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University of Washington
Abstract
Initial-Value Problems in Stratified Shear Flows

by Jerre Eugene Bradt

Chairperson of Supervisory Committee: Professor William O. Criminale, Jr.

Department of Oceanography

The question of the stability of steady state solutions in
geophysical fluid flows is addressed through qualitative analysis
and quantitative examples. The inviscid linear stability theory of
stratified shear flows and the solution of the stability problem
using normal modes and Fourier-Laplace transforms are discussed.

Two numerical examples are used to illustrate the relationship
of various physical parameters to the stability of the system and
to trace the development of the instability for short, intermediate
and long times. The examples are (1) a two layer fluid of infinite
extent with application to the air-sea interface and (2) a two-
layer fluid having a free surface and finite depth with application
to a salt wedge estuary.

The initial-value problem is solved using a power series
expansion for short times, superposition of modes for intermediate
times and asymptotic analysis for long times. The asymptotic
expansion applicable in non-conservative systems is compared with
the approximate solution using ray techniques, which are valid in
conservative systems, and analytic continuation of the eigenvalues

into the complex wavenumber plane.
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vl Introduction

In the theoretical study of geophysical fluid flows an attempt
is nmade to find a steady-state solution to the problem. The steady-
state solution may be the result of solving the governing
equations expressing the balance of forces in the physical problem
or it may be the result of considering time averaged motion. In
either case it is of considerable interest to know if the steady-
state solution persists or if the flow is dynamically unstahble and
evolves into a time dependent flow.

The technique employed to answer this question is the linear
theory of the hydrodynamic stability of parallel flows. The
problem is posed as a combined boundary-value and initial-value
problem. A time dependent perturbation expansion is made about
the steady-state solution. The perturbations are assumed to be
small compared to the mean flow and the equations are linearized.
Traditionally the emphasis has been on the solution of the boundary-
value or eigenvalue problem. The eigenvalues are evaluated to
determine if the system has an exponentially growing mode. If an
exponentially growing mode is found, then the system is unstable
to small perturbations and the steady-state solution does not
persist.

Completing the solution by solving the initial-value problem
is more difficult because it requires solving for the eigen-
functions as well as the eigenvalues. For some problems it is

possible to determine the eigenvalues without being able to solve




for the eigenfunctions. However, the solution to the initial
value problem is of interest because it not only indicates that the
solution is time dependent, but also determines the structure of
the time dependence.

For most geophysical fluid flows it is possible to formulate
a very general set of equations describing the balance of forces
and the applicable boundary conditions and initial conditions.

The resulting set of equations forms a well-posed mathematical
problem, but is analytically insoluble. To overcome this diffi-
culty approximations are made at the expense of limiting the appli-
cability of the resulting solution.

Justification for these approximations and the resulting
limitations can be found in the literature. For example, the
evaluation of the eigenvalues of a three-dimensional problem has
been reduced to the solution of an equivalent two-dimensional
problem through a transformation due to Squire (1933), however,
the full three-dimensional structure of the initial-value problem
is sacrificed.

Simplification of the systems to be considered is the result
of the work of many investigators. The use of the linearized Euler
equations as an approximation to the linearized Navier-Stokes
equations for flows at high Reynolds number and small wavenumbers
is demonstrated in work by Case (1961) and Lin (1967). This is an
important Simplification because it reduces the order of the

differential equation to be solved. Drazin (1958, 1961) has shown




that it is possible to approximate continuous density and velocity
profiles by discontinuous or piecewise continuous profiles.

The eigenfunctions of the boundary value problem form a set of
normal modes which are used as a basis for expanding the initial
conditions. In general, however, the eigenfunctions do not form a
complete set and it is not possible to expand arbitrary initial
conditions as a sum of the eigenfunctions. Case (1960) and
Pedlosky (1963) demonstrated that in addition to the discrete
spectrum of normal modes there are also continuous spectra of
modes arising from the singular solutions of the inviscid differen-
tial equations. Evaluation of the initial-value problem must
include these solutions to be valid.

Following this it was pointed out by Banks, Drazin and
Zaturska (1976) that the modes of a parallel inviscid stratified
fluid fall into five classes, some of which may be absent for a

given flow. These five classes are:
(1) a finite set of non-singular unstable modes

(2) a conjugate finite set of non-singular damped

stable modes

(3) a finite set of singular stable modes, each having
a branch point and being the limit of an unstable

mode

(4) a discrete set of non-singular stable modes, and

4




(5) a continuous set of singular stable modes.

The complex nature of stratified shear flows is indicated by

the findings of several investigators. It is generally agreed

that increasing the stable stratification and the presence of
boundaries stabilize the flow. However, Maslowe and Kelly (1971)
showed that under some conditions increasing the stable strati-~
fication leads to destabilization of the flow. Hazel (1972) and
Lalas, Einaudi and Fua (1976) have demonstrated the destabiliz-
ing effects of boundaries. Davey (1977) showed that increasing

the curvature of the mean velocity profile increases the range of

unstable modes.

Two different mathematical models are used to demonstrate
features of the stability and initial-value problems. The choice
of these examples is dictated by the existence of analytic
solutions to demonstrate features of the initial-value problem
while maintaining relevance to geophysical flows. The first
system is an infinite two-layer flow with uniform velocity and
density in each layer and surface tension at the interface. The
eigenvalues for this system exhibit a limited range of unstable
modes with a definite maximum growth rate. This system is used
to demonstrate the three-dimensional development of an initial
Gaussian pulse for short tim. and in the asymptotic limit. Results

from this example have application to disturbances of the air-sea

interface.




The second system is modeled on features of the salt-wedge
estuary. The fluid is of finite vertical extent; bounded above
by a free surface and below by a solid wall. The density
structure is two layers ‘and the continuous velocity profile is
approximated by three piecewise-linear segments. This model is
used to investigate the effects of stratification, shear and
boundaries on stability. The difference between a correct
asymptotic exapnsion of the initial-value problem of a non-
conservative system and the approximate ray-mathematics expansion

is demonstrated.




2. Initial-Value Problems in Stratified-Shear Flows

Equations of Motion

The initial-value problem corresponds to a description of the
motion of the fluid derived from the physical laws governing the
motion and the constraints on that motion in the form of boundary
conditions and initial conditions. The governing equations for
inviscid and incompressible fluid flow are:

Conservation of momentum ~

LI S

5t =—p‘VP_- VG (2.1)

Conservation of mass -

—a£ -). =

T +u-Vp =0 (2.2)
Incompressibility -

Veu=0 (2.3)

The motion is described as a combination of a mean flow plus a
perturbation about the mean. The mean quantities of the flow are
time independent and for the purpose of this analysis are only a
function of the vertical spatial dimension. The perturbation
quantities are functions of time and the three spatial dimensions.
It is assumed that the mean motion is entirely horizontal.
Utilizing these restrictions the variables in the equations of

motion take the following form:




7
u o= (', v', W)
u' = U(2) + u(x, y, z, t)
vi = V(2 + v(x,y, 2z, t)
w'= ow(x, ¥, oz, 8) (2.4}

= 6(5) + 6(x, y, z, t)

P gl Io p(z')dz + p(x, y, z, t)
z

The equations of motion for the small perturbations on the mean
flow are obtained by substituting the functional form of the
variables indicated in eq. (2.4) into the governing equations
(2.1, 2.2 and 2.3). The terms in the equations are collected by
order; the zeroth order terms govern the mean motion. These terms
are subtracted to obtain the equations for the higher order terms.

