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SIGNIFICANCE AND EXPLANATION

“This work presents an abstract optimality theory. The discussed
concepts (e.g. extremal, Lagrangian, duality) are more general and much
simpler than their familiar counterparts used in more concrete framework.
They admit geometrical interpretations and help to clarify the underlying
ideas of the theory. Consequently, the presented theory suggests further
theoretical developments and possible applications.(e.g. the use of

Lagrangians of the form different from the usually us% (3.7); Example 3.4.).
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ABSTRACT OPTIMALITY THEORY

Szymon Dolecki

Introduction

This work presents the underlying ideas and basic notions of
optimality theory (e.g., extremal, Lagrangian, penalty, duclity) in an

abstract setting.

The mathematics of the work is simple, abounding with geometrical
interpretations through which, it is hoped, the structure of the theory becomes

apparent, motivating later developments.

Sponsored in part by the United States Army under Contract No.

DAAG29-75-C~0024, by the Air Force Office of Scientific Research

Grant AFOSR-79-7018 and by the Office of Naval Research Contract

041-404.
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1. Solutions, representations, extremals

A minimization problem is represented as a triple

(1.1) (f,A,(X, 1))

where (X, T) 1is a topological space, f is a function defined on X

valuedin RU {+o} and A 1is a subsetof X. Wereferto f as the

minimized function (or objective function); the set A is called the constraint

of (l.1), and if A =X, the problem is said to be unconstrained.

It is common to write (l.1) in the form

(1.2) : f(x) - inf, Xeh;: @

and we shall sometimes follow this convention.
An element X of A is said to be a solution of (l1.1), if there

exists a neighborhood Q of x, such that f(xo)Sf(x) for x in

0
AN Q . The set of all the solutions of (l.1) is denoted by R(f,A,(X,T)) -

Note that a solution of (l.1) corresponds to a local minimum (with respect

to 1) in distinction from a (global) minimum (i.e. an element X of A

_ such that f(xo) = f(x) foreach x in A .) Observe that if =Ty

then a solution of (f, A, (X, T))) is also a solution of (f,A,(X,1,)) .

The number inf f(x) is called the Q -value of (l.1) (value, if
xe AnQ

Q= X). It may be finite, 4+ or -« . We adopt the convention that the
infimum of every function on the empty set is +w .
The reason for introducing the new terminology is two-fold. Primarily,

a global minimum of (l.1) is a solution of (l.1) for the chaotic topology
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T= (ﬂ‘, X) : thus the definition embraces both local and global minima. The

1 theory we are going to present deals with solutions and it is immaterial whether
they represent local or global minima. Secondly, the topology is made
explicit in our definition, in order to avoid the confusion than can arise

otherwis e* o

1.1 Example

Let f0 s "%, fm be real-valued functions defined on a set X and

let S be a subset of X . Consider the problem

fo(x)——inf et
X e S
(1.3)
fi(X)-"-'o i=1l,°°,p
fi(x)so i=p+l,se+,m .

Here f0 is the objective function, while the constraint is

A={x: f(x)=0, i=p, £(x)=0, i>p} N S . Frequently the set S
is called the nonfunctional constraint of (1.3) and the functions f1 i
i=1,+++,m are said to define the functional constraints at (1.3), more

specifically equality constraint for i = p and inequality constraints for

ptl=i=m.

A typical example is that of (local) strong and weak minima in the calculus of

variations. The first refers to the topology of uniform convergence, the second

to the Sobolev topology of uniform convergence together with first derivatives.

The notions have nothing to do with strong and weak topologies.




Presumably, the above notions make a mathematician feel uneasy
because of their lack of precision. Already the distinction between functional
and nonfunctional constraints is quite vulnerable, as every set S may be
represented by {x : Xg () = 0} (orby {x: Xg(x) = 0} ), where Xg
is the characteristic function of S . Similar weaknesses can be seen in the
distinction between equality and inequality constraints (an equality constraint
can be represented as two inequality constraints).

What makes the discussed notions valid is that they do not refer to the
constraint but to how it is represented.

Let I' be a multifunction from a set Y into subsets of X, Yo
an elementof Y. Acouple (T, yo) is a constraint representation of (l.1),

if

A= I‘yo .

The set Y 1is called the index set (parameter set), its elements are indices

(parameters).
1.2 Example

Let Y= {0,1} . Wedefine I'l=A and ro=x\A. (I,l) isa

constraint representation of (l.1). The inverse multifunction 1“-l may be

seen as the answer to the question: Is x in A ? By setting 1= yes,

0= no we obtain an answer in each case by looking at 1‘-1 X

1.3 Example

Let fl' eee  f be real-valued functions. Consider the set

m




A= {x: f(x)=0, i=1l,+++,m} .

m X

To represent this set we may choose the multifunction I': R — 2" :

r(rl""nrm)z{x: fi(X)Sl‘i, 1=1,~--'m}

and an index (0, +++,0) . But there are many other possibilities, for instance

A R-—ZX:

(1.4) sr={x: max f(x) = i}
l=i=m

and Ig * 0. Another representation may be that of the previous example.

A minimization problem, as it is posed, includes a constraint representa-
tion. This is also true about problems given in the form (l.1), where the
representation is simplest (that of Example 1.2).

The specific representation is the way in which a problem was presented
to us, or a way of our comprehension of the problem. It may reflect the form
under which a problem arises from the previous mathematical considerations or
the mathematical model of a physical process.

We may loosely say that our access to the space X is indirect, via
the space Y on which a constraint representation is defined. The question

whether
X € I‘yo
amounts to the question (now in the space Y ) whether

1 |

yoer‘-x ‘




This idea has a numerical aspect. If we consider the multifunction I of

Example 1.3, then we observe that 1"_1

m
x=(f(x),*"*,f (x))+ R_ . Each
element x of X isrepresented as an m -tuple of reals in Y. In order
to seeif x belongsto T (rl, siels rm) we need only check whether
fi(x)Sri, for i=1,*"",m .

Let (r,yo) be a constraint representation of (l.1). The quadruple

(1.5) (£, Thyg, (X, 7))

is called a problem representation (of (l.l) relative to (T, yo)) -

As we shall see, some representations are more convenient than others.
In some circumstances one may wish to change a given representation to another
more convenient under some aspect.

Let a multifunction I'': Y— ZX and Yo in Y define a constraint

representation of (l.1) . Let B8 be a family of subsets of Y such that

r‘-lxeB s xe X .

Consider a multifunction E from a set Z into (subsets) of Y.

1.4 Proposition.
Let (T ,yo) be a constraint representation of (l.1) . If there exists
z, in gl yo suchthat z,¢ £ls for every set B from B with

Yo £ B, then (TE, zo) is a constraint representation of (l.1) .

Proof

We need proof that FEz,=Ty, . Since Vo€ E2q Iy, © TEz, .

Assume that x 1is not in ryo , equivalently, Yo is not in I“-lx ’

thus by our assumptions z, is not in E_lI‘_lx and, equivalently, x

is not in I‘Ez0 ’




1.5 Example

* Consider I from Example 1.3. The sets

o ins (£ (%), oo £ (%)) + RT belong to the class B8 = {y+R'+"; veY(=RM}.

m
Let Z=R andlet E: R— ZR be defined by

Er= {(rl,--o,r Jr o =r, i=1,+++,m}.

m

Then (A,0), A=TE (l.4), is arepresentation of the constraint
A=TI0 . Indeed, the multifunction E_1 (rl, oo ,rm) = max 1, + R+

l=si=m
has the property required in Proposition 1.4.

Observe that if ¥ : Z—Y is one-to-one, then E given by
Ez = {x(2)}

satisfies the assumptions of the proposition.

