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Similarity Measures On Binary Attribu te Data - II

M. F. Janowitz~

This report has its genesis in the work by Farris

(1977) in which a claim is made that the phylogenetic

system of classification is superior to the phenetic.

I pointed out certain flaws in Farria’ reasoning
(Janowitz ,1979) , and Farris’ reply appears in Farris (1979).
I enlarged upon my views in Janowitz (1979a), and the

current r port ehould be regarded as a continuation of

that work. The terminology and notation will, follow

that of Janowitz (1979a), and much of the data will be

taken train there. Despite this, it will prove useful

to briefly redefine the similarity measures that will

be considered , and restate some of the Issues that are

under contention.

The input data is a set of p objects to be classified,

together with a set of n attributes. For purposes of the

present work, I shall assume that each attribute has two

states, .~nd that they are coded 0 and 1. For objects J

and K , one can now define the following symbols*

!yJtbol No. attributes for which —

a J and K have state 1
b J has state l andKhas state O
c J has state 0 and K has state 1
d J and k have etate O.

• •Reeearch supported by ONR Contract N00014-79—C-0629 as
well as by grants from the Univere~.ty of Massachusetts
Computer Center.
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~~Mere th.n are the similarity coefficients that will be

considered .
• Meas— Similarity Disslm i1arity

Formula 
— 

Formula

DC1 Matchini Ia e d)/n 
-— kb~~ c)/n

DC2 Jaccard — aLLa .b .c )  (b ,c)/(asb .c)
Russell

~~~~ snd R*o em 1-a/n

~~j~Q j~ule (a4 - bc)/Lad • bc bc/lad • bc)

For binary attribute data , PCi represents Farrie’~pef.ficie~~
of overall similar ity. Letting s denote the similarity

version of Dcl , let us see now how Farris def Inca his

coefficient of epeciaLeimfiarity (1977.826,836). The idea

is to decide that for each attribute, one of the two states

is uninformative. An object R,  called the reference point,

is then defined. R might be one of the objects already

under consideration, or it might be a new object. In either

case, R has the property that for each attribute, it has

the iniformative state. To compute the special similarity

coefficient a, one then uses the formula (Farris,1979s836)

a( J,K) ~(l • e(J ,K) — s(J,R) — s(K,R)J.
Thi. of course produces the similarity version of as to

view it as a measure of dissimilarity, one simple considers

1 — a(J,JC).

Here is a øortion of the argument ueed by Farris In

Parri. (1977 and 1979), stated in what I hope is an

accurats manner. Pheneticiste favor using the coefficient
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of overall similarity , and have also favored usir g the

copPienetic correlation coefficient as a measure sf how

well a cluster technique really works. Farris pr sented

• a set of fully congruent attributes that represented a

Gilmour natural classification. He then showed thit

this classification was recaptured by special similarity

but not by overall similarity. Ne concluded that over-

all similarity could give a wron~claasIfication. He

then proceeded to establish that It generally gives

the wrong classi’ication by applying the two coefficients
• to a large number of real life data sets. In each case,

the cophenetic correlation coefficient said that special

• sim ilarity was far superior to overall similarity. He Acce~ 3ion For

concluded that since the opti.nality measure favorE~d by

pheneticists produced the result that a phylogenetic

method was superior to the phenetIc method favored by

these same people , it must follow that the phylogenetId—~ P ”

method is indeed superior. ~~~~~~~~~~~~~~~~~~~~~~~

j D i st

I
• I argued in Janowitz (1979 and 19?9a) that specia?. fl

similarity doe s not do a very good job of recognizing ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

natural classifications for attribute data that is not

fully congruent, and that the cophenetic correlation

coefficient cannot be used as a measure of the ability

of a similarity measure to recapture such classifications.

Indeed, it was argued (1979a) that if the reference point

consistt; of all 0 states, then special similarity does

Li

L
_ _ _  

_ _
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not perform a. well as either simple matching or Yule’s

coefficient. But Farrin did not choose his reference

point in this manner. Rather, he took as a reference point

the firet object he came to (Farrie (1977.836) and

(1979.210)). This was something that I did not do in l979a,

and something that will be explored In the present work.

In section 1, I shall take a careful look at the nature of

special similarity, while in sections 2 and 3, I shall

compare its performance with various other similarity

measures, taking the reference point to be th. first

object of the set of object to be classified. The compar—

ieon will be made bot h for fully congruent at tri bute data ,
and for the more general situation where various types of

errors are introduced into the attribute data — the idea

being to calculate the ability of various methods to

recapture Gilmou r natural classifications when they can

be recognized . 

