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\\\U ABSTRACT

The subject of this paper is a version of the inverse reflection
problem for a smoothly stratified elastic medium. The same mathematics
describes the inverse problem of the vibrating string. This problem
is solved in a constructive way. Also, a priori estimates are de-
rived which exhibit the continuous dependence of the solution (index
of refraction, relative sound speed) on the data (scattering or reflec-
tion measurements).__
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SIGNIFICANCE AND EXPLANATION

In an inverse reflection or scattering problem, the mechanical
(say, elastic) properties of a medium are to be determined from knowl-
edge Of incident and reflected waves. Such problems arise in explor-
ation geophysics, materials testing, plasma diagnostics, physical
chemistry, ultrasound radiology, and many other contexts. A simpli-
fied problem of great practical importance is the inverse acoustic
reflection problem for a smoothly stratified medium in which the
density varies as a function of depth only.

This report gives a constructive, exact solution of this problem,

using only techniques available also for the three-dimensional inverse

'acoustic problem for unstratified elastic media. Additionally, the

methods used here provide stability estimates which are extremely

important for applications and for numerical implementation.

i ’,x'.d.':.&“\’,'ol-
Dist special

The responsibility for the wording and views expressed 1in this‘des-
criptive summary lies with MRC, and not with the author of.this
report.
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THE INVERSE REFLECTION PROBLEM FOR A
SMOOTHLY STRATIFIED ELASTIC MEDIUM

W. Symes

$1. Introduction

The subject of this paper is a version of the inverse reflection
problem for a smoothly stratified elastic medium. The same mathematics
describes the inverse problem of the vibrating string. This problem is
solved in a constructive way. Also, a priori estimates are derived which
exhibit the continuous dependence of the solution (index of refraction,

relative sound speed) on the data (scattering or reflection measurements).

We take particular care to use only constructions which apply in
principle to higher-dimensional problems of a similar sort. Most other
treatments of this problem proceed via a reduction to an inverse Sturm-
Liouville problem (see e.g. [1] and [2]). This coordinate transformation
is no longer available in higher-dimensional problems, so we avoid it,
except where it can be interpreted as a coordinate transformation along
the rays of geometric optics: this is the case for the a priori estimates
of ¢ at the end of Section 4. (See %4 for a discussion of this point).

Other authors who avoid dependence on peculiarly one-dimensional
tricks have invariably used approximate methods (JWKB, Born series: see
[3]1,[4], Ch. XIII, and practically any article in the literature of inverse
scattering in exploration geophysics, physical chemistry, ultrasound
radiology, etc.) In contrast, our methods are exact: we construct the
index of refraction exactly by an iterative approximation procedure.

Our formulation of the inverse reflection problem is time-dependent,
which also contrasts with many other treatments (e.g. [2],[5]). The
solution propounded here can also be adapted to steady-state (frequency-
domain) problem formulations, other boundary conditions, etc.

We abjure further discussion of the literature and proceed to describe

our results.

Sponsored by United States Army under Contract No. DAAG29-75-C-0024
This material is based on work supported by the National Science
Foundation under Grant No. MCS78-09525.
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The physical setting of our problem is as follows. Consider a

stratified elastic medium with unit elastic moduli (Lame constants).
(This latter restriction may be removed, in which case we recover the
elastic impedence rather than the acoustic index of refraction). The
density p varies as a function of only one of the coordinates, say x.

We assume that p is known and constant in the half-space (x < O).

In
fact, for the sake of simplicity p = 1 for x { O, and smooth (of
class C3) otherwise, The methods can be modified to cope with dis-
continuous p -- that is easy. The hard part is smooth p . We set up

a measuring device at x = O, and record the (infinitesimal) reflected

wave F(t), t > O, resulting from an (infinitesimal) impulsive incident

wave of the form &§(x-t), t ¢ O, impinging on the unknown medium

{(x > 0).

Our results are phrased in terms of the index of refraction

c = p'l/z. We obtain sufficient conditions on F (which are very close

to necessary -- see [12])), as in:

e

Theorem 1. Suppose T > O, F: [0,2T) = R is of class C2
F(O) ¢ O, and g_g kernel

e

H(s,t) = % F(s+ t) -J‘s dr F(s=-T)F(t=-r1)
(0]

Cgecte ™,
H(t,s) = H(s,t)

defines a self-adjoint Hilbert-Schmidt operator H on L2[0,'r] with

ﬂe_z property

D+4H > € >0

Then there exists a unique x > O and a unique positive function

> i
c: [0,x] = Rt = {c > 0} of class C3 so that j‘o c la T and F(t) = |

!
u(o,t), t . O for the solution u of the initial value problem (for '

which define ¢ = 1 for x ¢ 0):

BB bt £ oot o
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3 2
(=25 - 20 2Zux.t) =0 (1.1a)
. at ax

u(x,0) = 5(x) }«

Wix,0) =0 (1.1b) la

Denote by o C r' X C3(R+) the set

Then the map F r (X,c) whose existence is implicit in the above state-

|
i
|
= [(X,c):X >0, ¢ € C3{o.,X]). |
§
i

ment is continuous (even locally Lipschitz) as a map

.r,r = (F ¢ 02[0.2'1‘] :F(O) = 0} » /.

The proof proceeds along the lines laid down in [6), where a similar

.._..,-...._m-_"A.
& i el

problem was solved with the differential equation (l.la) replaced by

2 2
: (=5 - 25 + ax)uix,t) = 0
At X

e i g

.

In reference [6], therefore, the characteristics of the problem are known

from the outset. The characteristics are exactly what is to be found | 3
in the present problem, however, which gives it the nature of a free
boundary problem. This nature is unavoidable in higher-dimensional !
inverse problems for elastic waves, and we meet in head-on, which causes
some headaches. In particular, the necessary a priori estimates are

more difficult to derive than are the corresponding estimates in [6]). &

i 577 |

The main tool is the progressing wave decomposition of the solution

u of an initial value problem (1l.1):
u(x,t) = 3 <M2@) (6 (L4 T(x)) +8 (£ =T(x))] + K(x,t)

where

1

X -
T(x) = c
JO




e ——

is the travel-time function, and K is smooth inside the light cone with
apex (0,0) (Section 2).
This expansion is established in {2 under a condition on ¢ which

guarantees that distribution solutions of singular initial value problems

2
for the operator O = L cz - . are unique. This condition is
(o] 2 2
At X
not necessary. It is proved in ref. {(12] that a sharp condition
is ¢ € wiéi . Also, a converse to Theorem is given in [12), which

amounts to a complete solution of the inverse problem (necessary and
sufficient conditions on F).

In §3, it is shown that the pair (K,c) solves the GL system of
Volterra equations (Theorem B):

1 _=-1/2

H(T(x),t) = 3 ™/ S(x)K(x,t)

X -
¢ [T aye d(yIR(y Tx) R(y,t)
0
for t > T(x) (1.2a)
/ x /2. .
K(T(x),x) = 3 2" 1212 (1.2b)
0

The initials GL stand for Gel'fand and Levitan, for they introduced inte-
gral equations of this sort into inverse scattering theory in their
seminal paper [13]. Our work is in direct line of descent from theirs;
the "nonlinear integral equation" of [13) is derived by the present
techniques in [6]. GL also stands for group law: indeed, the eguation
(1.2a) expresses in compact form the group property of the solution oper-
ators for the Cauchy problem for C%. which follows from the time-
independence of its coefficient,

A number of crucial a priori estimates are determined in Section 4

for the solution (K,c] of (1.2). These involve sup norms of F and the
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number 6'1. This latter number, although in principle present in the
data F, 1is in practice difficult to extract. On the other hand, in
practical problems one often has known bounds on the index of refraction.
It is shown in Section 6 that a priori bounds on ¢ and its first two
derivatives determine a lower bound for €, hence can be employed in

place of € in the a priori and stability estimates. We use the results

of Section 4 in Section 5 to show that an iteration scheme converges to

a global solution of the GL system (1.2). The solution defines a continuous
map

:T ~J = [(XUCOK) +1 X > o}o

c € c3[0.x]. K € c2(e(T.c)))
where

G(r,c) = {(x,8) 102 x € X, TIX) £ € < AT-TiR)].