Let (X,7T), (Z,m) be topological spaces and let Q@ : Z— Zx .

A point (zg, xo) from G(Q) is called a singular point of @ , if there is

a neighborhood Q of x, suchthat z, is a boundary point of n'lQ .

1.6 Proposition
A point (zo, xo) is a singular pointof @ , ifandonlyif @ is

not lower semicontinuous at (z0 5 xo) .

Proof
It is enough to reformulate the definition (keeping in mind that z,
is always in Q-IQ ) : there is a neighborhood Q of X, such that for

each neighborhood W of Yo




wealg.

This is just contrary to lower semicontinuity at (zo , xo) 5

1.7 Corollary
Let T)» T be topologies of X, Trl,nz topologies of Z such that

Q=T M Gl e

let @ : Z— Zx and assume that (zo,xo) is a singular point of @ with

respect to (7Tl ’ Tl) , then it is singular with respect to (TT2 . 'rz)

Z singular

e e N = ———— —

A 4

Fig. 1l.1. Singular points of Q

Let (T, yo) (where I'': Y— Zx) be a constraint representation of

(1.1) . The multifunction Qf ¢ YXR — zx :

(1'6) nf'r(y'r)= ryn {x: f(X)Sr}




is called the associated multifunction of (l.5) . The inverse multifunction

-1 :
i
Qf r satisfies

(1.7) xX= r-lx X {r: f(x)=r} .

95 r

Remark

-1
T Lol e s IR e

If rISr2 and (y,rl)eQ

1.8 Example
3 X
Consider the problem (fm, I'0,(X,7T)) where T : R™ i 2 is
defined as I (r, +++,r ;)= {x: f(x)=<r;, i=1,-, m-1} (see

Example 1.3). The associated multifunction @ satisfies

Q;;rx = (£ (x), 5, (x), ** o £ (%)) + R,

Let o be atopologyof Y and v be the natural topology
of R.

We say that an element x, is an extremal (of the problem representation

0
(1.5)) with respectto o, if (yo s f(xo);xo) is a singular point of the

associated multifunction Q- with respectto (ogXv, T) .

1.9 Example

Consider the problem of Example 1.9. Let o be the natural topology

of Rm-l . Denote

£(x) = (£ (X), 5 (x), o0 £ (%))

An element X0 is an extremal, if there is a neighborhood Q of x such

0
that f(x,) is on the boundary of £(Q) + R} .




Note that a sufficient condition for X to be an extremal is that the

sets

£(x,) - Int RT » E(Q)

be disjoint.

Fig. 1.2. Extremality of X (=12 ¢

Indeed, the condition means that for each ¢ = (gl. Sies gm) such
that gi >05 1=),2 Sceesme, 'g(xo)-g isnotin £(Q), or
i(xo) KEQ)+E . H X, Wwere not an extremal, then for some g > 0
m
andeach finfl < e, f(x))-ne £(Q +R, . Let n=(n, -,ny)
be such that ng > 0, i=1,2,**+,m. Consequently thereisa ¢ in

~

m
R+ and an x in Q such that
sl SR st

By setting é= §, + n we arrive at a contradiction.
L F S yl) be » conscraint representation of (l.1), where I' is a

multifunction from a topological space (Yl " ol) into (X, 7). Consider a

multifunction E acting from a topological space (Y2 ’ 02) such that

(I‘E,yz) » Yy in Y& » is another constraint representation of (1.1)

(see Prop. l.4).

10
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1.10 Proposition

Suppose that E is lower semicontinuous at (YZ’YI) . Ir X5 is an

extremal of (f I'E, Y2, (X, 7)), then it is an extremal of (f, T, Yp» (X, 1)) .

Proof

It is enough to show that if the associated multifunction £, T is
lower semicontinuous at (yl. f(xo),xo) , then the multifunction Qf' IE is
lower semicontinuous at (yZ & f(xo),xo) .

Assume the former and let Q be a neighborhood of X - There are

a neighborhood Wl of Yy and an & > 0 such that

(1.8) Qf’r

-1
Q={(y,r): 3 yer x,rzf(x)}DWIX(f(xo)-e,w) :
xe Q

By the lower semicontinuity of E there is a neighborhood WZ of Y, such

that E-IWl = W2 . The set W2 X (f(xo) - g,o) 1is a subset of
-1
.zf’ CE Q .

Indeed, let 2z be in W2 and r > f(xo) ~¢&. Thenthereisa vy
in W1 such that z is in E-ly . On the other hand, by (1.8) there is an

x in Q suchthat y isin r-lx and r= f(x) .

Observe that the multifunction E of Example 1.5 is everywhere lower "
semicontinuous.

The sense of Proposition 1.10 is that the change of a constraint
representation with the aid of a lower semicontinuous multifunction E does

not increase the set of extremals.




1.11 Proposition

An element X is a solution of (1.1), if and only if it is an extremal

of a problem representation (1.5) of (l.1) with respect to the discrete topology

of Y.

Proof
Note that the family {{yo} X (£(xg) =€, f(xy) +€), €> 0} forms a
neighborhood basis of (yo 3 f(xo)) in Y X R in the considered topology.
Suppose that X is an extremal: there is a neighborhood Q of
-1
Xg such that for each ¢ >0, {yo} X (f(xq) - &, £(xy) +€) anﬂ_ =

1

Let x bein TIy,N Q. Consequently Yo isin I' *x and, by

1.7, (yo sf(x)) 1isin Qﬂl,Q . By what we have just said and by Remark
f(xo) - & < f(x) for each €>0, thus X is a solution.

Suppose now that X € Fyo is not an extremal, that is, for each
neighborhood Q of X there is r < f(xo) such that (y0 ,T) € lel_Q .
Therefore thereis an x in Q such that r = f(x) and Yo € ' ®%s

In other words f(x) =r < f(xo) and x isin Qn I‘yo . The element x

0

is not a solution.

In view of Corollary 1.7 we have

l.12  Corollary

Let (l“,yo) be a constraint representation of (1.1) and let ¢ be
any topology of Y. If X is a solution of (1.1), then it is an extremal
of (1.5) with respectto o .

Here is an example of an extremal which is not a solution. Let

X= RZ and 1T be its natural topology. Consider the problem




2<
=0
&g

and the constraint representation ({(xl, xz) : xf <r},0), reR, R with
its natural topology. Then (0,0) is an extremal but not a solution.
Conversely it is natural to ask when an extremal with respect to a given topology
o 1is a solution. Before providing an answer to this question we shall
introduce the notion of value function.

A constraint representation (r,yo) i B Y e 2x of a problem (l.1)

gives rise to a class of minimization problems, namely
(f’ry'(an))a vyeY .

Sometimes these problems are called perturbed problems of (l.1) . They are
indexed by elements of Y (index set). The function f I‘Q definedon Y

by the rule:

(1.9) fr_(y) = inf f(x)
¢ xe I'yNQ

is called the Q -value function of (1.5) (Q =-primal functional,

Q -perturbation function). When Q = X, it is called the value function

and is denoted: fI' . It is known [l]

1.13 Proposition
The epigraph of fI‘Q is equal to the closure of Q;l I‘Q in the

product of the discrete topology of Y and of the natural topology of R .

but not to g1 Q

The only elements that can belong to epi fI' £

Q

are of the form




,...'- e - ; ; . .,‘——-——-—-———.-1
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(1.10) (y.fl‘Q(y))

An element (1.10) belongs to Q-l

£ T Q, ifandonly if f attains its minimum

in Qnry.

It is an immediate observation, that x is an extremal with respect

0
to o, if and only if there exists a neighborhood Q of X such that
(yo P f(xo)) is a boundary point of epi fI‘Q .
We may now answer the question we have posed. Let (T, yo) be a

constraint representation of (l.1) . We fixa topology o of Y.