The remaining equations are linearized in terms of the perturbation

variables. These are:




Conservation of momentum -

G+ U5+ Iy v v - -2
Conservation of mass -

%E“’:’%E*?'gf)"*‘-’g=° (2.6)
Incompressibility -

du v 3w

3T+E+3§_=0 (2.7)

These equations are combined to obtain a single differential
equafion for the vertical perturbation velocity w(x,¥,2,t). The

first step is to take the divergence of the vector momentum

equation which reduces to an equation for the pressure.




v p-»

(2.8)

Another equation involving the Laplacian of the pressure can

be derived by taking the Laplacian of the vertical component of the

momentum equation.

2 9 SR B T
Y@ g fim +P) Ve
dzl_l dZV
_(_._-g_ + —'2—)3 4
dz2 °= dz2 2

Io:
“—t

o
<
Al e
NI
L
<

]
N
v )
(=N
NI
o:lt.v
+
| @
INjI1€

(2.9)

Flimination of the pressure between the vertical derivative of eq.

(2.8) and eq. (2.9) yields

a2y
3 = 9 = 3 yq2 -
(as o ga_ +Kaz)v‘f he dzax
= - py2
§Vh 0
2 2
B S
Where Vh 352 + 322 .

(2.10)

To eliminate the density from eq. (2.10) first take the horizontal

Laplacian of the equation for the conservation of mass, eq. (2.6)
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) = 93 = 9

(3E+ya§+‘.’5
to obtain

d = 2 =312,

ot 4 ax + ¥ gz) Vew

or substituting from eq. (2.11),

o :
Ly LY

which is the desired equation in the vertical perturbation

velocity and can be written as

(2.11)

(2.12)




Boundary and Initial Conditions

The boundary conditions to be applied in solving the differen-
tial equation are determined by the physical problem under con-
sideration. For the salt wedge estuary problem it is assumed that
the horizontal extent is much greater than the vertical extent.
r Because of the great difference in the horizontal to vertical
length scales, the side boundaries have little effect on the
motion at the scales under investigation. Therefore, the x and y

coordinates are considered to be infinite in extent. The approp-

riate boundary conditions at x — *~ and y —> #= are that w and

the first derivatives of w in the horizontal directions remain

finite.

The boundary conditions in the vertical direction are the
free surface condition at the surface and a no flux condition at
the bottom.

The free surface is a constant pressure surface and the

boundary condition is




Dg il 3
b * g ®

1=
wlw
+
<
lw
R
o
"
o

(2.14)

|
Y
r~<

This condition can be expressed in terms of the vertical velocity.
The pressure is expressed as the sum of three components; the

atmospheric pressure, th “ydrostatic pressure and the perturba-

tion pressure. The functi ial dependence of each of these

components is indicated in the following equation.

" (% ¥, 2, 8) = P(x ¥, 8)
+glele) + 8, v, 2o 0]~ nlE 3 &) - 21 €2.5)

+ 2(5’ Ys 2 E)

where “(E’Z’E) - z = 0 is the equation of the free surface.

Expanding the free surface condition yields

a1
- e I i - u(B
Bt " (as Sl 32] P - g6 +0) v
' = 3 -3 =3
*EeE) Gl i thy 0




d 38
Yege -8 *t ga-D ey (2.16)
op
3 = 3 = 3 gk
+(3§+ o * Z@)B b 5 Tl
Let the free surface be defined as
3 =2 = 3 el
ae - Lt y@) (e, + gou) =0 (2.17) l

This is the zeroth order surface boundary condition and is sub-
tracted from eq. (2.16). The remaining terms are linearized and

rewritten utilizing conservation of mass and the definition of a

material surface at z n. The linearized surface boundary

condition becomes

) =1d = 9 =
o+ B *# Flp ~ 2P0 = 0 (2.18)

!
)
<
|

To the same order of approximation this condition is applied at
z = 0, rather than at the perturbed surface z = n.

The required form of the boundary condition is an equation in
w only. To eliminate the pressure from the above equation, use the

horizontal momentum equations and continuity. This is accomplished
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by operating on the x-component of the momentum equations by

3 = 3 = 3 3
Ge * I * I &
and the y-component by
9 = 9 =9 3
Ge * Ua * oy

Add the resulting equations and solve for

d
ot & 4

T
+
1<
cvlq:
+
<
21
o

1o

This is substituted into eq. (2.18) after taking the horizontal

Laplacian. The resulting boundary condition is

%§+U'gg+?-:_i %’.—
'(%E" l:/:—_+ ?'g_z) (g_g__

- g%y =
stz = 0.

|§1|2&
mlo:
—
1€

(2.19)

o i o s
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The boundary condition at the solid bottom is simply no flow

through the bottom or

(2.20)

at z = -H, the depth of the bottom boundary.

The initial conditions for the problem are the specification
3
of the values of w(x,y,z,0) and 3t (x,¥,2,0), or some combination

ow

of w and 3% at time t = 0. Such conditions will be considered in

greater detail in conjunction with specific applications.

Solution of the Problem

Two methods of solution for the differential equation speci-
fied in eq. (2.13) are to be considered, namely, normal modes and
Fourier-Laplace transforms.

The first method considered is the normal modes solution.
This is essentially a separation of variables method which assumes
that the horizontal space and time dependence of the solution is
wave-like and has the form:

-ioE

vy, 2, ) = w)ae pelotjet(hx * 1)

+ (2.21)

Substitution of this assumed form for the solution into the partial

differential equation (2.13) results in an ordinary second order
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~

differential equation for w(z). This equation is

= = 2 42 &
W+ -0 G-y
P b a2y a2y
- (kg + QY - 0) (szz + la—;z) w
dé .
-84 (k? + 22)3 = 0

Now consider the Fourier-Laplace transform method of

equation (2.13).

1 ~i(kx + 2y)

defined by the transform pair

x and y and a Laplace transform of the partial differential

(2.22)

solution. This technique utilizes a double Fourier transform in

The double Fourier transform is defined by the transform pair

F(‘_’) = ;j(k’lagsg) B '(—2_"—)'2‘ Im Im V!(?.{,_,E,E)e d)_(dz
(2.23)
F 1(;1) = w(x,y,z,t) = fw fm ;(k,l,z,t)ei(k§ = dkdf

The Laplace transform of Fourier-transformed function is




——

-
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L) = w(k,2,2,s) = J w (k,%,z,t)e 55 dt
0
(2.24)
et+iw
L_I(W) = w(k,%,2,t) = 5%; w(k,l,g,s)esE ds
(e i

Hence, the function w(k,%,z,s) is defined by the triple integral

FL(w) = ;(k,l,g,s)
(2.25)
W -i(kx + Ly) _-st
(2.")2 Jo Km I: W(’_‘EsZ!E,E)e = X e = d?_{dsz

The known properties of Laplace and Fourier transforms of deriva-

tives which are necessary for the transform of eq. (2.13) are:

an
F [——!] = (-i)" F(w)
8§n
&
L SE = s L (w w |£=0+
02w 5 ow
L 527} = 8*Lw) - s¥ ,£=0+ T | £=0+
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First taking the double Fourier transform of eq. (2.13) gives

