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Notation

neutron growth rate

A(~ ,v) density of absorptions of neutrons
position ~ and speed v

S(v -i.v)dv number of neutrons that emerge in
velocity range dv when a neutron c.f

velocity v undergoes a collision

kernel representing the density of
abosrptions at ~ when one neutron
is released at ~~ with speed v

*~ (x 5v) the ~th order scalar neutron flux
eigenfunct ion

k~ (v) . elgenvalue associated with

delta function

B buckling of d i f fu s ion  theory solu~ i~~n

trial energy functions

k neutron multiplication factor

neutron flux at position ~ rr ’ r ’~ ~
solid angle ~ , time t

E(~ ,E) total macroscopic cross section ~
position ~ and energy E

viii
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p path length from i~ to i~ equal
to

fr E E
~~~~~ 

probability that a neutron entering a
collision with energy E’ and direction

~~ will emerge with energy E and
direction c~

c(r ,E )  average number of secondary neutrons
emitted per collision at (r ,E )

total macroscopic cross section with
time absorption 1z/v added

order of one group spatial flux
distribution eigenfunction

A rt eigenvalue associated with

n(E) neutron number density in units of
neutrons per unit volume per unit energy

~~ expansion coefficients of trial function
and n .

X1 result of operating on the trial solution

• 
with two-dimensional kernel

A transformation matrix from
basis to X basis

C ratio of successive shell radii in a
self-similar mesh

e angle between radius vector ~ and
path length p

ix
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“k direction cosines for Gaussian
quadratures

Wk weights associated with direction
cosines

K number of integration rays

C interpolation coefficient s used to
express the flux as a function of p
rather than a function of r

T transmission factor

T~ cos 0 where 0 is the angle between
and the k integration ray

x
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INTEGRAL EQUATION SPACE-ENERGY FLUX

SYNTHESIS FOR SPHERICAL SYST EMS

I. Introduction

The calculations of neutron flux distributions and

neutron growth rate (a) for multiply ing systems currently

• require extensive computing time on the largest machines .

Because of the immense amount of detail in the dependence

of cross sections on neutron energy for fissile nuclei ,

there is no possibility of obtaining exact solutions to the

energy-dependent neutron transport equation for general

problems (Ref 2:48). The usual approach is to obtain numer-

ical solutions to the Boltzmann transport equation. Even

for one-dimensional systems , this integro-differential

equation expresses the neutron flux as a function of four

independent variables : position , energy , direction , and

time. Accurate calculations of neutron transport are often

made by finite differencing the first three of these variables .

A typical neutron transport problem might involve tens

• of spatial cells and perhaps ten energy groups and ten

directions . Differencing this problem then results in a

mesh composed of approximately a thousand “cells;” each

with a specified position , energy , and neutron direction .

The calculation , however , is entirely nonlocal in the sense

that neutrons in any cell can influence neutrons in any

other cell. Thus , to compute a neutron flux value in one

1 
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cell requires the calculation of interactions between thut

cell and the other 999 ce l ls .  For a typical problem of a

t h o u s a n d  cells then , about a million interac tions mu st be

ca l cul ate d in order  to spec i f y the neutron flux for a given

t ime. In a tJme dependent problem , these calculations

m u s t  he repea tc d each t ime the clock is adv anc ed one s tep.

C l e a r l y ,  the usual approach to numerically solving t he

l3olt zmann t ranspor t equa ti on require s ex tens ive compu t in~
time in addition to extensi4le computer storage capability.

If all spat ial dimensions of the sys tem under con sid er-

ation are large compared to the applicable neutron mean free

paths , it is possible to use diffusion theory to c alcula te

the neutron flux and grow th rate for the sys tem . Well known

because of its wide applicabili ty, this me thod fa ils to

describe many interesting problems because diffuFion theory

is com p le tely local in the sense that each cell is  influenced

onl y by its neares t neighbors . One consequence of this

local nature is that the shape of the spa ti al neutron flux

dis tribut ion is strongly influenc ed b y the boundary conditions.

Howev er , it is precisely at the boundary that this soluti’)n

techni que is mos t inaccura te. For sp heric al systems with ’ a

radius of a few mean free paths , a l l  points in the sys t em

are “close ” to the boundary and thus diffusion theory is

not applicable.

Clearly, a compromise is needed between the simplicity

of diffusion theory and the accuracy of transpo rt theory.

2
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An efficient solution technique that can be used on small or

medium sized computers would be of value in p a i a m~tri c

studies of small , fast , supercriticai s’-stc;~~.

Purpose and Criteria

The purpose of the research reported hert. was to

develop a techni que that can be used to efficientl y calcu-

late the neutron flux and the neutron growth rate in small

spherically symmetric , multiplying systems . The technique

is to be a numerical one that maximizes the use of analytical

tools and approximations in order to minimize the numerical

• effort and expense. Extreme accuracy is sacrificed in

favor of efficiency , but the strength and significance of

the technique will lie in its applicability to nonlocal

problems - - problems which diffusion theory cannot describe.

Overview

This report contains five sections and two appendices.

In Section II , the theoretical background of some semi-

analytical methods that influenced the development of

integral equation synthesis (IES) is discussed . The extension

of these methods and the derivation of integral equation

synthesis is presented in Section III. In Section IV ,

benchmark calculations are described and the results are

analyzed. Finally, the conclusions and recommendations of

this study are presented in Section V. In App endix A , the

numerical methods used in the lBS calculat ions are described.

3
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A listing of pertinent data used in benchmark calcula-

tions is pres~ nt ed in Appendix B.
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II. Back&round

Early attempts to solve the neutron ti~ nsp~ it equation

were based on approximations that allo~.ed ii I~~ il s~ lut ions .

As comput ing machinery evolved to larger and f- aster mo dels ,

numerical methods also evolved to brute force sr l L t i o n s  w i t h

fewer and fewer approximations. However , m any of the early

techniques were surprisingly accurate and can be easily

extended to describe very complex problems today .

The discussion of methods and techniques of neutron

transport included in this section is certainly not intended

to be a comprehensive survey of such me thods .  Rather , the

purpose here is to b r i e f ly  review only those techniques tha t

provided a foundation for and influenced the development of

integral equation f lux  synthesis .  Some of the basic ideas

of synthesis  methods were deta i led  over three decades ago

by Serber and Wilson.

Serber-Wilson Method

The Serber-Wilson method (Re f 19) is an approx imate

technique for finding critical masses and multi plication

rates for two-media , spherical systems . Developed inde-

pendently by Serber and Wilson in 1945 , this method

approximates the neutron flux in each medium with asymp-

totic diffusion theory solutions . The integral form of

the neutron transport equation is required to be satisfied

S
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at the center of the system . This requirement provides

the constraint necessary to define a matching coefficient

for the two pieces of diffusion theory solutions .

If the system is divided into a core region and a

tamper or reflector region , then diffusion theory can be

used to approximate the neturon distribution in each region .

In the core region or active region , the neutron density

is taken to be of sinusoidal form ; in the reflector region ,

an exponential is used for the neutron density . The true

distribution shows a transition effect near the core-

reflector interface where the density drops rapidly in

passing from the core to the reflector. Serber represented

this by allowing a discontinuity in neutron density at the

interface. The magnitude of the discontinuity can be

determined from conservation of neutrons ; in a critical

assembly the rate of neutron production in the core must

exactly equal the rate of neutron absorption in the reflector

(assumed infinitely thick). Once the neutron density is

fixed in this way , the critical radius can be determined

by requiring that the integral equation which governs the

diffusion of neutrons be satisfied at r = 0

- The striking feature of the Serber-Wilson method is

that , in the resulting equation to be solved for the critical

radius , R , one side of the equation contains only core

constants and the other side of the equation only reflector

constants. This obviously leads to a very simple graphical

6
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solution. The extension of the method to n- -n critical