1.14 Proposition
Let X0 be an extremal. If there is a neighborhood basis B(xo)

of X such that for each Q ¢ a(xo) the Q -value function is upper
semicontinuous at Yo » then X0 is a solution of (l.1) .
Proof

Suppose that, on the contrary, Xy 1isin Ty, but is not a solution

of (l.1). It follows that for each Q ¢ B(xo) » £(Q)= f(xo) - fPQ (Yo) >0.

By upper semicontinuity there is a neighborhood W of Yo such that for each

y in W
er(y)<f(x0)-§-(291 .

Therefore (yo ; f(xo)) is an interior point of epi fI' foreach Q in

Q
B(xo) . This, in view of Proposition l.é contradicts the assumption that X

is an extremal.
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We infer

1.15 Corollary

Let f be upper semicontinuous in a neighborhood of Xq - Assume
that I is lower semicontinuous at (x,yo) for x in I‘yo and from a

neighborhood of X+ If X, is an extremal, then it is a solution.

1.16 Example

Let I be as in Example 1.9 and assume that X-= Rn

with its

natural topology T . Suppose that fl' slsiarf are continuously

m-1
differentiable at Xy We shall show later (Corollary ) that if

: : -1 -1
(fl (xo)!""fm_l(xo))x + RT S Rm ’

then I satisfies the assumptions of Corollary 1.15.

Proposition 1.13 offers precious information for analysis of minimization

problems. It provides a geometrical interpretation (in the space Y X R))

il

e —————

mlj JLmn I;JJJJHM" |

|
|
/ 'Illllnl ! ||l|||| ,;
I

|' 'mmunm,

Fig. 1.3. Epigraph of a Q -value function, when its
domain is a one-dimensional manifold in R
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of extremality and minimality.
We are going to indicate how this interpretation helps to draw some
interesting conclusions from general theorems. Take, for instance,

Proposition 1.14.

1.17 Example
Suppose that the space Y of indices is given together with a topology

p (for instance a Banach space with its strong topology).

If it happens that the domain of a constraint representation
domI={y: ry#g}

is a boundary set in Y, then every element x (of Tyy) is an extremal
with respect to the topology p (this follows from the convention that

inf  f(x)= += , whenever I'y=g )* - It is useful to introduce in
Xxe Iy

Y atopology o in the following way :
Induce the topology p on Z=dom T (aset AC Z 1is open,
whenever there exists an open set B for p suchthat A=ZNB). Let
0 consist of all the open subsets of Z and of the set Y\Z .
Proposition 1.14, specialized for thus constructed topology claims
that, if Xy 1s an extremal (with the index space dom I'), and if, for a basis of
neighborhoods, {Q} of Xq the Q -value functions fro are upper

semicontinuous on dom I', then Xq is a solution.

Such a situation occurs in a Banach space when dom I is a manifold

(of nonzero co-dimension).
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1.18 Corollary
Suppose that there is a neighborhood Q of Xg such that f is

upper semicontinuous in Q . Assume that I is domain lower semicontinuous
at (x,yo) foreach x in QN Iyq . Then, an extremal of (1.5) with

respectto ¢, is a solution of (1.1).

A legitimate question at this moment is, why not choose as an index
1

space the effective domain: I~ X rather thanallof Y.

The motivation for staying with Y is two-fold. First, when knowing
I it may be difficult to precisely describe 1"-1 X . Secondly, Y is
usually chosen to enjoy a rich structure, which may not be shared by its subsets.

The former reason is linked with the controllability theory, where

1

frequently it is very hard to determine what X is.

X

We say that a multifunction T : Y—~2 is controllable, if

rlx=v.
If (Y, o) isa topological space, we say that I is (locally)

controllable at Yo+ if there is a neighborhood W of Yo such that

rlxo w. :

Notice that controllability at Yo amounts to lower semicontinuity of I’

at (yo ,X) (foreach x in X) with respect to the chaotic topology of

X .

Controllability is lower semicontinuity with respect to the chaotic

topology inboth X and Y.
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2. Interlude

Consider a standard minimization problem (1.1) :

(2.1) (f,A,(X,7) .

Denote by Ta the topology induced from (X,T) on A and consider as

well the problem
(2.2) (f.A.(A.TA))

In the terminology of the previous section, the latter problem is unconstrained.

One easily observes that (2.1) and (2.2) are equivalent in the sense that

their sets of solutions are equal

R(f,A, (X, 1)) = R(vai(AoTA)) .

Formally, there is no reason to consider (2.1), as all information about what
the problem consists of is given by (2.2). On the other hand, given (2.2)
there are many ways of "embedding" it into problems of type (2.1) .

The motivation in formulating problems in the form (2.1) is that the
space (X, 1) is usually nicer than (A, Ta ) - "Nicer" in terms of a richer

structure of (X,7) (e.g. Banach space, analytic manifold, etc.) that

enables us to use mathematical tools that have been developed for such structures.
The above thought inevitably entails another one: Why not try to replace

(2.1) by an unconstrained problem on (X, 1), say
(#3) (L, X, (X,71))

and use precise tools available in the space (X, T) to solve it? But be
cautious! The function L in (2.3) must be nice too; otherwise it will

resist precise tools.
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We are concerned first with the replacement of (2.1) by (2.3) in the
followiﬁg sense: Let X, be a solution of (2.1) . Find L so that X
is also a solution of (2.3) .

Let (T, yo) : Y— ZX be a constraint representation of (2.1) and let
o be a topology of Y. Consider the scheme: Let X be an extremal of

(1.5). Find L sothat x is a solution of (2.3).

0
If we are able to reach the latter goal, then in view of Corollary 1.12,
we shall also achieve our original objective. So the resulting problem ((2.3))

will constitute a necessary condition for solutions of the problem (2.1) .

The role of the concept of extremal reveals on the occasion of the
described replacement.
The inverse of the associated multifunction (1.7) completely charac-

terizes (from the point of view of optimization) the points of X :

-1
(y,r) e Qf,rx.

whenever x belongs to the constraint y and f(x) =r . As we pointed out
in discussing the role of constraint representations, we face a minimization
problem from the space Y X R (Y -space of indices) through the multifunction
nf’ r Therefore, our intervention (constructing the function L of (2.3))

may be done from the space Y XR .

The definition of extremal and Corollary 1.12 reflect an exceptional

property of an element X0 of X (being a solution) in an exceptional property

of the image of Xq (yO ’ f(xo) ) (being a boundary point). Now all depends

on how we can take advantage of this new situation.
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3. Relationship between constrained minimization and unconstrained

minimization of the Lagrangian

Let X,Z be sets. Consider a multifunction @ : Z— ZX and a
family ¥ of (finite) real-valued functions on Z .
The Lagrangian of (£ ,¥) isthe function L: XX ¥ — R

defined by

(3.1) L(x,y)==- sup y(2z) .
XeQ X

3.1 Lemma

Let Q be a subsetof X and let X be an element of Q .

Suppose that zg from Q-lxo and Yo from ¥ satisfy

(3.2) q;o(zo)z\po(z) for zen-lQ

Then

(3.3) =y (z5) = L(x,, yy) = min L(x, y,) .
0 R ) Yo

Proof

It follows from (3.2) that for each x in Q ) Uo(2g) = sup Vg (2),
thus in view of (3.1) i PR
(3.4) =¥ (2y) = L(x,¢y) for xeQ .