3 7 B 42 2 2 o
(§§+ikl_/ + 140) (——zdE ~ B - 9y
; ; ¥ a20 a

- -EE + 1ikU + i8V) (ik EEE + 12 3;5) w

-

+§§~S(k2+£2)g=0

(2.26)
Now take the Laplace transforms and rewrite the transformed equation
with the initial conditions on the right-hand side.
7 7y 42 2 gy o
(s + ikl + 127) (5;7 = k® - 29) W
i - d2U azy
-(s+ikg+i£l/) (ik(—i‘z‘f'i'i@)y
86 oy oo
+ g dz (k% + 22) W
(2.27)

= [s+2i (k7 + 7)) (iz—-kz-zz) v
= [S y 2 dzz -£=o+
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The boundary conditions, eqs. (2.19) and (2.20) are also Fourier-
Laplace transformed and take the form:

(s + kU + 121)2 5~

e S O
- (s + ikU + 12V) (ik Eg + i Ez) W (2.28)
+80 (k2 +22) w=0 at z = 0

and
w=0 at z = -H (2.29)

It can be seen that the Fourier Laplace transformation of the partial
differential equation in w leads to an inhomogeneous second order,
ordinary differential equation in the transformed variable
é (k,l,g,s). Making the substitution s = -ic in eq. (2.27) and
comparing the homogeneous part with eq. (2.22) it can be seen that
the derived governing equation for the two methods is of the same
form.

Since the differential equation is of the same form for the two
methods, that given in eq. (2.22) will be used to formulate the non-
dimensional problem. The equation will be non-dimensionalized on a

velocity scale, u a length scale, ho’ and a density scale, po.

The non-dimensional variables are defined:
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(a,y) = (kh _, 2h)
(o] (o]
(x,y,2) = (§/ho, z/ho. glho)
(u,v,w) = (\_-‘/UOs !/Uo, E/Uo)
,v) = (Q/uo, j_//uo)
p = g/ug
w =0 h /u
0o O
6 = p/oo
e = p/oo

Making the substitutions into eq. (2.13) produces the non-

dimensional form of the governing differential equation:
42 =
(al + vV - w)z(zzf -2 -y2) w
- (aU + YV - w) (aU" + yV") w (2.30)

+J (@2 +YH) w=0

where
Nzh 2
J%z) = o g = Richardson No.
o
and
N? = -gB' = Brunt-Vaisdld frequency.

Utilizing the Squire transformation it can be shown that the solu-
tion to the three~dimensional problem posed above is equivalent to
: the solution of a two-dimensional problem with appropriately scaled

parameters.
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The Squire transformation is defined by the following two

definitions.

~ 2
a2 =a +1v2

(2.31)

al = al + yV

Using these definitions in eq. (2.30) the equivalent two-dimensional
problem is given by
@0 - 0265 - 32) ¥ - ol - w)
o w) (dzz a¢) w - a(a w "
+Jw =0 (2.32)
where
J = a2
Applying the Squire transformation to the boundary conditions, eq.
(2.19) and eq. (2.20), completes the specification of the two-
dimensional problem. The boundary conditions for the equivalent

two-dimensional problem are

@l - )2 w' - [a2g0 + al' (ol - )] w =0 (2.33)
at z =0
and

; =0 at z = -H/ho

The Initial-Value Problem

Solution of the initial-value problem using the normal modes




approach requires solution of the eigenvalue problem specified by

the differential equation for w(z), eq. (2.22), subject to the
boundary conditions given by eqs. (2.19) and (2.20). The eigen-
functions can be written as

Z N . 3
w(a,Y,2z,t) = ) w (a,y,2)[A e A 4 Bnei“nt] (2.34)

n=1
where the n specifies the mode and corresponds to the eigenvalue

given by
0 = wn(a,y,J) (2.35)

To apply the initial conditions to the problem, first take the
Fourier transform or find the Fourier series of the initial vertical
velocity and acceleration. Let wo(x,y,z,O) and g%'wo(x,y,z,o) be

the initial conditions and define the Fourier transforms of these

conditions as

o 1
WO(G’Y’zao) = (27)2

wo(x,y,z,O) e-i(ax i Yy)dxdy

§—n8

(2.36)

9~ 1
3tw0(a’Y’z’o) - (211)2

ow
at() (X,Y,Z,O) e i(ax + YY)dxdy

8§ ——38
§——8 8——38

Now expand the transforms of the initial conditions in terms of the

eigenfunctions of the normal modes solution, i.e.,
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& N.
v (2,7,2,0) = [w (a,v,2)[A + B ]
n=1
(2.37)
s N ’
35 Yo (@1752,0) =n2=:1— fww (a,,2)[A - B ]

The coefficients An and Bn are determined from eqs. (2.37) and the
final solution to the initial-value problem is found by taking the
inverse Fourier transform of the normal modes solution which is of

the form

ks -iw_t
wn(a,y,z)[Ane n

w(x,y,z,t) = (2.38)

§+——38
B
I 2

n=1

+ Bneim“t] ei(ax + Yy)dcldY

The solution to the initial-value problem using the Fourier-Laplace
transform method begins by solving for the Green's function solution
of the differential equation given by eq. (2.27) which is rewritten

as

~

2
el _ 22 . 2
(s + ial + iyV) (dzz a Yé) w
- (s + ioU + iyV) {Hal" + iYV"") w (2.39)
+ ga' (a2 + y2) w = W(a,Ys2zys)

where the function
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-~

2

d )
W(a,Y,258) = (377 - a2 - y2) 3¥
ot
+ [s + 2i(alU + YV)] [J£L - a2 - y2) ; (2.40)
¥ dz2 ot

- i(al" + V") ;|o+

specifies the initial conditions. The functions w and dw/dt are the
Fourier transforms of the vertical velocity and acceleration as
specified in eqs. (2.36). The Green's function solution to eq.

(2.39) is discussed in Appendix A and is of the form
G(z,z ) = G(z,zo;s,a,Y) (2.41)

The solution to the initial-value problem in terms of the Green's

function is specified formally by the inverse Fourier-Laplace

transform:

o g+ix o
1
w(x,y,z,t) = '2_,"_1' G(z’zo) W(GQY’ZO;S) dzO

- = g=-jo=h

(2.42)

v eSt ei(ax + dsdady

The correspondence between this solution and the normal modes

solution is also discussed in Appendix A.




3. Two-Layer Problem

Description of Problem

The first example of an initial-value problem is a two layer
system consisting of two fluids of different density in uniform
motion relative to each other with surface tension at the interface.
It is assumed that the fluids are inviscid and incompressible. The
illustration (Fig. 1) shows the general features of the system.

The density of the bottom layer, Pys is greater than the density of
the upper layer, Py- The system is statically stable. The analysis
assumes that the velocity of the upper layer is +U and that of the
bottom layer is -U. The essential feature is the velocity dif~-
ference 2U. A Galilean transformation could be made to place the
zero of the velocity at any appropriate value without changing the
following analysis.

