,
(0’, 2’, 3’, 4’, 10’, 15’, 19’) mod 22.

22 7 A — 0  (mod 2), A >  2. Lemma 2.4, 22€ B(7 , 4) and 22 E B(7, 6) by Lemma 5.39.
22 8 4 Unknown.
22 8 8 X a Z ( 3 , 2) X Z(7, 3) LJ {(s .)}.

‘6 ((—),W,O),(0,0),(0, 1),(0,3),(0,4),(1, 1),(1,4)) mod (3,7),
((.5), (0,0). (0,0), (0, 1), (0,2), (0, 3), (0,4), (0,5)> mod (3, —) ,

((0,1), (0, 3), (0,0), (0,2), (0,4), (1.0). (1,2), (1,4)> mod (3, 7).
22 8 12 I = Z (2) X 2(11, 2).

‘6 — ((O,4cc+1),(0,4cc+7),(O,4cc+9),(0,O),(O,2),(O,4),(O.6),(O,8))
mod (2,11), a 0 ,1,

(Q, 2), (0, 7), (0,0), (0, 1), (0, 3), (0, 5), (0 , 6), (0, 8)) mod (2 , 11),

mod (— .11), 13—0,1,2.
22 8 A 0(mod 4),A>4 . Lemma 2.4,22E8(8,8)and 22E 8(8, 12) .
22 9 24 I — 2(3,2) x Z(7 , 3) u

‘6 —
mod (3, 7), cc•0,1,2,

((0,0),(G,0),(0,3),(0,G),(0, 1),(0,4),(1,O),(1,2),fl,5))
mod (3, 7), 3 tImes,

• ((0,Ø), (O,0), (Ø, 1), (O, 2) , (O, 3), (O, 4), (O, 5),(O ,O),(1 ,O))
• mod (3, 7),

((0,0), (0,2), (0,4), (0,0), (0,2), (0,4), (1,0), (1,2), (1,4))
mod(-,7).

• 22 10 15 Lemma 4.6,21 €B(9,6)and 2lEB (1O,9),
• 22 11 10 (31).Form B(21,10;43)withlaZ(43,3)and

‘6 — (0,2,4,6,8, 10,12,14, 16, 18,20.22,24,26,28,30,32,34.36,38,40)
mod 43,

• and delete any one block and all its points.

-

~
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Table 5.23 (cont.).

ci k A B(k .A ; cij

23 7 21 Lemma 4.2.
23 8 28 Lemma 4.1.
23 9 36 Lemma 4.2.

• 23 10 45 Lemma 4.1.
23 11 5 Lemma 4.3.
24 8 1 1—2(3, 2) X (2(1 , 3) U (.s}).

‘6 — ((a ’, is), ((a+1)’,ss), (0’,a), (0’,a+3), (1’,a),il’,cc+3), (2’, cc), (2’,a+3)’
mod (— ,7), a 0 ,1,2,

• ((Ø, ), (13,0), (13.0), (j3, 1), (13,2), (13,3). (13,4), (13,5)> mod (3, —), 13 = 0, 1,
<(0, ),(0,0),(0,0),(0,3),(0.2),(0,5),(1, 1),(1,4))mod (3,7),
((LO), (0,3), (0,0), (0,2), (0, 5), (1 ,0) , (1, 1), (1,4)> mod (3,1).

• 24 9 24 1’ Z(3, 2) X Z(7,3)u {(is1):j.s 0, 1, 2).
‘6 = t

~~a) ’( ’ ci+ t ) ’(0’0) .(0 ’ °) .(G. 1) , (O, 2), (O, 3), (L4) ,(O ,5) mod (3, — ),
0, 1, 2,

mod (3, 7), a 0 , L , 2,
<
~
‘ a)’ (0,a+1), (0,a+2), (0, a+4), (0. a+5), (0,a), (0, a+ 3), (1,a),
(1,a+ 3)>mod (3, 7), a 0 ,1,2,

<(0,0),(0, 0), (L 3), (0,O), (0, 1), (0, 4), (1,O),( 1 , 2), (1, 5)) mod (3, 7),
2 times,

((O, 0), (O,2) .(0, 4), (0,0),(0, 2), (0, 4), (1.0),( 1, 2),(1 ,4)> mod (— , 7).
24 10 45 X 2(3, 2) x 2(7, 3) U ((isj): I = 0, 1, 2).

‘6 t( o) , ( ’~t) , (”~a), (O, O) , (O, O) , (O, i),(0 , 2) ,(O, 3), (Ø, 4), (0, 5))
mod (3,—),

• <~“cc)’ ~~‘a+t )’ (~. 2ci+1), (0, 2as’3), (0,0), (0,2), (0,4), (1,0), (1, 2),
(1,4)) mod (3, 7), 2t imes , a~~0,1,2,

<(isa), (0,0). (0,0). (0,3), (0,0), (0, 1), (0,,4), (1,0). (1,2). (1, 5 ))
inod (3, 7), a 0 , 1, 2,

<
~~a~’~0’0)’

(0’ 2), (0,4),(0,0),(0,2), (0,4),(1.O). (1 , 2) , (1, 4))
mod (— ,7), a a 0 , 1, 2,

• mod (3,7), a 0 , 1,2.
24 11 110 Lemma 4.6,23E8(10.45)and 23EB (l1,5).
24 12 11 Lemma 4.6,23 EB ( 11 ,5) and 23 EB ( 12 ,6) by Lemma 4.5.
25 8 7 Lemma4.1.
25 9 3 (12 1.X=GF(25 ,x 2 = 2x+2) .

• ‘6 R<L 0,1,12,13,16,17,20.21>, (0,0, 1, 14, 15, 18, 19, 22, 23),• (2, 3, 4, 12, 14, 16. 18, 20,22 ) , (2,3, 4,13, 15, 17, 19, 21,2 3> ,
• (3,6, 7, 12,15,16, 19, 20, 23> , (5,6. 7, 13, 14, 17,18, 21, 22> ,

<0, 2,5, 8,9.12, 13, 18, 19) , (0, 2,5, 10.11, 14,15,16, 17) ,
(0, 3,6,8, 10, 12, 14,17, 19) , <0, 3,6,9, 11,13 , 15, 16, 18) ,
(1, 4,7,8, 11, 12,15,17, 18>, (1,4, 7,9, 10,13, 14,16, 19> ,
<0,3,7,8,9,16,17,22,23>, (0,3,7,10.11,18,19,20,21>.
(0,4,5,8,10,16,18,21,23>, (0,4,5,9,11,17,19,20,22),

• (1,2,6,8, 11,16, 19, 21,22> , (1, 2, 6,9, 10,17, 18, 20, 23),
<0, 4, 6, 8,9.14,15, 20, 21> , (0, 4,6, 10,11,12, 13, 22,23),
(0, 2,7,8, 10, 13,15, 20, 22> , <0, 2, 7,9, 11,12, 14, 21, 23> ,
< 1, 3, 5, 8, 11, 13, 14,20, 23> , <1 , 3, 5,9, 1O, 12 , 15, 21, 22 ,
<0, 0, 1, 2,3, 4,5,6, 7).

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 5.23 (cont.).

ci k A B(k. A; vj

25 10 3 Non existing by Lemma 1.1.
25 10 6 X Z( 5;2) X Z(5 ,2).

‘6 ((0 ,0),(0, 1),(0 , 3),(2cc,G),(2a ,0),(2cr , 2),(2a+ 1,G),(2cr+2 ,0).
(2a+3, 1), (2o+3, 3)> mod (—.5), cc = 0.1,

((0,0), (0,0), (0, 2). (2cc, 0), (2cc, 2), (2a+l , 0), (2cc+2, 0), (2a+3 ,Ø) ,
(2u+3, 1),(2cr+3, 3)> mod (—,5), a 0,1,

((0, 0) . (2cr, 0), (2cc,!), (2cr, 2), (2cr, 3), (2a+1. 0), (2cr+l , 2), (2a+2 , 0),
(2cr#2 , 2), (2a+3, 0)> mod (— , 5), cc = 0,1,

((0, 0), (2cc,!), (2cr, 3), (2cr#1, 0), (2cr#1, 1), (2a+1, 2), (2or#1, 3),
(2cr+2,O),(2a+3, 1), (2a+3,3)) mod (— ,5), a~~ 0,1.

25 10 9 X Z(5,2) x Z(5, 2) .
‘6 = ((cc , 0), (cc, a), (a,a+2), (cr41 , cc+1), (a#1,a+3), (a+2, 0), (cr+2. a),

• (cr+2,cr+2),(cr +3,cc+1),(ør+3,~ #3)) mod (5 , 5),  cc — 0, 1,

(3,a+2) > mod (— .5), cc 0,1.
23 10 A 0 (mod 3), A> 3 . Lemma 2.4 , 25 €B (10 ,6) and 25 €200.9).
25 11 55 Lemma 4.2.
25 12 11 Lemma 4.1.• 
26 8 28 Lemma 4.6, 25 E 3(7,7) by Lemma 5.38 and 25€ B(8, 7).
26 9 72 Lemma 4.6,25 E B(8, 7) and 25 e B(9, 3).
26 10 9 Lemma 4.6, 25€ 2(9 , 3) and 25€ B(10, 6).
26 11 22 I~’Z(5,2) X Z(5,2)U ((is)}.

‘6 • ((is), (0, 0), (O, 2) ,(0 , O) ,(0 , 2), (1, 1),(1 , 3),(2 ,0),(2 , 2), (3, 1),(3 , 3))
mod (5, 5),

• ((-‘),(0,O),(0,1),(0,3),(1,0),(1,2),(2,0),(2, 1),(2,3),(3, 1),(3,3)>
mod (5,5),

<(s.),(0,0),(0,0),(O, 1),(0,2L(0,3),(2,G),(2,0),(2, 1),(2,2),(2,3)>
mod (5, —),

<(0,0), (0,1), (0, 3), (0.0), (0,2), (1, 1), (1,3), (2, 1), (2, 3), (3, 1), (3, 3))
• mod (5 ,5),

((0,O),(0,1),(0,3),(1,O),(1,1),(1,3),(2,1),(2,3),(3,G),(3,0),(3,2)
mod (5,5),

<(0.0), (0.0),(0, 1) , (0.2), (0, 3),(0 ,0), (0,2), (1,0) ,(2 , 1),(2,3),(3,OP
mod (5,5).

26 12 66 I=GF(25,x2=2x +2)u{’s}.
‘6 = (— .0, 2cr, 2a+2, 2cc+4, 2ct#6, 2cr#8, 2a+12, 2cr+14, 2cr#16,

2ccs18,2as20>mod 2S, c r 0 , 1 5,
(0, 2,4, 6, 8, 10, 12, 14, 16, 18, 20, 22) mod 25, 7 times.

26 13 12 X=GF(25,x2 = 2x #2) u(is}.

‘6 (is,0,2,4,6,8,10,12,14,16,18,20,22>mod 2s,
<0, 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22> mod 25.

27 7 21 Lemma 4.2.
• 27 8 28 Lemma 4.1.

27 9 4 I = 2(3,2) x GF(9, x2 — 2x + 1).
‘6 — ((O,0),(0,or),(0,a#4),(0,G),(0,a+1),(0,cc+5),(1,0),(1,a#2),(1,cc#6)>

mod (— , 9), a 0 , 1, 2, 3,
• • ((0. 0). (0,0), (0, 1), (0,2), (0, 3), (0, 4), (0, 5), (0. 6), (0, 7.)) mod (3,—).
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Table 5.23 (cont.).

o k A B(k. A; vJ

27 10 45 Lemma 4.1.
27 11 55 Lemma 4.2.
27 12 22 1=2(3,2) x GF(9,x2 — 2x+1).

‘6 = ((0, 2cc), (0, 2cr+1), (0, 2cr+4), (0, 2a+5), (0,0). (0, 2cc+1), (0, 2cr+5),
(1,0), (1,2cc), (1, 2cr+2), (1, 2a+4). (1, 2a+6)) mod (3,9), cc = 0, 1,

<(0, 2a+1), (0, 2a+5), (0, 2cr), (0, 2a+ 3), (0, 2cc#4), (0, 2cr +7), (1,
(1,2a+2),(1,2a+3),(1, 2cr+5), (1, 2cc+6), (1,2cr+7)) mod (3, 9),
a 0 , 1,
((0,0),(O,2),(0,4),(O,6),(0,0),(0,2),(0,4),(0,6),(1,0),(1,2),(1,4),
(1,6)) mod (—.9).

27 13 6 Lemma 4.3.
28 7 2 Table 5.21.
28 8 14 X GF(4 ,x2 = x +1 )x Z(7 , 3).

‘6 — ((0, 2cc+2), (0. 2cc#3), (cc, 0), (a, 2a+4), (a, 2a+5), (cr+1 , 0), (cr4 1, 2cc),
(cr41, 2cc+1) mod (4,7), cc = 0.1, 2 ,

((0 , 2cr), (0, 2cr+1), (0, 2a+ 2), (cc, 0), (cc, lcr+3), (cc, 2a+4), (af 1, 0).
(cc+2,O))mod (4,7), c r 0,1,2,

((0, cr),(0,cr+3) , (0,cr), (0, cc+ 3), (1,a), (1,cc+3) , (2, a), (2, a+ 3)
mod (— , 7), a 0 , 1,2.

28 9 8 1—2(3,2) X GF(9,x2 — 2x + 1)0 {
~—~}.‘6 = ((is),(0,0),(0,2),(0,4),(0,6),(0, 1),(0,S),(1,3),(1,7) mcd (3,9),

• ((0,0), (0,2), (0,4), (0,6), (0,0), (0,4), (1,2), (1,6), (cc, 0)’ mod (3,9),
• a 0 ,1,

((0,0), (0,0),(0, 1),(0,2), (0,3),(0,4),(0,5),(0,6), (0,7)) mod (3, —).
28 10 5 Unknown.
28 10 10 X’GF(4,x2=x+ 1)xZ(7,3).

3 ‘6 = ((0,0),(2a , 2cr), (2cc, 2cr+2) ,(2cc+1, 2cc),(2cc+1, 2a+1),(2cc+1, 2a+ 3),
(2a+2 ,0) ,(2cc+2, 2a+ 1),(2a+2 , 2a+2) , (2cc+2, 2cc+3)> mod (4, 7),

• I a 0 , 1, 2.
28 10 15 I Z(3,2) X GF(9,x2 = 2x+1) u ((is)}.

‘6 — ((is), (0,0), (0,0), (0,2). (0.4), (0.6). (1, 1), (1,3), (1,5), (1.7)> mod (3,9),
((is), (0,0), (0,2cc), (0, 2a+4), (0,0), (0,2cc), (0, 2a+4), (1, 0), (1, 2cr),
(1, 2a+4)> mod (— .9), a 0,1,

1), (0, 3), (0, 5),
mod (3,9), a 0 ,1,

((0,0),(0,0),(0,2),(0,4),(0,6),(0,0),(0,1),(0,5),(1, 1),(1,5))
mod (3,9).

28 10 A 0 (mod 5), A> 5. Lemma 2.4, 28€ B(l 0 , 10) and 28€ 8(10, 15).
• 28 11 110 Lemma 2.6, 28€B( 12 , 11) as betow and 12EB(11, 10) trivially .

28 12 11 X=Z(3,2)X GF(9,x2—2x+1)u{(.s)}.
<6 = ((—),(O,O),(0,0),(0,0),(0,2),(0,4),(0,6),(1,O),(1, 1),(1,3). (1,S),(1,7p

• mod (3,9),
• ((0,0), (0, 2), (0. 4), (0, 6), (0, 1) , (0, 3), (0,5), (0,7), (1, 1), (1,3), (1,5),

(1, 7)) mod (3, 9),
((0,0), (0,2), (0,4), (0.6), (0,0), (0,2), (0,4), (0,6), (1,0), (1,2), (1,4),

• (1,6)> mod (— , 9).
• 28 13 52 Lemma 4.6 , 27 E 2(12, 22) and 27 E B(13, 6) .
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Table 5.23 (cont.).

ci k A B(k, X; uJ

28 14 13 Lemma 4.6, 27 G 8(13,6) and 27EB(l4,7)by Lemma 4.5.
29 7 3 Lemma 4.3.
29 8 2 Noi .existing by Lemma 1.2.
29 8 6 X GF(4 , x2 a x + 1 ) X Z(7, 3)U {(is)}.

‘6 — ((—),(0,0), (a,0) ,(cr,3),(cr+ 1, 2), (cr+j ,5),(a+ 2, t) ,(a+2 ,4)
mod (— , 7), a 0 , l ,2,

((—), (0.0).(0.0),(0, 1), (Ø,2),(g, 3),(~, 4),(~,5p, 3 times,
<(0, P), (0,P+3), (a , 0),(cc, 2), (cr , 4), (cr #p, 1).(cc+13,3),(cc +~, S)

mod (— ,7), a 0, 1,2, 1 3 1,2,
((0,0), (0, 3), (0,a), (0. cr4 3), (1,cr), (1,cc+3), (2, cc), (2, a+ 3)>

mod (— ,7), a 0 , 1,2.
29 8 A 0 (mod 2), A >  2. Lemma 2.4 , 29€ B(8, 4) by Lemma 4.4 and 29€ B(8, 6).
29 9 18 Lemma 4.2.
29 10 45 Lemma 4.1.
29 11 55 Lemma 4.2.
29 12 33 Lemma 4.1.
29 13 39 Lemma 4.2.
29 14 13 Lemma 4.1.
30 8 28 Lemma 4.6, 29 € 8(7 , 3) and 29 E 8(8 , 22) .
30 9 24 Lemma 4.6, 29€ B(8, 6) a nd 29€B(9 , 18).

• 30 10 9 Unknown.
30 10 18 I~~Z(29,2)0{i.}.

‘6 (— ‘,0, 0, 1, 7, 8, 14 , 15, 21, 22 )mod 29,
• (‘-.0, 0, 2.1,9, 14,16, 21, 23) mod 29,

(7a+2, 7cc+ 3, 7cr+4, 7a+12, 7a+13, 7a+16, 7a+17,7a+18, 7cc+26, 7a+27 >
mod 29, c c 0, 1,

(7a+1, 7a+ 3, 7cr+4, 7cc+5, 7a+6, 7a+ 15, 7cr+ 17, 7cc+ 18, 7cc419,
7a+20>ntod 29 , a 0 , 1.

30 10 27 X”Z(29,2)o (_).
‘6 <is,,, 2a,2cc+1, 2cr+7, 2cr+8, 2cc+14, 2cc+15,2cc+21,2cc+ 22 > mod 29,

a — 0,1,
• < ,0, 0, 2,7,9, 14 , 16, 21,23) mod 29,

(7cc+2, 7a+5, 7cr+6, 7a+10, 7a+1 1, 7cr+ 16, 7a+19, 7a+20 , la#24,
7cz+25>mo4 29, cc 0, 1,

(7a#4, la+5, 7cc+6, 7a+7 , 7cc+ 8, 7a+ 18, 7a+ 19, 7cc+ 20, 7cc+2 1,
• 7cc+22) mod 29, a 0 , 1,

(7cr+ 1, 7cc+3, 7cc+4, 7cc+5 , 7a+6 , 7a+15, 7cr+11, 7cc+18, 7cc+19, 7a#20>
mod 29, c c 0 ,1.

30 10 A 0 (mod 9), A > 9 .  Lemma 2.4, 30 €B (10,  18) and 30 EB( 10 ,27) .
30 11 110 X Z(29, 3)U (is).

‘6 = (— ,M, M~~~
2,M~~~

4, u~6, ,~+8, p4 14, p+~6, p+l 8, u +20, ~+fl) mod 29,
once forgs 1,2 timesforp 0,3,6,7,8,

(0, ci, w+ 2 , v+4, v+6 , v+8 , v+ 14 , v+16, v+ 18, v+20 . u+ 22 )mod 29.
once for 1,2 times for ci = 0, 2,4, 5, 9, 10, 11, 12, 13.

L ~~~~~
-.. •
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Table 5.23 (cont.).

ci k A B(k.A; uJ

30 12 22 X(Z (S,2)0(.s})XZtS,2).
6

(2, 0), (2, 2)> mod (5,5),
((is,0).(.5,0),(_ ,2),(0,0),(0,0),(0,2),(1,O),U,2),(2, 1),(2,3),
(3, 1),(3, 3)> mod (5,5),

• (3, 1),(3,3)) mod (5,5),
— 

((is, 1), (is, 3), (0,1), (0,3), (1,0). (1,0), (1,2), (2,0), (2,0), (2,2),
(3, 1),(3,3)> mod (5,5),

( (.s,cc), (is,cc+2), (0.13). (0,13+2), (0,13), (0,13+2), (1,13), (1,13+2), (2,13),
(2,fl+2) ,(3 ,$),(3,Ø+2 )) mod (— ,5), c c 0, 1, # 0,1,

((0,O),(Q, 1),(O, 3), (1, O),(1 , 0),(1, 2), (2,O), (2 , 1), (2, 3),(3 ,Ø),
(3,0),(3, 2)> mod (5,5).

30 13 156 X=Z(29 ,2) u {is}.
‘6 = (.s, p, p+2,p+4,p+ 7,p+9,p411, p414, p+16,p+18, jz+21, p+23,

M+25 > mod 29, onceforp l, 2tiinesforp 3,4,6, 4 t i mes
for p 0 ,

(-‘.0,5,6,7, 12, 13, 14, 19,20,21,26,27) mod 29, 2 tImes,
(O, cr,cc+1,cc+6,cc+7,a#8,cc+13,a+14 ,cc+15,a+20, cc+21 ,cc+22,al-27 >

mod 29, 2 times, a 0 , 1 5,
(0,v,v+2,v+4,ci+7,p+9, v+1 1,p+14, v+16,p+ 18, ci +21,
v+23,v+25 mod29, once forv l,2 tlmesforv 2,S.

30 14 91 Lemma 4.6, 29€ B(13, 39) and 29€ 8(14,1 3).
30 15 14 X Z(29,2) u {-.}.

‘6 <-‘,0, 2, 4,6, 8, 10,12, 14, 16, 18,20,22,24,26>mod 29,
(0,0,2,4,6,8,10,12,14, 16,j8,20,fl,24,26>mod 29.

31 8 28 Lemma 4.1.
31 9 12 Lemma 4.3.
31 10 3 (123.X”(Z(3,2)Li(is})X Z(7,3)u ((ssj):1 0,j,2}.

‘6 — ((iso), (isj ), (—a). (0,0). (0.0), (0, 1), (0.2), (0, 3), (0, 4), (0, 5) >
mod (3,—),
<&a). (-‘.1), (is, 3), (is, 5), (0,a), (0,a+3), (0,a+1), (0, a+4), (1,a+2),
(1,a+5)> mod (— .7), cc = 0, 1, 2,

((s~ 0),(0,0),(O,2),(G,4),(0,0), (0,2),(0,4),(1,0).(1,2),(1,4p
mod (— ,7).

31 11 11 Lemma 4.2.
31 12 22 Lemma4.1.
31 13 26 Lemma 4.2.

• 31 14 • 91 Lemma4.1.
31 15 7 Lemma 4.3.
32 8 7 X GF(4,x2=x+1)x (Z(7,3)u{.s}).

‘6 ( (Øjis), (0,-’), (1, is), (2,-’). (0.0), (0,0), (1,0), (2,0)) mod (— .7),
((0. ”),(& 0),(cc,0),(a ,3), (cr+ 1, 1),(cc+1,4),(cr+2,2),(a+2,5)>
mod (4,7), a 0 ,1,2,

((0,- ’) . (0, 0) , (0, 0), (0. 1), (0,2), (0,3), (0,4), (0,5)) mod (4,—),
3 tunes,

<(Ø, cr), (O, cc+3), (0, cr ), (0, cc+3) , (1 , cc), (1,a+3), (2,a), (2,cc+3)>
mod (— ,7), cc=0,1,2.
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Table 5.23 (cOnt.).

ci k A B(k~A; vJ

32 9 72 Lemma 4.1.
32 10 45 Lemma 4.6,31 E R(9, 12) and 31 E B(10, 3).

• 32 11 110 Lemma4.1.
32 12 33 Lemjna4.6,31EB(11,11)and 3lEB (12,22).
32 13 156 Lemma 4.1.
32 14 91 XaZ(31,3)u {.s}.

‘6 • <— , O,a,cc+1, cr#5,cc+6, cc+10, cc+11, a+lS, a+1 6, cc+ 20, a+ 21,
cc+25,cr+26>mo d3 l, c c 0 ,1,2,3,4,

(is,O. 0, 2, 5, 7, 10, 12 , 15, 11,20, 22, 25.27> mod 3l, 2 times,
(0,1,5,6,10,11,15,16,20,21,25,26,513+4,513+19>mod 31,

0,3,5,8,10,13,1S,18.20,23,25,28,S13#4,513+19)mod3l.
0, 1, 2,

<2, 4, 7,9, 12:14 , 17, 19.22 , 24, 27,29, sp, sp+ 1s>mod3l , 1 3 0, I , 2.
32 15 210 Lemma 4.1.
32 16 15 Lemma4.6, 31 EB (1S ,7) and 31 €B(16,8)by Lemma4.S.
33 7 21 Table 5.22.
33 8 7 I— Z(3, 2) x 2(11,2).

‘6 • ((0,0),(0,2),(0,4),(0,6),(0,1),(0,7),(1,1).(1,7)>mod (3,11).
((0,0), (0,4), (0. 6), (0, 8), (0,0), (0, 1),(1,0),(1, 1)> znod (3,11).
((0,0),(O,2),(0,4), (Ø,8),(0,5),(0,6),(1,5),(I.6)) mod (3,11),
((L0),(0,0),(0,0),(0,2).(0,5),(0,7),(1,3),(1,8))mod (3,11).

33 9 3 1311.FornB (12,3;45IwithX Z(3)X Z(3)XZ (5.2)and
‘6 ((0,0,0),(G,0,0),(0, 1,0),(*,0,1),(0,0,1),(1,O,1),(0,0,2).

(0,1,2),(1,0,2),(0,0.3),(0,0,3),(1,1,3)>mod (3,3,5)
and delete any one block and all its points.

33 10 45 X=Z (3,2)xZ(11,2).
‘6 = ((0, 0), (Ø,a+1), (0, cc+3), (0, cc+5), (0, cc), (0, a+2), (0, cr44), (1, cc),

(1,cc+2)j(1,a+4)) mod (3,11), 3 times, cc —0,1,2,3,4,
((0,0),(0,1),(O,2),(0,3),(0,4),(0,5),(0,6), (Ø,7),(O.8),(0,9))

mod (3,11).
33 11 5 Unknown.
33 12 11 I — 2(3,2) x Z(11, 2).

‘6
(1, 9)> mod (3, 11).

• 
. ((0, 2cc),(0, 2cc+1),(0,2a 4.2), (0,2a#3), (0, 2cc+2),(O,2a+3),(0, 2cc+4),

(0, 2cc+5), (1.2cr), (1, 2cc+1), (1, 29+4), (1, 2a+5)> mod (—.11).
0, 1, 2, 3, 4.

• 33 13 39 X =Z(3 , 2)X Z(11,2).
‘6 — ((0,2cc+9),(0,0),(0,0).(0,2),(0,4),(0,6),(0,8),(1,O),(1,O),(l.2),

(1,4),(1,6),(1, 8)>mod (3,11), c c 0 , 1,
((0 ,0) , (0. 4cc+3), (Ø, 4cr+5), (0,0). (0,2). (0,4), (0,6), (0,8). (1,0), (1,2),
(1,4), (1, 6), (1, 8)> mod (3,11), cc = 0, 1,
((0,0), (0,2),(0,4),(O,6),(0,8),(0,0),(0,4a+1),(0,4a’43),(0,~~

4’5).
(j,3),(1,4cc+1),(1,4a+3),(1,4a+5)>mOd (3,11), cc

((0, 1),(Ø,3),(O, 7),(0,0),(0, 2),(0,4),(0,6),(0,8),(1,0),(1.2),0,4),
(1, 6),(1, 8)) mod (3, 11),

((g,0),(O,2),(0,4),(0,6),(0,8),(0, 1),(0,3),(0,5),(0,9),(1, 1),(1,3),
(1,5),(1,9)> mod (3, 11).
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Table 5.23 (cont.).

ci k A

33 14 91 1— 2(3,2) x Z(1 1,2).
‘6 — ((O, a), (Ø, cc+ 2), (0,cc+ 3), (O, a+ 5), (Ø, cc+7), (0, cc+8), (0,cc), (0,a+1),

(0,cc+S), (0,cr+6), (1,cr), (1,a+4), (1,a+5), (1, cc+9)> mod (3,11),
0, 1, 2, 3,4,

((0, 2u+1), (0, 2p+ 7), (0,0). (0,0), (0,2), (0,4), (0, 6), (0,8), (1,0)
• (1,0),(1,2),(1,4),(1,6),(1,8)>mod (3,11), 2 timesfor p 0,

once forp 1, 3,4,
((0,13+2), (0.0+3), (0,1344), (0,p+7), (0,13+8), (0, 13+9), (0,13), (0,0+3),

• (0,13+S),(0,13#8),(1,fl+1),(1,13+3),(1,13+6),(1,13+8)>mod (3,11),
0—0,1,

((0,0), (0,0), (0, 2), (0, 4), (0,6), (0, 8). (0, 1). (0,5), (0, 7), (0, 4~ #9),
(l,1),(1,5),(1,7),(1,413+9)>mod (3,11), 13— 0,1,
((0, 1),(0,3),(0,S),(0,1), (0,0),(0,2),(0,4),(0,6),(0,8), (1,0),(1, 2),• (1,4),(1,6),(1,8)> mod (3, 11),
((0,1), (0,9), (0,0), (0,0), (0,2), (0,4), (0,6), (0,8), (1,0), (1,0). (1,2),

(1,4), (1,6),( 1,8)> mod (3, 11).
33 15 35 X Z(3, 2) X Z(11,2). •

• ‘6 ((0, 2cc+ 1), (0, 2a+3), (0, 2cr+5), (0,0), (0, 2cc), (0, 2cc+2), (0, 2cc+4),
(0, 2a+6), (‘~, 2cr+ 8), (1, ~), (1, 2a), (1, 2a+2), (1, 2cc#4), (1,
(1, 2cc+8))mod (3, 11) , c c 0 , 1, 2,3,4,

((0,0). (0,2), (0,4), (0, 6), (0,8), (0,0), (0,2). (0,4), (0,6), (0,8), (1, 0),
(1,2),(1,4),(1,6),(1, 8)> mod (— .11).

33 16 15 Form B(33 , 16;67J with XaZ(6 7, 2) and ‘6 — ( 0, 2,4,6 64 and deLete
• any one block and in other blocks delete the points not included in the deleted

block .
34 7 14 Table 5.22.
34 8 28 X — Z ( 3 ,2) X Z(11,2)u ((is )} .

‘6 = ((is), (0.0). (Ø,p), (Ø,p+S), (0,p), (0,p+2) , (O,p+5), (O,p +l))
mod (3, 11), 2timesforgs l,once forp=0,3,

( (O, cc) , (Ø,cr+1), (O,a+5), (O,a+6), (0,cc), (0,cc+5), (1,a+1), (1,cc+6))
mod (3, 11), a 0 , 1, 2,3,4,

<(0, v +1), (0, v+4), (0, ci#6), (0,v+9), (0, ci), (0, v+5), (1,ci+ 3), (1, v+ 8)>
,nod (3,11), . 2 timesforv l, 3 timesforci 0,3.

34 9 24 X =Z(3 ,2) X Z(11,2)u {(is)} .
‘6 = <(is), (0,0), (0, 0), (0. 2), (0,4), (0, 6), (0, 8), (0,0). (1,0)> mod (3, 11),

3 tunes,
(0,O),(0,2a),(0,2o+S),(0,O),(0,2cc+1),(0,2cc+6),(1,0),(1,2cc+2),
(1,2a+7)) mod (3, 11), cc — 0, 1,2,3,4,

((0,13),(L13+1), (O,13+2),(0,13+3),(O.Ø+4),(0,Ø+5), (1,13+6),(1,$+7),
(1,13+8)> mod (— .11), 1 3 0,1, ..., 9.

34 10 15 X—Z(3,2)XZ(11,2)U{(—)}.
‘6 — ((is), (0,Q),(G, cc+1 ), (O, a4 2),(0,cr), (0,cc# 1),(O, cc+2),(1 ,cc),(1.cc+ 1),

(1;c+2)) mod (—,11), cc —0, 1,2, 3,4,
((O,134-2),(0,13+7),(0,13),(0, 13+1),(0,13+5),(0,a+6),(1,13+3),

(1,13+4), (1, p+8),( 1,O+9)) mod (3,11), g1 0,1,
• ((0,213), (0. 2p +1), (0,20 “-3). (0,20+5). (0.20+6), (0, 2048), (0, 213+2),

(0, 213+7), (1, ~+4), (1, 2 13+9)) mod (3, 11) , 0 — 0 ,1. 

~~~~~~~- •-~~~~~~~~~~ —~~~~~~~ -• • -  ——-—-,-,.••~~~~~•
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Table 5.23 (con I.).

ci k A B3k,X; u)

34 11 10 1 = Z(3, 2) X 2(11,2)o (~is~}.

‘6 —

mod (3, 11),

• (1, 5),(1,4a+2)) mod (3, ll), c c 0,1,
((0,0),(0.0),(0, 1),(O,2),(0,3),(O, 4),(0,5),(0, 6),(0, 7),(O,8),(O, 9))

mod (3, —).
34 12 2 Non-existing by Lemma 1.1.
34 12 4 Non-existing by Lemma 1.2.
34 12 A 0(mod 2), A > 4 . tjnknown.• 34 13 52 X Z(2)XZ (17,3).

‘8 ((0, cc), (Ø,cc+ 1), (Ø,a42), (O,a+8), (O,a+9), (0,a+10), t0,0), (0,cc),
. 1 (0, cc+ 1), (0,cc+ 3), (0,a+8), (0,a+ 9), (0, cr41 1)> mod (— .11),

cc 0, 1, ..., 7,
((0, 13), (0, 13+2), (0,1344), (0.13+6), (0,13+8), (0,13+10), (0, 13+12),

(O,O# 14),(0 ,0), (0, 13+ 1), (0,p+5) ,(0,p+9), (0, 13+ 13) 1 mod (— , 17),
0, 1, 2, 3,

((0,0), (L 2p+2) , 0,211+6). (0.20+7), (0,20+10), (0,213+14), (0,2 13 +1 5),
(0, 213+ 1),(0, 2 13+2),(O ,2 13+3),(O, 213#9),(O, 20+10), (0, 213+ 11)>
mod(— , 17), 1 3 0 , 1,2,3,

(0. 2’>’ + 13), (0, 2 > ’ + 14), (0,0), (0.27+2), (0,27+6), (0,27 + 10),
• (0 27+14)) mod (— ,17), 1= 0,1,

((0,0), (0,47 +3), (0,4’>’ + 11), (0,47+2), (0.47 + 10), (0,0), (0,1), (0,4),
(0, 5), (0, 8), (0, 9), (0, 12),(0 , 13)> mod (— .17) , y = 0, 1,

((~,0), (g, 1), (0,4), (0, 5), (0, 8), (0,9), (0, 12),(O, 13), (0,O), (0, 1),
(0,5), (0, 9),(O, 13)> mod (— , 17) ,

((0 ,0), (0, 0), (0, 4), (0, 8), (0, 12), (0, 1) , (0, 2), (0,5), (0,6), (0.9).
(0, 10), (0, 13), (0, 14)> mod (—, 17).

34 14 91 X=Z(3,2) X Z(11,2) o f(is)}.
‘6 — ((is), (~, 2cr+1), (0, 2e+3), (~, 2cr ~5) , (0,0), (0, 2), (0,4), (0,6), (0, 8),

(l,0),(1,2),(1,4),(l,6),(1,8))mod (3,11), a 0 1 ,2,3,4,

(1,4),(1,6),(1, 8)) mod (3, 11), 2 times,
((0, 2cc+1), (0. 2cc#3), (0, 2ccsS), (0, 0), (0. 2), (0, 4), (0, 6), (0, 8),

(l ,O), (1,2),fl, 4),(1,6),( 1,8),~13,0)) mod (3, 1j ) , c c 0 , 1, 2,3,4,
1 3 0 , 1.• 34 15 70 X =Z(3 ,2) x Z(11,2) u {(is )} .

(
~~~, (0, 2cc 1) , (0, 2a +3), (0 , 0), (0, 0), (0. 2), (0,4), (0,6),( 0 ,8),(1 0)

(l , O), (1, 2), (1,4),(1,6),(1, 8)> mod (3,11), c c 0, 1, 2, 3,4,
( (0, 2cr+2), (0, 2cc+3), (0, 2a+4), (0, 2cc+7), (0, 2cr+8), (0, 2a+9 , (0,0),
(0,2cc), (0, 2cr+1), (0, 2cc+5), (0, 2cr+6), (1, 2cc), (1, 2cr+l), (1, 2a+5),

• 1 (1, 2cr+6)> mod (3,11), cc — 0 , 1, 2, 3,4,
((0,0), (0,2), (0,4), (0,6), (0,8), (0,0), (0,2), (0,4), (0,6), (0,8), (1,0),
(1,2), (1,4), (1,6), (1,8)> mod (— .11), 4 times.

I
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Table 5.23 (cont.).

ci k A 8(k,A;el

34 16 40 X Z(3,2)x Z(11.2)U((is)).
‘6 = ((-‘),(0,0),(0,2),(0,4),(0,6),(0,8),(o, 1),(0,3),(0,5),(0,7), (0,9),

• (I,l),(1,3),(1,5),(1,7),(I,9))mod (3,11), 2 times,
<(is), (0,2cc), (0, 2a+ 1). (0, 2cr+2), (0. 2cc+3) , (0, 4a+5), (0, 2cc), (0, 2a+1),
(O,2a+2),(0,2u+3),(0.4a+5),(1,2cc),(1,2cc+1),(1,2a+2) (3 , 2cc+3),
(1 ,4a+ 5) > mod (— , 11), cc = 0,1,

<(0, cc), (0, cr41), (Ø, a+ 2), (0, a+4), (0, cr45), (0, .+6), (Ø, cr+7), (0, cc+9),
(0,cc), (0,cc+ 1), (O,cc+S), (0,cc+6),(1,cc+2),(1,ci+ 3), (1,a+7),
(1,cc+8)>mod (3,11), c c 0 , 1,

<(0, 1). (0. 2), (0, 3), (0,4), (0,6), (0,7), (0,8), (0,9), (0, 0), (0,4), (0,5),
• (0, 9),(1, 1), (t ,4).(1,6),(1,9)) mod (3, 11).

34 17 16 Form B(33, 16; 67J with X (67, 2) and 8 •(0 , 2, 4,6 64 > and delete
any one block and all its points.

35 7 3 Unknown .
35 7 9 X Z(5,2) X Z(7,3).

‘6 — ((0,0), (0, 2), (0,4), (0, 2cc+1), (1,2cr+3), (2, 2cc+1), (3, 2cc+3) mod (5, 7),
2times, a 0 ,1,2,

((0 ,0), (0, 2), (0,4), (0,0), (1,0), (2,0). (3,0)) mod (5,7),
~~~~~ (0,0), (0,1). (0,2), (0,3), (0,4), (0, 5)> mod (5,—), 2 times.

35 7 A~ 0 (mod 3), A> 3. Lemma 2.4, 35 €B(7,6) by Lemma 5.39 and 35 EB( 7 ,9) .
35 8 28 1 Z(5,2) xZ ( 7 ,3) .

1’ — <(ft,0), (ft, 2), (ft,4), (p#1 ,0) , (ft+2 ,0) ,(ft+2, 2),( ft+2,4),(ft+3 ,O))
mod (5 ,7), 4t i mes, 13 0,1,

(Ø,a), (,8,a+3), (ft+1,cr+1), (G+1,cc+4), (fl+2,cc), (ft +2~a+3),• (13+3,cr+2), (ft43,cr+ 5)> mod (5, 7), cc = 0,1,2, 13 = 0,1,
((0,a), (0, cr43), (1, cc+1), (1,cr+4), (2,a), (2,cc+3), (3,a+1), (3,a+4))

mod (5 ,1), c c 0, 1, 2.
35 9 36 X”Z (5,2)x Z(7,3).

6 ((0, y), (0,,+2), (0,7+4),(#,0),Ø, 2),Ø,4),(ft+2,0), (8+2, 2).(p+2,4)
mod (5,7), 2 times, 13 = 0,1, 7=0,1,

((0,0), (ft,a), (fl,ci+3), (fl+1,cr+1), (13+1, cr44), (j)+2,a), (ft +2, cr43),
(ft+3,cc+2), (13+3,cc+5)) mod (5,7), cc = 0,1,2, 13—0,1,((0, 0), (0, a), (0, cr43), (1, cc+1), (1,cc+4), (2 ,a), (2, cr+3) , (3, cr41),
(3, cr+4)) mod (5,7), cc — 0 , 1, 2.

35 10 9 (GF(4 , x2 x + 1) u (—}) x Z(7, 3).
‘6 ((is,0), (is, 1),(is, 2), (is, 3), (is,4),(is, 5) ,(O,O), (0,0),(l ,O), (2 ,O))

• mod (— ,7),
((is, 2cr), (is, 2cc+3), (0, 2cc+ 1), (0, 2cr+5), (0, 2cc), (0, 2cc#2), (1, 2cc+2),
(1, 2a+4), (2,2cc), (2, 2cc+4)> mod (4, 7), a —0, 1, 2,

<(is,0),(0,0),(O , 1),(0 , 2),(O , 3),(0,4),(0, S), (0,0),(j ,0),(2,0)>
• mod (4, 7).

35 11 55 X = Z (S , 2 ) x Z(7, 3) .
‘8 ((0 , 1), (O, 3), (0, S), (cr,0), (cr,2),(cr,4) ,(a+1,0),(a+2 ,0),(crl- 2,2),

(cr4 2, 4), (cr43, 0)> mod (5,7), S times, cc = 0, 1,
((0,0), (0,2), (0,4), (cc, 0), (cc, 2), (cc, 4), (cr41, 0), (cr42, 0), (cr42, 2),

(cc+2,4),(a + 3,Ø)) mod (5, 7), 3 times, c r — 0 , 1,
((0,0). (0.0),(0, 1), (G, 2), (L 3), (G, 4),(O, 5), (0,O) ,( 1 ,O),( 2,g), (3,O))

mod (5,7).

I

II
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Table 5.23 (corn.).

ci k A B(k,A;uJ

35 12 66 I = Z(S, 2) x Z(7. 3).
<6 — ((0,0), (0, l) ,(O,3), (O, 5),(cc, 0),(a , 2), (o< ,4),(cc+1,O), (cc+2,0),

(cc+2,2) ,(cc+2,4),(cc+3,0) > mod (5, 7), 6 times, c r — 0,1,
((0,0), (0, 0), (0.2), (0,4), (cc, 0), (cc, 2), (cc, 4), (cc + 1,0), (cc+2, 0),

(cr+2 , 2), (cr42 , 4), (cr 43 , 0)> mod (5, 7), cc

(2,13), (2,p+3), (3,13+1), (3,p+4)> mod (5,7), 13 0, 1.2.
35 13 78 X=Z(5,2)x Z(7,3).

‘8 <(Ø, l),(0,3),(0,5),Oa,0),(cr,0),(a,2),(cr,4),(cr+1,O),(cc+2,Ø),
(cr+2,0),(cr+2,2),(cr+2,4),(a+3,O))mod (5,7), S times, c r 0,1,
((O,0),(0,0),(0,2),(0,4),(1, 1),(1,3),(1,5),(2,0),(2,2),(2,4),
(3,1), (3,3), (3,5)> mod (5,7), 5 times,

((0,0),(0,0),0,2),i0,4),(1,0 ,U,2),(1,4),(2,0),(2,2),(2,4),
(3,0), (3, 2), (3,4)> mod (5,7), 2 times.

35 14 13 Unknown.
35 14 26 X (Z(3, 2)0 {(is~~): I = 0,1)) x Z(7, 3).

‘8 = ((isO, 0), (iso, 0), (isCI, 1), (o, 2). ~~~ 
3)~ (—o. 4), (—~,5), (-‘i. 0),

(isi,O),(isi, 1),(isi,2),(.si,3),(isi,4),(isi,5)), 2 times,
((iso, 0), (is1,a), (s.1, cr+2), (is 1, cr+4), (0,0), (0, a+ 1), (0, cr4 3),

(0, cr45), (0,cc), (0, cr42), (0, cr44), (1, cc), (1, cr42), (1, cr44) )
mod (3,7), aao,l,

( (isO, 0), (iso, cc), (‘os cr42), (is0,cr+4), (-‘i, 0), (0,0), (0, 0), (0, cr41),
(0,a+3), (0, cr45), (1,0), ( 1 , cc+ 1), (1, cr43), (1 , cr +5)> mod (3 , 7),
c c 0 ,1 , -

¶ <( o. a), (is0,cc+2), (-‘o, cr+4), (‘s1, cr), (— 1,a+2), (— 1, cr+4), (0,0).
(0,cc+i), (0,a+ 3), (0,cc+5), (1,0), (1,cc), (1,a+ 2), (1,a#4) mod (3,7),
c r 0 , 1,

((is0,cc), (iso, cc#2), (is0, cc+4), (is I , 0), ( 1 ,cr+ 1), (is 1, cr43), (is1, cc+5),
(0, 0) , (0, cc), (0,cr#2), (0, cr44), (1 , cc), (1, cr42), (1, cr+4) > mod (3,7),
cc =0,1.

35 14 39 I— (Z(3 ,2) LI ((is1): I = o , 1}) x z(7, 3) .
‘6 (( o,0), (iso,0), (iso, 1), (iso,2), (iso, 3), (sso, 4),(.s0, 5J (is1,O),

(is~,0),(is>, l),(is L, 2),(is L, 3),(ss L, 4),(isZ, S)), 3 times,
• <( o, 0), (-‘is 0), (is 1, cr), (is1, a+3 ), (0,cr), (Ø, cr+2), (0,a4 3), (Ø, cr+ S),

(0,O), (0,cc+2), (0, cc+S),(1,Ø),( 1,cc),(1,cc+3)) mod (3, 7),
cr 0, 1, 2,

((is0, cr41), (is0,cr+2), (.o, cr44), (is0, cr45), (ist , 0), (0,0). (0,cr),
(0, cr41), (0,cc#3), (0,a+4), (1,cr), (1, cc+2), (1,cc+3), (1, cr4 5))
mod (3,7), c r 0 , 1, 2,

<( o, 0), (‘o,cc4 I), (is0,a44), (isj, Ø), (is bcc + 2), (is1, cr+ 5), (0, 0),
• I (0,0), (0,cc), (0,a+3), (1,a), (1,cr+ 2), (1,cr+ 3), (1,cr+5) ) mod (3, 7),

c c 0 , 1,2,
<(o, 0) . (iso, cr42), (iso,a+S), (ssj, cr), (is 1, a+ 2), (is>, cr +3), (is1, cr #5),

(0,0), (0,0), (0,cc#I), (0, cr44), (1,0), (1,cr+2), (1,cr+5)> mod (3, 7),
cc = 0, 1, 2.

35 14 A ~ 0 (mod 13), A> 13. Lemma 2.4, 35€ 8(14,26) and 35€ B(14, 39).
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Table 5.23 (cont.).

ci k A BI k, A; ul

35 15 21 X (Z(4)u(—})XZ(7, 3).
‘8 = <(is, 0), (— , 0), (is, 2), (— ,4) , (0’, 0), (0’, 1), (0’, 3), (0’, 5), (1’, 0), (1’, 2),

(1’,4), (2’, 1), (2’, 3), (2’, 5). (3’. 0)> mod (4,7),
< (is, 0), (is, 0), (is, 2), (— ,4), (0’, 0). (0’,O), (0’, 2), (0’,4), (1’, 1), (1’, 3),
(1’, 5), (2’, 0), (3’, 1), (3’, 3), (3’, 5)) mod (4,7),

• ((is, 1), (is, 3), (is, 5), (0’, 0) , (0’, 1), (0’, 3), (0’, 5), (1’, 0), (1’, 1), (1’, 3),
(1’, 5), (2’, 0), (2’, 1), (2’, 3), (2’, 5)) mod (4, 7),

((is, 0) , (0’, 0). (0’, 0), (0’, 2), (0’, 4), (1’. 0), (1’, 2), (1’, 4), (2’, 0), (2’, 1),
(2’, 3), (2’, 5), (3’, 1), (3’, 3), (3 ,5)> mod (4,7),

((is, 1), (is, 3), (is, 5), (0’, 0), (0’, 2), (0’,4), (1’, 0), (1’, 2), (1’, 4), (2’, 0),
(2’, 2), (2’, 4), (3’, 0), (3’, 2), (3’, 4)> mod (— , 7).

35 16 120 Lemma 2.6, 35 EB(17 , 8) asbelow and I7EB(16 , 15) trivially.
35 17 8 (29).X=Z (5,2) x Z(7,3).

‘6 ((0,0),(0,0),(0,0),(0,2),(0 ,4),(1,0),(1, 1),(1, 3),(1,5),(2 ,Ø),(2 ,0),
(2,2),(2, 4),(3 ,0), (3, I), (3, 3), (3 ,5)) mod (5 , 7).

36 8 2 Non.existing by Lemma 1.3.
36 8 X~~0( mod 2), X > 2 . Unlcnown.
36 9 8 X=Z (5,2)x Z(7,3)u{(is)}.

= ((is), (0,0), (0. 2), (0, 3) , (0, 5), (0,1), (1,4), (2,1), (3,4)) mod (5, 7),
((0,0), (0,0), (0, 2), (0, 3), (0, 5), (0, 1), (1,4), (2,1), (3,4)> mod (5,7),
((0,0), (0, 2), (0, 4), (1,0), (1,0), (2, 2), (2,4), (3,0). (3,0)> mod (5, 7),((0 ,0) , (0,•0) , (0, 4) , (1, 1),(1,S),(2,O),(2,4),(3, 1),(3,5)>mod (5,7).

36 10 9 X”(Z(3,2)U{’-}X GF(9,x2 2x#1).
‘6 = <(is,cr+3), (is, cr47), (0.0), (0, 3), (0, 4), (0, 7), (0, 1), (0, 5), (1,2), (1,6))

mod (3,9), a 0 ,1,
((is,Ø),(O,Ø),(0, 1),(0,2),(0,5), (0,6),(1,1),(1,2),(1,5),(1,6))

mod (3,9),
(( is, 0), (-‘, 3), (ss, 4), (is, 7), (0,0), (0,0), (0, 4), (1,0), (1, 3), (1,7)>

mod (3,9),
(( is, cc), (is,cr+2), (..,cc+4), (— ,cc+6), (Ø, cr+ 1), (0, cc+5), (Q, cc# 1),

(0,cc+5), (1,cr+ 1), (1, cr+ 5)> mod (— .9), cc — 0 , 1.
36 11 22 X=Z(S,2)XZ(7,3)u{(is)}.

‘6 = ((is), (0,0), (0,2), (0, 3) , (0,5), (13,1), (13,4), (.8+1,0), (13*2,1),
(ft+2,4),( 8+3,0)) mod (5, 7), 1 3 0, 1,

((is), (0,2), (0,5), (0,2), (0,5), (1, 2), (1, 5), (2,2), (2,5), (3, 2), (3,5))
• mod (—,7),

((0, 0) , (P,cr), (Ø,cr+ 3), (0,a+l), (0,cr+4), (1,a+2), (1,cr4S), (2, cc+ 1) ,
(2,cc+4), (3, cr42), (3, cr45)> mod (5,7), cc 0,1,2,

((0,0), (0,2),(0, 5),(0,0), (0, 3), (1,0),(1,3), (2 ,0),(2 , 3),(3,0),(3, 3)>
mod (5, 7),

• < (0, 0) , (0, 0), (0, 1),(0, 2), (0,3), (0,4),(Ø,5),(0,0),( 1,0) ,(2 ,Ø),(3, O)>
mod (5, 7).

36 12 11 X Z(5, 2) X Z(7 ,3) 0 {(is)} .
‘6 — ((is), (O,0), (0, 0),(0,3),(0,4) ,(0 ,S) ,(1,O),(2 ,0),(2, 3),(2,43

(2,5), (3,0)) mod (5, 1) ,
((O,O),(O, 3), (0, 0),(0, 3),( 1,O),(1, 1),(1,4), (2,O),(2 , 3),(3,~ ),
(3, 1),(3,4)> mod (5 ,1),

((O ,1), (Ø, 3), (0, 4),(0, 5), (0,0),(0, 2),(0, 4), U ,G),(2 ,0),(2, 2),
(2,4),(3,O)) mod (5, 7).
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Table 5.23 (corn .).

u k A BIk. A;o l

36 13 156 X = Z(5, 2)x 2(7, 3) U ((is)}.

• <6
(3, 3), (3, 5)) mod (5 ,7), 10 times,

<(is), (0,0), (0, 2), (0, 4), (1,0), (1, 2), (1,4), (2,0). (2, 2), (2,4), (3, 0),
(3, 2), (3, 4)) mod (5, 7), 3 times,

((0,0), (~,2cc), (0. 2cc#1), (0, 2cc+3), (0, 2cr+4), (8,2cc), (p. 2cr+3),
(13+1, 2cc+2), (13+1, 2cc+5), (8+2, 2cc), (p+2 , 2cr+3), ( 13+3, 2cc+2),
(ft+3, 2cc#S)) mod (5,7), 2 times, a 0 , 1, 2, 1 3 0, 1,

<(0,0). (0, 2cc), (0, 2cc+1), (0, 2cc+3), (0, 2cc+4), (0, 2cr+2), (0, 2cc+5),
(1, 2cr+2), (1, 2cr45), (2, 2cr+ 2), (2 , 2cc+S), (3, 2cc# 2), (3, 2cc+5)>
mod (5,7), 2 times, a — 0 , 1,2,

((0,O),(0,0),(0,2),(0,4),(1, 1),(1,3),(1,5),(2,0), (2,2),(2,4),(3, 1),
(3,3), (3,5)) mod (5, 7), 5 times.

36 14 13 1 (Z(3, 2)u {~—}) x GF (9. x2 — 2x + 1).
‘8 = ((is, 0), (is, 1), (is, 3), (is, 5), (is, 7), (0,0), (0,0), (0,2), (0,4), (0,6),

(1,0), (1,2), (1,4), (1.6)) mod (3,9),
<(is, 1), (is, 3), (,5), (s. 7), (0,0), (0,0), (0.0), (0, 2), (0,4), (0, 6).

(1,1),(1.3),( 1,5), (1, 7) mod (3 ,9),
((is,cr), (is,cr+4), (Ø,cr), (Ø,a+ 1), (0, cr44), (Ø,cr+5), (0,cc), (0,cc+2),
(0,cr#4), (0, cr46), (1, cc), (1,cr+3), (1,cr+4), (1,cr+7)> mod (— , 9),

1, 2, 3.
36 15 2 Non existing by Lemma 1.1.

• 36 15 4 Non.existing by Lemma 1.1.
36 15 6 (3 1J .X GF(4,x2 = x + 1) X GF(9,x2— 2x +1 ) .

‘8 ((0, 0), (0,1), (0, 2), (0,4), (0, 5), (0,6), (0,0), (0,0), (0,4), (1,0),
(1,1),(1,5), (2,0), (2 ,2), (2,6)) mod (4 ,9).

• 36 15 8 (291.X GF(4,x2— x + 1)xZ(3,2)x Z(3,2).
‘8

(0,0,O),(0,1,0),(1,O,0),(1,0,0),(1, 1,0),(2,G,1),(2,0,1),

• (2,1,Ø))mod (4,3,3),
((0,0,0),(0,0,0),(0,0, 1),(O,0,Ø), (0,0,0), (0,0, 1), (0,0,0),
(0,0,0),(0,O,1),(1,O,0),(1,O,0),(1,O,1),(2,1,0),(2,1,0),
(2,1,1) mod (4,3,—).

• 36 15 10 1= (Z(5, 2)0 ((—j ): I = 0,1)) X Z(S, 2)0 {(is , s )}.
‘8 ((ss,is),(iso,1),(.so,3),(isi,0),(_i,2),(Q,1),(Q, 3),(1,0),(1,Q),

• 
. (l,2),(2,1),(2,3),(3,O),(3,0),(3,2p mod(5,5),

((is
~

, O), (iso, l), (is~, 3),(is~, 1),(isj,3),(0,0),(0, 1),(0,3),(1,0),
(1,2), (2,0), (2 , 1), (2,3), (3,0), (3, 2)) mod (5,5),

((is I, 0), (isa, 0), (s’s, 1), (is j , 2), (is a ,  3), (0,1), (0, 3), (0,1), (0, 3),
(1, 1), (1,3), (2, 1), (2, 3), (3, 1), (3,3)> mod (— .5),• ((0,0, (0, 1), (0, 3), (0, 0), (0, 1),( 0,3),( 1,O),( 1, 1),(1, 3), (2,0),
(2, 1),(2,3),(3,0),(3, L),(3,3)> mod (— ,5),

36 15 A — 0  (mod 2), A >4. Lemma 2.4, 36€ B(15 , 6), 36€ 8(15,8) and 36€ B(1S, 10).
36 16 12 1 (GF(4 , x2 x+1) u (is}) x Z(7, 3)o {(is , is)}.

‘8 — ( (is, is), (is, 1), (is, 3),(is, 5) ,(0, 1),( G, 3), (g, 5), (0 , Ø),(0, 0),(0, 5),
(1,*),(1, 2),(1, 1),(2 ,O),(2 ,4), (2 , 3)) mod (4, 7),

( (ss,G), (us ,0), (is, 2),(is,4), (Ø,Ø), (0,0),(0, 1), (O, 3),(0,O),(0, 2),
(0,3), (0,5), (2,0), (2, 1), (2,4), (2, 5)) mod (4,7),• ((0,0), (0,0), (0,2), (0,4), (0, 0), (0,0), (0,2), (0,4), (1,0), (1,0), (1,2),
(1,4), (2,0), (2, 0), (2,2), (2, 4)) mod (— , 7).
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Table 5.23 (cont.).

ci k A B(k,A; ci)

36 17 272 Lemma 4.6 , 35 e 8(16 , 120) and 35 E 8(17 , 8).
36 18 17 X=Z ( 5 ,2) X Z(7 , 3)U((is)}.

= (( ),(0, 0), (0.0),(0 ,0),(0 , 2), (0,4),( 1,0), (1, 1),( 1, 3),(1, 5),(2 ,O),
(2.0), (2, 2), (2 , 4), (3,0), (3, 1), (3, 3), (3,5)) mod (5, 7) ,

((0,0), (0, 1), (0, 2), (O~ 3), (0, 4), (0, 5), (0,0) , (0, 2), (0.4), (1, 1),
(1, 3),(1, 5),(2 ,0),(2 , 2), (2 , 4), (3, 1), (3, 3), (3,5)>mod (5, 1) .

37 8 14 Lemma 4.1.
37 9 2 (12~.X~~Z(37,2).

‘8 = (0, 4,8 , 12, 16 , 20, 24, 28, 32) mod 37.
37 10 5 Lemma 4.4.
31 11 55 Lemma 4.2.
37 12 11 Lemma 4.1.
37 13 13 Lemma 4.2.
37 14 91 Lemma4. 1.
37 15 35 Lemma 4.3.
37 16 20 1=2(37 , 2).

<6 = (G, 4cc, 4cc+ 1,4cr+2,4cr43,4cz+4,4cg+12 ,4cr+13, 4c,414,4cc+15, 4a#16,
4cr#24 , 4cr+25,4cr+26,4cr+27 , 4a#28> mod 37, cc = 0, 1, 2.

37 17 68 Lemma 4.2.
37 18 17 Lemma 4.1.
38 8 28 X ”Z (37 , 2) ~~( ’s}.

‘8 (is,O, 3cr4 8+1, 3a+3+7 , 3cr+84 13, 3cc+ Ø+ 19, 3cc+ p+25 , 3cr+ 13+3 1>
mod 3l, c c 0 , 1, 13= 0, 1,

• ‘ <27, 2’>’+2, 27+6 , 27+8,27+18, 27#2Q, 27# 24, 27+26> mod 37,
7 = 0 ,1 8,

• < 36, 36+2 , 36+6 , 3$+10,36+18,38+20, 36424 , 36428) mod 37 ,

38 9 72 Lemma 4.6, 37 € 8(8, 14) and 37 E B(9 , 2).
38 10 45 Lemma 4.6, 37 E 8(9, 2) and 37€ 8(10,5).• 38 11 110 X =Z (3 7 ,2)U {is).

‘8 = Blocks of 8(10,5; 37J on 2(37) with is adj oint to each block ,
(a.,cr,cc+1,cr+2,cr+9,cc#10,a+18,cc#19,cc#27,cc+28,cc+29> mod 37,
c r 0 ,1 8,

(0, cr,cr+1,cr+9,cc+10, cr+18,a419,cc+27 ,cr#28,cr49 13+2,cr+913+1l )
mod 3l, a 0 , 1 8, 8 0 , 1, 2.

• 38 12 66 X Z(37,2)u {—}.
‘8 = (— ,3cc, 3a+3, 3cr+6, 3a+9,3a+12,3a+15,3a+18, 3cc#21, 3cr+24,

3cc+27,3cc+30>mod 37, c c 0 , 1 5 ,
(s,M+3,M+6 , ~49,p+12,~ +15, M+l 8, M+2 1 ,~s+ 24,s+27 ,,i43O,$# 33
mod 37, onceforM 0,6timesfor~~— 1 ,2.

• 38 13 156 X”Z(37,2)u{is}.
‘6 — (ss,p,M4 3,U+ 6,~~+O ,M + t 2 ,M+lS ,M +l8 ,M#21,p+24,M +27 ,M+3 Q ,

~s+ 33>mod 37, 4 times f o r M = 0,2, S tlines for g 1,
<Ø,s’,v#3,v+6,v+9, v +12, v#I5 ,ci+18, v+21, p #24, v +27 ,v+ 30,v# 33 )

mo4 37, l0 times forv 0, 7 t i mes for v 1, 8 timesfor u 2.
38 14 91 X Z(37, 2) u (is}.

<6 = Blocks of 8(1 3, 13; 37J on Z(37) with is adjoint to each block , 2 times,
(is,O , O, 3, 6, 9, 12, 15, 18, 21, 24 , 27, 30, 33> mod 37,
(3cc+ 13+2, 3a+ 13+3, 3a+ 13+4, 3cc+p+ 5, 3cc#3+6, 3cc+ 13+7, 3a+p+ 16 ,

3a+13+20, 3cc+~ +2 1, 3cc+ 13#22, 3cc# 13+23, 3cr+ Ø+24 , 3cr+ 13+25,
3cr+13+34)mod 3l, c r 0,1,...,5, 13 0,1.
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Table 5.23 (contj .

ci k A B(k,A;vJ

38 15 210 X=Z(37,2)u {is) .
<8 Blocks ofB(15,35;37lonZ(37),

<is, 2cc, 2cc+2, 2cc+3, 2cr+6, 2cc+9, 2cc+ 12 , 2cr+15, 2cc4 18, 2cc+20,
2cr+2 1, 2cr+ 24 , 2cc+27, 2cc+30, 2cr+ 33 mod 37, cc = 0, 1 8,

(is, 0,313,313+1,313+2,313+3.313+4,313+12,313+13,313+14,38+15,
313+24,313+25,313+26,313+27)mod 37, 13= 0,1 5,

(M , l S+l, M + 2 ,U+ 3,jZ#4 ,p #l2 ,M+ 1 3,~L+l4 ,M+15 ,M4I6 ,M#24 ,M +25 ,
JL+2 6,~I+27 ,M+ 2 8) mod 37, 3 times for p = 1,3, 2 times for
gs — 0, 4, once for p = 5,

(v , a’ +1, ci +2 , p +3 , p #5 , ci +12, ci +13, p4 14, v415 , p4 17, p + 24, ci +25 ,
n+ 26, v+ 27,n +29) mod 37 , once for v O , 3, 2 time sfbr v l , 4.

38 16 120 X — Z ( 3 7 , 2) u ( i s} .
6 = ,is ,p ,p +1 ,p+2,p43 ,p+4 ,p41 2 ,p + 13 ,p41 4 ,g4 15 , M +16 , p f 2 4 , M 4 2S ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
mod 37, p = 0,5,6, 11, 12 , 13, 14, 17,

(0, v. p +1, ci + 2, p4 3, p +4 , ci +12, ci +j3, p4 14, p4 15. p4 16, p424 , p + 25,
• ci+26 , v+2 7 ,v+2 8 mod 37, ci 0, 1,2,3,4,7,8,9, 10 , 15,16.

‘I 38 17 272 I” 2(37, 2)u{ is}.
<6 — Blocks of 8(16, 20; 371 on 2(37) with is adjoint to each block, S times,

Blocks of 8(17 ,68; 37) on 2(37),
(is, 0. 3cr, 3cc+t , 3a+ 2, 3cr+3, 3cr44 , 3a+ 12, 3cc+13, 3a+14 , 3u+1S,

3cc+16,3a+24 ,3cr+25 , 3cc+26,3cr+27 , 3c<#28 mod 37 , cc = 0, 1,
(0, 38+p+l , 3134p+2, 3p+ ~~~ 3~ +~&44 , 313+p+10, 313+p+ll, 3134p+l2 ,

• 3134p +l3 , 3j3+ p+19 , 38+p420 , 313+p+2l , 30+p+22 , 38+p+28 ,
313#js+29, 313+p+ 3O, 313+p+3 1) mod 37 , 13 = 0, 1,2, once for
p 0 , 3 times for p~~!.38 18 153 Lemma 4.6, 37 € 8(17,68) and 37€ 8(18, 17) .

38 19 18 X= Z (37 ,2 )u {i s ).
‘6 (is,0, 2,4, 6, 8, 10 , 12, 14 , 16, 18,20 , 22,24 , 26 , 28, 30, 32 , 34> mod 37,

(0, 0,2,4,6, 8, 10, 12, 14,16 ,18, 20, 22,24, 26 , 28, 30, 32 , 34> mod 37.
39 7 21 Table 5.22.
39 8 28 X—Z (3,2)x Z(13,2).

‘8 = ( (Ø, a), (0,cc#6), (0,cr+1), (0,cr#2), (0,cr+3), (1,cc+7), (1,q.+8), (1, cr+9) >
mod (3, 13), a 0 , 1,..., 11,

((0,O),(0 ,0),(0, 4),(0, 8),(1,0),(1,0),(I ,4),(1, 8))mod (3, 13) 7 times.
39 9 12 X — Z ( 3 , 2) x Z(13 , 2).

• <6 — ((0 ,0),(0,0),(0 , 2cr+3), (0 , 2cr+9),( 1, 0),(1, 2cc),(1, 2cr4 1),( 1, 2cr+6),
(1, 2cr#7)) mod (3, 13), a 0 , 1, 2,

<(0, 2cr43), (0. 2cr+9), (0,0), (0.2cr), (0, 2cc+6), (1, 2oi+1). (1, 2a+2) ,
(1, 2cr+7),( 1, 2cr+8) >mod (3,13), c c 0 , 1, 2,

• ((0,0),(0,4),(L8),(0,0),(0,4),(0,8),(1,0),(1,4),(1,8)>mod (— .13).
39 10 45 Lemma 2.6, 39€ 8(19,9) as below and 19€ 8(10,5) by Lemma 4.5.
39 11 55 I’Z(3,2) X 2(13,2).

• 
‘8 <(0, 0), (0, 0), (0, 2cc), (0, 2a#3), (0, 2cr+6), (0, 2o<#9), (1.0), (1, 2a#1),

• (1, lcc+4), (1, 2cr+7), (1, 2cc+10)) mod (3,13), 3 times, cc = 0, 1.2 ,
((0, 0), (0,p+2), (Ø,p+8), (0,p), (O,~z4 3), (0,p# 6), (0,~ +9), (l ,p+2),

(1,ii+5),(l ,p +8), ( 1,u+ll )> mod (3, 13), 2 tiniesfor p 0 , 2,4,
once for p 1, 3, 5,
((0,0),(0,4),(0,8),(0,0),(0,0),(0,4),(0,8), (1,0),(1,0), (1,4), (1,8))

mod (3, 13). 

-• . • ... ••• . - - • • - •- • ..
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Tab le 5.23 (coOt.).

ci Jr A B(k,A;u)

39 12 22 I = 2(3,2) x Z(13, 2).
‘6 s ((Ø, cc), (0, cr46), (0,0), (0,cr) , (0, a#3), (0, cc+6), (0, cr49), (1, 0),

(l ,c’+1),(1,cr+4) ,( 1,cc+7) ,( 1, cc+1Q)> mod (3, 13), cc = 0,1 5,
((0 0 )  (0, 0), (0, 4), (0, 8), (0,0), (0, 0), (0, 4), (0. 8), (1,0), (1,0),

(l , 4),(1 , 8)) mod (— . 13) .
39 13 6 Unknown
39 13 12 X Z(2)x Z(19,2)u{(is)},

• ‘ 8 —  ((is),(0,0), (O, 1),(0,6), (O, 7), (O,12) , (0,13), (o, !~h o , 2),(0, 7),
(0, 8), (0, 13), (0, 14)> mod (2,19),

• ((0.0), (0.0), (O,4),(O,6),(0,1O),(0,12),(O,16) (0 0) (0 2),(0, 6),
(0,8), (0,12), (0, 14)) mod (2 , 19),

((0, 0), (0,4), (0,10) , (0,16), (0, 0), (0, 1), (0,3), (0,6), (0, 7), (0,9),(0, 12), (0. 13), (0, 15)) mod (2.19).
39 13 18

‘6 — < (i s) ,  (0, 4), (0, 10), (0,1 6), (0, 1), (0,2), (0,3), (0,7), (0,8) (0, 9),
(0, 13), (0.14), (0,15)> mod (2, 19),

((si) , (Ø, 1),(O,4),(O,7),(G, l0),(O, 13) ,(0 16) (0 1), (0, 4), (0, 7),
(0, 10), (0, 13), (0, 16)) mod (— , 19),

(0,O), (0.0), (0, 1), (0, 6) ~(0, 7), (0, 12), (0, 13), (0.0). (0, 4), (0, 6),
(0, 10), (0, 12), (0, 16)) mod (2,19),

((0,0) , (0, 1). (0, 2), (0, 7), (0,8), (0, 13), (0,14), (0,0), (0,1), (0 , 6),
(0, 7), (0,12), (0,13)) mod (2 , 19),

‘(0,0),(G, 1),(O,5),(O,7),(G,11),(O,13),(0,17) (0,0) (0 2) (0 6)(0, 8), (0, 12), (0, 14)) mod (2, 19).
39 13 A ~~0 (mod 6), A >  6. Lemma 2.4, 39€ B(13, 12) and 39 EB( 13, 18).
39 14 91 X= 2(3, 2) X 2(13, 2).

‘8 = ((0, 0), (0, cc), (0, cr# 6), (0.0), (0, cc), (0,a#3), (0,cr46), (0,cc+9),
(1,cc+ 1), (l ,cr+3), (1 ,cr+5), (1,cr+7), (1,cc+9), (1, cr+1 1)) mod (3, 13),
3 times, c c 0 , 1 5,

(l , S), (1, 7), (I ,9),(1, 11) >mo d (3, 13).• 39 15 35 X = Z ( 3 , 2) x  2(13, 3).
• 

‘6 — ((0,0), (0.3cr), (
~, 3cr+2), (0, 3cr#6), (0, 3a+8), (0,0), (0, 3cr), (0 , 3cr+4) ,

(0, 3cc+6), (0, 3cr#10), (1,0), (1. 3cr+1), (1, 3a+5), (1, 3cc+7).
(1, 3a#11) mod (3, 13), c r 0 ,1,

((0, 0), (0. 3cc+5), (0, 3cr+ 1 1) , (0,0), (0, 3cr+ 1) , (0, 3cr+5), (0, 3cr+7),
(0, 3cr#11), (1,0), (1,3cc), (1, 3cc+ 1), (1, 3cr+4), (1, 3a+6), (1, 3a+7),
(1,3cc+10)) mod(3, 13), a 0 , 1,

• • <(0, 0), (0,0), (0, 0), (0, 2), (0,4), (0,6), (0,8), (0,10), (1,0), (1, 1),• (1,3),(l,5),(1,7),(1,9),U, 11)> ntod(3, 13),
(( 0, 0) , (0.0), (0, 3), (0. 6), (0, 9), (0,0). (0,1), (0,4), (0.7), (0,10),
(1,0),(1,2),(1,S),(1,8),(1,11)> mod (3,13),

• <(0,0), (0,2), (0, 5), (0,8), (0, 11), (0, 0), (0, 2). (0, 5), (0, 8), (0, 11),
(1, 0), (1, 2), (1, 5), (1, 8). (1, 11)) mod (— , 13). 

•~. - •.• • ~~~~-••  • .• . ••, .
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Table 5.23 (cont.).

ci k A B[k, A; u)

39 16 120 I 2(3,2) x Z ( 13 , 2).
‘8 = ((0.0),(0, cr+ 1), (O, cc+ 7),(0, cc), (0, cc+2) , (0, cr+4) , (0, cr+6), (0, cc+ 8),

(0, cc+l0), (1,0), (1, cr), (1,cc+2) , (1 , cc+4), (1, a+6), (1, cr+ 8),
(1, cr+10) mod (3, 13), 2 times, cc — 0, 1 5,

((0,0), (0,13+1), (0 ,13+5), (0 ,13+9), (0,13), (0, 13+2), (0, 13+4), (0,13+6),
(0, 13+8), (0,13+10), (1,13), (1,13+2), (1, 1344), (1 ,1346), (1, 13+8),
(1,13+10)) mod (3, 13), ~ = 0, 1, 2,3,

((0 ,7), (0.7+3), (0.7+6), (0, ~ +9), (0.1), (0.7 +2), (0, v +4),
(0,7 +6), (0,7+8), (0,7+10), (1 ,7 +1),~(1,7+3), (1,, +5), (1,7+7),
(1,7 +9 ), ( 1,y +l1 ) ) mod (3, 13), ~~ 0, 1, 2.

39 17 136 I = 2(3, 2) x 2(13, 2).
‘8 ((0,a), (O, cr+ 3), (0, a+4), (O, cc+7), (0, a48), (0, cc), (0 ,cr+1), (0, cr44),

(0, cr+S), (0, cc+8), (0, cc+9), (1,u), (1,cc+2), (1, cc+4) , (1 ,cc+6) ,
(1,cr+8),(1, a+1 O)> mod (3 , 13), cc = 0, 1, . ., 11,

<(0, 1), (0. 2), (0, 3) , (0, 5), (0, 6), (0, 7), (0, 9), (0. 10), (0, 11), (0, 0).
(0, 0), (0,4), (0, 81, (1,0), (1, 0), (1, 4), (1, 8)> mod (3 , 13), 7 times.

39 18 51 X =Z(3 ,2) X Z( 13, 2) .
‘8 = ((0, 2cc), (8, 2cr+3), (0, 2cc+ 6), (0, 2cr+9), (0, 0), (0, 2cc), (0, 2cc+2) ,

(0, 2cc+4), (0, 2cc+6), (0, 2cr+ 8), (0, 2cc410), (1 ,0), (1, 2cc),
(1, 2cr41), ( 1,2cc+2), ( 1, 2cr46),(1 , 2cc+7), (1 , 2cc+8 ) ) mod (3, 13),
cc 0, 1, 2 ,

((0, 2cc42), (0, 2cc# S), (0, 2cc+8), (0, 2a+ 1 1), (0,2cc), (0, 2cc41), (0, 2a+3),
(0, 2cc44), (0, 2cc+6), (0, 2cr+7 ), (0, 2cc+9), (0, 2cc+10), (1, 2cc),
(1, 2a#2), (1, 2cc+4) , (1, 2cc+6 ),(1, 2a+ 8), (1, 2cc+ 10)) mod (3, 13),
cc = 0, 1.2,

<( 0, 0), (0, 2), (0, 4) , (0.6), (0.8), (0. 10), (.0,0), (0, 2), (0. 4), (0,6), (0, 8),
• (O, 10),( 1,O),(1 , 2),( 1, 4),( 1, 6), (1,8),(1, 10)> mod (— , 13).

39 19 9 (29 1. X=Z (2) x Z(19,2)u {(is)}.
‘8 = ((~), (0,0), (0.2), (0, 4), (0, 6), (0, 8) ,(O, 10), (0, 12), (0, 14), (0, 16),

(0,0), (0, 2), (0,4), (0,6) , (0, 8), (0, 10), (0, 12) , (0, 14), (0, 16))
• mod (— , 19),

((0 ,0), (0, 1), (0, 3), (0, 5), (0, 7), (0, 9), (0, 11), (0, 13), (0, 15). 0,17),
(0,0), (0,2), (0, 4), (0,6), (0, 8), (0,10), (0, 12), (0, 14), (0, 16)> mod (— , 19),

((0,O), (0, 0),(0, 1),(0 , 2), (0, 3),(0 ,4),(0, 5), (O , 6),(O , 7) ,(O ,8), (Q,9),
(0, 10),(0 ,11),(0 , 12), (0, 13), (0, 14), (0,15), (0,16),(0 , 17)) .

40 7 14 Table 5.22.
• 40 8 7 X=Z (3 , 2)x Z(13, 2) u {(is)}.

‘8 — ((‘=) , (0,O) ,(0, O) , (0,4) , (0,8),(1 ,0), (1 ,4), (1,8p mod (3, 13) ,
((0, 2cr), (0,2cc+3),(O, 2cr+6),(0, 2cr+9), (0, 2cr# [),(0 , 2cr+7),

• (1, 2cc+5),(1, 2cr+j l ))mo d (3, 13), cc = 0,1, 2,
((O ,O), (0, 0),(0,4),(0, 8),( I,O) , (1,O), (1,4) ,(1, 8)) mod (3 , 13).

40 9 24 Lemma 2.6, 40€ B(13, 4) as below and 13 E B(9 , 6) by Lemma 4.5.
• 40 10 3 Unknown

40 10 6 Unknown

~ 