assemblies is straight forward since a mul t ip l y i n g  sys tem

is equivalent to a critical one with time aPs r;~~ion

(Ref 3:7~~ .

Deficiencies  in the Serber-Wilson appr ’~~.h a rc three-

fold : t i rst , the method cannot handle systent~ so smali that

the diffusion approx imat ion introduces unacceptable error;

second , although the method can be extended to handle three

mat erial systems , it is d i f f i c u l t  to t r ea t  multi-material

systems wi th  vary ing densities ; third , the me thod canno t

easily describe the effect  of the d is t r ibut ion  of neutron

energ ies in finite systems (Ref 6 : 2 7 5 ) .

In Feynman ’s method , which is described next , special

attention is paid to those problems arising from the fact

that neutrons of different velocities have different

properties.

Feynman’ s Method

Like the Serber-Wilson method , Feynman ’s method

(Ref 8) is an approximate technique for calculating critical

sizes and multiplication rates of spherical , active cores

surrounded by reflectors. The basis of Feynman ’s method

is the integral equation for A(~ ,v) , the density of

absorptions of neutrons at position ~ in the core , at

speed v , per un it range of v • Feynman also defines the

term S(v -,.v)dv as the number of neutrons (isotropic)

that emerge in velcoity range dv when a neutron of velocity

7

_ S I~~~~~~~~~~~~~~~~~.±II 



v makes : c:llision in the core . He further detine: a

kernel P(x -÷x ,v) as the density of absorptions at x when

one neutron is re leased isotrop ically at i~ with velocity

v . The var iable  v merely specifies the constants to be

used in calculat ing this kernel .  Then A(~~,v) sa t i s f ies

the following integral equation

A(~ ,v) fd~~’fd v P ,v) S(v -~v)A(it ’~,v )  (2.1)

Now a form for the kernel P can be obtained by

considering a s imple one-velocity problem . The scalar flux

ei genfunctions at velocity v , i~~(~~,v) sa t isfy a one -

velocity integral equation

q,~(~ ,v) = 
k~~~) 

fd~~ [P(~~+~ ,v) ~~(~~,v)] (2.2)

where k~ (v) are the associated cigenvalues . Feynman

then expands the kernel of Eqn (2.2) as a bilinear series

of its eigenfunctions .

q~ (~,v)* (~~,v)P(5~~-x ,v) = ~ k (v) fl n 
(2.3)

n fdx ~t, (x,v)

The crux of Feynman ’s method is to approximate the kernel P

in various ways that  allow a s imple solution to Eqn (2 .1 ) .

The first lower approximation (so named because it under-

estimates the critical radius) is to replace all the k~ (v)

8
p
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in Eqn (2 .3)  by k0 (v) so that  then

= k0 (v) a(~~ -~~) ( 2 . 4 )

and after substitution , Eqn (2.1) simplifies to

A( 5~,v) = k0 (v) fdv S(v ÷v ) A(~~,v )  (2 .5 )

Similarly the first upper approximation (it overestimates

the critical radius) is to set all kn (V) = 0 except

k0(v) . Then Eqn (2.3) becomes

* (~~,v) ip (~ ,v)P(x -~x ,v) = k0(v) ° ° - (2. 6)
fdx q~~(x ,v)

Substituting Eqn (2.6) into Eqn (2.1) gives

~p (~ ,v)
A(x,v) = k (v) 2 (2.7)

° fdx *0 (x ~,v)

An implicit assumption of Feynman ’s approach is that

the one-group problem has been solved for every velocity

group. In practice , he used the diffusion theory solution

for the ~~(x,v) , i.e., the eigenfunction ~~ was always

appr oximated by sin Br (Ref 9:163). The method itself

does not require any particular approach for solving the
F 

one-group problem . However , Feynman ’s method does require

9
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that the spherical system under consideration be divided

into a core and a reflector , each with homogeneous composi-

tion . If this is not the case , the method breaks down . If

the composi t ion is nearly uni form , a clumsy p e r t u r b a t i o n

t reatment  can still be made , but the main advantages of the

meth od are lost (Re f 8 ) .

Clearly , Feynman ’s method gives insight into an

efficient technique for determining neutron flux . Rather

than solving a two-dimensional problem (one spatial dimension

and one energy dimension), Feynman ’s approximation allows

one to solve two one-dimensional problems successively.

Although this is strictly possible only when the kernel

is actual ly  separable , the idea of Feynm an ’s method is

analogous to modern flux synthesis methods.

Flux ~ynthesis Methods

Modern flux synthesis methods are attempts to solve

multidimensional problems by first solving a sequence of

s impler , usual ly  one dimensional problems . The reconstructed

multidimensional solution , although an approximation , often

contains detail which is impossible or economically imprac-

tical to achieve with a direct solution (Ref 20).

Early flux synthesis methods were directed toward

sulving complex reactor problems and invariably used

diffusion equations and thermal energy spectra . Lancefield

(Ref 13) extended space-energy flux synthesis methods by

avoiding the diffusion approximation and retaining the

10
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governing transport equation. He also introduced several

refinements to the basic space-energy flux synthesis method .

These included : leaving both the space/angle and energy

dependenc e of the trial function to be determined by the

variational principle , incorporating discontinuous trial

functions , and the use of a new variational principle for

c r i t i c a l i t y  problems that leads to estimates of homogeneous

functionals of the unknown flux .

Lancefield ’s approach , however , is still plagued with

the problem of choosing appropriate trial energy functions ,

One customarily chooses the s~ (E) to represent

infinite-media spectra characteristic of the sub-regions of

the system . But this choice is restricted to large systems

where such solutions dominate in some regions . For small ,

highly enriched fuel systems , it seems likely that such a

choice would lead to considerable errors in both the computed

reaction rates and the calculated energy spectra (Ref 21).

Indeed , Lancef ie ld ’s resul ts  for a two region (core and

reflector) fast reactor gave good results for multi plication

factor, k , but the errors in the reflector flux were

intolerably large . To reduce these errors , Lancefield used

different spectra and weight functions in different regions .

However , the spectra and weight functions were obtained from

the known solution . To avoid celiance on the known solution ,

an iterative scheme was devised , but Lancefield himself

edmits the whole procedure became so complicated and lengthy

that any practical applicability became questionable.
•

11 .
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Nearly simultaneous with Lancefield ’s work , Neuho ld

and Ott (Ref 16) improved the space-energy synthesis approach

by employing reaction rate weighting , by using realistic

tr ia l  func t ions , and by der iv ing  a more general  a n a l y t i c a l

solution for the synthesis equations which includes the

use of complex buckling . These improvements led to error

reductions (compared to previous space-energy synthesis

versions) of a factor of 100 in multiplication rate , k

and a factor of 20 in integral quantities sensitive to the

non-separability of space and energy . Unfortunately , the

app l i cab i l i t y  of these improvements is l imited to systems

in which diffusion theory provides an adequate model.

Cockayne (Ref 4) extended the work of Neuhold and Ott

by examining the choice of trial spectra . He found that

“realized” spectra , i.e. , spectra actually existing at some

point in the system , generally gave more accurate results

than a spectrum averaged over a region . Cockayne also

developed a procedure that allows calculation of a “realized”

spectrum in any transition region .

In summary , flux synthesis methods offer considerable

potential relative to reducing computational effort for

reactor analysis. However , the various approaches suffer

from lack of wide applicability. Most of these approaches

are based on diffusion theory and thus the applicability

is restricted to problems in which the system is large

compared to the operative mean free paths. Other forms of

12
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flux synthesis require accurate knowled ge of the energy
spectrum which can only be Obtained through comp lex iterative
schemes . The concept of space-energy flux synthesis is
fundarnentai to the new method described in thc- next section.

13 
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I I I .  Development  of In t eg ra l  Equation Synthesis

In this section we develop the equations that comprise

the i n t eg ra l  equation syn thes i s  method. Basica l ly , the

goal is to expand the two dimensional flux , i.e., rad ius

and energy , in terms of products of one dimensional , sepa-

rated , trial eigenfunctions . The one dimensional  problems

are computationally easy and economical to solve , and the

accuracy of the final solution can be adjusted by using

more trial eigenfunctions.

First, the integral form of the transport equation is

specia l ized and simp lified for a one dimensional , mono-

energe t ic , time independent problem . Analogous to this

spat ia l  in tegra l  equation and based on neutron conservation ,

we next develop the energy integral equation . Finally,

the syn thesis procedure is described whereb y the expansion

coefficients are determined and the final solution is

constructed.

Spatial ln tejral  Equa tion

The basis of the in tegral  equation synthesis  method

is the integral form of the neutron transport equation

(Ref 6:27)

-f E(E,pidp

= f dv- e 
~ 2 fdE ~(i~~i ,E’,t~)4~1r-r ’I

E(
~~~