~~~ - - ---- -• - • - •  - - . •  - - • •



— - — -, 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _~ 1. The natura of special similarity . Letting R be

the referenc. point, let’s have a close look at a(J ,K)
where J,K are objects to be classified. Suppose that

there are it attributes, and that h1,~2,...,h8 are non-

negative integers whose sum is n. Suppose further that

the following table describes the attri bute data for
R ,J, Ks

No. attributes h1 h2 h3 h~ h5 h6 h7 Pt8
R 0 0 0 0 1 ]. 1 1
J 0 1 O 1 0 1 0 1
K 0 0 1 1 0 0 1 1

Application of the formula for a shows that

a(J ,K ) (h,1 • h5)/n.

• But the sam. effect may be obtained by simply recoding the

attri butes so that R has all 0 states, and then applying

DC1~. This is shown by the recoded data table

No. attributes h1 h2 h~ h~ h 5 _~ 6 h~~ Pt8
R 0 0 0 0 0 0 0 0
J 0 1 0 1 1 0 1 0
K 0 0 1 1 1 1 0 0

From this viewpoint one can instantly see a major difficulty

in the interpretation of the output of special similarity.

j For suppose one is given the input data

_objec~t - attribute
1 1 1 1 1 0 0 0
2 3. 1 1 0 1 0 0

3 0 1 1 0 0 1 0
0 0 1 0 0 0 1 •

- ~- 
---

~~~~~~
--

~
- —~
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If this lii viewed as presence—absence data , these

j attributes then reflect the natural classification

whose clusters at each level are’

Level 1 12 , 3, L~
Leve l 2 123, 11

Le ve l. 3 12311

Taking object 1 as the reference point, special similarity

acts just like DC1I on the data matrix

_ob jec~~~~~ attribut~
1 0 0 0 0 0 0 0
2 0 0 0 1 1 0 0
3 1 0 0 1 0 1 0

: 1  ~ . 0 ~. 0 0 1

This produces the classification

Level 1 1, 2, 311

Level 2 1, 231s

Leve l 3 12311

A common reaction to all of this seems to be that if one

views the ou tput of special similarIty as an unrooted

tree , the n the desired natural classification may still

be rscap’;ured. The problem is that without prior know-

ledge of the desired classification, it i. difficult to

se. how to reroot such a tree so as to simultaneously

remove the unwanted cluster 3k, and produce the desired

cluster 12. Similar examples will be considered in the

next section. 

— ~~~~--~~•-.-~~-- ••‘-.•- —
~

-•
~
---•--,-

~ JI
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• 2, SDecial similarity on congruent inpj~t~~ ata.

Special similarity was applied to the data sets that

appeared as Tables 6,7,8,9 of Janowitz (1979a) . The

data in the tables attempt to reflect the following

natural classifications ( only the nontrivial clusters

will be listed at each level).

Table 6 ~~ab1e 7
Leve l 1 12 ,34 ,56,78,9—10 Level 1 12, 9—10
Level 2 1—4,56,78,9—10 Level 2 1—3, 8—10
Le vel 3 1—6 , 78 , 9—10 Level 3 1—1+, 7-10
Leyel 11 1—8, 9—10 Level li 1—5, 6—10
Level 5 1—10 Level 5 1—10

Table 8 _ Table 9
Level 1. 12. 115, 9—3.0 Level 1 12 , 31+ , 56, 78, 9— 10
Level 2 1—3 , 4—6, 8—10 Level 2 1—1+ , 56, 7-10
Level 3 1—6 , 7—10 Level 3 1—6 , 7-10
Level 11 1—10 Level 1+ 1-10

When special similarity is appl ied , the result in each
case is an ultrametric. Application of single l inkage

clustering now produces the classifications shown in

Pig. 1. The reader should check for himself to see what