~~~~~~~~~~~ - • -•- ~~~~~~~~~~~~~~~~~~ -~~~~~~~~~
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Table 5.23 (cont.).

ci Jr A B(k,A; ciJ

40 10 9 X =Z ( 3, 2) X Z(13, 2) u {(is)}.

‘8

mod (3, 13),
((0,0),(0, 2), (0,6),(0..10), (0,5), (0, 7), (0, l1),(1, 2),(1,6), (1,10)>

mod (3, 13), 2 times,
((0,0), (0, 0), (0, 4),(0, 8), (0, 1), (0, 5), (0, 9),( 1,0),(1 , 4),( 1, 8)>

mod (3 , 13).
40 10 12 X Z(3, 2) x Z(13 ,2) Ls {(is )}.

‘6 — ((..), (0,cr), (O, cr+4),( Ø, cc+ 8),(0,cr),(0,cc+4),(0,cc+8),( 1,cc),
(1,cr+4 ),( 1, cr#8)) mod (— . 13), cc = 0, 1,2 , 3,

((0 , 0) . (0.213), (0, 213+4), (0, 2 13+8), (0, 213+1), (0, 213+5), (0, 2 13+9),
(1, 21342), (1, 213+6), (1, 2 13+10)> mod (3 , 13), 13 = 0, 1,

((0 , 0) , (0, 213+1), (0, 213+5), (0, 2 13+9), (1, 213), (1,2 13+3), (1, 213+4),
• (1, 2 1347), (1, 2 13+8), (1, 2 13+11) > mod (3, 13), 3 0,1.

40 10 15 X Z(3,2) X Z( 13 ,2) LI~ (s.) } .
‘6 — ((is), (0,0), (0,0), (0,0), (0,4), (0, 8). (1,0), (1,1), (1,5), (1,9))

mod (3 , 13),
• ((is),  (G, cc), (0. cr 44), (Ø, cr+ 8), (0, cc), (0, cr48), (1, cc), (1, cc+4) ,

(1.e+8)> mod (— , 13), cc = 0,1,
• ((0,0),(0,0), (0,4), (0,8), (1,0),(1, 1),(1,4),(1,5),(1,8),(1,9)>

mod (3, 13), 2 times,
((0,0),(0 , cr) ,(0, a+4), (0, cr+8), (0,2),(0,6), (0, 10),(1, 3),( 1, 7),

(1, 11)) mod (3, 13), cr 0, 1,
((0,0). (0, 1), (0, 5), (0, 9), (0 , 3),(0,7),(0 , 11) ,(1,0),(1 , 4),( 1,8)>

mod (3, 13).
40 10 A 0 (mod 3), A > 6. Lemma 2.4, 40 E B(10,9), 40E8(10, 12) and 40 EB( 10,15),

• 40 11 110 I=Z(3,2) X Z(13,2)u {(is)}.
<6 = ((is) ,  (0, 0), (0,cr), (0, cr41), (0, cr4 6), (0, cr4 7), (1,0), (1,cr), (1,cc+2),

(1,cr+6),( 1, cr+8) ) mod (3, 13), cc — 0 , 1 5,
<(—), (0, 0) , (0 ,0), (0,13), (0, 13+3). (0, 1346), (0,~ +9), (1,0+1) , (1, 13+4),

(1,Ø+7),( 1,p+ 10)> mod (3, 13), 1 3 0 , 1, 2,
((is), (0,37 + 3), (0, 37+ 9), (0, 37), (0,31+1), (0, 37 +6), (0, 37+7),

(1, 37), (1, 3’>’45),( 1 , 37+6), (1, 3~ +11)) mod (3, 13), ~ = 0, 1,
< (0,0),(0,6),(0,641),(0,0),(0,6+2),(0,6+3),(0,6+4),(1,O),
(1,6+S),(1,6+6),(1,6+7)> mod (3 , 13), 2 times, 6 0, 1 11,

(1,13+4), (1,13+7), (1,13+10)> mod (3,13), 8= 0 , 1, 2,
((8,0), (0, 31), (0. 3 7+2), (0, 37+4), (0, 3746), (0, 37+8), (0. 3~r + 10),

(0, 37+1), (0,3~ +7), (1,37+1), (1, 3747)) mod (3, 13), 7 — 0 , 1,
40 12 11 X—Z(3,2)x Z(13,2)u ((—)}.

‘8 — <(is),(O,Ø),(0,G),(0,1),(0,S),(0,9),(1,0),(1,1),(1,4),(1,S),(1,8)
(1,9)) mod (3, 13),

((0, 1),(G,3), (0,5), (0,7),(O,9),(G, l1).(0,0),(O,4),(0,8),(1,0),
(1,4),( 1, 8)) mod (3 , 13),

(( O, 0), (O, 3), (0,6),(0,9),(0, 1), (0,4),(0, 7),(0, 10), (1, 2),( 1, 5),( 1, 8),
(1,11)) mod (3, 13), 4((0,0), (0,0),(0,4),(0,8),(0,0),(0,0),(0,4). (0.8),(1,0),(1,0),(1.4),
(1,8)) mod (— , 13) .
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Table 5.23 (cont.).

Jr A B[k , A, ci)

40 13 4 [24).I=Z(40).
‘8 (0’, 1’,2’, 4’, 5’, 8’, 13 , 14’, 17’. 19’, 24’. 26’, 34’> mod 40.

40 14 7 Unk nown
40 14 14 X— Z (3 , 2) x Z(13, 2) u ((is)}.

‘8 =<(is) , (0,O), (0, 2). (0, 5), (0, 8), (O, 11),(o , 1), (o,4),(Q , 7), (O 10) (1 1)
(1,4), (1, 7), (1, 10)> mod (3 , 13),

((is), (O,0),(0, 0),(0, 1),(O, 2),(0, 3), (0, 4), (0, 5),(0, 6),(G, 7),(8,8),
(0,9), (0, 10),(O, 11))mod (3, —),

((0, 3cc), (0, 3a+ 1), (0. 3cr+2), (0, 3cr46), (0, 3cc+7), (4, 3cr+8), (0,0),
(0, 3cr+2), (0, 3cr+4), (0, 3cc+8), (0, 3cc+ 10),(1,Ø), (1, 34+1),
(1, 3cr#7)> mod (3, 13), cc = 0, 1.

40 14 21 X=Z (5,2)X (Z(7,3)U{is}).
6 — ((0, ’-),(0.0),(0,0), (0, 1),( 0, 3), (O, 4),(0, 0), (0, 3),(1 ,— ) ,( 1 ,Ø),

(2 , 1), (2, 4), (3, is), (3 , 0) > mod (5, 7),
((0,0), (0, 3), (0, cr4 1), (0, cr44), (0, 1), (0,4), (1,0), (1, 3), (2 .1),

(2 .4),( 3.2 — cc), (3 ,5 — cc), (cr, is), (cc+2,is)) mod(5 , 7), cc =0 ,1,
((0,O),(0, 1),(0,4),(1,is),(1,0),(1, 1),(1,4),(2,0),(2,2),(2,5),

(3 , —), (3,0),(3,0),(3, 3)> mod (5,7),
((0,0), (0, 3), (0, 0), (0 , 0), (0, 3), (1,0), (1, 2),( 1, 5), (2 ,0), (2 . 2),

(2, 5), (3,0), (3, 1), (3, 4) > mod (5 , 7),
((0,0), (0,0), (0, 1), (0, 2), (0.3), (0,4), (0,5), (2,0), (2 , 0), (2 , 1).

‘ (2,2), (2, 3), (2,4), (2 ,5)) mod (5 , —).
40 14 A. 0 (mod 7), X > 7 .  Lemma 2.4 , 40EB(14 , 14) and 4 OE B(14, 2 1).
40 15 14 X = ( Z (2) Ll {is}) X Z(13 ,2) u {(— , is)}.

‘6 — ((is, is), (is, 0). (‘—.2), (is, 6), (is, 10), (0, 2), (0, 6), (0, 10), (0,0), (0,0),
(0, 2), (0, 4), (0,6), (0, 8), (0, 10)> mod (2, 13),

((is, is),(is,O),(.,2),(is,4),(..,6),(..,8),(is, 10),(G,0),(O, 1),(0.5),
(0, 9), (0,0), (0.1), (0,5), ‘0,9)> mod (— , 13),
((.,0),(is,4),(’-,8),(O,0),(O,2),(0,4),(0,6),(0,8),(0, 10),(0. 1),
(0,3),(0,S),(0,7),(0,9),(0, 11)> mod (2 , 13),

((o.,0), (is, 1), (is, 4), (‘-, 5), (is, 8), (is, 9), (0,0), (0,4), (0,8), (0.2),
(0,3),(0,6), (0,7),(0, 10),(0, 11)>mod (2, 13),

((is, 0), (is, 0), (‘-, 2), (is, 4), (is, 6), (— .8), (— , 10). (0,0), (0,3), (0, 7),
(0,11), (0,0), (0,3. (0,7), (0,11)) mod (— , 13).

40 16 10 Unk nown
• 40 16 20 X=Z(3,2) X Z(13 , 2) U {(is)} .

‘8 — 
~~

— . (0.0), s0, 0 .  (0, 3), (0,6), (0,9), (0,0), (0. 1), (0,4), (0, 7),
• I (0,10),(1,O),(1,2),(1,5),(1,8),(1,11))mod (3,13),

<(is), (0,0), (0, 1), (0,4), (0.7), (0, 10), (0,0), (0,1), (0,4), (0,7).
(0, 10),(1,0),(1, 1),(1 , 4),( 1, 7),(1, 10) mod (— , 13),

<(0 ,O).(0, 1), (0, 3), (0,4). (0, 6), (8, 7), 0, 9i. (8, i0),0. 1). (o,4),
(0,7),(0, 10),(1,2cr),(1,2cr43),(1,2cr+6),(1,2cc#9)) mod (3, 13),
c r 0 , 1.’

40 16 30 X Z(3, 2 )X Z(13, 2) u {(is)}.
<6 = a’- , 0, 0 , 0 , 0 , 0 . 3 ,  0, 6 , 0, 9 , 0,0 , (0, 1), (0,4), (0, 7),

(0,10), (1,0), (1, 2), (1 , 5) , (1, 8), (1, 11)) mod (3, 13), 2 times,
((0,cc), (0, cr4 1), (Ø, cr#3), (0,cr+4), (~,o<# 6), (O, cc+7), (0, cc+9),

• 
• (0, cr+ 10), (0,cr), (0,cc+3), (0,cr+6), (0,cc#9), (1,cr+ 1), ( 1, cr44),

(1,cc+7),( 1,cr+10) mod (3, 13), cc 0, 1,2.

•

~

- -  • • • -  -~~~~~~~~~~-~~~~~~ - • • •  . -~~~~~~~~~~~~~~~~• • - --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 5.23 (cont.).

ci Jr A B(k , A, u)

40 16 • A — 0 (mod 10), A >  10. Lemma 2.4, 4OE B(16, 20) and 40E8(16, 30).
40 17 272 X— Z ( 3 ,2) x Z(13,2)uf(— )}.

‘8 = ((is), (0,0), (Ø, cr), (0, cr+8), (0, cr+9), (0,0). (0, cc), (0,cr+ 1), (0,cr+2),
(0, cc +3) ,( 0,cr +4) ,(1 , Ø) , ( 1 ,cr),(1 .cr +1) ,(1, cr +5),(1, cr +6) . (1, cc+7) >
mod (3, 13), c r 0 , 1, ..., 11,

((..),(0,p), (0.s41), (0,p+3), (0,js+4), (0,p#6), (O,~ +7), (Q,p+9),
(0,p+10) , (1,p), (1,p+ 1), (1,p+3), (1,js44), (1,~ +6). (l ,p+7),

• (1,p+ 9).( 1,p+ 10)> mod (3, 13), 3 tiinesfor p = 2, once for p = 0, 1,
((0, 0), (0, 13+ 1), (0, 843), (0,1347), (0,13+9), (0, 13), (0,13+ 2), (0, 844),

(0,13+6), (0,13+8), (0,$+ 10),(1,13), (1, 13+2), (1,13+4), (1,8+6),
(1,13+8), (1,8+10)> mod (3 , 13), 3 times, 8 = 0, 1 5,

• 

• ((0,0), (0,7+2) . (0,7+5), (0,7+8) . (0,7+1 1). (0,7), (0,7+ 2), (0 .y+3) ,
(0, ’)’+6),(0 ,y#8), (0 ,7 +9),(1,7),(1 .7+ 3) .(1,7+ 5),(1,7+6),
(1,~’+ 9),(1 ,y+11) > mod (3, 13). 7 = 0 .1, 2,
((0,0),(0, 36+4), (0, 36+5), (0, 36+10), (0, 36+11), (0, 36+1), (0, 36+2),

(0, 36+4), (0, 36 +7), (0, 36+ 8), (0, 36410), (1, 36+1), (1, 36+2),
(1, 3645), (1, 36+7), (1. 36+8) ,(1, 36+ 1I)> mod (3, 13), 6 = 0, 1.

• 40 18 51 X Z(3, 2) x Z(13, 2) u {(is)}.

‘6 — ((. ), (0,0), (0, 2cc), (0, 2cc+ 1), (Ø, 2cr+6), (0. 2cr + 7), (0, 0), (0, 2), (0, 4),
(0, 6),(0, 8),(0 ,10),(1 , 1),fl , 3), ( 1, 5),( 1, 7), (1 , 9),(1 , 11))
mod (3,13), c r 0 ,1,2,

((0, 0), (0, 2cc+l), (0, 2cc+7), (0, 2cc), (0, 2cc+ 1), (0, 2cc+ 2), (0, 2cc +4),
(0, 2cr+6), (0, 2cr#7), (0, 2cc+ 8), (0, 2u+10), (1, 0), (1. 2cc#1),
(1, 2cc#2), (1, 2cc+3), (1, 2a+7), (1, 2a+8), (1, 2cr+9)> mod (3, 13),
cc — 0.1,2,

<(0,13), (0,1342), (0, 13+4), (0,8+6), (0,848), (0,134 10), (0,13), (0.8+2),
(0,8+4), (0,13+6), (0,13+8), (0,8+10), (1,13), (1,13+2) , (1,13+4),
(1,13+6), (1,13+8), (1,13410)) mod (— , 13), 13 = 0, 1.

40 19 114 Lemma 4.6, 39 E B(18, 51) and 39 E B(19, 9).
40 20 19 Lemma 4.6, 39 E B(19, 9) and 39€ 8(20 , 10) by Lemma 4.5.

• 41 7 21 Lemma 4.2.
41 8 7 Lemma 4.1.
41 9 9 Lemma 4.2.
41 10 9 Lemma 4.1.
41 11 11 Lemma 4.2.
41 12 33 Lemma 4.1.

• 41 13 39 Lemma 4.2.
41 14 91 Lemma 4.1.

• 41 15 21 Lemma 4.3.
41 16 6 Unknown.
41 16 12 X Z(4 1, 6).

~ (0,cc,cc+1,cr#S,cc+8,a#9,cr413,cr+16,cr+17,a421,cr424.cr#25,
• cc+29,cr+32,cr#33, cr+ 37> mod 41, cc — 0 ,1.

41 16 18 X = Z (4 1,6).
‘8 = (Ø, cr,cc+1,cr+ 3,cc+8,cc+9,cr41 1,cr+16,cr+17,cc+19,cr+ 24, cr+25,

cr# 27, cr+32, cc+33,cr+ 35)mod 41, cc —0, 1,
(Ø,2,3,6,10,11.14,18,19,22,26,27,30,34,35,38> mod4l.

41 16 A. 0 (mod 6), A >6. Lemma 2.4,41 EB(16, 12) and 41 EB (16, 18).
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• Table 5.23 (cont.).

ci Jr A B(k,~..ciJ

41 17 34 Lemma 4.2.
41 18’ 153 Lemma 4.1.
41 19 171 Lemma 4.2.

• 41 20 19 Lemma 4.1.
42 8 28

‘8 <— ,O, 5cr+4,5a+5,5cc+14,Scr#24 , 5cr425 5a434) mod 41,
cc 0, 1, 2, 3,

(5a+ 13, 5cc+ 13+5, 5cr# 13+10, Scil-$+j 6, 5cc#Ø#20,5cr+$+25, 5cc+ 13+30,• 5cc+ 13+36) mod 41, cc — 0 ,1, 2, 3, 13 = 0,1, 2,3,
(4 ,9, 14, 19, 24,29 ,34, 39) mod 41.

42 9 24 X— Z (4 1,6) LI {is}.
‘8 (is,IL ,U+ 5 ,M+10, M+ 15 ,IL + 20,U+25 ,p4 30,p+35)m od 4 1, p 1,2,4,

• <O, Scr+313,5cc+35+1, 5cc+3 13+2, 5cr+ 3p+3 , Scc+313420, Scr + 313+2 1,
Scc+38+22 , Sc*+313+23)mod4 l , c c 0, 1,2, 3, $ 0 , 1,

‘0, v,v+5 ,v+10, v+15 ,v+20,v+25 ,v+ 30,v+ 3S mod4l , once fot
v 1 , 2 times forv = 3 ,

42 10 45 Lemma4.6,4 1€B(9 ,9) and 41 EB(10,9).
42 11 110 X=Z(4 1,6)u {is} .

‘6 = (is,M ,M 44 ,IL+8 ,p+ 12 ,M+ 16,U420 ,p+ 24,p #28 ,&L+3 2 ,M436) mod 41,
2 timesforp 0, 3, 3ti mes f o r p = 2 , 4 t j mes fogp = 1,

(O, cr,cc+4,cr+8,cc412 ,a+16, cc+20, cr+24 ,cr+28,cr+ 32,cr+ 36) mod4l,
6 times, cc 0, 1, 2,3,

<0, p ,v+4,ci+8 ,p +1 2,p +16, p +20,p + 24 ,ci+ 28,v+32 ,v+ 36, mod4 l,
once for ci 2, 2 times for ci = 3,4 times for ci = 0.

42 12 22 X Z(4 1,6) L~{~}.
‘8 (is.0,2cs,2cr44,2cc+8,2a+12, 2cc+ 16, 2cr+20, 2cc+24 ,2a+28, 2cr+32,

• 2cc+36) mod 41, cc — 0, 1,
<2$, 2p+3, 2p+5, 2~+10, 2~ +13, 2~+l5 , 2~+20 , 2 13+23, 213+ 25,

• 213+30,20+33, 2 13#35>mod4 l, j l O , 1,2, 3,4.
42 13 156 X Z(41,6)u{—}.

<8 = (~~~i,p+l ,p +S,~ +1O,p+11,p +lS ,p 42O ,M +21 ,p+25,p430,~j + 31,
• js+35>mod4l, onceforp 5,2 times(orp=3 ,6,7,9,

(is,5u+4, Scc+S, SCI+6, Sct+14, Sc*#IS, Sa#16, Scr#24, Sa+25, Scc+26,
5cc+34,5cc+35,5cr#36)mod4l, 2 tiines, c r 0,1,

(O,5cr+fl, 5cr+ 13+ 1,Scr + Ø +2 ,5cr + 13+ 10, Scr+p#11,5cr+p+12,Scr#13#20,
Scc+ 8+21,Scc+jl+2 2,5a+$+ 30, Scr+ Ø+3 1,5cr+ fl+32) mod 41,
2 dmes, c r 0 , 1, 1 3 0 , 1,2, 3,

<0. ci, ci +1, p45, p4 10, p4 11, ci +15, ci + 20, p42 1, p4 25, p +30, ci +
vs 35>mod 4l , on ceforv 5, 2 tiznes f o r v = 0 , 1,2 ,4,8,9.

42 14 13 Unknown
42 14 26 X Z(3 ,2) x (Z(13 ,2) IJ (is}) .

• ‘8 ((0,a+ 1), (0,cr+4), (Ø,cr+7), (0, cr+ 10), (0, is), (0,0), (0,3), (0,6),
(O, 9),(1, is), (1,0),(1,3), fl,6) ,(L ,9))mod (3, 13), a 0 , 1,
((0,—), (0,0). (0,0), (0,3), (0,6), (0,9), (0,2), (0,5), (0,8), (0, 11),

(1,2),(1,5),( 1, 8),(1, l l pm o d  (3, 13), 2 times,
((0,—), (cc, 0), (cc, 0), (cc, 1), (cc, 2), (cc, 3), (cc, 4), (cc, 5), (cc, 6), (cc, 7),

(cc, 8), (cc, 9), (cc, 10), (cc,! 1)> mod (3, —), 2 ti~~s, cc — 0,1,<(0, a+ 1), (0, cr44), (0, cr+7), (0, cr410), (0,0), (0,0), (0, 3), (0, 6),
(O,9),(l,O),(1,0),(1.3),(1,6),(1,9))mod (3,13), cc 0, 1.
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Table 5.23 (cont.)

ci k A B(k.A; ciJ

42 14 39 X”Z(3,2) x (Z(13, 2)u {is}).
8 ((Ø, cr+ 1), (0, cc+4) , (0, cr47) , (O, cc+ 10), (0.’-), (0, cc), (0,cr+3),

(0,cc+6), (0, cc+9), (1, is), (1,cr), (1,cc43), (1,cr+ 6), (1 ,cr+ 9)>
• mod (3,13), o, 0, 1, 2,

<(0, ’-), (0,0), (0, cc), (0, cr4 3), (0, cr46), (0,cr+ 9), (0,cr+ 2), (0, cr4 5),
(0,cc+8), (0, cr411), (1, cr+2), (1,cc+ 5), (1, cr4 8), (1,cc+ 11)
mod (3, 13), cc 0,1, 2,

• ((0,—), (13,0), (13,0), (8, 1), (13, 2), (~3, 3), (13,4), (ft. 5), (13,6), (j>, 7), (13, 8),
(ft,9), (ft, 10), (ft, 11)) mod (3, —) , 3 times, 0=0, 1,

((O, cr+2), (0, cr+5), (O, cr+8), (0, cr+ 11), (0.0), (0, cc), (0,a+3), (0,cr+6),
(0,cc+9),(1,O), (1, cr), (1, cr+ 3),(1,cr+6), (1,cr+ 9)> mod (3,13),
cr 0, 1, 2.

42 14 A ~ 0 (mod 13), A >  13. Lemma 2.4, 42 EB(14, 26) and 42 EB(14 , 39).
42 15 70 X=Z (41.6)u~—}.<6 ( , 4cc, 4a+3,4cr+5, 4cr+10, 4Q+13, 4cr+ 15, 4a+18, 4a+20 4cr423

4a+25,4cr#30, 4~+33,4cr+35,4cc+ 38) mod4l , cc — 0 , 1, 2, 3,4,
(O, 4a, 4cc+ 1,4cr+5, 4cr+8, 4a+1O , 4cr+ l5 , 4a+17, 4cc+20, 4cr+2 1,

4cc+25 , 4cr+28, 4cr#30,4cr+35,4cc+37> mod 41, cc = 0,1.2, 3,4.
42 16 120 Lemma 4.6,4 1E B(15, 21)and 4leB(16 , 78).
42 17 272 Lemma 4.6, 41 E B(16, 102) and 41 EB (l7 ,34).
42 18 51 1 Z(41,6)u{is}.

‘8 (. , Ø,p, p4 2 , p45, p47 , p + 10, p+ 12 ,p+ 15, p4 17, p+20 , p42 2,
p4 25, p427 , p430, p432 , p435, p437 mod 41, 2 times for
p —0,  once forp = 3,

• (5cr,Scr+1, 5cc+2,5a+3, Scr+4 , Scr+5, 5cr+6. 5cr4 13,Sa+16,5cr+20 ,
Scc+2 1, 5cc+22, 5cr423,5a+24 , 5cc+25 ,5cc+26, Scr +33 , 5cr+36)
mod4l , c r 0 ,!,2,3.

42 19 342 1 (Z(5, 2 ) u {is}) x Z(7 , 3).
‘8 = ((is, 0), (is,a), (is,cr+2), (is,cr+4 ), (0,0), scc , 0), (cc, 2), (cc, 4), (cr41, 0) .

(cr41, 1),(ct# 1, 3), (cc+I , 5), (cc+2,0), (cc#2,2), (cc+2,4), (cr43 .0),
(cr43, 1), (cr43, 3), (cr + 3 , 5 ))  mod (5, 7), 15 times, cc = 0, 1,

((is,P+l) , (is, p+4), (O,0),(O, 13), (0 ,O+3) ,(cc,13), (cc,p+1), (cr,p+3) ,
(cc, 13+4), (cr4 1,0), (cr4 1.13), (cc+ 1,13+3), (cr42, 13), (cr#2,13+1),
(cr+2,13+3), (cr42 , 8~ 4), (cr43.0), (cr+3,Ø), (cr+3,13 +3)) mod (5,7),
c r 0 ,1, O O,1,2,

((is,0), (O,8+ 1), (0,13+4), (cc,O) ,(cc, 1), (cc,2),( cr,3),(cc,4), (Q, 5)
• (cc. 1,13), (cr4 1,13+3), (cr42, 0), (cr42, 1), (cr42, 2), (cr4 2, 3), (cr42 , 4),

(cr+ 2, 5), (cr43,13), (cc43,1343))mod (5, 7), a 0 , 1, 1 3 0 , 1, 2.
• <(is, 0), (is, cc), (is , cr42), (is, cr44), (Ø,a+ 1), (0,a43), (0,cc+5), (0, cc),

(0,cr+2), (0, cr+4), (1, cc), (1,cc+2), (1, cr 44), (2, cr), (2 ,cr+ 2), (2, cr44),
(3 ,cr),(3,cc+2), (3,cr#4)) mod (5, 7), cc — 0 , 1,

((is, cc), (‘-,cr+ 2), (is, cr44), (0,0), (0, cc), (0,cc+2) , (0,ot44), (1,0), (1,cc),
• I • (1,cr+2), (1, cr#4), (2 ,0), (2. cc), (2 , cr4 2), (2. cr44), (3,0). (3, cc),

(3,cc#2),(3, cci’4)) mod (5 , 7), cc 0, l ,• ((
~~0), (0,0),(0, 1),(0,2),(L3),(L4),(0, 5),(0,0),(0 ,2),(0,4),u , 1),
(1,3), (1,5), (2 ,0), (2, 2), (2, 4), (3, 1), (3, 3), (3, 5)) mod (5,7),
3 tlmes,

((is, 0) . (— , 1), (— .3), (is, 5), (0, 0), (0,2), (0, 4), (0, 0). (0, 2), (0,4),
— (1, 0), (1,2), (1,4), (2, 0), (2,2), (2,4), (3,0),(3, 2), (3,4)> mod (— , 7).

I
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Table 5.23 (cont.).

ci Jr A B(k A; ci I

42 20 190 X Z(41,6)u {is}.
‘8 = (is, 0.2cr, 2cr+2 , 2cc+4, 2cc+6, 3448, 2cc+ 10, 34+12, 34+14, 34+16,

2cc+ 20. 2cr+22, 2cr+24, 2cc+26, 34+28, 2cc+30, 34+32, 34434,
34+36) mod 41, cc — 0 .1 9

<0,2,4,6,8,10, 12, 14, 16, 18,20, 22, 24,26, 28,30, 32, 34, 36, 38>
• mod 4l, Il times.

42 21 20 X Z(41,6)u {—}.
‘6 (is,0, 2,4,6, 8, j O, 12, 14, 16, 18, 20, 22,24, 26, 28, 30, 32, 34,36, 38>

mod 41,
(0, 0, 2,4,6,8, 10, 12, 14, 16, 18, 20, 22,24, 26, 28, 30, 32, 34,36, 38>

mod 41.
43 7 1 Non~existing by Lemma 1.2.
43 7 A >  1. Lemma 2.4.43 e B(7 , 2) as in Table 5.22 and 43€ 8(7 ,3) by Lemma 4.3.
43 8 4 Lemma 4.4.
43 9 12 Lemma 4.3.
43 10 15 Lemma 4.4.

• 43 11 55 Lemma 4.2.
43 12 22 Lemma4.1.
43 13 26 Lemma 4.2.
43 14 13 Lemma 4.1.
43 15 5 Non.existing by Lemma 1.2.
43 15 10 X=Z(43,3).

‘8 = <0, 1, 3,4,8, 14, 15, 17,18, 22 , 28, 29,31,32,36> mod 43,
(2, 3,4,5, 10, 16, 17, 18, 19, 24,30,31, 32, 33, 38> mod 43.

43 15 A 0 (mod 5), A > 5. Lemma 2.4, 43 EB(15, 10) and 43 eB(1S, 15) by Lemma
4.2.

43 16 40 Lemma 4.4.
43 17 136 Lemma 4.2.
43 18 51 Lemma 4.1.
43 19 57 Lemma 4.2.
43 20 190 Lemma 4.1.
43 21 10 Lemma 4.3.

6. Necessary and sufficient conditions for group divisible designs

• 6. 1. Introduction

The group divisible designs were introduced in Section 2.3 as a mean
for construction of BIBD’s. However, the group divisible designs be
came so importan t in the combinatorial reasearch that the study of them
for their own sake is advisable. We start with a theorem stating a neces-

_ _  •
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sary condition for the existence of group divisible designs, a theorem
which is similar to Theorem 1.1.

‘Theorem 6.1. A necessary condition for the existence of a group divisible
design GD[k , ?t, m; U] is that

u=— O (mod m), u)  km, X( u — m) E O (mod ( k — l ) )

and Xu (v — m) E O (m o d k(k -- l) ) .

Proof. um 0 (mod m) and u)  km follow from the definition of a group
divisible design. Further, X(u — m) / (k — 1) is the replication number of
every point and Xv(u — m) / (k (k — 1)) is the total number of blocks.

The condition of Theorem 6.1 is clearly not sufficient for the existence
of GD[k, A, m; v]. It has been already proved by Tarry [32] that
GD[4 , 1, 6; 241 does not exist. Further , it follows from Lemma 3.14,
that if 1 <m < k — 1, then GD[k , 1, m; kin ] does not exist. However,
we shall prove that the condition of Theorem 6.1 is sufficient for the
existence of group divisible designs with block-size k = 3.

6.2. Group divisible designs with block-size 3

Lemma 6.1. l iv E GD(3, A, m) holds and if r isa positive integer , th en
r uE GD(3 , X, rm) holds.

Proof. Let X = (1(r) X 1(m)) X 1(n) , where mn = u. By the hypothesis of
the lemma, there exists GD[3, A, m; v] on 1(m) X 1(n) . For each block
B of this design form a transversal design T[3, 1; r] on 1(r) X B; such a
design exists by Theorem 3.1. The blocks of these transversal designs

• form the required GD(3, A, rm; ru] .

Lemma 6.2. If n 0 or 1 (mod 3), then n e B({3 , 4, 6}, 1).

• Proof. By Lemma 5.1 , n E GD({3 ,4}, 1 ,M 3) and by Lemma 2.23,
n E B(M 3, 1). Further, (7, 19} C B(3, 1) by Lemma 4.3.

Lemma 6.3. If n 0 or I (mod 3), then 2n € GD(3, 1, 2) holds.

Proof. By Lemmas 6.2 and 2.16, it suffices to show that 2n € GD(3, 1, 2)

_ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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for n E (3, 4, 6}. For a = 3 this follows from Theorem 3.1. For a E (4. 6}
we have
n =4;8eGD(3 ,  1 , 2) .X = Z ( 2) x (Z(3,2)u (ccci )).

~ = ( ( O ; °o) , (O; O) , (0;0) mod (2;3),
((0 , 0), (0 , 0), (0; 1)) mod (2; — ).

n =6; 12EGD(3 , I , 2 ) .X=Z (2 ) x (Z(2) X Z(3 , 2) ) .
? =((O ; O, O), (O;Ø, 0),(O;O, 1)) mod (2;— , —),

((O; 0, O) , (O; 0 , 0) , (0;0 , 1)) mod (—; -- , 3),
( (0, 0, 0) , (0, 0, 0) , (0,0, 0)) mod (—; — , 3) ,
((0, 0, 0) , (0,0, 0), (0; 0, 1)) mod (—; —, 3),
(( 0 ,0, 0) , (0, 0 , 0) , (0; 0~ 1)) mod (—; —, 3),
( (O; 0 , 0) , (0; O, 0) , (0; 0, 1)> mod (—; —, 3),
((0;0, 0), (0; 0, 0), (0; 0, 0)) mod (—; —, 3).

Lemma 6.4. If a I (mod 2). then 3n E GD(3, 1, 3) holds.

Proof. Let X = Z(3 , 2) X Z(n).
= ( ‘(Ø; Ø) , (0;ct ’), (0; —a ’)> mod (3;n), a = 1, 2, ..., .~(n — 1).

Lemma 6.5. For every n)  3, 6n € GD(3, 1, 6) holds.

Proof. By Lemmas 5.3 and 2.16, it suffices to show that 6ii E GD(3 , 1, 6)
for every n E K3. For n E (3,4, 6) this follows from Lemmas 6.3 and 6.1;
for n = 5 this follows from Lemmas 6.4 and 6.1; for a = 8 we prove :
48 € GD(3, 1, 6). X = Z(6) X (Z(7 , 3) U (cc)).

~~~ ((a ’;eo ), (j3’; O), ((f3+3) ’ ;a +I)) mOd (— ;7) , a 0 , l ,..., 5., ~~~~~~~~~~
((0’; 37), (2’;3y+2), (4’; 3~y+4) ) mod (6; 7), ‘y = 0, 1,

• ((0’;O) ,(1’ ; J3), ( l’;13+3)) mod (6:7), / 3= 0 , 1, 2.

Lemma 6.6. For every n)  3, 3n € GD(3, 2, 3) holds.

Proof. By Lemmas 5.3 and 2.16, it suffices to show that 3n E GD(3, 2, 3)
for every a € K3. For n E (3, 4, 6} this follows from Lemmas 5.6 and
6.1; for a = 5 this follows Lemma 6.4; and for a = 8 we prove :
24€  GD(3, 2, 3). X = Z(3 , 2) X (Z( 7, 3) Li (cc)).

= Blocks of GD[3, 1, 3; 21], (exists by Lemma 6.4) on Z(3) X Z(7),
((Ø;cc), (0 ;Ø) ,(I ;3a)> mOd (3 7), a 0 , l,
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((O;co), (O ;0),(O;3)) mod (3;7) ,
((O;O) ,(Q ;a+l), (O;a+4)) mod (3 ; 7), a 0 , 1.

Lemma 6.7. For every n)  3, 2n E GD(3, 3, 2) holds.

Proof. By Lemmas 5.3 and 2.16, it suffices to show that 2n € GD(3, 3, 2)
for every a E K3. For n € (3, 4, 6) this follows from Lemma 6.3; for
a = 5 this follows from Lemmas 5.5 and 6.1; for a = 8 we prove:
16€ GD(3, 3, 2). X = Z(2)  X (2( 7,3) U (cc)).

= Blocks of GDI3, 1,2; 14], (exists by Lemma 6.3) on Z(2) X Z(7),
2 times,

((O;cc) , (O;O), (O;2a))  mod (2; 7), a = 0, 1, 2,
((0; 0), (0; 2), (0; 4)) mod (2; 7).

• Theorem 6.2. Let in, A and u be positive integers. A necessary and suf-
f icient condition for the existence of a gro up divisible design
GD[3, X. m;v] is tha t

vE O (m o d m), u)  3m, X( u —m) E 0 (m o d 2)

• and Xu(u — m)~~ 0 (mod 6).

Proof. The necessity follows from Theorem 6.1. In order to prove suf-
ficiency we note that every pair of values of A and m determines the
values of v for which the condition of the theorem is satisfied. By Lem-

TabLe 6.1.

~ in o n u/m Proof

1 1 Ior 3 (mod 6) Ior 3(mod 6) Lemma 5.4.
‘.~~~ 1 2 0 or 2 (mod 6) 0 or 1 (mod 3) Lemma 6.3.

1 3 3 (mod 6) 1 (mod 2) Lemma 6.4.
1 6 0 (mod 6), u >  18 ev eryn > 3 Lemma 6.5.
2 1 Oor l (mod 3) Oor l (mod 3) LemmaS.6.
2 2 0 or 2 (mod 6) 0 or 1 (mod 3) Lemma 6.3.
2 3 0 (mod 3), u ~ 9 every n> 3 Lemma 6.6.
3 1 1 (mod 2) 1 (mod 2) Lemma 5.5.
3 2 0 (mod 2), u ~ 6 every n ~ 3 Lemma 6.7.
3 3 3 (mod 6) 1 (mod 2) Lemma 6.4.
6 1 evezyu> 3 everyn> 3 Lemma 5.7.
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mas 2.3 and 6.1 it suffices to consider only those values of A and of m
which are factors of 6. In all these cases the existence of the relevant
group divisible designs is proved in the lemmas listed in Table 6.1.

7. Covering and packing designs ‘

7.1. Introduction

•So far we have been dealing with exact designs, i.e., designs in which
• every pair of points is contained in a fixed number (A) of blocks. Such

designs exist only if the total number of points satisfies certain condi-
¶ tions as proved in the foregoing sections. In the general case — when

the total number of points does not ~ccessarily satisfy the prescribed
conditions — an exact design not alway s exists and in order to deal with
such cases we introduce coverings or ample designs in which every pair
of points is included in at least A blocks and packings or scarce designs
in which every pair of points is included in at most A blocks. Natu rally
we are interested in ample designs having a minimal number of blocks

• and — conversely — in scarce designs having a maximal number of blocks.
More formally : A design (X,~ 3 ) is called an ample design.AD[k , A; u, b]
(or — respectively — a scarce design SD[ k , A; v, b J )  if

(i) IXI u;
(ii) the blocks are of size k;

(iii ) I ~~ J b ;
• (iv) every pairse t {x, y} C X is included in at least (at most) A blocks

of
• Denote by cr(k, A; u) the smallest number b of blocks for which

• AD[k, A; u, bI exists and by a(k , A; v) the greatest value of b for which
SD[k, A; u, hi exists. Clearly

a(k, A; u)i~ Av (u_ l)/(k(k_l)) i~ ce(k, X; u)

and the equality sign on both sides holds if and only if a BIBD
B[k , A; uJ exists.

For the general case, Schonheim (27 ,28 1 introduced the notation

— —
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where lx i  is the smallest and [x ] the largest integer satisfying
(xJ~~ x ’~~f x 1, and proved:

Theorem 7.1. For every positive integers k, A and u ~ k.

o(k ,A;u) ~ iji(k,X;v) < Xu(u — 1)/(k(k —1)) ~~~ Ø(k, A; v)  ~c cx(k, X;u).

Proof. In the case of ample design the replication number of every point
is clearly riot smaller than EA(u — I )/(k — 1)1 and accordingly the total
number of blocks is not smaller than ~(k, A; u). The converse goes for
scarce designs.

In the case k = 3, A = I , Fort and Hedlund proved [131 that
• a(3, I; u) = ~(3, 1; u) for every v> 3. Later , Scht~nheim proved [28] that

a(3 , 1;v) = ~i(3, l ; u )  if u~ 5 (mod 6) and a(3, l ; u )  ~.‘(3, l ; v )  — 1  if
u m 5 (mod 6).

In this section we shall determine a(3 , A; u) and a(3, A; u) for k = 3,
every A and everyv> 3.

7.2. Basic lemmas on covering and packing

A design (X, ~~) with X’ C X is called an almost amp le design
AD [k, A; v(t) , b]  (or — respectively — an almost scarce design
SD [k , A; u(t) , b ] )  if

(O IXI o;
(ii) the blocks are of size k;

(iii) I~) 3 I b;
(iv) ) X’I — t ;
(v) every pairset {x, y} C I such that {x. y} ~ I’ is included in at

least (at most) A blocks of 
~~ ;

(vi) no pairset {x, y} C X’ is included in any block of d13 .

Let u t mod (k(k — I)) ; it is easily seen that for given values of k,
• A and t, both Ø(k, A; u) and (i(k, A; u) are polynomials in u of the form

F(u) (Au 2 +cv +d )/(k(k —1) ), where c and d are integers. Later we
shall prove that for k = 3 also a(3 , A; u) and a(3, A; u) are such poly-
nomials. The following lemma will be most helpful f or this purpose.

• I Lemma 7.1. For given integers k, X and in. let mn E GD(k , A, m) f o r
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every integer n > k. If in additio n for u = in + t (0 ~ t ~ m) , both designs
AD[k , A;u ,(Xu 2 +a1u+a0)/(k (k_l))]

and

AD [k , A; u(t) ,  m(A(u + r) +a 1 ) / (k (k — 1))]
exist, then

u(k , A; u)~~ (Au 2 +a 1u+a 0 ) / ( k ( k — l ) )

for every v = mn + t.
Similarly if both designs

• SD[k , A; u, (Au 2 +s 1u +s0) / (k(k — 1))]

and

SD (k , A; u(t), ,n(X(u ÷ t) +s 1 ) / (k( k — 1))]

exist, then

a(k, A; u) > (Au 2 +s 1u+s 0 ) / (k(k — I))

for  everyv mn + t.

Proof. We shall prove the first part of the lemma, the proof of the second
part being analogous. We have to prove the existence of an ample design

AD(k , A; u, (Au 2 +a1u+a0)/(k(k —1 )) ]

for every v = mn + t (a ~~‘ k). Let I = 1(m) X 1(n) U 1(t) . Forri’i a group
divisible design GD[k , A, m; mnj  on 1(m) X 1(n). As mentioned in the
proof of Theorem 6.1, this design has m2 n(n — 1 )A/ (k(k — 1)) blocks.

• Further form

AD[k , A; u, (Au 2 +a 1 u +a 0) / (k(k — I ))]

on l (m) X (0} u I(t) and

AD *Ek , A; u (t), m(X(u + t) +a 1) / (k (k  — 1))]

on l(m) X (i) U 1(t), where i 1, 2 , ..., n — l a n d  X’ l(t). It is easily
checked that the total number of blocks is (Au2 + a 1u+a 0) / (k — 1)).

— • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~
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Lemma 7.2. If X( u — 1)~ 0 (mod (Ic — l) ) and Xu (u — 1)/(k — 1)m —l
(mod Ic) h old, then a (k, A; u) ~~ ‘ Ø(k, A; u) + 1. Similarly, if A(u — I) 0
(mod (k — 1) )  and Ap (v — 1 ) / (k —1 ) 1 (mod k) hold , then
u(k , A; u)~~ Li(k, X ; u ) — l .

Proof. We shall prove the first par t of the lemma, the proçf of the second
part being analogous. Suppose that cx(k, A; u) < çb(k, A; u) + 1, then by
Theorem 7.1, a(k , A; u) = .~(k, A; v) and

AD(k, A; v, (X u(u — l) + k  — 1) / (k(k —1))]
exists. This means that each pair of points occurs in A blocks, but some
pairs occur in more than A blocks and that the total number of these ad-
ditional occurrences is ~(k — 1). Let p 0 be a point belonging to at least
one pair which occurs in more than A blocks, then p0 occurs in
it0 = (A(v —1) +d)/(k — 1) blocks, where d is an integer I .~ d~ ~(k —1).
However, this is impossible, because it0 is not an integer.

7.3. Designs with block-size 3

In the following lemmas we shall prove that for um t (mod m) and
for given values of A, m and t, a (3 , A; u) 

~ 0(3, A; u) + e and
o(3 , X; u) >~~(3 , X ; u ) — € ’, whereeE{O , l}  and e’E{O,l}.
Whenever A is odd we shall take m = 6 and whenever A is even we

shall take m 3. Accordingly — by Theorem 6.2 and Table 6.1 —

maE GD(3,A, in) for every a> 3. By Lemma 7.1 , it will be sufficien t
to prove the existence of the designs AD[3, A; v, hi and SDE3, A; u, bJ
— for the relevant values of b — for u m + t , u = 2m + t and if t> 3,
also for v t. Moreover — whenever t> 2 — we have to prove theexistence ofAD’[3,X;m+t(t),bJ and SD [3,A;m+t(t),b] with the
relevant values of b.
Theproofsofa(3,X;u)~ 0(3 ,X; u) + e  and a(3 , X ; u ) >~j i (3, A ; u ) — e ’

will be given by construction of designs with number of blocks satisfying
• . the equalities in the above formulas. Evidently this proves the relevant

conjectures.

Lemma 7.3.Ifum0(mod6),then~ (3, l ;u )~~O(3,l;u)=~ u2 .
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Table 7.1.

Design Construction

SD (3, l;l0(4), 121 r—{(’ .1): 1 0 ,1,2,3}.X—Z(2)X Z(3)uX’.
• ((O ,8). (0,W+1) ’),(— 8)>m od (2,—), ~ 0, 1,2,

((0, (0+2)’), (0, (P~ 2) ), (~ p))~ 8 • 0, 1,2 ,
((0 ,0’), (0. 1~), (.. 3 ) > mod (— , 3).

SD (3, 1; 16(4), 36j X’ — ~(—~): i — 0, 1, 2, 3). 1 Z(2) x Z(6) u r.
((0. 0’). (0 8’), (-.~)) mod (— .6), 8 0, 1.2, 3.
((0, 0’), (0, 4~), (0,5’)) mod (— , 6),
((0. (2y) ’), (0, (2, +1)’), (0. (2y +3)’)) , i’ • 0, 1.2,
((0.6’),(O , (6+2) ’). (0, (6+4)~)) , 6 = 0, 1,
((0,0’), (0,2’), (0.4’)>.

SD[3,1;4 ,1J X—1(4). ‘~~= 0 , 1, 2 .
SD(3 , l; 10, 131 SD [ 3 , 1; 10(4), 121 and SD[3 , 1;4 , 1J on r.
SDI3,1; 16, 371 SD ( 3 , 1;16(4 ), 36l and SD[3 , 1;4 , 11 on r.

* For further reference.

Proof. Here t = 0, in = 6, A = I. We prove the existence of:
AD[3, l;6,61. X Z(6). ~)3 (0’, 1’, 3’) mod 6.
AD[3, l ; 1 2 , 2 4] . X Z( l2 ) .

= (j 3’, (ft +2) ’, ((3+6)5, 13 = 0, 1, ..., 5,
• ((3’,(fl+8)’,((3+9)’), (3= 0, 1,..., 5,

((j3+3)’,(~6+6)’,(13+8)’), 13 = 0,1,..., 5,
<(j3+2)’,(j3+3)’,(j3+9)’), 13 = 0,1,..., 5.

Lemma 7.4. If u 2 or 4 (mod 6), then cz(3, 1; u) ~ 0(3, 1; u) ~(u 2 + 2).

Proof. We prove this lemma directly — without making use ~f Lemma
7.1.Let X I(v—1)u(co}.

= Blocks ofB[3, 1; u — i ) ,  (exists by Lemma 5.4) on I(u —1),
<(2~ ’,(2!3+l)’,co), j 3 = 0, I , ..., +( u—4) ,

Lemma 7.5. I f v —  Oor 2 (mod 6) , then a (3 , l ; v ) > ~i(3, 1 ; u )  =~ u( u—2).

Proof. As above. In the BIBD B (3 , I; u+i) delete one point and all the
blocks in which it occurs.

Lemma7.6.1f v~~4 (mod 6), then a(3 , 1 ; u) > ~i(3, 1 ; u ) = i ( u l _ 2 u~~2) .

I
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Table 7.2.

Design Construction

AD (3, 1;11(S ), 15I r= ((—,) : i — 0 . 1.2,3,4}, X = Z ( 2 ) x Z ( 3) u X ’ .
SD 13, 1; 11(5), 151 ~ = ((0,I3’),(0,(P+1)’~

,(
~ 8)) mcd (2 , —). 13 = 0.1.2,

((L (ft+2)’) ,(0 ,(P+2) ),( .8)) . 3 0 ,1,2,
((0, 2’). (0, ~ ), ( 7+3 )) mod (— , 3), ~ 0,1.

AD~’(3 , 1; 17(5), 42 1: X ’ {(...~): i 0,1,2, 3,4), X = Z(3) x GF(4 ,x 2 x+1) U
SD (3. 1; 17(5). 42 1 ‘~~ = ((ft ’, G).((J3+l) ’,O),(o.p)) mod (.— , 4), P = 0, 1, 2,

(((fl+2).4), ((fi+2)’,2),(..jg)>, 8= 0 ,1,2,
(((0 +2)’, 0), ((0 +2)’ , 1),(—p ~ , 13 = 0, 1, 2,
((0~, 0), (O’,y). (~~7+3)> mod (3, —), ~ = 0, 1.
((0’, 2),(0’, 1—y ) , (~.7+3 )> mod (3, —). ,•0. 1.
((0’,O) ,(1’,j3),(2 ’,il+1)) mod (— , 4), 13•0, 1.2.

AD(3, 1; 5,41 I — I ( S ) .
~ (8’,3’, 4’>, 13 0,1, 2,

(0’, 1’.2 ’ >.
ADI3, 1; 11 ,19) AD 13 , 1; 11(5), 151 and ADI3 , 1; 5,4) on X’.
AD(3. 1; 17, 46) A.D*(3, 1; 17(5), 42j and AD(3, 1; 5,4) on r.

• SD(3 , 1;5, 2J X~ I (5) .
= (0’, 1’, 2’ ),

(0’, 3’,4’>.
SD[3 , 1; 11, 171 SD*(3 , 1. 11(5), 151 and SD[3, 1; 5, 21 on I’.
SD(3 . 1; 17,44) SD*(3, 1; 17(5), 42J and SD[3, 1; 5, 2) on r.

$ For fu~th.y r.fsrence.

Proof. In this case t = 4, m = 6, A = 1. The construction of the required
designs is given in Table 7.1.

Lemma 7.7. J f u E  S (mod 6), then ~(3, 1; u) ~~ 0(3, 1; u) j (u 2 — v+4)
and a(3 , l ; v ) > i~(3, l ;u)  — I .~(u 2 — u — 8) .

Table 7.3

Design Construction

AD (3,2;5(2),61 X ’  (“.1:i 0, t}, X~.Z(3)ur.
sD l3, 2; 5 (2) , 61 ~ —( 0’ , 1’, ..p) mod 3, 13 0, 1.

• SD(3 , 2; 5, 6J
AD93, 2; 8(2) , 181* \ r {..j: I • 0, i}, I Z (6) u r.
SD(3, 2; 8, 18) I ‘

~~ (0 ’,(Ø+ 1)’,e.13) mod 6, 13= 0,1,
(0’, 1’, 3’> mod 6.

AD(3, 2; 5,81 AD 13, 2; 5 (2) ,  61 and (0’, —~~, s i > , 2 times.
AD(3, 2; 8,20) AD (3, 2; 8(2), 18) and (0’,—o , ’.~), 2 tiznes.

* For further reference .

_  _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 7.4.

Design Construction

AD (3.3; 8(2), 28J X’ {..1: i 0 , i}. X =Z ( 6 ) U X ’ .
• (0’, (0+1)’, —~ ) mod 6, ~ = 0, 1,

13 = 0 , 1, ~ = 0,1, 2 ,
(0’. 1’. 3~) mod 6,
((27)’, (27+1)’ , (27 + 2) ’), 7 = 0 , 1,2 ,
(1’,S’,S’ >.

AD(3 , 3; 8, 30J
~ø

(0’, (j3+1) ’.—p) nsod 6, 13— 0 , 1,
(0’, 1~, 3’) mod 6, 2 times.

AD) 3.3; 14 ,94) X Z(2)X Z(6)u{(..1):i•O, 1}.
= ((0,0’), (‘.o), (.~~)) mod (— .6).

((G ,O’),(0 ,(.8+1’3.)’), (..p)) mod (— ,6), 8=0, 1, , 0 , l ,((0 .6’), (0,(6+3) ’),(~ 13p, 1 3 0,1. 6 = 0 , 1,2,
((0,0’), (0, (2,)’), (0, (27+1) ’)> mod (2 ,6), ~y • 0, 1,
((0,0’), (0, 1~), (0, 3~p mod (2 , 6).
((0 , 0’), (0, (3~ +2)’), (0, (31’ +4)’)) mod (— , 6), ~ — 0, 1.((0,0’), (0. 1’), (0, 4’p mod (— , 6),
((0, y’), (0, (~‘+ 2)’), (0, (~‘ +4) ’)) , 7 times, 

~‘ • 0, 1.

Proof. Here t = 5, m = 6, A = 1. The needed constructions are given in
Table 7.2.

Lemma 7.8. If u 2 (mod 3), then a(3, 2; u) ~ 0(3, 2; o) + 1 = ~(u 2 — v+4)
• and a (3, 2; u) > ~(,( 3, 2 ; u ) = .~(u 2 — u — 2 ) .

Proof. t 2, m 3, A = 2. The necessary constructions are in Table 7.3.

Lemma 7.9. If u 0 (mod 6), then a(3, 3; v) ‘
~~~ 

0(3, 3; u) = kv(3u —2)
and a(3 , 3 ; u) > sls (3, 3 ; v) =~ u(3u — 4).