Finally, we establish in Section 7 that the solution (K,c) of the GL

system actually solves the Chudov boundary value problem

2 2
(-—37 -c¢? 25K =0 in &(T,0) (1.3a)
3t X
K(0,t) = F(t), (3% - 3)K(O,t) = 0 (1.3b)

X / i
K(x,T(x)) = % cl/z(x)J M2/, (L.3¢)
o

Since it was established in Section 2 that the (necessarily unique)
solution of (1.3) is the smooth part of the solution of the singular
initial value problem (1.1), it follows that c¢ is the solution of the
inverse problem sought in Theorem A, which completes its proof.

The result of Section 7 also establishes that the GL system (1.2)
and the Chudov problem (1.3) are completely equivalent, In particular,

33

the a priori estimates of Section 4 also hold for the solution of (1.3).

e |
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In the context of the inverse problem of [6), a similar observation was
used in [7) to prove stability of an optimally efficient numerical
scheme based on a Chudov problem. 1In fact, the Chudov problem of [6],
[{7] was suggested as an approach to the inverse spectral problem for the
SChradinger operator by Chudov in the mid 50's (see [14), appendix),
hence the name. The present results will likewise provide the base

for a stability result and consequent a priori error estimates for
efficient numerical solution of the present problem. This matter will

be discussed elsewhere.

To end this introduction, we note that the present results can be
combined with well-known techniques from exploration seismology to solve
the inverse problem for piecewise C3 index of refraction with jump
discontinuities. Finally, we mention the work of O, Hald [8) on inverse
Sturm~-Liouville problems and P, Deift and E. Trubowitz {9] on inverse

Schrodinger Scattering. These authors also prove stability results, and

their techniques are actually closely related to those presented here.

{2, The progressing wave expansion

The goal of this section is to express the solution u of the

singular initial value problem

2 2
* O u= (—§3 - gt —és)u s 0 (2.1a)
3 = it 3xX
b u(x,0) = 8§(x -xq) (2.1b)
I
i o
I 34 (x,0) = ©
| at
as a superposition of progressing waves
u (x,t) = 3 2272 (x ) I8+ TRXG)) + (L= T(xx) (2.2)

where

T
T(xoxo) = I (o]
*p
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plus a remainder K(x,t:xo) which is smooth inside the light cone with

apex ‘xO.O) and has a jump discontinuity on the boundary of the light

cone given by

1 -3/2 1/2 X 1/2
} K(x,T(x,xy) 1 Xg) = 7 ¢(xg) 2 A2 g Ix g

1/2,.
3 )

(c b

|v

X0

-3/2 1/2 X 152, 152 . &
K(x,=T(x,xg) t Xg) = é NN c (x)fx° c (c%) X <

Xg (2.3)

The first step is the determination of conditions on a compound

distribution (see [10], Ch. 7)

vix,t) = g(X't)bw(X.t))

3 which ensures that Cév has singularities no worse than those of v,

i.e., in this case that no derivatives of the delta distribution appear

in SV along the surface ¥ = O. Here g and ¥ are understood to be

smooth functions, with & playing a role analogous to that of the phase

function in geometric optics,

A short calculation, using the chain rule for compound distributions

([10}, Ch. 7) yields

1) the eikonal equation

(azg)z 2(529) e
-y L 2
3t X

SIS SRS

2) the transport equation

‘ 39 3% _ 2 39 3 BT
: S ot Fwax P IGER) =0,

Two convenient independent solutions to the eikonal equation are

+
$T(X,t) =t + T(x.xo).

+
The curves .~ = 0] are characteristics of :% passing through (xo.o).




8
The corresponding transport coefficients must solve
+ -
-~ g, " +
O=2-g—%—+2c§—,9(:j_f‘.g“, (2.4)
+ | 4
along (¥~ = 0} to first order. Now demand that for suitable choice of b g
- 3
g—, the superposition
{8
- - [
ug = gt se’) + gTEET) ]
should satisfy the initial conditions (2.1b). We obtain l’
i 4
= = &
gt (x,0) + g7(x,0) = ¢ 1(xo) &
3’ 39~
At (xlo) * 3t (x:o) =0 '
Q g"(x,0) - g"(x,0) = 0O %= x, (2.5)
] f
3 The last is in fact required to hold to first order at x = Xqe One j
easily checks that, if t ]
: * 1 -1 | 4
g% 50) = 3 o' (x,) i
o’ 2 o | 4
then the equations (2.5) are satisfied, including the last one to first : rf

order, provided that the transport equations (2.4) are taken into account. &

B G

To solve the transport equations, notice that
~+ E +
g (x,t) = ¢ 1/“"(x)g‘(x,t)

must solve

.+ ‘

~F
3§ = _ 3 _
3t + C 3% o, (2.6

+
along (9~ = 0}, with initial condition

-3/2

Et(xo,O) = % (- (xo).

The initial condition is satisfied if we take

-~ -
F(x,0) = 3 ¥ 2x)), all x

+
and the equation (2.6) is certainly satisfied along {v~ = O} to first

Dy S
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order if) it is satisfied identically in x and t, in which case the

solution is %

) Qe

~t b
g (x,t) = 5¢ (xq)

It follows that suitable solutions to the transport eguations (2.4) are

l/z(x)c°3/2(xo)

Fxit) = 3 ¢

and we have established the form (2.2) for the singular progressing wave.

The next step in the progressing wave expansion is to add a

correction u,. again in the form of a progressing wave

u_(x,t) = g (X, E)H(t+ T(X.x5) )+ g] (x,£)H(E = T(x,X;))

1 whose singularity

{v 1 9>0
| H(p) =
: O o0

is the primitive of the preceding (delta) sinaularity.

—

One requires that Dc(us+ uc) have singularities no worse than

those of u.. hence that Céuc must cancel the singularity of g

This requirement leads to the second transport equation

| +
g7 397 +
TR R I G S, | SR D
2 3T + 2c¢c T + c’gy=3cic ) Sl (xo) (2.7)

+
The initial values gI(x,O) must be specified in such a way that

uc(x,o) = 0. By computations very similar to the preceding, one arrives i

at the solutions

% c1/2(x)c-3/2(Xb)‘rx cl/z(cl/z)' X < Xg
X
(0]

i
3 g‘;(xlt) L
4 X 2 xo
% cl/z(x)c'3/2(xo)jx 17212y x5 X, }
X
gi(x't) - s
’ (0] X 5 Xg (2.8)
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Finally, one shows that the problem

O w

-z +
(o} "c(us uc)

o/
=

W = =0 for t =0

o
(23

has a unique continuous solution w supported in the light cone C(xo).
This is spelled out in ([11]), Ch. VI, §4) and ([10], Ch. 7) under
stringent differentiability assumptions on ¢, and in ([12], §2) under
weaker restrictions more suited to the discussion of the inverse pro-

blem. In any case, we can now represent the solution u of (2.1) as

=u_ +u_+w
u U.s uc .