In particular for x = X (3.4) yields

Yo (2g) = “L(xy, bg) = sup Yo @) = 4 (25)
zeQ X0




thus L(x0,¢0)= -q;o(zo) plugged in (3.4) becomes (3.3).
Let T be atopology of X and 7 a topology of Z. We say that

Q has the V¥ -separation property at Xg s if there is a neighborhood basis

B(x of X0 such that for each Q in B(xo) the set Q-lQ is V¥ -separated

o)
with respect to m (see [1] ).

3.2 Proposition
Assume @ to have the V¥ -separation property at X - Let

(zo,xo) € G(q) be a singular pointof . Then there is a U in ¥

such that Xq is a solution of
(3'5) (L('N'po)oxn(xn'r)) .

Proof

By singularity there is a neighborhood QO of X, such that z,
is a boundary point of Q-IQ for each neighborhood Q C Q0 of Xq By
¥ -separation, for Q in ﬁ(xo) and QC Qo , thereisa yj such that

(3.2) holds. Hence (3.3) is valid.

3.3 Example
Let @ be that of Example 1.9. Let Y be the class of all linear

forms on Rm . Then

m
¢ = {p: ylrg,eeory)= 121 (-A)r;s A €R,

The Lagrangian for this case is

(m

121 AE(x), 1f A =0,
L(x,)xl.kz,-'-,)»m)=
- , Otherwise .
.




3.4 Example
Consider @ from the previous example but ¥ of the form

s 2
v={y: ¢(rl""’rm)=-ki21 (Trs) . k=uo,

s; <R, i=1,2,*++,m} .

The Lagrangian is

m
2
Eex, o0y, =8 J= k ; max” (£, (x) - s, , 0)

3.5 Example

The same Q as before. Now V¥ is the class

m-1

¥ = {¢: ¢(rl,--~,rm)= -er-kigl (ri--si)Z

A=Z0, k=0, S € R} .

Then
m-1
L(x,ky ), 00,80 1,0) = A f_(x) + k 12

This Lagrangian may be written in another way. By denoting

m-1 2 m-] 2 m-1
k Z “i-si) =k2ri + Zx1r1+c -
i=1 i=1 i=1

max2 (fi(x)- Si» 0) .
1

22
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e Wi
L(x,KoApohy, oo eshp,C) = Ap £ (x) +k ), max” (-5, £ (x))
i=1
n-1 A
+ 7‘ A, max (--i f.(x)) +c
= 2k* :
3.6 Example
Again @ as before. Let Y be
m-1
= lds bilpgerecpr b= ar, =k Z lri-sil,
=t
xz0, k=@, sieR} .
Then

fo

., sm) = )\fm(x) + k 1;1 max (fi(x) = 81.0) .

m
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Ex.3.5. Ex.3.6.
Fig. 3.1. If @ has convex graph, then it has the

¥ -separation property with respect to all the
classes ¥ from Examples 3.3 through 3.6.
It is enough to take bases of convex neighbor-

hoods.
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X

Let Qi : Yi—— 2, 1i=1,2,***,m andlet ‘i’i be families of real-valued

functions on Y1 for i=1,-++,m. Denote by Li the Lagrangian of

(Qi ? ‘Yi) L.
Consider the multifunction Q : Yl X oo X Ym—~2X

m
Q(Y1’ gL ’ym)= iml Qiyi

" and the family V¥
m
Gl sty = 1;1 by (yy) -
Then the Lagrangian of (Q,Y) satisfies
m m
L(x’1;1 e izl L(x,4,) -

For instance Example 3.3 is of this type.
We are now concerned with Lagrangians of (Q ,Y¥%), where @ is the
associated multifunction of a problem representation (1.5) and ¥ is a family

(of functions on Y X R) of type

(3.6) Y={y: u(y,r)=-Ar+e(y);: A=0, oecsl} , |

3 Dbeing a class of (finite) real-valued functions on Y. Inviewof (1.7)

(3.6) the Lagrangian is of the type just discussed and may be written

(3.7) L(x,p,)\) = Af(x)- sup o(y)
y € I‘-lx
The term =~ sup ¢(y) 1is of course the Lagrangianof (I',3) . l!
Yy € I‘-lx !
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Example 3.3, 3.5 and 3.6 are of the considered type. As a consequence

of Proposition 3.2 we have the following necessary condition of optimality.

3.7 Corollary

Suppose that the associated multifunction of (1.5) has the Y -separation
property at X, . If X is a solution of (l.l), then there is a Yo in (3.6)

such that is a solution of (3.5).

X0
Proof

By Corollary 1.12, X is an extremal, that is (yo . f(xo) ,xo) is a singular
point of @ . By Proposition 3.2 X is a solution of (3.5) for some Yo in ¥ .

For Lagrangians of type (3.7) we have that

(3.8) inf L(x.¢,\)= inf (Xfl‘Q(y)-qo(y)) .
X<« Q veY

Indeed, on recalling (l1.9),

inf L(x,¢,\x) = inf (Xf(x)+ inf (- (Y)
xeQ xeQ -
veIl x
= inf inf ME(x) = @(y))

X e Q Yy € I‘-lx

inf (A  inf £(x) - o(y))
yeY xeQNTy

inf (foQ(y) “e(y)) .
yeY

5.8 Example

Let @ be that of Example 1.9. We assume that X 1is a normed

space and that the functions f1 y e, fm are convex. In this case we have




R(f,,T0, (X,7))= R(f,,T0, (X, 1))

where T stands for the natural topology of X while T = (#,X) denotes

the chaotic topology. Let ¥ stand for the class of all nonzerc linear forms

on Rm " 2 has the V¥ -separation property with respect to both T and
Tg As a consequence of Corollary 3.4 we have that if X0 is a solution

of (fm, ro, (X, 'ro)) , then there are numbers >‘1 =0,+*,A_=0 not

m
simultaneously equal to zero such that

xf(x)-min Ko Lo (X) &
1 0 ke X 1;1“

3

i
m
Indeed, there exists a “’0 (q)o(rl, LR ,rm) = Z -Xi) r such that
i (3.9) ¢0(f1(xo),---,fm(xo)) 2¢0(z), for ze Q-IQ

We infer that A Z 0 forall i by settingin (3.9)

From now on we shall assume that classes % that occurin (3.6)

satisfy
(3.10) wne + cegp , if oe, pn=0, ceR .

All the classes of Examples 3.3 through 3.6 have the property that pe¢

isin % providedthat w =0 and ¢ isin & . They acquire the property

(3.10) if we complete them by setting

2= (£ (xg)s+*»E (X)) + & in (3.9) forall ¢ from RT




(3.11) F={p+c: 9e8, ceR} .

Augmenting the class & in this manner does not alter the ¥ -separation
property.
Let Xq € Tyq where I is thatof (1.5) . We say that a problem

representation (l1.5) is & -normal at Xq s if there are a neighborhood Q

of X and an element %0 of @ such that
-1
(3.12) -f(xo) + 90 (yo) Z T+ 9, (y) foreach (y,r)e Q .

In other words (3.12) means that one may separate 2y = (y0 5 f(xo)) from

Q-IQ by a Yo of type

bo(ysr) = =T + ¢4 (Y) .

@
(wo,f(vo))

wo(z)-const

I

& wo(z)-const‘

28

\ A

il
'w
Y1 yO ‘ Y s

wo(y,r)--r- (y-y1)2 wo(y.r)- = (y-yx)2

Fig. 3.2. @ -normal at X, and not $ -normal at Vo *

The class Y of Example 3.5.
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3.9 Proposition

If a problem representation of (l.1) is 3% -normal at X » then X

is a solution of (l.1).