Proof. Form BL 3 , 2; U] by Lemma 5.6 and AD[3, 1: u, j~u2 J by Lemma
7.3, or SD[3,i; u, }u(u — 2) 1 by Lemma 7.5 , respectively.

• • 
Lemma 7.10. If un 2 (mod 6), then a(3, 3; u) < 0(3,3; u) ~(3u 2 — 2u+4) .

Proof. t = 2, m = 6, A = 3. For the necessary constructions see Table 7.4.

Lemma 7.11. If u E  2 (mod 6), then a(3,3;v)> ij’( 3,3;u) = ~(3u 2 —4u—4).
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Table 7.5.

Design Construction

AD 13, 4; 5(2), 12l r— {—,:i=0 ,1}.X=z(3)ur.
(Q’, 1’,..~ ) mod 3, 2 times, 8 0, 1.

AD(3,4; 5,141 813,3; 5) by Lemma 5.5 and ADI3. 1; 5, 4) by Lemma 7.7.
AD[3, 4;8 , 381 X Z(2) x Z (3)u {(— j ) : : =O, 1}.

= ((0,0’),(”~~),(~~ )) mod (2 , 3),
((0, 0’), (0,1’). (—s )) mod (2 , 3),
((O,, 0’), (0, 0’), (— 0)) mod (— .3).• ((0,0’),(O,P ’), (— ,)> mod (— , 3), 1 3 0, 1, 2,
((0, 0’),(0 ,7’),(0,(7+ 1)’))mod (2, 3), 7 = 0 ,1,
((0.0’), (0, 1’), (0,2’)) mod (2, —).

Proof. Form SD(3, 2; u,4 ( u2 — v — 2) 1 by Lemma 7.8, and
SD[3 , 1; u,.~u(u — 2)) by Lemma 7.5.

• Lemma 7.12. If u n  4 (mod 6), then a(3, 3; v) ~ 0(3, 3; u) =~ (3u 2 — 2u+2)
and o(3 , 3; v) > ~1i(3, 3 ; v) ~~~(3v 2 —4u — 2).

Proof. Form B[3 , 2; uJ by Lemma 5.6 and AD[3, 1; u, 1( u2 ÷ 2)) by
Lemma 7.4 or SD(3 , 1;v , ~(u 2 — 2v — 2)] by Lemma 7.6, respectively.

Lemma 7.13. if u 2 (mod 3), then a(3, 4; v) ~ 0(3, 4; u ) = j (v 2 — u + I) .

Proof. t = 2, in = 3, A = 4. For constructions see Table 7.5.

Lemma 7.14. If v 2 (mod 3), then a(3 , 4; u) ~ ’ ~‘(3 , 4; u) — i =

~(v 2 — v — 2).

• Proof. Form SD[3, 2; u, ~ (u 2 — u — 2)1 as by Lemma 7.8, 2 times.

Lemma 7.15. If u E 0 (mod 6), then a(3, 5; v) ~ 0(3, 5; u) = ~u(5u — 4)
and a(3, 5;u) > ,t ’(3, 5 ;v ) ’ ’ iu (S u — 6).

Proof. Form B[3 , 2; uJ by Lemma 5.6,2 times, and AD(3, 1; U ,1U 2 ] by
• Lemma 7.3 or — respectively — SD(3 , 1; v, ~v(u — 2)1 by Lemma 7.5.

Lemma 7.16. If u = 2 (mod 6), then a(3, 5; u) < 0(3, 5; u) ~~v(5u — 4)
and a(3 , 5 ; v ) > i~(3 , 5 ; u ) =~ (5u 2 — 6u — 2).

I



I
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

366 H. ilanani / Balanced incomplete block designs

TabLe 7.6.

Design Construction

AD (3. S;8(2) , 46j X ’ ((..1) : I — 0 , 1}.X = Z (2) x Z (3) t i r .
= Blocks ofB[3, 2; 61 on 2 (2) X Z(3) ,

Blocks of AD) 3,1; 6,6) on Z(2) X Z(3),
((0,0’), (O, l ’),(’sp) > mod (2, 3), 13 = 0, 1.((0,0’), (0,7’), (‘=0) mod (— .3), 13 0, 1, ~ S 0,1,2.

• $~ *(3, 5; 8(2),44j r — {(—j): i=  0, 1), I— Z(2) x 2(3) or.
‘
~~ BloclrsofB)3,2;6J onZ(2)x Z(3),

Blocks of SD(3, 1:6 ,4) on 2(2) x 2 (3),
((O,0’),(O, l’) ,(—p)>mod (2,3), 0 = 0 , 1,
((0, 0’), (0, 7’), (~~)> mod (— .3), p = 0.1, ~ = 0, 1, 2.

AD(3,5; 8,48] X Z(2) x 2(3) u{(~~): 1 =0 , 1).
= ((O,O’),(’=o),(’=~))mod (2, 3),

((O , O’), (O, l ’),(..p)>mod (2, 3), 13=0,1,
((L 0’), (O, 1’),(— p)>mod (2.3), 13= 0, 1,
((0, 0’), (0,0’), (0, 1’)> mod (2 , 3), 3 times.

ADI3. 5:14, 154] X — 2(2) x Z(7 . 3).
‘
~~ 

((0.0), (0,13), (0, 13+3)> mod (2 , 7), 2 times, p = 0, 1.2,
((0,O),(0 ,0), (0, >’) ) mod (— , 7), 7= 0, 1 5,
((0,0), (0, 2), (0,4)> mod (2 , 7),
((0, 0), (0, 2), (0, 4)> mod (— , 7), 2 times.

• SD(3,S;8,45J X=Z(7,3)u {~}.
‘~~ (‘y , ’y+ 3, —) mod 7, 7 = 0 , 1,

(8’,(P+3)’,— ). 13=0, 1, 2,
(0, 2,4> mod 7, 4 times.

SD(3,5; 14 , 149 ) X=Z( 13,2)o {~}.
‘~~ 

( 213,213+6, ’=> mod 13, 13= 0, 1,
(>, ‘, (y + 6)’, — ) , 7 0 , 1, ..., 5,
(0,4,8) mod l3, 4t imes,

• (1,5,9>mod 13, 5 times.

Proof. Here t = 2, in = 6, A = 5. The construction of the designs needed• by Lemma 7.1 is given in Table 7.6.

Lemma 7.17. If u~ 4 (mod 6), then a(3, 5; v) < 0(3, 5 ; v) = ~(5u 2 —4u+ 2)
and cr(3, S; v) ~ ‘/ ‘( 3, 5 ;v) = 1(5u2 —6u — 2).

• Proof. Form B~3, 2; u] by Lemma 5.6, 2 times, and ADI3, 1; u, ~(u2 + 2)]
by Lemma 7.4, or — respectively — SD(3 , I ; v, k(v 2 — 2v —2)) by Lem-
ma 7.6.

Lemma 7.18. If u S (mod.6), then a(3 , 5; u) < 0(3 ,5;  u) +1 =
.~(5u 2 _ 5u +8) and a(3 , 5 ;u) ~ t~~, (3, 5 ; u) = i( 5u2 _ 5u _ 4) .

L 

.
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Table 7.7.
a(3,X; o)~~~(3,X; u) + e, o(3,X;u)>gi(3 ,X; v)—e ’.

A e Proof e’ Proof

1 0 (mod 6) 0 Lemma 7.3. 0 Lemma 7.5.
1 1 (mod 6) 0 Lemma 5.4. 0 Lemma 5.4.
1 2 (mod 6) 0 Lemma 7.4. 0 Lemma 7.5.
1 3 (mod 6) 0 Lemma 5.4. 0 Lemma 5.4.
1 4 (mod 6) 0 Lemma 7.4. 0 Lemma 7.6.
1 5 (mod 6) 0 Lemma 7.7. 1 Lemma 7.7.
2 0 (mod 3) 0 Lemma 5.6. 0 Lemma 5.6.
2 1 (mod 3) 0 Lemma 5.6. 0 Lemma 5.6.
2 • 2 (mod 3) 1 Lemma 7.8. 0 Lemma 7.8.
3 1 (mod 2) 0 Lemma 5.5. 0 Lemma 5.5.

• 3 0 (mod 6) 0 Lemma 7.9. 0 Lemma 7.9 .
3 2 (mod 6) 0 Lemma 7.10. 0 Lemma 7.11.
3 4 (mod 6) 0 Lemma 7.12. 0 Lemma 7.12.
4 0 (mod 3) 0 Lemma 5.6. 0 Lemma 5.6.
4 1 (mod 3) 0 Lemma 5.6. 0 Lemma 5.6.
4 2 (mod 3) 0 Lemma 7.13. 1 Lemma 7.14.

• 5 0 (mod 6) 0 Lemma 7.15. 0 Lemma 7.15.
5 1 (mod 6) 0 Lemma 5.4. 0 Lemma 5.4.
5 2 (mod 6) 0 Lemma 7.16. 0 Lemma 7.16.
5 3 (mod 6) 0 Lemma 5.4. 0 Lemma 5.4.
3 4 (mod 6) 0 Lemma 7.17. 0 Lemma 7.17.
3 5 (mod 6) 1 Lemma 7.18. 0 Lemma 7.18.

Proof. Form B[3 , 3; U) by Lemma 5.5 and AD[3, 2; u, ~(u 2 — u +4) 1 or
SD(3, 2; v, ~(u 2 — v —2)] by Lemma 7.8.

Theorem 7.2. For every positive integers A and u >  3,

and 
o(3,X;u)=~~(3,X; u)—e ’,

• wheree= 1 ff both vm A m  2 (mod 3) and A ( v — I ) m  0 (mod 2) , and
= I if both um A + I 2 (mod 3) and X(u — I) 0 (mod 2), and

e e ’ i 0otherwise.

Proof.~ If u £ B(3 , A), then clearly

a(k, A; u) ~Cs(k, A; ii) = Av(v — I) / (k (k  —1)) = 0(k, A; u) = a(k , A;u).

• • Further by Theorem 7.1 and Lemma 7.2 , a(3, A; u) is not smaller and
o(3, A; v) is not greater than the values indicated in the theorem. From
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the Lemmas 7.3—7. 18 it follows that for 0< A < 6, ct( 3, A; v) is not
greater and a(3, A; v) is not smaller than the values indicated in the
theorem as specified in Table 7.7. For A >  6, let A = 61 + A’. In this case
AD(3 , X;u , u(3, X; u)) is obtained by taking l t imesB[ 3 , 6; vI by Lemma
5.7 and AD[3, A’; v, c~(3, A’; u)] and similarly SD[3 , A; u, a(3, A; v ))  is
obtained by t aking I times B[3, 6, vi and SDE3 ,A’, U, or(3 , A’, v) ) .

Added in proof. With regard to the opening remarks of Section 5.4, we
• produce here a construction of a BIBDB I6 , 1; 106) found by W.H. Mills

(“A new block design” to appear in Proc. Sixth Southeastern Conference
on Combinatorics, Graph Theory and Computing, Florida Atlantic Univer-
sity, Boca Rayon, Fla. (1975)) in January 1975.
B[ 6 , 1; 1 0 6] . X = Z ( 2 ) x Z(53 , 2) .
~~ = ((0, 0) . (0, 0), (0, 6) , (0, 17) , (0. 38), (0 , 0) > mod (— , 53) ,’• ( (0, 0) , (0, 37), (0, 42), (0, 47), (0, 36), (0, 41) > mod (— , 53),((0, 0) , (0, 14), (0, 46), (0, 3), (0,4), (0, 21 )> mod (— , 53),

• t ((0, 0) , (0, 31) , (0, 34), (0, 19), (0, 24), (0, 51)> mod (— , 53) ,
( (Ø , Ø) , (Ø, 13), (0, 24), (0, 9), (0, 27), (0, 39)> mod (— , 53) ,
((0, 0) , (0, 2), (0, 13), (0, 16), (0, 30), (0,44)) mod C— , 53) ~((0, 0) , (0, 1) , (0, 14), (0, 28), (0, 42), (0, 46)> mod (— .53).

It follows from Lemma 2.17 that for every non-negative integer n, if
• u = lO6.S~ + ~(5” — 1), then v E B(6 , 1) holds.
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We denote the distance between vertices x and .~
‘ of a graph by d(x, y) , and

• p 4~x,y) = l {r : d ( x , z) i, d(y, x) ‘=1) 1. The (s, q, d)-projecsive graph is ’ the
graph having the s-dimensional subspaces of a d-dimcnsional vector space over
GF(q) as vertex set, and two vertices x, y adjacent if dim(x n y) — a — 1. These
graphs are regular graphs. Also, there exist integers .~ and ~r >  4 so that ~i is a
perfect square, p 11(x, y) = ~ whenever d(x, y) I , and p 11(x, y) ~r whenever
d(x, y) 2. The (a, q. d)-projective graphs where 2d/3 <a  < d — 2 and
(a, q, d) ~ (2d/3, 2, d), are characterized by the above conditions together wit h
the property that there exists an integer r satisfying certain inequalities.

1. INTRODUCTION

Graphs considered here have at least one vertex, and have no loops or
multiple edges. The vertex set of a graph G is denoted V(G). If some edge
joins vertices x and y we say that x and y are adjacent. Graphs G and H are
isomorp hic 1ff there is a bijection a from V(G) to V(H) such that o(x) and o(y)
are adjacent ill x and y are adjacent. We will say that the distance between
vertices x and y of a graph is n (written d(x, y) = n) if there is a sequence
x = x0, x1,..., x,1 = y so that x~ is adjacent to x5_ 1 (1 t~ I ~~n) and n is
the least integer so that such a sequence exists. For a vertex x let 4(x) be
the set of vertices at distance i from x. We define (for i,j ~ 0 and x, ye  V(G))
p~(x, y)  = I 4(x) rs 4(y)I. We say that G i~ regular of valence n1 if
Pu(x, x) = n1 for all vertices x. A clique is a set of mutually adjacent
vertices.

Let V be a d-dimensional vector space over GF(q). For 0 ~ £ ~ d let W~
be the set of i-dimensional subspaces of V. Let C be the graph having W5 as
vertex set and two vertices x and y adjacent 1ff x n y a W,_1 . Then x and y
are adjacent 1ff the span of x and y is in W,.~.1. An (s, q, d)-projec tive graph is
any graph isomorphic to G. A (d — s, q, d)-projective graph is isomorphic
to an (s , q, d)-projective graph.
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THEoR~ s 1. Let r and q >  1 be positive integers, and k, a be real numbers.
Let G be a connected graph with the following properties.

(gi) G is regular of valence r(k — 1).

(g2) P u(X,y)  = k — 2 + a ~fd(x,y) = 1.

(g3) Pu(x,Y) = (q + 1)2 tfd(x,y) = 2.

(j4) p31(x,y) > (k — I + tx)(r — q — 2) ffd(x,y) 2.
(g5) k > max(l + j(r + l)(rq5 -I- 2rq—2cc),(q + I)’+ (2r — fla).
(g6) r > q + l .

Let s and d be real numbers defined by k = (q”~’ — 1)/(q — 1) and r =
(q’’ — 1)f(q — 1). Then s and dare integers, q is a prime power, and G is an
(s, q, d)-projectire graph. •

The necessity of hypothesis (g6) is demonstrated in Section 4. In Section 3
we will sketch the proof of a converse to Theorem 1:

THEOREM 2. Let G be an (s, q, d)-pr ojectire graph , r = (q’’ — 1) / (q — 1),
k = (q~+’ — l)/(q — 1), and a = (r — 1)q. Then C is connected and satisfies
(gI)—(g3). If s < d — 2 then (g6) is satisfied. If s ~ 2d/3 and (q, s) 0 (2, 2d/3)
then (g4) and (g5) are satisfied.

Since an (s, q, d)-projective graph is isomorphic to a (d — s, q, d)-projective
graph, these theorems characterize (s, q, d)-projective graphs for which
2 <s ~ d/3 or 2d/3 ~ .s <d  — 2 (and if q = 2, then s ~ d/3, 2d/3).

The hypothesis that G be connected in Theorem 1 is not essential: if C
satisfies all hypothesis of Theorem I except the hypothesis that G be con-
nected, then each component of C satisfies all hypotheses of Theorem 1,
so each component of C is an (s, q, d)-projective graph.

2. TooLs

An incidence structure is an ordered triple (F, L, I)  such that P and L are
finite sets and I c  P x L. We will call elements of P points and elements of
L lines. If (p,  m) a I we say that p and m are incident, p lies on m, or m
contains p. Incidence structures (F , L, I)  and (P’L’I ’) are isomorphic if there
are bijections a:P-+ P’and r :L-+ L’so that for(p, m)eP x L, (p , m)eI• if (c(p), r(m)) a!’. Where P and L are both sets of subsets of some set X
the incidence structure (F, L, ~) is the incidence structure in which p and m
are incident 1ff p  cm. Similarly, (F, L, a) is the incidence structure in which
each line is a set of points and p is incident with m if p a m.

An (r , k)-incidence structure is an incidence structure (F , L, I) such that
(I) for all p, p’ a? (p ,~ p ’) there is at most one line incident with both p
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and p’; (2) every point is incident with exactly r lines; (3) every line is incident
with exactly k points.

Let ir = (F, L, I) be an incidence structure . We define r(lr) to be the
integer so that some point is incident with exactly r( 1I-) lines and no point is
incident with fewer than r( ir) lines. We let k(ir) be the integer so that some
line is incident with k(ir) points and no line is incident with fewer than
k(ir) points. The adjacency graph of is the graph having P as vertex set
and two vertices adjacent 1ff some line is incident with both. The line graph
of Ir is the graph having Las vertex set and two vertices adjacent if some point
is incident with both. The distance between two points of ir equals the distance
between them in the adjacency graph of ir. The distance between a point p
and a line m is min{d(p, q): (q, m) a I) .  The dual of ir is the incidence structure

= (L, F, I’) where for any point p and line ,n, (m, p)  a I ’ if ( p,  m) a I.
Let V be a d-dimensional vector space over GF(q ) and W1 be the set of

i-dimensional subspaces of V. For 1 ~ $ ~ d any incidence structure
isomorphic to (W, 1 ,  W3 , C) is called an (s, q, d)-p rojective incidence
structure. Note that the adjacency graph’~of an (s, q, d)-projective incidence
structure is an (s — I , q, d)-projective graph .

In E31 the following was shown.

THEoR~~s 3. Let q ~ 2 be an integer and ir be an incidence structure
sat isfying

(fi) 3~~ s < d —  l , wheres and qaredef ined byk( r r ) = (q’— l) / (q — 1)
• and r (1r) = (q~~’~1 — l ) / (q — I).

• (f 2) There exists at most one tine joining two distinct points.
(f3) If p is a point and m is a line such that d(p, m) = I then there are

exactly q + I lines which contain p and Intersect m.
(f4) If p andp’ are points such that d(p,  p ’) = 2, then there are exactly

q + I  linesmsuch tha: rn containsp’ and d(p , m) = 1.
(f 5) The adjacency graph of ir is connected.

Then s and d are integers, q is a prime power, and ir is an (s , q, d)-p rojective
incidence structure. Conversely, for 3 ~ .r <d — I any (s, q, d)-proj ective
incidence structure satisfies (fl)—(fS).

THEOREM 4 (Bose, Lasker (2)). Let r be a positive integer, k, a, ~ be real
numbers, and ~ ~ 0. Let C be a graph (not edgeless) which has the following
properties.

(hi) G is regular of valence r(k — 1).
(b2) p 11(x,y)  = k — 2  + ccfor all x,y e V((i), d(x,y)  = 1.
(b3) p 11(x,y )  ~ ~ + l for all x,y e V(G), d(x,y)  = 2.
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Define a grand clique to be a clique which is maximal and has at least k —

(r — l)x vertices. Let

k > max(l + 4(r + 1)( r ~ — 2a), P + 1 + (2r —

Then any two adjacent vertices are in a unique grand clique, and each vertex is in
exactly r grand cliques.

We have weakened the hypotheses of the theorem as stated in [2) from the
requirement that k, a, be nonnegative integers and r~ — 2a ~ 0 to the• requirement that ~ ~ 0 and G be not edgeless. The proof in [21 is valid
without modification for the theorem as stated here.

3. PROOFS OF THEORE MS

First we sketch the proof of Theorem 2. Let C be an (s, q, d)-projective
graph. Let r = (q d_1 — 1)/(q — 1) and k = (q’~1 — 1)J(q — 1). We assume
2 ~ s ~~~ d — 2 since in the contrary case C is a complete graph satisfying

• (gl)-(g3). Let V be a d-diniensional vector space and P1, be the set of
i-dimensional subspaces of V. We may assume C is the adjacency graph of
the (s + 1, q, d)-projective incidence structure ~r = (P1,, W,÷1 , C). As
explained in [3), ir is an ~r, k)-incidence structure satisfying (f3) and (f4).
Consequently C satisfies (gl)—(g3) where a = (r — l) q. If s < d — 2 then

• r > q + l .
Let x, y a  P1,, such that d(x, y )  = 2. We show p31(x,y) = (r — q — I) x

(k — q2 — q — 1). By (f4), r — q — I lines contai n y~ and are at distance 2
from x. Letm a W,~1 and m contain y; then d(x, m) = 2 in ir if x r~ m is an
(s — 2)-dimensional space. For each such line m, q~ ± q ± I points of in are
at distance 2 from x. Therefore p31(x, y )  has the value claimed. It may be
computed that if q = 2 and $ ~? (2d + 1)/3 then (g4) and (g5) are satisfied.
If q > 2 and s ~ 2d/3 then (g4) and (g5) are satisfied.
In the remainder of this section our goal is the proof of Theorem 1.

Toward this, let C be a connected graph satisfying (gI)—(g6). Define a grand
clique to be a maximal clique which contains at least k — (r — I)a vertices.Let L be the set of grand cliques of C, and P = V(G). Vertices of C will be
called points.

• LEMMA 1. C is the adjacency grap h of the incidence structure ir = (F , L, a).
Every point is contained in exactly r lines. Every two lines contain at most one
point in common.

Proof. By Theorem 4, (F , L, a) is an incidence structure in which lines
are cliques of C, any two adjacent points of C are contained in a unique line,

- —- - —~~~~~~~~~
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and each point is contained in exactly r lines. The conclusions of the lemma
follow immediately from this.

L e t A = k — 2 + a .

LEMMA 2. Every line contains at most A + 2 points.
Proof. i~ in is a line containing points x, y then every point of in — ~x, y}

is adjacent to both x and y.
Then j m — { x, y) j  ~~p 11(x, y ) = A b y (g2) .

L~ nD. 3. Let x, y a P and d(x, y)  = 2. Let the lines containing x be
in1 , in2 ,..., in,. and the lines containing y be n2 , n2 ,..., n,.. Then (aft er re-
indexing the lines ([necessary) m1 and n~ intersect (ff1 ~ q + I andj ~ q + I .
Proof. Let n1 , n2 ,..., n1 be the lines containing y which intersect at least

one line rn . No point of n~ , n2 ,..., it1 is at distance 3 from x. Therefore

p21(x, y)  
~ J (J it, — y ~ (r — :XA + 1).

From (g4) we see that t < q + 2. Hence at most n1 , it2 ,..., n~~1 intersect
any lines in1 ;  similarly (after reindexing) at most in1 , in2 ,..., in~÷1 intersect
any lines it, . Since each intersection contains exactly one point and p11(x, y) =
(q + 1)2, this implies that in, and n, intersect whenever i ~ q + I and
j~< q+l.

La~w~ 4. For all points x and lines m so th at d(x , m) = 1, exactly q + L.
lines containing x intersect in.

Proof. Since in is a grand clique of C, some point y of m is not adjacent
to x. Then exactly q + I lines containing x intersect in by Lemma 3.

LL’~m1A 5. All lines have k points.

Proof in a L, x a in. Let it be a line distinct from in and containing x.
By Lemma 4,

~f f y , z ) : y a m — x, z e n — x, d(y, z) =  1)1 = I n — x l q =  I m — x q.

Therefore m = I n j. Therefore all lines containing x contain the same
number of points. Since the valence of x is r(k — 1), every line containing x
contains k points.

Proof of Theorem I. We show ir is an (s + 1 , q, d)-projective incidence
structure. We have already shown ir satisfies (f2)-(f5). Only (f 1) remains.
r(ir) = r and k(ir) = k by Lemmas I and 5. Let s and d be defined as in the
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statement of Theorem I. By (gS)  and (g6) 3 ~ s + 1 < d - I. Then sand d
are integers, q is a prime power, and ir is an (s + 1, q, d)-projective incidence
structure. Its adjacency graph, C, then is an (s, q, d)-projective graph.

4. N~c~ssrri OF HYPOTHESIS (g6)

An (r , k, t)-par tial geometry is an (r , k)-incidence structure in which for
any point x and any line m not containing x, exactl y t lines contain x and
intersect in. The dual of an (r, k, t)-partial geometry is a (k, r, r)-partial
geometry [I, p. 396). For an (r , k, 1)-partial geometry ir, i=  k if the
adjacency graph of ir is complete. The notion of (r, k, k)-partial geometry is

• the same as the notion of (v , k, A)-BIBD where ,\ = 1.
Let 9 = (P . B, I )  be a (v , k, 1)-BIRD. Then 9 is also an (r , k, k)-partial

geometry where r(k — 1) = v — 1. The dual ir of 9 is a (k, r . k)-partial
geometry. Let R k and K = r. Then ir is an (R, K, R)-partial geometry .
The adjacency graph C of has the following properties (I, p. 396]:

(1) C is regular of valence R(K — I);
(2) p 11(x, y )  = K —  2 + (R — 1)2 if d(x,y )  = 1;

(3) p, 1(x, y )  = R2 if d(x,y)  = 2.

Then G satisfies properties (gl)—(g3) where q = — 1 and a = (R — 1)2 .
G satisfies (g4) because the right side of the inequality in (g4) is negative.

K >  max(2R3 — 3R2 + 4R — I, 3( R1 — R3 ± .R2 + R))

then (g5) is satisfied.
• We produce examples showing the necessity of hypothesis (g6) in

Theorem I as follows. Let 9 be a (r , k, 1)-BIBD with r blocks containing
each point, and let

r > max(2k3 — 3k2 + 4k — I, ~(k4 — k3 ± k2 + k)).

Then the line graph C of 9 satisfies (gI)—(g5) where q = k — I and
a = (k — 1)2 but C is not normally a projective graph. For example, let 9
be a (v, 3, 1)-BIRD where at least 39 blocks contain each point (hence v — 79).
Such designs exist for all values of r = 1, 3 mod 6. Then the line graph C of
9 satisfies (gl)—(gS) where q = 2 and a = 4. However C cannot be a
projective graph unless r = 21+1 — I for some integer s. Since v =
r(k — I) + 1, G cannot be a projective graph unless & = 2s+2 — I for some

• 
integer s.



300 ALAN P. SPRAGUE

ACKNOWLEDGMENT

The author wishes to express his appreciation to Professor D. K. Ray-Chaudhuri for
suggesting this problem and for many heapful discussions.

R.EPER~NCES

1. R. C. Boss, Strongly regular graphs, partial geometries, and partially balanced designs,
Pac If ic 1. Math. 13 (1963), 389—419.

2. R. C. Boss ~t-~D L L*sr.i.n, A characterization of tetrahedral graphs, I. Combinatorial
Theory 3 (1967), 366—385.

3. D. K. Pj~.y-Cn.a.uosnjp J .~~n A. P. SPRAGUE, Characterization of projective incidence
structures, Geome:riae Dedicata 5 (1976), 361—376.

Printed by the St Catherine Press Ltd., Tempethof 37, Brugea, Belgium.

— —“-—————-—--—.—----~~~~~



_ _ _ _ _ _ _ _— ••~~~~~~~~~ 

-

0

IC

I

4-

- .a.__..~~~~. - ~a — a - a a —- — a -. - -- -- — . .- —

I

45 11 0 U
4 0 !  s a.0 I~ .0 0 0 1 0 00  0 0 44 .0O 0 0 — 0 0 — — — N C N —
— N -a k • a •  S. I. I l L .  I. S . C  C t  0I —  a —  — a. .. c N - a m  c a — — C •—1 . 4 0 1 7 0 0  — O Ø  0 4 5  ‘a N li la 0 ’ a  8.1 0 — N C l  O h .

t . m  a m  a m  a . a s  1 0 . 4 0 0  l a C  e c ç ç  m u  ‘ a m  m a —  o a07  ( I U  0 7  0 0  0 0  ‘ a 0  110 .aO I S O  -~~O — O ’ a  . 0 t  44 5 0

N M  0 0 . 5 5 4 4 0 0  . . . 1 . O .~ 4 5 0  5 0  5 0  O N  O t  0 .0 3 %  0 . 0 0
I 4 0 7 0 M m  U 0  0 0 4 0 0  U 0  N .~~~~~~ 0 . 4 0  Z O  0 . 0 0 . 0  ~~~ N5 . 4 0 3  >~~~

• o~st ~~~ d,! 4~~ m,i ..~~~ .-,~~~ ..j~~~ .cz ,,.~
N,

c m
‘a C

4 ‘5 0
N 0 0 11

— 1 C a  is C 0 —— C N C — 0 ‘a 5 0 14 N — 5 0 4  N 0 N — 5I S ‘J S~ 5 5 — 0 C 5 5 — 15 1 50 .5 N. . 0 .0 — — m 0 N .0 .0 C 0 0 .0 0 .0I -‘ 0 7 0 ..a — C a a S. * — 0 0 0.. S. ‘a 45 0 S. 4. ’a al O ja S. 0 45 Ø ’ a  I N< C . .  0 — — 0 .0 0 1 N — 0. 1
I 5 0 - .  w a s C c  S 7 S0. ‘ a L t O  — m c  C SJ N O . *  C E O  E m0 0  * 0 4 5  C L  C O N  C 0 1 N C C  C O O  IS C S  0 - 0
~s -o a. N 5 N 4 4 7  4’ 0 0 - 7 0  0 7 00 0 * 7  7 0 1 — C O O s —  t I  .04 5  1 0 - a  ~~ a is C l i  m - —  a m  — — C m  .7 7 1 5.4 — N 8 0  N I  0. —0. a a t  ‘a C .  5~~ 14 * 0 4 1  a .  . — N • 0 . C  •~~~ * 4 0 .  C 0— m 5.4 ,., — N M  m m  c — a c m e  m a o .  m m  0 8 . 4 5 4 4  N - a s  0 0  - 4 5 8
. 4 0  •. ‘3 4 O. . M O 0 t  0 5  . . o  s o o  t o  z o  ~~~m . 4 0 . 1 0  A . 0  ‘a . ‘ 3  • N O O N  ~~~ t

I 
‘a ac

-0 45

4’I ‘a
‘3 -, ‘aO 0 04— U 4’

45 1 . 0 4 5  5 .~ I0. 0 0 .0 ‘5 — 14 .0 0 .0 05 0 n 54 ~ ~~~ ‘a 2 1
‘5 5 ...~ -‘ N O N - .  ‘ 5 0 —  .0 -0 I~ 45 1. 0 0

• ‘a O ’ a  S I N  C 4, 05 0 0 I ON  C N C C  0 0 .0 1 .0 M MO . .C a m  to ,. ‘a ,. m, S a C S  1 C 0 5 I — — C
7 4 . 0 0  4 1 0 0 0 7  ~~ N 0  40

. e a . ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I~~ ,i1 I~~ i l  ~~~ ~~~~~ ~
.s  2 1

4~~ ~~~~~ ~~~~~~ •; -
~ I Ij  M~~~~~~N1~~~ ~~~~~~~~~~~ ~~~~ ~~~~~~~ s j

~~~ .,~.3 ~~~ d~~ -~~ ~~~ ~~~ -~~~~ 
,. .~~ ,3’~ ,~~ c,~ .~~~ .,.!



‘--.~~~~~~~~~~~~~~~~~~~
-— . --

~~~~ ---• -.~~~~~
_

~~~~~~~~~~~~~~
- -

~~~~- -,- -
_ _

4..’ - Ii
V 0 ( 4 U  (I
C .4 V V (is I I - Ia 0 .0

V 4 4 0 4 1  — 4 0 0 0  .4 la O >. 04 4 1 4 4 1  ma
O 0 44 44 ‘ - 4 4 4 1 *  8 • 0 . 4 4 4  - 44

41 ‘4 .0 V .l —4 ( 1 0 4 . 4 0  0.. 3 0 4 3  4.. 8 0
.0 04 4  0 4 4 )  - 40 0 4 3  V ( 1 U  ~ 4 - 0 41

44.4 e 1. # 8 4 4 0 .- C C V  .4 . 0 0  UU • N
0 V 04 .4 0 1 0  4 1 3 0  0 ) 4 1 4 4  0 . 4 1 ( 4  ~~‘ . 4 4 0  3. 44

US 44 41 N ti 00 ~.4 44 0 0 •.4 — 8
.4 50 40 0. 0 4 4 0 8 0  4 4 4 1  ‘4 I S . .  0 0  V
‘ 4 0  44 II 4.1 -~ —4 0 ( 1 0 . 4 3 00  O X  0 * 4 5 0 4 4  41

. 4 1 4 4  ‘4 V U .. 44 0 4 3 0  4 0 ( 1 0. U ‘5
US 50 U 0 43 ... 01 4) 0 0 ‘4 44 0 Sh.’ .5 44 V ~~. I
144 44 44 41 4.4 30 04~~~ 0 ,.4 . 4 . 4 7 0 ,  . 4 0 . 4 3 0 0 0 0  ‘5 0 0 0 4 5  U
O 0 0 0  0 0 4.. 4) C l  0 0 0 , 4  0 4 3  4 i 4 1  - C
4 (4 0 41 41 N 04 .0 40 1.. ml 4 4 4 )  44 43 44 544 . 4 . 4
0. 4 ) 4 3 0  - 4 >  0. 44 54 41 0 • 0 4 1 4 1 0  V 0 4 )  1. 0 ) 4 1  • 0
(II 0 .0 I V 4 . 1 0  44 ~~ .0 0 --1 1.’ 5 C I -  4 3 0 .0 .

44 ‘5 —4 4.4 4 3 4 5  • 0. U 0 0 5--S 44 0 45 5 43 .4 0.
0 44 ‘-4 —4 V 40 04 .0 4.’ 0 43 0 ,3 U V 44 4.5 0 0) 0

.~ ~~~~~. 4  E 0 41 0 C U 5 a.l Ia 5 540.4 5 0. 41 ‘5 0 4 4 0  0.’
4-. 00 4 3 0 4  44 44 04 1 - 4 4 1 0 4 4 1  41 0 0 80  5 4.. 0 4 1 4 4

44 4.4 40 . 4 . 4 0 4. 4  V 3. 0 4 4 0 4 1 0 4 )  Ia U I . ’  • ~~ 44 0 Ia
0 I.. —4 U 41 • 0 .4 44 0 .4 44 .4 .0 0 V 44 44 4) 10 V 44 0 5 V
Z 0. 0 4 3  0 ‘4.’ .0 0 . 4 41 • . 0 6 . 4 4.4 B ( 4 0 4 4 7 . 4 4 4 7 0  -4 0 . 3 0
0.2 US 6 Ia ‘4 —. 0 4 4 ’ . , .04 01 0.. S J Q  . 0 0 0  0 . 1 0  -.4 Ci U V 0 8
~~ 4 1 4 4  .4 , 54 ‘.4 ‘— 0 4 4 4 1 0  ‘4 .4 ‘ 4 4 1 . 4  0 0 01 14 0

44 44 0.’ 04 .~ . 0 0  4- U S  04 4 1 0 0 0 0 4 h , 0 ‘44 4 4 0  0 . 4  0 ( 4 0 4 . 4
0. 0 5 44 41 0 4.4 N 41 4 4 4 5 0 0 41 41 5 . 4 4 . 14) C

0 5 >  ‘0 0 5  30 0 . 4 0 4 0  0 • 4 4 4 4  C V 41 ‘ 4 0 0
0.. 0 .0 30 ‘4 0. 50 V ‘Ia . .5 .4 44 4) 44 V oS 4.4 V 0 -.4 I. 4)
0 44 44 41 414 C C I  ~.4 04 30 (II 5 . 0 0 ‘ 4 3 . 4  0 - 4 41 U 4 4 . 0  4 1 0 4  “

‘4 4 0 43 ~ 0 4 4 5 0 • ( 0 6 . 4  0 0 4 4  V 4) .0 0  30 0 0 . 0 ( 4
Z ~~ 54 0 4 1 0 0  04 44 0 5 0 5 m  4 4 . 4 0 0 , 0  0 — ’  — .4 0 5 4
0 ~ 4 I 0 44 . .~4 • C O .  B 0 4 ) 0  .4 1.5 7 ,0  4 1 4 4  C
‘4 V 41 4) . 4 4 4  6 V 0 . . 4  44 7 0 41 .4 V SI C
(~a 0 .0 C 50 . 01 44 43 45 .4 • 4) 44.’ ‘4 • 0 1 4 1  0 4 1  .0 5 4 . 4 -4 >

41 0 . 4 4  0 4 4 0 4  04 .0 0 l a X  3 0 . 00 0  4) E 0 .~ -~~ 04 44 V U
(4 44 41 04 U 41 4 . 4 4 3  44 .4 4.4 41 C 0 . V  0) 0 It C (0
0.4 ‘4 Ia 50 .0 • .4 > 0. 5 0. 41 1, ml 40 ‘4 4, 0 (0 44 ~~. — 41 C

45 4) ml .4~~~ ..a 4-a 5.’ 44 • 3. ‘4 o4 7Ia 0 0 4 1 4 4  44 5 0 4 0  0
00 5 U • 1. 1.. 4 ) 0  0 0 .4 .4 .0 .4 04 0 A .0 0 0
44-. .0 Ia .4 (5 • 40 0 . 0  U ’.l 05 44 44 7 1, 4) 4) 44 C 4) 30 0 . 0 .  1 5 0 .
U V 44 44 .0 - > 44 4 0 0  .4 5-4 0 0 ) 0 4 0  I.’ ‘ V  — V

S V I. ~-4 41 44 .4 45 ~~. C S 0  . V US 0 8  UI — 0 4 4
44 .4 40 04 a.’ ,‘.. 0. 1, 0 V 0.) 0 . 0 4  ‘ 4 4  # 4 1 4 1 4 4  Y C - • 0 0 4 0

-~~ .0 8 >  .. 0 0 0) 1-5 41 4, V 05 ‘ ‘ 4 1 4 3 0 4 4  . 4 0 0  .44 . 4. 4 5.. C
4) C N - 0 8 4 1> 0 0 4 1 0 4 . 0 0 5 4 4 5  ‘4 V S  0 • 0 .~ .4

4) I 0 4 1  —‘ —l 0 • .0 .0 .4 43 0 0 4  4 . 4 4 1 0 4 0 4 1 4  04 30~~~~~ 0.. ‘.4 0 . 0 . >
3. 0 0  ‘0 04 ~4 • 4-’ C 4 . 4 ’4 4) • 05 44 0 14 U 4 4 . 0  II

.4 41 .... ..-, . 4 1 0 4 )  0 4 4  • 0 4 4 4 0 , 4 4  5 0 4 0  44 8 — ‘ 4 4  .0
-~ 40 - 40 4 4  - ‘0 V • 44 0 . V  0, 4.4 0 4 3 0 . 5  1 4 4 . 1 44 Ia 4 o~ 0,
0.4 5 4 7 8  0 • . 5 4  4 3 ( 4 4 1  4 3 4 1 I 4 5 0 . 0  4 4 7  45 • 0.
40 • 44 .-4 . 44 30 44 (4 44 0 44 0 U 5 44 U 40 V .4 0~0 10 Na ‘ . 4 8 0 7 0 . 4  -~ C 0 3 0 0 4 . 4 0 0  40 C • 4)
I.. 44 4 1  3, 0 . 0 0  0-I 01 5 - 3 4 3 7  4 1 . 0 4 4 . 4 . 0 4 1 4 1 4 4  4 1 0 . .  0 4 0 4 0

• .4 4 ) 4 4  0 0 V 4 0 1 4  V . 4  0 ‘4.’ — 0 4 1  ‘.. ‘
0 54 “ . 0  1.’ 0 0.) ” .’ 0 - 4  V 0 . .~ 1 4 . 4  V 54 . 4 0 - 4  0 ~~~~0 45 0

44 0 0 .0  4 4 8 - 4 4 ) 0 0 . 4  0 ) 0 0  0 4 1 0  C O O  0 0., 0
14 14 0 V C O O  0 0  0. ‘4 . 4 104 0 ‘04~ 50 44 0

41 
04) 0 . 0  (51 •,4 ‘4 a4 .4 ’.4 0 4 . 4  ..4 V 44 ~~~~~.5 I.’

3 1 1 4 —S 4) 0 0 4 8  44 0 4 )  V 0 0 4 1 0 0 )
U 0 . 0 0  ,-0 440 S I O V  0 3 0 4 1 0  4 4 0  i V  0 0 4 0  54 V 0. .0 4.l~~~,

‘53 4.1 .4 41 0. s N O  ‘,3 4.S 4) 4.. ‘ 4 4 4 4 1 4 1 4 0 . 4  0
4) 4 1 4 4  4 ) 0 0  4 1 — 4  51 ..4 . 0 00 41 • -4 ‘0

C. 0 C > .  .4 - 0 6 0  0 . 0  0 4 0 . 4  0 4 1 4 . 5  .0 Ia C) 4-4 41
4.4 0 4 0  U 4 1 4 1 4. 1 4) 50 ~~ 7 0 .  —4 . 5 5 . 4 - 4 7 - 4  ‘4 I-. 0 1 4 1 .  V

1
.

0 0 0  0 0  0 . 0 8( 4  C V~~~~~ 4 ~ 4 .0 .—I 4) ‘4 0 0
I-0 44 5 3 0 4 1 4 . 4  0 0  0 V 4) . 4 1 4 4 0 0 4 0  -‘4 54 4, • 4

.0 U ,-l 4) U 5 4 3  0 4 4 0 0 . 40 4.1 41 4 0 8  0 4) V U 5 . 0
0. 41 0 4 5 4 1  4 3 4 4  ‘ 4 0  3 . 0 0 0 0 4 4 4 1 0 4 1  04 -’4 5 0.
0 ‘o 43 ~~ -.~ . 0 0.’ 41 .4 Ia C 4) 0 441 4) 0 41 U Ia ‘a 0
Ia V 41 V 0 4 3 44 0 4 5 1 4 1 0  0 0 4 3.0 4 4  .0~~~~~ .0 0 1 .5  I.’‘-, 4 0 4 1  ~~ ‘ 4 4 1 8 8 >  44 0 . 0 4 1 00  0. ,-4 4 4 7 0 4 4 0 4  5 4 . 4 4 5 0 . 4 0

40 30
C d) .0
-4 4 0 4 1
.0 0 C V
4 5 . 0  dl V
. 4 . 4 0 4 . 4  dl
-.‘ 0 0 4  44
.0 44 0 44
S I a V O .  Ia

0 . 4 1 0 40 .  40 0
‘5 0 4) 0.

0. 44
0 4 4 00 ‘4 0

II 4) 0 0
4 4 ( 5 1 44 .4 U C C
0 4 4 .0 0 .0
6 4 4 . 4 4 4  • 41
14 0. 5 ) 0  .4 40
.0 1( ’4 V U • C
4 4 4 1 0 4 4 0  US V “4
0 0 0  44 .0

0 4 4 5  44 0
0 . 4 ( 1 4 )  4 1 . 0  -4 ‘4

7 0 4 3 . 0  4 4 0  6 —0 4 4  ‘.4 .0
44 0 * 4 1 0  0 . 4 3 0  .4 0

8 0.0  0.o . 4 0 . .’  — 0 ) 4 0 00 V
0 50 4 5 4 3  U 54 44 0) 0 0 II

• ml 0 4 5 0 . (‘d 54 8 - 4  0 )
0 0 4.4 0 4 1 4 1 CZ  B 0 ma 4 3 0 4

. 0.-’4 5 0 Ø ~~~~ 44 0 — 4  0 4.4 41• 3 0 V UII -4 0 — 4 1 1 0
. 0 4 4 4 1 4 3 4 )  40 4 4 3 0  4.. ( . 4  44 6 4 1

4 1 a 4.I ‘0 0 4 4  ~~~1 43 0.. 4 1 4 4
0 . 0  .1 7 4 3 4 0 4 0  • .0

4 1 4 0 7  U 5 4 0 4 1  0 —4 4 4 4 1
.0 .0 4’. 04 I ml l.a 0. 41 .4 55 Na

Ia o) -.I V • 44 40 X C
O II 551 0 > 0 4 4  U S C  Sm— 4 3 4 4  C 4.4 .4 0 . 4 3  C C 1. 00 0 4 3

. 0 0 40 0 7  r, 7 0 . 4 0 . 0 . 4  0 4 4 4
0 0 0 . 4 40 0 0 0~~~~ U 40 X = 04
0 .44  44 4 3 . 4

4 3 ( 4 0 . 4  . 4 . 4
-.

‘4 011 44 -4 0 45
. 40  .. 44 0

4 1 - O V .O — 0  Z 4)
0 4 4 0 0 4 4  US 1.
‘ 4 4 3 4 4 0 . 0  US V 05

Z .44 V p..
0 0 4 4 1 0 5  0 Ia 75
5 0 0 4 . 0 7  0 4 4 4  4) .4

41 0 ‘4 NI
.0 .0 ml U

C 0. ..4
0 4 1 0. 5  44 ( 4 3 0 0 4
X , .10 W 0  ‘V (44 4.’ 0,

41 00 .  0 44
0 4 4 0 4 4 4 4 1  0 00 .0

0. C 00
01 43 .4

‘ 4 4 4 . 0 0 0 4 4  44 00 04
6 1. 0 30

4 1 4 1  1. 0 0.
8 4 4 4 .0 I. (3 8

-~~~~~~~~~~~ ~~~~- - - - ----- -- - - • —•.-- ---- 



r TE.~T’~ 
_ _ _ _ _ _ _ _ _ _

C
41 3 . 3 .

p4 C 41 44 4 . ’ . 0 I a  N 44
‘4 44 3s . 00 7  0 II

.0 0 41 44 Na 41 .4 0 V U) .0 ‘0• 1 
—. 4.. .4 .0 . 4 ( 0 4 0 . 4  0 4 ) 0 1  A 4 ) 0.4 coo U) 0

.0 404 0 4 1 0  . 0 N  0 0 . 0 ) • > 4 )  4 1 . .’
41 44 - 1 4 0  0 . 0  ( 5 4 0  - . . O U  . 0 4 4 )

• — I.’ 5 0 )  .4 • 0 > 0 )  C . 4 S ‘‘ ~~~~~4i 0.
N Ia I ~ I ml 15 ‘Ia 0 04 44. ‘.a .~ .4 0 .4 0. 0

4 4 0  o U 55 4’.’ •~~ 0 (0 . 4 4 4 5 1 4  ..‘ 6 0 . 0 4 4  ‘V
0) 5 5 NI C >  4 4 4 4  4 4 4 1

‘44. -- .0 l.a C •• ‘a.a . V 40 44 V U .0 0. .,.‘
_ 4 401 • 4 1 4 4 3  . 4 0 4  0 0 4) . 4 5  0 4 5 4 . ’  -t 0 ( 0  3 0 - - ,. ).

. 4 0  - N 01 44 0 04 • ml 0 4 1  . 4 4 1 4 4  01~~~~~ 4 ) 4 3  4 4 4 1
0 .4 .0 4) N 4.’ — 154 .4 .0 - V 0 0.’ 114 44 51~ 434

5 .0 4 4 4 1 .0 0 ‘a.-. 4.1 4 4 5 4 6  • I - 4 ) . .  .4 .0 4 , 4 10.)
. 0 4 3  0 0 0 0  ~~~~~ 0 ~41 0 I a ’ a .. 0 1 4 4 1.’ 5 1 1  44 401

V ‘I ‘—‘ V U 0 0 ~~ .4 4 4 . 4  4) 0 4) U 0 ‘ 3 0  0) > , . 0  4 5 4 0 0
0 4 3  0 4) .4 7 4 1 4 )  .~5 0 10 4 0 0 4  3 I 0 1 5 . 4.4 . 4  444 _I
4 4 5 4  0 .0 .0 V . . ’  54 4 4 1 0  3, 0. 4 -~ 0 V 0 0 .  • 0 0 4 4  A

~~1 ‘.1 0 44 ‘ml .0 ’aa 0 . —  0 . 0 4 1 0 .0  4) 0 0.) . ‘. 4 1
4 4 . 0  0 U 4 1 ~~~~ . 0 ml 4 ) 5 5 4 01 0 . 0 5 4  ‘ .0 4) .04 4 3 0 . 4
C . 4 4 3  V 0 7 5 0  — 4 0  —4 U (5 .4 - 4) . 0 00  V a4 U

400 4) .0 .0 C .1 40 44 0 1 4  0. 0 5 3 . 4 .0 7 0 5 4 4 . 0  C 44 0 4 0 . 4 1
V V 454 0 ‘ 4 0  8. 5 .4 0 . 4 4 5 )  .4 Dl 5 4 0 . 4  4 4 1 5 ( 0  .~ ‘- 4,— 14 C 41 40 .4 14 .0 14 Dl 01 Ia — 0

0 0 0 . 0  • .0 —4 0) C (0 0 0-~, 0 0 . 3 . 444 14 40 (0 (4 44 43
‘4 - ml 4 4 4 4  .0 0) .4 0 0. 4 4 0 >  U ‘4 0 4 4 1 4 )  4.

1 4 . 0  04 40 ‘4-. .0 44 0 54 01 V 0 .4 .0 44 414 1.443 0 U I S V  0 3. V 44 ‘4 C O  —4 4 4 . 0 . 0

(“I ma 44 40 0 .4 — 401 .-, B 4) 0 -.~ 10 44. 0. 0 41 44 0 04 4’l

—4 0 ml 4) 4 1 0 0  0 4) 0 1’  0 4 )  C V  V 0 3 .0 .0 4 1. — 0 V 404 0 . 0 4 0 0 0 1 . 4 1  ‘ 4 . 4  0. 5 3 0

O .0 .4 04 ml 40 50 U %. 54 40 0 4) 44 45 44 ‘.4 Dl .0 
V

43 V ml 54 C ‘4 ‘-‘a (5 • 00 43 V 5 , 4 4 1 0 0  0.’ 4) -
‘~~ 0 0  .4 0 40 ‘ 4 . 4  .4 .0 4.’ C 0 . 4  V 0 ( 4 0 • 0) 1. 04 .04 41 .04

0 .51 ml 00 0.’ 41 41 ~.‘ — 0 0 ‘- V I .4 ‘~4 ‘4 4) .0 .0 4,
4 C 14-I • C~~~~ . 0 ,4 0 0  II. 1 0 0 .  U 4 4 0 4 4

.0 44 0 404 N 0 401 ‘.4 . 0 441 (.5 50 45 4) 44 0 44 43 .4 ma ,
so - ma V 0 .0. ‘4 • ‘V .0 - V .45 V 4.’ 4) .0 Ia 1.. 0. 1. ‘ ma + 41 4.

N .4 .4 44 4 04 C 04 C ‘- - 4) 41 .0 0 0 44 01 ‘0 0. 41 0.)
• 4 1 3  U 40 o. 0) - 0 44 0 4 0  4 4 1 . 0 4 4 0 4 4  44 .0 ‘ - 4. 2
.4 0 0 V . 0 0 4  V • 4 4 1 . ’  4) 40 0 V ml 48

.0. 4 4 4 3  5 C Na ~~~~~~41 4) C • 4 40 0 4  1 . 1 > 4 4  . . 4 07 0 )  44 • 44
V 0 00 0 .0  0 0 0  N ’ -  8 ‘4-4 C 0 0 0  . 0 4 4  1.’ 0 ) 5 4  53

C C 43 .0 .4 ‘a~’ V  14 .0 0 5 0 0 4 4  0 0 0  4 ) 4 1
44 V 14 0 43 0 45 .4 0 .4 151 0 0.) 0 45 V 0 ‘4.’ -4 .0 0.) 41 4)

44 .0 —0 — 4 0  4 4 4 4  - ‘ - 4 1 > 5  0 ) 5 ) 4 1  .0 C C  0 00 0 . 4 3 0  •4
U 0 4 )  0 C 0 0 4 0  .~~ ‘4 • — .0 0 . 0 0 4 5 4 4 4 4 4 4  0 . 51 4 ) - .

• .4 0 04 4) .0 .4 .4 4) 4.) - 0) 54. 0 0. ml .4 0 U .‘.‘ 4.’ 3. ‘0 8.
0 4 0 . 0  .0 4-. . 0 0 6  40 404 4 0 5  4 4 4 5  0 0 4 ) 0  ml 0 . —  4)

44 01 N I O W  .0 C m l  0 . 0 .  Ia ~ 4 00 5 0 ) 0 . 0  .0 . 4 4 ) 4 )
41 4 5 4 8  4) ‘ V . 4  0 0  - .0 4) V Ia . 0 3  1 4 ’ V  I - -

.0 .4 0 C C • 4) 44 41 14 .4 0. 40 C 50 0 V .0 ~~ . 0 4) 0. ‘4 (0
04 44 .0 .4 (‘1 (4 45 04 44 U N U 0 Ia 0 44 I 4.) • (4 5 44 ..

.4 ml .4 0 0 . 0  V 0 0 - 1. 5 ( 0 5 ) 0 .  . 0 .~ . 0 . 4  • 0 . X  41
54 04 0 V I.’ C C ..-, 4 45 0. la 41 4) ml ‘4 ~4 0. 451 4) U .0

ma 4) 41 1.1 • .0 .0 0 44 V ‘- I.’ 0 4 3  A 3 43 I 41 - . 0 I a  4 8 4 8 0.
4 1 4 4 4 0 8  (0 4) . 4 0 .0  ~~~~~~~~~~ 4 4 0  .‘0 0 4 1 ) 0 1 > .  V 0 5 3 . 01 0.)
.4 0 4) 14 .4 0 .4 0) .4 0 .4 .4 — Ia B V — 0) 0 5 ‘- 0) — 5..) .

4) -.-s —4 44 4 4 . 0 1 4  . 0 4 1  0) O m l O 0 . 4 0 4 5 3 0

U 41 4) N 0 41 0 ~~ 41 .0 4 41 41 4 00 • ~ 0 0 .0 .0 41 1,
V .44 )  .0 54 5 4 0  .4 Ia 0 0 1 .4  C 0 1a 0 41 .0 0-I
.4 3. 0. — 44 14 ~. (4 SI a ’. 5 04 44 0 ‘.1 ‘ml V 0) 0 0 • 48 .0
C B 40 #4 ~ 0. — 0 .4 3 0’ ~~ 3 U .4 (0 41 U 0 15 4.’ 4) 0 ‘V .0

4 3 4 ) 0 14 - ‘ 4 . 0  14 C S )  0 0 4 ) 14 0 C Z 4)
B (5 ..4 441 V 0 0 4) • 4 4 1 0 5.5 01 ‘V 1 5 4 4 4

4 ) 0  0 4 0 4 )  0. • ‘ V . 0  5 0 . 1 .  7 1 4 0 . 4)  0. E “
. 0 0 0  0 ~~ .4 C .-l .0 U .4 0 41 -‘4 — 0 • 0 43

4) I.’ .-4 4 4 4 4  44 0 0  V . 0 4 4 4 4  4 1 4  4 1 0’ ~’ 144 ‘ 0 ..’
4 1 . 0  01 41 I.’ .0 0’ 0 0  I 0 0 . 0  0 .0 .0 .0 = 4 1 4

4 1 1 4  0 4 3 0 .  V 0 5 4 3 4 4 3 0 . 0  ~~~~3, •- 3 , 5 3U

C . .  _•.
‘ 4 3 ,  ~4 4 l  CC 4 4) I.’ I. Ia (5

43 5 0 0  4 4 0 5 0 0  40 .04
0 ‘a’- .1 0 0 ‘.1 m~ ‘4.’ .0 0 41
4.’ C 40 0 ) 0  4 . 4 0 0  4) 0.) •N 0 4 0  0 1
C • . 0 0  • ,.4 V 5 ) 0 . 0 . 04 4  44 0 . 0  B ‘4l a o S 4 4 4 4  0 .  0 5 Ia U C 4 1 4 4 1 ,  0 0 0 4 ) 0

o U ’ -  0 0 ) 4 4 4 0 0  Ia 4 4 ’ 4 41 41 5 0 0 . 0 0 7
11. V V (0 14 3 C 1.1 .04 0 .0 U ,~~ I.’ 1 0.

