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ABSTRACT

Let A be a second order elliptic operator in divergence form . For every

A > 0 , let be the unique solution of

1 A + ~~ x~~ l j fl ~

0 on ac~

(~2 denotes a domain in of finite measure). It follows from the maximum

principle that u
X 

< 4 and f rom the strong maximum principle that u~ < 4. We

provide an explicit bound from below for 4 - u~.
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SIGNIFICANCE AND E XP LANATION

Some of the most useful and important tools in the study of elliptic boundary

value problems are maximum principles. So called strong maximum principles provide

strict inequalities when appropriate conditions are fulfilled. In this work a

strong maximum principle is improved by exhibiting an explicit estimate sharper

than what follows from usual arguments.
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AN ESTIMATE RELATED ‘10 THE STRONG MAXIMUM PRINCIPLE

* *Bairn Brezis and Pierre—Louis Lions

Let 0 C RN (N > 1) be an open set with finite measure o l .  Let A be a second

order elliptic operator in divergence form

r ~ I ~u rAu = — L Ia . — + ). b. — + cu
~~~~~ 

ax~ ( 13 ~~~~ 
~ 

1.

with a . . ,  b . ,  c e L (Q) , c > 0 a.e. on 0 ,
13 1

a . ( x)~~. P . € ~ N , a.e. x~~ 0 , v > 0

Set

~l/2
M = 

~~ 

IIb~II 2
J

For every A > 0 , let u~ e H~ (0) fl L (0) be the unique solution of

(1) Au A + Au A = 1 in 0

(The existence and uniqueness of follows from Theorem 8.3 in [2 ]  when 0 is

bounded; for unbounded domains see (41. Note that A is not necessarily coercive,

and one can not use Lax—Milgram ’ a theorem) . It follows from the maximum principle

that < in fact the strong maximum principle leads to < 
~~
.. Our purpose

is to provi de an explicit bound from below for Iu A - in te rum of A , v , M ,

and N.

We thank Prof. H. We inbe rge r for drawing our attention to the paper (1].

We start with an easy estimate for

Proposition 1. We have

1 — A u
0

(x)~ 1 
— 

0
u~

(x)
~~

z
~~~~[ l _ e  

J~~ .~~~ I i _ e

whe re u0 E H~~(Q) fl L (0) is the unique solution of

(2) Au0 
= 1
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1 —Au Cx) 1 =Set v(x)  ~~ (. - e 0 
] ; so tha t v E H

0
(Q) ~ L (0) (since U

0 
> 0  by

Theorem 8.1 in ( 2 ) ) .  It is easy to veri fy that

A v +  A v > l  in 0 .

Thus

A(u A — v) + X(U
A 

- v) < 0  in 0

and consequently U
A 

< v in 0.

We now provi de a boun d for I tu 0 H =.
L

Proposition 2. Let u0 be the solution of (2). We have

0 1 2/N IMI0I”~U < ———~~~~~~~~0 —  V N~~ V

where , for each N , is a continuous function on I R .  In particular when b . 5 0

we find

u0 cN 
0 1 2/N

when 0N is a constant which depends only on N.

Remark. Combining Propositions 1 and 2 when A = -li we find that

2/N
I I —A c

N Jc 2 I )
suP u A < x t l

_ e

A sharper estimate has been obt ained in this case by C. Bandle ([1], Theorem 1.1) using

symmetrization techniques. For example , if N = 3 she finds

1 X112R
5UP UA

<
~~~[l_ . 1/2 )

0 sinh A R

where itR~ = lo l ; such an estimate is optimal (equality holds when 0 is a ball) .

Proof of Proposition 2. We start with the case where b . 0 and we use a technique

of Hartman-Staq~acchja [31. Multiplying (2) by (u
0 

— t)4
~ with t > 0 leads to

(3 )  v J  V(u 0 - t )~ I _ f (u
0 

- t)~

Set

= meas {x E 0; u0 (x) > tI

— 2—

7. ‘



~- - a ~T:~~
-- _ _ _