Proof

By definition (3.2) (in its special form 3.12) holds. By Lemma 3.1

f(xo) T ¢0 (Yo) = xmginQ L(x, ¢0 o 1)

and in view of (3.8) |

(3.13) f(xg) = @g(vg) = inf (£I5(y) - ¢4 (Y)) ' 1
yeY [

from which f(xo) = fI‘Q (yo) , hence X0 is a solution of (l.1l).

3.10 (Corollary |

If a representation of (l.1) is & -normal at Xq s then the Q -value
function is 3 ~subdifferentiable at Yo * Moreover, if ?0 is a subgradient of

fI‘Q at Yo » then the corresponding ¢0 satisfies

(3.14) 0=¢o(y0.f(x0))2¢0(z) for zen-lQ.

Proof i -

Indeed, by putting f(x0)= fFQ (yo) in (3.13) we get
(3.15) fTo(vg) = #g(vg) = IG5 (y) = 24 (¥) yeyY .

N Pal
Hence ¢ (o¢(y)= ¢4(y) - fl"Q (vo) + ¢4 (vy)) 1is a subgradient of er at
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So far we have related unconstrained minimization of Lagrangians to
weak separation of boundary points of Q;i_ Q with the aid of functions from ¥
and obtained necessary optimality conditions.

We may derive analogous conditions without appealing to the existence
of solutions.

In the case when solutions do not exist the mentioned results are no longer
necessary conditions for optimality but still provide useful information about the
structure of the problem.

The discussed method is based on the separation of boundary points of
epi fI‘Q rather than those of Q;i_ Q . Proposition 1.13 reflects the advantage

of this approach.

Analogously to Corollary 3.7 we have

3.11 Proposition

Suppose that the associated multifunction of a problem representation (1.5)
has the V¥ -separation property at X - If er (yo) > -» , then there are a

neighborhood Q of X, and a 4‘0 of the form

(3.16) Yo (Ys1) = =AqT + 04 (y)
such that
(3.17) Ao er (vg) = @ (vq) = xi:lfo L(x,Xg» @p)
= yi:IfY (xofPQ (Y) = 95 (¥))

Proof
Each function of type (3.1¢) is continuous in the product of the discrete

and the natural topologies, thus sup $g = sup Yo Let
-1
epi fT
Qer Q et
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z, = (yo. er (yo)) . By VY -separation there is a Yo of type (3.16) so that
(in view of (3.1)) (3.4) holds, which in virtue of (3.8) amounts to (3.17).
The counterpart of normality is strong duality which consists in separating

of boundary points of epi fI‘Q by elements of the class
gx1={u: u(y,n)=-r+e(y), ¢cs}

We say that strong $ -duality holds at X (for a problem representation (1.5) )

if there is a neighborhood Q of X0 such that the point (Yo fI‘Q (yo) ) may
be weakly separated from epi er by a function from g X 1.

Certainly & -normality at X implies strong ¢ -duality at Xq .

3.12 Proposition
Strong @ -duality holds at Xg » if and only if there is a neighborhood

Q such that the Q -value function is & -subdifferentiable at Yo -
A function 9o isa subgradient of er at yg . whenever 2o X 1

separates (yo.fI‘Q(yo)) from epi fl"Q.

Proof

Strong @ -duality at X, means the existence of %0 and a neighborhood

Q of X0 such that

(3.18) —fJ'Q(yO) + 9, (yo) =T+ 9, (y) for each (y,r)e epi fI‘Q .

(3.18) is equivalent to

(3.19) er(Yo)'¢0(YO)Ser(Y)"Po(Y)’ ye Yy

which signifies that %0 is a subgradient of fl‘Q at Yo
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In view of (3.8) formula (3.19) is equivalent to

(3'20) er (YO) 5 ¢0 (YO) = xj-:lfo L(X. ¢0 ’ Y) )
= inf (f(x)~ sup ?o (¥))
xe Q _— I..--lx

Frequently we use Lagrangians referred to a point ( which differ from those
E we have been studying so far by a function depending merely on ¥ ) . The most

important is Lagrangian of Kurcyusz (of a problem representation (1.5) with

respectto & ) .

(3.21) L(x,9,yq) = £(x) - sup ?(y) + o(yq) .
y e rlx

It is an immediate observation that (see (3.20)).

3.13 Proposition
An element ¢, isa subgradient of er at yq» if and only if

(3.22) er (vq) = xi:qu L(x,9qsYq) -

Formula (3.22) enables us to find the Q -value by computing the Q =-value for

a single unconstrained problem.

We know that @ -subdifferentiability implies & -convexity

(more generally for some classes of sets ¥ -separation implies Y -convexity).

We say that weak g -duality holds at Xq if there is a neighborhood

! Q of X0 such that (yo : fI‘Q (yo) ) may be weakly almost separated from
! epi er by a function from 3 X 1.
+
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3.14 Proposition
Weak & -duality holds at Xq » if and only if there exists a neighborhood

Q of X0 such that the Q -value function is & -convex at Yo

Proof

By definition weak & -duality holds at x whenever for some

0 ’
neighborhood Q of X and for each € > 0 there is an element ¢ of

& such that

frq(vg) - elyg) - e = o) - o), yey
which, by the definition, amounts to & -convexity of er at
xo .

3.15 Proposition
Weak & -duality holds at Yo+ if and only if there is a neighborhood

Q of X0 such that

(3.23) fr . (y,) = sup inf L(x,e,v,)
g PeEP XeQ v

where L is the Lagrangian of Kurcyusz (3.21).

Proof
In view of (3.8) and on recalling the definition of the Fenchel transform [2]
inf L(xn¢'Y0) = inf (er(Y) -o(y) + ?(YO))
xXe Q yeY
%k
= ~fr5(e) + o(yg) -
Therefore
*k
sup inf L(x,9,yq) = fry (vy) -

p€ed xe€Q




*ok
By the Moreau-Fenchel theorem ( [2]), fI5 = fr‘g 3 fI‘Q is

) -convex at Yo whenever er(yo) = frg(yo) thus in view of Proposition

3.14 the proof is complete.

Formula (3.23) enables us to compute the Q -value of a problem with
a priori chosen precision by computing the Q -value for a single unconstrained
problem. |

It is the VY -separation property of associated multifunctions that makes
possible the replacement of minimization problems by unconstrained minimization
of the Lagrangian.

The resulting optimality conditions (see e.g. Corollary 3.7) carry the
more information the smaller is the class V¥, what is due to the existential
qualifier "there is a ¢0 in ¥ " . Also, classes ¥ that are used in practice
are chosen to make easy the computation of (3 .1).* Consequently, good classes
¥ are those small and special.

Therefore, in such cases, the V¥ -separation is an exceptional property
of multifunction. It may be expected that in the overwhelming majority of cases
associated multifunctions will miss such a property.

As we shall see, sometimes a change of representation or a change of

the class ¥ will be sufficient to overcome the impasse.

2 Note that all the considered concrete associated multifunction of the type
¥F(x)+ C, xe€38
) , otherwise

where & 1is a mappinginto Z and C is a closed convex one.

e
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But most commonly we shall need substitute the associated multifunction
by another multifunction enjoying the ¥ -separation property and preserving
extremality.

The space Z is considered with two topologies 1 and P

-—Zx is closeto  at

(guxg) t 2
(zO, xo) in the sense (Trl, 7T2) if the lower semicontinuity of

et Q: Z— ZX « A multifunction @

(ZO ’ xO)
at ( 2, xo) with respect to T, implies the lower semicontinuity of

Q at (zo,xo) with respect to 7T1 <

3.16 Proposition

Let Q- be the associated multifunction of (1.5) and let n(yo i f(xo) . xo)
have the ¥ -separation property at X0 (with respect to T, ) and be close to

Q¢ at (yo,f(xo).xo) in the sense of (ﬂl,ﬂz) , Where =0 Xy

(product of the topology 0y of Y and the natural topology v of R ).