Since w vanishes on aC(xo) and is continuous, the summand

K=u +w has the asserted jump along ac(xo), by virtue of (2.8).

§3. The GL equation

Since any function may be written as a superposition of delta
functions, we can write the general solution u(x,t) of the partial

differential equation
Scu =0
satisfying the initial condition
du -
at(xoO) = 0
as
x
u(x,t) = j_m dx, S(x,tixg,0)u(x,,0)
where

S (x:t7xo:o) = a(x:t)

is the solution examined in the previous section: that is
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BT o, vl ; =
Ol 3508 (x,t1%4,0) » O

S(X,01%,,0) = 8(x~x,)

Dzs(x,O:xo,O) & O,
S is related to the Riemann function R of Coe which solves the
initial value problem

S e :
“c(at ' ax)R(x.t;xo.o) e O

R(x,0:x,,0) = O
DZR(x,O;xo.O) = b(x-xo)
(see [11], Ch. Vv, §5) by
t
R(X,t1x,,0) = IO ds S(x,s:X,.0).
Define
R(x.t:xo.to) = R(x,t -to;xo.o)

S(xotfxo:to) - S(xct"to?xopo) {3:1)

Then the general solution of CEu = 0 with arbitrary initial data is

given by

‘”
u(x,t) = | dxolS(x.t;xo.to)u(xo,to) + R(x.trxo.to) 3%; u(xo.to)]

This works because the coefficient of FE is independent of t.
3 For the same reason, the initial value vector (u(-,to)) %%(-,to))f is
propagated in t by a group of operators (bounded, in fact, in a
suitable function space). The distribution kernel of this group of

solution operators is the matrix

R =

R b AR e e L e i




The group law is expressed in terms of & by

L
R(x,tixgty) = [ dyR (x,t5y, t IRy t7axgity

-

) {

This relation is fundamental for what follows. Since the components

of R may all be expressed in terms of the scalar kernel S, 1t is

S

plausible that (2.2) may be expressed in terms of a property of o.

This is indeed the case.

To derive this relation, we require some further symmetries
of §, which are as follows:
1) S is even in t=to, whereas R is odd in t-t,

2) The kernel
*
S (x,t;xo.to) = S(XO.to:X.t)

is a solution of the adjoint equation

* %
C% S =0

(see [11), Ch. Vv, §5.3).

o =25~ 2 c

(o)
o
(24
o
*

So (we suppress for the moment the dependence on xo.to)

3 2 2 2
0= (—§5 - —53 c2(x))8‘(x.t) = —15 S'(x,t) - —ii(cz(x)s*(x.t))
at X At X

2

- §2 2 * - *
= (c 2(x) - 2)\c2(x)8 (x,t)) = ¢ z(x):c(cz(x)s (Xxt])) s
At X

Since ¢ > 0, it follows that cz(x)s'xx.t) solves

Dc cz(x)s‘(x,t) = 0,

Cz(x)s'(x.to) = cz(x)b(x-xo) = cz(xo)b(x-xo)

N IRt S ARt N TP SN G USSR e

Lk il
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and

B 8 w -
3¢ © (x)S (x,t)ltgco 0.

We assume, without further explanation, that the coefficient ¢ is

sufficiently well-behaved that distribution solutions of the initial

value problem for the wave equation are unique (conditions on ¢ under

which this is so are discussed in [12]); §2, certainly sufficient is

c € C3). Therefore

cz(x)S*(x.t) = cz(xo)S(x.t)

l1.e.,
S(X ot 1%,t) = ¢ 2(x.)c?(X)S (X, tix,t.)
0’0" ™! (0] =00 0
which is the desired symmetry relation.

Now examine the (1,1) component of the group law equation (3.3)

which reads

L
S(x,tix,,ty) = j-.. dy (S(x,t;y,t")S(y,t x .t,)

+ R(xot}'Yot')Dzs(Yot’Txooto) i

’

We set x = Xqe to = 0 and replace t by t+s, t by s to

obtain

©
s(xovt+37x°oo) = I - dy {S(xo.t*'B}YJS)S(YpS,XO,O)

+ R(xg.t+ s:y.s)DZS(y.S:xo.OH.
Using the time-translation symmetry (2.1l) rewrite the r.h.s. as
@ .
- I.. dy[s(xo.tzy.O)S(y.s:xo,O) + R(xo,t:y,O)Dzs(y.s:xo.O)1.
Now note that, since S(y.l;xo.o) is even in s, its s-derivative
Dzs(y..;xo,O) is odd. The second term in the integrand is therefore

odd in s, whereas the first is even, Replace s by -s, add, and
divide by two to obtain

|
|
|
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B
%[saxo.t+ $:Xy00) +S(xq,t -8:x,,0)] = [ dy S(x,,tiy,0)S(y,8:%,.0)

-

Now use the adjoint symmetry (2) above to interchange the arguments |

in the first factor in the integrand: l
[
4

cz(xo)j_ dy C'z(y)s(y.o;xo.t)s(y.s;xo.O)

o

s eabe SatliE e L b o o o iy

2 o -2
c (xo),_m dy ¢ “(y)S(y,-tix,,0)S(y,s:x,.0)

Al L M L

x
cz(xo)f dy ¢ 2(y)s(y,t;xo,o)S(y,s:xo,O). (3.3)

-0

Conversely, one can show that (3.3) entails the group law equation for
the full Riemann matrix £.

Now set
F(t) = S(xo,t;xo,O), t ¥ 0.

One can show ([12], $2) that, under suitable smoothness

hypotheses on ¢, one can also set
F(O) = O f

to obtain a continuous, even function of all t. Define also &
G(s,t) = g[F(t+s)+F(t-s)]

: Now

S(xo,t;xo.o) o G(t)"F(t) 3
so the 1l.h.s. of (2.3) is
%[S(xo.t+s;xo,o)+5(xo,t—s:xo.o)) = %[6(s+t)+6(s-t)] +G(s,t).

Recall also from {2 the expansion

Siy,tixg,0) = 3 1723073 2 (x5) [8 (£ 4 T(x,x5)) + 8(t = T(x,x5))]

+ K(x,t;x.).

(¢]
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Since Xg will remain fixed for the rest of this discussion, we shall

henceforth set x., = O, The nurber c(xo) = ¢(0) is now surely a

0
positive constant which can be set equal to 1 by scaling t, which we
assume has been done, We write

T(x) = T(x,0) = jx e

(]

We now have in place of (3.3)

é[b(s+ t)+8(s=-t)] +G(s,t) = jn dy c—z(y)S(y.t:0.0)S(y.er.O) (3.4)

with
s 1. 1.2
y,t;0,0) = 5 ¢ (x)[6(t+ T(x))+8(T=-T(x))] + K(x,t) (3.5)
One now substitutes (3.5) into (3.4), and after some computation eliminates
the singular terms to obtain
G(s,t) = 3eT 2T (s IK(x (s ) t) + 7 2 His ) ke His ) 0]
+(s) -2
+ [X %) ay T %(y)K(y,t)K(y,s) (3.6)
X (s)
+
Here s ™ X (s) = x is the inverse function to x® + T(x) = s, and

is thus the solution of

+ N
-é%x = + c(X7), X-(0) = 0,

The light cone through (0,0) is thus described by ((x,t) : X (t) <xg<X' (t)),
+
and t» (X (t),t), x» (x, +T(x)) are equivalent descriptions of the

characteristic curves emanating from (0,0). Recall that (Section 2, (2.3))