a poor job has been done in recapturing the desire d

natural classifications. Furthermore, when the

classifications of Fig. 1 are viewed as unrooted trees ,

it is difficult  to see how to reroot the trees so as to
— recapture the desired classifications unless one has 

- —--~~ --•--- -- -~~~~~ -~~~-
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prior knowledge of the underlying natural classifications.

This Is especially well illustrated by Fig. 1(b). How

would one know that this tree should be rerooted ~o as

to produce the :lassification 1—6,7—10, for example?

There really seems to be no way out of this dilemma. If

one chooses the first object as a reference point, then

special similarity will not recapture a natural class-

if ication, even for fully congruent attribute datai on

the other hand , If one takes as a reference point an

object having all 0 states, then special similarity works

fine in the fully congruent case, but as was shown in

Janowita (l~79a), it does not perform well in the in-

congruent case. It remains to be seen how special similarity

will perform in the Incongruent case when the reference

point is taken as the first object to be classified.

This will be done in the next section.

• 

“1
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3. çja~~jJmilarity on incongruent i!~Jut data.

As a test of this,  I repeated a simulation that was dort t~
in Janowitz (1979a). I took each of the data matrices

from Tables ~ ,7, 8 ,9 and 1 of that paper, replicated the

characters as indicated therein, doubled eac i character

introduced a 5% random error iii reading character stateg,

introduced 6 random characters, and finally discarded

10% of the resulting characters In a random fashion. I

used special similarity as well as DC1, DC2, DC1I and DC1O

followed by both single linkage and u...5— clustering.

Methods 1 arid 4 of 1979a were then used to measure the

ability of each cluster method to recapture the class-

ification produc d by the unper turbe l data. In all cases

except that of special similarity , t,is measures the

ability of the cluster method to recapture the desired

natural classification. In the case of special similarity,

it measures how well the faulty classifications of Pig. 1

are recaptured . Here then are the results, based upon 5

trials with each data set, and using single linkage

clustering.
Table Method 1_ Me thod 4_ Coph. corr.

~3 Mean ~D Mean — SD _Mean
DC1 .8968 .01129 .081~2 .0753 .8183 .1112

DC2 .8671 .0703 .1143 .1545 .8290 .1090
DC4 .7107 .2617 .2760 .2293 .7448 .1873

DC1O .9137 .1202 .0875 .1166 .7586 .1909
Spec .8612 .0738 .1265 .1140 .9367 .0192 

—
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Table M~~thid 1 ~~ri~th~~~’+ 
- 

Copi~ corr
_ 7 IL~~~~b Mean sD )lean _ SD~I_

DC1 .837? .05 1+2 .2279 .0727 .8488 .0358
DC2 .9199 .0387 .2099 .1602 .8750 .01174

.8583 .0436 .2212 .1198 .7918 .0732
DC1O .8368 .01+82 .1469 .1344 .770? .0305
Svec_ .8867 .0320 .0709 L~~2Q. ~~678 .OUlTable

8

.8482 .1285 .1893 .1948 .8013 .1209

DC2 .8879 .0580 .0923 .01+05 .8610 .0575
DC1+ .6384 .111+7 .4075 .0860 .7281 .1281

DC1O .8938 .0980 .0786 .02112 .77911 .061+2

~ pe.c_ ~~8820 .0591. ,1137 .0693 .9536 .0238