The scaling parameters for this problem are based on the
magnitude of the velocity 5, the gravitational constant g and the
density of pure water, 1 gm/cm3. The velocity scale u - U and the
length scale ho = vzlg. The non-dimensional variables are as
defined in Section 2. The non-dimensional coefficient of surface

tension, 1, is defined as:

T = 1 ulh .
- oo

In the preceding section the differential equation governing

the motion of an inviscid incompressible stratified, shear flow is

given by eq. (2.8)
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VELOCITY ., DENSITY
3 U
4 4
el
2=0
e a
-0

Figure 1. Schematic of unbounded
two-layer example.
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-~

2
@+ 1V - )26 - e - y2) w
- (U + YV - w) (aU" + yV") w (3.1)
+J @2 +y2) w=0

For this example the differential equation can be greatly
simplified - the horizontal velocity in the y-direction is zero
and the velocity in the x-direction is constant in each of the
layers. Also, the density is constant in each of the two layers.
This means that the derivatives of U with respect to z are zero

-~

and J = 0. The differential equation for w in each of the layers

is simply

9_2_‘:7 2 % oo

d22 (@ +y4) w=0 (3.2)
or

a2y i

which has as solutions

w(z) = A & Bo W

The solution in each region will be designated by a subscript 1lor 2.
It is assumed that the fluid is of infinite extent and the
boundary conditions are applied at z + * « rather than at z = 0 and

z = -=h. The interface between the two fluids at z = 0 is an




28

internal boundary which divides the solution into two regions.
Matching conditions to be applied to the solutions in the two
regions must be derived.

The two conditions which are to be applied are the kinematic
and dynamic boundary conditions. The kinematic condition is that

the interface is a material surface specified by
+ o
z=71= dei(cLx 3 k) (3.4)
and is subject to the conditions that

Dn _
5~ ¥ (3.5)

The linearized form of the kinematic condition is

an . 80 _ “ i

5t +-Uax v, at z 0 (3.6)
and

an _ 4on _ -

5t Uax w_ at z 0

where O+ and 0 indicates the value at 0 approached from above and
below respectively.

The dynamic condition is that the difference in pressure across
the interface is sustained by surface tension.

Brenoulli's equation for the pressure can be written as

= 'ai — - l @ . s
peSE BB egucu (3.7)




where ¢ is the velocity potential of the flow defined by
u = -V (3.8)
The boundary condition is

0 -0 = -1 V2 n (3.9)

2P 1Py h

where 1 is the surface tension. The expression for pressure given
by eq. (3.7) must be linearized. In terms of a mean velocity and

perturbation velocities the kinetic energy term is given by

%-; cu=>[U2 4 20U + u2 + v2 4+ w?) (3.10)

N

which becomes on linearizing

N =

G-G;%[UZ+2uu1

Making the necessary substitutions into eq. (3.9) the linearized

boundary condition becomes

3, 3
il ae - e w -
©,G¢c - 8+ Uy) =0, (5 - 80 - Uu))
32n , 32n
TGx2 t 3y

The continuity equation gives the differential equation which the

velocity potential must satisfy.

V24 =0 (3.12)
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However, from the normal modes assumption, the velocity potential

must have the following form

~

Bty at) = $(z) A0 F 1Y - wt) (3.13)

Substituting the functional form of ¢ into the partial differential

equation (3.12) gives the following ordinary differntial equation

for ¢ (z2):

12_.;’. caL

e Sl el (3.14)
and

6(z) = ae® + be *? (3.15)

The following set of equations defines the eigenvalues of the

problem.
3¢
LT R | - o
(a) ot + % - Y1 32 at z = 0
3¢
-a—‘l 2o U-§-Y-]- = B - _3- = »
(b) ot x - 2 32 at z = 0
Res B i O
(c) O (37 -~ Uy ~ 8 - OG5y +U5 - 8n) (3.16)
azn 32n
2 - — -+ —
G t ey

(d) ¢1—->0 as z —> 4

(e) ¢2——>0 as z —> -

Condition (d) requires a = 0 and condition (e) requires b2 =0

which gives




[}
o
o

|
=
N

Ql(z)
~ (3.17)
&2(2) ¥ az

|

0
N

(¢

Substituting the functional form of ¢ and n into the conditions
(a), (b) and (c) gives the following set of linear algebraic

equations to be solved for the eigenvalues, w.

I
(=}

) 1o - athd + ;bl

]
o

@ i+ wtha = ;az (3.18)
(c) [g(CH - @2) - r;ZJd + iOI(w - au)b1 - ioz(“ + au)a2 =0

The determinant of coefficients of these three equations is the
eigenvalue relation and can be written as the solution of a quad-

ratic equation:

-~

- -a_cosy UL®
kel 2y 12 x %
L et a0 awe . g% Y2 aas
where
AO = 02 - 01

a = o cosy

Yy = o siny

tan y = }/a
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The stability boundary for this problem is obtained from con-
sidering the argument of the radical in eq. (3.19). Let this be

represented by Q,

~ a cosly 26 ©
s - . 4a cos“y U L e

|
R LS B R S L (0, + oz_)_l

(3.20)

If Q is negative, w is complex and the flow can be unstable, but if
Q is positive w is always real. The stability boundary is deter-
mined by the locus Q=0. The range of instability can be determined

by solving the quadratic equation in brackets.

- 5 doats 12
o 4a cos¢y U 0102

B gA0o
(e1 + 02) (e1 + 02)2

(8, +6,)

+ =0 (3.21)
If the roots of- eq. (3.21) are complex, the flow is stable or
unstable everywhere depending on the sign of Q. However, if the
roots are real, they specify the points at which Q changes sign and
thus the regions of instability. Figures 5, 7 and 8 show the values
of (-Q) for two different cases.
The values of the parameters used in evaluating Q for Fig. 5

are:

74. cm3/sec?

1A
n

= 1.293 x 10 3 gm/cm3

°
—

1.02 gm/cm3

e I |

100. cm/sec

e




The parameters for this case correspond to an air-water interface.
The roots of eq. (3.21) for this case are complex and the value of Q
is positive. The two-layer problem with this set of parameters is

stable for all wave-numbers. The threshold velocity for instability

is 324.405 cm/sec at a wavenumber of 3.673/cm. The value of the
threshold velocity as a function of wavenumber is shown in Fig. 6.
The wavenumber range for instability is given by the points of
intersection of a line of constant velocity and the threshold
velocity curve.

The second case corresponds more closely to an internal fluid
boundary. The surface tension is small and the density difference

between the two fluids is small. The parameters are

1.0 cm3/sec?

1=
(]

1.0 gm/cm3

©
-
[}

p, = 1.02 gm/cm3

10. cm/sec

<
1]

Figure 7 is a graph of the value of (-Q) as a function of wave-
number and indicates the regions of instability for waves at dif-

ferent angles, Y, to the mean velocity. Figure 8 is the same

. function, but indicates the stable (-Q < 6) region of the flow at
small wavenumbers (large wave lengths).
The eigenvalues for this set of parameters are shown in Figs. 9

and 10. Figure 9 shows the real part of the eigenvalue w. It can
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be seen that the real part of the frequency is nearly constant over

the range of instability. The imaginary part of w is shown in

Fig. 10. As in all inviscid problems, the complex eigenvalues occur

in complex pairs. For e;ery growing mode there is also a damped

mode. The range of instability is clearly shown in this graph.
Initial-Value Problem

The solution to the initial-value problem is given by (2.38) as

oo L] N
w(x,y,z,t) = J I Z w (a,v,2z) [A e—iwnt
n n
2 n=1
(3.22)
+ Bneiwnt] ei(ax X Yy)dady
with the initial conditions
% N 4
WO(Q,Y)Z90) = z wn(asY’z) [An + Bn] (3.23)
n=1
and
awo N .
S (@7,2,0) =n£1 v (a,7,2) [-1w A+ iu B ]