If X, 1is a solution of (1.5), then there is a Yo in ¥ such that

X5 is a solution of (3.5) where L is the Lagrangian of (Q(YO' f(xo)' xO) X

) -

Proof

Left to the reader.

3.17 Example

Let fl’ cee, fm be continuous functions on a Banach space X and

differentiable at Xq o Let qQ: - g ZX be defined by
Q(rln"'prm)={x: fi(x)Sriv i=1""nm} .
Let Y be the class of all linear forms on Rm . The multifunction

Q(fl(xo)’ cee fm (xO)’ xo) (rlp Tty rm) = {x: fi(xo) + fi' (xo)(x-xo) = ri ;

P TR I PR R —— -



has the VY -separation property. It is known [1], that

is closeto  at (f2 (to), ce .fm(xo),xo) in

BAE, xgha + o o B ()0 Xg)
(r,m)y, * the natural topology of Bt

(ZO ’ xO)
for a given (z0 " xo) from the graph of @ . In many applications there is a

We wish to emphasize that the multifunction was chosen

routine procedure of finding close multifunctions (see Example 3.17).
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4. Sufficient optimality conditions; improved necessary optimality conditions

A necessary condition for X, to be a solution of a problem (l.1) with

a representation
(4.1) (£, Thygs (X, 7))

is under some additional hypotheses, the existence of a 4;0 ina class Y

of real-valued functions such that X is a solution of
(4'2) (L('»‘PO)oX;(XoT))»

where L is the Lagrangian of the associated multifunction and of the class Y .
Our next objective is to compare sets of solutions of (4.1) and (4.2).

In general the sets of all the solutions of (4.1) and (4.2)

(4'3) R(f)ryOv(XrT))’ R(L('l‘po)vxp(xv'r))

are very weakly related.

We start by relating some subsets of (4.3)**, namely the sets

(4.4) R(f’rYOnQv(QnTo))o R(L(’o‘po)! Qn(QoTo))

where Q 1is an open set and To is the chaotic topology in Q .

Let L(x,¢,\A) be the Lagrangian (3.7) .

o See Exercise 9.
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4.1 Proposition

Suppose that there is a neighborhood Q of x, and ¢, in & such

0
that %0 is a subgradient of fI‘Q at Yo * Then

(4.5) R(E, Tyg N Q, (Q, 7)) C R(L(+,9(5,1),Qs (QyTy)) -«

Proof
PaS N\
Let x belongto R(f, Ty, (Q,7y)): thus x 1is in Tyy N Q

A\
and f(x) = fI‘Q (yo) . Consequently for each function ¢ in 3

A N A
£(x) - ¢(yg) = £(x) - sup e(y) = L(x,9,1) .
Yy € ' Q

On the other hand, by (3.8),
A
f(x) - ‘Po(Y0)= er(Yo)—‘?o(yO): inf L(xa‘PO'l)
xeQ

N\
Hence, L(x,¢y,1)= inf L(x,¢,,1) .
x€eQ

Since the Lagrangian of Kurcyusz (3.21) differs from L(x,qao,l) by
?q (yo) . it follows from (3.22) that if 2 is a solution of

(f, Ty, naQ,(Q, 'ro)) and ?0 is a subgradient of fI" then

Ql
A\ N\
(4.5) f(X)=er(Y0)= L(x'¢0'y0)

4.2 Proposition

If ?0 is a strict subgradient of er

at y, and if all rlx

are singletons, then

(4.6) (£, Tyy N Qs (Qy 7)) = R(L(+,94,1),Q4 (Q, 7))
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Proof
In view of Proposition 4.1 it is enough to prove inclusion O . Inour

case the Lagrangian becomes
-1
L(x,¢,1)= f(x) =~ ¢(I "Xx)

where by (r_lx) we denote the (only) element of rlx. Let X belong

A
to the right hand side of (4.6). I x isin Ty, then (in view of (3.8))

£R) - 9plvg)= Inf Lix,9, D) ST - 0p(y)s veY
xe Q
A A
(yo) and x isin R(f,l“yonQ,(Q,To)). If X were not

lg)

X =

A =
in Ty,NQ then (denoting {yl=T
N\ N\ N N\ N\
L(x,99,1) = £(x) = 95 (v) = £T (y) = 9o (v) > £ (vy) = 29 (vg) -
On the other hand, by (3.8),

inf L(x,@,,1) = fT_(vn) = @4 (Yq) »
et 0 QYo) = 2 Yo

leading to a contradiction.

4.3 Proposition

Suppose that all the sets I*—lx are closed. If % is a decisive

subgradient of er at vy, and if for each x in ryOnQ

(4.7) 9 (Yg) = max ?o (¥Y) »
y € I“-lx

then (4.€) holds.

Proof

Let X belongto R(L(*,:1),Qs(Q, o)) -
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If X isin TIyy, thenby (4.7) the thesis is

proved.

A -] A
Suppose that x is not in r‘yo . Theset T 1 x 1is closed not

containing Yo hence by decisive subdifferentiability

yeI "x

In virtue of (3.8)

LRiog = £ - sup  g(y) = Inf (TG = 9o (¥)

yel“-lx yel“-x

IA

(4.9) inf (£(X) - gy ())
A

y € l"-lx

A A\
= f(x) - sup ?o (V) = L(x, ¢4,1)--
=1
vyeI "x

Again in view of (3.8) and by (4.8), (4.9)

N\
inf L(x,¢,,1) = fT~(v,) = @4 (Ys) < L(x,04,1)
¢ O 0 QYo oo 0

4.4 Example

Let & be the following class of functions defined on a normed space

-yl +c, k=0, yeY, ceR} .

& = {-x

Recall that this class has the property that if a function g is

3 -subdifferentiable at Yo » then there are k0 and o such that

¢0(Y)= -ko ”y-Yo " +C0
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is a decisive subgradient of g at Yo * For this %0 (4.7) is always
satisfied.

Note that for all multifunctions I’ from the previous examples, the sets
rlx are closed.

In order to improve the necessary optimality conditions (like Corollary
3.7) we impose further requirements on the from Y wused for separating
z, from Q_IQ :

Namely, we require that Yo separates essentially,

This avoids trivial separation but does not exclude the situation where the

Lagrangian is constant on Q .

4.5 Example

Let f be a linear continuous form on a Banach space X . Consider

the following problem representation
(f, {x: -f(x) =y}, 0,(X,7)) -

The associated multifunction satisfies sflx = (-f(x),f(x)) + Ri , each point
satisfying the constraint is an extremal, and its image may be separated by the
function ‘4’0 {ry s rz) = -n-r, from Q-IX .  We have that for each boundary

point z, of Q_IX

‘J’o (ZO) = sup L'r‘o (x) > inf \po (X) = =
Ze Q'lx zeQ X
but the corresponding Lagrangian is null.
Even if the Lagrangian is constant and thus if the corresponding problem
(3.5) is trivial, it may provide us with useful information. Take, as an

example Proposition 3.16 : The Lagrangian we consider is that relative to a




multifunction close to the associated one at the examined point. In this case

(3.5) becomes the condition that the examined point should satisfy.
Essential separation may be performed, in some cases, with the aid of
regular functions. A function qu is called regular, if for each open set

Q the set ¢0(Q) is open.

4.6 Proposition

Suppose that a set A has a nonempty interior. If for an element z,

of A and a regular function by we have that

(z5) = sup (2) ,
\bo 0 zeA¢0

then z, is on the boundary of A and the separation is essential:

lpo(zo) > inf qu(z)
ze A
Proof

Left to the reader.