3. 4) W 4 3 ’ a .  0 .4 4 4 1  (0 5 4 4 4  44 • 4 0 0  4 0 4  4)
00 0 V . 4  4 0 0 .  0 ‘.I 4) .4 04 .0 . 0  C .00 • . 4 0 4  0’ • 0 . . 4 ) 0 5 ) 0  V 41 4.4 0 • 3,

0.5 4) 0. - 0 0 0 4 3 0  4) 0 l-~ 0 . 4
0 0 ( 5  0 0 0-4 01 0 4 4 4  •,4 0 0  44 C V  NI
C SI • 0 U I )  4 ) 0  V 0 ) 4 5  •.4 4~~~~~(5 > 0 0  A C
..4 .0 B .‘- 01 41 II V ml 43 l.a .0 4, 04 4) (5 U 0 V (4 40
6 4 4 0 8 . 0 4 1 . 4 4 4  (51 - - C  4 3 0 0 0  4) .0 C 1 . ’ B  04
0 4 . 4 01 - Ia 14 4.4 41 43 0 0  O m a N 0.) ‘ 0 0 — ’  US 41 5 5
4 0 )  04 0 ) 3 . 4 4  0 1’ -  8 0 4 3 0  0 4 1 4 0  ( 4 0 ) 0 00 ma
ml ‘4-I ‘ - ‘ E . 0 .  4) V ‘ 4 . 4 4 4  43 I S ••.‘ 5 3 4 3 4 8  4 0 0  4 4 4 4  U

0 0 4 3  V 5 4 0 — 4  0 4 )  • 0 1. - ~-‘ ,5 3 0  0 .4  6 0 0 1  5
4) 8 0 0 . 4 4 5 0 0  0 4 0 4 4~~~~~~~ 04 .4 ,~~ .‘ ~~~ .4 ma 0 I.
0 4 3  3, . 7  ml 0 ’ U  0 4 3  . 0 1  E N  43 —0 4~1 4 3 . 4  ml
5 . 0 .4 ‘ a o 4 4  V V 44 0 0 4 4  0 4J .I .04 0-I 5 3 8 .  0 . 4 4 1 4 1  0 0)

0 8 3 , 5 4 5 0  4 4 4 4  s C 0’ 4 4 4 4 4  (0 - . 4 5 4  0 5
.4 4) 0 4 4 4 4 0 . 0  S C V  1 4 > 5  5 ) 0  4 1 4 1  . 4 4 4  V 44
.4 V 0 4 0 5 )  mO 4 4 0 5 40 0 ~ 4 I .  C .0 ‘ 0 4 1 4 .  14 . 4 5  . U
43 V ‘ 5  4 0 1 . 4 .4 0 0 . 0  .4 41 4 1 4 0 0 7 . 4 5 3 4 1  l.a (5~~~~~4 0 0  C
54 C C V  l.a 0 . 4  3 5 .4 ml 41 B >  V . ’  4 8 4 3  ~~ 1 40  ma 0 SI

4) 0 4 - I C  0 4 ( 5  Ia 4 4 4 4  0 . 4 0 4 ) 0 .  4) 0 . 0  C 45 I 3, ‘V
.0 0 0  V I.) N I a . )  41 4) . 4 0 4 4  0.) B .0 44 . 4 4 4 4 4 . 0  ~.l 4)
5 4 4 4 .  • 0 4 0 0  0 1 0  • ‘V C C  0 0 ,  .‘ 4-a 0 4 1 ’ -  0 0

1 4 0 1  0~~~~~ 4 4 0 4 1 4 3 0  0 0  4) 5 4 0 . > — .  4)
0 4 4 0  V 7 0  II) 0 4 4 0  U 

• 
0 43~~~N.. .0 0 ( 4 . 4 .. ~~~~~~ -. 0

- 4 0 4 4 4 1 0  4 4 4 0 .4 0 4, 0 5 4.) 43 4 . ’ . 0 4 1  0 I 0 41
.0 0 7 4 1 0 5 )  0 . 8  4) 44. .0 4 4 0  0 . . 0  Ia
4-) 4) C V  C C  40 U . 4 4 1  0 ) 0  • 0 Ia 5 3 0 ( 5 .0
0 4 4  U 43 0 . 4  V . 4 4 50  4 ) 0 0 4 4 0  ,,_ 

0 1 . 0 ( 0  0 40 14 4-) 0’ 4 ) ’
.0 0 4 5  • U . a .  U . 4 . 00 ’  4 4 . 4 14 0’ .0 4) 4 1 4 1  • 0 4 . 4 41 .0 4 ( 4  0 . 4 1

1 - l U  0 ) 4 1  44 0 5 4 . 3 0 4 1 . 4 44 . 4 3 4 8 4 4 4 4 4  44 .0 4-I 0 ’ 4 3  . 4 4 1
0 . 0  V 0 4.’ ml II C E  ml 

,
~~ a 4 . ’ B 0

8 0 . 0  ‘ - 43 .4 C U 15 .4 41 • 0 5 0 4 3 5 3
1 4 0  V 0 4 . 3  4 0 4 1 . 0  2 0 4 00 0 4 0 4 . ’  . * ‘ 4  V 4 1 C 0 4 0 7  I A .
41 0. V 0 4  40 0) 0 44 0 0 1 0 )  0) a 0 4 1 4  4 1 . 4 8  40
4 4 0 0 4) 0 40 00 0. 14 8 . 4 0 4) 4 4 0 4 0 . 0 . 1 5 4 3  (0 ‘V
g —~ V ‘4-I • 41 8 4) “4 Ia 44 48 ‘0 U 43 5 — S .4 4)

• C 41 0 ) 0  • 0~~~ 0 V 3s ,4 4 ) 4 4 .  40 04 0 0 0. 4 1 . 4
0 0 0 0 .  45 • 0 14 ) 4 0  0) 1-4 454 41 . 4 4 1 0~ .04 0 4 1 0 0 4 5  —

C U  (5 3, ml 0 0 0 4 4 3 ,  • 0. ’-’ 8 0  4. 4 4 4 1
00 04 4 0 ’ -  ,-4 40 40 514 0 4 4 8 4 4 3 7  0. 0 . . ’  0 0 1 4 4 0 4 0  .0 U
0 5 ) 7  4 5 ..’. 4 4 0  # - C ’ - V  0 4 1 4 3 4 3 7 0 )  B • 4 . 4 ) 4 4 ( 5  U .0 ~~. 0 4 4 0 . 3 .  4 0 C  . 4 . 48 ’ .  V . 4 4  0 >  43 41 0 4 4
.4 ‘51 41 0’ 4) — I ‘ !  0 .4 ~‘ 0) 40 41 44 ‘4 50 43 0 0 —‘ .4

V ‘ 6 4 5 . 4  (4 4.0 5 ) 4 4 .04 00 0 A 41 44 .4 0) 404
4 1 0 0 4 1 4  4 1 3 .  — ‘ 4 1  4 O C  C C  • ‘0 0 .0 44, 4 >  • ‘ V O l  44

44 5 4 4 4  # 1 0 4 1 0 4 0 )  4 3 4 0 4 0 5 0  4 4 4 . ’  4 ) 4 1  1 4 0( 4 8 . 4  - C
0 4 0 0  4 0 . 0 . 4 4 0  ‘ - 0  U I 0 ’ -  0 5 0 4 4  C
4 4 . 0 4 3  4 4 5 ) 4 4 5 >  .3 1 4 0 4 4 0  . 0 .  .4 0) 0 

40 .0 0 ) 1 5 . 4  - 1 4 4 5
II C H

a .2 ~ 
0. 01 - 4) #0 U 435 .04 41 .4 I 4(5 48 44 0 54 (0 • 40

40 0 . . ( 0  41 ‘V > 5 0~~~~~* 0  ~ ~~~~~ •
‘4 .~ ~~ 4 4 6 0 4  • 4 4  0 4 4 4U 43 ‘4 C ‘ 01.4 ~ ‘I V 0’ 4 0 4 0  0 4 4 4 0 0  0. C

- Dl 41 44 0) 44 0’ 4) 0. 40 . ~~l ~~ 00 —‘ ‘
5 4 . 0 4  0 # . 4  • 4 1  . 0 -  0 1 4 0  > 4 - a  I 44 7 .41 U 4’ ’4 43 0 0  I 0 (0

(0 ‘V 40 4 4 4 4  Na 4 ) 0 s -. C l . )  • ‘ ( 0  4414 0 . 0 1 4 0 .  4.0

‘V - 
‘0 ‘V 21 0 4-) sI 41 . 4  4) 04 ~o ‘~~ 44 0’ 45 00

0 0 . 0  4) .0~~~~4 • 0  3 • 0 0  U . 4 8
4 4 4 0  1~~~~ 4 8 4 1 4 4  . 0 4 4 8 > 5  5 ) 4 1 4 0 . 3 .  ~ 4 ‘V 41 .4

V .4 0 0 0  21~~~~~ 
. 4 5  • .4 41 • 14 m I 01

~ 
0 4 4 4  4) ‘ V . 0  .44 ‘V 4 4 3 , 4 4  43 4 4 4 4  I•, 4 0  ‘.~~~~~~

—‘ .4 44 54 U 1 0 4 ) 6 4 4  .4

~~ 

0 -4414 0 40 44
0 ) 4 . 0  04 1 0 0 4 0 4 0  0 ‘— . 6 4 1  0)

4 1 . 0 4 4  ‘ V U  . 4 4 5 , 4  ‘.4 4) . 4 4 1 4 141 41



: _~~_ _ _ ~~~~~~~
- - -- -

~~~
-- ------ . - —_-; =_ -

.

~~~~
- -- - .____________________ — -

~~~ 
-— 

0 B
4-0 01 ‘V

‘V ~~ ml 0 C
4) ‘c” . 0 4 )  40 0 4 5  .0 0. 44

0 .0 -
~~ 

0) C 00 44 40 -.4 ml 0. 5
40 ‘ma ‘a—. .4 .4 0 .0 ml a.’ . 40 I.a 0
54 •%. 0 “~~~~~ 4 1 4 3  ‘4 .4

1 4 5 4 .  • N a • . 0  4 4 4 42 14 ’4). 0 . 4  • 54 I—. 0 0
41 0 • 0 . 4 4  .0. ‘V 0 4 4 1 421 

‘~~~‘• - 43 ~ U 0) (‘1 14 3 , 4 5 4 0  • 5 ( 4 0 4 4
0. 4 1 1 4  01 44 • 0 4 4 1 0 4 1 1 4  1 4 . 0 8  Dl (5 4 1 0 >

.8 41 0. 4 1 0  • .0 . 4 0  43 54 0 43. 0 ( 4
~ ml 5.4 VI ‘4 ml 41 41 14 .0 1 4 4 1  4 54. 44 I— 0’ 44 . 0)
o 0 .0. • 01 V 14 11 0 0 10  ‘4 (0 (I

3. 4) 0 .’ -  ‘V 4.a ‘V— • 00 ‘.1 (4 VI 40 U 0 0’ 44. Ia 44 B ~
4-a — 50 54
O 41 ~ ‘ : -‘4 0 0 4 - a  4- ( 4 0  41 0 0  0 4 4 . 0 0 1

40 40 VI 14 .4 0. 0 0’ 4.) 40 43 Ia I. ma Ia 14 Ia
4.2 .0 —4 • • —4 0~ ‘4 - 114 44 14-a 40 0 41

.4 0 4..’ 54 • 0 —4 . VI ma (0 0 3. 44 01 C 40 I
(‘4 I-. 4 4 — 4  0 4 ) 1 .  44 C I  5 4 4 4 4  N.0 0

44 .. •• 3 I •. 0 ’ . 4  0 ( 0  • 4 ) 4 0  ‘ 4 0 ( 5 0 4 1  0 0 0 4 4
14 ‘ V . 0 .  54 • 0 4 1 0  ‘ 5 0  0 3 ,  I a . 4 ..4 0 5.4

Ia 0 ‘4 14 —0 .4 .-4 •• .4 0 4) • 0-a 0 0’ 40 0 a-a .0 44 4) 50 43

54 10 ) • 10 43 — 4 . 0  • 0) 1 4 0 8 4 4 0 0 .3 , 4 1  
01 0’ 1 4 1 4  07 ml • Ia 42 .4 U 4) Ia Ia a.’-4 3

0. 0 10 + 4) - * • 04 II. -.4 0 (‘4 14 ‘.4 U .4 41 .51 0 5 44.
0 0  (4 0 ‘4 . 5 5 4  54 .~,, 

4 ) 0 1 3  C 4 1  54. B 0 4 4 1 -
4 0 1 0  + 14 01 0 5 ’ 4  • 0 ) 5 0 3 .  . 3 0  0

14 ml • 54 54 10 ‘54 ‘41 + 54, 04 .4 14 .4 la-a 4. Ia 0) 00 ‘ma
U I )  01 • 0) 0) Ia ‘0 5 4 1 0 1. 4 4 4 ) 0 0 4 3  C 0 . 4 4 0

‘ 4 4 1 >04 — 41 410) • 54 + 
‘4

0 - .4 54 ‘ l  4) 0) I 0
(7 1-1 ‘4 • • ‘0 • 54 54 U • ‘4 I-. 44. C 41 Dl C a.’ 0 .0
.4 .4 - . .4 • . 4) 14 54 .4 0’ (4 .4 @1 4 43 14 ‘Ia Ia 4-I 04

.14 VI (‘4 
- 

—0 3. + 0. I 0 4.1 —4 C 0 4.1 /‘N -.4 40
0. 10 • • —4 C 0 0) 0 41 04 14 0. 44 .0 .0 .0 0
14 44 .4 - • • (‘1 ‘4 (4 ~ , 0) .0 0’ • 07 ‘4 lma .0 —o I- Dl 45 0 II ma
40 ‘~ a .4 54 • 10 41 .4 44 .3 44 •~4 4) .4 ml .0 45 4) C

O ‘4 10 (‘1 I 49 41 I.’ 14 ‘..,.‘.~ 04 .4 0 ‘V .~~ ‘01. — 0) .4
10 - 0 0  . 0 ) 0  ‘Il .4 0 4 )  ( 4 0  4 5 1 4  8 4 0  0(0 .4 0. 0’ 10 • - .4 la-a 44. p ‘.~ 0 .4 44 .0 54-. 54 .4 U 14 0 .0 4) 0..4 0’

44. + + 0 . 4 1 0  5 4 4 3  C O B  ‘V 0 4 0 0  C m l  . 4 4 4 1 4
0 4.5 •. 10 41 ‘V /‘. . 4 4 4 0 4 . 4  4 4 0 0 5 0 . 0  4 ) 0 )  (4

(‘1 I 0’ 0’ C — 10 0 1 4  O O m l  .a . 4 1 4 0  4 5 0 ) 54-.
54 0. tO .4 (4 0) l.a 00 4) 04 01 0 .0 tO 4-I

+ + I B O O  (4 3 4 1 0 1  U 5 0• 0  
~~~~ 04 0. I VI .1 4 0 4 30 ( 4  • 4) 8 . 0  VI • 0. 40

.0 10 • 54 0’ 0 .4 ‘V U) C 01 ‘4 B 0 0 4) ‘I 1.. ml
04 44. 41 ~-i .0 54 I Ia .4 .4 0. 0 50 (0 3-. 14 54 • ‘0 #1 g_

.4
W 0 1 I a O 0 ’  10 44 0 010 .~~~~~ 45. 10 

~~ + . 0 ‘ml 4-I 0. 41 0) - .0 44 41 .0 05 ml
‘14 V

• C N + I 40 • I 0 0 4 4 0 ) 0 . 3 4 . 4 1 0  14 . 0 W  • C
“4~~ 

10 .4 14 0 .0 0. 0 .4 ‘I .4 41 .0 .3 54 1
41 0’ U 4) a.’ 40 .4 .0 (-I SI 0. 1.1— 0 • .4 ‘4 0)

01 .4 54 3. 5 .. .4 14 Ia 4) 14 54 •. 0) ~ Ia

a 54 0’ 0’ (‘1 ml (5 10 —0 0 II 14 14 0 41 • (5 0)
—4 44 0’ 4) 54. 54 44 0) 54 4) 2 40 a.’ .0 10 4) 4) • .4.0 5 ‘4 5) 401

.. 0 W C • .0 4 . ’  14 ( . 0 0  4) 3 , 0 )~~~~~~~~~~0 . I 4 4  0.1 44 0 n I X  .4
I 10 -I 4 1 0 .  .e ml 1. 1 0 0 - . I  ~~~~~, 0 ~4 - . 4  ‘.1

4 1 $ -  • 0 ) 1 4 . 4  0 m a . J  ‘44 .4
~~ .4 

‘~~
. + 0 ) 0 0 1 4 0 . 0  54 4 4 1 4  0 - .0.3 3, 5.. 0 3 .

54 Ia 0 (4 (4 0 . 0  444 0 4 ) 4) .4 0 0 .  . 0 1 4
II.’ 5 .4 1 - 4  4.4 4 4 4 0  1 4 0 . 0 > 0 ) 3 , 0  U ’ -  U I . ’

+ 54 ‘ I m l  54 0 4 ) 0 4) 10 m l 4 3 1 .  C. • ‘ . 4 5 0
.00 41 4) 1.’ 430 4) .4.4 U .4 • .3 ..4 01 ml 0 0) 4)

44 3 + 4 4 0 0 0  ‘4 3 4 . 4 0  U ~~. S W  n i  ~ 4 4 3 4 4
0) .0 4 4 0 .0 . 3 .  0 0 ( 4 0) 0 . 0  0 .0

_ a 4 0  4.’ 4 ) 3  .4 C U )  0’ . 1 4 .4  .—l 4 ) 4 5 ) 44 • a-.’
• 5 . 4 4 4  4) 4 ) 0  3 . 0 5  4) 41 0 C . 0 0  .4 0 . >

44 0 C 4) 0 ‘4 ‘—a Ia 0 417 Ia 14 N 0 .’4  .4 ma C 5 ma
I Ia 41 4.1 0 4 4 ”~./ 4) 4 3 4 1  4 1 0  3. 14 5) • 0 10

4) 4) .0 0 .0 01 .0 . 0 5 4 0 0 . 00 4 4 0 ’  C C C  . 0 0 .  1 . 0 . 8
04 14 N 0-a 4 ) 1 4  5 4 0 1 3 , 0 ) 4 3 0 3  C 0 4 4 0. 1 0 3 . 0’  0 0 0 1 4

.4 .0
U

+ I I ml
B 

~~~~
‘!

~ 
0-I

4) 0. 41 2~ ‘41 B ’.( 4 4 4  4) 4)
4, 4) 4’ 41 0 .0 .0 C 410--, I .41 4 8 4 )  0 ) 1 0 4 4  41 l.a 1 4 0 . . ’  0 ) 4 1 1.4) 4’ -4.’ ~~ 0 “4 0 3 . 4 4  4 4 0 4  -4 04 1.1 54 404 ) 4 4 ,  — 4 ) 4 1  0 ‘V 0 . 4 0 0 )  54 4 1 1 4 . 0 4 )  • 4) .04) (5 ‘4 I 4) .4 0 ) 4 )  1 4 . 4  44 0 4 1 . 0  0 4 4 .0 0. .0 0 ) )

4.’ B • ‘ 4 4 4  ml l.a 4) ml 14 1.’ 0 .0 40 l.a ml U4 1 4 0  41 #4 151 4.’ 0 0 4 )  14 0 0 1 0  41 0 0 0  41 C( 5 4 . ’  ‘4 40 4) 40 7 8. N . 4 0 4 )  U 4.1 1.’ 4 5 ( 0  0 4 1
a 0 0 . I  4 5 0 0 )  .4 4-a ‘0 (4 4) ‘ . 0 0 4 7  ~~N • ‘4  0 I.. 14 ‘ 4 4 - I

‘V 151 01 0 ’ 0 4 ) ’ V  0 4) . . 4
4 1 0 - )  • (.1 0’ • 01 0 4) 4 4 0 4 11.1 0. .4 • .0

~ 0. .4 N 0. ‘.4 41 U 44 .4 Ia 0’ UI • • 4) • 0 . 4 0  14 0 3 , 7 4 4  14.
~ 4) ‘4 .-4 .4 .41 ‘V 5 41 Ia (7 A 14 0 .4 50 0 4-. 4) 3 50
43 0) 404 - 1 4 0’  4.1 41 4 1 0 . 4 5 0 ) )  U 4) 0 #1

4) 4 1 4 4  40-’ • 0’ + U • 0-) . 0 5  V 4 0 4 0  5 4 . 0  41 N a P  01 494) .,-a ..’ 44 04 ‘0 4 ) 0  ( ‘ 4 4 5 .  U 0 54 . 4 5 4  U 0 544) 4) 0’ ‘4 4.’ 4) 4.’ Ia 0) 14 IS . 114
8. 4. 4) ‘0 • -4 .0 0 0 4 )  ‘ 0 0 0 14 4) 4 4 0 4 4 0 . 3  04 ..4
(5 4) 4 40-4 • $ 4 ) 4 1  4 0 0  C 4 ) 1 4  4 1 4 ) 4 5 4 4 0  C ’ -  0 1 )(a) 0-I .3 . 4 0.  4 1 . 4 3 4 .’  O H  . 0 5  0 . 4 0 . 0 1 4  4 0 •  ‘-a
‘0 C A  I 0’ .41 0, • 0 1.1 13 U o 54 0 0) ‘4 0 1 4 .0 —.4) 41 ‘4’ + ‘4 (5 4 5 0 5  4 4 . 4  01 .4 4 ) 0 . 4 0 0  a.’ 4
4’ 0 4 0’ 0-) ‘4 04 4 . 4 ) 4 )  .0 4) 0. 0 . 0  54 (0 • 1 . 0  104 0 . •4) .0 44 14 0. 0’ 4) (0 0 II) 4.’ 0. • C 0) 0’ .0. .4  (5
41 0) 4.’ —. 40) 0.’ 4 ) 4 , •.) 4) 0 0 . 4 4 ’ . ’  

• 
4) 4) 0 4 4  Dl •

41 4 1 4 0  — • + 0 4 ) 4 . ’  5 0 4 4 . 0  6 1 0  0 8 . 4 5 4  54( 0 7 .  0 4 A  4 ) 5 4 0 ’  . 4 . 4 0 .0 B >  . 4 0 . 0 .  0 0  • 0144 4) .4 41 0’ 14 o ’ 0  .0 o , 0 Q  ‘V 0) 8 4 - 0
4’ ‘ 0 . 4 1  4) ‘0 0. 4 ) 4 1

4 4 5 4  I .0 ~~ 
1 4 3 , 0  ‘ 4 4 4 0 . ’  1 . 0  4 5 . 0

-4 15 • — 5 0 4 )  ‘ 0 5 4 1 00  • ml40 48 P VI .1 4) 4.0 3 41 1 4 4 1 4 1 0  0 4 8  41 41 4 1 0 4
‘4 4) ‘ .40 0 4 )  ‘ 0 5 4  10 . 0 ( 4  04 1 0 0 5  Ia 0 . . a .0- 4 0 ) 0  1 4 1 . 1 - IC. ml -.I -I-4 44 00 \ / m a~~~~~~~~ —4 ‘4 ‘4 •~~~ 1 4 0 . 4 1 4  • 1 4 1 4  0) 4 ) 4 1  Dl ‘ 0 . 0 4 4 0• 4 ) 4 1  - (“1 —I 14 • .3 ‘ 0 . 5 4

0. 04 41 4 ) 4 ) 04 .0 0 3 . 0  I U I  00. . . 0  10 N 0 ’ . 4  • 0
‘V 

I • • Ia 544 A .~~ (5 44 4) . 8 0 1 .  0 41 IS 404-I V 0) 04 ~I 0’ 0. C U ‘0 0’ I.’ ml 0 .4 — ml 0. K
0’ 0’ ‘a” 0 0’ 01 ‘0 4) 4.’ 07 14 4.4 • 3. 4) 43 0 01 (4 (4

4 0 4 0’ ’V 44 53 4 . 1 5 4  0 0 . 4  4) 1 . 4 4 0 . 5 ) 4 5  8 4 )  ‘V 0 4 4 . 8 1 4  41

‘0 + ‘ 0  
1 4) .4 0 . 4 ) 0 44. .40 54. 4 ) 1 4  .4 .0. • 0 .0 ~

4 , 4 0 4 . 1 . ’  4.1 .. II.’ 0 . 5 4  4 4 4 )  • 4 1 (5I
- 0’4 .41 5 0 0 . 0 0 4  04 4 3 0 0 ( 5 4 1  4 4 5 4  I • 4 4 0 4 . ’  5

‘ 0 4 , 4 1  41 Ia 4) 7 0 4 1 4 4 1 4  .1 ‘V • I • 41 ml
4)4 • 4) 0. 4 ) 4 0 0 )  ( 7 0 ( 4  48 3 0 4 4  I 4 1 4 1  - II 0.

~~ - 

1

.0 4’ 0’ 7 . 4 44 0) 4) W 0 4  ‘0 0 3  (‘1 0 0.1 4) • ~ 4 1 (4., .0 5 ) 0  4) C 4) 0 4 )  . 4 4 0 0’  4 1 30 0 - .
5 0 5 4 4  540 50 .a. ”4 (5 4 4 4 0 5 . 4  4. 0 ‘ 0 5 4  C — 1 0. -4.) 44 5.) 4) 0’ 51 14 04 4) ‘ 4 0 0 0  C ‘0 0 1 . 4 4 4  14 00 40• A. ‘ ~~~~~~~~ 4 0 41 4 1  4 1 ) .’  1 . 1 4 4  .0 4 1 0 0 4 0 0  A 0 ’  ~ ~~~~~~ 0 0 5 4 0.0 4’ 8 0 4  

~~~~~~ 
4) 0 0 ) 0 0-) 0 U 13 0. ‘V 8 . 4  4 4 4 5
(0 54 14 4 ) 0  1 4 ( 0  0) 4 4 0  8 8 0

~~ 41 442, 4 ) 5 0  0 . 5 0  0 4 0 4 4 . . 4  4) 0 0 ) 4 4 0 .  O m l . 4  0 . 0  0.

~ .~ N 
~, 3. 0 0 5 ) 0  0’ 0 . 0 ( 4  A ( 5 4 1  ‘ ‘0 ‘V 14

o ~~~~.c 2~~ ~ 
0 1 4 4 4 1.0 3 .  5 8 0 0 0 . 1 ) 1
. 4 0 .  41 ‘ 0 5 4 8 4 )  II

‘4 40 “~~~~~ • ‘41. 0 . 4 )  ‘0 .8 .4) . 0 0 0 4 0  4 0 8  41N C  M ’ 0  04 ( 5 ( 5  (5 A . 0 1 - 44-I 4) 4-I 0 41 4 1 . 4 0 )  C O
41 ~~ ~~I ~ -4 7 0 - l 5) ‘0 1 . 0  ml ‘V ml ‘ V . 4  • C 0 ) 1 . 4 4

0. 4 ) ’ 0  .0 C O  04 8 4 0 1 1 1 0 4 0 0 1 4 1 5 4 0  0 8
“ .“ “

~~~ ~~~~~~~~~~~~~~~ 0 a  ~~ 
•

.4 ~ 114 ml 0 41 . 3 4 4  0 41 . 4 4 1  m l —— 0 0 1 4  U — 3 ( 4  4 4 4 3 5 ) 1 4 4
~~ I

;. 
•
~~ .4 44 n I54•4 0 . 4 1  41 0 1 4 1 4 0  0 4 4 .  U 4 0 4 5

‘4 ‘ a  N
‘0 0 40 4 40 ml (5 0. 0. .84 4 4 4 1  0 1 1 4 5  •0 t0~~~~ 

44 4 4 0 1  -~ C 0 . 00 .  . • 0  8 0 4  54 ‘V
-~ 0 ‘9 —. •~ -o —. - —‘ .‘~~ 4) ml 8 4 4  4 1 4 0 5 ) 1 4  0’ 1.1 14 0 0 * 0 4 5 4 .4 ) 4 )  .44 44 ~~. • 4 1 . 0 0 4 0  44. V 4 ) 1 4  0 . 0 ’  1.

~ .! 44 4- 4, 4) 401 .4 44 (44 44 4-I 54 41 45 0’ (4 54 3. 0. • o5

_ _  - - - ~~~~~~~-~~-~-m--— -—--- -~~———- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— - --

~~~~~~~
-—-- - -  ~~~—.---—*--‘ --- ~~~- --—-



54. ‘0 ml (‘4 41 0)
+ .4 • 4’ ‘0 10 ‘ 10 .0 (4

0) .1 F ml ml — — .0 ml Dl —4
4-. Dl U U) B C IS 0) ma -4
0 0 1 4 44 4) .0 ..4 ...4 5 0’  — I 0

4 ) 4 1  0 40 F 4-.’ C ‘0 44 1 0 0 1 4 0 .  0 4 0 4 0  -
0) 0 4 )  ‘0 4) 0 0 0  4) 0 0 .  4 ) 0 7 . 1  41) 1’4 I a - I
4 ) 4 4 0 0 4  4.1 Ia 0 -.’ I 0 0 0  + S ‘.1 1 4 5 0  41 00
. 4’ 4 . 4  “-I 4 1 ( 4 0  IS (I) 0 1 5 . . ’.-a 4) 4 1 . 4 1 1.’ 4) • . 0  0’
ml (#4 ‘ 0 . 0 0 0 )  0 ml 04 ml 0 1 . 0 0 . 0 3 . 0  1 . 3 < ‘-4 ma
Ia O a . ’ 0) 4) 0 4 0 5 4 .  4 1 4 4  C m l  0 F 151

B ~~~~~~~~~~ K I C 04 ) 0 4
3. • 4) (0 10 40 0 

‘.‘~ ‘ 0 . 0 0 ) 4 ) 4 1 SI 0)5 4)
0 a’.’ Il 4 0 1 4  • 0. ‘0 ‘0 0 0 . 0 4 )  41 S O C  1. ~~1. 41 41 .0 • (‘1 0) 0 4) ‘0 10 ml 0 1. -.1 • (5 • 49 3.
0 . 0 - 1 45 4-a 0 1 4 4  4) • 4) 44 II . 4 1 0  I 4) 0) . 4 1 ( 4  54. N

.0 0’ 41 4-4 0 - 3 1. . I  41 41 ‘-7 a.’ .0 a) ..4 .0B a.’ 0 ) 4  0 . 0  .4 Dl 14 14 4l (4 10 m a . 4  ~ 44 Ia 14 .., —4 14
0 Dl ml ’I’4 ml 40 w 0 0 4 0  C )  10 .4 5 54 40 o~~~~-~ —
Ia 4) 4 1 0 0  .0 0. 4 ) 1 4  .0 —1 4-a 44 —I • )‘44,/ — 0

‘4-4 ~~~~~ 43~~~~4-a 4 1 0 . 4 )  C p. 3. 4) . 0 4 1 4 5..’ 0 C U )  ‘ 0 -’  —4 51 0 ) 4 . 0
0. 101 0 (4 4 ) 4 )  54 0 4.1 .0 .0 4) 0 0 0 )  N C  I 0’ ‘.4

‘0 (0 l.a .0 151 4 0 0 )  41 Ia . 4 0 ) 1 4 . 0  • 0 44
41 4 0 4 3  01 F l’.) 01 4 1 3 .  54 • 40 0 4) I-I 44 • 4 1 1 4  (4 K ’.U — 14 41
0 ml ma I .0 .0 Dl 3 , 5 4  C 0 U A -‘ (3 . 0  4.4 N (5 44
0 * 4 1 0  ‘0 .0 54 Ia + 44 41 4 1 4 4  44 4 ) 1 4 K V  U 04 0
‘0 0 0 . 0  • 0 . 4 4  • 0 4 1 . 0  I 14 • • 40 - 0 1  5) 0 4 1 < (4
4) 0 +  ~ a.’ m 0 . 0  4 4 0 4 0) 04 0 . 4 4  -~~ 4 0 ( 5  C
‘ 0 1 4  0 . 1 0  C • U 0) ml ‘0 4 4 4 1  V I) V 4 ) 0 4 1 0 4  . 0 1 . 04 ‘0

4 1 ( 5  (4 . 0  0) 4) • 4 ) 0  .0 1 4 0  l.a Ia 4 ) 1 4  I-’ 40 ..1 0)
44, .4 0 (5 4-a 54 (14 U (5 14 ‘0 0. 14 U I  44 ‘ma 0) 4-a 4-4 ‘0

—4 5 4 0 . 0 0 .  0 54 * 0  0 0 )  l 5 4 0 )  C C
.4 4 0 4 4 ’ . ’  40 04 Dl * 4 )  4) “ 4 4 .  ‘ 0 4 - 4 54 . 4 1  4) ‘0 1 4 0
UI • U ..l 0 4 4  + 4-I • . 0 . 0 C  . 4 4 1 4 )  0. .0 44 (0
Dl (5 C ‘ 0 4 4  44 0 0 0 1 +  4 4 4 4  ml 1 4 4 1  U I 4 3  0 . 0 0) 3. 4 <
4) 4) C C II 1 4 4 3  Dl (14 0 - 4  01 .4 0 U 0 . 4  .0 v ’ . ’

= 0 4 4 )  IS • 0 0  40 Ia ‘0 ‘ 4 ) 0  0 ) 0 0) 14 41 C ‘

44 0) 0 41 4) ‘0. ‘.1 0. Ia • (ml (0 .-4 ‘.4 ‘., 4) 14 0 — 40-4 • • .3 II 404
Ia .0 0 ) 1 0 0  0 0 .4 4 ) 0  0) ‘0 5 4 . 0 . 0 4 0 ’ . ’  5 0 0 0 . 4 >
41 • 0 ~~ 1 C A  0. 1. 104 5) . 0. 0  III 0 0 ( 4 1. ’  4 4 0 1 4 44 • C 41 14

0 , 3 -4 ‘ 0 0 )  4) 4) 4 4/ F  ml ‘- - 0) 0 4 . 4 1  4 4’ -  — 4 . 0  p .,, 4)
O * 4 1 0 5 4  ‘0 4 4 . 0,’.,, 0 1 4 0 0 ) 4 1 . 0  1 4 0 1  N >  4 9 0  .4

F 
— 

-< 43 .0 4-4 0 1.’ SI .0 Ia 14 0. .14 .0 • IS (11 N .0 N
‘II 40 —4 00 4) 0 151 C IS .0 • Dl 14 ‘0 IS 0 0 . $4 .0 (‘-a 4) .4

0 . 0 4 1 1 4  ~l.l . 0 . 0 )  4 9 4 3.0 1 4  .3 4 3  I . 0 0 . 4 1  0 51 •
11.1 41 • 4 5 C C . 4  ‘4 (4 ma 0 4 — 4  ‘ 0 0 4 ) 4 4 4 )  - 0 4) 4)
0 0 ) 0 0 . 0  0 0  ,‘N + .0 C ml 0 0 . 4 1 1 4 . 0 1  1 4 5 4  . 4 4  .4 ,0 C

C m l 0 > , 10 ,4 44. 41 4 4 ) 4 0  + 0 1 4 0 ) 0 1 4  ml 4) (4 0 4 4 4*
4 1 . 0 0 0 )  4 0 4 0 1 4  (“0 .0 (‘.4 ‘4) ( 4 0  4) 2 1 1 . 0  0 Ia 44 .3 0’ —4
44 4 ) D l . 0  4 1 0  4) 0) C 0 . . 0  54 ‘ 0 0  4) 114 ’0 4) ‘0

- 14 4 1 1 4  . 0 0 ) 3 ,4 )
4 - 1 2 4) 1 4 . 0  ( ‘ 1 4 4 .  • IS 4) ‘ 0 0  .0~~~~ 

< 0 0. • C 40
m l . )  . 0

Ia 4) .4 (ml 04 .0 Ia ‘0 41 (‘-1 —4 .0. 0 .4 ‘a.’ ml 0 K ~~. (0 - ml
4 ) 4 1 4 ) 0 . 0 3 . 4 4  0 - 54 II 1 1 5 4  0 ( 0  0 4 0  - 7 4 4 4 9 0  (‘4
0. 1 4 4 5  1 4 4 4  15 1 . 4 . 44 )  0 4 )  ‘ 0 4  0) 4 4 0  (0 

\
~~~4~~~* C

0 0  . 4 3 ,  0 4 0 0 1  + 54 54 U 44 14 1) 44 0 ) 1 4  ‘ - I S  0 54 0 4 0
Ia .4 + IS .1 • IS 4-1 C S. • 4) (5 II ‘0 0. 0)
0. I.’ 0 0 4 4 1 . 4 3  (14 + a” . ’ V  (4 14 A 4 3 0 .  3 , ( 0 . O  0 C (4

‘0 0 0 IS 0 4) 54. 0 ml ‘10 ‘0 B ‘ (4 F ‘0 ‘~a .0. (‘4 I.’
4 + .4 .0 a—. . • a~ • 

5) F 0-~
1 0 0 0 . 0 4 )  ‘0 0 4 0  ‘0 * 3 .  • II (‘4 1.1 .0 X 0 0 5 0 * . 0 4  Ia’ S) - N  . 4 )  Dl
Ia 1 4 .8 0 - 1 4  41 .4 • 5 0 4 )  ‘0 I S V  0 ( 5 3 Ia 51 40 C 4 ) 4 4 0 4 - 4
0) . 4 1 40 4 1 0 ’  (‘4 4) . 0 0  0 54. > 0 ’  0 44/ 41
54 4) 54 .0 4-I Ima 4~ ~ 44 .4 .0 0 14 ‘Ia 0. . 1  IS ‘V C .0 

0 .0
ml

4 0 0  0 0 4  1 4 4 1  5 ) 0  + - N I . ’  .0 4) 0 54 ’.-. C 5 ) 0
( # 4 0 1 4 4 1 . 0 . 0  ~ -~ ‘.‘ . 1 0 1 4  .3 1 4 ( 7  I S A  ‘0 44 0 5 4 0  I 44 4) 4 4 . 0

. 0 0 4 3  5 ) 3 , 4  5) .4 4) $ 4  0 4 4  4 1 4 4 . 4  ‘.4 2 0 .4
(#4 4) 04 Dl .0 11.1 Ia •,

~~~, 
44/ ‘14 40 . 0) • + 0) • .. 4 K ‘0 51 . 0 C

‘0 ( 4 11 Dl 5) 0 4 4 . 4 3 ,  0) 0 7 4 ) 1 1 4 4 * 0 4  C 4 1 5 0 0 )  I I m l  ‘V
. 4 . 0  0. 0 . 0  ml . 4 14 ) • 4 U .0 V 54 ‘4 0-I

• 0 4 .’  4 ) 1 .’  0 4  ‘ 0 0 0 <  4-I (5 ‘0 • 1. 4 4 0 4  Ia 
4 ) 1 4
IS U) * —I

+ C 4 5 0 ( 4 . 4  0 ) 4 1  4) . 4 0  0. 4) 0 . 0 4  I 0 ) 0 0 0 4  ‘ - 0  5 . 4 0 0 0
0 ) . 4 D l 4 Q  ( 4 4 1  54 3, N ( 4 4 4 1 * .0 F ( 4 0  I’.I N~~~~’.4 0 4 .0 ‘4) ‘ 0 0 4  0-) ‘0 0 . 5 4

4) 1 . 0 7
4) < . 3  ‘• Ia 0 . 4
54 . 4-a (11 ‘a .  I 0 4-4

. 0 4 4 4 1  11 F 54..4 4) .4 41 
~~ U .4 • • 44 .4‘ . 0  ml 1. 44 54

0 4 )  I 4) 0 4 1 4~~~~~4 4~ 4) a.’ 4 1 0  5. 4)
0, 0 (14 . 4 1 4 , 3 00  (41 .4 Ia 44 + l a O  • Ia

4
~Ia 0 0

0 . a’. ml ml ( 4 0  C 430 4 )  40 .0 40 41 • • 0  0 . 0 E
O • 45 ’/ 3 1 4  I S 4 0 5 4 , 3 ” O  4 ) 4 0 > 1 4. 0  (ma 0 0) 41 ‘0Ia .0 C C0. 3 l.a 3 0 • ‘ 4 0  . 4 0  . 0 . 0  ‘0 (5 . 4 0
00 0 4 - l I 4 4 . 4  4 ) 0 . 4 0 7 0 .  ‘V I-’ ml ‘-0 1 4 0 4 ) 15 P 0 ) 4 ) 4 4  0 14
.0 p .4 4) .4 0 ’ 3 .  0 4) 4 0 0 0 0 4 )  .0
0 0 4  (‘1 C 47 4) 0 .-I (‘4 44 ‘al Dl 0 04 4) ,.) ‘..I C ‘0 U 4) a.’ II..
( 7 0  ‘0 40 54 54. 4) 0) 5 ) 1 4 )  0’ 0 , 0 4 0 1 .  ( 7 4 )  1 0 4 5 4  ‘0 Ia .). 43 .4

0 0 - 5  • . 0 . 1 4  0 1 0 . 4  0 4 5 4 0 4  . 4 0 .4 ) 0  C ‘ 0 4 0 0 . 4 5  0 0 1 1
0) Ia IS .0 /44 4-I 0 ml ‘.4 ‘.4 ‘.‘4 0 0 0’ .0 ml (ma 05 Z ml • 4) -_ Ia (7 al 14 (4 44a a.’
. 8 0  —4 4) • 4 5 4 O 0 ) . 4  ‘0 0 . 4 1  U ‘ . “ 4 4 0 0 . 0  .0 F
1.1 4-I 4 ) 4 3 , . 4  44 Ia 0 ( 5  15 .4 1. 0 0 . 1 4 0 4 4 0 3 , 0 )  0

(3 44 )4\,/ m I  0 ’ Ø Q  45 ( 4 4 ) 1 1 4 3 0 . 4 40  • Ia ‘ -‘0 . 0 0 0 7  0 ’ K  • .0 40
4 0 ) 4 1 0 . 5 4  0 0  (0 ml 3 , 4 4  41. 4 I S + 14 C4 1 0 )  0.. (0

.4 44 I (4 + 40 1.1 — .4 SI 0) 44 0 (7 1,5 (‘4 a’.’. Ia .4 44 (5 4.’ .4
4-I —I W . . 4 5 4 01 44 0) 0’.). 1 4 4 5 4 4  • C

44, 41 ‘ 0 0 )  -~~~~~~~ . 0 I S . 8  • 0 ) )  0 . 4 0 > ‘0 5 )  3 0 ) 0 5 4  ‘ 0 . 4  4 4 0 +  1,4
1.. l.a . 0 0  I’. 0 0 ) 1 4 0 . 4 4 0 0 0 4 4 4  5 ) 0  C U  1 4 . 4  • 0 C ‘0 4 1 0 1  0

40 4 4 4 4  • 4 3 . 4 4 5  0’ 0 . 4  > 4 1 4 1 4 1 0  4) 1 0+  4) 4 0 *  41
054 3 O m l ) C .  .4 0) 0 0 .  4) > 0 0 . 0 0

‘ - 1 .  ( 1 1 + 5 4 0 1  0) 0 0 0 4  ‘0 0 0 0 ’  0 0 4 1 +  E m l C  44 150 4 4 )  0 ‘0.4 0 1 1 4 ,  0 C ‘4 . 1 4 ,3  4 1 4 - 1 0 0 0 1 0 - 4  .0 4 ) 4 1 0 , 3  C .... .0
Dl 4 4  0 , 1 4  0 “.‘ 0 ) 0 ( 4  ‘0 0 4 ) 4 5  ‘ 0 4 4 1 4  44 • ‘V

0 4 0  04 4) 3) 0 3 ,  4 ) 4 4  C 0 4 4 0 ’ 4 0, W ‘V ‘ 0 4 )  Dl 41 ‘5
4 0 *  .4 8  a - . )  4 1 1 4  ‘0 ‘ 1 40  Ia , 0 1 4 3 , 0 4. 4  1 5 4 ) 1 5 0 V 0 1  0 . 4 0 .  4)
5 4 . 4  0 • 44 ( 4 4 )  0 ) 0 .  ~~~~~0 1 4 0 1  • 0 0. B C I 44 ( 4 0 4 4  C 40
4) 11,1 40 44 a’.’, ~ . 04 Ia., 40 0’ IS 44 54 14-a S K I.’ Dl .‘ Dl .0 — ‘0 0 114 43 Ia

‘II C C O  ‘ 0 . 4  ( 1 . 5 4 )  —I 0 4 3  104 1 4 1 0 . 4  0’ (4-I 0 1 . 0
4 1 . 0  0 >  0 ‘ I  0 . 4  I m l W  0 4 )  0 • Ia I 4) I 4.’ 0 5 .  K
0 0  O O I .  • ‘ V I  U 54 1 4 0 . 4 . 0 0  0 4 0 0  . 0’0  15 4) 4 ) 0 4

0 4 4 4 4 ) 4 1 0 . 0  1.’ + 1 4 0’ 5  . 3 4 0 1 .  0 0  3,1 4 . 4  • m a . C0 ’  3 . -.4 54 D l )
4 4 . 0  ~~~~ 0 4 0 0  

• 
0 . . . 40 0 ( 4 0 0 1 0 . 0  0 . 4 1 1  C 41 ‘ 5 . 0

54 Dl I ‘0 - . 0 1 4  00 X
/\~~~ 54 0 I 1 0 4 1 0 . 4 5  4) ‘0 15 4) K C — Ia

41 ‘0 0 54. C .14 — C 54 Ia 0. 0) 40 0 54 ‘5 • C ml ‘V ‘. 44 SI ‘0
(0 0. 1 5 1 0 0 .  4) ‘a.’- 14 4) 4.’ C 40 14 .0 C.4 0 4 4  1 4 . 0 0  + 0 0 0 4 3 ) )  

.‘ . 0 4 1 4 0 B ~~~~~~ ( 4 1  . 0 4 5 (4 I a . 05. 0 0 . 4 4 *  0 . I C C
41 a.’ 0’ ‘ - 0 0 0 . 4  + 54 4 0 0 . 0 1 4  .4 I S O  ‘ m l  I 0 4 1 4 4 0 )~~~~ 

(5
.4 4) 40 3 0, .-I IS 54 I ~~ .0 • I) C 0 ‘0 C + ‘9 a” 14-I 43 C
. 0 8  0 . 4 1 ) 0  4 0 1 4  - ‘V ‘ 4 . 4  0 I 4 .3 5 4 ( 1 1  4-I K

- 1114 4 0  ‘4 40 44 . 0 0 4 0 4 0  C 0 ’ I a  0) . 4 5 )  • .C ‘ 0
‘0 — o \,,/~~~ 4 1 0 ’  54. 0 4 ) 4 )  0 0 ) 0 +  ml 0. ‘V ‘4 0)

4 1 0 0 0  + 5 4 . 0 54 4 ) 0 1 . 4  .4 In. . 0 0 0 4  0 0 . 0 1 4  • 40 4 ) 4 4 ,
‘V 0 * 1.. * 4 0  . 4 0 . 4 0  4 0 1 4 1  0 4 1 4  ml 8 0 .  4 ) 4 1  ‘ - 0 0 4 0  ‘0 Dl 5 . 1 1
4 0 0  — I  . 0 ( 4  . 4 0 .  40 0 0 0  4 4 . 0  . 4 0 ’  ( 5 0  • 0
44 II 4.a 4) ml 0 .0 — 0 .4 • 4-I 4-I .0 ml I 5 4 0 +  4 1 0 )  ‘04 ) 4 0  1 4 4 0 0 0 0 ) 5 4 0 0  ( 4 0 5 4  - Ia ~~~~49 0 0 1 4  ‘0 • 4) .3 .0 C
44 4 1 0 8 ’ 0 4 4 1 1 1 4 00 4 4 , 3  .0 4 1 . 4 0  I 4 1 +  —I . 1 4 < Ia ‘4) ‘ V a - I  3,

* 1 4 0 .  . 4 0 4-4 . - 1 0 4 4 0 4 ) X • .0 A 4 4 1 4  ‘ 0 1 4  ‘V .0 (5 0) C 1 1 1 0
C 0  * 4 1 . 0  ( 1114 40 .0 4 0 4 )  U + 0 4 ) 0 4 4 4 .14 00 C 4-a

40 0 0 . 4 D l 0  4 4 . ..4 I . ) ) U ‘ 0 0 . 0 . 0 . 4 0  I5 .0. —4 44 0 5 4 . 0
4-I C 4)C • 01 ‘ - ‘ 0  ‘ 0 . 4 4 ) 0 ’ -  0.4 (14 41 4 ) 4 0 4 4 1 4 5 . 1 4  %, 1 4 0  ml 0 0 . 0 >  44 0. ,~ 41
434) 4 ) 4 1 0 4  41+  0)

4 1 4 9  + 4 4 0 0 . 0  4 1 4 . 0 0 .  Ia . 0 . 4 . 3  + 0 ) 4 3  0 ‘0 $ 4 . 0  41
Ia —II * 0 5 4  0 4 0  ‘5 — 0 0 1 ’ .  ‘ 0 0  01 ‘V — C 
0 5—I U — 0 . 4  ‘ 0 1 4  . 8 5 4 4 4 1 4

. 4 4 0  Dl + O C 4 4 C I S 4 ) 1 . ’  0 ‘~ 0 4 ) 1 1 4  • 49 • 4 0 1 1 0
4 1 0 4  0 4 1 454 41 14 45 54 54 0.

0 0 1 4  4 - 4 0  • 0 0 . 4 0 0 ,  .4 ‘a ’ 0 1 4 0  0 ‘4) — 5 .
0) 44 II 50 0. 0 1.1 4-I 54 144 0 C 44 4) 4) I ~ 1+ ~ - 

0
‘ 1 4 1 4  - . 8 0 3 , 0 0  4 1 >  (4 0a 1 0 . 4 5 . 0 0 .  a . I a0 4 4  ‘1 44 ‘ - 4 4 1 4 0 4 4 1 0 0  4 ) 4 4 4 0  . 4 =  4 ) . 4 0 4 +  5. .4 (‘4 (41 4 4 1  4 0 4 4 43~~~~ 0 0 . 0. 0 0

.8 10 , 3 0 4 0  I I 0. m a 4  . 1 4 , . 4  ~ I . 3 ( 7 <  . 4 1 4 0 0 .  * 4 0  m l 4 ) 1 0 0 ’  0’
4.’ SI 4) a.’. 00 4 1 4 0 4 4 0 1 0 .  (‘4 5 4 4 )  4) 00 5 4 . 5 .  + C 0. 4’.

4) 0 0 )  4 9 4 0 C 4 1 ’ 4  1 4 ,3 0 . 8 * .0 4 0 0 1  0 4 0 ’  * 0 ) 4 ) 0 4 0  SI
0 0 . 0  1 4 . 8  0) • . 0  . 4 . 0 4 1 3 .0 4 . 8 4 1  0 , 4 0 4 1 0  ‘0 .0 .0

ml 44 ml 0 0’ 0’ 4-I 4.) • ‘151 (4 ‘.4 ‘II 0 0 ‘ . 4  II 0 1. .4 .4 0) 4,4
4-I 40~~~ • 3 , 4 )  4 4 4 9  41 44 44 0 . 4 )  4 4 ) 0 4 0 4 4 4 1 *  ‘ 0 0 3 , 0  ‘0. 4 4 1  0 ) 4 4 ,0 1  ‘ 0 4 4 4 )  - 4 0 5 4 ’ # Dl 4 1 5 4 .  D l 0 ’ . 4  Ia 0 . . C  4 4 0 4 4  44 (Ia

O . 4 0 3 .  1 4 ’ - U 0 0 . l  5 ) 0 ’ S  0 . 0 0 4 4  5 4 . 8 4 4  ‘ 0 )  ‘ - 0 5 4 0  0 . 4 4 . 4 0 0 1 4  ‘0 ‘.1 

-- --.~- - -~~~~--~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_  ~~~~~~ 

- 

~~~~~~~~~~~

- -a
~~

-
~~~~

- -_
~~~
--

0.
0 00

4 4.’ • Dl .44 1. Dl C
0) 4.) ml 0 0  II I ml ‘14l.a Dl

0 . 4  ‘
~? 

— m l  44 00 1 4 0 0  54 C C C
( ‘ 4 0 ( 4  C ‘4 .0 0 4 1  54 4 .~ ...a 1 ‘.1

Dl ‘ 4 3 4 5  CS 4 ) a . ’  0 ml .1 4--I 0 15 (5 44
0. a.’ ~ 44ml •-I 4 4 . 4  * 0. . 0 0 .  ‘4) 

-0 4 0  4 4 4 4  1) 0 3 ‘V 0 . 0 . 0 0  — I
14 ‘9 —4 1,) 54 0’ 4) 0 44 41 41 41 4.’ 0 0
0 ~~ 4 1 4 4  0 4 4  —4 .K ‘ 5 )  .0 .0 C C  U +4 0 0
0. • 41 1 0 I~~~~~~41 Z I Ia ‘ . 4 4 4 4  4.’ 4 ) 1 0  43 44
_~ 

~~s 41 . 0 00  A l  0’ ‘ 1.1 44 • 0. a-’ . 0 , 0
44 4 4 D l C

‘.4 0 .  • — ~ 
- . 0  00 IS 4 4 4 ~ C U I—

C 01 0 (1. ‘•, IS C ~a
Dl • 0 3 01 ~ 

3-. 44 0 C.’ Ia (‘4 ‘ ‘0 .44 .4 ‘C .0

0 44 4) .0 ~~~~~ +4 ‘4 4) 44. 44 ‘ 0 10 004) 0. 0 -.4 5) 0’ C C C .4 C 0. /. (5 4..’ 14 Ia 54

4-1 5 4 0 .  4 0 4 4  ‘V IS ~~ ‘V ‘-‘ a- ~~ — 4 ) 4 4 44
• ‘--I — •-0 .4 N 44 IS —l 44 54 0 - .0 14 • C C

a.’ 4 4 4 3  43 4) A C C 4) 0 . 4 4  0’ 44 -“ . ‘14 4 4 1 0 0 00
C I) + 3 0 )  4) 0 • Ia (4 +4 4 1 4 1  ‘-a ‘-4 C
54 44 5) • ‘ . 0  1 3 4 1 . 4  0 ~ 44 44 0 0 5  ‘4)
0 5 4 1 4  43 

• 
s B 0-’ 0 1 5  4 ) 4 1  ~~4 C .0 0 4 -  ‘0 0 4 4

.4 .0 14 0 ’  14 ‘4 4) ‘~a 0014 —4 43 V
..‘j 1. 40 5) • C .14 .4 Dl 40 (0 *a .  V 0 — 0 • C .43 44
‘ 0 4 4  ‘.4 I 54 Dl • II) 00 C C I Dl 44
0 0 4 )  >~ 0 0 54 . 4 4 )  11 0 4 )  0. ‘ 0 0  41 47 00

— 0.
4* .0 C z 3 0 .0 C 0. “) 1 . ’ U )  C) ‘V

4) 1.) ~, 0’ ‘‘  . 0 4 1  5 4 4 4  ‘a’ ~~~~i - I C  IS C
Ia a- ‘ 4 4 0  4 4 1 4 .0 0 4 . 4  54 0 . 1  43 0 4) 4 1 4 4

Dl 
• 

00 4 ) )  • 4-I 4 4 1 4 0  4 0 —  54 0 1 4 5 . ’  4)
‘a.. 1 5 0’  4 4 4 4  ‘4. 4) 4 3 0 0 4  II F (4 1 0-I 44

.0 49 “ .. 43 +4 41 44 • 4 4 4 4  ‘.4 41 411 4.4 .~~ 
. 44

0 CS 0 43 ‘0 C N C C 0 *  -1 14 4) I ‘ I  0 0 ‘4
54 ( 4 )  41 0 4 4 0 .  • 0 , 4 4  “4 0. ‘ 0  C‘4 Dl

. 0 0  
• 

4 ) 4 4  44 ,.‘. 0 0 + ml ‘4 * 54. U
4 3 0 0  

5 ’ 1 4  ‘4 4 9 ) 4 4 4 5  • ‘ . “  C C  C K * ~~
114 415 ~~ 0) ‘-, 44 a-. 0 ‘-4 —4 00 111 44 43 0 a 40 4,4

4)) 0 ~~
‘ 

~. 41 ~~ .3 ‘V 01 —I 0 43 I 4) 54 (5 K 0 ‘5 44
0) .4 “4 ‘0 Dl ‘4 I ‘V IS C C 10- ‘4 ‘0 0. 41 4I~~ 4.1

I K 4) 0-) 44. A l  40 0. ~~~~~ 54 44 4 4 4 3  0 ) 0
00 44 50 14 • 4) C 0’ 4) C ml K ‘l  . I  44

14-I 441 4 3 4 3  .0 14 .,’.. A .4 ‘4 Ia 44 * 0 0 0  C N 0-) “ . 4 4 5 )  4 ) 1 5  4)

- 
0 U) . 4 0 0 0  4) 4. K ..I ‘a.’ .’.’ .‘l ml0 1 4 0 )  I S > )
.1 I .—4 ml w .44 I 4) IS 44 44 5)

II .44 ‘ . 4 4 )  44 44 N (4 0 0  ml E ’ V  4 3 . 4  1 4 , 3
ml U 4) U V 4 4 4 - . ’— 4 ) 0 0 )  44 54, 4) 4 3 4 3  (4
0 ) U) ,~ • C O  44. . 0 0  l.a 44 K - 4 1 0  A.

44 44. ‘0 ) • ‘n. 0 0 44 ml Ia 0 4 1 4  00 0 K  41 ml ‘
0. K C ”  I Dl 0 4 ) 4 D l S ) a . ’  (Ia .44 0 . 1 4 14 0 4 )  0 1 <

IS “4 .4 44. 0 — ‘V ‘4 4) 44 4) 4.’ ‘4 ml 44 44 ‘ I44. ~ 44 +4
CS 1~ 43 C 0 . 3  14 44 ‘5 C C  •.4 K4 1 . 0  (5

4-4 4* 0 • C O  IS ‘. I ”.~~~~’ 4) 0 — 3 0 4 )  • ( 5 5  4 ) 4 4  ‘ 1O S )  3) 43) •~~~ ‘II 5 4 . A  0 . 0  N .4 -4 44 0 = 0  .9 44 0
43 14 .44 44 (‘1 IS 44, 41 I ‘-4 I 0 4) 0’ 4-I ~~ 4)

ml IS .~ ‘4 CO ) > ~~~~ • 4) 44-, 44. 5 40 0’ 0 . 1 4  , 0 m l  0 43 4 4 4 7  - 4
4 ) 4 ) 0  44 3 C Ia 4 4 * 0  0 00 4 1 0 0 —  K S  4 ) 4 4
Dl .0 ‘0 0-) ‘4 • “4 V ‘.4 4) a—. ‘ 00 -44 IS ‘ ‘.  v . C 0 0 .0 C

ml .11,1 (0 43 .‘~~44 ‘4 ‘ .4 54 .4 4) a.’ • 0 0 0,
4) 0) 4* 41 40 4) 15 54. I 44 I 0 44 0 — 4)’ — 0, ~., ‘14 ‘0 4) 0-, 10 0

1~~
£ 0 . 0  ~~ 44 ..4 54. 0 . 0 .  4 4 4 4  54 N 4 4 , 4 4 4) 0..’ 41 0,

I. a- 44 ‘ 0 0 ’  .0 N O  1 0 5 5  4 4 . ’ . ’  ml 04 1 4 41.1 43
4-) - 0  ‘ 0 4 4, 00 0 a  4 ) 4  I — 44. .4 .44 0 ‘0.4 4)

4 0 4 4 54 5 ) 4 0 . 0 4 4  0 0 4 3  U m l I a  — 14 K 0 0. 0 1 0
.0 41 .0 • 0) . 3 4 3  44 - I. I 1 4 0  Dl C .4 5 4 1  • 00 . ‘ 4 l I . I  . 3  4 4 4 1

‘5 44 .0 4 1  3 0 1 4 4 1  
,
~~ .4 C * 0 .  (14 44, 0 - 4 ) 0  ‘14

0) . ‘~ 8 1 4 1 5  0’ 0.. •~~~~~~ 0 .1 0 0 ’—’ I >~ 4.
49 4) 3 115 l’~) .0 K ‘44 K II 0. 44. C C Ia ( 5  .‘4 0 4”) .0 K

‘ ‘V . 0 )  -I.’4)5 3 4 ) ’  . ‘U ml I P . 4  14— C 
< 41~, C  0) 0-,’..4 ~~ ‘a, Ia SI C 5 4 . 4

14 • 0 1 5 3 .0 — 0. ~~ 0 4 4 5 )  0-) 4 3 , 0
‘5 • U 0-) 44, 0 3 0 m l >  SI ‘ 0’ 4 4 4 4  43 ‘0 44’. - 44
44 14 10 0 . 0 , 0 0  • 4 - a U )  4€ > 4 - 1  ‘.4 +4 +4 .0 J . ( 4 0  (10 ~ 4 4 0 . 0
4 1 1 1 5 (4 . 3 4 1 00 0. 4 - 4 4 1 . 0 0 1  0 — 0 0  1 1 5 0 (5 41 .3 .a, * 4 4 44 . 3 4 3  D.~~~.0

5) 44,—‘~ 0 I 0)
Dl 45 ‘.4 4) 

-4) “4 44 ,~ 
5~~~,, - 

54. I5) SI —.. .4) l’ .0I) 0 0. CS • 44 4.’ ‘9 44 a-
= • 44 0’ + — 44. 4) ..4 43 ,‘~ 5401 15 0 . ‘ V  II. ( ‘ 5 . 0  14 ‘ 0 0 0 0 5  0-) 410. 13 0 Dl 44 1,5 4) C U )  41 4) 14 0. ‘ I  C U) K00 44 0’ Dl (“4 .4 ‘0 ‘-I ml -4 .0 0 14 0 19 0’.0 “4 4- CS 0) 0 0. 0 • .0 41 +4I 14 “4 4 7 1  40 4 1 0 0  “ ‘ V . 0‘4) Dl C —‘ ‘4) (“I 3’. 0 C C > .  ‘— 0 0  I40 14 49 0 0 CS 5) 0 4 4 4 4 , 4 4 5  ‘.4 . 3 1 4• 0 N ‘4 - 3 (‘1 0 .14 44 0) .41 . 4 1 4  (5 • -4 54 45 0 ~ 4) K w Ia VS4) (4 14 44 I ~‘ 5 4 )  O P — I  0 ) 5 4 . 0  US 4)4) 4) CS \/ ,0 Z . . , 0  IS .J Ia 4-a 41 44 ‘~44 1.4 44 K m l  ~~~I’a 4) 0.0) N ‘4 I ‘.4 (‘1 4) 3’. 44 44 — 44 

• 
.3SI C 14 • 00 40 • •9 +4 P 00Ia ml ‘5 14 ml 3 • 01 .0

—4 44.0 5) “4 54 ,.) 0 14.4 )  ‘V ‘ 9 0  I-’ 0.
54 ‘V K 0 ’ 4. 51 a- ‘ C  + 4 3 4 )  .44 0’44 IS ~ ‘.4 44.’ I .4 — ‘0 44 0 + .‘4) V I  4) ‘ 4) II 44. • .0 — 44 ‘4) II 54• 0. 0) U 0 .4 0 . 4 4  0’4 15 .4 0 4 1 0  (‘4 -40 (11 .4 0 41 - ‘.4 49 0’ 0’ • I 4) Ia 45 4.1 0. K

‘V 14 .4 I 45 4)5 ‘40 N Ia 0’ C I. U V.4) 44 ~a’~~ (0) • Ia • 0 0’ 41 • 0 SI I
14 ~••1’ /\ 5) I I —4 ml 41 I. 0-) ‘ — 44. 0 • 0ml N SI(“I (ma 14 0) • 40 44 /44 54. - .3 3-’ ‘ I’~ 14 14 —15 ‘14 I 40 (4 a- 440 N • 4) 4 4) .4 .-I 3-. 14 41 • 1.0 • . I • 4.’ 44 04(‘4 U N 14 “..,/ 10 4 UI (4 a- 44 .14 •ml 14 40 IS 115 . 3 0 ’  ‘ 4-I 0 - I C  . 4 4 )  14 ‘0I 4) - 44, 44 CS Dl K 10 00 (14 5) 0 .14 • ‘4 00 41 44 C0) ‘4) ,a\ (11 0) 0 .4 II 41 0 .- .4 — - 0’ 47 +4 4)

(‘4 C 4) + .44 ‘VN 1 4 4 4  • 14 5 4 4 4 0 0  
4 4 0 0 4 0  4 4 4 3  N 4 4 . 4  —
54 .4 .0 ,44 4 4 0 ’  ‘ - 1 5 4  -4) .4 .4 0 ‘15 ‘.l .4 Ia 54. .4 (4 44 • ‘0 .0 11. a.’44 I) • ,,,~ ,, .0 ‘a” 4) 4) ‘40 ‘ 0 4 1  0 4 - a’ Ia .14 14 .-I 0 44 44- .4 ml 5) 51 4) (7 4-. 0 4’. 0) • 0 I)) SI(‘-i ~~~~ 40 115 10 ‘4. 3 .0 “.‘ 0 • 44 • + 44 —I 44 1~ 44 0N 14 (ma —4 CS 44, 0) 05 4’. 4-4 a- • 0. ~~ IS

‘ ‘  I 0 .0 44/ Dl /44 00 (4 40 Ia 4 ‘0 • 4)’ 41 + “—1‘01 I 54 . 0 0 ) 4 )  41 4.4 • ( 4 4 0  ‘Vml 4) /44 Ia Dl I —I IS .0 0 .0 54 44 • VI 44 0. .8 49 0040 • ‘4) 0 0) 41 1) 4 1 2 1 1  Ia I (14 a.’.3 4 0 0 4 )  ‘41 • ml 0 0 5 4 5 )  4 4 0 . 0 0 1 5 )  0) “5 • 4 4 4  I SI4) - SI /.‘., 0 0. 0 \J .0 (‘1 
~~ g 0 0 0’ 0 — ‘ 0 l.a .0• lao • 4) ‘3 ‘.4 N 4-I 41 N 14 .3 — 0 a-• ( ‘ 4 4 )  (‘4 .4) 54 ml 4) 4 1 5  Ia 4 ) 4 )  Ia - 4 4 . 4  4-. 41 N

,a~~ 0 0 4 3 ( 5  0 . 4 4 4 4 ( 7  ‘II~~~~~~~ Ia C • 4’.
~~~~ ~~ 04 0 . 3 4 0  ‘0 ‘5(‘4 .4 ((5 44 44 44 I~ 4 ) 4 4 0 4 4 . 0  4 1 0  KII 0 4 1 4 4 )  + 0’ ‘040 ~ ‘0 41 4) UI “ 4 0  C I I  • . 8 4 0  ‘4 5 ) 4 ) ’  ~~ ~ ma ‘0 C0’ .0 .4 + ‘V .i — 4) ml 4) 0 ‘4  “a — 5) (4(-I I —3 40 .14 4) .0 0. ‘-4 44 “I V I (0) 14

‘4. 49 0) ml (‘4 I’S .1 (4 44 I.’ C) 1.’ ‘.1 4) 41 0, 0-~’a K• 54 • .4 ‘.4 45 44 (4 0’ 14 44 .0 54 ‘.35. a -4 0) 4 5 0 )  ‘.. 0 0 4 )  ~~~~~ 
CO 

• 
0. ~~ 

ml4,4 (ma 43 4-a ‘V 0
~ I’a’ \ 4)14 ~~~~ -~ ~~~~ ( 7 4 4 0 0 0  05 I, N I,,. 4-I a- 41

4 4 /4 4  €‘~ ‘14 . 1 4 1 4 4 4  4.’ 0 4 4 4 )  ‘ • 0-) ’. ’  5 4 . 4 0 ) 4 1  • .40 , 40,, •
Cl) ‘Ia 5. 4 4 0 1 4 . 0 5 4  —~~~~ — 4-I 541

SI /44 ‘3 frs4 I —I a.’ 54, 0 44 0 ‘~ ‘~ ~ I

0 N 
.‘4 ’.~, IS ‘ 0 ) 4 0 1 4  II’) 1 4 0 4 4.0 5 . 0 4 ) 0 .  54 ~~~~~~~~~~

W a -  04) I.’ /\ - ml C 4 5 ( 4  4 1 4 4 0 )
~ .4 4-I A l  ~ ~ ‘-.5 ‘ ‘~ 4) ‘ > ,~~ ‘a’ 00

C O  00) 0 ‘V ‘ 0 , 0  • ‘ 4 Q 1 5  -
“ “ 4-~ (0 —~ = .3 N ‘~ ,~ U

-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - - - . --~ 



.