As an example of an initial-value problem, the flow described by
the second set of parameters in the preceding section is used. The

initial conditions prescribed are chosen as

e -1222

wo(a,y,z,O) = @02 e

- (3.24)
awo
N7y (x,Y,2,0) = O
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This is the Fourier transform of a Gaussian pulse in amplitude
centered around the density interface. Substituting the prescribed
initial conditions into eq. (3.23) determines the value of An and

Bn' Solving and making the substitution into eq. (3.22) gives the

result that

o o
N o3 -
w(x,y,z,t) = Rez I I Anwo(a,y,z,O) ei(axi—yy wt) dady
n=1
00 =00

(3.25)

Initial Period

To determine the motion of the pulse for small times, the
function is expanded in a Taylor series about time t = 0. The
following technique follows that described by Criminale (1960). The

Taylor series expansion takes the form

) A, N, S
i + - wt
W(X,¥,2z,t) = ) ET'JLE I J wo(a,Y,z)e (ax+yy - wt)
k=0 ™ 3¢ o o
(3.26)
»dady -

The Fourier integral in eq. (3.25) can be broken into two integrals

and rewritten as
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- o«
hrrn b I I;o ot i(ax + yy)dadY (3.27)
O =m
(6] o
+ I [ ;o e"mt ei(ax + Yy)dazdv

In the second integral change a and Yy to -a and -y. From eq. (3.19)

it is noted that
*
w(a,¥?) = -v (-a, (=y)?) (3.28)

where * indicates complex conjugate. Making these changes in the

second integral eq. (3.27) can be rewritten as

v e-iwt ei(ax + Yy)dadY

w(x,y,z,t) =

O ——m8B
§S———8

(3.29)

= * ¥
v eiw t # i(oax + yy)dcldY

+
<« RN
é‘——-8

Represent the first integral by W and it can be seen that the second
integral is the complex conjugate of W. Equation (3.29) can be

represented by
*
wi(x,y,z,t) =W + W (3.30)

and the Taylor's series can be written as

K k .k k, *

t° W AW
w(x,y,z,t) = Re] 5 [
k=0

. R
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The evaluation of only one of these integrals is necessary
since the other is just the complex conjugate.
The information needed is the form of the time derivative of W

evaluated at time t = 0.

S5

-0 -

ak

k i(ox + yy)
K e
ot

J ;Jo(-iw) ey (3.32)

If w can be approximated by a polynomial these integrals can be

evaluated explicitly. Each term is of the form

©o

= (-19)k I J ;o ei(ax < Yy)dady (3.33)
o

t=0 -

8kW
3tk

This form is obtained by recalling the expression for the Fourier

transform of a derivative

k
FCY) = (i) F(w)
X

The linear operator w in eq. (3.33) has the same functional form as
w(a,y) with a replaced by (-i 3/9x) and y by (-i 3/3y).

Approximate the eigenvalues w by the following polynomials:

) = = 2
W, Re (w) w0 +aa+ayy

1
(3.34)

= = - Fr 2 - 2
wy Im(w) w5, bl(a ao) b,y

Also note that the integral in eq. (3.33) is half the initial

condition in real space




-] oo
1 0 i(ax +
3w (x,y,2) = J I“o Sl bl (3.35)
(6] -00
¢ Define the complex linear operator L such that
L=-iw =L + iL
- r i
L=l = Bal) = a ok wh 2 g, B (3.36)
r io 1% 13x  193x 2 3y2 .
3 32
L. == — TR
g™ e, P e By, ayz |

Substituting into the Taylor series eq. (3.31) takes the form

K k % W
w(x,y,z,t) = ] iET e+ 1% = (3.37) |

k=0 i

Expanding this series and keeping only real terms the initial

disturbance takes the form

w(x,y,z,t) = vy + t r(w )

2112 _ 127 -0
+t [Lr Li] + ... (3.38)

Expanding the operator L and keeping only the linear term, the

expansion valid for small time is given by
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w(x,y,z,t) = {1 + t[(w10 - blag)
(3.39)
2 2 ____l f
— = 2
+ a; x/A bI/A + 0! bZ/A

b2y2 e-(x2 + y2)/22
Al 1} 42

+

The initial spreading and distortion of the initial conditions
given by eq. (3.24) are shown in Fig. 11. The initial Gaussian
pulse has a standard deviation equal to 0.1. Fig. 1lla shows the
initial pulse at t = 0. The distorted pulse is shown at t = 0.05

and t = 0.75 in Fig. 11b and Fig. 1llc, respectively.

Asymptotic Analysis
The form of the asymptotic expansion of the solution to the
initial-value problem, eq. (3.25), is derived in Appendix B. This

expansion is given by eq. (B.19)

w(x,y,z,t)
(3.40)
1(aex + v,y - w,t)

il

32w

32y 32w i [
dad
Oy % 5

. ayz

wo(a*sY*’z)o) e
~ Re

Oys Yx

where a, and vy, are solutions of the simultaneous equations:
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)
x/t = :ﬁ(a*w*) =0

(3.41)

3
e m o) = 0

where w, o and y are considered to be complex variables.
Evaluation of the expansion for the same Gaussian pulse with
standard deviation A = 0.1 is shown in Fig. 12. The expansion in
Fig. 12a is at t = 20 and that in Fig. 12b at t = 60.
The continued spreading and distortion of the pulse and the
appearance of dominant wavelengths are apparent in the series of

figures 11 and 12 showing the development of the pulse from t = 0

to t = 60.




4, Salt Wedge Estuary

Description of Problem

A salt wedge estuary is used as the second physical example in
this analysis.

A salt wedge estuary is a highly stratified estuary consisting
of nearly homogeneous upper and lower layers separated by a strong
halocline. The brackish upper layeris primarily river runoff. The
"salt wedge" is the layer below the density interface consisting
of a saltwater intrusion from the ocean. Salt wedges occur in
shallow estuaries with high river discharge and relativelv weak
tidal currents.

The general profile of a salt wedge is depicted in Fig. 2 and
a general velocity profile in Fig. 3. The velocity profile is such
that there is no net flow in a stationary salt wedge. Three regions
are indicated on the schematic of the wedge profile. These are
defined by the depth of the halocline. The outer region has the
density interface near the surface. The inner regime is defined by
a halocline near the bottom with the central region having a halo-
cline near the center of the water column.

The velocity profile is nearly two-dimensional and is treated
as such in the following analysis. In addition, the scale of
perturbations to be considered are such that the x-dependence
(downstream) of the velocity and density structure is considered

only in terms of the inner, central and outer regime. At each

cross-section the velocity and density profile will be similar to
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Figure 2. Schematic of a longitudinal section
of a salt-wedge estuary.
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Figure 3. Schematic of downstream velocity
profile in a salt-wedge.
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Figure 4. Schematic of linearized profiles
for salt-wedge example.
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those shown in Fig. 4. The parameters ho and u, are scaled on the

total depth of the fluid and the gravitational comstant g.

Mathematical Description

The density structure is modeled as a two-layer system with
density p, in the upper layer of depth d,. The lower layer is of
density o, of thickness h-d,. The smooth velocity profile is
modeled by a piecewise linear profile consisting of three segments.