~~~~~~~~~~~~~~~~~~ ~~~~

_ _ _

~~~~~~~~~~

In what follows we denote by c various constants depending only on N. We claim that

(4)  II (u~ - t)~II 1 < dDV ( u
0 

- t)~ Il 2 ~ (t )  (N +2 )/2 N

Indeed recall an inequality of Nirenberg [51

LN f l 1  
< ci! VP!! 

~ 
V~ 6 H~ (0) with bounded support.

From (5) we deduce that

(6) k!! 1 II
~

iI Lw/w_ l I supp ~ 1
1,’N 

< C II V ~ II 1 ISUPP ~~~l,’N

2 lsupp ~~1
M+ 2 )~’2N

Multiplying ~ by cut—off functions we see easily that (6) holds for every ~ C

In particular if we choose ~ = (u0 
- t)~ we deduce from (3) that

v ii (u0 — t)~ iI 1 < ca(t)~~
2
~
N

But

- ~~~~~~ ( e(s)ds B(t~

and therefore we obtain

8,~ —N/N+2 
+ cV N/

~~~
2 

<

Integrating (7)  on the interval (0 , lu0 ,,) leads to

_ 8(0) 2/N+2 
+ cv N

~~~
2

IIu 0 I! 0

i.e.

N/N+2 2/N+2
CV U

0 
< u0 ~L L

We conclude using the fact that !u 0 !l 
~ ~ jo j  11u0 11 ~,

.

L L
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Proof of Proposition 2 in the general case

step 1. Suppose first we have an estimate of the form I! u0 JJ = 
<
~~ CM) when I ~l = = 1.

L
The conclusion of Proposition 2 for the case jO J * 1, V * 1 follows from a simple

hoscgeneity argument. Therefore we may assume from now on that, for example , M = l

and v = 1.

Step 2. We shall prove the following:

Lemma 3. Let u C H~ (0) 
fl L°’(Q) be the solution of

(8) Au + u = 1

Then h u ll  < k  for some constant k < 1 which depends only on h o !  and N.
L

Proof of Lemma 3. Multiplying (8) by Cu - t)~ , 0 < t < 1 we find

I l~ (u - t)~ 
2 

+ 
~ 
u(u - t )~ < 5 Cu - t )~ + 5 I~~(u - t)~ i (u - t )~~

and consequently

4 1 f v ( u  — t)
~~! 

< (1 — t) 5 Cu — t)~

As in the case where b. 5 0 we derive that

li Cu — t)~ I! 1 < c(1 — t)e(t)~~
2
~~ . 

$

But
1

hl (u — 
1 = a(s)ds 8(t)

and there fore

8
N/N+2 

+ 

(1 — ~~~~ ~ 0

Integrating (9) on the interval (t,k) where k = lu ll we obtain
L

(10) 8(t)2”~~
2 > c[(l — t)2”t4~

2 — Cl — k)2”~~2J

Cl)
On the other hand if we multiply (8) by (1 

we find

~~~Such a test function was introduced by Trudinqer (it is used for example in the proof
of Theorem 9.1 in [2)); to make the argument rigorous we should multiply by

l + c - u  and let t - ~ 0.

-4-
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I
~~l (since u < l ) ,

(1 — u) (1 — u)

and so

f 7 log (l — u) 2 3 l’~I
Thus (by (6))

illog u — u) 
L1 

~ ct . . l

that is

k 

~~ ds < 0 1
l4~l/N

Since cz = -B’ we deduce that

(11) 
Ic B (s ) 

2 ds <

0 (1 — s)

Set B = 
N + 2 by Holde r ’s inequality we have

k B k 1
8

(12) 8 (s) ds < j B ( s )  
2 ds! l log (l — k)!1 °

0 (1 — s) 0 (1 — s) J

< cfc~ 
(1+1/N) 

log (l — k)

Using (10) and (12 ) we find

[l log (l — k) I — (1 — (1 — k)0)] ~ clo j
° (1+1/N) flog (l — Ic)

and finally

log (l - Ic)! 01
l+l/N 

+ c

Step 3. we want to estimate lu0!! where u
0 

is the solution of (2). tIe have

Au 0 + U
0 
= 1 + u

0

and so, by Lemma 3,

llu~ll ~~k U  + II u~l l ,,
L L

Hence

Ic ~.llu~h l .. 1 k 1 k
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