This proposition applies in the cases where Q—IQ has a nonempty
interior. In Example 1.17 we discussed the case in which 1“-1 X isa
boundary set in Y (hence Q-IQ must not have interior points). In this
case one may require that the separating function is regular when restricted to
rixxr.
Note that a class ¥ of type (3.2) is composed only of regular
“.nctions, if we remove the subclass {4 : G(y,r) = o(y), ¢ is notregularon Y} .
Let I“i : Yi — Zx , 1=1,2,+++,m be multifunctions. Define the

t1 Y Al e — x
multifuncticn I Yl X Y2 X X Ym 2 by




(4°10) r(Yl-YZ.'°"Y

AN
Consider now a constraint representation (C,y) of a minimization problem

(1.1), where I is of type (4.10).

The first representation of Example 1.3 » and many other representations

we shall deal with, are of the discussed type.

The pairs (1“l ,?1) s, (I‘m,?m) are called components of the

A
representation (I',vy) .

A
We say that a component (I‘j,gr\j) is active at Xy (xo eTly),

if X is a boundary point of rj§‘j .

Aclass Y isoftype (3.6) where
.
g=2{ oi; @€ 3}

and for every i, 8 is a family of real-valued functions on Yi satisfying

(3.10) .

4.7 Proposition
A :'
Suppose that there is a neighborhood Q of X such that (y, f(xo)) i 4

-1
is essentially separated from er Q by an element ¢ of the form

m
(4.11) ¢(y1.---,ym.r)=-xr+121 AR

Iif (I‘j ,?j) is not active at Xq then there is a neighborhood 6 of x

[ (g,

0
N\
such that the element ’

N\
(4.12) ¢(Y1."°’Ym.r)=‘>xf+ ¢1(y1)

wup3

i=1
1#]
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-1
1 separates ('y\,f(xo)) essentially from era »

Proof

Since (I‘j '?j) is not active at Xq » there is a neighborhood 6 =0

at X such that

N\ -
yje I‘lx , for every xea .

j

By our assumption, for each x in 6
m “ m
-M(xg) + 121 ?;(vy) = sup (-Ar+ ), @ (v)))

-1 i
(Ylv CRLETE ym’r) € Dfrx

1

= =af(x) +
i

np138

—

sup ?; (v;)
v € rlx
A
= - M(x) + et i (v;) + o(yy)

} y, € I "x

W N3

i
i

The proof is complete.
The meaning of Proposition 4.7 is that by ignoring nonactive components

of constraint representation we may but improve the necessary optimality conditions.
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5. Duality

Necessary conditions for the optimality of X discussed in Section 3
assure the existence of a function Yo such that X is a solution of (3.5) .

It turns out that bo is itself a solution of a certain minimization
problem, called the dual problem.

We restrict these considerations to the chaotic topology T (to
global solutions) and thus we abbreviate the notation e.g. (f,A, (X, 1:0) )= (£,4) .

We start by introducing dual multifunctions.

Let I be a multifunction from Y into subsets of X. Given a
family & of (finite) real-valued functions on Y we define the & ~dual

multifunction 1“§ (acting from Rx into subsets of &) :

(5.1) r®={pes: sup ely) s -f(x), xe X}
Yy € I‘-lx

An equivalent representation is
B _
(5.2) r={pes: o(y) = (-HT(y), veY} .

In other words, the set ad (~f) consists of all those elements of & that
are majorized by the value function of (f, ryo) v

Indeed we have that the condition in (5.1) is equivalent to

0= inf (-f(x)+ inf (=e(y)))
xe X y e rix
= inf inf (~f(x)~o(y))
xe X v e I‘-lx

inf ( inf (~£(x))=@(y))
yeY xe Ty

inf ((=f) T (y)-e(y))
vyeY




which amounts to the condition in (5.2). Certainly,

y —E— x
(5.3)
re X
8 <——— R :

5.1 Example
Let X and Y be normed spaces and let & denote the set of all

affine continuous formson Y: 3 = {¢= @o+C: 9g€ Y', ceR}. Let
-1
Fy=4a "(y)

where A is a continuous linear operator. In view of (5.1) for any

f: X—-R
F3 *
r"(-f) = {¢0+C: A ¢0(x)+c$f(x), xe X} .
Notice that for any function £, r® (-f) = FQ(-oof) .

5.2 Example

Let C be a closed convex conein Y. Let
Iy={x: ye Ax + c}
and take & from Example 5.1. We have that
%
¢ (Ax), if %o € C
sup el(y) =

ye Ax + C
+ 00 otherwise ,
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*
r§f={¢0+c: A¢0+cs—f, ?o € C*} .

Consider a multifunction A acting from a set - of real-valued
functions on X into subsets of 3 . Since the set X may be viewed as

a subset of the real-valued functions on = by the formula *

x(f)= f(x), feg s

we may consider the X -dual multifunction of A

2B O
X
(5.4) gE & , X

’0 X
AY
Y

g={x: sup X(€) < -g(p), o€} .
tealy

By the definition

(5.5) A%

The restrictionto Y (viewed as a subset of R{’) is denoted by A}; .

£ ~—
We write X <= R= . Note, that two different elements X}, X, may

define the same function on E . This happens when f(xl) = f(xz) for

-
each fe - .




We are now in 2 position to give meaning to the X -dual of the & -dual

of a multifunction and its restrictionto Y. We define

5. X _ 8. X 8X_ 2 X
(5.6) r (r=)", s

where = = Rx .

5.3 Proposition
The X -dual of the & -dual of a multifunction I (restricted to Y)
is equal tothe & -hullof I

X

(5.7) FY = coQI" .

Consequently, if for each x, e e -convex, then
X _
I‘Y =L

Proof
By definition, x 1isin (I‘zx)y » whenever
(5.8) sup f(x) = -p(y) foreach oe¢ 3 .
fe (rhl,
& -1
Now, f isin (I'") "¢, whenever
(5.9 - sup e(y) = f(x) .
y € l"-lx

The supremum of all these real-valued functions £ that fulfill (5.9) is equal

sup #(y) » hence condition (5.8) becomes
Yy € r‘-lx
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&

(5.10) o(y) = sup o (2) foreach ¢e€ &
zeI x

By definition , (5.10) amounts to

-1
y € coil" X

or equivalently x e cog I'y .

5.4 Proposition _
Let = be a subset of Rx. If the Lagrangian L(-,¢) of (I,%)

-

is = -convex for each ¢ in &, then

(5.11) I"QX = co=-T &
— ®
=Y
Proof
) X
By definition x isin (T _ ')y, whenever
=
sup £(x) = -¢(y) foreach ¢ .
3 -
Ee(T2) o
A function ¢ s in (r'f )-1¢ , whenever
o
(5.12) L(x,p)==sup o(y) =E(x) .

y € P-lx

By the = -convexity of the Lagrangian the supremum of those § from E

=)
that fulfill (5.12) is equal to =~ sup o(y), thus (5.10) holds.
y € I‘-lx
This proves the proposition.




5.5 Example
We shall consider the X -dual of the multifunction TI'® from Example

5.1. Observe that the Lagrangian of (T, &)
*
L(x,¢) = -¢(AXx) = -A ¢, (x) = C

is = -convex for each ¢, if = is the class of all continuous affine forms

on X . Therefore, in view of Propositions 5.3 and 5.4,

-y Y

X X
r

L:)
1
—

(T_)  (9g*c) {fe: A*cpo(x)+cs-f(x), xe X}

[]

{-A*cpo -c}. H

]

According to the definition, x 1is in I"_'X y whenever
=Y
—

-A*qu (x) =c = -gg(y)~c

* %
for each %0 in Y . In other words, whenever ?0 (Ax-y)=0, 9 € Y

)
or Ax=y . This meansthat T o = I . This follows, of course from

Zy

Proposition 5.3, since all rlxa {Ax} are & convex.

