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ABSTRACT

Let A be a second order elliptic operator in divergence form. For every

A >0, let n, be the unique solution of

A

Aux + kux = 1 “in Q

u, = 0 on 9Q

(R denotes a domain in I%q of finite measure). It follows from the maximum

" et 1
i-l and from the strong maximum principle that u, < We

principle that u X

X &

A

provide an explicit bound from below for % -,
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SIGNIFICANCE AND EXPLANATION

Some of the most useful and important tools in the study of elliptic boundary

q value problems are maximum principles. So called strong maximum principles provide

strict inequalities when appropriate conditions are fulfilled. In this work a

strong maximum principle is improved by exhibiting an explicit estimate sharper

than what follows from usual arguments.

[ 3

“heceusion For
) WII5 GRAKL
ToC TAB
. Unanmounced
| Justification

. By
\_Distribution/
Aveilakility Codes
AR Lvailand/or
Dist special

g

JE—

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the authors of this report.




‘ AN ESTIMATE RELATED TO THE STRONG MAXIMUM PRINCIPLE

. o~ A
Haim Brezis and Pierre-Louis Lions

Let QC RN (N >1) be an open set with finite measure l2]. Let A be a second

order elliptic operator in divergence form

) Au du
TR T o B S
i, 73 i i i

o
with aij' bi' c€L (R, c>0 a.e.on Q,

} a,, xE.E, > v]E]? S 14 s ErR, wED
o

1/2
we (T2

For every X > 0, let wu, € Hl(ﬂ) N L7(Q) be the unique solution of
A 0

(1) Au)\+)\u)‘=l ind @ .

(The existence and uniqueness of u follows from Theorem 8.3 in [2] when Q is

A

bounded; for unbounded domains see [4]. Note that A is not necessarily coercive,

and one can not use Lax-Milgram's theorem). It follows from the maximum principle

>

that u, <

; in fact the strong maximum principle leads to u, < l. Our purpose
A A

A
is to provide an explicit bound from below for I“A - %TI in terms of A, v, 4, |2
and N.

We thank Prof. H. Weinberger for drawing our attention to the paper [1].

We start with an easy estimate for u,.

A
Proposition 1. We have
-u_ (x)) ')‘“uo“ &
w <Ehi-e © <.1.[1_ L
R J ol Y oSk
where Yy € H;(Q) N 17(Q) is the unique solution of
(2) Auo =1.
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< =Xy (x) 1 4
Proof. Set v(x) = ¥ [1 -~ @ ]; so that v € HO(Q) AL (2 (since u, >0 by

o]
Theorem 8.1 in ([2]). It is easy to verify that

Av+)‘vil in- Q.

A(u)\-v) + )\(u)‘-v):o in Q
and consequently uy £w din i,
We now provide a bound for HuOH "
L

Proposition 2. Let Uy be the solution of (2). We have

I_Q|Z/N [M|9|1/N]
u \PN Mo vy

<
e v \4

0
where, for each N, wN is a continuous function on R+. In particular when bi 0

we find

when y is a constant which depends only on N.

Remark. Combining Propositions 1 and 2 when A = =-A we find that
1 -Aey |o o

SUpIU S [1 =le

Q

A sharper estimate has been obtained in this case by C. Bandle ([1], Theorem 1.1) using

symmetrization techniques. For example, if N = 3 she finds

172
1 AR
N e
Q 5 sinh )\l/zR

where 5;— w3 = |2]; such an estimate is optimal (equality holds when Q is a ball).

Proof of Proposition 2. We start with the case where bi = 0 and we use a technique

of Hartman-~Stampacchia [3]. Multiplying (2) by (u0 - t)+ with t > 0 leads to

2
&) v J gy - o) <] -0t
Set

a(t) = meas{x € (; uo(x) st}
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- """"

o ——

-
3
i

In what follows we denote by c¢ various constants depending only on N. We claim that

(N+2) /2N

@) Il wy = &7

L cellvag- ol aw
L L

Indeed recall an inequality of Nirenberg [5]

(5) [lell N/N-1 < c|lvel| 1 We Hé(Q) with bounded support.
L ¥ L
From (5) we deduce that
1/N 1/N
() loll 1 < oll ey Isope o] . <cllwll  Iswp vl 4

< cllwell , [|supp o | (NF2)/2N
L

Multiplying ¢ by cut-off functions we see easily that (6) holds for every ¢ € H;(Q)-
+
In particular if we choose ¢ = (uO = &) we deduce from (3) that

Wy = 0l < ca N
L

But

ll(uo = t)+ll e fw af{s)ds

= Bie)

L t
and therefore we obtain
) BV L VR
Integrating (7) on the interval (0, ”u0|| ») leads to

L

+,
80 M2 4 VM| || L <0

N/N+2 2/N+2
VM sl . < nuouL{

We conclude using the fact that ]luonLl §_|QI”u0”Lm.




Proof of Proposition 2 in the general case

homogeneity argument.
and v = 1.

Step 2.
Lemma 3. Let ue€ Htl)(ﬂ)

(8)

and consequently

As in the case where bi

Step 1. Suppose first we have an estimate of the form Iluol]’;m <¢(M) when |2
The conclusion of Proposition 2 for the case

Therefore we may assume from now on that, for example,

2
[ v -0t

v 1.

|2] # 1, v # 1 follows from a simple

M=1

We shall prove the following:

N 1”(@) be the solution of

Au +u=1.

Then Ilull < k for some constant k < 1 which depends only on IQ] and N.
L

Proof of Lemma 3. Multiplying (8) by (u - t)+, 0<t<1l we find

tfow-0"<fw-0"+f|tu-w-*

2
[lva-0% ca-0f -0,

(Y

0 we derive that

lw=-o%, cca-aae™" .
L
But
. il
lw-o7l, = [ als)as = B(¢)
L t
and therefore
8" c
(9) + <0 .
? gV/N+2 © ) N/N2 =
i
i Integrating (9) on the interval (t,k) where k = ||ul| . We obtain
| L
; (10) TS i T SR D s ST S L i S
L o @
| On the other hand if we multiply (8) by we find

(1)Such a test function was introduced by

| —2—— and let

+ 0.
| h G A T %

1=’

Trudinger (it is used for example in the proof

of Theorem 8.1 in [2)); to make the argument rigorous we should multiply by

-4-




and so, by Lemma 3,

Hence

2 2
v v v
l“|2<_f(]l.flti)+_,'u<_;—{—[—l"—2~+%!nl (since v < 1) ,
(1 - uv) 1 - u)
) and so
S 17 1090 - w12 < 3i2f .
4 Thus (by (6))
: 1+1/N
| lupatz = wsll. = slaBHY
L
that is
X aig) 141/8
I T S'ds ||
0
Since o = -B' we deduce that
K gy 141/N
(11) / —= s < clal :
0. (1 -s)
Set 6 = — i 5 by Holder's inequality we have
6
{ k 8 k
12) ﬁi—;é- as < | [ —B—SS—)—E as| Jioga - 10 |*°
0 = s) 0. (1 - s)
e alal” T g - a1
Using (10) and (12) we find
°] -] 1-8
thogt - 11| =3 - @ -0 < cle]® M ega - 10|
and finally
log1 ~ k)| < cla**N 4+ ¢
Step 3. We want to estimate Huol[ « Where Uy is the solution of (2). We have
L

Au_ +u =1+u

la It o %t + Hla ll )«
¢ L OL

C|Q|l+l/N

<

K
""o”Lm S1-x<1-x-=°*®
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