~

‘.
- . . - - -.- 

:i-- - • - • 

.4-’ —I Dl0 ml Dl - ml
.0 0 . - II

0 ) > .  0 ) 4 - I  ‘4 44 C Dl 0’ (7
m l — . ’  4 4 4 4  4 4 0  (0) 45 SIC C  ‘ 4 . 0  3 , 0  ‘.4 3 ’ a l  C0 0 ‘4 44 .‘I ‘4) 4.’ ml 4- 0O 0 . 4 4 0  4) . 0 —  1 4 00 . 0 1 5  4 ) 0  0 4 4 . 4  .4 4 4 . 5 )  4 Dlml 4 4 4 4  C 0 4 )  44 Id) 54
4) 14 0 ‘4) .0 Ia 5) - Dl — .44 ‘maC ml 44 ‘ .14 4 . 4  4 1 0
I-’ C I IS ‘V 0 0 0  -4 5, 415 .4 4 0

01 ‘ 4 4 4  4 4 0 . 4  4” 4 ) > .1) 0’ 0 l.a (4 .4 4. 0 — .0 ml • —
• I5 0 ‘.J ‘.4 ml I.’ . 00 .4

4 ‘.15 U 4) a -a -  K • (0) .4 a-‘ 0 ) 0  5) 3 5 5 ) 8 4 — I  4 0 —  C I I  C II 14 ml 5) 44 4 ) 4 4  • ‘ • 044 14 44, 44 p (‘4 .1 ‘ a-
4 4 0 ) 4 . ’  . 4 4 4 1  0 0 0 ) 0 )  0’ a- 0 ‘V ‘V N

‘ 4 4 4  C O O  0 ) m l  ‘ V a -  3 . 0 0 0  C I a  I.’
44 4) aJ 0 , 4 4 4 4 ( 4  4 • 5  4 5 0 4  >4U 4 1 . 4  - K 00 Cd • 0’ -3 3 1 5  . ‘. Dl ‘ 4 0 > 4  0’ SI • .14 ‘V — —

~. -‘. • - Dl .4 4 4 0 ’  ‘ .4 a- a’ 4) 44 44
‘V 3 . 4  ( 7 0 4 )  4 0 ’ U  4 -4 .44 I4 4 0 0) a’ SI 44 I ‘V • ml (4 4-4 ) 0 )  > 0  0 0 . 4 0  0 = I a-.3 (5 V .4 —4 - Ia) II 0’ 4) ‘0 3. 3-,
.4 a- ,.-4 44 . 4 4 4  U) a- ml

• 0 4 (ma Il a- 4 3  19 N I -. 44 • C 0 3 1 4 1 4 1 34  ‘ 4 4 ,  0’ —A 3 4 0 4 0  4 1 . 0  .44 4 1 (4 5 4 4  ‘0 - 4-4N 4 4 4 4  5 1 ’ 4 1 4 ( 4  4 4 > 4  . 3 0’  4 0’ 0 4 ..‘. a- —• 44 0’ 3 41 0’ (0) ‘40 U I N N 0’5 4 , 0 0  ‘5 ml .0 3-. ‘IIV 4) ‘0 • 4 1 > 4 0 0  • . 4  • .0 51 a- 44, 3-.. 1  .0 44 a- .0 —4 3 00 5) a- • ml ~ 3 44, 0’ 0’
I — 4’. 00 • 4 I. 44 (—4 44 —4 (‘4 00 • —40 4 • ‘S 0 .0 50) D l —  .44 N
44 3 4 ) 4 0  44 0’ 0 1  44 • 0’ —4) • - 0’ —I .44 44 0) (0) 4 ‘0 a- a- a-Ia 4 a- 14-, U) 5.) ml (4 ‘4) ‘0 — a- .0 N Pa N
‘ 0 0  4 0  44 0 ) 4 4  4 4 0 . 4  U ‘ • - •  ‘VO C w 0 0 0  4 0 4 0  00 • 3 . 0  3-. 44, 44. 01 4 4 1  I Dl .4 ‘ 5 )  Dl I 3 0 0 0  10 0’ 0’ 0’ (444 C 1.’ N ml I-I .44 44 3 a- 0’ .0’ 0’ 0’ —I) C C  IS 4-I 4 ) . .  0 • . 4 — 0  4 1 ( 7

‘ ( 4  • 1 4 0  • ‘14 .44 — ‘~~ 4 C m l  I I I IA IS (ml 0 3-, 4) — 4) . . Dl 44 • 0’ CI) .4 C —
54-, ‘-‘1 0 C 44. 1. a- • 44 .0 5 (‘4 1.4 CO (‘I 4-I 0 .1 I-’ ~~ .1 (‘4 (4- C C —  0’ 0. ml — 0. 4 4 0 . 0 0  I 0 . 0
14 (4 a- a- Dl K 5) - a’ a- Dl 0 .0 ‘0 0. —V 44, 3 4 4  4 4 4 4  4 2  0 I 0. I 51 1 4 4  I.’ 4) (4Dl 0’ .4 ml 0’ 4 • .4 .0 ‘4 ‘V +1 . 1 >4 • ‘ 4 4 0 0  ‘ 5 4 4  14 — — IN — — — 0 . 0  4 ) 4 4,~4 4  4 1 5 )  5) — 4 ’ a 0 ’  4 44 4 44 41 Ia) D l , ’ .  . 0 1 5  —Dl 5) W 4 4 . C  44 - 00 0-1 ‘V US (I) .4 CI) CI) 3 Ia3 4 4 1  0 *-’ 4 3 4 4 I N  4-3 — — 0 4)

44 4 4 0  141 0’ ‘ ‘.4 .4 4 4 4 4  3 3  —ml C C  4 1 w  3 ‘4 •41 . 4 40 ’  . ‘V 0 . ’ W U )
.4 U 4-1 3 1’. ’ K • Dl . —‘. 5) a- a- .0 .4 ‘.4 ml 40

4) 4) 4 1 . 4  U) 4) ‘44 ‘44 ~~ ~ 4 (14 3 0 0  —. 0 4 4 0  .4 I ~ U • ‘.‘~ 4 41 41 a - I  a- ,4 ..I
3- .4 .0 ‘l 0) l”I K ‘._ 0’ 0’ .4 (4 C —• 0 4) 00 a- .14 Dl C ‘ a  I 0’ a- 40 (5 .40-~. 0 0 . 1 . ’  3 4  lI la 4 0-.,, 4 4 , 0 0’  IS0 4 4  C 0 • 0) Z I 4) C • 0 4-4 C0 5 ) 4 3  Ia 3 I a m l  ‘V Z 0 4 ) 1 0 0  ‘40 C m l  41

0. 4 4 0  . 0 0’  0 0 4 4  14 4 ,0 0’ ,44 44 0 4 )0 a 4 0 0 ,  ml ‘V 14-a . 4 1 5  -3 CO ‘aa I- ‘ V U I S  Cd -S

Dl 5) , 4,) ~~~~~0 4) U O m l

~~~~~~~~ ,~,,
0’ ‘-I • 0 0 )  . C a ”, a- C O I N  0 4 4 0 .

O N  4 4 4 - I ’.’. 0’ ’ 4 m l I S  4,
4 4 ‘,) 3 • ‘.4 • 0 . 0 4 4  .44 a -’ 4  0 . 4 4- - 4-I 0’ 4-) ‘ 0” 4 14 I~ 5- 44 0

• 44 00 +4 0 ) 0 0  + .0 44 I Dl 4

- C ~ 2 ‘5 44’ 0 0 ’  ‘ 0 4 )  •~~~~US 0.
I 4 ‘

~~ 
SI 

a- 
UI  

~ 5) .14 ‘V Dl 5)

0 a -a . ’  ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ I) ‘. ‘~~~ Z 0’

“I 4 0 00 ‘V ‘~ 44 44 ’.’. D l ’ 4 ’ 4~~~~) 3 -
ml • .44 4) Dl .4 ‘4 .14 10 ‘V ml a- 4 ml ml — 4,)
U 44 ml “ 5 .  ‘0 .0 ‘ 5 4 4 44 ’...’ 4 1 . 4 0  4 4 4 4 4 0 5)
.4 0’ ‘4,3 c ’ I I’. 4 4 4 1  .4 0 5 ) 3  - (4
‘V ‘ 5 4 4 .  .0 IS (5 a- 0 0 1 4  44 0 0  0)
00 0 40 4’a 4 4 . 4 4  0 4 1  3’, 44 a- U . 4 m l  0’ 14 0. I S V
14 Dl ( . 4 4  44~~~~~~~ 0 ) 4 4 4 0  00 + Dl ‘40 ‘-4ml 44 40 ‘9 C C Ia .4 0’ Ia .44 ‘5 — 4)
C 1 4 - 4  (‘4 ‘ 5 0  0~~~~ 0 1 4 44 . 4 0 . 0 0 4 5 4 )  I 0 ( 4 (f)
o .44 —4 0, “ U • 5) Ia - 5) ‘43 44 —
Cd ~~~~ ‘4 I 4 ) 1 4  • 4 4 , 4  ‘ 4 4 )  00 0 4 4  I-’ 4 ) 4 )

II o 3- 
a- ‘.~~~~~~~ ~~ 5 I~~~~~~~~~~~~~ I1 0 0 ’ 0  4 0 4 4

0 4 4 )  4 4) C a.’ 4 4 4  —I ‘V • 5) 4)
- 44 C C 4 1  m l (7 5 J  4 5 1 3  C 1 1 5 )~a .44 Ca.

.~~~~= ‘ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

2’. ’.~~~~41~~ .4) 
4-a

‘0 0 . N m l  
00 — 0 .

4 - 1 1 .9 0 . .l  00 
~~~~~~4~~~~(’.

”a 
~
‘5 

~ 
~~~a- 4)’ ‘4

€’.~~~~~~
.’ ‘I.’ —

3 -4 0 5) 43 .44 C U) I Dl .44 IN 45 a- • 0) 5 • C V 1.1
< & a -  8 0 4 3  >.~~~ a- ~ 4 5 0  

44 a- O ’ 4  4) N

44 ~~~~~~~~~~~ 
- ‘.

~~

~ 

.
-~~ : ~~~15 541~~~~4 5) ‘9

,44~~~~~~~~ 4) 44 1 . 0 1 -a  C’ 
•~~~ .‘ ~~~~~~ ~ g ~~~44 — .0 0’ 0’ 00 “m 0 “a ‘5 ‘4 .4 SI ‘II Ia • 43

* SI a- 1 . 3  4) . 0 ’  14 4 4 4 1 5  II IN 4 4 . 4 4
O ‘0) a- .0 3. 0 a- 5) • 45 U 4-I 3-. 1 - — ‘ 4)v O~~~~ 4 e ~~~~~~~~~1’. l  .3

C~~~~~~~~~~
e S I  

~~~~~~~~~~~~~~~ ~~~~~ 
0’

+
4-•

•
~~
’

(”. 1 4 4 )

~ 44 ‘
~~~0. ~~ 4-I ( 4= ’. ) ’ ’  (4 

~ a - I N  I +4 4

‘~~ ~~~~~ e .
,~~~~ 

~~~~~~~~~~~~~~~~~~~ 
~~

44 45 
~, 4.1 0 0 0 0 . 4  0 ~~~~~ ~~~~4 

~ ~ 
~~~~~~~~~~~~~~~~~~~~~~~~~

44 14 0’ . ‘ ‘. —. ‘~~ “ ,.) 3 4) 0 “4 ‘ ‘4 ‘50 0 0  II’) ‘4 9 ‘,-a .0 0’  , 4 4 ( 4  p 0 4 )  ml 4 1 > 4  +4 41 II 0 5 )
— •  

( 4 4 3 ( I) ”. • 
< C I S  I’S ”.l

I !C 1~~~~~~~~~~~~4 n
_ _  _-_ --- -___



_______-

IN • 5) ‘~ “ ‘

S C 4.’ Dl 0 ) 0
4 4 ( 5  ‘4--, . 3 1 4 .I II 1. 0 ‘V — 4-~~~~~IS 

0 5 1
45

4. 43 0. C ‘V K • ‘a. 0 4) 41 ~ a— 0 4 4 1 4  44 41 C — ‘ 0 .”. 0 0 4 ) 44 (4 . . 1 4
— 4) . ‘.4 . a- Dl — 0 54 .‘ IS4 5 0 0  .44 4 0 4 .  1’) 4 ml + • Ia 44 (5 = 3-, 44C m l  40 4 . ’  44 4 1 4  . a- • 44 44 _ 4 1  - — a’ - —C C 41 ~h I I Q  4 44 4 3 0  C a . ’ ,”, ‘ ‘ 4 1 4  0 ?.‘a ‘.a Dl .44 0 ~~ a.’ • 0’ Q C 4 .—. (-. 44

0’ 2 . 4  * 4-I O . K
00 

ml 0’ 0) 44 13 4 4 4 1  44 0. ‘~~ I ‘V C 4)
C 41 4’. 0. II 44 U) 0. 54 40 * ‘ 3 ( 4 1 4

1 ~~~~~~~~ 44 ~~~~C 0 0 . 3  5 4 1 4 4 4 0  13 4) Dl C 14-,
a- ml — • VS 

-~ 
4) 4. 4 4 0 ’ . ’  — 04 “ 4 0 0  4,1 “a 4 4 1 4a’ C 44 0. a- P’., * 4-1 0 0 0 Ia., US (4 10 .44 0’ 44 44 ‘0U 5) ,a I.’ 0) Ia • ‘..‘ 44 0) 44 10- C 

I 0 Dl 4 1 1 4  4 4 4 )  44 C 0’ 54 C m l  *4 4  .44 4 . 0  - 00Z 4 10 ’  U 44 ml 4 4 4 4 4 .  > 4 4 4  4 1 0 4  ‘ 5 ) 4 134 ~‘1 0) 4 0 4 4  3-Dl ‘V 0’ (J 0’ *  141 I a 4 4  1 4 . 0*~~~~~44 4 4 4 1II ml (4 00 4 , 0 0  ml 3 ‘ 1 4 ( 4 4 3  4 1 ( 4  * 0 > . 44 4) 4 4 , 0 .  44 N‘ 4 )  — Dl 0 0 4 4  1 40  — “4 0 . —  0 44 00 ‘V V
~~ — 

~ 
Ia C — , ‘ 4 0 .  IN ( 5 0 ,  I.~ 434) ‘V Dl ~4 0  ml • 0  40 = 4. 44 1 4 4 5  Iml 4,) 4) m a 4 4  4 4 - 4 0 4 4 1 4  I S a -  0’ 0 4 1 0  ‘ .44 - —4C 44 Ia 0 4 4 0 0 ’  “ 4 0 )  ‘4 41 ’14 Va) 4 4 3 > .  44 ‘.4(4 

— ‘ ~ — ~ ‘a.’ ma i. o u 4 5 4 3  ml ‘ - .,.‘I, Dl 1 4 - 4  40 4 4 . 4 . 0 4 4 .  4 4 ..,’ 4 4 4 1  4) 0. Dl 14 C.0 = ‘ 44 4 1 4 0 4 1 0  ‘4 — Ia 5) U .44 ‘4. 44

~~ 
a- A ‘ a 0 I) 1 4 > 4 , 4 441 44 ~~ 0 0  Dl C 0 4 1  4- 4) ‘0
* 0’ 0’ C C  44 1 4 4 4  ml ‘ 0. 4-a 5 ) 5 )  . 1 5  0) 44 ,44 44a- 4 1 4 1  1.’ C “i 4 1 . 0 3 4 4 1  5) 45 . 4 4 4 3  N 4-1 140) +4 .44 0’ 0 4 4  • 0 U >  3’, C 0 ‘ V I a  4.’ 3) 4 4 4 - a  ml IIO • 4) • 4) ‘V 4 C 4 1 . 0 4) 0 4 4 4 4  ‘m - ~~ 4 C ml44 1 . 0 3 .  0’ 4 4 1 5  43 45 ~~ l.a . ‘5 ) 4 4 m lII 4 4 0 ’  0’ 41 4 1 1 4  ‘S .44 C C > .  0 0 0 . 4  ‘ Cml I 44 ‘V C U  IN 0 ) 0  • a’, 4 3 0 4  ml

Dl 4. 4 4 o 3 . 4 r . .I-. ‘V • 4 3 . 4  44 , .- 0) 
0 . . 0  1 3 . 4 4 00 —00 ml VI.1 a- ~ 4) 

a 
.4 0 ‘0 45 1•d .44 a’ ‘V — 0’ ~‘ ,~~‘ 5 . 4 4  a- ‘V CO ( 5 . 4 4  0’ 3 4 4 ’  1 4 4 4 4 , 01 .~~ 41 IS 4) 1 3 , 4 4  4 ) . 4> 4 . 4 4 (4 C 4 1 D l m l  ‘ ‘ 1 4 0) .0 C 44~~~~~~~~)a 44 4) ~~ . 4 1 3  C (444 44, U 45 44 44 C 0 0 - .’ I  + ‘ 4 )  ‘V (4 4 4 0  C . 4 4 3 ( 4 4 1  0045 0’ (4 0’ .0 ‘ ‘4 0 — 44 Dl C I 4) “-1 — 3- Dl —‘

‘V ml 44 a- 4 1 4 )  Dl 4.5 . 4 4 , ’ —. (4 4 4  .44 (0 ~~. 1 4  O. I4) 
,~ 54, 4 4 4  1 4 0  4 - 1 1 9 0 ’  I - I C C  00 40 — N DlIa .0 44 • 0 • 13 44 00 0 * * 40 4) C 5 ) ”  “00 0 3 3 - a -  a- ’.l I 44 1 3 4 4  • ml 4 4 . 0  4 4 4 4  U > .  ‘44 C4. 44 4 1 0’  1 4 . 4 . 0 40  - ‘ 4 . 0  0’ 4 4 0  3- 4 0 4 )  C - 1 4 . 4 4  ‘4 CC • 5) “.4 44 00 ‘ 4 4 3  • 0 . 4 - a ’ —  4 4 0  ‘5 01 — ‘44 0 1 4  ‘a. ‘ a . )

0” 40 ml ‘.41 0) .44 0’ — Dl Dl .44 I a.’ Ia 8 .4) ~ .44 41 .4
44 .44 .44 44 .44 ml 0’ ‘.4 N (4 ‘44 0’ Dl .44 4) 44 44 0 04 laa ‘

0 4 4 4  4 1 * 4 )  ‘0 C’~~~a a ad ml • 4 3 4 )  4) 4 4 4 1  I .44
C C  • a- 5 ) 4 4 4 4  434 . 0’  C I  1 4 4 1  0 
0 - 4  ‘ 4 4 ( 5 0 5 ) 4 .  

. 0 4 5 5 4  0)
o ,

~~ Ia • 44 I’) + C C  0 4 1 . 4 4 4 —I
.0 44 .’.’ 44 0 0  • • I a ’ . 4 . 4 4 )  44 . 4 ( 4 . 0 4- a  0 4 4 145 41 ml ( 5 4 4  ml 5 (‘4 N .44 0, ‘ 4 4 41 ‘44 N 1 4 - 4  C ‘~~ml .‘I * 44 4) ‘S ~ 

I 0’ 4-’ 4) .140’ ml 41 43 ml Ca IN4 4 4 4 ,  5 4 , 00 0-) 4 4 _ C  0 0 4 .  C .44 ‘ 5 4 40  ‘ 4 1  0_I ’43 > 4 4 4  * 0 4 4  44.44 4 ) 0’  C ~
,3 4 4 ( 4 4 4 4 ) 0  a- ml ‘.4 (4 ‘4 C C  ‘-5 54 0 4 4 Co U ‘V ‘.4 1’ 4 3 . 3  4 4 0  44 ‘ ~~~~~ 0’ 0 ’  A ‘.4 44 1 4 0 , 0  Dl “40. 3-a C ml -.4 0) - I.’ .4 (1,1 .44 a- 0 ‘.4 44 ml C14 (4 U (ml • ‘V ‘a. ml N 0 0’ 3-, a- a’ 14 ‘V 0. 43 ml 44 4140 4 1  ‘ 0 4 4  • a - S I C C 0’ 4 . 1 0 .  1 . 4 4  4 . 4 4  C . 4 3  m l 4  ( ‘ 1 0 j’,’I .J ‘~0’ 4 4 4 4 0 0  0 4) 14 44 ‘4 ‘V 44 I 0 ) 0 > 4  • I II 4) 0 0 . 4’ . ’ .  I4 ) 4 3 4 5 1 4  .14 3 — ’  ‘.1 ml 0 4 ) > .  > 4 3 4 4 3  • — 4 0  .4

4_I IN — • .—I a‘V SI • C ~ ‘ ~ “ — ~44 0’ ‘ 0’ 
0 ‘V (14 4) 1”) 00 J54. Ia ~l (-‘4 I 4.’ 00 IS SI a- ml 00 • 44 +

4 4 4 .  4 4 4 4 - . ’ .  4 “. 00 . 4  ‘-‘‘V I )  - 0 4 5 . - )  . 4 4 1  0’ 5, I..’. 44 4 5 ,~I , 4 4
—I 0 4 - I  • 44 • 4 4 . 4  N “ . 4 4 4  44 • 0’  - ~~ 4) • C ‘ . 4 0
U 4 )  U Dl 44 U S )  _ C U I .0 4) 0 44 ‘ S I  C41 ‘40 4 0 0  ‘V 4 ) 4 4  4) + I 4 . 0’  C I I  4 5 4 1  .‘. 4 3 ’S I 1~ Dl14 44 l.a 44 0. Dl .44 Dl 0 00 -4 0 II 0 ‘4-’ (13 0. — II ,C4 1 1 4 0 4 4 4 5  -3 0 1 0 0 m l  a’ S’. ‘ 4 4 ) a — ( 4 . 1 4 44 .0 . ’ 4 , 00  4 4  0 1 0 . 0 0 . 4 0 . 0  (4

C 14 ‘VIS 4-I o 5 0 0  ml
4) 15 5) 4 . 4  ml • 4-4 454)

0) U .44 4) .4 44 Sf) 14 ,1 44 04,4 ‘0 ‘~ .0
14 • C 1 3 4 4  II II .4 CO .44 ml
4) (.4 5) 44 .44 a- .4 44. 43 44 >~ IN 1.’ a-

0 — 3 -4 1 , 0  0. ( 0 4 ( 5  a
Ia ml 0 0’ 4-1 .9 • 0 0)
0 44 •• 4 4 .  3 4 )  3- > 4 4 4  44 0 4) a’ 1 4 0’  0

0 •  C 3 1  ~~~~~~~~~~~~~~~~~~~~~~ , 5 4 )
Ia 0 ml (‘4 0 44 a- - IN 44 4 C 41 0. 0 0

43 ‘4 a) 0 .0 ml41 I Dl ‘ 4 0  . 4 4 4  U I ’ a a  4 4 . 4  ~0) Ia

( 4 4  51 a- • 4 4 0  ‘4 5) ( 4 a-  Dl Ia . 4 4 0 .  ml
4 5 >4 . 4  .0 4 . 4 4 0’ 0)) 4 1 ( 5 111 IN ‘ 4 l a  1 5 4 4  4.’ 0 4 4

.44 1.’ 0’ • 8 ~~ I (0 • (5 0 14 0

SI -‘0 ‘V 0 . . 0  .4 4.’ 
- 

3 ‘V . 4 4 1 4 0  0 --‘ 4) 3. 0 ( 4 4)
• C 0’ 44 ml 4) ‘ 0’ 4.’ Dl SI IN .44 ‘4

40 C 
44 • 4 - 1 4 4  Dl C a!) C ‘.4 0 4 4  U‘.4 54. 45 .44

44 ( 4 4 .4 45) 0) I ‘.4 4) •
‘4 I-I S) ~ 4 

• 
.o 4) 0 , 4 (5 44 ) 4  ma • Dl 4 ’,..

1 4 4 1 .44 • 44 44 1) 0 41 4 . 0  44
44 14 0’ 44 .0 I~ 5’. 

44 0 * ml .44 43 44 “ 15 4)) ‘a’.
‘ 5 4 1  4) —454 43 5) a- 40 0 .44 ( 4 . 0 . 0
4 4 4 4  a- N 0 . 0  4 4 4 4  D l 4  (15 45

IO N  5 4 4 5  “ 4 0 0 .  1 5 4 1  4 ml IN 44 C Ia 4.

~~~~~> . l~ 
+ 44 0 0 .  F I S a -  • 0 1 4 4 ) 0 0 4 1 5 ) 0  ‘ 0 4 5

‘14 0 ) 0 )  • 40 3 4 4 4 ) 44 1 4 . 4 4 1 , 0 4 .’  l a C  ‘4
Dl 4 1 1 4 5) Dl .44 C I ”  44 0 41,0 0’  0 0 ’  (4 1 0 4 1 4 3  ‘~ .44~~~~~ ‘ 4 >4 

‘V 4 4 4 1 . 4 4  Dl a.’ > . ‘ V  43 C C m lml IN a’ 4-I C .44 4) 4.’ 0-’., 44
“.1 . 4 4 ( 4  IS .0 0.1 ( 5 4 1 .4 *0’ 4 4 . 4  I 4 4 ’ 4 4  4 ) 1 5

4-’ .44 a- 0 4) ‘44 4) 4 44 (‘1 0 ml ~ I ‘ .44 II ml —
(4 ,  U 14 U 0. ‘1 .51 K C C C ’  ml 0. U C ~~ . 4 4 ( 4  C O

C .44 a- —I I • Dl 44 4) 0) I~ 15 IN • .44 14 ‘4 C ‘S a-
41 .14 .44 0’ I-’ * 0) 40 4) .44 (ml I .44 ‘14 0 4-I 4 ‘~‘ .4 ~ .4

C I 3 0’ 44 .”. K 4 4 , 4 4 44 4 1 4 4  m l ’ . ’ .  0 0) I I) C ‘ ‘V 5 ) 0 ’
0 0’ a- ‘~~ 4)’ 4(1 (3 (5 4-4 — I) 

• 
44 .14 03 43 4 04 ‘14 .0

—4 ~~ a- C .04 4 1  ‘0’ l4-I .“l 0 4 .  ‘V ‘9 .44 ~ 4 0  (4 C “4 C 4 - a l  4 4 4 4  —
a- 0 I 44 0 0) 4 4 ’ ’ 4  (15 D l i . ’  N SI

.4 a- 0 _  Q Ia • Dl + ‘ 4 e ’ 444 — 14 0 ( 4  4 4 K ,40 0 K ’ 4  15 ‘ 3  .44 a- 3 - CN I 0’ l.a C’ Dl ‘40 C C’
3’. Ia a- l.a a.’ 44 4) ~~~~~~ Dl 00 44 ‘5 0. 44 

- ‘ 4 3 4 40 ’ >.  0 C 43 4’a +4 . 4 4 4  “4
Dl • 4 4 4 1 1 4  4) 3-, ‘40 54) ‘ ‘ 0 4) 10 — ‘V 54. 3 - C

3-. ml I 3- — 43 (a) 0 ‘44 44 .4 44 .0 (l.a a- I.’ 44 (I 44 ‘54, 0’ C ‘5
Ia C 0’ (4 C 9 0 .  ,~~ 40 .0 Dl . 0 < C C  Dl K G )  15 ‘V ‘ . 0  41

0 — 3 a- .0 4) 44
~ ‘~~~~~~~~~ +4 ~~ ‘ 4 0 0  ‘~~ 44 3 0  ‘40 14 44 ‘V — - ‘.1
3- 0 0  4.’ 0’ 5 4 4 4 4 )  4)
1) 0. , 4 4 4 4 . - I  4 4 4 )  • 4 4 0 ’  44 4 4 . 0  - . 0  0 I) .C K

3-. 51 44 44 3-. 4 0 0  ‘4 Dl 10
4 ) 0 ’  4 1 4 1  , 4  0)I C + a- ‘.4 15 4)

-‘I 0 4 .0
0 4  — I (0 4) 

43 , ~ 3- 0 . 1 ( 1 5  • ml ) ‘ V  44 ‘4 ‘ 4 4 . 0Ia ‘.4 ‘40
44 4 a- ml 44, 14 • ml 5 4 1 4 4 1‘4. — ‘~~o—~ Dl C (14 .0 .3 5-., (5 ml 3-. “0 “4 U ‘ 0 0 -.1 C C ISI N 40 C’ 5 4 . 4 0’ 4 ) 0 0  a- C I I )  IN Dl 5 ) ’ 4  Dl • ‘ 4 4 4 )  0 0 4 4. 01~~~~~~~~~~0’ 4 ) 0  
40 , 4 0 0  IS 0 0 ’  Dl 1 5 ,0 U 4 4 0. (14 a- ‘4 ml B

0 ( 7 4 0 ’  I . 4 4 4 4 4 4  0 ) _ C  (4 .0 l.a • (a .44 Dl 4 3 0
.4 a- 4.1 a- ) 0 44 ‘4 4) (ml N 4) 0 41 ‘40 4) 41 .—l 04 0 44 Dl II 44 43 54

I I 4 4 ~~~~ 4 — Ia 0 4.’ 44 . 0’ . 0 0 4 4 1 4 4  1 . 1 4 4  ‘ 4 1 5  ‘ . 4 ( 4  (4
Ia I .4 40 0’ .4  II 4) CI., ‘44 ‘4 Dl 13 ‘V C 15 44 C ‘,1 a- a- 0 — 44

U .44 4)
0 ’ Q  0’ ) 4 ) 4 4  ‘..) 1 4 . 4 4  

5~ 
4 1 4 3  ‘4 “.1 .1 ‘ 0 4 4 5

44 0’ 0’ I 1 4 C C  4 1 4 4 ’ .  4 4 0 4 ’ . ’  a- . I  44 • • C K * 0
I a- a- ‘.4 0 ml .4 “.4 0’ “4 ~~ 3’. 4) ‘.4 I 44 0’

C ‘I  0’ .4 44 a’ .‘4 U I) K ‘I 4 ‘4 0 IN 0’ 0’ C SI ml *
— I I 54 ~~ SI . —. .  0’ . 4 40 ( 7  4 4 1 . 4 0’  C C  ~1 ’ 0 ‘V * ml 3 4 1 4 4

-‘0 C 14 + I.’ — .44 .44 4) 404 .44 ‘9 .4 4 4) ~(4, 44 14 4) ‘-4 4) 4-I .4 44
0’ 40 ( 4 4 3 4 4  ‘ “— ‘.4 > . ‘ V  . 4 +  ‘ Q m l  ,.A 4 4 1 5  43

“, (‘4 — 0 .4 115 . 5) — 14 ‘, ‘15 ‘V 4) ml 44 (4 Ia 4) 0)
>4 1 C ’ S  “~ II -4 C’ Dl 5 05 4 5 1 5  45 ‘ . 0

.0 . 4 4 . 0 4 1 * 0 .  1 4 4 4 4 4

0’ .4 4 1  1”. — 43 0 0) ‘V 0’ - ‘.1 .4 ml 44 ml 4 ‘V) —  — . 0 ,0 ~~ 43 4) I 0 4 3 0 4  4 4 1 4 .0 4)

— (~1 ( 4  .3 4 5 ( 4 ( 1 5  — 5 ! ) .) 3 - 4 4  4 4 4 1 , 0 . 0 4 4I’-’ 4 4 4 4  ‘4 00 4 0 )  .44 .44 0 0  .0 C C 

-~~~~~~-~~~~~-~~~~~- 



~ — - — ~~~~~~~~~~~~~~~~~~~~~~~~ —_-—-

~1
0_I I

- Ia
a- .-I ‘V 41 ‘V4) C C  ‘4 . 0 4 4  C ‘-4-4 ( 4  .44 — 0 0  ‘S — 44 4 4 ( 44) 4-a 4) 41 (4 I• 3-. 43 D l ’ V  .44 44 44 3’ ,44 • 4)4 4 a -  4 4 —- ‘S 

~~~~~~~~~~~~~~ ‘4 0 > -.• 4 4 4 5  > 4 ( 5  44ml 0)) 0 (14 4) ‘~~ — .44 0 .44 C - Dl-
~~ 4-I IN ~ (a ~ ~‘I U ~ I ~

SI ‘ C ml ‘4 3’. 4) 40 15 44 54 0 “ Ia ‘.Dl 0 0 0 ’  0 ‘..‘ 1 . 0  41 4) C Ia 4 4 . 4  ‘ 5 0 0  0 ’ 4 3  
U.0 ml ‘4 ‘.1 l.a

44 (ml ml 3- a- Dl ‘~ ) 0 0 IN
, I N  Ia U —. 44 - 4 4  .4 . C SI 4 1 4 1C ~~~~~~~~~~ 0) 4 ‘ 4 4  ~~

‘ 
44~ Dl 0. .4) 0 IS IS

~~ 

‘1”' ‘V Cl) - 1 4 — 4 4  .51 .44 44 —‘ - . (4 . 0 ,441 4 4 1 4  C 4 4 . 4 1— SI .~ 44 ‘4 (-~~~~‘V 4 1 4 1
II 01 ~~~~~~,0 C O .I) 0 0  C ‘V 44 

40 .3 0 0U — C (4 0 0) (“1 (4 45 Dl 0) .4 Dl
41 4) — 4 444 0 .4 , 0  Dl C -a C

4 .0 0  ‘V 4 1 ( 3 4. ‘V 4) 

C 
~~ — ~~ 3‘l.a 19 1.’ ml .4 •-I I ! ‘ 0  .44 4 4 . 3  0 04 4 ( 5  ‘V 14 5 ) 0 1 5  41 OS 5) 44 * 4. -~~4-I ‘ ‘S N C * — ‘ .44 -5 .0 D l ’  ) - .‘ V  45 Dl ~~44 44 ( 4 . 4 4 5  ml .9 4 4 4 4  4 3 m l  Ia — .0 C.4 4.’ l.a .4 44 
‘S 0) 15 4) 0 > 4

a 
‘ 0 4 )  - C Ia “ .= w  44 IN ‘5 ‘ C I  .44 ml—4 4 4 4 4 5 )  .4 IS C 4) 44 ‘•, 0 44 C ~~~ ma
‘S U U 0. I II •~I54 

- 
4) 44 15 a”. a- ‘V ‘V 

I 
-

a (4 ml . C C I a -I N  0 ) 00 ) 1 4 0 .  44 41 a -I44 44 (4 0 • - 4 0  Il lS44 14 ma 4 1 4 1  01 ‘ . 1 0 . 441 0) 43 a- ‘ 3 -  ‘ 0 *  44-
~~ 4)~~~~~~~~~~~~U r n  ~~. 8 5 4 . 44 .14 5-, . 4 4  Ia~~~~~~~ — ‘ V C~~~~~~~~~~ 5) 4 4 4 4a) 44 0 0 4 4 ’ -’ —I ml “o 4 . 1 w — 0 0 0  ~44 .1 0, Dl 0 — ‘ ‘0 44 VI Dl 44 .0 ‘41 ‘.4o .‘. - 0) 44. 0 .0 4. Dl , C .4 -‘4 ‘4 ‘ I 

-
C) -4 44, ‘4 (4 3- —a 1.’ U - 40 4) ‘S 4) ‘ a  14o ~~~~~~~~~~~~~ 4) 0 .  1 5 1 4  ‘V 44 ‘ 0 ( 3 4. a- ml .0 44 (SU 4 5 4 5  ‘V 0. . 4 40 0 0  • 4 0 4 .  Dl ’..’ OI l” ‘0 41-4 C 4 4 0 )  ‘4 4.’ 41 8 C.~~~~5 , 0 ’ .4 -l ml

o II ‘0 14 — 4-1 ‘.4 — — SI44 44. 015 4 4 . 9  44. ‘ 4 . 4 4  ‘V 4) ~~
, 

“—‘ • 4 4 0 )  a- .)4. —I 5) .1 (4 C .4 ‘44 44 - ‘4 3- Ia —o ~l 4) IN 43 ‘.1 (4 -.1 54 A a- -‘I
Dl (a .4 44 4) 41 5) C 44 .5 ml ‘4 Dl 4) a-

4) 4 1 0  - 0 0 4 4  4 Dl - ~~~~~~~~~~~~~~ .44 , .4 )  C C .  .4 ‘ - -
4) .44 C 0~~~~~4 .4 3 4 4~~~~~~~~~ 43 E U  . 0 4 4  -444 ml .4 4) Ia (15 — , 4  4) ‘.4 C I-I IaI • 4 . 4 1 ( 4  54 • 44 44 0 , 4  6 4 4 . 4  44 t . J. 4 4 4 5 )  5 4 4 )  4 4 4 4  • C 4) C 44 , LI)0 .0 1 4  D l , 4 4 4 m l Q  .3 44 I 3- ‘ ‘ V I44 Dl ‘S ml U ‘4 0 0 0’ • 4. 44 ( 1 4 4 4  . — a-o 44 .44 0 5) 4-4 44 Dl 43 44 (“1 ‘~~ a- ‘4 • ‘4 44 3’.3 - 0 5 1  0. 44 U U C  . 4 0 4 1 C I  ‘— Kml U II 3-. C S )  C 45 3 -  C 4 ) 4 0  a- 0) ‘V

F . 4 I I )  43 
~~~~~~~ 5 , 4 )  .4 ~~ a- 44 4. 5) 444 . 4 4 ,0  (1. (0 ml ‘ ‘ - 0 ( 4  41 — 4 3 ( 0

l ”  5” 5) 0  ‘44 0 4 .  4 4 D l  ‘ 1.5 4 4 5 4. 4 ) 4 4  ~~~ 
3- ‘ 0 4 50  3.
0 .44 - 05) .44 — “-1 0 0 0) a- 44 ‘a ‘ 44 3-. (a •0) ( 3 4 1  • 4) U 3-. 4 4 . 4  ‘ ‘44 Dl • 0 .4  8 .’. 0 .’ 4a- C a- C 0. 4. Dl 1.’ , I  • Dl 51 • 44 ~ I, “I’, 4. . Ia.’ 3. ‘.4 ‘43 ‘V ml C‘41 ‘4 00 43 Dl 4. 4) 4) 4) C Dl .4 0%

— .4 S 444 4) • 40 3 Dl .4 0 14 
“. ~~ ‘~~ ‘~~ “.‘ 14 0 0 44 C 05) V.. ‘44 ,-4 ‘ a  (a I 5—. 3--. 41 0 4) 5.a 3--,‘4 (‘4 4, 5) 4 4) 115 .41 “4 — (a) “4 0. .4 ml I) 44 “4 44I IN a...’ 40 .44 ‘V 40 I’-1 “- ‘ a- .0 05 C’ .0Dl D~a ml C C O O ’S ~~ 43 ‘-4 5-, 4) ~~ 0 . 0 . 4 4  41 44

44 ml 0. 5 ) 4 4  4) 44 4 4 4 4  4 ) 4 4  Dl 4)
4) ‘4 - 0 IS 1 4 4 4  

~~~~~
‘,I 4) 3-  04 4 1 4 1 4 1  4) C

0 45 4’) 3-,
I-.’ 

IN 4. 4) (, 
‘
~
: 

e ‘- Dl 0 41 0 Dl .44. 4 . 14 4 ,4  .00 0) ‘V ~~~~~~~~~~~~D l 0 ) U  ( 4 1”

C 00
C C

41 “4 ‘I.’ .4
44 4) 44 3’. 0 C I )

‘0 ‘.4 0 ‘a . 4 3  o
a- 44 0) 0 ) 4 3  44 0) II 0) (4 C

(‘1 0 0 4 4  1 4 4 )  5 4 41 + 1 4 5 )  (4 3’ C m l  m l ’
00 a. (4 ( S C  a’ 4 4 ( 5  0 _ C  .1 4) ( 4 C C  0/5

44 - 0 • .44 0. 45 0’ IN 0’. 14 0
.14 a’ 0 ‘4. ‘V 0. 0 U‘4 C 44 4-’

Dl 0. • 5) 0 . 4 1  I Dl 0 C Ca
4.’ .4 5) ‘ 1 5  44 • C C ‘ C • (4 4)
44 00 C U )  ‘ C  ‘.4 . 1 4 4 0 1 40 —0 0 0 1 4  ‘0 4 4 1 4 0 4
‘4-I (4 0 0’ - .4 4 ‘~~ ~~ ‘4 0. C’ II

.14 14 0) ml + I — .1, 0) a-.4 .44 00
a C 0. (5 C a -  Dl ‘ V O l  ( 4 0  

- 
4) 4. 4 4 0 5) 4. •

4) ‘4 .-l 5) IN 14 C — 0’ .0 0 44 .4 44 0 a-
. 4 . 4  (4

40 .44 4 . 4 4 0 0  44 • C (4 0 ‘ 0 0  0 0 4 4
‘4 IN 5) ‘.4 Dl + 0’ Dl (41 44 .-I .4 Dl ‘.4ml 0 4) 3-. ‘.4 I 0 . 4  4)

44 ( 4 4 4  44 44 ( 4 1 4  C m l  - 0) 0 0 44

‘4’ 3- 4 1 5 1  4 4 0  4 .4 3 30 ( 4  44, 04. 43 0 4 3 4 0 4 5 4 4
-4 4 4 5 )  C S 0 4 . 0 0  4 3 . 4 . 4 0 0’  K Ia 41 4.1 Dl 0 0  3 — 4 0

. 00  0 1 . 1 0 4 )  0 44 Ia C 0 C ’ C a  I.

4. 
U I D l U 1 4 C  > 4 ( 4 0 0 4 4  14 Dl ‘4 4 0 0’ 4 IN

4-I ,) 4) .4 IS 0 0 m l  4) 0. —4 Ia 4 4 4 )
0 4 4 1 a .  a- 4 4 , 0  - 0 0 ) 4 5 . 0 1 4 0 . 4  0 ( 4 ( 4 3 4 4 4 1

0 4 4  4 0’  4 - . 0 0  0 4 3 (4 5., 14 4) 54 0
4 0) 4) ‘.4 .44 VI C Ia 4) 0. 44 11 1 4 ( 4

01 . 0 ( 4  C’ I 00 * ‘V .0 . 4 1 4 0’ 4 . 4 4
44 ml 1.’ a- (ml .1 . - C 00 ‘V (‘4 II 5) Dl .4 4 ml Dl IN

‘0 + 0’ C I  + C (a 40 0 44 I N m l  IN
IN 0 II Dl 0)

(5 C a -  0 ( 4  S I 4 4 0 0 0 0  IS 4 4 4 4  4 4 4 )  43 B C . 40 0

0. .0 0’ Dl ‘—‘ K IN — 0 (4 43, 0
4) S 5 )’ ... 4 ) 4 4 0 )  .4 .  0’ U (5 ( 4 0  4 5 1 4 4 1( 4

5) 4. “.. C a -  0 0 5 4  00 - +  I ml 0 ) 4 ) 4 1 0 . 4
Ia 00 05 c 0) a.’ — .0 ‘4 .041 • Ia . 0 4 0  Q a -  0 5 0’  4 4 4 3 1 4 4 4  

I .  .1 0 4 4 0  ml ml
0) 4 4  45 — ~~I (4 ’ M ( 4  .0
40 4 .4) I 0 . 1  .44 .4 14 0 0 0 W  4) — 0 . 4 44 ‘44

4 4 0 4 4 1 4  4 4 , 0  ml 0. I 0 4 4  0 44 4 ) 4 3 0 4 1  —
44 (4 5) 4 4 —  5 )—  U U . 4 > 4 . 4  K ,1 II
43 00 , 4 I a Ia ,C ‘0 0 ‘ S C  a- 4 i’.,’. 

~~ 1 4 0  0. a- 0 ) 4 )
( 4 0 .  0) 4 C

1 4 0 —’ . 4  ‘S —~~ I’l~~~~~~~ 4 1 W  ‘ 4 > 4  0 0 4 4 43 0 . 4 )  
0 ’ S ”4 . 4 ’ SS ml (4 + 0 , ’4 I C ’ V  405-, .

~~ • I
• Dl . 1 0  

• 
0 ) 0  I ’.I IS . ( 4 C  ‘ 4 ) D l ( 4  1 4 0 .

~~ 4 0  ‘~~ -‘0 ‘ ‘.4 S U 4 4 4 4  0)~~~~~~~~~~’S ~~ 3-, 4 1 4 4 4 4 4 4 ( 4

‘S 0 0 4  4 4 0  
- 

4 4 4  14 ‘V - (4 40’ 0 ) 0 .  40 -I * C 0 . 5 4
IN ml 1-1 0 4 4  C5) 4 1  + — ‘4 — 0 0 4 4 4 1 ( 4

IN 51 ,,., U ‘40 0’ C .4 00 Dl 8 0 0) —4 0 4) 4

4 0 ’,.’ 0’ 4 . 0  0 , 0 0 0 1 4  ‘ - ‘ V  0 5 0 4 C 4 1 ’4 > . .4 “3 Dl ( 4 0  • 1 4I N

~~ 0 0 5 )  44 I ( S I a  00 (4 Dl 0 ) 4 ) 43 ‘ 4 ’ S I N(-.1 .4
0. + Ia ml “ 44-a C ( 4 *  4 ) 4 3 4 )  Dl 431 Dl 4 4 ’ 1 4 C 4  45

40 ml 0 44 40 a- Dl 5) .4 44 44 ‘4-. ‘ ‘  .44 4 .44 Ia U .4 ‘S C C SI
(14 (5 .4 4 4 0 0 1 4  C ( I  45 ’.’. 0 4 4 m l  . 0 4 4  ,~~ .4 4 4 0  C C

41 a’ 0 • 0 ‘.1 S Dl .4 ml 4 (4 .0 ‘4 45 ‘l  (44 .4 C 0 (4 ‘ 4  K IS
d ~~ ml ml 0. ml .4 .44 “4 C 0. ml Dl I 4) Ia C)) 4) ‘S 0. Dl 0

0 C I I  VI ‘V ‘ 4  ‘5 5) 4 1 4 1  ‘ 0 4 14 0 1  C
5 1 .4  44 w 1 5 ( 3  ( 4 0  C a -  ( 4 - 4  o ‘S Dl 0 C I a 4 1 > 4 C ’4

Ia ( 4 0  0
4 1 0 .  Dl 4 3 4 4  • 5) 

43 (4 4 0 ’  —I • 4 4  a’ ‘S ‘ 40 .0 3 .4 , 0 4 4 4 4 4 1

‘S 5) ,4 ‘S K a ’ +  41 4 4 ( 4 4 4 ( 4 1 4
I.’ .4 ‘44) — .0 0’ . 0 . 4  .0 0 . a -  + + 44 44 

> 4 0 > 40 . 1 4 4 4- 43 ‘14 4‘. .41 . (3 (4 • a- 00 .4 ‘4 a’
‘4 40 ‘4 • Dl ~~l • 40 (14 .-~
“ ‘44 (4 • K 14 +

0• 
D l i  00 —I I 14 4 4 4 1 + 0 ’  -~~ ~~~~~~~~ > 4 ) 2  IN

II., + (4 ml ‘a -a 0

eI4 •~~ 
ml 44~~~~~~~~ ‘~~ >4 

0 I II 4 4 4 4  (‘1 V ‘ Dl Dl ‘S
0 44 ‘ 10 4 1 . 4  a’ a’ II l”O ,,l a - 4a -  5 4 a - , 0  4)44 0. 44 00 .0 44

— 41 14 U Dl C C 4) 0) 4) (4 S 44 II .0 1. ‘4 • (14 4 (-4 Dl (14 ml C
• 4) .3 .4 I .3 .5 Dl 0’ —I .1 I.’ I + Dl S S 41

(11 ,, 44 44 C ‘S a- C C I V ml (“I 4. ‘0 0
(a .1 a- - ‘ .4 a- .4 ‘4 0 Ia (14 00 4) • 0 44 U 0.

0 , 0  44 I I

~~ 

CI.., 4p (4 I .4 4 4 - 4  — — ‘S U — a’ 114 CI.. (4 0
+ 44 0 0 .  ~~ Dl 4 4 , 0

4) 4.’ C I a  I 4 1 1 4  44 
- 

+ ‘40 + I U C 
• 

U
- 0 ‘4 0)‘4 0 14 4. _C~~~~~~ C ’ 0  C

I) U 1 4  4 0  ml U 00 U ( 4 0’  1 4 0 0 ( 3  .3 ‘.4 ‘0 1 4 4 5  

---— -- -~~~~~~ ---~~~~~~~~~~--



C • - 44’— K 1” —I
— - N 41 -
.44 44, 4) 4) ‘4-1 10 Dl (4 ~1 44

C 43 43 “.‘ . 4 4 8  0 ) 4 4 1 5  4) 0
0) - 4)’ 0’ C (4 .0 _ C  0 C 0 1 4  44 a (4

.44 44, 4) 4 4 4 4  “4 ‘.0 4 5 4 4 , ’.. 4.1 41 10 ‘a 4 1 . 4 . 4
I” K I. 44 • 44 44 — 0 ‘3 )1, ‘0 15 41 — 44 IS

- 43 43 Ia C .0 ( 5 4 4 4  ~~~~~‘4 04 0 ‘4 
0 0 —  a- -.4 IS 4 ) 4 4 1 5  5) 44.IN 44

• 0) ‘4 - 40 Dl 11. . .44 ‘41 ‘ Ia 0 Ia 43 (5 (5
‘3 ‘3 - 4 1 ( 4  (4 5 ( 3 14 0’ 5 ) 4 444, 4) Ia (5 4 4  

~~ C —3 - U  Dl 4-1 5)
44 .0 44 .0 “4 4 ) . )  ‘ ‘ S  • 

‘ • .~ 0. • - 4 4  . ‘.1
— 0 ’ ( 4  45 ‘3 0’ 44 - 0)

0. I” 0 ’ . ’  .0 — On • 3 . _ C  44 -“4 43 44
4) 4) U IS 5 ml —4 ‘4-a ‘.‘ I.’ 44. 0-’ + • IS .0 .4 + 44

‘.4 0 0 0  - 45 I .0 ‘S — ‘4. 4 4 1 1  0,
N (I • 0) ml 0 4) 4-’.’ I SI 55 (11 .0 4-’.’ 44

44 —4 44 .44 — ml 44 ‘40 ‘~~ 40’ • 45 ‘ 14 4-’ 0’ Dl 4’.’
- -.4 ‘4 5) 44 5 a- 44 4) -.4 • 45 l.a a- 43 (5 43 0

K I N  I 5 ) -  VI 4 4 4 1 . 0  43 a- I ,~ ( . 4 4 4 1 5 . 0  44 54
IN 0 4 4 4  44 a- ‘ ‘ V I .  0 1 4 4 )  . 4 5  + 44 44 I— 4.’ IT
IS a- ‘S — 4) a- C 3-, .4 ‘4 S l.a 45 45 3- 0’ .0 .4 0’ .44 a-

‘40 - 4) — .0 C - 5’ I.) ‘0 0 I.. (a 5’ (5 .44 .44 ~~- 5,
4 4 0 )  44 0 ) 3 . 0  5, • 1 4  ‘ 0 0  ‘ IN (‘4 ‘3 — C C
( 4 _ C  - K ~~ ‘ ‘4 (5 I~’ 44 0) • ‘4) 0’ 0 0  0) )’. 44 -

13 ) 0) S ’ 4 0  I 13 1 1 4 0 ’  ( I C  0 . 4 4 —  ‘ 4 4 8
-4 5. V.-4 3 ( 1 . ’  • ‘0 • 5) Ia I S )  4.’ a- I’, 44

Dl ‘44 ‘0 - ‘.4 ‘ (11 • a- .0 ‘S 4. 4 4 . 0  I 5) C I 0 ‘3 ‘0
4-1 0 8 3- ‘41 C m l > .  0. 0 I.’ 4’. 4-I — .44 Ia VI

45 5) a- 0-. U - ‘ VI44 - ml VI (a 5) • 0 4
-.4 w - ‘S ‘.4 .3 14 ml 4-I Dl .0 44 — — — .4 44 a- 4)
1 4 4 )  C ‘ 0 ( ’I a- 4) 5’ C 3.’ • IS I . 0 . 0  (‘4 - (0 ’..’
5 ) 4 4  44 ‘ 4 4 4 . ’  ml ‘0 5) 4 4 ( 5 4 0 ’  • 1 1 4 5  3

.4 4 ‘S .41 4) - (5 ‘ 3-, ’4) 4 1 4  ~~ 
5. 44 C IS
‘4) 0 4) 4) - U

.4 ,~~~~~4. .44 C ’  -.4 4 4 1 5 4 0.~~~~ C Dl 4-4 . 4 4(3 44 0)

~
‘ Dl 

~~ - 
1.’ U 4 1 4 3  I 45 IS 4) 1’.’ 44 5’ 4 ) 4 4  0

4 (4 a- ~ >~ ‘3 44 -4 0 ’ —  , 0 -< 44 - —  15 ‘4) . 0 4 3  —
.0 4-” ‘ 4 ) 0  ‘- ‘ 0 . 1  Dl 5) a - 4 5  ml 4 3 . 4 0 )  ml I—a Dl

5) ml ‘4 14 ,14 ‘4 4 (‘1 .44 ‘ (1 Dl5) 4 4 0 1  40
44, U 5’ .4 ‘43 0. .0 I IN IN 0 5’ 3 (7’ .0 — 1-’ ‘-4 • “43 (4

44 ,..’ • 44 ‘0 - 4 4 4 0  14 .14 0 0 41 ‘0 • a- 4 1 4 ) 4 5  ‘ 4 ) 4 4  44
4 ) ’ a  .4 DC )’.’ 4 0 0 .  ‘ . 4 4 1  I” N ‘ — 4 4 . 4 ) . 0 1 0 1 1  40 4-4 3-.
.0 ‘ S C  C)) I 44 .‘a 4 4 5 )  m I 4 0 4 4  (/5 00 1 4 1 4 ) 1 4 5 4 1 0  17
I” 4) .4 I 4 1 ( 0  .0 — 4 ) l a  4 ) 4 4  — ‘.4 45 — 0 . 0( 5 1 .’  • VI 44

.44 ~~ - 3-’, 44 “4 1 4 4 5  ‘ 0 4 1 ( 543 ( 4 ( 5  - Dl ,~ ((4 5 ) 1 3  -
U • C~~~~ 4 a- ‘44 44 5. 44 Ia I.’ * 4 4  4 ) 5’ —- .44 0 4-4 UI 0 5 . 4 4  44 a- II

.0 (11 0. - 4. ‘40 Dl ‘S ‘5 (4 5) U SI 44 ‘0 45 (ml 0 ml .1 5) — 44 3-
—I ‘V VI 44. 44. 44 5) 0. —4 .0 43 .44 a- .C (4 Ia C 44 —

C I • ‘S 4 0 4 0  ( 3 4 4 1 1  I ” - — >  .~~ C ~~ I 4 )  .4 ‘4) E 4 4 4 4
3.. D l ’  4) I.’ 54 U ‘. .0 1,) Dl 4) 44 I’S ‘- DlI ‘S 44 (11 - N

0) a- ‘ 3.. >, ’—’ 5) 4 0 . 4  (‘4 ‘ 4 0 4 1 ( 4  - 0 ( 5 4 4  ‘ 4 4 . 4 0 . 0 5  Ia - ‘ V . 4a- .44 44. ‘.41 00 ‘4) ‘0 14 (4 .44 . N 44 .0 ~~I 44 41 . ... ‘S 44 3-
I” II ‘V I 5) 5) (3) • 5) ml .44 0 .0 ‘ (I) Ca — 4)

IS ml Ia 44 3- (3 1 4 . 0 .4 . 4 0  ‘ 4 4 0 ’  IC —a- 4) ‘ 4 1  C D )  — (4 a- l.a 44 4 ) 5’  m l )  4) 4-I • .0 Dl 44 44 ’..’
.3 44 U 44 ‘S 44 0) ‘0 a.’ IS 4) (‘4 ’ .4

4 1 1  ‘V 4) C ‘44 • I”  ‘4) - 4 ) 4 3  3 . 0 4 4  0 0 )  —
4 1 (4 14 > , 0  -“ 0’ ‘ 4 4  C ‘4) 43 44— IS _3 .0 43 40 0) K 14

. 3 0  ‘ 0 5 5  5 ) 0 3  3- 5’ ‘44 5) 4) 0 ) 4 1 0 0  44. 0) 0 - 4 4 ( 1 . ’  ‘ 4 4 ’  44 ‘5)
5) 10 4) 44. 4 4 4 1  ‘.5 44 ‘S ‘4) — C “ 4 3 0 . 4 4  44 44 -4 0  (4 (5 (5 ‘.5 - 4-

.44 4 44, ‘44 1 4 ( 4 4 4 0 0  0 5 ) 0  . 4 4 1 1 0  4 1 4 .’Dl I.’ — (~ — 
• C •‘ I 43 4) I U .0 ‘ 0-4 44 44 U ‘.40 0. 0 —— (3

0 . _ C O  0, . 0 4 1 . 4 4  5 ) . )  ‘ - a -  40’ ,—. 4 4 4 1  41 a- 0 0 1 4  0 >  ‘5’
0. U 0. - —4 . .44 ~~ (5 44 ‘4) I 0’ I.’ 4) 4.) 4 -..I 4-3 41 .4 44 4) 43 • ‘.4 ‘4
43 - 4 3 4 4  .‘-4~~~~~ ‘ 1 5 4 3  ml C 4) 0 4 5  1 0 4 3  4) • ‘0 5 5 1 1 0

(/5 - Dl On ‘S ‘ “4 O W  ‘ 4 4  - .4 4 4 . 0  ‘40 0) 40’ . 4 4 4 1 4 . 4 4  5) Dl ‘ a.’ 4
44 Ia ‘ Ia - -, .44 4) 0’ - - 4) ‘-I 4) U ‘.4 U 44 C ‘3

(S 4 - 3 0 5 4 4  . 4 3 4 4  — 1 4 0 1 45 U S  4 4 4 )  (5 .4 .4 . D l L )
• .0 44. 5-’. ‘ O n  > .+  43 .I~ 4 4 ( 5 0 4  I’S 4 ) . 1 4 15 5-, ’..’ 44

4 4 > .  5) 4) 5) - • ‘ 0 ’ 4 ( S  II  4-I 4)
0) 5) ‘4) ‘3 4) C I  —I N I . ’  ‘ V 3 ( 4 - I4-I 5I (4 ‘3 ‘3 4 ) 4 4  4 ) 4 0 Dl

11 4) 44 44 ‘~ a 0, .) ‘—‘ 0 ’  4 4 4 1 >  I S I S _C ‘ 4 4 4 4 4 4 4  0 La) 0 , 4 4 0 )
8 4 4  C 0 , 3 ( 5 ’ S  . 4 4 .  0,, Cfl N ‘V 5’ ( 5 ( 4  5 . _C  0 1 3  ‘ 3 1 0 ( 5 0 0  .3 0 . 1 4 ’ S

C

0
ml -

4) -4
~~~~~~ 

‘
44

‘a ml 5~ 44’ 4. I -
‘S (5 — .1 I 4) 44 ‘40 4 4 0 1 . )

Dl 0’ ml • .0 ‘I ~~~ ‘.1 44 -‘~ C .4
03 ,44 44 ml 43 C “-4 ‘0 10 .0 4)4) —I 41 
4 1 ( 3  — 4 0  4-’ ‘ 4 0 4 1 . 4 4 4  40 0) ‘0 VI

( 5 . 4  (4 ’..’ — 11 15 (~ ( 4, 44 44 I.’ 5)
.4 II .44 - 0. .. ‘ 40 0 - 1 5 5. 4 .0 a-

14-I ’S N 4 ) 3  44 4) 
~ 

4 4 0 .  U 44 0 4 . 4 4  44.
IN -0 Ia 13 5 . 4

14 5., C — U ‘4 4 ) 1 0  4) 4 4 . 0 ’ -.’ 00 3-
( 4 0 . ‘4 ‘4 ‘~~ - 

0 ‘s 44 .44 0~ 44 5’
4) 4 4 4 0  44 0) — 54 , -a 40 ‘4 ‘4)
0 4 1  4 0 . 0  4-1 40 • ‘ 4 3  N 43 I’.’ 0-1 44 ’..’ 4 1 4 1
‘4 Ia 41 “1 0 - - ‘4 ‘~~‘ C 0 0) .-4 .4 U
. 1 4 0  44 44 14-a (4 C m l  (~ SI ‘S .0 4)

4 ) , . ’  44 4,3 0 Dl1 4 4 ) 0 0 ‘ ‘4 C~~~~0 5-’.
0) • C

ml - 

4 l~ (0 4) 44 (.4 ‘.4 (a C)— (0 (4 ‘S 41 .0 0 —  5) (II0 0 4 4  ‘4-1 0’ 4 ) 0 5
N m l ( a  • 43 4 - 0 4 4 4  ‘S

—( 4 4 a -  4 0 5 1  ‘ 4 ) 4 4  (3 Dl K C ‘S - 4 . 4 1  0 - 44 43
IS ‘V ‘,~ 0’ .4 5) 4 0 0. 0 4 4 0 5  .44 4 1 4 1 4 4 5 )’ . . ’
1 1 0  44 5.. ..’ 0 C ’ S  P 0 0 ,  15 0) 0

.4 0. 4 0 5 .  ‘40 —4 30 5 (5 ‘44 + ‘4 44 ‘~ 5I ‘ . 0 4 4  •~~~ ‘40 4) ml 4) 3 - ’ , O  0 a.’0. 
4, 44 1 4 4 3  4 4 1 4  44 4) - 4 1 4 4 - 4  5)

5 ) 1  4 4 a ’  4) ‘4 8 4 4  ‘. ‘ S  40 4 0 ” 4  .4 10 .44 44 00 Ia
.0 ‘ 4) U-, 4) “3 0. 41~~~~4 ( 4 5’ . ’ )  4 4 4 ) 44 4)

- 
C 4 3 5 4  I U + Dl 44 5-•.~~~ I’a 4) “1 . 1  ‘4)

— C ‘S ‘5 .4 54 C “ 4 ‘~ ‘ -
. ‘S - I’. 4) ~~( a~1 ‘.a

C -4 — (5 ‘.4 - .4 ‘.4 C’ 5) 44 4) .44 44 0. C 3. 14 4) 10
1’., ~ 1 0 0 1 1 5) C44 -.444 4) _ 4 4  (4 4 4 4 4  05

‘3 4 4 V T 1 —  “3 ‘.4 0 0  . 4 4 0 ’.’ Dl ’0). I a Ia ( 5 4~ 0
C IN ‘44 ‘ — - 5 (‘-4 ‘i-a 44 ‘Ia 43 C .4 ‘S 44. 0. 51 I.’
4 1 0 0 “ I O N  “a a - 0  5-.. 44 (1.’ 0 IS 4) 43) .0 0. 03

(4 5. 5’ Dl .0 ‘) “3 Dl (5 44 .4) 0 I” 44 C (a 41 (4
4 3 4 4  .0 ‘ 3 4 - 4  4) 445) ‘5 ‘ — m l  43 44 44

44 00 
- 

‘44 — 
5’ 5) 4. 43) 4) (11 0 4~ 0 I ‘0 C .0 ‘4 

—
41 - ,, 0% (4 4. (-4 44 ,44 • U 044 51 C 14 a.)