K(x,T(x)) = al- <:]'/2(x)‘['x 212y & 29
0

Kix,-T(x)) = } 2260f" %12 x¢o (3.7)
0

In view of the formulation of the inverse problem (Section 1), we now

assume that




l (.Y

Lemma A.
K(y,t) = F(t +y), y < O. 3 :
Proof: K, being the smooth part of a solution of the wave equation,

must solve it in the interior of the light cone. For x ¢ 0, T(x) = x,

and (3.7) shows that

K(x, -x) =0, xgO (3.8)
Finally j
K(0,t) = F(t). (3.9) 5
"
A solution to the proklem &
2 2 I
25 - 25K =0 |
at?  ax 1
b
together with the conditions (3.8) and (3.9) in the region (-t { xK 0, r
[
tZO} is |

K(x,t) = F(x+t). %
|

However, since one of the boundaries of this region is characteristic, the

solution is unique (see [11], Ch. V). qg.e.d. | 1

Now X (s) = -s, and set X(s) = X'(s). Then (2.6) reads for
0Lsgt }
6(s,t) = 3 ¢/ 2(x(s))K(X(s),t) + } K(-s,t) |

4 + X9 ay ¢ 2 (y)K(y, )K(y, )
- -S

=3 F(t-s) + [© dy Fly+t)F(y+s) + 3 " 1/2(x(s)KR(X(s),t) |
L, |
I

+ X08) gy "2 (y)K(y, S)K(y, t).
‘0

¢ Al Gl M o
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Now set

.

H(s,t) = § F(t+s) - ® dr F(t=--)F(s~-) (3.10)
o

We have proved
Theorem B, The smooth part K of the solution u of the singular

initial value problem (2.1) satisfies for 0 s t

H(s,t) = § 22 (x(s))K(x(s),0)
+ [*5) gy 2 (y)K(y, 8)K(y, ) (3.10a)
(o]

and is related to the coefficient c¢ by the transport equation

— e — ———

K(x, T(x)) = 3 2/200) 1% 1/2(c1/2) (3.10K)
(o)

We shall refer to the system of integral equation (3.10) as the G L
system, partly because it expresses the group law for the Cauchy proklem
for Ces and partly because it is related to an equation discovered Ly
Gel'fand and Levitan and derived in a completely different way in their
fundamental paper [13]. For application of the methods developed here to
the problem considered in [6], and a discussion of various aspects of
inverse problems, see [6],[7].

The converse of Theorem B will be proved in Section 7.

§4. A Priori Estimates

In this section we derive some necessary conditions for scattering
data. We shall make use of the substitution x » s = T(x) throughout. Wwe
point out that this is not the same as reduction to the case of the
Schrodinger equation. Indeed, in the first part of this section, leading

up to the estimate (4.11), the kernel ® can be replaced ky the kernel J,

.»,_R__...d_"
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defined in the r.ext section, The operator I can be replaced by an
operator I : Lz(dt) - Lz(c'l(x)dx), and all mention of the coordinate
transformation xw» s can ke eliminated. In higher-dimensional proklems,
the volume element of the Riemannian metric associated with the relevant
hyperbolic p.d.e. will play the role of c'l (x)dx, so our methods conform
to the rubric laid down in Section 1, Also, the last part of the section,
leading up to the bounds (4.16), depends only on X ~ s as arc-length
parameterization of the geodesics of the above-mentioned metric, so this
is again an admissikle trick,

Note that the kernel H is symmetric., It follows that equation (3.10a)
also holds with s and t interchanged for 0 t ( s.

Now define

2¢712 (x(s))K(X(s),t) for 0 s gt (4.1)

K(s, t)
i(s,t)=0 for s> t >0

Since c'l(y)dy =ds with s = T(y), i.e., y = X(s), we can re-write

(3.10) as

4H(s,t) = K(s,t) +[° ar K(r,8)K(r,t) (4.2)
o

For T > O denote by X the Volterra operator on Lz[o,T] defined by

‘ T -~
Ko (r) = [7 dt K(7,t)o(t)

T
for ¢ € LZ[O,T]. Denote by IH the symmetric operator with kernel H.
The hypotheses on ¢ are sufficient to ensure that IH is a Hilbert-
Schmidt operator on Lz[o, T). Denote finally bty I the identity operator

on Lz[o,'r] (with kernel g(r=-t)). Then (4.2) can be written

T +4 M = (D+ K) (I+ K)

ST W P

= ﬂ"";,;’"f’“"‘”‘—‘ Y —‘
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(see (6], eqn. 4.10, also [14], egn. 8.1,2), This shows that I + 4 H
must be positive definite (since I + K is invertible). According to

the Fredholm character of I+ 4 H, we must in fact have |
OT+4 H > €(T) > 0. (4.3)

Obviously ¢(T) is a monotone nonincreasing function of T. We note

€M™ = sup{/(m+ K) L)) ¢ | =1} (4.9)

|
{
for later use the identity f'
" 2 lq)” 2 53 1
L°[0,T] L°[0,T)] {

which follows immediately from (4.3).
Next, we extract from (4.,3) some a _priori estimates which will be

crucial for the next section. Denote by Hy, gt the functions

Hy(s) = H(s,t), K¢ () = K(s, t)

and note that (4.2 ) may be written
aH (s) = ((m+ K)T K (s), 0K s gt

It follows that

2

| 168, 12 = Ko (m+ K)(@+ XKHES , (4.5)
L

16 1, |
1[0, 1) 1 LAY 1[0, t]

2
Now the invertikle self-adjoint operator (I + K) (I + X )‘r has the same
spectrum as the operator (I + K )1\ (OI+ XK)= I+ 4 H, hence in particular

the same lower bound. Therefore you may combine (4.3) and (4.5) to obtain

16)8, |12, > e(m K, 12, (4.6)
L°[0,T) L°[0,T]
Now Ht“ may ke estimated in the following truly crude fashion
a2, < 20P)2, e, ) (4.7)
1°[0, 1) L“[0, 2T) 1[0, T]

b ¢ ki Ll L ok b R e Ll




%

e AN

20
Also
;j: dr K(1,8)K(r,t)| = '<is,it>‘L2[o,t] < K, L TReR K, 7
Hence, recalling (4.6) and using (4.7)
sz(S) dy ¢ 2 (y)K(y, s)K(y, t)
< se(m ™R3, +72p )t ) (4.8)
L[0,2T] L“[o,T)]
Combined with (3.l0a), this yields the estimate
13 2 x(sNkix(s),0) | < JF| _ + 1812,
L®[0, 2T)] L°[o0,T)
+ ae(w)‘l[:'r"z2 -+T2UFH4 ] (4.9)

L°[0,2T) "t?[0,T)

valid in the range 0 <s <t < T.

Finally we give a priori bounds for c,
in terms of T and K" = sup ]2c'1/2(x(t))x(x(t),t)|. Note that the latter
quantity has just beenoégézmated in terms of F.

According to (3.10b), for 0 < x < X(T),

X "
sk, x)) = [ o2 (1Y
0

1 ' 1 -1 ' 2
= 3 c (x) - I IO c “(e') (4.10)
Set
g(x) =8 ¢ 2 (x) K (x,T(x))
Then
x —_
c0™! g = (log &' () = Fcho [ cTen?
0
Since c¢(0) = 1, obtain
X - |
logc(x) > [ ¢ " g>=4K* [ c© = > =4K*T
0 0
i.e. c > exp(-4K*T) (4.11)




o
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which is the required lower bound for c.