EiC(r ,Eifr_ (E *E; ~~~-‘~~) (3.1)
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where

= neutron flux at point ~

energy E , soli-~ ~ng le ci

at time t

= total macroscop ic cr ss section

at (~~ ,E )

p = 1jt~j~~1

C(~~,E )  = average number of secondary neut rons

emitted per collision at (~~ ,E )

= probabi l i ty  that  a neu tron en ter ing

a collision with energy E and

direction ~V will emerge with

energy E and direction a •

Several simplifications and assumptions are now made

in order to reduce the number of independent variables in

the flux that is to be computed. First , the angular varia-

tion of the flux is eliminated by assuming isotrop ic scatter

and integrating both sides of Eqn (3.1) over all solid angle.

From now on, the all angle or scalar flux is being computed.

It will become apparent in the development below that this

simplification is not essential to the method , but is a

significant convenience .

15
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Second ly ,  t he  t ime  dependent  problem can be t r a n s f o r m e d

in to  a s t a t i o n a r y  problem (Ref 8:78). We assume the time

dep endence of the flux in a multiply ing  sys tem is giv en by

an exponential growth rate a . Tnus ,

~~~~~~~ = ~~~~~ eat

and

- ctp
- 

v(e)  ~ 
= ~i~(~~ ,E )  e~

t e V t ~~T 
.1)

Subs t itut ion of Eqns (3.2) and (3.3) into (3.1) transfortu r

the integral equation into a time independent problem.

A further simplification is made by res tric ting

applications to one-dimensional , spher ica l ly  symme tric

systems . The specialized integral equation is now

p
- f  E (p’~,E)dp

0

~‘(r,E) = fdV - e 
fdE~ ~(r ,E )

4 ~ 2

e 
~

(r ,E ) C (r ,E )fr (E +E) (~.4)
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Note that  the time retardat ion term , exp [ - ap / v ( E ) ]  , can

be incorporated into the exponential attenuation term by

def ining a new cross sect ion

Z*(p,E) E (p,E) + (3 .5 )

We now wr ite the in tegral equa tion for one en ergy group .

p
-~~~ E*(p )dp

= JdV 
e 

~p (r )E(r )C(r ) (3.6)
4 ~~ 2

where

*(r) = one group spatial flux distribution

Z*(p ) = E(p ) +

A = eigenvalue

Equation (3.6) represents an auxiliary problem which is an

eigenvalue problem. It can be solved numerically, such as

by the power method (Ref 7:291), for the spatial flux

distribution ~p(r) . In addition , the lowest order eigen-

value of Eqn (3.6) can be made equal to unity (i.e., an

exactly critical system) by iterative adjustments to ~

as per Eqn (3.5). When the eigenvalue is made equal to one ,

Eqn (3.S) can be solved for the one group multiplication

rate, a

17



However , Eqn (3.6) has an infinite number of solutions

corresponding to hi gher order ei genvalues and associated

ei genfunctions . There will be a lowest A , called A 1
for which the eigenfunction 

~ 
is everywhere positive .

The ci genfunctions corresponding to higher order values of

x (A ~ being associated with ~~ 
) wil l  have one or more

nodal points. In other words , the neutron density will be

posi t ive in some r eg ions and negative in others . Feynman

(Ref 8:8) interprets negative neutron densities as defi-

cienc ies below some positive neutron density . He further

states that phys ica l  reasoning can be used in interpre ting

the integral equation if negative neutrons are thought of

as actual particles whose presence in a region can cancel

the presence of an equal number of positive neutrons .

Clear ly , increasing the number of nodal points in ~p wi ll

decrease the overall significance or contribution from

that . This is so because leakage of neutrons of

opposi te si gn into one another will become more rap id as

the ei genfunct ion osc i l la tes  more rap idly .

It should be noted here that  the ei genfunct ions , ~~
are not mutually orthogonal since the kernel of Eqn (3.6)

is not symmetric . Furthe rmore , there is no guarantee that

the functions form a complete set , even though this is

certainly true for cases of physical interest (Ref 8).

But as Kaplan (Ref 12) argues , “completeness is academic and

or thogonal i ty is only a minor convenience. ” Thi s is

18
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especially true for the case of an approximate , numerical

solution . Indeed , at most onl y a few of the set of t r i a l

eigenfunctions will be used in the fin~a1 soluti .n. The only

cri teri on , then , for these ei genfuncti oiis i s  t he “~oodness ”

of the f ina l  approximation , i. e. , the accuracy of the final

solut ion .

We now turn our attention to the energy dependence of

the neutron t ransport  equation . The next goal is to develop

an energy in tegral  equation that  is analogous to the spatial

integral equation.

Energy Integral Equation

An analogous energy integral equation can also be

derived from Eqn (3. 4 ) .  The procedure is to assume spat ia l ly

invariant mater ia l  properties and a system of infinite

extent . These assumptions allow the spatial integrations

of Eqn (3.4) to be performed analytically resulting in

Eqn (3.11). However , the development of the energy integral

equation presented below is based on conversat ion of neutrons

and serves to g ive a better  physical in terpre ta t ion of the

energy equation .

Let n ( E )  be the energy dependent neutron number

densi ty in units of neutrons per unit volume per unit energy .

Then the time rate of change of the neutron number density

is jus t  equal to the gains minus the losses . That is ,

19
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anCE) = gains - losses (3.7)

We assume a system of infinite extent with a spatiall y

constant f lux . The contr ibut ion of n(E) , summed for each

energy bi n dE , is g iv en by

gains = fd E n(E ~ ) v(E ) E ( E ) C ( E ) f ( E +E ) (3 .8)

wh ere

n ( E )  = neutron number density at energy E

v(E~) = neutron speed at energy E

= macroscop ic total cross section at 
F

energy E

C ( E ) = average number of secondary neutrons

emit ted  when a neutron of energy E

undergoes a coll ision

f ( E -~E) = probability that a neutron entering a

collision with energy E will emerge

with energy E .

Equation (3.8) is nearly self-explanatory . The number

densi ty  t imes the speed is just neutron flux . The product

20
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of flux and cross section is the reaction ra te .  For each

reaction there are C(E ) neutrons emitted wi th  energy

dis tribu t ion g iven by f (E +E) . In order to obtain the

ent i re  gain  to n (E)  , we simply sun or i n t e g r at e  over all

energies E

The losses term in Eqn ( 3 . 1)  is even more strai ght-

forward than the gains . Since we have assumed an infinite

system , there is no leakage.  The only loss is due to reactions

or collisions that occur at energy E . This is simp ly the

product of flux and total cross section.

losses = n(E) v(E) (E) (3.9)

Equation (3.7) can now be written as

an (E )  
= fdE n(E ) v(E ) E(E ) C(E ) f(E -~.E)at

- n(E) v(E) CE) (3.10)

But again , as in Eqn (3.2), we claim to know the time

dependence of our system . In this case , the exponential

growth rate is given by Uc, since we have assumed an

i n f i n i t e  system . Taking the par t ia l  derivat ive in Eqn (3.10)

and re arr anging , we have the energy integral equation.

‘------5 -- 5 - 5 - - -— —‘- -5 .——--- - -5