44 “a a’ ~e • 4 0 4 4  44 ‘3 4 ) 5 )  ~~ ‘ 3 4 5  I.’
4-I 4) 53 4’S ‘S 0 . 0  P 44 o4 (-.1 44 44, ‘S * 4 ) 0  C

— ‘S 4 5 ( 4  ~~~~~~~~ _ 04 1 5 4 4  (. 4--I 40 .44 4 3 1 0
44 .44 4 1 4 0  ml C 4 1 4 1 . 4  C

I-,
’ — .0 1 1 4114 ‘.4 0) .4 •4 0,.“~ ‘4 1 40 ‘a 4) 

• 
44 (5 ‘ a ‘0 Li — 04 ma ‘S .‘.‘ .44‘ 0 . C . 0 . 0 4 4  0 ..1a- • ~

• 
0’ 5) 43 4) .4 4) .~~~ 0. 

‘14 0. (4 I‘V , 4 4 Ø. 1 4 ) 0  I’.’ •aa-, 41 5-,
5. 44 I’) (4 “4 VT a- ‘S ‘.1 44 .4 3-, 43 4) 44 ‘3 44 44. 44 1,

0 ‘ I
51 . 3 4 4  Dl 44 4 4 . 4 (5 0. 3-

t ~‘ 1’S 
a- 

~~~~~~~ 
0. 4)~~~~ 00 4 4 ’,.’ 0 5 ’ 4 . 0  (S

51 1 1 1 5  ‘ 4 2 4 4  0 U - - 10 C ml 4) ‘0
14 (4 44 IN — 44 U ‘ C C  • 4 4 4 3  44 45 0 , 4 4  4 4 1 1

a- 0 1  ‘ - . 40 0, C C 44 • 5 1 . 4  C 53 U ‘ . 0 4 1 1 0 5 )
K C 4) Dl 0) • 44. (1) — 4) 41 - la O) .0 4-)

43 Dl .0 I 4) — .0 (4 3.. 01 (1.’ a.’ 5).4 Dl 5’
“s 4 4 . 5  ‘40 

~~ (.,•. 
~ l B  4 4 4 3  Ia 0 4 3 ) 0, 4 — . 0 . 0  C _ C ’ . . ’  .3

5’ Dl ‘
~~ 40 . 1 4 5’ 0  5) ~~~ C a- 0 4 3 5 1  0 4 1 4 1  4)

~ — 11 Dl II ~1 ~~ 0~~~~~ • ‘ 4 0 0 > .
5) l’s 00 4 4 4 0 5., 0 4 3  IN 43 0, - .44 • 4) 4 1 0 . 4 4  1 4 -”  ‘S _ C I a I N  51 ‘ ( 1 1

II 5 3 . 0  B 4.’ 51 44 I. C
‘5) 4 I IN 5 ) 5 3  4 4 4 4  1 4 0 0
a.) —. — . 5 4 3  5 . 4 14 )  1 . 54 1  l . ’ _ C 0 )  0) (0 I

51 .I .4 0 ) 1 4  44 ‘ 0 0 3 , 4 4  •43 •
~ ‘ ~~~~~~~~~ ml

0 . 4 0 0  1 . 4 4 4  . 4 5 . 5 )  “3 ml 4) l’ ml U C u ’ S  a-
.4 ml UI ‘ g ~ 4) .0 01 ‘4 3., .44 - .43 3.,

44. IN 
(“4 I C -~~ ,~~ Dl 11 .41 “3 _J 5. ml ml ,‘a 0) ml 44
‘ ‘40 ‘ V ’ S  ‘ •  P . 3 4 )  ‘ • I’.’ 4) 3

‘4 0 ‘ 4 1 5 )  .0 C m l  ‘ 4 1 4 4  ‘ “ .0 ‘(4 - 5 ) 0  D l )  • 5’

I 1 4 1  . 4 4 4 1  ‘ a - i  C C  43 ‘ N  ( 7 3 . 0 0  ‘0 I’. ‘V
1 1 4 1 4 4 . 0 0

4 1 4 1  54 ‘4)
II ~~~~~ . . a C  -.4 5I-. M  ‘4 44 5-,

44 4) I 44 0 5) 0 ) 1 4  5)
• 4 1 4 4  K ‘4) SI 00 4 1 0 )  ‘V 5 3 . 3

4 5 . 1  5’ ~4 m l  ~, 5’ 44 ,41 4) 44 0 1 3 0 0  I C
0 ~~~~~~~~~~~~~~~ 

)~ 4 4 1 1  3 5 ,  .s ’40 44 0 4 4  5, 41 0. ’..’ ‘ . 4 1 4 1 4 4 1 . 0  0,) IS



r~ 
-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

~~~~~~

-—

~

—— ~~
_
~..T: — -- - ’~ 

- I.4
‘4) ‘ 0 ( 4  CA 44 • C

“4 (4 C 0 ) ’ . 4  ‘4) (0.
43 — 4 ) 5 4 4  ‘ C ‘V4,1 4 3  4) 0 5 ) 4 5  — 4 1 ( 4  C ml4) V ml 44 0 . 4 4 44 5) ‘0  . 4 4 4 4  C • ( 4 _ C

•‘I ‘.4 ‘4 — 4-) .44 C 44 4) ,. ‘ 44 I.’

‘(4 ‘5 
(-4 

SI 
0 ‘0

‘4 Ia 0) Dl C 4 4 . _ C  444 4 4 4 5 )  4) .44 3 0. 0 4 4 1 1 1 1  IS
— 5 )  (4 ‘3 4.’0 44. ml 14

a.’ .44 .44 • U — ml 4 4 0
- 4) ‘.. ‘ 5) Dl Dl Dl ‘ a- ml 44 ‘a — 4 4  Dl4’) (-‘4 .44 44 -4 C 4 ) 4 1 (5 44 C . 4 4 4  Dl

ml 43 — 4 0  .44 44 5.’ - 44, 54 ~~~I P — ‘ 0” ~~~~ w ~~ B Ia.’ 44
a- a- 

(4 40 • C ‘3 .‘4 ml 5. I’) 4.’ 5 14 0 44 44
4) C

4) (0 44 14 . 4 4 .4 0C
- ‘~~ ‘~~~~~ H “ 4 ) 4 4  U I  ‘ 4 4  (4 ml LI

43 . ‘‘ V  4 4 4 1  ‘ 4 . 0  - (‘4 4 ) 4 4  5 ) -  4 4 4 )
5. .4 05 ‘5)
‘ 5 4 3 1 4  5. 

- . . ‘ _ C L )  ‘ 3 4 4 4 )  44 ml . 4 4 0  . 3 4 4  44
TO ml .3 C U ‘4 — Al I.’ .4 .0

ml 5) 44 C 0 ) 0 ) _C — . 
— 

44 ‘ 3 4 143 4 4  .44 0 (4 C ( 4 3  - ‘a a- 0. 4-.’
4-I V 0 44 ‘41 Ia ( ‘ 4 5 )  I’S Ia 44 4) C 44 4 4 5 )  ‘3 -(4 5. 03 44 14 .44 4) Dl .44 • — — .3 ‘3(5 4 ‘I 1 4 4 - 4 4) - 4.’ 44 c — O n  .
4-l 41 ‘ 1”. (-.4 0) C 44 C - .4 5. ml — I.) .3

-44 (4 ‘ SI — a- 0 . 0 . 4  44 5) = 44 . 1
£ 4 4 _ C  ‘3 5, - (-‘4 “4 — — 44 (4) 44 15(4 4 ) 4 4 .  4 4 4 4  4 4 4 1  C 3 4  ( 1 4 4 4

(0 ‘3 5) Dl - V 0 3 . 0 . 4  LI 5) I’.’ 01 SI u X
5) 44 03 . 4 4 4  Dl —a C ,C ml - .0 44 >,~~~~~)44 ‘S 44 ,—4 5. a- (I) ‘S .4 ml (4 44. (‘4 44 .3 ~j IC ml 

, 
a “3 4) S) ’40 • C “4 .4 • C —

O -~~ 44 
‘4 55 - 44 IN IN 44 0) — 11 0 44. ml

‘3 ~ ‘S ‘a. 44 ‘5 C .44 ,44 (“1 .44 —a (11 
‘
~~ • ‘41 1 1 . 45 .  4 4 4 4 4 4  0 — 5’. 44~~~~~~ • 4 4 4 4  0Dl 

‘ ~~ —4 - 0 0 - 5) 4 ) 4 4  • 4) •
‘a am 

4) ~ , ‘S ‘V C 14 0 Dl — 0 ‘(4 ‘.4 — - (40. 5) — ml 0,• 5) 4 4 4 4— ~~ I ‘ 44 44 (a ‘ 55 44 40 C D l— Dl (“0 1 4 4 )  4 4 5 1 0 .’  0 . 4 4 4 3
‘S .4 0 ‘. .44 

- 
I,, 

~~ ‘* -(5 ‘.4 43 5) 44 ‘I” ‘V —
.4 4 0 0  .3 40 .44 51 — 5) 44 C 4 4 . 4 4 5 )  

0 5 )  55
11 ml U (0 I’.) ml 4 1 4 4 _ C  .. (4 • ~~~~~~~~~~~~.3 

~ ‘
~~~~ 44 ~

0 4 3 . 4 ( 4 . 0  4 4 4 3  (4 5) a- ‘ > 4 ) 4 , 3  (4 ‘.1 5
04 3- 44 0. 44 ‘4 0 “3 3- - B 4) .3 14 5) 5’ - 44-. 4) 44, 0

ml 05 “3 ‘4 Ia 0 C (‘S ‘V SI 5’ C • C .44 .4 44 (4
4-) .44 5) I.’ ~~

, 
40 ‘a-a 44 .44 • .4 ..-I 5. — ,..‘ 4’.’ 5) 41 (4(‘-4 ( 4 4 4 - 100 4. ‘S 1 0 C I ” 4  ‘ 4) ‘ 4 ~~I .3 ~ “ - ‘S 4 4 _ C  SI.0 (4 ‘4) ‘S 43 Dl “3 5’ 5) 5-,. 44 44, 4) (4)

3- 4-’.’ ‘5 ‘ V . 4  0 ml . 4 4 4  a- ‘S 4) ~~~ - 
11 0” C0 ml 0. Ia “a 44~ 14 ‘II

0 0) Dl .4 4) 0. “ 44 5 . 4 4  0. D l ” . ’
5 1 4 1 ( 4  0’ 40 ‘~~ —I ‘-4 41 ‘S ~. 4) 4 4 .  44 • Dl 44 4 4 5 . 4 4  44,

‘ ( 0 .4 “4 44 44, 1, 0. ‘V 14 a- 44 ‘4 ~~ ~a 44 C —
0 5 ) 4 4 0 0  5 , 4 3  0 (3 . 4 ( 4  43 44 5’ I 5 .44 - 0 . 4

) 0 . _ C O O  43 0-1 0, >. 0 0 ,  4) .4~~~~~ 4 - 0  44 ‘ 43 -4 ‘S5’ 0. .4 .4 (8. 43
‘4) 43 0 ‘4) 54 Dl 0. 

~~ .. I ,~~ 4) — 44 I.’ a.) ~~~ 5) 44) - ‘ C 0 Dl . 
-

44 (5 41 4.’ 44 .4 5’ 4-) C 44 4.1 1.’ 41
( 4 a- 0 . 4 0  —4 0 4 . 10  0 l 4~~~~~~~~~~~4 I 44 41 ml

(“4 U .44 1.1 5-. U 0 41 ‘a.’ ml ml (J ( —4 (4 ‘a
ml 3 - 4 3  5 ) 5 )  . 4 0 )  441 • 0 4 )  C 0 — . 4 .—’ • 0 ) 5 )  5) 4 4 1 4 0 )  5)
(5 0 - 1. 4 4 . 4 4  54 U 0 03 4’S 4 1 . 4  C —0 . 3 . 3  C a . ’  4) 4 4 , 4 1

.44 44 ( “ 1 0 ) 0 .  4 0 ’,l • .4 ‘4) ~~ 44 (4 4 - . .4 .3 .4 1~ml 43 C 44 ‘3 44 44 4 4 4 3 1 . ,  4 4 , 4 4  55 4 4 4 4 1  4)
- 1.4 5) . ‘ .1 (43 0 “-5 ‘S .4 5’ ‘ . 0

— (4 C C44. - ‘ 4 4 5 . 0  . 34 3  ~~~ l4-’
_ 44 . 4 0 . 0 .  la 4 (‘4-s =  4 4 . 0 1  

41 11 ‘0 44

— 43 ml ml 0 43 0  0 4 4’ . . ’  ml ‘S 0 Ia 0 . 1 4 , 4
0. - 4 4  4 0 4 4 4 )  4) _ 4 1  4 ) 0 5 )  S I C  ,,, ~) 4 ) 1 41 ‘0

4) ‘ 5 ) _ C  ‘a .4 40 .4. 44 - 4 4 5 )• 4 3 0 ’ 4 . ’  0 0  
~~ (15 (4) 4 4 ( 4  U 44 .3 ,..‘ m l D l 4 4  ( 4 . 4 4 14 44.0 5’ 0 0 U 03

(‘1 ‘ — I
4) 44 —4 -4

‘a U VT C “3 — 3-’,
44 4) 04 5 0 . 0  44Dl IN 4 3 0 0  01 
‘ a - _ C  4 ) 4 14) 51 C 44 . 0 4 4 >.

0 4) .4 0.1 al  54 4 4 4 ) 5 5 . 0 4 4  N > .a -  .44 3 a . ’ U0

‘0 .44 0 ) 0 0 44 0 .4 ‘S 44 - 5’ (‘3 44
ml 44 44 4 4 . 4  4) ‘V , 4 4 ’ S  • 44 • 0) ‘ V . 0 *_ C  N
14 4) 4 4 . 4 ’ S  4) 44 a ~.‘ - 5 ’ ”. ’  ‘0 3 0) 4 4 0

C _ C  .44 ‘.4 44 ml • 4) 4 ) 1 4’  C ‘V 4 4 4 45 . ’ - . ’  “ ‘a *
ml 3- 44 C a -4 4  51 44 O N  P ( 4 — ’ V  0) 4 4 . 0 ( 0

0 . 4 50 4 .4 ‘ V ’ S  Dl ‘41, VI — VI 3- 5 ) 0 34 4 3 - a -
4 4 0  C 44 4 )5 .  0 44 A a”. , .0 . 4 4 4 3 0  C
1 4 ( 0  ml 44 44 .3 IS 5’ ‘5 0 0 . 0 . 0  - 44 - 44 ( 4 0

.44 (J 0 4) 00 44 C C C  ‘ 4 4  U — 6
4-I 54 C ( 3 4 4 0 4  44 - ‘S .4 E 0 4 4 _ C  • C ~~ — 5 .

- C .4 .4 0 ‘a C O  ‘5 .  4) 441 • • ‘ 4 4  ‘ 0 1 4  ‘0
1 1 4 4  .4 44 .‘-4 44 44 ‘V V . 4 0 )  N ‘ 3 4 4  1 4 . 0  C C 51 c-I ‘ S C
(4 ‘ V ( 4 . 0  (4 5 .4 4  • 44’, ‘S I” 5. • 0 , 1 0 1 1

.4 0) 4 1* C ml • ‘ ‘ V _ C  VI P 0 ‘V
.4 0

44 
‘V . 0 4 4 4 )  115 44~~~~~~ 0 ) 0 .  0.1 ml .4 ‘S Ia.’ C

41 4 4 4 ) > I ‘ - ‘ 3 0 4 1 4 4 . 4 1 3  (4 ‘ (4 a- a- B ~
0 4 )  SI C _ C . 4  A ‘3 9 C

Dl ‘ a D l  . 0 .4 0 0 4 4 444 
03 0 £ 4 4 1 15 4 1  B C L )  ‘V

‘-I ‘S ‘4) ‘4-1 ml - 14 C - - .44 44 (4
41 ( 4 4 4 4 4 4 1  a- ‘.4 14 44 0 ( 4 ’ -.4 ‘V I .4 (4 .4

C - 44 Dl C - (4 4 4 I . ’ C ’ 0 ’ a  0 0)  “4 5’ 5’ ‘-~ .43
C 43 ml • .4 1 40  41 ( 4 4 1  • ‘4) ‘ 0 ’  44.ml 14 .4 Dl 44.

.4 0) (1) C ‘S a- ‘4 0) 0 44 —4 0. U ‘ ,C 44 .0 44 N “1 .4
4 ) 0 1  0 I. 43 . 3 4 1  4 4 4 4 ’  .44 5 ’ 0  

- 
- 4 )

Dl C 1 3 ’ S  1 4 ) 5 5
0) C O  C ,~~~~~ ml 5’ ‘4 ‘0 44 0 lj 0I ‘ 4 ) —  ‘ 0 > . ” .’  4

C - -4 (--1‘15 0 44, 51 0 . 4 4 .4 ‘S “1 - 4)
‘S O IS ‘S 9 . 00 )  ( 7 5 4 4 1  (4 0) 44 ml ‘ 0 .. .’  C C  ( 4 ( 4 1 4  a-
0) ml 0 ‘ ‘ — .4 (1 ml .0 ‘-4 C ‘S ml -‘-I 5. Ia .0 51

4 3 0 ) 3 4 4  a - —  44 0 0 0 ) 0 0  1 4 1 3’ S  (4 0) ‘S -
41 . 4 4 .’  C ( 4 - 4 . 0 4 4 4 4  14 - ‘. 1  ml ‘a 0 ’ 4  ‘4 ( 4 . 0 4 4 4 0  4-al .3 0 . 3- a -

-.4 ‘3 C 5. 5 1 1 0  4 . 4 5 1  41 .44 ’S 44 5 4 4  4 ) 0 .4 4 4 1 ( 5  44 ‘V ‘— B  —
-44 44 SI .3 . 0 . 4  • .3 ‘.4 0) 4) .44 .44 ‘a 0 5) ‘4) -
al 4) 14 44 Ia ‘3 4 4 . 4  a.’ 5 ‘3 A (I) ‘ V . .’  ‘0 0 41 4.-I ‘S 0 3-

•j ( 5 ’S 0 41 s C  4) 4)
a- 

3. ml - ‘0 0 ( 4  44 -.a 5.
4 ) 4 4  4 4 , 1 4  , _‘ S  13 ‘(3 —I - ‘ V44 .0 .4 ‘S - .4 ‘.3

I” 4) —I Dl 44, - ( ‘ 4 . 3  ‘ . 0 5 .  N (‘.4 0 44 • - 44
. 1 45 )  ‘S 43 (5 - 43 .0 ml ‘ C (5 ‘S e-I ’S

5 5 ( 0  43 • “ 0 ’  II ‘ 4 3  41 V II ‘V 44 5’, > ,  0 . 4  04
4)’ Dl 4 4 4.4 1 4  4 4 5 ’ .) • C .44 0 - 44 5 4) C
Dl ~~~~~5’ 4 4 - 0 .  ‘4) a -( ’I ’ S O —U  10 a - L I  10 1” ‘ A )

3. ‘ C ,C . 3 4 3  44 44. 4) - ml 5 . 0 0 3 . 0 10 * a- 0)
I ‘S C’ 4) ml 0) . 4 4 1 1  4 4 4  44 15 44 - ‘S 44

0) (I a- C C - 44 —4 “-4 - 0) (5 ml - ,C —I 3-Dl (a a’. ‘a
.“. E  4 3 *  ‘S 3. . 4 4 4  4 4 4 )  5 B a -  4) Dl 4.’ 4 4 ’ 4 )  44 44 ‘ S ’ S  —I
- 5) 44 5’ .‘ .44 .4 5. .44 *4 5) 5’ (‘I —0 C “I 5) C 5’ 00 44 .44 5’ ‘S “4
4 4 - 4 (4

i 

— 40 44’. 44) 40 5 . 4 4 4 1 1  ‘V • 5) 0 I  . 3 ( 4  ‘ S ’ 4 )  C “3 44 ‘V~~~~~~ —4
4 ) 4 4  14 41 ‘ 4 4 )  Dl ‘ S _ C U )  0.’ “4 43 41 0.1 ’S

5. Ia ml ‘4 C Dl 441. 3 ~~4 01 4 1.’ • ‘5. 
• 0 -  ‘a.’ ~~ 0~~~~~~ ~‘. ‘a5 ’ _ C  4 3 C C  ‘S a-

‘5 44 ~ .44 0 4 Dl — 4) ‘-4 (4 0. 5— 4.1 U C 14 “4 .44 4) 0
4-I 41 5. 43 (4 ‘ -4 4.1 I.) (4 .3 ‘ 4) ‘4-a

I - .44 > 44 4 .3 C 5’ Ia . - II C 4-I 5 Dl (1 ‘ 4) C 5)
— ‘15 4 ) . 4C  4) 0 5  ‘ C • .4 ml C C I- 4 1 5 . 5’  44,

a - C O  4 0 4) a- 4 4 5 ) 4 4  a- 4 1 0)”” a - _ C  • 44 .4 a- ,.. ’ 3 - 4 . 4  0, 41 . ‘ a . 4 0 )
C ~~~~~— ~~~~~~~~~~~~~ “4 43 0 4 4.4 —  4 4 5 ”  C a- 44~~~~’.’ 4) 43 1 1 4 4  01) _C

14 ‘3 5’ Dl 4) (‘4 — 5. 4 (‘0 44 — 0) .44 4) — ‘,l 14 LIa .4 N ml
4 4 4 - I  I 44 < . 4 0 .  ‘ S C  4 0 4 4  ‘S (4 ‘4 • 0) 9 1 4 44 ‘S 5 0
5 .4 1  • ‘S 0 1 . ’  ‘ a l a  5. • 0 4 4 4 5  5’

I a ’ S  • C 0 ’ S  - ‘V ml 5. C) ‘ 5 5 )  . 3 . 0  • 4 1 )  ‘ 0 0 . 4
3-a. 4.. ~~ C11 44 • 0 , 0 . 4 4 .. • 0 . . t  D l ’ V  ~~ 

- ‘ A  • 1 4= 54) P I 
, 

(4 .4 C 4-0 — .4 , 0 — 5’,
1 1 —  . 3 -  LI I.’ ‘4) • 4) .0 . ‘ C  ‘3 ‘4 .44‘ m l  C 4)

51 4) . C l’1 C 44 ‘0 ‘S — 51 5. — 0 (4) a- 4 - ‘Ia (‘5 .44 51 5’ . . — “
. 4 3- a -  4 1 4 4 . 4 4 4  < . 4 0’ S  4 4 . 4 -  .4 ‘0 .44 - 0,,, ‘ S B  U

54 ~~~~~4 3 a -  5 ) -’  ( 4 . 0  4) ‘S 44 4) • ‘ S 4 4  ,44 5) 5) —~~~~~ 0 C -
0 1 1 0 5 )>( 0 4 4 4 3  5. -.~~ ‘S 4 3 0 )  44 ( 0 0 5 1 4 ) 4 4  1 0 > .  1 4— m l —  5 3 4 4 4 1
0 , 0  . 4 45 .4 0 05 ’ 4 0  4 )5 ’  ‘S “4 - 40 1 4 5 1 4 )  4 ) 5’  1 4— 4 3 —  ( 5 0 0’ S  0 - —  Ia) 
0. ‘.. 1 4 1 4  ‘30, 3 4 4  ‘ 5 — 4 0  U ‘ 8 3 . 0 4 3 5 54  0 , ) >~ 0 .’ S ,  0,) ‘ 3 0 . 4 4 5 4 ( 4  0) .3 0) 0 ) 4 4 4 4  1,3



5) (4 Dl “
1, 4 1 4 1  ‘S . 4 4 0 1  -,.a 5.,
44 ‘ 44 C’ * 5) a.’ p .

3- .. ‘ 4) . a- ‘S C ~ —I ~~ ‘4) ‘a
43) 5. ‘S ‘A )‘~ a.’ I~ ~~ 44 — . 44 ,44

ml 43 0 ) 4 1  .0 + 4 4 a ’ 4  + ‘ S ’ S  44 41 ‘Ia (4 3-
Dl ‘ 44. . 4 4 4 4  ‘.‘ ‘I ~~~~0’ 0 0 .  ‘a 4.’ —
I S a -  • 44 4 4 0  • 44 14 4 4 ’-’ (4 .44 44’ 4 4 4 3
4) 44 ‘.3 5) Q U a- ‘V 5) — 13 >. 43 “4 ~~

0 - 4) (“1 C + C — 0’ 43 + 0 44 L ‘3
Dl ““ 4. ‘ 4-) 14 ‘V 44 (4 0 44

ml 5’ (.3 5) ‘ 4 4 . 4  4) C C ’  — LI (‘4 01 (a ( 3 1~ ‘ 5 4
1 4 4 4  (5 (‘.1 ‘.4 ‘S 41 ‘a 44 0’ 4 4 4 4 .  - C

4. .3 44 I 10 ‘.3 0 ‘ — - * (4-I 41 4-1 44
Dl ‘a 10 ‘.4 41 5’, 44, 44’, = ‘S 41 .4 •44 ~‘ —
C 44. ~~ ~ C ‘ - .4 - •‘ ‘V C ~.‘ ‘,I

(4 ‘a 5’ 14 40 40 44 • 44, 44 41 “3 44 Ia 0 ‘4) (4
‘S 43 (4 ,-4 .4 5) 44 (4 (4 — 4-.’ 44 ‘S 0 44 44. 44
ml 4~ ‘44 44 44 ‘.4 ‘S LI — 44 -.‘a 03 ‘0 U - ‘S ‘S
C O  (5 4) a- 4 - 4 4 4 4 4 ( 4  4 4 ”  ‘,1 4 ) 4 4 0 )  44, ‘.3 4) —
0 0 3  0 (4 ,. ‘ .4 ...’ 0 4 )  ‘S 0 0 k ”  ‘S 4 4 . 0 5 .  4) ‘44 .44
O 4-, 1’-.’ 0 44 44. ‘S .1 .4 a- C. C —‘ ‘ C) ‘S C ~ ml 44 C

44 (4 0 ) 5’  4 1 4 4  0) 4 4 , 4 4  a- 0 0 . 1 4 . 15. ‘4 ~ L.,
a- .3 C ‘a ‘a - C’ ‘ LI 04 1.4 .44 4.4 ‘4 44, 1,1 ‘4

.44 a- 44 44 44 .4 0 ml 0 44 + 14 .44 44 3- ‘a 44, 10 ‘S 40 14
44 1,) 44 5) a, 0 ( a l a  .4 ‘4.4 1) 41 CL 0’ 0 .0 41 ‘2 44 U
- 41 .4 43 .44 + ‘S 4) 4) C’ C ‘4 a- (3 4’. ‘S 44 44 -‘a 4)

- ( 4  0) £ I-’ 44 54 0 . 1 1  + 5 . 5 .1 4  00 — , - ‘S ‘4 ”  4 4 4 4 ( 4
— 5’ 4, 44 0’ 5) 0) — a- .4 44 3) (4 44 04 ‘3 ‘.a ‘a

44 4) • 44 44 0’ ‘4 0, ‘~( ( 0  + “0 II ‘3 0 ) 4 1
4 )5 .  41 4.1 ‘ - . 1 ( 4 0 - ’  + C C I  Ia t 0,,’, ~~‘, 4.1 42 41
4 1 , )  44 44 N 4.4 4’..’ 44 + I.’ 0’ . 3 _ C C ’  43 14 ‘2 0 4 .  U 44 44
I’S ‘.4 1 03 + ‘4 1 4 4 4 5 . 4 4 ,44 04 51 0) 0 *
0,) ‘a Al 5 00 • 4..’ CL c-I 14 ‘S — 10 44 41 U

4-, (3 C C  ‘ 00  C C ’  C’ C ’ +  C ‘a  ,4 ‘34 4) ‘a Ia
5) 44 ‘ — 0) ‘.4 4 ) 5 .  0 0 5 ) 5 ) 4 4 .  44 4) 4) ‘~

.44 .44 (3 . 4 . 4 . 1  44 ml C + .44 0’ 0 ‘a C) ‘Il 44 “a 44 44 44 LI 4-
41 ‘.1 4) ’,.’ C m l  . 4 4 ’ S  4 4 4 4, “3 4 1 4 1  4 4 1 4 . 0

• 44 ‘44 ‘S 41 ‘S N 0 ‘~ + IS U .1 Ia 44-, .44 ‘a .4 I -

o 4) 5) “I 141 U I  C 41 ml 0’ I” ‘S 4) ‘S 4) (#4 01 “-4 .3 0.
4 1 _C 4 4 5 ) 4 4  0) C _ C C ’ . . ’  44 1,3 11 44 ‘S 5) 0

14 5) 4 ) 1 4  C 0 . 4 4  0 I “4 ‘ 4 0 ’  (4 0) 01 ‘4) ‘3 - ( 4 ( 4
44 — U ml U ‘S -.‘ .0 ‘ C “ ‘ 4 4  44

- (5 53 43 — 44 a.’ 0) 0. ‘ 4 1  51 ‘a 14 4) 44 Li -
• (‘3 5) 11.1 0 ) 4 )  (4 ~~ 4 4 4 4 3 4 4  5’. C O  ~ 4, .4 4 4 4

a- 44, 44 -‘I Ll ‘ -.‘ .0 0 1—  ‘.4 5) 0 -,’.’ aj 0 1 . 3  a. .,-.‘ 4 4 5 3  ~~ 0
A 44 (5 U N 44 0 4 4 . 0  .44 1 1 ’ . . ’  ‘-I 0 . . ’~ 44

- (3 ‘3 .3 4 4 4 4  4) IL 0 . 0 . 110 ‘V 1 . 4 4 4 0  0) 44 I S ’
a - I  44. ‘S 4-I ’l4 4 4 4 0 , - )  • 4 5) . 1 ’ —  ‘ S C  ‘S 4 4 5 4  0
( 4 5’  5-. . 0 1 0 5 5  4 “I 0 . 4 0  . 4 4 5 ) 0 ) 4 4  5 1 4 0 1  ‘ a S )  (5 U
• 44 0 0 4. ’ .44 ‘4 U 44’ - 0 1.’ Ia ‘S — C) 49 41 4, -

3-, ml —‘ 41 4) 1 4 0’  I C ’ S  4 4 4 1 1’) C ‘S . 4 4 4 )  (4 ml C
5. (3 4.1 3- • 44 14 4 ) _ C S  01 0 3 4 1  0) 0 . 0  ‘ S . 3  .44 44 ,.3 0) ’.’)
‘V (44 5) 0 . 4 4 (4 - .3 4-’ 0 44 4 4 0 1 4  5)5 13 44 “‘4

C 44 . 4 4 5 )  44 13 44 ‘a 0 0  44 - (7 ( 4 ’ 4 4  0 41

‘.4 44 ‘S 43 5’ ‘S ‘0 • IS 0 , 1 )0  .44 44 .-I 44, ,) C C
- ‘S 4--1 (5 4 1 0 3 4 4  .0 • ‘ 4 ) 44 . 0. 0 4-’ 0) 0) ‘ ‘ ‘3 - C) ’.’

.0 14 4-I ‘4 . 4 4 4 ( 4  C 4.4 4) ‘S . 0 . 1 4 4 4 4  44 0) ‘4- 4 4 . 4 4 0
44 44 4. Dl SI 4 — 43 C -.’) .44 - .3 .4 • 4 4 0 .

- :3 0 1 1 4 4  0) 3 ‘a ‘4 C 3 .3 3 44 -.‘ 51 C
5 0  5’, CI. “-4 14 . 4 0  (4 .. 0 (4 (4 .-4 (.3 ‘S
O 0. 4 1 ”~~ 1 1 4 4  .44 4( 0 ‘S .44 0) 5’, I S O  4 4 0  “4 4.., -

4) 41 5. C’ 41 4 1 _ Ca -  4) La ‘4) ‘a 3- 0 4 4 . 4  C Ia
0) 14 .3 II.’ 44 4.’ a- 41 C S 44 44 43 • 4) .4

> . 4 . 1  44’ ‘3 3 44 4) 4) ‘4) 0 3) 4 4 4 )  0 ) 4  ‘S 41 aP0 41 .3 4 (4
40 . ‘a ‘a 3 44 41 ‘S 0 3 50 ‘ 1 1  . 4 . 4  1.’ ‘4 4,1 3 ‘ 44 41

(‘I 4 all a 0) 44 (5 U 44 ‘S 0 (3 - 5 4  I., aPI ‘4 .-‘-.~~~~~
‘S ‘.3 4-,) . 44 ‘V ‘ml 44 ‘,‘) ‘S ‘a 5’ ‘Ia C - ‘S 44 4) l.a • - C
4 1 0 ’  ‘.3 44 4., ‘ S C S I  ‘ . 1  ‘ S C )  4 4 4 4 5 )  44 0 3 . 3  1a~, 44~~~~~
C 0 ~, ‘.1 4 4 . 0 1 4 5 1  0 ) 4 1 4 4 4 4  44 ‘a 4-I 4 4 4 1 4 4 .  ‘2 0
.4 I 00 ,, ‘3 0 41 C ‘ S C ’ S  43 P 41 + ‘S al ‘ S ’ S  14 4 4 4 4  4 4 4 4
C 0 Ia) 3 , 4 )  _C . 4 . 30 . 4  0 .0 “4 ‘4 ’.I Q 113 0 3 , ’-” -

U ,.4 ( 5  0 . 3 - 4 4 1 4  -4 ‘V 0 0 .  U 14 0’ ’4) 44 0 . ’ V  ~-I “ 4 ( 0  0. ‘ 3 4 4

44 ‘I
(#5 ‘0 ‘ ‘ U C’

3-, 0 C B ‘S 5)
‘S Dl ‘a ‘S 4, (4 5’ 4) , 0 ‘S

‘ a _C l.a 0 ‘4 5) I, I.’
44. 44 54 0 4 4 ( 4  (.‘ I.,. • Ia 4 1 _ C  41 0) .
‘S CI) 41 01 . )-‘ ‘a 44 - 5’, 4 43 C) ‘4 49 44 44,
9 . 0 4 4 . 0  - C ‘4 ‘5 5) (‘1 ’S 5 ) , )  4 4 4 4 1 4 ,0

‘5 4-a .4 44 41 ‘ C C) ml 4) 44 44 ‘4-a -.4 ‘4 ‘S ‘a
4) .4 . 4 4 1 ,4 . 4  44 4 ) 0  0 0 Ia 0
3 ( 4  ‘V U I 1 0  = 0 4 )  44,. 4) ‘0 44 41 ‘ .0 Si a- (a.

C • C ml U , )  I 53 0 5) 00 .’, 11 0 .-I > C
• ~ ) 4 ) ’  ‘S _ C U  .44 0 1 0  .44 4 4 3 )  44 ‘S -

4) 0.~ a- ‘5) 00 ‘S 4--, .4 ‘ ‘0 .0 Al 44 (4 •
4, - ‘ a.’ p ‘S 0 4 4  ‘ .44 41 ‘ S E C  3- ( 4 5 .  .44
41 4) 0) 5) a’. 43 ‘a - ‘-4 - - ‘ ‘4-a ,..4 - ‘4 5’ .3 .4 ‘a
4) a- .0 U 4) 44 ‘S 3-~ ‘a 3-’, 44 ‘S ‘S • 41 44 ‘3 IN ‘.1 “o
44 44 4 15 ’  44 41 4 4 ” . ’  0 5’ 15 Ia 43 .3 0 C ‘a 9 0 I 3 4 )
0 - .3 .,.’ ~ 4 4 0  ‘ 4 ) 4 4  44 m l ’ . ’  13 0 4 1 41 ‘S N
4) - • 14 ‘V ~~ ,. IN - a- 43 0) 5) Ia IL 44. 11 44’ .44
411 4 4 5 55 . 4 40 o 0 ( 4 ,44 0 4 4 4  41 ( 4 4  ( 4 4  0’ Dl

‘ C ’ S  0 . 0 1  - 0 4 0  4.1 0. ‘S a- .,.‘ ‘a .44
‘3 • 0 .44 • .0 01 C 44, ‘S 41 41 44 I In C’ .44 41
(5 C - 0) 4) “ I 5’  4.’ 50 I a ’ S -  3 41 • ‘S 4) 44

“3 — ‘  “ 4 ( 4  III 44 . 1 0 0  ‘V 13 a- C ’ _ C  ‘44 0 44 10 ‘S
4.’ — C C 0 1., “I - 0. -.‘ N I) 44 .10 .44 ‘a ‘ ~• P 14 ‘S — l’l 14 - 41 (5 CL 0 44 .4 .0 -
(5 C - .-) (4 0’ 43 44 “4 44’ .10 ‘S - 0.’ 43 41 C
44, . ‘ I a - > .  4 4 4 3 . 4  44 (4 0 ( 4 4 1  • 0, ‘ 4 0  C 0 ’.’ 13
I “ ‘ 4  (4 —4 ‘I” (4 ‘a .44 ‘a ‘V - 41 0 4 5 ‘Sa- ‘S 4 4 0 ) ”~~~~~~~~ ’.o + ‘S 4 1 4 1  a- ‘S 5’ a- + 4 1 4 4  (4 0 ‘3 _C
C’ - - ( 4  4 a . ’  4 1 ’ S  (4 ‘ 0 .  0 4-.’ 5 ) 0  44 ‘3

~ ‘ a C ’ S  ‘3 I. C’ 4 4 . 0)  4 4 5 5  I + 5’ 0 C  I 4 4 0 ) _ C  (4
• — 0 5 . 4 4  0 ‘S 0 4 1 0  • a- (5 ‘-0 . _3 5 ’ ) )  ‘a (3 .0

‘~~ 5 ‘3 0 3 5 1  0 . 4 4  0 . 4 4 _ C  0’ 0’ (4 1.a -.. a - N  — ~ U
I - 4 0  ‘a ‘S “.‘ ‘aa 0 5 ’ 4 3 0  (1 .0 ( 4 4 4  ‘S- 4 5 44 - ‘V 0 - ‘0 0 1.’ ‘~ ( - C Dl

-I (I) . ‘ V  (4 . . ‘ ‘ V  4 4 . 00  .10 Ia - 0 5 4 ) 4 1  —
- 44 “‘4 4) ml ‘S C) • ( 4 0 ) 0. C . 0 4 15 . 5 )  * 5

+ C ’ S  ‘ ‘- C ~~ C L I  • “1 ‘0 .44 • 4 3 4 4 ’~) + 41 0 a-
ml • 44 C 5 1 5 5 ’ a  ‘a. ml 5) 4 4 — 0  .44 (4 I.’ 4) 9 0) (4 Cl

0’ 0 ) 9  “.‘ ‘S 0 > .  4 4 . 4 4 .4 0. “I _C LI ‘a 0’ 4) A 5.
5’ , J ’-” 4 4  ‘S ml 5 ) 1 4 . 4  + 4 , 4 ’  ( 4 1 .’  ‘ S ’ S  . 41 .44 .3

4 4 ’ m l  ~~~~~. “a 44 CI ‘a - 0 4 )  0) • . 3 1 4 4 4  ‘a .’ ,
— 4 4 1 3 4 40 0  C a - U  . 4 0 ’  4 4 4 1~ 4 4 1 4 (7 4-) 4 4 5 ) 4 - 4  0

(3 ‘ 1 1 ( 4  0 4 1  U . 4 4 4 . 4 5 5 . 45 .  0 5 1  (4-1 41 44 a- 41 43 0 4 - 3  -
a- 4) U (4 44 41 - 5’~~~~~ ‘S 1 4 4 3  ‘S ml (5 44 ’-.’ 44 44 IC ‘S 44

0) C a- ‘a ‘a 0) -3 5 ‘a, ‘9 44 ‘ * 41 ‘3 • 5) 44 (4 * 5’ ‘S
“4 ‘ 4 4  5 ) _C 5” 43 4 1 ( 4  “a 0 ) 4 1  “0 44, E L ) ,C ‘.. ‘ ~~ 0.a

Dl 0) 44~~~~~~~ ,Ø 5 . 0 ( 4 . 04 1  (4 4 4 1 4 0 .  5’ ‘a m l ”.’. .0 0) ml
51 5 ’ 9 U  44 (4 4) 0 0 ’  ‘44 ’(3 1 4 4 1 9  (5 0 04 44 4)
~ 44 ‘.4 44 5) 44 4 4 . 0 4 1  41 ‘ 0  ~ — 0 10 1 0 . 1 0 1 4 )  .3
43 ‘ . 4 5  Cl 0 5) ‘ . 4 5 ( 4  4 - 4 4 )  0, I,) 5) 4) - .44 1) 44
‘4 5 0!) 0 ‘V .~~ - (4 Ia 44 a- .44 ‘V ‘a C 3 C ‘S
44. 4 4 4 4 - ._ I’a 41 0 1 4 4  44 1 4 . 3 . 4  C L I  5, • ~~~~~~ 1.,

44 ‘a ‘S ‘S ~/) 0 .“4 “4 ml ‘3 0’ - ‘S .0 43 B — ‘*l (05 41
43) C ‘ 5 )  - —  ‘ ‘ a  • C 44. 4 1 0 , 4 4  1” 43 0
5, ‘a 5 (4 C 44 41 Ill (4 44 .0 5’ 0) 44 ‘S .‘ ‘S S
51 44 I IL 5 44 4 4 , _ C C  4) .44 4. (a = 4,4

14 “.‘ 0 .4 14 .44 4 1 4 - 9  0 ‘ w I .  a- a-
4-04 ‘ - ‘ a  4 4 — 0  44 ‘ 5 .0 1 4  ( 5 3  4 ) V  5) — 0. 44 0 N

44 44 . 0 0 .  9 4 m l  4.3 44 0 _ C  “.3 4 ) . ’ .  CL -
‘3 ( 4 4  “ 4 ‘ . 4~~~~~~~ 5 ) ” 4 U > .  44. 44 4-’ 1 3 4 4  5” 44 ‘4) ‘V Dl K
41 “5 1 4 4 1  ~ ‘. . 4 ’ S  Dl C • 41 ’,.’ 44 - (5 5 . 4 4  ~~ 

...) 5.
• + ml~~~~~ 4 (4 ‘a IL 0) • 4) 4 1 ( 4 )  • ‘.4 E 14-a 9 ‘ V ’ S  (5 • ‘V

4.4 1 4 4 4  4 4 . 4 4 1 4 1  4 4 , 5 1 5 1 1 4,44 3-a (4 ,,4 , (“4 II) 5 .’ 4  —
(4 C’ 0 , 5~~~~~~~~> 5 4 0 0 ) 1 4 4 1 *  4 0 , )  a- . C) 14

55 .44 U ) a  5 ) 4 )  4 3 4 1 _ C  4, ‘ a -  55 — 3- . 9 9  55

4 ~~~~~~~~~ 44 
~~~~~~~~~~~~~~~~~~~~ Dl ‘~~ ~~~~~~~~ 

0. ~~,
N 

~~ 
-‘ 51

X 0 4 3 _ C  ‘ S C )  4 ) 0  3 .0 4) 44 ‘.3 44 0 43~~~~~~~~ £ U D l  4-)
44 4 4 ( 4 1 3 ( 5 . 3 4 4 4 1  C 0 ‘ 0 0 ”. > .  4 0 ( 4  0 A - Z 0 — 0 4 0  0 ) 0 3 1 4  C I  53
~0’ J ’ (4 4 3 5 ) . 0 Q  4 4 4 1  ‘ 4 4 4 4 4 3  5’ 0 0  4. Ca) 3 , 4 4  Ia ( 3 0 1 0 . 4 54 44
.4 4). 4 5 4 1  ) 4 4 , 4 4 4  ( 7 4 1 4 1 . 4 4  ‘V U 41 10 ,10 5 .  ‘.3 Q. — X  0. 0 ) 4 1 . 0 5 5 , )  0)

_ _  ~~~~~~~~~~~~~-- -‘— 



r~ -
~~~~~~~~~~~~~

-

‘ 
~~~~~

- C U)
0 0.

- —
ml ml (5 (‘4

—I .2 Dl
5) 41 ( 4 4 1  ml
In 43 41 14 44 -
0 C’ C 4) * 410 43 0) LI .3 41 0 (4

0 4 1  
\ 

“ 4 0 . 0 1

5 ) 0  0 \ 0 . 54 ,44
44 4 4 , 4 4  \ a- ( ‘ ( . 0 0.

‘S —4 ‘4 \~~~~~ .‘4 • 4 1  ‘a(4 
4 4 0 ) - . ’  — ~~~ \.‘‘ 

~ 44~~~~~4) ‘S 1 4 4 4  - ( ‘ 4 C 0
3- 41 • • 3 ( 4  41

LI B ., “ 41 - 4 4  50

I 4
‘ . 0 - I a

.44 - . 3 ¶4 44 (4 44 ‘ 4 4 )  ~~ 05
‘3 

- 0 0 
.‘ ~~‘ ~~ ..~ - 

~ 4)
C 

a- x a- ~ 2 ~ — ‘a , ‘..‘ ~~ 
•
~~ ~~ 55

‘
~~ ~~~~~~~~~~~~~~~~~ ~~ ~o ~~~~~~~~~~~~~~~~~~~ 

5.’

~~~~~~~~~~~~~~~~~ 

~~~~
L I )  

U ~ 0 4 1 4 4

44 0 0 0 1 4 4
‘S (11 IL C 41 44 ~~ ‘e ~ 4 ’4-’ —Ia 41 4 1 . 0  II 44 0
ml ‘S 44 44 ml 3- 3-
I _ C  5. 3 (4

5,1 41 ~~( ‘S IC
I • 0. C C

(4 0 - . 4  —4 41 44 (‘4 ‘a .4
.4 41 ‘5)’ C 8 5’ ‘ ‘a.’ .4

C 55 

~~ iI~!t1J
ml ‘a 44 4” C 03 4 3 4 3 . 0 0 1 4  4 4 ( 7 0 1 . 4 4 4  ( 4 3 -  ( S C  4 4 4 0  0 4 1

LI 4) - 4 4 4 4  4 ) 0  5. .-4 41 4 ( 4 4 ”  - ‘5 • “ 1 w  • 4 1
4 ) 4 4  0 4 1 4 1  l.a 00 • 5 10 4 1. 4  (4 ‘ C ’ S  A D C  0 4 1 )  0 ( 4 3  a- >.. ~ 41 ~j 5 * 4 4 3 5 4

C 0 ) 4 4 0  C 51 C I ’ S ’ S  .4 40 a- ml ‘5 ‘ S O  ‘ S E  a- - 1 5 ) 4 )  4) 4) 3- 1 4 1 4
.4 0 — - 5. .44 ml 44 C 5”. 14 IL 44 ml 0. ‘.4 5*) .44 ,0 ‘V , - 44 -4

‘0 5’, 4-, IN N 44 .-4 44 ml C .4 ‘S ‘a 5’ 00 • 0) ‘0 ‘0 5’ ml 0) ‘4 .‘4 Dl .4 (‘1
44~~~~ 4 (4 0. 0 . 4 0 C 0 ( 4 0 0 4 4  —4 4 , 4 1  - I .4 ‘S 0 1 . 4 4 ) _ C C
45 ,,3 .44 0 41 — - 5 0 09 ‘ (4 11,1 ‘sO ‘0 44 5) .4 ‘0 a- .-~ • 0 4’- ,44 ml 0.

U 4) ‘a ‘S ml 0 (7 4.4 .4 4) 14 44 44 a- .4 44 Dl (‘4 ‘0 ‘4 0) 0. 14
‘S 0 .44 0. 44 ~j 9 4*4 ,44 44 3- . ‘4 .4 ‘S 5’, —( ml I 5. 44 + (4 P 5) 44

. 4 4 1 0  44 (3 4 3 ( 4  5. • (4 ‘V 5’ - ‘S 44 41 0 3 0
5) .0 .0 Dl ‘5 (05 0 * 44 4) 3 41 0 44 ‘S a- Dl 43 5’ + (4 a- .4 a- C

0 . 4 1  . 0 4 . ’  ‘V $ C 0 1 1  I.’ 4 4 4 1  ‘ V I a  - ( * 4 0  C 4) 5) 14 E ’.’4 0)
4 ) 0 1  14 4) 1 4 0 ’ —  C ‘V 3 - 4 1  0 . 4 ( 4  I*a 0 4 1 4 4  ‘a Dl ‘ S a -  ‘ 0 4 4 9  5 .0 0 >
S I C  I.’ ‘a ml 0 0 14 C I I.) I N . 4 _C 44, 0 . 0  44~~~~~~~~~IN ml 5 1 4 1  1 4 5 .  ‘S 44 . 4 4  .o
4 ) ’ . . ’  4 ) 5 0 5 )  5 ) 0 3  ‘S 4 1 5 )  0 4 1 0 1 4 , 0 4 4  ,J 4 1 4 ) ) 0 . . 4  41 ~~~~~~~~~ 4-I
.4 ‘S “4 (4 .“O 4-) ‘S ‘3 5*4 4) 0) 9 ‘a (0,, 0 ‘4). 04 ‘S ‘S .44 ‘ 0) 41 -
(I, ml ‘a 0. 4 4 > .  4) 4) C C  ‘a 0) .0 -.4 a- 41 I .‘l >’a “ II >. ‘S

C (4 0 — ,44 U ‘.4 a- .4 41 I .0 4) o~ 5’.’ ml .44 44, _C 0 ‘4 a- 3- .0 ‘V .0 44 44 .4 44
0 ‘ 0 . 0  0. ‘S 0 .“4 ’a — 4 1  1 4 4 1  4 3 4 4 0 4  5 . 4 1 _ C  (‘.4 44 s,1 51 4 ( 7 4 1  4 0 4 4  0 1 4

‘ U 51 44 0 5 ) 0 .  0. C 44 ‘4 (7 4) - 0 0. - 5’ ml + .0 Ia
IL 09 0 Cl (4 - ( ‘45  .4 —I a- ,-4 ‘a C’ a- (4 41 1— 51 ml

I C ’ S  0 3 ( 4  ‘S 0 >,  0 • 0 0 . 4  .4 a - 4 4  ‘ 4 1 5 1 4 . 43 ‘ 0 . 0  44 4 3 . 0
44 . 4”  0 .’0  I ‘3 ‘a 5 1 9  5*4 4-4 ,0 4 4 1 4  - . 4 9  ‘0 4) C C 0 ‘ 4 1

II a - ’ V  .0 3 - 0 ) 5 )  5) 5 .  0 ) 4 4  44 5. 5 ) 4 4 0  5’ ..) ) -  * 5 1 ( 4  IC • . 4 . 4

0’ - 5 ) 4 ”  0 ml . 0 4 4  ‘ 0 4 1 4 1  14 I 41 3 ‘a 4 4 5 . 4 1  4 4 4 1  - ‘~~~4 .0
44 C U  C ‘ C ’ S. 4 4 (4 —4 Q ’ . 4 , )*  41 a- 3 ~ 44 4)
LI 41 Dl ~ 5 4 1 . 4  (4 5 * 4 4 4 4 4 ( 4  II I a , . 4  ‘S ‘ 4 , 4 0 ( 4 4 4  .4 3- U

- .44 44 Ia - ml C 0 1) .4 4 4 , 4 1 4 4 . 4  “I 44 5*1 4) I 3 “ ‘ 3 4 1
4 ) 5 ”  5 ’ 0 . 4 4  .4 14 4) 14 — 44 C U  ,C 14 ¶4 ‘S 41 . 43 . ’ .  4 4 5 .  3 - U  4 ) 4 4 0 .

‘0 . 4 4 3 4 1  0 .’.’ 14 5) 4 1 ( 4  • 0. F, 5 . 5* 4  (‘3 44 4 1 4 1
41 3 - 4 4 4 1  P 4 0 1  4 1 0 4 4 C C  . 0 4 1 ( 5 ( 7  “ 4 4  . 44 4

0’ ‘ .0 41 5 ) 4 5  ml . 4 5 )  44 ‘a ml — ‘a 14 .4 9 .4 ‘3 • 0’ 44 ~~~~~.4 ‘3
a l ’ S  4 3 4 4 4 4  0 ) 4 4  4 ( 4 4  I 4 4  0 4 )  0 11.1 LI I — a- LI - 44 LI 4 4 0 )o 1.4 U 4 4 a J 5 ,,) 41 1 5 ( 4  10, 44 0. • 44 C ’ m l  ‘V 0 .3 ,44 ml
4) ~~ LI (4 0 .4) .4 Ia 4) 44 0 00 >. .4 4.4 0 - ‘a 5’ C 5’ ml 13 4) 14
0’ 4 1 4 4 4 1 (4 ‘ 4 1 4 0  C l’.’ 44 “0 5) 10. 44 4 4 0 5  4 1 4 5  43
‘ a _ C  44 4 ) 4 4  0. ‘a _ C I a  44 5 0 5 3 0 1  44 01 5 * 4 4 4
I) C V ( 4 0  . 0 0  41 C )  4 1 0 . 4 5  4 4 4 4 4 4  5) ‘ 0 . 0 ”  3 - 4 1
ml — 4) 14 .4 04 5 ) 1 4  ‘a 0 . 5 1  4) II I ml ml ‘C ‘a • ml
0 ’  L ’ S  4 1 4 4  43 ‘ . 4_ C  44 43 . 4 4 ( 4 1 . 4  1 4 ( 4_ C S  44 4) Q~~~~~~~~ (3 44 0 ml
. 4 %  14 . 4 4 1  0) ) ‘ a m l  .‘I 4 4 4 4 , 4 4  U U 4 4 4 ” O  ‘ 4 1 0 .4 4 . 0  • 4 5  Ø S ) U  

- -. 



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
—- -

~~ ~~
‘-- —- —-

~~~~

. -- ..