To oktain upper bounds for c, write
% g(x(s)) = R(s) = K(s,s), o = 51/2,- - é%
Then (4.10) may be rewritten
2R(t) = (log ©)° (¢) -j: ((log &) ")2.
It follows that ¢ obeys the equation
% = Qv
where Q = 2&. (This relation is also part of the Liouville reduction
which figures in other treatments of this inverse problem -- see e.g. [2]).
Note that

®(0) =1, &(0) =0, K(0) = 0.
Hence ¢ is the solution of

o(t) = 145 ds(t-s)p(s)Q(s) = 1+2]° as o(s)R(s)
o) ‘o
- 2[% as(t - 9)5()R(s) (4.12a)
)

Also & 1is the solution of

S(t) = 20 (t)R(t) -2It as &(s)K(s) (4.12E)
o

Define y§ = ¢ - 2Kp. Then the Volterra system (4.12) may be rewritten as
p(t) = 1+[% as 2R(s) (1 +2(s = £)K(s))w(s)
(o] v

+[% as 2R(s) (s - t) () (4.13a)
0
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(®) = =% ds®isN o (s) -2]" ds Ris) ¢ (o) (4.13p)
(0]

* * * * *
K" = maxqak” +87(x")2,8(x") %, a1x", 4x" ).

Then the following estimate is easily derived for the solution of (4.13):

e < exp TK (4.14a)

[0, T)
Also

"M!L-[o T) < exp TK Chakdh)
Ll

In view of the definition of §, this entails

. * * %k
llo! < (1 +2K )exp TK (4.15)
L"(0,T]

Now o = -8 (31/2) - o (cl/z) =112 c’. Thus, comkining (4.15),
ds dx 2
(4.14a) and (4.11), we get the estimates, valid for O  x ¢ X(T),

exp(-4K'T) < |c(x)| < exp(2TK ) (4.16a)

and

e

le’(x)] < 2(1+2K )exp T(K = +4K") (4.16b)

§5. Solution of the GL system

With this section we begin the solution of the inverse problem as
stated in Section 1, The first step is to show that the GL system as

presented in Theorem B:
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His,t) = 3 &2 (x(s)K(x(s),6) + X ay 72 (y)K(y, s)K(y, )
O s E BT (5.1a)
K(x,T(x)) = § 220 [* 12 (1/2) (5.1b)
o)

has a unique solution {K,c}, where c is defined on 0 ¢ x £ X(T),
and K is defined in Cp = [(x,t) :0 { x £ X(T), T(x) { t < 2T - T(x)}.
Since the domains on which the solutions are defined are themselves
defined by part of the solution (namely c), the problem has something
of the nature of a free boundary problem,

We note that continuous solutions are trivially unique, in view of
the Volterra character of (5.1 ),

The system (5.1) will only have a solution as described when H has

the positivity property
O+4 H > €(T) >0 (5.2)

in the notation of the last section, for the reasons explained there. Our
goal is to show that this necessary condition is also sufficient,

First introduce the function
J(x,t) = 2c-1/2(x)K(x,t)
and rewrite (5.1) as

au(s,t) = 3(x(s),t) + X ay Hy)awy, 930y, ) (5.3a)
(o)

I, T(x)) = 3 ¥ 172172y, (5. 3b)
0




—
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We have from (5.3b), (4.10)

J(X,T(x)) — % c’(x) - é :-X C—l(c,)2
o)
t-{e)
cx) = 1+4f% ay (v, T(v)) +3 Fay Y hen?  (5.4)
(o] ‘0 ‘o

We shall suppose that (5.3) has been solved for 0 ¢ x < Xye Set

o *o =
CH(x,t) = 4H(s,t) - [ 7 dy ¢ “(y)I(y,s)I(y,t).
(o}

Then for x > Xq (5.3) may be rewritten

H(s,t) = 3(x(),0) + [X) gy Tly)aw, 00,0 (5.50)
0
2 X 1l ox oy =
c(x) = k(x,xo)+4‘['x dy J(y,T(y)) +3 i Ay | e ite ) 5.8k}
< "Xp *o
where
1 o y =1 - N e M | 2
k(x,xo) = c(xo) +3 I dy * ¢ “(c¢’) +§(x-xo)f c “(c’) (5.5c)
0 ‘o

and (5.5a) is to be construed for T(xy) £ st
Now define a sequence of approximate solutions by iterating the

right-hand sides of (5.5): select Ax > O and define
co(x) = c(xo) for X £ X xo-+Ax
Jo(x,t) =0 for Xy S X K X5 %

t > 0.
For n > 1, define

X
cp (%) = k(x,x,) +4fx° dy I, _1 (v, T _;(¥))
1 Y -1 ’ 2
*9 f: ay [° epapiedy)
0 *o

for X5 < X < Xy +4x

.
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x
o -1 -1 P
Here 'l‘n(x) = Io c +J‘: ch for xogxsxo+Ax. Similarly,
(o]

3o e, €)= f(r, 0,00 - % ay epky ()3, (v, Ty (%)) T,y (¥, )
(0]

for x5 X £ X, +4x
€ % G,

Now suppose § > O, and select c, with 0 < c, £ c(xo) - 8. We
claim that, for Ax small enough, we have ch (X) > Cu» X5 £ X £ x +4x,
In fact, suppose that this is so for ¢, k =0,1,...,n=1 (it is
obviously true for n = 0). As tﬁe first part of the induction, we

estimate J, _,:
|91 (68| < [H(T 5 (0, ¢) |

+ [ ay o, v T (%)) | |5 (v, t) | (5.6)
X
(o)
Now

-~ x -
H(s,t) = 4[F(s +t) +jg dr F(s=1)F(t=-1)] -j' O 4y ¢ 1(y)J(y,s):.r(y,t)
o] o

So long as T _,(x,+4x) { T, which we assume for the moment, we have

H(s, t) F | 2 .
B0 < Wl o+l

The second summand on the r.h.,s. is estimated by (4.10):

*o -1 o e . -
|[ 7 dy ¢ " (y)3(y,s)T(y,t)| < 32¢(T) “[|IF||%, +TF| 7,
) L°[0,2T] L°[0, T]

|fi(s,t)| < 4|F +(a+32¢t)" ) |F
L, LI

-1 ,1.2 4
+ 32¢(T) F
€ I "LZ[O,T]

= N(F,T, €) (5.7)
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Comkined with (5.6) this yields

3. 2
3, S NE,T, O + (x-xo)c,l g a0

where ’me means, for the moment, sup{ J(x,t) PXy 8 XS xo-+Ax, t>0
Now suppose that

Jne2 « & (L +E7)N(F,T, ¢).
Then
Gy s (L4 (= xg)eat (L4 £ ONGR, T, O INCF, T, ©)
Suppose that Ax 1is so small that

Ax cg 1+ IN(F, T, ©) § £ (5.8)

Then we have once again that

Tpel o S (1 + 2N, T, 0) (5.9)

To complete the induction, notice from (5.5.c) that
k(x,.\:o) iy c(xo) o Sk

so that (from the definition of cn)
S X » P 5 P g ? =
cn(x) 2 G k=4 oA dy Jn_l(y,'l‘n_l(\,\) 2 Cut B=#{1 + )RR, T, e)8x
“0
50 we have proved

Lemma B . Suppose ¢, " » O, and

A% g minic,[ (1 + < IN(F,T, ) "Fe’,[4Q + NG, T, ) 1714,

Then

cn(x) & ey TIQLL B ey

Xg 8 X 5 X5 +Ax,

s
.
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Note that =’ > O 1is arbitrary here, whereas ¢ must be chosen so that

0 < c(xo) - £, The next step begins with the assumption of a Lipschitz

bound on F:

'F(t) -F(s) ¢ Lis-t (5.10)

It follows that i

H(-,t) =H( ,s) ¢ 'F(++t)=F(r+s8)| +!"" do F(+=0)(F(t=0) =F(s=0))] '
‘o |

< L's=t] (1 +TIF! ) = L,'s=t¢t]| (5.11)
© 1
L [O,T]

J(y,s) =J(y,t). It follows from (5,5a) that

"

Set Js,t(y)

A[H(T(y),8) =H(T(y), )] + Y dr LI, va, (1)
i .