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[a + v(E)~~(E)J n(E) =

JdE n~~~~ v ( E~ ) E (E ) C ( E )f ¼ E - ~E) (3.11)

Note that Eqn (3.11) is another eignevalue problem. The

lowest order solution n1 (E) , corresponds to the energy

distribution in a homogeneous , infinite medium . Just as in

the spatial case , there are an infinite number of solutions

corresponding to higher order eigenvalues and associated

eigenfunctions . The lowest order solution , n1(E) , will

be everywhere positive and higher order eigenfunctions will

have one or more nodal points. The energy eigenfunctions

are also not mutually orthogonal , although the adjoint or

left eigenfunc-tions are orthogonal to the right eigen-

functions . Completeness of the energy set of functions

is again academic since at most only a few eigenfunctions

will be used to approximate the final solution.

We now have methods for determining the spatial flux

independent of energy , and also for determining the energy

distribution independent of spatial location. The next

step is to combine or synthesize the solutions to the

separated problem . The final solution , a judicious combina-

tion of the separate solutions , will be the integral

equation synthesis approximation to the two dimensional ,

i.e. , space and energy , non-separable problem .
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Synthesis of Spa tial and Energy Solut ions

Assuming the spat ial and energy eigenfunctions form a

complete set , the neutron flux can be expandc- d in terms of

these trial eigenfunctions :

•(r ,E) = ~ a~~ *1(r) n~ (E) (3.12)

Since the sets of spatial and energy trial functions

are known, a good approximation to the flux should be

available once a few of the expansion coefficienct , a1~
are obtained.

In order to simplify the bookkeeping notations , we

arrange the trial solutions in an arbitrary but consistent

order so that trial solution number one is ijj1 (r) n1 (E)

trial solution number two is *2 (r) n1(E) , trial solution

number three is ip~ (r)  n2(E) , trial solution four is

~2 (r) n2 (E) , etc.

The standard methods of perturbation theory (Ref 14:413)

are used to obtain the expansion coefficients. That is,

we first operate on the trial solution with the exact , two-

dimensional kernel of Eqn (3.4). In other words , replace

•(r~ ,E- ) on the right hand side of Eqn (3.4) with the

known p1 ( r )  n1(E) . It is important to note that

Eqn (3.4) is no longer an eigenvalue problem ; it simply

represents an integration that must be performed to obtain

the flux •(r,E) . This integration can be performed

23
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numerically quite quickly since no iteration or simultaneous

solutions to equations are required .

Let the result of the integration be X1 (r,
E) ~ the

subscript denoting that the first trial solution was used

on the right hand side of Eqn (3.4). We can then use adjoint

weighting to expand X1 (r
1E) in terms of all the trial

eigenfunctions 
~ 

n
3 

and let the expansion coefficients

by A1~ . The first subscript on A denotes that X1
is being expanded and the second subscript identifies the

coefficient as belonging to the nth trial solution.

That is ,

N
X1 (r E) = 

~ 
Aln *j n~ i , j  = 1,2,... (3.13)

n 1

and clearly

f fX (r E)~j,i~(r )n~ (E)d rd E
A = — 

1) 1 (3 14)in 
if  

~1 ~~ 
n~ n~ drdE

where the dagger terms are the left or adjoint eigen-

functions found from Eqn (3.6) for spatial functions and

from Eqn (3.11) for energy functions. The denominator

in Eqn (3.14) can easily be made unity with proper normali-

zation of the separate eigenfunctions .
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Similar ly , the in tegra t ion  indicated in Eqn (3.4) is

performed after substituting ~2n1 , *1n 2 , ~p 2n 2 , e tc .

for ~(r ,E )  on the right hand side of Eqn (3.4). The

results of these integrations are labelled X2 , X 3

respectively, and these in turn are expanded in terms

of the ~~n3 
basis set. The expansion coefficients ,

defined by Eqn (3.14), form a transformation matrix [A mn J

This matrix transforms from the ~i~ (r) n.(E) basis to the

X(r~E) basis.

Note that , if the trial eigenfunctions 
~~ 

n~ were

exact eigenfunctions of the kernel of Eqn (3.4), i.e., of

the fully two-dimensional , non-separated kernel , then the

matrix [Amn] would be the identity matrix. Thus , the mag-

nitude of the off-diagonal elements of [Amn] give a measure

of the validity of the separability assumptions used to obtain

Eqns (3.6) and (3.11). In addition , if the choice of trial

eigenfunctions is reasonably accurate , then the magnitude

of the off-diagonal elements should decrease the further one

goes away from the main diagonal .

The next step in the synthesis of the spatial and

energy solutions is to use the power method (Ref 7:291)

to obtain the largest eigenvalue and associated eigenvector

of the transformation matrix (A n) . The elements of the

lowest order eigenvector are just the expansion coefficients

a1~ that we seek for Eqn (3.12).

25
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Now that a new and much more accurate approximation

to the flux is available through Eqn (3.12), we can use

this flux one more time in Eqn (3.4) to perform the right

hand side integration . This final integration will yield

a more accurate eigenvalue which can then be used to compute

the final growth rate , ~ . We then have solved for the

flux as a function of radius and of energy, and have also

determined the growth rate for the system.

As pointed out in Section I, the objective of this

research was to develop an efficient numerical technique

for computing neutron flux and growth rate in specialized

systems. However , the entire development in this section

has been in terms of continuous functions and continuous

variables which are obviously not suitable for direct

transfer to digital computers . The computer encoding,

numerical techniques and approximations are certainly not

a trivial portion of any solution algorithm. Indeed , in

the case of integral equation synthesis , a large part of

the numerical efficiency can be attributed to a new and

unique method of volume integration on a sphere (Ref 17).

However, the particular numerical methods remain secondary

to the essential ideas of integral equation synthesis.

The development and description of numerical techniques used

in integral equation synthesis can be found in Appendix A.

26



In the next section , in tegra l  equat ion synthes i s  is

used to obtain neutron flux and growth rate for small ,

spherical systems . These results are compared to those

obtainable with more conventional (and expensive)

calculational schemes .

27
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IV. Resul t s  and Discussion

The integral equation synthesis (IES) approach was

converted into a Fortran computer program by the author

and used to compute the neutron flux and growth rate in

some simple systems . In this section the sample problems

are described , as well as the results obtainable with this

method.

Jezebel Calculations

Jezebel is a bare plutonium sphere , measured to be 
- -

just critical with a mass of 16.6 kg at a density o~

15.8 g.’cm 3 , corresponding to a radius of 6.4 cm. Tue

isotropic composition of the plutonium is 94.1 wt % Pu-239 ,