Consider a problem representation

X

| (5.13) 3% o
! where I''s Y- 2. The & -dual of (5.13) is defined as
|

(5.14) (=yg» T°,=0)



o < R 7 AR AR ¥

where I“§ is the & =-dual multifunction of I’ . The X -dual of (5.14) is

X

(5.15) I8 »Yo) -

Let LQ: P X XX RX—— R be the Lagrangian of Kurcyusz of (5.14)

and L: XX &X Y — R be the Lagrangian of Kurcyusz of (5.13).

5.6 Proposition
The following equality holds

(5.16) -L§(¢,X,-f)= L(x, ¢’y0) .

Proof

By definition
Li(p,x,-f)= -y (¢) = sup x(g) - x(f) ,
ge(l") ¢
thus in view of (3.21) we should merely show that
inf (-g(x)) = sup e(y) .

geE . y eI x

The set (I"q))-l(p is composed of all these real-valued functions g on X

which satisfy sup o(y) = -g(x), thus (5.16) holds.
3 Yy € ¥ ik

E 5.7 Proposition
If ?0 is a subgradient of fI" at Yo » then it is a solution of

(5.14).
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Proof
If an element %0 is a subgradient of fI', then j
" |
(5.17) ?o(Y) =T (y), ye¥ ,

in other words, recalling (5.2), %0 is in 1"§(-f) ,and if forall ¢ in
r® (),

(5.18) ?(vg) = ¢glyy) -

Thus ?0 is a solution (5.14).

5.8 Proposition
If ?0 is a solution of (5.14) and if fI" is & -convex at Yo »

then %0 is a subgradient of fI" at Yo *

Proof
Let ?0 be a solution of (5.14). In view of (5.18)

supf ¢(y0) = 90 (yo) and by & ~-convexity of fI' at Yo %o (yo) = fr(yo)
¢=1IT

which together with (5.17) completes the proof.

Certainly, the above propositions may be applied to establishing the
relationship between solutions of (5.15) and the subgradients of (5.14).
However, such results seem to be of little practical value, because of the
difficulty in interpreting what X -subdifferentiability (X -convexity) of the
value function of (5.14) means.

Instead, we present

5.9 Lemma
If fIrr is & -convex at Yo and X is a solution of (5.13),

then x, is a subgradient of the value function of (5.14) at -f .




Proof

The value function of (5.14) may be represented by

(5.19) (v T2 (-9) = inf (= (yy)) = = (aT)’(vy) -
¢ =gl

By & -convexity of fI' at vy,
)
(-yo) T* (-f) = =£ T (vq) -
Therefore, taking into account that fl"(yo) = f(xo) .
(~y) T2(~£) + £(x) = ~ET (yo) + £(xq) = 0 .

On the other hand since x, ¢ I'y, , we have for each g that

(-y ) T2(=g) + @ (x,) = - (aT)2(y,) + 9 (x,)
0 0 0 0

= -gr(YO) + g(xo) =20.

This signifies that (-yO)I‘§ (*) - X, () attains its minimum equal to zero at

-f . The proof is complete.

5.10 Proposition
Assume that weak & -duality holds. If Xq is a solution of (5.13)

and %0 is a solution of (5.14), then (x0 § ¢0) is a saddle point of the

Lagrangian of Kurcyusz (3.21):
(5.20) L(xoo‘PsYo)SL(xot¢0:Y0)5L(x9¢0’Y0)
foreach xe¢ X andeach ¢¢ 3 .

Proof
By Proposition 5.8, %0 is a subgradient of fI' at Yo thus by

Proposition 3.13 the second inequality holds.




By Lemma 5.9, X is a subgradient of the value function of (5.14)

at -f. Hence by Proposition 3.13 (applied to (5.14)) and by (5.16)
] the first inequality holds.




1.

Exercises

Parametric problems consist in minimizing over X

f(x,wo)

provided that z, ¢ A_1 (x, wo) s Where f: XX W—- R and

A Z——Zxxw . Find a problem representation (1.5) for the general

parametric problem.

( Rockafellar)

In particular, let f: XXW — RU {+w} . Consider the problem

(f(' owo)’X9 (X' To) ) s

Determine a constraint representation (T, wo) sy I': W— ZXXW

that yields a problem representation of the type
(f’rswoo(xst Tox'rl)) .

Show that the Lagrangian of the associated multifunction and of the class

$ X 1 (seep.31) is of the form

L(x,w,9)= inf (f(x,2)-9o(z)) .
zeY

Let R be a normed space, K a closed convex cone in R, f a mapping

55

from a topological space (X, T) into R, A asubsetof X. A Pareto

minimization problem (vector minimization) is

(£, (R,K),A, (X, 1)) .
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A solution of the problem is an element X0 of A such that there
is a neighborhood Q of X0 such that foreach x in ANnQ,
f(xo) - f(x) £ K. Our problem (l.1) is a special case of Pareto
minimization.

¥ (E, yo) is a constraint representation, then the associated

multifunction @ is defined by
Q(y,z)={x: zef(x) +K}nTy .

Find a geometrical interpretation of singular points. What is the form of

the Lagrangian of @ and of a class

¥={y;+¢,: ¢;: Z=R, ¢, : Y=-R} .

Consider a set f,,°*°°,f of real-valued functions on a topological space

m
(X, 7). Let 0o be the natural topology of rR® . Then X0 is an

extremal for either all of or none of the following representations.

(fj’rj' ‘fl(xo)n bl 'fj-l‘xo)’fj+l(x0)’ LI 20 nfm(xo)) (X, 1)

where

rj(rlv"'srj_l:rj_up "'vrm)= {X: fi(X)S I‘i, 1%j} .




i

5. a) ( [1] ) Let A be asubsetofaset X. Afamily P of functions
p: X—RU{+»} is called a penalty system for A, if
(i) \pe P foreach A >0 and peP
(i) p(x)=0 foreach xe¢A and peP
(iii) foreach x¢ A thereis pe P suchthat p(x) >0
(iv) foreach xe¢ A thereis pe P suchthat p(x)> -~ .

let f: X—RU {+} . Show thatif P is a penalty systemof A,

then

inf  sup (£(x) +p(x))= inf £(x).
xe€eX peP xeA |

b) (Dolecki-Kurcyusz [ 2 ]) Let & bea class of real-valued functions

on Y satisfying (3.10), let I Y——ZX .

Define

Piyg)={- sup  e(y)+olyy), o} .
-1
yeI "x

Show that if for each x the set r-lx is & ~convexand (" TIy=4§,

veY
then for each Yo P(yo)) is a penalty system for Tyg -

6. ] Let & be composed of regular functions and let ¥ be of type (3 .6).

Show that if frI is upper semicontinuous at Yo and (yo s fI‘Q (yo) )

Q
may be separated from epi er by an element ¢ of Y, then strong

3 -duality holds.

d
T. Using the definition, find I YX from Example 5.2.

8. Prove Proposition 3.16.
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9. Shqw that for a problem representation (4.1)

R(fnrYOn X,1))= QLGJBQf'r(YO!er(yO)) noQ,

where B8 is a basis for T

19.We say that a multifunction [:Y —> Zx is ¢-observable at(yo

,xo) ,whenever
for each neighborhood Q of x

0 there exists a neighborhood W of Yo such that

ol
co, I' QOw.

Show that if T, ¢ are those of Example 5.; ,then the $-observability of T
(at (0,0))amounts to the existence of k>0 such that

ha'ol 2 wef pex”,
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