Js’t(y)

This is a linear Volterra eguation, whence follows the estimate (for

O Yy < min(X(s), X(t))

e

J(Y.S)-J(y,l) S J , ) ;L (l+T F ] )
st Ldlo,xol 1 L%[0, 1)
N exp[xoc:l I Jtis=t')
|
- -] |
L2 s=-t (5.12) |
Here 0" = sup{ J(x,t)' :0 ¢ X Xy» t 2 0} is estimated by (4.11) in

terms of F, so L, is estimated in terms of F, c,, T, X

Next we olserve that

i oo =l el o e} =) "
Ty (x) =T _((X) = G b T e o “n “n-1{p-1 = !

So i
. -2 \
TaX) =T (X)) S (x=X5)cy” sup lc ) (y) -c (y)]
xosyhx

. A
S dxey"lep g =cpll (5.13)

T - p———
4 " X
b S
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where for the movement
len.q ~Cnlle = XOS;2§°+AX [enoy ) ~c ()]
and so on.
According to the definition of ﬁ,
H(s,t) ~H(t, ) = 4[H(s, ) ~H(t, 1)) 'IZO dy ¢ L) [Ty, ) =Ty, t) 1Ly, )
Hence
[A(s, 1) =H(t,1)| < 4Ly [s~t] +xeqtlal Lyls -t

= Lyls -t (5.14)

where again L3 is estimated in terms of F, c,, T, and Xqe Next

estimate for X5 S Y < X
13, (¥, 8) =3 (y,8)] < JH(T _) (y),¢) - H(T,_;(v),s)
1 v
+ H‘io dz c "1 (2)3,_; (2, T _; (¥)]
x {Jy_y(2st) =3, 4 (z,8)]}]
£ Lylt-s|
-1 i x
+ Yy =x5)ee (10, 4l x:;;gy(Jn_l(z,t) =Ty (Zs8) ]
(5.15)
Accorxding to (5.8), (5.9),
-~1 #
(y - xy)c, ”Jn-lna < 50
Select L4 so that
B, < W= K
4 S 3
(which introduces the new restriction §’ < 1). Then (5.15) and obvious

induction guarantees that

TRT PSRRI TR
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sup ]Jn(y,s)-Jn(y,t)1 < L4:s 5 o TR T s TR [ [P (5.16)
XoSYSXotAx
Note that c ' satisfies
. - 3K 1 x =1 PR
Cp (x) X (x,xo) +4Jn-1(x’Tn-l(x)) ex M Cn-l(cn-l)
(0]
Hence,
X
4 I £0 ~hind L A SRR
lepx) | < 35 jo c (e +4|T 6T (X)) + 3 fx c.-1leny)
(0]

*
We suppose that d > O such that
*
le”l . <a
L [O,XO]
e
and [c (x){ d , k=0,1,...,n-1, Xy S X < Xy +4x, where

*k - *
a" = 3 tt@x ra@ N, T, O + ol

Then

lep0 ] < § ext@)Zx +a@+ONE,T, € + § ax c;t@)?

where we have used (5.9) and Lemma A. So we have proved

Lemma C., Provided Ax satisfies the bounds of Lemma B and addition-

ally

ax € 2c,(a )%

we have the estimates for all n > O:

’ * W
|cn(x)| £4d , X5 Xg Xy +ax (5.17)
We are now ready for the main estimates. First,
|3, (%,€) =33 (%, 8) | < |H(T, ) (%), 8) = H(T, _, (x),t) |

T avlen 93, (9 Ty K3 ()
(o)

- el W s (v, (03, (v, )]

T




L -2, 4
S A8x Ly e.%lley p-2lla

‘ -1 -1
+ J: dy|epZy (y) =eplo (W) ][Iy (v, Ty ) ()T (v, 0) |

(¢]

+ I: dy elo(¥) |3,y (¥, Ty g (X) = Jp ) (¥, Ty 5 (%)) | |3, (v, )]
(o)

+ [* ay c;_]_'z (¥) |33 (¥ Ty o (X)) =3 o5 (¥, Ty 5 (X)) | 3,5 (v, )]

W

+ 1"‘ dy c;fz(y) 1302 (¥ T o (D)3, (v, t) =3 5 (Y, t)!

-2 : 2.y
S ax 7Ly + 13,y " TlIeqy - Cpalle

3 1 L "C . 2{!‘»

* A% €y l¥p.y e bglCpay =€

-1 ' | | | - 1
+ ox Cu (”Jn-l © " |Jn‘2l‘m)'!Jn-1 Jn—2 a

- i il -
< Ax Alle, , -c oIl +ax Bl _,-J (5.18)

n-2 “'
where

1

A= ca?[Ly+ (Lot INGE,T, O[(1+ 8 ONGF, T, € +cat 1))

B = 2c.0 (14 N(F, T, €.
Next estimate

‘x
Cplx) e, (x)| g 4 B dy I (T () =3, (v, T 5 (¥))]
(8]

X N -1 " d_.= v 2
- § J. W €n-1(Cna1)” = Cpoa(Cqa)” |
*o *o

s 4™ ay T T (V) =3 3 (9, Ty 5 (¥)) |
X
0

v a™ Ay g T () =3 o (T, o (¥))]
X

(&)
1 x ¥y -1 -1 g &
& F . dy da ®ne1n-2/n-1 = Sn-2! (cq1)

0 (&}
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L oSS, Dbl e w10,

sup |Jn(y,s)-Jn(y,t)! < L4fs =tl ' n =622,
XoSYSX o HAX

Note that cﬁ satisfies

cpx) = B (x,x0) 443, ) (x, T, () + 3 f: diter )2

(¢]

Hence,

lefx)| <} j:° cHen?eaja T x)) + 3 r: et e s

(o]

We suppose that d' > 0 such that

*
lle*] <d
LQ[O:XO]
and ¢ (x)| g d'*, k =0,1,...,n-1, X5 Xg Xy+Ax, where

“ 3 o). %3
d = 5 Cy (d ) xo+4(1+6)N(F:T,€) = N

Then
lep0] < 3 eat@)x +a(L+ ONE,T,€) + 5 ax c;h@™?

where we have used (5.9) and Lemma A. So we have proved

(

5.16)

Lemma C. Provided Ax satisfies the bounds of Lemma B and addition-

ally

bx < 2c,(a"")"%s

we have the estimates for all n > O:
’ * W
[egX)| @, X5 < X X5 +0X%
We are now ready for the main estimates, First,

19y (%, 8) =3 (e, )| < BT, (0, 8) (T, _,(x),0) |

(5.17)

+ 1L dygery (93, (v, T )3, (v, )
(o)

o c;fz(Y)Jn_i(y.Tn_z(x))Jn_z(y,t)]1

§
I
i

BT s R T BT RIS T




31

Y -1 ’ ’ ’ -0’
"x ay [* eploleny *tep-2llenay = Cn-2l
"X *o

2 - |
< 4(ax)° € Lylley 5= choally +aaxla, _, -3, _ 2l

_2 *w 2
+ %(Ax)2 c, (@ ) {fcn_l-cn_zl{a

- *
+ Tan? edt a ey - enoll. (5.19)

Finally,
lepx) el (x)] g 4]0, ) (X, Ty (X)) =T 2 (X T o (X)) ]

1 Q. * 2
rx len- l(cn-l) ®n- 2(cn-2) |

S 41T 0T (X)) =3, ) (X, T 5 (X)) ]

+ 4{Jn_1 (X, Ty o (X)) =T _H(%T 5 (x))!