4.8 wt % Pu-240 , and 1.0 wt % gallium (Ref 5).

The benchmark for IES calculations is the experimental

data reported in LA-3529 (Ref 5). In addition , flux and

energy distributions were obtained with the 1977 version

of the Los Alamos DTK code using their standard 13 energy

group cross section set . The res~ults from the DTK code

differ insignificantly from those quoted in LA-3529 , and

so these sources are used interchangeably as a benchmark

and are herein refer red  to as LASL resul ts .

Cross Sections Used in Calculations

The cross sections used in the IES calculations were

a 16 group set col lapsed from the 175 group se t repor ted

28
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in UCRL-50400 Vol . 16 (Ref 18). The collapsing was done by

Dr. Walt Webster of Lawrence Livermore Laboratory (LIL)

who used group struc ture and w eighting spectrum commonly

used at LLL for small , fas t , cri ti cal asse mb l i e s .  The

group structure and associated group ve1oci~~ies arc described

in Appendix B.

It is impor tan t to note her e tha t th e cross  sec t ions

used in the IE S ca lcu la t ion  are not iden t ica l  to those

used in the benchmark calculation. This selection was

made for two reas~ if~ . 
- 

Fir s t , the LLL cross sections were

readi ly avai lable  and in a form eas i ly  incorpora ted in to the

IES methodology. Secondly, and more impor tan t l y ,  it was

decided early in this project that the level of accuracy

desired with the~.2i~S method was inconsistent with highly

refined , normalized cross section sets that give good

results in only one specific app lication. Indeed , the

authors of the benchmark c’~~culation point out that cross

section users often find that”~~ormalization is essential

to achieve the accuracy required\p
\
f ~~eir calculations

(R ef 11). The results reported for the lBS calculations

are typ ical of those obtainable w i th  any reasonable cross

sectioi~. set.

Numerical Details

To perform the integrations needed in the integral

equation synthesis method , Gaussian quadratures are used

for the angular  in tegra tions . The Gaussian wei ghts and

abscissas are g iven in Appendix B.

- -
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The spa t ia l  mesh used in the lBS Jezebel calculation

consis ts of a cen ter bal l  and 17 shel ls  of inc reas ing

thickness. For ease of calculation and numerical integration ,

a self-si milar mesh is chosen such that the outside radius

of any shell is given by

r~ € r~~1 (4.1)

where

r1 
= outside radius of an arbitrary shell

r~ _ 1 = outside radius of next inner shell

c = 1.1571

Growth Rate Results

Integral equation synthesis computed the Jezebel

alpha to be + 0.39 generations per microsecond , compared

to the benchmark value of - 0.65 generations per micro-

second. A better appreciation of the accuracy of the IES

result can be obtained by converting the alpha values

(which should be exactly zero for a critical assembly) to

mul tiplica t ion fac tor , k (which is exactly one for a

critical assembly). The LASL value corresponds to a k

of 0.99992 whereas the IES alpha corresponds to a k

of 1.00005. This deviation of less than 0.01% is

30
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indeed neg li gible in view of uncertainties associated with

cross sections and other material properties such as

isotop ic composition and density .

-: Computed Flux Results

Th e spat ia l  f lux  distributions computed by the lB S

me thod and by the LASL code are shown in Fig. 2 .  The two

curves are normalized to each other at 0.71 cm since the

di f fe ren t  me shes in each calculat ion had a com~non valu e at

this radius. This normalization is convenient and yet ,

for practical purposes , it is equivalent to normalization

at the center  of the assembly ; i . e . ,  at zero radius.

Norm al iza tion at the cen ter is preferred to an integral

normal iza tion because , in a hi ghly supercri tical assembly ,

the central reg ion drives the entire sys tem so t h a t  errors

near the center are much more significant than differences

near the outer edge.

As is typ ical of IES resul ts , the me thod underes t ima tes

the magnitude of the f lux in the outer reg ions. Note that

th e ma x imum discrepancy in the f lux at the outer ed ge of

th e as sembly is only about 8% .  This is most l ikely due to

an approximation used in performing the volume integrations

required by the integral equation approach . This approxi-

ma t ion is not essen t ial to the me thod , but does si gnificantly

reduce the calculational effort . See Appendix A for a

d et a i led des cr iption of the geodesic c o e f f i c i e n t s  used in

volume i n t e g r a t i o n s .  
- 

- -  
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The IES r e su l t s  shown in Fi g. 2 were ob ta ined  w i t h

only two trial eigenfunctions . That is , the final spatial

f lux  d i s t r i b u t i o n  is a combinat ion of qi1( r )  and p 2 ( r )

onl y .  Pl o t ted  in Fi g. 3 are the LASL resul t , the IES

resul t , and the p 1 only resu l t .  Note that , in the

Jezebel case , the addition of another trial eigenfunction

(IES curve compared to 4’~ curve) improves the result , but

not dramatically . Just as one would expect , the lowest

order t r i a l  eigenfunction carries most of the info rmation

and addit ional  t r ia l  ei genfunct ions represent f ine  tuning

of the basically accurate first approximation. In many

practical applications , it may be determined that the

improvement in accuracy obtained by introducing more trial

eigenfunctions is not necessary or not worth the computa-

tional effort. The integral equation synthesis method is

inherently flexible and easily adapted to various accuracy

requi rements .

The computed energy distribution of the Jezebel

flux at the outer surface is shown in Fig. 4. Also plotted

in Fig .  4 is the LASL leakage spectrum for the Jezebel

device. The two histograms are normalized to the same

value at the peak energy groups respectively which occur

near .5 MeV . Althoug h the group s tructures are d i f f e r e n t ,

not the general agreement between the IES results and the

LASL results. Just as in the spatial case , the final IES

energy distribu tion was obtained with only two trial

eigenfunctions , n1 (E ) and n 2(E) . But contrary to the
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spatial case , the addition of the second energy elgenfunction

made only negligible changes in the computed spectrum .

Ob viously , the i n f i n i t e  medium spectrum is very close to

the Jezebel spectrum. In other words , essent ia l ly  all the

spectral information is carried in the lowest order t r ia l

ei genfunct ion.  We would not expect such a fo r tu i to is

computation of energy eigenfunctions in systems of variable

density or non-homogeneous composition . In any event ,

when additional energy eigenfunct ions  do not si gn i f i can t ly

a l ter  the final spectrum , it is clearly uneconomical

and unnecessary to include more than one t r ia l  function .

Shown below in Table I is the transformation matrix

computed for the Jezebel system . Note that the terms of

maximum magnitude occur on the main diagonal .

Table I
Transformation Matrix from Jezebel Calculation

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  