~~~ 

C X X  C S )  - 4 5 1  ‘ - 4 4 , 4 4  5*4”  14 0 
>,

0
‘a .0 ~‘ 

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
~ 4 4 , -’ C ,~ 

~~~~~ o —
I... 14 ‘5 .44 41 ,J I-a 4-I5 44 ‘a .“ • 4.1 .9 01 41 Ia +
0 ‘S 0) ‘3 ~~ 44 

5’ 
‘.4 44 (4 0 —4 CI — .‘, ‘a

~~ .~~ ~~ 

~~ 
-
~~ 

-

~ 

-
~ 

(‘4 ~ ,~ .~‘4 3- ‘S 
‘. 

‘S ‘a ‘S 
~~~ 

-
~~ 1.1 

‘
~~ 3

(4 ILl ~—l .s~ 5) . K (‘4 .44 .4 5” ‘. 0 
~~ - — + 55 

44
‘( (2 ¶1) 0) I l”l C _‘ 

(4 ‘4 ~~ •‘ 
~~ ..‘ 

a- — 
SC

‘a 0 ~~ ,!~ 0) 51 I) — a (J )  a- ¶5 
a- 

‘5 ~~ a- 3- 5. 0 - ‘ 0 —(
(‘.4 5 ’ (7 ‘ .4 U N (“4 >~ .44 5*4 “I 43 ‘0 5. 4”. 0 ~~ 5’ - a- ~ 44 15

2 3 -- -~~
‘0

~~~~~~ = • ~~ 
Z~~~ 3-- . 5’•~~~~~ ~~~~~~~~~~~

-I C L I ’ S  
3- * l 4 a -  ‘ . 4 4 4  (7 ~~~~~~~~~~ ~~~~O a -( 4

(‘4 
3- (4 

.4 -.‘l 1’.’ .0 C N 4, - “4 — .0 .44 ‘~~ 5’ 0) C 5’ 3 5’ r.j - .44

a- a- 0 • ‘S ‘5 44, ml 5’ II —l ‘0 4.’ 5. 44, . 0 5’ 4)

4) K 5*1 (‘4 Ia ‘a ‘4 3- 5’ 45’ + ‘a 44 5’ ‘0’ 41

B 5’ 44 ‘S —I ‘41’ ‘S 0 0 a- 3 5’ 3- 0 - 43 4 I —, C

‘4. 0 5 1 5 .  4i 45- 44. 0 13 ‘ 4 1 4 1  N 0 + 44 a - . ’ . ’  0) 0 4’
0 ) 4  • 51 44 5) 4) 4*1 4 ) 5 .  5 41 . 4 4 4 1  41 (‘~ 44 a- 4 4 ’ S  44

Dl I- -I 443 .0 .44 5) 5)~~~~~~~~~ 9 a - 4 4  
.“. I L ’ S  4 1 3  4-4 E a ,

-~~ 41 ‘V ~ 
~~ ‘~~ 0 ~~ , p ~ .~. .2 3-, p2 ‘3 

)
~‘4 ...’ .0 41. 4. 51 ‘3

— C 0’ 0) 4) ‘S K 0 (“4 ‘0’ 4-’ (‘-1 3- ‘ - - IS • 0. 51 ‘C 0)
1 4 0 . 4 1  .0 ‘ ‘ a _ C a -  ‘a ° ~ ,~ 

,$0 O -4 I C
‘ S 3  51~~~~~~~~~~~~~~~~~~~N O  0 _ C  E a -  ~“a ‘ 0 4 4 ( 4

,I’ “I ml ‘ (“I • (“1 “4 .~~ 44 41 3- 0 5 5’ C 0 ml ‘0 0 
—

‘a “~~~~44 ’ V 4 4 _ C a - 4 3 4 )  ~~~~~~ ,~~ ~~~~~~ = 4 4  ~~~~~~~~ . 4 4 ’ 1 4 4 1
05 5*1 0 4 4 0  . 4 * ’ a 4 4  ‘S - 0  LI ‘a N 3 “CI —. 44
ml ‘0 C. 0 .4 0 04 44 5 C ’ . ’  a- II 44 ,) a- 43
44 • 4 4 . 0  - B A 0 (“1 (4 0 44 ‘3 0 0  41 15 —
‘ 4 0  

44 i~ ~~~~~~~~~~~~~~~~~~~ 
‘a ~ .~~~~~~ ~~. ~~~~~~~ .3 51 5*1 ,4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :a 4 1 . 1  5’, � 5’4 .-444 41 Q 5 3  ‘ 4 4 1  ¶5 ). ) (4 0)

4’ “.‘~~~~~~ . 3 )  ‘5 ‘ 4 ”  - 4-’ 2. —41 0 ) 1 4 .44 a.’ 4) V I I  ~~~~~~ A
,, 

5 ’ 0  a - I C  
~~~~~~~~~~~~~~~ 

. - 4 . 3 3 - a - S i0 _ C ,,) — .4 .4 >, 4) II (‘1 .‘( —‘ 44
‘5 ml ml 44~~~~44 • ( 4  3- • ‘0 4 ‘ ‘ ‘a 4) ‘ _ 4 4

4) - LI ‘V C U ‘S 14 0 a- I”( • (4 4 5 4) 4 4 5 . 3  44

~~~~~~~~~~ a - a -  -
~~ ~~~~~~~~~ 3

51 , a - o
0~

~ e- I’ ~ 41 0.) .44 01. ~~~~~ (7 ml ‘.1 ~~ 4)’ ‘0’ ‘S ~~ ~~
. 

3 -  

c . - . Trur I;~ - -‘ -—- . - 



___ -

‘S
4) ‘44 —a

‘44 44 0’
‘V • 0’ 44
C - 44’ ‘4
45 Ia 4-I ..4 I 5)

4) ‘4 .0 1’) .44 44
- — 40 41 43 ~‘ 0

4 ) 4 4  d’ 44 5) ‘a 44. 4) a.’
w ’ 4 4 4*4 ‘a 4 4 5 4  44 44 0) 4-)

~~ C. I ‘a ‘44 44 43 ‘44 44 0
44 43 I’) 0. Srn’. ‘.1 1l.’. ‘44 ~~44 5) ‘0 Id) 5’, 44 5-., (‘I ‘0(4 4 4 5 1  ¶5 5) (‘ 4*’., - 4-’-
Ia 44 • 44. 0’ ‘S C
‘V 5) ‘ ‘S 44 ‘S 43 ‘0 .‘0 ‘44 44
‘S 5 4 3 0 .  51 0 9 44 44 4-4- ‘a
43 0. 4) “4 5. 44 • ¶5 53 -
0 ’ ’ .) ‘44 “ , _ C  4)) 44, ‘3) ‘0‘0 - 44- 44 4) 0 ) 1 3  •
‘S .4 4.’ 0 44 4 3 . 4  4) 43
0) 44 ”• 44 C I a  45 ‘44 ‘S 4) 5,
H C 0’ ‘.4 44 ‘.4 ‘44 41 13 ‘44 44 ‘44

— 0 ) - a  ‘ 4 4 4 4  .44 4 4 4 1  4. 5) 5.
. 4 4 3  0,) 44 44, 4 ) >  4’ 44 44.
‘S ~a ‘ ‘ 4 4  ¶5 • C, ‘1’~ 5) 44
Ia 44 0, S ) ’ a  44 0 4 4  44 (“I 5)
4) 0 - -  4.’ •~~~~~ U 44 5, ~~ 53 ‘0C 5) 40 4) 5, 1,5 0 43. 5) I 5)
LI 43 44 SC 4’ 41 0 ) ( ” (  5) ‘S00 “I ‘a 44 4-3 ‘ 43 ‘a’,’ 

41 5*4 43 “a5 ) 4 )  43 0) ‘) ¶5 0 ’ S  4--.’ .4 ‘44 43
105 ‘ ‘5 0. (‘5 44 ml 13 4-.’ 4-34 54) (4 0, ,‘ l’5 4 4 o 0 5  ‘44 - 44 5,
53 4 ) ’ .’ - ‘a-’. 44 40 44 4 3 a -  5)
Z ‘4 4’ ‘44 0 .44 44 ,)l ‘44 0 5. 1~~ ‘.‘ -*
(4) Ia 4 ’ 4 4  4 4 4 4  44 4 ’ ’a  0 4 - ”  44 0))

a.) ~~ 0 “I ‘44 44 0 _ C  43. 0’ 4. 4-’-
Cl) 4) ‘(4 0. 43 4) 4, 13 0 “4 43. 04
C.. ( 4 4 4 ( 4  4) ‘ 4 4 4 4  ‘ “4 - 5 ’  .‘,
1a4 0 . 4 5  54 4 - 3 4 )  ~~ .44 0 , 4 )  4 -
~~ 5) 44 .44 5 ) 4 4 1 ” )  43 5 ) _ C  ( 3 5 1  04

•‘4 5, C, ‘~~ ~4 ‘44 43 4’, Ia 43- 44 ‘0
44 ’S I ~3 44 0) 43 51- 5) (‘0 4) - . 4 4 4  0

‘S 0. 0. ‘S .44 43’ 51 40 44 41 53 ‘a >1
‘.4 (4 ‘~ ‘0 4 4 5 , 5 * 4  .44 4 4 . 4  L I >  4,
4 1 1 1  4) ¶5 44, . 4 4 4 0  ~~ 4) . >, 44
4 4 4 0 5 )  14 51 4, - ¶5 5) 5) 41 44 ml 43
(4 43 44 4 3 4 1 a -  4, . .44 . 4)) ‘.1 44
0. ‘a 0) ~(4 ‘44 (‘I 0) ~~ I’. Ca. ‘ 44 ¶5
4 ‘S • 44 ,44 a)’) ‘0 44 “5 ‘a ‘~~.-4 54 (05 .‘.‘ 5. 0’ 44 0’ - ‘ ‘0 0 4) 0

- 4 3  • 0 4 ) 0  4 4 ( 4  ‘V 4 4 - 4  “3
4 4 0 0 0 ‘ 0 0  a4 5. 43 . 0 4 . 4  C -‘4 5*4 5)
‘S 41 ‘44 4) 4-’. ‘a’.. - - 00 .44 (05 ‘S C I”) 43
9 ‘a 4. ‘ S C~ 4 4 1 4 4  1 4 4 1  ‘ S O .  41 D ‘3’ ‘.3
40 0 “ I ‘4 51 ‘S 0. ‘a ‘S C 4)

‘ 4 4 4 , 43 ‘S 4 ‘4 ’ . .’  0. • . 4 4 . 0  41 5 1 0  4)
‘-.‘ 0 ‘0 - 14 5, • 4)) ‘a 5 5 4 0  4.. !) ‘4 4 1 . 4  5)
00 4 4  5 ) 4 4  4 - 4 4 1  .C Cd 41 ‘S .0 ‘ S _ C  S

• C ’ ,) ‘S ‘4 0 4 5 )  ‘~~~~~ ‘ 4 4  ‘ ¶ 5  4) 4 1 0
5 ) 0 . 4 4  4 4 ” . ’  0)) 44 ‘ 5 ) 4 3  0 . 4 0  .~ A. 43,

‘a 44 ‘a 4 4 1 3  44 .44 -

,44 ,0
0 9

43
51 - 51 4) (‘4

.4 (‘-1 (‘0 ‘3)’ 10 ‘0 “ ,44 0
5’ 5’ 4-41 5’ La 5’ 5’ 5’I 4)

‘3 45’ U
44 3-’ ..‘I
(4 ‘44 ~~~~~~~~~~~~

5 ) . .)  1 1 _ C
0 - 00 0 4.’

(4 3
4) . 4 .0 4 )

0 .4 ‘0
ml (‘5 0)

44 41 _4 0) A
-4 - “4 _4 .4

• 4) 5*4 (4 ‘V
44 .‘4 44 • ‘V
— .4 • 3 ‘S ‘a a-
0 (4 . 4- a -  . 0 0 . 3  -
• ‘a 44 (‘1 IN ‘ a -  -

44 — L I ’ S  4-) 41 34 ‘0
0 44 ‘a 43. - ‘S 5 . 1 4
41 4 3 0 0 5) 4 ) 0  . 0 1 4  5.

3.~ 5. .44 4) 9 • 4’.
3 - C  0 .4 4) 5) 44’

+ “4 0 . 9  44 ‘ a ) . ’  .44
3 .4 5. ‘4 0

44 44 14 ‘a a - ( 4 1
O a- 4 4 ’ S  0 + _C

(‘4 (4-a 44, 5. ‘a C’
3- , 4-) 4) a- ‘a 45’ S)

44 • Dl 44 I’S 4) _C A
a- -4 C 44 5’ 44 5”

4) 0 - ‘S a- 4 ) 4 1  4
‘S • .4 . 4 ( 4  0 3 -  (4
C 4 ‘0 0. C ‘ 44
IC • 5. L 0  .4 a- ‘4 44 4)

0 41 ‘ V . 4 4  • > m C f l 4 1 C ~
‘a 5. + ,C 4 4  4” 0 5 ’  5’ ‘ 4 4 4
0 ~. ‘ ‘ S  5’ _ C .4s + a- I .44 ‘ 0 , 4))

I’) ‘4-I ‘ + C . a -  ‘a N
3 44 0 “ a -  a- 0 4 1 *. 0

3- a- . .0 1 4 4 1 4  4 4 5 ’  ‘S • (4
I’S (“4 4) • a - 4 4  54 0 4 ) 4)

1”) ‘3 44 4 4 0 , 4 4  (‘05 .  0 4 4 4 ( 7 0  ‘a
‘a • ‘.1 5. ( 4 . 4)’ La 0 ’..’ ‘S 0
• -4 -4 — X X  - ‘S 0. 4)

.4 • 44 . 4 4 4 .  0 ,a -  0 ) 0
• — 1 5 .  ‘S 0 — ‘ 4 1 4 4
.4 ‘0 ml “I a -  41 5. 43 ‘0

‘0 5. I 4 ( 5 1  ‘ 0 4 4  0 4 1 5 ) 4 1
5. .44 ,) 5 .5 .  ‘a U 4-) 0

+ a- ‘0’ ml 4) 43 ‘S
+ 3’, 4’) +a- 9 .44 ‘ 5 )  I 4 3 1 4 4 1  C -

a- 1”I 5’ 44 .4 a- 0) ‘.4 (4 Dl
4.0 44 ‘0. 1 ’( a -  4) 4) ml ‘a

44 4 4 ( 7  4 4 . 0  ‘a Dl 41 44.
5*4 .44 4) • - 5 .  C U ’ S

5 1 4 4  4 3 ’a , 4 3 - K  5*14’ 4 4 . 4 4 4 1 4 )

.4 (7 • ml ‘V ‘S (‘S 44
. 4 4 4  0 a- 00 “ 4 ‘  ‘4 *

5.
— 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
5 .44 I 44 ‘a ‘ C ml

5’ .4 II 5. 41
a- 4’ 45 I”) 44 .4

a- 3,’ 14 m l a -  ‘4 U ‘S (4
3*, ‘S 4 4 4 4 %
5. 5. 0 5 . 0 5 ’  .4 4 1 0 0
4. ‘0’ 41 4’ U 4. ‘0 ‘4)’ ‘4 II U

_ _ _  - — ‘—~~~~~~~~~~~~~~~~~~ .“-- -- - -~~~~~~~~
-
~~~‘ ~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~~~~~~~

-—
~~
-— —‘--



‘~~ITTIIJ~ 
- - ~~~

‘

D. K. R A Y - C H A U D H U R I  AND ALAN P. SPRAG U E

CHARACTERIZATION OF PROJECT IVE
- ‘ INCIDENCE STRUCTURES

1. INTRODUCTION AND STATEMENT OF THEOREM
For a finite set X, X~ will denote the number of elem ents of X. An incidence
structure is an ordered triple (F , L, I)  where P and L are disjoint sets and
I ~ P x L. Elements of P will be called points or ve~’tices and elements of
L lines. A line I and a point p are called incident if (p, I )  é I, We also say in
this case that I contains p or p lines on 1. Two lines land m are said to intersect
if they have a common incident point. With any incidence structure (F , L, I)
is associated its dual incidence structure (L, P.1 ’S) where I ’S ((1, p) : (p, 1) el).
If L isa set of subsets of? and (p. !)e I if f p ci, we will refer to (P , L, 1) as
(F, L, e) or (P. L). The dual of (F, L, e) will be written as (L , F , a). If each
element of L and P is a set and (p. 1) E I if p c 1, we write (F, L, I) as
(F, L, ~ ) and its dual as (L, F, 

~~~~
). For a line!, F~ will denote the set of points

inciden t wi th line I. L IP , is a finite set, we write k(5’) for the c~rdina1ity of P~.Similarly, for a point p, L, c!cnotes the set of lines I incident with the point p
and we write r (p) for IL 4- ~. An incidence structure is said to be simple if for
any two distinct lines i and I’ , P, ,a F e.. Incidence structures (F , L, I)  and
(F’, L’, I’) will be c~*iled isomorphic if there exist bijections o~ P -+ F ’ and
~~ : L —* L’ such that (p, I )  ci if (a(p), 41(1)) El ’,

An incidence structure or (F, L, I) is said to be finite 1ff both P and L
are finite sets. All incidence structures in this paper are finite. For a finite
incidence structure, we will set r(or) — min{r(p) : p  E P) and k(ir) =
min(k(I) : 1 e L}. Let q be a positive integer. If q = I , we define s(1r, q) to be
equal to k(ir). If  q ~ 2, we define s(or, q) to be the unique real nu mber s which
satisfies q’ — I k(orXq — I). If q 1, we define d(ir , q) to be equal to
r(iI) + s(ir, q) — 1. If q ~ 2, we define d(or, q) to be the unique real number d
which satisfies q”1~”S” 0 — I (q — l)r(ir). We normally write s(sr , q) as
5(w) and d(ir , q) as d(or) . The incidence structure or is said to be semilinear
if Yp, p e P, p ~ p ’, 3 at most one line I incident with both p and p’. Let r and
k be positive integers. A semilinear incidence structure ir is said to be an
(r, k) incidence structure 1ff for every point p, r (p) = r and every line 1,
k(l) — k. Let ir be a semilinear incidence structure and I and m be two lines.
A line n will be called a transversal of 1 and m if  n intersects both I and m
and F,, r~ F, ,~ F,, r~ F 5. A semilinear incidence structure or is said to satisfy
Pasch’s axiom if for any pair of intersecting lines m1 and m2 and any pair of
transversals n1 and n2 of m1 and m2, n1 intersects n2. A subset F ~ P is called
‘S This research was supported in part by ONR contract number N00014-67-A-0232.
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: a flat if ‘VI e L, IF, r~ F~ ~ 2 implies P, s F. Clearly, any intersection of
flats is a flat. For S c F, the flat <S> = 

~~~~~~~~~~ 
F is said to be the flat gen-

crated by S. For any f lat F , rank F is the smallest integer n such that there
exists a set S ~ F, (SI = n and <S> = F. The rank of the flat P is called
rank or,

A simple graph is a simple incidence structure in which every line is
incident with exactly two points. Points and lines of a simple graph will
usually be called vertices and edges, respectively. Two vertices p and p ’ will
be called adjacent ill’ there exists an edge / incident with p and p’. Adjacency
is a symmetric relation on the set of vertices of a graph and determines a
simple graph completely. All graphs considered in this paper will be finite
and simple. Let G be a simple graph with vertex set V and edge set E. Let n
be a nonnegative integer. A path of length n f rom u to v is a sequence
(u = v0, 11, v1, 1~, v2, . . .,  l~, v,, = v) where 1, is an edge incident with v,_ 1 and
v,, I = 1, 2,. . ., n. If for any two vertices u and v there exists a path from ii

to v, then the graph G is said to be connected. In a connected graph G the
distance d(u, v) between two vertices u and v is the smallest nonnegative
integer n such that a path of length n from u to v in G exists.

Let or = (F , L, I)  be an incidence structure. The adjacency graph G(n-) of or
is a graph having vertex set P and two vertices adjacent if some line of
contains both. The graph G(ir ’S) of the dual incidence structure or’S will be
called the line graph of or, Distance between two points p and p’ of or will be
same as the distance between them in G(ir). For S c P and 1, m eL , we will
set d(I , S)  = rnin(d(j ,, p’) : p’ a S. p incident with I)  and d(I , m) =
min{d(4 4o) p incident with m} where d(p, p’) is the distance between the
vertices p and p’ in G(ir). Sometimes the poin ts of or will be called vertices.

Let q ~ 2 be a prime power and 1 ~ s ~ d be integers. Let V be a d-
dimensional vector space over a finite field of order q. Let W~ be the set of
(-dimensional subspaces of V.0 ~ I ~ d. Let (W,...1, W,, ~ ) be the incidence
structure whose points are (s — 1)-dimensional subspaces, lines are s-
dimensional subspaces and incidence is set inclusion. Any incidence structure
or isomorphic to (W9_ 1, W,, c) will be called an (s, q, d) projective incidence
structure (p.i.s.). For q = 1, also we define an (s, I , d)-projective incidence
structure. Let I’ be a finite set with I Y( = d. A subset Y’ ~ Y is called an
i-subset of Y if I Y’( 1. Let Z be the set of i-subsets of Y. Any incidence
structure isomorphic to (Z,, _

~~
, Z,, ~) will be called an (s , 1, d)-projective

incidence structure. The incidence Structure (W4_ 4 ..1, W4_,, ~) is isomorphic
to (W5_ 1, W4, ~

). Also, (Z~_ 4+ ~,Z~_,, ~) is isomorphic to (Z,_ 1, Z,, 
~~).The following classical theorem about finite projective spaces characterizes

(2, q, d)-projective incidence structures for d ? 4.

THEOREM. Let or be a f inite incidence structure satisfying
(p1) There exists exactly one line joining two distinct points.
(p2) Every line contains at least three points. 

~~~--~~- - - -~~~~~~~ -- - -- ~~~~~~~~~- --— — - - 
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(p3) Pasch ’s axiom.
(p4) Rank of or ~~ 4.

Then there exists a prime power q ~ 2 and an integer d ~ 4 such that or is a
(2, q, d)-projec tive incidence structure. Conversely, any (2, q, d)-projective
incidence structure wit/i d ~ 4, q ~ 2 satisfies (p l)—(p 4) .

Extending this classical theorem, we prove a characterization of (s, q, d)-
‘ projective incidence structures when 3 ~~~ s < d — 1.

THEOREM 1. Let q ~ 1 be an integer and or be a f inite incidence structure
satisfying

(f 1) 3 ~~ s(or,q) < d(or ,q)  — 1.
(f 2) There exists at most one line joining two distinct points.
(f 3) Ifp is a point a n d / i sa line such that d(p, 1) = I, then there are exactly

(q + 1) lines which pass through p and intersect I.
(f 4) If p and p ’ are two distinct points such that d(p, p ’) = 2, then there are

exactly (q + 1) lines I such that 1 passes through p ’ and d(j, 1) = I.

(f 5) G(or) is connected.
Then s = 5(1?, q) and d = d(ir , q) are integers, q = 1 or a prime power and or
is an (s, q, d)-projective incidence structure. Conversely,for 3 ~ s < d — 1, any
(s, q, d)-projective incidence structure satisfies (f I)— (f5) .
We also show that the Axioms (fl)—(f5) are minimal for the purpose of

characterizing (s , q, d)-p.i.s., 3 ~~ s < d — I. For anychoice ofj~{1,2, 3,4, S},
there exists incidence structures or’ which satisfy the four axioms other than
(Jj )  and is not an (s, q, d)-p.i.s. with 3 ~~ s < d — 1. A finite incidence
structure or satisfying (f2)—(f 5) is called an (s , q, d)-pseudo projective inci-
dence structure where s(or, q) = s and d(or, q) = d. The Axiom (f 5) in the
statement of Theorem I is not an essential axiom. Let or~ = (P s, L~, Ii) ,
t= 1, 2 be two incidence structures such that P 1 r~ P2 = L1 n L3 = 0. We
define the direct sum or = or1 + ir2 byor = (P 1 L ’P2, L1 uL 2, I) where (p, l) aI
if 31, 1 ~ I ~ 2, p a P,. I a L~, and (p, l) a I,.

THEOREM 2. Let q ? 1 be an integer and or be a f inite incidence structure
satisfying the Axioms (f 1)—(f4). Then q = 1 ora prime power and or is isomorphic
to the direct sum of one or more projective incidence structures. Conversely,

~f q = 1 or a prime power and or is the direct sum of several (s,, q, ~)-p.Ls.where 3 ~ s, <4, — I, then or satisfies Axioms (f I)—(f4).
Outline of the Proof of Theorem I.  Let or be an (s, q, d)-pseudo projective

incidence structure. Let m and n be two lines containing a common point 0.
Let C(m, n) be the set of lines containing the transversats of in and n and all
lines I which contain 0 and intersect at least one transversal of m and n.
C(m, n) is called the plane generated by m and n. Let rtq be the set of all planes.
One of the important steps in the proof is to show that the incidence structure
(L, ~(, a) is an (s + I , q, d)-pseudo projective incidence structure. One starts
with an (s, q, d)-pseudo p.i.s. and finally obtains an (d — I, q, d)-pseudo
p.Ls. which is then shown to be dual of a projective space.

_ _ _ _  ~~~~~~- - -~~~~~~ - - -— ~~~~~-- - -— —  ~~-~~~ - --~~~- —
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2. PRELIMINARY PROPOSITIONS

LEMMA I. Let q ~ 1 be an integer, or be afinite incidence structure such that
r(p) and k(I)  are positive for a/I points p and line 1. Let or satisfy the Axioms
(f2), (13) and (15) and r = r(rr), k = k(ir). Then or is an (r, k)-in cidence
structure .

Proof. Let or = (F, L, I). To show that ‘a’! eL, k(l) = k, it is sufficient to
show that V!1 a L, k(l) = k(I’). Let I and I’ be two intersecting lines and z be
the common point. We calculate

b = ({(p, p ’): (p, l) e I , (p’, l’)eI,p, p’ ~ z,d (p,p ’) =
For every pointp ~ & z of I, d(p, 1’) = 1. So there are q pointsp’ of!’ such that
d(p, p ’) = I and p ’ ~ z. Hence, b = (k(1) — 1~ q). By symmetry b =
(k(l’) — 1)(q) . Since q ~ 1, k(l) k(l’). Let I and I’ be any two lines. Since
G(or) is connected , we can fi nd a sequence 1~ = I, l~, ‘2,. .., 4 = 1’ such that
l,_ 1 and !, intersect forj = 1, 2,..., i. Since k(I,_ 1) = k(I,) forj = 1, 2,. . ., 1,
it follows that k(1’) = k(1). It is easily checked that the dual incidence structure
or’S satisfies (f2), (f3) and (f 5). Therefore, we get r (p) = r(p ’) , Vp, p’ a F and
hence, r (p) = r , Vp EP.

LEMMA 2. Let q = I or apr ime power and 3 ~~ s < d — 1 be integers. Then
any (s , q, d)-p rojective incidence structure is an (s, q, d)-ps eudo projective
incidence structure.

Proof. First we consider the case q a prime power, q ? 2. Let or =
(W1_1, W,, ~ ) be an (s, q, d)-projective incidence structure where 3 ~ s ç
d — 2 and W~ is the set of i-dimensional subspaces of a vector space V of
dimension dover GF(q), 0 ~ I ~ d. The number of (s — 1)-dimensional sub-
spaces contained in an s-dimensional subspace is (q’ — l )/(q — 1) and hence,
k(or) = (q’ — 1) / (q — 1) and s (or) = s. Similarly, the number of s-dimensional
subspaces containing a given (s — 1)-dimensional subspace is (q4 ”  1~ —

(q — 1). Therefore, r(or) (q’ - ” ’  — 1)/(q — 1) and d(or) = d. The Axiom
(f 1) holds since 3 ~ s ~~ d — 2. Let p and p’ be two (s — 1)-dimensional
subspaces and I be an s-dimensional subspace such that p,p’ c I. Then I is
the subspace spanned by p and p’. Hence, there exist at most one line join ing
p andp’ and or is semilinear. Letp and p’ be two (s — 1)-dimensional subspaces
such that {Ut, u2,. .., u~, v1,. .., v,_1} and {u~, u2,. . ., u~, w1, w2,. ., w,_ 1} are
respectively bases of p and p’, 0 ~~~ I c s — 1. Let p, be the subspace spanned
by {u1, u21. . ., u~, w1, w2,. ., w1, v,~.11 . . ., v,_,}, j  = 0, 1,..., s — i. Then

p and p,., p’ and p, and p,4. ~ are adjacent in G(or) . Hence, there exists
a path joining p and p’ in G(or) . This establishes that G(or) is connected. Let
p a W, ,,1 and Ia W, such that d(p, 1) = 1. Then p ~ I and there exists an
1’ a W such that p ~ I’ and Ir~ I’ a W,_1. It follows that p r~ 1 = u is an
(s — 2)-dimensional subspace. There are (q + 1) (s — 1)-dimensional sub-
spaces p

~’ 
I i ~ q + I such that u ~ p~ ~ 1. Let 4 = <p, Pt>. Then 4.

_
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1 ~ I ~ q + 1 are the only lines of or which contain p and intersect I in a
point. It follows that or satisfies (f 3). Let p . p ’ a W,_ 1 such that d(p, p ’) = 2.
This implies that p r~ p’ = v E W,_3. Let u1, u2,. . ., ~~~ be the (s — 2)-

dimensional subspaces such that v ~ u, ~ p . 1 ~ i~~ q + I. Let I, = <u1, p’>,
I ~ i ~ q + I. Then l~, 12,.. ., l~ L are the only lines of or which pass
through p’ and have distance 1 from p. Therefore, or satisfies (f4). This
establishes the lemma when q ~ 2. For q = 1, we take or = (Z,_ 1, Z , c)
where Z is the set of i-element subsets of a d-set Y, 0 ~ I ~ d. It is easily
checked tha t or satisfies the Axioms (fl}-(f5).
In the sequel we will assume without loss of generality (wiog) that lines

are subsets of points. We assume that q is a fixed positive integer and s and d
real numbers satisfying 3 ~~ s < d — I and or is a pseudo projective incidence
structure and S(or) = s, d(or) = d, r(or) = r, k(or) = k. -

LEMMA 3. Let p and p ’ be two distinct points of or such th at d(p, p ’) = 2.
Let L1 be the set of lines containing p and at distance I f r om p ’ and let L2 be
the set of lines containing p ’ and at distance I from p. Then each line of L1
intersects each line of L2.

Proof. Let n a L2 and n ’S = (z a n:  d(z, p)  = 1}. Then Ia ’SI equals the
number of lines of L1 which intersect n. By (f3), ni = (q + 1) and by (f4),

= q + 1. Hence, each line of L1 intersects n.
For a pair of lines m and n, T(m, n) denotes the set of transversals of m

and n.

LEMMA 4. Let m and n be two distinct lines of or such that d(m, n) = I. Then
(f), d(p, m) = If o r exac:Iy (q + l)poi n ts j ofn and (ii) T(m, n)j ~ (q + 1)2.

Proof Since d(m, n) = I , there exists points x and y such that x em, y en
• and d(x, y) = I. Since d(x, n) = 1, by (f3) there exists (q + 1) points Yo

Y, Yi, . ., yq such that d(x. y~) = 1, Yt an  and d(y ~, m) = 1, 0 ~ i ~ q. If
possible, let y en ,  y o& y,, 0 ~~ i ~ q and d(y, m) = 1. Then d(x,y) 2,
d(x, n) = d(y, m) = l andx am ,yEn . By Lemma 3, m and n must intersect
whence d(m, n) ,~ 1. This completes the proof of (i) and (ii) follows easily.

LEMMA 5. Pasch ’s axiom is valid in (P. L). For any pair of intersecting lines
m1 and m2, ~T(m1, ?ns)I (k — 1)q .

Proof. Let {x) m1 ri m2. For each y am 1 — x, y is adjacent to q vertices
of m3 — x. So, q transversals of m1 and in2 containy. Therefore, I T(m1, m2)I =
(k — 1)q. Let n e T(m1, in2). Let a a n rt m1, b en r~ m5, S~ be the set of
(q — I) vertices of m1 — {x, a} adjacent to b and S2 be the set of (q — 1)
vertices of m2 — {x, b} adjacent to a. Let h a T(m1, m2) such that {c) =
h r~ m1 ~ S1. Then b and c are not adjacent. We get d(b, c) = 2, b en,
d(c, n) = 1, cc h, d(b, h) = I . By Lemma 3, n and h intersect. It follows that
if h a T(m1, m,) and h and n do not intersect, then h r~ m1 a S1. Similarly,
h r-i in2 a S2. Therefore the number of lines of T(m1, m2) not intersecting n
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is at most (q — 1)2 = lSd 1S21. If q = I , (q — 1)2 = 0. Then all lines of
T(m1, m2) intersect n, so Pasch’s axiom is valid.

Let q ~ 2. If possible, let n and h be two non-intersecting lines of T(m1, in2).

There are at least I T(mi, m2) J — 2(q — 1)2 = (k — l)q — 2(q — 1)2 lines of
T(m1, m2) which intersect both n and h. Also, in1 and m2 intersect both a and
h. Hence, the number of lines intersecting both n and his at least kq — 2q2 + 3q.
On the other hand, since d(n, h) = 1, by Lemma S there are at most (q + 1)2
lines intersecting both n and h. This gives us (q + 1)2 ~~ kq — 2q2 + 3q.
Sinces ~ 3,k ~ q2 + q + 1 3qand(q + 1)2 

~~ 3q2 — 2q2 + 3q. Simplify-
ing the inequality we get 1 ~ q which contradicts the assumption.

If S is a set of lines such that any two lines of S intersect each other, then S
• is a clique in the line graph of (F, L); we refer to such a set S as a clique of

Iuies.
Let m and n be intersecting lines and x be the point of intersection. We let

C(m,n ) =  T(m, n) u { h : heL, x e h , hr i n’ ~ 0
for some a’ a T(m, n)}.

LEMMA 6. Let m~ and in2 be intersecting lines. Then C(m1, m,) is a maximal
clique of lines.

Proof We denote T(m1, m2) by T and C(m1, m2) by C. Let (x) = m1 C’ in2.

T is a clique of lines, and so is C — T since x belongs to each line of C — T.

We show that i f h e C  — T and n’eT, then h intersects n’. SinceheC — T,

x a h and h intersects n for some transversal n of in1 and m2. We may assume
(by exchanging m1 and in2 if necessary) that n C’ m3 ~ a’ rt m2. Then
h, n’ e T(n, in 1). So, h and n’ intersect. Hence C is a clique of lines. It is clear
from the definition of C that no proper superset of C is a clique of lines.

We call each C(m1, in3) a plane, and let ~~
‘ be the set of planes.

COROLLARY 1. Each plane contains qk + 1 lines.
Proof Let in and n be lines which intersect at x. Let h a T(m, a). By

Lemma 6 every line of C(m, n) — T(m, n) intersects h, so C(m, ii) — T(m, a)
is the set of q .~.. 1 lines which contain x and intersect h. Then C(m, n)~ =
~T(m, n)~ + q + 1 = qk + 1.

LEMMA 7. Let K be a clique of lines, m, a a K (m ~ n), and (x} = m r\ a.
Then either all lines of K contain x or K ~ C(m, a).

Proof. We assume that some line a’ of K does not contain x and show that
K ~ C(m, n). Let h eK. Then h intersects m, n, and n’. If x~h, then heT(m, n) .
So h a C(m, n). Next suppose x a h. Since h intersects n’, h a C(m, n).
Therefore, K ~ C(m, a).

LEMMA 8. (i) Each pair of intersecting lines is in a unique p lane. (ii) If the
plane C contains at least I line containing x, then C contains exactly q + 1
lines containing x. (iii) Each line is contained in (r — I) / q p lanes.

1
_  _
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Proof (i) Let m and a be intersecting lines and the plane C contain m and n.
By Lemma 7 C ~ C(m, n). But all planes have the same cardinality, so C =

- . Cfra, a). (ii) Let x a in a C. Let a a C so that x ~ a. Then C = C(m, a). Every
line of C which contains x also intersects a. There are q + I lines which con-
tain x and intersect a. One of these lines is m, and the remaining q lines are
transversals of m and n, s o q+  l l i nes of C contain x. (iii) Let m bealine .
Choose x a in and let in2, m3,. ., m~ be the lines containing x which are
distinct from in. Each plane which contains m contains exactly q lines among
m~, m3,. . .,m,,. By part (1), each line m4 is contained in a unique plane contain-
ing in. Hence exactly (r — 1)/ q planes contain m.
From Lemma 8 and Corollary 1, the following statement is immediate.

COROLLARY 2. (L, ~()  is a seinilineor ((r — 1) / q, qk + 1)-incidence
structure.

For any plane C we define C = U~.c in.

LEMMA 9. Let in eL and Ca ~f . If ~m C’ ~ 2, then m a C.
Proof. Let x, ye m n  C. Then for some a1 and n2 (n j , n2 ~~& m ) x en 1 cC

and y e  n2 a C. Lines a1 and n2 intersect since all lines of C intersect, so
C = C(n1, n2). Since m is a transversal of n1 and a2, in a C.

Since each pair of intersecting lines is contained in a plane, and each plane
is a clique of lines, two lines contain a point in common 1ff they are both
contained in some plane. Therefore the adjacency graph of (L,%’) is identical
to the line graph of (P. L). Let H be the adjacency graph of (L, ~6 ’).

LEMMA 10. If in and n are distinct lines then d,,(m, a) = d~(m, a) + 1. If
the line in is not contained in the plane C then d~(in, C) = d0(m, C) + 1.

Proof Let dG(m, n) = i — 1 where in ~ & n. Denote m by in0 and a by m4.
Let (m0, x1, m1, x2,. . ., x1, in4) be a sequence of points and lines such that
x, is contained in m,_ 1 and in, (1 ~ j  ~ I) . Let C, = C(m,_ 1, in,) for
1 ~ 

j  ~ I. Then (m0, C1, in1, C2, ..., C~, in4) is a sequence of lines and planes
so that C, contains m,_ 1 and m1 (1 ~ j  ~ I),  so d,1(m, a) ~ i. Since the
direction of this argument is reversible, we may conclude that d~(m, n) =
d0(m,n) + 1.

Let in ~ C. Now d0(,n, C) = min(4(m, a): a a C) and d,,(m, C) =
min(d~(m, n): a a C). Since d~(m, a) = d0(m, a) + I for distinct lines in and
n,d~(m, C) = d0(m, C) + I.

LEMMA II.  (L, (4~) is an (s + 1, q, d)-pseudo projec tive Incidence struc ture.
Proof We have already established that (L, (f )  is a semilinear (r ’S , k ’S) -

incidence structure where r ’S = (r — I) J q = (q1~~~1 — l) / (q — I) and k’S =

qk + I — (q’~~ — l)f(q — 1). (If q = 1 then r = (r — l) / q = d — s and
k’S — qk + 1 — s + 1.) The graph H is connected since G is. We prove (f4).

_ _  _ _ _  ~~~~~~~~~--
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Let in and n be lines and d,,(m, n) = 2 (so d0(m, a) I). Let S =
{C: Ca ~~

‘, a a C, d~(m, C) = I). We are to show 1St = q + I. Now S =
{ C : Ca ’~’, n c C , m~~ C~~~ø) .

If h is a line and z a vertex so that d0(z, h) = 1 then there exist at least two
lines h1 and h2 so that SE  h4 and h4 intersects h (1 = 1, 2). The plane C(h1, h2)
contains both h and z. For any plane C containing both z and h we have

C’ C~ ) 2 so h1 a C(i = 1,2), and consequently C = C(h1, / 2). Therefore
for any line h and vertex z so that d~(z, h) = 1, a unique plane contains both
z and h.

Lines in and a do not intersect. So, no plane Contains both. Every plane in
S contains a and at least one point of m. Let x0, xi,. . ., be the points of in

• satisfying d0(x4, a) = 1 (0 ~ I ~ q). Let C~ be the unique plane containing x4
andn (0 ~ i ~~q). I f f o r some i andj( i 3&j ) C4 = C,thentmnC~I ) 2. By
Lemma 9 this would imply that maC4, which is false. Then S={C0, C1,.. ., C,),
so lSI = q +  1.

To prove (f 3), let d ( m , C) = 1. Then d0(m, C) = 0. So, in C’ C ,~ 0.

By Lemma 9, tin C’ C~ = I. Let {x} = m C’ C.
We are to show that d~(m, a) = I for exactly q + I lines a of C, in other

words d0(in, n) = 0 for exactly q + 1 lines a of C. But this is clear, since
exactly q + 1 lines of C contain x.

LEMMA 12. Pasch ’s axiom is valid in (~, L, a).
Proof We first state Pasch’s axiom for (eiS~, L, a), recalling that two lines

intersect (i.e. contain a vertex in common) liT they are both incident with some
plane. Pasch’s axiom for (sf, L, a) states that if lines in and n intersect, and
lines h1 and h2 intersect both m and a but no plane contains h1, in, and a and
no plane contains h2, m, and a, then h1 and h2 intersect.

Let {x} = in C’ a. Now h1 ~ C(m, a), so h1 ~ T(m, a). Since h1 ~ T(m, a)
but h1 intersects both in and a, x a h1. Similarly x a h3. Therefore h1 and 1i3
intersect, and Pasch’s axiom is valid.

Let P — {p : p a P )  where ; = { i n: meL, p a m) .

LEMMA 13. The mapping a: P —~.P defined by c4(p) = is a b(/ectioa.
Proof The mapping a is clearly surjective. We show that a is injective.

(F, L) is a semilinear (r, k)-incidence structure, therefore ~~ = r >  I and
I~~C’J9 ~ l for all x,yeP. It follows that 2 #9forall distinct x,yaP.

LEMMA 14. Pu ‘~‘d’ is a partition of the set of maximal cliques of H.
Proof. It is clear from Lemma 7 that every maximal clique of lines is

contained in P u ‘6’ We have shown that every plane is a maximal clique of
lines. Therefore it is sufficient to show that 2 is a maximal clique of lines for
every x a F, and that I and ~d’ are disjoint. I and ‘6’ are disjoint because the
lines of a plane are not concurrent. 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -•~--~-~ •- -- 
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Let xc P. Clearly S is a clique of lines. Let K be a maximal clique contain-
ing 2. If possible, let K ~ 2. Let in a K — 2. Then x ~ m. By (f 3), the number

• of lines of S intersecting m is at most q + I. Since K is a clique of lines, every
line of 2 intersects m. Therefore q + 1 ~ = r > q + 1 which is a con-
tradiction.

In Lemmas 15— 17 we examine (s , q, d)-pseudo projective incidence struc-
tures where s = d — 1.

LEMMA 15. Let (F, L) be a (d — 1, q, d)-pseudo projective incidence
structure. Then any two lines intersect and if q = 1, ILl = d.

Proof. (P, L) is an (r , k)-incidence structure where r = q + I and k =
(q’~~~ — 1) / (q — 1) (if q = 1 then k = d — 1).

Let G be the adjacency graph of (F , L). Since G is connected, the distance
between any two lines is finite. If not all lines intersect then there are lines in
and a so that d(m, a) 1. Assume that d(in, a) = 1. Then for some x c  in ,

d(x, n) = 1. By (f 3) q + I lines contain x and intersect a. Then these lines
together with m constitute q + 2 lines containing x, which violates the
condition r = q + 1. Therefore any two lines intersect.

Let in aL. Since k(r — 1) lines intersect in and all lines intersect, ILl =
k(r — 1)4 1 . If q =  1, k = d —  l and iLl =d.

LEMMA 16. Let (F , L) be a (d — 1, q, d)-p seudoprojective incidence structure
where d >  3 and q ~ 2, and let the incidence structure dual to (F, L)  satisfy
Pasch ’s axiom. Then

(i) q is a prime power and d is an integer,
(ii) the incidence structure dual to (P, L) is a (2, q, d)-project ive incidence

structure, and
(iii) (F, L) is a (d — 1, q, d)-projec tive incidence structure.
Proof For r = q + 1 and some k, (F , L)  is an (r , k)-incidence structure.
We show that (L, F , a) satisfies the axioms (pI )—(,p4) of Section 1. Now

elements of L liii be called points and elements of P will be called lines. By
Lemma 15 any two points are incident with some line. Therefore (L, F , a)
satisfies (pi) . By hypothesis (p3) is satisfied. Every element of F is incident
with q + I ~ 3 elements of L. Since d >  3 every element of L is incident with
more than q + I elements of P. It easily follows that rank of (F, L) is at least

• 4. Therefore by the theorem about finite projective spaces (L, F , a) is a
(2, q’, d’)-projective .incidencc structure. Clearly we must have q’ — q and

— d. This establishes (ii) and (1). Since a (d — I , q, d)-projective incidence
structure is dual to a (2, q, d)-projective incidence structure (iii) follows.

LEMMA 17. Let (P, L)  be a (d — 1, 1, d)-pseudo p rojective incidence
structure where d >  2. Thea d is an integer and (P, L) .s a (d — 1, 1, d)-
profect ive incidence structure.
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Proof (F , L) is an (r , k)-incidence structure with r = 2 and k = d — I.
Since k is an integer, d is an integer. We examine the dual incidence structure
(L, P. a). Elements of L will be called dual points and elements ofF dual lines.
Each dual line is incident with exactly 2 dual points. Therefore dual lines are
equivalent to the edges of the adjacency graph of (L, P. a). By Lemma 15,
each pair of dual points is incident with some dual line. So, the adjacency
graph of (L, F, a) is the complete graph on ILl = d vertices. Let Y be a d-set
and Z, be the set of i-subsets of }‘4, I ~ i ~~ d — I . We have proved that
(L, F, a) is isomorphic to (Y, Z2). Therefore (F , L)  is isomorphic to (Z2, Y, a)
and hence to (Z4_ 3,Z4_ 1, c).

LEMMA 18. There is no (s, q, d).pseudo projective incidence structure where
3 ~ s a n d d —  2 - < s <  d —  1.

Proof Assume = (P, L) is an (s, q, d)-pseudo projective incidence
structure where 3~~ s and d — 2 < s < d — I .  J f q = l  then r( ~) =
d — s + I is not an integer. Therefore q > 1. Define ~~~

‘ as in Lemmas 6—11.
By Lemma 11 i~-’S = (L, ~) is an (s + 1, q, d)-pseudo projective incidence
structure r (,T*) = (qd s j ) / ( q  — 1) so 1 < r(7r’S) < q  + 1. Since r(7r*) ~~ 2
and k(ir’S) ~ 2 there exist m aL and Ce ~~

‘ so that in the adjacency graph of
IT’S d(m, C) = 1. By (f3), r(r n) ? q + 1. Since r(m) = rf r’ S) the impossibility
of the assumed incidence structure is established.

3. PROOF OF THE THEOREMS

The heart of the inductive procedure for Theorem 1 is contained in the next
lemma.

LEMMA 19. Forj  = 1,2 let
(1) B, be a set,
(ii) A, and C, be sets of subsets of B,,

(iii) the incidence structures (B,, A,) and (B,, C,) have the same adjacency
graph H,,

(iv) A, u C, be the set 0/maximal cliques of H,,
(v) A,C ’C, = 0.

Let (B1, C1) and (B a, C2) be isomorphic. Then (A1, B1, 9) and (42, B2, a) are
isomorphic.

Proof By hypothesis (B1, C1) and (B2, C2) are isomorphic; let a: B1 -+ B2
and r: C1 —p. C2 be bijections which preserve incidence. For any B’ c B1
we let c(B’) = {o(b) : b a B ’); in particular , for cc C1, a(c) = (a(b) : b a c).
Then 0(c) = i(c) for all c c C1.

a is an isomorphism between the adjacency graph Ff
~ of (B1, C1) and the

adjacency graph H2 of (B2, C2) . Therefore a induces a bijection between the
• maximal cliques of H1 and the maximal cliques of ff2. The set of maximal

_ _ _ _ _ _ _ _ _ _ _  -~~~~~~~~~~~~~~
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cliques of H 1 is A1 Li C1 and the set of maximal cliques of H2 is A2 U C2.
Since A~ r’ C1 = = A2 (t C2 and a induces a bijection from C1 to C2,
a induces a bijection from A1 to A3. Then the bijection a: B1 -÷ B2 and the
bijection from A1 to A 2 induced by a show that the incidence structures
(8~, A~) and (82, A,) are isomorphic, and also that (A t, B1, a) and (42, B2, a)
are isomorphic.

In order to shorten the proof of Theorem 1, we introduce some terminology.
For q = 1 and a positive integer d, V4~1 will denote a finite d-element set. For
q a prime power Vd.Q will denote a d-dimensional vectorspace over GF(q).
For q = 1 an i-dimensional object of Vd.I will mean an i-element subset of
V~~. For q a prime power, an i-dimensional object of V~~ will mean an i-
dimensional subspace of V~~. For 0 ~ I ~ d, W~ will denote the set of
i-dimensional objects of Vd .q.

Proof of Theorem 1. Assume that there exists a counter example to the
statement of Theorem 1. Among all such counter examples we choose an
incidence structure ,r = (P , L, 1) for which r( Ir) is as small as possible. Wlog
we assume that lines are subsets of points. We write s for s(ii~)  and d for d(ir) .
Let ’~’be as in Section 2. By Lemma I I , -n~’S = (L,~ ’) is an (s + l,q, d)-pseudo
projective incidence structure. Note that r(1 ’S) < r (~i-) and that the dual of
iT’S satisfies Pasch’s axiom by Lemma 12. By Lemma 18, s ~ d — 2. If
s < d — 2, then IT’S satisfies the hypotheses of the theorem and r( ,~’S) < r( ~r).
Therefore IT’S is an (s + 1, q, d)-projective incidence structure. If s = d — 2,
then by Lemmas 16 and 17 ir ’S is an (d — 1, q, d)-projective incidence structure.
So in either case dis an integer, q = 1 or is a prime power and ir ’S is isomorphic
to(W,, W ÷1, S)where W~ is the class of idimensional objects of a Vd .q where
i = s, s + 1. For w a W,4.1, let i~ = (u: u a W, and u ~ w} and W~.,.1 =
{W: w a W,÷1) . For W E  W,_ 1, let w’ = {u: u a ø~,, u ~ w) and W _ 1 =
{w’: W E  W8_ 1}. It is easily seen that (W,, Fl,.4.1, ~ ) is isomorphic to
(W,, W,+ 1) and(W,_ 1, W,, ~ )is isomorphic to(W _ 1, W,,a). We now apply
Lemma 19 with B1 = 0’,, C1 = W,.,.1 and A 1 = W _ 1, B2 = L, C, = %‘ and
A2 = P. (W,, W,.,.~) and (0’,, W~..,) have the same adjacency graph H 1.
W _ 1 u W,,.1 is a partition of the set of maximal cliques of H1. By the
remark after Lemma 9, (L, ~f) and (L, 1’) have the same adjacency graph H2.
By Lemma 14, P u ~6’ is a partition of the set of maximal cliques of H2. 9
Finally (L, ‘€) and (W,, W,~ ~) are isomorphic. Therefore by Lemma 19
(F , L, a) and (W ..1, 0’,, a) are isomorphic and hence (F , L, I)  and
(W,_ 1, W, c) are isomorphic. Hence there is no counter example to the
statement of Theorem 1.

Proof of Theorem 2. WIog assume that lines of ‘r are subsets of points.
Consider the connected components of G(ir). Let P be the vertex set of the
ith component, 1 ~ i ~ t. Let L~ be the set of lines of IT which contain at

least one point of P~, I ~ i ~ t. Then P = P 1 U P, ~ i ... U P, and
L —L 1 LJ L 2 U . . . UL 1 are partitions and each line of L~ is a subset of F,,

L ___________
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1 ~ I ~ t. It is easily checked that for I ~ i ~ t, (F,, L,) satisfy the Axioms
(f l).-(f5) with respect to the integer q. Therefore for some integers s, and d,
(F,, 4) is an (s,, q, dJ-projective incidence structure and w is the direct sum
of these incidence structure. The converse follows from Lemma 2.

4. MIN I MAL I TY OF THE AXIOMS

Lets be the class of ( s ,q, d)-projective incidence structures with 3 ~ s < d — 1.
The Axioms (fl)-.(f5) form a minimal set of axioms for the purpose of
characterization of the class .9. We now demonstrate the minimality of the
axiom set (fI)—(f5). For j  a (1,2, 3,4, 5) we choose q and construct an in-
cidence structure IT’ which satisfies the four axioms other than (fj) and is
not a member of .9. Forj = 5, we saw that the direct sum of two (s, q, d)-
projective incidence structures (3 ~~ s < d — 1) satisfy the four axioms other
than (f 5). Forj = 1, our example is a nondesarguesian finite projective plane
ir of order q. It is easy to see that ir satisfies the Axioms (f 2) — (f S) and that

= 2. Since IT is nondesarguesian, ,r is not an (s, q, d)-projective incidence
structure. For j  = 2, we construct an example as follows. Let q be a given
prime power. We choose positive integers s and d satisfying 3 ~ s ~~ d — 2
and

— ‘~~~~ 1
~~

Let it be an (s, q, d)-projective incidence structure. The point set of the incidence
structure ir ’ will be the same as that of it and for each line I of ir, it’ will have
two lines /a nd 1’ with F , = F,.. It is easily checked k(it’) = (q’ — 1)/(q — I) and
r(Ir’) = 2(q’’~~ — 1) / (q — 1). Therefore with respect to (2q + 1), 3 ~ s(ir ’) ~
d(it’) — 2 and also it’ satisfies (f 3), (f4) and (f 5) w.r.t. 2q + 1. Clearly it’ is not
a member of.9~ and is not an (s, q, d)-projective incidence structure. Forj = 3,
we proceed to construct an example as follows. Consider an affine space
Aff(n ,q) where q is a prime power, and q2 + q + I ~~ (q~~

2 — l)/(q — 1). Let it’
be an incidence structure whose points are the planes of the affine space and
lines are the 3-spaces of the affine space and incidence is containment. Points
and lines of it will be respectively called ideal points and ideal lines. It will be

• helpful to view the affine space as a projective space PG(n, q) minus a hyper-
plane I. The number of planes contained in an affine 3-space is q3 + q2 + q.
Therefore k(ir) = q~’ + q2 + q and r (ir) = (q” 2  — 1)/(q — 1). For an idealpoint p and an ideal line!, p ’ and 1’ will respectively denote the corresponding
projective plane and projective 3-space. The Axiom (fl) is satisfied by it’.

Clearly (f 2) and (f 5) hold for it’. Let p~ and P2 be two ideal points such that
d(p 1, p~) = 2. Then Pi and P2 are affine planes (Figure 1). Since d(pj ,  P2) = 2,
there exist an ideal point P3 such that d(,p ,, p~) = 1, i = 1, 2. Hence (p ,  .o’3>
is a 3-space for I = 1, 2. Therefore p n p~ is a line for I = 1, 2. Therefore
P’i r~ p’, is a point 0. Let 1 be an ideal line such that Pi is incident with I and

- ~~~~~~~~~~~~~~~~~~ 
- -
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H 0
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Fig. I. Two possibilities : 0 on or off Z.

d(p3, 1) 1. Then !’ is a projective 3-space such that p~ ~ 1’ and p~ r~ I’ is a
projective line passing through 0. Let x, (i = 0, 1,. . ., q) be the projective
lines of p~ passing through 0. Then letting l~ = <p~ , x0), 0 ~~ I ~ q, 1 ,
0 ~ i ~ q are all the projective 3-spaces satisfying p ’~ ~ 1’, p ’~ r~ 1’ = a
projective line. The corresponding affine 3-spaces 4, 0 ~ f ~ q are all the
ideal lines satisfying d(,p 1, 1) = 0 and d(p2, I)  = 1. We proved that it ’

satisfies (f 4) w.r .t. q.
We now show that (f 3) does not hold in it ’. Let 1 be an ideal line and p be

an ideal point such that d(p, I)  = 1. Let p ’ and 1’ be the corresponding
projective plane and 3-space respectively. Since d(p , 1) = 1, p ’ n I’ must be
a projective line. Case 1 (Figure 2). p ’ r~ I’ = y is a projective line contained
in ~~. There are (q + I) planes of I’ which contain .y. Of these one is I’ r~ E
which does not correspond to an ideal point of it. Therefore in Case 1 there
are q ideal points p , such that p , is incident with l and d(p, p ,) = 1, 1 ~ I ~ q.
Case 2 (Figure 3). p ’ Ci 1’ = y is a projective line not contained in L In this
case there will be (q + 1) ideal points p, such that p, is incident with I and

Fig. 2.
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/‘~~~~~~~ /

i

Fig. 3.

d(p, p ,) 1, 0 ~ i ~ q. With respect to q, it’ ~satisfies all the four axioms
except(f3)and it’~~~

We now consider j  = 4. Let q be a prime power, n ~ 4~ PG(n, q) be an
n-dimensional projective space over GF(q) and Eft ..3 be an (n — 3)-flat of -

PGQz, q). Let IT’ be an incidence structure whose points are the lines of PG(n,q)
not intersecting Es..., and lines are the planes of PG (n, q) not intersecting
E~ .3. As before points and lines of it will be referred to as ideal points and
ideal lines respectively. Lines and planes of PG(n, q) will be called projective
lines and projective planes. Clearly every ideal line is incident ~vith 4’ + q + I
ideal point and hence k(ir) = 4’ + q + 1. The number of projective planes of
PG(n, q) containing a given projective line is (q” 1  — 1)f (q — 1). Of these
projective planes (q”’ — 1)/ (q — 1) will intersect E,,..,. Hence the number
of ideal lines passing through a given ideal point is q~~’. Since n ? 4, the
Axiom (f I) holds for it’ with respect to (q — 1).
Clearly (f2) and (f 5) hold for it ’. We now check (f3) for it . Let p and I

respectively be an ideal point and an ideal line such that d(p, I)  = 1. Then the
projective line p intersects the projective plane I in a projective point 0
(Figure 4). Let E~...1 = <p,E,,~3> be the span of p and E,, ..3 and Pa =

I r~ E,,..1. There are q + 1 projective lines of I passing through 0. Let
Pa , P1,.. ., p~ be these lines. The projective plane <p, Pa> is contained in
E,,~~, intersects E,,..3 and hence is not an ideal line of it. Therefore the distance
between the ideal points p and Po is greater than I. The ideal points
P i, P2,’. ., p q are the only ideal points p satisfying p, ~ / and d(p, p,) = I ,

I ~ I ~ q. Therefore it satisfies (f3) with respect to (q — 1)
We now show that (f4) does not hold in it’. Let Pi be an ideal point and

<Ea..3,Pl> = I,..~~. Let p, be an ideal point such that d(p1, p ,) = 2. Case 1.
p~ is a projective line not intersecting ~j and E,, ...~~ 

and not contained in E~..1

,_ - - - - -~ ~~~~~~~~~~ 
-.
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Fig. 4.

(Figure 5). Let x,, 0 ~ I ~ q be the q + I points ofp2 where x0 eE~..1, and
A = <ps, x,>, 0 ~ I ~ q. The projective plane to intersects E,,..3. In this case
‘1~~~~

.., 1q are the only ideal lines which contain Pi and have distance one
from Pa.

Fig. 5.

Case 2. The projective line P2 intersects p~ and is contained in E,, ~(Figure 6). The project ive plane (Pi, P2> intersects E,,.3 and hence is not an
ideal line. Therefore d(p 1, Pa) = 2. Let i~ be any projective plane which
contains Pi and is not contained in E~_1. Then it is easily seen that Pi c
and d(p,, I~) = 1. In case 2 the number of ideal lines / satisfying ~j ~ 1,
d(p,, I) = 1 is q’~

2. Therefore (f4) does not hold in it with respect to (q — I).
Obviously it’ is not a (s, q — I , d)-projective incidence structure for any
choice of s and d.

• This completes the proof of the minimality of the system of Axioms
• (F IHf 5).
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- Fig.6.

Concluding Remarks. Consider a simple graph whose vertices are s-dimen-
sional subspaces of a d-dimensional vector space V over GF(q). Two vertices
in this graph are adjacent if the corresponding s-dimensional subspaces
intersect in an (s — 1)-dimensional subspace. This graph will be called an
(s, q, d)-projective graph. The Theorem 1 of this paper can be used to obtain
a characterization of the (s, q, d)-projective graphs provided d is larger than
some function of s and q. We are also considering characterization problems
of Affine spaces and Polar spaces in terms of flats of higher dimensions. These
results will be communicated in a subsequent communication .
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1. INTRODUCTION AND STA1tbt~~rr OF THEOREM

An incidence structure is a triple (X , B, I) where X and B are disjoint sets
and / ç X x B. Members of X are called points or vertices, and elements of B
are called blocks or lines. A simple, undirected graph is an incidence structure
(V. E, I)  where for each e e E e is incident with exactly two elements of V.
Members of E are commonly known as edges. We shall only consider finite,
undirected , simple graphs and as such, we will drop the adjectives. In order

• to specify the graph G, we often write V(G) as the set of vertices and E( (J) as
the set of edges. An edge e will also be denoted by (x, y) where x and y are
the vertices incident with e.

Let G be a graph. Two vertices x and y are said to be adjacent if and only
if (x, y) E E(G). If x~ v,, are vertices of G, then 4(x1 ,..., ~ ) denotes the
set of vertices adjacent to all of the x1’s, I = 1,..., Ic, and d(x~ ,..., x1) denotes
the cardinality of 4(x1 ,... , xi). A graph G is said to be regular if and only if
every vertex of G has the same vertex degree. Three distinct vertices are said
to form a triang le if they are pairwise adjacent. If x, y and z form a triangle
in G, then d(x, y, z) is called the triangle-degree of (x, y, z). A 2-claw (x; y, z)
is a triple of vertices in G such that x is adjacent to both y and z, but y and z
are nonadjacent; hence d(x, y, z) is the 2-claw-degree of (x; y, •z).

A (v, n, A, j.&) strongly regular graph G is a graph satisfying the following:

(1) I V(G)I =v ,
(2) G is regular with vertex degree n,
* This reseaavh was supported in part by ONR Contract Number N00014-67-A-0232-

0016 and NSF Grant Number MPS7S-08231.
48
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(3) G is edge-regular with edge-degree A and
(4) G is nonedge-regular with nonedge-degree ~i.

A strongly regular graph is an (r, k, t)-strongly regular graph if v (l/t)
( r— I)(k — l)(k — t) + r(k — l)+ l, n = r(k — I), A = (t — lXr — l ) +
Ic — 2 and ~& r:. The linegraph L(D) of an incidence structure D is a graph
whose vertex set consists of the blocks of D, and two vertices are adjacent
if and only if there exists a point xe Xsuch that xis incident with both blocks
in .D. The linegraph of a projective plane has been characterized by Dowling
and Laskar [5]. We prove a theorem characterizing the linegraph of an
affine space.

THEOREM. / 1 G is a (q, k, q) -strongly regular graph satisfying the f ollowing:

(Al) q~~ 4,
(A2) k > j(q(q — 1) + q(q + l)(q’ — 2q + 2)),

(A3) for every triangle (A, B, C) in G, d(4, B, C) either equals q(q — 2)
or is at least k — 3,

(A4) for every 2-claw (A; B, C) in G, d(A, B, C) equals either 2(q — I)
h or q(q—l) ,

then G is isomorphic to the linegraph of an affine space AF(q, n). Furthermore,
• qis a power ofprime and k = (q ” — l) / (q — 1).