Table
9

DC1 .7769 .1598 .2596 .1309 .7858 .0789
DC2 .7891 .1172 .2014 .1779 .8458 .0395
DC4 .6012 .1416 .3990 .1567 .71+82 .0649
DC1O .8073 .1819 .1705 .1901 .7330 40835

Snec - .8872 ,0448 - .11+26 .0948 .91+57 .0217
Table
1

DC1 .8099 .1135 .2256 .2012 .7721 .0790
DC2 .7586 .0736 .2746 .1931 .7967 .0679
DC4 .5676 .0358 .4360 .0453 .7146 .0644
DC1O .7787 .1744 .1799 .1460 .7172 .0716
Spec ~~~7l6 .01+36 ~~85? .06)3 - .9~~5 ~Q151

The data in the above table pretty well confirm results

that were announced in l979a. With respect to the coph-

enetic correlation coefficient, special similarity appears

to be far superior to any of the others. (Note . This is

the result that Ferris announced in 197? and 1979). But

it also does well with respect to the criteria of Methods 1

and 11. This shows that It does a good job of recapturing its

fau~ty view of the underlying classifications, and consequently

—
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must do a poor job of actually recapturIng those class-

ifications, Ignoring the performance of special similarity,

DC1O is best in 3 out of 5 cases with respect to the

criterion of Method 1, and is best in 4 out of 5 cases

with respect to Method 4. Though it seems pointless to

• reproduce the results of these 25 trials, it still is

informative to reproduce a portion of the actual clusters

produced by special similarity . The interested reader

may obtain the remainder from the au thor upon request .

Here then are the results from the data of Table 6.

_Leive] _T~~a1 1 — ~~ria1. 2 Trial 3 Tr~~~_4 _ j ~j•~..
1 9—10 9-10 9—10 78 9—10
2 78,9—10 78,9—10 78,9—10 56,78 5 9—10,78
3 56,78 9—10 7—10 7—10 56,78,9—10 5 7—10
1+ 56 ,7— 10 34,7—10 5—10 5—8,9—10 5—10

5 5—30 311,6—10 4—10 23 5—10 3—10
6 3—10 3—10 2—10 2—10 2-10

7 2—10 2—10 1—10 1—10 1—10

8 1—10 1—10

The above table indicates the nontrivial clusters only.

These results should be compared with the desired

natural classifications that appear on p. 7.

The same simulation was then performed using u.,5—

clustering in place of single linkage clustering, and

here are the results,

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ .-- ~~~~:::~~~~~~~~•~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
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Table Metho~~1 
— 

Method ‘4 Coph. Corr.
_~~_ Mean _ SD Mean SD - Mean SD
DC1 .9250 .0222 .1523 .0717 .8713 .0328
DC2 .9114 .0184 .1648 .1134 .8958 .0285
DCII .8711.6 .01+33 .1727 .1218 .8317 .0539
DC1O .9058 .0839 .1156 .0899 .8363 .0586
..3pec - .8530 .076? .1903 .09~~_ .9~38 ~~o~i6 —Table
7

DC1 .9153 .0793 .0919 .106? .8474 .0544
DC2 .9220 .061+6 .1156 .1601+ .8955 .0352
D~M .8979 .0906 .l~b8 .1638 .81+80 .0 75
D~10 .9702 .0160 .01155 .0172 .8300 .0~87

.,~~‘ec .9k24 .0136 .0541 .0356 .9741I_ .0081 
—Table

8
.7581+ .1995 .1887 .161+9 .7820 .1241

D~ 2 .7332 .2699 .2790 .22611 .8031 .1252
DC4 .3979 .1498 .4747 .091+9 .6o8~ .1928
DC1O .7829 .2439 .2008 .2073 .721 9 .1181
Sp~~ .9408 .~ 227 .~ 786 .0422 .9M~2Z1._ .111+5
Table

- -

DC1 .9119 .0591 .1020 .0814 .81+96 .0515
DC2 .8619 .0891 .1283 .1279 .8833 .0323

.8366 .1196 .1586 .1280 .8131 .0351
LC1O .8987 .0855 .1:378 .1231 .8268 .01+31+