~~~fl
2 

- 
*2n2

X1 1.0358 -0.0062 0.0019 -0.0004

X2 -0.0035 0.5728 -0.0003 -0.0015

X 3 0 .1891 -0.0011 -0. 6621 -0.0218

X4 - 
-0.0006 0.1059 -0.0156 -0.5149
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In Table II  below are the expansion coeff ic ients

computed from the transformation matrix shown in Table I.

Clearly , the maximum in fo rmat ion  is “contained” in the

lowest approximation ; i.e. , in ip~n~ . It is also clear

from the relat ive magnitude of the coeff ic ients  shown in

Table II that n 2 carries l i t t le  informat ion.  In

comparison the second spatial  t r ia l  funct ion , q,~
contributes about 10% to the final solution.

Table II
Mixing Coefficients for Jezebel Flux Synthesis

Function Coefficient

0.9938

q,
2

TL
l 

0.1107

-0.0076

-0.0020

Computation Times

A Fortran program using the lBS method has been

executed on an IBM 360/ 75 di gital  computer .  As wi th  all

calculations of this type , central processing unit (CPU)

t imes are very problem dependent . The Jezebel ca lcu la t ion
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with  17 spat ial  shel ls , 16 energy groups , and 4 t r i a l

ei genfunct ions (2 s p a t i a l  and 2 energy) requires about

90 seconds Cpu t ime.  The same problem wi th  17 s pa t i a l

shel ls , 4 energy groups , and only the lowest  order  spa t i a l

and energy eigenfunctions requires about 10 seconds CPU

time.

In comparison , AN ISN (an anisotrop ic , discrete

ordinates t ransport  code desi gned for reactor analys is)

requires about f ive minutes of CPU t ime on a CDC 7600

computer (Ref 22). Other very sophisticated codes used

at LLL to treat small systems require about ten minutes

of CDC 7600 CPU time to compute the Jezebel flux and

growth rate (Ref 22).

Supercritical and Non-Homogeneous Systems

Integral equation synthesis has been used to calculate

various supercritical systems including single-material ,

variable-dens i ty  assemblies and also seve ra l -ma te r i a l ,

variable-density systems . Unfortunately, it is difficult

if not impossible to find benchmark calculations of this

type in the open literature. Yet it is just these more

sophisticated systems that integral equation synthesis is

designed to calculate.

A validation of a portion of the IES method has been

made by solving a one group , supercritical system by

several methods . A hypothetical assembly consisting of a

5 cm , double density ,  bare , plutonium sphere was analyzed

39
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using diffusion theory , a P-i model , discrete ordinates ,

the end-point method , and the spatial part of the integral

equation synthesis method. Table III shows the computed

values for the growt h ra te  , and the corresponding

multiplication factor , k (Ref 3).

Table III
Comparison of Calculated Alpha Values

Model Alpha (Sec ’) k

Dif fus ion  2 . 4 2 4  x i08 1.67

P-i 2 .7 27 x 108 1.82

Discrete Ordinates  2 . 9 7 3  x 108 1.96

End-Point  2 .9 6 5  x 108 1. 96

Integral Equation Synthesis 2.987 x 108 1.97

For this problem the end-point method can be considered

as nearly exact (Ref 2 :96 )  and hence serves as the bench-

mark. Notice that diffusion theory predicts an a that

diff ers by 18% from the end-point method. Integral equation

synthesis , on the other hand , predicts  an a wi th in  0 . 07%

of the end-point value .

Integral equation synthesis has also been applied to

mul t i -mater ia l , variable density , supercri t ical  systems .

Benchmark results are not available for these assemblies; 

-- 
- 
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however , it is anticipated that the accuracy of the IES

results would be consistent with the accuracies indicated

above .

41

— -5 - — --~~~~~ --~~~~---—--



_ _ _ _  -- 5 - - - - 5 -  - - - -~~~~ —--——

V. CONCLUSIONS AND RECOMMENDAT I ONS

Conclusions

Integral  equation synthesis has been shown to be an

accurate and efficient technique for calculating neutron

flux and growth rate in spherical systems . Because an

integral approach is used , the numerical technique does

not suffer from convergence problems so common with finite

difference schemes. Because the trial functions are corn-

puted for each problem , the method does not suffer from

the occasional anomalous results of usual synthesis methods

(Ref 15) where the trial functions are chosen a priori.

And , because the method uses an integral approach , the

boundary conditions are automatically and rigorously

satisfied (Ref 10).

The computational efficiency of the integral synthesis

method arises not only from the method itself , but also

from the coarser mesh that  can be used in most app l i ca t ions .

The use of a self-similar mesh not only simplifies the

calculat ions , but also serves to g ive maximum spat ia l

resolut ion of the f lux  near the center  of the sys tem.  It

is precisely th is  region tha t  dr ives  the en t i re  assembly

so that the fine resolution is well-placed . On the other

hand , the reg ions near the ou tside ed ge of a hi ghly super-

c r i t i c a l  assembly con t r ibu te  l i t t l e  to the center f l ux

and overa l l  growth ra te .  The s e l f - s i m i l a r  mesh is
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I - - --—- ---- -- - -



j u s t i f i a b l y  very coarse near the outer edge of the system .

The mixing coeFicients or the actual synthesis of

the separat e space and energy solutions has been shown to

be unnecessary for acceptable accuracy in Jezebel calcula-
I

tions . Clearly, the synthesis procedurg~ is not necessary

in problems that ar~~~~a~~~’separable in terms of sp~ice and

energy . Fortunat~~~~—’~6e method itself gives an indication

of the accuracy/~T the separability assumption. The trans-

formation ma
)~
4x. whose lowest order eigenvector produces

the mixi coefficient s, provides a measure of the separa-

bili ty through the magnitude of the off-diagonal elements.

If these elemen ts are large , say wi thin an order of magni tude

of the- diagonal elements , then the synthesis procedure is

probably required because of non-separability . However , if

the syn thesis procedure is not necessary , the integral

method is an even more efficient technique for computing

neutron f lux  in small , supercritical systems . A unique

fea tu re  of integral equation synthesis is that an interim

calcula t ional  produce g ives an ind ica t ion  of the accuracy

of the final product.

The wide applicability of this transport technique

cannot be overemphasized.  The me thod is only sli ght ly

more complicated than diffusion theory , yet it handles a

much broader range of systems . There are no “size compared

to mean free path” restrictions as with diffusion theory .

The method is applicable to multi-material systems with
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v a r y in g den sities and/or systems with center voids. Yet

the me thod accc~ nts for the nonlocal nature of neutron

interactions in a multi plying system. The applicability

of in tegr al equ at ion syn thesis  is fu r ther enh anced bec ause

of its modest computing cost in terms of storage and

CPU time.

Recommenda t ions

Two extensions of this re search and in tegral  equa t ion

synthesis are recommended. First , the method should be

extended to a l low aniso trop ic scatter and to obtain the

angular distribution of the neutrons. As it is well known ,

the angular distribution of the neutrons can be reproduced

from the knowledge of the flux by a simple quadrature

(Ref 10 ) .  This techni que is especially strai ghtforward

the the numerical form of the IFS method since Gaussian

ouadrature is already used to perform the angular portion

of the volume integrations . Instead of summing the contri-

bu tions of all angular  rays , one has  to simpl y re ta in and

store the contribution of each angular ray . In other

words , the angular  dependence of the neu tron f l u x  is

a l ready being computed and all that is required is to

retain and extract this information .