It can be easily checked that the linegraph of an affine space AF(q, n)
is a (q, k, q) strongly regular graph satisfying axioms (Al)-(A4). However,
Sims [8] has shown that the linegraph of a projective space PG (d — 1, q)
is also a (q + 1, k, q + 1) strongly regular graph satisfying axioms (Al) and
(A2). Therefore in order to characterize the linegraph of an affine space,
we have to study the triangle-degrees and the 2-claw-degrees of the graph.
In fact, axioms (A3) and (A4) form the bases for defining “parallelism”
among the lines in AF(q, n). We shall also discuss the cases where q = 1, 2
and 3.

2. OUTLINE OF THE PROOF

An (r, k, t) partial geometry is an incidence structure that has the following
properties:

(1) every point is contained in exactly r lines,
(2) every line contains exactly k points,

- rn- - 
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(3) every two distinct points are contained in at most one tine,
(4) if p is a point not on the line ~~, then p is incident with exactly : points

onC’.

To every partial geometry, there is associated a natural graph defined on
the point set of the geometry: two vertices are adjacent if and only if their
corresponding points are incident with each other in the geometry. It can be
easily verified that the graph thus defined is an (r, Ic, :) strongly regular
graph. Conversely, an (r, k, :) strongly regular graph is said to be geome:riz-
able if there exists an (r, k, :) partial geometry whose incidence graph is
isomorphic to G. Not every (r, Ic, t) strongly regular graph is geometrizable.
Bose [1] has given the following sufficient condition for the geometrizability of
an (r, Ic, :) strongly regular graph.

PROPOSITION 1. An (r, k, t) strongly regular grap h is geometri:able ~f
k > ~ (r(r — l)+ l)+tfr+ lX r — 2r + 2)) .

Based on Bose’s result, we see that if k > ~(q(q — 1) + q(q + I)
(q — 2q + 2)) then a .(q, k, q) strongly regular graph is geometrizabte.
Let G be a (q, Ic, q) strongly regular graph satisfying axioms (A1XA4)
stated in the theorem. Let zr(G) denote the (q, k, q) partial geometry as-
sociated with G. IfS = {x1 ,... , x~} is a subset of V(G) such that the vertices
in S are pairwise adjacent , then S is called a clique. S is maximal if it is not
a proper subset of any other clique in G. A clique in G is called a grand clique
if it is both maximal and of size at least Ic — (q — 1)2 (q — 1). From Bose’s
Geometrization Theorem, we observe that every two adjacent vertices A
and B in G are contained in a unique grand clique, denoted by C(A, B).
Since each grand clique in G corresponds to a line in ir(G) , we sometimes
call a grand clique a line. Hence, if A and B are contained in a line, A and B
are called collinear. The set of lines in G has the following property:

PaoI osITIoN 2. If G is a geometrizable (q, Ic, q) strongly regular graph,
then any two distinct grand cliques in G intersect each other at a unique vertex.

Proof Suppose there exist two nonintersecting grand cliques in G, say
x and y. Let A be any vertex in x. A is a vertex not in y; hence A is adjacent
to exactly q vertices B1 ,.. ., B~ m y. For each I, I ~~~ I ~ q, B~ and A determine
a unique grand clique C(A, B6) containing A; thus, there are q distinct grand
cliques containing A. Now x is also a grand clique containing the vertex A,
but is distinct from the q grand cliques C(A, B6), I ~ I ~ q. This con-
tradicts the fact that there are exactly q grand cliques containing A. Hence
any two distinct grand cliques intersect at a unique point. I
By virtue of this proposition, we are able to adopt the notation x A y

L _ 
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for the unique point of intersection of the two grand cliques x and y. It is
also clear that if we define the dual of the (q, k, q) partial geometry ii ’(G) to
be an incidence structure P whose point set and line set are respectively the
sets of lines and points of ir(G), then every two distinct points in F determine
a unique line and every two distinct lines intersect at at most one point.
Buekenhout [3] showed that

PROPOSITION 3. If.~ is an incidence structure with points, lines, and planes
such that (1) every three noncollinear points determine a unique p lane, (2) every
plane of~~ is an affine p lane, (3) there exist three noncollinear points, and
(4) every line contains at least four points, then ~ is an affine space.

• In view of this theoren~, if we can establish the parallel lines and affine planes
in P, then we will have shown that the dual of the (q, Ic, q) partial geometry
IT(G) is isomorphic to an affine space; hence, the (q, k, q) strongly regular
graph is isomorphic to the linegraph of an affine space. To this end, we study
the geometries of the set of vertices which are adjacent to two other vertices
in G. Throughout the rest of this paper, we shall assume that G satisfies
axioms (A1)-(A4) in the main theorem, unless otherwise stated.

3. Titj~Nsv~xs~.is

DEFINITION. If A and B are two nonadjacent vertices in G, then a transversal
of A andB is an element in 4(A, B). If A and B are two distinct adjacent vertices
in G, then a transversal of A and B is a vertex in 4(4, B) which is not contained
in C(A,B).

The set of transversals of A and B is denoted by T(A, B). We shalt first
study transversals of two nonadjacent vertices, LetA and B be two nonadjacent

• vertices. For every vertex Ce T(A, B), the triple (C; A, B) is a 2-claw in G.
It is clear that every grand clique containing either A or B contains exactly q
transversals of A and B. Hence if Ce T(A, .8), then there are least 2(q — I)
other transversals of A and B that are adjacent to C, namely the transversals
contained in C(4, C) and C(B, C). Thus, for any 2-claw (C; A, B),
d(C, A, B)>~2(q—l ) .

L~ssr~~ 4. Let A and B be any two nonadjacent vertices in G. If C and D
F are two distinct transversals of A and B, such that C is adjacent to D and

(A, C, D) and (B, C, D) are noncollinear triples, then d(A, B, D) = d(A, B, C)=
q ( q — l ) .

Proof Since (A, C, D) and (B, C, D) are noncollinear triples, D ~ C(A, C)
and D ~ C(B, C). From the remark above, there are 2(q — I) transversals 

.- -- -~~~~ -~~
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of A and B that are adjacen t to C and are contained in either C(4, C) or
C(B, C). Now, D is a transversal of A and B which is adjacent to C and is
distinct from these 2(q — 1) transversals; hence d(A, B, C) > 2(q — I) . By
Axiom (A4), d(A, B, C) = q(q — 1). Similarly, d(A, B, I)) = q(q — I). I

We shall now partition the transversals of two non-adjacent vertices A
and B in accordance to the differe nt cliques containing either A or B. Let
us first introduce the following notations. If A is a vertex in G, then 1(A)
denotes the set of grand cliques containing A. Let A and B be two distinct
vertices in G, and Ce T(A, B). If x c é(A) U 1(B), but x ~ C(A, B), then

,1I’(A, B, C, x)= {DeT(A , B ) I D  is adjacent to C and is
contained in x}.

and m(A, B, C, x) = .11(4 , B, C, x)j. (See Figure 1)

Lnsi~~ 5. Let A and B be two nonadjacent vertices and Ce T(A, B). If
xe((A)u1(B), then q —  I �~m(A, B, C, x)~~~l.

__

K
C~~~ X C E x

Figu re 1. ~(A, a,c,x)

Proof Without loss of generality we may assume that B is contained in x.
Since C(A, C) and x are two distinct grand cliques, they intersect each other
at a unique point .1). If D ~ C, then clearly 1) e.11(A, B, C, x) and m(A, B,
C, x) ~ 1. IfD = C, then C is contained in x; A is adjacent to exactly q — 1
vertices of x other than C and we have m(A, B, C, x) = q — 1.

To show q — I ~ m(A, B, x), we only have to consider C as a vertex not
contained in x. Since C is not in x, C is adjacent to exactly q vertices in x,
one ofwhich isB;hencem(A,B,C,x)-~~q— 1. I

-

• LEtIMA 6. Let (C; A, B) be a 2-claw. If there exists a grand clique x0 in
1(A) u ((B) such that x0 ~ C(B, C), x0 ~ C(A, C) and m(A, B, C, x0)> 1,

• . then
ave m(A, B, C, ) = q — 1

where the average runs over all grand cliques in ((A) U ((B).

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Proof Without loss of generality, let B be contained in x0. Since
m(A, B, C, x0 ) >  1, there exists a transversal D of A and B contained in x0
which is adjacent to C. But both (B, C, D) and (A, C, D) are nonclollinear
triples; furthermore, x0 ~ C(B, C) and x0 # C(4, C); hence by Lemma 4,
d(A,B, C) = q(q — 1).

Next, we count the number of ordered pairs (x, E) where xc ((A) U ((B)
such that E is a transversal of A and B, is contained in x, and is adjacent to
C. Fixing a grand clique x, x c ((A) U t(B),~ there are m(A, B, C, x) choices
of E. On the other hand, if wefl xatransversalEofAand B such thatEis
adjacent to C, then there are exactly 2 choices of x, namely C(A, E) and
C(B, E). Since there are d(A, B, C) choices of E, we have

E m(A, B, C, x) = 2q(q — I).
a

The vertices A and B are nonadjacent, so the cliques containing either
A or B are all distinct, and we have I ((A) U ((B)I = 2q. Thus

ave m(A, B, C, - ) = q — l .  I

From these two lemmas, we obtain

PROPOSITION 7. Let A and B be two nonadjacen t vertices in G. If Ce
T(A, B) and xc ((A) U ((B), then m(A, B, C, x) e{l, q — 1).

Proof. Casel.x — C(A, C) orx = C(B, C): From the proofofLemnia 5,
we have m(A,B, C, x ) = q — I .  Case 2. x~~~C(A,C) and x ’ �  C’(B, C):
If’ m(A, B, C, x) > I , then fro m the previous lemma, ave m(A, B, C,~) =
q — 1 where the average runs over all grand cliques in ((A) U ((B). By
Lemma5,m(A,B,C,x)~<q—I ;hence m(A,B,C,x) =q—l . I

Similar to nonadjacent vertices, we would like to study the transversals
of two adjacent vertices A and B which are also adjacent to a fixed transversal
Cof A and B.

LEMMA 8. Let A and B be two adjacent vertices. liCe T(A, B), then C is
adjacent to exactly (q — l)(q — 2) other transversals of A and B.

• Proof Since G is a (q, Ic, q)-strongly regular graph and A and B are two
adjacent vertices, d(A, B) = k — 2 + (q — 1)’. But C(A, B) is a grand clique
containing k — 2 vertices other than A and B, which are not transversals
of A and B;hencelT (A,B)t =(q .— 1)2.
If C is a transversal of A and B, then C ~ C(A, B). Therefore, C is adjacent
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to exactly q — 2 vertices in C(A, B) other than A and B. Hence, for sufficiently
large Ic

d(A, B, C)~~ i T(A, B)l — I + q — 2
= (q — 1)2 + q — 3
< k — 3 .

By Axiom (A)) in the theorem, d(A, B, C) = (q — 2)q. However, we have
seen that the set 4(A, 8, C) n C(A, B) consists of q — 2 vertices which are
not transversals of A and B. Hence C is adjacent to exactly (q — 2)(q — 1)
transversals of A and B. I
A direct consequence of the above lemma is

LEMMA 9. Let A and B be two adjacent vertices. If Ce T(A, B), then C
is nonadjacent to exactly q — 2 iransversa ls of A and B.

Again, we would like to know how these (q — l)(q — 2) transversals of
A and B which are adjacent to C are partitioned in accordance to the various
cliques containing A or ~B.

• LmsMA 10. Let A and B be two adjacen t vertices in G. If CE T(A, B),
then ave m(A, B, C, ) q — 2 where the average runs over all grand cliques
in ((A) U ((B) — C(A, B).

Proof. We shall count the number of ordered pairs (x, I)) where x is a
grand clique in ((A) U ((B) — C(A, B) and D e,A(A, B, C, x). Fixing x,
there are m(A, B, C, x) choices of 1). On the other hand, if we fix a vertex
.D such that D e ~.1(A, B, C) and D e T(A, B), then there are exactly two
choices of x, namely C(A, 1)) and C(B, D). From Lemma 8, there are (q — 1)
(q — 2) choices of 1); hence

~ ni(A, B, C, x) = 2(q — l)(q — 2).
Since I ((A) U ((B) — C(A, 8)1 = 2(q — 1) we have ave m(A, B, C, ’) = q—2.

LEMMA II. Let A and B be two adjacent vertices and Ce T(A, B). If x is
• a grand clique in ((A) U ((B) — C(A, B), then m(A, B, C, x) ~~ q — 2.

Proof Without loss of generality, we may assume x to be a clique
containing A.

Care 1. x = C(A, C): Every vertex in x different from A and C, which
is adjacent to B, is contained in .1((A, B, C, x); hence ,n(A, B, C, x) = q — 2.

Case 2. x ,‘ C(A, C): Since B is not contained in x, B is adjacent to q
vertic.es in x, namely 4, 1) 2 ,..., D~. If C is adjacent to each D~, 2 ~ i~~ q,
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then clearly, m(A, B, C, x) ~~~ q — 2. Suppose C is nonadjacent to D2; let
us consider the 2-claw (B; C, 1)2). The grand clique x contains D2 ;  hence by
Proposition 7, sn(C, D2 ,  B, x) equals either 1 or q — 1. Since A and
C(B, C) A x are two distinct vertices in J ((C, .D2 ,  B, x), we have m(C, D~,
B, x) = q — I. This means that for every 4 3 ~ I ~ q, D~ is adjacent to C.
Consequently, m(A, B, C, x) ~~~ q — 2. •
From the results of Lemmas 10 and 11, we arrive at the following:

PROPOSITION 12. Let A and B be two adjacent vertices and C e T(A, B).
If x is a grand clique in ((A) U ((B) — C(A, B), then C is adjacent to exactly
q — 2 transversals of A and B which are contained in x.
In the next proposition, we shall see how the transversals of two adjacent

vertices A and B can be partitioned in accordance to the various grand
cliques in G.

PROPOSITION 13. Let A and B be two adjacent vertices. If x is a grand
clique in G that contains neither A nor B, then there exists either none or
exactly q — 2 tranwersals of A and B contained in x.

Proof Let C be a transversal of A and B which is contained in x. Since
A , B and C are noncollinear, B is a transversal of A and C. Hence, by the
previous proposition, we have ,n(A, B, C, x) = q — 2; that is, there are
exactly q — I vertices in x including C which are adjacent to both A and B.
But one of these q — 1 vertices is the vertex x A C(A, B), which is not a
transversal of A and B. Thus there are exactly q — 2 transversals of A and B
which are contained in x. •
Using the results concerning transversals developed in this section, we

shall differentiate between two types of nonadjacencies in G and define the
relation ‘parallelism’ accordingly.

4. PARALLELISM

In this section we shall establish two types of nonadjacencies in G. Let A
and B be two nonadjacent vertices in G. If C is a transversal of A and B
and x is a grand clique in ((A) LI ((B), then by Proposition 7, in(A,. B, C, x)
equals either 1 or q — I. Furthermore, for every transversal C of A and B,

• if x ~ C(A, C), x ~ C(B, C) and m(A, B, C, x) = q — 1,thenm(A, B, C,y)=
q — 1 for all y in ((A) U ((B). Thus, in differentiating the two types of
nonadjacencies,. we may assume that the function m(A, B, C, x) depends
only on the 2-claw (C; A, B).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~rn~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ •-  
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DEFINITION. Let A and B be Iwo nonadjacent vertices. A is parallel to B
If and only if either A = B or there exists a transversal C of A and B such that
,n(A, B, C,x) = q — l , where x e ( ( A )U ((B)and x ~ C(A, C),x ~e C(B, C).
We shall denote the parallelism by Al/B.

First, we have to show that the relation of parallelism is independent of
the choice of the transversal C of A and B.

LEz4r,~~ 14. Let A and B be two nonadjacent vertices and let Ce T(A, B).
If m(A, B, C,x ) = q —  1 for some grand clique x e ( ( A ) U ( ( B )  and x � ’
C(A, C), x ~~~ C(B, C), then B is adjacent to every vertex in x, which is distinct
from A and is adjacent to C.

Proof The vertex C is not contained in x, so C is adjacent to exactly q
vertices in x, namely A, 

~~~2 ~~~~~ D~. Since m(A, B, C, x) = q — 1, B must be
adjacent to each D~, 2~~ i~~ q. I

PROPOSITION 15. If m(A, B, C, x) = q — I for some grand clique x c
((A) U ((B), x ~ C(A, C) and x ~ C(B, C), then for any transversal C’
o f A and B, m(A,B, C’, x ) = q — l .

• • Proof Without loss of generality, we may assume that x e ((A). For
clarity, we shall denote C(B, C) by y. Let us consider the vertex C’. If C’ is
contained in x, then clearly m(A, B, C’, x) = q — 1. Henceforth, we shall
assume that C’ is not contained in x.

Case 1. C’ is contained in y. Since both vertices C and C’ are contained
in y and A is not in y, C is not contained in the clique determined by A and C’,
so C is a transversal of A and C’. By Proposition 12, C is adjacent to exactly
q — 2 transversals of A and C’ which are contained in x. But by the previous
lemma, the vertex B is also adjacent to all of these q — 2 transversals of
A and C’. Hence

m(A, B, C’, x)~~~q — 2 > l .

This implies that m(A, B, C’, x) = q — 1.

Case 2. C’ is not contained in y.
• Subcase 2.1. C’ is adjacent to C. Let z denote the grand clique containing

C and C’, and let 1) be the point x A z. The vertex 1) is contained in x and is
adjacent to C, by Lemma 14, B is adjacent to D. Furthermore, x A C(B, C)
is another point contained in x and is adjacent to A, B and C’. Thus, m(A, B,
C’, x)~~~2 and hence nz(A, B, C’, x) q — l .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —•~~~-• 
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Subcase 2.2. C’ is nonadjacent to C. Let z denote the grand clique
containing B and C’. If we can show that there exists a transversal C~ of A
and B contained in z such that C~ is adjacent to C, then C is not contained in
either x or y, and by the previous subcase, m(A , B, C , x) = q — 1. But C’
is a vertex contained in z and not in x, by case 1, we have m(A, B, C’, x) =
q — I. Hence, we are left to show the existence of C .

Since m(A, B, C, x) = q —  1 and z e ( (B),  m(A, B, C, z) = q— 1; this
means that there are q — 1 transversals of A and B which are contained in z
and are adjacent to C. Thus, C exists and the proof is complete. I
It is clear from this proposition that ‘parallelism’ is a well-defined relation

on pairs of nonadjacent vertices. We still have to construct the afiune planes
in the structure P defined in the previous section. Before that, let us establish
the next two theorems concerning parallelism.

Tj~ogp~i 16. Let x be a grand clique in G. If B is a vertex in G, not con-
tained in x, then there exists a unique vertex A contained in x such that A
is parallel to B.

Proof Let n(x, B) denote the number of vertices contained in x which
are parallel to B. We shall count the number of triples (A, C, D) where A is
a vertex in x nonadjacent to B, C is a transversal of A and B which is not
contained in x, and 1) is a vertex in x adjacent to both B and C. Fixing a
vertex A in x nonadjacent to B, there are q2 — q transversals C of A and B
which are not contained in x. If A is parallel to B, then for every transversal
C ofA and B, m(A, B, C, x) = q — I, that is, there are q — 1 choices of D.
If A is not parallel to B, then m(A, B, C, x) = I and there exists a unique

• 
- choice of D. Since there are n(x, B) vertices in x which are parallel to B, there

are k — q — n(x, B) vertices in x which are neither adjacent nor parallel to
B. Hence, the number of triples (A, C, D)

= n(x, B)(q’ — q~ q —1)  + (k — q — n(x, B))(q 2 — q) .1. (1)

Next, we consider a vertex C which is adjacent to B but is not contained
in x, and count the number of vertices D in x which is adjacent to both B
and C. If 1) ~ C(B, C) A x, then .D is a transversal of B and C. But by
Proposition 13, there txists either one or exactly q — 1 choices of 1). In
the former case, any vertex A which is contained in x, distinct fro m D and
adjacen t to C, is nonadjacent to B and there are exactly q — I such vertices A.
In the latter case, since there are q — I vertices D in x which are adjacent to
both B and C. there exists a unique vertex A in x, which is adjacent ot C but
is nonadjacen t to ~~. Thus, we see that in both cases there are q — 1 choices
of the pairs (A, 1)). Since there are q(k — 1) — q vertices C which are adjacent 

.- --— • •• - • -• - • -  - - • ---
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to B and not contained in x, we obtain that the number of triples (A, C, D)

= (q(k — 1) — q)(q — 1) = q(k — 2)(q — 1). (2)

Equating Equations (1) and (2) we have n(x, B) = 1. Consequently, there
exists a unique vertex in x which is parallel to the vertex B. I

THEoREM 17. f f 4  and B are two distinct vertices which are parallel to C,
then A L~ nonadjacent to B.

Proof. Suppose A is adjacent to B. Since C is parallel to both A and B,
C is a vertex not in the grand clique C(A, B). By the previous theorem, there
exists a unique vertex in C(A, B) which is parallel to C, but this contradicts
the fact that both 4 and B are parallel to C. Hence, 4 is nonadjacent to B. J

COROLLARY 18. Let x be a grand clique in G. f f 4  is a vertex contained
in x, then A itself is the unique vertex contained in x, which is parallel to A.

Proof. By definition , A is parallel to itself. If there exists another vertex 8
contained in x which is parallel to A, then A and B are nonadjacent; this
contradicts that A and B are both contained in x. •

5. Apn~~ Pi~.~~s

In this section we shall define affine planes on F, based on the notion of
parallel lines developed in the previous section. Henceforth, two parallel
vertices will be called p-reltaed, two adjacent vertices will be called a-related.
For every distinct pair of vertices A and B, 4,~(A, B) will denote the set of
vertices that are parallel to A and are adjacent to B. aexrly, if A and B are
parallel, then 4,~(4, B) is empty. Hence, we are only interested in two
adjacent vertices A and B. First, we shall compute the number of vertices
in 4,(A, B).

La~~ 19. If A and C are two adjacent vertices, then I 4pa(A , C)~ = q.

Proof. By Theorem 16 and Corollary 18, for every grand clique x in
((C) , there exists a unique vertex D in x which is parallel to A. Since there
are q grand cliques in ((C), I 4 ,a(A , C)I = q. I

Let us now define a subincidence structure (A, B, C) in P based on a 2-claw
(C; A, B) in G such that A is parallel to B. Let 0 be a set of vertices in G,
we define

((0) = {x I x is a grand clique containing a vertex I) in 0).

~ITiT1~I~
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Let2(A, B, C) = T(A, B) u 4,,(4, C), and ~~(A, B, C) = I(.fi°(A, B, C)).
We shall show that ~ (A, B, C) is an affine plane with £“(A, B, C) as the set
of lines of the plane and ~ (A , B, C) as the set of points with the obvious
incidence relation. First, we show that 2’(A, B, C) contains the correct
number of lines in an affine plane.

Paoposrnori 20. ~ (4, B, C)I = qt + q.
Proof Since every transversal of A and B cannot be parallel to A. the

two sets T(A, B) and 4,(A , C) are disjoint, thus

I £‘(A, B, C)I = I T(A, 8)1 + I 4,~(A, C)I = q’ + q. I
Next, we shall show that ~ (4, B, C) has the correct number of points in an

afilne plane.

LEMMA 21. Let A and B be two adjacent vertices and let Ce T(A, B).
If x Is a grand clique containing either A or B but not both, and x does not
contain C, then there exists a unique vertex D in x such that D a T(A, B)
and D is nonadjacent to C. In fact, I) is the unique vertex parallel to C.

Proof. Without loss of generality, we may assume x a ((A). By Proposition
12, m(A, B, C, x) = q — 2, but there exist q — I transversals of A and Bin x.
Hence there exists a unique transversal D in x which is not adjacent to C.
Consider the 2-claw (B; C, D). Since x is a grand clique containing D but
not B and there at least q — 2 vertices in x which are adjacent to both B and C,

• m(C,D,B,x) �~q — 2 .  Thus, m(C,D, B, x ) = q — 1  and C is therefore
parallel to D. •

LEMMA 22. Let A be parallel to B. If Ce T(A, B), then 4,(A , C) =
4,.(B, C).

Proof It suffices to show that for any Ee4 ,~(A, C), E is parallel to B.
Let x be a grand clique in é(Ã) such that x does not contain C. Let D be a
transversal of A and B in x such that D is adjacent to C. Furthermore, let .1)
be such that .D is not contained in C(B, C). (Note that at least two such D’s
exist, because m(4, B, C, x) = q — I and q ~ 4). Since neithet one of the
triples (A, C, D) and (B, C, D) is collinear, both A and B are transversals of
the adjacent vertices C and D.

Using the previous lemma, we see that for every grand cliquey containing
C which does not contain A or D (that is, y ~~ ‘ C(A, C) and y ~ C(D, C)),
there exists a unique vertex A,, such that 4,//A and A, a T(C, D). Ify contains
the vertex B, then clearly A, = B and A, is parallel to B. If y does not Contain
the vertex B and both A, and B are parallel to A, then by Theorem 17,

- ~~~~~~ .. .- ...~~~ -••-- - - . - . --
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A, and B are nonadjacent. But by the previous lemma the unique transversal
4, of C, .D which is nonadjacent to B is parallel to B. Thus, for all vertices
E i 4 JP (4, C ) s u c h t h t C ( E,C)~~ C(A,C) and C (E C) ,~ C(D C) Eis
parallel to B. Hence, E a 4,,(B, C) .

If La 4~ (A, C) and C(E, C) = C(4, C), then E is the unique vertex
parallel to A and contained in C(A, C); hence E = A. Obviously, A//B; so
El/B and Ee4,(A, C).

It remains to show that if E’ a 4,(4, C) such that C(E , C) = C(D, C.) ,
then F e4,(B, C). At the beginning of the proof we have observed that
there exists another vertex D’ which has the same properties as those of D.
But C(D’, C) # C(D, C); hence C(E’, C) ~ C(D’, C) and using the same
arguments as above, F a 4,.(B, C). I

From this lemma, we observe that .9(4, B, C) = .9(B, A, C). So A and B
are ‘equivalent’ in the sense that they can be interchanged without affecting
the definition of .9(4, B, C).

LEMMA 23. Let E and E ’ be two vertices in .9(4, B, C). If E l /A and E’//A,
then E//E’.

Proof. Since E l /A and E v .9(4, B, C), E is adjacent to C. Thus, Ce T
(A, E). By Lemma 22, 4,,,(A, C) 4,,(E, C). But E’//A and E’ a ~ (A , B, C),• E’ a 4,a(A , C) . This implies that FIlE. I

THEOREM 24. I .9(4, B, C)j = q’.
Proof Let us first compute the number of grand cliques contained in

44J4, C)). Since the vertices in 4,JA , C) are pairwise nonadjacent, we
have

I ((4,,(A, C))I = 
~~ I t(E)I = q2.

Z~ d,~,(4.C)

Thus, if we can show that I(4,.3(A, C)) = ?(A, B, C), then we are done.
But 4,.,(A, C) ~ 2(4, B, C); hence ((4,,,(A, C)) ~ .9(4, B, C). So we only
have to show that .9(4,8, C) c ((4,(A , C)).

Let xe .9(4, B, C). If xc ((4~~(A, C)), then we have nothing else to
prove. If x -  ((T(A, B)), then there exists a transversal D of A and B such
thatD is contained in x. If x contains eitherA orB, then clearly XE ((4,~(A, C)).
Henceforth we shall assume that x does not contain A or B.

Case 1. D is adjacent to C. Since 4 and B are nonadjacent and both are
adjacent to C and D, at least one of the two vertices A and B is a transversal
of C and D. By the remark that A and B are ‘equivalent’, without loss of
generality, we may assume that A a T(C, D). By Lemma 21, there exists a
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• unique transversal £ of C and D in x such that EL/A; that is EE 4,4(4, C)
and £ is contained in x. Thus, xc 1(4,,,(A, C)).

Case 2. .D is nonadjacent to C. Let E denote the vertex x A C(B, C).
Clearly, E is adjacent to both B and C. If E is adjacent to 4, then E a T(A, B)
and £ is contained in x; hence using Case 1 of the proof, x a 1(4,4(4, C)).
So we only need to show that E is adjacent to A.

Both the vertices .D and E are contained in x, so D and E are adjacent.
But B is not contained in x; hence Ba T(D, E). Let z denote the clique
C(A, D). Clearly z does not contain B. Thus, there exists a unique transversal
7’ of D and E in z such th&t Ti/B. Since A is the unique vertex in : which is

• parallel to B, A = 7’. 7’ is adjacent to E and the proof is complete. I
Next, we shall show that 9(4, B, C) is an affine plane.

THEoa~M 25. 9(4, B, C) is an affine p lane.

Proof We shall first show that every two distinct points in 9(4, B~ C)
determine a unique line in 3(4, B, C). Let us count the number of tripics
(x, y, L) where x and y are distinct points in 9(4, B, C) and L is a line in
2(4, B, C) that contains both x and y. For every line L in 2(4, B, C), L

• contains q points; hence there are q(q — ) choices of (x, y). Since
I 2(4, B, C) I = q(q + 1), we have

Number of triples (x, y, L) = q(q + 1) q(q — 1). (3)

On the other hand, if we fix a pair (x, y)  in 9(4, B, C) and let f ( x, y)
denote the number of lines in Z(A, B, C) that contain x and y, then there
are ~~f ( x, y) such triples (x, y, L) where the sum runs over all ordered pairs
of distinct points in 9(4, B, C). Thus,

Number of triples (x, y, L) = q’(q’ — I )  ave f(~ ) (4)

Equating Equations (3) and (4) we obtain ave f (~ ) = 1.
Since every two distinct grand cliques x and y in G intersect at a unique

point in G, f(x, y) ~ 1. Hence, f(x, y) = 1, that is, every two distinct
points in 9(A, B, C) determine a unique line in 2(4, B, C).

Next, we will show that for every line in 2(4, B, C) and a point x not in L,
there exists a unique line .1.,, in 2(4, B, C) such that I,, contains x and is
parallel to L. Let us consider 4,4(4, C). The set of parallel lines in 4,4(4, C)
partitions the points in 9(4, B, C). Hence, for every line L in 4~~(A, C)
and every point x not in L, there exists a unique line L, containing x which
is parallel to A. By Lemma 23 L, is parallel to L and L a 2(4, B, C).

Consider a line L a T(A, B) and a point x in 9(4, B, C) such that x is

-. —.—-——-..--——.-— - --.- •  
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not in L. If x is a point in A, then let C’ be the line determined by x and
C(B, L); otherwise, let C’ be the line containing x and the point C(A, L).
Since A and B are ‘equivalent’, without loss of generality, we may assume C’
to be the latter. Consider the pair (B, C’). L is a transversal of B and C’, and x
is a grand clique containing C’ but neither B nor L. By Lemma 21, there
exists a unique transversal L, of B and C’ such that L, is contained in x and
LI/I L. If L, is adjacent to A, then L.a T(A, B) and I.., is contained in
3(4, B, C). So we only need to show that 4, is adjacen t to A. Since A//B, l -

m(4, B, C, x) = q — I , that is, every vertex in x which is adjacent to B is
adjacent to A. Thus, L~ is adjacent to A.

Since 9(A, B, C) possesses the two properties we have derived above,
and clearly 9(4, B, C) contains 3 noncollinear points, .9(4, B, C) is an
afilne plane and the proof is complete. I

Thus far we have defined afilne planes 9(4, B, C) on P based on a 2-claw
(C; A, B). But in order to show that these affine planes are well-defined, we
have to show that they are independent of the choice of the transversal C

• of A and B, and are also independent of the choice of the pair of parallel
• lines A and B in the plane.

LEM eA 26. Let A and B be two distinct parallel vertices in G. If C and D
are both in T(4, B), then 4,4(4, C) = 4,4(4, D).

Proof Let E a 4,4(4, C). If E is adjacent to D, then clearly E a 4,4(4, D).
If £ is not adjacent to D, then £ and D are parallel lines in 9(4, B, C).
Since E is also paralleL to A, D is parallel to A. But this contradicts the fact

• that Dc T(A, B). Hence, E a 4,,,(A, D) and 4 ,,(4, C) C 4,4(A, D). By
symmetry, 4,4(4, D) C 4,4(4, C) and the proof is complete. I

By virtue of the above lemma, we may simplify the notation 9(A, B, C)
to 9(4, B) where A and B are two distinct pa~al1el lines.

Laisu 27. Let A and B be two distinct parallel lines in P. If M and N
are two distinct parallel lines In 2(4, B), then 9(A, B) = 9(M, N).

Proof Since 9(4, B) and 9(M, N) are both determined by the lines in
3(4, B) and 2(M, N) respectively, we shall show that 2(4, B) = 3(M, N).

Case 1. Mi/A. By Lemma 23, any line that is parallel to A must be
parallel to M. Similarly, any transversal of A and B must be a transversal
of M and N. Thus, T(A,B)C T(M, N). Let Ca T(A, B), then Ce T(M,N).
If E € 4  ,,(A, C), then clearly E a 4 ,.,(M, C). Therefore, we have 3(4, B) C
3(M, N). Since both A and B are in 3(M, N) , by similar arguments, we
have 2 (M, N) C 2(4, B). Hence, 3(4, B) = £°(M, N).

Case 2. M is adjacent to A. Clearly Me T(A, B) and A a T(M, N). Let

L -
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E E T(A, B). lIE is adjacent toM, then Eis adjacent to N; hence Ea T(M, N)
and B is also contained in 3(M, N). If E is parallel to M, then E a 4,4(M, A)
and E is also contained in 2(M, N). Thus, T(A, B) C 3(M, N).

If Ee 4,4(4, M), then E is adjacent to M. Hence E is adjacent to N.
Thus, Ee T(M, N) and-T(M, N)ç 9(M, N). So 4,4(4, M)C 3(M, N).

Consequently, we have 3(4, B) C 2(M, N). By Proposition 20,
/3(4, B)/ = /3(M, N). Hence, 2(4, B) = 3(M, N).

Based on these two lemmas, one easily sees that the affine planes 9(A, B)
defined on a pair of distinct parallel lines A and B are well-defined planes.

1~
6. PROOF OP THE THEOREM

Let G be a geometrizable (q, k, q)-strongly regular graph and let ~i (G)
denote its corresponding (q, k, q)-partial geometry. If ,r*(G) is the dual
geometry of 17(G), then 17 ”(G) is a (k, q, q)-partial geometry. Let P be an
incidence structure with the point set as the set of points in w*(G) and .the
line set as the set of lines in iT*(G), then every two distinct points determine a
uni que- line and every two intersecting lines intersect at a unique point.

If, in addition, q ~ 4 and G has its triangle degrees equal to either q(q — 2)
or to be at least k — 3, and its 2-claw degrees equal to q(q — I) or 2(q — 1),
then affine planes 9(4, B) can be defined on P based on any two distinct
parallel lines A and B in P. Thus P is an incidence structure with points,
lines and planes such that each plane is an affine plane.

• Let x, y and z be 3 noncollinear points in P. There exists a unique line L
containing z and parallel to the line <x, y>. Since : a L and z ~ <x y>,
L ,~ <x, y>; hence, L and <x, y> determine a unique afilne plane which
contains x, y and z. So every 3 noncollinear points in P determine a unique
plane.

From the above discussion, we see that P satisfies the hypotheses in
I Buekenhout’s theorem, P is therefore an affine space. Clearly the linegraph

of? is isomorphic to the (q, k, q) strongly regular graph G. Therefore, we have
characterized the linegraph of an afilne space.

7. CAsEs wIiu~E q = l , 2 AND 3.

For the case where q = I , the dual of a (1, k, 1) strongly regular graph
• - consists of a singleton point, and is a trivial graph. For q = 2, the dual of a

(2, k, 2) strongly regular graph is simply a complete graph on k + I vertices.
• - If a (2, k, 2) strongly regular graph is isomorphic to the linegraph of an affine

space 41(2, n), then it is easily checked that k = 2~ — I . Since complete graphs
of arbitrary size k exist, not every (2, k, 2) strongly regular graph is iso-  
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niorphic to the linegraph of an affine space AF(2, a). For q 3, the Hall
matroid on 81 points, constructed by Hall [6] , has the properties that the
linegraph of the niatroid is a (3, k, 3)-strongly regular graph, and each plane
is isomorphic to an affine plane 41(3,2), but the matroid is not isomorphic
to an afiune sapce 41(3,3). Thus, we see that for q =2  and 3, the answer
to our characterization question is negative.
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Combinator ial character Izations of some incidence structures ob aiiied from pr ojective spaces and
off ine spaces over finite f ields are giren~ Also some exti ’emal theorems for mastoid designs are

1. Introduction

An incidence structure is a triple (X, ~~, I), X and ~ are finite sets, and
I c X x .~~~. Elements of X are called treatments, while elements of ~ are
called blocks. If (x, B) E I, we say that x is incident with B, and denote it by
x E B. We shall follow the usual notations of incidence structures, and often
consider a block as the set of treatments incident with it. If D and U are

~
-‘ isomorphic incidence structures, we write D ~ U. For any B e ~~, we shall

1~’ t Thia research was supported in part by NSF grant MPS 75.08231 and ONR contract
N00014-67.A.0232.0016.
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denote by I B the number of treatments incident with it. Incidence struc-
tures are also called designs; for s arious definitions connected with in-
cidence structures, see Dembowski [4] .

An incidence structure D = (X, 3, I)is said to be BIBD (v,b, r, k,).)iff(if
and only ii) it satisfies following conditions:

(a) IX I=v ,l3I=b. -
~~~

(b) I B I = k f o r al lBe9 .
(c) Each treatment is incident with exactly r blocks.
(d) Every pair of treatments is incident with exactly A blocks.
Parameters (v, b, r, k, 2) satisfy the equations

A ( v- 1) = r ( k - l )  (1.1)
bk = rv (1.2)
b � v (Fisher’s inequality). (1.3)

A BIBD (v, b, r, k, 2) with v = b and hence r = k is called an SBIBD
(v, k, 2). For further results on BIBDs, see [4].

An incidence Structure G = (X, 9, I )  is called a simple graph if B I = 2
for each B E 9, and if B1, B2 E 9, B1 ~ B2 , B1 and B2 are distinct treat-
ment sets. Treatments of a graph are also called vertices, while blocks are
called edges. Two vertices x and y are said to be adjacent if there exists an
edge incident with both x and y. A simple graph G = (X, 9, 1) is said to be a
strongly regular graph G(v, n 1, ph~ p~ 1) [2], if it satisfies the following
conditions :

(A) IX I=v .
• (B) Each vertex is incident with exactly a 1 vertices.

(C) Ifx , y e  X, x ~ y, there are exactly ~h or p~ verticeszsuch that :
is adjacent to both x and y according as x and y are adjacent or not adjacent.

Let X be a set of v elements and G = G(v, a1, ph, p~~~) 
be a strongly

regular graph with vertex set X. An incidence structure D = (X, 9, I) is
called a PBIBD (v, b, r, k, 2~, 22), with association graph G(v, a 1, p~~, p~1)if
following conditions are satisfied :

(i) X~ — v , I~ I =b.
(ii) B ( = k t o r eachBe9.
(iii) Each treatment is incident with exactly r blocks.
(iv) Any two distinct treatments x and y occur together in exactly A~ or

22 blocks of D according as x and y are adjacent or not adjacent in G.
We shall denote the association graph of a PBIBD D by G(D). For

various examples and results on PBIBDs, see (4]. We shall denote by

~

-•- —-- ~~-
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PG(d, q), a projective space of dimension d over a finite field GF(q), while by
AG(d, q) we shall denote a si-dimensional affine space over GF(q).

For d >  m >  1 ~ 0, define an incidence structure P, ,,(d, q) as follows.
Treatments of P,~ _(d, q) are all i-dimensional subspaces of PG(d, q). An
incidence relation is given by containment. A,,_(d, q) is similarly defined by
taking AG(d, q) instead of PG(d, q). When no confusion arises we shall also
write P , ~ for P~ _(d, q) and A,~_ for A,, ,,(d, q). The following results are well
known and can be proved easily by using common properties of projective

Sand affine spaces: -

~a) P0 ,,(d, q) and A0 ,,(d, q) are BIRDs for all d>  m > 0.
(1.4)

(b) If d � 3~ Pz•~ _ 1(d, q) is a PBIBD (v, b, r, k, 2~, 22), where
(q1

~~~~~~~~ 1)(qhI
~~~~ i) ~~4+1 _~~ 

______2 b= ,(q — I)(q -- 1) q — 1  q — 1

2 q’ 2 . 1  
1 =

q’ 1 
(1 5)(q2 — 1)(q — 1 ) ’ q ’— 1 ’ 2 q — 1

G(P l.d _ l)  is a strongly regular graph (v, n1, ph~ 
p~) where

n 1 = ( q + 1~~
(
~~~~~~1), pii =~~ ,~~’_ 2 + q2

(1.6)
Any two vertices in G(P 1~~_ ~) are joined by an edge 1ff they are intersecting
lines in PG(d, q).

By “replacing” a desarguesian plane by nondesarguesian plane in
PG(d, q) or AG(d, q) one can construct BIBDs, with the same parameters as
those of P0~,,, or A0,,,,, but nonisomorphic to i~0, ~ or A0, _ ,  respectively (see,
for example, Mavron (8]). Dembowski and Wagner (5] proved a characteri-
zation theorem for P0 ~~~. 1(d, q) for d � 3. In Section 3 we prove the follow-
ing characterization theorem for P1,4_ 1(d, q) for d � 6.

Theorem 1 I..et d and q be positive integers, d � 6, q > 1. SupposeD1 is a
PBIBD (v, b, r, k, 1~, 22), where parameters are given by (1.5), and G(D 1) has
parameters (v, a1, P~i. p f1 ), given by Eqs. (1.6), then q is a prime power,

~ ~~~~ i (d, q) and G(D1) ~ G(P 1,~
_ 
~).

We define a combinatorial geometry (or inatroid) by the “hyperplane
axioms.” An incidence structure D = (X, 9, I), is said to be a combinatorial
geometry if it satisfies following conditions:

(a) Given H1, H2 a 9, H 1 ~ H2, H 1 is not a proper subset of H2 .

~

-

~

-•

~ 
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(b) Given H 1, H 2 e 9, H 1 ~ H2 , and x a X, there exists a block 
- 

-

H 3 a 9, s.t. (such that) H1 r~ H2 t.j (x}~~ 113.
(c) For each x E X , r~ H = (x}, where intersection is taken over all

blocks H s.t. x a H.

Treatments of a combinatorial geometry are called points, while blocks
are called hyperplanes. Combinatorial geometries have been studied in •

detail, and for various results on combinatorial geometry, we refer to Crapo
and Rota (3]. We shall follow the notation of Crapo and Rota [3].

A combinatorial geometry D = (X, 9, 1) is called a geometric design if!
D is also a BIBD. A regular geometric design is a combinatorial geometry in
which all fiats of rank i have the same cardinality in,. It can be easily seen
that a regular geometric design is indeed a geometric design [12]. Geometric
designs have been studied by Edmonds, Young, and Murti [12], in particular
they have given many examples of such designs. We list a few well-known
examples of regular geometric designs.

(a) A r — (v, k, A) design [4] with 2 = 1 is a regular geometric design of
rank (t + 1)s. t.

m, = i  for 0 �i -< t and m = k
(b) P0 is a regular geometric design of rank m + 1 s.t.

q — 1  for O ’< i�m< d.q — 1
(c) A0, , is a regular geometric design of rank in ÷ 1 s.t.

m, =q t ”t  for 0 < i �m < d .
We note that m0 = 0, m 1 = 1; and m2 is the size of a line in any regular
geometric design. Clearly in2 � 2.

In Section 4 we shall prove the following results.

Theorem 2 If D = (X, 9, I) is a regular geometric design of rank a � 4,
then:

(a) m, — m ,_ 1 � (m2 — 1)(m,...1 — m,_ 2 ) for n � i �3.
(b) Equality holds in (a)for any i j fJD ~ Po~ ,,(d, q)for some prime power

q and d �n+ l o r m2 =2andDi sa 3-d es ign .

Geometric designs of rank 3 are precisely BIBDs with A = 1. We also
study geometric designs of rank 4 in Section 4, and show that all such
designs are regular and examples (a)-.(c) given above are the extreme cases of
certain inequalities to be satisfied.
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Theorem 3 If D = (X, 9, 1) is a regular geometric design of rank n � 4,
then:

(a) in,— m ~�(m2 — 1~~J(m,_ 1 — m j _ 1) f o r n � i>j� 2 .
(b) Equality holds in (a)for any i WD ~ Po~ ,,(d, q)for some prime power

q a n d d � n + l o r m2 =2 and D isa 3-d es ig n.
Theorem 4 L e t D= ( X , 9, I) be a geometric design (v, b, r,k , 2) ofrank

4, then:
(a) v ~ k mod(A — 1).
(b) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~(c) v = Ak — 2(1 — 1) (0’ D is a 3-(v, k, 1 design.
(d) v = A k — -~( 2 — 1 ) — ~ ( 1—I  4 k — 3  ~if k — q 2 + q + l f o r  some

power q a nd D_ P 0,2( n,q) wherenis given by v = q ”~”/(q — l)or k �7 and
D is a 3-(v, k, 1)-design.

(e) I f v > A k —~ (A — 1)— ~ ( A— 1)~/’ ’ ~~~, then v �A k — (1 — i).,/!~
and for k � 16 equality holds WD ~ A0 2 (n, q) where k = q2 for some power q
and v =

2. Preliminaries

In this section we shall state various known results on characterizing
geometries, which we shall be using in the next section.

Let D be a BIBD (v, b, r, k, A) with A = 1. It is well known that the dual D’
is a PBIBD (b, v, k, r, 1~, 22) with 2~ = 1, 2~ = 0 s.t. G(D’) is a strongly
regular graph with parameters (b, r(k — 1), r — 2 ÷ (k — 1)2, k2). Any two
vertices B1, B2 are j oined in G(D’) if and only if j B 1 n B2 f = 1 in D.

The following result is a particular case of a well-known theorem of Bose
on partial geometries [2].

Proposition 5 If G = (V. E, I) is any strongly regular graph with par-
ameters (b, r(k — 1), r — 2 + (k — 1)2, k2 ), where b, r, k are integers s.t.

r >4[ k(k — l) +k (k + l) (k2 — 2 k ÷ 2 )]
then there exists a unique BIBD D(v, b, r, k, 2) with A = 1, v = r(k — 1) + 1 s.t.
V is the set of blocks of D and G(D’) = G.

Let D = (X, 9, 1) be an incidence structure. For x, y a X, x ~ y, line xy
is defined by 

-

x y = f l B
where intersection is taken over all blocks B s.t. x, y a B.

The following well-known theorem due to Dembowski and Wagner (5]
gives a characterization of the incidence structure P0,~_ 1(d, q) obtained
from PG(d, q).

_  _  - - - - - - -
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Proposition 6 If D is a symmetric BIBD (v, b, r, k, 2), 2 > 1 s.t. its dual D’
is a combinatorial geometry, then D ~ P0~ ~~~. 1(d, q)for some positive integer d
and prime power q.

We note that the dual D’ of a BIBD D(v, b, r, k, A) is a combinatorial
geometry lIT every line of D meets every block of D.

Let D = (X, .2’, 1) be an incidence structure. For each block B of D we
define a new incidence Structure D, as follows. Treatments of D1 are treat-
ments of D incident with B. Blocks of D5 are the lines of D contained in B.
The following results on regular geometric designs of rank 4 are well known.
The first one is essentially the definition of a projective space. The second is
due to Buekenhout [1].

Proposition 7 If D is a regular geometric design of rank 4 s.t. in2 � 3 and
D3 is a projective plane for all blocks B of D, then D ~ P0 2(d, q)for some d
and prime power q.

Proposition S If D is a regular geometric design of rank 4 s.t. m2 � 4 and
D5 is an affine plane for all blocks B of D, then D ~ A0 2(d, q) for some d and
prime power q.

3. Proof of Theorem I

Let d and q be positive integers, d � 6. .Throughout this section we willF assume that D1 = (X , (2, I )  is a PBIBD (v, b, r, Ic, 21, 22) with association
graph G1(v, n1, p~~

, 
~~~~~ 

where these parameters are given by Eqs. (1.5) and
(1.6). The proof of Theorem 1 is essentially based on the Propositions 5 and
6. We first prove the following simple lemma.

Lemma 9 The dual ofD1 is a BIBD with parameters (b, v, k, r, A) where

2-~~ 
1)(q’ 2 -1)

— (q — 1)(q 2 — 1 )
Proof We have only to prove that any two blocks of D1 intersect in A

treatments. The following two equations are obtained easily by counting the
occurrences of treatments and pairs of treatmen ts in blocks of D1:

~ lB 1 r-~ B21 = b(r — 1)k = vr(r — 1) (3.1)
It. I~ ‘a

and -

~ FB i n B2I(1B1 r~ B~ — 1)= vn 121(A 1 — 1 )
I~.I2.a

+ v(v — I — n 1)1 2(22 — 1) (3.2) 

~~~~~ - - - -
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where the summations in (3.2) and (3.3) are over all pairs of distinct blocks
B1 and B2 of D 1. Using (3.2) and (3.3) we can derive the following equation
easily:

E ( ( B 1 n B 2 ( — A) 2 =O. (3.3)
I i. S~.a

From (3.3) ii follows that (B j r~ B2 ) 1 for all blocks B1 and B2 of D1,
B1 ~ B2 . This completes the proof.

Consider the PBIBD D1 = (X, (2, 1). Let I a X and B a (2. Let t, denote
the number of treatments l~ e X s.t. l~ a B and the vertices l and l~ are joined
in G1. Suppose I a B, then counting the occurrences of treatments of B in the
remaining blocks of D1, containing 1 and using Lemma 9 we have

(A~ — 1)t1 ÷ (22 — 1) (k — 1 — t1) = (A — 1)(r — 1)
since A 1 — 12 = q’~

3 
~ 0, solving the above equation for t,, we get

q — 1  ) for l a B .

Similarly, if 1 a B, we can obtain the following equation -

21 r1 + A 2 ( k — t , )——Ar
and hence

for l~~B.

Thus we have proved

Lemma 10 For 1 a X and B a (2 , ~f t, is as defined above, then z, is
independent of the choice of B and is gwen by

t s = (q + 1)q ( q — l  ) for l a B

and tg =~~~~~~~~ for l~~B.

Lemma 11 let d �6. There exists a unique BIBD D2 = (X 2, X , ‘2)
with parameters

~ 
‘~ 

~~;2

1 —

l~~r~~~)
’

~~
. 

q’ 
1
1 ,q + 1, 1)~ s.t. G(D~) G1. J

- ‘ Proof Since d � 6, the conditions of Proposition 5 are satisfied for the
graph G1 and the result follows from the same.
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From now on we shall assume that d ~ 6 and D2 is the design defined by
the above lemma. We note that blocks of D2 are the treatments of D1. We
define a new incidence structure D3 = (X2, (2 , 13) as follows. Treatments of
02 are the treatments of 03, while the blocks of D1 are the blocks of 03 .  A
treatment x of 03 is incident with the block B iff there exists I a X s.t. x a tin
D2 and l E  B in D~.

We proceed to compute the block size k3 in D3. Let B be a block of D3.
For each treatment xe  Bin D3, define~x~ to be the number of treatments lof —

D1s.t .IeBin D1 a n d x e l in D2 .We first show that a~=(q~~’ — I ) ( q —  1
for each x e  B in D3.Let l be any treatment ofD 1 s.t .le Bin D1. Then using
Lemma 10 and the definition of D2, etc., we have

= (q + 1 ) (q(q’ 

~
) + 1) (3.4)

where the summation is over all the q + 1 treatments x E t in  D~.
Also if for each x a tin 02 there is some treatment 1’ of D 1, 1’ ~ B in D~ s.t.x a I’ in D~, then again using Lemma 10, etc., we have

— 1  =q(q’ 2 — 1)~~ I. (3.5)q — l  q — 1

Using (3.4) and (3.5) it follows that

for all x a l

or there is some x a t in  02 s.t. a~ = (3.6)

Suppose there exists x a B in D3 s.t.

(3.7)

We next show that for all z ~ X, z a  B, ; < q(q’2  — l ) / (q — 1).
Now if z is any treatment of D3, z a B, z ~ x, then using (3.7), itt is the

unique block of D2 containing x and z, r a B in D~. Hence using (3.4) for t
we have

S a, � (q + i)q (~
’
q

j_
j 1) — 

q’- 
~ <~~~~;~~

—
1 

1) (3.8) 
-.

for a l l z a B i n D,, z # x .
Now since the block size in D1 is (q’ — 1)(q’ 1  — 1)/(q2 — l~ q — 1),

there is at least one treatment I’ of D~ st. 1’ a B in D~ but x ~ 1’ in D2.

-

~

-

~

-- - --

~

. • - - - -

~ 

—- ~~~~-~~~~~- - -~~~~~~~~~ - -~~~~~~ - - --~~~~~~~
----

~
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Equation (3.6) for r and Eq. (3.8) give a contradiction. Hence
Iqh i 2 ~~~1\ 

______

• 
~~~~~~~~~ q — l  ~~~~~~~ q — l  (3.9)

for all x a B in D3.
Now using (3.9), by counting the number of elements in the set• ftx , l ) ) x e I i n D2, l e B i n D2} we have

“~“ 1\~ (qhI
~~~~~~~i )(qi_ l

~~~~~~~ 1) 1
~ q — i  J ‘ (q —1) (q 2 -- 1) (q+ ).

Hence

~~~~~~~~~~~~~~~~~~~~~ (3.10)

for all blocks B of D3. We can now prove the following lemma.

• Lemma l2 Letd�6. Then D3 is an SBIBD

j’q’~ 1 1  q’— 1  qd l _ l  
-

k q — 1  ‘ q — 1 ’ q — 1
Proof It is obvious that the number of treatments or the number of

blocks in 03 is
q~~~— l

03
S g — 1

Using (3.10) it follows that each block of D3 is of size k3, where

Hence we have only to prove that any two treatments of 03 occur in exactly
(qd_ l  — 1)/(q — 1) blocks. Suppose x 2 and x2 are two treatments of D3.
Then there is a unique treatment 1 of D~ st. x1, x2 € tin 02. Now 1 occurs in
exactly r = (q’1  — l)/(q — 1) blocks of D~. Hence x 1, x2 occur in at least

— 1)/(q — 1) blocks of D3. Counting the elements of the set

{(y, z, B)Iy, z a  X2,  y, z a B in 03 ,  B e (2),

we easily derive that in 03 any two distinct treatments are incident with
exactly (q’ — 1 )/(q — 1) blocks. This completes the proof.

We can now complete the proof of Theorem 1. We first note that the
blocks of the BIBD D2 correspond to the lines of 03 . For t a X, let (I) denote
the elements of X2 incident with l in 02. ft is easily proved that for x, y a (I ) ,



- - ~~~~~~~~~~~~~~~~ -~~~~~~~ - - ~~~~~~-~~~ 
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(1) is the line generated by x and y in 03. For the sake of brevity, 1 will also
denote the line of 03 . Using Lemma 10 given any block B of 03 and a line I
of 03 , there exists at least one treatment m oi l)1 st. m € B and land m are
incident with a common block o(D~. Therefore any line and any block 0(03
intersect. Thus the conditions of Proposition 6 are satisfied. Hence
D3 ~ P0,~_ 1(d, q). It follows that D~ ~ P1~ _ 1(d, q) and G , ~ G(P1.4_ 1)
and q is a prime power.

4. Geometric Designs

In this section we shall study regular geometric designs. We shall also
study geometric designs of rank 4. We shall first prove Theorem 2.

S - Let D = (X, (2 , I)  be a regular geometric design of rank d � 3. Let
d �j � 3. Let P ~ X be any U — 3)-fiat of 0. And Q ~ P be aj-flat olD. We
define an incidence structure D, ~ as follows. Treatmen ts of I), ~ are all
U — 2)-flats that contain P and are contained in Q. Blocks are all
U — 1)-flats that contain P and are contained in Q. Incidence is given by
containment. The following result can be proved easily. In fact the usual
proof for projective spaces can be extend ed to regular geometric designs
[12].

Proposition 13 D~ ~ is a BIBD with parameters

( m1—m1..3 (mj—m,..3Xm,—m,_z) rnJ — m J_ .2 rn1.~1 —rn1...,
km,..2 —m J...3 (rn,...1 —m,_3)(m,_1 —rn,..2)’ ~~~ —m 1...~

’ rn1..2 — rn1..3’

Proof of Theorem 2 Let D = (X , (2, 1) be a regular geometric design as
defined above. Using (1.2) and (1.3) for 0P.Q we have

mj — mj...3 �
1
~

_ l _ mJ_ 3
mJ_ l —mJ_ 2 mj..2 — m j_ 3

Hence
m1— m1_1 �

mJ_ l — rn1..2 for all d �j �3. (4.1)
mj_ ~ 

— m1_3 mj _ 2 — rn1..3
Using (4.1) it follows that

m, - rn,..., �m 3 — I  for all �3
rn,..1 —rn,..2

hence m, — rn,..1 �(m2 — lXm,...i — m,_ 2) for d � i � 3. This proves state-
ment (a). Now suppose

rn, — rn,..1 — (m2 — l )(m,_ 1 — 
~ l—2 ) for sonic I.



_ _  
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Then we will have equality in (4.1) for all I, i � I � 3. In particular

m3 — rn2 = (m2 — 1)2.

• Hence
rn3 ”(m2 — 1 )2 +(m2 — 1 )+1.

Thus ii ~ is a rank 3 flat of D and 0 denotes the 0-flat , then DQ. O will be a
projective plane for all Q. Now let D1 be an incidence structure defined as
follows. Treatments of D2 arc the treatments of D. Blocks of D1 are all the
3-flats of D. It is obvious that D1 is a regular geometric design of rank 4. If
rn2 ~ 3, then D1 satisfies the conditions of Prop osition 7 and hence

~ P0, 2(d, q) for some d and prime power q. Now it follows easily that
D ~ Po a(d, q) and d � n + 1. Ifm 2 = 2, then any three points determine a
unique 3-flat of D, and hence clearly they are incident with exactly

(m,— m3)( m,, —m4) ~~~(m, —m,...2)
(rn~_ 1 — m3) ”. (rn.~_ 1 —. fli 2)

blocks of D. Thus D is a 3-design. This completes the proof of the theorem.
Theorem 3 is the obvious inductive extension of Theorem 2.

For the rest of this section we shall assume that D = (X, (2 , I )  is a
geometric design of rank 4. Let the parameters of D be (v, b, r, k, A) . Since
rank D =4, A >  1.

Lemma 14 Alt geometric design of rank 4 are regular.
Proo f Let D be a geometric design of rank 4, with parameters (v, b, r, k,

A). Let x, y a X, x ~ y. Let 1 be the unique 2-flat containing x, y, i.e., line xy.
Now from the properties of combinat orial geometries it follows that given
z aX , z ~ 1, there is a unique block B ofD s.t. I r~’ {z} ~ B. Hence counting
the number of elements in the set ((z, B ) I z  a X  — 1, z a B, I ~ B), we have

A(k — 111) =v— Ill.
Hence

I A — 1 ~
Thus the cardinality of a line t is independent of the choice of the line 1. Proof
of Lemma 14 is now complete.

We now prove the final result of this paper.
Proof of Theorem 4 Using Lemma 14, D is a regular geometric design

with
Ak — vm2 — 2 — 1  and m3 — k. (4.2)

- - S . - .- --
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Sincc rn2 is an integer, v - kmod( A—1) . Also since m2 �2,

A k — v  � 2(A — 1).
Hence

v � A k — 2 ( 2 — 1 ) .

Supposev= Aic — 2(1 — fl men rn2 =2and clcarly D is a 3-(v, k, 1)-design.
Thus we have proved (c). We now prove the remaining parts of Theorem 4.
Using Theorem 2(a) for i — 3, we have

- 
k � rn2(rn2 — 1) + 1. (4.3)

Hence using (4.1) we have
— v(2Ak — (A — 1)) + 12k2 — (A. — 1)2k � 0.

Hence

v � Ak_ ? ~j - !_~~..J (2Ak _ (A_ 1 )) 2 + 4(A2k2 _ ( A _ I ) 2 k)

v�Ak —~~~~~~~~~~~~ 4k— 3.

This proves (b). Now suppose v = Ak — ~(A — 1) — ~(A — 1).~/~i~~~~; then
we will have equality in (4.3) and the statemen t (d) follows from Theorem
2(b).

Now suppose v> Ak — ~(A — 1)— ~(1 — ~~~~~~~ Hence

k > rn2(m2 — 1) + 1.

Thus if P is any 3-flat of D and 0 denotes the 0-flat, then D,,0 is not an
SBIBD. Parameters of D,~0 are

I m3(m3 — 1 )  m3 — 1
~rn3, , ,m2 , 1
~, m2(m2 — I ) m2 — 1

Hence
m3 -1 (4.4)
rn2 — i

i.e., k � rn~. Hence using (4.2) we have
- v2 — 2 A kv— ( 1— 1) 2 k + A2k2~~0.

_ _ _  —~~~



-, 

~~~
-
- 1~ 

-
~~~~~~~~~~~~~

UNE-HYPERPLANE DESIGN OF A PROJECTIVE SPACE 301

Hence
v �A k~~ +~J412k3~~ 4[(1~~ l)zk + Azkl

• i.e.,

.- If v — AJc — (A — 1)..Ji and k � 16, then we will have equality in (4.4) and
rn2�4. Hence all designs D,,0 are affine planes, and the statement (e)
follows from Proposition 8. This completes the proof of the theorem.

A natural question arises. Are there geometric designs of rank 4 different
from those given by cases (c)-(e) of Theorem 4. We note that using examples
ol Steiner triple systems due to Hall [61, one can construct one such geozne-
inc designs of rank 4 (see also Teir linck [11]). This example also shows that
the hypothesis k � 16 in statement (e) is necessary. An interesting problem
will be to classify all geometric designs of rank 4.
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