~~~~ .9010 .0661 .1471 .1179 .9582 .0124 —Table
• • iH ~ .8432 .1570 .1481 .1468 .7886 .0744

t~ 2 .7985 .1729 .151+0 .1506 .81+33 .0575
t~4 .6223 .2914 .3233 .21+07 .7027 .1292
tflO .7911.7 .2287 .2132 .1796 .7496 .1080
Joec .9170 .0516 .1074 .1122 .9735 .00911

The situation is similar to that of the earlier case.

Special similarity has by far the highest cophenetic

correlation, while DC4 is significantly the lowest.

Sir ,e special similarity also performs pretty well with

res,ect to the criteria of Methods 1 and 4, what this shows

is that It dou a very good job of reflecting a class—

ifi cation that is not the one that we are after. If one

ign r.s special similarity , then DC1 is best in 3 out of 

~~-~~~- _



the 5 cases with respect to the criterion of Method 1,

and is best in 14 out of 5 cases with respect to Method 1.

• In all of these instances, DCII. is the worst. Thus whether

one regards the first object as the reference point or one

takes the reference point to have all 0 states, special

similarity is the worst choice of these dissimilarity

measure s with re spect to its ability to recapture a

natural classification in the presence of errors.

Having established that special similarity is not a

particularly good choice as a similarity measure, at

least for this particular simulation , I would like to

close this section by presenting 5 more trials on each

data set. This time , only Dcl , DC2 and DC1O are Involved .

Table Met hod 1 Mi~hod Li ~~oph . C orr .
6 Mean SD _Mean SD _Mean SD

bci .93117 .0414 .0917 .1039 .8853 .0675
DC2 .9190 .02511. .0681 .01+61 .9228 .0132
DC1O .9640 .o362~ .0329 .0209 .8242 .0298
Table

7
DC1 .8959 .0674 .&592 .0899 .8566 .0261
DC2 .8608 .0773 .3000 .2283 .85~0 .0601
DC1O .8151 ,1381+ .1784 .1892 .7~i1.2 .0534
Table

0

DC1 .81112 .1151 .2059 .]9Q8 .8035 .0929
DC2 .8062 .0260 .1778 .1536 .8486 .0572
DclO .8723 _.l226_ ,1327 .1110 .7829 .0584
Table

• 9

DC1 .8850 .0699 .0612 .037~5 .81+59 .0363
DC2 .7907 .0900 .1273 .1164 .8785 .0341
DC1~ .9334. .0495 .0651 .0400 .8468 .0530~~
Table

1
DC1 .7337 .1409 .2926 .1650 .78514 .1262
DC2 .7242 .1347 .261+0 .2113 .834.4 .09611’
DC1O_ .7511 .2174. .27111. .1870 .7667 .1192 
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Here it should be noted that Method 1 ~howe DC1O to be

best on II out of the 5 data sets, Method 11 shows DC1O

to be best on 3 of the 5 sets, while the cophenetic

correlation coefficient produces quite different results 
•

• in that it makes DC1O the worst choice in 4 out of the

5 sets. Again we have proof that the cophenetic
correlation coefficient does not provide a meaningful

criterion for measuring the performance of a similarity

measure.

r

-
~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . • --~~~~~ 
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14, Conclusion. If one decides that t is important

for cluster methods to be able to recogn ze natural

• classifications in the presence of certain types of error ,

then the results that were presented in Janowitz (19?9a)

and the present paper seem to Indicate that snecial

similarity is a very poor choice for a similarity measure.

while both simple matching and Yule’s coefficient seem

to be quite good. One must exercise extreme caution, how-

ever. in attempting to draw conclusionS such as this train

specific data sets. The results could very well be data

dependert~ The only safe conclusion that can be drawn

(hence the only conlcusion that I shall draw) is that

the results cast considerable doubt on any assertion

that special similarity is superior to the simple matching

coefficient, The matter should still be regarded as open.

One can of course use these results as an indicator

that special similarity and Yule’s coefficient might be

reasonable candidates for use as a measure of similarity,

but at the moment that is all I dare say.

What then is it that Parris has shown? He took a

phylogenetic cluster method , applied a measure of optimality

• that has in the past been favored by pheneticists, and

showed that in a large number of trials with different data

sets , his phylogenetic method was deemed superior to the

method favored by the pheneticists. I have Indicated In 

-~~~~•- 
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great detail why it is that one cannot conclude that this

shows the phylogenetic method to be superior to any

ph.netic method. What it does show is that the optimality

measure fails. This is the heart of what Parris has

demonstrated. I have little quarrel with his data —

• only with the conclusion that he has drawn fro, that data.

In a later paper, I shall examine the question of just

why it is that Yule ’s coefficient performs well on the

type of data that I have been examining. I shall also make

some concrete suggestions as to which similarity measures

ought generally to be used.

E -
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