Second , integral equation synthesis should be extended

to geometries other than spherical. Of course; as it is

formulated , the method is independent of geometry . However ,

the  t r a n s f o r m a t i o n  of t he  t h e o r e t i c a l  f o r m u l a t i o n  into a

44 
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numerical technique has been accomplished only for spherical

geometry. Potential app l ica t ions of this efficient technique

wi l l  be grca~ ly enhanced when rectangular and cylindrical

systems can also be treated.
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Appendix A

Numerical Methods Used in the IES Calculations

The integral  form of the neutron t r anspor t  equat ion

for one energy group can be written

p
-f E( ~~ +

*(r) = dV e 
— z C ~~~~~(~~) e

V (A.l)
4ii p 2

where

= scalar neutron flux in neut/cin2-sec

(
~

) = space point to be calculated

(
~~

) = other space points over which we integrate

p =

E(r’) = total macroscop ic cross section at

C(r -’) = average number of neutrons everging from
a collision at

v = neutron velocity

a = neutron growth rate

The basic problem is to solve Eqn (A.1) numerically

and efficiently for a spherical system . There are many

ways in which this can be done ; however , the following

method is quite efficient .
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The first decision involves the geometry of the

integration . So far , we have just indicated an integration

over dV . The usual procedure is to define the vectors

and ~~ from the center of spherical geometry . By

appropriate transformations of the variables , it is possible

to arrive at an integral equation whose kernel is symmetric

in ~ and ~~ . There are several advantages to this

approach , particularly in that the solutions to the equation

then form an orthogonal set. Also , many matrix manipulation

schemes are simpler when the matrix is symmetric. The

d i f f i c u l t y, however , is that a d iscont inui ty  arises when

= . This can be avoided by sacrificing symmetry and

using p as the variable of integration. We then have

dV -
= 2iT sinode p 2 cip (A.2)

where 0 is the angle between ~ and p , and the

discontinuity is eliminated.

The integral over dV now involves only two dimensions

since the problem is symmetric in azimuthal angle. The

integration over 0 can be quickly transformed into one

over ~ = coso since

iT 1
f sinede f ( e )  = f dp f ( p )  (A.3)
0 -1

_  _

~

_ _

~~~~

5 _
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Integrals of this type are most accurately approximated

by Gaussian quadratures :

1 K
f  dLi f(~) ~ 

W~ ~~~~ 
(A.4)

-1 k=1

For each value of K , tables (Ref 1) g ive the corresponding

-values of the weights wk and the direction cosines Uk

Using Gauss ian  quadratures , the ent i re  volume integral  now

reduces to a wei ght ed sum of K one-dimensional integrals

over p . Integral equation synthesis solut ions us ing

K = 10 have been shown to give acceptable convergence

of the e- integration .

p
-f  E*(p )dp

- K o
= ½wk ~

r rnaxdP e z(riC(r)p (ri (A.5)
k=1 o

where

=

The final integration over p requires some care. We must

first define the manner in which known properties (total

cross section and aver€ge number of neutrons emerg ing from

a collision) and unknown quantities (fluxes) vary as functions

of radius . We must then establish a correspondence between
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this radial dependence and the dependence on the coordinate

p . Because each integration ray is oblique to the radius

vector , this latter correspondence can become geometrically

and numerically quite complicated .

Before describing the radial dependence of the variables ,

the following indices are introduced :

k = the label of the angular ray along which we
are integrating over p

i = the label of the spherical shells. These are
labelled such that i increases as we go out
to larger radii.

j = the label of the crossing points ; i.e., the
jth shell intersected as we proceed outward
along the kth ray . The point from which we
start is j = 0

- = an “offset” index that is a function of k
and j  . After crossing j  shells as we
go outward on the kth ray , we intersect

the Ci + L) shell.

= another “offset” index which is either the same
as t (if the kth ray is going inward or is

just “glancing” across a shell) or equal to

Ci + 1) if the kth ray is going outward. This
index specifies the cross sections to be used

in the integration.

An examp le of these indices and relationshi ps are indicated

in Fig. A-l.
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Figure A-i. Several Integration Rays and
the Associated Indices.
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The radial dependence of the various properties and

quantities is approximated as follows :

1. Given parameters (cross section and neutrons per

collision) are assumed to be uniform between the shell

boundaries. They are labelled with the index of the outer

shell boundary .

2. Fluxes are defined on the shell boundaries (that

is , at specific radii) and vary linearly with r between

shell boundaries. We see that the actual problem is repre-

sented by an approximate configuration in which the neutronic

parameters are uniform in concentric annuli , whereas the

fluxes vary linearly with r within a given shell. We

would expect this approximation to be valid insofar as the

mean free path is long compared to the thickness of the

shell. Thus, the larger the mean free path relative to the

scale of the geometry , the more accurate is this representation.

The integration along each ray requires that the flux

be expressed as a function of p rather than r . It is

convenient to represent ~~p) by means of interpolation

coefficients, ~~~ (Ref 17). The upper indices indicate

the position in the mesh: we started at radius i and

have progressed outward on ray k ; this interpolation will

apply between boundary crossings j  and j  + 1 . The

lower indices relate to a polynomial fit involving the

values of flux at radii Ci + & + m) , the powers of (f.)
being given by n . These terms are illustrated in Fig. A-2.

54



-—--- 5 ---- - --

r
~+~+1

“i ,k,j+l

+ ~ +1
&

i + i-i \~

Figure A-2. Relationship of Flux Indices and p Indices.
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For p between and 
~
•k• +1 , the flux is

given by

= c1,0 ~~~~ + c1,1 ~~~~ ~~ + ç12  ‘1’i+L-l

+ C00 ~~~ 
+ C01 *j+L ) + C02 ~~~

+ C10 ~~~~ + C1,1 *j+&+1 (~) + ~~12  ~i+t+l 
(
~~~~

)
2 

(A.6)

or

m~i. JO 
Cm n  ~

‘i+L+m (
~~~.)

fl (A.7)

where the upper indices have been suppressed for the sake

of clarity.

The calculation of these interpolation coefficients

is a somewhat tedious algebra problem , but once computed

they can be stored and re-used for a given radial mesh .

A considerable simplification is possible if the radial

mesh is made self-similar wherein each radius r1 is a

constant factor (€ > 1) times the preceding radius

In this case , the coefficients C are no longer dependent

on i , the label of the initial radius .

The interpolation coefficients are calculated from

Eqn (A.7) with the following boundary conditions :
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p = p .  ; ip (p) = ~~~~~~~ (A. 8)

= . ~~4’ — ~~ q, ar 9p p
~ ,

p—p j

@ ‘ ; ~(~
) = 

~j+&+l 
(A.1O)

Note that , depending on the angle of th- .~ integration ray k

~j+i 
will be on a shell whose radius is larger than (outward

case), the same as (glancing case), or smaller than (inward

case) the shell denoted by p~ . For this reason , the

interpolation coefficients are also divided into outward .

glanc ing, and inward cases. A listing of the interpolation

coefficients for a self-similar radial mesh is provided

in Table A-i.

At this pcint , making use of Gaussian quadrature and

the interpolation coefficients, we can rewrite Eqn (A.l) as

K ~max 1 2
*Cr) = j i ~ j~O J-l JO 

c
UU1 4’i’+L+m ~~~~ ~~~~

- fE i+t# dp~pj+1 V.
f dp (~

-.) e e (A.11)
p
j 1
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F l

The terms above in the brackets are simplified in

the follow ing way . Approximate ~~~~~ as (1 -

Define a new variable of integration as

p - p .
y =  3

pj+l P~

Define a transmission factor T~
.,k such that