X -1 2

3 ‘x -1 n-zlcn-l =Cpalleq)

.

0
X -1 , ’ ’ -
J cn-2lcn-1 5o cn-2! Icn-l cn-zlr
X
(o}
cy ,lc K, cn_zlluD + 4|§Jn_1 - J“_.‘,HeD

ax c32@™" e,y ¢, !
RS “cn-l cn-2 ©

+ Ax c:I d""cn_l =cnalle (5.20)

The estimates (5.18), (5.19) and (5.20), taken together, show that,
provided that Ax > O satisfies the bounds in Lemmas B and C, and is
possibly smaller yet, the sequences (J )}, {c,}, and {c';} converge
uniformly on X, < X g X5 +4x to solutions of (5.5). The numbers which

determine how small Ax must be are c,, &’y N(F,T,¢), & L (in (5.10)),

*
r', T '3/, d, and X,. Of these, N(F,T,¢), L, [Fll_ and T are

determined by the data, ¢, is estimated from below by (4.l16a), d' is
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-2
< 8x Ly eu ey ) - enall,

+ J‘x dy| c;il (y) - c;iz (Y) ]| [T g (¥5 Ty (X)) T4 (¥, 8) |
x
(o]
+ Ix dy c;‘]-z (Y) lJ'n—l (Y! Tn-l (x) - Jn_l (y, Tn_z (x)) l lJn-l (Y: =) !
x
(o}

# % ay gl (9) )3,y (¥, Ty o (1)) =3y o (v, Ty 5 (00) ] |3y (¥, 8|
X
0

+ : ay el (9)[3, 5 (v T, (k) |3, (v, 8) = 3,5 (v, )|
(o]

-2 2.
S Ax Cx [L3 + ”Jn_]_”w] hcn_l = cn_zuw

-3
+8x ¢ [l9, 1, Lllen g - enolle

+ Ax c:l (1?-7“_]_5!en +119,_» ) Il 3= Jn—znm

£ 8x Alle, ;-c Ll +ox Bllg,_, - |

il ' (5.18)

where
A= c:z[L3 +(L+8’)N(F,T,€)[ (L+8")N(F,T,€) +c;l L,]]
B = 2c:1(1 +8’)N(F,T, €).

Next estimate

lep(x) ey (%)] < 4;’; ay|J, (¥ Tp 1 (¥)) =3, 5 (¥, T _5(¥))]
[0}
1 x o el g el b g
*3l, W] lengtenny)” S pleg o)
[0} (o}
< 4J': ay |3, 1 (¥ Ty (¥)) =33 (¥, T 5 (¥))]
)

e e Svedinion. o Lindd

+ 4f: ay| 3,3 (¥ T o (¥) =3 5 (¥, Ty 5 (¥) ]

X )4 -1 -1 ’ 2
fx dy .['x ®n-1%n-2%n-1 = Cn-21 (¢1_3)
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1 Y "1 . . ’ i ’
3 * o Fx cn-2|cn—1 +Cn-ZHCn—l cn-zl

<an? 7?1 I +aoxla ) -3,

4 ch_l 2 Cn-z n-2'«

5 +deo? 2™ e,y - oyl i

: 2 =) Gk, Apc
] * %(Ax) c.1 a Jles_g -cpa2lle (5.19)
Finally,

lep®) =ep ) () < [0 (%, Ty (X)) =3, 5 (X, Ty _5(x))!
+3 [‘: ey “’6-1’2 “’;iz‘“é-z’zf
o

S 4!Jn_1 (x.! Tn-l (x)) e Jn-l (x,’rn_z (x)) |

+ AT (X, T (0) =T o (X, T, (%)) r

‘ : L s | SN |
4 *8 ] onak-al%-1 = a2l Cpaa) | 4
E *o ‘

X -1 ’ ’ ’
J_ “n-2/%n~1 *“n-2llna

+1 |

5 .
(0] ’;
-2

1 & | - |
S 4Ax% Cq !’cn-l Cn_zt‘&+4li\]n_l Jn—zl‘ec

1 2I[

A <2, %k
+ 3 &x ¢, @ ) fl€pay =€

n—2'a-

’

L e :
I'Cn-l cn- ha

+A0x c,” d (5.20)

i The estimates (5.18), (5.19) and (5.20), taken together, show that,
provided that Ax > O satisfies the bounds in Lemmas B and ¢, and is
possibly smaller yet, the sequences {Jn), {cn}, and (cé} converge

uni formly on Xg S X g X +Ax  to solutions of (5.5). The numbers which 5

determine how small Ax must be are c¢,, &’, N(F,T,€), & L (in (5.10)),
" ' " ' | 1 !
F , T "9/, d, and Xge Of these, N(F,T,¢), L, |[F|  and T are &

determined by the data, c, is estimated from below by (4.l6a), d' is

B o

T - e g e \ g T e A P A o —— -

" ‘. ,-“ ‘1 “".\
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estimated by (4,16b), ”J‘w is governed by the main a-priori estimate
(4.11), and
*
X5 8 € T
*
where ¢ is an upper bound for ¢, given by (4.16a). It follows that,
for given T and F satisfying the positivity condition (5.2), Ax may

be chosen independently of x so long as X5 S X(T). Thus finitely

(¢]
many repetitions of the iteration scheme outlined above suffice to deter-
mine c¢ on the interval [0,X(T)], and J on the corresponding domain.

The system (5.5), (and with it (5.1)) has therefore been solved, as

promised,

By differentiating the G-L system (5.1), one obtains systems of

Volterra equations for the derivatives of ¢ and the partial derivatives

of K. These are (essentially) linear systems, Without carrying out
the details, we state that these systems for the derivatives possess
continuous solutions, As in the case of the GL equation itself, ¢ winds

up with one more derivative than K, and K has as many derivatives as F.

The solution of the GL system therefore defines a map F » (K,c}. It is

easily verified that the positivity condition is stable under perturkation,

It follows that the map F » {K,c} is continuous in the obvious sense of

" norms, as outlined in the introduction,

§6. The lower bound on ¢

For reasons explained in the introduction, we now estimate ¢&(T)
(see (4.3)) in terms of the bounds c,,ct,d* and e  which we suppose

given:
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*
cy £ efx) € ¢ ,
*
le’(x)| 4,

je®(x)] < e*, Q€ X £ X(E).