The first segment is given by

u, =u . +urz ; 02>z>-d

u; =u_ = velocity at the surface

I
d du;
u; = 7;;—= shear in layer 1
Ys T '
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e
|
e

IIT

where

III - (b - dy)

22 S )

A restriction on the velocity profile is that it goes to zero at the
bottom.

These approximations divide the vertical extent of the model
into four regions. In each region the mean properties of the flow
are described by constant density and constant shear. There are
three internal boundaries defined by discontinuities in the density
or velocity.

The differential equation governing the flow and the external

boundary conditions are given by eqs. (2.30), (2.31) and (2.32).

Repeating the equations and using the definition of J gives
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-~ dz ~2 a -~ ~~' -~ g~
(aU-w)z(m- Jw=-(alU - w) all' w=-80aw =0 (4.1)
~ ~2 ~~| a
gg'- ?:ge + -~aU w=0 atz=0 (4.2)
(al - w)? (al - w)
; =0 at z = -h (4.3)

The differential equation simplifies immediately on substi-
tuting the assumed profiles of mean velocity and density to

(al - m)Z(‘-;% ~a?) w=0
The solutions of this equation are subject to the boundary condi-
tions eq. (4.2) and eq. (4.3) and to matching conditions at the
discontinuities of the mean profiles.

The applicable matching conditions are derived by integrating
the complete differential equation given by eq. (4.1) across the
discontinuity. The matching condition at depth z = -d is given by

the following equation.

-d+e g -d+e
1im I (;& - w)? %;% dz-;zj (;& - w)? ;dz
L -d-¢ -d-¢€
(4.4)
=-d+e ~d+e
| - e - oag [ weraz =0
-d-¢ -d-¢

Evaluation of the integrals at a given depth will be simpli-

fied by requiring that the vertical perturbation velocity, w(z), be
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continuous and noting that the mean velocity is a continuous func-
tion of depth, but the shear is discontinuous.
Evaluating eq. (4.4) at z = d,, proceeds as follows.

Evaluating the integrals and taking the limit of small € produces

+

" —-d
i dw 1
(ally, - m)zlazl ke 0
= : 4.5)
e & a0
- aw (=d,) (aly - m)[a—z- i 0=0
-d

which can be solved for dw/dz to give

5 aw(-d.)
1
[%% e (ui - uil) at z = -d, (4.6)

-d (el - w)

Evaluating the integrals in eq. (4.4) at the other discontinuities
leads to the remaining two matching conditions.
At z = —d2
-ag(®, - 0,) w(=d,)

dw
[Tz_] = (4.7)

-d2 (a Up - w)?

where

- - ]
Up urg u .. d

and at z = -d3
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dw a W("d3)
[d—z‘] W e

ull - ul) (4.8)
4, U - o 15 SRS 3§

The eigenvalue problem for the salt wedge estuary is given by

the solution to the following set of equations:

-~

4% - -
dzz - Wj = 0 (1009)

which has solutions of the form
wj(z) = 3 sinh (az) + bj cosh (az) (4.10)

where i indicates the layer in which the solution is valid.
The conditions on the solutions wj(z) are:

A

dw, ;gO ui «
%, @ & g -wrt@ -w "0 een0
.; ~ ~
:‘ (b) w, = v, at z = -d,
i‘ ~ ~ -~ -~
[ dwl dw2 o w
; - . L ] T
| ) & e GU_ - w s S L et
(d) w, =w, at z = -d2
; % 3 5 X (4.11)
‘ (e) f_‘.'_z._ff}.__ag(oz-el)wz -l
a dz dz (@ Up- w) ot &= =d,
(f) v, =W, at z = --d3

b
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A - ~a

dw3 dwu aw,
- = L = -
L e e @U, - w) (upg = vy at z = —d,
(h) v, = 0 at z = ~-h

The result of substituting the solution vy into eqs. (4.11) is a set
of six linear equations in the unknown coefficients ay and bj.
The determinant of coefficients of this set of linear equations is

the dispersion relation for the system and can be written as a sixth

degree polynomial in the frequency, w.

¢6w5 + ¢5w5 + ¢“w“ + ¢3w3 + ¢2w2 + o0+ o, =0 (4.12)

-~

where the ¢j are complicated transcendental functions of a, the
mean velocity, shear and density.

The eigenfunctions take the form:

wl(z) = a, (I sinh oz + a cosh az)

wz(z) = a, sinh az + b2 cosh az
(4.13)
ws(z) = a, sinh az + b3 cosh az
w“(z) = a, sinh a(z +h)
where

]

a, = a,[T + ¢ cosh udl(r sinh ;dl - a cosh ;dl)]

-~

b2 = al[; + ¢ sinh ad (I sinh ;dl - o cosh ;dl)]




a, = a,[1+ ¢ sinh ad, cosh ad,] - b,¢ coshzadz

o
]

3 = 3,4 sinh’ad, + b,[1 - ¢ sinh od, cosh ad,]

a, = [-a; sinh ady + by cosh ad,]/sinh ath - d,)
agod uui
Ir o - oY
S s L
i (ui - ui)
(aUm - w)
ag(©, - 0;)

¢ * "G - v

The next step in the solution of the problem posed in eq. (4.4)
is to evaluate the solution for the values of w = ;5. Because the
coefficient (;& - w) is squared there are two separate solutions
possible for each w = &5. These solutions form the continuous
spectra of modes which Case (1960) showed are necessary to solve
the initial value problem. They are given by the solutions to the

following differential equations. The first is

- atv =8z +z) (4.14)

where §(z + zo) is the Dirac delta function and -z is the depth at

which the velocity U is equal to w/a.

The second is

o
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bciSie . =t
a® W 6(z+z°) (4.15)

where §8'(z + zo) is the derivative of the Dirac delta function with

~

respect to z. Making the substitution w, = %%, the equation to be

b
solved becomes
d%q _ 7,
a2 - %a= §(z + zo) (4.16)

The solution of these two equations proceed in the same manner as
solution of eq. (4.9) except that there is an additional condition
to be applied at z = -z

Integrating the equation for w.s eq. (4.14) from z = N

to z = -z + ¢ gives the following condition to be applied at

z = -z :
o
—z°+€ dzwa _zo+€~2 < —zo+e
v dz - I af w, dz = J §(z + zo) dz (4.17)
-z -¢ -z -¢ -z -€
o o o

Taking the limit as € -+ 0 and requiring the function v, to be

continuous at z = -z, gives
dwa dwa
Ty + Az _=1 (4.18)
z=-z z=-2

Similarly, the condition to be applied to q(z) at %, is




where the requirement is that q be continuous at -~z - However,
from the definition L T %% it can be seen that the jump condition

eq. (4.19) is actually a jump in vy given by

- 4 - i
wb(-zo ) - wb(-zo ) =1

The solution of the homogeneous equation (4.4) for the salt
wedge is divided into four regions with boundary conditions at the
surface (4.1la) and the bottom (4.11h) and matching and jump con-

-~ ~

ditions given by eq. (4.11b-g). The solution v, and W, to the

two auxiliary equations (4.14) and (4.15) must also satisfy the
conditions given by eqs. (4.1la-h). However, the region is divided
intoAfive layers for the solutions of ;a(z) and ;b(z). The position
of the additional internal boundary depends on the depth z = -z,

which is defined by U(-zo) = w/o and can occur anywhere in the

region 0 > z > -h. The solutions have the form

£

A[T sinh az + o cosh ;z]

a]

£ >

s 82 sinh az + by cosh az
2

€

by = a3 sinh az + b3 cosh az (4.21)

£

= +
a, - ay sinh az + b, cosh az

£ >

= a sinh alh + 2)
as 5
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and

q, = A'[a sinh az + T cosh az]
i . ~

q, = a cosh az + b2 sinh az
-~ [] ~

q; = ag cosh az + b3 sinh az (4.22)
~ [} -~

q, = a, cosh az + b“ sinh az

qg = ag cosh aCh + z)

The relationships among the coefficients A, aj and bj and
] ]
A', a, and bj depend on the depth - relative to —dl, -02 and —d3

and are different for -z in each layer.