~~~~ = T1,k ~~~~~ ~~~+1 
-

and

Ti,k - 10

Then the bracketed terni in Eqn (A.ll) can be written as

{ } = T~~
k 

J
1
dy yn ~i - ~ (~py - ~~)] e (A.l2)

where

~p p
~~1 

- p
~
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Table A-I

Interpolation Coefficients for A Self-Similar Radial Mesh

M Case N= O N=1 N=2

OUTWARD 0 0 0

-1 GLANC ING - 
~~~~~~~~~~ - 

Zn~~(l~ g~ j fl) 
- 

(1 -

fl~~( 
- X~~~~X~~~~

÷
~~ fl~~~~~~~~~

- X
)

X
J~~~ fl~~~ 

-

INWARD g
~~

X
j

X
j + 1 4~~~~~ ~~

g
~~

(X
j

+X
i+l

)
~~~~~~~ 

~~~~~~ +

~x ~~ ~x Ax 2 Ax Ax 2

OUTWARD 1~~g~~
X
j

X
J + l  ~~~~ .g~~

(X
j

+X
j + l )

4~~~~~ g -

Ax ~~ Ax Ax 2 Ax Ax 2

0 GLANCING g, . x x  2
~~~

(l g~ j f l) 

~
__________  

K j j+1 K j j+l IC j j+i

x.x. X . 2  (x.+x . ) 2x.
INWARD l-g ~ 

j+i - L_  g -) . ~~~~~~~~~~ +~ J_ -g J_ -
Ax Ax 2 Ax Ax 2 Ax Ax 2

x.x. x. (x.+x. ) 2x.
OUTWARD -g --1 i+l L.. g ~ ~~ — ......J.. ~g ”_!_ +

Ax Ax 2 Ax Ax 2 Ax Ax 2

+1 GLANCING 0 0 0

INWARD 0 0 0
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Table A-i (Cont’d)

case where 0 is the angle between

and the kth ray

x
3 ~~~~ -~ 

-

•

x. + n
g~ 

K —

•J~• (r~~~ - r.)

Then the Table entries are cj,km ,n
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A second change of variables such that

Z = Ap y

allow s us to write the bracketed term as

{ }= (1 + — 
~~) 

( _  )fl+1 
~ 

z~ e~~ dZ - (~~ Ap) (~~ )
n+2

b 
z’~~ e~~ dZ (A.13)

where

b Ej+L AP

But these integrals are just the partial gamma function

such that

b
f e~~ dZ = e a - e~~ G0 (a ,b)

and

b 
~
T1 e~~ dZ = ~b~

L e~~ + 
b~~~1 e~~ dZ (A.14)
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or

G~ (a~b) 
b 

e~~ dz = -b’1 e 1
~ + n G~~1(a,b)

Making these substitutions and rearrang ing, we have the

final numerical form of Eqn (A.l):

K~~max l 2

Ji j~ O ~J-~ JO 
½ E

~+~~
C1+,T~

”
~ 
c
~:~

{G

fl
(O ;b) 

- 

~ ~ 
G
~~1 

(o,b) - 
b~~ 

Cn(O ‘b)] } ~i~&4m (A.15)

Before this  equation can be solved numerically, the

boundary conditions need to be incorporated. Incorporating

-‘ the external boundary condition is a trivial matter; the

summing over j (the number of shell crossings) continues

unt i l  the outermost boundary is reached. A simple test of

Ci + & + m) denotes when the outer boundary is reached.

The interior boundary condition is a little more complicated.

Because of spherical  symmetry , the internal boundary condition

is

d4i (r) 
= (A.l6)dr

r=0
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Obviously, a linear variation of flux with radius inside

the smallest shell (r < r
~~
) cannot satisfy the interior

boundary condition. For this reason , a quadratic variation

of flux with radius is assumed inside r0 . For r less

than r 0

= A + Br + Cr2 (A.17)

Denoting the flux at the center ip(r = 0) as and

applying Eqn (A.16), we have

* - u i

< r0) = - 
r0

2 
~ r2 (A.18)

where = *(r0) . The center flux is computed

implicitly as a function of all the . That is,

‘max
= 

i~O 
a. up. (A.19)

where the a1 are obtained from a solution of Eqn (A.i)

at r = 0 . Even though Eqn (A.l) is greatly simplified

when r = 0 , the resulting expansion coefficients a1

are algebraically complicated. They are presented here

without derivation .
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C C2(E r 1,E r ~ 1 
_______a0 = — + 

~ (r~ --r~,) 
Er1G0(E1r0,E1r1 )T 1

a~ = [G1 (E.r. 1,E.r.) - r~~~1G0 (~ 1r . 1, z . r . ) )

T. C.
i+i 1+1

+ D(r1~1-r~) 
rl+iG0(Z1+ir1,E~+1

r1+1)

( A . 2 0 )

where

D = f~
-. - G0(z0r_ 1,~ 0r0) +

= exp[r1 1 (z.- z~~1)]T 1 1

T0 = 1

G~ = partial gamma function as defined in Eqn (A.14)

Having incorporated the boundary conditions , the

transformation of Eqn (A.1) to a discretized form is now

complete. Clearly , Eqn (A.15) is an eigenvalue problem of

the form
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M~1. ‘~ (A .2 1)

It can be solved numerically by techniques such as the

power method (Ref 7:291). The procedure is to solve Eqn

(A.l5) and then adjust a and resolve the equation until

the eigenvalue is made equal to unity. The a that makes

the system just critical is the one group growth rate that

we seek.
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Appendix B -
Data Listing for Jezebel Calculations - -

Jezebel calculations were performed with the IES

method using a 17 shell self-similar mesh with r0 = 0.5354

and c = 1.157129 . The Gaussian quadrature abscissas and

weights are listed in Table B-I.

Table B-I

Gaussian Quadrature Abscissas and Weightsa 1—
Abscissas 0.97391 0.86506 0.67941 0.43340 0.14887

Weights 0.06667 0.14945 0.21908 0.26927 0.29552 H

Abscissas -.14887 - .43340 - .67941 - .86506 - .97391

Weights .29552 0.26927 0.21908 0.14945 0.06667

a Data from Ref 1:916.

The sixteen energy groups and their associated average

group velocity and cross section used in Jezebel calculations

are provided in Table B-IT.
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Table B-Il

Group Structure , Velocities and Cross Sections
For Jezebel Calculationa

Group Energy Group Velocity Transport Cross
Group Lower Bound (MeV) (cm/shake) Section (Barns)

1 13 62 b 51.60 3.8553

2 12.57 50.24 3.8490

3 11.57 48.19 3.6706

4 9.68 45.24 3.5983

5 7.97 41.00 3.8157

6 6.42 37.01 4.0943

7 4.73 32.48 4.2653

8 2.55 25.68 4.7049

9 1.18 18.26 5.0878

10 0.638 12.91 5.8035

11 0.296 9.263 6.8698

12 0.222 6.988 8.4536

13 0.107 5.373 9.7588

14 0.0273 3.229 11.4430

15 0.00875 1.739 13.9460

16 0.00100 0.7801 16.5620

a From Ref 22.
b Upper Energy bound on group 1 is 14.60 MeV.
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