Recall that K sclves the boundary value proklem

2 2 1
(—% - 2 (x) —%)K(x,t) =0, t> T(x)
at 3X L

K(x,T(x)) = % 1/2 J-x 172 (172, i
o B
4 é 2w (x) - -i-lg A2 x) * cLlen?
do |
e (6.1)

"
-

Also, according to Lemma C (Sec. 3) (recall «c for x < 0):

K(x,-X) =0, Xx < O . &

It follows, as in {11], Ch. V, that K is the solution of an integral
equation of Volterra type. 1In fact, if you denote by C(x,t) the yl
intersection of the backward light cone with vertex (x,t) with the |
forward light cone with vertex (0,0), and by T(x,t) the x-coordinate
of the intersection of the characteristic curve of negative shape through
(x,t) with the characteristic curve of positive slope through (0,0),
you eventually obtain E

. J(x,t) = % J {% c’ + %

c-l(c’)z]J
C(x,t)

+gc1rmﬁ)-%rﬂ&t)€lmﬂz] |
‘0
(recalling that J(x,t) = 2c1/2(x)K(x,t))} Now
vol C(x,t) ¢ % c*tz. t’

It follows easily that

3 |3(x,8) | < PE( /e Q t) (6.2)

A0
&
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where f is the entire function with power series

4 6 8
il 2 2 z z
£(a) = Rl 48" + 75 * gn ¥ yunTy feand

and 35
b - sup é[C'(x) - % X ey
OLXLX (T) e |
< §la" +3 "eit@ ) H
- _¥9p [% c” (x) +% L) (er (x))?) 1
OLxX<X (T) i
<3et+lcit@h

Recalling the definition (4.1) of K and of the operator 1K, one sees
that K obeys the same sup norm bound as J, namely (6.2) above. The
i A
kernel of the inverse operator (I + K) 1, say K, 1is then easily bounded:
~Au e =2 . ]
Kl < K|l exp(]K]_T) (6.3) k
It follows immediately that

hm+ 2 Yo <+ R)_D 2wl {
So (see (4.4))
=1 Tkl il 2
€(T) < +QK“mT exp(UK‘wT))

which together with the bound (6.2) estimates ¢(T) in terms of T and

; the a_priori information on ¢, as desired.

§7. Egquivalence of GL and Chudov_systems

We show by direct computation that the solution of the GL system

constructed in Section 5 solves the Chudov boundary value problem

2 | 4
(;23-&;.1.2_)1(;0 in (t > 0, 0 ¢ x  X(t)} (7.1a)

K(O,t) = F(t)




e TR e
35
Lo g =
& - KO, -0 (7.1p)
K(x,T(x)) =} 12 (x) % /2172y, (7.1c)
0

Now it was shown in §2 that the smooth part of the solution of the initial
value problem (2,1) solves (7.1). Since the solution of (7.1) can easily
be shown to be unique, it follows that the solution of the GL system is
in fact the smooth part of the solution of (2.1) with corresponding
coefficient ¢, hence that we have solved the inverse problem,
First note from (3.10c) that
2 2
(—%--%)H(s,t) = F(s)F’(t) -F’(s)F(t) (7.2)
at Js
Now denote by (K,c} the solution of the GL system as constructed
in €ection 5. We assume of course that F satisfies the positivity
condition (5.2) and is of class C2 on its interval of definition so that
K and ¢ are of classes C2 and C3 respectively on their domains of
definition,
Setting s = 0 in (5,10) and recalling the definition (3.10c) of

H, one obtains
F(t) = K(O,t).

Using the definition (3.10c) again, and the requirement F(0) = 0, one

sees that
(—aﬁi; - 3%’“‘0»” . O,

on the other hand, from (5.1) one obtains (recalling c(0) =1, c’(0) = O

and K(0,0) = F(0) = 0)

0= (- Dimo, ) = 3 (D,K(0,t) =D K(0,t)).

B T T T




Thus K obeys the boundary conditions on the Chudov system, It remains

only to verify that K solves the wave equation in the interior of

the light cone., To do this first compute

2 2
(2 - —ﬁi)u(s,t) = 3 12 (x(s))03KR (X (5), 1)
at 3s

dy &2 (v)K(y, s)D3K(y, t)]

& [px(s)

¢"1/2 (x (8)) (e (X(5))) 2K (X (5), t)

1/2

(o} (X(s))c" (X(s))K(X(s),t)

+
NI S O

*/2 (x())D3K (X (s), 1)

dr -1 ¢
- gsle ~(X(s))K(X(s),s)K(X(s),t) ]
- <H(x(8))D,K(X(5), $)K(X(s), t)

5 FX(S) dy c'2(y)D§K(y,s)K(y,t>
by <

Using (7.lc) one sees that
M2 (x()) 272 (x(s))K(X(8),8) ]

271 (X(8)) o4& K(X(s),8) = c™H(X(8))e” (X(8)K(X(s),8)

1 M2 x(sner (x(s)) - & 12 (x(e)) (e x(e)))?

Also

et

L (x(s)IK(X(s), 8)R(X(s),t) ] + ¢™H(X(8))D, K (X (s), $)K(X (), t)
= —e"L(x(s))e” (X(s))K(X(s), S)K(X(s), t)
+ 271 (X(8)) £L K(X(s), $)K(X(8),t) = D K(X(s), s (K(X(s),t)
| + K(X(s),8)D;K(X(s), t)

= [} 2 xe)er x(9) = § 2 x(e)) (e (X () KX (s), )

- Dlx(x(s),s)x(x(s),t) + K(X(s),s)le(x(s\,t)

P R e
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Hence

2 2
(—35 5 —ﬁi)u(s,c) =3 ¢ (x(8)) [DIK(X(s), t) - c? (X(s))DIK(X(s), t) |
at s

+ [X(8) ay 2 (y) [K(y, s)D3K (v, t) ~ DIK(y, $)K(y, t)

‘o
+ le(x(s),S)K(X(S),t) - K(x(s),S)DlK(X(s),t) (7.3)
Now add to (7.3) the identity

o= -Dlx(x(s),s)x(x(s),t) + K(x(s),s)DlK(x(s),t) + D,K(0,s)K(0,t)

K(0, 5)B,K(0, t)

- X a4y <72 (y) Ky, ) (e, (vIDIK(y, t))
‘o

(cz(y)DiK(y,s))K(y,t))

obtained by integration by parts, After a little manipulation, one gets

2 2
(—33 - —35)n(s,t) = D,K(0,5)K(0,t) + K(0,s)D,K(0,t)
At as
1

= 1 7172 (x(s))[D2K(X(s),t) = 2 (X(s))D?K(X(s),t))
b 2 1

rX(S)
v

+ ay c'z(;){x(y,s)(ngx(y,c) - 2 (yID3K(y, t))

- (ng(y,s) - cz(y)bik(y.s)}x(y,t)l (7.4)

Comparing with (7.2) and using (7.1b), one sees that the l.h.s. of (7.4)

in fact vanishes identically, Eq. (7.4) is therefore a linear integral
equation of Volterra type, since K is continuous and ¢ > 0O, for
ng-cznix. It follows that this expression vanishes in the domain covered
by the limits of integration, that is, in the light cone. This result
shows that the solution K of the GL equation solves the Chudov system
also., Since we showed in Sections 2 and 3 that the solution of the Chudov

system solves the GL system, it follows that these two sy.tems are

-

(
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: completely equivalent, It also follows that c¢, as part of the solution .

: ; of the GL system for prescribed F, solves the inverse problem stated ;

§

E § in Section 1, Together with the stability statement of Section 5, this !
? constitutes a proof of Theorem A, |
|

b
’
i
@
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