Eigenvalues
The value of w(a) for the auxiliary functions wa(z) and wb(z)
are given by w(a)==aU(z°) and form a continuous spectrum of neutral

modes. These correspond to the continuous spectrum of neutral

modes which arise in the solution of the initial-value problem

g using Laplace transforms. In the normal mode solutions of the

initial~value problem these provide additional modes for fitting

arbitrary initial conditions (cf. Chimonas, 1977).
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The eigenvalue problem specified by the differential eq. (4.9)
and the conditions (4.1la-h) lead to the sixth degree polynomial
given by eq. (4.12),

6 y

Floow) = ] & (@) o
i=0

(4.23)

~

Qj(a) = transcendental functions of a.

~

In general F(a,w) is a complex function of two complex
variables ; and w. However, the stability problem is usually
solved as a temporal problem by considering ; real or as a spatial
problem in which w is real. Solution of the temporal problem

-~

results in w being given as a function of a as in
w = f(a) (4.24)

For this specific example the temporal problem results in a dis-
crete spectrum of six eigenmodes which are the solutions of the
polynomial given in eq. (4.12).

The spatial problem has an eigenvalue relation of the form
a = g(w) (4.25)

which for this example is the solution of a non-linear transcen-
dental equation. As a result of this nothing can be said in

general about the number of modes, except that the spectrum is

discrete.




The temporal eigenvalues of the salt-wedge problem are investi-

gated to determine the effgcts of stratification, surface shear, top
and bottom boundaries and transport of the water column. The
numerical parameters for this study are given in Table II.

The eigenvalues for parameter set A shown in Fig. 13 shows the
stable modes associated with the two-layer density profile with no
mean motion. The unstable mode in the homogeneous fluid with the
velocity profile of set B is shown in Fig. 14. This profile has no
shear at the surface. The eigenvalues for parameter set C, which
is a combination of A and B, shows the interaction of the two pro-
files resulting in four unstable modes (Fig. 15).

The effect of the top boundary on the eigenvalues is shown in
set D which moves the top boundary far from the density interface.
This suppresses two -modes as shown in Fig. 16. Reversing the
procedure and moving the bottom boundary far from the density
interface is given by set E (Fig. 17). Comparing this case with
set C (Fig. 15) shows that one mode is suppressed by removing the
effect of the bottom boundary. A small positive shear at the
surface (Set F, Fig. 18) alters the relative position of the four
unstable modes and tends to decrease the magnitude of the two modes
associated with the surface. The effect of a positive shear at the
surface is to decrease the curvature of the velocity profile. Data

Set G (Fig. 19) represents a negative shear at the surface. This




effect is to increase the curvature of the velocity profile and
increase the amplitude of the two unst:’ le surface modes.

Moving the density interface to a position near the bottom as
in Set H (Fig. 20) has tﬂe effect of suppressing all but one mode.
Comparing Data Sets I and J (Figs. 21 and 22) shows that
increasing the transport and consequently increasing the shear
causes an increase in the value of the unstable mode and intro-

duces an additional unstable mode.

The parameters of the profiles representing salt-wedge
estuaries are given in Table III. Profiles 1, 2 and 3 represent
the outer region with no surface shear, positive surface shear and
negative surface shear, respectively. Profile 4 represents the
central regime and Number 5 the inner regime.

The series of Figs. 14, 23, 24 and 25 show the effect on the
eigenvalues of increasing the density difference between the layers.
For the homogeneous fluid there is one unstable mode. Two unstable
modes are added with the two-layer structure. As the density
difference becomes greater, the strength of the instability increases
as well as the frequency. Figures 23, 24 and 25 show that the
scale length of the instability decreases as the density difference
increases.

Profile 2 which has a positive surface shear exhibits only
one unstable mode over the range of density differences evaluated.

Figures 26, 27 and 28 show that with the decreased curvature of the
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profile, the increased density appears to stabilize the profile and
decrease the scale of instabilities.

The negative shear of Profile 3 not only increases the curva-
ture, but also effectively introduces a second inflection point.
This profile has two unstable modes for the homogeneous fluid as
shown by the eigenvalues in Fig. 29. Introducing a density dif-
ference adds one unstable mode at the scales under consideration

as shown in Fig. 30. Further, increasing the density difference

either suppresses that unstable mode or moves it to a much smaller
scale as shown in Fig. 31. Profiles 4 and 5 each exhibit two

unstable modes for the scales being considered as shown in Figs. 32

and 33, respectively.

Finite Time Series Analysis

The solution to the initial-value problem is given by eq.

(2.36) or for the two-dimensional problem,

0

N 2 = el
w(x,z,t) = J Z w (asz) [A e"imnt + B eiw“t] eiaxda (4.46)
n=1 D n n

with initial conditions specified by

o ).
v (a,2) = ) v (a,2) [A + B ]
n=1
o (4.47)
awo - N P
¢ (@2) = nzl -iww (a,z) [A - B ]




The initial conditions to be considered are of the form

-~

v (x,2) = £la)e 0% (4.48)

and

awo

e (x,z) =0
which have transforms

;o(;,z) = Ez) Sla = ;°) (4.49)

and

awo %

T (a,z) =0

Substituting the initial conditions eq. (4.49) into (4.47)
results in a set of ‘linear equations in the coefficients An and Bn'

N -~ -~
£z = ) 24 v (o ,2) (4.50)
n=1

The salt-wedge estuary problem has six discrete eigenmodes plus two
continuous spectra from the singular solutions. The solution is
formed from the six discrete eigenmodes and a fixed number, N,,

of the continuous modes. A least squares fit at (2N, + 6) equally

spaced positions z is made to eq. (4.50) to determine the (ZN1 + 6)

coefficients An.
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Two forms of the function f(z) are considered. One is an
exponential decaying from the surface and the other is a Gaussian
pulse centered at the density interface. The exponential function

is of the form

e2nz/A

f(z) = »y A=0.1

and the form of the Gaussian pulse is

e-(z + dz)z/A2

f(z) = s A =0.1

~

Figure 34 is an expansion of the exponential at a = 0.5 using only
the six discrete modes from Profile 1. Including 21 modes from each
of the singular solutions produces Fig. 35 which has a difference

in phase and amplitude at a given time. Figures 36 and 37 show the
difference between the exponential and Gaussian z-dependence for

an expansion at ; = 0.5 using eigenvalues from Profile 2. At this
wavelength there are no growing modes included in the expansion.

An expansion of the exponential at ; = 0.5 for Profile 3 is shown

in Fig. 38.

Asymptotic Analysis
The asymptotic evaluation of the vertical velocity perturbation

given by

N B e i ~
wix,z,t) = § I Anwn(a,z) ei(ux i mt)da (4.51)
' n=1
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is derived in Appendix B. The asymptotic form of the vertical

velocity perturbation is given by eq. (B.12)

A

~% *
~% -
o Wn(a e eit(a x/t - w o) eie

d2w ., [1/2
b el

w(x,z,t) v

(4.52)

where wn(;*) is the most unstable eigenmode.

Figure 39 shows the line of saddle points of the most unstable
mode for an asymptotic expaqsion using Profile 1 with Ap = 0.02.
Each point on the line, which is defined by awilaur = 0, represents

ow
a different value of x/t. The contours of sai near the saddle point
r

on the real axis are shown in Fig. 40. Figs. 4la and b show con-
tours of w_ and wy in the same region. The values of the wave-
number and frequency along the line of saddle points are given in
Figs. 42 and 43, respectively. The argument of the exponential in
the asymptotic expansion, (;*x/t - w*n), is plotted as a function
of x/t in Fig. 44. The region of growth of the exponential is
clearly defined by the negative imaginary part of this function
which extends approximately from -.15 to .95. Figs. 42a and 43a
show that over this range the real part of the wavenumber and
frequency is nearly constant,

The asymptotic expansion for a flat spectrum of wavenumbers is

shown for t = 10 at different depths in Figs. 45, 46, 47 and 48.

The same expansion evaluated at t = 100 is shown in Figs. 49, 50,
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¥
' 51 and 52. At this time the packet has become peaked around the
| most growing ray. For the same initial conditions the expansion
E 4 of the second most growing mode is shown in Figs. 53 and 54 at

t = 10 and in Figs. 55 and 56 at t = 100. At time t = 10, this
mode has not fully developed into a wave packet, but the wave
packet is obvious at t = 100. The amplitude factors indicate that
this mode is two orders of magnitude smaller than the dominant mode
at t = 10 and over 20 orders of magnitude smaller at t = 100.

Figs. 57 and 58 show the asymptotic expansion of the solution

driven by a Gaussian distribution of standard deviation 0.1. The

similarity of this profile and that for a flat spectrum is to be
expected because of the nearly constant value of ; along the line of
saddle points.

The most difficult part of the asymptotic analysis is determi-
nation of the line of saddle points. The computation is straight-
forward but time consuming if w(;) is a known analytic function.

If w is known only for real values of ; and the first two deriva-
tives of w with respect to ; are known or can be approximated,
simple ray mathematics is often used to evaluate the asymptotic
form. However, Gaster (1978) warns that in non-conservative sys-
tems this technique may lead to an incorrect result and should be

used with care. To demonstrate the erroneous result which can

occur an example is calculated to compare with the correct

asymptoi!c expansion.
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’
Following the description of the technique in Gaster (1978)
the eigenvalue and its first derivative are expanded about a point
' on the real a axis. The wave number on the real axis and functions
evaluated at that point are designated by the subscript o.
; The Taylor series expansion for the eigenvalue w about the
i point on the real axis o, is given by
i i dw 1 H d?%w
= + - ==l e = - ST e :
© = (o uo) 4 . 2 (o ao) daz + (4.53)
The expansion for the first derivative is
do _ dw R
G - da + (o ao) 4z A (4.54)
o o
i The point a on the real axis is such that
dw
x/t Re(d& )
o
Expanding eq. (4.54) into real and imaginary parts gives

Re(ag R (Eg o) = x/t (4.55)
. dw dw . oy o
; Im(d&) Im(d& o) + (a ao) 352 3 b e (4.56)

If ; is to be a saddle point, Im(%%) must equal zero.

L Equation (4.56) can be solved for the saddle point o,.
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- - dw1

d%w
da?
r
o

"o 1= (4.57)

o

It should be noted that this is valid only for small values of

dwi i d2u
r -~ da2
o /a o

o
which insures that the saddle point a, lies close to the real axis.

The value of the eigenvalue at the saddle point is evaluated by

2
d2y
da2
o o

substituting eq. (4.57) into eq. (4.53).

d2w
da2
r o
o

dw

g
da 2 {da
o r

(4.58)

* Jes

The form of the asymptotic expansion as given by eq. (B.12) is

Yor ; (; s2) e
w(Xsz,t) 0 n[ -

it(a, x/t - 0,)

] 173 (4.59)

d2w
t ga2

*

Making the substitutions from eq. (4.55), (4.57) and (4.58), the

2dz
///Eﬁég (4.60)
(o]

exponent becomes

- - 1 dmi
it((!* x,t-m*)=it G.OX/C— w°+—2- F
r

o
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Substituting from eq. (4.60) into (4.59), the asymptotic form,

assuming the validity of ray mathematics, is

w(x,z,t)
- dw 2/
b ! 3 11 "s d%w (4.61)
V21 w (a*,z) eit % x/t wo+-2 [d& ]//daz ]
n n r'o] o
a2 ]1/2
t a2
o

Figures 59-64 show the evaluation of the asymptotic form given
by eq. (4.61) for an initial condition giving a flat spectrum and
using eigenvalues from Profile 1. The form of the function indi-
cates a caustic. The rays as defined above cross and the disturb-
ance at two or more points map into the same region.

Comparing Figs. 59-64 with Figs. 45-52 which are the results
of the asymptotic expansion for the same initial conditions and
flow parameters clearly indicate the care which must be exercised

in using simple ray mathematics as an approximation to the

asymptotic limit.




5.  Summary
The equations specifying the inviscid linear stability of

stratified shear flows are derived and the solutions using normal
modes and Fourier-Laplace transforms are discussed. It is shown
that solution of the initial value problem by superposition of the
normal modes can be accomplished only by including the continuous
spectra of singular solutions because the normal modes do not form
a complete set. Examination of the Fourier-Laplace transform solu-
tion indicates that it is equivalent to the normal mode solution
including the singular solutions.

The infinite two layer system is used to demonstrate a power
series technique for evaluating the short time distortion of an
initial pulse. The three dimensional structure of the asymptotic
development of the pulse is also shown.

The complicated interaction of boundaries, density interface,
shear and curvature of the velocity profile in determining the
stability of a system is demonstrated by the eigenvalues calculated
for the finite two-layer piecewise-continuous velocity profile
of Section 4. Varying the parameters of the system has led to
generalizations which may be applicable to a salt-wedge estuary.
Increasing shear in the velocity profile leads to more unstable
modes. In the physical system this could occur during periods of
increased river runoff. A downstream wind leads to a positive shear

in the velocity profile at the surface and a decrease in the
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curvature of the velocity profile which tends to stabilize the
system. Conversely, an upstream wind increases the curvature and
tends to destabilize the system. Over the range of density dif-
ferences included in the-calculations, it appears that increasing
the stratification generally destabilizes the system.

For a conservative system which has only real eigenvalues the
asymptotic expansion of the Fourier inversion integral is obtained
by the technique of ray mathematics. However, in a non-
conservative system the use-of this technique combined with
analytic continuation of the eigenvalues into the complex plane is
shown to give incorrect results because the x/t mapping is not
unique. The correct expansion using the saddle-point method
demonstrates that solutions of the dispersion relation for real
values of the wavenumber is not sufficient. The eigenvalues and
derivatives in the complex a-plane are required for the correct

asymptotic expansion of the initial-value problem for a non-

conservative system.
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